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ABSTRACT

A digital computer is used to relate ctep response parameters
of siable, linear, minirvauw phase control systems to several
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parameters of the closed loop frecusncy response magnitude
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diagram with a single resonant peak. Resulis are applicable vver
a wide ravnge of variables and include new design charts and APP oK~

imation equations for conversion betwean frequency and time dowmain

parameters.
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CHAPTER 1
INTRODUCTION

1.1% THE SUBJECT

The design of contrel systems would be considerably sirmpli-

ted if it were possible to state, with confidence, the parameters of
a uaif step response whick correspond to a given frequency response
function for any system. There have been many attempts to find
simple relationships between time and frecuency domain parameters,
but nose of these have been wholly successful. {CH-B, DE.-C, QB
J&-C, LU-&. WE-C, ZE.C) L Thess investigations were prompted
by the fact that, while definiie relaticneabips do exist between the two
domaine through Fourler transformations, the exsct matheraticsl
roplveis 9o 200 complicated or even imporzible to zolve, in geweral,

with the exceplion of & few simple caves. By necessity, then, the

@

relaifonghips sre all founded on some approdimation or are Hrnited

to & specific systems or group of systems,

£ o4

The object of this theeais in to attempt to investigate end clarify

the relationship between weoll hnown parametere in the time dorsain

b Letters in parenthendés refar o veferences. Ths letters before the
ah pive the frat Istle ¥ of the suthor's nurme and the osyrabol after
e dosh siguifies the reference pection.

$IE
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{B) The method must not recunive the congtruction of 3
amovnts of equipment, 22 tlme 3id net prrinil sech work.
{¢} The methed ghould give rezsonable rcourne 7 in o mindvenm

ar T,

g The method must be particulearly applicabls to the design

wrty

o

of control aysteras i which most of the caleniations are
dome fo the {reguency domain

Thize latier consideration suggests & {reguency dowmaim W APETown

imation which pives the corresponding ziep responss as the result of

& conversion procedure. The basic reference chosss is basad on o

B

Foarter conversion method (RU-L) z2nd will be digenssed In Chapter

L
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FREQUENIY TO

STEP RESPONSE 4
2.1 CONVERSION METHOD
It was fonnd that the o ‘e\mggn of freguency (o step convers

a8 desd
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problerm at hand. The paper iz ba
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t atep respounse. This egral is widely hoow
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in one form or another fn ma ELY

Miwr) pr @ {w)) dw

£ = responze time in seconds,
w = freguency in radians per second,

S = it step response,

M= magnitude of the {reguency regponse at freg
uencies from sero to nfinity,
M(0)= magnitude of the frequency responge at zero

@({w)‘)w vhase of the {requency response ab the freg

vencies from zero to infinity.

i

and
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which is, in effect, the equiva

c of breaking up the real part curve,
Riw), into a series of rectangles of height R

>r'nq}€h é‘}b W= ,?};"C«G’po
In the derivation of this eguation Rushion makes four limiting

assumptions:
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it is poseible to nake the copnversion

matic withoul the time congu
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tiom which Is reguired by some methods (DO-H).
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) The accuracy of the method may be controlled by the

value of M.

I3

(&) it applies to a wide range of sysiems limited only by the

agsumptions mentioned above.

in the
it i 8t

mvea&:zgmmn of a method similar to the RAE Method (WAZ-8),
ated that consideration of the responses up to the eleventh

harmonic only can give transieni response Curves which are in

zrror by less than two percent if R{w) has decayed sufficiently at
the last harmenic taken.
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2.2 THE FREQUENCY FUNCTION

The RAE method requires that the real part function be known.
Gince this function iz usually not readily available to a designer,
except through the caleulation of the fresguency response function,
F(s), it is desirable to work from ¥F(s). The starting point fox this
investigation is then F{jw}, the magnitude of ¥(s) Mfmg the frequency

axis

Eﬁ

The curve of M{jw) versus frequency will henceforth be called

the "3 Carve ', and will have logarithmic scales for ordinate and

ssann

abscissa.

R{w) ie calculated from M(jw) through
Mw) cos 8 (w) = Riw) (2.5)

This requires two major lHmiting asswuptions in addition to those
made previously.

(=) F(s) iz 2 minimura phase function. Comnseguently, the
phage can be found from the meagnitude, M{w), since the
amplitude response containeg all the information necessavy
for obtaining such funciions.

(o} M(w) can be adequately defined by some method which
enables large scale caleulation of its variations. This
problem is solved by approzimating the M curve using

straight iine gsegmentz. The various shapes of these M

curves can then be simulated aand the effect of the various
parameter changes can be easily studied in relation to

their effect on the step response parameters such as



vise time, peak time, and overshoot.
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Magrarme which show the variations of the M curve io be
sindied are given, along with the syrobolism o be wsed, in Figure 2.1,
It iz emphasized that thess curves are nob asympiotic approximations
te a frequency function but, rather, are straight line approximations

to the actual M curve. These M curves are alwaye characievized in

the & plane by one pair of predowinant complex poles and also, in some
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GENERAL M CURVE FORMS
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cages, by a slimple predominant pole or gere. Such M curves with

moderate resonant peaks are regarded 2 desirable types of &
2 <

&

oo

response and are, therefore, the most common configurations.
The gsegments of the M cvrves, when plotted on logarithmic

o, " ewain S ool & 14 FE T o e pemveey t o qra T8 el e o Hmse G R o
paper, are straipght lnes. There are several vallid reasonsg for this

are more easily appr

on this plane tham on any otd

iy g ox O w e feg
EFRS ¥ at » rate

b 2

gystems witimately approsch infinite frequ

3 “xA

of integral multiples of &
a logapithomic scale), these curves will always zpproach

thrnie papsey at high |

o siraight line on lo

and, conssquenidy, their high frequency attenuation mayv

\.

ke mmad enm
!»4.». oo ion oo da r»mw u‘x ‘v‘ ‘ua\r«\&

@ M evrve affects to a large

kigh frequency poriios

degree the lower tirne val of a step response, and

makes up that portion of the time response curve which
g% &

&

is of greatest interesl.

() As a resunls of the preac only lntegral

values of the high freguency slopes require consideration.

>
£

s

See (CH-C, pp. B8-89) for a better visuslization of the pole-zery
effects on the magnitnde and phase curves.



R n

2806

shape of ?

EeYoXimdal

eI

= PLIE (:“.‘ EOTY R ST OTRS
> <ff & g LH, & < 3, Zwi? & “Li’}?*}i}fﬁia

A

y\; “a

41
B 1ol T, 80 0
& iy A 8D

1 g, sy
M RA L e § o

gaeh

e W3 B ey
AE® S dae 5151

Lo MO .
453 LR TRTse

g S
Pay o e B wha b o Soan %
L 8, LAY g Brap ae Lo oWl

p &hi’g 9




w Ld -

I ‘&,
< T P
Gp P
!’{f § \\
1.0 £ : N : ol
o : P b S e -
D ez D Ay o awos Y ", P
E}' G S /. i e
£l /
s §
P i
- i
b {
i 5
! i
. i §
LRI | 3 t
i t -
£ f t tinne {secsk, §
i A o)

Figure 2.2 CGeneral form for the step response

I the peak overshoot is supressed as 2 percentage of the
above response at ite final value, thewn the symbel for overshool

will be W,

2.4 NORMALIZATION OF DATA

In the analysis of parameter variations it is helpful to nore
melize the M curve along the frequency axis., This reduces by one
the nurober of variables and aids in the construction of charts of
resuite, However, when using these charts, it is necessary to estab-

lish a procedure which will account for the nermalization that hasg
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Given two real part curven, A and B, such that
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An @:mmpi@ of such an operation is shown in Figure 2.3,
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Then, given the step vesponse curve corresponding to curve

A, (Figure Z.4), the equivalent response for curve B is as shown
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Furthermore, it is true that, wnder the conditions expressed
in Chapter 2, the performance of the same operation on the M curve
as was previously carzied out for the real part curve vezults iu ident-
ical changes in the step response curve. This can be deduced log=-
ically by referring to the Bode procedure for caleulating phase
using straight line Alpha diagrams (BO, pp. 69-77). According to
Bode, the phase at any frequency, w, can be found by adding terms
which give the phasze produced at the fregquenecy, w, due to each
straight line segmment. Each term iz the product .of

{a) a constant,

() the slope of the segment wnder consideration,

both

(e} & number which is dependent on the ratio of the

=2

break point freqm@nc?s@m the segment to Ha Sroaemes, -,

Now it is obvious that the slope of the M curve does not change
on the transiation produced by frequency normalization, and that
this translation does not change the ratio of ite break point frequencies
e w. Consequently, each slope segment contributes the same amount
to the phase at a frequency, @:’, at the equivalent point on the trans-
lated curve as at w on the original curve.

Therefore, the real part value at w' iz the same as at w.
¥We can then cenclude that a ghift in the M curve by normalization
results in an equivalent shift in the real part curve which does not
involve an alteration in its shape.

This, in turn, leads to the conclusion that the shifting of the

M curve by a facter, n, upward/downward with respect to frequency



w16
results in 2 shift of the step response curve downward/upward by
the same factor, mn.
n addition, it is obvious from the basic transforraatinm
eguation (2.1} that the M curve amplitude also can be normslized

o

and that such a normalization causes changes in the step response

magnitude which are directly proportional to the ratio of change

IWVESTIGATION METHQODS

The aim of the lnvestigations is twolold:
{a) to gensrate a set of curves whereby frequency funcilons

having the basic forms shown in Figure 4.1 may be

related to thelr respective time domain parame

for the purpoge of the design of control systema,

«

(b} te investigate general relationships and trends existing

betwenn freyuency parameters and tme parameatars

i any simple connections do exist.

In order to accomplish these objectives it is necessary o
set up a system of variation for the parameters of the M curve.
A separate investigation into each of the four %‘;W@é of curves is
given, as thiz methed offers an sasier and faster way of apalysing
and localizing the effects of the M curve parameters on the step
regponse parameters. It should be noted, however, that limiting
values in the variation of the parameters of one curve type may

produce the outline of the curves of another type. For example,



i» i ziudied in curve type B,

uces o curve of type A,

ad with the affect on

of curve type A,

fhe sﬁ*@w response of the thres

Thege parameiers are chosen asg the leading ]

glope, S, and the peak of

33
o
o]
5%

are as followsa:

W - {1

Fon o 1,05 radians/

7RG

ae ogramming problems and will be discusaed
54}

A range of fvom five to g
chosen which covers the range of st CWRTe

glopes of mort contral syatems.

s

A glmilar method s followed for curve type D,
addition of two exire tralling slope parameters necesgitates the
ion of 2 larger nurnber of curves than was reguired for type
A in order o deal with the same parameier ranges,
Two srmaller investigations are carried out on curve types B

and C where the effect of flatiening the M peak and introducing an

&

mitinl M curve dip 1w observed.
To accomplish theee objectives, digital computer programs

¥

were set up for a Bendix G-150 computer as well as for an IBM 650
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computer. Since several programming detrils affect the gereration

af the results, Chapter 3 ig devoled to & brief explanation of the

“

methods wsed to obiain the resulis.
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CHAPTER 3

kvl

THE COMPUTER PROGRAM
AND ITS EFFECT UPON

THE ACCURACY QF RESY

|

[

.
1

3.1 GENERAL PROCEDURES

Tho ind

wied obiect for including & chapter on the two

rramg 18 to provide a basis for eaih

s and to give a referance for any furth

subsequen the {indings of thia thesis,

The program for accompiishin

¢ the conversion described

in Chapter 2 was first written for the Rendix €3 - 15 3 Digital Come~
£

.9
K
B
ey

")

swever, for reasons of ncreased accuracy of results

freduced computation time, the program was rewritben, with

&y

some changes, for the [BM 680, Nonstheless,

ware basically alike and the following description applies, in gen-
Wiy to both. Any distinctions will be pointed ont in those instances
where they are ragavded ag having affected the vesuite to any
appreciable degree

The general procedure for obiaining the step response from
the M curve is that of first obizining the real part curve R{w) from

aguation 3.1,



20 -

Riw) = Mlw) cos 8 (w) (3.%)

k¢

where Miw) is the magnitude and
response funciion. Egquation 2.

approximation method wh

amed for the IBRM 650.

(BO-C, pp. £9-T4) was progra

o 3 . o R » & e B, 50 AE e fem r e
Sawever, as these results are only intermediale sleps towars g the

on o N N & Lo 9. 8. <
final obiectives, he Drow redure 18 ex LRI nas a4 brie

vatne of Ri{w) iz reguired

ponse i8 caleulated by equation 3.

re

%

3 e i gy ¥ R £ Ee gnaonon thenE v b
concept vegquired the {reguency of these poinig,

to agesticn 3. 4.
CN) = wre (2N - 1) (3. 2)

Ar was discunased briefly in

the adjust.

wd optimuen iming was the main

mweant of W and wy {nr bBest asenracy a

probiem which was sneountered by the ntilization of the RAY methed.

Consequently, & large portion of the total ervor in the vesulis is

attriboted divecily to this problem.

3.2 DETERMINATION OF THE FUNDAMENTAL FREQUENCY

The basic criterion (RU-B, p. 12) on which the value of N and
we i judged is the fact that negligible ervors ave incurred when the
roal part curve is "oul off ¥ at a frequency, w., such that the freq-

uency responge has finally decayed to about 10% of its maxivoum



°

1

value, The problem in thiz in

gtance is that w

- &l

o i not koown wntil

R{w) has been caloulated, but R{w) cannot be caloulated without

knowing the correct value for w

gueas we and N for each curve

weo £8a reeunlt, it is necessary to

. 5 e e
beiove ca%mﬁ&mmm baging,

One of the main reasons for such great concern resarding
& &

judgment of the value of We ig that inaccuracies which are caused by

asglecting those freqguencies beyond w_ primarily sffect the low time

portion of the step response.

°

significance in this thesis,

In ovder to make the prograz: cormpletely antomatic
ge

syetens must be devised for pradetermaining N and v

It is hust that portion which is of mosgt

. Bome

Beacsuse of the

wide range of curve types which were investigated, this was a

troublesome problem. The most difficult curve types ave those of type D

3

whaere wide varistions in 3"3 . B B Wy, BIM & Sa oe

f W o
(o) w"vc

Fa

B
Zfé
&
B
b
-
m
o

o

With regard to curves of type D, the problem iz sclved by

f<g

dividing the M plane trailing slope region into ton areas as

Figure 3.1. By 2 combination

n"{‘

”ﬁ DWW 3?7’

of calculation and expevience, each

s ]

region is associaled with a certain value of w we and the various curves

are classified into these regions according to the region in which

their third break point falls and according, alse, to the value of Sq.

The circled peoints on the graph show the various positions of the third

break poaint for type D curves.

The effect of moving this point along

the frequency axis and along the gmé axis ig studied in Chapter 7.

The region number is included

on the data input card for each curve
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exparimnentation b

wepin 3 ety are greates
SARRCH ATE grefelrl

It is found that values

" . Sl KA.
are therefors

lead to excessive computing tHme as
impractical, Heuce, moest cuorves are computed with N beiween 45

and 55, However, it ig obvim

3 - e
above 50 or 60 cause relatively small decreases ab the last point

ey is o increase

wg i fovnd when wy becomes g0 lavgs th

it o this

and causes the

surves whi

the largest ban poeeible, such po

o the charts,

3.3 PROGRAMMED NORMALIZAS

In all curves the resonan! frequency of the gystem is normal-

Lo
o
&
=5
o

1.05 radianzg/second

The range of wy values which is practical in this case is 0.01€ weh 0. 30
Although an W, of 1.0 radians/second was initially chosen, it was
found that a better R{w} approximation was made by the discrete
points it one value foxr O(N) ocecurred at the resonant frequency.

Investigation shows that there are more suitable, exact values for We



which satisfy this condition when v, ig L.

when the norvmalisation is to 1. 0 :x:*aefiizss,mi BECORS.

SARAMETERS FOR

{al Tt wag not economical

ragponee curve furthey hacaves the anmber

of polnte reguired to s

£ en v 2
c,y:;;,‘ a4

srroine thes

3 o

wonld drastically inc

{b} It would incrsase the somaplesd

A ’“;“V‘ beosuse

the stability of
The parawmaters
(2} peak tizme
(b)Y peak oversheoot
{«} ripe e

adequately describe the remaining portions of the Shep refponse curve

and are semewhalb easier to compute by the method uwead in this thesis.

Apather investipation could be made in future to defervnine the other
parameters, but o different method of attacking the problem would

probably be more efficient.
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GETARI, Wi

smaliler Bendix Com

does slightly lese cal«
culation in the time of bwo houral

@ o

The total combined »ww regulis given in ihe

next chaplers is estimated at




CHAPTER 4

PRESENTATION AND DISCUSBION

OF RESULTS FOR CURVE TYPRPE TAY

lined in Chapter 2, results of the investigations are presenied in the

form of one chapter for each curve type

o

conversion charts in addition to an abi

results that occur in Chapters 4 to T incl

.1 QVERSHOOT

&

Graphs 4.1 and 4.2 were plotted in order to llustrate the
effects of Mp,} Sy, and S on overshoot. T he M curve variation which
takes place for one curve of graph 4.1 iz shewn in Figure £.1.

Several interesting criteria may be deduced from thege curves.
shoot is greater than the M peak., The dividing line is in the area of
M@ equal to 1.1 to 1.2 and varies slightly with the value of Eﬁ?ffi” being
larger for larger QSZ% . This agrees closely with results published

by Chestnut and Mayer (CH-B, p. 408) who worked from the open

loop characteristics.
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<35
1 Ve ¥
Aleo, there is, L0
W peak and evershoot for ]
The reason for such a relation can be tys
curve variation which is need to generate eacl
ence to Figure 4.1, this method is such that sach valne of M fox
irequencies above wy is increased by a constant ratio of My s/ M1y
: pfigel

According to the amplitede normalization statement which was made

o

in pection 2.4, this is equivalent to increasin

g all slep response
values, including the overshoot value, by the same ratio if wy were
close to zere. In our case this approximation appears to be applicable
3

for smaller leading slopes, but it is not guite valid for the larger Sg

vaines because wy changes according to eguation 4. 1.
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Third, the larger the valus
overshoot with M peak changes.
Furthermore, if avea (A) under the M curve above unity fox

type A curves is defined as equation (4.5},

ey
Y
N
-

A= log mp“gm,i'm
Lmol [T/

cems , for the most part, to increass when the avea
shove unity ig increasnad. Thet is, for the same M peak, a sharper
resonance peak dees not give a larger overshoeot as might be expect-

e
Y.

The variation of cvershoot with changes in the initial slope

S

showse that, o estlmating the overshoot, only very Hwmited accuracy

=N
B
%’&

iz possible if the effect of leading slope iz ignorved. A rocent

<

sbternnt {(J

& « a

AC) o corvrelate svershoot with the shape of the frequency

o

curve by means of UVshape parameters’ using eguation 4.3 iz congider-
ably in ervor because the overshoot was related to the “iorm para-

~

mater”, F_, which ig not & function of the leading alope. Jaworski’s
o

relationship is




- 3% .
and Bg = bandwidth freguency at the 3 db down point
e = bandwidth frequency at the 6 db down point

The method of relating parameters which is utilized in this thesis

ig a considerable improvement hecause the charts take thim i

e

frequency portion of the M curve into account.

-

Fivally, it is apparent that the well kanown trend (JA-0,

p. 398) of an Incresse in avershoot with a covresponding increase

in the falling slope, holde omdy for the lower M peak povtion of

gragh 4.2, Howaver, the majority of contrel systeme have M peaks

in this region and tharvefore the generalization g valid within this
clage.
4.2 PEAK TIME

The variation of the peak time with the parameters of the M

1 4.4, The effect of the variocus

curve ig shown in graphs 4.3 and

o

parameters on the dHme of the peak overshoot can be summarisned

28 follow

o

{a) increasing only the M pesk decreases the peak time,

tn

E

(B increasing only the leading slove alse decresses the

weak me,

oy
k¢
g
pido
£

noreasing only the magnitude of the trailing slope

increases the peak time.

oS

ithough empirvical curve fitting procedures could be used
on all data in order to generate equations relating the variables, it

in obviously not practical te attempt this method when the relationships




5.

g3
g
]

3
dir F:;

£ 1.8

&, 0

)
2

9
)
4
i
H
H
i
H
H
H
H

Nt S
SO

.‘38:‘)

e {second

4.0

.

iy

e

¥4

2

L3 > I e
BB gy, (3

5

e
D
(=
§

i

e et r bt g,

3 5 o i,
2

1.0 1.5 4.0 2.5 3.0

o

Graphe 4.3 and 4.4  The effect on peak time of varying the M
pealk for severazl slope values



- 33 .

are other than those which can be expressed as simple equations

-

and are applicable over a wide range of the variables concerned.

In any other case it is faster and more practical to use the conver-
sion chavie given. However, one case in which an empirical equation
appears justifizble is presented at this time.

A atady of the velationship of peak time to overshoot reveals

that & conversion parameter, O, where C is given by equation 4,34
o

ey

R T R A -l

tp

constant 2t all values of the leading slope for
railing slope. It also appears feasible to relate

the paramelers for the various M peaks and trailing slopes which

A ssvies of curves iz presented in graph 4.5 which shows

&

© with My, for variows 5z. The relation ig surpris-
ingly linear and a study of the graph slopes and infercepts leads to

eguation 4. 4.

% 0. 324 0.03 Szi-p (slepe of C curve) (3, - 0.74)

a

The various graph slopes are given on the same page. It

iz posgsible, by {inite differ

procedures, Lo ow
= 5

3

ress the graph

slope as a function of 87 and © can thus be rew:

G

e ) ) 3 2, e e e
G (0,52 40,08 8503 L037(M, - 0.74) {8274 9.57 Sp%4 50.7 64 34
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Thiz states the relation
L A
@p% fupg SZ” Mp% {4. 6)

In the range of the variables considered for graph 4.1 the estimated
average error for the approxiroation of a given C value for all 8; at
a specified Z\vi@ and S5 is 3 to 4 percent. This is illustrated in Table
4.1 in which the calculation of C is presented in tabular form.
The deviation of the C value at any Sj value from the corresponding
average C value for all §; is observed to be small.

Since S, is used only as an integral value, it iz helpful to
restate equation 4.5 for the practical 8y range. The conversion

equations ave given in Table 4.2,

4,3 RISE TIME

2

The graphs 4.6 and 4.7 show the variation of vise thme for
many combinations of leading and trailing slopes. As a summary,
the lower rige times are caused by

{a) =2 larger M peak

. fe |

(B} a 51733&1?«';@:{*%332&

{c¢) a smaller 51
In each of the above cases, it is assumed that the remaining var-
iables are kept constant,

Pointe {2) and (b) comply with the well known fact that rise
time decreases as bandwidth increases., However, it is seen from
(c) that the rise time i8 also somewhat affected by the leading slope.

The effect is smaller, however, at lower M peaks and increases
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in order that the maost difficuli variable for interpolotion be one of
the parameters, Since all curves uitimately have an integral slope

to infinite frequency, the consiani parameter of each graph is 3,.

V,‘\L
=
B
P
)
ey
=

Tha only other variable, My, is quite easily interpolat
&
exornple of the application of these graphks is given in Chapter 3

which deals with design considerations.

With w {Wp an the ahecisss of these curves, several interest.

o r:

ing features are evident. First, as this ratlo approaches zerc,
with constant M peak and 8,, the overshoot appy roaches ML thones

the oversheot associated with the M curve of vnity M peak aad

rv:

aving the same 3,. This fact follows from the amplitude normal-

ization rule. The above rule grea

curves to lower abscissa ratios than those given in the graphs.
2 -Z.!’J &

By observing the overshoot graphe at the top of aach page, 11 18

secen that this rule establishes the fact that all curves will exhibit
a Ysaturation effect ab lower abgcissa ratios, even though those
curves for the lower M peak values may not show this definitely as
far as the curves were taken.

Second, by means of the {reguency normmalization rule, we

see that for all Mp

Lim %:w ;‘Eép&ak time for Ml Mpa% 1.0 a2t the gsame S’Z}

Wl,iwp‘”? e (4011»

This alzo establishes, withip narrow limits, the value of t? for

systemns falling outside the range of the given curves (see top
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section of all bottom graphs).
Furthermore, if we approximate the initial

by z straight line, then it can be seen from Figuve

nnormalized
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aalizaed

iae lme
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(4.12)

Howsver, since the actual gtep function is not really linear as

shown, the approximation turns out to be inzccurate and serves

only b show the order by which Eo is different than t

Mote that the dotied lines on the firet graph sheet indicate

the locus of consiant Sio

Since each graph is drawn for constant 8, and each curve is

drawn for congtant M peak, then, to other scales, the curves show
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& e}

the variation of the ovdinate parameters with M paak and SIL changes

at congtant bandwidith, Note that the rizse time for these curve sela

o

remmaing almost consiant for any given M peak and 8y when §

fod

ig

et

&

varied. This is reasonable, since the initial part of a system time
respense 18 detevmined primarvily by the high freguency pole-zeros

of the freguency response and is determined very little by the low

freguency pole-neros. The latter affect primarily the final portion
of the fme response. Since the variation here ig strictly oun the

low frequency poriion of the M curve, there is a more proncunced
effect on the peak time and evershoot than on the vise time, since
the former scowr at larger time velues than those which determine

he rise ime.

Since it is widely recognized that rise tlmse is approximately

L8

&»

imversely proporiional to bandwidth, it is interesting to plot the
@ time-handwidth product against M peak for vario S? aluae.

o

The resali indicates the extent of the effect on the relationship of
variations in the M curve. It iz obvicus that this product is not
coastant, but changes noticeably nader the specified variations,
according to graph 4.18. However, since most stable systems
have M peaks of less than 1.5, the variation is not large when it
covers thiz limited range.

Having investigated the most basic type of M curve, it is
now advaniageous to extend the range of application of the method

by considering, in the next chapters, several variations of the

basic type A curve.
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CHAPTER 5

Bl O IMITIAL M CURVE DIFS

In order to luvestigate the effect of an inltdel dip of the M

e on ime response paramsters, & sst ol Mo

E o o o I < h o han
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This type of M curve ig characterized by the existence of
a2 predominant simple pole in addition to a pair of predominant
complex poeles of the closed loop frequency response function. That
iz, the § plane may appear similar to Figure 5.2 or Figure 5. 3,

An § plane configuration like that shewn in Figure 5.2 infers
that there iz a long tail in the transient response, because the

aimple pole cle

Q
]
o

gt to the imaginary axis of the $ plane gives the
longest settling time (CH-C).

W awms Jvwr axis

A A
% P
3 ¥ o % GRS e G
axis axhe
P "
& Plane configurations

Figure §.2 Figure 5,3

M curves which are characterizned by m@ shape shown in
Figure 5.1, then, are not as stable a8 the other forms investigated.
Conseguently, the form of the step response deviates from that
shown in Figure 2.2. The initial peak in the response may not be
the highest peak because of the existence of the long tail produced
by the predominant critical pointe on the ¥ axis. This iz more appli-
cable to the cases in which the M peak is low and the initial dip in

the ™M curve i8 more pronouncad. It must be remembered, however,




¢t thia effect vccurs in the type "B curves and b

ghoot and psalt dme to which reference is made

o the first trangient peak only,

T
in this investigation the vaviables are atipnlated as:

M,

&

‘ £ \\ 3’:‘:‘{&2‘

4:«'5
,\;:

{e} wylwsy

s

The slowe of e final ¥ curve o

to -1.8. The resulis, however, are infend

a eomplete reference

covyectiong to curves of type Va4V,

2

aof 21} possible variations.

°

e

& QVERSHOQOT

A variation of the type described in section 5.1 produces a

“

decrease of overshool with 2 corresponding decrease In My. This
rate of decrease varies slightly in acosrdance with changes in ws,
28 shown in graph 5.1 and graph $.2. It varies more radically,
bowever, with changes in the ratio wy j’wa“ 45 zeen in these graphs,

the rale of decrease of oversheoot is larger for M curves with smaller

o

Wy fw., ratios. These {lodings would ssem to indicate that those areas
which are below the wnily M curve line constitute a controlling force
on the decrease of overshoot.

A significant relation shown by graph 5.3 is that the overshoot

is decreased by a consiant amoust at all M peak values by an initial
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4 grapbical picture of the varia

¥ SSurse values al the second finite break point
W, fws 18 given in graph 5.4, The most promis
S et
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geries of curves iz that the trends are very similar to those of the
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iv given {eguations 4.5 to 4.19) for finding the peak Hme from overshoot

for cerve type "A" are egually valid fox curves of type V'8 over the

the investigaiion of

3

range considered. However, siuce

&%, 2,

these typeg of curves fov the final slope v

ather than -1.8, no

I

definite staternent can be wade 28 to whethey or not this relationahip
rernaing valid for the other 8, values., It dees, however, seem like
iy that it would,

o

A sarople of the variation trends in the psak time over the

LAY

range of M pealks is shown in graph 5.5,
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P suraamary. then, the variation of peak time iz to
{a) decresss for decyease In M,,
S

(b} decrease for decrease of wy/w, ralie,
£y Zxt

{ci decrense for increase in M peal,

(dy decreass for lncrease in ws.

it g asswmed in each cage that the variable m

2‘*:'

oy

mue which g pot kept constant.

5.4 RIBE TIME

e
b
3220
s8]

Ny caora ro g s oo g JU.
CHY &0Y COnCTHLe PRSLE 88 AT &

S the estiraation of rise Hme for o type VB ourve. Thig i doe bo

the fact that, for M curves with 2 largs initial dip or those wi ith swoeall

weaka, the step responge cuvve lakss on apother form, as described

the beginning of this gection. This type of response {8 shown v

&

graph 5.6, which iz plotied fox ’\fi equal bo 1.4 w

h 2wy /wy Tatio
of 1 /% and wy equal to 66563, It is obvicus that theve will be a

point at which the #rst peak becomes less than 0.9 and, consequently,
the rige Hme will then be deferred to the following peaks wntll euch
dme as a succesding peak reachee the 90% level. In this investiga-
thom, then, the 10% to 90% rise time is not as satisfactory & defini-
tiom of rise time as the other well koown meanings.

The trends in the data are ghown in graphe 5.7 and 5.8. It
iz seen that rise time

(2} increases as ME decrenges,

(b} iIncreases as M? decreases,
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{e} incrsazes as oy Incressss,

{4} increases a8 wy/w, decreases.

?
e
o
P

Any further degcuseion regarding this matier seerus to be

3]
0]

o

umwarranted, although further lnveatigation raight be made with
another rise time definition.
Type "Cf curves will new be investigated in 3 similar

manner in Chapter &,




CHAPTER 6

S8I0OMN

DISCU
Hoeen

PRESENTATION AND
TS FOR CURVE TYPE

OF RESUL

6,1 FPLAT PEAKED M CURVE
With regard to a realistic system, ne M curve actually has

M peak with & first devivative discontinuity at the resonant fra.
such curves have somewhal rounded peaks

gusncy. nsiead, all s

and many more systems have a flat response for & range of fre-

iderati for the future util-
leration 0 the tulure wull

4, then, is that of the

guencies aboul - o
e presented in Chapte
e of 2 flattening of the

A,

An lmportant consi

ity of curves whic
the eifect on the step respor
oo
o i

and, further, that suitable oy
| the conversion curves may b

eria be stated whereby

BN
5

ohaervation of

resonsnt peaks

e broadened in order

qf\w Q

Ll

the applicabild
ied out in Chapter 5,

to takes into account suck cases.
Similar to the type of investigation caxe
ihis treatment will not be exbaustive. However, it is hoped that the
red by way of illustration in this chapter are suffi-
de of the "flattening

few examples offe
pprozimation to be mad

clont to enable a

reliable
ions to changes in M curves

gponse parameter variation
& k
@ to be examined. That iz, the casg

3

effect’ .
afing

&&&’ r@«
in the mamner of Figure 6.1 are ¢
will be accounted for, first by approxima

of the flattened M peak v
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A sample of four basic curves s taken {rom the man

investigated in Chapter 4. These are chozen zo that a wide varviation

of the basic parameters is incladed. The curve paramelers are
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than Wy, which cccurs on the leading portion of the curve.

The 18 charts previously mentioned are concerned with peak
overshoot and rise fime variations. Tables are used to present the
peak tirme date because it has been found that those M curves with

{a} M peaks near 1.0 or

{bY Sv? close to zero with WB/W;’L Z 30
have o tendency to produce a step response similar fo that described
in Section 5.4 where the first peak ie not necessarily the highest
peak. In thess cases, the peak timme shows erratic variations caused
by the movement of the highest step response peint from one peak to
another. Furthermore, this movement is, in some cases, critically
dependent on the accuracy of fhe computer program which computes
e real part curve. in many cases the same M curve which wasg run

first co the IBM 650 computer, and then on the Bendix G-15D compuler

-G

gave radically different results and these discrepancies were caused

dare
snoments.  Consequently, the data %o difficuit fo

2 becomes more !22&‘.‘"3"&911*‘ =%
are e
However, much of the data 8 of considerable impo ?:'t,?u? ce. Hisin

are
ey 3 iy B ot o pe b 5Ny my & xr Non fre ' PR .3 o 38 L 4 AT
this interest that the data for pealk time & listed in tabular form.

<

cular M eurve fall

-
t g

B

£

X4

by

Yng wpon

N

x polnts in the tables where the approx-

ing a Twpe & curve (for exawmple, where

: e 4 “ 5 1
By T 8y and ‘gi :;% 21.0Y are the most velisble.
\ 2
(v dre
The rise Hme aand peak overshost Jdata &8 velatively unaflected

are
e therefiore o

" oy T
siderably wmor




-

The overshoot conversion charis appear on pages 77 to 85

o

inclusive. In these graphs it is important to note that
{a} the solid line represents S, = 1.0

(b} the dotted line represents §,% -2.0

{c¢) the centre line represents 3,% 4.0
o

These graphe ave followed by a set of 9 more graphe which

[~

are concernsd with the rise time and are given on pages 86 to 94



PEAR OVERSHOCOYT CONVERSION CHARTS

FOR TYZRE "R CURVES. .. ... PAGES Y7 TO 388

LISE TIME CONVERSION CHARTS

FOR TYPE "DV CURVES,.....PAGES 86 TO 94
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CHAPTER 3

ERROE ANALYSIS

USING AN EXAMPLE SYSTEM

8.1 THE SAMPILE SYSTEM

[y k)

The method which will be used to analyae the errors which
occur in both setiing up of the conversicn charts and using the charts

3

in degign is that of studyi

f.—.’ >

pecific cases of such procedures and

o

a¥es

drawing conclueions from the esxperience. At this point, it is hardly
nacepzary to emphasize that there are & multitude of errors assoc-
ated with the method and, due to the complicated nature of the con-

version sgnations, it is out of the question o avalyse such errors in

a general mannsr. The object here iz ouly to develop an idea of the

magnitude of e various errors and o draw conclusions regarding the

573

pogsible methods of reducing them.

o

In erder to analyse fechnigues of approximating M curves by

a7,

straight line eogroents and obiaining from the conversion charts the

iaters, an example system having the loop gain

funciion, &, of equation 5.1 is chosen.

: >
A e KEIPG. 28} 8. 1)
3 &
(14 0.01258 51~
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In order to obtain reaszonable stability in the aystem, the gain
constant, K, is chosen so that the open loop crossover frequency is
at the centre of the -1 slope of the open loop Bode diagram.

A short calculation will show that X2 500, Using this value
: 24

1\‘9

3

5-.—..3

for K and agsuming that the system has a unity return ratio, then

g

MUE) = A18) (8.2
o4 ALSY
" S an 27 cey Al
5T s 500 ((1'%" 0.2 & L3 3y

P

5G0 (14 0.2 8124 87 (14 0.0125 5)°

[4

4

The asseciated M curve 18

along the irpaginary axle, M{]

the solid lne.

From sguation 8.3, &

e Bendix G-15 Digitel Computer can be

;TL

art of Mijw), R{iw}, at 93 points.

succeeding step response calcula-

vion, i w = 0.5 radians/second. All other frequencies follow at

M we ow,. It may be shown that at the last frequency (where w =
x
92.5 radians/second) the real part hae decayed to a magnitude of

0.098 and i may then e concluded that the cut-off error here

@grals
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taken from the digitalized output data, are then

© = 1.512
o 51
é:p = 0.141 seconds

g r:r = 00,0486 seconds

These parameter values are very close to the exact values
since an abnormally larpe number of points has been used in their
calculztion. The error n determining the parameters from the
discrete data of fhe step response is also negligible

Varvious tests will now be performed o determine errors

asgociated with the less accurate approximations.

8.2 STEP PARAMETER DETERMINATION USING TYPE "D

CONVERSION CURVES

o o

There ig oo formal procedure for obtaining the step parameters
using the coaversion curves. This is due to the @fari@&y of M curves
which maay be analysed by the general miethod and to various ordinates

and abscissae which are used to display the conversion curves.

]

kave been found by

;,;Aa

Thers are, however, many helpful polunits v

\

ewperience to simplify the technique.
Whan approxirmating an M curve by straight line segments,
there iz a certain margia for choice of the segment positions. Reler-

img to curves of type "IV, it has been found that char! conversion ig
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facilitated if at least one {and preferably more) of the M curve

parameters {zll on one of the given values of M_, M3g W3/ Wq, OF Sl

3

-~

that were used in preparing the charts. Ctherwise, interpolation be-
comes a major problem in some cases wheve other than a very rough
tiine pararmeter approximalion is desired. The ;Eréquezm.cy pararxmé:ars
which should be given preference in the segment fitting procedure axe
Wy /wy pnd Mz, d.t;d Sa.

In genaral, errors incurred in plotiing the date make up the
largest maccuracies of the charts and, consequenfly, no more

accuracy than a few percent should be axpected from the charts. It

Fod
[y

is obvious, thervefore, that two values for the parameter which are to

.

3 " |

e used in interpolation shovld differ v this order of magnitude or

T

more.
Ag an examnple of the techniques involved, the M curve of

Crraph 8.1 iz approxhmaied with a types YDV M curve as shown by the
are

dotted lines. The data for the sspment approzimnations & also listed

Lo fiod o bcnades il , M3l
) €o plot
sl , onie of the values of M% wead Sew P

on the graph.

§ - I S g o oy,

e {xm o a,{&. L wm S

W ) Wy 8B 3 "ﬁa,’«. ! = 3.2
o do

which i closs to the vatio,

de

e Sy g o ; 3’ 3 EAS S s k'
The M oeak was setat 2.0, 1

s

5 aoted, howevar, that ine
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results of Chapter 6 indicate that a 10% flattening of this peak to
more closely conform to the actual M curve makes only a fraction of
i% difference to the overshoot and effectively no difference to the
peak time or rise time.
There are, then, only two parameters {nr which interpolation

may be required. They are 5; and S5, A caleulation of ,31 follows.,

Sy, leg{hi.,/Mi} o PR e 4y
Sy logl %Et‘/ LV = log 2 ki £ &T79 (8.4}

T T TL9T)
10‘%{._,{@/ -.;v:%‘} log (17/4)

o

Since, for the caze of this example, m«% @ 5,0, then it is

nacessary to use the resulis from the E:‘, 2 -Z2.0 and -4.0 curves.

Performming this interpolation on Graph 7.4, the paak cvershoot fov

ﬂ‘

ading slops of 0.4 iz

]
4
ey
[€x]
i}
e
s
S ?
a8
kL
e

.
L3
3

wd from Graph cowereshoot for a le

)

]

#a
[
a8
(93

i\ ztions of ovarshoont with the initial slope,
*sia . confiros that a loear interpolation here ia justified., Therefore,
the &, interpolation between
0.4€8:€ 1.0
me approgimate peab L. EG, This is less than 1%
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from the accurately calculated value {given in Section 8.1} of
@p {actual} = 1.51

The procedure has been shown to involve little work and a
simple M curve approximation. Experience actually reveals that
approximating this M curve by more segments ig not only impractical,
but rarely decrezses the error significantly. It is conceded, however,
that the average arror in using these techniques is likely to be
slightly higher since not all M curves are approximated as easily or
a3 closely as the exampls curve.

The rise time i obiained even more zasily since, from
Graphs 7.11 and 7.12, it is seen that in either case the normalized

rige fime €i 3 for 5% .4 is

while the walue for 5y 1.0 is 0.80 gecs. To the accuracy of the

grapbe, then, linear interpolation gives

t Uimterpolated) = 0,81 secs,

The offsct of freguency norvmalization is shown in equation

e Lgff h:y ;'—a

L SRR AR AT s S

17

= ﬁ"%‘”} BEoH. {8.5%

1t bas been found that the rise time is within 3 1/2 % of the accurale

£

value given in Section &. 1.
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To find the peak time, the case is slightly different than that of
the rise time since the peak times at S% ~2. 0 and %ag are not

too close. Interpolating between Tables 7.2 and 7.5, and betwsen

Tables 7.3 and 7.6, the peak times are found {o be

2.15 geas.
2.40 secs.

2.7 secs.

Taking into account the effect of the conversion curve vormalization,

it is secn thatl

e
§ o

# 17

There is only a fraction of

1% ervor here.

It veay be concluded, therefore, that linsar interpolation is
valid for most cases aince eunough curves have been caleuiated that

there is littls error in intorpolating linearly even thengh most curves

8.3 STER PARAMETER DETERMINATION USING TYPE 1AV

CONVERSION CURVES

% o

It iz useliul to show the effect on the tHme parameters of approx-
frmating the same sample system M curve by & Type & ourve,

A good approximetion of the Type A& form is shown in Figure 8.1,

e

When this approximation is superimposed on Graph 8.1, it is seen that,

N

although the final M curve slope is =2.0, the trailing slope of the Tvpe &
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0,11 cd o e vor con® e s v e § e o oo e ,,,..J% wmdj sec

Filgure 8.1 ype A ourve appro

53

apurozimation was

sowal to -1, 41 in ovder to more eve

negaiive errors butween the £ E2% S

in the trailing slope region.

cred to, in genersl, ag the "M ery

Type A curves, Graphs

#.0 ta 8,3 below is ob

Bnear interpolation. T

Jization, the

#O Lu&ifﬂ,ﬂ.ﬁg for curve RO

may then be found as bel: s are shown in brackeis).

1,52 10 55%)

29
28
ot
@
&8
1534

() £, =
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TABLE 8.1 CVERSHOOT INTERPOLATICN

A S
e

£

&~
N
o]
B
o
N
3
is

1.0 1.51 1.53 1.74

P sy

g5
i
P

1.50 1.52 1.72

]
3

14
fomed
@

P
12

s ] oauprnsa

SE—

oo
&

YA DH Y wm
TARLE

RISE TIME ]

e m‘} .
i By %
a
~ g =gy
feo ﬁ oo & S id
T
r\\ 2 ¥
3 4
3.8 f,48
v A B PR ]
&, =L .66 0,48
La

wdho 3 .95 .93 0.%5

sumR S sty pe P

P

VABLIE 8.3

 INTER

POLATE

N
% s
‘43 N G z N 3& oF o &
A
&,
4 3 T ey I
i wl. 8 1.75 .78 1.50
; P s
. . P, 5 ae
5 - 2.1 6 o b i, 8%
dwed
i . .
i o S 3 AR
i ’ R s s
H
N
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e
azor

feb ¢

These resulis show that the overshoot was approximabed

neak time are sign

ficantly lower then the

achual values. The errors may be explained by the follovwing argurnents.

First, it is inter

iting to note that both

+ &g
errovs way be cub to less thaa 9% by ¢

e ;

wrever, this sii

must be emphas

to attorapt to reduce M ervors at frequencie

w0aff when

approximating an M ourve. The appromimal

sumed that the pl

ag freguency a

[,

Pin

WALy 4. s »
184 degrees (as

{ va hoen i 8y

w141 w20 = L1279

AP
-

Y g Pie So evbiernd
LAY SORTBa fhisg in A3 ANE

pprovimation tool).

ane ot high frege

o
BEREE

ourve i

nge conside:

& errors ovcur in the

ige Hme and peak tme arve con

B, oo T gy g 7 g o % .
then, becauvse the M ovry

approvimadon minimized M

gl ¥ 2 al park

imiled to make Riw) a clm
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curve.

On the other hand, the peak overshoot had little ervor in

&"

this instance because the peak overshoolyassociated with the cases

where 5,5 -1.0 and S ® 1,0 are approximately the same value,

i‘

The most import? nk aspect of this discussion ig that it estab.

2

oy

lizhes the importance of the Type "D approximation. Although this

curve type is slightly mors cumbersome (o handle, it is much more

&4

o

valuable because it allows the designer more latitude to adiust the

vhase ag well a5 the ragnitude of the frequency response ak freg-

«

ig wise to anproxirnabe

vencies between 'WP and w,,. In geveral, iti

the final segment with a slope equal to that d

the actual transfer function at high freguency. The slope, S? p CHR

then be used mainly for the minimization of M ervrors at the frequen-

cien ahove w_.
A
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The correciion curve for estimating 8 . {(Graph H.3)

pi
appears to bs a very useful one. Cau it be shown tat

those taken here?

y has been shown o have applicability

@

Type A and B. How much wider applic.

ability doss it have ? Can i be lraproved o provide

sneot 1oy

between pealk bl

other curve Lypes?

i? &3 k ares

vlevlatione show pro 7::.1%&:,\ of epablive au

syvmation {from M oowr

se oversheot {ag bohy. s

i
eyt

lationehip that ig of iamporias

] g Abp 3
reaily any

Ty g gepran e
B ourves

¢ decrease of peak ares

hoot az is suggestsd at the

- the calenlatd

PLE s T i e L o 1 oy
Type T, the peak area for each curve was al

oy 3 i IS sy o
t permit lnrge seals

i

Howsver,

of o

) O
@ fnbuiae

I Chapter 5, Curves 1 and 2 of the samyg

im table dve HHe gand W poe (P

for intere

LS RN

ma& aren Lo o

vailel

The cury

confiprra

ATy

o Is this always true and, i so, whyt

'3

o the Type B cases depicted ou G
¥
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the curves parallel? Can this be developed into e
design equations or graphs?

{5 Tiis method can be applied to systems with dead time.
Is it possible to expand the technigue to osther none
minimum phrase systems in a more general manner?

{7y Can other tachnigues be set up to study the other step
responge parameters which are not covered in this
thesis {as suggested in Section 3.4

4] An atterapt to correlate the locus of pole and zero
position shifts with the changes in the shaps of the
segraent approvimation of the M curve endad in failure
bacausge the type of pole-zevo patiern chosen to represent
the Tyréc) & curve variations was not sufficiently verss-
tHle to adeguately describe the response vnder the entive

MM curve parameter variations. In particular, where %i

)

wag conglent at 0.2 and the M peak was incrsased from

1.0 60 3.0, those M curves with peaks of 2.0 or over

&

were oot 3

guately described by two zeres and three

oo

vies. Can other pole-zero patterns be shown to be

9

praciical in approzimating such curves and, if so, can

£

the locus of suck pole-zerc position shifts swpply the

answers to clarify those relationships which are not

yet clear?

with the resulte Indlcsied i i & 5 o
I reguire much p ical usNapge before
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RDESCRIPTION OF
THE MATHEMATICAL METHEODE

IN TEE PROGRAMMED

A .1 BLOCHK DIAGREAM

g g sde I $ . s w WS 2 2 . gy T oowaa B oy b S
& simplified bleck dagram of the various caloviations in-

yolved in the conversion voutine 12 given in Figure AL, (For a

< 5

detailed block disgraw of each ssction see the University of Manitoba

650 program notes for this conversion ronting Some of the more

important sections will now be exaind

A .2 Ml cancuLaTION

Y

The method uved to calewlale %Mé curve points is straight-

forward., For the xth straight | segment of the M curve, squation

g 4 v

A Y im valid (See Figure A.2).

- -
In (30"} e 8 In | w(n) g (&%)
Lw.z:%z i) |
i
o ot -, e

;
T8 % o, s Bl b > o 8oty i . : r V3 3
Therefors, gM at awy point, wy', on the M curve can be expressed
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Figure A. 1 Basic block diagram of fhe conversion routine
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A.3 PHASE CALCULATION

A compact, efficient, and fast method for calculating the

phase was developed and warranis special attention here. The meathod

a

iz based on the Bode Integpral {BO-C) whick is shown in equation &. G

e

mw dr Z
-0

o - N o iR £
8. = L G7% In coth | w | du (A, 0

where uz lo (w/ wg)

v of interest {rad/sac)

@ o= phase at the fragquency, wg

This integral, in effect, states that the phase

determined by the sle

the M curve at all frequ

the al the frequency of interest, w

E o F

nre ot dominamnt

in deterinining the phase,"w ..

New, if the M curve iz approximated by

a8 haz been done here, for 2 particularx

’\

a constant and eguals

L
e
o
[
3
Bl
(o]
73
!
2
&
fad
I
&
&
s

Beower and Schultheiss have shown tha or a sepiment &,

to the tots)

the percemtage conbribu shilt ot w,

buted by this segrnent is c¢ shown in equetion A7,

and  w




it is seen that the

W falls close to Weo

a major difficalty in the dij
whare x approaches unily o
spead caleulation for such

which venverged much fagler

that i

i

w 125 =

where x approaches unity.

o

PHASE SERIES DERIVATION

it 3s known from ¢

7
gy g
“5

o

8

i

arcianiizl =

follows .

a4 gl

[

Mo, frowm the

4 e 'y
fox - 1) & 4 © (for

g

4@
3:“& plale « 1}
i 4. 2k
=, @y

~ o G 3
rOEANBIR) = 4
A &3

3

ﬂﬂ

o
roafics that

N z,"’*

aguaatic

h

A
8

cur often in the caloulation ofd q.

0

“
wx";\’

| R S

3x

on A.L2

To

series will converge rapidly except where

rital computer programming since polnts

values of x, another series was developad

{&. 9

This presents

i & %N
(AL L0

IR
\\‘1 5o 51 \z}

(A, 12y
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If the substitution, A.14, is made

v& -2 arcianbi{x) 8 Infl - = (A, 14)

14+ =

2

then, it iz found that

and that

d g -2 et dy (A.16)

e :?/f -y e’ dwv {417

ﬁ ¥ @Ey
oo

o

Bxpanding 1 \\

-

P

1

;\nﬁ.

e2Y
¥ - dy (A.18)

as a geometric series, the result is
4
al

&
Jk

Y & QY

2,

1%, it follows that
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& (A 20}

and from equation A.14, tae final result is
e
grd = ¢+ N 1 o2k - W in () - 0w 1 - Y
| . (2k - 134 L
=i (Mo 21)

A comparison of the rapidity of convergence for various
values of = hag been made to show the relative merite of soualion

A s done

A, &1 and the former gix)

definition {(see Table A, 1}

g:
@,

by finding the number of torms required so that the last term compa
. ]
is less than 10 7, This does not necessarily ensure 9 significant

igures in the sum, but whan the number of tering reguired is saall,

» decimal place. I the
sumber of terma required is very large, the error may well exceed

o

% 1 in the 8th decimal place. This is another reason for using a

series which regquired only a few terms to converge.

Ewven though eq AL21 requiras the computation of &
logerithen, it appears frov: the table giver on the next page that

{azter series to compute than A.7 whenever

¥ ig raore than 0.5, for =

iase than 0.5, and probably
faster to use equation A.7T. For x equal to sero or unity, the cholce
of the wrong series resuliz in the computation of about 15,000 terms,

Y 7,

and since values near wnity for x will frequently be encountered, the

value of egquation 4.21 bacomes obvious.
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Number of terms required for convergence
4 Equation A.7 Equation A.Z1

0.01 2
0.05 4
&
9

a3

8.20
0.40
G.45 10
0.50 i2

G e NG DY
£t B o) OO

0.70 20 &
.90 55 &
0.95 10¢ ,
Table 4.1 Convergence comparison
USE OF g{x} 7O CALCULATE PHASE
For each n=21 (1) ¥ and for eack 18l {1} k, define £(i,n} such

that eguations A, 22 through A. 24 hold.

e -
(a) fi,my= - p (O | I cm\wﬁ (b, 22
w3

(1) fi,n) = o owy | O w, (AR5

(s flktl, n) -7 : (A, 24)

The following su

N o 53
ation then yields &2
.



e

Petrnz 360 N s, |fli,m) - Hisd, n)

2 |
S
|

L

°

here to calewlate phase, it is interesting

Using the eguations

to note that the time reguired by the IBM 650 to calculate the phase

> frequency is about | seconds

The real nart was -asily found from the previove resulis by
A Vi

vowm MIKY cos {n) (. 5)

¥

Y,

3 ey B o,
The appromimate

& y@qg}if@@_ S 3"*”\“?){. e W }C}iuﬁa’“ of Eu«i“s%

was fovnd to e given by

a
- {mins) = N {4, 20a)

PR

&5

A4 BTEP RESPONSE | LOULATION

As shown previow

v, the step response .

{a} the time, .
(b} the fundamontal frequency, we, and
{<d the real na-t curve, R{W}, at I¥ points

. AL 26,

RAN) ein (2 - 1} wet

A

{28 - 1)




for £ 20,

The problem is then to find

%;p = time of peak overshoot
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