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ÂBSTBÁCT

î-î vte ecnel*er a suì:set of a r-at'ice e.:'. t*e lec;i-ce eacir
operatlcns res,rirlc.bed io tltat s¡.Lbaet, th.e ::esui,ting 

rurn.be r
algebtaLc sLructure Í,s not necessaråry a lattåee, bu-¿ re
i-nstead a pa.c'eral- ar-gebz.a i.¡hich is ealr-ed. a partÍ,ai r-s.i,.ii_c:. ,,.So

Parxi;e! lat'i;ices are of, Lnterest beca.use bhel-r str.rd.v sol_:e s

ceri:aln problems l_n lattåee th.eory"

e-;'t:ì.:-,=
-1 

^)-J-1 ^^-tau";ce $ ú îi:e ílrst i,íes en a.btempt by yu" To So:,i:inn l*}:i, .t,,,,

Alcad" Iia"r¿k SSSR g5 {i95t¡¡, gi.¡ to estabiåsh a syË,üÉE rf .

Lúentåtåes'¿hat ",,;ouid chav"acteråze pai:tåa-J_ l_a.iilees* us1.::g

the 3:aper ef ì'i' F*r:ayane (3) r'e reer-r.ze thab so::ki"nBs resui'c
ås ån e*"rrr€ Chap'eetr ÐÌ1e 1e an extensl-on of F,une.yeinae'

reaul-ts ¡*hlch gt_veø a mj:rlmel sSrsten of tdentttåes to che:.¿c_
te:.ize pa:"i;åa.l Iatblce s,

The neccnd paper resl-ev¡ed ts r&: the probrem of rgonor-
pl:åsm of l-atbåces,' by i{, Hu Gl-uhov. {5) in r,¡hlch GlLa}ray

::e13-ed Lreavlly on the lncorreot l_dentåtl_es glvea ån sorkin0s
Þraper. chapter te'ro characterS-zes the f¡'ee extensLon of a
parì;åa3 la'Í:i-:lce us3.ng the l-dentl,ti,es of chapter o¡?eu unîc:-
'luna';elyn the frnar- result tha'r a partåa.l lattice rras a
uniqr:-e besls coul-d. noi be pï"oven arthough r-t i.s beli.eved- to
be Èrueo

The thLnd paper revlel.rede n&ß a rattr-ce-theoretS.car-
theo¡"en of a klnd slnill-ar to G:=uslroBs theoremn by I{" Þ1. G]-uhct¡

{4) siudi-es ihe f E ee ¡a"odulcÈ of latt3.ces. Tire naå:: z-esul.t

tl_L

.-il



Ls tlrLat If a

utj-tln a f inite

of ge:nera.raz,a

corresponding

ls a free p:'oducb of k

of generators, then the

lait3-ce i_s equal to the
of generaùors of the k

4-

j a.t'c 3. ce s , ea cl:

mlnånurn nunber

slrm of the

free faciors 
"

lat t lce

nu.inber

cf the

number

'5t
;l

1
.],
i.il
11.
r.l
,,1

il
:]

;l
;l

.l
rl

I

J

1

I

l
i}

ï
.J

Å

I



oNB a.....t.....9.............r...a.c...........a...û. I

TWO c.c.............a...........c.o.o.......o.......ce 13

THBEE. . . . . . . . . . . .. . . . . .. . . . . . . . o . . . . . . c o . c . . . . . . .. . .. . 23

BTBLTOGRAP¡IY...............................'...........e 31

TABLE OF CONTEIqDS

ACKNOhTLEDGEIIIENTS..... .. .... .. .. .. . o .. . r..... .. . ........ c 11

ABS TBA cr r . . . . . . . o . . . . . . . . . . . . . . . . . . r . e . . . . . c . . . . . . . . c , . . 1 1 1

CHAPTER PAGB

lva



CI{APTER ONE

Letìbe a lattlce. l/e Lnay collslder subsets of L anc'l

c}:e La'c'ctce operatl-ons restrlcted to bhls su.bset. If rre

have chosen a subi-aitlceu then the ï'esuItLng aJ-gebra.l_e

structure is a. Iatilce. Butu Ln generelu r'¡hen î"re eollstdes"

a subseü of the la.bt3.ce, the restrlcted operatioi,is Ðr'e

mer'ely par.tlal operaLLons and this algebrale strueture j.E

called a. -paqt,lpl= I_aÞjieeo

ì.¡"-^ t3) cha.:'ac'cerized *r¡a,rtj-al laLtlces l:ut Cl_d not.!: u-r.!a.j :dLla \, ) ) Ittrë.í'iau úc!' -

present a mini-r:el system of def1nl_r:g eq'czatiocts for partial
labbi-ces, The objecL of Chapter One 1s to extend Funa}¡a.nec€;

results o

Ð,.ef.lp-l-i,log, Let .i- = \L; n,,..t)lre a lattl-ce. lde consiúer
LL

Pe a. subseL of l,u and deflne tlvo partt.al blnary opera'ulonc,

v and,". o:l P as f ol_Lol'¡s:

lf aub'" P

1) a v b exlsts l-f and only l_f a y b*p and. then
l,

avb=avb
L

2) a¡b exísts lf and only Lf a;b ¿p and then

a "" b = ",ï o bhen .-'- /pi vs t,, ls called a

partjt_q1 lebLt_çq"

F-Ea_rnole" Let P be the three elenent set jaubrcl' " Deflne

a v b = c. Ðo not deflne a.^. bo



¿

}Je shal-i noi"¡ define tvro part1al orderrnge cn p*
T)a?ina ¡ l.- x 14 --rå ^.-a- l!Çr,-L)'Ç c rJ LÌ ¿-r e:i. oilry i-f a v b eïr-si;s eì,cl e. î- b = i.,o

a -.Fi b lf a:rd onJ-¡ j.f a n b exj_sts encl å,\ b = &"
t"Ie shall nÐ"/r prove that these two pa-r.tfar- orderlngs *.s"e

equivalent.

T,oi:rr:l 92 <* L {€ ^--å ^-^ì-- !ã - /' Ir.r_=,:,!ì.j-o - :J b if aird only j-f a Éli b"
Þ¡"r'.-,'?'lF,¿r+a -?--åi;:;-ì;.:-s *u=rr ulr s ï e-"id -¡¡ v,rli:h the exisi 3_ng pa.:"tåal c:.de¡

i¡ 'i:lip Iq'l'l-'iaa Tur¿U LC_VVJ\:,Ç J:6

Ðof Lne iul-: f arbl; = c lf anrl onl_y lf a :i e¡ h ._ e, â.11d

åf bhere exfsts C sueh that a I O, b, d.å then c { d*
Jn a sl-nålar ruanïìey't{e ean ciefåne gj_b.iarb. - e j.f ai:å

oniy if e 1*, a I b, a:rd. i.f there exLsbs d such that c1 -l: a"
{ -, b, 'ctren d- ., co

eu

fÈ ls known that any partLally orclered set can be enbeitciee-l ',,

;i-n a conpleie l-alStfce preservf.ng the tnerusion relatj-on a.nd ail- i

g}'bs and l_uhs,

consl-der an algebrarc strucÈure v¡r.th br,.ro b3_na::y par.tial
operatlons v and ,^. s (p; vr..n, ) " Tf {p; vr:.. } sa.iLsfies the
foilovrLng elghb laentttl_es then lt Ls cal1ed a ¡^j_ea-Ì-{;_altle¿.

l-qt:qlce_;



')

1) ê. v â, = â Z) â ,¡i â = a
3) av {'b v c) = ia v b) v c U) ê"t1 {n.^. c) = {¿¿.,.,.},..8
5) a v b = b v e 6) 8,,r b = b;.r Ê.

7) av(a,.rb)-a g) E¡^t (e.v6)=a

The above leenÈibles are read as fol-lor¡s: 1f the j.ef.t
hancl side exlsts a.nd 1f the lnirer segn:ent of t}r.e rågi:û hand
s;i-de exi-qts i;hen Lhe entfre:.i.ght hand stde ezis,co a.niì- ec;ile_r'.

ihe Ief'c ha::d sl_Ce"

Qäap:q}ç-" rf av{bve) e.nd avbexJ_st, then (avb} ,,e
exLsfs and a v (b v e) = (a v b) v ru

Tdo'ue tha'b r.n the termå¡rology of Fu.nayamer sr_icrr an arge-
bralc strucûure r-s calred a partxal rattr.ce, lrhat Ì"re ear 3

a pe:'iLal iatbLce, FunayaLna cail_ed- a strong par"ûla} 1at,;ice.
Ît is clear ihat an}¡ parbiar. ratttce 1s a weak parbr-a1

l-aitLce' Eecall that a partLaL order on an algebraj.c s,rruo.bllj:e
(P;v, n ) r.ras defined as follor,¡s:
for all arb ,: P

./a :.¡-b if and only Lf a v b exlsts a.nd a v b = b.
^ ! L J¿a i¡¡ b lf and only lf a ,,r b e::lsts a.nd a./.. þ = su

L-q-"nq3. a It n åf and only rr a{o n ln a rseak partlal la-"ctl-ce,

3to^o!. Assume aSJ b" Thenav bexj_sbs a:rd avb=l3o
îhus a v b exLsts and so a = a^(a v b) = E Â. b"

Therefar"e a {-ff b"
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f ås a prl.f,_'r.C*i.G_çgl J-f

1-1.i,Ì \tJlil x Í er_isl,s and

1t .l: T.Y ' )'õ

lr\ .- r-\c*r '- us I i. x, lnpltes
/4.1 \ .?4 -- --l.:;,' ;r :;.:\r t D a::.C. ;l \¡Js - . J

fi 4^ ^ *-¡--Ð ås a -!:t-:i'Slr_l_?..1-_ f4-q?.L lf
{3.1t) x v 3z exLsts and Ls Ln

t'ie Ëha.l_L establLsh a par,ütal

ådealfi of a llarLlal labtiee*
.if fr , ï2 a-r'e ldeal-s of Ê partfaL
¡'r -: r.uar&ç Àr *1 .- tïo

If Ð1, Ð2 are ciual åoeai-s then Ði

Ði l- Ð,'o
L

add 1t lon
I --in I trnFllcs that;

1n

Def'nlt"icn^ Ð is a A-ual__!È_eal of a par:tia.l l_abtlce p tf Ð

tË a slibset, of p saitsfylng the tvro condt|ions:

bhat ;". { D;

¡:":-i e-| c r¡.}r¿n r?! v!:v:,i JÊ

ln aodi.ì;l-oa

D then x r; D np v ¡ T1ro

Ðo

order on id-eal_s a.nd dup_l-

Lat?ice ';ire.: îL ., T, :-î t.-:t

:1. ÐZ )-f aao- only lf

i;e sÌ:a11 noÞ.J establi.sh a rnånJ_mal

o?1 Ð.n algebra_ic structuï.e (pi rs A )

enbed"ced sì:T"ongiy Ln a l_attåce.

system of i-den'LLtfes

su.ch that ít ca-n Ì:e



Iv) Ð- T/ å = I Trr) Zy ,'.. 8, = g

Av) aÌ"¡ {bl'c) = {a s b) ve A,,) a..{j:, c) _ (e .U). c
C,rlai¡b=bva

'ìD,v)âv(a,,.b)-a

Ð'v) {,ar. b)v3=â
_aÐ)1î) a v (b ¡. a) = a

^ "\Lr.rJAl..D=4,/..e

Ðii,,¡ a .... {a E¡ b) = a
tìe- ì ,ñ -- r-\.'-t-,) \ia ';r ü) ,. p. = J.

Ð3r.,) à ,,,, {b v a) = €i

*Uu) {b¡. a) tr & = I
?v) (.a, \r tb-:. = (c-_ 1np1f_es p.) ,a), .-D) = le) .:-¡-:rl_i3,:..:,.1î.,:

-:-ì-^l- 
^ * Ltrir¿v rr" \¡ D e;lsi;s anc a v b = c a .;-. Ì¡ c::ieîs a:.ii_ e,, ìl -, :

The a.beve åcentåi:1e Ë are io be ::ead as before*

iihl-ch of the e.bo*"¡e ldentltles form a r¡Lnjl_r-lla-l_ B"rF.be¡¡ fc:.
ihe embeddlng of an al-gebrarc siructL¿re r.itto a r-atti-ee?

,-'l
Ii:qrqr-- .- = ',¿v), É-vlp r,'..) t cv), c,.), Dirr), Ð1 .), ?.¡.), p )_

':: 
= T..\ I,re\ n..\ ñryì r¡.,\ tri-\ ¡i. i ìr:-..¡.. .-Li\ie :.vjp i,-¡.,) s çvJr L;,.)r D".Çtc !j-,.,¡u l,i.)ç p )
.4 .-_1Eech of ;l and î' 3-s a nln lraal systen of ldenûLties iuhl-*r¿f,,V l._..r., - -

ensLrïes LÌ:at an allgc-braLc strueture (p; v¡ ¡,, ) can be sf rc::g]_;r

enþeddedfualaùÈLceL"

Þpnnfi -ì.-^t L^ ^r----i:jj_y),-'. " ;, 1-:-íiu e to si:or¡ .bhat I ls r:inåna1 *

ili-'bl':orii loss of generallty l¡e r'I1l_1 shol,¡ tha.i: .lhe sysiEa
',-'ì ìt_; is air:l-nal-o To establ-l-sh ùhe nl-nlua-'l 4i-:¡ a+, : i' ..-^._v -o r_'u esraûJlsn tne Ë1n3üatxty o.t --ii l.:e rnu.s.i;

e:cli.ibå'b n3.ä.e algebraie struc.¿r-r:'es each of v¡hLch faij-s to
sai;isfy one of i;he id.enti-tLes of l+ b¡.lt r,¡hich satisfåes the
v'eina3-nå:rg eight ldenil-ttes of ì/ê--" .-V o
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l-" lr) dce= noi; holdo

consicei: p = 1_ u,., i,;her.e e v e auc a /... e e.Te :roi deff .itrlö.*

ín P ai] oi;her iaentrtl-es are vÐ-ollously satåsf led_*

2 o C.,') Coe s r:o'¿ hcld 
"

tcneÍdeg'P =ìa-b^etr'v;hez,e aif ìl= I rì.¡!.!r- ¡ 1,¡ - ._u9urúJ ì'r[rg!'e d, V t = &S cr /\. Ll = ä-¡ rf ï A. - l_1 _

b v e = br b.,r G = es o v b = bs e v c = ãc &,", e = âr
ata?^-ôv 4 - 

qo

2 Í1 ì À^^^ -rar'- La-¡ ÄJÒ ,v,.1 U_u(;Lì -L-LUu llUjGê

ConsLder Þ = !ç: h ,. lr ,"r:!' = u.t:cc. t'lltere a v b = Ð. = b v er b t, c - C. -
A V 'es A V e = C e: e V Ae ê ,\ Lr = ge ìJ.,, û = be â. ... t = &r

1l :,, A = bp C ¡1.- b = tp e,.\ A = ?to

l:, 1 ..1 lÌrrac -.r¡i. Ì¡¡ì.a
-- ., ç:vÇr ¿lç'ú ¿:v;l-L.o

ec,rs3c.c-. 3 - . ã.rDscad jle- t,;Lic-.e :; l¡ c = ea p, ., c = G.;

e T. d = ßp fi.", d = d, b v c = Ca

b .. c = b, a .,r b = Gr b v d = bp

e .''. d = ê^ Ê '- d = d, b .,r. d. = d,
^F^YIJUô

5, J:-\- ) d.oes ioi; hc-t do

Consåder p = . e.rbrcrare_i

,'3vb=0
J!..

,r'\/'\,; \.
4' ';, U

,/
'j/,'//.'./'

""n

:

-- f^iv - .:L !i lJ

å.d

u-a'Lf



/ *!^ -o. l_)_-) cces lloE

-^--^-. ¡ --- ÞUUrlÞ J.(l\j¿' -

a ' c" d.'. c" c

a v d = ep a,r'..

^.-1--4,iru=(j

l
'7 ii- i en=< F^'i-t s y J v.vvù ¿-llju

1'¡-,¡c-1 Ë,re Ð -vv-.tLjiÇia.- ¿ *

^ .r ã Õ . tl r; 'u .ì -, 
v -- v-,

avb-dr3.Jd.

Õ/ìr-¡

hnl r'ì

i: e ì- a "r a VJl.Ie1te

4'Ls:¿-^_ ü, u v Li - (:

'O=Cl¡b.r..C=dø

!i'J-L.J G

c h aF, "he:-e- 
u t v , u , s 9 L 

-' 
Lr

ca b ç c = dn

-Õ'h-'^-^- ÇÊ u * * vg

'',"'þ

^--l-

:/

E-"d-.u

'-. p

'I

:

L̂J

*4,

-f\,. (¡

¡â

:ì

\i

\:,\|
'11-'\r'\..i.'''d = a"' 1^

U

¡{ !Jû ì r.: /-,ô e :f ^'*V C J r j !:uv! rl\j ir I:LJILj Þ

/n¡rc'4Äe-r: þ =.,'O !'l fa l'i T:.! 1i 1,1 fi o: e:,UU-:Ð-L¿\:i - -- 
-orJ r/"iL9rilJ nj-Liwrt- trtt.',

î¡he-'e p v l3 = uy q i/ 3 = ?Jg

u \r î{ = àu .Ðc not defl"ne J{ v y io be &"

:_. :l

q-.Ð 
"

9, 3 ) ices i:oi l:o-ido

Ccnsl-cer P = ;ârbr)íeue1.'í¡YePrQ.¡rss r' n:,.

,

?:ri1Õ:aã h r ì1 - 
îi 4 ,L-. d - ?r1tf!:ç; t; IJ' i vg Y, . o - tug

Lr.1 w = bo Do aob cefine x r'\ Y to be b,

'6

l¡c.rE r're rûL!"st establ-1sh that an algebyai-c Êtructure
/:--" l --r-iqfr¡{-.o'-l ic z Ðer,;åal l_at.;j-ce"\-"; \ I , ¡ Þc.ul':rJ'::l: . \i 

to t

Rece.il tl:¡ C.ef i,-i'i;io'r of -: cn (P; 1o¡ ,"- ),
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Lenma. If a v b exLsts, then 1ub iarb;ì = c lf and only lf
a v b = co

Proofu Flrst, assume that c = Iub iarbi o

Then a -< c and b {' c. That ls, a v c = c and b v c = cu

Also by Iv) and iv) a < a v b and b i. a v b,

Thus a v b ls an upper bound of t-arbÌi u Therefore c I a v b.

Thatlsrcv(avb)=âybo
By Av) we have that c v (a v b) = (c v a) v b = c v b = o.

Thusavb=co
Nowassumethatavb=c,
\^ie knov¡ that a v b = c ls an upper bound of farbJ'as above.

If there exlsts d c P such tbat d 1s an upper bound of i..arb.¡

then we must show that d ) co

a v (b v d) and a v b exlst so thaù a v (b v d) = (a v b) v d =

c v d.

Assume that d 1 c" l.€n c v d = c.

Then c - c v d = (a v b) v d = av (b v d) =â v d. = d"

Therefor€ c = lub l_arb,l n

Slmilarly we can prove glb i-trb! = " 1f and only lf
â ,¡r. b = C,

To proceed wlth bhe proof of the lmbeddlng bheorem l¡re

need the followlng concept of ldeals ln a partlal lattlce"
.\Let -'' = i-x Í be a subset of a partlal labtlce P, W€ d,eflne

.n_
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.-I = it i t : x for Eone x o,- !

t".'= :E:bla v b irhere arb i-lt'

o rt r vr-'ì ì(t "= i-t I t ia v b where arb j " '-l

The followlng are lemnas on the ldeals of parülal

lattlces o

Le$LA.!r.-'',1.,n = I(, ) t','here r(, ) 1s the 1ceal generated byc'o

Pr-oof o By the deflnlcion of n, If o - I( ') then -n+]r. I(,:, ) u

a,-I,:. I('.r), Therefore,.:, ilc. I(:, ).
Tt wlll- be sufflclent to provet-.'.i;-n 1s an ldeaI"

Conslder the deflaltJ.on of an ldea1 of a partlal lattlce P.

Cond ltlon ( 1) 1s satlsf led f or '- i;fln

Nov¡ for. cond ltlon (11) 
"

Let xrf r',",i-,n and l-et x v y exlstn There nust exist srt such

that xtc-s and. yc,Jto

Therefore x v I i ¡-ü where u = max lsrti + Io

Leinmq.,'\,'"-n ls an ldeal of P.

þ!.!* Let [:.:'1,D. Let y { xs For each n, xo'J'ño Thus

I ¿ ,,,"[. T]rerefore y. i't, rD.

-I,et xryl-if c-t and let x v y exlst" Then for each n, xrye ,ino

.Ancl so x v Yt r:r1o Thus x v Y¿'i\rx"

Lem_mA" The set of 1dea1s generated by f lnlte subsets of a

partlal latilce P forn a lattlce under ! q
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Proof , Let 'r 1r'72 he two f lnlte subsets of p, Then rlu rz
1s aLso flnlre. r(:1 -!:2) 1s the reast ldear contarnlnc,
l(rl) and I(r,2). Slml1ar1y for meetso

The necesstty condltlon:

Assume that p 1s strongry embedded ln a l_attlce L and

tlnat the strong embeddlng mapplng ls i+¡u hie must show that
r(x,y) = l(z) 1mpl1es thab z = x v xn (l,eo we nust show pv) ).
fk) = I(x,y) lmpIles thaù z.:_xry-, n for sone no

t,(z)c q({,x,Jri n),- i,;, (x)r,-i(y)_it - r(Ç(x)r"i(r) ),
si'nce L ls a rattlce, ii (z):r¡(¡ç) v { (y) rn r,. But r(z) =

T(x,y) lmpl1es z ] x and zZf. Thus ri(z)ì tç(x) and. f (z) ) .((r).
Therefore :(z) =,í,(x) v ç(v).

P ls embed.ded strongly 1n L Êo z = x v yo

Thaü ls I(z) = I(xry) lmp11es z = x v y.
The necesslty of pn) 1s proved ln a¡r analogous nannero

The sufflclency condltlon:
Assurqe thåt P ls an argebralc strucÈure satlsfylng one of

.l* o" i: " wlthout ross of generallty we wtll coi:slaer T| c

Let L be the set of arr palrs of ldears and dual ldeals
(farD.r) of P such that x ( f,.,- and yt Ð; lmply x( l¡ where I
and D may be vold" '.Ie deflne a partlar ordertng Z ln L as

follolqs:

(r,.rD.);- (r
¡)

I
ii

DìD
..,.

,Do) lf and only If I'z and o
a,
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under the partlal orderlngz L 1s a complete 
'atülce.Let 1 lf ,1.), be any subset of Lu Then (',.,fn r,,..D,; ) =j

lub ,. (r-i rD_.;).; r'¡here r ls the least 1deal contal_nlng every
r-,, and !'D,, 1s the largest dual ld.eaI conËarned ln everJr Ð,,,r ø

In a slmllar manner (,;\,,I.rt^r,D, ) - glb {-{frrrD,.)! o

Now we must show that p rs sûrongry åouuuuu 1n L.
Leü I(x) ( l(x) ) be the prlnclpat (auat) ldea1 generated by
xe Let ; be a mapplng from p lnto L such that ii (x) =
( f (x) ,D(x) ), 1s a one-to-cne napplng of p lnto Lu

If z =xvythenf(z) =I(x)vI(y)" D(z) =D(x)vD(y)"
Then,1(z) = ( t(z),o(z) ) = ( r(x) v r(y), D(x) v D(y) ) =
{ç(x) v,;(y). Now;i(z) =q(x) v,¡(}r) lmp1Les that
I(z) = I(x) v I(y). Uslng the ldentlty pv) z = x v y"
Slmllarly uslng the ldentlty pr,. ) ',:. (z) = ,,.,(x)r. r: (y) 1mplles
2 - \r'.!ø Thls compretes the proof of the theorem ln
Chapter One.



CHAPTER TI^JO

The purpose of thls chapter ls to glve an algorlthm for
fhe extenslon of a pertlal lattlce to a 1atilce.

conslder an algebralc structure p(x1¡oo.ex' ; s ) co'-
slstlng of elenents i x1r n.. ¡x111' and a partlal (or lncomplete)
cayley table s where s satlsfles the followtng ldentl_tl"es for
al-J-arbrcep2

1) a'* a = a

2)a#b=b*a

3)s+å(U*c) =(ax¡¡ +c

4) ¿ .l* (a +t b) = a

5) (a.i ...,(b.l = (c_l lmpIles a\,.b exists and. a v b = c.
6) ia) ¡, ib) = Lc) lmp1les a ¡ b exlsts and a rt' b = es

where * 1s elther v or A and. xr ls the alternate operatlon to
fr n 

ur" deflne the completlon of S, 5, to be the cayley

table forced under the ldentltles 1) through 6).
Then P(x1eo,"¡\ ; S ) ls a pa{tlal lattlce.
A Cayley table, S , 1s called lrreduclble 1f x ls a

relatlon 1n S then S* ,lx' I S ,
Uslng Lhe results of Chapter One, a free extenslon of a

partlal lattlce P(xIe u o o ex¡ ; S) ls a Iattlce, d.ef lned by the

generatlng elenents x1r".o¡xn and a system of deflnlng
reÌatlons S. Denote the free extenslon by FL(p).

Conversely, lf L ls a flnlte lattlce, then lt 1s a free

extenslon of sorne f1nlte partlal latt1ce. Thls partlal

"ì
.d

I

.Ì!
J

13
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latblce can be found uslng Evans algorLthm (1)"

Evans orlthm fo the nstructlon of

If we are glven an algebralc structure p(x1¡"..ex11 i S),
then we ccmplete s to obtaln S. rf aÌI the enLrles of the
table S are fll]ed, bhen p ls a Iattlce and FL(p) = p"

But suppose soüte entry, sâÍ (frJ) ls enpty. Then we add.

a new elemenb xn+r to F and aid tc s elther the relatlon
xi v xJ = xn+I or x1 .'\ *J = xn+I dependLng whlch one ls
undefined" Nov¡ we must substltute xn+I lnto the ld.entltles
1) ührough 6) and thereby flrr the entrles that we are forced
to deflne (1-e" we must complete the new cayley table)"
The resurt of thls operatlon ls a partlal lattlce
Pt(x1, oeocrxnrxn+I ; Sl).

rf arl- the entrles of the table s1 are flrled, then the
process ls complete. That ls FL(p) = pl" Obherwlse, w€ must

f111 another empty entry ln S and so construct a partlal
lattlce PZ 1n a s1m11ar manïtere

ïn thls f1Il1ng proceed.ure ráre get elther a flnlte or a

countabre sequence of partlar rattlces, each of whlch can

be embedd.ed ln the follorvlng onee

A partlel l-attlce p1 1s sald to be u¡eaEly embed{ej ln a

partial lattlce PZ by an embeddlng mapplng If x,ysz .p1 and

x o y = z lmp1les ri: (xi * *r'(I) =,;,(z)uPI - 
P2"
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A partlal latblce p1 1s sald to be @
ln a partlal labtlce p2 by an embeddlng mapplng -:lf p1 ls
weakry ernbed.ded l-n P2 and for xryrz.,-, p1 lf ",(x) 1 ,,(v) =,;:(z)
lmplles Errat x # y = zn P?

PI

rf the strong embeddlng of a partlar lattl_ce p1 Lnto a
partlal lattlce P2 1s denoted by pl =) p2 then we obtatn a

Eequence of partlal lattlces P =.'pl =) p2 =) ooê =.\ pk =,,o..
Thls sequence of partlal lattLces wLll be ca11ed the seouence

of -extenslons of the r:artlaI laùt1ce ,F_.

theorem l_. (Funayama (3) ). A parblal lattlce can be sùrongly
enbeclded ln a lattlce L lf and only lf ldentltles l) through 6)

hold for. the partlal lattloe.
corol_Iaryn If a pa.rtla1 lattlce p¡ belongs to a certaln
sequence of extenslons of a partlal 1attlce p, then

tsL(Pk) t' FL(P).

Proof 3 By theorein 1 Ft(p1) 'Y ¡'f,(p)"
The renalnder of the theorem ls proved by lnductlon on k.
Let us assume the element x1 and the relablon x", v xtl, = xl,

have been added ab each step l, of the extenslon,

Assurne the theorem ls true for k = m - 1. Nov¡ for k - mo

Use the ldentlty nap Q: Pm-I -) Pr' " Thls map extends to a

*ap \- def lned Uy f,(x1) = xl

l(*uo, v xtm) = xn o
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Then ..,;- ts tne requlr.ed lsomorphlsm.

Conc_luslon: If lhe sequence p =), Fl =), p2 =.;t a o o 6 of a

partlal Ìattlce p r.s flni-te a:rd ends at p¡ then FL(p) y pk"

If, horvever, the sequence ls lnflnlte then FL(p) ì ro) 
"r"1=I

Deflnltlon" A partlal lattlce Q w111 be calred a freejxten-
lf e belongs to some

sequenee of extenslons of a partlal lattlce p,

l're shalI now e stabl lsh the concept of bas 1s f or a

partlal lattlceo
Deflnltlon. À partlar lattlce pe wllr be ca}led a ba.sls of a
paltlal lattlce,B lf p 1s a flnltery free extenslon of p6r and

Po ls not a flnltely free extenslon of any partlar lattlce
dlfferent from ltself,

Theorem 2, If PI(xIr..o¡xm_l ; Sf) I pz(xlr.ouuexp ; SZ)

then for any partlal latùlce pz to be a flnltely free exten-
slon of a partlal lattlce p1 lt ls necessary and sufflclent
that any lrreduclbre systern of deflnlng reratlons of the
partlal lattlce P2 vrhlch lncludes the system of deflnlng
reratlons of the partlar lattlce pr, contalns a relatlon of
the form x1 o xJ = xm where x7 / x^ , xJ / xm, and 52 d.oes

not contaln any other relatlon wlth x6"

Proof. (Necesslty) Assume that pr =) p2 and suppose bhe nerv

relatlon added ls x1 * *J = xm (1)

suppose T1 ls an lrreduclbre systen of deflnlng ¡.el_atlons of
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Pl' Let r, be an lrreduclble system of deflnlng relatlons
of P2 vrhlch cortelns T1. ide are requlred to prove that 12
contalns exactly one relatlon of the forn *1' o *J] = xm.

Flrst, Tz must contaln at least one reratlon lnvorvlng x,
becaus e TZ - i a1l relatlons lnvo1vlng x*} / SZ" Let a

relatlon contalnlng x, be denoted by1.,, If (I) ls a re]atlon
of T2 then we are flnlshed as Tz 1s lrreduclbre¡ 1o€. the
relatlons of T2 are the relatlons of T1 and (1)"

Tf (1) ls not a relatlon of T2 then we know that (r) ls
a consequence of T2 because (I) 1s a relabLon ln 52. If we

are now able to show that (1) ls a con'equence of 11 and

then we w1lr be flnlshed because Tr _ rzu ls a reratlon of
Tz, and 11 + ls essentlally a basls of the consequences of
Tz.

Assune the statement 1s false. That 1s, ln the extenslon
from P1 to P2 ln v¡hlch we aoded the new erement x* and the
relatlonÀ, that x1 * *J was not deflned. Note that x1 * xJ

could not have been deflned as anythlng dlfferent because there
1s no collapslng ln the flnltely free extensLon of p. The

extenslon ls P1 =) Pf + L. Let us perform another extenslon
whlch f11]s (1rJ) squareo

P] Ð Pf +A=.) P1 +i:+ x1 o *J = xn+I ø

Ïf we are able to sho¡¡ that À must have the form *11 *J1 = x*
then x1 o xJ = xn+I lmplles that x1l * xj' = xrn+l_ (because À ls
â consequence of T1 + {l) ), lvhlch ls a contraolctlono



1B

Nolv we must show bha-u li has the form xr, o *J, = xm o

Assune the conLrar.y, l-.e. ,1: is not ln the form

*tl o *Jt = xn where 11eJ1<-m.

Then the tabular sysbern s] conslsts of rel_atlons of the form

i "t " *J = xk lrJ,k(S
-i

¡

txl_ o xn = xs 1( m

rf we are abre to prove Lhat s1 1s crosed under the ld.entl_tles

1) 6) then x1 # *j = xm nhere 1,J ( ni wl-lr not be a consequence

of 51.

ft 1s obvLous that 51 1s closed uncler l) and, Z),

Now we must show 51 ls closed unoer 4). ff a,,r(a v x6) = â
then xm,/\(x, v a) = x¡¡ 1.€. 1f the (f rJ ) posltlon ls fll1ed
then 4) forces the (J,1) posltlon to be f1tled by the opposlte

elenento 'Iherefore 51 1s closed. under 4)"

We next show 51 1s closed und.er l). Leb * 
= v. Let

us €rssune a v (x, v c) = (a v xr) v c where xm v c = d. and.

a v xn = 9o Also assume that a v d exlsts and a v d ls a

relatlonof Sr. Therefore evc exlsts anrJ. e vc=â vdo
Itiow we assume that e v c is not a relatlon of 51. 1oÊ. e v c = xm

i+here e / xm and c / xm. Therefore a v d = e v c = xm. But

a v d ls a relatlon of 51. Thus, elther â = xm or d. = xmu

The statement 1s obvlous lf a = xmn

If d = x,o then a v d. = a v xn = e. Thus e = xn ô

Thls 1s a contracr iction" In a s lmllar manner we cen show

that 51 ls closed under ',t =Ao :
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Irlnal1y, we musL show that sr ls closed under 5) (l,lote

that 6) w111 be the dual case. ) :

(a: v (bj = (xml lmp1l_es a v b exlsts and a v b = xn where

a / xm and b / xm"

To prove the above we must describe (a-: v (bl .
i-¡

Deflne Ko = '' (a-j U (b,,;

:
o.
Kl+I= ixìxÍc v d where crd r.K, and c v d exlstsl

Then (al v (bl =.1, Kr .
o

The proof of the above staüement ls by lnductlon on 1,

(1) 1 = 0. xm(Ko , 1.€. x¡tu (a] or x¡<(b1 o

xmÍaí.â v b = x*. so a = xn. Thls ls a contradletlon" '

(11) 1 = 1o xn. Krn Then xmÉ c v d where c la ancl d*b, :

.

a, ,b If c/x^, a/xmthenxmécvdl-avb=xmo 
.'i | 

, _-m, _ . --ur -_m_-

i-f i. Therefore c v d = xm. Thls ls a contradlctlon" ,.¡.
c>-- \d u 

.

f f c = xm then (11) reduces to (1). , ,,

l,

Assume true for k = 1. .:

(111) k - 1+ 1. xm€Kl+'. Then x*5c v d where crdc.Kl 
,

andcvdexlstso 
i

:
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crKl d:K,

c í cI v c2 d ,i d1 v d, r^¡here clrc1rdlrdZrKi_1
cr i crl o 

"rr dt { dfl o ur, where cll,c2rrd1l, dzu*Kr_,
o a

e

åtr-r.t "r, o "r, årr-, í ut, o ur, where 
"tr, "2r, dll,urr.uno

fî c / xm, a / xn then x*Sc v dfa v b = x* 1mp1Les

that xn = c v d. Thls 1s a contr.adl_ct1on, If c = xm (fff ¡

reduces to Kl_L.

Thus sl 1s crosed under the ld,ent ltr.es 1) through 6) 
"

Hence x1 * *J = xm where lrJ( m 1s not a consequence of 51,
Thls ls a contradletlon" Thus ¡\ must be ln the forn
*Jt o *Ja = xm where 11rJ1( m. The sufflclency ls evldento

Theorem 3" There exlsts an algorlthn to flnd a basls of a

f lnlte partlar lattlce p(x1, .. o rxïì : s) ln a f lnite number

of stepso The algorlth¡a is:
Remove from P an el-ement x1 and re¡nove fron s all rel_atlons
ln whlch x, occur. The result p(1)(xlr.on¡x1-1rxlrxl+I¡.o

v "(r)oo:tt ; Þ.-, ) 1s a partlal Iatblce.
use Theorem z to determlne r,¡hether p 1s â f1nlte free

extenslon of p(1),

If P 1s not the f1n1te free extenstoo ot t(t) for
1= Iroaørn bhen P 1s lts own basls,

rf P ls a flnite free extenslon of t(r) for some 1 fhen
apply the above proceedure üo the partlal latùt"" t(1),
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Each tlme thl-s process ls completed the number of

elenents of the resul-tlrg partlal lattlce ls decreased by

one" The nunber of elenents ln P ls flnlte. Therefore ln
a flnlte number of steps we w111 get a partl,a1 Iaùtlce.

Po whlch 1s a basls for P.

I¡Ie shall now establlsh that a basls 1s unlqueo

Def lnltlon" An eLement x. of a partlal lattlce
P(xI¡ . o. u ¡x¡1 i

free extenslon

contalnlng x1 c

S

of

) w111 be calIed k-removable 1f P ls a flnlte
some partlal lattlce wlth (n - k) elements not

Arr element x1 w111 be called removjiblg lf lt ls removable

for some k; ln that case k w111 be called the order of

rerqovablllL.y of the element xl.

'Ihe follovrlng 1s belleved to be a true statement but as

yet no proof exlsts:
Theorem 4" A removable element of a flnlte partlal lattlce

cannot be a member of lts basls. Uslng thls conjecture

vre could prove the followlng lnterestlng results:

Theorem (" Any partlal lattlce has a unlque basls.

Proof. Let P have bases B and S. If xcR ancl xdS then x

must be a removable element of P. Uslng theorem 4, x{ Rn

Corollarv 1. Let P1 aad P2 be two partlal lattLces" A

necessary a¡d sufflclent condltlon for the lattlces FL(P1)

and F.t(Pz) to be lsomorphlc 1s that the bases of the partlal

]attlces PI anô, P2 r¡ust be lsomorphlc.



Proofu The sufflclency follows
free extenslon and the necesslty
basls ln a partlal laLtlce.

22

from the unl.queness of a

from the unlqueness of the

corolrary z, The group of automorphr.sms of the lattlce
rr,(P) rs lsomorphlc to the group of automorphlsms of the
basls of the partlal lattlce po Thls group wll1 be lsomorphlc
to a certaln subgroup of the syrnmetrlc group so, where n ls
the number of elements 1n Èhe basls of po

l
;?
i{



CHAPTER TT{REE ...

The purpose of Chapter Three ls to consl-der the free
product of l-attlces wlth a fLnlte number of generators.

Ao Go cruãto (6) proved that 1f a free group S wlth

a flnlte number of generators can be napped. honomorphlcally

onto a group G, whlch oan be d.ecomposed lnto a free product

of lts subgroup" A1r!.2r..n¡A¡ then lt ls poÊslble to
choose ln S a system of free factors such that under the

glven hononorphlsm, each generator can be mapped lnto one

of the free factors A], A2t.o"¡A¡o Ao I. Zukov (I0) proved

a slnllar theorem for non aesoclatlve algebras.

In lattlce theory, the analogous theorem ls false.
P. ll. l^Ihltnan (9) proved thåt under the homomorphlsm rnapplng

from the free lattlce wlth three generators, ff,(3), onto the

free lattlce wlth two generators, Ff,(2), tlere does not

exlst a system of generators of FL(3) such that each generator

oan be napped lnto one of the free factors of the lattlce
FL(Z) = FL(I) * FL(I). Therefore, 1t 1s not posslble to map

eaoh generator of a lattlce lnto one of the free factors.
We shall prove a theorem for lattlces whlch ls analogous

to one of the baslc corollarles of Cru.Ékots theorem one

nanely:

Theorem, If L = LI * LZo .oc * Lk ls an arbltrary decon-

posltlon lnto a free product of a lattlce L wlth a flnlte
number of generators, then the nlnlnum nunber of generators

of the lattlce L ls equal to the sun of the number of

:

I

l

.'¡
;.1

..-:'l

.:ì I

.:ì:t

I
I

23
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generators of each of the free factors L1r ..oo¡L¡u
t¡,je wLII corslder the case when k = z l.eo L = LI * Lz.

Deflnlt1on. An. element u ( L w111 be carled 1ntr1nslc wl_th

respeeü to L1 lf there exlst xÌ, xZ ( Lt such that
xt ( u ( xZ where 1 = I or 2. We shal1 Bay an element

u € L 1s lntrlns1c lf u 1s lntrlnslc w1ùh respect to L1 or
to Lr. trle note, by the deflnltlon of free product of lattlces,
that erements of the lattlces Lr and L2 are lntrlnslc and.

that no element can be lntrlnslc wlth respect to both lattlces.
It 1s obvlous that the free product of the lattlces

L1 and L2 colncldes wlth the free extenslon IrL(p) of the
partlal lattlce P where P 1s the cardlnal sum L1 + L2 ot
the lattlces L1 and L2, Eecall that chapter Two characterlzed

the free extenslon of the partlal lattlce po

Deflnltlon" The rnlnlmum nunber of generators of a partlal
lattlce PO w111 be caIled 1ts rank, denoted by rank p4 ,

Conslder the sequence of partlal lattlces ln the exten-

slon of the partlal l_attlce p:

P=PolPrÐP2 à.... Ito_r. ì Pn

lrreduclble

*Polsof

:

I

.,;:i
-:i, t

,,,1

.,]

Suppose that the relatlon added to the

of deflnlng relatlons ln the extenslon Po_1

form x1 v x¡ = xn where l, J(no

set

the
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Lemma 1" In the partlal lattlce P* the element 5 cannot

be decomposed lnto an lntersectlon of two el-ements dlstlnct

from 5, 1.€. 1f 1n Po there ls a relatlon of the form

xs /rxt = xo then elther xs = xn or xt = xno

Proof. Thls follows lmmedlately fron theorem two of

Chapter Twoo

Lemma 2" ff the relatlon xn Â xs = xt where x" / x¡,

xt / xn occurs ln Po then there exlsts a set of eLements

lfl w|¡... ¡wq ln Po such that i

.:
Io wf ) xn I = I¡...'¡Çl
2'. q

f\ (wt n xu) = xr

Proof. Agsume there does not exlst y é Pn suoh that y > xn . 
i

where xn ls added ln the extenslon Po-1 à Pn by the relatlon 
i

xl v xJ = \ro fhen lf the relatlon xn 
^'r 

xs = xt where 
,"

xu y' x11, x¡ / 5, *s / x¡ occurs 1n Po then *, ;| h. iaie also ''i'
',

know that 
"r, ) x". Therefor€ xn nust be lnconparable wlth ,

xs. In the extenslon Prr-1 )P' hovl could the relatlon 
l
:.

xn /\ x8 = x, have been forced? It 1s evldent that lt wae 
:

notby1),2),4),or6).TheonIyposs1b111ty1s3),1'€o
a /\ (b n c) = (anb) n c where the rlght ha¡d s1d.e 1s deflned

andbnclsdeflned" '

Conslder the case when b n c = X¡e By Lemma l- thls can i

occur only lf elther b = ltn or 1f c = xn" Agsume b = xno j,
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Then â = xu âild (a zr b) ,,'\ c = xto

c > x'-, whlch 1s a contradlctlon.

So xrr71 c = fur 1o€.

i/hen à = \1, b^ c = xs 1s deflnedr x¡,^- b fs deflned,

and (xn^ b) zr c = xb ls deflned. then we nust determlne the

way ln whlch xn /\ b was deflned. ln Po. By theorem two of

Chapter Two, there exlst y > :tn 1n Prr. The set of all euch

elements 1n Pr, ls {tfr...,rlm}. Nor.l we consld.er ühe seü

of all covers of xrr; call them 'lru1, w2r... r*qlo ïi€ note

that {*1r... o rwO¡ c i,,t1r... rYm} . AIso ul = w1 .r" x" } x¿. x¡

xn 
^. 

xE = xn ,^. (x" n u1) = (*o^ xr) n ül = x¡ r\ u1o And

q
A (wr ¡1 xs)
4 -'lI-J-

Lemma 3 o If

at y' xo then

Ls the set W

= xt.

Pn-I and 1n Po u =ç(a1¡...râmrxn) where

Y(ar¡...¡ap¡wlrw2 r... o) where w!¡wzr ".o
a]l elements whlch cover q ln P¡.

u€

u=
of

Proof" The proof ls by lnduetlon on I (q).

If 1 (t) = 2 tlnen elther u = azt xn or u = â v x¡o When

u = a .,l. xn we know by lemma 2 that there exlst w¡tw?r ... ( P¡
,/\

such that wf ) xo and /ù(w1 rra) = uo Letlihave the forn
/r

u = /1\ (w1 zr. a).
h¡hen ü = â v xn we lcrow that there exlsts a smallest

w such that u > w ) xo and such that w Govêrs x,1o Let Y

havetheformu=wvâ.
Assume true for 1 (ç) = n - 1.

When I (t) = ilr ú,' has two posslblIltles:
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elther * =fl , ú., Z

or u=Ír1 n(zwhereI (,:i¡.),1(E2)<n.

Thls case has been covered. lf nelthu" (t = xn nor

ç, = x'ao

Wlthout loss of general 1ty

Then { elther has the form u =q

1 ((1) ( n"

llhen u = €t v xn there exlsts a smallest w such that

u7. w ) xn such that w covers xn. Let { have the form

u ={I v w.

When r =€t A xn then letY be of the f orm ., = /\ (w1n{1)

where wl are covers of x¡1.

lernna 4,. If T ='{-uf tu2t...rt"r*o} ls a system of generators

of the partlal lattlce P' then T1 = trr, v2t.. . rürrwlrlvz, . o . " $

where wl W ls also a system of generators of Po' The

proof follows lmmedlately frorn lemma 3.

Lemma 5, If an element u appears 1n an lrreduclble system of

generators of the lattlce L, then lt ls an lntrlnslc element.

.!,. Every lrreduclble system of generators of a lattlce L

appears ln some partlal lattlce P4 of the extenslon

LI * LZ= PO Ð Pf à oo. à Pa-1 àPa =) ...
Hence to prove thls lemma we can lnduct on {. The lnductlon

w111 be of the form lf T ={ut r...rurrxn} 1s an lrreduclble

we may conslder qZ = Y\15

fA)tn or u =(f v rfu where
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system of generators of Po then xo ls 1ntr1nslc.

4= O. Here PO = L¡ + L2, Every element of a cardlnal
Burn ls lntrlnslc by def lnlülon,

Assume the statement ls true when d= n-Ir 1.€. every

element of an lrred.uclble systen of generators of prr_, ls
1ntr1ns1c.Cons1der{=n.Assume,w1thout1os8ofgenera1-
1tÍr that x,o and. the relatlon xs v xt = xn has been added

to the partlal lattlce Pn-I. Let f = {uI ,..crurrxn} be an

lrreduclble systern of generators of p¡, 1.€. T g pn. Flrst,

{^tl, ., u ¡u¡} does not generate Pn-I. Secon¿Iy, {ul, o,.,ur}
\JW generates Pn-l r*rhere W ls the set of covers of x1 ln
Pn, Therefore there exlste Tn, an lrreducLble set of
generators of Prr-1, and there exlsts some w1o( Tn such that
ütlo covers xn. 1 . €. w1o 18 lntrlns 1C.

NowweaSSunetheredoesnotex1stane]ementu61n

suchthatxn)u,1.e.fora1}e1ementsy€Tne1therx¿(f
ot \, ls lncornparable wlth y. Thus nelther xg rror x¡ ( Tn

ancl so xs =Q(vrr.,.rf,¡) and. x¿ =Y(Í]r..nrxr). Nelther

{ nor fl tras the f orm y1 v yJ f or any I or J. Therefore

we caJl say that ( has the forn xs = yI zr 12 and. xt = Í3 n f4.
Ïn thls case Tn ls reduclble. thls ls a contradlctlon.

Thus there exlsts an lntrlnslc element u(Ttr such that
xn > u. Therefore xn 1E also 1ntr1nslc.

Lemma 6u There does not exlst a set of four lntrlnslc elements
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"t'[trü',rvtrvn ln any partlal lattlce P =>P1 )PZ =)... ÐP¿,=)..o

satlsfylng the followlng three condltlons:

1)ur/v",Yt/v'
2) ur covers vn , [n coverg vl

3) ul)vt , un>vn

Proof o ur coverg vn therefore un > vn. uf ) vtr and. un) vr.

Suppose that ur'( urn Thls ls lmposslble as ut covers vrru

Suppose that ut ( tln. Thls 1s lnposslble as urr covers vr'

Therefore ut ¡nust be lncomparable to un. Slnce ur and' urr

are 1ntr1nslc elements deflne ur^, utr 3 llo Now u) vn. Thls

1S lmpoSSlble Slnce ur C6verg Vrr. TherefOre Ur.r\ Un = Vrrn

fn a Slmllar tnaruler $re CAn Show that Ut zt Un = Vt. TherefOre

vr = vr, Thls ls a contradlotlono

Lemna ?. Rank L = rank P.

3g|. It w111 be sufflclent to prove that ra¡¡k Pn = rank Pn-I.

Every systern of generators of the partlaL latttce Pn-l 1s

also a systen of generators of the partlal lattlce Po.

Therefore, $¡e have rank P¿( rank Pn-1. We must now show that

rank Pn-](rank Po. It w111 be sufflclent to prove thaü lf

f = { ü} r . . . ¡lr¡, xn} ls an lrreduclble system of generatorg

of P,. then there exlsts a system of generators of Po-1

whlch does not contaln ¡oore than r+1 elerænts.

Let T be a system of generators of P4 and let xn = xu v x¡o

Then Tr = {ur r...rtl¡¡xsr*t} 1s also a systen of generators of
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Pn-1, The theoren 1s proved lf Tr ls reduclble. Suppose

that Tt ls lrreduc1ble. Then every element of Tr ls lntrln-

slc, 1.€, x, and. x¿ ar€ lntrlnsl-c. Uslng lenma 4 we lcrow

trlat [I = {.*lrn..¡Ll¡¡w1¡wzr....c} fs a system of generatlng

elenents of Po-1 where wl e W ls the seü of covers of xo ln

Po. Let TZ I T1 be an lrreduclble system of generators of

Pn. Uslng the same argurnent as 1n lenma 5 we hrow thåt

at least one elernent of W must occur Ln T2o Suppose there

are üwo elements, w1, w2 ( w whlch belong to T2o Then we

have four lntrlnslc elements of Prr-1 such that w1 cov€Ts

xs, w2 cov€rs xt, xl ) xt, wZ7 xB, x" / x¿, wa / w2. By

lenma 6 tfrts ls lmposslble. Therefore w1 = w2r 1.€. Tz

contalns only one element fron I'i. TZf Pn-l. Therefore

rank Pn_I( rank Po.

Lenma ? states that the mlnlmun number of generators

of the lattlce L ls equal to the mlnlroum number of generators

ofthepart1a}1att1ceP=L1+L2,andth1sprovesthe
theoren of Chapter Three 

"
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