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ABSTRACT

Two aspects of positron interactlons in ionic crystals
have been investigated. Firstr the angular correl-ation of
the an¡.ihilation radiation due to positrons annihil-ating with
electrons in liH crystals has been caleulated. secondly, the
positron energy gap for the first Brj-llJL lzone in tiF crystals
has been calerrlated." 

/r

In the ealeu-l-ation of the angular correlation, the

eontribution from annihilation with electrons in the hydride
ion is first obtained by treating the positron wave fwretion
to be a linear combination of Bloeh states while the crystal
potential is approximated by means of a sum of central field
potentials centred on the ion sites. The potential ilue to a

l-ithlum ion is taken to be the form used by Verral-l(2). The

potentlal d.ue to a hydride ion is obtained by first getting a
wave function for it, then an expression for the charge dis-
tribution is calculated, and. final-ly the Poisson equation is
solved and the solu-tion is then approximated, by a Coul-omb-

plus-Yukawa form, The resu-l-t yields an anp¡rlar correlation
curve 2"75 tines narrower than the experimental result. An

estimate of the contri-butions from the annihilation with the

electrons in the lithiu¡r ion is perfomed and the result is
too small to affect the results for the hydride ion. fn the



caLculation, polarisation effeets and the contributions
from excited. states have been neglected.

In liF crystals, there has been,

the existence of a T., - component. It
the first forbidden gap in the posj-tron band. structure over-

laps the Ore gap to a great extent, it might shed some light
on the absence of the fr- com'ponent. This posltron energ:y

gap is cal-culated by usÌ-ng a nethod whieh is very much similar
to the one used ny to*g( ) in the cal-culation of the electron
gap in liF. The result shows that the magnitude of this gap

amou:rts only to 0.07 ê.v. and its effect is too small- to

enable one to draw a definite eonclusion as to why the'A-
component should be absent.

so

is
farry no report on

bel-ieved that if
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CHAPTER. ONE

INTRODUCTION

Fol-lowing the dlscovery of posltrons, whieh were preitieteä

by Dlracts theory, a number of experiments have proved their
existence. rt was forrnd that positrons and electrons are

anti-partieles and. can a¡:nihilate one another giving rj-se to
photon emission. The discovery of the positron led to numerous

lnvestigations of its interactions in matter. It is now

generally known that a posltron can annihilate with an electron
in the following marulers:-

(I) It can coll-ide and ar:nihilate in flight with an electron in
a singlet state with the emission of two photonso The a¡r¡ihilatlon
rife tine is of the ord.er or 10-10 seeo in eondensed. matter,
(2) It can form positronii.m with an eleetron in a singlet
state and then annihilate to give two photofl.s. The mean lif e

time of the process is !.25 x 10-10 sêco This is knovm as the

T¡ - component.

The above two processes cannot be resolved experimentally.

Associated with the two photon armihilation, there is observed

in the eondensed. phase a second longer l-ife tirne of the order
alof lO-v see, It is known as the % - eomponent.

ß) ft can form positronium with an eleetron in the triplet
state and then annihilate to give three -ohotons, The mean l-ife
time is 1.4 x 1O-7 seci
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The fo- component assoeiated. with the two-photon a¡rni-¿

hilation is now generally explained by the so-caå.led. ¡tpick-

off¡r process. Aecord.ing to thisr the triplet positronium formed

will- be scattered continually by the material. The positron

may then aruaihilate wÍth one of the electrons whose spin state

relatj-ve to it is singlet with the emission of two photons.

This explanation is d-iscussed. in detail by Walla"u(l)"

ïf the ttpick-offt¡ process is correct, then for su-bstanrees

in whieh a ryZ- component is obserwed., there will be a lirnited.

ra^nge of energies over which positronium formation will take

place" This range has eome to be know:r as the trOre gâþtt"

Neamtan and Verr*ff(2) have verified theoretically the existence

of such a gap in I,iH whil-e Bisi et air(j) have reported. the

existence of the f f component in a mrmber of ionlc crystals

including liH. Sileanvrhile, ton*(4) has shor¡¡n that such a gap

also exists in liF crystals but the gap d.oes not extend d.ovi¡n

to the grourrd. state. So far, no report has been made in regard

to the existence of the TZ- eomponent in liF. One aspect of

the present work is to seek an explanation of its absence 1n

liF.

(1) ?.R. liTallace: Solid State Physics Vol.10(1960) Aca.denic Press
(2) Neam.tan and Verrall: Phys. Rev. W., 5L (1964) Also'

R.I.Verrall, I,1.Sc. Thesls:1. University of Manitoba (Unpublished)
/o\\2) rlr-sr-, -B'r-orentini, and Eappaz Phys. Rev. ]-3l- l023 Q965)
(4) E. Tong, M.Sc. Thesis, University of Ivlanito¡a (Unpublished)
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Another widely investigated aspect of posÍtrons arrni-

hil-ating with electrons in ionic crystals is the angular

correlation of the annihilation photons, The experimental data

ean be fitted wi-th a curve consisting of a central inverted.

parabola with a tail- at larger angles(5). Ste,,vart(6) reported

in liH a half-wid.th whose reclprocal is 1.28 for the angular

correl-ation curve. Neamta-n et a1(7) did a theoretical eal-eulation

based. on the assumption that the positron is tightly borrnd to
the hyd-ride ion and obtained a corresponding result of j.29.
Recently, Gol-fdansk11 et ar(8) were able to obtain a close fit
to the experimentally observed. angular correlation cirrve.

However, their results are subject to some d.oubt. A d.iscussion

of this wil-l be given in Chapter 6 of this thesi-s. A:rother

aspect of this thesis is, therefore, to investigate the angular

correlation of the annihilation rad,iation i-n T,iH crystals on

the assumpti-on that the positron is in a Bloeh state prior to
arurihilation.

$) G.lang and S. d-eBenedetti: Phys. Rev. l-OB, 9]-4 Q957)
(6) A.T. Stewart and R.H, March: Phys. Rev. l2?r 75 (1961)
(7) Neamtan, Darenryreh, and Oezkowski: Phys. Rev. L26, l-93 G962)
(8) V.I. Golrdanskii, A.V. Ivanova and. 8.3. Prokoprev: Soviet

?hysics JETP 29, 44O iL965) (nngfish Transiaiion)
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CHAPTEIR TvfO

THE CRYSTAI POTENT]AI ]N IiH

The lithiun hydride crystal is composed of positive

lithium ions anil negative hydride ions arranged in a regular

array. It is a faee-eentred eubic structure. Since the crystal
is an ionie one, the ion sites are relatively far apart as

eompared. with the extent of the eleetron cloud arorrnd them.

For the present purpose, the potential- in the erystal 1s

approximated by considering it as due to an ínfinite sum of

contributlons from the indivÍd,ual 1on sltes. Thus the potentials

due to a positive and, a negatlve ion would have to be forrnd.

These potentíaIs can be adequately approximated by a Coulomb-

plus-Yukawa form.

The potential, àt a distance R,
w tLs ¿ btai n ed-

ion fuby Verrall(2)
of the foll-owing for4:

r",(R) e - 2e exp( -o{R) .......c....Ò...(2.1)I E 1ã-

where d- = +.L52R-L, and e is the electronie charge.

To get the potential due to the hydrJ-de ion, the fol-lowing

procedures \ñ/ere adopted-:- first, a ïvave firnction for the hydride

ion was foirnd, secondly the eharge density of the electron

distribution of the hydride ion was determined, and lastly the

Poisson equation was sol-ved. to obtain the potential- required.

due to a positlve lithiun
, according to whom it is
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The d.eternination of the hydride ion wave function is

severely restricted by the requirements that the evaluation of

the integrals involved in subsequent calculations shou-l-d be

feasible. Besld-es thís, it has to take i-nto ancoirnt the repulsion

betvueen the two electrons in the i-on and- the fact that the two

electrons are id-entieal. Darewyeh(g) has worked. out a fo:m of

the wave fi:nction which 1s given by the follöwing:-
/ -t , t ; / t.l rl \pz*rr) = (r+v'rz,) (e-\À?ztþ'T) + "-\FTzt^"3)) ..{2.21

where 12r ,j are position vectors of the eleetrons with respect

to an origin taken at the nucl-eus, r* is the distance between

the eleetrons, and the para^neters ì0, /.', V'have the following

values: -
Ã' = ,go77g-r

/; = Z.Ol:r5g-L

V' = ' 58988'-1

However, for the present purposer this funetion is not

suitalole because it presents severe difficulties in the evaluatlon

of integrals arising from the angular correlation calculations.

Thus, the above form is modified to the foÏlowing:-

V ft2,r3) = <t+vzrl) ( "-{ 
À 

"2* '""ì + .-('# tr+ '\tt)', . .{2,3)

where .,L rJ¿ t V àre a sei of parametersr different from those in
(2.2), to be determÍned.

To determine these parameters, the expeetation value of the

(9) Prlvate commrrnication
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Ha"niltonian H of the system is miniinized v¡iih respect to L , n4

and. V . The values of À , y'Ã, V that coruespond to the best

value of energy are to be used.

The Hamiltonian of the hydride ion is
H=-!<v3+vr)-"'(++I I ) "",.(2.q)K ' i2' i3 iZl

:-1 v2 "2vKo'g
where K = 2^/fro , V'= Vâ+ Vi and the subscripts z and 3

refer to the coordinates of the two electrons. Now, for a wel_l-

behaved fi:¡nction ,Y , bn mearrs of Greenr s theoremr we have

t4

ñ
:J

= -.j { vL)t dt
r't*)

(ì#,II 9) * -* j',1+V2i, dr .'J_rrV2d"t

- - Ii-t v't' )2dr "'iY v2dï
vt

: t o 
"2 B ........ (z.D)

where (VV)z = (Vv)z"l-(fo*)z
A =l'( vf )2 dã

ìe

B =i'v y2 dr
Now, VzV=(*i h à i * -a- E)y¿, Dt, ' ,iiru, òir- -'l
arrd 

T, r tr( T2, "5, "23)

" -þ-: YZZ", l%?rz
r ' à;:* - òf* 'a)tz ðr4 àìdn

ftI VF^,þdfJt't-

where the lntegration is taken over all sonfiguration spaveo

Thus,



with similar expressions

0)

for \ .å,'à t-
brz

and
à22

vdV =

and (g2V )2

.". { vY

äv

similarlv, ( 4ç, >2 =¡#i 
2¡ ¡¿!1',-i*l-rjåiø "3 -"7, *3,

",ir3i \,i'TZ7l ' \àrl ! ty),TZt j 
-rr"r,

Thus, ( Vr,! )2 and (

change of r, æd, r.,t

A - i'< E-¡'l'.)

= 2 i ('rlr'.t)z
J

lvith the fo::ri of

)tl/ = -(r
ð"2

^.2= ¿y rZ7

.. (z.T)

V.r",y )t are syrrmetric wlth respect to inter-
so that we have

u5', ut", I .í 
( ory >' u3", ut",

2,7d"2 d'"7 J z \ r r/.v; \2 ,'3 -3
J , | 1'rz dtrS .. (z.gÞ

given by (2.3), one obtains

,' 
"72) 

( r e- {)t rzlþ'3) / tr "-( 
¡"r2/ ^ 

*7) 
)

( e- 
( )t 12/ þr3) I .-Ç"r? / x rr) ,

)2 - e-2( I
"7=

( 11-

-¡)>
J

..,...1--
I ."1 ,," t" ,l *,/¿ ) I lt "v 

/?-j
r | Ì\ t./ ''

,r/F"rr{n, ol r?rfir¡zr

n*'.."' ( rr v' t',il' + v*"ì -

t"t'ï a¡¡ { t+v7,,';"'o î /rr'
t

.- z(¡,.4 r". t
\¿)

,- ¡¡+¡)(
l)

¡ t,ftav

t-¿t't )

ì.
Ì': J

.¿,¡r

i-u

)

g

-{;(

>.yÀ

t \(

1.r(

¿



Hence
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Ïvhere

Also,

Thus,

types
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the evaluatlon of A involves lntegrals of the types
'-(ü'Y2t.¿'\) -z f ,""- t\ /.f , r.2-r_, 

-lat'lbti)

,lr*- at.\ , J t ¡+ ¡'\l ) ( t'* \-'¡ ','".' 
)2o.!2r., 

"it 
*,

tz

t ,,2 o3_ o5_B- jUt o--TZo-r5

= {'l L uI -- l-- \{, -,"L* 'lç 
-t(rv't-l''\ì '->(¡u't-t'\Y'¡ -t'i+')("'\\å7t 7

-JtL'r,, r¿]/\¡'''.t/id '¡e -ri.e io-'2U"3
the integration of this term involves lntegrals of the

{' . t '-(ar,+lrrr'} ¡^ t"ht " t I -- (t:tr, r/rrr'¡ ,r. r)

JLn e û\-r,dt, ,Jr,, (tr*i)e d+2Lt'h

where n = -IrLr| and m - 0,!r2.
tr'urtherrnorìs, the expectation valrre of H, (H ) , is siven

by til 4v->
\t Q,

where C = W;y) = fl¡+r,;'=',')''' ')' ''s I ¡8
which involves integrals of the

with n = 0r2r4.

Thus, the evaluation of H

of the forms:-

,^t/AA,-e-BT
-.J{,À1r,L.rr¡ .->[¡L+,rr,; -i AtþX t'r"o_,) 

i ð1y ^d3r-'.y(. +)ë. \ ¿ )
, r n -lcr-t'|rv,)

J r] - útfr-cl'tu

involves the eval-ri.ation of integrals

. i' 
,= ,* e- 

k t¿ 1' ,'-Yi 
' /,t r,

í' --,r ,rr,. '- ( (i r;+ 'l'-+) 
rJ'zz e {¿

_¿
L'l'f,

" i :J ,l
tï)t(i-zitrl

'j

l

I
I

J

ooo..o..'o (2.10)

q vtLt

trI ( rf ;¡
."/ 

%

Y,3 )( t:l,. ,ì.^ól 12 æ't3
tri )

* (ci;-f bi3¡

,_
t_

wlth n 
= -f ,0 rLr2r7r4 and m = Or7-)2.
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In the evaluation of some of these integrals, it is
convenient to express the vori-ime element a1rra1r, in terms of
Tz, "1, "27 and three suitabl-e angles. Thus, for the integration
over !4t we have to take r, as the polar axis, âf,rd refeming
to fig. {1)u v,re have

_7 _7 2 | rf I td.'rrd'r, = ri sinO d0 drrd.f rj sirne drrd,0df
in which g'f O fange frorn 0 to Tt ana F , p' from 0 to zff .

Hencer integrating over 8t , f anð, V, first, w€ have for integrands
that do not involve the azj-muthal angle,

-77^222d.'rrd.'r, - B IT' "i "i sine d0 dr, dr'
Now from the triangle o23, one obtains

2),rãl = ti I rj 2trrreos0

.' .' rrrdrr, = T2n7sin0 d0

Substituting {2.L2.) into (2.11), we get
14td"'rd.'r, = I I- ,Zr3,23 drdrrdr,,

lTith the aid of (2.I3), one can now eualuate

invol-ved in (2.10). A table of the integrals
appendix. With the aid of these integrals, ïve

onitting the factor 'ft2 )

... o. o o o (2.11)

...... ... (z.lz)

..... . o (2.13)

all the integrals
is given in the

have, after
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7z(xt+ t')y4
( V')5

r57&j2
(,,*/;r

, 52*46*5llnv 4
rT' ( ^V)Lo

64x57614
( ,ly,- )B

........ o... o. (2.I4a)

z
2(h r 5;t¡+ø) ,4

-i 88 _+ 34Bev2-o s2x:rr25/ 4
(À*¡.)5 ( r\rr- )7' (,\r*)9

,',;;;;: 
^';;;^" 

14b)

,- ( ;r7^ ¡t

..¡. (2.r4c)

o( }' , /¡, v) = z rzr/'(¡i-
çr"l¡ 

t t'*rf-
. L2B .r- 44x24'¡ 2 45xl5o v 4
t7,--ì-'(,itr)6 1,r-r¡*)B (¡n.)10

\ i c(ù'fl'v)
: *- Ni '#l> - ,"2 s(+,ç , ,)

c(ç,#,,)

t'/lininizing < n ) with respect to ?t , rr're get

It is to be noted. that A( ¡,r",,\, ), B( ;\,/,,¡/ ) and C(,\, y'., t/ )
)/

are homogeníous firnetions in \ , ¡". , ¿ of d.egress -4, -5, and

-6 respectively. Thus r the expeetation val-ue of H can be minlmized

immsfli¿-bely with respect to one of the variables, say y , and.

vúe are left with a problem invol-ving two variabl-es. One has

(- 11 ,tt =

- v,sa<*+ ¡Ï><t¡ï r +iì+¡,rh +256)-t
( ry* ) ('ti7';t)o

. 48xL62 \* , 2
-'.............Fô-' ( x+;* )o

B { Ã, ,t^, y ) = ffip -u '<rÈlfuWrp,}> r

¿ .-- ¡.7 -ì. ¡- j .ì.r ,)-r'" . ¿
.+ ! \^.þ.-i- at À 1., t ! ) 

^ 
il.rzl À l,l

"y- )'( ,\t-7,- )
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a.nd 1H ), =

-ì

wherel3.a ,l)

with respect to

n'('r, *) -

B(1 , m)-Tfï,trlf

__ a-KE'

y= B(Lñ) Kez 
=

2A(l-,m)
t
à*o

4A(1,rn)C(t,m)

and m = # . Thusr vvê

lrm where now

;.......... 
(2115)

- nz(t,m) u2 {2..'6)
A(1,m)c (t,m) 2^o

need only mininize (2.16)

the substitutions

-v
/v

2_rl - T
)5l.^ 2i.'i =Y

expressions to some extent, It ter.ns of these
tn> r 'L (z.:l7a), (2.u¡) ,(z.LTe) beeome

( Ï -r
700 {

å'

r/[. --a \ ¡/(A\ j ,'L) = 4(5

,

¿

48q
É{-)

A(1,n) = z(t2.Ím2) , L2(r4+r4) - T2e?L^2) *tl,(t?¡-nz)(3t4t4t2n2+3n4)(r*F-æ- æ (rm)r

-r 256Im Lffi_ _ 64x57A.- 48xt62t-m , 52*46*3]rm'ãrütd- (i+*lo (r+rn¡u (rrm)B ' ffi
e(t, n) = 2 (r¡-n)- ., a(zt1t +2n +'2+ zn7 ) .r :,5(3f+l4o'rz'inïz:2o'7{'nt¡-5n5 

.

- (1m)' (rm): (tn) /

z (t2+ 3:'o*+^2 )- - z (3t4+ gtl m.¡t,.'lp2-n gr^3 * j^4 )-(ffi-
- fur5^rrr:!*rr:Étrr**.rt ._ BB

¡ 6+4J.f- o S'x r lt2_5 ( 2 ,17b )(t+*):jl (r*ro¡9:
e(t,m) = t'2 

_ rL2{l2+^\ ., :,5{3L4r 4l2m2+],n4) *_@.Å. (ieri r'*F 'ffie
+ --x24 * 4rxl5o' --'ã. 

--ff 
(2.I7c)<r"*lE' (r+nF-

ft was forrnd that

{t=*tm=x

and then

simplified the

new varlabl-es

(2"r7a)



r:,_ lr.l: .-:: :.. ;.: ij_l,ll1::.::i

(12)

B(8,)r) =,,8{*"*
| ¿L>'
L¡)

109 , l'r25 .L 4 T2 i 510 , 96å4}rfr' 6 ¡r - ç5.-t/. C5.,r l¡ -1g-*p
raoo 3 , t44o != r- , 7

G-"T 
- a*¡ - i(r{ )z 

î 
q1l-n ¡5

Iffiz
C(1'4) 

=
30 rao(f ',i ) 

2

( @

olJL

i(f-r)4 4 5"( ¡ 
''t)

( 2.18b)

,2 24 l-50-þ - .r* T:
33 {+ {f

2 .+ 24(l-¡"¿ );ñ7;;;z.-r
$^,'ù' ( l-t )'

( 2.18c )

The expression -g2{1,\ ) /A(T, I )c { t ,\) was then minimized

with respect to å , of with the aid of the I.B.M. 1620 computer.

The best results obtained were

;\ = .}L}1R-I

r|d = 2.O5339-L

\J = .73g39-L

correspond.ing to a minimum energy of -l-4.14 €.vr

Experimentally, the hydrid"e ion is a weakly borrnd system

with a bi-nding energy for the second el-ectron of merely O.?e.v.

Thus, the gror:nd state energy of sueh a system would be

- 13.6-0,7 = -I4.7 ê.vo A comparison with our calculated energ"y

shows that our value is slightly too high. However, sínee we

are only interested in the angular correl-ation phenomenon

whieh involves the participatlon of the system as a wholer the

val-ue we get is assrrmed to be good. enough.

A comparison can now be mad,e between the firnction we forrnd

and the one used by Darewych. To this end, we cal-culate the



i'e., to

{t5)

overlap of the two functions:

*ub,rr) r OlÊ"1¡{. -( *, r¿rv"') + "-(.ø 
rr+ x"ì 

)
-(t rrtf 

"3) ." s-(,0,'r1+- ^' "ì )!¡Cr,rr) = Q / ts'rrr)(e
see how el-ose the integral

.fv; v" asrrdsr
----------::---.?z---+q

|V¡f'd-r, 
d',5 * j i,fni-d'rrd -r,

is to unity. The result obtained was r = 0.99" Thus, it is
concluded that the fi-metlon so ehosen represents the hydrid.e

ion fairly weIl.

Consider the wave function V GZ,r') " If this is normalised

to rrnity, then j *'(", ,rì12 a7rra3r, is the probability of
finding particle 2 in the vol-ume element u1t, and. finding
particle 3 in the vol-urne element ut"r. Tntegratihg o:rer !3r we

obtain that
(',.,- .'.c z,

J lV (r2''3)l ' u"3
is the probabiôity d-ensity for particle 2" The eharge density
due to particle 2 is therefore

í'
!t.,. -t2 4ej iV(ryrS)l' d'r3

where e is the magnitude of the electronic charge on the eleetron.
Since the two particles-.are identieal, the total eharge density
1s p("2) = - z"j l,l{"r,"3)12 ut",

The potential vr(R) due to the hydride ion at distanee R

is then for:¡rd by solving the Poisson equation:-
772v ne(n) = 4fP(R)

Now P(R) = 2e l'i
\ 

\+L/ j

f\'c "-j 
ó

(2,r9)
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where -Tr', = normalisation factor of -f (rrrrr), Tntegratirg,

we obtained.,

f (R) = -frn'
where Gt = 47,, "-2Lor1' 

ä ,* 4 v2R2 ., 4}vz
t çr¡¡7' G;f ' (*rJ5'

+ 4.rí "-zlo 
Rr 2 , 4 ;=R2 _ 48 r-'ffir* {ñ"ãtiu

tB iî*-(¡t*)F e, 4r,\2, 4By'tûÌ,tt'æ'õñ5'

(2.20)

zvh4., 10. * 4r. rtn2 .- øl y' t(âæ'5^6'çfi-l
z;na * 10 - 4!y*R2 * 6l l,Y- ',

(a.r¡5' j (àÀ)5'(a,l¡7i
2'"h4 

-o}o * 4!vr&2 þ 6il:"1
(¡n¡)2 7 (,lr¡^)) (,tt)()

='ñG
lettingvr(n) = - e.¡Yg-u-Ê* where #, )'are parameters

R ' --f-
to be found, w€ have from (2.I9) , and (2.2O)

1jv2(R) 
= 9.r-$'"-frR = -4îf(R)-T-

''i /\
" tl f?

.'. Yße-¿-^ e 8G.n

Taking logarithms orrtooan sidesr w€ have
-:-losl@l = ros(fF) ¡?n\c i

8Go

{2.2t)

If the graph of log (8GR/C) vs" R is nearly a straight line,
then from the intercept and slope of the l-iner the parameters

p ,{ cart be found.

The best fit fou-nd was

Y = 1.84

1'- 1,8058-1
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It is to be noted that the curve fitting has been done

in the region 0.5 ( r < 2 ß. This should be sufficiently good

because the distance between two adjacent lirgd.ride ions is
about 2 g.



l.i¡:-.iì.tì. i-i'. i ; :.1 :.::. 1 t.: t.1-ì. ;t,-.-t:..:.,:..ì;.: tlì.;,..,

(15&)

C,^rnu fithug "f ¡ote*hàt clu< i; o /o7'1,,'oie io "t,

{
I
,}

\¿
\h|.,
ao lw

:.\

Jlôþ¿ =I
'Iniercuyt '=

(w_--]-
u

n
l'-

i

- /'fi¿ 3'

l.7t I

/,v +
/.tûj-

RinA*->
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Fourier Analysis of the Crystal Potential
We will find the crystal potential as seen by a positron

because we will be interested- later in finding its wave function

which requlres a knowled.ge of its potential in the lithium
hydride crystal. In this case, the wave funetion is vanishingly

smal-l arorrnd a positive ion site. In the Fourier anälysis of the

potential, we take the orlgin to be at one of the negative ion

sites. The potential at a distance R is given by

v(n) = Fl-"., (g-e--a) -{- ve(E-B.,ü (z.zz¡
TL' --J -JJ

where R, denoteÈ the position vector of the ¡th *"grtive ion and

a is a positton vector of a positive ion with respect to the

originn

ff

of

S¡ôn.ce v(n) = v(-R) and v(R) is periodie, having the periodiclty

the crystaln it can be Fourier arralysed in the form

v(n) 
= i(s

S is the si-de of a'-box of vol-umu ïn, then we have

cv = lit- i, ,| e-2;TiE'E v(n) d tn* S.)"_-, 
", 

.Qrc

= 1i* L- \ """&'u v(-n) d-R
S+.c S, .tu

- o 'î.J{oE v(n) d zn2lim1ie'"'
S+,¿ s7 Jr-

= ,4, 
,<

1im
S-*.*:

lin
S+æ

^-2ÍiJç.RË

-21-ri.&.R *ç

j

f
1

lg-n.-a ¡
d

friJe()4 g r- --ll+f.ö4 e

I1I-zIs' '*

e \ez,
S, ?*

2 ^-,r"lR-Ri-air-
I,

lE-E'-a I
.J

ïn
{2.21)

I R-R.I| - -J¡ il-E¡ I

lE-Bo I l---*-J o
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Now [ "-Êlg-gri "-â,i&.F 
å-

r -:.l- e ùîRJ ¡R-R.' {

= "-f*" ^-2'irlK.(R+R.) . L-- - -1-r¡r ^¡ ^--r -,-.T " 
,'--- -- -J. ¿zR by a shlft of origin

= "- 
Éo 

"-W&.& d¡o because & is a vector of tlie--r-rL
reeiprocal- Jattiee. (Z.Z4a)

Arso, (' u-'tlE-Bi-g i -2*rtit'r-i'u' 
.)ffi "-zlrrdo$ drn

= "- ^ 
R 

--2il'iK.R ^-z'l.iÏ-.g Á .î--E- e e o'R

evaluate (2.277, take a coordlnate system as shown in
J, E are unit vectors in the orthogonal syatem.

r nJ. e

ø '¡tcsiti re ìo n sif*:
t net^h',e ia'" s;T?1

{2.24v)

fig,2.To

!,

V[e have,

t
aaa

Hence

o

åfter taking

Now, we have

= x(ll+¿)

= t(¿+E)

= r(E+l)

volume of the rrnit Bravais

the number of vectors R* in-ì,

cJc

2t
uz

a-
-)

cel1 = g,.(?Zxg=)=2I'3.
the surnmation Ís g3 /21,3 .

= ;þ 
i u-zrri4.E [- ] ur.u4*-Ê *r+ 

e-2ri rç".arfr*-,'.n

"_2îi&,a I d En

into

i
aeeorrnt equations (2.24a)anð. (2,24b) 

"
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and i' * u-rniE.E Ã ¡- r li¡r (' u- Ê n e-2;ii4.EJ R-o *LR = ä;öJ 
Ë acn

= 4T

Hence, CE = e u[_]--g4__ 1 --21ÞE'3 ( 2 , 1 .,J';r66ry- + '" (ffiæ"alV>1
(2.257

Now a is the position vector of a positive ion with respect to
the origin (a negative ion site), it ean be ehoseïÌ as

a å t@., t- 22+ %)
A general value for a would. be g &¡ where

E¡ = *fg.r_+^2?2n\l

.'. a = 
(mif å)e1 'r fur+¿¡?z* (:l5rt)23

We have, furthermore, L - rlþl_ -rn2þz+ol% where þ1r þ2, b5 are
L

basip vectors of the recicrocal l-attice, and are rel-atect to
the ar s through the rel-ati-ons:

Þi = gj x 3tc etc.
gr.(22xgt)

.o. b."â i'_r_j = ulj
ôf:l

Thus , "-ZT1E'g = e-zíií nt(n¡å) -r nr(mrtå) '+ nt(nf1')

= "-11(ntt 
n2inr) 

= (-r)tr+ n¿rn'
Further, 1f we express the br s in terms of the orthogonal triad

I' L, 4' we get

b., = 1 / \ = l- (I-|-J-K)
-¿ 

- 
tgC -ri e"z,/ 

-2I-t' ' zIt

þz=1<+*a1) = I (¿+E-l)
2L) 2r_,

bz s I (o
Ç \-e1 x ao) = I (K +I-J)2r-'1 =2' = Ð t- ': -
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Hence 4 = #i 
(nr.tnr-n )r tbrtnS-nl)r t (n¡r-nr-nr)Kl

letting E=2f,&, wehave

x2 a +l (nrt nz-n'- )2* (nr.tn'-nr )2tl.,'r4-,"z- n! )'j
-Lr

arrd k= c,-,'rn,=fLtrþ-++(-1¡n1tn2*ntrZr_?+¡

Expressing I in units of ro and * , ?in rrnits of ao-f r w€ have

cff = cnLrn, n, = ff ry - þ+ 
(-1)n1tn2+"tr#årj

in which CU is expressed. now in unitg of e/ao.

Iet Nt = *t t nZ -î3
NZ = *Ztnj-o1
N, = rr1.I nl -n2

.o" Nl+N2'tN5 = rtlTnZ+n7 .

Thus, it can be seen that N, , NZ, NB are all either even or

odd, and in terms of them, rrve get

cir, iv ,w, = +¡q5 _ + + (-r)Hr+1i2+1{5( 2 ,- ll,.qzï;r "'

*2,26)
with k2 = F2 f rul + ru? + n?l- ? "'1 '-'2 "'3t '



( 20)

CHAPTffi ÎHREE

WAVE FT]NCTTON OF POSITRON TN IHE ],iH CRYSTAI

Having obtained the crystal Ootential, we are now in a ,,'",,,,',

position to find the wave funetion of a. positron moving in the
fieLd,of the crystal. This \niave function is needed in the
ca]-cu].atj.onoftheannih11ationf;raysasaresu1tofthe

'': :

positron lnteractlon with an electron of the negative ion. 
,,r: ,,

let us first examine the symmetries of the crystal. since
the crystal strrrcture j-s face-centred cub1c, the crystal is
invariant r.¡¡.d.er permutations am.d, or sëparate invers j-ons of
coordinate axes in cartesian system. That means a point in the
crystal designatéd by the ordered triple (xry,z) wourd under a

permutatÍon of any two a,rld, or separate i-nversions of the
coord.inates, be trarrsformed to a dúff erent point of the erystal
lattiee. Sinee there are Qways to perrnute 5 numbers, and. two

ways to choose either positive or negative from each coordinates, ,, l

therearea1together6x2x2x2=48g1enentsinthecrysta1groupo
Following lorrg(4), we use the foölowing notati.ons to denote

the generators of the gronp:

E (x,Y,Z) identlty element
Ð lt¡ -ç tl\ ^-t ^*^*+ e^- .i -^-!^-^1^ ^4 \¡ \--xv \.rNrZ) el-ement for interchange of X,Y axes , ,,

,-,", (x, z rY) element f or lnterchange of Y ,z axes
J'¿)

?r* (Z,Yrx) element for interchange of Xrz axes

I (-NrYrZ) el-ement for inversi-on of X axls-x\¿
I.. (Xr-yrz) element ûor inversion of Y axis

a,

Iu (x,yr-Z) el-ement for inversion of Z axis
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In this notationr the 48 group elements are

{x.,y,z) (x,z,Y) (z,Y,x) (y,x,z) (2,:tr-,Y) (y,z,x)

{-xry,z) (-x.,z,y) (2,y,-x) (y,-x,z) (2,-x,y) (y,2,-N)

(x,-y,z) (xrz,-y) (2,-y,x) (-y,x,z) (2,N,-y) (-y,z,x)

{Nuy,-'¿) (x,-z,y) (-z,y,N) (y,:<,-z) (-z,x,y) (y,-z,x)
(-x,-y,z) (-N,2,-Í) (2,-y,-x) (-y,-x,z) (2,-x,-y) (-y,2,-x)
(-x,y,-z) (-xo-z,y) (-2,y,-x) (y,-x,-7,) (-zr-x,y) (y,-2,-N.)

(x,-r,-z) (x,-x,-y) (-2,-y,x) (-yrx,-z) (-2,x,-y) (-y,-z,N¡
(¡x, J,:Z) Gx,-L,-y,) (-2,-y,-x) (-y, -x,-z) (-2,-x,-y) (-y,-2,-x)

In his thesis, Tong has discussed the properties of this
erystal symmetr¡r group. We shall-, thereføTe, simnly state the

resul-ts concerning its properties:
(1) The eigenvalues of the operators Ix, Iy, I^ and. P*y, Pyr, Tr*
are either 1 or -1.
(2) The slmu-l-taneous eigenfunctions of al1 the elements of the

same conjugate elass in a one-dimensional representation of the

group have the saJne eigenvahres r

let us noïr¡ come baek to the physicaL proìclem. The Hamiltonian

H of the systen( the system of ù positron moving in the crystal
potential v(r) ) is

H = -tvz + v

Note that atomic r.urits have been used.

Since Vt and. V are invariant under permutations and, or

separate fueversj-ons of the XrYrZ axès in the Cartesian systemt

H then commutes with every element of the synmetry group, fn

{7,t)
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the case of grorrnd. stater T\re require maximum s¡rn,metries on

the simultanÈous eigenfi:nction of all the group elements. Thus

we seek a \tlave firnction of all the group elements wÍth eigenvalues
equal to unity.

Now slnce the positron is,moving in a period.ic potential, its
wave firnetion is given by a linear combination of the Bloch type:

p = "iE.rç(r)
Ìv:ith V Q.) periodie, havì-ng the sâme periodleity as the erystal.
For the grorrnd state E = g, thus

V = Ø(r)tt (5.2)
As P(g) is periodie in the l-atticer wê may Fouri.er analyse it
in the form

Q (.i\ = ã A,, 
"2;îiK'rI --/ 

K l$. {3.i)
where E - n1Þ1i-nrb2'rn3b= is a vector of the reeiproeal lattice,
81, flZ, n, being integers.

Referring to fi-g.Z, we see that K can be expressed- in terms

of the orthogonal trÍad !, {, E as

K = f [("gtr-"r)If(nr.+n -n!){+(rrr+rrz-"r)E-] (1.+)

with Nt = *l* n.-n'
N2 = tn2*n.3ln1

N5 - tLStrtL-nz

and it is to be noticed that N1IN2,N5 are all either even or od.d.

SubstitutÍng {1"4) into {3.7), we get
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à+ (nrx+trirl +ttrz)

AN"
'Et

TIJ
(wrx+url**rr)

(1.6)

where N now denotes a set of the nurnbers NI; N2, Nr.

Having obtained the fo:m of the function f, ïve no\1¡ seek a

linear combinåtion of them to give the posiron wave fu¡retion.

According to rorrg, 
(4) it is

.P 'r[l

{, = ¿ eoSY
ço

(1.ø)

^1where C - is the eigenvalue correspon$ing to the eigenfirnetlon of
Ë

a:n-y group el-ement g in the crystal s¡rmmetry group. In the present

Gase, it equal to unity, i.e. ¡

s'ç = P'
We can rewrite (3.6) in the fomr

\.r
tÞ = ¿ Aor/t.-
*l- ìT l\ I\¡

IT

where XN = ã*** /(+e äb*,s(N))å
#rn = 

'þt*rx+N2YiN5z)

The Þ* ft*" been normalised to rrnÍty in this ease. The eonventlon

for the summatj-on is chosen to be Nlå N2 >N5à O .

V[e must now determine the coefficients A* in order to get

the wave firnction. A total- of 14 coefficients are ehosen which

corresponds to varying Nl , NZ, N., from 0 to 4r âs the nirmbers
(+.2,'¿ )

of possible comblnations a;ve {4'r4r'4), (4,4,2), (4,4,0),¡ (4,2r0),

(4,0,0),(5,3,7), (3,5,t), (5,f ,1), (2,2,2), {2,2,0), (2,0,0),

(1,1,1), ancl (o,o,o), a total of 14.

Vs' NINZNS
Awrwrtv,

>,
N
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These 14 coeffieients are treated as parameters in the
variation process of minimizing the expression å = {å-lt1l9) 

.
Now, i v is)

(ylHiEl

where d *,

(3.6)
and (*\ç) =ìio*lt

[he Cfs are the Fourier eoeffieients of the erystal potential
a^ir.d their values â,T€:lgiven by (2.26). Thus, the problem reduces

to 6ne of finding the extremum of tylHigl subject to the
condition that (g ls) = 1. trite have

\f

+* i (ÇìHi*l -;\rAN*
T

( vle) I =0

= 0 for eaeh Nor (3.7)
Making a convention to laüel the A* as cohinn vectorsr so

that {5,7) is equivalent to

/ Ar \ i A, \

'.li'J = ^i i"1\;l \'l
where ,r = ( 

d',^,, ) is in fact a matrNI\

Hamiltonian H with respeet to X*. f
to interehange of N, and Nt,, Equatio

g,l = t y
fTllaa¡af 

^*^ +1^ ^ ,-.1^ ^'1 ;- -..^La ^- ^F 4i -- -r i -- -. r-1- -rr¡vrsrvr-s r,rr¡= wrruJ-E llr-uuJgru uJ- JJ-rLu-Lng rn-g J{N reouOes fO One

(7.s¡

ix representation of the

t is s¡rmmetric with respect

n (1.9) is equivalent to

of finding the eigenvectors of d.. This process i-s performed. with
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the aid of the I,B.IVI. 1620 eompûter. The prograxome for sueh a

diagonalisation and finding of ej-genvectors of a s¡rumetric matrix

1s avaiLable from the I.B.M. library.
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CHA.BTER FOI]R

AJ\TGTIJ,AR CORREIATION OF A}INTHIIATIOI\T YRAYS ]N IíH

This chapter deals with the angular eorrelation of the
annihllatlon photons as a result of the singlet annihilation of
the positron \¡¿ith an el-ectron of the negative ion. sinee the
electronlc clouds around the ion sites do not overlap appreciably,
we can treat the annihilation from the el-ectrons in the negative
ions and those in the positive ions separately. we shall first
eoneern ourselves with the contribution from the negative ion
electrons and 1n a later section of this chapter, ; estimate
of the contribution due to the el-ectrons in the positive ions
will be given.

The wave fi:nction for the system (posltron plus hydride ion)
has been assumed to be a simple prod.uet of a function of the
posi-tron coordinates with a firnetion of the coordlnates of the
electrons of the negative 1ons. ff we denote the positron coordinate
by Iy the electron coordinates by 12, and !1, then the spatial
wave fi-:nction of the system can be written as

f = s(q )n(ryt')
B ecau.se the two el-ectrons in the hydrÍde ion are identlcal,

the wave function describing the system should, for the singlet
ground stat' by s¡nnrnetrÍc vrrith respect to exchange of !2, and -.r.
Thus h(r2rr1) is taken to be of the fom foirnd from chapter2, i.ê.,

h(r2'r7) = 0+t2r2rr¡1"-(rrrr¡rr3) + "-(,u'z+s'rr) ¡ (4"ta)
where lrl.,y hage been determined" i¡ïrite

::'. _i,

- , ::' i.,
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h(ll+) = t(tz,t)+ t(gt,g.2)
with r(rz ,t3)= Gr uzrl¡ e-(¿ t¡Þrt)

f / -.ltþ) = $ r vzr|r¡.-(y-rr+'\ r, )

W=

( 4" t¡)

(4.tc)

(4.1)

The positron wave fi¡netion s(ra) is taken fo:be of the fonn

f ou-nd from Chapter 3" Thus,

nl- \6\rr / 3-I

where ¿--l\
t

¡lt 
=

Am /iv¿
N

5¿-
ço

,(i
s+N /( 48 2'm, g(m) )u
ri ,.- --. S ..,

"? 
(Nrx'-WtY+NlZ)

o
aa

The For:rier transføru of f(r,1 ,!2rU) is

*(rr ) Lt(*,,t5) "'r r (s, h)J
rkr ,!zr4)"i r(r, ,-5rI.:2)

n¡n {g (py p2t¡l) - QÐ-e/ ¿ 
Ï tt=, ,rz,!3)exp {-i/W Sr,rr 

.ÈF.ïa+}5) d.1rrd.1rra1r

Suppose oo denote the vaeurrm state and the positron is in
a ¡rspitl-uptr state, then the initial state vector of the system has

to take into aceou:rt the creation of the posltron and of two

electrons cor:responding to the ones in the hydride iono Thus,

we ean take it to be of the fornÍ) ,

tu i =j u'nru' pzdsptf (sr ,Lz,b)ut(p, ,f ) þ' (pz,b u.i {p, , 1) -¡-

at (!.5 ,.1 ) rþ (pz ,T ,-loo (4,2)

where we have deliberately onitted the normalization factor
beeause we shall be dealing only with the angular correlation.
Thus, from nor¡/ 01L, nultiplicative constants may be omitted. In
the expression, bþ, bt, are the creation operators for positron

and eleetrons; I and l, denote spin-up and spin-dovm respectively"

Now the posi-tron woul-d annihil-ate with either one of the
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two electrons producing two photons. The electrons that is not

annihilated. will be left in one of a eomplets set of orthonormal

states. Thus, for the final stater rÄr€ can take it as

fz,0, 
= J u5n' Ã(g')rr(p' ,f )" i1lc,9t)e'¡(p-E, g2) t;o (4.1)

where (p,t ) is the Fourier transform of the state of the electron

that is not arurihÍIated. Suppose u(r) is the wave firnctlon, then
-^! [' z'/t(p' ) = ! a2r u(r)exp (-i/*t)p'.r {4.4)

.j

tr'urtherrnore, k and g-k aee the moroenta of the two photons

created, c 1s the photon ereation operator, and gr is the

momentrrm of the trleft-overtr electron; e' e2 are the polarisation
veetors of the two photorls¡

V[e need. now the matrlx element betyueen the initial and

final states. Consid.er equation {4.2), it consists of two terms,

the first ter.m o1(pr,1)*i(p'd)"t{pr,,o) can be interpreted as

the annihllation of the positron with electron of momentan p2o

leaving an eleetron with momentrrm p, and i-n spin-up state.
Similarly for the term ot{lt,f )rF (pr,,l)rf{prrf )" Now the momenta

involved are smallr so we eaïr- replace the matrix element which

normally úrouId. be a firnction of the momenta of the annihilating
pair by its value for zeto momenta.

fn view of the above considerations, the matrix element is
given by 

r,

M = M(0,0) .J u'n'u5pta3p zd7p|.l,*(p' ) f (pr Í.ztJ,l) x

Lt'an' -ry)s3 (p-pr-pz Þ å5 (p' -pz ) å,7 (p-pr-pr )J G.5)
where M(0r0) is the matri-x wèement for two-photon arrnihilation

from the singlet state of eleetron and. positron with zero
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momenta. Dropping the factor M(0r0), (4,5) recluees to

M = J a7pzalpl [r tl, ) f (p-pz ,p2, %)+ xn(pz ) v @-ry,p2 ,pr {
= J a3 orat nrF(lz )lf (p-pr ,Lr,er)+ 'f (l.lpl,p7 ,p,2{}

aftey integrations over pf *ta pI and interchan$e o1 L2 and pr.
We now reintrod,uce the configuratiorl space, vüe hwse,

1".7
) u'ntu'Pt yx(pù fQ-%,þ2,þ)

= J urnruSoralrraSrra1rþat", *(r!)r(r,, t!2t13) x

"*p { 
( -ilfi ) [1. q+ pz. (yz-sà)+p5 . ts¡-s, )]j

= J a5"r a 
3 r ral r )at " r* (t r) f ( rr Lz, !3) exp f< -t / t., p. sJË3 G z-yb) 8 

5 (g^-gt

= .f aT r ra' r r* G ) f (...,!2,4) exp L<-t/n l. g1
sirnilarly, 5 utnrutpS X*(pz) V (¡.p-¡,4¿3&2)

= i a1"rat", *Q)8l:l,-r,!2,4) exp [(-ilñ)p"3r-]
Henee, (4.6) becomes

* = J a1rra7'þeùexpl( -i/Ðp.s5Jr6t,þ,!7) *,
u*(83)exp Çi¡tln.O t(lz, W, g:)J (4 "7)

Sr-unming the square of the matrix element in (4.7) over al-I

the final states of the surviving electron, we get, with the aid ,,,.,,;,;,'::

of the closure relatlon for u(g) t

ã iti' = .)' alr¡a1rla3'ra1'rexp i( i/6)p.(4-+jjittså ,th,tl"rr(gi ,4,yb\ ' '

'r¿' ,-t ) a - .
x lt Q3, r r, yr)+t Ql, 4, !z)J ã u{g¡ )ux (tr )

= 
J 

a7 
", 

a 7 t ral " r"xp [ 
( i / n) p. Qt-tt I þ, tt, !2, !1) rr ( l' sr, Êe f

* lr(s, ,!2,4)-tr(r¡ ,4,L2\ (4.4)

after in$eþrating over l) anA replacins $ by 11.

= \| 
a7 

" 
:¿a7 r la1 r ras r sexp i< 

t / u¡ n. ( 
1- ryl þ, =;, 

!à, -.3) t r ( r i, så, rå þ
x F(g¡ ,!2,1)+t(¡, ,4,!21-l istg¡-.Êrl



(30)

This is the basic equation for the angular eorrelation of

the annihilation photons. To make it look s¡¡ar.metrleal- with respect

to eleetron coord.inates, we write it as
for 

= ) a3 
" ra1 r rd1 r rexn [ 

( I /r I p . ( g.z-lytr þ t =r, 
!L, r-z)r r ( q, yz, gr l"

x [r(r5 ,!t,!z)+f(Ë¡ ,+,\,)f (4.9)

where we have interehanged Il atñ. g.r.

Now from (4.1), we-have

[r ( rz, L.', r_z) + r ( 92, !2, \f tt < gr, !t, 4) + t er, !3, laú
= 8x {,rr)eþr) $tv242) (rt r'ylllt*- Qvf",þvù* 

"-þrt+Àrr) I x

lu-(r rtþLr1 ! u-(,a"1* ^=¡)l

= s* (ge ) s( g7 ) ( r+ ,'r1ù $* uzr!¡ L e- 
( ZÃ*y,er ¿!'*'7) *u- ( ('i -;4 rr*¡'r-rr+ '\ r,

* 
"-((liø¡ 

rar- rr2+.t*3 )* 
"-(er*3rr^"rn,r."7)f, 

(4.t0)

But fron

s(r)

(4.ls),

= ñqt
tuu

Ð j¿a rtÈL Lnq '-r-
where the group element g -eile+e'*b+ on the fi.rnction e "Þ<*'*FN2Y+N3z)operattng

11
É " n'g(w)J

is the sarne as permuting arrd- taking

N1,N2,N5. Denoting tUr*+WrV+m1, 
__uu 

a

g(r) - I o*ã * u-Fr'r
r t<-- .......E

L4t Ë "*,*{*¡i 
-

the negatlves of the numbers

scalar productr we have

(4.tt)

. o o r* (!z) sftt) = ì ?, ANAN,

to'

where g, gt opera-Le

The integrand

.<<'

¿-

| *.4f-rrrt vcrrl e T, a oå
t)L-

N'rB'r*'rl
{+.

I
I

-t

)

2

¿

on N, Nr respectively.

in (4.9) beeomes
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.'>^;r-. r,.,*\ , ,-i=ç l-Bu.r;l IFu'.rJ'ñ f'ArvAro' expl( i/rt)p- (-.ï-rzìl ñ' e L* s' L" ' -2 j x

{w v2 rl) Q"u u' 
"1, )[ 

u- 
( z;\rt ¡t^r 2+!'r 5\ 

"- 
( u+¡) t ¡r ¡'æ r*]'' 3) *

"-lkr,^, =ít¡, ràrþrì + e-(?x"r+À r¡Ärrü t l+, ? 
t 

*,st^ifrþa 
.ã, S 

N, ,8, (*,1+

If we are deal-ing urith a large number of erystals oriented at ,

random whieh is usually the case experimentally, the above

expression has to be averaged over al-l- dlrections of g. Two ways

of performing the integration seem possible: (t) to average over 
,

all directions of p first anil then perform the spatial integration, :..
{.2) to do it in the reverse order, It seems to be simpler to '

adopt the first proeedure.

Thus we first average over all- directions of p. Tô d,o this,
we replace the integral I by its integral over solid angles in
p space divided by 4ñ.

.'. r = l- X'ral-4N .j v

The only term in ï that räontains p is :-i/ñ)p' 
(r7-r2) 

, so

we need only average this term over p and the rest is left
t..,..''

:.i: -., ,unehanged." Hence, 
:r 

= fa'"., aSrrd'1r, sinlr2S ) ÞJr4' p"n N ñ' ñ' "?(\'"r7-{'r'2) *
<w u2 rlz) $ v2 eli ) [ "- 

( 2Ãr f þtr r+ r, ì _+ "- 
( t Ãr¡) r ii /.\ r àr ^ 

r 7) +

"-(riylrr+,r"2*1"" ìo.-Qyr¡srr'*r'ü¡ lor ã [*,*t*F þr ã, 
ÉN, 

, s, (N, 
ilå,,,,,,,,,,

(4.:--3)

where r23 =lZZ-lll*d the vectors N, N3 are to be operated on

by g and gr.
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x

e

W

RewritinS {4.t3) as

r = 
Jur"ru, 

rrajrss..luefi+

e can now integrate (4.t3a) over rl. The integral
n ('z D)
J = Ja3", 

(t+vzrl¡<uuzr!¡ e-'rl
where a is a constamt. Now

i -Ju"r-u-'"r r v2!aTrrrrz

= J, ofJr*:îJt + ual a

Q+uz"!¡ Qr uzr!)f"-(ztr¡ lttf'tt"?) *"-(tÅ"'P)rf 1""

-((À+r*¡¡t¡ Ãr2*/xr')o u-( 2¡"rf ,tr¡:r)l

"-'=1.u f .{ ut' r"r, *-'"r* ro [u, " rrrzrt."

f^"ì *
(4.t1a)

irvol-ved, 1s

+:ttr
JJ

(w' 'I7-L' 12 )

-t"I

fhe first three integrals are easy to evaluater w€ shall- try to
evaluate the fourth integral first. To integrate this, choose

13 as the polar asis (tig, 4.1)

f-icr +. I

let It = (r1, 01r Y'1) = (rrsinOreosf' rrsinersirr.flr, rlcos

lz = (.rr,Þ2,f'p) = (rrsin}reosfrn rrsinOrsi;n4* rrcosO2)

!7 = (o'o'rr)
We need the expression for the angle bttween g1 *ta !2 and also

the angle between rz and r..' .
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Now

.çC O\J2

(g..l-4a)
¿i-a¿^
-t -,/îLk

= sinOrsinerc os (F1 - ftZ* e osOrcos0,

. o, making use of (4¿t4a) and (4.r4n), one gets

-^"r clr..,-i-B'il
1

= +ri6L, G3 "2)+t + "l'|-al*-urLaÇe,.¿.,73
t'IY,.J' , can be eval-uated by choosing r, to

Thus 11 = (ryeyfr)

lz = (o'o'rt)

(4.14b)

-arr d"l

fw

"7r"?-"3, )J "{"-""r d"l
()

co

^v*/ 1 .*,>
\¡i

sg^l rIr^r-e¿-,) r_ ¿ 2
í,

=

{i

Sinil-arl-v. ,l --)

í'C
E +1i't al + Y7

t-,h
^àt

2i
7

at

!a.T-3 = rtSeos 0t

= sinOrc o sfl s inO rc o sfZ s inO, sinp, si-n} rsinf ,+e o sOrc o sO,

4 i' 7 D ,2 o-ârr =\I-2¡"1-errr{sin0rsin0rcos(f,1- 7)+cosO."o"ejfJ + =\d''r!ri¡ir 
r"-)' 

1^=J i"in"?-:"1;f t":
x \vfr TA -¿T!T3eos01)e-t"l rfsinerarrd.Ord¡,

Since \'o
J o cos(P1- Y)a'Yt = 0

J^ srturOreosetdel = O

Otn
. ' u .'J o #"?i"3) {"1+"1) e-arl:.fsinordrrdordfrr

tir =1 :-"lr ;inerc 
o;%1" o:g2 " 4rlr rr rdrra

= 4ri i-("'i"6)ki*i) s-ar1 "fa"1rg_ri,/o 5

But coso2 = "|*"Ç-"1,

..r J+=-rm,f;i,!.
il

G2r+"1-"7) !_
à)

be the polar axis.

looD
= '¡ (rfrrfi-zrrrrcosor)rf sino, e-t"l drrdordf,

+ni "2r<"?"3) 
s-ar1 d"l

€

= aîla! a"Pl5 \'3
-at
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{lari.d ./ 1

.ll
c' 

\/

+

= 4î-21
a3

" .,4i"rlv l
t
L

+-

4!
5/
2

)

2!
va-

2
Tao23

,å-
1

1

- a)

2t1"
a)J
2¡l
7r

4Ã

6l
7

4+ 4iîfi'4L i-r|z,tÉ
a,t '' at
*Gl "?!+* "3"âa)

2r - 2*4lv-\ 4! yrll-E ' )'a/

+ Bry4 ("7 
"2-31/'

- B,T( + + 
zqyLúeo,! ).+ B;i G3 "?)v2(TTT

Ç r- an't+"3"14 .
at a'

20-
^5a

-8

Thus, f is now of the for:m,

T ãã n*nI = I'AN\';,€' \ a7*oa'== sin pr,.,= e I --) ---t'is,: ffi) "-"V+alf"lr,s(NÌ Ls'N',8'(*'il'' r.
x u-(br¡err)

where b, c are constants. \i[e have now 4 tynes of integrals
involved, namely,

(r) i' sin pr23 
"?{*''r5-{'r2 

)-arr-cr, -v -vi _ õ.'rrd.'r,
.i þrz3

(2) ( sin prr, 
"*f["r5-I'r2)-brr-er 73*r?)a3rra5r,

J przS

ß) ¡ sin prr, 
"*fU'.r3-\.r2 

)-brr-er^ 2 -z -1
\----e- 

/' 1 c / rird'rrd'i3
I.] pt:23

(4) i sin prr, _*tU'.Ir-\. l2)-arr-"t3 _z_2 o',- o3.
i -- 

"- 
/ É 'tZT,o'T2o.'T3

=i pr23

An exaet eval-uation of these integrals is not practical" T[e

note that the valueÉ of A* ís largest when Ñ = (0,010), and.

*42
¡¡v'T25
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d.ecreases very rapidly as Nro N2, N3 increases. fn fact, only the
first few terms need. be considered. fn all of the inteErals in-

*l aLIe sl¡¿wi ^q p ¡tc.l uí:ís

,+ ,41 Ari '

vol-ved r wê have ultimately to nultiply then by the product afin*, ,

and then perform the sr¡nmation. A glance of the table for the
triret flve ceefficients of A* shows that the products with one

factor equal- to 410,0,0) are much larger than any other prod.ucts.

Nh Árf A" >20
lì
fr >Òo "A/'+l I

/1fl ôo..

Å

f, >>2
,WI v'toj a'nl - ,Ctl - ,rn\

'tl-lO
, ^mJ

, m.lt
{

" "_"7 ",cÇ -'r 2l

/1

' ¡20() xrl -uati - ."oQ
I '-,.r4-l

4,,, *._'oi
I

- 'trtc¡ "7

'ñ 
too -'Òa7 _-l''a ¿/ _."ál aJ hi'é- /

Furthermore, all the integrals decrease as the length of
the vector (Wrrw2Wr) increases and the val-ue is 1argest for
I or {t = 9. Thus, it is quite reasonable to consider those

integrals with either N or Nr equal to zero.

Àn obvious method to perform the integration is, of courser

to expand. sl-n grrr/prZZ in terms of a povüer serles and. then

perfom the integration term by term. But it was found that the

resultlng series so formed is a slowly convergent one. Thus, w€

shall adopt the former proeedure and in a later section indieate

the error involved in such an approxi_mation"
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Hencer w€ set N = 0 in all- of the above integral types.

All of them can be evaluated if we express the volume element
7 7 ¡/rn\d'rod.'T=in terms of three lengths and three suitable angles\ tu ) .¿)

The results of inteerations are:

(r) 
= | si-n þr2z '-FfU,'

r....ff-s" ,i27
= (e¡)' - bc

W8
(2) =[ sin przs BrU'

J przS

= (rr*ù 2 
r,auc L + (Biî) 2 ry" ew ?w-

ß) = i^ "*_n:rz_ uþu' .r5-r.r2 )-brr-er| ,?r? a3r^a3,.J py23 -2-i v ¿2v -1

= (e¡)2 246"ile

.s3- .12)-brr'crt
a3 rra7 r,

. r5-[. 12 ) -ar r-er, t"]+"Ç) a7 r raS ",

^2.32vcp2( q-N''-n'-"').l:r-Nr

,a4 ¡ö 53

(4) 
= [' sin þvzz *t{'"Ë¡-I.r

I Pr^-..r * ¿)

Il-tu' "Ë3-r.r2)-brr-cr 3 r3l a3\ra3r,

(s'¡T)2 tza"þ -r (an)2W L-
¡x- l- ò'

"¡ (B;r)'ffi

where d = b2*p2

P = IZ-PZ

r = .2t(n- $ N,)2
^;. = "2+(p r- $ N, )2

e = 6.6+6.+ (;zrf 
;ñ,2)-sc2 

(p2-
t,-

--2^^Y.il - u'z)z-økpZu n2 N'2)x

- T-r¿ - L¿

t-2 '=2 ^*,2.,Ã, 2f , *...'4 r --.-..2 / .-.-..4-l\p - l__N' / lf c l\p¡;1N'/ +\p- ¡!N'/ *- \P- tl-N'/' I

-zJLlllrJIJ

(10) See Chaptey 2 equation (2.I1)
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ALL of these åntegra}.e årm¡alvel oyrl"y the Length of (iu'i,u¿r*å)

a¡sd beeause g'çlg-i) æ lg'{ , st( lU'|2) Ê lli'l 2, we have foy rhe

s't¡rÐ&atio]g slrêr g arrd-gf r einp].y a faatgr of 48x48 becamse there

are 4t eleraeilts Ln,the grorrSrc.

Having wairuated the $.ntegrals¡ vre cËn 1'1str pÊrforrn tlre

sumruå,tion over 1{ e,,rd }lt" Fo:: thiso a totaL of five coeffiøåents
urere choser:, ßôrreÊpsndf.ng to .bhe vectsrs (OrÛro) o (tulrl) , t1r0r0),
(ãD?rü) and (2r?u2)" She expressåçn fos Èkfeh the er¡mmatlon ls tø

be performed å,s gåven ån the appendåx, flhe si:mmatfon ie perforneet

iEifth the aid. of the IIB.Tü, 1"62ü aomputer.

4wulF*
ähe fslLov{'s-ng *ab3.e sho',vs the reffrïts abtained for dffferent

valu.es of T¡. ln thås ga.lcu.l-a1çíor¿u tÏ¿e eçrymon nul-tlptrieative factor
ry

of (8F) '/4e has boen prnåtÈedn

^'tp {Ë-') Integral Talu.ee frolc. different(total contributåsn) va.J-raee of $"
(artttrary urlåt) (0*0å0){to¿rl)S2rsr0)dArBrO} {zìE,rZJ

0,0t.ï
0"Ê
t.3
ø.4
a^5
s"5
0.7
o,8
0.9
111å¡lJ

å graph

shqwg a v- ahee

L2.17
1i-.gg
g, gg
6 n22
3,95
2r&
1.4.8
O,g9
t,61
CI.44
t'5û

3*2135 "O6 *oÛ3 *¡01 *'001
!1.37 .t6 *.Q5 -.0t5 -'0007' 8196 .SS *nÖ5 *,005 -"00076.21 oA+6 -,t2, *.t04 -.CI066
3,94- '04 *.0ã *.0Ê5 *.0005
2.49 n05 *¡0â *.ü05 *.000C.
1o-d-6 ,t25 *.C1 -,tAZ *'0003
9.92 o,Sâ -oOf" -,0CI2 -,û0030"60 "01? -{009 *'00} -'0û020.4I .CI15 *ot08 -.ttL -.O00?ç"FC '0J-3 *"00? *.O01 -.0002

chouring the arryuJ-ãr rorrelation as &. funetíon ofp
^'tof r¡ at tra.lf heÍe.ht es-r¿at to 5.18-'. If se fít theê.|.-'-u---_'*---.-.:_.'-



(57a)

ANGIIIAR CORREIAT]ON CURVE FOR H- EIECTRONS
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'1
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t-q
-Jl¡J

Half-height occurs at F = .518-1

p in 8-1



peak of the graph rvith

Y =1-
we get at half helght b

ßa)
an inverted. parabola of the form

2v y

= I/p. In our case, b = 3.7 8.

Estimation of Error

The error introduced by the neglect of eoefflcients for
N>(2,2,2) is assumed to be negligible sinee the produet affa*,
is very small- as compared with the rest. Thus, normalty for each

value of p the result eonsists of a srrmmation of 2J terms as there
are 5 coefficients altogether. fn the ealculation i,ve have set
N = 0, so the summatlon becomes on1¡r a sum of 5 terms. Since the
expression is syrmetrical with respect to N and Nr r iffê have in
fact obtained the surnmation as a sr:.m of 9 terns" Thus we woul-d

like to accou-nt for the effect of the remaj-ning 16 terms. That

is, the terms rryith the 4 sets of products

LzzzLzzz , LzzzLz2o ÃzzzLzoo LzzzLt:r'

LzzoLzzz , L2zoLzzo LzzoLzoo AzzoAttt

LzooLzzz ' AzooLzzo AzooAzoo AzooAttt

L,:]Lzzz ' AttrA220 ' Au-]Azoo , ArtlAttt
fn order to do thisr rv€ assurne the integrals eomesponding to

the { products in each set be equal to one with Nr = 9" This

maximizes the estimate of error beeause the lnte$ral with Nt = 0
has the largest value, Thus for the point p = O, the absolute

error is .* .aoo,ffiE('## r ,ffi + ffi * tr#)-.oos2ffii((#.',#.,H- ¿+l*.*3i4i*,r(++r#-4 
"#)*.,{Æ"tr( ,# "#-r#, #)

whlch is negligible compared with L2.17. Similarly, we can

calculate the error for the other points" It can be seen that
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the error involved is actually negligible.

Effeet of the eleetrons in the li ions

\tÏe can get a rough estimate of the effect of the li ion

el-ectrons on the angular correlation. Since the first term 1n the

luave frrnctlon foü the positron is very big compared with the rest,
we shall try to estimate the effect by taking only this term

for the wave fi¡:rction of positrOrrr tr"or the wave fu-nction of the

li ion, we use a firnction obtaineO Uyjrariational method,, namelyo

!f . 'N(v +v, \
Ylri = e ''*2'-7'

where oc = Zj /ao and. Zr is the effeetive charge on the 1on as
the

fou¡rd fromovariational- method, ft is equal to 2.69. âo is the

first Bohr rad,ius. Thus ,{= 5.08R-1.

To get the expression d.escribing thês effeetr wê go back

to equation (4.9). After averaging over all diredtions of pr we

get
{\rri = Aãoo.j a3"ra'r2ð.3r, E+#r, 

iz"-"c 
,f rzrjÞ"--("r- "rf) ,4.rj)v"23 L

fn order to eompare the results, we have to normaliseä fli to

the same constant as the Vn. Thus, settj-ng {f"rY'n) = (Yii,Vli)
'riüe have the normal-isation constant K for Yli Siven by

6zf "-zx(r3r) a3r2a,".= ir'n:- = W*yÐ =frZ x.oorr717
,) c' t 

T 
jf 'r-r 

=TT
.'; K2 =C6 * 1.16

Furtherurore we have to put back the eonstant that has been

dropped in the case of the hydrid-e ion. Talcing all these facts

into accorrnt , (+.l-5) becomes
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I..* = 24 x .ggz x 1.16 d,5
k t4 . ,.é¡4\x f"r l

This expression has a central maxlmum at þ = 0 equal to approximately

OoZ and has the half width occurring at Þ = 2.048-1. Comparing

this resul-t with the one for the hydrlde ì-on, it is seen that
the effèct due to the electrons of the li ions ca¡a be neglected..
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POSITRON EIiIERGY AT THE BOUNDÀRIES OF THE F]RST BRII],OIN

ZONE IN IiF

The nethod and mathematical- expressions used in this
calculation are very sini-l-ar to those in Tongrs thesÈs\+/. Thus,

the wave firnction of the positron in the liF crystal is assumed

to be a eombination of Bl-och states of the form

Yo = "iE'r f {Ð
where cf (Ð has the periodiclty

eigenfirnction with eigenvalue Eo
-

lait; n t/irtk = okf k

in v¡hich H is the Hamiltonian of the system of a positron moving

in the field of the crystalr þ is the wave vector end-ing on the

surface of the first Brilloin zorLe.

We now seek the trial wave firnction. It must have the same
& 5r'Mla !t:aneetts e ig c,t fun ch)t,

periodicity as the erystal and must be i+¡¡+læi*¡n*_t*s.d,ele-*lr€
ôJ a.Ll t he

@ group element$, Thusr âs is in Tongrs thesis,

vre take it ùo be of the.iforu

( 5.1)

of the lattice. (5.f) is the

satisfyÍng the equation

¡ ÇOr1x rphlzú
*81"- "ill

Ç =)¡,..5erI{,r\6

? = .'ã 4,.,X,,
Ntlu

where ){, , N2 , N3 aye LraLf intergers, ¿f is
the eigenvalue of the group element.

a set of then, and '= n t-s

The synmetry properti-es at the bottom and top of the flrst
Bril]oin zorre are different. At these borrndaries, the val-ue of ê

O

(í uutve

LIBNÁRY
o¡ ¡¡¡¡¡11û?1f.,



take on

cL

and.

We

given by

(11) Jones: Theory of BrilloÍn
crystals Chapter 1,
Amsterd-a¡n)

(+z)

- ('r t )ng val-ues'--' .

for inversions
for permutations

for inversions
for permutations

e average value of the l{aniltonian H. ft 1s

( È /H !v)

the followi
r'1
1-ç¡lÕ\-
\rg. l-L-I

now seed th
t - ¿ H>(- (':y!ü)

with (* f ø lv)= ?, t,ol, or,., ( /* | t4 I /tN' )
/t

= *.ì t, o,n Nr,,,v,

where ¿^...,= 4,çr"?r,4,Nï5,^,,, ä. ' * , ur-*G)
¿h'

the Le 
-g"ìite(:r)i is."s .i,'",s(¡t)-

andoC,n"ôr.e the Fourier coeffÍcien'os of the crystal potential in
liF. Furthernore, 

^(vi'Y)= IAJ
,,e can now minimÍøe { = !çy,Lt)

*rw 
minimize d = ( î{þ)- with respect to the

para:neters A*. Our problem is the saÍie as to find the extremum

or ('Iiltç; subject to the condition{t / g )= I. Thusr wê have

à [rv!utg)-¡{ü¡ü)j = o roreach }{-FL'
u 1\v

and so 
'-'v à\^;l^", - r\A.nn = 0 for eaeh. Ar (5.2)

N'rwMtt

Following the saJne procedr:res as in Chaptey 3r v/€ make a eonvention

to l-abel A* as a column vector so that (5.2) becomes

¡ Ai \ / A'\
*{ t'} = Ài Ä'}

Irlt:Jl:t \ /
where d" is the matrt" oi*" It is s¡nnmetrical with respect to

Zones and Electronie States in
(North Holland Publishlng Company,
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:

J{ anð. N'. The problem thus reduces to one of diagonlaizingt,.
The smallest eigenvalue gives the minimum energy. Sueh a

d-iagonalÍxation was performed with the aid. of the f .B.Iü. 1620

computero 
, ,.

Results

The results of ca-lculation give a value for t at the boundaries

of the firsf, Brill-oin zoyLe equal to l-.088 a:rd 1.097 â.11. of i,,, 
,

energy. This gives a gap of 0.005a.u. of ur"rgy t'¿hìcL' ìs a'o| e'v'.

.:. :i'. ..

Since the crystal on the whol-e is el-eetrically neu.tral, the

average value of the crystal potential over space would be zoroo

Thus, the correction due to shift of origin of the crystal potential
is ('vshirt = åll il 

vd"R

= cooo 
L

= 2rf 2 *4J1
r,7 L ,t3 {:2 -l

= 12.08 ê.vr

For the case of positron, the true energSr is then +## - :.;2.08e.v.,,;,,,1,,,,

Thus the energies at the boundaries are 2.72 and 2.79 ervo
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CHAPTER SIX

DTSCUSS]ONS A,ND CONöIUSTONS

The angular correlation of the arrnihiration f,rays in riH
crystals as a result of positron interaction with electrons in
the hydride j-on has been eal-culated. the graph of angular

correlation as a fu:rction of momentum gives a wid.th at half
height equal to 0.318-1. If the peak of the graph is fitted with

anr inverted- parabola of the for¡r Í = I - +A2p2, then at half
height we get a value of b = 5.79. This has to be compared with

the experimental- vafue of 1. ZR ay Stewart(6) and the theoretical
val-ue of 5.29 by Neamtan et a1(7),

Golldanskii et al(S) in a recent paper have reported that
in liH a close fit to the experimental angular eoruelation curve

is achieved. They used a self-eonsistent field method- to calculate

the wavw firnction of the system and obtained for the ground state

an energy of the 
"+H- 

system to be -1.335 âon. Neamtan et ut(T),

however, obtained a value of -1 .51-7 â.u. by using a variatj-onal

procedure. [his mearrs that the resu-]-t of Golld-anskii et al is
2.+B ê"vc higher thaú that obtained by Nea:ntan et al-. However'

the results which Nea¡ntan et al obtained is arr upper börrnd , and

the big dlfference in the energies indicates that the wave

frrnction used by Goltda.nskii et al eannot be a very aceurate

description of the system,
¿¡t ¿¿nit ,F Å-t, Y'i Yfitrc r i)l ct 'f "'ctar 

df

The present result\ is however, 2.75 than



(+¡)

the experimental value. This can be attrirouted to marry factors.

Firstr the contrlbutions from the electrons of the lithium ions

have been neglected, Howeverr âs can be seen from the estimate

obtained in Chapter 4, its effect is small as far as the half
width is eoncerned, because the amplitude of the eentral maxlmum

of the angular correlation eurwe is very much small-er than in

the case of the hydrid-e ion. Tts contrlbutlon is significant

only at large values of momenta. Thus' ong can regard the con-
CLvtSLnq

tribution to the angú-ar correlation as a¡+i-eés solely from the

positrons interaetin.g with the electrons in the negative ion.

Polarisation effects as well- as the ar¡rlhilation from

excited states have al-so been neglected. These effects would tend

to invrease the energy and momentrrm of the system and- as a

result, the angrrlar correlation curve would be rrid.ened..

A remark about the positron wave functj-on is in order. It
j-s to be noted. that the constant term in the expansion is large

compared with the rest of the terms. tr*urth.ermore, the firnetion

d,oes not seem to vanish at any point in the erystal lattice'

This is not at all too usreasonable beeause, aftez' a1lr the

potential of the crystal iivas Fourier analysed. and. only a finite

number of terms have been taken. Thus, the Cou-f omb term is no

longer present and so we do not neeessarily require the erave

fr¡netion to vanish.

It is interesting to see what is the average energ'y of the

positron if we just take the first five coefficients in the

expansion and then compare it irith the va-Iue o-otaineo when aii



the 14 coefficients \¡Iere used. To this end, we pick out the

corresponding 5x5 matrix 1n the matrix representation of the

Hamil-tonian. Thus we liräve .the 
^rerage 

energy equal- to
(-.ot ,-.05,-.09,.1,.9Ð f e.a .7i .07 -.40 .zl\ f-.ot\

I .l> 6.6 .86 -.66 .37 l/-.0¡ \

{ .rt .86 3.'r -.67 .4, ll .09 
|I _.40 _.66 _.67 3.4 _.+rfl .r j

\ .tt .37 .42 -.41 ,57,1\.r?i
which is .43T â.ìr. This has to be divided. by the length of the

vector (-.0f ,-.O3r-.09 ,.Lr.997 which turns out to be .99. Thfrs

the average energy is .47I â.'rå. and the value obtained from

f .BnM. computer using 14 coefficj-ents is .429 â.11. Thusr it is
seen that the approximation whieh r,ve introdueed- in the evaluatlon

of the angula.r correl-ation in Chapter 4 is justifiable.

The positron energies

Brilloin zorre in liF have

respectlvely makln¿ç a

gap to the Ore gap in
figure: -

þosìtvan 
claf

0 ru ciaÞ¿l

It is seen that

so narrow as to

can be d.ran¡¡n as

(46)

at the boirndaries of the first
been foirnd to be 2.72 and 2"79 €ov.

of .07 e.v. The rel-ation of this energ'y

crystal is shown in the following

i " ,l
l'¿6 Lt re Shörttac¡ T/t<

,/ .J

f;ositro^ JoP a,n"( tl<

O'r¿ 9af

gap

the

e.V

the positron;gap fal15 vrlthin

have little effect. Thus, rro

to why the lZ- component in

the Ore gap but is
definite eonelusion

l,iF shoul-il be absent.

>-7f e,v.

>'72(tl

ilil | l
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APPENDfX

Fourier Coefficients for the r¡{ave function of
positron 1n liH

Coefficient

Ã+q4

o44z

o+4o

Ã4zz

-̂'+20

o4oo

o333

oTi'

A-. -)tt

A^^^¿¿¿

Lzzo

Azoo

Attt

Aooo

Value at minimum energy

-.o4o775+o

_.00223532

-,ooLgg5z+

- " 
00500601

-,o072ro32

- "00560202

_.00016465

-,00046848

-.ooo12555

-.olr4t770

-.03196170

-.og282go+

.f0410818

.gjg5B7g3
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Expresslon for a:ns:,))-ar correl-atlon over whieh su$mation is
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STIPPIEl\iIEi[T

The following supplement gives a list of the computer

prograixmes used in thÍs thesis. \''1e whall give belovri a short

explanatory note to each of them.

Explanatiôry notgg

Progqgnlqte I
Ctt'¿'Y'r' nq

In this progra.rml,, *" vary the two variables €ee¡r+t+€A in
the expressi oy. --lJ |)-:!-,¡rhere Ã{i,,7 ), B(;.'?), c( l,,L ) are' A( { 2)c{i,'¡) "'
given by equations (2.1-8a) , (2.1-Bb) and (2.18c) , ind-epend.ent1y,

That is, we first keep one variable fixed and. varlr the other until
an extrernrm val-u-e in energy is obtained. Then we keep this variable

at the value which corresponds to an energy extremum and- vary

the other variabl-e in the same fashion. This proced.ure is done

by mearrs of a rrSense Svuitchrr statement.

P,rogramme 2

The logie in this prograffne is straight-foru¡ard.

Program¡re 7

This prograÍrme is very mrch similar to the one used by
l¡ ITonst-/ in the eal-cul-ation of the Fourier Coeffiecients of the

crystal Potentia] in liF. The factor (-r)Nr+N2fN, is taken

carefl- of by mean-s of an trfrì¡r statement.
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State¡nents 3, 16, and 17 take care of the rarnge of the

srrmmation. The resu-l-ts are being prrnched out.

Prqgramme 4

This progra.rnme is the sarne as the one used. by Tong in
the cal-cul-ation of matrix el-ements of positron in liF. The

prograffrne for the dlagonalizalion and find-ing of eigenveetors

is available from I.B.]i,[. library.

Programme_1

The logic in. the summation process is straight forrvard.

Here the sum )l- .,.,, has been calculated. befor"e-ha.nd., for
¿ "',J''"'

the values of N, , N2 , N5 r:-tsed.



Programme for

$2)
Programmú 1.

the variation of in the expression

B)g, 88"2)
8, EB.2)
); c(2), D(1r), E(1r), F(31), G(51)
20,2r

I
10

+

11
20

FOBMAT (F14.8, F14.
F0IìMÀT (814.8, 814"
FORI]{AT (E14"8, Ef4.
DIIVIENS]OhI A(4), B(5
IF (SNNSP Si¡I]TCH 2)
READ 4, POQ,R
GOTO2

2l READ 10, srTru
2 DO 5 I = I,3I

ÅI=I
fF (spusp s\VITcH 1)200,zLO

200 X = P (Xf-fe')x-RxP
Y=Q(xr-re.)+'R+uQ
G0 r0 22

210 X = S+(XI-]-6")åêUxT
Y = T+(XI-16')x-U*-S

222=X-Y-- 
ÃCr>- = 4.x (xry) / (zxzxz).+ 24, / (zxzx7) +r92,*4:v_/ \TrrzxT'x7'x.z)
Iiã i = i4+òlixiÎi(xovii $*7'kn+z*zxzxz) : a,tt.Y5):t. xvl(xxxxx)
n( ¡ ) 

= 
24 . / (x*xxx) r 1 5 6 

" / 
( xxa*¡xx) - 48' xyl (xxxàÊxtx )

-500 .xY / (x+çxxxàçx*x)
A( 4) = L56. x(x+y)/ (nx7'x7'x7.'x.z)
il i i i = ií'.7 <ï. "lik;xl* rõ g : /.1 4. *xr+xxx)rx ) + f 1 2 5 .,/ (e r*x"¡x¡x¡x¡ )
Bizi ; 

=7 
à' . i (ù" n" z* zi+ ir ó .' / (z* 7" 7x z+ z) + 9 6,'yx/. (7x 7x 7x 7x 7)

+ 4. / (zxz*z)
B ( 7 ) = :ig'Oò: "i / 0" Z" Z*- Zx nx Z) + 1 440 . x-X+(X/ ( 7,x Zx Z'xr 7,x Zx Zx Z)

-1. /(XxXxX)
B( 4 ) = I.i'$"z*ziz) -9 , / (x.7x7x7x7) -t :1.!!. xax¡xz )
B( i ) ; i .'/ (4.*xì(xrrzì+z ) 13 . / (9"1þxTr1-z*z)
õ i í i 

= 
2 .' / iùi z; [l * z + . " t|- Ð / (7x 7x 7x 7x z) +L5o . f ('Ãx zx 7x 7'x 7')

+ 2. /(XxXx¡)
C ( 2 ) = T ZO'.ìi"i i(h" Zrx Zrx- Z,x Tìç Zx Z) + 24 . / (Xx-XxKxX) + 1 5 O . / (XxXx¡xX*X )
l(r) = A(f )+A(2.) +L(3)"4(4)
Eir) = e(r)+¡(2)"8 (l)+B(4)+B(5)
F(r) = c(f)+c(2)
GiÍ i J tj "o"p(r )"n(r)"x/(l(r)"r(r) )

5 PUNCI{ 1,X,Y,G(r)
PÀUSE
G0 T0 l-1
END
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Progra.:rLmÈ 2

Cr;rve fitting, expression (2.2I)

F01ìÌ,1I.AT (88.2, l-OX, Elf.5)
G = "AOL7777 / 

((.3393)*ru6, )
X = .9L23
Y = 2.0373
Z = "3393D0 7 r = L,7
Xf=I
R = .+ (Xr-r ,)*.2
vf = X+Y
Al- = L./(4oåey*'y-xy)+z+,,/.,x'flx-n/(z,xyxyxy) +3"x7,x2/ (2.xyxyxYàÊY*Y)
A2 = 7x-7x7x7xpxpxtxç/( 4. x-yx-Vxy)+ 5 oxTJxZ*f,xZx-FrxR/ (2 c *Yà+Yà.Y*Y,çY)

L3 = +5 a*ZxZxZxZ / (So ì(Y*Yr+Y*Y*Y+ËY*Y)
^ /.,--.,-Jl'J- = Zl *'r1-x1t

A = (Rtt¡.2 ",L1)x+.*EXP(-El)
B1 = L. / (4 o 

*X{-X{-X ) + Zx.Z+:RNn/ (2" x¡xax¡) +7 .'v,zxz / ( 2.. -x-¡x' 'rx-x++x)Éx )
B2 = 7rx'Zx1xãrrrpxSxgx-p/( 4. x-¡+)çxx)* 5 .xzxT,xzxzxRv'R/ (2 . x-Txyx-¡x-xr+x)
B3 = +5 .Nr¿+<-7,)+7.,x2 / {8. xxà+X;+Xv^¡-ra-x-¡x¡)
E2 = 2.;+Y-x-R
B ; (¡I+¡e+95)-*+.*EXP(-82)
Cl = Z. / (U,lx-Ut-l-iV)+ 4.x'/r'kZxRTR/(\TlIìI"W)+ 48 .xZxZ)/ (ftr++ïúr+.Tyx-\,Vr+W)

c2; 2.x7x7xp+zr(R*IÙ+RxR/(¡¡xWxïü)+80.x7,x7)x7)vrzà+R+Iv(W*1¡ú{'r¡.Iåc1iüx-1]1I)
c5 = 7 20 . *ZxZ)ç4rxZ/ (lvx-Vüxi.rlx\Vàt'}i)Ë1ìu+çvú )
E7 = liìi;.R
C = (Ct+ C2tC3)xB.*-EXt(-E#)
H = A+B-rC
P ; 8.*Hà(R/G
Q = IOG(P)
PRINT I,R,Q
PAUSE
END
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Progra.mme 3

Fourier Coefficients of Crysta} Potential
Expression ( 2"26)

FOBI,{-AT (It, tl rf1,Fl2,B)
DIIIENSION B(4)
A-IPHA = (+.]-52*0.5292¡xx2.
BETÀ - (1.805x0 .5292)"-"2/
xtr = 2.O43/O.5292
Ks8.0
XJ = 8.0
XI = 8.0
A = Xf*XI+XJ+rXJ'rlil{xl1(
c = (t*, .L+rjgr,3 "L4r59)/(u,x:<r,)B(1) = 2"/(a.rtnPHA)
B(2) = 1.84/(CÌ.BETA)
1[ = XI+XJ+K{
rF (rq-(lu/z)"2 )8r8,9
B(4) = B(1)r¡(z)
G0 T0 10
B(4) = B(2)-B(1)-2./c
B(,) = +.x3.L+L5gxB(+)/(X1"il.'"Xl)
I=XI
J=XJ
I{ = ï3;
fJ o f-r-J
JK 3 J+K
rF (rJ-( rJ /2)*2) 2,2,7
rF (.m- (rc/z)"2) 4,4,7
PUNCH l-rroJ "KrB(7)K=K-l
rF (n<)ra ,1 ,7
XJ = J-I
.,l{ = XJ
rF (xJ)17 ,7,7
x I t-l
a;_ T a¡_rÀ.1 

^ 
|

XK=XI
rF (xr)re,1 ,7
PAUSE
ENJ)

irl' liH

7

R

\¿

JV

¿

4
3

16

1'71l

1B
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Programme 4

+

. L[atr1x e]-ements f or the grorrnd state of e' in liH

This progranme is the same as the one used Uy tong(4)

for the calcul-ation of matrlx el-ements for the grorrnd. state

of "n in liF. The only change mad-e here is to replace the

corresponding parameters for I,iH.
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Programme 5

Sr-:mmation of the angular correlation expresslon as given

in Appendix 7

9 FORIIAT (11,1t,11,E14.8)
1 FORI\IAT (¡4.tr10X,F4.1,F4,1,F4.1,8]-4.8)

ÐTMElrSroN X( 3) ,C(3,3,3)
r,tft = 3 "I4I59x3.I+]-59 / 

(2 
"O+3x2.O+3)\.ÃftrN = 5.L4L59/2,O+5

T = .9L23
u = 2.0535
V = .3397
z a 2.9456
Ri.l = Ur+Ux (t. / (Bor(TxTxT) +5.*VxV / (+.xT)€T)çT+çT-FT) )
RA2 = U*U)ç45.*V*V*V+€V / (tø.x-T*T)rT*1x1x1xT)
RA. - RAl+RA2
R.Bl- = TxTx (t. / (a,xgx¡x'g)¡5.xvxv / (4 ciçur+ux-u"ur(u) )
RB2 ; Ti+Tx45.xyxyxyxy / (1-ø.+Ur+U)êU+Ë11x¡-xg+g)
RR - RR1+RB2
RCl = TxUr+ (l . / (Zx Zx Z) r 2 4" )çVr+V/ ( 7x 7x 7x 7x 7) )
Rt 2 = T+Ur( 3 60 o 

*V{-V)+V{-Y / (7x 7x 7x 7,x Zx'¿x Z)
RC = RCl'rRC2
RD =, 25x¡t+1¡xvrÊVåe (t. / (T)íT*T )t5.xVxV/( txl-*1xT"T) )
RE 

= 
.2Jx1x'yxvr(V# ( r "./ 

(U"U*U) + 3 ,"V*V /.\U*U*UrçTI"U) )
RE ;2. xlxgxyxv"(1 . /'(1*Zn7)rl'2.r+V+V/( 7x7x7+7x-7))
RC ; B ô *Vå(V*V*\r*U*U/( 1x1x1x1x1)
RII = B. *V*\rà-Vxyx1x1/(gxgxgxgxg)
RI = 2j6.i+T*UrsV*Vå(VxV/( ZxZY,?,x7,xZ)
RJ = J.*V+ÊV*VxYxgxg/(totu't)
RK = 5 rrÉVxV*Vxt¡x1x1/(U*tTxU)
RT_., = 2Á, "+y+yxyxyxlxg/ 

(ZxT,xT,)

L50
1C]
17l2

READ 9 ,T ,J ,K, G

I=T+1
J=J+l
K - K+]
c(I,JuK) = G
rF(K-1)r3O ,!3O ,3
IF ( J-1)LTL ,L3L ,3
rF(r-1)L32,r32,3
CO]STIIVUE
A=0.0
Q=4-8.
QN = SQ,RTF(Q)
x(l) = 2,O
X(2) = 2.O
x(l) = 2,o
r¡'(x(1 )-x( 2 ) )ro, tl,10
IF(x( 2)-x(3) )rz ,L3 ,Lz
rF(x(1 ) _x(3) ) 14,r5,td,

7
l_0
11



L2
t3
1L
16
16

L7

t8
1q

20

2t
22

(57)

rF()i(7))l-ø,r7 ,L6
rr(x( 2))L7 ,L9,W
r¡'(x( l))t1,18,l-7
r¡,(x(t) )zo,zL,2o
S=I.0
G0 T0 22
s32"o
G0 T0 22
S=4.0
G0 T0 22
S=8.0
G0 T0 22
S;6"0
G0 T0 22
s = 48.0
SN = SQN.TF(S)
TA = X(1)
l\ffi = X(2)
NX = X.$)
T, - T,X"r-l

l\[ = l\,H+l
id = NX+l
\iu = X(1)à(X(1)+x( 2)xX( 2),X(5)xX(5)
]IIN = SQRTF(W)
V'IA = U*U+A+ÊA
\-rl-B = TxT+AxA
iliÇ = U*U-AåêA
!üD = T*T-Ä*A
\irJ-E 

= 
gx-g+ (A-!TN-x-rirIlN) * ( A-vl[\T;ç.üItrN )

\TF = T-r'T +( A.-v',Il\{-'iìILN ) x. ( A-vnI"lÙ-lltT)
-rVG 

= Ur+U + ( A f\i1iNr( WTJIS ) v. ( A*l'üttTx'l-rl-lm )
'IJVH = TxT+ (A+1.ü1VàÊ1¡r]JI\T)* (Wr"'tü]Iìr'dlN)
WI = AxA+ti,IlxW
rTJ = [xtr_i]/f,x]¡/
V[Kl 

= 
6 . * Tlç Tr( Tx T* T* T + 6 . * Txfrr T{- T{-\1lf - 9 o +ê T{- T+çVJ{-\I'IJ

'v'ü-K 2 
= 

rlìf Tx ( 4 . xWI xl¡ff -\{Jx i,IJ ) - 6 
" 
x,i'/I â(WJà+WJ

\tJï = VrfKl+'v,trK2
\ivMl 

= 
6 , r+uåsu)çu{-u*u*u t 6 . +Êu+ur(uà-uv.hJ I - 9 . {-uj+ue^ '¡IJ l+ri/J

!'',n/l 2 
=U*Uì* 

( 4 " 
x 

i,^{ I xryf -WJx I'l J ) - 6 . x\¡trf xiÍ,iJr+WJ
ri,Ilvl = 

-frJllif+1iüI¡]2

Pl -RAr+ (I . / (WAx-r,Vlx-tf'IÞç',íG ) )*- RB-^ ( t, / ( Wg"T',lBrêri1ru])fliIH ) )
P2 

=Rg 
x ( r 

" / I 1:'¡3-x\:/B+ \ilEì+\-üG ) r l-, / ( -fAx 
rYÄx-Tq1 !\/H )

p3 
=ny- (ø.u,yiC/(\'iArítÍ,IA)ç',J6*-W¡xi,¡gx'G)+I¡ru/(''lA*',iJA-yrI!TA*ï,lE-x-V.iP+VE'/.y/Gx',,i',iG."VG) )p+ 
=n¡"t 6-.x,!,lD'/ (1.IBr.,t-,IB*WB*TüB{--;:,Itrr)ît:,,Ti)+i;'¡6/(Wnxri'm)í-rffir'.ilrnrì+typ;-t',,i-x-'¡'¡flxIffi"i'/H) )

pi ]n¡*(0""wú(ri,l3',É,JBr(Ii,/B-/.\'rl3)t'r,',IE*,ffi)+O.x-wC/_(WA+t\'"üAx-vitrAx"dA*-\¡'IFrêWH) ..
Þá 

=BF-'i,,'l-,.n2( 
tüg*\¡tr8-x-Wpì(ri'Ip-x-lifE*!'riç;çWçi11ç)+'uß7(W.t"Wl"\'ü¡*.;üE-x-ri'roì+'"''r¡gx-:¡'61x1ii¡1) )

P7 =-RGx'Arr.4"{' 
( Jl.lt'd- ilA) /('',fA*\ilA{-'.úAx-i¡E+i1.{E)+\lG-)rllIG')

PB - - RHx Ax Ar+ ( ïüxW-Wg ) / ( t"¡3xiil3x \i'IBàËit''rFx V/F*'i"[Ë{x''.i/H )
Pg 

=-RIxAxAx-(ir/l+e'.J-iiIA)/('ilg"$¡r+ìr[BrÉ,j.tp.li:irij¡x-i¡i6+çi¡Jg).p1o 
=-RTxArfA{-(:¡i¡¡xE-i,,¡3')/(¡¡4x'¡¡x\[[x,.'iËaxw!t'x'íü.Exr,I[{)ri'ìiii;: 

iiiì
PIl-;RJx-ìr'il0*!\IlU/(ÚlA{-\dA*\lIArç!'iA+ç\,irpxl¡¡gl+tryaxtiç')r"fçx"íG)



( 58)

PL2 = ffix-r;-'/-fxr,ffi/ ( Vg"'Jg"ii'IBx-\ilB;çl-ìIF{--ÉItr1''*'\ì'fFN-'';[Hì+i¡ru{-rII'lH )
pL5 

= Rfr{--,1trÐr+-\i,i}12(13x,6x1,¡Bx..ylB+r1iüFl{-iyE*1jrìi-Er+1iy6x-1¡¡ç'+w6)
irî ; 111.,o1l¡g**ffi7iu.,¡Ã..wlr"wAà..,í'f.4.,Áii,J:F-x-\,rüFìf1{rFì-vrlj'[H*'v''/I{ìfYirH)

PPl 
=P1+ 

?2+P3rP4tP5 r-P6 "P7
PP2 =pA*P9'rP10 rPll- rPl-2r P13¡PL4
Þ- = Gnr " þpàj I +e. t +a' xc ( l, i\rl' N ) )çc ( 1, 1, l- )
T = P'/(QN*sr\T)
PUÑOH' I , À, x( f ) ,x( 2) ,x(3) ,P
xß) = x-(3)-2.0
rF(K(1))24,7 ,7

24 X(2) - X(2)-2.O
x,(3) = x(2)
rF (x(z))25,7,7

25 x(t) = x(l)-f "ox(2) = x(r)
K(5) - x(1)
rF (x(r))26,7 ,7

26 L = A+0.1
rF (l-r .2)8,8 r29

29 PAUSE
END


