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Abstract

Representations on a Hilbert space are a common tool for understanding both C∗-algebras
and (non self-adjoint) operator algebras. For operator algebras, a major theme has been
to capitalize on the structural theory of an enveloping C∗-algebra (or C∗-cover) to better
understand the underlying subalgebra. This philosophy has spanned several advancements,
yet there is a subtlety involved in the process: the C∗-algebra can vary greatly depending
on the choice of representation of the operator algebra. Thus, it becomes advantageous to
leverage information from several C∗-covers to better understand the underlying operator
algebra. Here, we focus on interactions between an operator algebra and its C∗-covers,
with an emphasis on sufficiency and maximality conditions for two fundamental classes of
representations: the finite-dimensional representations and the non-commutative Choquet
boundary, respectively. Both families offer separate advantages because the former class is
more tractable, yet the latter induces a minimal representation due to work of Arveson.

In Chapter 3, we analyze the residual finite-dimensionality of the maximal C∗-cover of
an operator algebra. To this end, we consider several C∗-covers that are formed through
families of finite-dimensional representations, and compare these C∗-covers with the maximal
C∗-cover. Along the way, we generalize Hadwin’s characterization of separable residually
finite-dimensional C∗-algebras.

In Chapter 4, we study maximality conditions on the non-commutative Choquet bound-
ary. A conjecture of Arveson asserts that maximality conditions imply a rigidity property
that is, a priori, much stronger. In this chapter, we uncover a significant localization pro-
cedure that generalizes several past attempts at Arveson’s conjecture. This localization
procedure is also applied to another conjecture of Arveson that concerns quotient modules
of the Drury-Arveson space.

Arveson’s rigidity conjecture is originally inspired by a development in approximation
theory due to Šaškin. In Chapter 5, we achieve one non-commutative analogue to Šaškin’s
theorem. In the setting of classical function theory, this encodes a maximality condition for
the Choquet boundary with a rigidity property. We find that a similar phenomenon is still
true for a large class of C∗-algebras.
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Chapter 1

Introduction

Over the course of the twentieth century, rings of operators have been critical to the devel-
opment of quantum physics and functional analysis, as well as showcasing deep connections
to complex function theory, group theory, and algebraic topology (among others). Within
this thesis, we study spaces of Hilbert space operators. In particular, we will predominantly
be concerned with unital operator spaces, (non self-adjoint) operator algebras, as well as the
C∗-algebras that they generate. We start, in Chapter 2, by describing preliminary details
that will be necessary for later chapters.

In Chapter 3, we are concerned with operator algebras and C∗-algebras that are well-
understood through their finite-dimensional ∗-representations. This philosophy underlies nu-
clearity and quasidiagonality for C∗-algebras, which has generated a flurry of recent progress
[48],[87]. However, we will study a different choice of finite-dimensional approximation prop-
erty. Namely, we study residual finite-dimensionality for operator algebras.

Residually finite-dimensional C∗-algebras constitute a significant class of C∗-algebras and
possess numerous equivalent characterizations [3],[26],[32],[46],[50]. Motivated by these suc-
cesses in the C∗-algebra theory, we focus on residual finite-dimensionality of non self-adjoint
operator algebras. We say that an operator algebra is residually finite-dimensional (or RFD)
if it may be embedded into a product of matrix algebras. This concept was introduced in
[24] and there are still only a few characterizations of RFD operator algebras [21],[24],[55].

We consider the collection of all C∗-covers of an operator algebra A to study residual
finite-dimensionality. A C∗-cover of A is a pair (A, ι) where ι is a completely isometric
representation of A and A = C∗(ι(A)). In the literature on C∗-covers, there are two well-
studied covers which dominate the theory: the minimal C∗-cover and the maximal C∗-cover.
These two C∗-covers are known to always exist for any operator algebra [13, Proposition
2.4.2],[53]. In Chapter 3, the primary focus is to analyze residual finite-dimensionality of the
maximal C∗-cover by constructing suitable replacements to the maximal C∗-cover for when
it may fail to be RFD.

However, for the majority of this thesis, we will be concerned with the structure of the
minimal C∗-cover, or C∗-envelope, for a unital operator space M. Existence of the minimal
C∗-cover was the basis of a research program spanning nearly half a century [4],[7],[36],[44],
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[53],[71]. The existence of the C∗-envelope was proposed by Arveson [4], but has only started
to reach its full potential in recent years (for example, see [7],[15],[19],[26],[27],[29],[37],[38],
[39],[41],[62]). Within Arveson’s original work [4], they conjectured that a special family of
irreducible ∗-representations of C∗(M), called boundary representations, completely deter-
mine the norm of M. As a consequence, the boundary representations can then be seen to
determine the C∗-envelope as well. For spaces of continuous functions, the C∗-envelope is the
space of continuous functions over the Shilov boundary (or, alternatively, the closure of the
Choquet boundary). In this case, the family of boundary representations coincide with the
Choquet boundary. Thus, in general, the completion of Arveson’s program suggests that the
class of boundary representations can be seen to be a suitable non-commutative analogue to
the Choquet boundary.

Chapters 4 and 5 are primarily motivated by Arveson’s so-called hyperrigidity conjec-
ture, which concerns the consequences of a maximality constraint for the non-commutative
Choquet boundary [7]. For spaces of continuous functions, Šaškin proved that a maximality
constraint on the Choquet boundary may be connected with approximation theory [83]. Fif-
teen years ago, Arveson conjectured that a maximality constraint on the non-commutative
Choquet boundary is connected with a type of non-commutative approximation theory.
Moreover, Arveson’s conjecture appears to be, a priori, much stronger than Šaškin’s conclu-
sion. Many authors have attempted Arveson’s conjecture and verified it in isolated scenarios
[8],[19],[20],[22],[25],[38],[60],[62],[64],[67],[82]. Although, quite recently, Bilich and Dor-On
found a counterexample to Arveson’s conjecture [10]. At the beginning of Chapters 4 and 5,
we will be more explicit but, for now, we will refrain from many of the technical details.

In Chapter 4, we study approximate unitary equivalence classes of ∗-representations that
are of interest for the purposes of Arveson’s conjecture. Among the known results that point
positively toward Arveson’s conjecture, we find that a handful of these conclusions may be
achieved merely locally, rather than as a consequence to the (global) maximality constraint
on the non-commutative Choquet boundary. In turn, we find a couple examples of operator
spaces that possess many of the known properties of those in Arveson’s conjecture, yet their
non-commutative Choquet boundary is not maximal.

Additionally, due to the recent counterexample for Arveson’s hyperrigidity conjecture
[10], an open question that has remained is to prove alternative formulations of a non-
commutative Šaškin theorem. In Chapter 5, we investigate one new interpretation for a
non-commutative Šaškin theorem. The centrepiece of this chapter is an analogue to Šaškin’s
theorem for a notable class of non-commutative spaces.

Finally, in Chapter 6, we recall a few of the central developments in this thesis, as well
as proposing some new directions for exploration.
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Chapter 2

Preliminaries

To start, we will make some of our notation explicit. Given a (complex) Hilbert space H, let
B(H) denote the space of all bounded linear maps from H to itself and let K(H) ⊂ B(H)
denote the corresponding subspace of compact operators. For r ∈ N, we let Mr denote the
space of all r× r complex-valued matrices. Given a compact Hausdorff space X, we also let
C(X) denote the space of continuous complex-valued functions defined on X.

2.1 C∗-algebras and their Representation Theory

In this section, we will provide a whirlwind tour of a few pertinent examples and some of
the not so foundational aspects of C∗-algebra theory.

2.1.1 The spectral topology of a C∗-algebra

For some of our analyses, we work with topologies on spaces of representations. Here, we
recount basic facts on one such instance: the spectrum of a C∗-algebra. For a detailed
treatment, the reader can also consult [40, Chapter 3].

Let A be a C∗-algebra. An ideal J is primitive whenever J is the kernel of an irreducible
∗-representation of A. We define the primitive ideal space, denoted Prim(A), to be the col-
lection of all primitive ideals. The primitive ideal space is equipped with a natural topology:
whenever J is a collection of primitive ideals, the closure of J is the collection of all prim-
itive ideals containing

⋂
J∈J J. The spectrum of A, denoted Â, is the collection of unitary

equivalence classes of irreducible ∗-representations of A. For an irreducible ∗-representation
π : A → B(H), we let [π] denote the unitary equivalence class of π. The topology on Â is
defined to be the weakest topology such that the natural mapping

Â→ Prim(A), [π] 7→ kerπ,

is continuous. If π and σ are ∗-representations of A, then π is weakly contained in σ, denoted
π ≺ σ, if kerσ ⊂ kerπ. Equivalently, π ≺ σ if and only if there is a ∗-homomorphism
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Λ : σ(A) → π(A) such that Λ ◦ σ = π. Further, this is equivalent to stipulating that
‖π(t)‖ ≤ ‖σ(t)‖ for each t ∈ A. When π and σ are weakly contained in one another, we

say that the ∗-representations are weakly equivalent. The closure of a singleton [π] ∈ Â is

{[σ] ∈ Â : σ ≺ π}. Let D ⊂ Â and D0 be a set of irreducible ∗-representations such that

D = {[σ] ∈ Â : σ ∈ D0}. Note that if the ∗-representation
⊕

σ∈D0
σ is injective, then the

subset D is dense within Â.
Recall that every irreducible ∗-representation of a closed two-sided ideal J ⊂ A extends

uniquely to A. Conversely, if σ is an irreducible ∗-representation of A, then σ |J is irreducible
if and only if σ |J 6= 0 [34, Lemmata 1.9.14-15]. These facts allow for a description of the
spectrum that is central to Chapter 3.

Theorem 2.1.1. [40, Propositions 3.2.1, 3.2.2] Let J be a closed two-sided ideal of a C∗-

algebra A. Let GJ = {[σ] ∈ Â : σ |J= 0} and UJ = {[σ] ∈ Â : σ |J 6= 0}. Then, the following
statements hold.

(i) We have that Â is the disjoint union of UJ and GJ.

(ii) The subsets UJ and GJ are open and closed, respectively, in Â.

(iii) The natural mapping GJ → Â/J is a homeomorphism.

(iv) The natural mapping UJ → Ĵ is a homeomorphism.

Furthermore, the mapping J 7→ UJ is an inclusion-preserving bijection between the closed

two-sided ideals of A and the open subsets of Â.

2.1.2 Residual finite-dimensionality

A C∗-algebra A is residually finite-dimensional (or RFD) if there is a collection {rλ : λ ∈ Λ}
of positive integers, and an isometric ∗-representation

ι : A→
∏
λ∈Λ

Mrλ .

There are many alternative formulations of residual finite-dimensionality and we will recall
some of the most relevant characterizations for our work. Let A be a C∗-algebra and π :
A→ B(H) be a ∗-representation. Then, π is residually finite-dimensional (or RFD) if there
is a net of (possibly degenerate) ∗-representations πλ : A → B(H) such that πλ(A)H is
finite-dimensional and

sot lim
λ
πλ(t) = π(t), t ∈ A.

Due to [40, 3.5.2], this is the same as the topology of pointwise-WOT convergence. The
following may be found in [3].

Theorem 2.1.2. Let A be a C∗-algebra. Then, the following statements are equivalent.
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(i) The C∗-algebra A is RFD.

(ii) The collection of unitary equivalence classes of irreducible finite-dimensional ∗-representations

in Â is dense.

(iii) Every ∗-representation for A is residually finite-dimensional.

We analyze residual finite-dimensionality for more general algebras of operators in Chap-
ter 3. In particular, statements (ii) and (iii) of Theorem 2.1.2 are the impetus behind Sections
3.2 and 3.3, respectively.

2.1.3 Cuntz Algebras and the Toeplitz Algebra

In [33], Cuntz studied C∗-algebras generated by isometries with pairwise orthogonal ranges.
We will frequently consider these algebras for sources of examples.

To this end, fix an integer n ≥ 2. We let On denote the C∗-algebra generated by a
collection of isometries V1, . . . , Vn ∈ B(H) such that

n∑
i=1

ViV
∗
i = I

and satisfying the following universal property: whenever T1, . . . , Tn ∈ B(K) are a collec-
tion of isometries such that

∑n
i=1 TiT

∗
i = I, then there is a ∗-homomorphism π : On →

C∗(T1, . . . , Tn) such that π(Vi) = Ti for i = 1, . . . , n. Note that the stipulation that∑n
i=1 ViV

∗
i = I forces the isometries V1, . . . , Vn to have pairwise orthogonal ranges.

Due to [34, Corollary V.4.7], On is a simple C∗-algebra. Therefore, for any collection of
isometries W1, . . . ,Wn ∈ B(L) satisfying

∑n
i=1 WiW

∗
i = I, we have that C∗(I,W1, . . . ,Wn) ∼=

On.
In the case of a single isometry, a C∗-algebra with a different type of representation theory

makes an appearance. To this end, we let T denote the C∗-algebra generated by a single
isometry V ∈ B(H) and satisfying the following universal property: whenever T ∈ B(K) is
an isometry, then there is a ∗-homomorphism π : T → C∗(T ) such that π(V ) = T . The
C∗-algebra T is called the Toeplitz algebra. Due to a classical theorem of Coburn [30], the
Toeplitz algebra is ∗-isomorphic to the C∗-algebra generated by the unilateral shift S ∈ B(`2).
Moreover, there is a short exact sequence of C∗-algebras

0 −→ K(H) −→ T −→ C(T) −→ 0

where T ⊂ C denotes the unit circle.
For technical reasons, we will also consider an infinite version of the Cuntz algebras. For

this, we let O∞ denote the C∗-algebra generated by a sequence of isometries (Vn)n≥1 ⊂ B(H)
such that

∞∑
i=1

ViV
∗
i ≤ I
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and satisfying the following universal property: whenever (Tn)n≥1 ⊂ B(K) is a sequence
of isometries such that

∑∞
i=1 TiT

∗
i ≤ I, then there is a ∗-homomorphism π : O∞ →

C∗(T1, T2, . . .) such that π(Vi) = Ti for each i ∈ N.

2.1.4 Liminal and Postliminal C∗-algebras

Throughout this thesis, we will frequently consider special classes of C∗-algebras whose
representation is suitably well-behaved.

First, a C∗-algebra A is liminal if, for every irreducible ∗-representation π : A→ B(Hπ),
we have that π(A) = K(Hπ). When A is unital, a C∗-algebra is liminal precisely when all
irreducible ∗-representations are finite-dimensional.

Second, a C∗-algebra A is postliminal if, for every irreducible ∗-representation π : A →
B(Hπ), we have that π(A) ⊃ K(Hπ). In particular, the Toeplitz algebra T is one example
of a postliminal C∗-algebra that is not liminal. For us, the major benefit of a postliminal
C∗-algebra will be that, whenever two irreducible ∗-representations share the same kernel,
then they are unitarily equivalent [40, Theorem 4.3.7]. However, not all C∗-algebras are
postliminal. For example, both B(H), for H infinite-dimensional, and the Cuntz algebras
On, n ∈ N, fail to be postliminal.

2.1.5 Voiculescu’s theorem

Here, we will record a few facts that are central to Chapter 4. Let A be a C∗-algebra and
suppose that π : A→ B(Hπ) and σ : A→ B(Hσ) are ∗-representations. We say that π and
σ are approximately unitarily equivalent if there is a net of unitary operators uβ : Hσ → Hπ

satisfying
lim
β
‖u∗βπ(t)uβ − σ(t)‖ = 0, t ∈ A.

When A and Hπ are separable, then a standard argument reveals that the net of unitaries
(uβ)β may be taken to be a sequence.

In [90], there are a few central results on approximate unitary equivalence that are com-
monly referred to as Voiculescu’s theorem. We focus on highlighting two of Voiculescu’s
major insights. For this, the rank of a Hilbert space operator T ∈ B(H) is defined to be the
cardinality of the dimension of TH.

Theorem 2.1.3. Let A be a C∗-algebra and π, σ be ∗-representations for A. Then, the
following statements are equivalent.

(i) We have that π and σ are approximately unitarily equivalent.

(ii) We have that rank(π(t)) = rank(σ(t)) for every t ∈ A.

We note that Voiculescu originally proved Theorem 2.1.3 for ∗-representations of separa-
ble C∗-algebras that act on separable Hilbert spaces [34, Theorem II.5.8]. Since their original
work, Hadwin had uncovered the non-separable adaptation [51, Theorem 3.14], which is the
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statement we chose to record. Nevertheless, the second form of Voiculescu’s theorem we
require is specific to the separable setting [90, Corollary 1.6].

Theorem 2.1.4. Let A be a separable C∗-algebra and π : A→ B(Hπ) be a ∗-representation
on a separable Hilbert space. Then, π is approximately unitarily equivalent to a direct sum
of irreducible ∗-representations.

We remark that Hadwin obtained a partial extension of Theorem 2.1.4 to the non-
separable setting as well [51, Corollary 4.3].

To conclude this subsection, we record one well-known observation of the rank function.

Lemma 2.1.5. Let H be a separable Hilbert space. Then, the function

rank : B(H)→ R ∪ {∞}, T 7→ rank(T )

is lower semicontinuous in the weak operator topology.

Proof. Fix r ∈ R. We show that

Lr = {T ∈ B(H) : rank(T ) ≤ r}

is closed in the weak operator topology. We may clearly assume without loss of generality
that r is a positive integer. Suppose that (Tn)n≥1 ⊂ Lr and that Tn → T in the weak
operator topology. We show that for any h1, . . . , hr+1 ∈ H, we have that Th1, . . . , Thr+1 are
linearly dependent. Note that Tnh1, . . . , Tnhr+1 are linearly dependent for each n ≥ 1 since
Tn ∈ Lr. So for each n ∈ N, we find complex scalars cn,1, . . . , cn,r+1 ∈ C, not all zero, such
that

r+1∑
i=1

cn,iTnhi = 0. (2.1)

By possibly rescaling, we may assume that

r+1∑
i=1

|cn,i|2 = 1.

Since the closed unit ball of Cr+1 is compact, we may extract a subsequence ((cnk,1, . . . , cnk,r+1))k≥1

of ((cn,1, . . . , cn,r+1))n≥1 that converges to some (c1, . . . , cr+1) ∈ Cr+1 satisfying
∑

i=1 |ci|2 = 1.
Note that supn≥1 ‖Tn‖ < ∞ since (Tn) converges in the weak operator topology. Thus,

for each k ∈ H, we have that∣∣∣∣∣
〈
r+1∑
i=1

cnk,iTnkhi, k

〉
−

〈
r+1∑
i=1

ciThi, k

〉∣∣∣∣∣ ≤
r+1∑
i=1

|〈(cnk,iTnk − ciT )hi, k〉|

≤
r+1∑
i=1

(|(cnk,i − ci)〈Tnkhi, k〉|+ |ci〈Tnkhi, k〉 − ci〈Thi, k〉|)

≤
r+1∑
i=1

((
sup
n≥1
‖Tn‖

)
|cnk,i − ci|+ ci|〈(Tnk − T )hi, k〉|

)
.
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So, we have that

lim
k→∞

∣∣∣∣∣
〈
r+1∑
i=1

cnk,iTnkhi, k

〉
−

〈
r+1∑
i=1

ciThi, k

〉∣∣∣∣∣ = 0.

However, by equation (2.1), we may then conclude that〈
r+1∑
i=1

ciThi, k

〉
= 0, k ∈ H.

Consequently, we obtain that
r+1∑
i=1

ciThi = 0.

In other words, we have that the vectors Th1, Th2, . . . , Thr+1 are linearly dependent for any
choice of h1, . . . , hr+1 ∈ H. So, we have that rank(T ) ≤ r as desired.

8



2.2 Completely positive maps and operator algebras

An operator space is a subspace M ⊂ B(H). If, in addition, M is unital and self-adjoint,
then M is said to be an operator system. Moreover, an operator space that is closed under
multiplication is called an operator algebra.

The definitions for these spaces of operators is dependent on an underlying Hilbert space.
However, similar to C∗-algebras, there is a purely axiomatic (or, alternatively, abstract)
definition for each such structure that is not dependent on a specific choice of Hilbert space
(see [73, Chapters 13 and 16] for details).

Given an operator space M ⊂ B(H) and r ∈ N, we let Mr(M) denote the space of
r× r matrices with entries inM. We may regard M = [mij] ∈Mr(M) as a bounded linear
operator on

H(r) = H⊕ . . .⊕H
by setting

[mij]

h1
...
hr

 =


∑

jm1jhj
...∑

jmrjhj

 .
This correspondence yields an isometric ∗-isomorphism Mr(B(H)) ∼= B(H(r)) of C∗-algebras.

Whenever X is a compact Hausdorff space and M ⊂ C(X) is a subspace, then we say
that M is a function space. Similarly, if M is unital and self-adjoint, then M is said to be
a function system.

2.2.1 Completely positive maps

A linear mapping ϕ :M→ B(Hϕ) is said to be completely contractive if the mapping

ϕ(r) : Mr(M)→Mr(B(Hϕ)), [mij] 7→ [ϕ(mij)]

is contractive for each r ∈ N. Similarly, ϕ is completely positive if ϕ(r) is positive for each
r ∈ N and completely isometric if ϕ(r) is isometric for each r ∈ N. Additionally, if M
happens to be an operator algebra, then a completely contractive algebra homomorphism
is called a representation of M. A standard computation reveals that, if S ⊂ B(H) is an
operator system and ϕ : S → B(Hϕ) is a completely positive map, then ϕ(s∗) = ϕ(s)∗ for
each s ∈ S.

Throughout, we will typically work with unital operator spaces as well as unital mappings.
However, in Chapter 3, we will also consider non-unital operator algebras. For this, we recall
a couple relevant details from [69] on unitizations of operator algebras. Given a non-unital

operator algebra A, we let Ã denote the unitization. If A is unital, we will simply refer
to Ã as A itself. Given a non-unital operator algebra A, there is a completely isometric
representation A → Ã. Moreover, any representation ρ : A → B(Hρ) extends uniquely to

a unital representation ρ+ : Ã → B(Hρ) and ρ is completely isometric precisely when ρ+ is
completely isometric.
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For the remainder of this section, we will study unital operator spaces and unital map-
pings. We recall a few standard facts for these classes of mappings, starting with [73,
Proposition 2.12].

Theorem 2.2.1. Let M⊂ B(H) be a unital operator space. If ϕ :M→ B(Hϕ) is a unital
completely contractive map, then

ϕ̃ :M+M∗ → B(Hϕ), m+ n∗ 7→ ϕ(m) + ϕ(n)∗

is a well-defined unital completely positive map. Moreover, ϕ̃ is the unique completely positive
map ψ :M+M∗ → B(Hϕ) satisfying ψ |M= ϕ.

Theorem 2.2.1 guarantees that, to study completely contractive maps on unital operator
spaces, it is often sufficient to consider completely positive maps on operator systems. Ad-
ditionally, a unital linear mapping defined on an operator system is completely contractive
precisely when it is completely positive. For completely positive maps, there are a few criti-
cal facts that allow for a well-understood theory. First, we record the Schwarz inequality for
completely positive maps [73, Proposition 3.3].

Theorem 2.2.2. Let A be a unital C∗-algebra and suppose that ϕ : A→ B(Hϕ) is a unital
completely positive map. Then, we have that ϕ(t)∗ϕ(t) ≤ ϕ(t∗t) for each t ∈ A.

When equality is achieved in the Schwarz inequality, this allows for an explicit identifi-
cation of when ϕ is multiplicative [73, Theorem 3.18].

Theorem 2.2.3. Let A be a unital C∗-algebra and suppose that ϕ : A→ B(Hϕ) is a unital
completely positive map. Then, the following statements hold.

(i) The family of operators

Mult(ϕ) := {t ∈ A : ϕ(t∗t) = ϕ(t)∗ϕ(t), ϕ(tt∗) = ϕ(t)ϕ(t)∗}

coincides with

{t ∈ A : ϕ(bt) = ϕ(b)ϕ(t), ϕ(tb) = ϕ(t)ϕ(b), for every b ∈ A}.

(ii) We have that Mult(ϕ) is a C∗-subalgebra of A and ϕ |Mult(ϕ) is a ∗-representation.

The subset Mult(ϕ) will be referred to as the multiplicative domain of ϕ. Next, we record
Arveson’s extension theorem [73, Theorem 7.5], which may be regarded as the completely
positive counterpart to the Hahn–Banach extension theorem.

Theorem 2.2.4. LetM⊂ B(H) be a unital operator space and ϕ :M→ B(Hϕ) be a unital
completely contractive map. Then, there exists a completely contractive map Φ : B(H) →
B(Hϕ) satisfying Φ |M= ϕ.
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As a consequence of Arveson’s extension theorem, there may be instances where we are
not completely descriptive for the domain of a completely contractive map. In addition
to this extension property, the space of completely contractive maps enjoy a compactness
property [73, Theorem 7.4].

Theorem 2.2.5. Let M⊂ B(H) be a unital operator space. Then,

UCC(M,K) = {ϕ :M→ B(K) | ϕ unital completely contractive}

and
UCP(M,K) = {ϕ :M→ B(K) | ϕ unital completely positive}

are both compact in the topology of pointwise-WOT convergence.

Finally, we record Stinespring’s dilation theorem [73, Theorem 4.1].

Theorem 2.2.6. Let A be a unital C∗-algebra and let ϕ : A→ B(Hϕ) be a unital completely
positive map. Then, there exists a triple (σ,K, V ) consisting of a Hilbert space K, a unital
∗-representation σ : A→ B(K), and an isometry V : Hϕ → K with the property that

V ∗σ(t)V = ϕ(t), t ∈ A.

The converse to Theorem 2.2.6 is also true. That is, a map ϕ : A→ B(Hϕ) is unital and
completely positive precisely when ϕ is the compression of a ∗-representation for A.

A triple (σ,K, V ) as in Theorem 2.2.6 is said to be a representation for the mapping ϕ.
If, in addition, K = span{σ(A)VHϕ}, then the representation is said to be minimal. Due to
[73, Proposition 4.2], a minimal representation always exists and is unique up to a unitary
equivalence that simultaneously intertwines ∗-representations and isometries. Accordingly,
we let (σϕ,Kϕ, Vϕ) denote the minimal representation of ϕ and refer to this triple as the
minimal Stinespring dilation of ϕ.

2.2.2 C∗-covers of operator algebras

The C∗-algebra that an operator algebra A ⊂ B(H) generates often carries strikingly dif-
ferent information based off the choice of representation for the algebra. We will make this
explicit. Within B(H), there is a smallest C∗-algebra containing A, denoted C∗(A). How-
ever, given a completely isometric representation ι : A → B(K), the C∗-algebra C∗(ι(A))
could be quite unlike C∗(A) (Example 1).

For an operator algebraA ⊂ B(H), we call the pair (A, ι) a C∗-cover ofA if ι : A → B(K)
is a completely isometric representation and A = C∗(ι(A)). Throughout this dissertation, we
will be concerned with a few notable C∗-covers and, occasionally, we will simultaneously work
with several C∗-covers at the same time. For this reason, in Chapter 3, we will commonly
think of A as an abstract operator algebra, rather than being concretely represented on
a specific Hilbert space (see [73, Chapter 16] for details). This is purely for simplicity of
notation. For now, we will address a couple of the most natural C∗-covers to consider.
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The maximal C∗-cover of an operator algebra A is the C∗-cover, denoted (C∗max(A), µ),
satisfying the following universal property: whenever ρ : A → B(Hρ) is a representation of
A, there is a unique ∗-representation θ : C∗max(A) → B(Hρ) such that θ ◦ µ = ρ. That is,
the following diagram commutes:

In particular, whenever (A, ι) is a C∗-cover forA, there is a unique surjective ∗-representation
qA : C∗max(A) → A such that qA ◦ µ = ι. We will utilize this notation in Chapter 3. The
maximal C∗-cover is known to exist for any operator algebra and can be constructed in a
concrete way [13, Proposition 2.4.2]. That is, one constructs the completely isometric repre-
sentation µ : A → C∗max(A) by taking an appropriately large direct sum of representations
of A.

The second main C∗-cover we are interested in is the C∗-envelope of an operator algebra,
denoted (C∗e(A), ε). The C∗-envelope satisfies the following universal property: whenever
(A, ι) is a C∗-cover of A, there is a surjective ∗-representation π : A → C∗e(A) such that
π ◦ ι = ε. In other words, the following diagram commutes:

It is not obvious, but the C∗-envelope will always exist. Existence of the C∗-envelope
was originally shown by Hamana [53] through so-called injective envelopes. An alternative,
dilation theoretic, proof was more recently completed due to several magnificent contribu-
tions [7],[36],[44],[71]. We will elaborate on the structure of the C∗-envelope, as well as the
dilation theoretic proof, in Section 2.4.

Finally, we introduce some terminology. Given a C∗-cover (A, ι) of A, there is a surjective
∗-representation π : A → C∗e(A) such that π ◦ ι = ε. We refer to the kernel of the ∗-
representation π as the Shilov ideal of A relative to (A, ι), denoted Sh(A,A, ι). The Shilov
ideal is known to be the largest closed two-sided ideal of A such that the quotient map
A→ A/Sh(A,A, ι) is completely isometric on ι(A) [7].

2.2.3 Residual finite-dimensionality of operator algebras

An operator algebra A is said to be residually finite-dimensional (or RFD) if there exists a
completely isometric representation ι : A →

∏
λ∈Λ Mrλ where {rλ : λ ∈ Λ} is some collection

of positive integers. Furthermore, we say a C∗-cover (A, ι) is residually finite-dimensional if
A is an RFD C∗-algebra.
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Residual finite-dimensionality for operator algebras was only recently introduced [24],[70].
Within [24], an analysis discussing residual finite-dimensionality of C∗-covers was provided
and, in Chapter 3, our main interest is regarding the residual finite-dimensionality of the
maximal C∗-cover. For now, we remark that there is no transparent understanding of how
to determine the RFD C∗-covers of an operator algebra. The following, Example 1, demon-
strates the subtlety to this phenomenon. In particular, there may be several RFD C∗-covers
of an operator algebra, while there are intermediate C∗-covers that fail to be RFD.

Example 1. Let A(D) denote the algebra of complex functions which are holomorphic on
the open unit disk D and continuous up to the boundary T. The algebra A(D) is called the
disc algebra. There are several well-studied C∗-covers for the disc algebra. Indeed, there
are obvious completely isometric representations ι : A(D) → C(T) and j : A(D) → C(D)
that determine RFD C∗-covers of A(D). Indeed, the restriction mapping ι : A(D) → C(T)
is completely isometric due to the maximum modulus principle. Moreover, C(T) is an RFD
C∗-algebra since

C(T)→
∏
ξ∈T

C, f 7→ (f(ξ))ξ∈T

is an isometric ∗-representation. For similar reasons, C(D) is also an RFD C∗-algebra.
Moreover, the matrical von-Neumann inequality [73, Corollary 3.12] implies that the

maximal C∗-cover of A(D) is the universal C∗-algebra generated by a contraction (alterna-
tively, see [12, Example 2.3]). By [31, Proposition 2.2], it follows that the maximal C∗-cover
of A(D) is RFD.

Despite the fact that C∗max(A(D)) is RFD, there are other C∗-covers of A(D) that are
not RFD. To show this, we utilize standard facts on the Toeplitz algebra that may be found
within [1],[6],[43]. Let H2 denote the classical Hardy space on the disc. Each f ∈ A(D)
determines a multiplication operator Mf : H2 → H2 such that ‖Mf‖ = ‖f‖. Furthermore,
the map

ω : A(D)→ B(H2), f 7→Mf

is a completely isometric representation. The C∗-algebra T = C∗(ω(A(D))) is the Toeplitz
algebra and there is a short exact sequence

0 −→ K(H2) −→ T −→ C(T) −→ 0.

Note that residual finite-dimensionality passes to subalgebras and T contains the ideal of
compact operators K(H2). The C∗-algebra K(H2) is not RFD as it does not possess any
finite-dimensional ∗-representations. Hence, T cannot be RFD either.
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2.3 Classical Choquet Theory

In this short section, we recall a few facts from classical Choquet theory. For additional
resources, one can consult [2],[47],[76].

Let X be a compact Hausdorff space and suppose that M ⊂ C(X) is a unital subspace
that separates points in X. A subset ∆ ⊂ X is said to be a boundary for M if

‖f‖ = max
ξ∈∆
|f(ξ)|, f ∈M.

Certainly, the entire space X is always a boundary for M. In fact, Urysohn’s Lemma
guarantees that X is the only boundary for C(X). For arbitrary subspaces, boundaries
require a more careful analysis. To this end, we will require terminology.

Let ξ ∈ X. A representing measure at ξ will refer to a Borel probability measure µ on
X with the property that ∫

X

fdµ = f(ξ), f ∈M.

The Choquet boundary forM is the collection of all points ξ ∈ X for which Dirac measure is
the unique representing measure at ξ. As a consequence to the Choquet–Bishop–de-Leeuw
integral representation theorem [11], the Choquet boundary is always a boundary for M.

Unfortunately, in practice, it can be cumbersome to identify the Choquet boundary. For
subalgebras, this is made easier due to a theorem of Bishop [76, Section 8].

Theorem 2.3.1. Let X be a compact Hausdorff space and M ⊂ C(X) be a unital norm-
closed subspace that separates points in X. Let ξ ∈ X and consider the following statements.

(i) There is f ∈M such that

f(ξ) = 1 > |f(ζ)|, ζ ∈ X, ζ 6= ξ.

(ii) The point ξ lies in the Choquet boundary for M.

Then, we have that (i)⇒(ii) and, if M is a subalgebra, then (ii)⇒(i).

Accordingly, the Choquet boundary of a subalgebra may be identified with the set of peak
points forM, which are those points ξ ∈ X that satisfy condition (i). For our purposes, this
allows for some concrete examples.

Example 2. Let A(D) ⊂ C(D) denote the disc algebra. For each ξ ∈ T, it is easy to check
that

fξ(z) =
1

2
(1 + ξz)

lies in A(D) and peaks at ξ. On the other hand, a peak point necessarily lies on T by the
maximum modulus principle. Thus, T is the Choquet boundary for A(D).
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A consequence to Theorem 2.3.1 and Choquet’s Theorem [76, Chapter 3] is that the
Choquet boundary is a minimal boundary for a subalgebra. For arbitrary subspaces, the
closure of the Choquet boundary is the Shilov boundary forM, which is the smallest closed
boundary for M. Moreover, a near-immediate consequence to the universal property of the
C∗-envelope implies the following.

Theorem 2.3.2. Let X be a compact Hausdorff space and M ⊂ C(X) be a unital norm-
closed subspace that separates points in X. Then, we have that C∗e(M) = C(Y ) where Y ⊂ X
is the Shilov boundary for M.

Therefore, we have one concrete class of examples for which the structure of the C∗-
envelope is well-understood.

To close this section, we discuss maximality constraints on the Choquet boundary. The
most notable advancement, due to Šaškin [83], is that a maximality constraint on the Cho-
quet boundary is linked to approximation theory. Before we state Šaškin’s theorem, we
record the following classical result of Korovkin [68], which is one example where Šaškin’s
theorem was first actively witnessed.

Theorem 2.3.3. Suppose that ϕn : C[0, 1] → C[0, 1] is a sequence of positive linear maps
such that

lim
n→∞

‖ϕn(xk)− xk‖ = 0, k = 0, 1, 2.

Then, we necessarily have that

lim
n→∞

‖ϕn(f)− f‖ = 0, f ∈ C[0, 1].

Šaškin’s theorem was originally proven for metric spaces [76, Section 9], but we record
the non-metrizable analogue [38, Theorem 5.3].

Theorem 2.3.4. Let X be a compact Hausdorff space and M ⊂ C(X) be a unital norm-
closed subspace that separates points in X. Then, the following statements are equivalent.

(i) We have that X is equal to the Choquet boundary for M.

(ii) For every net of unital positive maps ϕλ : C(X)→ C(X) satisfying

lim
λ
‖ϕλ(m)−m‖ = 0, m ∈M,

we have that
lim
λ
‖ϕλ(f)− f‖ = 0, f ∈ C(X).

(iii) For every compact Hasudorff space Y , every ∗-homomorphism π : C(X)→ C(Y ), and
every net of unital positive maps ϕλ : C(X)→ C(Y ) satisfying

lim
λ
‖ϕλ(m)− π(m)‖ = 0, m ∈M,

we have that
lim
λ
‖ϕλ(f)− π(f)‖ = 0, f ∈ C(X).

Theorem 2.3.4 will be central to the main developments in Chapter 5.
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2.4 The Non-commutative Choquet Boundary

While we briefly introduced the C∗-envelope in Subsection 2.2.2, an explicit representation
of the C∗-envelope remains mysterious in general. Here, we will discuss some of the known
structure for this object. In particular, motivated by Theorem 2.3.2, we will discuss a non-
commutative variation of the Choquet boundary.

First, we address a minor point. While the C∗-envelope of an operator algebra has been
introduced, the C∗-envelope of a unital operator space M may be defined in an analogous
way. Indeed, the C∗-envelope of M is a pair (C∗e(M), ε) consisting of a C∗-algebra C∗e(M)
and a completely isometric linear map ε : M → C∗e(M) such that C∗(ε(M)) = C∗e(M)
and satisfying the following universal property: whenever ι : M → B(Hι) is a completely
isometric linear map, then there is a surjective ∗-representation π : C∗(ι(M))→ C∗e(M) such
that π ◦ ι = ε. Recall that, when M is a subalgebra, then we only considered multiplicative
completely isometric mappings for M. However, the universal property of the C∗-envelope
ensures that these two definitions will coincide. Indeed, ifM is a subalgebra, then ε will be
multiplicative [13, Proposition 4.3.5].

Over 50 years ago, Arveson had conjectured the existence of a non-commutative Choquet
boundary [4]. For this, let M⊂ B(H) be a unital operator space and π : C∗(M)→ B(Hπ)
be a ∗-representation. We say that π has the unique extension property if, whenever ψ :
C∗(M) → B(Hπ) is a completely positive map satisfying ψ |M= π |M, then we have that
ψ = π. If, in addition, π is irreducible, then π is said to be a boundary representation forM.
For function spaces, it is easy to see that a ∗-representation π is a boundary representation for
M precisely when π is evaluation against a point in the Choquet boundary. Consequently, we
will refer to the class of all boundary representations forM as the non-commutative Choquet
boundary forM. It is natural to wonder whether the non-commutative Choquet boundary is
as fruitful of an invariant for an operator space. Indeed, it is not immediately clear whether
a ∗-representation with the unique extension property is guaranteed to exist. Nevertheless,
since Arveson’s original work, it has been verified that there are always sufficiently many
boundary representations to completely determine the norm of M.

Theorem 2.4.1. LetM⊂ B(H) be a unital operator space. Then, for each n ∈ N and M ∈
Mn(M), there is a boundary representation β : C∗(M) → B(Hβ) and a finite-dimensional

subspace F ⊂ H(n)
β such that ‖PFβ(n)(M) |F ‖ = ‖M‖.

The proof of Theorem 2.4.1 is the culmination of work by many authors [7],[36],[44],[71].
For the purposes of this dissertation, we simply remark that the proof hinges on a few
notable steps. First, equate the unique extension property with those unital completely
contractive maps on M that are maximal under non-trivial dilations (see [7, Proposition
2.4]). Second, in the presence of a suitable extremality condition, show that every unital
completely contractive map on M can be dilated to a unital completely contractive map
that extends (uniquely) to a boundary representation [36, Lemma 2.3 and Theorem 2.4].

For the purposes of this section, we record structural facts about the unique extension
property and the C∗-envelope. We start with a fundamental fact.
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Lemma 2.4.2. LetM⊂ B(H) be a unital operator space and {πi : C∗(M)→ B(Hi) : i ∈ I}
be a collection of ∗-representations. Then, the following statements are equivalent.

(i) For each i ∈ I, πi has the unique extension property with respect to M.

(ii) We have that
⊕

i∈I πi has the unique extension property with respect to M.

Proof. See [8, Proposition 4.4] and [26, Lemma 2.8].

Finally, we record a few additional facts that will be integral to Chapters 4 and 5.

Theorem 2.4.3. Let M⊂ B(H) be a unital operator space and (C∗e(M), ε) denote the C∗-
envelope of M. Let θ : C∗(M)→ C∗e(M) denote the ∗-representation that satisfies θ |M= ε.
Then, the following statements hold.

(i) There is an isometric ∗-representation of C∗e(M) that possesses the unique extension
property with respect to ε(M).

(ii) If β : C∗(M) → B(Hβ) is a boundary representation for M, then there is a ∗-
representation β̃ : C∗e(M)→ B(Hβ) such that β = β̃ ◦ θ.

(iii) If every irreducible ∗-representation of C∗(M) is a boundary representation for M,
then C∗(M) = C∗e(M).

Proof. (i): By Theorem 2.4.1, there is a collection ∆ consisting of boundary representations
for ε(M), that are defined on C∗e(M), such that

⊕
δ∈∆ δ is isometric. Thus, by Lemma 2.4.2,⊕

δ∈∆ δ is an isometric ∗-representation of C∗e(M) that has the unique extension property
with respect to ε(M).

(ii): By Theorem 2.4.1, there is a collection Σ consisting of boundary representations for
M, that are defined on C∗(M), such that

⊕
σ∈Σ σ is completely isometric on M. Define a

closed two-sided ideal of C∗(M) by

JΣ =
⋂
σ∈Σ

kerσ.

By [4, Theorem 2.2.3], the ideal JΣ coincides with the intersection of the kernels of all
boundary representations forM that are defined on C∗(M). Then, by [4, Proposition 2.2.4
and Theorem 2.2.5], we have that C∗(M)/JΣ is the C∗-envelope of M and that ker θ = JΣ.
Since JΣ ⊂ ker β, statement (ii) is immediate.

(iii): Again, let JΣ denote the intersection of the kernels of all boundary representations
forM that are defined on C∗(M). By [4, Proposition 2.2.4 and Theorem 2.2.5], C∗(M)/JΣ

is the C∗-envelope of M. So (iii) is immediate since JΣ = {0}.
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2.5 Complete Pick Spaces on the Unit Ball

In this section, we introduce a class of operator algebras for which the non-commutative
Choquet boundary is well-understood. While there are several technical definitions that
we introduce, only the conclusion of Theorem 2.5.1 will be necessary for understanding the
remainder of this dissertation.

For this, let d ∈ N and Bd denote the open unit ball in Cd. Suppose thatH is a reproducing
kernel Hilbert space on Bd. In other words, H is a Hilbert space of functions on Bd for which
the evaluation mappings are continuous. Thus, for each z ∈ Bd, the Riesz representation
theorem implies that there is kz ∈ H such that f(z) = 〈f, kz〉 for every f ∈ H. Then, the
reproducing kernel of H is the function k : Bd × Bd → C defined by k(z, w) = 〈kz, kw〉. It
is unnecessary outside of this subsection but, for background information on reproducing
kernel Hilbert spaces, one may refer to [1]. A frequently studied example of a reproducing
kernel is the Hardy space on the unit disc H2, which has reproducing kernel

k(z, w) =
1

1− zw
, z, w ∈ D.

We will be concerned with reproducing kernel Hilbert spaces that possess several regu-
larity conditions. First, we say that H is a regular unitarily invariant space if there is a
sequence (an)n≥0 of strictly positive real numbers such that

k(z, w) =
∞∑
n=0

an〈z, w〉n, lim
n→∞

an
an+1

= 1,

and a0 = 1. We will also require that H satisfies the complete Pick property [1, Section
2.8], which is a technical constraint that will not be explicitly needed. There are several
well-studied examples of regular, unitarily invariant complete Pick spaces on the unit ball.
In particular, the Hardy space on the unit disc H2, the Drury-Arveson space H2

d , and the
Dirichlet space are all examples of regular, unitarily invariant, complete Pick spaces on the
unit ball. In particular, the Drury-Arveson space has reproducing kernel given by

k(z, w) =
1

1− 〈z, w〉Cd
, z, w ∈ Bd.

When d = 1, the Drury-Arveson space is the Hardy space on the unit disc H2. If
∑∞

n=0 an <
∞, then we say that k is bounded. Otherwise, we say that k is unbounded.

A function θ : Bd → C is said to be a multiplier for H if θf ∈ H for every f ∈ H. If θ is
a multiplier for H, then the multiplication operator

Mθ : H → H, f 7→ θf

defines a bounded linear operator due to the closed graph theorem. Now, we let A(H) denote
the norm-closed unital subalgebra of B(H) generated by the polynomial multipliers, and let
T(H) = C∗(A(H)).
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By [49, Theorem 4.6], we have a short exact sequence of C∗-algebras

0 −→ K(H) −→ T(H) −→ C(Sd) −→ 0

where Sd ⊂ Cd denotes the unit sphere. Let q : T(H) → C(Sd) denote the corresponding
quotient map and, for each z ∈ Sd, let χz : C(Sd)→ C denote the evaluation mapping at z.
Then, we have the following description of the boundary representations for A(H).

Theorem 2.5.1. Let H be a regular, unitarily invariant, complete Pick space on the unit
ball. Then, the following statements hold.

(i) An irreducible ∗-representation of T(H) is either unitarily equivalent to the identity
representation or to χz ◦ q for some z ∈ Sd.

(ii) If the reproducing kernel k is unbounded and H is not the Hardy space on the unit
disc, then every irreducible ∗-representation for T(H) is a boundary representation for
A(H).

(iii) If the reproducing kernel k is bounded, then the boundary representations for A(H) are
precisely those ∗-representations for T(H) that are unitarily equivalent to the identity
representation.

Proof. (i): This follows from [22, Lemma 3.3].
(ii), (iii): These statements follow from [22, Theorem 6.2].

Suppose that H is the Hardy space on the unit disc. Then, Mz is unitarily equivalent to
the unilateral shift on `2. In particular, T(H) is unitarily equivalent to the Toeplitz algebra.
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Chapter 3

Maximal C∗-covers and Residual
Finite-Dimensionality

Recall that the maximal C∗-cover of an operator algebra A, denoted (C∗max(A), µ), satisfies
the universal property that every representation of A lifts to a unique ∗-representation of
C∗max(A). Hence, the representations of A are in one-to-one correspondence with the ∗-
representations of C∗max(A). As residual finite-dimensionality is encoded in the structural
properties of spaces of representations, one could ask whether residual finite-dimensionality
of operator algebras is closely linked to that of their maximal C∗-covers. The main inquiry
for this chapter is regarding a conjecture of Clouâtre and Ramsey, which was originally
proposed in [24]. They had asked if C∗max(A) is an RFD C∗-algebra whenever A is an RFD
operator algebra.

There have been many classes of examples for which Clouâtre and Ramsey’s conjecture
has been answered in the affirmative [21],[24]. In particular, it is known that C∗max(A) is
RFD whenever A is finite-dimensional. The maximal C∗-cover is also RFD for Popescu’s
non-commutative disk algebra, the Schur-Agler class of functions, as well as some semi-
group algebras and spaces of analytic functions. We remark that Clouâtre and Ramsey’s
conjecture is also related to a result of Pestov [75, Theorem 4.1], which states that the free
C∗-algebra of any operator space is residually finite-dimensional. However, since publication
of the manuscript that this chapter is based on, a counterexample to Clouâtre and Ramsey’s
conjecture has been found [55]. Throughout this chapter, we will record the various ways
that this counterexample impacts our work.

In Section 3.1, we study a natural partial ordering on the collection of all C∗-covers
of a fixed operator algebra. This was previously observed in [13],[54]. Under a natural
interpretation, we show that this partial ordering is equivalent to the partial ordering given
by inclusion of the spectra of the C∗-covers (Proposition 3.1.2). Moreover, this produces
an isomorphism of complete lattices (Theorem 3.1.3) and allows us to equate topological
statements on the spectrum of the maximal C∗-cover with order-theoretic statements on the
collection of C∗-covers. This identification supplies us with a natural framework to study
residual finite-dimensionality in Section 3.2.
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Fix an RFD operator algebra A. In Subsection 3.2.1, we derive the existence of a largest
RFD C∗-cover of A relative to the partial ordering of C∗-covers (Theorem 3.2.2). This
is referred to as the RFD-maximal C∗-cover, denoted (R(A), µr). As a consequence, an
operator algebra agrees with Clouâtre and Ramsey’s conjecture precisely when the RFD-
maximal C∗-cover is the maximal C∗-cover (Corollary 3.2.3).

In Subsection 3.2.2, we provide an explicit representation of the RFD-maximal C∗-cover.
Typically, the embedding µ : A → C∗max(A) is taken to be an appropriately large direct sum
of completely contractive representations of A. We show that the RFD-maximal C∗-cover
can be constructed in an analogous way and enjoys a universal property (Theorem 3.2.6).

Theorem A. Let A be an RFD operator algebra and let (R(A), µr) denote the RFD-maximal
C∗-cover of A. For any representation ρ : A → B(Hρ) on a finite-dimensional Hilbert space,
there is a unique ∗-representation θ : R(A) → B(Hρ) such that θ ◦ µr = ρ. Moreover,
(R(A), µr) is minimal among all C∗-covers of A which satisfy this property.

As previously noted, to verify that an operator algebra satisfy Clouâtre and Ramsey’s
conjecture, we must show that the RFD-maximal C∗-cover and the maximal C∗-cover coin-
cide. In Subsection 3.2.3, we exhibit several aspects of the RFD-maximal C∗-cover which are
reminiscent of known properties of the maximal C∗-cover. In particular, for unital operator
algebras, the maximal C∗-cover is known to respect countable direct sum and free products
of finitely many operator algebras [12, Proposition 2.2],[24, Theorem 5.2]. We show that the
RFD-maximal C∗-cover also preserves these constructions (Theorems 3.2.10 and 3.2.11).

Theorem B. The following statements hold.

(i) If An, n ∈ N, are unital RFD operator algebras, R(
⊕∞

n=1An) ∼=
⊕∞

n=1 R(An).

(ii) If A,B are unital RFD operator algebras, then R(A ∗ B) ∼= R(A) ∗R(B).

In Section 3.3, we study the representation theory of RFD operator algebras and re-
late this to properties of the RFD-maximal C∗-cover. Due to work of Exel and Loring,
a C∗-algebra is RFD precisely when all ∗-representations are point-strong limits of (possi-
bly degenerate) finite-dimensional representations [46, Theorem 2.4]. In this setting, the
point-strong and point-strong∗ topologies coincide. This subtlety regarding the adjoint is
responsible for some of the phenomena we witness.

Specifically, the possible discrepancy of the point-strong and point-strong∗ topologies
results in some uncertainty over how to interpret residually finite-dimensional representations
for operator algebras. Here we consider two possible candidates: those representations which
are point-strong limits of finite-dimensional representations are referred to as residually finite-
dimensional representations (or RFD representations). Alongside RFD representations, we
consider representations which are point-strong∗ limits of finite-dimensional representations,
called ∗-residually finite-dimensional representations (or ∗-RFD representations).

Recently, Clouâtre and Dor-On showed that C∗max(A) is RFD precisely when every rep-
resentation of A is ∗-RFD [21, Theorem 3.3]. Utilizing this result, we are presented with
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an intermediate question. Indeed, whenever an operator algebra satisfies the conjecture of
Clouâtre and Ramsey, it must be the case that RFD and ∗-RFD representations of the oper-
ator algebra coincide. This provides us with a suitable motivation for analyzing both classes
of representations.

Finally, in Section 3.4, we study Hadwin’s characterization of separable RFD C∗-algebras
[50] and provide a non self-adjoint version of their result. We recount the details.

Let {en : n ∈ N} be an orthonormal basis for `2. For each n ∈ N, let Pn be the orthogonal
projection onto the linear span of {e1, . . . , en} and let Mn = PnB(`2)Pn. Further, let B be
the C∗-subalgebra of

∏∞
n=1Mn consisting of all sequences (Tn)n≥1 which converge ∗-strongly

in B(`2). Let π : B→ B(`2) denote the ∗-representation defined by π((Tn)) = ∗sot limn Tn.
A representation ρ : A → B(`2) is ∗-liftable in the sense of Hadwin if there is a representation
τ : A → B such that π ◦ τ = ρ.

Hadwin showed that a separable C∗-algebra A is RFD if and only if every unital ∗-
representation σ : Ã → B(`2) is ∗-liftable [50, Theorem 11]. In Theorem 3.4.2, we prove a
suitable analogue of Hadwin’s theorem.

Theorem C. Let A be a separable operator algebra. Then, C∗max(A) is an RFD C∗-algebra

if and only if every unital representation ρ : Ã → B(`2) is ∗-liftable in the sense of Hadwin.
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3.1 Topology and Ordering for C∗-covers

In this section, we equate order theoretic statements on the collection of all C∗-covers for
a fixed operator algebra with topological data from the spectrum of the maximal C∗-cover.
Since publication of [85], David Blecher has informed the author that this was also mentioned
in [13, Section 2.8]. However, as the notation introduced here is important to future sections,
we opt to include the finer details.

To begin, fix an operator algebra A. Then, as in [54, Proposition 2.1.1], one may define an
ordering on the collection of all C∗-covers of A. Explicitly, if (A, ι) and (B, j) are C∗-covers
for A, then (A, ι) � (B, j) precisely when there is a surjective ∗-representation π : B → A
such that π ◦ j = ι. Whenever we have that (A, ι) � (B, j) and (B, j) � (A, ι), we say the
C∗-covers are equivalent, denoted (A, ι) ∼ (B, j). It is easy to verify that two C∗-covers are
equivalent if and only if there is a ∗-isomorphism π : B→ A such that π ◦ j = ι.

Up to equivalence of C∗-covers, the maximal C∗-cover is the unique maximal element
under this ordering whereas the C∗-envelope is the unique minimal element [54, Examples
2.1.8 and 2.1.13]. Moreover, we remark that the equivalence classes associated with this order
structure form a complete lattice (see [54, Section 2.1]). For more details on the ordering for
C∗-covers, the reader can consult the thesis of Hamidi [54, Chapters 1-2]. The approach we
take in this section will complement Hamidi’s work.

We start by identifying the space of all C∗-covers for A with a family of closed subsets

of the spectrum for the maximal C∗-cover. To this end, recall that ̂C∗max(A) denotes the
collection of unitary equivalence classes of irreducible ∗-representations for C∗max(A) and

that ̂C∗max(A) can be equipped with a natural topology (Subsection 2.1.1). The spectrum

of any C∗-cover of A may be identified as a closed subset of ̂C∗max(A). To this end, recall
that, given a C∗-cover (A, ι) of A, we let qA : C∗max(A) → A denote the unique surjective
∗-representation satisfying qA ◦ µ = ι. Now, let

S(A, ι) :=
{

[π] ∈ ̂C∗max(A) : π = σ ◦ qA, σ irreducible ∗-representation of A
}
.

Theorem 2.1.1 reveals that S(A, ι) is naturally homeomorphic to Â. In fact, every closed
subset which contains the spectrum of the C∗-envelope is of this form.

Theorem 3.1.1. Let A be an operator algebra and C ⊂ ̂C∗max(A) be some subset. Then,
C = S(A, ι) for some C∗-cover (A, ι) of A if and only if C is closed and contains S(C∗e(A), ε).

Proof. (⇒) By Theorem 2.1.1 (ii), the subset S(A, ι) is closed. Since qA : C∗max(A) → A
is completely isometric on µ(A), we have that ker qA ⊂ Sh(A,C∗max(A), µ). Then, Theorem
2.1.1 implies that S(C∗e(A), ε) ⊂ S(A, ι).

(⇐) As C is closed, by Theorem 2.1.1, C is the collection of all unitary equivalence classes
consisting of irreducible ∗-representations of C∗max(A) which vanish on some ideal J. Simi-
larly, the subset S(C∗e(A), ε) consists of all equivalence classes of irreducible ∗-representations
of C∗max(A) which vanish on the Shilov ideal Sh(A,C∗max(A), µ). As S(C∗e(A), ε) ⊂ C, we have
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that J ⊂ Sh(A,C∗max(A), µ) by Theorem 2.1.1. Let A = C∗max(A)/J and q : C∗max(A) → A
be the corresponding quotient map.

Let qe : C∗max(A) → C∗e(A) denote the corresponding quotient map that is completely
isometric on µ(A) and, in particular, with the property that ker qe = Sh(A,C∗max(A), µ).
As J ⊂ Sh(A,C∗max(A), µ), it follows that qe = Q ◦ q where Q : A → C∗e(A) is a surjective
∗-representation.

Define a representation of A by ι = q ◦µ. Note that Q ◦ ι = qe ◦µ and so the map ι must
be completely isometric. Furthermore,

C∗(ι(A)) = C∗(q ◦ µ(A)) = q(C∗(µ(A))) = A.

So (A, ι) is a C∗-cover of A and qA = q by uniqueness of the representation qA. Therefore C
is the collection of all unitary equivalence classes consisting of irreducible ∗-representations
which vanish on J = ker qA and moreover, C = S(A, ι).

It will be a consequence of the subsequent Proposition 3.1.2 that the C∗-cover obtained
in Theorem 3.1.1 is unique up to equivalence. Also, despite the conclusion of Theorem 3.1.1,
the relative topology of S(C∗e(A), ε) does not impose an obvious restriction regarding residual
finite-dimensionality of C∗-covers. In fact, there are operator algebras whose C∗-envelope
does not possess any finite-dimensional ∗-representations, while there exist other C∗-covers
which are RFD.

Example 3. Take a pair of isometries V,W ∈ B(H) satisfying V V ∗+WW ∗ = I and letM
be the unital subspace of B(H) generated by V and W . Form the unital operator algebra
A consisting of elements of the form[

λI T
0 µI

]
∈ B(H(2))

where λ, µ ∈ C and T ∈ M. We have that C∗e(A) ∼= M2(O2) where O2 denotes the Cuntz
algebra [26, Lemma 4.2]. In particular, C∗e(A) is a simple, infinite-dimensional C∗-algebra.
Consequently, the subset S(C∗e(A), ιenv) does not possess any equivalence classes of finite-
dimensional irreducible ∗-representations. On the other hand, C∗max(A) is RFD by [24,
Theorem 5.1].

As there can easily be many inequivalent C∗-covers of a fixed operator algebra, Theorem

3.1.1 indicates that the topology of ̂C∗max(A) is non-trivial. This is the case for even the
simplest choice of non self-adjoint algebra.

Example 4. Let T2 denote the algebra of upper-triangular 2 × 2 matrices. We show that
̂C∗max(T2) is not even Hausdorff. Let

M = {f ∈ C([0, 1],M2) : f(0) is a diagonal matrix}
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and let µ : T2 →M be defined by [
a b
0 c

]
7→
[
ax b

√
x

0 cx

]
where x ∈ [0, 1]. In [12, Example 2.4], it was shown that µ is completely isometric and that
(M, µ) is equivalent to the maximal C∗-cover of T2.

Let ι : T2 → M2 be the identity representation. As M2 is simple, (M2, ι) is the C∗-
envelope for T2. Let γξ : M → M2 denote evaluation at ξ ∈ (0, 1]. Observe that Theorem

3.1.1 implies that any closed subset of M̂ containing [γ1] determines the spectrum of a C∗-
cover for T2. Indeed γ1 ◦ µ = ι and then it is easy to see that S(M2, ι) = {[γ1]} as there is a
unique irreducible ∗-representation of M2.

Note that C([0, 1],M2) ∼= C([0, 1])⊗M2 is a liminal C∗-algebra [88, Theorem 2 (c)]. As a
result, M is also a liminal C∗-algebra [40, Proposition 4.2.4]. As M is unital, it follows that

all irreducible ∗-representations of M are finite-dimensional. Whence, M̂ is homeomorphic
to Prim(M) via the natural mapping [40, Proposition 3.1.6].

For f ∈M and j = 1, 2, define ηj(f) to be the (j, j)-entry of f(0). Then ηj : M→ C is
a character. Take a sequence of points (ξn)n≥1 ⊂ (0, 1] converging to 0. Let Jn = ker γξn and
for j = 1, 2, let Lj = ker ηj. Then, we see that

⋂∞
n=1 Jn ⊂ L1,L2. Therefore, L1 and L2 are

distinct accumulation points for the sequence (Jn)n≥1. In particular, M̂ is not Hausdorff.

The reader should compare the conclusion of Example 4 with the following classical
result of Kaplansky [59, Theorem 4.2]. Therein, it was shown that if all irreducible ∗-
representations of a C∗-algebra are finite-dimensional and of the same dimension, then the
spectrum is Hausdorff.

Now we showcase how the partial ordering on the C∗-covers of an operator algebra can
be completely understood by topological statements.

Proposition 3.1.2. Let A be an operator algebra and (A, ι), (B, j) be C∗-covers of A. Then,
the following statements are equivalent:

(i) S(A, ι) is a subset of S(B, j);

(ii) qA is weakly contained in qB;

(iii) (A, ι) � (B, j).

In particular, S(A, ι) = S(B, j) if and only if (A, ι) ∼ (B, j).

Proof. (i)⇒(ii): The assumption immediately implies that ker qB ⊂ ker qA by Theorem 2.1.1.
(ii)⇒(iii): Since qA is weakly contained in qB, there is a surjective ∗-representation q :

B→ A such that q ◦ qB = qA. We see that

q ◦ j = q ◦ qB ◦ µ = qA ◦ µ = ι.

Therefore (A, ι) � (B, j).
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(iii)⇒(i): Let q : B → A be a surjective ∗-representation such that q ◦ j = ι. As
q ◦ qB ◦ µ = ι, we have that q ◦ qB = qA. Take [π] ∈ S(A, ι) and let π be a representative for
[π]. Express π = σ ◦ qA where σ is an irreducible ∗-representation of A. Then π = (σ ◦ q)◦ qB
where σ ◦ q is an irreducible ∗-representation of B. So [π] ∈ S(B, j).

Next, we provide a refinement of Proposition 3.1.2. For this, we recall the complete
lattice structure of C∗-covers in [54, Section 2.1]. Let Cov(A) denote the collection of all
equivalence classes of C∗-covers for a fixed operator algebra A. Define a partial ordering �q
on Cov(A) by [(A, ι)] �q [(B, j)] if and only if (A, ι) � (B, j). For brevity, we will refer solely
to the ordering �. A complete lattice structure on Cov(A) is defined as follows. Let C =
{[(Aλ, ιλ)]} ⊂ Cov(A) be some collection. Then, sup C is the equivalence class [(C∗(ι(A)), ι)]
where ι =

⊕
λ ιλ. For each λ, let Jλ = ker qAλ and let J =

∑
λ Jλ be the norm closure of

the ideal generated by
⋃
λ Jλ. Then, inf C is the equivalence class [(C∗max(A)/J, q ◦µ)] where

q : C∗max(A) → C∗max(A)/J is the quotient map. To see that (C∗max(A)/J, q ◦ µ) defines a
C∗-cover of A, one can refer to [54, Theorem 2.1.11].

We show that Cov(A) is isomorphic to a complete lattice arising naturally from ̂C∗max(A).
To this end, consider

Q(A) :=
{
F ⊂ ̂C∗max(A) : F closed and containing S(C∗e(A), ιenv)

}
,

ordered by inclusion. Then, Q(A) is a complete lattice since, whenever D = {Fλ : λ ∈ Λ} is
a subset of Q(A), we may define inf D =

⋂
λ Fλ and supD =

⋃
λ Fλ.

Theorem 3.1.3. Let A be an operator algebra. Then, the mapping

Ω : Cov(A)→ Q(A), [(A, ι)] 7→ S(A, ι),

is an isomorphism of complete lattices.

Proof. The map Ω is a well-defined bijection by Theorem 3.1.1 and Proposition 3.1.2. We
will show that Ω respects (i) infima and (ii) suprema. Let C = {[(Aλ, ιλ)]} ⊂ Cov(A) be
some collection. Let π be an irreducible ∗-representation of C∗max(A) and, for each λ, let
Jλ = ker qAλ .

(i) Set J =
∑

λ Jλ and let q : C∗max(A) → C∗max(A)/J be the corresponding quotient
map. Observe that S(C∗max(A)/J, q ◦ µ) consists of the equivalence classes of irreducible
∗-representations of C∗max(A) which vanish on J. As π vanishes on J if and only if π vanishes
on each Jλ, we conclude that

S(C∗max(A)/J, q ◦ µ) =
⋂
λ

S(Aλ, ιλ).

(ii) Let ι =
⊕

λ ιλ and A = C∗(ι(A)). We show that

S(A, ι) =
⋃
λ

S(Aλ, ιλ). (3.1)
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Suppose that π = σ ◦ qAλ for some λ and some irreducible ∗-representation σ of Aλ. As
A ⊂

∏
µAµ, we have a ∗-representation γλ : A → Aλ given by the projection mapping.

Moreover,
γλ(A) = C∗((γλ ◦ ι)(A)) = C∗(ιλ(A)) = Aλ

and so, γλ is surjective. So, σ ◦ γλ is an irreducible ∗-representation of A with the property
that

σ ◦ γλ ◦ qA ◦ µ = σ ◦ γλ ◦ ι = σ ◦ ιλ = σ ◦ qAλ ◦ µ = π ◦ µ.

So π = σ ◦γλ ◦ qA. Hence, S(Aλ, ιλ) ⊂ S(A, ι). By Theorem 3.1.1, S(A, ι) is closed and thus,
we have that

⋃
λ S(Aλ, ιλ) ⊂ S(A, ι).

Conversely, by Theorem 3.1.1, there is a C∗-cover (B, j) of A such that S(B, j) =⋃
λ S(Aλ, ιλ). For each λ, Proposition 3.1.2 implies that there is a surjective ∗-representation

βλ : B→ Aλ satisfying βλ ◦ j = ιλ. Let β =
⊕

λ βλ. Then β is a ∗-representation satisfying
β ◦ j = ι. So

β(B) = β(C∗(j(A))) = C∗(β ◦ j(A)) = A

and we have that (A, ι) � (B, j). By Proposition 3.1.2, we have that S(A, ι) ⊂ S(B, j). So
equation (3.1) holds.

We remark that Humeniuk-Ramsey [58] have further developed the structure of the com-
plete lattice Cov(A). In particular, they extrapolated various ways that the lattice structure
for Cov(A) fails to classify A up to complete isometric isomorphism.

As the representations of A are in one-to-one correspondence with the ∗-representations
of C∗max(A), it is feasible to identify the spectrum of A as the spectrum of the maximal
C∗-cover. However, it is unclear to what degree one can identify the topology at the level of
the operator algebra. To close this section, we provide a partial answer to this question.

Let A be an operator algebra. If π : A → B(Hπ) and ρ : A → B(Hρ) are representations,
then π and ρ are approximately unitarily equivalent if

lim
λ
‖U∗λρ(a)Uλ − π(a)‖ = 0, a ∈ A,

where Uλ : Hπ → Hρ, λ ∈ Λ, is a net of unitary operators.
By [40, Corollary 4.1.10] and [34, Corollary 2.5.6], it is easily seen that irreducible ∗-

representations of a separable C∗-algebra are weakly equivalent if and only if they are approx-
imately unitarily equivalent. Hence, two equivalence classes of irreducible ∗-representations
possess the same closure precisely when they are approximately unitarily equivalent. There-
fore, due to the subsequent proposition, the spectrum of a separable operator algebra A can

be identified with ̂C∗max(A) pointwise.

Proposition 3.1.4. Let A be an operator algebra and let (C∗max(A), µ) denote the maximal
C∗-cover of A. Let π and ρ be representations of A and let θπ, θρ be ∗-representations of
C∗max(A) satisfying θπ ◦ µ = π and θρ ◦ µ = ρ. Then, π and ρ are approximately unitarily
equivalent if and only if θπ and θρ are approximately unitarily equivalent.

27



Proof. (⇒) Suppose that

π(a) = lim
λ
U∗λρ(a)Uλ, a ∈ A,

where Uλ : Hπ → Hρ, λ ∈ Λ, is a net of unitaries. So

θπ(µ(a)) = lim
λ
U∗λθρ(µ(a))Uλ, a ∈ A.

As addition, multiplication and the adjoint are continuous in the norm topology, we infer
that

θπ(w) = lim
λ
U∗λθρ(w)Uλ

for each w ∈ C∗max(A) which lies in the linear span of words in µ(A) ∪ µ(A)∗. This set is
dense in C∗max(A) and so θπ is approximately unitarily equivalent to θρ.

(⇐) Suppose that

θπ(t) = lim
λ
U∗λθρ(t)Uλ, t ∈ C∗max(A),

where Uλ : Hπ → Hρ is a net of unitaries. In particular, for each a ∈ A,

π(a) = θπ(µ(a)) = lim
λ
U∗λθρ(µ(a))Uλ = lim

λ
U∗λρ(a)Uλ.

So π and ρ are approximately unitarily equivalent.

In spite of Proposition 3.1.4, it is non-trivial whether one can make a similar statement

involving weak containment, which determines the topology on ̂C∗max(A). Indeed, if one
were to define weak containment of representations of A (in any of the equivalent forms
presented in Subsection 2.1.1), then it is not true that this is equivalent to weak containment
of the respective lifts to C∗max(A). This can be seen by taking two completely isometric
representations of an operator algebra which induce inequivalent C∗-covers.
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3.2 The RFD-Maximal C∗-cover

Fix an RFD operator algebra A. Recall that a C∗-cover (A, ι) is RFD if A is an RFD C∗-
algebra. Note that residual finite-dimensionality is preserved under equivalence of C∗-covers.
Our goal in this section is to analyze the largest RFD C∗-cover of A in the ordering among all
C∗-covers of A. We refer to this C∗-cover as the RFD-maximal C∗-cover of A. It is unclear
what likeness the RFD-maximal C∗-cover might have to the maximal C∗-cover. Whenever
the Clouâtre–Ramsey conjecture has an affirmative answer, then the RFD-maximal C∗-cover
inherits all possible characteristics of the maximal C∗-cover. This will be the motivation
behind the material found within Subsection 3.2.3.

We outline our procedure in this section. First we show that the RFD-maximal C∗-cover
of an RFD operator algebra always exists (Theorem 3.2.2). Following this, in Theorem 3.2.4,
we identify the spectrum of the RFD-maximal C∗-cover through spectral data of the maximal
C∗-cover. In Theorem 3.2.6, we provide a concrete representation of the RFD-maximal C∗-
cover which is akin to the classical construction of the maximal C∗-cover. This naturally
endows the RFD-maximal C∗-cover with a certain universal property among RFD C∗-covers.
Ending this section, we provide two instances in which the RFD-maximal C∗-cover shares
commonality with the maximal C∗-cover (Theorems 3.2.10 and 3.2.11).

3.2.1 Abstract Characterization

To determine the RFD-maximal C∗-cover, we require an observation on how residual finite-
dimensionality is affected in Cov(A).

Lemma 3.2.1. Let A be an operator algebra and R = {[(Aλ, ιλ)]} ⊂ Cov(A) be some
collection of RFD C∗-covers. Then, supR is an RFD C∗-cover.

Proof. Letting ι =
⊕

λ ιλ, we have that supR = [(C∗(ι(A)), ι)] and

C∗(ι(A)) ⊂
∏
λ

Aλ.

As each Aλ is an RFD C∗-algebra, C∗(ι(A)) is RFD as well. So, supR is RFD as desired.

As an immediate consequence, we may deduce the existence of the RFD-maximal C∗-
cover:

Theorem 3.2.2. Let A be an RFD operator algebra and

R = {[(A, ι)] ∈ Cov(A) : A is RFD}.

Then, there is a unique equivalence class of C∗-covers [(R(A), µr)] ∈ R which is maximal
for R.

Proof. As A is RFD, there is an RFD C∗-cover and so R is non-empty. Then, by Lemma
3.2.1, supR both lies in R and defines a (necessarily unique) equivalence class of C∗-covers
for A.
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Throughout, we will let (R(A), µr) denote the RFD-maximal C∗-cover of an RFD oper-
ator algebra A. Since the RFD-maximal C∗-cover is unique up to equivalence of C∗-covers,
we will frequently fix a representative of [(R(A), µr)], as with the maximal and minimal
C∗-covers. Later, we will derive some explicit representations of this C∗-cover. Addition-
ally, we remark that, since publication of [85], Humeniuk-Katsoulis-Ramsey [57, Section 3]
have constructed a similar C∗-cover that is maximal among another well-studied family of
C∗-covers.

Now, we start by highlighting the connection that (R(A), µr) has to the conjecture of
Clouâtre and Ramsey:

Corollary 3.2.3. Let A be an operator algebra. Then, C∗max(A) is an RFD C∗-algebra if
and only if (R(A), µr) ∼ (C∗max(A), µ).

Proof. (⇒) When C∗max(A) is RFD, A is RFD itself. By Theorem 3.2.2, we have that the
RFD-maximal C∗-cover for A exists. Also, we have that (C∗max(A), µ) � (R(A), µr) as
C∗max(A) is RFD. However, as the maximal C∗-cover is maximal in the ordering, we have
(R(A), µr) � (C∗max(A), µ).

(⇐) If (R(A), µr) ∼ (C∗max(A), µ), then there is a ∗-isomorphism π : R(A)→ C∗max(A).
Since R(A) is an RFD C∗-algebra, so is C∗max(A).

We also record an example of Hartz [55] which demonstrates that (R(A), µr) is not always
equal to the maximal C∗-cover. We will present some of the inner-workings of this example
in future sections.

Example 5. Let A(D) ⊂ C(D) denote the disc algebra. Since C∗e(A(D)) = C(T), we may
view the disc algebra (completely isometrically) as a subalgebra of C(T). Form an operator
algebra

B =

{[
f 0
h g

]
∈M2(C(T)) : f, g ∈ A(D), h ∈ C(T)

}
.

Then, C∗max(B) is not RFD by [55, Corollary 1.4] and hence, (R(B), µr) is not the maximal
C∗-cover by Corollary 3.2.3.

Next, we provide some defining properties for the RFD-maximal C∗-cover of an operator
algebra. This is achieved by analyzing the spectrum of the maximal C∗-cover. Here, we
identify a dense subset of the spectrum of the RFD-maximal C∗-cover. This is very natural
when utilizing Proposition 3.1.2: the RFD-maximal C∗-cover is the largest RFD C∗-cover of
A, both under the ordering of C∗-covers and under inclusion of the closed subsets S(A, ι)
where (A, ι) is an RFD C∗-cover of A.

Theorem 3.2.4. Let A be an RFD operator algebra and let (C∗max(A), µ), (R(A), µr) denote
the maximal and RFD-maximal C∗-covers of A, respectively. Let q : C∗max(A) → R(A)
denote the unique surjective ∗-representation satisfying q ◦ µ = µr and let J = ker q. Then,
the following statements hold:
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(i) S(R(A), µr) is the closure of all equivalence classes which consist of finite-dimensional
irreducible ∗-representations of C∗max(A);

(ii) J does not possess any finite-dimensional ∗-representations;

(iii) S(R(A), µr) is the unique maximal closed subset of ̂C∗max(A) possessing a dense subset
of equivalence classes of finite-dimensional irreducible ∗-representations.

Proof. (i): In Theorem 2.1.1 (iii), it is straightforward to see that the homeomorphism pro-
duces a bijection between equivalence classes of finite-dimensional ∗-representations. Hence,
by Theorem 2.1.2, a C∗-cover (A, ι) of A is RFD if and only if there is a dense subset of
equivalence classes in S(A, ι) consisting of finite-dimensional ∗-representations.

Let F ⊂ ̂C∗max(A) be the closure of all equivalence classes of finite-dimensional irreducible
∗-representations. As A is RFD, we have that F contains S(C∗e(A), ιenv). Indeed, if (A, ι)
is an RFD C∗-cover, then S(A, ι) contains S(C∗e(A), ιenv) and possesses a dense subset of
equivalence classes consisting of finite-dimensional ∗-representations. By Theorem 3.1.1,
there is a C∗-cover (A, ι) such that S(A, ι) = F. Note that F is the largest closed subset of
̂C∗max(A) containing a dense subset of equivalence classes of finite-dimensional irreducible ∗-

representations. By Theorem 3.1.3, (A, ι) is the largest RFD C∗-cover up to equivalence. By
Theorem 3.2.2, we have that (A, ι) ∼ (R(A), µr). Whence, S(R(A), µr) = F by Proposition
3.1.2.

(ii): Let π be a finite-dimensional irreducible ∗-representation of J. As J is an ideal of
C∗max(A), we may extend π to a finite-dimensional irreducible ∗-representation of C∗max(A),
still denoted π. As π |J is non-zero, we see that [π] /∈ S(R(A), µr), a contradiction by (i).

(iii): This is obvious by (i).

Using the language of Section 3.1, we may view Theorem 3.2.4 (iii) as the topological
counterpart to the order-theoretic statement of Theorem 3.2.2. We highlight an additional
consequence that allows for a clear identification of the RFD-maximal C∗-cover:

Corollary 3.2.5. Let A be an RFD operator algebra and (A, ι) be a C∗-cover for A. Then,
the following statements are equivalent.

(i) We have that (A, ι) ∼ (R(A), µr).

(ii) We have that (A, ι) is RFD and [σ] ∈ S(A, ι) whenever [σ] ∈ ̂C∗max(A) is an equivalence
class consisting of finite-dimensional ∗-representations.

Proof. (i)⇒(ii): This follows by Theorem 3.2.4 (i).
(ii)⇒(i): Since A is an RFD C∗-algebra, we have that (A, ι) � (R(A), µr). By Proposition

3.1.2, we have that S(A, ι) ⊂ S(R(A), µr). By Theorem 3.1.1 and Theorem 3.2.4 (i), we see
that S(R(A), µr) ⊂ S(A, ι). Hence, (A, ι) ∼ (R(A), µr) by Proposition 3.1.2.
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3.2.2 Concrete Characterization

In this subsection, we exhibit an explicit identification of the RFD-maximal C∗-cover. The
maximal C∗-cover can be constructed in a concrete way [13, Proposition 2.4.2] and this is
a common method of proving existence. We show that the RFD-maximal C∗-cover can be
constructed through analogous methods.

Theorem 3.2.6. Let A be an RFD operator algebra. Then, there is an RFD C∗-cover (Q, ι)
of A with the following properties.

(i) For any representation ρ : A → B(Hρ) on a finite-dimensional Hilbert space, there is
a unique ∗-representation θ : Q→ B(Hρ) such that θ ◦ ι = ρ.

(ii) The C∗-cover (Q, ι) is minimal among all C∗-covers of A which satisfy (i).

(iii) We have that (Q, ι) ∼ (R(A), µr).

Proof. (i): Let F be the set of representations {ρ : A → Mr | r ∈ N}. As A is RFD,
the map ι =

⊕
ρ∈F ρ defines a completely isometric representation of A on a Hilbert space

H =
⊕

ρ∈F Crρ . Letting Q = C∗(ι(A)), we see that Q is an RFD C∗-algebra and that (Q, ι)
is a C∗-cover of A.

Let ρ : A → B(Hρ) denote a representation of A on a finite-dimensional Hilbert space.
Then there is some rχ ∈ N and a unitary operator U : Crχ → Hρ such that χ = U∗ρ(·)U ∈ F .
By construction of Q, we obtain a ∗-representation π : Q→Mrχ defined by

π(T ) = PCrχT |Crχ .

Then, this dictates that

(π ◦ ι)(a) = χ(a) = U∗ρ(a)U, a ∈ A.

Taking θ = Uπ(·)U∗ : Q → B(Hρ), we see θ is a finite-dimensional ∗-representation such
that θ ◦ ι = ρ.

For uniqueness of the map θ, suppose that θ and τ are ∗-representations of Q such that
θ ◦ ι = ρ = τ ◦ ι. As τ and θ are ∗-representations which agree on ι(A), we infer that τ and
θ agree on the linear span of words in ι(A)∪ ι(A)∗. This latter set is dense within Q and so
θ = τ .

(ii): Suppose that (A, j) is a C∗-cover of A such that every representation of A on a
finite-dimensional Hilbert space lifts to A. For each ρ ∈ F , we obtain a ∗-representation
θρ : A→ B(Hρ) such that θρ ◦ j = ρ. In particular, we have that

ι =
⊕
ρ∈F

ρ =
⊕
ρ∈F

θρ ◦ j.

Then, Θ =
⊕

ρ∈F θρ is a ∗-representation of A such that Θ ◦ j = ι. We see that

Θ(A) = Θ(C∗(j(A))) = C∗((Θ ◦ j)(A)) = C∗(ι(A)) = Q
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and so (Q, ι) � (A, j) as desired.
(iii): Since Q is an RFD C∗-algebra, we show that the conditions in Corollary 3.2.5 hold.

To this end, let π : C∗max(A) → B(Hπ) be a finite-dimensional irreducible ∗-representation.
Then π ◦µ is a representation of A on a finite-dimensional Hilbert space. Hence, there exists
a ∗-representation θ : Q→ B(Hπ) such that θ ◦ ι = π ◦ µ. So, θ ◦ qQ is a ∗-representation of
C∗max(A) satisfying

θ ◦ qQ ◦ µ = θ ◦ ι = π ◦ µ.

We may conclude that θ ◦ qQ = π and so [π] ∈ S(Q, ι) as desired.

Remark 3.2.7. If A is a unital RFD operator algebra, then a slight modification to the
proof of Theorem 3.2.6 shows that the embedding ι can taken to be unital. In turn, the
universal property of Theorem 3.2.6 is equivalent to the following: for any unital completely
contractive representation ρ : A → B(Hρ) on a finite-dimensional Hilbert space, there is a
unique (unital) ∗-representation θ : Q→ B(Hρ) such that θ ◦ ι = ρ.

3.2.3 Preservation of Algebraic Properties

We conclude this section by supplying a few instances in which the RFD-maximal C∗-cover
is similar to the traditional maximal C∗-cover.

The maximal C∗-cover of an operator algebra is known to preserve certain algebraic
constructions. For example, see [12, Proposition 2.2], [13, 2.4.3], [24, Theorem 5.2], [45,
Theorem 4.1]. Here, we show that the RFD-maximal C∗-cover preserves a few of the same
algebraic constructions (Theorems 3.2.10 and 3.2.11). Due to Example 5, this allows us to
construct additional counterexamples to the conjecture of Clouâtre and Ramsey. First we
address a minor, albeit worthwhile, point.

Proposition 3.2.8. Let A be a non-unital RFD operator algebra and let Ã denote the
unitization of A. Let (R(Ã), µr1) be the RFD-maximal C∗-cover of Ã and let (R(A), µr)
be the RFD-maximal C∗-cover of A. If ι = µr1 |A and A = C∗(ι(A)), then we have that
(A, ι) ∼ (R(A), µr).

Proof. First note that A is an RFD C∗-algebra. Let ρ : A → B(H) be a representation of

A on a finite-dimensional Hilbert space. Let ρ+ : Ã → B(H) be the unital representation

which extends ρ. By Theorem 3.2.6, there is a ∗-representation θ : R(Ã) → B(H) such
that θ ◦ µr1 = ρ+. Then σ := θ |A is a ∗-representation of A such that σ ◦ ι = ρ. So
(A, ι) ∼ (R(A), µr) by Theorem 3.2.6.

We proceed with a technical fact which will aid in our derivations for the remainder
of this subsection. The following roughly states that if all finite-dimensional irreducible ∗-
representations of an isomorphic copy of the maximal C∗-cover factor through a fixed RFD
C∗-cover, then this RFD C∗-cover is isomorphic to the RFD-maximal C∗-cover.
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Lemma 3.2.9. Let A be an RFD operator algebra. Suppose (R, µ̂r) and (M, µ̂) are C∗-
covers of A where (R, µ̂r) � (M, µ̂) and M ∼= C∗max(A). Let q : M → R be the surjective
∗-representation satisfying q ◦ µ̂ = µ̂r. If every finite-dimensional ∗-representation π of M
is of the form π = σ ◦ q for some ∗-representation σ of R, then R ∼= R(A).

Proof. Let Fmax ⊂ ̂C∗max(A) and FM ⊂ M̂ denote the unitary equivalence classes of finite-
dimensional ∗-representations in the respective spectra. Let χ : C∗max(A) → M be a ∗-
isomorphism. Then the mapping

M̂→ ̂C∗max(A), [β] 7→ [β ◦ χ],

is a homeomorphism which maps FM bijectively onto Fmax. Let F ′M be a set of irreducible
∗-representations of M such that FM = {[β] : β ∈ F ′M}. Then F ′max = {β ◦ χ : β ∈ F ′M} is a
complete system of representatives for Fmax.

For each β ∈ F ′M, there is an irreducible ∗-representation βR of R satisfying β = βR ◦ q.
Conversely, if σ is a finite-dimensional irreducible ∗-representation of R, then σ◦q is unitarily
equivalent to an element of F ′M. Whence, σ is unitarily equivalent to βR for some β ∈ F ′M. So

{[βR] ∈ R̂ : β ∈ F ′M} is the collection of all unitary equivalence classes of finite-dimensional
irreducible ∗-representations of R. As R is an RFD C∗-algebra,

R ∼=

⊕
β∈F ′M

βR

 (R) =

⊕
β∈F ′M

β

 (M).

For each β ∈ F ′M, we have that [β ◦ χ] ∈ Fmax. Conversely, if σ is a finite-dimensional
irreducible ∗-representation of C∗max(A), then σ is unitarily equivalent to β ◦ χ for some
β ∈ F ′M. By Theorem 2.1.2 (ii), the collection of unitary equivalence classes of irreducible

finite-dimensional ∗-representations in R̂(A) is dense. By Theorem 2.1.1 (iii), we see that

the homeomorphism S(R(A), µr) → R̂(A) maps equivalence classes of finite-dimensional
∗-representations bijectively onto themselves. In turn, we may infer that

R(A) ∼=

 ⊕
θ∈F ′max

θ

 (C∗max(A)).

Then,  ⊕
θ∈F ′max

θ

 (C∗max(A)) =

⊕
β∈F ′M

β ◦ χ

 (C∗max(A)) =

⊕
β∈F ′M

β

 (M) ∼= R.
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Our first consequence will pertain to countable direct sums of operator algebras. For
unital operator algebras An, n ∈ N, define

A =
∞⊕
n=1

An =

{
(an) ∈

∞∏
n=1

An : lim
n→∞
‖an‖ = 0

}
.

In [24, Theorem 5.2], it was shown that

C∗max(A) ∼=
∞⊕
n=1

C∗max(An).

We show the RFD-maximal C∗-cover shares this property.

Theorem 3.2.10. For each n ∈ N, let An be a unital RFD operator algebra and let A =⊕∞
n=1An. Then, R(A) ∼=

⊕∞
n=1 R(An).

Proof. For each n ∈ N, let µn and µrn denote the completely isometric representations of An
into C∗max(An) and R(An), respectively. Moreover, let qn : C∗max(An) → R(An) denote the
surjective ∗-representation satisfying qn ◦ µn = µrn and

R =
∞⊕
n=1

R(An), M =
∞⊕
n=1

C∗max(An).

For n ∈ N, let ιn : C∗max(An)→M denote the obvious embedding. We verify the conditions
of Lemma 3.2.9.

First note that R is an RFD C∗-algebra. Define completely isometric representations of
A by

µ̂r : (an)n≥1 7→ (µrn(an))n≥1, µ̂ : (an)n≥1 7→ (µn(an))n≥1.

We show that C∗(µ̂(A)) = M. It is clear that C∗(µ̂(A)) ⊂ M. For the reverse inclusion,
note that

ιn(C∗max(An)) ⊂ C∗(µ̂(A)), n ∈ N.

Upon taking finite sums,

m⊕
n=1

C∗max(An)⊕ 0 ⊂ C∗(µ̂(A)), m ∈ N.

For t = (tn)n≥1 ∈M, we let

s(m) = (t1, t2, . . . , tm, 0, 0, . . .) ∈ C∗(µ̂(A)), m ∈ N.

As ‖tn‖ tends to 0, it follows that s(m) converges to t in the norm topology of M. Whence,
we have that t ∈ C∗(µ̂(A)). Therefore M = C∗(µ̂(A)). Similarly, we may establish that
R = C∗(µ̂r(A)).
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Define a ∗-representation Q : M → R by Q((tn)) = (qn(tn)). Note that Q ◦ µ̂ = µ̂r. In
particular, Q is surjective as

Q(M) = Q(C∗(µ̂(A))) = C∗(Q ◦ µ̂(A)) = C∗(µ̂r(A)) = R.

Therefore (R, µ̂r) and (M, µ̂) are C∗-covers for A such that (R, µ̂r) � (M, µ̂).
Let π : M → B(Hπ) be an irreducible finite-dimensional ∗-representation. Let n ∈ N

and note that the C∗-algebra ιn(C∗max(An)) is an ideal of M. Hence, the representation
π |ιn(C∗max(An)) is either identically zero or irreducible (Subsection 2.1.1). In particular, π ◦ ιn
is either identically zero or an irreducible ∗-representation of C∗max(An). In the latter case,
Theorem 3.2.4 yields that π ◦ ιn = σn ◦ qn where σn is a finite-dimensional irreducible ∗-
representation of R(An). In the former case, one can take σn to be the zero representation
in order to establish that π ◦ ιn = σn ◦ qn.

For each n ∈ N, let Jn = ker qn ⊂ C∗max(An). Then, J =
⊕∞

n=1 Jn = kerQ is a closed
two-sided ideal of M. Let t = (tn)n≥1 ∈ J and

s(m) = (t1, t2, . . . , tm, 0, 0, . . .), m ∈ N.

Then

π(t) = lim
m→∞

π(s(m))

= lim
m→∞

m∑
n=1

(π ◦ ιn)(tn)

= lim
m→∞

m∑
n=1

(σn ◦ qn)(tn) = 0

as tn ∈ Jn = ker qn for each n ∈ N. So π vanishes on J. Whence, π = σ ◦ Q where σ is a
finite-dimensional ∗-representation of R. By [24, Theorem 5.2], we have that C∗max(A) ∼= M.
Hence, Lemma 3.2.9 yields that R ∼= R(A).

Next, we provide a similar statement for free products of operator algebras. Given unital
operator algebras A and B, the free product of A and B, denoted A∗B, is the unique operator
algebra satisfying the following universal property:

(i) there exist unital completely isometric representations ι : A → A∗B and j : B → A∗B
such that ι(A), j(B) generate A∗B and if π : A → C and θ : B → C are representations
into a common operator algebra C, then there exists a unique representation π ∗ θ :
A ∗ B → C such that (π ∗ θ) ◦ ι = π and (π ∗ θ) ◦ j = θ.

In the self-adjoint setting, this coincides with the usual notion of free products for C∗-
algebras. In [14, Theorem 4.1], it was shown that such an object exists for any pair of unital
operator algebras. Moreover, the norm of X ∈Mn(A ∗ B) may be defined by

‖X‖ = inf{‖X1‖‖X2‖ . . . ‖Xk‖} (3.2)

where the infimum is over all expressions X = X1X2 . . . Xk where X1 is an n ×m1 matrix
in ι(A), X2 is an m1 ×m2 matrix in j(B), X3 is an m2 ×m3 matrix in ι(A), etc.
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Theorem 3.2.11. Let A,B be unital RFD operator algebras. Then, R(A∗B) ∼= R(A)∗R(B).

Proof. Let (C∗max(A), µA) and (R(A), µrA) denote the maximal and RFD-maximal C∗-covers
of A, respectively. Let qA : C∗max(A) → R(A) be the surjective unital ∗-representation
satisfying qA ◦ µA = µrA . Let rA : R(A) → R(A) ∗R(B) and mA : C∗max(A) → C∗max(A) ∗
C∗max(B) be the usual unital isometric ∗-representations. Let ιA : A → A ∗ B be the unital
completely isometric map given in (i). Define representations of B and ∗-representations of
C∗max(B) and R(B), denoted µB, µrB , qB, rB,mB and ιB, in an analogous way.

We check the conditions of Lemma 3.2.9. First note that R(A) ∗ R(B) is an RFD C∗-
algebra by [46, Theorem 3.2] and that C∗max(A∗B) ∼= C∗max(A)∗C∗max(B) by [12, Proposition
2.2]. Take

q = (rA ◦ qA) ∗ (rB ◦ qB) : C∗max(A) ∗ C∗max(B)→ R(A) ∗R(B).

Then q is a surjective unital ∗-representation. Indeed, as qA and qB are surjective, we have
that

rA(R(A)) ∪ rB(R(B)) ⊂ q(C∗max(A) ∗ C∗max(B)).

The former set generates R(A) ∗R(B) and so q is surjective.
Define a representation

µ∗ = (mA ◦ µA) ∗ (mB ◦ µB) : A ∗ B → C∗max(A) ∗ C∗max(B).

Note that µ∗◦ιA = mA◦µA and µ∗◦ιB = mB◦µB are completely isometric. By [42, Proposition
4.3], we have that µ∗(A ∗ B) ∼= (mA ◦ µA)(A) ∗ (mB ◦ µB)(B). Thus, for X ∈Mr(A ∗ B), we
have that

‖µ∗(X)‖ = inf{‖Y1‖ . . . ‖Yk‖ : µ∗(X) = Y1 . . . Yk}
= inf{‖X1‖ . . . ‖Xm‖ : X = X1 . . . Xm} = ‖X‖

where Y1 ∈ Mr,r1((mA ◦ µA)(A)), Y2 ∈ Mr1,r2((mB ◦ µB)(B)), . . . Yk ∈ Mrk−1,r((mA ◦ µA)(A))
and, likewise, we have that X1 ∈ Mr,r1(A), X2 ∈ Mr1,r2(B) . . . , Xm ∈ Mrm−1,r(A). So, µ∗ is
completely isometric.

Similarly, the map

µr∗ = (rA ◦ µrA) ∗ (rB ◦ µrB) : A ∗ B → R(A) ∗R(B)

is also a completely isometric representation. Next, note that C∗(µ∗(A ∗ B)) = C∗max(A) ∗
C∗max(B): Indeed, by definition of µ∗, we see that

C∗(µ∗ ◦ ιA(A)) = C∗(mA ◦ µA(A)) = mA(C∗max(A)) ⊂ C∗(µ∗(A ∗ B)).

Similarly, we obtain that mB(C∗max(B)) ⊂ C∗(µ∗(A ∗ B)). Therefore

C∗(µ∗(A ∗ B)) = C∗max(A) ∗ C∗max(B).

Observe that
q ◦ µ∗ ◦ ιA = q ◦mA ◦ µA = rA ◦ qA ◦ µA = rA ◦ µrA .
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Similarly, we obtain q ◦ µ∗ ◦ ιB = rB ◦ µrB . By the universal property of the free product, we
have that q ◦ µ∗ = µr∗ . Whence,

C∗(µr∗(A ∗ B)) = q(C∗(µ∗(A ∗ B))) = q(C∗max(A) ∗ C∗max(B)) = R(A) ∗R(B).

So (R(A) ∗R(B), µr∗) � (C∗max(A) ∗ C∗max(B), µ∗).
Let π : C∗max(A)∗C∗max(B)→ B(Hπ) be a finite-dimensional irreducible ∗-representation.

By considering σA := π ◦mA and σB := π ◦mB, uniqueness in the universal property of the
free product dictates that π = σA ∗ σB. By Theorem 3.2.4 (i), there are ∗-representations
σ̂A : R(A) → B(Hπ) and σ̂B : R(B) → B(Hπ) such that σ̂A ◦ qA = σA and σ̂B ◦ qB = σB.
Define a ∗-representation of R(A) ∗R(B) by Π = σ̂A ∗ σ̂B. Observe that

Π ◦ q ◦mA = Π ◦ rA ◦ qA = σ̂A ◦ qA = σA

and similarly, Π ◦ q ◦mB = σB. So Π ◦ q = π. Therefore, by Lemma 3.2.9, we obtain that
R(A ∗ B) ∼= R(A) ∗R(B).
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3.3 Residually Finite-Dimensional Representations

In this section, we pursue a finer characterization of the RFD-maximal C∗-cover. Indeed,
Theorem 3.2.4 only characterized the RFD-maximal C∗-cover up to a dense subset of repre-
sentations. Now we uncover a wider class of representations by taking appropriate pointwise
limits of representations. We can identify this wider class of ∗-representations with the so-
called ∗-RFD representations of the operator algebra (Theorem 3.3.4). Alongside our analysis
for ∗-RFD representations, we also consider a seemingly more general class of representations
for A, called RFD representations, and ask whether these two classes coincide.

Accordingly, the following two definitions are central to this section. A representation
ρ : A → B(H) is residually finite-dimensional (or RFD) if there is a net of representations
ρλ : A → B(H) such that C∗(ρλ(A))H is finite-dimensional for each λ and

sot lim
λ
ρλ(a) = ρ(a), a ∈ A.

We call the representation ∗-residually finite-dimensional (or ∗-RFD) if we further impose
that

sot lim
λ
ρλ(a)∗ = ρ(a)∗, a ∈ A.

In other words, ρ is RFD (respectively, ∗-RFD) if it is the point-strong limit (or point-
strong∗ limit) of certain finite-dimensional representations of the operator algebra. These
two concepts were introduced in [21] using different terminology.

In the self-adjoint setting, RFD and ∗-RFD representations coincide and agree with
the notion of a residually finite-dimensional ∗-representation (as introduced in Subsection
2.1.2). We warn the reader that these refer to three different notions. An RFD or ∗-RFD
representation refers to a possibly non self-adjoint setting. On the other hand, an RFD
∗-representation refers to the self-adjoint setting.

First, we remark that residual finite-dimensionality of an operator algebra is equivalent
to the algebra possessing either an RFD or ∗-RFD embedding:

Proposition 3.3.1. Let A be an operator algebra. Then, the following statements are equiv-
alent:

(i) A is RFD;

(ii) there exists a completely isometric ∗-RFD representation of A;

(iii) there exists a completely isometric RFD representation of A.

Proof. (i)⇒(ii): Let ι : A →
∏

λMrλ be a completely isometric representation. For each
λ, let γλ : C∗(ι(A)) → Mrλ denote the projection mapping. Then the representation j :=⊕

λ γλ ◦ ι is completely isometric. Moreover, since γλ ◦ ι is ∗-RFD for every λ, it follows that
j is ∗-RFD by [21, Lemma 2.2].

(ii)⇒(iii): Obvious.
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(iii)⇒(i): Let ι : A → B(H) be a completely isometric RFD representation. Then
there is a net of representations πλ : A → B(H), λ ∈ Λ, such that C∗(πλ(A))H is finite-
dimensional and πλ(a) converges strongly to ι(a) for each a ∈ A. For each λ, we may find a
positive integer rλ and a unitary operator Uλ : C∗(πλ(A))H → Crλ . Then

⊕
λ Uλπλ(·)U∗λ is

a completely isometric representation of A.

For the remainder of this section, we will be concerned with two C∗-covers of an RFD
operator algebra. This is similar to the concrete representation of the RFD-maximal C∗-cover
but we require extra machinery to account for set-theoretic technicalities. This process can
be seen in the classical construction of the maximal C∗-cover [13, Proposition 2.4.2]. Our
notation will be consistent throughout.

Let A be an RFD operator algebra. Suppose that the cardinality of A is less than or
equal to a cardinal κ satisfying κℵ0 = κ. For each cardinal α ≤ κ, fix a Hilbert space Hα

of dimension α. In particular, Hn will denote an n-dimensional Hilbert space for n ∈ N.
Let F denote the set of all representations {ρ : A → B(Hα) | α ≤ κ, ρ RFD}. Define
a representation µrs =

⊕
ρ∈F ρ. Necessarily, κ is infinite. In particular, F contains a

representative from each unitary equivalence class consisting of representations of A which
act on a finite-dimensional Hilbert space. Thus, as A is RFD, µrs is completely isometric.
Letting Rs(A) = C∗(µrs(A)), we see that (Rs(A), µrs) is a C∗-cover of A.

Similarly, let G denote the set of all representations {ρ : A → B(Hα) | α ≤ κ, ρ ∗-RFD}.
Define a representation µr∗s =

⊕
ρ∈G ρ. Similarly, the map µr∗s is completely isometric.

Letting R∗s(A) = C∗(µr∗s(A)), we have that (R∗s(A), µr∗s) is a C∗-cover of A.
It is not immediately clear whether either of the C∗-covers, (Rs(A), µrs) or (R∗s(A), µr∗s),

are RFD. We will work towards showing that the latter is in fact RFD. Due to the succeeding
Lemma 3.3.2, this will imply that the C∗-cover (R∗s(A), µr∗s) is equivalent to the RFD-
maximal C∗-cover.

Lemma 3.3.2. Let A be an RFD operator algebra and let (R(A), µr) denote the RFD-
maximal C∗-cover of A. Then, we have that (R(A), µr) � (R∗s(A), µr∗s) � (Rs(A), µrs).

Proof. Note that the subsets F and G defined above satisfy G ⊂ F . Whence, there
is a natural projection mapping Θ : Rs(A) → R∗s(A) such that Θ ◦ µrs = µr∗s . So
(R∗s(A), µr∗s) � (Rs(A), µrs).

To show that (R(A), µr) � (R∗s(A), µr∗s), we use minimality of Theorem 3.2.6. Let
ρ : A → B(Hρ) be a representation of A on a finite-dimensional Hilbert space. Then, there
is n ∈ N and a unitary operator Uρ : Hn → Hρ such that χ = U∗ρρ(·)Uρ : A → B(Hn). The
construction of R∗s(A) allows us to obtain a ∗-representation π : R∗s(A)→ B(Hn) defined
by π(T ) = PHnT |Hn . Define a ∗-representation θ : R∗s(A)→ B(Hρ) by θ = Uπ(·)U∗. Then
θ ◦ µr∗s = ρ. Therefore, (R(A), µr) � (R∗s(A), µr∗s).

We now illustrate how the two new C∗-covers are equipped with lifting properties similar
to that exposed in Theorem 3.2.6 with the RFD-maximal C∗-cover.

Proposition 3.3.3. Let A be an RFD operator algebra and ρ : A → B(H) be a representa-
tion. Then, the following statements hold:
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(i) If ρ is RFD, then there exists a unique ∗-representation θ : Rs(A) → B(H) such that
θ ◦ µrs = ρ;

(ii) If ρ is ∗-RFD, then there exists a unique ∗-representation θ : R∗s(A) → B(H) such
that θ ◦ µr∗s = ρ.

Proof. We show (ii) with the proof of (i) being similar. First, assume that dimH ≤ κ. It
is easy to verify that ∗-RFD representations are stable under unitary equivalence. So we
may find a unitary operator U such that χ = U∗ρ(·)U ∈ G. Define π : R∗s(A)→ B(Hχ) by
π(T ) = PHχT |Hχ . By construction of R∗s(A), we see that π is a ∗-representation. If we let
θ = Uπ(·)U∗, then θ ◦ µr∗s = ρ as desired.

Now, suppose that dimH > κ. By [13, Proposition 2.4.2], we may express ρ =
⊕

i πi
where each πi : A → B(Ki) is a representation of A on a Hilbert space with dimension
at most κ. Due to [21, Lemma 2.4], each πi is also a ∗-RFD representation of A (or RFD
for statement (i)). By the previous paragraph, for each i, we obtain a ∗-representation
θi : R∗s(A)→ B(Ki) such that θi ◦ µr∗s = πi. Taking θ =

⊕
i θi, we see that θ ◦ µr∗s = ρ as

desired. Uniqueness holds for the same reason as in Theorem 3.2.6.

We remark that Proposition 3.3.3 makes no statement on the residually finite-dimensionality
of the resulting ∗-representations. This will be clarified by showing that the lift of a ∗-RFD
representation as in Proposition 3.3.3 is necessarily an RFD ∗-representation. However,
we do not know of a corresponding statement about RFD representations. The following
reconceptualizes [21, Theorem 3.3].

Theorem 3.3.4. Let A be an operator algebra and let (C∗max(A), µ) denote the maximal
C∗-cover of A. Let ρ : A → B(H) be a representation and let θ : C∗max(A) → B(H) denote
the ∗-representation satisfying θ ◦ µ = ρ. Then, ρ is a ∗-RFD representation if and only if
θ is an RFD ∗-representation.

Proof. (⇒) Let ρλ : A → B(H), λ ∈ Λ, be a net of representations such that C∗(ρλ(A))H is
finite-dimensional and

∗sot lim
λ
ρλ(a) = ρ(a), a ∈ A.

For each ρλ, we obtain a corresponding ∗-representation θλ : C∗max(A) → B(H) satisfying
θλ ◦ µ = ρλ. Note that

θλ(C
∗
max(A))H = C∗((θλ ◦ µ)(A))H = C∗(ρλ(A))H

is finite-dimensional for each λ. For any w ∈ C∗max(A) which is a finite sum of words in
µ(A) ∪ µ(A)∗, we obtain that

∗sot lim
λ
θλ(w) = θ(w)

as the adjoint, addition and multiplication are jointly ∗SOT-continuous over bounded sets.
This set is dense in C∗max(A) and so θ is an RFD ∗-representation.
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(⇐) Suppose that θλ, λ ∈ Λ, is a net of ∗-representations such that θλ(C
∗
max(A))H is

finite-dimensional and

sot lim
λ
θλ(t) = θ(t), t ∈ C∗max(A).

Then the net (θλ ◦ µ)λ demonstrates that ρ is a ∗-RFD representation of A.

As a result, we have that (R∗s(A), µrs) is equivalent to the RFD-maximal C∗-cover.

Corollary 3.3.5. If A is an RFD operator algebra, then (R(A), µr) ∼ (R∗s(A), µr∗s). In
particular, for any ∗-RFD representation ρ : A → B(Hρ), there is a unique ∗-representation
θ : R(A)→ B(Hρ) such that θ ◦ µr = ρ. Furthermore, θ is an RFD ∗-representation.

Proof. As µr∗s : A → B(H) is a direct sum of ∗-RFD representations, it follows that µr∗s is
also a ∗-RFD representation [21, Lemma 2.2]. Let q : C∗max(A) → R∗s(A) be the surjective
∗-representation satisfying q ◦ µ = µr∗s . By Theorem 3.3.4, we have that q is an RFD
∗-representation.

Let θλ : C∗max(A)→ B(H), λ ∈ Λ, be a net of ∗-representations such that θλ(C
∗
max(A))H

is finite-dimensional for each λ and

sot lim
λ
θλ(t) = q(t), t ∈ C∗max(A).

For each λ ∈ Λ, define a representation of A by ρλ = θλ ◦ µ. By Theorem 3.3.4, ρλ is
a ∗-RFD representation of A. Hence, by Proposition 3.3.3 (ii), there is a ∗-representation

θ̂λ : R∗s(A)→ B(H) such that θ̂λ ◦ µr∗s = ρλ. Observe that

θ̂λ ◦ q ◦ µ = θ̂λ ◦ µr∗s = ρλ = θλ ◦ µ.

Hence, θ̂λ ◦ q = θλ and so

sot lim
λ

(θ̂λ ◦ q)(t) = q(t), t ∈ C∗max(A).

Since θ̂λ(R∗s(A))H = θλ(C
∗
max(A))H is finite-dimensional for each λ ∈ Λ, we obtain that the

identity representation of R∗s(A) is an RFD ∗-representation. By Proposition 3.3.1 (or [46,
Theorem 2.4]), we obtain that R∗s(A) is an RFD C∗-algebra. So (R∗s(A), µr∗s) � (R(A), µr)
and Lemma 3.3.2 implies that the C∗-covers are equivalent. The last two statements are
direct consequences of Proposition 3.3.3 (ii) and Theorem 3.3.4.

The reader should exercise some care in utilizing Corollary 3.3.5. Indeed, let A be an
RFD operator algebra and (A, ι) be a C∗-cover such that (A, ι) � (R(A), µr). Suppose ρ is
a representation of A which lifts to a ∗-representation θ of A. Then, as (A, ι) � (R(A), µr),
we have that ρ also lifts to a ∗-representation of R(A). As ρ lifts to a ∗-representation of
the RFD C∗-algebra R(A), we have that ρ is a ∗-RFD representation. Moreover, the lift of
ρ to R(A) is an RFD ∗-representation. Nevertheless, it is not necessarily true that θ itself
will be RFD.
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Example 6. LetH be a separable, infinite-dimensional Hilbert space with orthonormal basis
{en : n ∈ N}. For each n ∈ N, let Pn be the orthogonal projection onto the subspace spanned
by {e1, . . . , en}. Let A denote the operator algebra consisting of triangular operators. That
is, T ∈ A precisely when PnTPn = TPn for every n ∈ N. It is known that A is an RFD
operator algebra [23, Example 3.3] and, moreover, it is clear that K(H) ⊂ C∗(A).

Define a representation πn : A → B(H) by πn(T ) = TPn. We see that C∗(πn(A))H is
finite-dimensional and that

∗sot lim
n→∞

πn(T ) = T, T ∈ A,

as (Pn)n≥1 converges strongly to the identity operator on H. Therefore the identity repre-
sentation of A is ∗-RFD.

On the other hand, the identity representation of A lifts to the identity representation
of C∗(A), which is not an RFD ∗-representation. Indeed, otherwise C∗(A) is an RFD C∗-
algebra by Proposition 3.3.1. This is a contradiction because C∗(A) contains K(H), which
is not RFD.

For the remainder of this section, we would like to quantify the possible discrepancy
between RFD and ∗-RFD representations. To this end, it will be worth elaborating on the
example of Hartz [55].

Proposition 3.3.6. Let A be an operator algebra. Then, (Rs(A), µrs) ∼ (C∗max(A), µ) if
and only if every representation of A is RFD.

Proof. If all representations of A are RFD, then (Rs(A), µrs) has the universal property of
the maximal C∗-cover by Proposition 3.3.3. So, (Rs(A), µrs) ∼ (C∗max(A), µ).

Conversely, assume that (Rs(A), µrs) ∼ (C∗max(A), µ) and that Rs(A) is concretely repre-
sented on a Hilbert spaceHs. If ρ : A → B(H) is a representation, then, by assumption, there
is a ∗-representation θ : Rs(A)→ B(H) such that θ ◦ µrs = ρ. Define two ∗-representations
for Rs(A) by Σ = id(κ) where κ is some cardinal and Θ = Σ⊕ θ.

We may assume that κ is suitably large so that Σ and Θ are approximately unitarily
equivalent (Theorem 2.1.3). Thus, there is a net Uλ : H(κ)

s ⊕H → H(κ)
s of unitary operators

such that
lim
λ
‖U∗λΣ(t)Uλ −Θ(t)‖ = 0, t ∈ Rs(A).

We will show that Θ◦µrs is an RFD representation. To this end, note that Σ◦µrs = µ
(κ)
rs

is an RFD representation by [21, Lemma 2.2]. So, there is a net of representations ρµ : A →
B(H(κ)

s ) such that
sot lim

µ
ρµ(a) = µ(κ)

rs (a), a ∈ A

and C∗(ρµ(A))H(κ)
s is finite-dimensional for each µ. Therefore, we have that

sot lim
λ

lim
µ
U∗λρµ(a)Uλ = (Θ ◦ µrs)(a) = (µ(κ)

rs ⊕ ρ)(a), a ∈ A.
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Let (τα)α be the subnet of (U∗λρµ(·)Uλ)λ,µ that corresponds to the above iterated limit (for

example – see [61, pg. 69]). Then, we may conclude that µ
(κ)
rs ⊕ ρ is an RFD representation.

By [21, Lemma 2.4], we have that ρ is an RFD representation.

Let µ denote Lebesgue measure on the unit circle and let H2(T) ⊂ L2(T, µ) denote those
functions whose negative Fourier coefficients vanish, i.e. the Hardy space on the unit circle.
Accordingly, we let P : L2(T, µ) → H2(T) denote the corresponding orthogonal projection.
Moreover, given h ∈ C(T), the operator Th ∈ B(H2(T)) defined by Thf = P (hf) is the
Toeplitz operator with symbol h.

Example 7. Let

B =

{[
f 0
h g

]
∈M2(C(T)) : f, g ∈ A(D), h ∈ C(T)

}
.

Then, B is an RFD operator algebra and the representation

ρ : B → B(H2(T)⊕H2(T)),

[
f 0
h g

]
7→
[
Tf 0
Th Tg

]
fails to be RFD [55, Theorem 1.3]. The main technical reason why ρ fails to be RFD is that

ρ

([
z 0
0 z

])
=

[
Tz 0
0 Tz

]
cannot be approximated by unitaries in the SOT (see [55, Discussion after Theorem 4.3] for
more information).

Consequently, by Proposition 3.3.6, we have that (Rs(A), µrs) is not equivalent to the
maximal C∗-cover. In particular, the maximal C∗-cover for B is not RFD.

Remark 3.3.7. Let A be an RFD operator algebra. Suppose we construct a C∗-cover
(Rw(A), µrw) that is built from point-WOT limits of finite-dimensional representations (in
an analogous way to the construction of (Rs(A), µrs) and (R∗s(A), µr∗s)). Then, by [55, The-
orem 2.1] and an argument analogous to Proposition 3.3.3, we can conclude that (Rw(A), µrw)
is always equivalent to the maximal C∗-cover.

In spite of Example 7, we remark that Hartz’s example does not demonstrate whether
RFD and ∗-RFD representations are actually distinct. We summarize when this does hold.

Theorem 3.3.8. Let A be an RFD operator algebra and let (R(A), µr) denote the RFD-
maximal C∗-cover of A. Then, the following statements are equivalent.

(i) For any completely isometric RFD representation ι : A → B(H), we have that (C∗(ι(A)), ι) �
(R(A), µr).

(ii) We have that (Rs(A), µrs) ∼ (R(A), µr).
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(iii) Every RFD representation of A is ∗-RFD.

(iv) For any RFD representation ρ : A → B(H), there is an RFD ∗-representation θ :
C∗max(A)→ B(H) satisfying θ ◦ µ = ρ.

Proof. (i)⇒(ii): The representation µrs is RFD by [21, Lemma 2.2]. So (Rs(A), µrs) �
(R(A), µr). By Lemma 3.3.2, we infer that (ii) holds.

(ii)⇒(iii): Let ρ : A → B(H) be an RFD representation. By Proposition 3.3.3, there
exists a ∗-representation θ : Rs(A)→ B(H) such that θ ◦ µrs = ρ. The assumption implies
that Rs(A) is an RFD C∗-algebra. By [46, Theorem 2.4], θ is a ∗-RFD representation. Let
q : C∗max(A)→ Rs(A) be the surjective ∗-representation satisfying q ◦ µ = µrs . Then θ ◦ q is
also a ∗-RFD representation. Hence, by Theorem 3.3.4, we obtain that

θ ◦ q ◦ µ = θ ◦ µrs = ρ

is a ∗-RFD representation of A.
(iii)⇒(iv): This is Theorem 3.3.4.
(iv)⇒(i): Let ι : A → B(H) be a completely isometric RFD representation. By as-

sumption, there is an RFD ∗-representation θ : C∗max(A) → B(H) satisfying θ ◦ µ = ι. By
Theorem 3.3.4, ι is in fact a ∗-RFD representation. Whence, by Corollary 3.3.5, there is a
∗-representation β : R(A)→ B(H) such that β ◦ µr = ι. We have that

β(R(A)) = β(C∗(µr(A))) = C∗(ι(A))

and so (C∗(ι(A)), ι) � (R(A), µr).
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3.4 Hadwin Liftings for Operator Algebras

To close this chapter, we obtain a non self-adjoint version of Hadwin’s characterization of
separable RFD C∗-algebras [50]. We will recount the details of Hadwin’s work here.

Let {en : n ∈ N} be an orthonormal basis for `2. For each n ∈ N, let Pn be the orthogonal
projection onto the linear span of {e1, . . . , en} and let Mn = PnB(`2)Pn. Let B be the C∗-
subalgebra of

∏∞
n=1Mn consisting of those operators (Tn)n≥1 for which there is T ∈ B(`2)

such that
∗sot lim

n→∞
Tn = T.

Define a ∗-representation

π : B→ B(`2), (Tn)n≥1 7→ ∗sot lim
n→∞

Tn.

It is routine to check that π is a surjective unital ∗-representation [50, Lemma 1].
Now, take an operator algebra A. We say that a representation ρ : A → B(`2) is ∗-liftable

in the sense of Hadwin if there is a representation τ : A → B such that π ◦ τ = ρ. Recall
that Ã denotes the unitization of a C∗-algebra A. Hadwin’s result is then stated as follows
[50, Theorem 11].

Theorem 3.4.1. Let A be a separable C∗-algebra. Then, A is an RFD C∗-algebra if and
only if every unital ∗-representation σ : Ã→ B(`2) is ∗-liftable in the sense of Hadwin.

We present a non-self adjoint version to Theorem 3.4.1.

Theorem 3.4.2. Let A be a separable operator algebra. Then, C∗max(A) is an RFD C∗-

algebra if and only if every unital representation ρ : Ã → B(`2) is ∗-liftable in the sense of
Hadwin.

Proof. (⇒) If C∗max(A) is an RFD C∗-algebra, then C∗max(Ã) is also RFD by [13, 2.4.3].

Hence, we have that (C∗max(Ã), µ1) is the RFD-maximal C∗-cover of Ã.

Let ρ : Ã → B(`2) be a unital representation. Then, there is a ∗-representation θ :

C∗max(Ã) → B(`2) such that θ ◦ µ1 = ρ. As in Remark 3.2.7, µ1 may taken to be unital.

Hence, θ is also unital. As C∗max(Ã) is a separable RFD C∗-algebra, Theorem 3.4.1 yields

that there is a unital ∗-representation σ : C∗max(Ã) → B such that π ◦ σ = θ. Then we see
that

π ◦ σ ◦ µ1 = θ ◦ µ1 = ρ.

Taking τ = σ ◦ µ1 shows that ρ is ∗-liftable in the sense of Hadwin.
(⇐) By [13, 2.4.3] and Theorem 3.3.4 (or, alternatively, [21, Theorem 3.3]), it suffices to

show that every representation of Ã is ∗-RFD. We first show that every unital representation
ρ : Ã → B(`2) is ∗-RFD. As ρ is ∗-liftable in the sense of Hadwin, there is a representation

τ : Ã → B such that π ◦ τ = ρ. By definition of B, we see that for each n ∈ N, there
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is a representation τn : Ã → Mn and τ(a) = (τn(a))n≥1. Note that C∗(τn(Ã))`2 ⊂ Mn is
finite-dimensional for each n ∈ N. Also,

ρ(a) = (π ◦ τ)(a) = ∗sot lim
n→∞

τn(a), a ∈ Ã,

and so ρ is a ∗-RFD representation.
Now let ρ : Ã → B(H) be an arbitrary representation. If ρ is non-unital, then we may

express ρ = ρ̂⊕0 where ρ̂ is a unital representation of Ã. We have that ρ is ∗-RFD if and only
if ρ̂ is ∗-RFD. Whence, we may assume that ρ is unital. Further, we may assume the non-
trivial case of when H is infinite-dimensional. For each h ∈ H, let Hh = span{C∗(ρ(Ã))h}.
Note that Hh is a separable Hilbert space which is reducing for ρ(Ã). Then, for each h ∈ H,

ρ |Hh is a representation of Ã on a separable Hilbert space, and ρ is unitarily equivalent to⊕
h∈H ρ |Hh . Hence, ρ |Hh is unitarily equivalent to a unital representation of Ã on `2 and

so ρ |Hh is ∗-RFD. Therefore ρ is a ∗-RFD representation by [21, Lemma 2.2].
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Chapter 4

An Approximate Unique Extension
Property for Completely Positive
Maps

Motivated by classical results of Korovkin and Šaškin, Arveson proposed a non-commutative
approximate rigidity property that is encoded in terms of boundary representations [8].
Initially, Korovkin had proven a rigidity result concerning sequences of positive maps with
domain and codomain equal to C[0, 1] [68]. Then, Šaškin had demonstrated that Korovkin’s
result is a consequence to a particular unital operator space M ⊂ C[0, 1] satisfying the
property that all irreducible ∗-representations of C[0, 1] are boundary representations forM
(Section 2.3). Explicitly, Šaškin had showed that, given a compact metric space X, every
irreducible ∗-representation for C(X) is a boundary representation for a unital operator space
M ⊂ C(X) if and only if, whenever ψn : C(X) → C(X) is a sequence of unital positive
maps such that ‖ψn(g) − g‖ → 0 for every g ∈ M, then we have that ‖ψn(f) − f‖ → 0
for every f ∈ C(X). Decades later, Arveson provided a non-commutative adaptation of
this phenomenon [8, Theorem 2.1]. Given a separable unital operator space M ⊂ B(H),
Arveson showed that every ∗-representation of C∗(M) has the unique extension property
with respect toM if and only if, whenever ω : C∗(M)→ B(K) is a faithful ∗-representation
and ψn : B(K)→ B(K) is a sequence of unital completely positive maps satisfying

lim
n→∞

‖ψn(ω(m))− ω(m)‖ = 0, m ∈M,

then we necessarily have that

lim
n→∞

‖ψn(ω(t))− ω(t)‖ = 0, t ∈ C∗(M).

A unital operator space M with the property that all ∗-representations of C∗(M) have the
unique extension property is said to be hyperrigid. Unfortunately, Arveson was unable to
frame hyperrigidity in terms of irreducible ∗-representations. Accordingly, Arveson conjec-
tured the following.
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Arveson’s hyperrigidity conjecture: Let M ⊂ B(H) be a separable unital operator
space. If every irreducible ∗-representation for C∗(M) is a boundary representation, then
M is hyperrigid.

Significant effort has gone towards attempting to provide a positive answer to Arveson’s
hyperrigidity conjecture [8],[19],[20],[22],[38],[60],[62],[64],[67],[82], although Bilich and Dor-
On have just recently announced a counterexample in the case when C∗(M) is postliminal
[10]. Nevertheless, Arveson’s conjecture is true in a wide variety of examples and is a natural
conclusion to expect. Moreover, the conjecture still remains open in the commutative case.
Indeed, the reader should note that it is not clear whether Šaškin’s result coincides with
the commutative case of Arveson’s characterization of hyperrigidity due to the difference in
ranges for the completely positive maps. We will return to this aspect of Arveson’s conjecture
in Chapter 5.

For the non-trivial direction of Arveson’s conjecture, suppose that every irreducible ∗-
representation of C∗(M) is a boundary representation for M. It is well-known that the
unique extension property is preserved under direct sums (Lemma 2.4.2). So, Voiculescu’s
Theorem (Theorem 2.1.4) implies that every ∗-representation of C∗(M) that acts on a separa-
ble Hilbert space is approximately unitarily equivalent to a ∗-representation with the unique
extension property. If Arveson’s conjecture were true for M, then these ∗-representations
would necessarily have the unique extension property. Accordingly, the main purpose of our
work is to study those ∗-representations that are approximately unitarily equivalent to a
∗-representation with the unique extension property.

In Section 4.1, we record preliminary information regarding those ∗-representations of
C∗(M) that are approximately unitarily equivalent to a ∗-representation with the unique
extension property. In particular, we address whether irreducible ∗-representations that are
approximately unitarily equivalent to a boundary representation are necessarily boundary
representations. In the literature, there are a couple of examples demonstrating that this
question has a negative answer (Example 9 and surrounding discussion) and we record the
details of one such example.

In Section 4.2, we study a variation on the unique extension property. Our first main de-
velopment (Theorem 4.2.6) shows that this variation is inherited among those ∗-representations
that are approximately unitarily equivalent to a ∗-representation with the unique extension
property.

Theorem D. Let M ⊂ B(H) be a unital operator space and π : C∗(M) → B(Hπ) be a ∗-
representation that is approximately unitarily equivalent to a ∗-representation with the unique
extension property. If ψ : C∗(M) → B(Hπ) is a unital completely positive map satisfying
ψ |M= π |M, then there is a net of unitary operators uβ ∈ B(Hπ) such that

wot lim
β
u∗βψ(t)uβ = π(t), t ∈ C∗(M).

We say that a ∗-representation of C∗(M) that satisfies the conclusion of Theorem D
has the approximate unique extension property with respect to M. Throughout Section
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4.2, we study the class of ∗-representations with the approximate unique extension property
and develop a collection of structural properties that are satisfied by these ∗-representations
(Propositions 4.2.5, 4.2.7, and Corollary 4.2.8). Consequently, this allows us to relate our
work to Arveson’s hyperrigidity conjecture (Theorems 4.2.11 and 4.3.8).

Theorem E. Let M ⊂ B(H) be a separable unital operator space. Consider the following
statements:

(i) The operator space M is hyperrigid.

(ii) Every irreducible ∗-representation of C∗(M) is a boundary representation.

(iii) Every irreducible ∗-representation of C∗(M) is approximately unitarily equivalent to a
boundary representation.

(iv) Every ∗-representation of C∗(M) has the approximate unique extension property.

Then, we have that (i)⇒(ii)⇒(iii)⇒(iv) and (iii)6⇒(ii). Moreover, if C∗(M) is postliminal,
then we have that (iv)⇒(ii).

Finally, we unveil the main result of this chapter, which imposes a structural constraint
on the space of completely positive extensions of ∗-representations with the approximate
unique extension property (Theorems 4.3.1 and 4.3.4).

Theorem F. Let M ⊂ B(H) be a unital operator space and π : C∗(M) → B(Hπ) be
a ∗-representation that possesses the approximate unique extension property. Suppose that
ψ : C∗(M)→ B(Hπ) is a unital completely positive map satisfying ψ |M= π |M. Then, the
following statements hold.

(i) There is a homomorphic conditional expectation Γψ : C∗(Imψ) → Imπ satisfying Γψ ◦
ψ = π.

(ii) The conditional expectation Γψ has the unique extension property with respect to Imψ.

(iii) We have that ker Γψ is the smallest closed two-sided ideal of C∗(Imψ) that contains
Im(ψ − π). In particular, ψ = π if and only if Γψ is isometric.

As a consequence, Theorem F demonstrates that there is a split exact sequence of C∗-
algebras given by

0 −→ 〈〈Im(ψ − π)〉〉 −→ C∗(Imψ) −→ Imπ −→ 0.

where the second term is the smallest closed two-sided ideal of C∗(Imψ) that contains Im(ψ−
π). The subsequent results in Section 4.3 are consequences to the above developments. In
particular, this allows us to apply our machinery to obtain new results on the structure of
completely positive extensions of arbitrary isometric ∗-representations of the C∗-envelope
(Corollary 4.3.2).
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In Section 4.4, we consider two classes of concrete examples where our results may ap-
ply. The first is a reformulation of Šaškin’s Theorem (Proposition 4.4.1) that addresses
commutativity and the approximate unique extension property. For the second application,
note that Voiculescu’s Theorem and Arveson’s program guarantee that the collection of ∗-
representations that possess the approximate unique extension property is always quite large.
Therefore, one would expect that requiring a single ∗-representation to have the approximate
unique extension property to be a weak assumption. Nevertheless, we apply our machinery
to operator systems arising from quotient modules of multipliers on the Drury-Arveson space
and find that hyperrigidity is encoded in a single ∗-representation possessing the approxi-
mate unique extension property (Theorem 4.4.2). Due to work of Kennedy and Shalit [62],
our development allows us to reframe Arveson’s essential normality conjecture.

4.1 Approximate Unitary Equivalence and the Unique

Extension Property

We start this section by showing that the collection of ∗-representations with the unique
extension property is rarely closed under approximate unitary equivalence.

Proposition 4.1.1. LetM⊂ B(H) be a unital operator space and assume that (C∗(M), idM)
is equivalent to the C∗-envelope of M. Then, the following statements are equivalent.

(i) The operator space M is hyperrigid.

(ii) Whenever π : C∗(M) → B(Hπ) is a ∗-representation that is approximately unitarily
equivalent to a ∗-representation with the unique extension property, then π has the
unique extension property.

Proof. It is trivial that (i)⇒(ii). For the converse, let π : C∗(M) → B(Hπ) be a ∗-
representation. We show that π has the unique extension property. To this end, note that
π may be assumed to be injective. Indeed, as M generates its C∗-envelope, by Theorem
2.4.3 (i), there is an isometric ∗-representation θ : C∗(M) → B(Hθ) that has the unique
extension property with respect to M. Thus, by Lemma 2.4.2 and Theorem 2.4.3 (i), we
have that π has the unique extension property if and only if θ⊕ π has the unique extension
property. So, we may assume that π is injective. In which case, define an infinite cardinal
κ = max{ℵ0, dimHπ}. By considering π(κ) if necessary, we may additionally assume that
rank(π(t)) = κ for each non-zero t ∈ C∗(M).

Now, by Theorem 2.4.3 (i), there is an injective ∗-representation σ of C∗(M) that pos-
sesses the unique extension property with respect to M. Again, we may assume that
rank(σ(t)) = κ for every non-zero t ∈ C∗(M). By Theorem 2.1.3, we have that π and
σ are approximately unitarily equivalent. Whence, π has the unique extension property
with respect to M by assumption.
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Remark 4.1.2. Assume that C∗e(M) is separable and postliminal. To study hyperrigidity,
the reader may find it desirable to consider how the unique extension property behaves
with respect to direct integrals as this machinery can be used to classify multiplicity-free ∗-
representations up to unitary equivalence [9, Theorem 4.3.4]. However, due to [51, Corollary
6.3] and Lemma 2.4.2, the unique extension property is stable under direct integrals whenever
it is stable under approximate unitary equivalence. We opt to study the latter, but remark
that there has been some progress using direct integrals [8],[67].

Now, we discuss whether those irreducible ∗-representations with the unique extension
property (i.e. boundary representations) are closed under approximate unitary equivalence.
As the next two examples demonstrate, the answer to this question is more subtle than the
previous one.

We first note that a variation of Proposition 4.1.1 fails even in the classical setting
of function spaces. For this, recall that postliminal C∗-algebras satisfy the property that
irreducible ∗-representations that possess the same kernel are necessarily unitarily equivalent
[40, Corollary 4.1.10]. Thus, whenever the C∗-envelope is postliminal, the non-commutative
Choquet boundary is automatically stable under approximate unitary equivalence.

Example 8. There is a compact metric space X and a unital subalgbera A ⊂ C(X) that
separates points in X with the property that the Choquet boundary is a proper subset of
the Shilov boundary [76, pg. 42]. In other words, not every irreducible ∗-representation of
C∗e(A) is a boundary representation for A [47, Theorem II.11.3].

On the other hand, suppose that π is a boundary representation for A. If σ is an irre-
ducible ∗-representation of C∗e(A) that is approximately unitarily equivalent to π, then π and
σ are unitarily equivalent by the previous discussion. Whence, σ is also a boundary represen-
tation for A. So, the boundary representations for A are stable under approximate unitary
equivalence, yet not every irreducible ∗-representation of C∗e(A) is a boundary representation
for A.

The above conclusion can be achieved for any other unital operator space M such that
C∗e(M) is postliminal and possesses an irreducible ∗-representation that is not a boundary
representation. However, when we remove the postliminal assumption, the non-commutative
Choquet boundary is not necessarily closed under approximate unitary equivalence. For this,
we recall the details of an example due to Muhly-Solel [72, Continuation of Example 2.7].

Example 9. Let O∞ denote the infinite Cuntz algebra with generators (Vn)n∈N, and con-
sider the algebra A that is generated by {Vn : n ∈ N}. As C∗(A) ∼= O∞ is simple [33,
Theorem 1.12], by Voiculescu’s Theorem (Theorem 2.1.3), we have that all irreducible ∗-
representations of O∞ are approximately unitarily equivalent.

However, up to unitary equivalence, there is a unique irreducible ∗-representation of O∞
that is not a boundary representation for A. Indeed, the ∗-representations of O∞ are in
one-to-one correspondence with sequences of isometries (Wn)n≥0 satisfying

∑∞
n=1WnW

∗
n ≤

I. An irreducible ∗-representation is a boundary representation for A if and only if the
associated sequence of isometries satisfies

∑∞
n=1 WnW

∗
n = I (see [72] for details). By work
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of Popescu [78, Theorem 1.3], up to unitary equivalence, there is a unique such irreducible
∗-representation with

∑∞
n=1WnW

∗
n 6= I.

Within [37, Example 6.6.3], there is an example of another operator space where the class
of boundary representations are not closed under approximate unitary equivalence. Therein,
an uncountable class of irreducible ∗-representations were constructed where all but a finite
number were boundary representations. Simultaneously, one can obtain that all irreducible
∗-representations of the C∗-envelope are approximately unitarily equivalent for the same
reasoning as in Example 9.

4.1.1 Asymptotics of the Unique Extension Property

The unique extension property enjoys a well-known characterization in the framework of
pointwise convergent sequences. The separable version can be found within [67, Proposition
2.2]. We record the non-separable version, which is obtained by replacing sequences with
nets.

Proposition 4.1.3. Let M⊂ B(H) be a unital operator space and let π : C∗(M)→ B(Hπ)
be a ∗-representation. Then, the following statements are equivalent.

(i) The ∗-representation π has the unique extension property with respect to M.

(ii) If ψα : C∗(M)→ B(Hπ) is a net of unital completely positive maps such that ψα(m)→
π(m) in the weak operator topology for every m ∈ M, then ψα(t) → π(t) in the weak
operator topology for every t ∈ C∗(M).

(iii) If ψα : C∗(M)→ B(Hπ) is a net of unital completely positive maps such that ψα(m)→
π(m) in the strong operator topology for every m ∈M, then ψα(t)→ π(t) in the strong
operator topology for every t ∈ C∗(M).

We present a reinterpretation of Proposition 4.1.3 that allows us to connect the unique
extension property with a notion of approximate unitary equivalence for unital completely
positive extensions. We will return to this philosophy in the next section.

Proposition 4.1.4. Let M⊂ B(H) be a unital operator space and π : C∗(M)→ B(Hπ) be
a ∗-representation. Then, the following statements are equivalent.

(i) The ∗-representation π has the unique extension property with respect to M.

(ii) If ψ : C∗(M) → B(Hπ) is a unital completely positive map satisfying ψ |M= π |M,
then there exists a net of unitary operators wβ ∈ B(Hπ) such that

sot lim
β
w∗βπ(t)wβ = ψ(t), t ∈ C∗(M).
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Proof. (i)⇒ (ii) : In this case, ψ = π and so we may take wβ to be the identity operator on
Hπ.

(ii) ⇒ (i) : Let ψ : C∗(M) → B(Hπ) be a unital completely positive map satisfying
ψ |M= π |M and let wβ ∈ B(Hπ) be a net of unitary operators such that w∗βπ(t)wβ →
ψ(t) in the strong operator topology for each t ∈ C∗(M). As multiplication over bounded
subsets is continuous in the strong operator topology, and as the net (wβπ(·)wβ)β consists
of ∗-representations, we may conclude that ψ(st) = ψ(s)ψ(t) for all s, t ∈ C∗(M). Since
ψ |M= π |M, we then obtain that ψ = π.

As we shall see in Section 4.2, the equivalence of Proposition 4.1.4 is no longer true if
one were to interchange the roles of the maps ψ and π in statement (ii).
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4.2 Approximate Unique Extension Property

In accordance with studying the approximate unitary equivalence class of a ∗-representation
possessing the unique extension property, we focus our attention on a variation of the unique
extension property.

Definition 4.2.1. Let M⊂ B(H) be a unital operator space and let π : C∗(M)→ B(Hπ)
be a ∗-representation. We say that π has the approximate unique extension property with
respect toM if, whenever ψ : C∗(M)→ B(Hπ) is a unital completely positive map satisfying
ψ |M= π |M, then there is a net of unitaries uβ ∈ B(Hπ) such that

wot lim
β
u∗βψ(t)uβ = π(t), t ∈ C∗(M).

When there is no confusion, we will refrain from referencing the operator space and
simply state that a ∗-representation possesses the approximate unique extension property.
Moreover, when M and Hπ are separable, then the net of unitaries may be replaced by a
sequence.

We remind the reader that the approximate unique extension property differs from the
characterization of the unique extension property that was seen within Proposition 4.1.4 (ii).
For example, we will see that this follows from Theorem 4.2.6. Additionally, we remark that
Definition 4.2.1 is somewhat reminiscent of different conditions seen in the literature but
remains largely independent [35, Theorem 5.2],[52, Theorem 2.4].

Recall that boundary representations factor through the C∗-envelope by Theorem 2.4.3
(ii). Since the approximate unique extension property appears to be a significant constraint
on the space of completely positive extensions, one may wonder whether representation with
the approximate unique extension property also factor through the C∗-envelope. While the
author is unaware of such a restriction, we start with a fact that is sufficient for our purposes.

Lemma 4.2.2. LetM⊂ B(H) be a unital operator space and A ⊂ B(K) be a C∗-algebra. Let
q : C∗(M)→ A be a surjective ∗-homomorphism and π : A→ B(Hπ) be a ∗-representation.
If π ◦ q possesses the approximate unique extension property with respect to M, then π
possesses the approximate unique extension property with respect to q(M).

Proof. Suppose that ψ : A→ B(Hπ) is a unital completely positive map such that ψ |q(M)=
π |q(M). Then ϕ := ψ ◦ q is a unital completely positive map satisfying ϕ |M= (π ◦ q) |M.
By the assumption, there is a net of unitary operators uβ ∈ B(Hπ) such that

wot lim
β
u∗βϕ(t)uβ = (π ◦ q)(t), t ∈ C∗(M).

Thus,
wot lim

β
u∗βψ(s)uβ = π(s), s ∈ A.

So π has the approximate unique extension property.
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Given a unital completely isometric map ι : M → N between unital operator spaces,
there is a ∗-isomorphism θ : C∗e(M)→ C∗e(N ) satisfying θ |M= ι [4, Theorem 2.2.5]. Thus,
Lemma 4.2.2 implies that the ∗-representations of C∗e(M) that possess the approximate
unique extension property are invariant under completely isometric isomorphism.

Proposition 4.2.3. Let M ⊂ B(H) and N ⊂ B(K) be unital operator spaces such that
(C∗(M), idM) and (C∗(N ), idN ) are the C∗-envelope of M and N , respectively. Suppose
that ι : M → N is a unital completely isometric linear map and let θ : C∗(M) → C∗(N )
be the corresponding ∗-isomorphism that satisfies θ |M= ι. Then, π : C∗(N ) → B(Hπ)
possesses the approximate unique extension property with respect to N if and only if π ◦ θ
possesses the approximate unique extension property with respect to M.

Proof. If π ◦ θ has the approximate unique extension property with respect to M, then π
has the approximate unique extension property with respect to N by Lemma 4.2.2.

Conversely, if π = (π ◦ θ) ◦ θ−1 has the approximate unique extension property with
respect to N , then again π ◦ θ has the approximate unique extension property with respect
to M by Lemma 4.2.2.

Additionally, we remark that the approximate unique extension property has a charac-
terization that is reminiscent of Proposition 4.1.3.

Proposition 4.2.4. Let M⊂ B(H) be a unital operator space and let π : C∗(M)→ B(Hπ)
be a ∗-representation. Then, the following statements are equivalent.

(i) The ∗-representation π possesses the approximate unique extension property.

(ii) If ψα : C∗(M)→ B(Hπ) is a net of unital completely positive maps such that ψα(m)→
π(m) in the weak operator topology for every m ∈M, then there is a subnet (ψαη)η of
unital completely positive maps and a net of unitary operators uβ ∈ B(Hπ) such that

wot lim
β

lim
η
u∗βψαη(t)uβ = π(t), t ∈ C∗(M).

Proof. (i)⇒(ii): Let ψα : C∗(M)→ B(Hπ) be a net of unital completely positive maps such
that ψα(m) → π(m) in the weak operator topology for every m ∈ M. By compactness
(Theorem 2.2.5), we may obtain a subnet (ψαη)η of unital completely positive maps that
converges to a unital completely positive map ϕ : C∗(M) → B(Hπ) in the pointwise weak
operator topology. Consequently, we have that ϕ |M= π |M.

Since π has the approximate unique extension property, there is a net of unitary operators
uβ ∈ B(Hπ) such that u∗βϕ(t)uβ → π(t) in the weak operator topology for every t ∈ C∗(M).
So we conclude that

wot lim
β

lim
η
u∗βψαη(t)uβ = wot lim

β
u∗βϕ(t)uβ = π(t), t ∈ C∗(M),

as desired.
(ii)⇒(i): Trivial.
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We now work towards identifying a large class of ∗-representations that possess the
approximate unique extension property. For this, we require that the approximate unique
extension property be preserved under approximate unitary equivalence.

Proposition 4.2.5. Let M⊂ B(H) be a unital operator space and let π : C∗(M)→ B(Hπ)
be a ∗-representation. Suppose that π possesses the approximate unique extension property.
If σ : C∗(M)→ B(Hσ) is a ∗-representation that is approximately unitarily equivalent to π,
then σ also possesses the approximate unique extension property.

Proof. The approximate unique extension property is easily seen to be stable under unitary
equivalence. Thus, since there is a unitary operator U : Hσ → Hπ, we may assume for
simplicity that Hσ = Hπ. In this case, there is a net of unitary operators wγ ∈ B(Hπ) such
that

lim
γ
‖w∗γσ(t)wγ − π(t)‖ = 0, t ∈ C∗(M).

In particular, we also have that

lim
γ
‖σ(t)− wγπ(t)w∗γ‖ = 0, t ∈ C∗(M).

For the remainder of the proof, all limits will be in the weak operator topology. Let
ψ : C∗(M) → B(Hπ) be a unital completely positive map such that ψ |M= σ |M. By
compactness, we may obtain a subnet (w∗γηψ(·)wγη)η of unital completely positive maps and
a unital completely positive map ϕ : C∗(M)→ B(Hπ) such that

lim
η
w∗γηψ(t)wγη = ϕ(t), t ∈ C∗(M).

In particular,

ϕ(m) = lim
η
w∗γηψ(m)wγη = lim

η
w∗γησ(m)wγη = π(m), m ∈M.

As π has the approximate unique extension property, there is a net of unitaries uβ ∈ B(Hπ)
such that

π(t) = lim
β
u∗βϕ(t)uβ = lim

β
lim
η
u∗βw

∗
γηψ(t)wγηuβ, t ∈ C∗(M).

Then we see that

lim
γ

lim
β

lim
η
wγu

∗
βw
∗
γηψ(t)wγηuβw

∗
γ = lim

γ
wγπ(t)w∗γ = σ(t), t ∈ C∗(M).

Thus, by [61, pg. 69], there is a net of unitaries vα := wγαu
∗
βα
w∗γηα such that

lim
α
v∗αψ(t)vα = σ(t), t ∈ C∗(M).

Therefore σ has the approximate unique extension property.
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This allows us to obtain a notable class of ∗-representations that possess the approximate
unique extension property.

Theorem 4.2.6. Let M ⊂ B(H) be a unital operator space. Suppose that π : C∗(M) →
B(Hπ) is a ∗-representation that is approximately unitarily equivalent to a ∗-representation
with the unique extension property. Then, we have that π has the approximate unique exten-
sion property.

Proof. By Proposition 4.2.5, it suffices to show that ∗-representations with the unique exten-
sion property have the approximate unique extension property. Thus, we assume that π has
the unique extension property. In which case, if ψ : C∗(M)→ B(Hπ) is a unital completely
positive map satisfying ψ |M= π |M, then ψ = π and so we may take uβ to be the identity
operator.

Since the usual unique extension property is not preserved under approximate unitary
equivalence (Example 9), by Theorem 4.2.6 we obtain that the approximate unique extension
property is truly different from the usual unique extension property. Nevertheless, the ap-
proximate unique extension property still behaves well enough to form a well-behaved class
of ∗-representations.

Proposition 4.2.7. Let M ⊂ B(H) be a unital operator space. If {πi : C∗(M) → B(Hi) :
i ∈ I} is a collection of ∗-representations that possess the approximate unique extension
property, then π =

⊕
i∈I πi also possesses the approximate unique extension property.

Proof. Let ψ : C∗(M)→ B(
⊕

i∈I Hi) be a unital completely positive map satisfying ψ |M=
π |M. For each i, define a unital completely positive map

ψi : C∗(M)→ B(Hi), t 7→ PHiψ(t) |Hi ,

and note that ψi |M= πi |M. In turn, as each πi possesses the approximate unique extension
property, we may obtain a directed set Λi and a corresponding net of unitary operators
uλi ∈ B(Hi), λi ∈ Λi, such that

wot lim
λi∈Λi

u∗λiψi(t)uλi = πi(t), t ∈ C∗(M).

Now, let F denote the directed set consisting of finite subsets of I. Given F = {i1, . . . , in} ∈
F and λik ∈ Λik , define a unitary operator on

⊕
i∈I Hi by

uF,λi1 ,...,λin =
⊕
i∈F

uλi ⊕
⊕
i/∈F

IHi

where IHi denotes the identity operator on Hi. For t ∈ C∗(M), we have that

PHiu
∗
F,λi1 ,...,λin

ψ(t)uF,λi1 ,...,λin |Hi=

{
u∗λiψi(t)uλi , i ∈ F
ψi(t), i /∈ F.
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Thus, we must have that the iterated limit

lim
λi1∈Λi1

lim
λi2∈Λi2

. . . lim
λin∈Λin

PHiu
∗
F,λi1 ,...,λin

ψ(t)uF,λi1 ,...,λin |Hi

exists in the weak operator topology for any i ∈ I and any F = {i1, . . . , in} ∈ F . Indeed, if
i ∈ F , then the limit equals πi(t) and, when i /∈ F , we have that the limit is equal to ψi(t).
So

lim
{i1,...,in}∈F

lim
λi1∈Λi1

lim
λi2∈Λi2

. . . lim
λin∈Λin

PHiu
∗
F,λi1 ,...,λin

ψ(t)uF,λi1 ,...,λin |Hi= πi(t)

in the weak operator topology for every i ∈ I. Thus, there is a net of unitary operators
uβ ∈ B(

⊕
i∈I Hi) such that

wot lim
β
PHiu

∗
βψ(t)uβ |Hi= πi(t), t ∈ C∗(M),

for every i ∈ I.
By compactness, we may extract a subnet (u∗βηψ(·)uβη)η and a unital completely positive

map ϕ : C∗(M)→ B(
⊕

i∈I Hi) such that

wot lim
η
u∗βηψ(t)uβη = ϕ(t), t ∈ C∗(M).

From here, the argument is a direct adaptation of [8, Proposition 4.4]. Indeed, observe that
PHiϕ(t)PHi = π(t)PHi for each i ∈ I and so, by the Schwarz inequality,

PHiϕ(t)∗(I − PHi)ϕ(t)PHi = PHiϕ(t)∗ϕ(t)PHi − PHiϕ(t)∗PHiϕ(t)PHi
≤ PHiϕ(t∗t)PHi − PHiϕ(t)∗PHiϕ(t)PHi
= π(t∗t)PHi − π(t)∗π(t)PHi = 0.

Therefore (I − PHi)ϕ(t)PHi = 0 and so

wot lim
η
u∗βηψ(t)uβη = ϕ(t) =

∑
i∈I

ϕ(t)PHi =
∑
i∈I

PHiϕ(t)PHi =
∑
i∈I

π(t)PHi = π(t).

Recall that Lemma 2.4.2 states that the implication in Proposition 4.2.7 is known to be
an equivalence when the approximate unique extension property is replaced by the usual
unique extension property. On the contrary, the converse will be shown to be far from true
for ∗-representations that possess the approximate unique extension property (Proposition
4.2.9). First, we require a corollary to Proposition 4.2.7 that allows us to construct many
more ∗-representations that possess the approximate unique extension property.

Corollary 4.2.8. Let M ⊂ B(H) be a unital operator space. Suppose that π : C∗(M) →
B(Hπ) is a ∗-representation possessing the approximate unique extension property. Then,
the following statements hold.
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(i) If σ : C∗(M) → B(Hσ) is a ∗-representation such that kerσ = ker π, then there is
some cardinal κ such that σ(κ) possesses the approximate unique extension property.

(ii) If ρ : C∗e(M)→ B(Hρ) is an isometric ∗-representation, then there is a cardinal µ such
that ρ(µ) possesses the approximate unique extension property.

Proof. (i): Define an infinite cardinal κ = max{dimHπ, dimHσ,ℵ0}. For each t ∈ C∗(M) \
kerσ, we have that

rank(σ(κ)(t)) = κ · rank(σ(t)) = κ,

and likewise, rank(π(κ)(t)) = κ. Since kerπ = ker σ, Theorem 2.1.3 implies that σ(κ) is
approximately unitarily equivalent to π(κ). By Propositions 4.2.5 and 4.2.7, we find that σ(κ)

possesses the approximate unique extension property.
(ii): By Theorem 2.4.3 (i), there is an isometric ∗-representation β : C∗e(M) → B(Hβ)

that possesses the unique extension property. Thus, it follows by (i) that there is a cardinal
µ such that ρ(µ) possesses the approximate unique extension property.

Due to Corollary 4.2.8 (ii), we may confirm that the approximate unique extension prop-
erty is badly behaved with respect to sub-representations.

Proposition 4.2.9. Let M ⊂ B(H) be a unital operator space. Assume that whenever
π : C∗e(M) → B(Hπ) is a ∗-representation possessing the approximate unique extension
property and F ⊂ Hπ is a closed subspace that is reducing for Imπ, then we have that the
∗-representation

t 7→ π(t) |F , t ∈ C∗e(M),

also possesses the approximate unique extension property. Then, we have that every ∗-
representation of C∗e(M) has the approximate unique extension property.

Proof. Let β : C∗e(M)→ B(Hβ) be an isometric ∗-representation that possesses the approx-
imate unique extension property (which exists by either Theorem 2.4.3 or Corollary 4.2.8)
and let π : C∗e(M) → B(Hπ) be a ∗-representation. Then, there is a cardinal κ such that
β(κ) has the approximate unique extension property by Proposition 4.2.7. By Theorem 2.1.3,
we have that β(κ)⊕π is approximately unitarily equivalent to β(κ). So β(κ)⊕π possesses the
approximate unique extension property by Propostion 4.2.5. As π is a subrepresentation of
β(κ)⊕ π, the assumption allows us to conclude that π has the approximate unique extension
property.

We conclude this section by connecting our work with Arveson’s hyperrigidity conjecture.
To start, we note the following.

Proposition 4.2.10. Let M ⊂ B(H) be a separable unital operator space. Then, the fol-
lowing statements are equivalent.

(i) Every irreducible ∗-representation of C∗(M) possesses the approximate unique exten-
sion property.
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(ii) Every ∗-representation of C∗(M) possesses the approximate unique extension property.

Proof. For the non-trivial direction, assume that every irreducible ∗-representation of C∗(M)
possesses the approximate unique extension property and let π : C∗(M) → B(Hπ) be a ∗-
representation. As C∗(M) is separable, we may express π =

⊕
i∈I πi where πi : C∗(M) →

B(Hi) is a ∗-representation on a separable Hilbert space Hi. Since Hi is separable, we have
that πi is approximately unitarily equivalent to a direct sum of irreducible ∗-representations
[90, Corollary 1.6]. By the assumption, Proposition 4.2.5, and Proposition 4.2.7, we may
conclude that each πi has the approximate unique extension property. Thus, π has the
approximate unique extension property by Proposition 4.2.7.

Proposition 4.2.10 may be viewed as a positive answer to an approximate version of
Arveson’s hyperrigidity conjecture. Indeed, as reflected in Proposition 4.2.10, to determine
the class of ∗-representations that possess the approximate unique extension property, it is
sufficient to study those irreducible ∗-representations that possess the approximate unique
extension property.

We may now state the main result of this section.

Theorem 4.2.11. Let M ⊂ B(H) be a separable unital operator space. Consider the fol-
lowing statements:

(i) The operator space M is hyperrigid.

(ii) Every irreducible ∗-representation of C∗(M) is a boundary representation.

(iii) Every irreducible ∗-representation of C∗(M) is approximately unitarily equivalent to a
boundary representation.

(iv) Every ∗-representation of C∗(M) has the approximate unique extension property.

Then, we have that (i)⇒(ii)⇒(iii)⇒(iv) and (iii)6⇒(ii).

Proof. The directions (i)⇒(ii)⇒(iii) are trivial and (iii)⇒(iv) is a consequence to Theorem
4.2.6 and Proposition 4.2.10. Finally, (iii)6⇒(ii) by considering Example 9.

Later, it will be revealed that the approximate unique extension property coincides with
the usual unique extension property for those irreducible ∗-representations whose image
contains a compact operator (Theorem 4.3.8). Consequently, statements (ii), (iii), and (iv)
will be equivalent whenever C∗(M) is postliminal.
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4.3 Split Sequences for Completely Positive Extensions

Suppose that π has the approximate unique extension property with respect to a unital
operator spaceM. We will now present a restriction on the structure of the unital completely
positive extensions of π |M. This will be the driving force of our arguments throughout this
section and is the main result of this chapter.

For this recall that, given C∗-algebras A ⊂ B, a conditional expectation is a contrac-
tive linear projection E : B → A. When E is multiplicative, we say that the map is
homomorphic. By Tomiyama’s Theorem [16, Theorem 1.5.10], a conditional expectation is
automatically completely positive and satisfies E(aba′) = aE(b)a′ for every a, a′ ∈ A and
b ∈ B. Consequently, a homomorphic conditional expectation is a ∗-homomorphism.

Theorem 4.3.1. Let M ⊂ B(H) be a unital operator space. Suppose that π : C∗(M) →
B(Hπ) is a ∗-representation possessing the approximate unique extension property and let
ψ : C∗(M)→ B(Hπ) be a unital completely positive map satisfying ψ |M= π |M. Then, the
following statements hold.

(i) There is a homomorphic conditional expectation Γψ : C∗(Imψ) → Imπ satisfying Γψ ◦
ψ = π.

(ii) If Hπ is separable, then rank(π(t)) ≤ rank(ψ(t)) for each t ∈ C∗(M).

(iii) We have that ker Γψ is the smallest closed two-sided ideal of C∗(Imψ) that contains
Im(ψ − π).

(iv) We have that Im(id− Γψ) = ker Γψ and C∗(Imψ) = ker Γψ + Imπ.

(v) We have that ψ = π if and only if Γψ is isometric.

Proof. (i): As π possesses the approximate unique extension property, there is a net of
unitaries uβ ∈ B(Hπ) such that u∗βψ(t)uβ → π(t) in the weak operator topology for each
t ∈ C∗(M). It follows by the Schwarz inequality that convergence is in the strong operator
topology (see [67, Lemma 2.1]). Consequently, given a polynomial p in non-commuting
variables and finitely many elements t1, . . . , tn ∈ C∗(M), we have that

sot lim
β
u∗βp(ψ(t1), . . . , ψ(tn))uβ = p(π(t1), . . . , π(tn)).

Since the linear span of words in Imψ is dense within C∗(Imψ), we obtain a ∗-homomorphism

Γψ : C∗(Imψ)→ Imπ, x 7→ sot lim
β
u∗βxuβ.

Evidently, Γψ ◦ ψ = π. Note that

Imπ = C∗(π(M)) = C∗(ψ(M)) ⊂ C∗(Imψ).
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Since
(Γψ ◦ π) |M= (Γψ ◦ ψ) |M= π |M

and Γψ is a ∗-representation, it follows that Γψ ◦ π = π. Therefore, Γψ is a conditional
expectation as desired.

(ii): Recall, by Lemma 2.1.5, the rank function is lower semicontinous in the weak oper-
ator topology provided that Hπ is separable. Then (ii) follows instantly since there is a net
of unitaries uβ ∈ B(Hπ) such that u∗βψ(t)uβ → π(t) in the weak operator topology.

(iii): Since Γψ ◦ ψ = π = Γψ ◦ π, it follows that

Im(ψ − π) ⊂ ker Γψ.

Let J be the smallest closed two-sided ideal of C∗(Imψ) containing Im(ψ − π).
We will show that each operator ζ ∈ C∗(Imψ) may be expressed as J +π(t) where J ∈ J

and t ∈ C∗(M). Observe that

D = {J + π(t) : J ∈ J, t ∈ C∗(M)}

is a closed subset of C∗(Imψ) as it is the pre-image of Imπ/J under the quotient map
q : C∗(Imψ)→ C∗(Imψ)/J. Hence, by density, it suffices to consider when ζ ∈ C∗(Imψ) lies
within the linear span of words in Imψ.

In this case, since ψ and C∗(M) are unital, we may obtain a finite sum of words

ζ =
∑
i

ψ(ti1) . . . ψ(tin)

where n is a fixed integer and tk` ∈ C∗(M) for each k, `. For a fixed i, we will show that
ψ(ti1) . . . ψ(tin) may be expressed as J + π(t) by an easy inductive argument. For the base
step, observe that

ψ(ti1) = ψ(ti1)− π(ti1) + π(ti1)

and (ψ(ti1)−π(ti1)) ∈ J. Now, for the inductive step, we may obtain K ∈ J and s ∈ C∗(M)
such that ψ(ti1) . . . ψ(tin−1) = K + π(s). Then we see that

ψ(ti1) . . . ψ(tin) = (K + π(s))ψ(tin)

= (K + π(s))(ψ(tin)− π(tin) + π(tin))

= K(ψ(tin)− π(tin) + π(tin)) + π(s)(ψ(tin)− π(tin)) + π(stin).

Therefore, we have that the claim also holds for ζ.
Now, let K ∈ ker Γψ and express K = J + π(t) where J ∈ J and t ∈ C∗(M). Then we

obtain that
K − J = π(t) = Γψ(π(t)) = Γψ(K − J) = 0.

So K = J and we have that J = ker Γψ.
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(iv): This is a standard fact about linear idempotents, but we record it for later ar-
guments. Since Γψ is a linear idempotent, it is easy to see that Im(id − Γψ) = ker Γψ.
Then,

C∗(Imψ) = Im(id− Γψ) + ImΓψ = ker Γψ + Imπ.

(v): This is an immediate consequence of (iii).

A conclusion similar to Theorem 4.3.1 (i) has already been proven for isometric ∗-
representations of separable nuclear C∗-algebras with the property that all factor represen-
tations possess the unique extension property [67, Theorem 4.2]. The construction therein
required non-trivial machinery on direct integrals and disintegration of measures. In con-
trast, our methods in Theorem 4.3.1 provide a non-trivial implication for all unital operator
spaces that fail to be hyperrigid. Indeed, wheneverM⊂ C∗e(M) fails to be hyperrigid, there
is a ∗-representation of C∗e(M) that has the approximate unique extension property but not
the usual unique extension property (this follows by Proposition 4.1.1 and Theorem 4.2.6).

Additionally, as a consequence to Theorem 4.3.1, we may derive a statement of indepen-
dent interest.

Corollary 4.3.2. Let M ⊂ B(H) be a unital operator space. Suppose that π : C∗e(M) →
B(Hπ) is an isometric ∗-representation and let ψ : C∗e(M)→ B(Hπ) be a unital completely
positive map satisfying ψ |M= π |M. Then, the following statements hold.

(i) The map ψ is completely isometric.

(ii) We have that C∗e(Imψ) ∼= C∗e(M).

Proof. (i): By Corollary 4.2.8, there is a cardinal κ such that Π := π(κ) has the approximate
unique extension property. Note that the map Ψ := ψ(κ) agrees with Π over M. Thus,
by Theorem 4.3.1, there is a homomorphic conditional expectation ΓΨ : C∗(Imψ) → ImΠ
satisfying ΓΨ ◦ Ψ = Π. Since Π is isometric, it immediately follows that Ψ is completely
isometric. Finally, this implies that ψ itself must be completely isometric.

(ii): By statement (i), there is a completely isometric isomorphism ι : Imψ → Imπ
such that ι ◦ ψ = π. Since Imπ is a C∗-algebra, it then follows that Imπ ∼= C∗e(M) is the
C∗-envelope for Imψ.

Indeed, suppose that (A, j) is a C∗-cover for Imψ such that (A, j) � (Imπ, ι). So, there
is a surjective ∗-homomorphism q : Imπ → A such that q ◦ ι = j. We will verify that q is
injective. To this end, take t ∈ C∗(M) such that (q ◦ π)(t) = 0. Then, we have that

0 = (q ◦ π)(t) = (q ◦ ι ◦ ψ)(t) = (j ◦ ψ)(t).

As j and ψ are completely isometric, it follows that t = 0. So, indeed, q is injective and we
must have that (A, j) ∼ (Imπ, ι). Therefore, (Imπ, ι) is the C∗-envelope for Imψ.

The argument in Corollary 4.3.2 may be repurposed. If π has the approximate unique
extension property and ψ is a completely positive extension such that kerπ ⊂ kerψ, then in
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fact we have equality of kernels and hence, there is a completely isometric map ι : Imψ → Imπ
given by Γψ |Imψ.

We briefly remark that the existence of the conditional expectation Γψ provides a new
tool for determining when a completely positive extension ψ of π |M will coincide with the
∗-representation π.

Corollary 4.3.3. Let M ⊂ B(H) be a unital operator space. Suppose that π : C∗(M) →
B(Hπ) is a ∗-representation possessing the approximate unique extension property and let
ψ : C∗(M)→ B(Hπ) be a unital completely positive map satisfying ψ |M= π |M. Then, the
following statements are equivalent.

(i) The equality ψ = π holds.

(ii) The linear map (id− Γψ) is contractive.

Proof. It is clear from Theorem 4.3.1 that Γπ is the identity representation and so, (i)⇒ (ii)
is immediate.

(ii)⇒(i): The map (id−Γψ) is a linear projection onto ker Γψ by Theorem 4.3.1 (iv). By
Tomiyama’s Theorem [16, Theorem 1.5.10], contractive idempotents are completely positive
and conditional expectations. So, the assumption allows us to conclude that (id − Γψ) is a
conditional expectation. Thus, given k ∈ ker Γψ and x ∈ C∗(Imψ), we have that

xk = (id− Γψ)(xk) = (id− Γψ)(x)k = xk − Γψ(x)k

and so Γψ(x)k = 0. As x ∈ C∗(Imψ) is arbitrary, we may take x = I and thus, 0 = Γψ(I)k =
k. So Γψ is injective and thus, ψ = π by Theorem 4.3.1 (v).

For our next development, we will require some terminology. Let S ⊂ T be (closed)
operator systems and let UCP(S, T ) denote the collection of unital completely positive maps
from S to T . Given a subspace F of S, there is an ordering on the idempotent elements
of UCP(S, T ) that fix F . Indeed, if ϕ, ψ ∈ UCP(S, T ) are idempotent and fix a subspace
F ⊂ S, then ϕ ≺ ϕ′ if and only if ϕ◦ϕ′ = ϕ′◦ϕ = ϕ. An idempotent ϕ is said to be a minimal
F-projection in UCP(S, T ) if ϕ is minimal among the idempotent elements of UCP(S, T )
that fix F . Minimal F -projections have found previous success in helping to prove existence
of the injective envelope of an operator system [73, Chapter 15]. We find that the map Γψ
enjoys this minimality condition and is uniquely determined by its behaviour over Imψ.

Theorem 4.3.4. Let M ⊂ B(H) be a unital operator space. Suppose that π : C∗(M) →
B(Hπ) is a ∗-representation possessing the approximate unique extension property and let
ψ : C∗(M)→ B(Hπ) be a unital completely positive map satisfying ψ |M= π |M. Then, the
following statements hold.

(i) Every ∗-representation σ : C∗(Imψ) → B(Hσ) such that σ |ker Γψ= 0 has the unique
extension property with respect to Imψ.

(ii) The map Γψ is a minimal Imπ-projection in UCP(C∗(Imψ), B(Hπ)).
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Proof. (i): Let ϕ : C∗(Imψ)→ B(Hσ) be a unital completely positive map satisfying ϕ |Imψ=
σ |Imψ . As σ vanishes over ker Γψ, we may express σ = σ̃ ◦ Γψ where σ̃ : Imπ → B(Hσ) is a
∗-representation. Observe that, by Theorem 4.3.1,

(ϕ ◦ ψ)(t) = (σ ◦ ψ)(t) = (σ̃ ◦ Γψ ◦ ψ)(t) = (σ̃ ◦ π)(t), t ∈ C∗(M).

By the Schwarz inequality, we have that for each t ∈ C∗(M),

ϕ(ψ(t)∗ψ(t)) ≤ (ϕ ◦ ψ)(t∗t) = (σ̃ ◦ π)(t∗t) = ϕ(ψ(t))∗ϕ(ψ(t)) ≤ ϕ(ψ(t)∗ψ(t))

and so ϕ(ψ(t)∗ψ(t)) = ϕ(ψ(t))∗ϕ(ψ(t)). Consequently, we have that Imψ is a subset of the
multiplicative domain for ϕ [73, Theorem 3.18]. Therefore, since ϕ |Imψ= σ |Imψ, we must
have that ϕ = σ.

(ii): Let Ω : C∗(Imψ) → B(Hπ) be a unital completely positive idempotent such that
Ω ◦ π = π and Ω ≺ Γψ. In this case, by Theorem 4.3.1,

Ω ◦ ψ = Ω ◦ Γψ ◦ ψ = Ω ◦ π = π.

As Ω |Imψ= Γψ |Imψ, it follows by (i) that Ω = Γψ.

As a result of Theorem 4.3.4, we show that there is a one-to-one correspondence between
the idempotents Γψ and the domain of such maps. In particular, a completely positive
extension ψ will be equal to a ∗-representation π with the approximate unique extension
property provided that the image of the completely positive extension is sufficiently small.
This generalizes [20, Corollary 3.3].

Corollary 4.3.5. Let M ⊂ B(H) be a unital operator space. Suppose that π : C∗(M) →
B(Hπ) is a ∗-representation possessing the approximate unique extension property and let
ψ, ψ′ : C∗(M) → B(Hπ) be unital completely positive maps satisfying ψ |M= ψ′ |M= π |M.
Then, the following statements are equivalent.

(i) We have that ker Γψ ⊂ ker Γψ′.

(ii) We have that C∗(Imψ) ⊂ C∗(Imψ′).

(iii) We have that Γψ′ |C∗(Imψ)= Γψ.

In particular, we have that Γψ = Γψ′ if and only if C∗(Imψ) = C∗(Imψ′). Further, ψ = π
whenever Imψ ⊂ Imπ.

Proof. The implication (iii)⇒(i) is trivial and (i)⇒(ii) follows directly from Theorem 4.3.1
because

C∗(Imψ) = ker Γψ + Imπ ⊂ ker Γψ′ + Imπ = C∗(Imψ′).

(ii)⇒(iii): In this case, we obtain a well-defined unital completely positive map ϕ :=
Γψ′ ◦ ψ : C∗(M)→ Imπ satisfying

ϕ |M= (Γψ′ ◦ ψ) |M= (Γψ′ ◦ π) |M= π |M .
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Thus, by Theorem 4.3.1 (i),

π(t) = (Γϕ ◦ ϕ)(t) = ϕ(t), t ∈ C∗(M),

on account of ϕ(t) lying in the image of the idempotent Γϕ : C∗(Imϕ)→ Imπ. It follows that
Γψ′ ◦ ψ = π. However, by Theorem 4.3.4 (i), the map Γψ has the unique extension property
with respect to Imψ. So, since Γψ′ |Imψ= Γψ |Imψ, it follows that Γψ′ |C∗(Imψ)= Γψ.

For the final statement note that, whenever Imψ ⊂ Imπ, it follows from condition (iii)
that

Γψ = Γπ |C∗(Imψ)= id,

where id denotes the identity representation of C∗(Imψ). By Theorem 4.3.1 (v), we conclude
that ψ = π.

Recall that, by Proposition 4.2.10, to determine the class of ∗-representations that possess
the approximate unique extension property it suffices to determine the class of irreducible ∗-
representations that possess the approximate unique extension property (provided thatM is
separable). Any other ∗-representation is the result of a direct sum or an approximate unitary
equivalence of ∗-representations of this form. Here, we will mention how the conditional
expectation Γψ behaves with respect to direct sums and approximate unitary equivalences
of completely positive extensions. We start with direct sums.

Corollary 4.3.6. Let M ⊂ B(H) be a unital operator space and {πi : C∗(M) → B(Hi) :
i ∈ I} be a collection of ∗-representations that possess the approximate unique extension
property. For each i ∈ I, let ψi : C∗(M) → B(Hi) be a unital completely positive map
satisfying ψi |M= πi |M. Then, defining π =

⊕
i∈I πi and ψ =

⊕
i∈I ψi, we have that the

map Γψ : C∗(Imψ)→ Imπ satisfies

Γψ((xi)i∈I) = (Γψi(xi))i∈I , (xi)i∈I ∈ C∗(Imψ).

Proof. Note that ψ is a unital completely positive map satisfying ψ |M= π |M and recall
that π has the approximate unique extension property by Proposition 4.2.7. Define a ∗-
homomorphism

Λ : C∗(Imψ)→
∏
i∈I

Imπi, (xi)i∈I 7→ (Γψi(xi))i∈I .

Note that Λ ◦ ψ = π and so,

Λ(C∗(Imψ)) = C∗(Λ(Imψ)) = Imπ.

Therefore, we may conclude that Λ = Γψ by Theorem 4.3.4 (i).

Next, we address how the conditional expectation Γψ is affected by approximately unitar-
ily equivalent completely positive extensions. We say that unital completely positive maps
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ψ, ψ′ : C∗(M) → B(Hπ) are approximately unitarily equivalent whenever there is a net of
unitary operators wγ ∈ B(Hπ) satisfying

lim
γ
‖w∗γψ′(t)wγ − ψ(t)‖ = 0, t ∈ C∗(M).

In particular, when ψ and ψ′ are approximately unitarily equivalent, there is a ∗-isomorphism
Ω : C∗(Imψ)→ C∗(Imψ′) satisfying Ω ◦ ψ = ψ′.

Corollary 4.3.7. Let M ⊂ B(H) be a unital operator space. Suppose that π : C∗(M) →
B(Hπ) is a ∗-representation possessing the approximate unique extension property and let
ψ, ψ′ : C∗(M) → B(Hπ) be unital completely positive maps satisfying ψ |M= ψ′ |M= π |M.
Assume that there is a ∗-isomorphism Ω : C∗(Imψ)→ C∗(Imψ′) satisfying Ω◦ψ = ψ′. Then,
we have that C∗(Imψ) = C∗(Imψ′) and Γψ = Γψ′.

Proof. Observe that, by Theorem 4.3.1 (i), we have that

π = Γψ′ ◦ ψ′ = Γψ′ ◦ Ω ◦ ψ.

By Theorem 4.3.4 (i), it follows that Γψ′ ◦Ω = Γψ. Whence, we obtain that ker Γψ′ = ker Γψ
on account of Ω being a ∗-isomorphism. By Corollary 4.3.5, we conclude that C∗(Imψ) =
C∗(Imψ′) and Γψ = Γψ′ .

We close this section by providing an example of when the approximate unique extension
property is equivalent to the usual unique extension property. This allows us to improve
Theorem 4.2.11 in a special case.

Theorem 4.3.8. Let M⊂ B(H) be a unital operator space and let π : C∗(M)→ B(Hπ) be
a ∗-representation such that K(H) ⊂ Imπ. Then, the following statements are equivalent.

(i) π possesses the unique extension property.

(ii) π is approximately unitarily equivalent to a boundary representation.

(iii) π possesses the approximate unique extension property.

In particular, ifM is separable and C∗(M) is postliminal, then every irreducible ∗-representation
of C∗(M) is a boundary representation if and only if every ∗-representation of C∗(M) pos-
sesses the approximate unique extension property.

Proof. The direction (i) ⇒(ii) is trivial and (ii)⇒(iii) is Theorem 4.2.6. For (iii)⇒(i), let
ψ : C∗(M) → B(Hπ) be a completely positive extension of π |M. Then, observe that Γψ
is a ∗-representation that fixes K(H) and consequently, must be the identity representation
(for example, see [74, Proposition 3.5]). In which case, by Theorem 4.3.1 (v), we have that
ψ = π and so π has the unique extension property.

For the last statement, if every irreducible ∗-representation of C∗(M) is a boundary repre-
sentation, then every ∗-representation of C∗(M) possesses the approximate unique extension
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property by Theorem 4.2.11. For the converse, note that every irreducible ∗-representation
σ : C∗(M)→ B(Hσ) possesses the approximate unique extension property. Since C∗(M) is
postliminal, we have that K(Hσ) ⊂ Imσ. Therefore, the previous paragraph guarantees that
σ has the unique extension property.

Finally, note that Theorem 4.3.8 allows us to readily identify many instances where ∗-
representations fail to have the approximate unique extension property.

Example 10. Let H2 denote the classical Hardy space and A(D) ⊂ C(D) denote the disc
algebra. Consider the subalgebra A ⊂ B(H2) of multiplication operators Mϕ where ϕ ∈
A(D). Recall that there is a well-known split exact sequence of C∗-algebras

0 −→ K(H2) −→ C∗(A) −→ C(T) −→ 0

and that C∗(A) is the Toeplitz algebra (one can consult [1],[43],[56] for details). Moreover,
we have that C∗e(A) ∼= C(T) (for example, this follows by [22, Corollary 6.4]).

Note that the image of the identity representation π : C∗(A) → B(H2) contains K(H2).
Since π does not factor through the C∗-envelope of A, we have that π cannot be a boundary
representation for A by Theorem 2.4.3 (ii). So π does not possess the approximate unique
extension property either by Theorem 4.3.8.
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4.4 Concrete Applications

In this section, we apply our work to a few classes of operator spaces. This allows us to
analyze how the approximate unique extension property is behaved for spaces of continu-
ous functions (Proposition 4.4.1), as well as obtain new formulations of Arveson’s essential
normality conjecture (Theorem 4.4.2).

4.4.1 Function Spaces

Let X be a compact metric space and M ⊂ C(X) be a unital function space. Recall that
Šaškin proved that every irreducible ∗-representation of C(X) is a boundary representation
forM if and only if, whenever ψn : C(X)→ C(X) is a sequence of unital completely positive
maps satisfying ‖ψn(m)−m‖ → 0 for every m ∈M, then we have that ‖ψn(t)− t‖ → 0 for
every t ∈ C(X). We note that a slight variation on Šaškin’s theorem is possible.

Proposition 4.4.1. Let X be a compact Hausdorff space andM⊂ C(X) be a unital function
space. Assume that (C(X), idM) is equivalent to the C∗-envelope of M. Then, the following
statements are equivalent.

(i) Whenever π : C(X)→ B(Hπ) is a ∗-representation possessing the approximate unique
extension property and ψ : C(X) → B(Hπ) is a unital completely positive map such
that C∗(Imψ) is commutative and ψ |M= π |M, we have that ψ = π.

(ii) Whenever ψα : C(X) → C(X) is a net of unital completely positive maps satisfying
‖ψα(g) − g‖ → 0 for every g ∈ M, then we have that ‖ψα(f) − f‖ → 0 for every
f ∈ C(X).

(iii) Every irreducible ∗-representation for C(X) is a boundary representation.

Proof. (ii)⇔(iii): This is the non-separable version of Šaškin’s Theorem (Theorem 2.3.4).
(iii)⇒(i): Let π : C(X) → B(Hπ) be a ∗-representation possessing the approximate

unique extension property and let ψ : C(X) → B(Hπ) be a unital completely positive map
such that C∗(Imψ) is commutative and ψ |M= π |M. If Y is a compact Hausdorff space and
Ω : C∗(Imψ) → C(Y ) is ∗-isomorphism, then Ω ◦ ψ : C(X) → C(Y ) is a unital completely
positive map satisfying (Ω ◦ ψ) |M= (Ω ◦ π) |M . Thus, Ω ◦ ψ = Ω ◦ π by [38, Theorem 5.1]
and so, ψ = π as desired.

(i)⇒(ii): Let π : C(X) → B(Hπ) be an isometric ∗-representation and let ψα : C(X) →
C(X) be a net of unital completely positive maps satisfying ‖ψα(g) − g‖ → 0 for every
g ∈M. Define a ∗-homomorphism

πu : C(X)→

(∏
α

Imπ

)
/J, f 7→ (π(f))α + J,

where J is the closed two-sided ideal of
∏

α Imπ consisting of those nets (π(fα))α such that
‖π(fα)‖ = ‖fα‖ → 0. By definition of J, we have that ker πu = kerπ and so πu is isometric.
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Upon representing (
∏

α Imπ)/J on some Hilbert space via an isometric ∗-homomorphism
ι, we may apply Corollary 4.2.8 (ii) to obtain a cardinal κ such that (ι ◦ πu)(κ) has the
approximate unique extension property.

Now, define a unital completely positive map

ψ : C(X)→

(∏
α

Imπ

)
/J, f 7→ ((π ◦ ψα)(f))α + J.

By assumption, we have that ψ and πu agree on M. Therefore, we have that (ι ◦ ψ)(κ) and
(ι ◦ πu)(κ) agree onM as well. However, since C∗(Im(ι ◦ψ)(κ)) is a commutative C∗-algebra,
the assumption allows us to conclude that (ι ◦ ψ)(κ) = (ι ◦ πu)(κ). As ι and πu are isometric,
and by definition of πu, it then follows that ‖ψα(f)− f‖ → 0 for every f ∈ C(X).

We also remark that it appears notable that there are many examples of unital operator
spaces where condition (i) fails (Example 8).

4.4.2 Essentially Normal Operator Tuples

Next, we apply our machinery to a different class of operator systems and relate the approx-
imate unique extension property to another well-studied conjecture of Arveson.

For these purposes, let d ≥ 2 be a fixed positive integer, Bd ⊂ Cd denote the open unit ball
and C[z] = C[z1, . . . , zd] denote the algebra of complex d-variate polynomials. We require
terminology from Section 2.5. Recall that the Drury-Arveson space H2

d is the reproducing
kernel Hilbert space on Bd that is associated with the kernel

k(z, w) =
1

1− 〈z, w〉
, z, w ∈ Bd.

Let Mp ∈ B(H2
d) denote the polynomial multiplier associated with p ∈ C[z]. The row

operator
Mz = (Mz1 , . . . ,Mzd) : (H2

d)(d) −→ H2
d

is called the d-shift of the Drury-Arveson space. Next, fix a homogeneous ideal I C C[z],
i.e. I is an ideal that is generated by a family of homogeneous polynomials. It is clear
that IH2

d is invariant for Mz. Then, we define a d-tuple S = (S1, . . . , Sd) of operators on
FI = H2

d 	 IH2
d given by

Si = PFIMzi |FI , 1 ≤ i ≤ d.

Let SI ⊂ B(FI) denote the operator system generated by S1, . . . , Sd. If we let TI = C∗(SI),
then it is known that K(FI) ⊂ TI [79, Theorem 1.3]. In particular, we may define OI =
TI/K(FI). Throughout, we let q : TI → OI denote the quotient map. We now present the
main conjecture on the operator tuple (S1, . . . , Sd).

Arveson’s Essential Normality Conjecture: If I C C[z] is a homogeneous ideal, then
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SiS
∗
j − S∗jSi is a compact operator for every 1 ≤ i, j ≤ d.

Tuples of operators that satisfy the above criterion are said to be essentially normal.
Among the main interests in Arveson’s essential normality conjecture is that S is the universal
operator d-tuple for commuting row contractions which satisfy p(S) = 0 for each p ∈ I [84,
Theorem 8.4]. Accordingly, the essential normality conjecture is connected with a theory of
varieties on the ball.

Kennedy and Shalit revealed a connection between the essential normality conjecture
and Arveson’s hyperrigidity conjecture. Assume that I C C[z] is a non-zero homogeneous
ideal that contains no linear polynomials and is not of finite codimension in C[z]. Then,
essential normality of the tuple S is equivalent to hyperrigidity of the operator system SI
[62, Theorem 4.12],[63]. We will further reframe essential normality of the tuple in terms of
the approximate unique extension property.

Theorem 4.4.2. Let I C C[z] be a non-zero homogeneous ideal that contains no linear poly-
nomials and such that I is not of finite codimension in C[z]. Then, the following statements
are equivalent.

(i) There is an isometric ∗-representation of OI that has the approximate unique extension
property with respect to q(SI).

(ii) The tuple S = (S1, . . . , Sd) is essentially normal.

(iii) The operator system SI is hyperrigid.

(iv) Every irreducible ∗-representation of TI is a boundary representation for SI .

Proof. The direction (iii)⇒ (iv) is trivial, (iv)⇒(i) is a consequence of Lemma 4.2.2 and
Theorem 4.2.11, and (ii)⇔(iii) is [62, Theorem 4.12],[63].

(i)⇒ (ii): Let π : OI → B(Hπ) be an isometric ∗-representation that has the approximate
unique extension property with respect to q(SI) and consider σ := π ◦ q. Observe that σ
vanishes over the compact operators on FI and so, by [62, Proposition 4.13], there exists a
unital completely positive map ψ : TI → B(Hπ) such that ψ |SI= σ |SI and

ψ(S∗i Sj) = σ(SjS
∗
i ), 1 ≤ i, j ≤ d.

Moreover, by [62, Lemma 4.6], we may express ψ = ϕ ◦ q where ϕ : OI → B(Hπ) is a unital
completely positive map. Since ϕ |q(SI)= π |q(SI), we obtain a net of unitaries uβ ∈ B(Hπ)
such that u∗βϕ(x)uβ → π(x) in the weak operator topology for every x ∈ OI . Therefore,
u∗βψ(t)uβ → σ(t) in the weak operator topology for every t ∈ TI . As in the proof of Theorem
4.3.1, we obtain a homomorphic conditional expectation Γψ : C∗(Imψ) → Imσ satisfying
Γψ ◦ ψ = σ. In particular, we see that

σ(S∗i Sj) = (Γψ ◦ ψ)(S∗i Sj) = σ(SjS
∗
i ), 1 ≤ i, j ≤ d.

Since kerσ = K(FI), we obtain that S∗i Sj − SjS∗i is compact for every 1 ≤ i, j ≤ d. In other
words, the tuple S = (S1, . . . , Sd) is essentially normal.
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Remark 4.4.3. Let I C C[z] be a non-zero homogeneous ideal. For Theorem 4.4.2, we
assumed that I contains no linear polynomials and is not of finite codimenision in C[z].
However, there are other stipulations that work in place of our assumptions on I (see [63]).

A priori, condition (i) appears to be a weak stipulation and thus, one may expect that
there are many choices of homogeneous ideals that will result in essentially normal tuples.
However we remind the reader that essential normality of the tuple S is equivalent to OI
being the C∗-envelope of q(SI). As such, it is unclear whether OI will possess an isometric
∗-representation with the approximate unique extension property.
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Chapter 5

Non-commutative Korovkin
Approximations for Operator Spaces

In this chapter, our primary purpose is to further address Arveson’s hyperrigidity conjecture.
For this, we will first restate Arveson’s conjecture.

Arveson’s hyperrigidity conjecture: Let M ⊂ B(H) be a separable unital operator
space. If every irreducible ∗-representation for C∗(M) is a boundary representation, then
M is hyperrigid.

Arveson’s conjecture was partially motivated by statements in classical approximation
theory due to Korovkin and Šaškin [68],[83]. Initially, Korovkin had proved that, whenever
ϕn : C[0, 1]→ C[0, 1] is a sequence of positive linear maps such that

lim
n→∞

‖ϕn(xk)− xk‖ = 0, k = 0, 1, 2,

then we necessarily have that

lim
n→∞

‖ϕn(f)− f‖ = 0, f ∈ C[0, 1].

Afterwards, Šaškin demonstrated that Korovkin’s theorem is an instance of all irreducible
∗-representations of C[0, 1] being boundary representations for the unital span of {x, x2}. In
particular, recall that Šaškin proved the following statements to be equivalent for a separable
unital subspace M⊂ C(X) that separates points in X.

(i) Whenever ϕn : C(X)→ C(X) is a sequence of positive linear maps such that ‖ϕn(g)−
g‖ → 0 for each g ∈M, then we have that ‖ϕn(f)− f‖ → 0 for every f ∈ C(X).

(ii) For every compact metric space Y , every ∗-representation π : C(X)→ C(Y ), and every
sequence of positive linear maps ϕn : C(X)→ C(Y ) such that ‖ϕn(g)− π(g)‖ → 0 for
every g ∈M, we have that ‖ϕn(f)− π(f)‖ → 0 for every f ∈ C(X).
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(iii) Every irreducible ∗-representation for C(X) is a boundary representation for M.

Upon replacing sequences by nets, a non-separable version of Šaškin’s theorem is also known
(Theorem 2.3.4).

The primary focus of our work in this chapter is, instead of addressing Arveson’s conjec-
ture directly, we analyze non-commutative approximations and extensions of Šaškin’s the-
orem. Non-commutative Šaškin and Korovkin-type theorems have been addressed several
times [17],[67],[80],[81],[89], although our primary contributions appear to be distinct. As
we progress, we will highlight the underlying connections our work has with Arveson’s non-
commutative Choquet boundary, as well as the counterexample to Arveson’s hyperrigidity
conjecture [10].

In Section 5.1, we analyze an approximate rigidity property on the identity representation.
Namely, we say that a unital operator space M ⊂ B(H) is Korovkin relative to C∗(M) if,
whenever ϕλ : C∗(M)→ C∗(M) is a net of unital completely positive maps such that

‖ϕλ(m)−m‖ → 0, m ∈M,

then we necessarily have that

‖ϕλ(t)− t‖ → 0, t ∈ C∗(M).

The major result in this chapter is that, in the presence of the lifting property, a faithful
analogue of Šaškin’s theorem may be achieved (Theorem 5.1.6).

Theorem G. Let M ⊂ B(H) be a unital operator space such that C∗(M) has the lifting
property. Then, the following statements are equivalent.

(i) We have that M is Korovkin relative to C∗(M).

(ii) For every ∗-representation π : C∗(M) → B(Hπ) and every net of unital completely
positive maps ϕλ : C∗(M)→ π(C∗(M)) satisfying

lim
λ
‖ϕλ(m)− π(m)‖ = 0, m ∈M,

we have that
lim
λ
‖ϕλ(t)− π(t)‖ = 0, t ∈ C∗(M).

5.1 A non-commutative Šaškin theorem

In this section, we will analyze Korovkin operator spaces. To start, we remark that an
operator space being Korovkin can be reinterpreted as a particular choice of ∗-representation
possessing a relative unique extension property. This is inspired by an argument of Arveson
[7, Theorem 2.1]. For simplicity of notation, we restrict ourselves to the separable setting.
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Proposition 5.1.1. Let M ⊂ B(H) be a unital separable operator space. Consider the
closed two-sided ideal

J =

{
(tn)n≥1 ∈

∞∏
n=1

C∗(M) : ‖tn‖ → 0

}
and define a ∗-homomorphism

Πu : C∗(M)→

(
∞∏
n=1

C∗(M)

)
/J, t 7→ (t)n≥1 + J.

Then, the following statements are equivalent.

(i) We have that M is Korovkin relative to C∗(M).

(ii) Whenever Ψ : C∗(M)→ (
∏

λ C∗(M)) /J is a unital completely positive map satisfying
Ψ |M= Πu |M, then we have that Ψ = Πu.

Proof. Let ϕn : C∗(M)→ C∗(M) be a sequence of unital completely positive maps satisfying
‖ϕn(m)−m‖ → 0 for each m ∈M. Define

Φ : C∗(M)→

(
∞∏
n=1

C∗(M)

)
/J, t 7→ (ϕn(t))n≥1 + J.

It is easily verified that Φ is a unital completely positive map satisfying Φ |M= Πu |M.
Moreover, Φ = Πu if and only if ‖ϕn(t)− t‖ → 0 for every t ∈ C∗(M). So, the conclusion is
immediate.

The most fruitful source of non-commutative spaces that are Korovkin are the hyperrigid
operator spaces. Indeed, recall that an operator spaceM⊂ B(H) is hyperrigid if, whenever
ε : C∗(M)→ B(K) is an isometric ∗-representation and ϕλ : B(K)→ B(K) is a net of unital
completely positive maps satisfying

lim
λ
‖ϕλ(ε(m))− ε(m)‖ = 0, m ∈M,

then we necessarily have that

lim
λ
‖ϕλ(ε(t))− ε(t)‖ = 0, t ∈ C∗(M).

When there exists an isometric ∗-representation ε that has the above properties, then M
is automatically Korovkin relative to C∗(M). Indeed, this follows as a consequence to the
following lemma.

Lemma 5.1.2. LetM⊂ B(H) be a unital operator space. Suppose that θ : C∗(M)→ B(Hθ)
is an isometric ∗-representation. Then,M is Korovkin relative to C∗(M) if and only if θ(M)
is Korovkin relative to θ(C∗(M)).
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Proof. (⇒) Assume that M is Korovkin relative to C∗(M) and let ψλ : θ(C∗(M)) →
θ(C∗(M)) be a net of unital completely positive maps such that

lim
λ
‖ψλ(θ(m))− θ(m)‖ = 0, m ∈M.

Then, define a net of unital completely positive maps ϕλ : C∗(M) → C∗(M) by ϕλ =
θ−1 ◦ ψλ ◦ θ. It is clear that

lim
λ
‖ϕλ(m)−m‖ = 0, m ∈M.

As M is Korovkin relative to C∗(M), we conclude that

lim
λ
‖ϕλ(t)− t‖ = 0, t ∈ C∗(M).

Thus, as θ−1 is isometric, we have that

lim
λ
‖ψλ(θ(t))− θ(t)‖ = lim

λ
‖θ−1(ψλ(θ(t))− θ(t))‖ = lim

λ
‖ϕλ(t)− t‖ = 0, t ∈ C∗(M).

So, θ(M) is Korovkin relative to θ(C∗(M)).
(⇐) This follows from the previous direction upon considering θ−1.

Outside of the function theoretic setting, one might expect that M being Korovkin
does not necessarily imply that all irreducible ∗-representations for C∗(M) are boundary
representations forM. Moreover, it appears even less likely that being Korovkin is equivalent
to hyperrigidity. Nevertheless, we will quantify one instance of this, which the author assumes
is known amongst experts. For this, we require a minor simplification.

Lemma 5.1.3. Let M⊂Mr be a unital operator space. Then, the following statements are
equivalent.

(i) We have that M is Korovkin relative to C∗(M).

(ii) Whenever ϕ : C∗(M) → C∗(M) is a unital completely positive map satisfying ϕ |M=
idM, we have that ϕ = idC∗(M).

Proof. (i)⇒(ii): Obvious.
(ii)⇒(i): Let ϕn : C∗(M) → C∗(M) be a sequence of unital completely positive maps

satisfying
lim
n→∞

‖ϕn(m)−m‖ = 0, m ∈M.

By compactness, there exists a point-WOT limit point ϕ for the sequence (ϕn)n≥1. It is evi-
dent that ϕ |M= idM. Moreover, we have that ϕ(C∗(M)) ⊂ C∗(M) because C∗(M) is closed
in the weak operator topology. Therefore, it follows that ϕ is the identity representation for
C∗(M).

In other words, the identity representation for C∗(M) is the unique point-WOT limit
point for the sequence (ϕn)n≥1. Due to finite-dimensionality, we may conclude that (ϕn)n≥1

necessarily converges to the identity representation in the point-norm topology. So, M is
Korovkin relative to C∗(M).
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Therefore, in this particular scenario, Korovkin operator spaces are automatically hyper-
rigid.

Corollary 5.1.4. Let M ⊂ Mr be a unital operator space. Then, the following statements
are equivalent.

(i) We have that M is Korovkin relative to C∗(M).

(ii) Every irreducible ∗-representation for C∗(M) is a boundary representation for M.

(iii) The operator space M is hyperrigid.

Proof. Statements (ii) and (iii) are known to be equivalent (see [7, Theorem 5.1]). We show
that statements (i) and (ii) are equivalent.

To this end, due to Lemma 5.1.2, we may assume that C∗(M) =
⊕n

i=1 Mri for some
collection of positive integers {r1, . . . , rn}. By Lemma 5.1.3, M is Korovkin relative to
C∗(M) precisely when any unital completely positive map ϕ : C∗(M) → C∗(M) fixing M
is the identity representation. Note that any unital completely positive map ϕ : C∗(M) →
C∗(M) may be expressed as ϕ =

⊕n
i=1 ϕi where

ϕi : C∗(M)→Mri , t 7→ PCriϕ(t) |Cri ,

because the projections PCr1 , . . . , PCrn are reducing for ϕ(C∗(M)) ⊂
⊕n

i=1 Mri . Thus, ϕ
fixes M precisely when ϕi |M= πi |M for each i, where πi : C∗(M) → Mri is the natural
projection mapping. In particular, we have that ϕ is necessarily the identity representation
if and only if ϕi = πi for each i, which occurs precisely when each projection mapping is a
boundary representation for M.

Before proceeding, we record an infinite-dimensional example of an operator space that
fails to be Korovkin.

Example 11. Let S ∈ B(`2) be the unilateral shift and let T = C∗(S) denote the Toeplitz
algebra (Subsection 2.1.3). Let M be the unital operator space generated by S. Then,

ϕ : T → T , X 7→ S∗XS

is a unital completely positive map with the property that ϕ(m) = m for each m ∈M. On
the other hand, we have that ϕ(SS∗) = I and so ϕ is not the identity representation for T .
Thus, M is not Korovkin relative to T .

For simplicity, we will require some terminology in our next developments.

Definition 5.1.5. LetM⊂ B(H) be a unital operator space. We say that a ∗-representation
π : C∗(M)→ B(Hπ) is Korovkin with respect toM if, whenever ϕλ : C∗(M)→ π(C∗(M))
is a net of unital completely maps satisfying

lim
λ
‖ϕλ(m)− π(m)‖ = 0, m ∈M,

we have that
lim
λ
‖ϕλ(t)− π(t)‖ = 0, t ∈ C∗(M).
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Next, we require an additional technical constraint. A unital C∗-algebra A is said to have
the lifting property if, whenever J ⊂ B is a closed two-sided ideal of a unital C∗-algebra B,
ϕ : A → B/J is a unital completely positive map, there exists a unital completely positive
map Φ : A → B with the property that q ◦ Φ = ϕ where q : B → B/J is the quotient
mapping. Those C∗-algebras with the lifting property form a large class that includes many
examples of interest. For example, the Choi–Effros lifting theorem [18] asserts that all nuclear
C∗-algebras have the lifting property.

We now present the main result of this chapter.

Theorem 5.1.6. Let M ⊂ B(H) be a unital operator space and assume that C∗(M) has
the lifting property. Then, the following statements are equivalent.

(i) We have that M is Korovkin relative to C∗(M).

(ii) Every ∗-representation of C∗(M) is Korovkin with respect to M.

The proof is inspired by Arveson’s lifting theorem [5, Section 3] and the original proof of
Šaškin’s theorem for function spaces [76, Section 9]. Additionally, we require the fact that
every closed two-sided ideal J of a C∗-algebra A admits a quasicentral approximate unit [34,
Theorem 1.9.16]. That is, there is an increasing net (sµ)µ of positive contractions in J such
that

lim
µ
‖sµk − k‖ = lim

µ
‖ksµ − k‖ = 0, k ∈ J,

and
lim
µ
‖sµt− tsµ‖ = 0, t ∈ A.

Proof. (ii)⇒(i): Obvious.
(i)⇒(ii): As C∗(M) has the lifting property, we may find a net of unital completely posi-

tive maps Ψλ : C∗(M)→ C∗(M) such that π◦Ψλ = ψλ. Now, let (sµ)µ denote a quasicentral
approximate unit for kerπ relative to C∗(M) and define a net of unital completely positive
maps Ψλ,µ : C∗(M)→ C∗(M) by

Ψλ,µ(t) = s1/2
µ ts1/2

µ + (I − sµ)1/2Ψλ(t)(I − sµ)1/2.

Since (sµ)µ is quasicentral, a standard approximation guarantees that

lim
µ
‖tf(sµ)− f(sµ)t‖ = 0, t ∈ C∗(M),

whenever f is a uniform limit of polynomials on the unit interval. In particular,

lim sup
µ
‖s1/2

µ ts1/2
µ − sµt‖ ≤ lim sup

µ
‖ts1/2

µ − s1/2
µ t‖ = 0, t ∈ C∗(M),

and so, ‖s1/2
µ ts

1/2
µ − sµt‖ → 0 whenever t ∈ C∗(M).
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Fix m ∈M and ε > 0. Then, note that

lim
λ
‖π(m−Ψλ(m))‖ = lim

λ
‖π(m)− ψλ(m)‖ = 0

and so, we may find some λ0 such that

‖π(m−Ψλ(m))‖ < 2ε, λ ≥ λ0.

By the first isomorphism theorem for C∗-algebras and by definition of the quotient norm, we
may then extract a net (Kλ)λ≥λ0 of operators in kerπ such that

‖(m−Ψλ(m))−Kλ‖ < ε, λ ≥ λ0.

For each λ ≥ λ0, we may find some µλ such that

‖(I − sµ)Kλ‖ < ε, µ ≥ µλ,

as (sµ)µ is an approximate unit for ker π. Additionally, as (sµ)µ is quasicentral, we may
assume that µλ is chosen so that

‖sµm− s1/2
µ ms1/2

µ ‖, ‖(I − sµ)Ψλ(m)− (I − sµ)1/2Ψλ(m)(I − sµ)1/2‖ < ε

whenever µ ≥ µλ and λ ≥ λ0. Therefore, whenever λ ≥ λ0 and µ ≥ µλ,

‖m−Ψλ,µ(m)‖ = ‖(m− s1/2
µ ms1/2

µ )− (I − sµ)1/2Ψλ(m)(I − sµ)1/2‖
≤ ‖(I − sµ)(m−Ψλ(m))‖+ ‖sµm− s1/2

µ ms1/2
µ ‖

+ ‖(I − sµ)Ψλ(m)− (I − sµ)1/2Ψλ(m)(I − sµ)1/2‖
< ‖(m−Ψλ(m))−Kλ‖+ ‖(I − sµ)Kλ‖+ 2ε

< 4ε.

So, we have that
lim
λ
‖m−Ψλ,µλ(m)‖ = 0, m ∈M.

As M is Korovkin relative to C∗(M), we can conclude that

lim
λ
‖t−Ψλ,µλ(t)‖ = 0, t ∈ C∗(M).

Finally, observe that

(π ◦Ψλ,µ)(t) = (π ◦Ψλ)(t) = ψλ(t), t ∈ C∗(M),

for each µ and λ. In particular,

lim sup
λ
‖π(t)− ψλ(t)‖ ≤ lim sup

λ
‖t−Ψλ,µλ(t)‖ = 0, t ∈ C∗(M),

and so,
lim
λ
‖ψλ(t)− π(t)‖ = 0, t ∈ C∗(M),

as desired.
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It is worth discussing some partial refinements and consequences to Theorem 5.1.6. First,
the lifting property is not completely necessary to achieve some of the conclusions in Theorem
5.1.6. Indeed, for (i)⇒(ii), we can still retain the same approximation property for nets of
nuclear completely positive maps. For this, recall that a unital completely positive map
θ : A→ B between unital C∗-algebras is nuclear if there exists a pair of nets ηλ : A→ Mrλ

and τλ : Mrλ → B of contractive completely positive maps such that

lim
λ
‖(τλ ◦ ηλ)(t)− θ(t)‖ = 0, t ∈ A.

Corollary 5.1.7. Let M ⊂ B(H) be a separable unital operator space and assume that M
is Korovkin relative to C∗(M). Then, whenever π : C∗(M) → B(Hπ) is a ∗-representation
and ψλ : C∗(M)→ π(C∗(M)) is a net of nuclear unital completely positive maps satisfying
‖ψλ(m) − π(m)‖ → 0 for each m ∈ M, then we necessarily have that ‖ψλ(t) − π(t)‖ → 0
for each t ∈ C∗(M).

Proof. By [5, Theorem 7], the proof becomes identical to Theorem 5.1.6 (i)⇒(ii).

Therefore, we find that Korovkin operator spaces admit some connections to Arveson’s
non-commutative Choquet boundary. Moreover, due to Corollary 5.1.7, our consequence
does not require the local lifting property.

Corollary 5.1.8. Let M ⊂ B(H) be a separable unital operator space. If M is Korovkin
relative to C∗(M), then all finite-dimensional ∗-representations for C∗(M) have the unique
extension property with respect to M.

Proof. As the unique extension property passes to subrepresentations (Lemma 2.4.2), it
suffices to prove the statement for irreducible finite-dimensional ∗-representations. The latter
maps are surjective and so this becomes a consequence to Corollary 5.1.7.

We are unsure whether the converse to Corollary 5.1.8 holds for the class of liminal C*-
algebras. Nevertheless, the class of liminal C∗-algebras are not the only possible examples
that showcase a connection between the non-commutative Choquet boundary and being
Korovkin.

Example 12. Let H be a regular unitarily invariant complete Pick space on Bd (Section
2.5) and assume that H is not the Hardy space on the unit disc. Let A(H) denote the
norm-closure of the polynomial multipliers and T(H) := C∗(A(H)). By Theorem 2.5.1, the
irreducible ∗-representations for T(H) consist of the identity representation and some family
of characters.

Moreover, by Theorem 2.5.1, the identity representation for T(H) is always a boundary
representation for A(H). Moreover, every character for T(H) will be a boundary representa-
tion for A(H) precisely when the corresponding reproducing kernel is unbounded. As T(H)
is postliminal, it is nuclear [16, Proposition 2.7.4],[40, Theorem 9.1]. So, T(H) has the local
lifting property by the Choi–Effros lifting theorem [18]. Thus, by Theorem 5.1.6, A(H) is
Korovkin relative to T(H) if and only if the kernel is unbounded. By [22, Theorem 6.3], we
conclude that A(H) is Korovkin precisely when it is hyperrigid.
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Note that, when H is the Hardy space, we have the same conclusion by Example 11.
Moreover, there are examples where the reproducing kernel for H can be bounded (see [22,
Subsection 2.4]). Thus, Example 12 provides a family of operator spaces where the identity
representation for C∗(M) is a boundary representation, yetM fails to be Korovkin relative
to C∗(M).

Additionally, the family of irreducible ∗-representations for C∗(M) that are Korovkin
are not always abundant enough to determine a completely isometrically isomorphic copy
of M. Indeed, assume that the kernel for H is bounded and let F be the collection of
unitary equivalence classes [π] of irreducible ∗-representations for T(H) with the property
that, whenever ψλ : T(H)→ π(T(H)) is a net of unital completely positive maps satisfying
‖ψλ(a)− π(a)‖ → 0 for each a ∈ A(H), then ‖ψλ(t)− π(t)‖ → 0 for each t ∈ T(H). As the
kernel is bounded, by Example 12, the family F does not contain the unitary equivalence
class for the identity representation of T(H). On the other hand, the identity representation
is a boundary representation for A(H) and so, the C∗-envelope of A(H) is T(H). By the uni-
versal property of the C∗-envelope, the only possible way for the family F to completely norm

A(H) is if F includes the identity representation. Indeed, otherwise
(⊕

[π]∈F π
)
|A(H) is

completely isometric and thus, C∗e(A(H)) ∼= T(H) is a quotient of
(⊕

[π]∈F π
)

(T(H)). This

is a contradiction as
(⊕

[π]∈F π
)

(T(H)) is commutative if F does not include the identity

representation. Therefore, we may conclude that
⊕

[π]∈F π is not completely isometric for

A(H). In particular, the irreducible ∗-representations for C∗(M) that are Korovkin do not
always appear to be as faithful of an extension of the classical Choquet boundary when
compared to Arveson’s boundary representations.

82



Chapter 6

Conclusion and future directions

In this chapter, we provide a brief summary of some of the major components of this thesis,
as well as some open questions.

In Chapter 3, we studied residually finite-dimensional (RFD) operator algebras, which
are those operator algebras that may be embedded completely isometrically into a product
of matrix algebras. A conjecture of Clouâtre-Ramsey [24] asserted that the maximal C∗-
cover of an RFD operator algebra is RFD. Hartz has recently found a counterexample to
the conjecture [55], but we focus on describing suitable replacements to the maximal C∗-
cover. In particular, we show that every RFD operator algebra A admits an RFD C∗-cover
(R(A), µr) that is universal among all RFD C∗-covers of A (Theorem 3.2.2). We describe
this C∗-cover topologically (Theorem 3.2.4), concretely (Theorem 3.2.6), and describe some
of the properties that it satisfies (Subsection 3.2.3). Afterwards, we provide an alternative
analysis in terms of representations of the operator algebra that can be approximated in
different choices of topologies (Section 3.3). In particular, we construct one such C∗-cover,
(Rs(A), µrs), that is built from representations of A that may be approximated by finite-
dimensional representations of A in the pointwise-SOT topology. By Lemma 3.3.2, we know
that

(R(A), µr) � (Rs(A), µrs) � (C∗max(A), µ)

and, from Example 7, we may infer that (Rs(A), µrs) is not always the maximal C∗-cover
of A. However, we have been unable to determine whether (Rs(A), µrs) can differ from the
RFD-maximal C∗-cover.

Question 1. Is there an example of an RFD operator algebra A such that (Rs(A), µrs) is
not the RFD-maximal C∗-cover? Equivalently, find an example of a ∗-RFD representation
of A that is not RFD.

It appears feasible that a suitable alteration of Hartz’s proof [55] would yield a coun-
terexample to Question 1. Indeed, recall that a central aspect to Hartz’s argument is related
to a particular operator T being able to be approximated by unitaries in the WOT, yet not
in the SOT [55, Discussion after Theorem 4.3]. Here, the main obstruction from T being
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able to approximated in the SOT by unitaries is that T fails to be an isometry. It is fea-
sible that one can construct a similar counterexample that addresses Question 1 because
any (non-unitary) isometry can be approximated in the SOT by unitaries, yet cannot be
approximated by unitaries in the ∗SOT [52, Theorem 4.4].

The remainder of this thesis is primarily concerned with Arveson’s hyperrigidity conjec-
ture, which has recently been disproven in the postliminal setting [10]. Arveson conjectured
that, if every irreducible ∗-representation for C∗(M) is a boundary representation for a
separable unital operator space M, then every ∗-representation for C∗(M) has the unique
extension property with respect to M [7]. In Chapter 4, we leveraged Voiculescu’s theo-
rem [90] to identify approximate forms of the unique extension property. Most notably, we
found that any completely positive extension ψ of a ∗-representation π for C∗(M) lies in the
pointwise-WOT closed unitary orbit of π (Theorem 4.2.11). We refer to this constraint on the
completely positive extensions of π as the approximate unique extension property. We find
that the approximate unique extension property implies the existence of a ∗-homomorphism
Γψ : C∗(Imψ) → Imπ that is also a projection (Theorem 4.3.1). When all irreducible ∗-
representations for C∗(M) are boundary representations, then the mapping Γψ unveils quite
notable structural constraints on the completely positive extensions of all ∗-representations
for C∗(M). However, our approach is purely local in the sense that Theorem 4.3.1 may be
applied solely to the approximate unitary equivalence class of a single ∗-representation rather
than with the (global) assumption that every irreducible ∗-representation be a boundary rep-
resentation. For Arveson’s conjecture, this local approach is notable due to some troubling
examples (Example 9) as well as in light of the recent counterexample [10].

In the future, it would be interesting to further unravel the structure of the completely
positive extensions of a ∗-representation with the approximate unique extension property.
Here, we propose one such possibility.

Question 2. Let M⊂ B(H) be a unital operator space. Let π : C∗(M)→ B(Hπ) be a ∗-
representation with the approximate unique extension property and let ψ : C∗(M)→ B(Hπ)
be a unital completely positive map such that ψ |M= π |M. If ω is a pure state for Imπ,
then is ω the weak-∗ limit of pure states for Imπ that uniquely extend to C∗(Imψ)?

Clouâtre proved that, when all irreducible ∗-representations for C∗(M) are boundary
representations, then Arveson’s conjecture reduces to proving that every pure state for Imπ
uniquely extends to C∗(Imψ) [20, Theorem 3.10]. Thus, a positive answer to Question 2
would be one realization of an approximate answer to Arveson’s conjecture.

In Chapter 5, we recast Arveson’s hyperrigidity conjecture and focus on non-commutative
extensions of Šaškin’s theorem. Recall that Šaškin’s theorem asserts that, for function spaces,
an approximate rigidity condition for the identity representation is equivalent to all repre-
sentations sharing an approximate rigidity property, and that this is further equivalent to all
irreducible ∗-representations being boundary representations. For a large class of C∗-algebras
(including nuclear C∗-algebras), we find an analogue to Šaškin’s theorem is attainable (The-
orem 5.1.6).

We call an operator space Korovkin if it satisfies an appropriate rigidity condition for the
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identity representation. At the present time, verifying that an operator space is Korovkin
remains somewhat difficult. Thus, it would be rewarding to find more examples of Korovkin
operator spaces. We suggest characterizing when a specific class of operator systems is
Korovkin.

As in Subsection 4.4.2, let I ⊂ C[z1, . . . , zd] be a homogeneous ideal and let SI ⊂ B(FI)
denote the operator system generated by the operator d-tuple S = (S1, . . . , Sd). Recall that
Arveson conjectured S is essentially normal and, for sufficiently non-trivial homogeneous
ideals, Arveson’s conjecture is equivalent to SI being hyperrigid [62]. In proving this equiv-
alence, Arveson’s boundary theorem [4] was used to verify that the identity representation
for C∗(SI) is a boundary representation for SI [62],[63]. However, at this time, the author
is unaware of whether SI is Korovkin relative to C∗(SI). In fact, we suggest that being
Korovkin is a highly restrictive condition on the operator system SI .

Question 3. Let I ⊂ C[z1, . . . , zd] be a non-zero homogeneous ideal that contains no linear
polynomials and that is not of finite codimension in C[z1, . . . , zd]. Determine whether the
following statements are equivalent.

(i) We have that SI is Korovkin relative to C∗(SI).

(ii) The operator d-tuple S = (S1, . . . , Sd) is essentially normal.

It appears plausible that Question 3 has a positive answer. As demonstrated in Theorem
5.1.6, Korovkin operator spaces tend to impose a significant rigidity property on the space of
all irreducible ∗-representations. In Theorem 4.4.2, it was shown that essential normality of
S = (S1, . . . , Sd) is equivalent to all irreducible ∗-representations for C∗(SI) being boundary
representations for SI , which is one realization of a rigidity property on the space of all
irreducible ∗-representations.

In addition, we remark that the proof for why the identity representation for C∗(SI)
has the unique extension property is dependent on Arveson’s boundary theorem [62],[63].
In other words, as C∗(SI) contains the ideal of compact operators K(FI), to show that
the identity representation is a boundary representation, it suffices to prove that the quo-
tient mapping q : C∗(SI) → C∗(SI)/K(FI) is not completely isometric on SI . At present,
the author is unaware of whether an asymptotic formulation of Arveson’s boundary the-
orem can hold. Indeed, the simplest proof for Arveson’s boundary theorem is dependent
on the existence of sufficiently many boundary representations (Theorem 2.4.1). However,
as demonstrated in Example 12, there do not always exist sufficiently many irreducible ∗-
representations that are Korovkin. In particular, we are not completely certain whether SI
can be Korovkin apart from the circumstance where S is essentially normal.
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[29] Raphaël Clouâtre and Edward Timko. Gelfand transforms and boundary representa-
tions of complete Nevanlinna–Pick quotients. Transactions of the American Mathemat-
ical Society, 374(3):2107–2147, 2021. 2

[30] LA Coburn. The C∗-algebra generated by an isometry. Bull. Amer. Math. Soc.,
73(6):722–726, 1967. 5

[31] Kristin Courtney and David Sherman. The universal C∗-algebra of a contraction. arXiv
preprint arXiv:1811.04043, 2018. 13

[32] Kristin Courtney and Tatiana Shulman. Elements of C∗-algebras attaining their norm
in a finite-dimensional representation. Canadian Journal of Mathematics, 71(1):93–111,
2019. 1

[33] Joachim Cuntz. Simple C∗-algebra generated by isometries. Communications in math-
ematical physics, 57(2):173–185, 1977. 5, 52

[34] Kenneth R Davidson. C∗-algebras by example, volume 6. American Mathematical Soc.,
1996. 4, 5, 6, 27, 79

[35] Kenneth R Davidson, Adam Dor-On, Orr Moshe Shalit, and Baruch Solel. Dilations,
inclusions of matrix convex sets, and completely positive maps. International Mathe-
matics Research Notices, 2017(13):4069–4130, 2017. 55

[36] Kenneth R Davidson and Matthew Kennedy. The Choquet boundary of an operator
system. Duke Mathematical Journal, 164(15):2989–3004, 2015. 1, 12, 16

[37] Kenneth R Davidson and Matthew Kennedy. Noncommutative Choquet theory. arXiv
preprint arXiv:1905.08436, 2019. 2, 53

[38] Kenneth R Davidson and Matthew Kennedy. Choquet order and hyperrigidity for
function systems. Advances in Mathematics, 385:107774, 2021. 2, 15, 49, 70

[39] Kenneth R Davidson and Benjamin Passer. Strongly peaking representations and
compressions of operator systems. International Mathematics Research Notices,
2022(7):5037–5070, 2022. 2

88



[40] Jacques Diximier. C∗-algebras. North-Holland, Amsterdam, 8:322–329, 1977. 3, 4, 6,
25, 27, 52, 81

[41] Adam Dor-On, Evgenios TA Kakariadis, E Katsoulis, Marcelo Laca, and Xin Li. C∗-
envelopes for operator algebras with a coaction and co-universal C∗-algebras for product
systems. Advances in Mathematics, 400:108286, 2022. 2

[42] Adam Dor-On and Guy Salomon. Full Cuntz–Krieger dilations via non-commutative
boundaries. Journal of the London Mathematical Society, 98(2):416–438, 2018. 37

[43] Ronald G Douglas. Banach algebra techniques in operator theory, volume 179. Springer
Science & Business Media, 2012. 13, 69

[44] Michael A Dritschel and Scott A McCullough. Boundary representations for families
of representations of operator algebras and spaces. Journal of Operator Theory, pages
159–167, 2005. 1, 12, 16

[45] Benton L Duncan. Universal operator algebras of directed graphs. arXiv preprint
math/0404466, 2004. 33

[46] Ruy Exel and Terry A Loring. Finite-dimensional representations of free product C∗-
algebras. International Journal of Mathematics, 3(04):469–476, 1992. 1, 21, 37, 42,
45

[47] Theodore W Gamelin. Uniform algebras, volume 311. American Mathematical Soc.,
2005. 14, 52

[48] Guihua Gong, Huaxin Lin, and Zhuang Niu. Classification of finite simple amenable
Z-stable C∗-algebras. arXiv preprint arXiv:1501.00135, 2014. 1

[49] Kunyu Guo, Junyun Hu, and Xianmin Xu. Toeplitz algebras, subnormal tuples
and rigidity on reproducing C[z1, . . . , zd]-modules. Journal of Functional Analysis,
210(1):214–247, 2004. 19

[50] Don Hadwin. A lifting characterization of RFD C∗-algebras. Mathematica Scandinavica,
pages 85–95, 2014. 1, 22, 46

[51] Donald W Hadwin. Nonseparable approximate equivalence. Transactions of the Amer-
ican Mathematical Society, 266(1):203–231, 1981. 6, 7, 52

[52] Donald W Hadwin. Completely positive maps and approximate equivalence. Indiana
University Mathematics Journal, 36(1):211–228, 1987. 55, 84

[53] Masamichi Hamana. Injective envelopes of operator systems. Publications of the Re-
search Institute for Mathematical Sciences, 15(3):773–785, 1979. 1, 2, 12

89



[54] Mitchell A Hamidi. Admissibility of C∗-Covers and Crossed Prod-
ucts of Operator Algebras. PhD thesis, University of Nebraska-Lincoln,
https://digitalcommons.unl.edu/mathstudent/95, 2019. 20, 23, 26

[55] Michael Hartz. Finite dimensional approximations in operator algebras. Journal of
Functional Analysis, 285(4):109974, 2023. 1, 20, 30, 43, 44, 83

[56] Kenneth Hoffman. Banach spaces of analytic functions. Courier Corporation, 2007. 69

[57] Adam Humeniuk, Elias G Katsoulis, and Christopher Ramsey. Crossed products and
C∗-covers of semi-Dirichlet operator algebras. arXiv preprint arXiv:2309.16130, 2023.
30

[58] Adam Humeniuk and Christopher Ramsey. The lattice of C∗-covers of an operator
algebra. arXiv preprint arXiv:2304.02783, 2023. 27

[59] Irving Kaplansky. The structure of certain operator algebras. Transactions of the
American Mathematical Society, 70(2):219–255, 1951. 25

[60] Elias G Katsoulis and Christopher Ramsey. The hyperrigidity of tensor algebras of C∗-
correspondences. Journal of Mathematical Analysis and Applications, 483(1):123611,
2020. 2, 49

[61] John L Kelley. General topology. Courier Dover Publications, 2017. 44, 57

[62] Matthew Kennedy and Orr Moshe Shalit. Essential normality, essential norms and
hyperrigidity. Journal of Functional Analysis, 268(10):2990–3016, 2015. 2, 49, 51, 72,
85

[63] Matthew Kennedy and Orr Moshe Shalit. Corrigendum to: Essential normality, essential
norms and hyperrigidity. Journal of Functional Analysis, 270(7):2812–2815, 2016. 72,
73, 85

[64] Se-Jin Kim. Hyperrigidity of C∗-correspondences. Integral Equations and Operator
Theory, 93(4):1–17, 2021. 2, 49

[65] Eberhard Kirchberg. On non-semisplit extensions, tensor products and exactness of
group C∗-algebras. Inventiones mathematicae, 112(1):449–489, 1993.

[66] Eberhard Kirchberg. Commutants of unitaries in UHF algebras and functorial properties
of exactness. 1994.

[67] Craig Kleski. Korovkin-type properties for completely positive maps. Illinois Journal
of Mathematics, 58(4):1107–1116, 2014. 2, 49, 52, 53, 62, 64, 75

[68] PP Korovkin. On convergence of linear positive operators in the space of continuous
functions. In Dokl. Akad. Nauk SSSR, volume 90, pages 961–964, 1953. 15, 48, 74

90



[69] Ralf Meyer. Adjoining a unit to an operator algebra. Journal of Operator Theory, pages
281–288, 2001. 9

[70] Meghna Mittal and Vern I Paulsen. Operator algebras of functions. Journal of Func-
tional Analysis, 258(9):3195–3225, 2010. 13

[71] Paul S Muhly and Baruch Solel. An algebraic characterization of boundary represen-
tations. In Nonselfadjoint operator algebras, operator theory, and related topics, pages
189–196. Springer, 1998. 2, 12, 16

[72] Paul S Muhly and Baruch Solel. Tensor algebras over C∗-correspondences: Represen-
tations, dilations, and C∗-envelopes. Journal of Functional Analysis, 158(2):389–457,
1998. 52

[73] Vern Paulsen. Completely bounded maps and operator algebras. Number 78. Cambridge
University Press, 2002. 9, 10, 11, 13, 65, 66

[74] Vern Paulsen. Weak expectations and the injective envelope. Transactions of the Amer-
ican Mathematical Society, 363(9):4735–4755, 2011. 68

[75] Vladimir G Pestov. Operator spaces and residually finite-dimensional C∗-algebras. Jour-
nal of functional analysis, 123(2):308–317, 1994. 20

[76] Robert R Phelps. Lectures on Choquet’s theorem. Springer, 2001. 14, 15, 52, 79

[77] Gilles Pisier. A simple proof of a theorem of Kirchberg and related results on C∗-norms.
Journal of Operator Theory, pages 317–335, 1996.

[78] Gelu Popescu. Isometric dilations for infinite sequences of noncommuting operators.
Transactions of the American Mathematical Society, 316(2):523–536, 1989. 53

[79] Gelu Popescu. Operator theory on noncommutative varieties. Indiana University math-
ematics journal, pages 389–442, 2006. 71

[80] WM Priestley. A noncommutative Korovkin theorem. Journal of Approximation Theory,
16(3):251–260, 1976. 75

[81] A Guyan Robertson. A Korovkin theorem for Schwarz maps on C∗-algebras. Math. z,
156(2):205–207, 1977. 75

[82] Guy Salomon. Hyperrigid subsets of Cuntz-Krieger algebras and the property of rigidity
at zero. Journal of Operator Theory, 81(1):61–79, 2019. 2, 49
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