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Abstract

Obtaining the channel state information (CSI) is a challenging problem in reconfig-
urable intelligent surfaces (RIS)-assisted wireless communication systems due to the
passive nature of the RIS elements. In this thesis, we study a variational inference
(VI)-based CSI estimation approach in a fully passive RIS-aided mmWave single-user
single-input multiple-output (SIMO) communication system. Specifically, first, we in-
troduce the VI-based estimation framework in a communication system along with the
neural variational networks used to estimate the CSI in a communication system based
on the training signals. Then, we propose a VI-based joint channel estimation method to
estimate the user-equipment (UE)-to-RIS (UE-RIS) and RIS-to-base station (RIS-BS)
channels using uplink training signals in a passive RIS setup. However, updating the
phase-shifts based on the instantaneous CSI (I-CSI) leads to a high signaling overhead
especially due to the short coherence block of the UE-RIS channel. Therefore, to reduce
the signaling complexity for updating the phase-shifts, we propose a VI-based method
to estimate the RIS-BS channel along with the covariance matrix of the UE-RIS channel
that remains quasi-static for a longer period than the instantaneous UE-RIS channel.
In the VI framework, we approximate the posterior of the channel gains/channel co-
variance matrix with convenient distributions given the received uplink training signals.
The parameters of the approximated distributions are generated by deep neural net-
works trained using variational loss functions derived using the lower bound on the
log-likelihood of the received signal. Then, the learned distributions, which are close to
the true posterior distributions in terms of Kullback-Leibler divergence, are leveraged to
obtain the maximum a posteriori (MAP) estimation of the considered CSI. The simula-

tion results demonstrate that MAP channel estimation using approximated posteriors



yields a capacity that is close to the one achieved with true posteriors, thus demon-
strating the effectiveness of the proposed methods. Furthermore, our results show that
estimating the channel covariance matrix improves the spectral efficiency by reducing
the pilot signaling required to obtain the phase-shifts for the RIS elements in a channel-
varying environment.

Keywords: Reconfigurable Intelligent Surfaces (RIS), channel estimation, instan-
taneous channel state information, statistical channel state information, Varia-
tional Inference (VI), mmWave communications, spatial channel covariance esti-

mation
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Chapter 1

Introduction

1.1 Overview

Millimeter-wave (mmWave) communication is one of the emerging technologies for
5G/6G communication systems and beyond to meet the high data rate and spectral
efficiency requirements [2]. Although mmWave communications offers a significant gain
in throughput thanks to the increased available bandwidth, they are more susceptible
to blockages due to rapid signal attenuation and severe path loss. In this context, re-
configurable intelligent surfaces (RISs) have been proposed to mitigate the challenges
in mmWave communication systems and also enable smart and reconfigurable wireless
environments [13]. A RIS is a two-dimensional (2D) array consisting of a large number
of passive or semi-passive low-cost reflecting elements that redirect the impinging elec-
tromagnetic waves following a specific phase shifts pattern [4,5] to create a favorable
environment for the propagation of the signals. By manipulating the signals’ phases
and amplitudes, the RIS can create constructive or destructive interference, amplify or

attenuate the signals, and improve the communication link quality and coverage [6].
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Figure 1.1: Illustration of RIS application/deployment scenarios in future wireless net-

works. ||

1.1.1 Use Cases and Potential Applications

RIS technology has many potential benefits, including improving the signal-to-noise
ratio (SNR), increasing coverage and capacity, reducing power consumption, and en-
hancing security and privacy . In contrast to conventional wireless communication
techniques employed at the transceivers, RIS enables the reshaping of the wireless prop-
agation channels. This results in enhanced signal transmission and the ability to bypass
blockages, offering a variety of improvements over the conventional wireless communi-
cation techniques such as extending the coverage by establishing a line-of-sight (LOS)
link bypassing the signal blockage between the transceivers. Additionally, RIS can be
densly integrated into the actual communication systems because of the low-cost of its
components and its flexibility to adapt to different environments and frequencies in
a scalable manner by relying on passive reflecting elements without Radio Frequency
chains as the case is for relayers.

These features make RIS a promising technology for the future wireless systems,



Chapter 1. Introduction

such as in indoor and urban environments where signal quality is typically weaker due
to blockages as shown in Fig. For instance, RIS can be utilized to extend the
coverage area of satellite communication signals by adjusting the phase-shifts to redi-
rect the signal beams towards specific regions that are unreachable by the satellite [11].
Additionally with dynamic signal control, it enables adaptive beamforming and reduces
interference, addressing challenges in dense city areas. RIS holds the potential to revolu-
tionize smart cities by providing efficient, sustainable, and reliable wireless connectivity
for various applications such as transportation and public services [12]. By dynamically
adjusting signals, RIS improves signal strength, directionality, and mitigates indoor
signal attenuation. This enables higher data rates, reliable connectivity, and ultra-
low latency for mission-critical applications in smart buildings and IoT-centric indoor

environments [13].

1.1.2 Challenges in RISs Communication Systems

RIS presents several challenges in their practical implementation that must be addressed

for its successful implementation. The main challenges are discussed as follows:

e CSI acquisition: To achieve the promised performance of RIS, an accurate CSI
is essential [14]. However, the channel estimation process of the RIS related chan-
nels is challenging due to the passive nature of the reflecting elements that lack
active components of Radio Frequency chains for baseband signal processing, lim-
iting their ability to transmit/receive pilot signals for channel estimation as in
conventional systems. Furthermore, the extensive quantity of passive elements re-
sults in a substantial number of channel coefficients to be estimated, consequently
increasing the system overhead associated with channel estimation [15,16]. In this
thesis, we focus on the CSI estimation (instantaneous and statistical) in mmWave

RIS-assisted single user communication system.
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e Phase-shifts optimization: In practical applications, the effectiveness of pas-
sive beamforming and reflection optimization in RIS heavily relies on obtaining
accurate CSI. However, perfect CSI is often challenging to achieve. In scenar-
ios where imperfect instantaneous CSI (I-CSI) and/or statistical CSI (S-CSI) are
available, it becomes essential to design the passive reflection of RIS in conjunc-
tion with active transceivers. This joint design ensures robust communication
performance, even in the presence of CSI errors, and enhances the overall system
reliability and efficiency. In this thesis, we propose closed-form expressions of the
phase-shifts maximizing the capacity based on the instantaneous and statistical

CSI estimated to evaluate the proposed estimation methods.

1.2 Related Work and Contributions

This section presents an overview of previous works on CSI estimation RIS-assisted
wireless communication systems. In first part, we discuss the literature review for
estimating the [-CSI. Later, we present the recent works concerning the use of S-CSI to

optimize the phase-shifts along with their acquisition.

Instantaneous CSI estimation

In a RIS-aided communication system, the channel between the user equipment (UE)
and the base station (BS) through the RIS is usually called a cascaded channel |17].
The cascaded channel is composed of two separate channels: 7) the channel between the
UE and the RIS (UE-RIS), and i) the channel between the RIS and the BS (RIS-BS).

Channel estimation in RIS-aided systems has been extensively investigated in the
literature along with the reflection optimization when it operates in the reflection
mode [18-23]. For instance, a compressed sensing-based method was proposed to

solve the channel estimation problem in a single-user narrowband setup that exploits

4
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the mmWave sparse channels |18]. Additionally, a channel estimation scheme was de-
veloped for a RIS-aided multi-user broadband communication system by leveraging a
shared RIS-BS channel between the users, which improves the training efficiency [19].
In mmWave communication, the channel is modeled by using a small number of paths
compared to the number of antennas at the transceivers where each path is distinguished
by a direction of departure (DOD) and a direction of arrival (DOA) [24-26]. For the
RIS-BS and UE-RIS channels that result from the large number of elements in the RIS,
a non-iterative channel estimation framework can be adopted through the estimation of
the DODs for the RIS-BS channel and the DOAs for the UE-RIS channel in a first stage,
then the cascaded channel BS-UE-RIS can be directly estimated using the estimated
DODs and DOAs [20]. However, the training overhead is still considerably high due to
the challenge of estimating the UE-RIS-BS link with passive elements in the RIS. To
reduce the training overhead, a semi-passive setup of the RIS where the RIS includes a
small number of active sensing elements is used to estimate the UE-RIS and the RIS-BS
channels in a first coherence block. Using the property of quasi-static channel for the
RIS-BS channels (since the RIS and BS are in fixed positions [27]), only the UE-RIS
channel is estimated in the training time of the subsequent coherence blocks [21]. In
the same context of semi-passive RISs, a variational inference (VI)-based method was
developed to reduce the training overhead and estimate the channels using only the
uplink training signals, unlike previous works which require the downlink and uplink
signals for channel estimation [22]. Furthermore, the decomposition of the cascaded UE-
RIS-BS channel into two separate channels (i.e. UE-RIS channel and RIS-BS channel)
has been studied in RIS-aided systems with fully passive RIS elements. For instance, it
was shown that the received signal follows the parallel factor tensor model [23] which is
used to develop channel estimation methods based on the Khatri-Rao factorization of

the cascaded channel and iterative alternating estimation scheme.
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Statistical CSI for passive beamforming
The aforementioned works focused on estimating the I-CSI of the RIS-related channels.
However, the channel conditions in mmWave frequencies can change rapidly since the
mmWave signals are more susceptible to blockages and attenuation [28], and therefore,
the coherence block of the channels is shorter than that in sub-6GHz bands. Conse-
quently, the optimization of the phase-shifts based on the I-CSI may not be practical
in real scenarios as it will result in high training overhead and signaling complexity to
update the phase-shifts of the RIS in every coherence block. Recently, various works
have been proposed to overcome this challenge by considering the statistical CSI (S-CSI)
to solve the active and passive beamforming in RIS-assisted wireless systems [29-31].
In particular, a two-timescale beamforming design was proposed to reduce the training
overhead and signal processing for acquiring the I-CSI with a specific transmission pro-
tocol [29]. The main idea relies on optimizing the phase-shifts based on the statistical
CSI while computing the downlink beamforming vectors based on the I-CSI of the effec-
tive channel between the UEs and the BS through the RIS (i.e. UE-RIS-BS channel).
A more sophisticated algorithm was proposed in [30] to cover a more general fading
channel with discrete phase-shifts in both single-user and multi-user cases. In mmWave
scenarios, the statistical CSI was exploited for joint hybrid and passive precoder design
using block-coordinate descent-based algorithms to maximize the ergodic capacity [31].
Furthermore, the two-timescale recently attracted the interest of the researchers. In [g],
a tradeoff between the spectral efficiency and the energy efficiency has been studied with
partial CSI assuming the full knowledge of the RIS-BS channel link and the statistics
of the UE-RIS channel links under both continuous and discrete phase-shifts. In [32],
a closed-form expression of the ergodic data rate has been developed where the RIS
reflecting elements are designed based on the S-CSI.

The S-CSI plays a crucial role in the two-timescale beamforming designs to reduce

the training overhead and the signaling complexity. In RIS-aided mmWave wireless
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communication systems, the two-timescale based algorithms assume the signal’s direc-
tion to be constant over a long period of time. In such setting, the directions can
be estimated using multiple signal classification (MUSIC) [33,34] which a well known
algorithm for DOAs estimation. However, this strong assumption may be violated in
the practical scenario where the angles change over time in a subspace. Typically, the
S-CSI is characterized by the spatial channel covariance matrix (CCM). The covariance
matrix can be estimated using samples of the estimated channels over a long period
of time, or through simulations illustrating the detailed propagation models of the en-
vironment [35]. However, these procedures require a large amount of data to obtain
an accurate estimate and exhibits a severe training overhead due to the large number
of elements at the RIS. Therefore, the structure of the CCM needs to be leveraged in
order [35] to reduce the training overhead and improve the S-CSI efficiency. In this
context, a CCM estimation method was proposed in [36] by exploiting the low-rank and
the semi-definite three-level Toeplitz structure of the covariance matrix of the cascaded

channel in an RIS-assisted network.

1.3 Motivation

The vast majority of the existing work focuses on the cascaded channel estimation in
RIS-assisted wireless communication [18]/19]. In addition, a semi-passive RIS is adopted
to estimate the separate channels of the RIS related channels |22] which increases the
deployment costs of the RIS due to the integration of Radio Frequency chains. The
aforementioned methods proposed estimation methods [18-23| rely basically on the as-
sumption of foreknowledge of the DOAs and DODs, however estimating the DOAs
exhibits additional training overhead and complexity to the I-CSI estimation. In Chap-
ter 2 we tackle the problem of jointly estimating the UE-RIS and RIS-BS channels

based only on the uplink training signal with a fully passive RIS setup using a VI-based
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framework.

Although full knowledge, or estimating the instantaneous channels may lead to the
optimal phase shift optimization, it is a challenging task in the real world. First,
the coherence time in mmWave channels can be drastically shorter than that in sub-
6GHz channels [28]. Hence, the channel estimation and phase optimization need to
be performed repeatedly in each coherence block which entails a significant amount of
training overhead and tremendous computational resources accompanied by spectral
inefficiency due to the pilots sent in each coherence block. Furthermore, the system
optimization based on CSI requires frequent transmissions of control signals from the
BS to the RIS which involves a considerable amount of signaling overhead. Therefore,
to mitigate the overhead due to the traditional channel estimation approaches, one
promising direction for the RIS phase-shift design is to use only the statistical CSI of the
UE-RIS channel that is considered wide-sense stationary with an invariant covariance
Ry, = E[hh"] [37], and the CSI of the RIS-BS channel link which remains quasi-static
given the static positions of the RIS and the BS. Therefore, no frequent updates will
be required, thus reducing the signaling overhead and enhancing the efficiency of the
RIS-aided communication system.

However a limited research has been conducted, so far, on the joint estimation of
these UE-RIS covariance and RIS-BS channel. Therefore, in Chapter [3| by leveraging
the static nature of the RIS-BS channel and the sparse structure of UE-RIS covariance
matrix, we propose a joint channel-covariance estimation method in which the VI-based
framework is used by enforcing a complex Laplace priors on the estimated quantities.
In addition, we propose a closed-form expression of the phase-shifts given the RIS-BS

channel and the UE-RIS covariance that maximize the capacity.
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1.4 Scholastic Outputs and Achievements

Table presents a summary of my academic achievements. The content of this thesis
includes material from the first and second works entitled ” Variational Inference-Based
Channel Estimation for Reconfigurable Intelligent Surface-Aided Wireless Systems” and
”Channel Estimation in RIS-Enabled mmWave Wireless Systems: A Variational Infer-

ence Approach”

Table 1.1: Summary of publications and achievements

1. F. Fredj, A. Feriani, A. Mezghani, E.Hossain, ” Variational Inference-Based
Channel Estimation for Reconfigurable Intelligent Surface-Aided Wireless Sys-
tems” in IEEFE ICC 2023-IEEFE International Conference on Communications.

2. F. Fredj, A. Feriani, A. Mezghani, E.Hossain, ”Channel Estimation in RIS-
Enabled mmWave Wireless Systems: A Variational Inference Approach” sub-
mitted to the IEEE Transactions on Wireless Communications.

3. F. Fredj, Y. Al-Eryani, S. Maghsudi, M. Akrout and E. Hossain, ”Distributed
Beamforming Techniques for Cell-Free Wireless Networks Using Deep Reinforce-
ment Learning,” in IEEE Transactions on Cognitive Communications and Net-

working, doi: 10.1109/TCCN.2022.3165810.

1.5 Thesis Organization and Notations

Notations:The list of symbols that will be later used within the body of the paper
is given in Table [I.2] Scalars, vectors and matrices are denoted by x, x, and X,
respectively. X* and X denote the complex conjugate and conjugate transpose of
X. The i-th element of a vector a is a;, while the (i, j)-th element of a matrix A is

A, ;. The n x n identity matrix is written as I,,. The diag(a) is the diagonal matrix

9
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with the elements of the vector a on the main diagonal. The element-wise product of
X and Y is written as X oY, while the Khatri-Rao product between X and Y is
written as X @Y. X ® Y denotes the kronecker product between X and Y. Tr(X)
and |X| represent the trace and determinant of the matrix X, respectively, and |z|
represents the absolute value of a complex number z. The complex Gaussian random
vector is denoted as € ~ CN(m,X) with mean m and covariance matrix 3, whereas
a complex Laplace random variable x is denoted as x ~ CL(m, b) with mean m, scale b

and probability density function (PDF) given by:

I _je—ml
p(x)—QWer B (1.1)

A Gamma distributed random variable with unit scale is denoted as x ~ Gamma(k)
with shape k, while an Exponentially distributed random variable with rate a is denoted

by x ~ Exp(a).

10
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Table 1.2: List of symbols

System model

M Number of antennas at the BS
N Number of RIS elements
N, Number of pilots per UE-RIS coherence block
N, Number of coherence blocks used for training
p Signal-to-noise ratio (SNR)
Q Number of paths of UE-RIS channel
P Number of paths of RIS-BS channel
0, The phase-shift of the n-th element of the RIS
h,G UE-RIS and RIS-BS channels in the time domain
h'' GV UE-RIS and RIS-BS channels in the angular domain
Ry.d The channel covariance matrix and angular correlation vector
of the UE-RIS link
P RIS configurations used for uplink training
Fy, Fy Discrete Fourier Transform (DFT) matrices
Variational Inference
L= £5-SI ELBO functions
p(h,G|Y) True posterior
o, (RTY) Auxiliary posterior of UE-RIS channel in the angular domain
I (GY)  Auxiliary posterior of RIS-BS channel in the angular domain
qx (d]Y) Auxiliary posterior of the angular correlation vector
p(hVI") Prior of the UE-RIS channel in the angular domain
p(GV') Prior of the UE-RIS channel in the angular domain
p(d) Prior of the angular correlation
F Encoder predicts the statistical parameters A
Wi Weights of Encoder F
g Encoder predicts the s]t%tistical parameters Ao
W, Weights of Encoder G




Chapter 2

Joint Channel Estimation for

RIS-Assisted System

RIS have emerged as a transformative technology with the potential to revolutionize
wireless communication systems. By enabling dynamic control over signal propagation,
RIS holds the promise of enhancing coverage, increasing spectral efficiency, and miti-
gating interference. However, to fully unlock the capabilities of RIS, accurate CSI esti-
mation becomes imperative, as it empowers RIS to intelligently optimize signal paths,
harnessing its true potential for next-generation wireless communication systems. In
this chapter, we propose a joint channel estimation method to estimate separately the
[-CSI of the RIS related channels via variational inference. The main contributions

embodied by this chapter are as follows:

e We propose a VI-based estimation framework for estimation in a communication
context. We infer over latent variables by approximating the posterior distribution
based on the observed signal with parameterized convenient distributions through
the minimization of the variational loss which based on minimizing the statistical

distribution and the approximated distributions. We use neural networks to model

12
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the approximated distribution where the input is the observed signal and the

outputs are the parameters of the approximated distribution

e We adopt the VI-based estimation framework in an RIS-assisted network where
we infer over the UE-RIS and RIS-BS channels to approximated the intractable

channels posteriors.

e In a first part, we derive our solution based on complex Gaussian prior representing
the Rayleigh fading channel models. Then, we leverage the sparse structure in
the angular domain of the mmWave channels where we model the sparsity by a
complex Laplace distribution. The proposed method bypass the foreknowledge of

the number of paths of the channel model to estimate the sparse channels.

e We showcase the effectiveness of our channel estimation framework in terms of
capacity and approximation error. Furthermore, we highlight the gain of perfor-
mance obtained by using the structured channels of mmWave channels compared
to the Rayleigh fading channels. Finally, we investigate the effect of sparsity of

the mmWave on the performance of the proposed VI-based method.

The rest of the chapter is organized as follows: The VI-based estimation framework
is presented in Section [2.1]| introducing the variational loss and the neural variational
inference. Section [2.2]introduces the system model of a single user RIS-assisted network.
In Section 2.3}, the derivation the variational loss considering the Rayleigh fading channel
models and the path-based channel models for mmWave communication is described.
In Section 2.2 we propose a suboptimal closed-form expression of the phase-shifts for
passive beamforming to evaluate the the obtained estimates based on the capacity in

Section. Finally, exhaustive numerical results are shown in Section [2.5

13
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2.1 Variational Inference

2.1.1 Introduction

The variational methods are a class of systematic approaches that approximate com-
plex and intractable probability distributions with convenient tractable ones. VI is a
specific case of variational methods that infers the marginal distributions or likelihood
functions of hidden variables in a statistical model. Specifically, VI is a probabilistic
inference technique that offers a flexible and computationally efficient approach for ap-
proximating complex posterior distributions [38] [39,40]. It is particularly useful when
direct inference or exact calculations are intractable or computationally expensive. At
its core, VI seeks to approximate the true posterior distribution by finding the closest
distribution within a family of tractable distributions, known as the variational family.
The goal is to find the member of the variational family that minimizes the Kullback-
Leibler (KL) divergence to the true posterior. This optimization problem is formulated
as maximizing the evidence lower bound (ELBO), which serves as an approximation
to the log marginal likelihood of the observed data. By maximizing the ELBO, VI
strikes a balance between fitting the observed data and preserving the prior assump-
tions encoded in the model. The VI algorithm iteratively updates the parameters of the
variational distribution to minimize the KL divergence and improve the approximation
to the true posterior. This iterative procedure can be seen as a form of coordinate
ascent optimization [41]. VT offers several advantages, including scalability to large
datasets and complex models, flexibility in model design, and the ability to incorporate
prior knowledge and regularization. However, it also introduces a trade-off between
accuracy and computational efficiency, as the variational approximation may not cap-
ture the full complexity of the true posterior. Nonetheless, VI has found widespread

applications in various communication problems, such as joint data detection and phase

14
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noise estimation [42], blind detection under orthogonal frequency-division multiplexing
(OFDM) communication systems [43], and the design of an end-to-end communication
system leveraging the probabilistic structure of the channels and noise [44], providing a
powerful tool for approximating posterior distributions in complex probabilistic models.

For instance, we consider a communication model with two unknown inputs denoted
z; and 2z (e.g. BS-RIS and UE-RIS channels links) and an observed output Y, and we
assume the output is obtained following a certain probability p(Y |z, z2). If the goal is
to infer {z;, 25} based on the evidence Y, we have interest in deriving the probability
p(21,22]Y). When the direct evaluation of the posterior distribution p(z;, 22|Y’) is
infeasible, VI allows us to approximate the posterior p(z, zo|Y") with a parameterized

tractable distribution gx (21, z2|Y).

2.1.2 Deriving the ELBO

We will delve into the derivation of the evidence lower bound (ELBO) within the con-
text of VI. The ELBO plays a central role as the objective function that guides the
optimization process in approximating the posterior distribution. By understanding
the derivation of the ELBO, we gain insights into the mathematical foundation of VI
and how it balances the trade-off between fidelity to the true posterior and computa-
tional tractability. We will step through the derivation, highlighting key mathematical
manipulations and concepts along the way, to arrive at a comprehensive understanding

of this crucial component of VI.
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To do so, we start by expressing the log-likelihood function of Y:

logp(Y) = / qx(2z1,22]Y) - logp(Y') dzy dzy

21,22

p(Z17Z2;Y) QA(Z1,22|Y)]
z1,22|Y ) 1o . dz dz
/zmq*“ 1Y) g[mzhzgm Pz, 2lY) | P
qA(zl,zzlY)]

p(zh 2, Y)
p(21,22Y)

ax (Z 1, 22 | Y )
vV
Kullback-Leibler divergence

= EZ1,z2NQ>\(Z1,z2|Y) |}Og } +Ez17zz~q>\(z1,z2|Y) {log

(2.1)

The second term in Eq. is the KL divergence Dxr, (q)\(zl,z2|Y)Hp(z1,z2|Y))
illustrating the statistical distance in the distribution space that measures how close the
approximated distribution gy (21, 22|Y") to the exact posterior p(zi, z3]Y’). The mini-
mization of the KL divergence yields a better approximation of the exact posterior, thus
we can derive the estimated quantities 2; and 25 using the approximated distribution
qx(2z1, 22|Y'). However, the KL-divergence cannot be derived directly since the PDF of
the posterior is intractable. Thus, a lower bound, i.e. ELBO, on the log-likelihood of
the observations can be derived given that the KL-divergence is a non-negative term:

p(21,22,Y) ]

lo Y >Ezl Z2~4x (21,22 lo
gp(Y) = Bz zpnga(a, |Y>[ ® iz, 2]Y)

(2.2)
2 _L(Y;N).

Given that logp(Y) in Eq. is an unknown constant, maximizing the ELBO
—L(Y;A) is equivalent to minimizing the KL divergence, which solves the approxi-
mation problem of the posterior p(z, z2|Y ). Assuming that gx(z1,22|Y) belongs to
a family of tractable distributions defined by a set of parameters A, the VI approach
consists in optimizing the parameters X of the approximated distribution gx(z1, z2|Y)
that minimizes the objective function £(Y; \).

We further assume that the approximated distribution can be factorized as

ax(z1,22]Y) = g, (z1]Y) - ¢, (22]Y') and we optimize the independent distributions by
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minimizing £(Y; A1, A2) where A = {1, A2}. This independence assumption is referred
to as the mean-field approximation [39]. It facilitates the optimization of each individ-
ual distribution independently, typically ELBO objective. While this approach offers
computational efficiency and tractability, it is essential to note that the assumption
of independence among variables may not always hold in complex models. Nonethe-
less, the mean field approximation remains a widely adopted method in VI, enabling
efficient approximation of posterior distributions in various domains of research and
application [41]. Specifically, it is equivalent to assuming a low correlation between z;
and z, conditioned on Y. Hence, the objective function is simplified to a general form

given by:

z1,29|Y
E()‘la )‘2) = Ez1,Z2~Q>\(Z1,z2|Y) |:10g M]

p(Zl, Z9, Y)
qx, (21]Y )] { I, (22| Y )}
=Eapgn (suly) |log 2 4B o vy |log 22
: ax ( |Y){ p(zl) A dx, (22]Y) p(Zz) | (2.3)

-~ -~

L1 Lo

—E) zanan(z,220Y) [Ing(Y‘zla ZQ)] .

N J/
-

L3

Note that £, and £, in Eq. represent the KL divergence between the varia-
tional distributions gy, (21|Y") and ¢x,(22|Y) and their actual priors p(z;) and p(zs),
respectively. Regarding L3, it corresponds to the reconstruction error of the estimated
pilot signal ¥ with the variational distributions gx, (z1]Y) and ga, (22|Y"). Hence, min-
imizing the objective function L£(A1,A2) = L1 + Lo + L3 ensures that the generated
posterior distributions are close to the prior distributions and the reconstructed signal
Y is similar to the received signal.

After deriving the evidence lower bound (ELBO) in VI, one common approach is
to use neural networks to parameterize the approximate posterior distribution. Such

technique is referred to as neural variational inference (neural VI) [45].
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2.1.3 Neural Variational Inference

Neural VI, also known as VI with neural networks, combines the power of neural net-
works with VI to tackle complex probabilistic modeling problems. Neural networks
offer remarkable expressive capabilities, enabling them to learn intricate patterns and
relationships from data. By incorporating neural networks into VI, we can leverage
their flexibility and representational capacity to approximate complex posterior dis-
tributions. This is particularly beneficial in scenarios with high-dimensional data or
intricate latent structures where traditional VI methods may struggle. Neural networks
serve as function approximators, mapping the observed data to the parameters of the
variational distribution. This allows for efficient and scalable inference, as the compu-
tational burden is amortized across the entire dataset. By harnessing the strengths of
neural networks, neural VI provides a powerful and versatile framework for approximat-
ing posterior distributions.

Applied to the inference problem which consists on maximizing the ELBO in Eq.
2.3 we introduce two neural networks denoted by Encoder F and Encoder G as shown in
Fig. that predict the parameters A; and Ay of the auxiliary distributions g, (21|Y")

and gx,(22]Y), respectively:

A= Fw, (Y) (2.4)

where W, and W, are the weights of the encoders. In particular, the neural net-
works takes the observed data Y as input and outputs the parameters of distributions
dx, (z1|Y) and g, (22|Y) that approximate the true posterior distributions over the
latent variables z; and zs. The neural networks learns to encode the data into a mean-
ingful representation that captures the latent information. The parameters of the two

neural networks Encoder F and Encoder G are learned by maximizing the ELBO ex-
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Encoder F A1 7, = argmax g, (z1]Y)

Received
pilots signal

Y

Encoder G A2 Zy = argmax g, (z2|Y)

Figure 2.1: Neural Networks

pressed in Eq. 2.3}

17W2 = arg WH11,1\£1\72 E(Ya-’rV\h (Y)7gW2(Y>> (26>

2.2 System Model

We consider a RIS-assisted single-user communication system with M antennas at the
BS, N passive reflecting elements at the RIS and a single-antenna user, as illustrated
in Fig. 2.2l Considering the uplink transmission, the UE-RIS and RIS-BS channels
are denoted by h € CV and G € CM*¥ | respectively. We ignore the direct UE-BS
link taking into account that it can be estimated using the conventional single-input
multiple-output (SIMO) channel estimation methods by turning off the RIS. Further-
more, we adopt a block-fading channel model where the RIS-related channels G and h
are considered quasi-static within a coherence time denoted by Tg and T}, respectively.

Hence, the received signal at the BS can be expressed as follows:
y =+/p G diag(v) h v + w, (2.7)
where p, x € C and w € CM are, respectively, the SNR, the transmitted signal, and the

additive white noise, i.e. w ~ CN (0, I;). The phase shifts contributed by the RIS are
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Controller N reflecting elements
LLLLI

I]]]_—

Ge (CMXN

(a)
A

M antennas

Figure 2.2: RIS-aided wireless communication system.

represented by the diagonal matrix diag(v), where v = [e/% ... e/¥] with 6, € [0, 27)
is the phase shift of the n-th element in the RIS.

We aim at optimizing the phase shifts of the impinging signals at RIS based on
the estimated CSI. We employ the VI technique to jointly estimate the channel links
between the UE and the RIS h, as well as between the RIS and the BS G, based on
pilot transmissions in the uplink.

The training signal is obtained by sending N, pilot signals by the user to the BS
through the UE-RIS-BS channel, denoted by C"». For different transmissions, different
configurations of the RIS are maintained for each pilot signal, denoted by v;. The

received training signal is given by:

Y =/pG (®o(hz™)) + W, (2.8)
where Y = [yl, e ,yl} € CM*™e is the concatenation of the N, training signals, =
[ml, e pr]T denotes the pilots sent by the user, ® = ['Ul, e ,va} is the concatenation

of the phase-shifts vectors used where v; is assigned to the [-th pilot signal, and W =

[wl, . ,wNp} is the noise matrix.
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2.3 Variational Inference-Based I-CSI Estimation

In this section, we employ the VI-based estimation framework to estimate the RIS
related channels separately. We first derive the ELBO for Rayleigh fading channels
with complex Gaussian prior, then we derive the ELBO for mmWave channel enforcing
a complex Laplace prior on the channels to model the sparsity characteristic of the

channels.

2.3.1 Derivation of ELBO for Rayleigh Fading Channels

By applying the VI framework, we approximate the intractable true posterior distri-
bution p(h, G|Y') by a tractable parameterized distribution denoted gx(h, G|Y’) that
maximizes the ELBO function. Assuming a low-correlation between the channels h
and G conditioned on the training signal Y, by using the mean-field approximation,
the auxiliary distribution is factorized as gx(h, G|Y) = ¢, (R|Y) - ¢x,(G|Y). We use
neural networks Encoder F and Encoder G to predict the parameters of the auxiliary

distributions A; and A,, respectively. The ELBO function is given by:

—CSI—Raylei q>\1(h’Y> Q)\Q(G|Y)
£| CSI—Rayleigh (Aly Az) :fEthAI (h]Y) |:10g W J_‘_]\EGN‘IAQ(GIY) 10g W
EI:FCSI‘*FRaerigh L"I27CSI‘:Raerigh
_Eh,GNq,\(h,G\Y) |:10g p(Y’h, G):| . (29)

Y .
EI?TCslfRaylelgh

Considering the Rayleigh fading channel for h and G, the prior of the channels are
assumed to be independent and identically distributed (i.i.d) complex Gaussian random

variables with variances oj and 0%
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p(h) = ]I p(h) : p(hi)~ CN(0,52) (2.10)
p(G) = H HP (Giy) ; p(Gij)~ CN(0,0) (2.11)

Additionally, the approximated posterior distributions gy, (h|Y") and gx,(G|Y") are as-

sumed to be complex Gaussian distributions with independent elements:
ax (R]Y) ~ CN(my, ;) (2.12)
Q)\Q(G|Y) ~ CN(MZ'J', Fi,j) (213)

where A; = {m,~} and Ay = {M, T} are the parameters of the auxiliary distributions
of means and variances, respectively, which are obtained by maximizing the ELBO
function in Eq. 2.9

We recall that £ '"R"&" 1145 4 closed-form expression since it is the KL divergence

between two complex Gaussian distributions p(h) and gx, (h|Y):

qu(h|Y)]

[ -CSi-Rayleigh _ 1
1 h~gx, (RY) [108 p(h)

1 . :
= 0—121 (Tr (dlag(’yh))—l—'mHm> —log ’dlag(fy)‘ + Nlogos — N

N N
1 mfim

:0_—’21 E v + 0_’21 — E IOg'Yi—i-NlOgO'%—N. (2.14)
i1

i=1
Similarly, the closed-form expression of

X, (G|Y):|
p(G)

|- CSI—Rayleigh
Lo VI8N is expressed as follows:

|—CSI—Rayleigh
L, T = By, (GlY) {105-’;

= O'LQ (Tr (diag(vec(I‘))) —i—vec(M)Hvec(M)) — log |diag (vec(T")) ‘

G
+ NMlogog — NM

M N
1 vec(M )" vec(M)
:%ZZ(F@j_logFi,ﬂ‘f— oz + NMlogog — NM.
i=1 j=1

(2.15)
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Eg—CSI—Raerigh’ we note that p(YIG,h) =
2 p v|G,h) where 1y, is the [-th received pilot signal p(y|G,h -
=1

Regarding the reconstruction loss

CN(\/p G diag(v;) h x;, oz,Iy) due to the independent realizations of the noise for

|—CSl—Rayleigh

each transmission of the pilot signal x;. To derive the expression of Ly , we

apply the expectation over h in a first step and obtain a closed-form expression, then we

use the property E[GH G| = diag(7) + M M where diag(T) represents the covariance

M

matrix of the columns of G and 1; = Zm:1

I, to compute the expectation over G-
Ly ST — By oonhaiy) [logp(Y|h, G))]
L

= — Z En.Grgrncly) [log p(yilh, G)]
=1
Np

1 .
= EnGrar(ncly) [0—2 > (v — VpGdiag(v)ha) "
wo=1

X (yl — \/ﬁGdiag(vl)hxl)] + C

L
1 . .
— [l BT (M Mdiag(y)+ Y Iy — oMdiag(v)mai [}

2
o
w =1

+ szcHgTr(diag(T) diag(’y))—i—p|\az||§deiag(T)m +Cy, (2.16)

where (' is a constant term. The detailed derivation can be found in the Appendix.

2.3.2 Derivation of ELBO For mmWave Channels

Due to the large number of elements in the RIS and the high path loss, the channels are
more sparse in the angular domain [46-48]. Specifically, mmWave channels are often
modeled as sparse in the angular domain, meaning that only a small number of paths
contribute to the received signal, and the other paths are negligible because of the high
path loss and directional nature of mmWave signals. Therefore, we model the sparse

channels as channels whose elements follow the complex Laplace distributions in the
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angular domain. In particular, by applying Discrete Fourier Transform (DFT) to the

channels G and h, the obtained channels are:

G'" = Fy GFy; (2.17)
h'" = Fyh, (2.18)

where Fy and F); are the DFT matrices of size N x N and M x M, respectively. Then,
G"" and h'" are the channels in the angular domain where the elements are i.i.d and
drawn from a complex Laplace distribution with zero mean and scales agw and g,
respectively, i.e. G;-’j]'- ~ CL(0, agvr) and hY" ~ CL(0, apuir). Given that Fy' = ~Fi
for any DFT matrix of size N x N, the received training signal for the [-th time slot is

expressed as follows:

P vir : vir
Yy, = M\/]_V2FJ€[IG F]I\}[dlag(vl)ij,Ih T + wy, lzl,...,Np. (219)

By applying the VI framework, we approximate the intractable true posterior distri-
bution p(h¥", G¥'|Y’) by a tractable parameterized distribution denoted g (h¥", GV"|Y')
that maximize the ELBO function. Under the assumption of a low correlation between
the channels h"" and G conditioned on the training signal Y, the auxiliary distri-
bution can be factorized as qx(h'", G*"|Y) = qx, (R"Y) - ¢x,(GY"]Y’). We use neural
networks to predict the parameters of the auxiliary distributions A; and As.

We assume that the auxiliary distributions follow complex Laplace distributions with

independent elements:

o (RY"Y )~ CL(m; 5, b;) Vi (2.20)
o (GH5IY)~ CL(Miy;, Biy) Vi j, (2.21)

where Ay = {m, b} and Ay = { M, B} are the parameters of the auxiliary distributions

of means and scales which are obtained by maximizing the ELBO function, which is
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given in general form in Eq. [2.3] expressed as follows:

|—CSl—mmWave R _ ax, (hVir‘Y) _ _ X, (GW,Y)
£ (Al, AQ) — EEhwqu)\l (hwr‘y) |:10g W J ‘I’ fEGVIqu)‘Z (GwrlY) log W
‘CIlfCSIZrmmWave £I27CSIzrmmWave
\_Ehvir’GviquA(hvir’Gvir|Y) [1ng(Y|hVir, GVir)]/ . (222)

TV
£I37CSI7mmWave

The first loss £7!'mmmWave ig the KL-divergence between the auxiliary distribution and

the prior of h''", which can be expressed as follows:

£I1_CSI_mm\Nave(A1) - EhviquAl (hVir|Y) [log qu (hVIr|Y):| - EhViquAl (hvirlY) [10g p(hVIl’)j|
N
=D Eprgy, vy [108 00, (BTY)] = Epie g, vy [ log ()]

i=1

= i H (ax, (1Y), p(RE) )~ H (g, (RE1Y)). (2.93)

where H<q>‘1 (hZV"]Y)) is the entropy of gx, (h}"]Y’) and H’(cp\1 (h‘{”]Y),p(h}’“)) is the
cross entropy between gy, (h;-’"|Y) and p(h;’"). The entropy of the complex Laplace
distribution is:

H(qu (hyif|Y)): log(27b?) + 2. (2.24)

The proof can be found in the Appendix. The cross-entropy between two Laplace dis-
tributions can be obtained using Monte-Carlo method to approximate the expectation

over h"'". Therefore, it is given by:

H<q'\1 (hziwy)’p(hzir)) = Bpyrega, (miry) [ - 10gp(h¥ir)}

2 ]
= log(2magu) + EhgiquM(hgif\Y) Qp
D ﬁ(d)
1 2 VII' 2'25
Og ﬂ-ah Z O[hvn' ( )
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—(d

~(d)
where the d-th sample is computed as hY" = m; + b; x CL(0,1). Hence, the

L\7CSImmmWave s expressed as:

=
=<
=

D
£|1—CSI—mmWave(A1) _ % Z Z

EI—CSI—mmWave
2

Z log(21b?) + N log(2mad,.) — 2N. (2.26)

Similarly, we derive using the independence propriety of the elements

I (GY5Y) and p(GYY):

£I2—CSI—mmWave<A2) - EGviquA (Gvir|y) [].Og Q)‘z (GVIr|Y)i| - EGviquA (Gvir'y) |:].ng<GV|r)]

(

M N D

= — ZZZ ZZlog 27TB2 ) + NM log(2ma )
zlgldlaGW i=1 j=1
_ONM, (2.27)

—— (d)
where the Monte-Carlo samples are computed as GY; = M;; + B;; x CL(0,1). The
third loss consists of the expectation over the auxiliary distribution of the log-likelihood

of the received training signal. It can be derived in closed-form as in Eq. [2.28;

LESNN) = —Epyir guiregy (v iy [log p(Y |RYY, G¥)]
Np

- — Z ]Eh"i',G"i'NqA(h"i',G"i'|Y) [logp(yllh\lir, GVir):|

=1
= Z{ Y — MNQFﬁMFﬁdlag(vl)FN ma,) (2.28)
p .
X (y1 — M\/]_VQFAI;[[MFZ{IIdIag(vl)F]I\?mxl)

2
plz , .
+ ]\|4]l\l4 - Tr(AFy diag(v)) Ff QFydiag(v)" Fy) (2.29)

2
P (M M i) F Qo) Fi)

+ % m' Fydiag(v))” Fy AF{ diag(v) Fiim| + C,. (2.30)
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where C) is a constant, @ and A are the covariance matrix over the columns of GV
and covariance matrix of h"'", respectively, which are diagonal matrices due to the inde-
pendence of the elements according to the auxiliary distributions. The main diagonal

elements are as follows (see proof in the Appendix.):

=6b; Qi =6 Z B?, (2.31)

2.4 Optimization of the phase-shifts based on I-CSI

The primary evaluation metric is the capacity of the RIS-assisted network obtained
using the phase-shifts derived from the estimated quantities. In this subsection, we
derive closed-form expressions of the phase-shifts of the RIS that maximize the capacities
using the I-CSI. Although the proposed solution is not an optimal method to obtain
the phase-shifts given the I-CSI, it is used to evaluate the performance of the estimated
[-CSI in terms of the capacity.

For the considered uplink RIS-assisted mmWave system, the received signal at the

BS can be expressed as follows:
y =+/p G diag(v) h v + w, (2.32)

where z is the transmitted symbol satisfying E(|z|?) = 1, p is the SNR, and w ~
CN (0, I,,) denotes the additive white noise. The ergodic capacity is expressed by:

C =log,(1+ p ||G diag(v) hl|3). (2.33)

Based on the I-CSI, i.e. h and G, we configure the phase-shifts to maximize the capacity
C, which is equivalent to solving the following problem:
max [|G diag(v) Al

i} (2.34)

Subject to: v; = e’ .
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Given the singular value decomposition (SVD) of G = USV ¥ the problem is equiva-

lent to maximizing ||SVH diag(v) h||3 which is expressed as follows:

2

M N
ISV diag(v)h[3 =Y | S Vihsor (2.35)
i=1 [ k=1
M | N 2
=D 1D Siil Vil [P el Vit (2.36)
=1 | k=1

The solution we propose is to align the phase-shifts 6, to the phases of the largest
right singular vector of G, denoted as ¥™**, and the phases of the channel vector h,
especially when the UE-RIS channel G is low-rank, and therefore, most of the values
of S;; are zeros and do not contribute into the summation. Specifically, the suboptimal

phase-shifts are obtained as follows:

0; = —(Lhy, — L), (2.37)

2.5 Simulations and Results

In this section, we evaluate the performance of the proposed I-CSI estimation methods
in RIS-aided SIMO mmWave wireless communication systems. The approach is dubbed

Joint Channel Estimation (JCE).

2.5.1 Evaluation Metrics and Baselines

the main performance metric is the capacity of the RIS-aided SIMO communication
system. We leverage the estimated quantities, specifically the UE-RIS and RIS-BS
channels to calculate the phase-shifts and determine the achieved capacity defined as
C = logy(1 + p||G diag(v) hl|3). Moreover, we evaluate the normalized mean square
error (NMSE) defined by NMSE = || X — X|2/||X||?, where Frobenius norm is used

for the channel matrix G and [, norm for the channel vector h.
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We compare our approach against the following baselines:

e Perfect CSI: this is an upper bound where the capacity is obtained based on the
optimal phase shifts using the true channels G and h;

e Random phase-shifts: this represents a lower bound for our method.

e MO-EST: This method is based on alternating minimization and manifold opti-

mization [49)].

2.5.2 Simulation Setup

We consider a RIS composed of N = 64 passive elements and a BS equipped with
M = 4 antennas. To estimate the UE-RIS and the RIS-BS channels, we send N, = 50
pilot symbols over an uplink SIMO RIS-assisted mmWave communication system, and
obtain the training signals which are fed to the trained neural networks FEncoder F
and Encoder G. The encoders are fully connected neural networks where each network
consists of an input layer, two 300 unit hidden layers with Relu activation and an
output layer with two heads: the first outputs the mean after a Tanh activation and the
second uses Softmax activation for the scale. Adam optimizer [50] is used to train the
neural networks with 0.001 as an initial learning rate. The neural networks are trained
by maximizing the ELBO functions using unlabeled of 10* samples. The non-closed
form expectations within the ELBO functions are evaluated under 1000 samples. The

methods are evaluated based on 2500 Monte-Carlo samples.

2.5.3 Performance of Joint Channel Estimation: Gaussian

prior and Laplace prior in the angular domain

Figures [2.3(a)| and [2.3(b)| depict the channel estimation performance with Rayleigh
channel model with 0% = o = 1. In Fig. [2.3(a)l we illustrate the capacity as a
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Figure 2.3: Performance of the VI-based RIS joint channel estimation using complex

Gaussian channels.

function of the signal-to-noise ratio (SNR) for different methods of the capacities. The
phase shifts derived from the estimated channels are able to achieve a better capacity
than the random selection of the RIS configuration which validates that the neural
networks were able to effectively learn the channels. Also, we observe that, with high
SNR, the capacity gets closer to the exact capacity. In Fig. [2.3(b), we evaluate the
NMSE and we observe that with increasing SNR, the NMSE decreases for the UE-RIS
channel while being constant for the RIS-BS due to the large number of elements the
channel matrix is composed of.

In Fig. [2.4(a)l we evaluate the performance of the sparse channel models where
the elements of the channels in the angular domain are sampled from complex Laplace
distribution with unit scale, i.e. ag = 1 and af = 1. We observe that the capacity
obtained using the proposed method is closer to the upper bound which is the capacity
with the optimal phase shifts. Moreover, Fig. [2.4(b)| shows that the NMSE decreases

with the SNR. The performance with sparse channels is better than the performance we
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Figure 2.4: Performance of the VI-based RIS joint channel estimation using complex

Laplace channels.

obtained using Gaussian models thanks to the structure of sparsity added to the models.

Since the model applied is more structured than Gaussian channels which has a larger

entropy than sparse channels. The structuring of the model improves the performance

of the estimation process.

2.5.4 Performance of Joint Channel Estimation

We evaluate the performance of the proposed JCE method using Saleh-Valenzuela model

[51] [52] that is modeled as follows:

P
| M N
G = - Z QpaBS(gp)aRIS(¢p7 Pp);
p=1
Q

h = g Z BqaRIS(¢q7 ()0(1)7
g=1

where «,, 0,, and ¢,/p, denote the complex gain, angle of arrivals (AOA), and az-

imuth /elevation of angle of departure (AOD) of the p-th path of RIS-BS channel. Sim-
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Figure 2.5: Performance of JCE method with path-based model.

ilarly, 8, and ¢,/¢, denote the complex gain and azimuth/elevation AOA of the ¢-th
path of the UE-RIS channel, respectively. Besides, ags and ag;s denote the receive and
transmit array response vectors at the BS and the RIS, respectively. Then, the array
response vector of the half-wavelength spaced uniform linear array at the BS is given
by:

1 o , .
ans(6)) = < [L o, D] (2.40)

In addition, the array response vector of the planar array at the RIS involving N

elements is given by:

1 1
1 ejﬂ'sin(z)singo ejfrcos<p
aris(, @) = N ® _ : (2.41)
eij/ﬁsinqbsincp ejfr\/ﬁcosgo

The angles 0, ¢, ©p, ¢g, @, are generated uniformly from [0, 27).
Fig. illustrates the capacity as a function of the SNR p. The phase-shifts

derived from the estimated channels are able to achieve a better capacity than the
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Figure 2.6: Performance of JCE method with different number of paths.

random selection of the RIS configuration which validates that the neural networks were
able to effectively learn the channels. Moreover, our method outperforms the MO-EST
method primarily due to the ability of neural networks to capture the sparse structure of
the channels at high dimensions. In particular, the JCE method demonstrates a notable
improvement with a gain of 3.70 dB at -3.33 dB SNR compared to the MO-EST method,
and achieves a gain of 1.35 dB at 30 dB SNR.

Next, we investigate the estimation error of both channels EU-RIS and RIS-BS.
As depicted in Fig. , the NMSE decreases with increasing SNR. Notably, our
learning-based approach significantly outperforms the MO-EST baseline. In addition,
the proposed method presents a lower computation time than the iterative algorithm
MO-EST by leveraging the significantly lower inference time of the neural networks.
Specifically and at 20 dB of SNR, the neural networks predict the auxiliary parameters

within 0.20 seconds, whereas MO-EST requires 1.45 seconds to estimate the channels.
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2.5.5 Effects of Sparsity on the Estimation

Furthermore, we evaluate the JCE method under different number of paths investigating
the effect of the level of sparsity on the estimation performance. Specifically, Fig.
presents the capacity as a function of the SNR for three scenarios: P = Q) =
3, P=@ = 10, and P = Q = 50. The numerical results reveal that, under high
SNR, the capacity achieved based on phase-shifts derived from the estimated channels
converges towards the exact capacity obtained when employing phase-shifts derived
from the perfect CSI. Furthermore, we observe a notable impact of channel sparsity on
the estimation performance in terms of capacity. Specifically, as the channel sparsity
increases, signifying a reduced number of propagation paths, the achieved capacity
becomes increasingly closer to the exact capacity due to the improvement of estimation
of the channels. This behavior can be attributed to the sparsity-inducing nature of
the variational loss function employed by the encoders, which leverages a Laplace prior
to enforcing a sparse structure over the channels. Consequently, the proposed JCE
method demonstrates superior performance for scenarios involving more sparse channels
compared to those with less sparsity.

Fig. depicts the evaluation of the NMSE to assess the performance of the
proposed method. Notably, as the SNR increases, a clear trend emerges where the
NMSE consistently decreases. Additionally, the degree of sparsity in the channel in
the angular domain h'" plays a critical role. More specifically, the NMSE exhibits a
significant degradation when the number of paths increases, with the most substantial
performance deterioration occurring when P = () = 50 paths are considered. This
degradation can be attributed to the fact that 50 paths approach the dimensionality
of the channel vector h € C%. Conversely, for the RIS-BS channel G¥", the NMSE
experiences a minor degradation as the number of paths varies. This behavior stems

from the larger dimensionality of the RIS-BS channel matrix, M x N = 256, in relation
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to the maximum number of paths, mitigating the impact of variations in the number
of paths. Importantly, these findings highlight the superior efficiency of the proposed
method in scenarios characterized by higher levels of sparsity, effectively bypassing the

need for a priori knowledge of the specific number of paths.

2.6 Summary

We propose a VI-based channel estimation method in fully passive RIS-aided mmWave
single-user SIMO communication systems. The channel estimation problem has been
formulated as a bayesian inference problem where we rely on the received training
signal and the knowledge on the prior of the channels to obtain the posterior of the
channels. Using a VI framework, we approximate the intractable posterior of the chan-
nels with convenient distributions. The parameters of the approximated distributions
are generated by neural networks FEncoder F and Encoder G trained using variational
loss functions derived using a lower bound, i.e. ELBO, on the log-likelihood of the
received signal. Then, the learned distributions, which are close to the true poste-
rior distributions in terms of Kullback Leibler divergence, are leveraged to obtain the
MAP estimation of the UE-RIS and RIS-BS channels. We derive the ELBO under two
channel priors. The first channel prior models Rayleigh fading channels with Gaussian
prior, whereas the second one represents sparse channels in the angular domain with
Laplace prior. The simulation results demonstrate that MAP channel estimates using
the approximated posteriors yield a capacity which is close to the one achieved with
the true posteriors, thus demonstrating the effectiveness of the proposed method. In
addition, we observe an improvement of the channels estimation with Laplace prior
compared to the Gaussian prior. Moreover, it has been shown that the performance of
the proposed approach degrades with the increase of number of paths compared to the

channels size due to the Laplace prior that enforces the sparsity of the channels in the
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angular domain.
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Chapter 3

Joint Channel-Covariance

Estimation for RIS-Assisted System

The estimation of the S-CSI in RIS-assisted networks offers a broader perspective on
signal propagation dynamics compared to focusing solely on I-CSI. User mobility in-
troduces a dynamic and evolving channel environment for the UE-RIS link making
the [-CSI susceptible to inaccuracies due to its limited snapshot view. I-CSI neces-
sitates frequent updates and high training overhead to maintain accuracy, which can
consume valuable resources and impede overall efficiency. In contrast, statistical CSI
estimation offers a comprehensive view of the channel’s behavior over multiple time in-
stances, reducing the frequency of updates and mitigating the training overhead burden.
Furthermore, the signaling complexity of adjusting phase shifts for I-CSI can become
prohibitive. By focusing on statistical CSI, we alleviate this complexity by allowing the
RIS to adapt more smoothly and efficiently to overarching channel trends, minimizing
the need for rapid and intricate phase adjustments. Therefore, in this chapter, we focus
on estimating the long-term CSI that remain constant for extended periods. Specifically,

we aim to estimate the RIS-BS channel which remains static due to the fixed positions
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of the RIS and BS, and the UE-RIS CCM using the VI-based estimation framework.

The major contributions embodied by this chapter can be summerized as follows:

e To the best our knowledge, this is the first work that studies the joint estimation of
the RIS-BS channel and the UE-RIS CCM in a single user RIS-assisted networks.
We adopt the VI-based to separately estimate the RIS-BS channel and the UE-
RIS covariance leveraging the sparse structure of the mmWave channels and the
mmWave channel covariance matrices considering the low mobility of the user

where the AOAs of the UE-RIS channel are deemed to be in a subspace.

e We develop a closed-form expression of the phase-shifts for the passive beamform-

ing based on the RIS-BS channel and the UE-RIS CCM.

e We show the effectiveness of the proposed methods by benchmarking the capacity
with the capacity using the different ground truths of the I-CSI and the covariance

matrix.

The rest of the chapter is organized as follows: The system model is described
in Section 3.1} Section presents the uplink training scheme adopted to obtain the
training signal. In Section|3.3] we solve the joint channel-covariance estimation problem
by deriving the variational losses that will be feeded to the neural networks as loss.
Further, Section [3.4]discusses the phase-shifts optimization based on the RIS-BS channel
and the UE-RIS CCM. Lastly, numerical results are presented in Section before

drawing out some concluding remarks in Section [3.5
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3.1 System Model, Assumptions, and Problem For-
mulation

Consider a BS equipped with M antennas elements serving a single antenna user in the
uplink. The BS is assisted by an RIS which has a N reflective elements. The UE-RIS
and RIS-BS channel links are denoted by h € CY and G € CM*¥ | respectively. We omit
considering the direct link between the user and the BS since it can be estimated using
conventional SIMO channel estimation methods by deactivating the RIS. We adopt the
block-fading channel model with coherence time T}, for the UE-RIS channel and Tg
for the RIS-BS channel. Due to the fixed positions of the RIS and the BS, we assume
T >> Tp. The channels are modeled using the channel model described in [2.5.4]

3.2 Uplink training

The RIS-BS channel may be considered quasi-static since the physical locations of the
RIS and the BS do not change over time. The quasi-static nature of the RIS-BS channel
can be advantageous for the design and optimization of a RIS-aided wireless communi-
cation system. We propose a transmission protocol to effectively estimate the RIS-BS
channel and the covariance matrix of the UE-RIS channel, as shown in Fig. 3.1l The
considered time interval consists of T time slots and can be divided into a data com-
munication phase and a training phase. The RIS-BS channel link G and the CCM
of UE-RIS channel denoted as Ry, are assumed to be constant during this time. The
training time can be divided into N, coherence blocks of the UE-RIS channel link where
for each coherence block of channel h we use N, < T}, time slots to send the training
symbols. The remaining time slots can be used for data transmissions where passive
beamforming with imperfect CSI methods can be used [53]. Therefore, we get N, x N,

time slots used to send the training symbols.
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Figure 3.1: Transmission protocol.

In each coherence block, by sending N, pilot signals while altering the configuration

for each pilot, the received signal at the BS can be expressed as:

Y = /p G diag(h)® + W, (3.1)
where @ = [vy,...,vy,] € CN*Ne jig the RIS configuration used for training, W =
(w1, ..., wy, ] is the noise matrix where w; ~ CN (0, Iy). The vectorized form of Y can
be expressed as follows:

y = vec(Y) (3.2)
= /p(®" © G)h + w, (3.3)

where w = vec(W) ~ CN(0,Iy,). We define the combined training received signal
as Y = [Y1,...,Yn,). The covariance matrix for the received training signal g, given

that the RIS-BS channel remains quasi-static, is expressed as:
R; =E[gg"] = p(®" © G)Rp(®" © G) + Iy, (3.4)

In various scenarios, the UE-RIS channel is highly correlated because of the small set of
AOASs contributing to the propagation within a small region in the angular domain [37].
Therefore, the covariance matrix Ry, = E[Rh] is considered as a low-rank matrix.

Formally, we express the covariance matrix as follows:
R, = FIDFy, (3.5)

40



Chapter 3. Joint Channel-Covariance Estimation for RIS-Assisted System

where D = diag(d) is a diagonal matrix with a sparse main diagonal denoted as d
representing the angular correlation. We focus on estimating the sparse vector d and
RIS-BS channel in the angular domain denoted as GY" = = FiGF{ rather than

estimating the full covariance matrix Ry, which typically is a large matrix of size N x N.

3.3 Variational Inference-Based Joint Channel-
Covariance Estimation

We aim to jointly estimate the RIS-BS channel link G, and the covariance matrix of
the UE-RIS channel h which is same as estimating the vector d, based on the received
training signal.

As discussed in Section [2.3.2] the channel between the RIS and the BS, denoted
as G, exhibits sparsity in the angular domain. To represent this sparsity, a complex
Laplace distribution is employed to model the sparse matrix. Additionally, the vector
d, which represents a sparse positive real-valued vector, is modeled using a complex

Exponential distribution:
GY' ~ CL(0, agw); (3.6)

Applying the VI framework, we approximate the intractable true posterior distri-
bution p(G'", d|l~’) by two separate tractable parameterized distributions denoted by
gx, (d|Y) and ga,(GY'|Y) using the mean-field approximation. Moreover, the param-
eters of the chosen auxiliary distributions are returned by Encoder F and Encoder G.
The training signal Y is preprocessed such that the input to the neural networks is
defined by f’f’H/Nb — Iy,

The auxiliary distribution for the RIS-BS channel link in the angular domain G

is assumed to follow the complex Laplace distribution with independent elements, and
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the elements of d follow a Gamma distribution with unit scale:
x, (d;]Y) ~ Gammal(k;); (3.8)
1. (GY5Y) ~ CL(M.. Biy), (3.9)
where A; = {k} and Ay = {M, B} are the parameters of the auxiliary distributions

which are obtained by maximizing the ELBO function, which is given in general form

in Eq. 2.3 expressed as follows:

dY
ﬁS_CSI()\h)Q) :Edwh(dl?) llog —qu( )

o (Gvir|}7)
* Egurgy, (v [log —lp(Gvir)

p(d)
) e ah e s
_Ed7Gviqu>\(d7Gvir|}~/) [k)gp(Y‘d, GVir>] . (310)
L":S}rcsl

Since the prior and auxiliary posterior of GV align with the case addressed in channel es-
timations, the second loss, expressed as E;‘CS' = [,'2_CS', remains unchanged. However,
the first loss, which involves the KL-divergence between an Exponential distribution

and the Gamma distribution, can be expressed as follows:

g (d]Y)
Eag, @) llog »(d)

£37N(\)

N
Z dany @19 [1089(Y) = log p(dh)

Z —logT(1.0) + log T'(k;), (3.11)

where I'(z) is the gamma function and (z) is the digamma function. The third loss,

S—CsSI
L3

denoted as , is defined as the log-likelihood of the received training signal and

can be expressed as follows:
£57 S A) = By g acons) | T (VIRG'Y)

+ log |Ry|] + Cs, (3.12)
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where (5 is a constant. To compute the gradient with respect to the parameters of the
auxiliary distribution of the RIS-BS channel link, qAZ(G""D}), we employ the reparam-
eterization trick. This technique involves generating Monte-Carlo samples where each
sample is computed by G ij =M+ B;; x CL(0,1) to maintain the differentiability
and enabling efficient optimization through gradient-based methods. To address the
complexity of directly applying the standard reparameterization trick to the Gamma
distribution, an alternative technique known as the implicit reparameterization tech-
nique, as outlined by [54], is employed. This technique facilitates the generation of
Monte-Carlo samples that remain differentiable with respect to the shape parameter
vector k.

After learning neural networks, denoted as Encoder F and Encoder G, that predicts
the distribution parameters of gy, (d|l~/) and qAQ(G"ir|l~/), respectively, the channels are
estimated using the MAP method applied on the auxiliary distributions:

d = arg max o (d|Y) =k —1; (3.13)

Gvr = arg max 4 (G"|Y) = M. (3.14)

3.4 Optimization of the phase-shifts based on RIS-
BS I-CSI and UE-RIS S-CSI

In this section, we propose a closed-form expression of the phase-shifts that maximize
the achievable rate of the UE-RIS-BS channel link based on the RIS-BS channel and
the UE-RIS CCM. The problem is formulated as follows:

max By | log; (1+ p || diag(v) AIP’) .

(3.15)

Subject to: v; = e¥.
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The problem in Eq. is challenging to solve due to the lack of an explicit expression
for the expectation over the logarithm. To address this difficulty, we adopt a strategy

of maximizing a reliable upper bound on this expression [30]:
Ep, [log, (14 p||Gdiag(v)h|]*)] < log, (1 + pEy [||Gdiag(v)h|?]) . (3.16)

It is important to acknowledge that the upper bound in Eq. is highly accurate
and serves as a reliable approximation of the original objective function, particularly
for large values of p [30]. By maximizing this upper bound, we are able to formulate

the subsequent optimization problem as follows:

. 2
%?f( Es [HG diag(v) hl| },

(3.17)

Subject to: v; = e%.

The objective can be further expressed as follows:
Ey [| |Gdiag(v)h| ﬂ - Tr(Gdiag(v)thiag(v)HGH>. (3.18)

Given the SVD of G = USV¥ and the eigenvalue decomposition of the covariance

matrix Ry, = PX P the objective function can be expressed as follows:

Ep ||| Gdiag(v)h | = ZZ 2

=1 j=1

S, Z Vi Py e (3.19)

Therefore, we take the phases that align with the phases of the largest eigenvector of G

max

and Ry, referred to as 9™** and p™®*, respectively, to maximize the objective function

and satisfy the constraints, which are given by:

0F = —(Lp™ — L), (3.20)

3.5 Simulations and results

We examine an RIS configuration comprising N = 64 passive elements, alongside a BS

equipped with M = 4 antennas. In order to estimate the RIS-BS channel and the UE-
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RIS CCM, we transmit NN, = 4 pilot symbols per UE-RIS coherence block considering
N, = 200 coherence blocks during an uplink SIMO setup. The resulting training signals
are preprocessed as discussed in Section and fed to the encoders Encoder F and
Encoder G. The encoders are modeled by fully connected neural networks with 2 hidden
layers with 300 units utilizing Relu activation. The output layer of the Encoder F for
auxiliary distribution gy, (d|Y") is composed of N unit with Sigmoid activation function.
In addition, the output layer of the Encoder G for the auxiliary distribution gx,(GY"|Y)
is composed of two heads: one head outputs the mean with 2 x N % M units with
Tanh activation, and a second head outputs the scales with N * M units with Softmax
activation. For training these neural networks, the Adam optimizer [50] is employed with
an initial learning rate of 0.001. The training process involves maximizing the ELBO
function using an unlabeled dataset consisting of 10* samples. Expectations within the
ELBO functions are computed based on 1000 samples. The performance assessment of
the methods is conducted through 50 Monte-Carlo samples. Furthermore, the channels
are generated according to the path-based channel model described in Section [2.5.4]
The AOAs of the RIS in the UE-RIS channel ¢, and ¢, are generated uniformly from
different clusters obtained by dividing the interval [0, 27) into 100 sub-intervals. This
clustering results in a covariance matrix that exhibits sparsity in the angular domain.
In addition to the baseline mentioned in Section [2.5.1] i.e perfect CSI, random phase-
shifts and MO-EST method [49], we benchmark the proposed method with the capacity
obtained where the phase-shifts are computed based on the true RIS-BS channel G and
the true UE-RIS covariance matrix Ry, referred to as Perfect channel and perfect

covariance (PC-PCov).

45



Chapter 3. Joint Channel-Covariance Estimation for RIS-Assisted System

Capacity
>
)

—oe— Perfect CSI
—+—PC-PCov
—e—JCE

- *-JCCE
—A—Random phase-shifts| |

1 1 1

-20 -10 0 10 20 30
SNR (dB)

Figure 3.2: Performance of the proposed methods.

3.5.1 Comparison Between the Proposed Methods

To compare the JCE and JCCE methods, we evaluate the capacity taking into account
the number of pilots used to get the training signals that is expressed as C, = (1 —
@) log,(1 + p||Gdiag(v)h|[?) where & = Nyjiots used/NTotal transmissions- ' Lhe number of
paths are set to P = @ = 3. In Fig. .2 shows that the JCE method exhibits superior
performance over the JCCE approach at low SNR, while the JCCE method outperforms
the JCE at high SNR when the estimates closely approach the PC-PCov. The observed
performance improvement can be attributed to the inherent differences in their channel
estimation approaches. With the JCE, the channels G and h need to be estimated
at each coherence block of h, which is relatively short compared to the quasi-static
nature of channel G' and the covariance R}, and thus it leads to higher values of a. In

contrast, the JCCE method utilizes the estimates of the RIS-BS channel and the UE-
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RIS covariance matrix, enabling the use of phase-shifts without the need to estimate
the UE-RIS in subsequent coherence blocks. This leads to reduced training overhead
and signaling complexity for configuring the RIS, resulting in lower values of «, which
validates the efficiency of leveraging the estimates of the RIS-BS channel and the UE-

RIS covariance matrix for obtaining the phase-shifts.

3.5.2 Performance of Joint Channel-Covariance Estimation
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Figure 3.3: Performance of the VI-based estimation of RIS-BS channel and UE-RIS

channel covariance.

To evaluate the JCCE method, we compare it against the MO-EST estimation
approach, where the channels are estimated at each coherence block and used to estimate
the covariance matrix Ry. We set P = 3 and ) = 1 to represent the number of paths
for the RIS-BS and UE-RIS channels, respectively.

Fig. [3.3(a)| shows a degradation in performance by substituting the UE-RIS CCM
(PC-PCov) compared to using the UE-RIS channel itself (Perfect CSI). However, by
updating the RIS phase-shifts based on the UE-RIS CCM, we reduce the signaling
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Figure 3.4: Inner Product of the estimated largest eigenvectors with ground truth.

overhead associated with the RIS configuration. This approach enables the RIS config-
uration to remain fixed for an extended period while ensuring an acceptable rate per-
formance since the UE-RIS CCM and the RIS-BS channel are considered quasi-static
for the subsequent coherence blocks of the UE-RIS channel. Moreover, the capacity
using the phase-shifts derived from the estimated channel and CCM via JCCE gets
closer with the increase of the SNR to the exact capacity which validates the proposed
method. Furthermore, the proposed method demonstrates superior performance com-
pared to the MO-EST method, which fails to capture the sparse structure of the channel
and its covariance. Fig. [3.3(b)| showcases the NMSE evaluation across different SNR
values. Notably, the MO-EST method reaches lower values of NMSE compared to the
proposed method for the RIS-BS channel G and the angular spectrum d. For a further

investigation, in Fig. [3.4) we evaluate the absolute value of the complex inner prod-
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Figure 3.5: Performance of the estimates separated.

uct of the largest eigenvectors of the estimated RIS-BS channels G and the estimated
CCM IA%h, expressed as (@(,ﬁmaﬂ = W‘Hﬁma", with the largest eigenvectors from
the PC-PCov, as well as for the largest singular vectors for UE-RIS CCM expressed by
(pma=, pax) = WHpmax. We observe that the proposed method is able to effectively
estimate the largest eigenvectors of the RIS-BS channel and the UE-RIS CCM, as the
inner product gets closer to 1, with the increase of the SNR, which can be interpreted
as an alignment of the estimated largest eigenvector to the largest eigenvector of the

actual channel and CCM.

3.5.3 Effectiveness of Separate Channel Estimates

We examine the performance of each estimate aside from the baselines of the capacity

with phase-shifts derived from the exact channels and the phase-shifts derived from the
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exact RIS-BS channel and UE-RIS CCM. Fig. shows the effectiveness of both neural
networks Encoder F and Encoder G to estimate approximate posterior distributions to
achieve desirable performance. We observe that at high SNR, both estimates, which
are referred to as Perfect Channel - Estimated Covariance (PC-ECov) and Estimated
Channel - Perfect Covariance (EC-PCov), can separately achieve the capacity with
perfect RIS-BS channel and UE-RIS CCM. However, at low SNR, the CCM estimates
surpass the capacity achieved using channel estimates. This superiority is attributed to
the highly sparse structure present in d, originating from the clusters of AoAs and AoDs
contributing to the UE-RIS channel h. Moreover, the vector d has a lower dimension of
d € CV compared to the RIS-BS channel G € CM*¥  which facilitates the estimation

of the non-sparse values.

3.6 Summary

We have presented a novel approach of long-term CSI estimation in a fully passive single
user SIMO RIS-assisted communication system by tackling the problem of estimating
the RIS-BS channel and the UE-RIS CCM. We employed the VI-based estimation frame-
work to infer over the channel and covariance matrices by approximating the intractable
posteriors with a convenient distribution through maximizing the ELBO. Thanks to the
low-rank structure of the CCM, our approach estimates a diagonal sparse matrix that
models the spatial correlation rather than estimating a full matrix. The parameters of
the auxiliary are obtained from a trained encoders given the preprocessed training signal
as input. Furthermore, we propose a solution to the passive beamforming based on the
long-term CSI considered. We have showcased that the joint channel-covariance esti-
mation method reduces the training overhead compare to the joint channel estimation
method since the former does not require estimating the UE-RIS I-CSI that has a short

coherence time. The adopted approach leads to a sustainable and robust configuration
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of the RIS by considering long-term CSIs that remain static for extended period, rather
than relying on I-CSI that changes rapidly.
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Chapter 4

Conclusion

4.1 Concluding Remarks

Precise channel estimation forms the cornerstone of effective phase shift optimization
within Reconfigurable Intelligent Surfaces (RIS), directly impacting RIS performance
and thereby contributing to the advancement of next-generation wireless communication
systems. We considered a single user single-input multiple-ouput (SIMO) RIS-assisted
communication network, and provided a framework for the CSI estimation for the I-CSI
and S-CSI of the RIS related channels. In Chapter [2] we propose a Variational Inference
(VI)-based framework to separately estimate the user equipment (UE)-RIS and RIS-
base station (BS) channels using the uplink training signal bypassing the requirement
of the foreknowledge of the number of paths among the channels by considering a
Laplacian prior over the channels. Leveraging the power of neural network to capture
the channels’ structure, the auxiliary distribution are obtained from trained neural
networks in unsupervised manner by maximizing the Evidence Lower-Bound (ELBO).
Chapter [3| extended the VI-based framework to estimate the RIS-BS channel and the
UE-RIS CCM taking into account the large coherence time of the RIS-BS channel and
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the low-rank structure of the UE-RIS CCM due to the signal subspace of the user.
From numerical results we conclude that i) the VI-based approach estimate effectively
the UE-RIS channel/covariance matrix and the RIS-BS channel, i) relying on the RIS-
BS channel and the UE-RIS CCM for the RIS phase-shifts provide a near-optimal
performance in terms of the capacity, and i) optimizing the phase-shifts based on the
long-term CSI, i.e. RIS-BS channel and UE-RIS CCM, rather than relying on the I-CSI
reduces the training overhead and the signaling complexity of the RIS by maintaining

the phase-shifts constant for the subsequent UE-RIS coherence blocks.

4.2 Future Directions

This work can be extended in a few directions to provide a comprehensive framework

for the VI-based channel estimation for RIS-assisted wireless systems.

4.2.1 Physically Consistent Phase-Shift Models

The proposed VI-based CSI estimation methods assumes the approximative phase-shift
model, however in real world the the elements of the RIS are mutually coupled which
is neglected in the conventional model of the reflection. A physically-consistent RIS
considers the coupling where the reflection matrix has a complex expression based on
scattering matrices rather than a diagonal matrix [55,56]. Hence, the proposed ap-
proaches can be extended to other reflection model since it is not limited to the system

model introduced.

4.2.2 Multi-user Setting through clustering

The estimation of the UE-RIS covariance matrix relies on the signal subspace of the

user where the directions of arrivals to the RIS are in a specific range of values which
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can be referred to as the angular cluster. In a multi-user setting, the channel paths of
the nearby users have a similar directions of arrivals, and thus the channels of different
nearby users have similar covariance matrices. Therefore, the proposed joint channel-
covariance estimation method can be extended to the multi-user setting where nearby
users are served based on the same phase-shifts considering they share the RIS-BS

channel and the UE-RIS CCM.

4.2.3 Variational User Tracking

A possible direction to use the VI framework is tracking the user mobility where the
user mobility is modeled by a probability transition. In practical scenarios, the angles of
arrivals change stochastically through time, hence a VI-based approach can be developed

to predict the next angles of arrivals at the user given the received signal.
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Appendix A

In this section, we give a detailed derivation of the losses under the distributions inves-

tigated.
To compute £ R (B b 16) for the Gaussian channels, we use the property
Ez[(a — z)7(a — )] = Tr(A) + (a — mz)" (a — m,) where m,, is the mean of x and

A is the covariance matrix of & to compute the expectation over h:

1 O

—CSl—Raylei ' "
Ly ST — By goganary) {0_2 D_(ui — vpGdiag(v)h)

w =1

X (yl - \/ﬁGdiag(vl)hxl)] + Oy
1 &

= Z EGngy, (Gy) {p[xl *Tr (Gdiag(v;)diag(vy)diag(v,) " G™)
w g

+ (u — \/ﬁGdiag(vl)mxl)H(yl — VpGdiag(v))ma)+C,
N
1 .
=5 Egug,@v) {P|$Z|QTT(GHG diag(7))

2
g
W =1

+ (g — /pGdiag(v)ma) " (y, — /pGdiag(v))ma,)+Cy. (A1)

We note that the covariance of h ~ gx,(h|Y") is defined by the diagonal matrix diag(y)
since the elements of h are assumed to be independent. Furthermore, we note that
E¢|GEG]) = R+ M M where R = E¢g[(G — M)" (G — M)] is the covariance matrix

over the columns of G. R is a diagonal matrix because the elements G ; are assumed
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to be independent which makes the columns are independent as well and the elements
on the main diagonal, denoted by 7, are given by 7; = ZM I',.;. Therefore, L3 can

m=1 m,

be expressed as follows:

o 1
L R | Tr (ding(7) ding()) +pl || Pm diag(T)m
Np

+ plla|PTe (MY Mdiag(v))+ Y Ilyr — vpMdiag(v)ma[?] + Ci.
=1
(A.2)

We derive the entropy of a complex Laplace random variable z ~ Cﬁ(m, b) with

mean m and scale b:
H(a(2) = [ —a2)loga(2) dz
C

1 _\z—m|1 1 _\z—m|d
- (C_27rb26 TRt T

= log(27b*) + /C 2|::ll3 e du (u=2z—m)

= log(27b?) + 2. (A.3)

Next, we derive the closed-form of £ ' (Eq. [2.28) with complex Laplace pri-

ors. In first step, we compute the expectation over h'" where we denote A =

P FIGY Fl diag(v;) Ffx; which is a constant with respect to h¥":

Np

£!37CSI = ZEhvir7GviquA(hvir7Gvir|Y) |:(yl - AhVII’)H X (yl - AhVII’)] + Cl

~
—_

Z

=Y Egwrmgy, @y) [Tr(AAAH)+(yl — Am)"(y, — Am)} +C, (A4

1

o~
Il

where C} is a constant, m a vector of means of h¥" following g, (h*"|Y’) distribution
and A = Epuirg, (wiry)[(RY" — m)(h'" — m)"] is the covariance matrix of h¥". The

latter is a diagonal matrix with a main diagonal containing the variances of the elements.
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The variance of a complex Laplace is defined as follows:

— 2 z—m
Var(z) :/—’Z ul e gy
C

27b?

2
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Hence, the covariance matrix A is expressed as follows:
A;; = 6 diag(b)*. (A.6)

To compute GY, we define a constant matrix C = Y2 FHdiag(v))FHz;, ie, A =
N N

MN?
FIGY"C. Hence, we get:

Np
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Then we use the property Egur [G""HG""] = Q + M"M where Q = Egu|[(G'" —
M)H(G¥" — M)] is the covariance matrix over the columns of G¥". @Q is a diagonal
matrix since the elements G} are assumed to be independent which makes the columns

are independent as well and the elements on the diagonal are given by:

M M
Q=) Var(Gir) =Y 6B (A.8)
m=1 m=1
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Therefore, we have:

Np
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