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Abstract

Symbolic powers of homogeneous ideals are challenging to study, even for square-free mono-
mial ideals. In particular, the containments between symbolic and ordinary powers of ideals
have been widely studied for decades. The symbolic defect provides a measure of the dif-
ference between symbolic and ordinary powers of ideals, introduced by Galetto, Geramita,
Shin, and Van Tuyl in 2019. In this thesis, we investigate the symbolic defect sequence of
edge ideals of finite simple graphs. We classify exactly which terms of this sequence are
non-zero and which terms are equal to one. Further, we present formulae for both the first
and second non-zero terms. We describe a complete formula for the symbolic defect sequence
of edge ideals of odd cycles, as well as a partial formula for the symbolic defect sequence of
edge ideals of unicyclic graphs. We provide both lower and upper bounds on the terms that

cannot be computed with this partial formula.
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Chapter 1
Introduction

The connection between commutative algebra and combinatorics via monomial ideals is a
heavily studied topic. This theory was first introduced in 1990 through the work of Villarreal
[51] and Froberg [21I], and has remained a popular and powerful area of research. For
example, the widely studied edge ideal construction provides a one-to-one correspondence
between quadratic square-free monomial ideals and finite simple graphs. This correspondence
allows aspects of the ideal to be reduced to a combinatorial description, and vice versa. An
often utilized example of this is that the primary decomposition of a quadratic square-free
monomial ideal can be described through the minimal vertex covers of its corresponding
graph. A detailed overview on classical results on this theory can be found in [30] and [53],
and surveys of more recent results can be found in [19, 20} 27, 43, [50].

The combinatorics of a monomial ideal are encoded into its symbolic powers. For example,
symbolic powers of square-free monomial ideals have a convenient description in terms of
their primary decomposition, and so symbolic powers of edge ideals can be described in terms
of the minimal vertex covers of their associated graphs. The study of symbolic powers of
homogeneous ideals is deeply rooted in commutative algebra and remains an active area of
research today. Symbolic powers are strongly connected to primary decompositions of ideals
and play a role in many fields of mathematics, including commutative algebra, algebraic
geometry and combinatorics. Classical results that make use of symbolic powers include
Krull’s proof of his Principal Ideal Theorem and Hartshorne’s proof [29] of the Hartshorne-
Lichtenbaum Vanishing Theorem on local cohomology. Another famous result is the Zariski-
Nagata Theorem [44] 54], which states that if P is a prime ideal in a regular ring, then the
s-th symbolic power of P consists of the functions that vanish up to order s on the variety
V(P). In 1985, Roberts [47] constructed a counterexample to Hilbert’s Fourteenth Problem
using the symbolic powers of prime ideals. In addition, the Eisenbud-Mazur Conjecture [1§]

considers containments for symbolic and ordinary squares of prime ideals in equicharacteristic



0, regular local rings, and can be translated to an extension of an essential step in Wiles’
proof of Fermat’s Last Theorem.

The interactions between symbolic powers of monomial ideals and their associated com-
binatorial structures give rise to powerful results in graph theory. A notable example of
this is the Conforti-Cornuéjols Conjecture [9] on the max-flow min-cut and packing property
of hypergraphs, a central problem in graph theory that can be reformulated in terms of
symbolic powers of edge ideals. These properties have been studied from this algebraic view-
point extensively [14] 16 23, 24 4T]. Additionally, combinatorial optimization and linear
programming problems are related to normal or normally torsion-free algebras via symbolic
powers [14] [52], and Cohen-Macaulayness of symbolic powers of edge ideals may be studied
through their graphs [46].

As demonstrated by the Zariski-Nagata Theorem, symbolic powers of homogeneous ideals
have nicer geometric properties than those of ordinary powers. For example, symbolic powers
of monomial ideals in the polynomial ring k[zo,...,x,] can be captured by the symbolic
polyhedron [I1], a convex polyhedron in R"*1. However, symbolic powers prove to be more
complex algebraically than ordinary powers. Containments between the symbolic power and
the ordinary power have attracted a great deal of interest among commutative algebraists. It
is well-known that given a homogeneous ideal I, the containment I° C 1) holds for all s > 1,
where I(®) denotes the s-th symbolic power of 1. On the other hand, the reverse containment
poses a much more complex problem. This is formalized in the Ideal Containment Problem:
for a homogeneous ideal I and s € Z*, find the smallest integer ¢ such that I® C I*. Results
of Hochster and Huneke [31], as well as Ein, Lazarfeld and Smith [I7] show that if I is a
homogeneous ideal in k[, ..., x,] and r € Z*, then I® C I° for all t > (n + 1)s, although
this bound is not the best possible. The Ideal Containment Problem has been widely studied
[4, B 25, B3], but has proven to be challenging, even in the case of square-free monomial
ideals.

In 2019, Galetto, Geramita, Shin and Van Tuyl [22] introduced a different viewpoint on
the containments between I®) and I®, where I is a homogeneous ideal in R = k[zq, ..., z,)].
Since I* C I®), one may use the quotient 1) /I® to measure the difference between I¢*) and
I°. Informally, if I1®)/I° is “large”, then the difference between I®) and I° is significant.
The quotient 1) /I° is a finitely generated graded R-module and so the number of minimal
generators provides one method of measuring this size, called the s-th symbolic defect of
I and denoted sdefect(1,s). The sequence {sdefect(I,s)}sez+ is called the symbolic defect
sequence of I.

As this is a relatively new concept, there is currently little known about the symbolic

defect sequence of ideals. The defining ideal of a star configuration is one of the few cases



where this sequence is well-understood. Galetto, Geramita, Shin and Van Tuyl [22] inves-
tigate the second symbolic defect of the defining ideal of a star configuration, and Alba,
Biermann, Galetto et. al. [2] give a formula for the third symbolic defect. Building on
these results, Mantero [40] gives a complete formula for the symbolic defect sequence for
star configurations. Further, Lin and Shen [37] build upon Mantero’s results to describe a
formula for the symbolic defect sequence of the ideals of generalized star configurations of
hypersurfaces.

Many have focused on classifying the zero and non-zero terms of the symbolic defect
sequence of ideals. This is a useful direction as sdefect(/,s) = 0 if and only if () = I°.
Jafarloo and Malara [32] consider ideals of points lying on a rational normal curve defined
in the projective plane or projective 3-space, and give particular cases where all terms of
the symbolic defect sequence are non-zero. Kohne, Moreno, Sarmiento and Van Tuyl [0]
show that the symbolic defect sequence of a principal -Borel ideal is the zero sequence.
Harbourne, Kettinger and Zimmitti [28] classify the non-zero terms of the symbolic defect
sequence for ideals of reduced fat point subschemes in P". Jafarloo and Zito [33] classify all
fat point ideals in P supported at three non-collinear points which have the zero sequence
as their symbolic defect sequence.

Although edge ideals are an extensively studied topic in commutative algebra, there has
been very little research on the symbolic defect sequence of edge ideals, and the literature
on this topic is nearly exhausted in Section 2.4, The main goal of this thesis is to investigate
the symbolic defect sequence of edge ideals. Chapter |2 covers the necessary preliminary
material and surveys the literature on this topic. The remainder of this thesis consists of
entirely original work. In Chapter [3] we consider an arbitrary edge ideal and classify exactly
which terms of the symbolic defect sequence are non-zero, and which terms are equal to one.
Further, we describe a simple formula for the first non-zero term in this sequence. Chapter
4 also considers an arbitrary edge ideal, and is dedicated to describing a formula for the
second non-zero term.

We then begin studying the symbolic defect sequence of edge ideals of particular families
of graphs. In Chapter [5] we describe a complete formula for the symbolic defect sequence
of edge ideals of odd cycles. In Chapter [6], we extend some of our results from Chapter
to the symbolic defect sequence of edge ideals of unicyclic graphs. We provide a formula for
sdefect(I, s) where s is small relative to the size of the cycle in the graph, and describe both

lower and upper bounds for further terms in the sequence.



Chapter 2
Preliminaries

In this chapter we present the necessary definitions and preliminary results, as well as a
brief survey of the literature on the symbolic defect sequence of edge ideals. Throughout the
entirety of this thesis, k is an algebraically closed field. For the convenience of the reader,

an index of notation can be found at the end of this thesis.

2.1 Graph theory and edge ideals

We begin by exploring the connection between graph theory and commutative algebra. The
goal of this section is to establish a dictionary between these two fields and provide a brief
overview of basic graph theory.

A graph is an ordered pair G = (V(G), E(G)), where V(G) is a set of vertices and E(G)
is a set of unordered pairs from V(G), called edges. The graph G is called finite if V(G)
is finite and simple if E(G) contains no repeated edges and no edges of the form {x;, x;}.
Throughout the entirety of this thesis, all graphs are assumed to be finite and simple. Graphs
are in one-to-one correspondence with quadratic square-free monomial ideals, which we now
define.

Let I C E[xg,...,z,| be a monomial ideal, meaning that [ is minimally generated by
a unique finite set of monomials, denoted by G(I). The ideal I is called quadratic if G(I)
consists of monomials of degree 2, and square-free if G(I) consists of monomials of the form

xg() . x;@ln Wlth ao’ e ,a/n S {O, 1}

Definition 2.1. Let G be a finite simple graph on vertex set {xo,...,x,}. The ideal
1(G) = (ziay : {23} € B(G)) C ko, .., )

is called the edge ideal of G.



Example 2.2. Consider the triangle graph G on vertex set {wg,x1,x2} with edge set
{{zo, z1}, {x1, 22}, {w0, 22} }. The edge ideal of G is

I(G) = (vox1, 2129, To2) C kw0, 71, T2

and G(I(G)) = {wox1, 179, ToT2}.

Edge ideals are quadratic square-free monomial ideals, and thus every graph corresponds
to a quadratic square-free monomial ideal. Further, this construction can be reversed: given
a quadratic square-free monomial ideal I C k[zo, ..., z,], we identify I with the graph having
vertex set {xo,...,z,} and edge set {{z;,z;} : x;z; € G(I)}. Note that due to this one-
to-one correspondence, we often refer to vertices of a graph and variables in k[zo, ..., x,]
interchangeably.

Using monomial ideals to reduce algebraic problems to combinatorial descriptions was in-
troduced in 1990. Villarreal [51] was the first to define edge ideals and used this construction
to define and study Cohen-Macaulay graphs. Other early examples of studying monomial
ideals through combinatorics includes the work of Froberg [21], who studied Stanley-Reisner
rings via simplicial complexes in 1990, and the work of Simis, Vasconcelos and Villarreal
[48], who investigated the interactions between normality and Cohen-Macaulayness of an
edge ideal and properties of its corresponding graph in 1992. Relating monomial ideals and
combinatorial objects has remained a widely studied and valuable topic. The edge ideal
construction can be extended to describe a one-to-one correspondence between finite simple
hypergraphs and square-free monomial ideals [50, Construction 1.41], although we will not
be studying this construction throughout this thesis.

We now collect some preliminary graph theory definitions. Additional preliminary graph
theory notions will also be discussed in Chapter |§] Let G be a graph on vertex set {zg, ..., x,}.
A subgraph of G is a graph H satisfying V(H) C V(G) and E(H) C E(G). Given X C V(G),
the induced subgraph of G on X is the graph, denoted by G[X], with vertex set X and edge
set {e € E(G):e C X}. If F C E(G), then G\ F is defined to be the graph with vertex set
V(G) and edge set E(G) \ F.

Definition 2.3. Given m > 2, the graph with vertex set {zq,...,Z2,_2} and edge set
{{zo, 1}, {z1, 22}, - -, {Tom—3, Tam—2}, {Tom—2, To} } is the (2m — 1) - cycle, denoted Cyy,,—1 .

A (2m — 1) - cycle is drawn below.



The dashed lines represent the continuation of the cycle, and vertices will always be
labelled clockwise in this thesis. A chord in a (2m — 1) - cycle is an edge between two
vertices z; and x;, where z; # x;41 and x; # x;1;, with addition on indices being done

modulo 2m — 1.
Definition 2.4. A graph G is unicyclic if it contains a unique cycle as a subgraph.

Unicyclic graphs are often defined to be connected in the literature, but for this thesis,
unicyclic graphs need not be connected. Notice that in Definition 2.4, we do not require that
the graph is connected. The complete graph on n vertices, denoted K, is the graph on n
vertices where every pair of vertices is connected by an edge. For example, K3 and C5 are
both the triangle graph. Given a monomial w = z3°-- -z € klxo,...,z,|, we define the

support of w to be supp(w) = {z; : a; > 0}.

Definition 2.5. Let G be a graph and suppose {zg,...,ZTom o} C V(G) is such that
G[{zo,...,xom—2}] = Com—1. We call the monomial xg - - - 9,2 a (2m—1) - cycle monomial.
Similarly, if {z;,z;} € E(G) we call the monomial z;z; an edge monomial. In general, if
H is a graph and w is a square-free monomial satisfying G[supp(w)] = H, we call w an H

monomaal.

Definition 2.6. Let G and H be graphs. If X C V(G) is such that G[X] = H, we say that
G contains an induced copy of H on X. If G[X] # H but there exist edges ey, ...,e; € E(G)
such that G[X] \ {eo,...,e:} = H, then we say that G contains a copy of H on X.

The terminology of Definitions and are not standard (with the exception of edge

monomials), but will greatly simplify definitions and notation appearing in later chapters.

Example 2.7. The graph H; contains an induced copy of a 5 - cycle on vertices { g, x1, T2, x3,

x4} and the graph Hj contains a copy of a 5 - cycle on vertices {xg, 1, T2, 3, T4 }.

o= B

10



Note that for the graph H;, the monomial xgrz92324 is a 5 - cycle monomial because
H,[{xo, z1, 29,23, 24}] = C5. On the other hand, for the graph Hs, the monomial xox1zoz324
is not a 5 - cycle monomial because Hs[{zo,x1, 22,23, 24}] # C5. Instead, this induced

subgraph is a 5 - cycle with a chord.
Remark 2.8. Let G and H be graphs.

1. There is a one-to-one correspondence between induced copies of (2m — 1) - cycles in
G and (2m — 1) - cycle monomials. In general, there is a one-to-one correspondence
between induced copies of H in G and H monomials. We do not include the term

“induced” in the definition of H monomials for sake of brevity.

2. The set of copies of H in GG and the set of induced copies of H in G are disjoint. In
particular, the set of induced copies of H in (G is not contained in the set of copies of
Hin G.

The following graph theory definition allows for a combinatorial description of the sym-

bolic powers of edge ideals (see Proposition for a precise statement).

Definition 2.9. A vertez cover for a graph G is a set X C V/(G) such that for all edges

e € E(G), X Ne# 0. A minimal vertex cover of G is a vertex cover that is minimal under

inclusion.
Given a vertex cover X of a graph G with vertex set {zo,...,x,}, we define the vertex
weight of the monomial w = zg° - - - 2% € k[xo, ..., z,] to be

Wx(w) = Z a;.

r,€X

We conclude this section with an important lemma regarding the vertex weights of (2m —

1) - cycle monomials.

Lemma 2.10. Let G be a graph on vertex set {xo,...,z,}. Fix m > 2 and suppose that G
contains a copy or an induced copy of a (2m — 1) - cycle on vertices {xo, ..., Tom—2}. If X
1s a vertex cover for G, then

Wx(zg - - Tom—2) > m.

Proof. This is equivalent to showing that X contains at least m vertices from {xy, ..., To,_2}.
Let H denote the subgraph of G[{zo, ..., zam—2}] that is a (2m — 1) - cycle. In other words,
H is obtained by removing any chords (if they exist) from this induced subgraph. Then H

contains 2m — 1 edges and each vertex in H is incident to exactly two edges in H. If X

11



contains at most m — 1 vertices from {xy, ..., T2, 2}, then the vertices in X are incident to
at most 2(m — 1) edges in H. Thus at least one edge in H does not contain any vertices from
X . This same edge in GG does not contain any vertices from X, contradicting the assumption
that X is a vertex cover of G. Thus X contains at least m vertices from {xy, ..., zam—2} and

SO WX(l'O cee l‘gm_g) Z m. ]

2.2 Symbolic powers of homogeneous ideals

In this section we formally define the symbolic power of an ideal and outline the relationship
between symbolic powers of an edge ideal and the minimal vertex covers of its associated
graph. Throughout, let R be a Noetherian ring, meaning that R satisfies the ascending chain
condition. We begin with some preliminary definitions and facts.

The radical of an ideal I C R is the ideal VI = {x € R : 3 r € Z* such that 2" € I}.
An ideal is called a radical ideal if it is equal to its radical. A proper ideal I C R is called
primary if zy € I implies that z € VI or y € v/I. The radical of a primary ideal is a prime
ideal [I, Proposition 4.1]. A primary decomposition of an ideal I C R is an expression of [
as an intersection of finitely many primary ideals. A minimal primary decomposition of I is
a primary decomposition I = N:_,Q); where the radical of each @Q; is distinct, and no @); may
be omitted from the intersection. By the Lasker-Noether Theorem [36, [45], every ideal in a
Noetherian ring has a minimal primary decomposition, and in the case of radical ideals, this
decomposition is unique. Note that square-free monomial ideals of k[xy, ..., z,] are radical,
and hence edge ideals are radical. When I = I(G) is an edge ideal, the minimal primary

decomposition of I has a convenient description in terms of the minimal vertex covers of G.

Definition 2.11. Let G be a graph on vertex set {xg, ..., z,} and let Xy, ..., X; denote the

minimal vertex covers of G. For each 0 < i <, define
(Xz) = (l’j Ty € Xz)

Proposition 2.12. [50, Corollary 1.35] Let G be a graph on vertex set {xo,...,x,} and let
I =1(G) Cklxg,...,x,). If Xo,...,X; denote the minimal vertex covers of G, then

18 the minimal primary decomposition for I.

12



Example 2.13. Let I = I(C5) C k[zg, x1,xs]. The minimal vertex covers of C are given

by all sets of 2 vertices, and so the minimal primary decomposition of I is
I = (xg, 1) N (20, x2) N (27, X2).

Let I C R be an ideal with minimal primary decomposition I = N!_,@;. The set of prime
ideals 1/Q; are called the associated primes of I, denoted Ass(I). The set of minimal primes
of I, denoted Min(7), is the set of elements of Ass(/) that are minimal under inclusion.
The set of embedded primes of I consists of the associated primes of I that are not minimal
primes. Radical ideals, and thus edge ideals, do not have any embedded primes. We are now

in position to define symbolic powers of ideals.

Definition 2.14. Let R be a Noetherian ring and I C R an ideal. The s-th symbolic power
of I, denoted I, is the ideal

W= () (I'RpNR)CR,
PeAss(I)

where Rp denotes the localization of R at the prime ideal P, and —N R denotes the pre-image
in R via the natural map R — Rp.

See [1l, Chapter 3] for a background on the process of localization. There is no consensus
on the definition of symbolic powers in the literature. Some take the intersection over all
associated primes of I and some take the intersection over all minimal primes of I. In general,
this does result in different ideals. As noted before Definition [2.14] the set of associated
primes and minimal primes coincide in the case of edge ideals and so this distinction is not
relevant in this thesis. In the context of square-free monomial ideals, symbolic powers take

on a simpler definition.

Theorem 2.15. [3, Theorem 2.5] If I C k[xo,...,x,] is a square-free monomial ideal with

minimal primary decomposition I = N_,Q;, then for all s > 1,

t
I = Q;.
=0

From Proposition and Theorem we immediately obtain the following result for

symbolic powers of edge ideals.

Proposition 2.16. [3, Lemma 2.6] Let G be a graph on vertex set {xq,...,z,} and I =

13



I(G) C k[xg, ..., 2z,). If Xo,...,X; denote the minimal vertex covers of G, then

In particular, a monomial w lies in I'®) if and only if W, (w) > s for all 0 < i < t.

Example 2.17. Let I = I(C3) C k|xo, 21, x2]. By Example and Proposition [2.16]

I® = (o, x1)2 N (xo,x2)2 N (xl,x2)2 = (arg,x%,xoxl) N (xg, l’%,xol’g) N (x%, x%, T113)

(2.2 2.2 2 2
= (x§xy, THTs, T1TS, ToT1T2).

Note in particular that 12 C 1),

We conclude this section by outlining basic properties of symbolic powers of ideals with

no embedded primes in a Noetherian ring. Recall that edge ideals are in this category.

Proposition 2.18. [25, Lemma 1.18] If I is an ideal with no embedded primes in a Noethe-
rian ring, then

1. 1M =T;

2. for all s > 1, we have I° C ](5);
3. I° C I if and only if s > t;

4. if s >t, then I®) C I®);

5. for all s,t > 1, we have I [® C i+,

2.3 The symbolic defect

In this section we briefly introduce the symbolic defect of an ideal. Let I C R = k[zo, ..., z,)
be a homogeneous ideal and s € Z*. By Proposition [2.18, I* C I*®), so that the R-module
I®) /I° is well-defined. Further, since R is a Noetherian ring, this module is Noetherian and
so I®) /I° is a finitely generated graded R-module. Thus the number of minimal generators

of this module is an invariant.

Definition 2.19. Let I be a homogeneous ideal in R = k[zg, ..., z,]. Given s > 1, the s-th
symbolic defect of I, denoted sdefect(I,s), is the number of minimal generators of 1(*)/I°.

The symbolic defect sequence of I is the sequence {sdefect(l, s)}scz+.

14



Example 2.20. Let C5 denote the 3 - cycle on vertices {xg,z1,22} and I = I(C3) C
klzo, z1,22]. As seen in Example [2.17]

IP /1% = (2222, x2a2, 2202 xowi2) + I? = (vow120) + 12

Thus sdefect(/,2) = 1.

Although the number of minimal generators of I()/I* is an invariant of this module,

there is not a unique minimal generating set.

Example 2.21. In Example 2.20 we showed that if I = I(C3) C k[xg, 21, 2], then [?)/1? =

(xox122) + I?. However, we also have
ToT1X2 +x2x2 + I2 = (Tox1T2) + _[2 = _[(2) _[2‘
0Ly

Remark 2.22. Throughout this thesis, if w € I**) is a monomial, we will often refer to
the coset w + I° as a monomial in I¢)/I°. Although minimal generating sets for I /I*
are not unique, in the case that I is a monomial ideal, there is a unique minimal monomial

generating set for 1) /I*, namely
{fw+1I°:weGUI®),wd I}

We use the following underlying method to compute or bound sdefect(/, s) throughout
this thesis.

Method 2.23. Let I be a homogeneous monomial ideal in R = klxo, ..., x,|. Given s > 1,
sdefect(1,s) can be computed/bounded via the following method.

1. Describe a monomial generating set for 119 /I°.

2. If the monomial generating set described in (1) is not the minimal monomial generating

set, then extract the minimal monomial generating set.

3. Count/bound the cardinality of the minimal monomial generating set.

2.4 The symbolic defect sequence of edge ideals

We now survey the literature on the symbolic defect sequence of edge ideals. As the symbolic
defect was first defined in 2019, this survey is brief yet nearly exhaustive. We begin by noting
a few basic results. The following proposition is immediate by Proposition [2.1§ and holds

for any homogeneous ideal in k[zo, ..., z,].

15



Proposition 2.24. If I C k[zo,...,x,] is an edge ideal, then sdefect(I,1) = 0.

In 1994, work of Simis, Vasconcelos and Villarreal showed that a graph G is bipartite
if and only if I(G)® = I(G)* for all s > 1 [48, Theorem 5.9]. The following result is then

immediate.
Proposition 2.25. If G is a bipartite graph, then sdefect(1(G),s) =0 for all s > 1.

By Proposition the symbolic defect sequence of edge ideals of bipartite graphs is
the zero sequence, and is thus not particularly interesting. All graphs are assumed to be
non-bipartite throughout the remainder of this thesis. Recall that a graph is non-bipartite
if and only if it contains an odd cycle.

In 2019, Janssen, Kamp and Vander Woude [34] were among the first to study the
symbolic defect sequence of edge ideals. They focused on edge ideals of odd cycles and used
Method to describe a partial formula for their symbolic defect sequences. To do so,
they made the following definition that allows for a decomposition of I (C’zm_l)(s) for s > 1.

Definition 2.26. Fix s > 1 and let I C k[zo, ..., z,] be an edge ideal. Define
D(s) = {w € I® : w is a monomial and deg(w) < 2s}

and
L(s) = {w € I'¥ : w is a monomial and deg(w) > 2s}.

Vertex covers of odd cycles, as well as numerous lemmas on the structure of monomials

in L(s), were used to prove the following.

Theorem 2.27. [3], Theorem 4.4] Fix m > 2 and let I = I(Cop—1) C k[zo,. .., Tom—2].
Then (L(s)) = I* for each s > 1.

By Theorem [2.27],
I(Com-1)" = (D(s)) + (L(s)) = (D(5)) + I(Com—1)°,

so that D(s) + I(Cay,_1)® is a monomial generating set for I(Cy,, 1)) /I(Cyp_1)*. Through
numerous lemmas, Janssen, Kamp and Vander Woude show that for 1 < s < 2m — 1,
D(s) + I(Cyyp—1)* is the minimal monomial generating set for I(Cy,,—1)® /1(Cyp_1)*. They
describe the structure of monomials in D(s) for these values of s [34, Lemma 5.12] and use
this to count D(s), giving the following partial formula for the symbolic defect sequence of

edge ideals of odd cycles.
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Theorem 2.28. [3], Corollaries 5.8 and 5.4, Theorem 5.13] Fix m > 2 and let I =
I(Com_1) C Kk[xg, ..., Tom_2|. Then

ifl<s<m

defeci(1, s) =
sefeC( S) ((Qm—l)) ifm<s<2m—1,

where (()) denotes multichoose.

See [39] Notation 2.4] for the definition of multichoose. This work of Janssen, Kamp
and Vander Woude has been recently generalized by Cooper and Noteboom to disjoint cycle
graphs [I0]. The conclusion of Theorem holds for edge ideals of complete graphs as

well.

Theorem 2.29. [3], Theorem 6.4] Fizn > 3. If [ = I(K,) C klxo,...,zn_ 1], then I®) =
(D(s)) + I*.

In work published soon after in 2020, Chakraborty and Mandal describe the structure of
monomials in D(s) for edge ideals of complete graphs [7, Lemma 4.1]. Theorem is then
used to describe a partial formula for the symbolic defect sequence of edge ideals of complete

graphs.

Theorem 2.30. [7, Theorem 4.4] Fix n > 3 and let I = I(K,) C k[xq,...,Tn_1]. For

2<s<n-—1, we have
n
defect(1,s) = )
sdefect(1, s) (s—i—l)

Chakraborty and Mandal also study the symbolic defect sequence of edge ideals of graphs
consisting of two odd cycles joined at a single vertex. They show that the conclusion of The-
orem holds for edge ideals of such graphs for small values of s relative to the sizes of
the cycles [7, Theorem 3.14]. The structure of the monomials in the minimal monomial gen-
erating set extracted from D(s) + I® are described in [7, Corollary 3.11], and the cardinality
of this set is bounded to obtain the following.

Proposition 2.31. [7, Proposition 3.17] Fiz 2 < n < m and let G be a graph consisting of
the two odd cycles Cop—1 and Cay,_1 joined at a single vertex. Let I = I[(G) and s € ZT be
such thatn+2 < s<m+2. Ifly, = |s/(n+2)], then

Is  (s—i(n+2)+2(n+1)+2(m-+1)+1
> ( ( 2(n)+1)(+2(n)z+1§+1 : ) Jorm+2<s<m+1

ls  (s—i(n+2)+2(n+1)+2(m+1)+1 .
> ( ( g(n)Jrl)(JrQ(niH)H ) )+1  fors=m+2.

sdefect(l,s) <
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In 2020, Drabkin and Guerrieri [I3] take a different approach to the symbolic defect than
the work surveyed thus far. Instead of computing formulas for terms of the symbolic defect
sequence, they consider the asymptotic behaviour of the sequence. They use Hilbert series

to prove that the symbolic defect sequence of certain ideals is eventually a quasi-polynomial.

Definition 2.32. A quasi-polynomial in Q is a function f : N — Q such that for some
[ € N, there exist rational polynomials fy, ..., fi_1 such that for all m € N, f(m) = f.(m)

whenever = m mod [. The value [ is called the quasi-period of f.

Given a Noetherian ring R and an ideal I C R, the symbolic Rees algebra of I is the
blowup algebra R, (1) = @4501®t* C RJt]. See [15] for a detailed background on the symbolic
Rees algebra of edge ideals.

Theorem 2.33. [15, Theorem 2.4] Let R be a Noetherian local or graded-local ring, and I
an ideal (or homogeneous ideal) of R such that Rs(I) is a Noetherian ring. Let dy, ..., d;
be the degrees of the generators of Rs(I) as an R-algebra. Then sdefect(I,s) is eventually a

quasi-polynomial in s with quasi-period d = lem(dy, . .., d;).

Edge ideals fall in the category of ideals considered in Theorem [38, Proposition
1], and so the symbolic defect sequence of edge ideals is eventually a quasi-polynomial.
Drabkin and Guerrieri use Theorem and symbolic Rees algebras to study the symbolic
defect sequence of cover ideals, which are another class of ideals that are in one-to-one
correspondence with finite simple graphs (see [50] for a detailed background on cover ideals).
Their main results include a classification of exactly which graphs have cover ideals with the
second symbolic defect equal to one [I3, Theorem 4.9] and a complete recursive formula for
the symbolic defect sequence of the cover ideals of graphs satisfying certain conditions [13],
Theorem 5.5].

Most recently in 2022, Mandal and Pradhan [39] describe a complete formula for the
symbolic defect sequence of edge ideals of unicyclic graphs. Note that Chapter [5| of this
thesis describes a complete formula for the symbolic defect sequence of edge ideals of odd
cycles, and Chapter [6] describes a partial formula for the symbolic defect sequence of edge
ideals of unicyclic graphs, as well as lower and upper bounds for the terms that cannot
be computed with this partial formula. These formulae and bounds are generally different
from those of Mandal and Pradhan, and were proven independently. Despite this, there are
some similarities which will be noted as they arise. Mandal and Pradhan use the following
decomposition of symbolic powers of edge ideals of unicyclic graphs in terms of their ordinary

powers.
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Lemma 2.34. [26, Theorem 3.4] Fix m > 2 and let G be a unicyclic graph with unique
cycle on wvertices {xg, ..., Tam—2} and I = I(G). Fiz s > 1. If s = gqm +r with ¢ € Z and

0<r<m, then
q

169 =3 (g ) T,
d=0

If G and s are as in Lemma [2.34] then

a q
[(s)/[s = (Z(mo...x2m2)d[sdm> JI° = (IS+Z(xO...x2m2)d[sdm> g
d=1

d=0

drs—dm form a

It follows that the cosets corresponding to generators of Y 9_,(zo - Tom_2)
monomial generating set for 1¢*)/I*. In Chapters [5| and |§|, we will extract and algebraically
describe the minimal monomial generating set for I®®) /I* to provide formulae and bounds for
the symbolic defect sequence. Mandal and Pradhan instead describe the minimal monomial
generating set combinatorially and recursively. They make use of minimum edge covers of

graphs to do so.

Definition 2.35. An edge cover of a graph G is a set L C E(G) such that for every vertex
x € V(Q), there exists an edge e € L such that = € e. An edge cover is a minimum edge

cover if it has minimum cardinality among all edge covers.

Definition 2.36. Fix m > 2 and let G be a unicyclic graph with unique cycle on vertices
{zo,...,xom_o} and I = I(G). Given s > m, let &,_,, denote the set of elements of G(I*~™)

that are not multiples of some element of G(I*™*™(xg - - - T;,_2)).

Mandal and Pradhan count |&,_,,| in terms of the quantity of edge sets containing
a minimum edge cover of G, resulting in a complex and lengthy formula [39, Lemma 4.7].
Through numerous technical lemmas, they use this notation to present the following recursive

formula for the symbolic defect sequence of edge ideals of unicyclic graphs.

Theorem 2.37. [39, Theorem 4.8] Fix m > 2 and let G be a unicyclic graph with unique
cycle on vertices {xg, ..., Tom—o} and I = I(G). Fiz s > 1 and write s = qm +r, with ¢ € Z
and 0 <r <m. Then

o sdefect(l,s) = ((lffi)‘» form <s<2m—1, and
o sdefect(1,s) = |Bs_,,| + sdefect(l,s —m) for s > 2m — 1.

Mandal and Pradhan expand this recursive formula [39, Corollary 4.9] and illustrate
that this formula is quite difficult to simplify, although it is possible to arrive at the quasi-
polynomial whose existence is guaranteed by Theorem [39, Example 4.11].
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Chapter 3

Non-zero terms of the symbolic defect

sequence

In this chapter, we investigate the non-zero terms of the symbolic defect sequence of edge
ideals. In particular, with Proposition [3.3] we show that the sequence is zero up to a certain
term, at which point all following terms are non-zero. With Theorem [3.7] we provide a
simple formula for the first non-zero term of the sequence, and with Proposition [3.10, we
classify exactly which terms of the sequence may be equal to one. We begin with a lemma

that is crucial for the proofs of many results throughout this thesis.

Lemma 3.1. Let G be a graph on vertex set {xo,...,xz,}, I = I(G) C k[xg,...,z,] and
m > 2. Let w be a monomial such that w + I™ € 1™ /I™ is non-zero. If H = G[supp(w)],

then H contains an induced copy of an odd cycle of length at most 2m — 1.

Proof. Suppose first that H does not contain an induced copy of an odd cycle. Note that
the existence of a copy of an odd cycle in H implies the existence of an induced copy of an
odd cycle in H. Indeed, if there is a copy of an odd cycle in H on vertex set Y, then by
definition, H[Y] is an odd cycle with at least one chord. The existence of a chord in H[Y]
implies the existence of a smaller odd cycle in H[Y], so that the smallest odd cycle in H[Y]
is an induced copy of an odd cycle in H.

Thus H not containing an induced copy of an odd cycle implies that H also does not
contain a copy of an odd cycle. Then H does not contain an odd cycle as a subgraph, and
so H is a bipartite graph. By Proposition [2.25, I(H)™ = I(H)™. Let X C V(H) be a
minimal vertex cover of H. Then X' = X U (V(G) \ V(H)) is a vertex cover for G. Since
w € 1™ by Proposition m

m < WX’(w) = WX’ﬂsupp(w) (’UJ) = WX’OV(H) (U)) = WX(’UJ)
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Thus w € I(H)™ = I[(H)™ C I"™. This contradicts the assumption that w + I is non-zero
in 1™ /1™ and so H contains an induced copy of an odd cycle.

If H contains an induced copy of an odd cycle of length greater than or equal to 2m + 1,
then we claim w € I™. Indeed, suppose that H contains an induced copy of an odd cycle of
length 2s + 1 on vertices {x, ..., zas}, with s > m. Then {zy,..., 29} C V(H) = supp(w)

and so the monomial xg - - - 2o, divides w. However,

T Tos = (Tow1)(T2x3) - - - (Tos—2Tas—1)T2s € I°,

so that w € I° C I"™. This contradicts the assumption that w -+ I™ is non-zero in 1™ /I™,
and so H cannot contain an induced copy of an odd cycle of length greater than or equal to
2m + 1. We conclude that H contains an induced copy of an odd cycle of length at most
2m — 1. O

The following corollary is a rewording of Lemma using terminology introduced in
Section [2.1] This version of Lemma [3.1] will be more useful within the proofs of some results

in this thesis.

Corollary 3.2. Let G be a graph on vertex set {zq,...,x,}, I = I(G) C k[zo,...,x,] and
m > 2. If w is a monomial such that w + I™ € I™ /I™ is non-zero, then there erists

2 < s < m such that w is divisible by a (2s — 1) - cycle monomial.

Proof. By Lemma [3.1], there exists 2 < s < m such that H = G[supp(w)] contains an
induced copy of a (2s — 1) - cycle. Without loss of generality, say this cycle lies on vertices
{zo,...,xo5_2}. Since {zg,..., 252} C V(H) = supp(w), the (2s — 1) - cycle monomial

To - - Tas—g divides w. O

3.1 Classification of non-zero terms

We are now ready to begin studying terms of the symbolic defect sequence of edge ideals.
The following proposition classifies exactly which terms of these sequences are non-zero.
Equivalent results have been shown in [46, Lemma 3.10], [35, Corollary 4.5] and [12, Theorem
4.13]. We include an original proof that more closely matches the techniques used throughout
the rest of this chapter. The converse direction of this proof is very similar to that given in
[46].

Proposition 3.3. Let G be a graph on vertex set {zo,...,x,}, I = I(G) C klzo,...,z,)
and s > 2. Then sdefect(l,s) > 0 if and only if G contains an induced copy of an odd cycle
of length at most 2s — 1.
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Proof. Assume first that sdefect(/,s) > 0, meaning there exists a monomial w such that
w+ I* € I¥/I° is non-zero. By Lemma , Gsupp(w)] contains an induced copy of an
odd cycle of length at most 2s — 1, and hence G contains an induced copy of an odd cycle
of length at most 2s — 1.

Conversely, assume G contains an induced copy of an odd cycle of length at most 2s — 1
and let 2 < ¢ < s be such that G contains an induced copy of a (2t — 1) - cycle. Without

loss of generality, suppose this cycle lies on vertices {zy, ...,z o} and define the monomial

__s—t+1 _s—t+1
w =X Xy o+ Tot—2.

Let X be a vertex cover of G. By Lemma [2.10, W (xg---x9_2) > t. Further, since
{29, 71} € E(G), X contains at least one vertex from {zg,z;}. Thus Wy (2§ "257") > s —t.
Then

Wy (w) = Wx (7277 (w0 - - - 221-2))
= WX (.QTS_tZEi_t) + WX (SBO ce ZL‘Qt_Q)
>(s—t)+t

= S’
so that w € I®® by Proposition [2.16] Further,
deg(w) = deg(xf "a%™") + deg(zg - Tor2) =2(s —t) + (2t — 1) =25 — 1 < 25,

so that w ¢ I*. Thus w + I° is non-zero in I®) /I* and so we conclude that sdefect([/,s) >
0. O

Remark 3.4. Given a graph G, if the smallest induced copy of an odd cycle in G has length
2m — 1, then by Proposition [3.3]

sdefect(I(G),t) =0 forall 1 <t <m

and
sdefect(1(G), s) > 0 for all s > m.

In other words, sdefect(I(G), m) is the first non-zero term of the symbolic defect sequence

of I(G), and all following terms are non-zero as well.
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Example 3.5. Let G be any graph that contains a triangle. By Proposition |3.3]
sdefect(I(G),1) =0

and

sdefect(1(G),s) > 0 for all s > 2.

Example 3.6. Let m > 2 and G = (CY,,_;. By Proposition [3.3]
sdefect(I(G),t) =0 for all t <m

and

sdefect(1(G), s) > 0 for all s > m.

3.2 A formula for the first non-zero term

Next, we give a simple formula for the first non-zero term of the symbolic defect sequence

of any edge ideal.

Theorem 3.7. Let G be a graph on vertex set {zq,...,x,} and I = I(G) C k[xg, ..., x,]. If
sdefect(I,m) is the first non-zero term in the symbolic defect sequence of I, then sdefect(1,m)

is equal to the number of induced copies of (2m — 1) - cycles in G.

Proof. Note first that by Proposition [2.24) m > 2. Let
B:={w:wisa (2m — 1) - cycle monomial}.

We will show that B + I is the minimal monomial generating set for 1™ /I™, so that
sdefect(I,m) = |B|. By Remark [2.§] there is a one-to-one correspondence between induced
copies of (2m — 1) - cycles in G and (2m — 1) - cycle monomials, so that |B] is equal to the
number of induced copies of (2m — 1) - cycles in G.

First, note that B # () by Proposition . Now, suppose w € B and let X be a vertex
cover of G. By Lemma , Wx(w) > m and so by Proposition , w € I Further,
deg(w) = 2m — 1 < 2m, and so w ¢ I™. Thus w + I™ is a non-zero monomial in (™ /I™.
We conclude that B -+ I™ consists of non-zero monomials in 1™ /™,

Next, we want to show that every non-zero monomial in 7™ /I™ is divisible by a mono-
mial in B + I™. Let u + I™ be a non-zero monomial in 1™ /I™. By Corollary , there
exists 2 < s < m such that w is divisible by a (2s—1) - cycle monomial. Since sdefect(/,m) is

the first non-zero term in the symbolic defect sequence of I, G does not contain any induced
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copies of odd cycles of length less than 2m — 1 by Proposition [3.3] Thus there does not exist
any (2s — 1) - cycle monomial for s < m. It follows that u must be divisible by a (2m —1) -
cycle monomial, which lies in B by definition.

We have shown that B + I™ is a monomial generating set for 1™ /I™. To see that
B 4 I'™ is the minimal monomial generating set, we need only note that for all w € B,
deg(w) = 2m — 1. Thus no monomial in B + I™ can properly divide any other monomial in

B+ I™, and so B + I™ is the minimal monomial generating set for 1™ /1™, O

Example 3.8. Let n > 3 and I = I(K,). Since K,, contains a triangle, sdefect(/,2) is the
first non-zero term in the symbolic defect sequence of I by Proposition [3.3] By Theorem
, sdefect(7,2) = (73‘), the number of triangles in K.

Example 3.9. Let m > 2 and I = I(Cy,_1). By Proposition [3.3] sdefect(I,m) is the first
non-zero term in the symbolic defect sequence of I, and by Theorem , sdefect(I,m) = 1.

3.3 Classification of terms that are equal to one

The final result of this chapter classifies exactly which terms of the symbolic defect sequence
of an edge ideal are equal to one. These terms are of particular interest because when

sdefect(1,m) = 1, 1™ is “almost” equal to I"™.

Proposition 3.10. Let G be a graph on vertez set {xy,...,x,} and I = I(G) C klzo, ..., Zp].
Given m > 2, sdefect(I,m) = 1 if and only if G contains a unique induced copy of a (2m—1)

- cycle and does not contain an induced copy of any odd cycles of length less than 2m — 1.

Proof. Let m > 2 and suppose that sdefect(I, m) = 1. By Proposition there exists some
2 < s < m such that G contains an induced copy of a (2s — 1) - cycle. Fix sy to be the

smallest such s, and suppose sy < m. Without loss of generality, suppose this (2s9 — 1) -

cycle lies on vertices {xo, ..., 252} Let
_ _m—so+1_m—sp+1
w1 = T Ty T+ Tog9—2

and
ror el if s =2
W2 = 1 1
w0 g O gy if sg > 2.

Note that sy < m implies that m — sy + 1 > 1, so that w; # we. We will show that both

wy+1™ and wy+I™ are minimal monomial generators of 1™ /1™ implying sdefect(I,m) > 2
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and contradicting our assumption that sdefect(/,m) = 1. By Remark , it will suffice to
show that wy,wy € G(IM)\ I™.

Let X be a minimal vertex cover of G. Since xg - - - To5,—2 is a (259 — 1) - cycle monomial,

by Lemmal[2.10] W (g - - - @25,—2) > so. Further, since {xo, z1}, {z1, 72} € E(G), X contains

m—so,.m—so

at least one vertex from each of {x¢,z;} and {x,z2}. Thus Wx (ap" *°x]

Wi (2] x5 %) > m — so. Then

) > m — s¢ and

Wi (wi) = Wx (2o - - - Tasy—2) (wg~ P 2]"))
= WX (IO ce $250—2) + W)((ISI_SOJIT_SO)
> 59+ (m — s)

:m’

so that by Proposition [2.16, w; € I, Similarly, note that whether sy = 2 or sy > 2,

m750>

m—so
T
2

wy = (g - Tagy—2) (7]

that wy € I as well.

Thus we may perform similar calculations to conclude

Next we show that no proper divisors of w; or ws lie in I so that wy, wy € Q(I(m)).

We first consider w;. Let

Xy = {21, 23,25, ..., Tas9—5, Tasy—3, Taso—2} U (V(G) \ {0, ..., T2s9—2})

and
X2 = {1'0, T2, Tyy ... 71.280*2} U (V(G) \ {x(]? s 7'%.25072})-

Both X7 and X, are vertex covers for G, and we see

le (370 e '$2so—2) = WX2 (ZUO s 96250—2) = S0

and

Wi, (e "0a7"0) = Wy (e "0a7*) = m = s

Thus for £ =1 and k£ = 2, we have
Wi, (wi) = Wx, (zo -+ - @25,-2) + W, (x5 2)"™) = s+ (m — s0) = m.

Then for 0 < i < 2sy — 2, 7 odd, we have

w
Wx, (—1> = Wx, (wy) = Wx,(z;) =m—1<m.

Z;
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By Proposition [2.16}, w; /z; ¢ 1. Similarly, for 0 < j < 25y — 2, j even, we have

w1

Wx, (—) = Wx,(w1) — Wx,(x;) =m —1<m,

Lj

so that wy /z; ¢ 1. Thus no proper divisor of w; lies in 1™, so that w, € G(I™).

m—so ,,.mMm—S0

Now, if 59 > 2, we apply an identical argument with xy"™ *zf TR0 Te0

replaced by x7" x5
to show that wy, € G(I™). If sy = 2, recall that wy = mez* 'zh~!. This case can be

handled similarly, using slightly different vertex covers. Define

X = {zo, 21} U (V(G) \ {z0, 21, 72})

and
X5 = {x0, 22} U (V(G) \ {20, 71, 22}).

Both are vertex covers for G, and we see that
Wxi (ZE‘()(L’L'EQ) = Wxé (Io.fll'g) =2

and

Wi (222 ?) = Wiy (2722 %) = m — 2.
Thus for £k =1 and k£ = 2, we have
WXI/c (U}Q) = WXIQ (xol’l'rz) + WX]/C (Jfgn_zdign_z) =2+ (m — 2) = m.
Then for : = 0 and 7 = 2, we have

Wa
Wx; (x_> = Wxy(wz) = Wy (2:) =m — 1 <m,

%

so that wsy/z; ¢ 1™ for i = 0,2. Similarly,

X1

w
Wxi (—2> = Wxi(w2) = Wxi(21) =m —1 < m,

so that wy /21 ¢ 10™. Thus no proper divisor of ws lies in 1™, and so wy, € G(I™). Finally,
note that

deg(wy) = deg(xq - - - Tasy—2) + deg(ag ™ ™2y ™) = (25 — 1) + 2(m — s9) =2m — 1 < 2m.
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Similarly, deg(ws) = 2m — 1, regardless of whether sq = 2 or sg > 2. Thus neither w; nor
wy lie in ™. It follows that wy + I"™ and wy + I™ are both minimal monomial generators
of 1™ /™ as desired. We conclude that so = m, so that G contains an induced copy of a
(2m — 1) - cycle and does not contain an induced copy of an odd cycle of length less than
2m — 1. By Proposition sdefect(I,m) is the first non-zero term of the symbolic defect
sequence of I, and by Theorem GG contains a unique induced copy of a (2m — 1) - cycle.

Conversely, suppose that G contains a unique induced copy of a (2m—1) - cycle and does
not contain an induced copy of any odd cycles of length less than 2m — 1. By Proposition
3.3} sdefect(I,m) is the first non-zero term of the symbolic defect sequence of I, and by
Theorem [3.7 sdefect(I,m) is equal to the number of induced copies of (2m — 1) - cycles in
G, which is one. O

Remark 3.11. Given an edge ideal I, Proposition [3.10] shows that there exists at most
one value of m such that sdefect(I,m) = 1. In particular, if there exists m such that
sdefect(I, m) = 1, then sdefect(1, m) is the first non-zero term of the symbolic defect sequence
of I, and for all s > m, sdefect(/,s) > 1.

Example 3.12. Let GG be any graph with a unique odd cycle, say of length 2m — 1 with
m > 2. Then by Proposition [3.3] and Proposition [3.10] for 1 < s < m,

0 ifs<m
sdefect(1(G), s) =

1 ifs=m

and for s > m, sdefect(1(G), s) > 1.
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Chapter 4

The second non-zero term of the

symbolic defect sequence

We now seek a formula for the second non-zero term in the symbolic defect sequence of edge
ideals. We consider two cases: first, the edge ideals of graphs containing a triangle, and
afterwards, the edge ideals of triangle-free graphs. We remind the reader of the index of
notation at the end of this thesis.

Throughout, sdefect(l,m) will always denote the first non-zero term in the symbolic
defect sequence of an edge ideal I. Recall then that by Remark sdefect(I,m + 1) is
the second non-zero term. Also, note that if I = I(G) C k[xo,...,x,], then by Theorem
3.7, there exists at least one (2m — 1) - cycle in G. Thus it is implicitly assumed that
V(G| =n+1>2m—1.

4.1 Edge ideals of graphs containing a triangle

In this section, we consider only edge ideals of graphs that contain triangles. By Proposition
[3.3] this is equivalent to edge ideals for which the second term of the symbolic defect sequence,
sdefect(1,2), is greater than zero. With Lemma [4.2] we describe a monomial generating set
for I®) /I3, and in Lemma we extract the minimal monomial generating set. By counting
this minimal monomial generating set, we give a formula for sdefect(7, 3) in Theorem [4.16]
Some parameters within this formula are generally not easy to compute, and so Corollaries
[4.20] and demonstrate special cases where this formula is simplified.

4.1.1 The minimal monomial generating set

We first introduce the notation needed to describe a monomial generating set for 1) /3.
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Definition 4.1. Let G be a graph on vertex set {zo,...,2z,} and I = I(G) C k[zo, ...,z
If sdefect(1,2) > 0, then define

Cg(I) = {ce : c is a triangle monomial and e is an edge monomial},

Ky(I) ={w : wis a K, monomial}, C5(I) ={c:cisab - cycle monomial},

and

Note that if a graph G contains a triangle as a subgraph, this subgraph is an induced
copy of a triangle. In general, if n > 1 is such that G contains K, as a subgraph, it is an
induced copy of K,,. Throughout this section, we refer to induced copies of triangles and

Kj’s in G simply as triangles and K,’s in G.

Lemma 4.2. Let G be a graph on vertex set {xo,...,x,} and I = I[(G) C k[xg,...,z,]. If
sdefect(I,2) > 0, then As(I) + I® is a generating set for I®) /3.

Proof. By Proposition [3.3] there exists a triangle in G, and so there exists a triangle mono-
mial arising from G. The existence of edge monomials is clear, and so Cg(I) # (). Therefore
Ag(1) 0.

We next show that As(1) € I®). Let ce € Cp(I), where c is a triangle monomial and e is
an edge monomial, and let X be a vertex cover of G. By Proposition , W (c) > 2, and so
c € I®. Then ce € I®1 C I® by Proposition so that Cg(I) C I, Similarly, let w €
K,(I). Since any vertex cover of G contains at least 3 vertices from any K4 in G, Wx(w) > 3
and so w € I, Thus K,(I) C I®. Lastly, let w € C5(I). By Lemma [2.10} Wx (w) > 3, so
that w € I® and so Cs(I) € I®). We conclude that As(I) = C(I) U K4(I) U Cs(1) C I®).
Further, monomials in A3(7) have degrees 4 and 5, so that Az(I)NI? = (). Thus all monomials
in As(I)+ I® are non-zero in 13 /I3,

Now, let w be a monomial such that w + I* € I®/I? is non-zero. We will show that w
is divisible by a monomial in A3([). First, note that by Corollary , w is divisible by a
(2s — 1) - cycle monomial for some 2 < s < 3. If w is divisible by a 5 - cycle monomial, then
we are done, since C5(I) C As(]) consists of all 5 - cycle monomials. So assume that w is
not divisible by a 5 - cycle monomial, so that w must be divisible by a triangle monomial.
Without loss of generality, assume that ¢ = xgzi2, is a triangle monomial dividing w.

Suppose first that supp(w/c) is not an independent set of vertices in GG, meaning that
there exists at least one edge in G among the vertices in supp(w/c). Then there exists an

edge monomial e dividing w/¢, and so the monomial ce € Cr(l) C A3(I) divides w.
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Now, suppose that supp(w/c) is an independent set of vertices. We will show that w is
divisible by a monomial in Cg(I) U K4(I) C A3(I) by contradiction. In particular, assuming
that w is not divisible by a monomial in Cg (1)U K4(I), we will produce a vertex cover X for
G that satisfies Wx (¢) = 2 and Wx(w/c) = 0, implying that Wx(w) = Wx(¢) + Wx(w/c) =
2 < 3. This will give the desired contradiction by Proposition since w € I®),

To this end, assume that w is not divisible by a monomial in Cg(I) U K4(I). Recall that
we are also assuming that w is not divisible by a monomial in C5(7), so that together, we
are assuming that w is not divisible by a monomial in A3(7). Producing a vertex cover X
with W (w/c) = 0 is equivalent to producing a vertex cover X with X Nsupp(w/c) = (). To
produce such a vertex cover, we need to ensure vertices that have neighbours in supp(w/c)
all lie in X. Thus we define

w
U = supp(w) N {xl . z; is adjacent to some vertex in supp (—) } .
c
Notice that since supp(w/c) is assumed to be an independent set, U Nsupp(w/c) = 0. Thus

U C supp(w) \ supp(w/c) C supp(c) = {zo, 21, T2}

In particular, |U| < 3.

Claim 4.1. Define U as above. If w is not divisible by a monomial in A3(7), then |U| < 2.

Proof. Suppose that |U| > 2, so that U = {xg, 21, x2}. We will produce distinct zy, 7, 2} €
supp(w/c) such that x; is adjacent to z; for i = 0,1,2. Since zy, 2], 24 are all distinct, the

monomial z{x)z), divides w/c and so cxyz|x} divides w. However,

cap why = (vomx0)wha ahy = (woxh) (212} (202h) € I,

contradicting the assumption that w + I® is non-zero in I®® /I3, We may then conclude that
|U| < 2.

We begin by choosing xj to be any vertex in supp(w/c) that is adjacent to zy. Such an
xy exists by definition of U. Next, we want to choose | € supp(w/c) adjacent to z; and
distinct from z. To do so, we will show that xf is not adjacent to z;. Then we will be
able to choose x| to be any vertex in supp(w/c) adjacent to x;. Again, such an 2| exists by
definition of U.

Indeed, suppose that x; is adjacent to xj. Note that since U N supp(w/c) = 0, xy is
distinct from all of xg,z; and x9, so that there is a triangle in G on vertices {z, z1, x(}.

If z5 is also adjacent to xj, then there is a K4 in G on the vertices {x¢,x1, 22, 2y}. Then
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the monomial cz{, = xor1292( € K4(I) divides w, contradicting our assumption that w is
not divisible by a monomial in A3(I). Thus xs is not adjacent to z{. Since xo € U, there
exists x4, € supp(w/c) adjacent to xo and distinct from xj. Because zj, x}, € supp(w/c) are
distinct, the monomial cxja), divides w. Then since zoziz| is a triangle monomial and z,z

is an edge monomial,
crgry = (rox1ma)xyry = (Tox11y)(T225) € CR ().

Thus w is divisible by a monomial in Cg(I), contradicting our assumption that w is not
divisible by a monomial in A3(7). We conclude that z; is not adjacent to xy, and so we may
choose | € supp(w/c) adjacent to x; and distinct from .

Next, we want to choose x5, € supp(w/c) adjacent to x5 and distinct from both zf, and
x7. We will again show that x5 cannot be adjacent to z{, or 2. Since z{, # z/, the monomial
cxyxy divides w. If xq is adjacent to zj, then xoxexy is a triangle monomial. Since x;x] is

an edge monomial,
cror) = (rox1mo)ayr| = (voremy)(212)) € Cp(I)

divides w, a contradiction. Similarly, if xs is adjacent to z, then x;xox) is a triangle

monomial. Since zyx; is an edge monomial,
cror) = (roxima)xyr| = (w1227 (202) € Cp(I)

divides w. Thus 9 is not adjacent to z{, or «, meaning that we may choose zf, € supp(w/c)
adjacent to x5 and distinct from zf, and . This completes the proof of Claim [4.1]
O

We are assuming that w is not divisible by a monomial in A3([), and so by Claim ,
|U| < 2. Let U" C {xg,x1, 22} be any subset such that U C U’ and |U’| = 2. We now claim
that

X = U'U(V(G) \ supp(w))

is our desired vertex cover. First, we show that X is a vertex cover for G. Let e = {z;,z;} €
E(G). If at least one of x; or z; is not in supp(w), then e N X # (. If both z; and x; lie in
supp(c), then eNU’ # () and so eN X # (). Since supp(w/c) is assumed to be an independent
set of vertices, it is not possible for both z; and z; to be in supp(w) \ supp(c) C supp(w/c).
The only remaining possibility is that z; € supp(c) and z; € supp(w) \ supp(c) C supp(w/c).
Then z; € U C U’, so that eN X # (). Thus X is a vertex cover for G.
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It is clear that W (c) = |U’| = 2, and so all that remains to show is that Wx(w/c) = 0.
Suppose there exists z; € X N supp(w/c). This implies z; € U C {xg,z1,22}. Since
both vertices in {zg,x1, 22} \ {x;} are adjacent to z;, it follows by definition of U that
{zo, 21,22} \ {z;} CU CU'". Hence U’ = {x¢,x1, 22}, a contradiction since |U’| < 2. Thus
X Nsupp(w/c) =0, and so Wx(w/c¢) = 0. Then

Wx(w):WX(C)—l-WX <%) =240=2<3

and we have reached our desired contradiction. We conclude that w is divisible by a monomial
in A3(I), and so A3(I) + I® is a monomial generating set for 13 /3.
O

Example 4.3. Let G be the following graph on vertex set {x¢, x1, 2, x3, 24} and I = I[(G) C

o

By Proposition [3.3 sdefect(I,2) > 0. Let

k’[ﬂfo, X1,T2,T3, $4]-

wy = (r12223)(vors) = Tow1w22374 € Cp(I) C As(I)

and
Wo = ToT1L2X3 € K4(I) g Ag([)

The monomial wy strictly divides wy, and so Az(I) + I? is not the minimal monomial gen-
erating set for 1) /I3,

We introduce more notation to extract the minimal monomial generating set for 1) /I3
from Az(I) + I3,

Definition 4.4. Let G be a graph on vertex set {zo,...,2z,} and I = I(G) C k[zo, ..., 2]
If sdefect(1,2) > 0, then define

CEin([) = {w € Cg(I) : w is not divisible by a K4 monomial}
and

Bs(I) = CE™(I) U Ky4(1) U Cs(1).
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Lemma 4.5. Let G be a graph on vertex set {xo,...,z,} and I = I(G) C k[zo,...,z,]. If
sdefect(I,2) > 0, then Bs(I) + I® is the minimal monomial generating set for I® /3.

Proof. By Proposition [3.3] there exists a triangle in G, and so there exists a triangle mono-
mial arising from G. Suppose zox 29 is a triangle monomial. Then xyz; is an edge monomial
and so (woz122)(zow1) = 222379 € CE(I). Since |supp(zizizs)| = 3, this monomial is not
divisible by a K, monomial and so z3z3zy € CW™(I) C Bs(I). Thus Bs(I) # (.

Since Bz(I) C As(I), Bs(I) + I?® consists of non-zero monomials in 1 /I by Lemma
[4.2] Next, let w be a monomial such that w + I*> € I®)/I? is non-zero. We will show that w
is divisible by a monomial in B3(I). By Lemma[4.2] w is divisible by a monomial u € A3(I).
If we Ky(I) or C5(1), then u € B3(I) and we are done. If u € Cg(I) and w is not divisible
by a K; monomial, then v € C2"(I) C B3(I) and we are done. If u € Cg(I) and u is
divisible by a K4 monomial, this implies that u, and thus w, is divisible by a monomial in
K4(I) € Bs(I). Thus Bs(I) + I* is a monomial generating set for I3 /3.

All that remains to show is that this monomial generating set is minimal. All monomials
in Cpn(T) and Cs(I) have degree 5, and all monomials in K, (7) have degree 4. By definition,
no monomials in C'W"([) are divisible by monomials in K,(I). Also by definition, 5 - cycle
monomials cannot be divisible by K4 monomials, and so no monomials in C5(/) are divisible
by monomials in K4(7). It follows that no monomial in Bs(/) properly divides another, and

so Bs(I) + I? is the minimal monomial generating set for 1) /I3, O

4.1.2 A formula for the third term

To describe a formula for sdefect(/,3), we need only count the cardinality of the minimal
monomial generating set Bs(I) + I® for 1 /I? found in Lemma . By definition, 5 - cycle
monomials cannot be divisible by triangle monomials, and so C®®(1) N Cs(1) = (. It easily
follows that Bs(I) = C2n(I) U K4(I) U C5(I), where Ll denotes disjoint union. Thus

|Bs(I)| = |CE™ ()| + |Ka(D)] + C5(1)].

By Remark [2.8 there is a one-to-one correspondence between 5 - cycle monomials and
induced copies of 5 - cycles in G, and so |C5(I)| is equal to the number of induced copies
of 5 - cycles in G. Similarly, |K4(I)| is equal to the number of K4’s in G. On the other
hand, computing |C%™(])| is not straightforward as monomials in C'#(]) may have multiple

representations as the product of a triangle monomial and an edge monomial.

Example 4.6. Consider the following graphs.
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eAe H—EH—E @g* :

H, Hy Hj

For each i = 1,2, 3, sdefect(I(H;),2) = 2 by Theorem [3.7 To compute sdefect(I(H;), 3),
we need only count |Bs(I(H;))| = |C=™(1(H;))| + |Ki(I(H;))| +|C5(1(H;))|. However, note
that

xoxfxgarg = (zor122)(T173) = (T12273)(T0T1) € C,g“i“(](Hl)),

ToT1 22384 = (ToT1T2) (T324) = (T22374) (wox1) € CP™(I(Ha))

and

ToI1T2X3T4 = ($0I3$4>(ZL’1$2) = (I2$3I4)($0$1) c CrEmn(I(Hg))

all have two different representations as the product of a triangle monomial and an edge

monomial.

We will soon see that the graphs given in Example are the only types of subgraphs

min

that may give rise to monomials in CE™ (/) that do not have a unique representation as the
product of a triangle monomial and an edge monomial. We now introduce the necessary

notation to work towards computing |C®®(])|.
Definition 4.7.

1. Let H, denote the graph on 4 vertices that consists of two triangles sharing an edge,

shown below.

H.

2. Let H, denote the graph on 5 vertices that consists of two triangles sharing a vertex,

shown below.
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H,
Definition 4.8. Let G be a graph on vertex set {zo,...,x,} and I = I(G) C k[zo, ..., x,].
If sdefect(Z,2) > 0, then define
L. Cge(I) = {w € C§™(I) : Glsupp(w)] = He};
2. CH(I) = {w € CF™(I) : Glsupp(w)] = .}
3. C(I) = {w € Cw™(I) : Glsupp(w)] is a copy of a 5 - cycle}; and
1. Cy(1) = CE (1) \ (CH(1) U CE(1) U CE(1)).

Note that
CE™(I) = CHe(I) U C (1) U CFF (1) U C(D),

and so
ICE™(D)| = [CH=(D)| + [CH (D] + |CE* (D] + [CR(D)]. (4.1)

We will compute each term on the right-hand side of Equation [£.1] through a series of lemmas.

First, we introduce more necessary notation.

Definition 4.9. Let G be a graph on vertex set {zo,...,x,} and I = I(G) C k[zo, ..., x,].
Assume sdefect(7,2) > 0.

1. Let he(G) denote the number of induced copies of H, in G, h,(G) denote the number
of induced copies of H, in G, and k4(G) denote the number of K4’s in G.

2. Let ¢t“(G) denote the number of induced copies of 5 - cycles in G, and ¢£(G) denote

the number of copies of 5 - cycles in G that do not contain a Kj.

3. Let c5(Q) = ct%(G) + ¢£(G), the total number of 5 - cycles existing as subgraphs in G

that do not contain a Kj.

4. Let C5(1) = {c: c is a triangle monomial}.

35



5. Let

o)=Y HeeG():cee CL()UCE (1) UCE () U (Cr(I)\ CE™(I))}]:

ceCs(I)

6. Let
oetI) =Y He€G(l):cec CP(I)U(Cr(I)\ CR™I))}.

ceCs(I)

Notice that if a monomial ce lies in Cg(1)\C®(I), then ce is divisible by a K; monomial.

This motivates the notation for 0554([ ).

Example 4.10. Consider the following graph G on vertex set {zo,z1,xs, 23,24} and let
I = I(G) C k[$0,$1,$2,$3,$4].

By Theorem [3.7] sdefect(/,2) = 5. We see
C3(I) = {xox122, ToToT3, ToT2Ts, ToT3T4, ToT3T4}.
For each ¢ € C5(1), let

E.={e€G():ce € CH(I)UCH (I)UCE(I)U(Cp(I)\ CE™(I))}
={e € G(I) : G[supp(ce)] = H. or H, or is a copy of a 5 - cycle, or contains a K,}.

Consider ¢ = xgr1z5. We see that G[supp(czors)] = G[supp(czazs)] and G[supp(czozs)] =
Gsupp(czazy4)] are all equal to H,, and that G[supp(czsxy)] is a copy of a 5 - cycle (and also

contains a K4). For all other edge monomials e, G/[supp(ce)] is not equal to H, H,, a copy of

a b - cycle, nor contains a Ky. Thus |Ey zy0,| = [{T0T3, To3, o2y, ok, x324}| = 5. Similarly,
|Eac()a:2a:3| - |{$0$1,$1l‘2,$01’4,ZE2$4,1’3$4}| - 5a |E:E()a:2.r4| - |{.T01'1,.ZClJfQ,IOZE37$QZE3,fE3$4}| -
9, |Er023m4‘ = \{$0$2,$2$3,$2I4,$1I2}| = 4, and |Em2m3m4| = |{Io$1,950$2,130$3;$0$4}| = 4.
Thus

o(I)= > |E|=23

CECg(I)
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Similarly, let

E,={e€G(l):ce e Cp(I) U (Cp(I) \ CE™ (1))}
= {e € G(I) : G[supp(ce)] is a copy of a 5 -cycle or contains a K }.

Then
|Eg/com1x2’ = |{ZE3JI4}| =1, |E;0x2x3| = ‘{$0$4,$2x4,x3x4}| — 3,
| ;OCC2I4| == |{x0m3;x2x37m3x4}| = 37 |E;0$3$4| = |{x0x2’x2x37x2x47x1m2}| — 4:7
and
|E§02$3$4| = |{x0$27$01’3,xo$4,$0$1}| =4,

so that ag:(l) = 15.

Lemma 4.11. Let G be a graph on vertex set {xo,...,x,} and I = I(G) C klzo, ..., x,]. If
sdefect(1,2) > 0, then
[CE (D] = hy(G).

Proof. Monomials in 5" (I) have degree 5 because they lie in Ci# (). Monomials in C5*(I)
also have support size 5, and so all monomials in C’g”(f ) are square-free. It follows by
definition that Cg*(I) is the set of H, monomials, and so by Remark , |CH ()| =
hy(G). O

Lemma 4.12. Let G be a graph on vertex set {xo,...,x,} and I = I(G) C klzo, ..., x,]. If
sdefect(1,2) > 0, then

[C*(D] = 2he(G).
Proof. We will establish a two-to-one correspondence between monomials in C5e(I) and
induced copies of H, in G , implying by Remark that |Cp°(I)] = 2he(G). Given a
monomial w € Cge(f ), there clearly exists a unique induced copy of H, in G on the vertex
set supp(w), namely G[supp(w)]. Next, we will show that given an induced copy of H, in G

on vertex set X, there exists exactly two monomials in Cge([ ) with support being X.

Indeed, suppose there is an induced copy of H, in G on the vertex set X = {xq, z1, 2, x3},

(=)
@‘@
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Suppose that w € CH<(I) is such that supp(w) = X. Since Cg*(I) C CH™(I) C Cg(I), we
may write w = ce, where c is a triangle monomial and e is an edge monomial. There is a one-
to-one correspondence between triangle monomials dividing w and triangles in G[supp(w)] =
G[X], so that ¢ = xoz129 OF ¢ = T1T273.

Suppose first that ¢ = zgx122. Then since supp(w) = X, the variable x3 divides w. Since
x3 1 ¢, we must have z3 | e. The only edges in G[X] incident to x3 are {x1, 23} and {xo, 23},

and so this forces e = xyx3 or e = xyx3. Thus
_ _ 2 ._
w = (xor122)(T123) = Tox{TaTs 1= Wy

or

w = (T2102)(T273) = 212523 1= Wy.

Similarly, suppose instead that ¢ = zz523. Then since supp(w) = X, the variable xy divides
w. Since xg 1 ¢, we must have xq | e. The only edges in G[X] incident to xy are {zo,z1} and

{z0, z2}, and so this forces e = xox; or zozy. Thus
_ _ 2 _
w = (T12273)(ToT1) = TpT{T2T3 = Wy

or

w = (r12973)(ToT2) = x0$1x§$3 = wy.

In either case, w = w; or wy. We conclude that w; and w, are the only two monomials in
CHe(I) with support being X. O

Lemma 4.13. Let G be a graph on vertex set {xo,...,x,} and I = I(G) C klzo, ..., x,]. If
sdefect(1,2) > 0, then
ICE(I)] = &(@).

Proof. Recall from Definition [4.9| that ¢£(G) is the number of copies of 5 - cycles in G that
do not contain a K. We will establish a one-to-one correspondence between monomials in
C$7(I) and copies of 5 - cycles in G that do not contain a K. Let w € C5°(1), and recall
that C'"(I) is the set of monomials in Cx(I) that are not divisible by a K; monomial. Since
CSP(I) € OB (1), there is a unique copy of a 5 - cycle in G that does not contain a K, on
vertex set supp(w), namely G[supp(w)]. Next, we will show that given a copy of a 5 - cycle
in G that does not contain a K, on vertex set X, there exists a unique monomial in C5*(I)
with support being X.

Indeed, suppose there is a copy of a 5 - cycle that does not contain a K, in G on vertex

set X = {zo, 1, o, x3,14}. Recall that G[X]| being a copy of a 5 - cycle means it is a 5 - cycle
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with at least one chord. Any chord in a 5 - cycle creates a triangle, and so we may assume
without loss of generality that {z¢,z2} is a chord in G[X], creating a triangle on vertices
{zo, 1,22}, Let w = xogx1292374 and note supp(w) = X. Further, since G[X] = G[supp(w)]

does not contain a Ky, w is not divisible by a K, monomial. Then
w = (zor122)(x374) € 025(1),

and so there exists a monomial in Cgs(l ) with support being X. To see that this monomial
is unique, note that all monomials in 055(1 ) have degree 5 and support size 5. Thus all
monomials in 0,335 (I) are square-free. It easily follows that w is the unique monomial in
025(1 ) with support being X. O

Lemma 4.14. Let G be a graph on vertex set {xo,...,x,} and I = I(G) C klzo, ..., x,]. If
sdefect(1,2) > 0, then
|Cp(I)] = sdefect(,2)|E(G)| — o(I).

Proof. Throughout, we drop the I from all notation with the exception of C5(I) and sdefect(Z,
2). Note first that

Ch={welCmn . w¢ Cl-uCh ucs)

= U feerecGoee ¢ Ol UCH UCE U(Cr\ CE)).
ceCs3(I)

If all monomials in C’% have a unique representation as the product of a triangle monomial

and an edge monomial, then the above union is disjoint. In this case,

Csl = D I{eere€Gree ¢ Cpr UCE UCEH U(Cp\ CE™)}

CECg(I)

= > HeeGiced CprUCH UCE U(Cp\ CE™)}|
6603(1)

= Z |g\{6€g I Cce € CgeUCgUUCg5U(CE\CIEnin)}‘
ceCs(I)

= Z |g‘ - |{€ < g . ce e Cge U Cg” U C’g5 U (CE \ Cglm)H
ceCs3(I)

= sdefect([,2)|E(G)| — o

where the final equality holds because |G| = |E(G)| and |C5(])| = sdefect(/,2) by Theorem
W. Thus it will suffice to show that all monomials in C'; have a unique representation as

the product of a triangle monomial and an edge monomial.
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To this end, suppose that w = ce,w’ = e’ € C} are equal. Write ¢ = zgz110, ¢ =
ToTy Ty, e = x;x; and e = xix’. We want to show that ¢ = ¢’ and e = ¢’. We consider three
cases, depending on the intersection of supp(c) and supp(e).

Case 1: Suppose that supp(e) C supp(c). This happens if and only if |supp(w)| =
|supp(c)| = 3. Since w = w’, this means [supp(w’)| = 3, and so supp(e’) C supp(c) as
well. Now, note that supp(e) C supp(c) implies that z; and x; are the only variables whose
squares divide w. Similarly, z; and 2, are the only variables whose squares divide w’. We
conclude that e = z;z; = zjx; = ¢’. This implies ¢ = ¢’ as well, and we are done.

Case 2: Suppose that |supp(c) Nsupp(e)| = 1. This happens if and only if [supp(w)| =
|supp(c)| + 1 = 4. Since w = w’, this means |supp(w’)| = 4 and so |supp(c¢’) Nsupp(e’)| =1
as well. Assume that z; € supp(c), z; ¢ supp(c), x; € supp(c’) and 7 ¢ supp(c’). Note that
this implies that z; is the only variable whose square divides w, and z/ is the only variable
whose square divides w’. Thus z; = z;.

If x; = 2 as well, then e = ¢’, implying ¢ = ¢/, and we are done. Thus we may assume
x; # ;. Then, since

cx

/
c
v, = cx; =72, = c=—=|— |z
j j j
L L

.~

/ /

w=w = cryr;=_c i

it follows that x; divides ¢’ and z; divides c. In other words, x; € {x(, 2}, 25} and 2 €
{wo, z1, 22}, Without loss of generality, suppose that 2/ = v and z; = x3. Then

' THTH THTo
C=—— — TogT1Ty = S

/o
= ToT1 = TyT.
Z; T

Without loss of generality, assume 2o = zf, and x; = 2. Then G[supp(w)] contains the

Since z; = 2 is assumed to lie in supp(c) Nsupp(c’) = {xg, 1}, all the vertices in supp(w) are

following graph as a subgraph.

shown in the graph above. If G[supp(w)] is equal to the graph above, then G[supp(w)] = H.,,
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a contradiction since w ¢ C'He. Similarly, if G[supp(w)] is not the above graph, this forces
G[supp(w)] = Ky, contradicting that w € C®i».

Case 3: Suppose that supp(e) Nsupp(c) = 0. This happens if and only if [supp(w)| =
|supp(c)| + 2 = 5. Since w = w’, this means |supp(w’)| = 5 and so supp(e’) Nsupp(c) = 0
as well. Note that

! ool el
. caix;

w=w = crux;=crg; = c=

T2 .

If z;x; divides zjz), then e = ¢/, implying ¢ = ¢/, and we are done. Thus we may assume

that at least one of x; or ; does not divide xéx; We consider the case that exactly one of x;

or x; divide z{x’;, and the case that neither x; nor z; divide z}z separately. We show that

both scenarios lead to a contradiction.

Subcase 3a: Suppose that only x; divides zjz). Without loss of generality, assume
i and x; # xj. Since ¢ = (c'wir})/(viz;) = (d'x}) /2 = (¢ /x;)x], this implies that z;
divides ¢’ and « divides c. In other words, z; € {z{, 2}, x5} and 2 € {zg, x1,22}. Without

.Tj:l'

loss of generality, suppose that z; = 2}, and 2, = x9. Then

! VAN A |
—— ToT1Ty = —

c= = T = THT].
We may then assume z¢ = xj, and x; = 2. Then there is a copy of a 5 - cycle in G[supp(w)]
on vertices

! ! ! !
{7o = w0, 21, 12 = 77, 7 = x5, 15 = TH}.

Since the above set of vertices is exactly supp(w), it follows that G[supp(w)] is equal to a
copy of a 5 - cycle, a contradiction since w ¢ C§5.

Subcase 3b: Suppose that x; and x; both do not divide zjz’;. Since ¢ = (c'zjz})/(ziz;) =
(¢/(ziz;))wixy, this implies that x; and z; both divide ¢ and 2} and 2, both divide ¢. In
other words, x;, v; € {g, 7}, 25} and xj, 2 € {xo, 71, 72}. We may assume without loss of
generality that z; = x4, v; = 7, ¥; = 2o and z; = x1. Then

! !

! ool oal
cxx ToTTHToL

/
J

c= ! A

Then G[supp(w)] contains the following graph as a subgraph.
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If G[supp(w)] is equal to this graph, then G[supp(w)] = H,, a contradiction since w ¢ C'5*.
Otherwise, the addition of any edges to the subgraph above turns it into a copy of a 5 -
cycle, contradicting the assumption that w ¢ Cgs‘.

Thus in all possible cases, we arrive at the conclusion that ¢ = ¢ and e = ¢/. We conclude
that all monomials in C% have a unique representation as the product of a triangle monomial

and an edge monomial. O

Our final lemma before describing a formula for sdefect(/,3) provides a description of

o(I) in terms of other parameters of G.

Lemma 4.15. Let G be a graph on vertex set {xo,...,x,} and I = I(G) C klzo, ..., x,]. If
sdefect(1,2) > 0, then
o(I) = 4he(G) + 2h,(G) + o £2(1).

Proof. Throughout, we drop the I from all notation with the exception of C3(I). Since Cg‘i,
CH and CS° U (Cp \ C2™) are all disjoint, we see that

o= > Hee€G:cecCluCH uCTU(Cr\CE™}

ceCs(I)
= Z]{eEQ:ceGCge}+Zl{eeg:ceng”}H—
ceCs(I) ceCs(I)
> Hee€G:ceeCPFu(Cr\Cp™)}
0603(1)
=ob! + Z [{ce:e € G and ce € CH}| + Z [{ce: e € G and ce € CH¥}|
ceCs3(I) ceCs(I)
—005 + Z [{ce € O} + Z [{ce € CH}.
ceCs(I) ceCs(I)

We first claim that

> Heee Oty

ceCs (1)

=2|CHe|.

It will suffice to show that each monomial in Cge has exactly two representations as the

product of a triangle monomial and an edge monomial. Let w € Ch¢, so that G[supp(w)] =
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H., and label the vertices of G[supp(w)] as below.

(=)
@‘@

Since w € OB C Cp, we may write w = ce, where c is a triangle monomial and e is
an edge monomial. Since there is a one-to-one correspondence between triangle monomials
dividing w and triangles in G[supp(w)], we must have ¢ = zyz29 or ¢ = x1x923. Then since

supp(w) = {xo, 1, T2, r3}, we must have either

w = (zor122)(T2w3) = (T12923) (T0T2)

or

w = (zor122)(21203) = (T12973) (T0T1).

In either case, w has exactly two different representations as the product of a triangle mono-
mial and an edge monomial.

Next, we prove in a similar fashion that

Y Heee O} =2lCE").

ceCs(I)

It will suffice to show that each monomial in C'5* has exactly two representations as the
product of a triangle monomial and an edge monomial. Let w € C5*, so that G[supp(w)] =

H,, and label the vertices of G[supp(w)] as below.

@‘@‘@

Since w € O™ C Cp, we may write w = ce, where c¢ is a triangle monomial and e is
an edge monomial. Since there is a one-to-one correspondence between triangle monomials
dividing w and triangles in Gsupp(w)], we must have ¢ = xox 25 or ¢ = xaz3x4. Then since

supp(w) = {xo, 1, T2, T3, x4}, it must be the case that

w = (Tor122)(T374) = (T2x374)(T0T1).
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Thus w has exactly two different representations as the product of a triangle monomial and

an edge monomial. Then by Lemmas {.11] and [4.12]

o =2|Cfe| +2|CH | + 08t = 4he(G) + 2k, (G) + o

]
With Lemmas - [4.15], Equation can be written as
|ICB(])| = &(Q) + sdefect(I,2)|E(G)| — 2he(G) — hyo(G) — ag;(l). (4.2)

A formula for sdefect(7,3) now easily follows.
Theorem 4.16. Let G be a graph on vertex set {zo,...,z,} and I = I(G) C klzo, ..., Zp].
If sdefect(1,2) > 0, then

sdefect(1,3) = c5(G) + ka(G) + sdefect(1,2)|E(G)| — 2he(G) — ho(G) — o &2 (1).

Proof. Recall that by Remark 2.8 |C5(I)| = ¢t*(G) and |K4(I)| = k4(G). By Lemma
and Equation [4.2]

sdefect(1,3) = |Bs(I)|

= |Cs(D)| + |[Ea(D)] + [CE™ (1)

= &&“(G) + ka(G) + &(G) + sdefect(1,2)| E(G)| — 2he(G) — hy(G) — o £4(1)
= ¢5(G) + ka(G) + sdefect(1,2)|E(G)| — 2he(G) — hy(G) — o 52(1).

4.1.3 Growth between the second and third term

In this section, we use Lemma [4.5 to bound the growth between the second and third terms

of the symbolic defect sequence of an edge ideal.

Corollary 4.17. Let G be a graph on vertex set {x,...,x,} and I = I(G) C k[xo, ..., z,)].
If sdefect(1,2) > 0, then

3sdefect(1,2) < sdefect(I,3) < sdefect(I,2)|E(G)| + cs“(G) + k4(G).

Proof. We first prove the claimed lower bound on sdefect(/,3). Note that if ¢ is a triangle

monomial and e is one of the three edge monomials satisfying e | ¢, then G[supp(ce)] =
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G[supp(c)] is a triangle, so that G[supp(ce)] cannot be equal to H,, H,, a copy of a 5 - cycle,
nor can it contain a Ky. Thus ce € C2™(I) and ce ¢ CH<(I) U CH» (1)U CS(I), and so

{ce € Cp(I) : e | c} C CL(I).
Since O (1) C C®n(I) C Bs(I) by definition, it follows that
H{ee € Cr(I) e c}t| < |Cu(I)| < |Bs(I)] = sdefect([, 3).

We will show that |{ce € Cg(I) : e | ¢}| = 3sdefect(1,2), completing the proof for the lower
bound.

We first claim that monomials in {ce € Cg([) : e | ¢} have a unique representation as
the product of a triangle monomial and an edge monomial. Indeed, suppose that ce = ¢’ €
{ce € Cg(I) 1 e | c}. Write e = 2,75 and e = zj2}. Then x; and z; are the only variables
whose squares divide ce, and z} and 7 are the only variables whose squares divide c’e’. Tt

follows that e = €/, immediately implying that ¢ = ¢’ as well. Thus

{ce € Cp(I):e|c}| = |_| {ce:ecG(I),e|c}

ceCs3(I)

= Z {ce:e € G(I),e| c}

ceCs(I)

= > Heed(D):elcl

ceCs(I)

— Z 3
ceCs(1)

= 3sdefect([, 2),

where the final equality holds because |C3(I)| = sdefect([,2) by Theorem [3.7]
We now prove the claimed upper bound on sdefect(7,3). We have

sdefect(1,3) = |Bs(I)| = |CE™(I)| + |K4(I)| + |C5(I)] = |[CB(I)| + ky(G) + i (@),
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and since C" (1) C Cg(I),

[CE™ ()] < |Cp(I)]

= |{ce : ¢ is a triangle monomial and e is an edge monomial}|

= U {ce:ee€G(I)}

ceCs3(I)

< > Heerecg(D)}

6603(1)

= > Heeg}

ceCs(I)
= sdefect (I, 2)|E(G)].

Thus
sdefect(1,3) < sdefect(I,2)|E(G)| + ki(G) + c(G).

O
Remark 4.18. Given a graph G containing a triangle, Corollary shows that the third
term of the symbolic defect sequence of I(G) is always strictly larger than the second term.

Also, although the difference between the third and second term is bounded above for any

particular edge ideal, in general, this difference may be arbitrarily large.

Example 4.19. For j > 1, let T, denote the graph that consists of a chain of j triangles,

each sharing exactly one vertex with the triangle before it. For example, T3 is drawn below.

By Theorem [B.7}, for each j > 1, sdefect(I(T}),2) = j. By Corollary [£.17] as j — oo,
sdefect(1(T}),3) — sdefect(1(1}),2) — oo.

4.1.4 Special cases

Using Theorem m to compute sdefect(/, 3) may not always be convenient, as aé{; (I) is not
easily calculated in general. We next illustrate families of graphs where Theorem gives

a simpler formula.
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Corollary 4.20. Let G be a graph on vertex set {xy,...,x,} and I = I(G) C k[xo, ..., z,].
If sdefect(1,2) = 1, then
sdefect(I,3) = |E(G)| + ct*(G).

Proof. By Theorem |4.16|
sdefect(I,3) = ¢5(G) + ka(G) + |E(G)| = 2he(G) — hy(G) — o5 (1)

Note that both H. and H, contain two triangles. By Proposition |3.10, G contains a unique
triangle, and so G cannot contain any induced copies of H, or H,. Thus h.(G) = h,(G) = 0.
Similarly, K, contains four triangles, so that G’ cannot contain a Ky as well and so k4(G) = 0.
Now, since GG contains a unique triangle, there exists a unique triangle monomial. Write
Cs(I) = {c} and note that since G does not contain any K,’s, Cg(I) = C®*(I). Then

ogi()= Y HeeG(I):cee CEP(I)U(Cp(I)\ CE" ()}

ceCy(I)
= {e € G(I): ce € CF*(I) U (Cp(I) \ CE™(1))}]
=e€G(I):ceec CS(I)}Y
= |{ce: e € G(I) and ce € C5°(I)}]
= |Cx (1)
= ¢(G),

where the final equality follows from Lemma Thus

sdefect(I,3) = 05( )+ |E(G)| — &t ()

= (7(G) + &5(@) + [E(G)| - 5(G)
= |E(G)| + ¢*(G).

O

Corollary 4.21. Let G be a graph on vertex set {xg,...,x,} and I = I(G) C k|xg, ..., z,)].
Assume that sdefect(1,2) > 0. If G does not contain any K,’s, and all copies of 5 - cycles

in G contain exactly one chord, then

sdefect(I,3) = sdefect(I,2)|E(G)| + -9 = 2n(G) — hy(G).
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Proof. By Theorem [4.16),
sdefect(1, 3) = c5(G) + ky(G) + sdefect(I, 2)| E(G)| = 2he(G) — ho(G) — o b2 (I).
By assumption, k4(G) = 0, implying also that Cg(I) = C=»(I). We see

oci(D)= Y HeeG(I):cee CEP(I) U (Cp(D)\ CF" (D)}

ceCs3(I)

= Y Heeg):cec CFI}

ceCs(I)

= > Heee CE (D}

CECg(I)

We now claim that aé{;(I ) = |CS(I)]. Indeed, we see

e = | {eeecpr ()},

ceCs(I)

and so it will suffice to show that the above union is disjoint. Suppose that ce = e’ €
C$3(I), where ¢, are triangle monomials and e, ¢’ are edge monomials. By assumption,
GJ[supp(ce)] = G[supp(c’e’)] is a 5 - cycle with exactly one chord. This unique chord cre-
ates a unique triangle in G[supp(ce)] = Glsupp(c’e’)]. It follows that ¢ = ¢ must be the

corresponding triangle monomial. Thus
o (1) = [CE (1] = &(@)
where the last equality holds by Lemma Together, this gives

sdefect(1, 3) = c5(G) + ka(G) + sdefect(I, 2)| E(G)| — 2he(G) — ho(G) — op2 (1)
5(G) + sdefect(1,2)|E(G)| — 2h(G) — hy(G) — a5 (1)
e (

= (- (G) + ¢<(G)) + sdefect(I, 2)| E(G)| — 2he(G) — ho(G) — ¢£(G)
= o (@G) + sdefect (1, 2)| E(G)] — 2ho(G) — ho(G).

]

Example 4.22. Every odd cycle of length at least 5 in a non-perfect graph (see [49] for the
definition of and a detailed background on perfect graphs) has at most one chord [42]. Thus
non-perfect graphs that contain at least one triangle and do not contain a Ky fall in the

class of graphs considered in Corollary Note that non-perfect graphs that contain at
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least one triangle and do not contain a K, are exactly the non-perfect graphs with chromatic

number equal to 3.

Note that in Corollary(4.20, we achieve the upper bound on sdefect(7, 3) given in Corollary
417

Example 4.23. Consider the triangle C3 and let I = I(C3). By Proposition sdefect(/,2)
=1, and by Corollary [4.20] sdefect(I,3) = |E(C3)| = 3. Thus

|E(C3)|sdefect(I,2) = 3sdefect(I,2) = 3 = sdefect ([, 3),

so that the lower and upper bounds in Corollary are equal and attained.

4.2 Edge ideals of triangle-free graphs

In this section, we consider only edge ideals of graphs that do not contain triangles. By
Proposition [3.3] this is equivalent to edge ideals for which the second term of the symbolic
defect sequence, sdefect(7,2), is zero. This case mirrors the case of edge ideals of graphs
containing triangles from Section [4.1], with analogous results. With Lemma (.25 we will
describe the minimal monomial generating set for I0"*+1 /™! where sdefect(I,m + 1) is
the second non-zero term of the symbolic defect sequence of I. By counting this minimal
monomial generating set, we give a formula for the second non-zero term in Theorem [4.36]
Some parameters within this formula are generally not easy to compute, and so Corollaries
4.40| and demonstrate special cases where this formula is simplified.

4.2.1 The minimal monomial generating set

We begin with the notation needed to describe the minimal monomial generating set for
[(m-l—l)/[m—i-l.

Definition 4.24. Let G be a graph on vertex set {zo, ..., 2, } and I = I(G) C k[zo, ..., ).
If m > 3 is the least integer such that sdefect(Z,m) > 0, then define

Coms1(I) ={c:cisa (2m+ 1) - cycle monomial},

Cg(I) ={ce:cisa (2m — 1) - cycle monomial and e is an edge monomial},

and
Bii(I) = Copya (1) U Cp(I).
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By definition, (2m + 1) - cycle monomials cannot be divisible by any (2m — 1) - cycle
monomial. Thus Cy,1(1) N Cg(I) =0 and so Byy1(I) = Copmsr (I) U Cr(I).

Lemma 4.25. Let G be a graph on vertex set {xg,...,x,} and I = I(G) C k[xg, ..., z,]. If
m > 3 is the least integer such that sdefect(I,m) > 0, then By, 1 (I) + I™" is the minimal

monomial generating set for I(m“)/lm“.

Proof. This proof uses a similar argument to that of Lemma 4.2 By Theorem there
exists an induced copy of a (2m — 1) - cycle in G, and so there exists a (2m — 1) - cycle
monomial arising from G. The existence of edge monomials is clear, and so Cg(I) # 0.
Therefore By,+1(I) # 0.

We next show that By, 1(1) € 1™, Let w € Copyi(I) and X be a vertex cover of
G. By Lemma , Wx(w) > m + 1. By Proposition , w € 1™ and so Copyr(I) C
Im+D - Similarly, let w = ce € Cg(I), with ¢ a (2m — 1) - cycle monomial and e an
edge monomial. By Proposition Wx(c) > m, and so ¢ € I'™. Then since e € I,
w = ce € ™[ C ™+ by Proposition m Thus Cg(I) € 1™+ and so B, () =
Com1(I) U Cg(I) € I™*Y. Further, every monomial in B, () has degree 2m + 1 <
2(m+ 1) and so B,,41(I) N I™ = (). Thus every monomial in B, 1(I) + ™" is non-zero
in Jm+) /L

Now, let w be a monomial such that w + I™*! € [0+ /[m+1 is non-zero. We will
show that w is divisible by a monomial in B,,.1([). First, note that by Corollary , w is
divisible by a (2s — 1) - cycle monomial for some 2 < s < m + 1. Since sdefect(/,m) is the
first non-zero term of the symbolic defect sequence of I, by Proposition [3.3] there does not
exist an induced copy of an odd cycle in G of length less than 2m — 1. Thus there does not
exist a (2s — 1) - cycle monomial for 2 < s < m, and so w is divisible by a (2m — 1) - cycle
monomial or a (2m + 1) - cycle monomial.

If w is divisible by a (2m + 1) - cycle monomial, then we are done, since Coy,i1(f) C
Byn41(1) consists of all (2m + 1) - cycle monomials. So assume that w is not divisible by
a (2m + 1) - cycle monomial, so that w must be divisible by a (2m — 1) - cycle monomial.
Without loss of generality, assume that ¢ = xg- - 29,2 is a (2m — 1) - cycle monomial
dividing w.

Suppose first that supp(w/c) is not an independent set of vertices in (G, meaning that
there exists at least one edge in G among the vertices in supp(w/c). Then there exists an
edge monomial e dividing w/c. The monomial ce € Cg(I) C By,41(I) then divides w, and
we are done.

Now, suppose that supp(w/c) is an independent set of vertices. We will prove by con-

tradiction that w is divisible by a monomial in Cg(I). In particular, assuming that w is
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not divisible by a monomial in Cg([), we will produce a vertex cover X for G that satisfies
Wx(c) = m and Wy (w/c) = 0, implying that Wy (w) = Wx(c) + Wx (w/¢) =m < m + 1.
This gives the desired contradiction by Proposition since w € 1+,

To this end, assume that w is not divisible by a monomial in Cg([). Recall that we are
also assuming that w is not divisible by a monomial in Cs,,1([), so that together, we are
assuming that w is not divisible by a monomial in B,,;1(I). Producing a vertex cover X
with Wy (w/c) = 0 is equivalent to producing a vertex cover X with X Nsupp(w/c) = 0. To
produce such a vertex cover, we need to ensure vertices that have neighbours in supp(w/c)
all lie in X. Thus we define

w
U = supp(w) N {xz . x; is adjacent to some vertex in supp (—) } )
c

Notice that since supp(w/c) is assumed to be an independent set, U Nsupp(w/c) = 0. Thus

U C supp(w) \ supp(w/c) C supp(c).
Case 1: Suppose first that U = (). Let

X ={xg, 20, T4,...,Tom o} U(V(G) \ supp(w)).

We claim that this is our desired vertex cover for G. We first show that X is indeed a vertex
cover. Let e = {z;,x;} € E(G). If at least one of z; or z; is not in supp(w), then eN X # (.
If both x; and z; lie in supp(c), then eN{xo, x9, T4, ..., Tom—2} # 0, and so eN X # . Since
it is assumed that supp(w/c) is an independent set of vertices, it is not possible for z; and
x; to both be in supp(w) \ supp(c) C supp(w/c). Lastly, since it is assumed that U = 0, it is
not possible for z; € supp(c) and z; € supp(w) \ supp(c) C supp(w/c), for this would imply
x; € U. Thus X is a vertex cover for G.

It is clear that Wx(c¢) = m. All that remains to show is that Wx(w/c) = 0. Note
that U = 0 implies supp(c) N supp(w/c) = (). Indeed, if z; € supp(c) N supp(w/c), then
xi_1,Z;41 € supp(c) both lie in U, where addition on indices is done modulo 2m — 1.
Now since {xg, 2,4, ..., ZTom_o} N supp(w/c) C supp(c) N supp(w/c), this implies that
{xo, 22, T4, ..., Tom_o} Nsupp(w/c) = (. Thus X Nsupp(w/c) = @, and so Wx(w/c) = 0.

Hence

w
Wx(w) =Wx(c)+Wx (Z) =m+0=m<m-+1

and we have reached our desired contradiction.
Case 2: Assume that U # ) and recall that U C supp(c). Shift the labelling of the
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vertices in supp(c) if necessary so that zy € U. Write
U= {512'0 = Ly Liqy - - - ,l’it},

withO=iyg <y <--- <3, <2m—2and 0 <t <2m — 2.

Claim 4.2. Define U as above. If w is not divisible by a monomial in By, 1 ([), then one of

the following two cases hold.

1. All indices i, ..., ; are even, or
2. There exists some 0 < r < t such that the indices i, ..., 7, are all even and 4,1, ...,%
are all odd.

Proof. We use an argument similar to that used to prove Claim in the proof of Lemma
4.5l Throughout, all addition on the indices of variables is done modulo 2m — 1. Suppose
neither of the above two cases hold. This means that there exists p and g with 1 <p <q <t
such that the index 4, is odd and the index 4, is even. We will find distinct vertices g,
z; ,x; € supp(w/c) such that zo is adjacent to xg, x;, is adjacent to x; and z;, is adjacent
to aj . Since xp, z; ,z; are all distinct, the monomial zg; 2} divides w/c and so cryz] x;,

divides w. However,

e v = (To* - Tom—2)ToT T;
= (foﬂﬁg)(iﬁﬂz)(fsu) T (%‘p—z%‘p—l)(%'pxgp)(xip+1$ip+2)($ip+39€ip+4) T (fiq—ﬂiq—l)

(ig %5 ) (Tig1%ig12) (Tig13Tig1a) -+ (Tam—3Tom—2)

is the product of m+1 edge monomials. Thus w € I™"!, contradicting our initial assumption
that w + I™*! is non-zero in 1™V /[™*+! We may then conclude that (1) or (2) holds.

We begin by choosing xj, to be any vertex in supp(w/c) that is adjacent to zy. Such an
x; exists by definition of U. Next, we want to choose z € supp(w/c) adjacent to z;, and
distinct from (. To do so, we will show that zj is not adjacent to z;,, and so we will be
able to choose z; to be any vertex in supp(w/c) adjacent to z;,. Again, such an z exists
by definition of U.

Suppose first that z{, € supp(c). This implies that x;, = x; or za,—2. Since i, is odd,
x;, cannot be adjacent to x1. So suppose that Ty = Tom_o and T, is adjacent to wo, o.
This forces ¢, = 2m — 3. Then since p < ¢ < t implies that 7, < i, < 2m — 2, this forces
iqg = 2m — 2. Thus x;, = xom—2 = 2y € U Nsupp(w/c). When defining U, we noted that
U Nnsupp(w/c) = (), and so this is a contradiction. Thus if x, € supp(c), then xj is not

adjacent to w;,.
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Now, suppose that x, ¢ supp(c) and x;, is adjacent to x(. Then there exists a copy or
an induced copy of on odd cycle in G on vertices {xg, x1, ..., %;,,2(}. Since 1 <4, < 2m — 3,
this cycle has length at most 2m — 1. Recall that by Proposition [3.3] G' does not contain
any induced copies of odd cycles of length less than 2m — 1, and so this must be an induced
copy of a (2m — 1) - cycle. This forces i, = 2m — 3. In turn, since i, < i, < 2m — 2,
this forces i, = 2m — 2. We claim now that x;, = xy,,_» cannot be adjacent to xg. Indeed,
since U Nsupp(w/c) = 0, zf is not equal to zg or To,_o. Then if x is adjacent to g, o,
there is a triangle in G on vertices {zo, 2(, Tam—2}, contradicting the assumption that G is
triangle-free. Thus there exists xj = %, _, € supp(w/c) adjacent to xm,—2 and distinct
from zf. Because xp, 5, o, € supp(w/c) are distinct, cxyal,, , divides w. Then since
T Ty, Ty = To- - Tam—3To is a (2m — 1) - cycle monomial and g7, 5 is an edge

monomial,

CTYThp o = (ToT1 "+ Tom—320) (Tam—2Tn—2) € Cr().

Thus w is divisible by a monomial in Cg([), contradicting our assumption that w is not
divisible by a monomial in B,,11(/). We conclude that x;, is not adjacent to zj, and so we
may choose some vertex z; € supp(w/c) adjacent to x;, and distinct from .

Next, we want to choose z; € supp(w/c) adjacent to z;, and distinct from both zj and
xfip. We will again show that x; cannot be adjacent to xj or xép. These arguments are nearly
identical to those used to show that z;, is not adjacent to x,.

Suppose first that z{, € supp(c). This implies that x;, = x; or za,_o. Since i, is even
and 0 < 44, x;, cannot be adjacent to Za,,—. So suppose x, = 1 and w;, is adjacent to .
This forces i, = 2. Then since 1 < i), < i, = 2, this forces i, = 1. Thus z;, = x; = xy €
U Nsupp(w/c) = 0, a contradiction. Thus if x{ € supp(c), then z{ is not adjacent to z;,.

Now, suppose xj ¢ supp(c) and z;, is adjacent to x;. Then there exists a copy or an
induced copy of an odd cycle in G' on vertices {x;, , % 41, - - ., Tam—2, To, T} Since 2 < 4, <
2m — 2, this cycle has length at most 2m — 1. Recall that G does not contain any induced
copies of odd cycles of length less than 2m — 1. Thus this must be an induced copy of a
(2m — 1) - cycle. This forces i, = 2. In turn, since 1 < ¢, < i,, this forces i, = 1. Recall
that z; = 2 € supp(w/c) was chosen to be distinct from zj € supp(w/c). It follows that
crory | w. Then since x; i 41 Tom—2ToT( = TaT3- - Tam—2ToT( s a (2m — 1) - cycle

monomial and x;x} is an edge monomial,
) / /
cryry = (Toxs - -+ Tom—2Xoxy)(x127) € Cg(I).

Thus w is divisible by a monomial in Cg([), contradicting our assumption that w is not
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divisible by a monomial in B,,,1(/). We conclude that x;_ is not adjacent to .

Finally, we show that z;, is not adjacent to x; . Suppose first that z; € supp(c). This
implies that z; = z;,1 or z;,11. Since i,+1 and 44 are both even and 2 < i,+1 < iy < 2m—2,
it is not possible for z; 1 to be adjacent to x;,. So suppose that :pgp = x;,—1. Then since
iy < g, T;, is adjacent to z;,_; if and only if 4, —1 = 0 and 7, = 2m — 2. But then

;=0 €UN supp(w/c) = (), a contradiction. Thus, if T € supp(c), we conclude that z;,

is not adjacent to z; .

Now, suppose that z; ¢ supp(c) and x;, is adjacent to z; . Then there exists a copy or
an induced copy of an odd cycle in G on vertices {z;,, %, 41, - ., Ti,, x;p} Since 1 <1, < i, <
2m — 2, this cycle has length at most 2m — 1. Recall that G does not contain any induced
copies of odd cycles of length less than 2m — 1. Thus this must be an induced copy of a
(2m — 1) - cycle. This forces i, = 1 and i, = 2m — 2. Recall that zj = 2} € supp(w/c)
was chosen to be distinct from z; € supp(w/c). It follows that cxfx] | w. Then since
T, T 41 -x,-qxgp = Ty Tom—2x] is a (2m — 1) - cycle monomial and zoz( is an edge
monomial,

croxy = (@1 Tom—ot)) (xoxy) € Cr(1).

Thus w is divisible by a monomial in Cg(I), contradicting our assumption that w is not
divisible by a monomial in By, 41(/). Thus we conclude that z;, is not adjacent to x; .

We have shown that z;, is not adjacent to xp or z; . Thus we may choose a vertex
;€ supp(w/c) adjacent to z;, and distinct from both zj and x; . We conclude that there
exists distinct @, 2 , @ € supp(w/c) such that zo is adjacent to zj, z;, is adjacent to a7
and x;, is adjacent to x;q. As noted at the beginning of the proof of this claim, this implies
that w € I™"! a contradiction. We conclude that (1) or (2) holds, completing the proof of
Claim (.21

O

We are assuming that w is not divisible by a monomial in Cy,,1(I) U Cg(I) = B41(1)
and so we may assume that one of (1) or (2) from Claim holds. Relabel the vertices if

necessary so that (1) holds, i.e.
U C{xo, 22, %4, .., Tom—2},

and z¢g € U. Note that this is indeed possible: if all vertices in U have even indices, there
is no need to relabel. Otherwise, if 2, is the least odd index so that z; & U, then for each

0 <1 <2m — 2, relabel x; to be z;_;_, with subtraction on indices done modulo 2m — 1. We
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now claim that

X ={xzo,x2, T4, ..., Tom_o} U(V(G) \ supp(w))

is our desired vertex cover. First, we show that X is a vertex cover for G. Let e = {z;,z;} €
E(G). If at least one of x; or x; is not in supp(w), then e N X # 0. If both x; and x;
lie in supp(c), then e N {xg, z2, 24, ..., T2m2} # 0, and so e N X # (. Since supp(w/c)
is assumed to be an independent set of vertices, it is not possible for both z; and z; to
be in supp(w) \ supp(c) C supp(w/c). The only remaining possibility is that z; € supp(c)
and z; € supp(w) \ supp(c) C supp(w/c). Then x; € U C {xg, 2,4, ...,Tom—2}, so that
eNX # (. Thus X is a vertex cover for G.

It is clear that W (¢) = m, and so all that remains to show is that Wx (w/c) = 0. Suppose

there exists z; € X Nsupp(w/c). This implies x; € {x, Z2, 24, ..., Tom—2}. Thenz,; 1,211 €
U, where addition on indices is done modulo 2m — 1. Since U C {xq, z2, X4, . . ., Topm_2}, this
implies that all of z;_1, z;, and x4 lie in {xg, x2, x4, ..., Tom—2}, which is a clear contradic-

tion. Thus X Nsupp(w/c) =0, and so Wx(w/c) = 0. Then

Wx(’w) = Wx(C)+WX (E) =m<m-+1

c
and we have reached our desired contradiction. We conclude that w must be divisible by a
monomial in B, 1(I), and 8o By,1(I)+ ™! is a monomial generating set for 10m+1 /[m+1,
Finally, to see that B,, 1 (I)+I™*" is the minimal monomial generating set for (™1 /[m+1
we need only note that all monomials in B,,,1(/) have degree 2m + 1. Thus no monomial
in B,,41(I) properly divides another.
O

4.2.2 A formula for the second non-zero term

To describe a formula for sdefect(I,m+1), we need only count the cardinality of the minimal
monomial generating set B, 1(I) 4+ I™*! for 1071 /[™+1 described in Lemma [4.25, Since
Binia(I) = Comia (1) U CE(1),

[Brr1(D)] = [Comia (1) + |Cr(I)].

As noted in Remark 2.8 there is a one-to-one correspondence between (2m + 1) - cycle
monomials and induced copies of (2m + 1) - cycles in G, and so |Cayi1(1)] is equal to the
number of induced copies of (2m + 1) - cycles in G. On the other hand, computing |Cg(])|

is not straightforward, as monomials in Cg(/) may have multiple representations as the
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product of a (2m — 1) - cycle monomial and an edge monomial.

Example 4.26. Consider the following graphs.

@ﬁa @@a: :@}'@@

H, H, Hs

For each i = 1,2, 3, sdefect(/(H;),2) = 0 by Proposition [3.3] and sdefect(I(H;),3) = 2 by
Theorem [3.7 To compute sdefect(I(H;),4), we need only count |B4(I(H;))| = |C7(I(H;))|+
|Cg(1(H;))|. However, note that

$0I1[E2$3I4211Z5 = <$0$1[E2$3{E4)<JZ41‘5) = ($1[E2I3[L’4(L’5>([E01’4) S OE(I(Hl)),

TOL1TaT3T4T506 = (ToX1To0324)(T526) = (Tox126T524)(xoxs) € Cr(I(Hz))

and

TOT1TaT3T4 X506 = (TX324T526)(T122) = (Tox124T5%6) (xoxs) € Cr(I(H3))

all have two different representations as the product of a 5 - cycle monomial and an edge

monomial.

We will soon see that the graphs given in Example [4.26| are the only types of subgraphs
that may give rise to monomials in Cg([) that do not have a unique representation as
the product of a (2m — 1) - cycle monomial and an edge monomial. We now introduce

the necessary notation to work towards computing |Cg(I)|, which parallels the notation of
Section

Definition 4.27. Let m > 3.

1. Let HY* denote the graph on 2m vertices that consists of two (2m — 1) - cycles sharing

all but two edges, shown below.




2. Let H}" denote the graph on 2m + 1 vertices that consists of two (2m — 1) - cycles

sharing all but three edges, shown below.

SR
Hy

Note that in Example [£.26] H; is the graph Hj and Hy is the graph Hj.

Definition 4.28. Let G be a graph on vertex set {zo, ..., 2z, } and I = I(G) C k[zo, ..., ).
If m > 3 is the least integer such that sdefect(Z,m) > 0, then define

1. ¥ (I) = {w € Cp(I) : Glsupp(w)] = H};

2. Cp¥ (1) = {w € Cy(I) : Glsupp(w)] = HI'};

3. CS (1) = {w € Cy(I) : Gsupp(w)] is a copy of a (2m + 1) - cycle}; and
4. Cp() = Cu(D)\ (Cy* (1) U C¥ (D) U TP (1),

Note that
Cp(l) = Cy? (I) LU CRt (1)U g2 (1) U Cly(1)

and so
ICa(D)| = |Ca? ()] + |C* (I)] + |Cg™ (I)| + |C(I)). (4.3)

We will compute each term on the right-hand side of Equation through a series of

lemmas. First, we introduce more necessary notation.

Definition 4.29. Let G be a graph on vertex set {zo, ..., 2, } and I = I(G) C k[zo, ..., ).
Let m > 3 be the least integer such that sdefect(/,m) > 0.

1. Let h%*(G) denote the number of induced copies of H}* in G and hj'(G) denote the

number of induced copies of H5" in G.

2. Let 5.1 (G) denote the number of induced copies of (2m + 1) - cycles in G, and
C5ms1(G) denote the number of copies of (2m + 1) - cycles in G.
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3. Let comi1(G) = &5, 1(G) + &,,41(G), the total number of (2m + 1) - cycles existing
as subgraphs in G.

4. Let Cyp1(I) ={c:cisa (2m — 1) - cycle monomial}.
5. Let

o)=Y HeeG):ceeCy? (I)UCK (I)UCH™(I)}].

c€Com—1(I)

6. Let
0= > HeeG):cee i (I)}].

CECmel(I)

Example 4.30. Consider the following graph G on vertex set {xg,...,z9} and let I =
I(G) C k’[.ﬁlﬁo, R ,.239].

By Proposition , sdefect ([, 3) is the first non-zero term of the symbolic defect sequence of
I, so that m = 3 in this case. We see that C5(I) = {xox1290324, T1T2T324%5, ToXT1ToTgT7 }.
For each ¢ € C5(1), let

E.={eeG():cee C(UCH () UCT ()
={e € G(I): Gsupp(ce)] = H; or Hj, oris a copy of a 7 - cycle}.

Consider ¢ = xorimo7374. We see that G[supp(crizs)] = Glsupp(czars)] = H3, and for
all other edge monomials e, G[supp(ce)] is not equal to Hy, Hy or a copy of a 7 - cycle.
Thus |Eryryzsrsed] = {2125, a5} = 2. Similarly, |Ey vorsezs| = [{To1, Toxs}| = 2 and
| Evowyzozsas| = [{Taz6}| = 1. Thus

oI)= > |E|=5

CEC5(I)
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Similarly, one may compute

oc.(I)= ) HeeG():cecCE (D)}

ceCs (1)
= Z [{e € G(I) : G[supp(ce)] is a copy of a 7 - cycle|
C€C5(I)

= |{e € G(I) : G[supp(zoz1x97377)€] is a copy of a 7 - cycle}|

= [{zsz6}|

= 1.

Lemma 4.31. Let G be a graph on vertex set {xg,...,x,} and I = I(G) C k[xg, ..., z,]. If
m > 3 is the least integer such that sdefect(I,m) > 0, then

C? ()] = hy(G).

Proof. Monomials in C’g? (I) have degree 2m + 1 because they lie in Cg(I). Monomials in

05? (1) also have support size 2m + 1, and so all monomials in ngn(l ) are square-free. It

follows by definition that ngn (I) is the set of H}* monomials, and so |Cg§n (I)] = h5'(G).
[

Lemma 4.32. Let G be a graph on vertex set {xg,...,x,} and I = I(G) C k[xg, ..., z,]. If
m > 3 is the least integer such that sdefect(I,m) > 0, then

C? (I)| = 213(G).

Proof. This proof uses a similar argument to that of Lemma[4.12] We will establish a two-to-
one correspondence between monomials in 0551 (I) and induced copies of H" in G, implying
that |C’g§n(] )| = 2R%(G). Given a monomial w € ngl(] ), there clearly exists a unique
induced copy of H3" in G on the vertex set supp(w), namely G[supp(w)]. Next, we will show
that given an induced copy of Hj" in GG on vertex set X, there exists exactly two monomials
in C’g%n(] ) with support being X.

Indeed, suppose there is an induced copy of H3" in G on vertex set X = {xq, ..., Zom 1},

with vertices labelled as below.
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Suppose that w € C’g%n(l) is such that supp(w) = X. Since C’g;n(]) C Cg(I), we
may write w = ce, where ¢ is a (2m — 1) - cycle monomial and e is an edge monomial.
By Remark [2.8] there is a one-to-one correspondence between (2m — 1) - cycle monomials
dividing w and induced copies of (2m — 1) - cycles in G[supp(w)] = G[X], and so it follows
that ¢ = zox1 -+ Tom—_2 OF T1Tg "+ * Tom_1-

Suppose first that ¢ = xgxy - x9,_o. Then since supp(w) = X, the variable xo,, 1
divides w. Since xg,,—1 1 ¢, we must have zy,,_1 | e. The only edges in G[X] incident to
Tom—1 are {Tom_o, Tom_1} and {z1, To, 1}, and so this forces e = xo,, 29,1 O € = T X9y, 1.
Thus

2 .
w = ($0$1 - 'x2m72>($2m72x2m71) = ToT1 " Toam—3Toy,_oLo2m—1 = W1

or

w = ($0£L‘1 cen ngm_z)(l‘lﬂfzm_l) = :L’OZL‘%:L'z e Do = Wo.

Similarly, suppose instead that ¢ = 29 Z9,,—1. Then since supp(w) = X, the variable
xo divides w. Since xg 1 ¢, we must have xy | e. The only edges in G[X] incident to z, are

{zo, 1} and {xg, T2,_2}, and so this forces e = zgx1 or e = xgx9,;,_o. Thus
_ _ 2 _
w = (21T - - - Tom—1)(ToT1) = ToT]Ta - - - Tom—1 = Wo
or

w = (9515172 te l‘2m71)(51701'2m72) = o1 $2m73$§m,2$2m71 = wWz.

In either case, w = w; or wy. We conclude that w; and wy are the only two monomials in
055" (I) with support being X.
O

Lemma 4.33. Let G be a graph on vertex set {xq,...,x,} and I = I(G) C k[xg, ..., x,]. If
m > 3 is the least integer such that sdefect(I,m) > 0, then

O (D] = i (@)

Proof. This proof uses a similar argument to that of Lemma [4.13] Recall from Definition
that c5,,,,(G) is the number of copies of (2m + 1) - cycles in . We will establish a
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one-to-one correspondence between monomials in C’gzm“ (I) and copies of (2m + 1) - cycles
in G. Let w € CS*™(I). It is clear that there is a unique copy of a (2m 4 1) - cycle in G
on vertex set supp(w), namely G[supp(w)]. Next, we show that given a copy of a (2m +1) -
cycle in G on vertex set X, there exists a unique monomial in C’gm“ (1) with support being
X.

Indeed, suppose there is a copy of a (2m+1) - cycle in G on vertex set X = {zq, ..., Ton}.
Recall that this means that G[X] is a (2m+ 1) - cycle with at least one chord. Suppose that
{w;,2;} is a chord in G[X], with 0 < i < j < 2m. By Proposition B.3] there does not exist
an induced copy of an odd cycle in G with length less than 2m — 1. This forces j =i+ 3
or i =7+ 3 mod 2m + 1, for otherwise, this chord would create an odd cycle of length less
than 2m — 1 in G. Assume first that j = i + 3. It follows that G[X \ {41, Zi42}] is an
induced copy of a (2m — 1) - cycle in G. Let w = xq -+ - X9, and note supp(w) = X. Then

w/(Ti41Ti42) i & (2m — 1) - cycle monomial and z; ;1,19 is an edge monomial. Thus

w Com+1
w = (—) (resris2) € O (1),

Li+1Ti42

and so there exists a monomial in Cng“ (I) with support being X. If we are instead in the
case that ¢« = j+3 mod 2m+1, then replace all instances of x;11, z;42 above with 41, z;2,
where addition on the indices is done modulo 2m + 1, to arrive at the same conclusion.

To see that this monomial is unique, note that all monomials in ngm+1(] ) have degree
2m + 1 and support size 2m + 1. Thus all monomials in C’gzm“ (I) are square-free. It easily
follows that w is the unique monomial in C5>"*'(I) with support being X .

[]

Lemma 4.34. Let G be a graph on vertex set {xo,...,x,} and I = I(G) C klzo, ..., x,]. If
m > 3 is the least integer such that sdefect(I,m) > 0, then

|CE(I)| = sdefect(I, m)|E(G)| — o(I).
Proof. This proof uses a similar argument to that of Lemma [4.14] Notice that

Cp(I) = {w e Cp(I) 1w ¢ Cp* (1) UCH (1) U Cg (1)}
= |J Aeeree i), ce ¢ Cpf (1)U CH (1)U CH (1)},

c€Com—1(I)

If all monomials in C% (/) have a unique representation as the product of a (2m — 1) -

cycle monomial and an edge monomial, then the above union is disjoint. In this case,
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CpD = > [ee:eeG),ced Cp? (I)UCK (I)UCH (D)}

CecQ'mfl (I)

= Y Hee):ce g CRF (U (D UCT (D)

c€Cam—1(I)

= Y gD\ {e€G(]):ce € Cy (I)UCH (I) U CH ()}
ceCam—1(I)

- ¥ (|g<f>| e e Gl ce € () UCT (1)U c§2m+l<f>}|)
c€Com—1(I)

= sdefect(I,m)|E(G)| — o,

where the final equality holds because |G(I)| = |E(G)| and |Copm—1(I)| = sdefect(I,m)
by Theorem (3.7, Thus it will suffice to show that all monomials in C%(I) have a unique
representation as the product of a (2m — 1) - cycle monomial and an edge monomial.

To this end, suppose that w = ce,w’ = ¢’ € C(I) are equal. Writec = ¢ - Top_o, ¢ =
Ty Ty, 9, € = xr; and €' = zix’. We want to show that ¢ = ¢ and e = ¢/. We consider
three cases, depending on the intersection of supp(c) and supp(e).

Case 1: Suppose that supp(e) C supp(c). This happens if and only if |supp(w)| =
|supp(c)| = 2m—1. Since w = w’, this means |supp(w’)| = 2m—1, and so supp(e’) C supp(c’)
as well. Now, note that supp(e) C supp(c) implies that x; and x; are the only variables whose
squares divides w. Similarly, z; and x’; are the only variables whose squares divides w'. We
conclude that e = z;2; = zjx; = €'. This implies ¢ = ¢’ as well.

Case 2: Suppose that |supp(e) Nsupp(c)| = 1. This happens if and only if [supp(w)| =
|supp(c)|+1 = 2m. Since w = w’, this means |supp(w’)| = 2m and so |supp(e’)Nsupp(c’)| = 1
as well. Assume that x; € supp(c), z; ¢ supp(c), x; € supp(c’) and ’; ¢ supp(c’). Note that
this implies that x; is the only variable whose square divides w and z} is the only variable
whose square divides w’. Thus z; = .

If x; = 2 as well, then e = ¢/, implying ¢ = ¢/, and we are done. Thus we may assume
that z; # 2. Then since

) /
/ ) I, T ¢ !
w=w = crr;=cTx; = cr;=cr; = c=—=|— |,
Lj Lj
it follows that x; divides ¢’ and 2 divides ¢. In other words, x; € {zg,..., 25, »} and
’ . . r o
x; € {To, ..., Tam—2}. Without loss of generality, suppose that 7y = w9, 2 and x; = 13,, ,.
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Then

i / /
C :E] :EO R me—Qme_2

/
Lj Tom—2

/ /
— xo...me_3 :xo".me—B‘

It follows that {zo,...,zom-3} = {x0,...,2,,_3}. Note that =y and z,,_3 are the only
vertices in {xg,..., T2, 3} that have exactly one neighbour in {x,...,z2,_3}. Similarly,
xy and x4, 4 are the only vertices in {xy,..., ), 4} that have exactly one neighbour in
{zf, ..., 25,3} Thus {xo,xom—3} = {27, 2,,_3}, and so we may assume without loss of
generality that xo = z{ and xg,,_3 = 2%, 5. It follows that x; = 2}, for all 0 < k < 2m — 3.

We now claim that G[supp(w)] is the following graph.

Indeed, note first that since z; = 2 is assumed to lie in supp(c) Nsupp(¢’) = {zo, ..., Tom_3},
all the vertices in supp(w) are shown in the graph above. By Proposition , there are no
induced copies of odd cycles of length less than 2m — 1 in G. The addition of any edges to
the graph above creates an odd cycle of length less than 2m — 1, and so the graph above is
indeed G[supp(w)]. Thus G[supp(w)| = HY", a contradiction since w ¢ ngn(l ).

Case 3: Suppose that supp(e) Nsupp(c) = (). This happens if and only if |supp(w)| =
|supp(c)| + 2 = 2m + 1. Since w = w’, this means [supp(w’)| = 2m + 1 and so supp(e’) N
supp(¢’) = 0 as well. Note that

! ool el
. caix;

w=w = crua;=crg; = c=

T2 .

If z;x; divides z}z, then e = ¢’ and so ¢ = ¢’ as well. Thus we may assume that at least

one of x; or x; does not divide zjz;. We consider the case that exactly one of z; or z; divide
z;x’;, and the case that neither z; nor x; divide zjz; separately. We show that both scenarios
lead to a contradiction.

Subcase 3a: Suppose that only z; divides zjz’;. Without loss of generality, assume
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/

x; =z and x; # x;. Since ¢ = (dwjx})/(viv;) = (dx})/x; = (¢ /x;)v}, this implies that
divides ¢ and z} divides c¢. In other words, x; € {xy,..., 25, o} and z; € {zo,...,Tom—2}.

Without loss of generality, suppose that x; = 2}, _, and x} = z3,,—5. Then

/

cdx /

! !

i Lo Tom—oT2m—2
e xo .o szm_Q e ;
L Lom—2

/ /
= X0 Tom—3 = Ty Topy_3-

CcC =

By the same reasoning used in Case 2, we may assume without loss of generality that z;, = x,

for all 0 < k < 2m — 3. Then there is a copy of a (2m + 1) - cycle in G[supp(w)] on vertices
{0 = w0, 21,29, . .., Tom_3, Tom—o = T}, T; = X5, 2 = Thy, o}

Since the above set of vertices is exactly supp(w), it follows that G[supp(w)] is equal to a

copy of a (2m + 1) - cycle, a contradiction since w ¢ C’me“(I).

Subcase 3b: Suppose that z; and z; both do not divide z}z’;. Since ¢ = (c'xjz})/(ziz;) =

i
(¢/(wszj))xix;, this implies that x; and x; both divide ¢’ and 2} and z; both divide c. In
other words, x;,x; € {x(,...,25, o} and z}, 2} € {zo,...,Tam2}. Since G[supp(c’)] and

GJsupp(c)] are both induced copies of (2m — 1) - cycles, and thus do not contain any chords,

/ / :
i} is an edge on the

cycle G[supp(c)]. We may assume without loss of generality that x; = 2, 4, ; = 25,

this implies that {z;,z;} is an edge on the cycle Glsupp(c’)] and {z

r_ r_
Ty = Tom—3 and T = Tom-—2. Then

! ol ol / /
CT, T Lo Lopy—2T2m—3L2m—2

i
= Xg' " Tom—2 =

/ /
I‘O...x2m_4:x0...x2 4
/ ! m
xi‘rj x2m73x2m72

CcC =

By the same reasoning used in Case 2, we may assume without loss of generality that z;, = x},

for all 0 < k < 2m — 4. Then G[supp(w)] contains the following graph as a subgraph.

If G[supp(w)] is equal to this graph, then Glsupp(w)] = H¥*, a contradiction since w ¢
ngl (I). Otherwise, the only additional edges that may exist in G[supp(w)] are {x}, z;} or
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{z;, x;}, since any other additional edges create an odd cycle in G of length less than 2m — 1.
Suppose that {z},x;} is an edge in G[supp(w)]. Then there is a copy of a (2m + 1) - cycle

in Gsupp(w)] on vertices

/ / / P
{JZZ», Ljy Liy Lom—4s Tom—_5,- - -5 L1, Loy xj}’

a contradiction since w ¢ C’gQ"‘“([ ). Similarly, if {z;, 2} is an edge in G[supp(w)], then

there is a copy of a (2m + 1) - cycle in G[supp(w)] on vertices

/ /
{xja Liy Lj, Loy L1y - -+ L2m—5; L2am—4, xi}a

Com+1

again contradicting the assumption that w ¢ C*"*'(I).

Thus in all possible cases, we arrive at the conclusion that ¢ = ¢ and e = ¢’. We conclude
that if ce = w = w’ = ¢/, then ¢ = ¢ and e = ¢/. Thus all monomials in C;(I) have a
unique representation as the product of a (2m — 1) - cycle monomial and an edge monomial,

as desired.
O

Our final lemma before describing a formula for sdefect(I, m + 1) provides a description

of o(I) in terms of other parameters of G.

Lemma 4.35. Let G be a graph on vertex set {xg,...,x,} and I = I(G) C k[xg, ..., z,]. If
m > 3 is the least integer such that sdefect(I,m) > 0, then

o(I) = 4h3'(G) + 2h5'(G) + 00, (1)

Proof. This proof uses a similar argument to that of Lemma [4.15, Throughout, we drop the

I from all notation with the exception of Cs,,—1(I). Since Cg?, Cgén and C5>™ are all
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disjoint, we see that

o= Z {e€G:cecCh UCH UCS™ Y

C€C27n71(1)
= Z {e€G:ceecCh¥ Y|+ Z {e€G:cee Ch Y|+
CGCQm—l(I) CECQm_l(I)
Z |{e€Q’:ce€C’§2m+1}|
0602711—1(])
= 0Cymi1 T Z [{ce:e€ G ececCu? Y+ Z {ce:e€G,ceeCh}
c€Com—1(I) ceCom—1(I)
Hy Hy
=00+ ), Heee O+ > Heee Oy}l
CGCmel(I) CGCmel(I)

We first claim that
> Heeeop ) =217
c€Cam—1(I)
It will suffice to show that each monomial in ngn has exactly two representations as the
product of a (2m — 1) - cycle monomial and an edge monomial. Let w € Cgén, so that

Glsupp(w)] = HY", and label the vertices of G[supp(w)] as below.

Since w € Cg, we may write w = ce, where ¢ is a (2m — 1) - cycle monomial and e is an edge
monomial. Since there is a one-to-one correspondence between (2m — 1) - cycle monomials
dividing w and induced copies of (2m — 1) - cycle monomials in G[supp(w)], we must have
¢ =Xy Tom—g OF C = Ty - Toy_1. Then since supp(w) = {xo,...,Tom_1}, we must have
either

w = ($0 e 'xzm—2)(I1l’2m—1) = (l‘l e '$2m—1)($0$1)

or

w = (xo e '$2m72)(1’2m72$2m71) = (371 e 'x2m71>(370x2m72>-

In either case, w has exactly two different representations as the product of a (2m — 1) -

cycle monomial and an edge monomial.
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Next, we prove in a similar fashion that

Yo Heee Rt Y =205 .

CEC’szl(I)

It will suffice to show that each monomial in ngn has exactly two representations as the
product of a (2m — 1) - cycle monomial and an edge monomial. Let w € Cgé" , so that

G[supp(w)] = HY", and label the vertices of G[supp(w)] as below.

Since w € Cg, we may write w = ce, where ¢ is a (2m — 1) - cycle monomial and e is
an edge monomial. Then we must have ¢ = xqy---X9,_2 Or ¢ = Z9T3---Xa,. Then since

supp(w) = {zo, . .., Tam }, we must have
w = (550 o '$2m72)(l’2m711‘2m) = ($2$3 o ‘$2m)(9€0$1)-

Thus w has exactly two different representations as the product of a (2m—1) - cycle monomial

and an edge monomial. Then by Lemmas and |4.32),

a(I) = 2|Cp% | + 2057 | + 0cpsy = 4h5(G) + 205 (G) + 0y,

m
With Lemmas - 4.35, Equation 4.3 can be written as
(Co0)] = a(G) + sdefect(I,m)| E(G)| — 2h5(G) = () — 0cps (1) (44)

A formula for sdefect(I,m + 1) now easily follows.

Theorem 4.36. Let G be a graph on vertex set {zq,...,x,} and I = I(G) C klzo, ..., xp].
If m > 3 is the least integer such that sdefect(I,m) > 0, then

sdefect(l,m + 1) = com11(G) + sdefect(I, m)|E(G)| — 2hy' (G) — hy'(G) — o¢y,.,r (1).
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Proof. Recall that by Remark [2.8 |Copp1(I)] = ¢55.1(G). By Lemma and Equation
A4

sdefect(l,m + 1) = |Bp41(1)|
= [Coma (D] + |Cr(1)]
= 1 (G) + 651 (G) + sdefect(1, m)|E(G)] — 213 (G) — hi'(G)

— 0Com+1 (I)

= Comt1(G) + sdefect(I,m)|E(G)| — 2h5'(G) — hy'(G) — 0¢y,,.,, (1)-

4.2.3 Growth between the first two non-zero terms

In this section, we use Lemma to bound the growth between the first two non-zero terms

of the symbolic defect sequence of an edge ideal.

Corollary 4.37. Let G be a graph on vertex set {xq,...,x,} and I = I(G) C k[xg, ..., z,)].
If m > 3 is the least integer such that sdefect(I,m) > 0, then

(2m — 1)sdefect(I,m) < sdefect(I,m + 1)
and
sdefect(I,m + 1) < sdefect(I,m)|E(G)| + ¢5% 1 (Q).

Proof. This proof uses a similar argument to that of Corollary [£.17, We first prove the
claimed lower bound on sdefect(Z,m + 1). Note that if ¢ is a (2m — 1) - cycle monomial
and e is one of the 2m — 1 edge monomials where e | ¢, then G[supp(ce)] = G[supp(c)] is an
induced copy of a (2m — 1) - cycle, so that G[supp(ce)] cannot be equal to HY*, Hi", or a
copy of a (2m + 1) - cycle. Thus ce ¢ C’g%n(l) U C’g‘g’n(]) U C’ng“(]), and so

{ce € Cp(I):e|c} CCH(I).
Since C,(I) € Cr(I) C By1(I) by definition, it follows that
{ece € Cr(I) e c}| < |CH(I)| < |Cr(I)| < |Bpyi(I)]| = sdefect(I,m + 1).

We will show that [{ce € Cg(I) : e | ¢}| = (2m — 1)sdefect(I, m), completing the proof for

68



the lower bound.

We first claim that monomials in {ce € Cg(I) : e | ¢} have a unique representation as
the product of a (2m — 1) - cycle monomial and an edge monomial. Indeed, suppose that
ce =ce € {ce € Cp(I):e|c}. Write e = z;x; and ¢’ = ziz;. Then z; and z; are the only
variables whose squares divide ce, and 2, and x; are the only variables whose squares divide

ce'. Tt follows that e = ¢/, immediately implying that ¢ = ¢’ as well. Thus

{ee€ Cu(l) el =| || A{ee:ecGl)e|c}

c€Cam—1(I)

= Y. Hee:reeG()e|d}
c€Cam—1(I)

= Y, Heeg():elc}
c€Com—1(I)

= Y (@m-1)
c€Com—1(I)

= (2m — 1)sdefect(I, m),

where the final equality holds because |Cy,,—1(I)| = sdefect(I, m) by Theorem
We now prove the claimed upper bound on sdefect(I,m + 1). We have

sdefect(I,m + 1) = |Bps1(I)] = |C(I)| + |Comir ()| = |Cu(I)| + ¢35 11 (G),
and

|Cg(I)] = |{ce: cisa (2m — 1) - cycle monomial and e is an edge monomial}|

=1 U Afee:ecqg)y

c€Com—1(1)

< Y [eeree ()]

c€Com_1 (I)

= Y Heegy

c€Com_1 (I)

= > 1B

c€Com—1(I)

= |E(G)|sdefect(1,m).
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Thus
sdefect(1,m + 1) < sdefect(I, m)|E(G)| + &% .1 (G).

]

Remark 4.38. Corollaries and show that the second non-zero term of the symbolic
defect sequence of an edge ideal I is always strictly larger that the first non-zero term. In
particular, the second non-zero term is always at least three times larger than the first
non-zero term. Also, although the difference between the second and first non-zero term is
bounded above for any particular edge ideal, in general, this difference may be arbitrarily

large.

Example 4.39. For m > 3, consider the (2m — 1) - cycle Cy,,_1. By Proposition and
Theorem [3.7, sdefect(I(Com_1),m) = 1 is the first non-zero term in the symbolic defect
sequence of I(Cy,—1). By Corollary [£.37, as m — oo,

sdefect(1(Capm—1), m + 1) — sdefect(I(Cap—1), m) — 0.

4.2.4 Special cases

Using Theorem to compute the second non-zero term in the symbolic defect sequence of
an edge ideal may not always be convenient, as o¢,,,,, (/) is not easily calculated in general.

We next illustrate families of graphs where Theorem [4.36| gives a simpler formula.

Corollary 4.40. Let G be a graph on vertex set {xg,...,x,} and I = I(G) C k[xg, ..., z,)].
If sdefect(I,m) = 1 is the first non-zero term of the symbolic defect sequence of I and m > 3,
then

sdefect(I,m + 1) = |E(G)| + &% .1 (G).
Proof. This proof uses a similar argument to that of Corollary 4.20f By Theorem [4.30]
sdefect(Z,m + 1) = com+1(G) + |E(G)| — 205 (G) — h5'(G) — 0cypy (1).

Notice that the graphs H3* and H}" both contain two induced copies of (2m — 1) - cycles.
By Proposition G contains a unique induced copy of a (2m—1) - cycle, and so G cannot
contain any induced copies of HY* or Hf*. Thus hj (G) = h§*(G) = 0.

Now, since G contains a unique induced copy of a (2m — 1) - cycle, there exists a unique
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(2m — 1) - cycle monomial arising from G. Write Cy,,,—1() = {c}. We see

0Con )= Y [{e€Gl):cee Oy (1)}

c€Com—1(I)
=[{e € G(I) s ce € C" (D)}
= |{ce: e € G(I) and ce € CL>™ (1)}
= (0§ (1)
= oy (G),

where the final equality follows from Lemma Thus

sdefect(Z,m + 1) = com+1(G) + |E(G)| — 213 (G) — h5'(G) — o¢y,, 1 (1)
= Com11(G) + |E(G)| = 0¢ypi (1)
= (h1(G) + 5 1(G)) + 1B(G)] = 5,44(G)
= [E(G)| + &1 (G).

]

Corollary 4.41. Let G be a graph on vertex set {x,...,x,} and I = I(G) C k[xo, ..., z,].
Assume that sdefect(1,m) is the first non-zero term in the symbolic defect sequence of I and

m > 3. If all copies of (2m + 1) - cycles in G contain ezxactly one chord, then
sdefect(I,m + 1) = sdefect(I, m)|E(G)| + ¢s% 1 (G) — 2h5"(G) — h3'(G).

Proof. This proof uses an argument similar to that of Corollary [4.21] Throughout, we drop
the G from all notation. By Theorem [4.36]

sdefect(1,m + 1) = camy1 + sdefect(, m)|E| — 2h3" — hE' — o¢,,, ., ().
We see

0o = Y Heegl):ceeCpm (1)}

cGszfl(I)

= Z [{ce: e e G(I) and ce € CS"+ (1)}]
c€Com—1(I)

= > HeeeCpm(DY.
c€Com—1(I)
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We now claim that o, ., (1) = |C’ng+l(I)|. Indeed, we see

g ()= |J feee cp (D),

c€Com—1

and so it will then suffice to show that the above union is disjoint. Suppose that ce =
de e C,%m“(f ), where ¢, are (2m — 1) - cycle monomials and e, e’ are edge monomials.
By assumption, G[supp(ce)] = G[supp(c'e’)] is a (2m + 1) - cycle with exactly one chord.
By Proposition 3.3] G does not contain any odd cycles of length less than 2m — 1, and so
this unique chord creates a unique induced copy of a (2m — 1) - cycle in G[supp(ce)] =
Glsupp(ce’)]. Tt follows that ¢ = ¢’ must be the (2m — 1) - cycle monomial corresponding
to this (2m — 1) - cycle. Thus

Com+1 c
002m+1([) = |CE " (I)| = Com+1>
where the last equality holds by Lemma [4.33] Together, this gives

sdefect(I,m + 1) = camq1 + sdefect (I, m)|E| — 2h3" — hy' — ocy,,.. (1)
= (Céﬁiﬂ + Gpyr) + sdefect(l, m)|E| — 2hy" — h3* — ¢34
= sdefect(I, m)|E| + 551 — 25 — Y.

O

Example 4.42. As in Example 4.22] non-perfect graphs that are triangle-free fall in the
class of graphs considered in Corollary

Note that in Corollary [4.40, we achieve the upper bound on sdefect(I,m + 1) given in
Corollary

Example 4.43. Consider the (2m —1) - cycle Cy,,—1 with m > 3, and let [ = I(Cy,,—1). By
Proposition and Theorem , sdefect(I, m) = 1 is the first non-zero term of the symbolic
defect sequence of I, and by Corollary 4.40| sdefect(f,m+1) = |E(Copn-1)| = 2m — 1. Thus

|E(Coyp1)|sdefect(I,m) = (2m — 1)sdefect(I,m) = 2m — 1 = sdefect(I, m + 1),

so that the lower and upper bounds from Corollary are equal and attained.
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Chapter 5

The symbolic defect sequence of edge

ideals of odd cycles

In this chapter, we consider the symbolic defect sequence of the edge ideal of the odd cycle
Com—1, where m > 2. By Proposition [3.3] Theorem [3.7, and Corollaries and

0 if s<m
sdefect(1(Cap1),8) = ¢ 1 if s=m
2m—1 ifs=m+ 1.

We now seek a formula for sdefect(I(Coym—1), s) for s > m+1. With Lemmal[5.6 we describe a
monomial generating set for I(Cy,,—1)® /I(Cyyp_1)®, and in Lemma we extract the mini-
mal monomial generating set. We count this set to present a formula for sdefect(1(Cyy,—1), 5)
in Theorems (for the case m + 1 < s < 2m), [5.21| (for the case s > 2m and m = 2)
and (for the case s > 2m and m > 3). Throughout, unless otherwise stated, we will
always assume that Cy,,_; represents the (2m — 1) - cycle on vertices {xo, ..., Zam_2}, and
that s > m + 1.

5.1 The minimal monomial generating set

We begin with an important preliminary lemma that was proven independently by Mandal
and Pradhan [39, Lemma 4.1].

Definition 5.1. Let m > 2 and I = I(Cyy,—1) C klxo, ..., Tom—2|. Foreach 0 <i <2m —2,

let €; denote the edge monomial x;x;.1, where addition on indices is done modulo 2m — 1.
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Lemma 5.2. Letm Z 2andl = I(Ogm_l) C k[l’o, c. 71’2m_2]. ]fa,(), ey, Qom—9, b[), Ce ,bgm_z
€ Z>o are such that

ao azm-2 __ by bam—2
€ " €m—2 = € " Eam—2>
then a; = b; for all 0 < i < 2m — 2.
Proof. We see that
ap azm—-2 __ by bom—2
€o """ Cam—2 = € " Epm_2
a a aom—o __ b b bom—
= (01) " (122)"" - - - (Tam—2T0)**™ 2 = (0ox1) " (122)"" - - - (Tom—220) "2
ap+azm—2 _aog+ai a2m—3+a2m—2 __ _bo+bam_2 bo+by bam—3+bam—2
= Xy xy T Tom o = Xy Ty 7 Loy .
Equating exponents gives the system of (2m — 1) linear equations
ap + a2m—2 = by + bapm—2
ag +a; = bo + bl
A2m—3 + Aom—2 = bay—3 + o2,
which has the solution a; = b; for all 0 < i < 2m — 2. O

Remark 5.3. Lemma greatly facilitates counting |G(I(Cap—1)®)| for any s > 0 (by
convention, I(Cyp,_1)? = k[xg,...,Tom_2]). Visualize the edge monomials €, ..., €y, o as
distinct boxes. The monomial €% - €272 € G(I(Cap_1)*) then represents the scenario that
the box €; contains b; objects for each 0 < ¢ < 2m — 2, where all objects are identical. Thus
|G(I(Com—1)*)] is the number of ways to distribute s identical objects into 2m — 1 distinct

boxes, where boxes may receive multiple objects. It follows that

gt =((*"71).

where (( )) represents multichoose.

This visualization of edge monomials as distinct boxes and exponents as identical objects
in Remark will prove very useful throughout the process of obtaining a formula for
sdefect(1(Cam—1), s). The conclusion of Remark |5.3|is also noted by Mandal and Pradan [39,
Remark 4.3].

Definition 5.4. Let m > 2 and I = I(Cyy,—1) C k[, ..., Tom—2]. Let ¢ denote the (2m —1)

- cycle monomial xg - - - Z9,,_ 2.
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Definition 5.5. Let m > 2 and I = I(Cy,,—1) C k[xg, ..., Tom_2]. Given s > m + 1, write
s=gqm+r, with ¢ € Z" and 0 < r < m. Define

A1) = {cdu 1<d<que Q([S_dm)}.
Lemma 5.6. Let m > 2 and I = I(Cyy,—1) C klxo, ..., Tom 2. If s> m+1, then A;(I)+1°
s a generating set for I(S)/[s.
Proof. Write s = gm + 7, with ¢ € Z* and 0 < r < m. By Proposition [2.34]
q q
7)) — Z(C)djsfdm _ (Z(C)d[Sdm> Iy
d=0 d=1

Then A4([) is a generating set for % (¢)41*=%™ so that As(I)+ I® is a generating set for
I® /15, u

Example 5.7. Let I = I(C5) C klxo, x1, 9, T3, T4, so that m = 3 in this case, and s =7 =
2(3) + 1. By definition,
A7(I) = {(zor1202374) 0 0 1 < d < 2,u € G
Then
wy = (TeT1 721374 ) €01 €264 = ToxiTawaw; € Ar(I)

and

wy = (ToT1T27374) €0 = TpiriTs; € A7 (I).

The monomial wy strictly divides wy, and so A7(I) + I is not the minimal monomial gen-
erating set for 1(V/17.

We introduce more notation to extract the minimal monomial generating set for 1) /I
from A(I) + I°.

Definition 5.8. Let m > 2, I = I(Cy,—1) C klzo,...,Tom—o] and Ay = A (I). Given
s >m+ 1, write s = gm + r, with ¢ € Z* and 0 < r < m. Define

u
Bg(I) = {cdu € A, : either cfuor V0 < § < q— dsuch that ¢ | u, — ¢ Is_m(d+5)}.
c

Example 5.9. Let I = I(C5) C klxo, z1, T2, X3, 24, so that m = 3 in this case, and s =7 =

5



2(3) + 1. Recall that we showed in Example [5.7| that
w = (ToT122T3T4)€0e1 €264 = Tpxiwawaw; € A7 (1)

is not a minimal generator of I(7/I7 because

Wy = (TT1T97474) €0 = Toxiw3w52; € Ar(I)

strictly divides w;. We see wy € B7(I) because ¢ { ¢g. On the other hand, by taking § = 1,

we see wy & Br(I) because ¢ divides eyei€aeq = raaia30374 and

2,.2,..2
€p€1€2€4 ToT1ToX3T4 _
= = LoT1T9 = €9 € I = I’ 3(1+1).

C ToX1TX3T4

Proposition 5.10. Let m > 2 and I = I(Cop—1) C kl[zo, ..., Zom—2]. If s > m+ 1, then

B,(I) + I° is the minimal monomial generating set for 1) /I°.

Proof. Let B, := By(I), A := A (I), and write s = gm +r, with ¢ € ZT and 0 < r < m.
We see first that cej™™ € By since ¢ = g+ - Zoy—2 does not divide e ™, and so By # 0.
Now, since B, + I° C A, + I°, by Lemma we need only show that

1. no monomial in (A, \ By) + I*® is a minimal generator of I*) /I* and
2. all monomials in By 4 I° are minimal generators of 1®)/I°.

We first show (1). This is equivalent to showing that all monomials in A\ B, are properly
divisible by another monomial in A,. Let w = c?u € A, \ B,. Since w ¢ B,, there exists
0 <6 < q—dsuch that ¢ | u and u/(c?) € I*"™@+9)  Note here that 0 < d + 6 < q.
Let veg (I s=m(d+9)) he such that v divides u/(c’). This implies that v divides u, so that

(Pv) = o € A, divides ¢?u = w. Further,

deg(w) = deg(c™u)
=d(2m — 1)+ 2(s —dm)
=2s—d
> 25 — (d+9)
=(d+0)2m—1)+2(s—m(d+9))

_ deg( d+46 )

d+0

so that ¢*™v properly divides w.
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We now show (2). This is equivalent to showing that all monomials in By are not properly
divisible by any other monomial in A,. Let w = c®u € B, and suppose that w is properly

divisible by some w’ = ¢*u’ € A,. Then
2s — d = deg(w') < deg(w) = 2s — d,

so that d < d’. Let § =d —d, sothat 0 < 6 < ¢g—d and d+ § = d'. By definition of
Ag, u' € G(I=4™) = G(I°~™@+9)) . Further, since ¢ v’ divides w, it follows that u’ divides
w/(c?) = w/(c¥?). Thus w/(c?*?) € 1574+ But

w cdu u

cdto  odts 8

so that u/(c®) € I°~™@+9)  This is a clear contradiction since w € B,. Thus w is not
divisible by any other monomial in A,, and we conclude that B,+ I* is the minimal monomial

generating set for () /°. O

5.2 A formula for the symbolic defect sequence

Using the minimal monomial generating set from Proposition [5.10] we can easily describe a
simple formula for sdefect(I(Capm-1),s) when m+1 < s < 2m. The following theorem aligns
with that found in [34], Theorem 5.13], although our proof is entirely different, and is also a
special case of [39, Theorem 4.8].

Theorem 5.11. Let m > 2 and [ = I(Coy—1) C k[zo, ..., Tom—a]. If m+1 < s < 2m, then

sdefect(I, s) = (( 28”1_?711 )) .

Proof. Throughout, ”s.t.” denotes the term ”such that”. Write s = gm + r, where ¢ € Z*
and 0 <r <m and, let Ay := As(I). Since m+1 < s < 2m, we have g =1 and r =s —m.
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Then
u
By(I) = {cdu € A, either cfuorV0<§<qg—dst. & |u, — ]S_m(d+6)}
c

= {cduzl <d<qu€G(I*%) and either cfuorV0<d<qg—dst. & |u,
u s—m(d+0
§§“ (d+9)

={cu:ueG(I°™) and cfu},

where the last equality follows because {d : 1 < d < ¢} = {1}, and there does not exist §
satisfying 0 < 6 < ¢ —d =1—1=0. Then by Proposition [5.10]

sdefect(1, s) = |By(I)| = |{cu:u € GI*™™) and c f u}|.
Since s < 2m, it follows that s —m < m — 1. Then for any u € G(I°~™),
deg(u) =2(s —m) <2(m—1) < 2m — 1 = deg(c),

and so c{u for any u € G(1°~™). It follows that

S—m

sdefect(I, 5) = |{cu : u € GI™)}| = |G(I™)| = ((2m - 1)) ,

where the final equality follows from Remark O

Obtaining a formula for sdefect(1(Cy,,—1), s) when s > 2m is a lengthy task, and will be

done through a series of lemmas.

Definition 5.12. Let m > 2 and I = I(Cyy,—1) C k[xg,...,Tom—2]. Given s > 2m, write
s=qgm+r,withqge Z" and 0 <r <m. For 1 <d < ¢q— 1, define

u
Usa(I) = {u € G(I* %) :30 <6 < q—dsuch that ¢ | u and —€ ]S—m(d+6)} '
c

Lemma 5.13. Let m > 2, [ = [(Cy,,—1) C k[zo, ..., Tom—2] and s > 2m. If s = qm+r with
q€Z' and 0 < r < m, then

o= () £ ((20) )
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Proof. Let B := By(I) and Uy := U; 4(I). Throughout, ”s.t.” denotes the term ”such that”.
By definition,

— d . _ ) E s—m(d+9)
B = qc"u € Ay(I) reither cfu, or VO<d<qg—dst. & [u, —¢I
c

= {cdu:l <d<qucG(I* %) and either cfu, or VO <d < qg—dst. ¢ |u,

u
_ s—m(d+9)
0‘5 1 }

K u
= U {cdu cu € G(IF%™) and either cfu, or VO <6 <qg—dstc |u, — ¢ Is_m(d+5)}.
c
d=1

We claim that the above union is disjoint. Indeed, suppose that c%u, ¥’ € B are equal.
Then

deg(c®u) = deg(c?u') = d(2m — 1)+ 2(s — dm) = d'(2m — 1) + 2(s — d'm)
= 2dm — d + 2s — 2dm = 2d'm — d' + 2s — 2d'm

—d=4d.

Thus

q

Bl=)

d 5 w d+6
{UEQ(]S_W):eithercTu, orVO<d<qg—dst. ¢ |u,—6§éls_m(+)}.
c
d=1

For 1 <d < q— 1, note that

u
G(I* ™)\ Uy = {u € G(I%™) . either cfu, or V0O <§<qg—dst. & | U 5 ¢ Is_m(d+5)}

and

G-\ sl = =) - 0 = (7 1) = il

dm

where the final equality follows from Remark
For d = ¢, there does not exist ¢ satisfying 0 < 6 < ¢—d = q— g = 0. Thus the ¢-th

term in this sum is equal to

| {ueG(I" ™) ctu}|
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Note that s — gm = r < m — 1. Thus for all u € G(1°79),
deg(u) =2(s —gm) < 2(m —1) < 2m — 1 = deg(c),
implying ¢ { u. Thus
{ueG(I" ™) ctu} =G(I") =gI").

Then when d = ¢, by Remark , G(Is~™)| = |G(I")] = (*"')), and so
qg—1
o= () 2 () )
r = s —dm

By Proposition and Lemma [5.13] if m > 2, s > 2m and s = gm + r with ¢ € Z*
and 0 < r < m, then

sdefect(I(Cam_1), 5) = <( 2m = 1>> .

]

_1 (((i”ﬂnlz)) _|Us,d(1)y). (5.1)

Our next goal is to compute |Us4(I)| for 1 < d < ¢ — 1. To do so, we introduce a new

Sy

r

&
I

definition that will simplify our description of U 4(1).

Definition 5.14. Let m > 2 and I = I(Cy,—1) C k[xg, ..., Tom_2]. Given s > 2m, write
s=qm-+r, withgeZ" and 0 <r <m. For 1 <d < q— 1, define

3 u
Usa(l) = {u c g(Is—dm) cc|uand - c [s—m(d-l,-l)} .

A lemma of Mandal and Pradhan gives rise to the containment U, (1) C U, (I) [39,
Lemma 4.5]. The following lemma gives equality of these sets for all values of d and was

proven independently.

Lemma 5.15. Let m > 2, [ = I(Cq,,—1) C klxo, ..., Tom 2] and s > 2m. If s = gqm +r,
with ¢ € Z+ and 0 < r <m, then for all1 <d <q—1,

Us,d(I) = Us,d(])‘

Proof. Fix 1 <d < q—1 and let Uy := U, 4(1), U, = Usyd(I). It is clear by definition that
U, C Uy (by taking 6 = 1), and so we need only show that U,; C U,. Let u € Uy, so that
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u € G(I*79) and there exists 0 < § < ¢ — d such that ¢® = (2g- - 29, 2)° divides u and
u/(c®) € 1579 1f § = 1, then u € U, and we are done. Thus we may assume that § > 1.
The assumption that ¢ | u immediately implies that ¢ | u, so we need only show that u/c €
I~ To do so, we show that u/(c?) € "™ implies that u/(c?~!) € [s~m(d+o-1),
We may then repeat this argument § — 1 times to conclude that u/c € 57+,

Write

_ by bam—2 .ag a2m—2
g =€ " Coyp2Ty " Top_2,

where each bo, ce ,bgm_g, ag, ...,09m—2 € ZZO and b() + 4 bgm_g = S — m(d + 5) Recall
here that ¢; is the edge monomial x;x;, 1, where addition on indices is done modulo 2m — 1.
Note that

deg <C—l;) = deg(u) — deg(c)

=2(s —dm)—0(2m — 1)
=2(s—m(d+0))+9
> 2(s —m(d+9)),

u
so that — # 680 . egi;f_’;. Thus there exists some 0 < i < 2m — 2 such that a; > 0. Then
c

__ bg bam—2 _ag a2m—2
=€ " r€p2Ty " Lgp2C
ao . ,.02m—2
— ¢bo ... hem—2 To Tom—2 cr
= . S| i
0 2m T
Note that cx; € I™ since
€0€g€q * * " €2 —2 if1=0
Cr; = €p€o€y * * 1 €;_16;€;49€, 44" €m_3 if 4 is odd

€1€3€5+++ €;_1€;€;19€;14 - €p_o if 1 > 0 is even.

Thus €% .- e2m2cq; € [s~mdto)tm — [s=m(d+o-1) and divides u/(¢*~). Thus u/(d™) €

I5~md+0-1) a9 desired. O
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By Lemma [5.15 Equation can be written as

1

sdefect (1(Cm_1), 5) = ((er_ 1)) +ZZ:; (((irf ;ni)) - |Us,d(1>y) . (52)

Thus our next goal is to compute |U, 4(I)]. To do so, we introduce one more definition that
provides an alternate description of Us,d([ ). Although this new description appears to be

more complex, it greatly facilitates computing |(~]5,d(] )|

Definition 5.16. Let m > 2 and I = I(Cyy,—1) C k[xg, ..., Tom—2]. Given s > 2m, write
s=qgm+r,withgeZ and0<r<m. For1 <d<qg—1and 0<i<2m — 2, define

EL,(I) = {eho .. éprm2 c g(rrdm) b; > 0 for all j < with different parity than 4, and for
all j > ¢ with the same parity as i}.

Example 5.17. Consider the 7 - cycle C7 on vertices {xq,...,zs}, so that m = 4 in this
case, and let I = I(C%) C k[zo,...,x¢). Set s =9 =2(4) + 1. Then

E9\(I) = {ef - e® € G(I7'™) : by, by, by, bg > 0},
E;,l([) = {680 € € g([9 14 ) b07 b17b37b5 > O}
E2 (1) = {ebo - el € G(I°'D) : by, by, b, bg > 0},

and
E§ (I) = {ey - e € G(I7'™) : by, by, by, b5 > 0}

Remark 5.18. Let m > 2 and I = I(Cy,,—1) C klxo, ..., Tom 2| Given s > 2m, write
s=qm+r, withge Zt and 0 < r <m. Fixsome 1 <d < ¢qg—1. By Lemma 5.2, a

monomial u € G(I*~%") is in E! ,(I) if and only if u is divisible by one of
® €)Ea€y - €op_2 — CX if 1 = 0,
® €n€o€yq - €, 16640644 " €Eyn_3 = CT; if 7 is Odd7 or
® (€365 € 1€i€19€i14 " €0 = cx; if © > 0 is even,

and u/(cx;) € [s~md+D),

A lemma of Mandal and Pradhan gives rise to the equality U, ;(I) = U 2Bl (1), where
I = 1(Cyy—1) [39, Lemma 4.4]. The following lemma gives this equality for all values of d

and was proven independently.
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Lemma 5.19. Let m > 2, [ = [(Cs,,1) C k[zo, ..., Tom_o] and s > 2m. If s = gqm+r with
qE€Z and 0 < r <m, then for each 1 <d<gq—1,

2m—2

= U Eé,d(l)

Proof. Fix 1 < d < q—1 and let U := U, 4(I) and E' := EL ,(I). We first show that
U C UM 2R Let u € U. By definition of U, u € G(I*"%"), ¢ = xq - - - Tgm_o divides u and
u/c € I*~™4+D We see

Thus we may write

for some 0 < j < 2m — 2, where by + -+ - + boy,_o = s — m(d + 1). It follows that

w= (& - ems) (cay).
By Remark |5 E u€ Fand sou € | J2 B Thus U C U2 2 F
Now, let u € U?fo 2E. Then there exists 0 < j < 2m — 2 such that u € E’/. By Remark
5.18 wu is divisible by cr; and u/(cx;) € [5~md+D
is divisible by c. Further, since u/c is divisible by u/(cz;), it follows that u/c € [¥~™d+D),
Thus v € U and so U?™2Ei C U.

. Since ¢ divides cx;, this means that u

]

Note that

262 Ei,d(l) = Eg,d(” U <2W|L_|_2 (Eé d <U E ) ))

B\ (U Ez,d<f>> ' .

and so
2m—2

=Bl + )

=1
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Thus if I = I(Cop-1) and E. ; = E? 4(I), then Equation [5.2] can be written as
o2m—1\) & [ ((2m—1 o =2 (T
sdefect(1, s) = (( . )) + dz:; (((S N dm)) —|Esal — ; Eq\ ]L:J()Ei,d :

(5.3)

Our final goal before describing a formula for sdefect(1(Cap—1), s) is to calculate |E? ;(I)]

and |E? ,(1)\ (Uj;%E;d(])ﬂ foreach 1 <d < q¢g—1and 1 <1i¢ < 2m — 2. With the tools of
Remark [5.3] this is a basic counting problem.

Lemma 5.20. Let m > 2, [ = I(Co,, 1) C klxo, ..., Tom 2] and s > 2m. If s = qm +r,
with ¢ € Z" and 0 < r < m, then for all 1 < d < q— 1 we have

1 B0 = ((, 2 )
2 1ELMNEL D] = (k) = (s2ied ) and

5. [B2,(\ (B U EL ()] = ((,22)):

Proof. Fix 1 < d < q— 1 and let E* := E! ,(I) for i = 0,1,2. Throughout, we use the
same visualization as in Remark of edge monomials as boxes and exponents as identical

objects.

1. By definition, u = € - - - €22 € G(I*~%) lies in E° if and only if by, ba, by, - . . , bom_
are all positive. Thus counting |E°| is equivalent to counting the number of ways to
distribute s — dm identical objects into the 2m — 1 boxes ¢y, ..., €2, _2, Wwhere boxes
may receive multiple objects, and the boxes corresponding to €g, €9, €4, . . ., €22 are
all non-empty. To do so, we first distribute an object into each of the m boxes we
require to be non-empty, meaning there are (s — dm) —m = s — m(d + 1) objects left

to distribute among 2m — 1 boxes. Thus

2= (( i)

2. By definition, u = €% - -- €22 € G(I5=™) lies in B\ E° if and only if

(a) bo,b1,bs,bs, ..., byy_3 are all positive (since u € E'); and

(b) there exists an even index j such that b; = 0 (since u ¢ E°).
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Together, this implies that v € E'\ E° if and only if the following two conditions are
both satisfied:

Condition 1: by, by, b3, bs, . .., byy,_3 are all positive;

Condition 2: at least one of by, by, bg, . . ., ba,—_o is zero.

We first count the number of monomials in G(7°~%™) satisfying Condition 1. This is
equivalent to counting the number of ways to distribute s —dm identical objects among
the 2m — 1 distinct boxes €, . . ., €2,,_2, Where the boxes may receive multiple objects
and the boxes €g, €1, €3, €5, ..., €2,,_3 are all non-empty. To do so, we first distribute
an object into each of the m boxes we require to be non-empty, meaning there are
s—dm—m = s—m(d+ 1) objects left to distribute among 2m — 1 boxes. Thus there

are <( s_%;il)» monomials in G(I°~%™) satisfying Condition 1.

Next, we count the number of monomials in G(I°~%™) satisfying Condition 1 but

not satisfying Condition 2. This is equivalent to counting the number of ways to

distribute s — dm identical objects among the 2m — 1 distinct boxes ¢, ..., €,_2,
where the boxes may receive multiple objects and the boxes €g, €1, €3, €5, . . ., €2,,_3 and
€2, €4, €g, - - -, €2y are all non-empty. To do so, we first distribute an object into each of
these m+(m—1) = 2m—1 boxes, meaning there are s—dm—(2m—1) = s—m(d+2)+1
objects left to distribute among 2m—1 boxes. Thus there are (( s_ﬁf@;;) 41 )) monomials

in G(I°~%) satisfying Condition 1 and not satisfying Condition 2.
Notice that if d = ¢ — 1, it is possible for s — m(d 4+ 2) 4+ 1 to be strictly negative. In

this case, there does not exist a monomial in G(I°~%™) satisfying Condition 1 and not
satisfying Condition 2. This formula still holds in this case, since if s—m(d+2)+1 < 0

then <(S_73ZZ;;)+1>) = 0 by convention.

Together, this means there are

<<s fﬁ&i 1)>> - ((s - 7737(7;4:;) + 1))

monomials in G(I°79™) satisfying both Conditions 1 and 2.
3. By definition, u = €2 - €272 € G(I*=%) is in E2\ (E° U E') if and only if

(a) by, bo, by, bg, . . ., bay_o are all positive (since u € E?);
(b) at least one of by, by, bs, bs, . .., bay_3 is zero (since u ¢ E'); and

(¢) there exists an even index j such that b; = 0 (since u ¢ E°).
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The first and third item together imply that by = 0, which immediately implies
that the second item is satisfied as well. Thus u € E? \ (E° U E') if and only if
b1,b2,b4,bg, - . ., bam_o are all positive and by = 0. Therefore counting |E? \ (E° U E)|
is equivalent to counting the number of ways to distribute s — dm identical objects
among the 2m — 1 distinct boxes ¢, ..., €2,_2, Where boxes may receive multiple ob-
jects, the boxes corresponding to €, €2, €4, €6, . . . , €2, are all non-empty, and the box
€o is empty. To do so, we first distribute an object into each of the m boxes we require
to be non-empty, meaning there are s —dm — m = s — m(d + 1) objects left to dis-
tribute. Since ¢y must be empty, there are only 2m — 2 boxes available to distribute

the remaining objects. Thus

|E2\ (E°U EY)| = ((S _27:2(;—2F 1))) '

]

Theorem 5.21. Given s > 2, write s = 2q+r, with q € Z* and 0 <r < 2. If [ = 1(C5) C

klxg, x1, 23], then

3q—2 if s is even

3q if s is odd.

sdefect(l,s) =

Proof. By Theorem [3.7]and Corollary [£.20] the statement holds for s = 2 and s = 3. Suppose
that s > 4 and let E ;, := E! ,(I). By Equation [5.3 and Lemma

sacter(1,5) = (( 7)) +Z (((, 250)) - 1220 - 182\ B2 - B2\ (200 L))
((i)) £ (((s—gw)) - ((s—sz 1))) - ((s—2<3d+1>>>

' <s—2 d+2 +1>> ) ((5—2(2d+1>)>)

o8 6950 1 (0 (GRS (RN
N()!

For a fixed 1 <d < ¢ — 1, we have

((s—gw» - (<s—2(3d+ 1))) i ((3—2(di2> +1)) - ((3—2(2d+ 1))) -0
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so that

sdefect(I,s) = ((i)) + :1 3= ((i)) +3(q —1).

If s is even, i.e. r =0, then

((g)) +3(g—1)=1+3(g—1)=3¢—2,

and if s is odd, i.e. r =1, then

<<‘j>> +3(g—1)=343(g—1) = 3q.

Remark 5.22. Given s > 2, write s = 2¢ +r with ¢ € Z7 and 0 < r < 2, and let
I = I(C3) C klxg,x1,22]. Notice that ¢ = (s —r)/2. Thus by Theorem [5.21] sdefect(, s)

is a quasi-polynomial in s with quasi-period 2. This aligns with the work of Drabkin and

]

Guerrieri in [13] Theorem 2.4].

Computing sdefect(1(Coy—1), s) for m > 3 and s > 2m requires just a few more lemmas.
The following lemma will greatly facilitate counting |E% ;(I) \ (U;;loEid(] )| for 3 < i <
2m — 2.

Lemma 5.23. Let m > 3, [ = I(Cyp—1) C ko, ..
qeZt and 0 <r <m, then for all1 <d<q—1 and 3 <1i < 2m — 2 we have

- Tom_o| and s > 2m. If s = gqm+r with

EL )\ (B (1) UELZ(I) ifiis odd
Ei (D)\ (EL(I)UE (1)) ifiis even.

B D)\ (U Ez,d<f>> -

Proof. Fix 1 <d < q—1and let E' := E. ;(I). Note first that regardless of the parity of i,
both E®U E™2 and E' U E'~2 are subsets of U/_{ 7. Thus

i—1

El\ (G Ej) C E \ (EO U Eifz) and E' \ <U EJ) C K \ (El U Ez;z),

Jj=0

so that we need only show the reverse inclusion.
bo

Suppose first that ¢ is odd, and let u = ¢ - -

this means that u € G(1°~9™) and
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bam—2
“€om—2

€ E'\ (E°U E"?). By definition,



1. bo, bg, b4, PN ,bi_37 bi—h bi, bH_Q, bi+47 ey bgm_g are all positive (Since u € El),
2. there exists an even j such that b; = 0 (since u ¢ E°); and
3. at least one of bo, bQ, b4, c. ,bi,5, bi,3, bi,Q, bi, bi+2, Ce ,bgm,;g is zero (since u ¢ Ei_Z).

The first and third item together imply that b;_o = 0. For all odd j satisfying 0 < 7 <i—1,
the index j has the same parity as ¢ —2 and ¢ —2 > j (since i — 1 > j and ¢ — 1 is even, j is
odd). Thus by definition, u ¢ E’ for any odd 0 < j < i — 1 . Similarly, the first and second
item together imply that there exists an even index [ satisfying ¢ < [ < 2m — 2 with b, = 0.
For all even 0 < j < i—1, the index j has the same parity as [, and [ > j. Thus by definition,
u ¢ E7 for any even 0 < j < i — 1. Together, this means u ¢ E7 for all 0 < j <i— 1, and
sou € E"\ (U_{E7).

The case where ¢ is even is handled similarly. We include the details for completeness.
Let u =€ .- €22 € B\ (E'U E2). By definition, this means that u € G(I*~™) and

1. by, b3,bs, ..., bi3,b;1,bi,bit9,bita, .., bam_o are all positive (since u € E?);
2. at least one of by, by, b3, bs, . .., bay,_3 is zero (since u ¢ E'); and
3. at least one of bl, b3, b5, c. ,bi_5, bi_3, bi_Q, bi, bi+2, C 7b2m_2 is zero (SiIlCG u ¢ Ei_Q).

The first and third item together imply that b;_o = 0. For all even j satisfying 0 < 5 <i—1,
the index j has the same parity as i —2 and i — 2 > j (since ¢ — 1 > j and 7 — 1 is odd,
j is even). Thus by definition, u ¢ E’ for any even 0 < j < ¢ — 1. Similarly, the first
and second item together imply that either by = 0, or there exists an odd index [ satisfying
1<l <2m —2 with b = 0. If by = 0, then for all odd j satisfying 0 < 7 <¢—1, j has a
different parity than 0 and 0 < j. Thus by definition, v ¢ E’ for any odd 0 < j < i — 1.
Similarly, if there exists an odd index [ satisfying ¢ < [ < 2m — 2 with b, = 0, then for all
odd j satistying 0 < j < i — 1, j has the same parity as [ and [ > j. Thus by definition,
u ¢ E7 for any odd 0 < j < i — 1. Together, this means u ¢ E7 for all 0 < j <i— 1, and so
ue B\ (UZ{E7).

O

Lemma 5.24. Let m > 3, [ = [(Cyy—1) C k[zo, ..., Tom—2] and s > 2m. Write s = gqm+r,
with g € ZT and 0 <r <m. For each1 <d<q—1 and 3 <i < 2m — 2 with ¢ being odd,

Eqg(I)\ (;U: Eﬁ,d(1)> ‘ = ((S _22&4% 1)» - <(3 —m(d iﬂ;)_f(z' + 1)/2)) '
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Proof. Fix 1 < d < q—1and 3 <i < 2m — 2, with ¢ being odd. Let E? := E;"d(]). By

Lemma [5.23] .
B\ (U Ej> =E"\ (E°UE™?).
=0
By definition, u = € - - - €22 € G(I*=%) lies in '\ (E° U E'~2) if and only if
1. bo, b, by, .. bi_3,b;_1,b;,bi9,bi4, ..., bam_3 are all positive (since u € E*);
2. there exists an even j such that b; = 0 (since u ¢ E°); and
3. at least one of by, by, by, . .., bi5,b;3,b; 2, b, bita, ... by 3 is zero (since u ¢ E72).

The first and third item together imply that b;,_o = 0. The first and second item together
imply that there exists an even index j > i such that b; = 0. Thus u € E*\ (E°U E*7?) if

and only if each of the following conditions are satisfied:

Condition 1: by, by, by, ..., b;_3,b;_1,b;,bi12,bi14,...,boy,_3 are all positive;
Condition 2: b;_, = 0;
Condition 3: there exists an even index j > ¢ such that b; = 0.
We first count the number of monomials in G(I579™) satisfying both Conditions 1 and
2. This is equivalent to counting the number of ways to distribute s — dm identical objects
among the 2m — 1 distinct boxes €, . . ., €2,,_o Wwhere the boxes may receive multiple objects,
the boxes €g, €2, €4,...,€_3,€_1,€;,€49,€i14,...,€x,_3 are all non-empty, and the box €;_»
is empty. To do so, we first distribute an object into each of the m boxes we require to be
non-empty, meaning there are s —dm —m = s—m(d+ 1) objects left to distribute. Since €;
must be empty, there are only 2m — 2 boxes available to distribute these remaining objects
into. Thus there are (( sﬁmﬁl)» monomials in G(I°~%") satisfying both Conditions 1 and
Next, we count the number of monomials in G(7°~%™) satisfying both Conditions 1 and
2, but not satisfying Condition 3. This is equivalent to counting the number of ways to
distribute s — dm identical objects among the 2m — 1 distinct boxes €, . . ., €2,,_2, where the
boxes may receive identical objects, the boxes €g, €2, €4, ..., €3, 61,6, €49, €iray -, €23
and all boxes lying in {¢; : j > 7,j even} are non-empty, and the box €;_» is empty. To do

so, we first distribute an object into each of the boxes we require to be non-empty. We see

{e; 17 >1i,j even} = {€i41,€ir3, ..., €2m_2} = {62(¢+

21)7 62(%4»1)7 ceey 62(m—l)}a
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so that

1+ 1 1 +1
|{ej:j>i,jeven}|:(m—1)—<T>+1:m—< 5 )

Thus there are s —dm —m — (m — (i +1)/2) = s —m(d + 2) + (i + 1)/2 objects left to

distribute. Since €;_5 must be empty, there are only 2m — 2 boxes available to distribute
2m—2
s—m(d+2)+(i+1)/2

Conditions 1 and 2, but not satisfying Condition 3.
Notice that if d = ¢—1, it is possible for s—m/(d+2)+(i+1)/2 to be strictly less than zero.
In this case, there does not exist a monomial in G(7°79™) satisfying Conditions 1 and 2, but

not satisfying Condition 3. The formula still holds in this case, since if s—m/(d+2)+(i+1)/2 <

2m—2 o
0, then ((s—m(d+2)+(i+1)/2)> =0.
Together, this means there are

(st R (RS

monomials in G(I°~%™) satisfying all of Conditions 1, 2 and 3. O

these remaining objects into. Thus there are (( >> monomials satisfying both

The following lemma has a very similar proof to that of Lemma |5.24]

Lemma 5.25. Let m > 3, [ = [(Cy,,—1) C k[zo, ..., Tom_o] and s > 2m. Write s = gqm+r,
with g € ZT and 0 <r <m. For each1 <d<q—1 and 3 <1 <2m — 2 with ¢ being even,

B (I)\ (;L:J:)Ei,d(l))‘ = ((3 f:&i 1))) N ((S _m??+_2§+i/2>) '

Proof. Fix 1 < d < g—1and 3 <i < 2m — 2 with 7 being even. Let E' := Ei’d(]). By
Lemma [5.23]

B\ (U Ej> =E"\ (E'UE™?).

By definition, u = €X° - - ez e G(I54m) lies in B\ (E' U E*2) if and only if

1. bl, bg, b5, PN ,bz‘_37 bi—h bl‘, bi—l—?a bi+47 ey bgm_g are all pOSitiVQ (Since u € El),
2. at least one of by, by, b3, bs, . . ., bay_3 is zero (since u ¢ E'); and
3. at least one of bl, bg, b5, R ,bi,5, bi737 bi727 bi> bi+27 R ,me72 is zero (Since u ¢ Ei_Z).

The first and third item together imply that b;,_o = 0. The first and second item together
imply that either by = 0, or there exists an odd index j > ¢ such that b; = 0. Thus
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u € E'\ (E'U E?) if and only if each of the following conditions are satisfied:

Condition 1: bl, bg, b5, ce 7bi_3, bi—l? bz‘, bi+2, bi+4, ce ,bgm_g are all positive;
Condition 2: b;_, = 0;
Condition 3: either by = 0 or there exists an odd index j > ¢ satisfying b; = 0.

We first count the number of monomials in G(I°~%™) satisfying both Conditions 1 and 2.
This is equivalent to counting the number of ways to distribute s — dm identical objects
among the 2m — 1 distinct boxes €, ..., €, 2, Where boxes may receive multiple objects,
the boxes €1, €3,€5,...,€6_3,€_1,€;,€49,€i14,...,€xm_o are all non-empty, and the box €;_»
is empty. To do so, we first distribute an object into each of the m boxes we require to be
non-empty, meaning there are s —dm —m = s—m(d+1) objects left to distribute. Since €;_»
must be empty, there are only 2m — 2 boxes available to distribute these remaining objects
into. Thus there are (( si@’"&i») monomials in G(I*~%") satisfying both Conditions 1 and

Next, we count the number of monomials in G(7°~%™) satisfying both Conditions 1 and
2, but not satisfying Condition 3. This is equivalent to counting the number of ways to
distribute s —dm identical objects among the 2m — 1 distinct boxes €, . . ., €2,_2, Where the
boxes may receive identical objects, the boxes €1, €3,€5,...,€3,€6_1,€;, €49, €irdy -, E2m_2
and all boxes lying in {ey} U {e; : j > 4,j odd} are non-empty, and the box ¢;_5 is empty.
To do so, we first distribute an object into each of the boxes we require to be non-empty.
We see

{Ej 1J>1,] Odd} - {€i+17 €43y - - - 7€2m—3} - {62(%+1)_17 62(%4_2)_17 s 762(m—1)—1}7
so that

i i
[{ej 13 > 1,5 0dd}| = (m —1) - <§+1>+1:m—§—1_

Thus there are s—dm—m—1—(m—i/2—1) = s—m(d+2)+i/2 objects left to distribute. Since
€;_o must be empty, there are only 2m—2 boxes available to distribute these remaining objects
into. Thus there are << S_m?;'jj i /2>> monomials in G(I*~%") satisfying both Conditions 1
and 2, but not satisfying Condition 3.

Notice that if d = ¢—1, it is possible for s —m(d+2)+1i/2 to be strictly less than zero. In
this case, there does not exist a monomial in G(/579") satisfying Conditions 1 and 2, but not

satisfying Condition 3. This formula still holds in this case, since if s — m(d + 2) +1i/2 < 0,
2m—2
then (<sfm(d+2)+i/2>> =0.
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Together, this means there are

(i) (i)

monomials in G(I*~%™) satisfying Conditions 1, 2 and 3. O

Mandal and Pradhan give formulas for the symbolic defect sequence of edge ideals of uni-
cyclic graphs in both recursive form [39, Theorem 4.8] and non-recursive form [39, Corollary
4.9]. The following formula for the symbolic defect sequence of edge ideals of odd cycles is
less computationally demanding than that of Mandal and Pradhan, and was derived inde-

pendently.

Theorem 5.26. Fiz m > 3, [ = I[(Cop_1) C klxo,...,Tom—2] and s > 2m. Write s =
gm +r, with ¢ € ZT and 0 < r <m. Then

ara= ()£ (200 (2t
(o) enol( )

= (o))

Proof. For each 1 <d<q—1and 0<i<2m—2 let E}:= E! ,(I). By Equation ,

asar. = () S (o) - S| (Us)))

By Lemma [5.20,
- (i)
= (20t ) - (i)
B2\ (ELU EY)| << 2m_2 ))

Now, note that when i is odd, (i + 1)/2 = [i/2], and when i is even, i/2 = [i/2]|. Thus by
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Lemmas 524 and .25,
> e (U E) ‘ - i (Cmas o) - (oo )

2
~eme (( s 1))) ) mz (( i +2) ¢ i )) |

i=3
The formula now easily follows.

O

Remark 5.27. The formula for sdefect(1(Co,—1), s) given in Theorem simplifies to be
a quasi-polynomial in s with quasi-period m. This aligns with the work of Drabkin and

Guerrieri in [I3] Theorem 2.4].
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Chapter 6

The symbolic defect sequence of edge

ideals of unicyclic graphs

In this chapter, we consider the symbolic defect sequence of edge ideals of unicyclic graphs
(see Definition [2.4). If G is a unicyclic graph containing a (2m — 1) - cycle, by Proposition
[3.3, Theorem [3.7] and Corollaries and

0 it s <m
sdefect(I(G),s) =< 1 if s=m
|[E(G)| ifs=m+1.

We now seek a formula for sdefect(1(G), s) for s > m + 1. With Lemma [6.10] we describe a
monomial generating set for I(G)®)/I(G)*, and in Proposition , we extract the minimal
monomial generating set. We describe a formula for sdefect(/(G), s) only in the case that
m+1 < s < 2m in Theorem When s > 2m, we instead provide upper and lower
bounds for sdefect(I(G), s) in Proposition and Corollary [6.20}

Recall that we are only considering non-bipartite graphs throughout this thesis. Unless
otherwise stated, it is always assumed that G is a unicyclic graph containing a (2m — 1) -
cycle for some m > 2, I = I(G) and that s > m + 1. Note then that it is implicitly assumed
that |[V(G)| > 2m — 1, as in Chapter [4}

6.1 The minimal monomial generating set

We begin with some basic graph theory results.

Definition 6.1. A leaf in a graph is a vertex that is adjacent to exactly one other vertex.
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Lemma 6.2. If a graph G is unicyclic and there exists an edge in G that does not lie on its

cycle, then G contains a leaf.

Proof. Let C denote the unique cycle in G. Let P be a longest path in G that does not
contain any edges of C. Note that since G contains at least one edge that does not lie on
C, this path contains at least two vertices. Since (G is unicyclic, there exists at most one
vertex on P that lies on C' (otherwise, there is an additional cycle in ). Suppose that x; is
an endpoint of P that does not lie on C, and the vertex adjacent to x; on P is labelled z;.
Since P is the longest path that does not contain any edges of C' and x; does not lie on C,
all neighbours of z; lie on P. Since G is unicyclic, z; cannot be adjacent to any vertices on

P other than z;, and so z; is a leaf. O
Definition 6.3. A graph is acyclic if it does not contain any cycles.
Lemma 6.4. [§, Theorem 4.3] Acyclic graphs with at least one edge contain a leaf.

Definition 6.5. Let G be a unicyclic graph on vertex set {zg,...,z,} and I = I(G) C
klzo, ...,z If {x;,2;} € E(G), let ¢ ; denote the edge monomial z;x;.

The following lemma was proven independently by Mandal and Pradhan [39, Lemma
4.2].

Lemma 6.6. Fiz m > 2 and let G be a unicyclic graph on vertex set {xo,...,x,} with
its unique cycle on vertices {xo,...,Tam—o} and I = I(G) C k[xg,...,x,]. If {a;i; : € €
G}y U{b;j:€;€G(I)} CZso are such that

Qij bi;j
H Cij = H €ig s

€ij€9(1) €,j€G(I)
then a; ; = b; j for all ¢;; € G(I).

Proof. Let € := Hei,]-eg(l) ef’j] and € = Hem—eg(l) eihj If € = € then in particular,
deg(e”) = deg(e”). We proceed via induction on deg(e®). Note that since € is a product of
edge monomials, deg(e®) is even.

If deg(e®) = 2, then €* = €’ is a single edge monomial, and the result is clear. Let [ > 2
be even and assume that if {a;; : €; € G(I)}U{b;; : €; € G(I)} C Z>o are such that
¢* = ¢ and deg(e®) = [, then a;; = b;; for all ¢;; € G(I). Let {a;; : e;; € G(I)} U{B;, :
€i; € G(I)} C Zsp be such that

a._ Qi Bij _. B
€ 1= || € = || €5 =€,

€i,;€G(1) €i,;€G(1)
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and deg(e®) =1+ 2. We want to show that o, ; = §;; for all ¢, ; € G(I).

If supp(e®) C {xo, ..., Tam_2}, then e = €’ is a product of edge monomials in G(I(Cap_1))
and we are done by Lemma . Otherwise, suppose supp(e®*) € {zo,..., T2} and con-
sider G[supp(e®)]. Since G is unicyclic, this induced subgraph is either acyclic or unicyclic.
Since €“ is the product of edge monomials, this graph contains at least one edge. Further,
since supp(e*) € {zo, ..., Tam_2}, there exists an edge in G[supp(e®)] that is not an edge on
the cycle in G. Thus by Lemmas and [6.4] this subgraph contains at least one leaf. Let
x, denote some leaf in G[supp(e”)] and suppose €, , is the edge monomial corresponding to
the unique edge in G[supp(e®)] incident to z,. Since z, is a vertex in G[supp(e®)], x, divides
¢®, forcing ay,, > 0. Since G[supp(e®)] = G[supp(e”)], x, divides €’ as well, so that 3,, > 0.
Thus

(07

B
€ € B

II a7 )eawt= T T | Y
€i,€G(D\{ep.a} PPt N\ epal
Since €*/e,, = €’ /e, , and deg(e*/e,,) = I, we apply the induction hypothesis to conclude
that a,; ; = B;; for all ¢;; € G(I)\ {64} and a,, — 1 = 5,, — 1, clearly implying that
apq = Bpg as well.

]

Remark 6.7. Note that Lemma [6.6] mirrors Lemmal[5.2] and so the observations of Remark
hold in the case of unicyclic graphs as well. By using this same visualization of edge

monomials as boxes and exponents as identical objects, we conclude that |G(I(G)®)| =
<(|E(G)|>> for any unicyclic graph G and s > 0.

Definition 6.8. Fix m > 2 and let G be a unicyclic graph on vertex set {xo,...,x,} with
its unique cycle on vertices {zo, ..., Ton_2} and I = I(G) C k[xo, ..., x,]. Let cg denote the

(2m — 1) - cycle monomial xg - - - Top, .

The generating set Ay(I(Capm_1)) + I(Copm_1) for I(Coyp_1)®) /1(Cop—1)* of Definition

extends naturally to the unicyclic case.

Definition 6.9. Fix m > 2 and let G be a unicyclic graph on vertex set {zo,...,z,} with
its unique cycle on vertices {zo, ..., xom—2} and I = I(G) C k[zo,...,2,). Given s > m + 1,

write s = gm +r, with ¢ € Z™ and 0 < r < m. Define
Al ={ctu:1<d<queGI ™}

Lemma 6.10. Fiz m > 2 and let G be a unicyclic graph on vertex set {x, ..., x,} with its
unique cycle on vertices {xg, ..., Tam—2} and I = I(G) C klxg,...,x,]. If s > m+ 1, then
A (I) + I° is a generating set for 1) /I°.
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Proof. As in the proof of Lemma this follows directly from Proposition [2.34]
[l

Example 6.11. Let G denote the following graph and let I = I(G) C k[xg, z1, x2, T3, T4, T5).

The graph G contains a 5 - cycle and so m = 3 in this case. Let s = 7 = 2(3) + 1. By
definition,
Ar(I) = {(zor1202374) 0 : 1 < d < 2,u € GUIT3)).

Then

o _.3.2.2 923
wy = (ToT1T2X3T 1) €1 2€3 4€0 4€0,5 = ToT1X5T5T x5 € A7(1)

and

o 2 .3.2.2 2 2
Wy 1= (TT12T2X3T4) €05 = Tyr T3x50505 € A7(I).

The monomial wy strictly divides wy, and so A7(I) + I” is not the minimal monomial gen-

erating set for 1(V /17

We introduce more notation to extract the minimal monomial generating set for 1)/ I*
from A,(I)+ I*. Again, the minimal monomial generating set Bg(I(Cap—1)) + 1(Cop—1)® for
I(Cop1)®/I(Cop1)* of Definition [5.8| extends naturally to the unicyclic case.

Definition 6.12. Fix m > 2 and let G be a unicyclic graph on vertex set {xo, ..., z,} with
its unique cycle on vertices {zo, ..., ZTom_o} and I = I(G) C k[zo, ..., x,]. Given s > m+ 1,

write s = gm + r, with ¢ € Z* and 0 < r < m. Define

u
B(I) = {céue A(I):cgtuorV0<§<q—dsuch that ¢, | u, — ¢ Is_m(d+5)}.
el

Example 6.13. Define G as in Example and let [ = I(G) C k[xo, ..., x5]. Recall that
G contains a 5 - cycle, so that m = 3 in this case. Let s =7 = 2(3) + 1. Recall that we
showed in Example that

— _ 32,22 3
w1 = (l’oxlI2Q33I4)6172637460,4€075 = Lol ToyT 3T 4T € A7(I)
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is not a minimal generator of (7 /I7 because
— 2. _ 32222
Wy = (ToT1T2x3T4) €05 = T T3T505T5 € A7(I)

strictly divides w;. We see wy € Br(I) because c¢ 1 €95. On the other hand, by taking 6 = 1,

we see w; & By(I) because cg divides €1 9€3 4€0 4605 = TaT1ToT37 575 and

2 2
€1,2€3 4€0,4€0,5 ToXl1X2X3T YTy
= = T9T4T5 = €9,5T4 el =
Cq Lo 1TX2T3T4

J7-30141)

Proposition 6.14. Fizm > 2 and let G be a unicyclic graph on vertex set {xy, ..., x,} with
its unique cycle on vertices {xo, ..., Tom—2} and I = I(G) C k[xg,...,x,). If s > m + 1,

then By + I° is the minimal monomial generating set for I¢)/I°.

Proof. This proof is identical to that of Proposition [5.10| with Definition [5.8 replaced by
Definition and Lemma [5.6| replaced by Lemma [6.10] [

6.2 A partial formula for the symbolic defect sequence

Using the minimal monomial generating set from Proposition [6.14] we can easily describe
a simple formula for sdefect(I(G), s) when G is a unicyclic graph containing a (2m — 1) -
cycle and m + 1 < s < 2m. The following theorem was proven independently by Mandal
and Pradhan [39, Theorem 4.8].

Theorem 6.15. Fiz m > 2 and let G be a unicyclic graph on vertices {xo,...,x,} with

unique cycle on vertices {xo, ..., Tam—2} and I = I(G) C klzg,...,z,]. If m+1<s < 2m,

e sdefect(l,s) = E(G)] .
et = ((5)

Proof. This proof is identical to that of Theorem [5.11{ with Definition |5.8| replaced by Defini-
tion [6.12] Proposition [5.10|replaced by Proposition and Remark [5.3|replaced by Remark
(i) ]

Obtaining a formula for sdefect(/(G), s) when s > 2m is not an easy task. The techniques
used in Chapter [5 to compute sdefect(I(Cyy,—1),s) do not easily generalize to the unicyclic
case. In particular, if Us7d([(02m_1)) of Definition and Eﬁ,,d(I(CQm_l)) of Definition
[5.16] are naturally extended to the unicyclic case, then it is simple to find an example of a
unicyclic graph G for which U, 4(1(G)) # UG 2 E: 4(I(G)), meaning that Lemma does

not generalize to the unicyclic case.
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6.3 Bounds on the symbolic defect sequence

In this section, we describe both lower and upper bounds on sdefect(/(G), s), where G is a
unicyclic graph containing a (2m — 1) - cycle and s > 2m. Note that Mandal and Pradhans
work provides a formula for these values of s [39, Theorem 4.8]. The bounds presented in

this section are less computationally demanding than this formula.

Proposition 6.16. Fiz m > 2 and let G be a unicyclic graph on vertices {xo, ..., x,} with
unique cycle on vertices {xg,...,Tom—o} and I = I(G) C k[xg,...,z,|. Fix s > 2m. If
s=qm+r with g € Z* and 0 < r < m, then

g <3 (PN

Proof. For each 0 <1 < 2m — 2, let ¢; denote the edge monomial x;z;,;, where addition on
indices is done modulo 2m — 1. Let u = (€gezey - - - €gpm_s)ey 2™ € G(IMHE=2m)) = G([°~™),

so that cqu € A4(I). Note that egegey - - - €92 = oo, so that cg | u and

—2m s—2m
u (606264 cee GQm,Q)ES Cao€y
_ _ _ $O€872m c [372m _ Isfm(1+1)'
Ca Ca Ca

Thus by taking § = 1, we see cqu ¢ Bs(I), and so B,([I) is a proper subset of A4(/). Then

sdefect(1,s) = | Bs(I)| < |As(1)]
= {cu:1<d<que g}

U{céu cu € G(IFTM)}

d=1

q
<> Hebu:uegr="m}
d=1

= ; [{u € G~}
S

where the final equality follows from Remark O

Example 6.17. Fix m > 2 and let G be a unicyclic graph on vertices {xo,...,z,} with
unique cycle on vertices {xq,...,Zom_2} and I = I(G) C k[xg,...,x,]. For each 0 < i <

2m — 2, let ¢; denote the edge monomial z;x;,;, where addition on indices is done modulo
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2m — 1. Given s > 2m, write s = gysm + r,, where ¢, € Z* and 0 < r, < m. Note that
¢s > 2. Then for each 1 < d < ¢, — 1, the monomial

Uy 1= (606264 . sz_z)Eg_m(dH) c g<[m+s—m(d+1)) — g(Is—dm)7

s—dm

and so chug € A (I). Thus clu, is counted at least once in the sum > % (('E(G)l)).

However, note that epeaey - - - €92 = cqo, SO that cg | ug and

s—m(d+1) s—m(d+1)
ug  (€o€2€q €2m—2)€g (camo)e —m(d+1 -
— = = = g€, m(d+l) o ps—m(dt1),
Cq ca Ca

Thus by taking § = 1, we see chug ¢ B,(I) and is therefore not counted in sdefect(I,s). By
comparing degrees, one can easily deduce that c&u,; = ch/ud/ if and only if d = d’, so that

each of these monomials are distinct. Thus
([ 1E(G)
E (( )) — sdefect(7,s) > qs — 1.
= \\s — dm
As s — o0, g5 — o0 as well, and so
([ 1E@G)]
g << )) — sdefect(l,s) — oo as s — 0.
= \\s— dm

Example 6.18. For | > 2, let G; denote the graph on vertices {zo, ..., z34,} that consists
of a 5 - cycle with a path of length [, denoted P}, beginning at one of the vertices on the 5 -

cycle. For example, G5 is drawn below.

Since this graph contains a 5 - cycle, m = 3 in this case. For each 0 < i < 4, let ¢
denote the edge monomial x;x;,;, where addition on indices is done modulo 5. Note that
for any | > 2, cg, = xor1227324, and so we let ¢g := cg,. Let s =7 =2(3) + 1. For any edge

monomial e € G(/(G;)), the monomial
ue = (eoe2es)e € GI(G))') = GI(G)*D),

and so cqu. € A7(I(G;)). Thus the monomial cgu, is counted at least once in the sum
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Zd 1 <(|§ G3i1 )) However, note that eyeaeq = cgxo, so that cg | u. and

Ue €p€a€y )€ CaIp€
Cq Cag Ca

Therefore by taking 6 = 1, we see cqu. ¢ B7(I(G))), and is therefore not counted in
sdefect(I(G)), 7). We conclude that for each e € G(I(G))), the monomial cgu, is counted at
least once in the sum Y7, ((II;“(_Ggii)l»’ but is not counted in sdefect(/(G;),s). By Lemma
[6.6] each of the monomials cgu, are distinct, and so

g ((‘f Ggld )) — sdefect(1(G)),7) > |E(G))|.

As | — o0, |E(G))| — oo as well. Thus

i ((|7E Ggfd )) — sdefect(I(G)),7) — oo as [ — oo.

d=1

To describe a lower bound on sdefect(/(G),s) when s > 2m, we first make a general

observation that holds for all finite simple graphs.

Proposition 6.19. Let G be a graph on vertices {xo,...,x,}. If H is an induced subgraph
of G, then sdefect(1(H),s) < sdefect(1(G),s) for each s > 1.

Proof. 1f s = 1, then sdefect(I(H),1) = 0 = sdefect(/(G),1). Assume that s > 2 and w +
I(H)? is a minimal monomial generator of I(H)® /I(H)*. We will show that w-+1(G)?® is also
a minimal monomial generator of I(G)®) /I(G)*, so that sdefect(I(H), s) < sdefect(I(G), s).
Since w € I(H)® and thus supp(w) C V(H), it is clear to see that w ¢ I(H)® implies
that w ¢ I(G)®. Let X be a vertex cover of G. Then X NV (H) is a vertex cover of H. By
Proposition [2.16]
Wx(w) = Wxavm(w) > s,

and so w € I(G)®). Finally, if u is a monomial such that u + I(G)* € I(G)®/I(G)* is
non-zero and properly divides w+ I(G)®, then u properly divides w. This implies supp(u) C
supp(w) C V(H). Then for any vertex cover Y of H, Y U (V(G) \ V(H)) is a vertex cover

for GG, so that
Wy (u ) WYU G\V(H ))(u) > s.

Thus u € I(H)®. Clearly u ¢ I(G)* implies v ¢ I(H)*, and so u + I(H)* is non-zero
in I(H)®/I(H)* and properly divides w + I(H)*. This contradicts the assumption that
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w + I(H)® is a minimal monomial generator of I(H)®) /I(H)*. O

Corollary 6.20. Fiz m > 2 and let G be a unicyclic graph on vertices {xo, ..., x,} with
unique cycle on vertices {xo, ..., Tam—2} and I = I(G) C k[zo,...,x,]. Assume that G has

an edge that does not lie on its cycle. If s > 2m, then
sdefect(1(Com-1),s) < sdefect(l,s).

Proof. By Proposition [6.19, sdefect(I(Coy—1),s) < sdefect(l,s). Let e denote an edge
monomial corresponding to an edge in G that does not lie on its cycle. Then ce®*™™ €
B,(I), so that ce>™™ + I° is a minimal monomial generator of I¢®)/I° that does not lie in

I(Cn1)® /1(Cyp—1)?, and so is certainly not a minimal monomial generator of
I(Cop-1)® /1(Cop—1)*. Thus sdefect(I(Cyy_1), s) < sdefect(1, s). O

Notice that by Proposition if G is any finite simple graph (not necessarily unicyclic)
containing an induced copy of a (2m—1) - cycle, then sdefect(1(Co,,—1), s) < sdefect(I(G), s).

Example 6.21. Fix m > 2 and let G be a unicyclic graph on vertices {xo,...,z,} with
unique cycle on vertices {xo,...,Tam_2} and I = I(G) C k[xg,...,z,|. Assume that there
exists an edge in G that does not lie on its cycle, and denote its corresponding edge monomial
by e. Given s > 2m, write s = gom + r,, where g, € Z™ and 0 < ry, < m. Note that g, > 2.
Then for each 1 < d < ¢, — 1, the monomial c%e*~%™ lies in B,(I), and is thus counted in
sdefect(I, s). Since e is not an edge on the cycle and d < ¢; — 1, implying that s — dm > 0,
the monomial cZes~%™ ¢ B (I(Cy,,_1)), and is therefore not counted in sdefect(1(Cyy,_1), 5).
By comparing degrees, one can easily deduce that ckes~4m = ch/eS_d'm if and only if d = d'.

Thus each of the monomials c%e*~9™ are distinct, and so
sdefect(I, s) — sdefect(1(Capn_1)) > qs — 1.
As s — 00, gs — oo as well and so
sdefect(I, s) — sdefect(1(Cay—1)) — 00 as s — 00.

Example 6.22. For [ > 2, let G, denote the graph from Example [6.18 As before, let
cg = cg forl > 2and s =7 = 2(3)+1. For any edge monomial e in G(I(G,)) corresponding
to an edge that lies on the path in Gj, the monomial ¢%e € B;(I(G))), and is therefore counted
in sdefect(I(G;), 7). On the other hand, since e is not an edge on the cycle, cie ¢ B7(I1(Cj))

and is therefore not counted in sdefect(1(C5), 7). Each of these monomials are clearly distinct,
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and so

sdefect(1(G)),7) — sdefect(I(C5),7) > |E(P)|.

As | — oo, |[E(F))| = oo as well and so

sdefect(1(G,),7) — sdefect(I(C5),7) — oo as | — oo.
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)
( *1))7(5>m+1)7

(@)), (G unicyclic, s > m + 1),
)

(

(

C (1), (sdefect(l,2) = 0),
C(I), (sdefect(1,2) > 0),
Cg(I), (sdefect(I,2) = 0),
O (1),
(D). B

Com—1, El
Com-1(1), (m > 3),
Cg(I), (sdefect(I,2) > 0),
02’”“( ), (m > 3),
(1), (m > 3),
(D), (m > 3),

le“( ).B
B (1 (O2m—1)>=
G[X]. [

G\ F, (F c E(G)),[
H monomial, [I0]
He7
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H,,34

Hy', (m > 3),
Hi', (m > 3),
1(G),

1),

Ky(I),

Kn’
Us.a(1(Cam-1)),
W (w),

€ € 1(Com—1),
€i,j> 99|

G(1),

o(I), (sdefect(I,2) = 0),
o(I), (sdefect(1,2) > 0),

002m+1([)> (m = 3)’
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o1 (G), (m = 3), 5
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