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CHAFTER 13 INTRODUCTION

1.1 Definitions

Two  secuences of 17¢ and ~1‘s  are said Lo bhe
comslementary  4F  the nmumber of like wairs favirs &
seragrabtion of kK elemenlts in the two seauences ecuals Lhe
mumier of wunlike rairs s0 serarateds  Tor k= 1y2y PRPIP "
Comelementary secuances have combingtoriasl srorerties of
considerable interesty #artiallw cue to  their arrlications
to shiweical  sroblems  in more  than ome  field. s &

congseauencey the theory of these seceuences has rassed

throush two distinet generations v as different researvchers
fave bhent Lheir studies toward different ends. I +the

rrocessy comslementary  seauences have heen semnerslized in

seversl wsws, In this works these develorments sre revioweds

and  dgeneralized in the Torm of self-comrlementary sequences

of ortnogonsl vectorsg (SCobB0V 5),

Comrlementary seauences im their original form  can
e defined more exelicitlsy with the aid of correlstion

functions. Given a sair of fimite sequercess & = #; )]

and B o= { hi Yo Ffoar di=ldi)ls the correlation function of A

with B for g seracing bk is defined Lo be

N ) = " - 3 S
FA6 (2 a8, iku 4 @y t“K + oese T a
This ewrression can bhe more conciselw written as
@
R k) = 9 @, b ,
RS ) 4 i
. 1100 i
it the esssertiorn is made that Bi

]

hi = § for i<l ard for




»y

.

irxl.e  Note thst
el . P "] { e ‘. 3
Rhs (1) &6A {2
yeing  bthis Tovrm of the summation. The autacorrelatimﬁ af A

with itseld for & seacing bk isy Dy snalodguy

-}
g 2 PR ez £ Z o o
h&a (e} &RA {~d) P @ Bk

With the asid of these Ffunctionsy & wair of secuencess

A= (3 Yoanod Bo= bi Yowill be said to be comsrlementarw

H
if

R (kY + R (k) = Oy

AR é8

for k not eaual to 0. That isy
o0

' (& @ + b, by Y = 0
i‘i‘w % T M Mk ’

far k not eaqusl Lo O« 4T the domains of the sequences are

again suitanly extendedd. Henceforth:  asrnw  subscrisbed

i

variatble bhearing & gsubserist  outside its domain af

i

gefinitiorn: whebther & vector or & scalary will he sssumed Lo

have bthe arrrorriste zero value.
1.2 History and Arelications

The known erorerties of comelementary sequances
WE e &1l siven bw Marcel Golaw in his  lsrdmark rarer
of 1941 Eﬁjo This rarer was v i FTacbts his third rarer  on
the subdects  the Tirst two [3y 41 being in the Tield of
orltics. Oolsaw used comelemenltsry seQuences _ih, the late

1940  in the design of multi-slit srectrometers. Whereas &

slit srecltromelter has a2 long narrow ererturesr throush

single:

which & light source shines s the multi-slit device has &




series of such slitsy rarallel and carefully seaced. Light
shiming bhroush  such arerltures is diffractedy by sm smount
determined bw ils Ffrecuence and by the widbth of the slitae
Lo sroduce & Deam-serlitting effects similer in some resrects
Lo the refractive disrersion of lighlt im a erisme. However
the dmage of easch slit on a écr@@n or recording device is
coms=licated bw the srresrance of  light and dark bandss
:au%@d e rednforcement  and cancellation of light waves.
For verw narrow slitsy these fringes will be wide snd  dim.
Far wider slitsy the bsmds will h@‘narrowy bt brighters. In
the manu-slit seectrometers several slits are wused to

enhance  efficiencyy Dt marrow slits can be wsed Lo revrmit

greater disrevrsion.

Comelementary series wér@ first used in the desidgn
aof the slit arrangement of such a8 srectrometers as showm in
Tigure 1y which was Laken from Golaw’'s 19461 sarer. The
slits were ecually sracedys wibth some oren or uncoveredy and
some closeds or sealeds in a rattern srecified by  two
comrlementary  sequencesys A and By The detector was Pléced
tehind & similariv-slitted SOTReeny . S0 that the
autocorrelation Ffurnction was sutometiczally caleoulated by
summing Lthe radiation incident on the screen arertures. This
design rermitlted efficient use of the light from the sources
and Lthe selectiorn of Jdust one frecuency ‘ranse for

examnination through effective cancellation of all obthers.
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The interests of Golasw in the combinatorisl ssrects
of comrlementsry series seraventls  exlended pewond their
usadge in srectroscorwy  for  his 19461 raper refors onlw
hriefly to osrtics. Primarvilwy he discusses combinatorisl
groFerties of comelementare series » as well as methods of
surthesis of longer seauences From  certsin short basis
gmrigm of  lemgths 2 and 10« Having diven @ NMECessary
condition ( which will bhe stated later as Theorem 2.7 ) for
the existernce of comerlemerntarw seriess he slso used a8

counter-evanele of length 18 to show thalt the condition was

not  sufficient. T & later mote [&1r Golswy was also the

firet to sublish an examrle of comelementary series of
lensgth 26, Tt is imteresting to mote that  aslthoush
externsive comeuber searches have been  made Dy mué@lf aried
others [81y +{the last new comslementary rair discovered was

found by Golay in 8 "be hand® sesrch.

. Irm other fields hesides opticsy rhuwsical rshenomena
can  often be resresented bw correlation functionss and the
utbility of comrlementarwy series  rests  on this facte.
Correlations arerear in communications theorw as an intrinsic
ssrect of the seraration of sisnels from noise [247., It is
rot  surerising  then to fimd that the theofs of radary born
in the 19407s: should have Fovr aww}ipationg for
comelementary  seauences in the 19%507s and 196075, The use
of srecial codings for transmitted radsr  sidgnesls Was

exrlored to  some extent in the frecuentls referenced sarer



ny Siehert L1471, Thens at the same tLime that Golaw was
publishing his  earer  » Georse Welti (2371 sroduced & rarer
ahowing how certain codings could be sucecessfully  used  in
syleed  vader  Tor range  detection. Fichard Turen  later
cotanlished the isomorshism beltween the seauences of Golaw

ard the codes of Welti 201

Commurications thearwy Lo which redsr studies
pelomsy COVETS Mar smaller discisliness but  strirred to
the essentialsy the sroblem of axtfamtinﬁ sizgnals from noise
Mas bhe seme cheracteristicss whebher the medium be radar or
asurface scoustic waves on crystalsy or gomething even more

wotic.

The bhasic obdectives are commonls twofold. Firsty
a sigmal which has  been transmitted must e recognizedy
ususlly after rower dissirstion during transmissions ardd L
the sresence of noise. Secondlyy the time of arrival of the
signal must be determined. Meeting the first obJective is
hamrered bw a limitstion on the maximum Fower outerut of the
transmitlter. (Otherwises the signal strensgth caould be
sterrad  uF urtil it blotted out all dnterference. Y The
secang aim is limited hw, the Freauencs pendwidth of  the
transmitted sisnal., (This is the srincirle that makes laser
ranging much more sccurate than radar rensgingdy necause lisht
waves nave 8 nhigher frecuesncw than radar waves. Comflict

arises in attemsts to sstisfw  bolh criteriar  because the



sidgrnzl  which wacks  the most enersy will have a corntinuous

eower oubsals while & seike  oubeoat will  be sasiest Lo

aecurstely  messure in the time domsin. A comsromise can fre
sehieverd be using & receiver which  contirmaously correlates
the incoming sizhzl with the form of the transmitted sisnal .
Tr bhe discrete-coding cese uWith which we sre concermed: the
sidgnal  consists of & long  sulse Cwmt&iﬁinﬁ manw shorter
eylessy serarated be rossible shase reversals. In effects

Lhe result  de 8 timeevarwing g

sauence of 17s and ~17s. 1T
the receiver is matohed to the trensmittery the general Torm
of the received cortelaﬁimn Fumction will arrear a8s in
fiﬁurw 2y which shows & sseudo-rendom  codes The kew
feastures are  the central seak  and  the swmaller side-
posksl(side-lobesy. 1T clever coding oan keew the ratio of
side-lohe heisght to central seal hmiﬁht.aﬁ low as rossibles
then the enerswe tranemitted will he concentrated dnto  the
main  resh. Of  coaurser to bransmit informations the whole
pattern must he rerested for ezeh bit of the messade. Even
Lthis f@aturé turne out mot to be 8 dissdvantasge in the world

af surface zcoustic wave (S.0.UW.) devices.

CMans codes have been constructed FTor the ruresose of
making  the side-lobe to centre resk rsatioc as  low 88
cossibhle, These include the Rarker codes [Dlde illustrated

i Figure 3y which festure side-lobes of constant minimal

ve Lhe Welti codes D231y which

amelitudery and of corstant i

se we have saids are isomorshic to comslementaru sETlesy ?ut
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FIG. 2 - A PSEUDO-RANDOM CODE: a) A CODE OF LENGTH 16;
b) THE CODE AS A FUNCTION OF TIME; c¢) THE AUTO-COR-
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which are not bhinarwd the Framk codes [21y  which are also
ot hinesrwy  ebo. fing such codes must necessarily have none
zoro side-lobesy csused bw the arvival of the first sube
sulesers  which dis correlsted din the receiver wilh the last
gsub-rulse of Lthe transmitlted rsttern.

Usimg comelementary seriesy howevers 8n ideal
situation can he (theoretically) achieved where no side-
lonmess bul onlw the cemtral reaky exist, In exchange the use
of comelementary series sxbracts the renslty of using two
chanmnels. Fach sismael received must he inderendent ly
correlated with the corresronding trensmitter sidgnaly and
the two chennel ouwbeuts carn be summed to  reroduce  the net
outrut. This erocedure is  illustrated in fisure 4. The
central resk will corressond to zero-shift correlations

and as such ¢ il will have & meagrnitude o 2L.

I eracticers onlw if the channels are mabtoned
extremely well will the theorvetical rredictions be reached.
I ramge-Tinding  reder &PPliQ&tiOﬁﬁv for instancer signals
could be transmitled éﬁ two  different  freauencies (
reeulring @HFenslve duslication of equisrment )5, The
transmitlers » receiverss and amelitTiers would them have Lo
he similar  in resronses  and stable aver Lors rariods of
time. Evern thens serurious results might be obtsined if  the
Largetl resrorded ‘differ@ntlw at the two freguencies.

Alterrmativelwy the two signals could alternste on the ssme
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gauirmenty  if one of the sigrnals could be delazed to rermit
the necesssry sumning when bthe second signsl srrived. That
technicue  would srove unsatisfactory should the echo chandge
arerecisbly i the  time required Ffor one rulse. The
difficulties involved i coreating  two chsnnels i radar
usade might verw well owtweish the advsntages of  wusing
comelenernteary  seriesry  excerl in verw nigh sigrel densits

situations.

Surface-scoustic wave (8.8.W.) devices [91 hasve
rroverd mLeh more amanashle to the arrlication  of
comerlementary series. These devices ubilize the slezo-
electric rrorerties of cartain crustals Lo convert
electronic sidgnals to  and from Rawleish wavess which
eyroragate  soross  bthe orwstsl at a %w@eﬁ mueh less tﬁan the
sraed of 1iﬁhtf This slow velocity makes S.8.W. delaw lines
very  oomeact. Furthermorer VB;iOUQ gidgrnal-modifeing and
filtering functions can be rerformed ﬁimwlu throust the
design of the transducers on the corustals. It is however in
dolay lines that Golsy seouesnces have been widelw used [1Gy

16 18s 211,

The first Ffavourable circumstsnce involves the ease
with which two identical chasnnels can be crested in & S.4.UW,
tevice. The 'tranamitt@rg consist of two transducers lwing
side-hu-side on the surface of the crustal. The transducers

asrear as  in Figure %. Esch one consists of s secuence of
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(3)

metallic digit ssirs derosited on the crustal material. in
epch  cases one of the digits is groundeds and the olther is
given Lhe inrul signal. A pilezo-electric crystel will alwsus
chandge mhaé@ irm  the sresence of  an electric fieldy and
create an electric Field when subdected to shusical stress,
Therefores when & signal is asrelied to one mf'th@ irnter-
digital ssirse it will creste & surfsce wsve which will
rroragate at risht  angles to  the digits. The rairs
themselves are serarated hbhw  gars  sufficientls larde Lo
sravent dnterference. An identicsl set of inter-digital
transducers seots as & receiver some distance along  in the
eath  of the acoustic waves. The correlstion functions are
automsticelly snd continuwously  formeds  and sLminect D
commecting the outrut leads of the two sets of recelving
elew?rmde$¢ The revolution i micro-circuit techrnolosw
simce the mid 1960°s  has ensured that to all intents and

surroses bhe two sebts of transducers casn be made identical.

Or courses BE inm radar arrlicationsy the
durlication of anubthing  involves additionsl exrense. In
this ceses the area on the cruestel wsed for acoustic
Fathwaus coests  the most. The nature of this cost hes been
considerably reduced since C. Cs Tsensg rublished 2 ‘QQW@V

L1871 showing that two scoustic sathwaus could simultaneously

.

rarry bwo inderendent signals in a non-interfering  manneanry
srovided that these sidnals were orthosional. Thisz

develorment started the search  for orthogonal sets of
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comelementary seriesy known as orthosonsl mates. Figure &
shows how two scoustic ssathwavs could be efficientlw shared
hw bwo inderendents but mon-interesctings sidgnal lines.

Mathemsticallwy this ﬁmnwiﬁh@rf@rimﬁ auality can bhe
axeressed im the following waw. Two rairs of comelementary
spries (AyBY and (C:IND are orthogonsl 4f

b 7 A @ * o

hac (k) 4 RGD (k) Qv

for k = s.¢ =2y 1y Or 19y 29 eee o

T his doctoral dissertationsy Bermerd Schweitzer
has shown how n seauences can form & comrlementary  systems
which he calls & codesy and  how n such codes can form a
mutuslle orthogonal sets which he calls a comelementary code
getol He sroceeds to show how such comelementsrs code sets
(CCS)Y can be sunthesized Trom certain erimitive code setss
wsing  variouws transformaetions devised bw him. For bhinarw
seauencess Lhe srimitive elements in his chains of sunbthesis
are Hadamard matrices [221y the errorerties of which are well

oW

“Uﬁiﬁﬁ ather orthosornsl matricesy Schwellier was
able to construct resl-valued CCS. These were Tound tﬁ have
certain srorerties nolt shered bw the binaru C§S¢ In facty
the nature of this generalization is so broad thsat the real
codes share verw Little im common with the binarw  codes.

8080V were desisned to fill this larde gary by allowindg
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real values to occoury while retaining much of the discrete
reture of the originsgl comrlementarws series. I dgenevrale
these form & much more restricted olass  than Schuweiltzer’s

real CCS.
1.3 Outline

Iin Chaster 2 are given the kPown srorerties of
comFlementary sevies as thew were known Lo Golaw. These

rrorerties inelude restrictions Or tLhe lengths aof

e 2y well as bransformations which leave

comslementary serie
the comslementary erorerty  dnvarianty and restrictions on
the number and arvansements of 178 in cmmwl@mentérw BETLES .
In gen@raly. these srorerties  do not ﬁr@&tlg restrict the
rumher of seeuences which must be exsmined in an axhaugtiva

search Tor comeslementarwy series (c.f. LI0D).

Since different techrnices must be used to render
tractable the sroblem of searching for comelementary
seauencesy Chaster 3 is devoted to the sesrch for such
methods. It will be shown that from & rartiel descristion
of & rossible solutiory comrlementary seriesy if thew ewist
can be found throush s well-defined seauence of mpﬁﬁatiana

involving metrix  reduction in the binsrwy field (BF). This

—

Field contains the rumbers (0¢1)y along with the agrerations
of soddition and multirlicetion modulo 2. The arplication af

this srocedure is givern as a set of comrubter srodrams ir
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frpreancii L. These rrodgrams have shown that no comelemnentary

series exist of lensgths 34y 3b6y or 50,

Tm Chaster 4, various sroserties will be derived
for solf-comelementary  seauences of  orthogonsl vecltors
(S0asOV e Some of these sequeances are isomarenic  to
comelementary  seriess  but  due  to thedr generalityrs even
seauences of functions can be accomodated within tLhe
definition. In effect thew abstract the (comwlem@nt3ra
srorerty From the seauences in which it aseesrs. Thew have
the further adventssge that SCo80V’s are subdect to the
sesreh  btechniques Qf Charter 3. Several methods of
sunthesis of SCoS0V s will he giverns ss well as @ taeble of

some krnown SCoS80V7 6.

Charter % will contzin & brief summarz of the work
of FRernard Schweitzer. His doctoral dissertstion [131
concerned itself with orthosonzl codes and  complementars
coce sala. In this charter the connection bheltween
comelementary  secuences snd  Hadamard matrices will talc
develored. Certain  Ltheorems éf Sehweitzer will azlso be

giverny without rroofs.

The remaining charbters Charter &y will be 5 review

.

and summary of bthe rrevious charlers. Tt will 2lso contain
a brief mention of resezrceh work which remaing to be done in

Cthis field.
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CHAPTER 2§ COMPLEMENTARY SEQUENCES

2.1 Sunossis

2y

The study of comrlementary series was originsllu
restricted Lo srorerties of two sequencesy A and By of ones
(1760 armd minus omes ( -7g ) with the comslementary prorerty
(2.1 Rﬁﬁ, (k) + Rse ey = EL&m ¥

where L is the lensth of the seauencesy and Qo is  the
Kromecker deltsr which has the velue 1 if its indices sre
glikes and O otherwise. Most of the Tollowing sroserlties of
suUch  sequences  were  krown Lo Golaw when he wrote his 1961

rarer [51. The Tirst few are auite triviasl snd will bDe

givern with minimal ewelanation

Theorem 2.4y howevery is verw imrortente: allihoush
it will not be sroved until Charter 3. It will be used Lo
introduce  the concest of & cuaed of elements in a8 sair of
comelementary seriesry a concert which will be indisrensible
in Chsrter 3.

Theorem 2.7 is the sole existing coriterion by which
ane may reJdect 8 seauence of length L oas unable to suspart &

rair of comelementary series.

The remainder of the material in the charter sives

Csome inTormatiorn shout the distribution of 17s and ~’'s  in
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the secusnces  themselves. This discussion comes in two
sartss the firet dealing wilth the rmumber qf 7% which arrear
in certain subseauences  of bthe two srimasre seuencess and
Lhe second whioh deals with the freauence of  ocourrence  of

certain short ratlerns of 179 and ~7s.
2ed Basioc Frorerties

The first Tfew btheovems here do mnot reoudre much

el anation.

Theorem 2.13 Two conslementary series A and B have the same

lerngth.

Froof! Susrose without loss of demerslite that the lengths
of the secuences were L oand M resrectivelws with L < M.
Thern

R (M-1) = 0Oy

tagt Ras (M1 = 41,

Therefores

Rpp  (M=1) 4 Ry (M=1) # 0y

which cortradicts our oviginasl sssumsetion.

Theorem 2,28 Interchanging & and B does mot affect +the

—~

comelementary prrorerlba.



Froofi Rﬂﬁ () 4+ Rpg Cle ) o= Rgﬁ (kY Rﬁﬂ (fey = QL.&% ‘

-

Theoren 2:.371 Reversing A andsor B does  not affect the

comelenentary srorerty.

Froefi Omne need omlys notice that 47 A7 is A& reverseds
R 7 (k) = [ [ 2D I
R'A' AR
Theorem 2.47 Nedgabting »  srcd/Zor ¥ does not  affect the

comslementary sroverty.

Froof! Hedgating all elements does nolt  ohandge anw of  Lhe
rrocucts i the correlations. Thereforey (2.1) is still

satisTied after Lhe negation.

Theorem 2.55 Medgsting everw second elemernt of A4 and B does
ot affect the comslementary srorerhy.
1
Froofi Here there asre two cases. For even ky negeling every
second element in A leaves Rﬁa (k) unchangedy since the new
asigns  will dnvarisbhly csrnecely and the same situstion holds
for R (k) as well. For odag ke R () bhecomes nedgatocds
88 - AR
since  one  Taotor of  esch  term has haed its sign chansed,
Adain  the seame  resullt rertasinsg 838 well to R&S () e
ThereTorey (2.1 is nedgateds bult remsins Q.
Notice thal due Lo the previous theoremss it does

‘ot matter which set of elements is nme

sated and which is

»
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left unchanded in either SeQUeNCE.

Tagethery Theorems 2.2 - 2.3 imely thal one sairv of
comslementsry series  can be used bo denerveate many olherss
whion maw or maw ot 211 be disbtinet. Twn secuence rairss
(AsBY  and (Celldy will be termed isomorshic i¥ (A¢BY can be
obtained from  (CsD) by a2rw seauence  of  the orerations

mentiaoned in Theorems 2.2 -~ 2.5,

The mnext theorem dreastly  reduces  the number of

seauence ralrs which are rotentislly comelementary.

Theorem 2.68 It A = ( &, Yooangd Boo= bi Yy are
comFrlenentary seviesy then

(2e2) &

ST S o SO o .
t Lee- i Ltt-%

for i=10{1L.

Froof: This theorem can  be eroved bwe induction on ko im
(2.1, Howevers the rroof will be givern in Charter 3y where

g different method will be used.

Corollarwel The lensth L of any rair of comslementary series
18 BVErt.

Froof? In the theorem take 4 = (L+1)/72y when L is odo. By
the  Lheoremy  the rsroduct of two resl sousres would ecusl

=Ly an obvious contradiction. Thereforer L must Dhe e@ven.
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This covrollaevry carn bhe used Lo srrove the Tollowing

very imrovtant resald.

Theoren 2.70 11 o i Yy oa=Ll4idle andd ( hi Yy d=1CliXle are

3.
7

comrlenentary series of lengtbh Ly then
(2.3 o= 3w (0w v Yy

for soms intedgers o angd Ve

Feoofd Consider the identity
D40 = Ly o+ R (kY = 2L
(2.4 (!M (1) e N
Imsicte the summsbtionrs everw rair of elements Trom & ooour

1,

exactly  once todether as &  lterme _and similarle Tor the
elements of B, The mnelt rositive resullt comes TFrom  Lhe
sauared  termsy  2ll  the rest cencelling out. Due Lo this
cancaellation: one can double 211 the non-seueare  Lermsy s

Wwrite
L a [5 )
(2.8 { Z: @, ) + { Z: i, )] = 2.
N 3 1= i
1o
However: since L must be even by the corollare of the
L LY

eravious theorems both z @y ar Z. bi must  he evens
Y P

since each tevrm is either 1 or -1 et
L 3
o= 0.5 w (L &, Yopnd o vo= 0.5 w (L o, Y to set
' in t iy
Ea l Ca a 2
(22 4 (32 I

ant hence

This resull reroves the theoremry asnd slso sssidgns 2

mesning Lo uwo snd ve nmemelw  one-halt the  sum of their

'
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resrective series. Once L dis koowny the absolutle values of
these esums csn be comsutedd From these numbherss the number
of 176 in & rair of comslementary series will he lkrown Lo

nelong  to 8 set of verw Limited size. Theorem 2.8 Tollows

at once.

Theorem 2818 if A = =N y anct BOo= (0 g )y  are

!‘\

comelementary sequences of

«

tendgth Ly then without loss of

dgenerality it can bhe sssumed Lhat A& has omo o= U + 0 (L2 17s
and R haee noo= v o+ (L/72) 178y where u armd v are rositive
intedgers which ssatisfy eoustion (2.3, Tt can  further bDe

seasuymed  that n is not grester than m.

Froof? First note thet if the sum of the series Formed From
@ith@r seauence is nedativer it can be madé rositive throusth
medgation of thelt rarticular seeuence (Theorem 2.4). Then ifT
m oand moare the mnunber of 178 in the first énd seeord
seaquences resrectivelwy the Tollowing eaqustions holdl

o~ (lo=m) = 2uy

anid ST 4 P o B R SV

The uniaue solutions to these ecuations are
mo=oag o L2y
aricl RNV I M N

Fimallyy the order of the two seuenc#s masy g

interchanged if necessary Lo gusrantee  that n does  not

emose me



Further inTormation

e

distribution of the 17« Trom Theo

mumber of L7 inm bthe subsen

the

can nbe determined. Foar convernien

is drmtrodused.

(2.8 Aldvd) = (@y v &, ¥
3 *‘3
ard Blied) = (h, ¢ by

Sirce  the number of 178

interepaty the Following notstion

ml{ivd) = the number of 1
ared m{ivd) = bthe mumber of 1

A theorem analodgous Lo

rrovede.

Theorem 2.93 It A and B are

Temsth Ly ther one of Lhe tho fol

will holdy where withouwt loss

assumeaed that m{ls2) m{R2e2) @l

m{ls2) = L/74

(2.7 m{2e2) = (L4 + u ar
r{led) = /74
rni2s2) = (L/4) + v

Here u and v are non-negative ind

&2
itay

v Dy

19

o e Oﬁtainwd atoult  Lhe

2o, I warticulare

e

varces With suhserirts

@avern

cee bhe Tollowirmg notsbion

. ¥

¢

s of

im such subsequences 1

Wwill slso he introduceds:

Teodr ACLeud s
foodm Blied).

Theorem &.8 can now  bhe

comelementary seauences of

lowing swetems of ecusations

of gemnersalitey 1t can bhe

il 20

nldrdd.

m{ls2y = (LA4) + (u-v)/ 2
m(2s2) = (L/74) + §u+v)fﬁ
{le2y = (L74) 4 (u-v)/2
n{2y2) = (L/4) + Gutbv) /2

sHers which satisfy (2.3

L3
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Froofi Bwe Theorem 2.3  idsomovrshic forms of A and B have
mlLe2y = ml2e2) and nlleR) € n{2:2Y »  so  those conditions
maw he considered met.  RBut then bw Theovem 2.3 the terms of
AC1e2Y and of B(L:2) can e nesated Lo  obtain  seeuences O
and 0 which  are comslementarw and isomorshic to A and R
The mumber of 1/s asrearing in © and 0 will still be wbdL/72
i b LAYy B irn Theorem 2.8y bult now in no sarticular
order. This statement must bhe truer becsuse the number of
176 im Cr for instance « i given bw the exerression
FECY = omdRe2y 4+ LA2Y - mlle D
= (L2 F md2e3)-m (L3
L7232
similarluy
Py o= L2 4+ (ndR2e23-nlle2))
L/2.
Theraeforer either
mlR2e23-m{le2) = u or ml2e2)-mlLlsdY = v
{22y {ls2) = v ar R 2y -r{leR) = ou

Recall that

N

m{lyl) = m{lydd m{2e2)y = wu + (L/72)

-+

mlled) = rlle2) P{R2eR) = v 4+ (L2,

There are btherefore two sarallel sets of four ecuations  in

Four  unkrownse:  which have the ftwo sarsllel solutions given

i the statewment of the theorem.
Dhviouslgs the firet solution cen hold onls 4T L is

congruent  to O modulo 4. In most CRses whare one e seeking



unbrown comnslenentary seriesy bthe lensth is congruent to 2

mocduloe 4 (excertiont L=346).

Ao an exanrle of the wse of the last two theoremss
fet L=34,  the secuences A and B ocan thern without loss  of

gernerality  be manirdlated so that ml{lel) = 21 and nilsl) =

3]

18. Furthermorers it can be ssserted that m{le2 10 and
mERe0y = 1l armgd ndle0) = 7 and nd2:2) = 11, Urnfortunatelus
althoush 17 is the sum of twe seuaresy  and  although  all
Lhese numbers cam be comeuted: no comslementars seauences of
Lengtn 34 exist. Accordinglyy Lhese theorems must  be

coansidered a8 imtereastins obhservaltionsy rather than

wnmadiately useful results.

Can the ressoning behind Theorems 2.8 and 2.9 be
carried Ffurther? To a cerbtain extent: the snswer 1s wes.
For instancey consider the six' seauences  A(L:3Yr  A(Zs3) s
Al3v3ry amd BOLe3)e B(2:3)y B{Ze3)y which maw be rnamed &
A little imsighlt reveasls that

Gy ¥ T, v 'hl 3 ‘hz N

2k . . ;
< (R‘£% (k) + hnt; Clyd o= R, (3k) 4 R&eiﬁk)

A

EX Y ¥
T I YR

A swstem has  bheen crested of six comerlementary sequencess

not recessarily 211 of the same length., Conditions on the

pumber of 1/  in these seauence oan be drawn in the same

manner as with the originsl A and R. That ise
> 7
Z; (R, () iR ey )y = 2L+
Lzt wee® 3L S5 4t

which can also bhe writlten:y



PSS

at Al

] [ 3
&
AT R S 1 tie ) ) = 2L

in Ke - ix Koo
which reveals 2L to be the sum of & inteser SEUSTES. This
}
condition is  clearly weaker tham Theorem 2.7. Im facty &

Lheorem of Fermat D121 staites Lhalt amg rositive intedger o©an

e exerressed as the sum of only four integer sauares.

Varwy extensive arsuments based on r@ﬁulté of this
matuf@ nave beern used 101 to srove that no comslementarw
sairs of lensth 18 exist. Urnfortunestelwy this sroof is verw
detailed. Pevhaers an algorithm could be devised Tor computer
imelementation which would check that the results of this
nature which can be obtesined Tor a8ll rossible subsecquences
Alied)  and Blied)y  would bhe reossible for a8 givern L. The
dadgres of comelexity which such an examinstion would entasil
can be seen in the following exemele.

Take adgainy as a guines s=igy the case where L = 34,
The new coriterion reauires that &8 be the sum of six
GRUBTRS « Furthermore v  since bthe subhsecuences are  of
lengths 11 Gim four cases) and 12y four of the six must De

odd,  Moreovers bLakern in growurssys the restrictbtions

3 (-3
Z (2 . y = 2y

) U Ksve? TR
' a3
aricd Zi ( 2. Lo y o= 1R
L=}

Raeod
must hold. The following decomrositions of 68 satisfwe a8ll

e,

Lhiese srorortios.
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28 4+ 24

e ol
o
a
-
-~
8]

T I ST ST N W S R

me TR

25 4

The mulbislicitwe of sossibilities rencers Lthis
areroach  unarretizing ¢ for  such decomrositions must bhe
serforned Tor marnw different subsecuences of  the ériginalﬁ
naefore any useful results could be mmtaiheﬁé It can be shown
thst wsimilar decomrositions  for  BCoS0V's  involve less
comslexity bthan btheser even for the case isomorshic to this

.

Ore s Camseauentlyr & variation of this method maw welt bhe

used  to  discuss bthe existence of comelementarwe series too

lardge to bhe Tournd by searceh.

2.3 Freosuencies of Certain Bit Fstterns:

The last section used the combinatorisl srorertus
for manw seacings ke to genevele some infTormation about the
totel number of 17g asreparing in a2 rairvr of  comnslementarws

GERRLIBIICERS . Some ouite different results csn bhe oblteined hw



studwing Lthe effects of svecific sracings on short sortions
of  Lthese SeQUEences. Ao of this writings 1t has nol been

Found sossible Lo combine the twuo sets of information in any

measrindgtul manmer.

The most obvious results come From ecuastion (2.1
using 8 seacing of ko= 1. If the comslementary secuences A
ard R oare of lemsth Ly thern esch sutocorrelation with ko= 1
Wwill have L - 1 termse: for a2 total of 2L - 2 terms in  the
entire eaualtion. Hal? of these muslt be rositive and half
negative. Therefore there sre exactly L-1 sairs of addascent
elements im  the two seauences which differ (as well as L-l
eaires which are the ssme). If & block of elements in a8
geeuence of 17 and ~‘s is defined to he & set of contiduous
alenents of the seauencey 211 of the same kindy themn the

following theorem can he deduced immediatelu.

Theorem 2.102 I A and B zre two comelementary seauences of
lengthn Ly then exactly L4+l distimet blocks must exist in the

LWO SRALENCeS .

Froof: Everys block inm either of the secuences must have two
ards . Everws sair of unlike addscent elements in either

seauence marks  the ends  of two bhlocks. Furthermores the

-~

Ffour ends of A and B each mark the end of one block. The
fumber  of  hlocok  endings  is bhus S4+2L-2 = 2042, Bul then

there must have been L+1 bloocks.
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The mecessity of introduacing the Tour ernds of A and
R L the  sroof  of  this  theorem srovided & slisgnt
comslication. I the discussion is  extended to  larger
aracings ks thern Lhis comelication becomes no londger slighty
gt instesd renders mang of the numbers dinvolved indefinite.
Im order to melke the results as concrete ss rossibles
thereforey th@ concert of cwelic comrlementary SeQUeNnCas

will e imtroduced here.

flefinitiont & and B asre said to be cuclic comslemantary

aeauences of lensth Loif

[N
(k) = <?;’; ’

= 2L &,

for kE=0(1)L-ly where bthe srostroshes indicste that all the

2.8 (k340

&

L
L B 2 {-'-,- TR

Cm\ R8

e

gsubserirts are takern modulo L (di.e. The subscorirts are
masred  onto the set (1 23 s, L~1 L ) ) The furnction

which has  bheen demnoted here  as CAA (1) is &8 owelic

asutocorrelstion.

Cuclic comrlementary series can he used to oblain
useTul srorerties abhout comelemertarwy series because of the

followinsg statemerndt.

—

Theorem 2.113% Everw sair of complementary secuences is a3lso

a8 rair of cuclic comrlementary SEQUeNCes.
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Braoft  First verifw the essw identily
2.9 I 4y = L 7 a b,
ER*D th (1) & P

[
(X1
z Z 85 o + = & =

(R 8 izt MIRS

f (hy + R (k) s

for k=001i0L-1. &t once it dis olear fhat

G Uifﬂ%g (e = (R (kj%&%&(Lfﬁj)+(R (ki (k)

Ffor the comelementare series 6 and B

Tt will now e soaaibhle to FrOVe seversl
interesting  TFacots about cwelic comslementardy sequencasy ari
immediately extend them to comslementary series. The nobtion
cuclic block will occur Freauentls dirn this connechtion. A
cuclic hlock is either & locky or tﬁa sel of elements
Pormerd  hw  taking  the block which ends & sequence and the
hloek which begins the same seauencer should thew harren Lo
cortain  the same kind of elements. A cwelic block thern is
Just & blmék im o2 seausnce which has  been  curved dnto &

closed rins.

Firsts & restaztement of Theorem 2.11 in cwclic form
Wwill he siven.

Thearem 2,121 TF A asnd B oare cwcelic comelementary SRQUENCHE

of lensgth Ly then thew contain exsolbls L ocuclic blocks.

N




Froof? Rg Theorem 2:4r Lthe endeoints of bthe two secuences A
arng B oirnclude three elements of one twres  and one of  the
otier. ThereTorery ome  of  the secusnces A and B omust be
discornmected in the middle of & cwolic biomk¢ The obther has

S

two  ancds of two cwelic hlocks at dils ends. Therefores hw
amalogy with the sroot of Theorem 2.11y & cournt of 2L ends

af cuclic bhlocks has heen madey imeluing the existence of L

cuelic bloocks.

Mexty consicer the imelications of ecuetion (2.12

Wwith & graodng b=, It will erove convenient to consider

EVE

>

a1l the sossihle Torms that three consecubive elements of
tLhe cuclic comslementary SERLISNCES can take. For
gimelicitu: these forms will be inderendent of the aiﬁn af
the TFirst of the three elements. Thus: without loss of
gemneralityy all the lendgth 3 grourings can be resresented in
the sumbolic motstion 111y 1l~-y 1-1ls 1-—, It will bhe
cornvernient to rerresent the number of the colass 1-1y  Tor
imstancey by the notastion n(l-1). The four varisples
ndiidyy mdli-Ye m{l-1)y nmd{l--) have & unicue value which oan
be  Tound throush the solution of four linear ecustions. 0OF
Lhe mar such eaustions which can be stetedy the followirndg
faury Wwhich are inderendenty will be used.

rdi11y 4 onddl-d = mdll-1) - ndl--)

13
H
P

(2100 ndiily - mdld-) 4 ndl-1) - nlde-) =

<

pCLLLy - m(ld=) - ndld=1) 4 mddee)

<

it

(1l 4 ndli-)y 4 ndd-1) 4 nlle-)

2L



Thase gauations fave heern derived from  Lhe
following comsiderations? to satisfw ecuation (2.1 for =&
seacing k=l the rumber of @rousinsgs which have the first
two elements the seame must ecusl the rumber  of  #rourinss
which haeve the Tirst two elements urnlikey and similarlw far
e last two elements. Furthermorer to  satisfw  ecustion
(2.1 Tor a ﬁw&cinﬁ =Ry bhe mumber of grourings which have
fivat and last elements alike must eaual the pumber din whioh
those two elements differ. Finallyy sinee gach element
starts exactly one grousing of lensth, 3y there must bhe

ewachtiv 2L of such grourings.

The urmiaue solutiorn to this swstem of eausltions is
escily Found to bhe ndiil)y = ndli-Y = n{l=-1) = n{l--) = L/2:
Erom +the Lthird of these numbers the following theorem is

s .

Theorem 2.133 The number of cuclic blocks of length 1 in &
sair of cuclic comslementary seauences A and B of length L

ig ewactly L72.

Froaf! Each cowelic block of length 1 will ooccour evactly aonce

——

as the middle element of 8 dgrouring of length 3. The number
of such grousingsy n(l-1)r is the number of such bhlockssy

mamely L/72.




Of coursey Lthe same ressoning will  denerate 2
asustemn of eauations in the B variables nm{lilfdys mdidll-dy
Flll=1yy  m(ll-=2e n{i-11dy nCl-1-J> ﬁ(l«wl}y fl{l===3s In

matrix Tormy one such swstem isi

111 1 -l =1 o=l - Cr1111) ] 0
L1 =1 =1 1 1 ~1 -1 NEEEES 0
L o~1 4 =1 1'=1 1 -1 ML) 0
1 1 =1 =1 -1 =1 1 1 neil--) | = o
11 1 -1 -1 1 -1 1 EREER 0

-1 -1 1 1 -1 -1 1 r{dl-1-3 0

o1 1+ 1 11 1 r¢l——13 2L

L) |

This sustem is wunderdetermined. The lack of
eauations ‘ﬁ0@§ rat  rerresent  the need Lo fina morE
conditionsy but 8 genuine lack of restraints in the sustem
itself. This fact is exemslified bw the following non-
igomarshic rairs of comslementary series Tor L=8.

1111-11- R

11-==1~1 1il-1-11

Irn the formers m(litly = 1y and din  the latter

H

n{lilly = Z. Army sttemst to  find  snother inderendent

eauation which limked our eisght wvarisbles would thern be

~.

doomed to Ffeailurey since it would imele a3 unicue solution

for n{lllil)y in this case.
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O0f coursesr this cmumﬁ@rmxamwla cdoss  not denw th@.
rosaibilite  of  extre restraints in other rarticular casesy
nor does it erohibit dgenersl  restraints i th@‘ form ol
ineauslities or non-linear @Guatiﬁmﬁy which could naeve
milticrle solutions. I Teaety it will he shown that certain

gavhicular asolutions e the ¢gemnerval solution can  he

discaualified alt once.
The deneral solutionys adgsim in matrix FTorme igl

i 00 0 0 0 0 1 fnciiiy] foost ]
0 1L 0 0 0 0 0 -] SRS 0
0o 0 1L 0 0 0 0 -1 MCLL=1) o
(2,110 Jo 0o 0o 1 0 0 o 1 el e | 0.EL
0 0 0 0 1 0 0 -1 MCL=11) 0

O 0 ¢ 0 0 1 ¢ 1 r{l-1-3 0. Gl

O 0 0 ¢ 0 0o 1 1 ri¢l-=-13 LO¢5LJ

TG R
o

The Torm ofA these equations does not umnicuelw
sracify the number of cuclic blocks of length 2 or of lendgth
I o0r more. It doesy howevery imely the Tollowing rather
interesting relations.

Theorem 2.141 Inm the cwclic comglementary sequences A and
Be  the number of sairs of asddescent cwelic blocks of lengtn

oners the number of cuclic blocks of length 2y and the number
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S~
{

of sasirs of addacent cwelic blocks of lemzth at lesst 2 are

all the same.

Froofi: Bwe (2:.11) the values of our eisht varishles all fall
into one  of  twoe olassess mamelw either nll---) ar 0.5 -
i3 il cournts bhe number  of ’Pairﬁ of  adizcent
length-1  groursey nl{ll--) counts +the rmumber of rairg of
adJdacent cwelic block of lensgth greater than 1y ang  m{l--1)
counts  the number of couwelic blocks of length 2 ¢ These

values a8l1l fall into the szame classe and hernce are eousl.

Some of the rossible solutions sermitted bw (2,110
can  be eliminat@d at once.s For dinstancey if nlle--) = Qs
thern mdll1ll) = 0.5L., This situstion canmnot occursy for there
are not enoush 1111 grourings to Fill 8 whole secuence. AL
the start of anw cuclic bhlock long enousgh to suprort & 1111
grouringsy 8  l---  dgrousing must occurs  This contradiction
still occurs becsuse our sets of ecustions would holds not
Just o for two cwelic  comslementarws seeuencesrs but for anw
rumber of cwclic comrlementary seauences which contained =
totael of QL alementsy and had 2 mindimum seauernce lensth of
L The nature of this Tormulation of Lie srobrlem
unfortunately renders  imerasctical  the arrlication ﬁf the

condition that only two sequences are used.

Attemsrts Lo analure the freausncies  of ocourrence

of  #rours  of  length 8§ have rroved evern less successFuls
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gince the number of verishles doubles to 16 bul only twelve

gauations are Torbhoomirs.

I the cornditions derived in the
af bthis chaerter could he aerlied Ltosethery
stringdgent reauirements could be determined

of comslemanlary SOQUeNOEE.

last two sections

Lhern Hernars more

for bthe edistence



33
CHAPTER 3! GENERATION UF COMPLEMENTARY SEQUENCES
Xl Irtroduction

Althoush & ressonabhle smount  is  krnown  sbout the
theoretical srorerties of comelementsry seQuUeantesy verw e
setual seauences have been Tound. Deseite the Tscol that  an
infinite number of secuences can be denerabed bw the methoos
oubtlined in Sectiomn 3.4» &ll these comelementary SeQUENCEs
Wwill have lemngths which can be given bw the Tormula

TN S § . . . . ,
o= 2 10V 264 ¢ For srecticel srelicationsgr  no  more L&

needed, There remainss howevers the tantalizing auestion "lo

ather comslementsry seauences exist®®

At mresentr Lhe scorebosrd arresrs as Tollows. The
set of intedgers wur Lo 100 which ﬁatiﬁfﬁ Theorem 2.7 isl
(e 4y 8y 10y 16y 18y 200 28» 32¢ 4y Fdy 40y G0y
59, B8y A4y &8y 7Ry 74r 80 82y 90y 98y 100
Of these roterntial Cgeauence lensthsy  members of the
following set are known to suseort camwi@m&ntars seauences !
(29 4y 8y 10y 165 20y 26y 32y 40y H2s 649 80y 1002,
1 theses 0m1§ 2, 10y and 26 had to be found from Tirst
erincirlesd the rest Tollowed sutomaticallw throush theorems

of Golew and Turwne given here in Secltion 3.4.

.

s



The Followins lﬁhﬁthﬁ faeve  been lsbhoriously
disauslified:

( 18y 34 26y 50 ).
The Ffirslt wes eliminasted bw  hend by Golaswr snd thern D
Kruskasl [101e The rest were bLested edhaustivelw by muselfs

using the comeuber srograms of éArpendix 1.

The remaining lemdgbhs still rest in the olsss of
urdecided cases.  These aresd

( 58y &8s 72y T4y 82y G0» 98 ),

The sheer number of rosgibilities offers the
grestest resistance to  tackling these svester lendgths. A
naive evhaustive search can be ruled out at omced even Tfor
the bkrown case L=34s the number of sotentisl secuences is

14 . 20 . .
2 m 2,95 w 10 . Using Theorem 2.6y We can of  course

. . -~ 5t - - .t 1 "
imesrove  this  rmumber to = = 2.2 »10 . It & Tast
comeuter could test 10005000 seauences ey seconds tLhe

gearch would he firmdshed in aboul 71 wesrs of solid cesu

4

time. By using the Theorems 2.2 ~ 2.9 to develor a srecific

7

form Tor the end bhits of the seauences & Turbher saving of &
factor of & can bhe made. Using a2ll thesey and Theorem 2.7
Sterhen Jesuresgul  reauired 7% hours  of  comeuter time to

exhaustively searceh 211l secuence raires of length 26 [81.

Ar enormous imrrovement in carabiliby csn bhe  made

by  wusing the more sorhisticated technicues of Section 3.3y



. , N y 7Y
which reduce the number of seausnces to he tested Lo ylite

2 = AESEGE .  OF courses Lhe testing itself tskes longer
Ffor  these seauencesy Decause thew are ol rartisl
descrirtions of the sotentizl comelemnentasre seauences thew
rerresent: bubt still  the sroblem  has  heen éhrunk ta 8
manadeabhle  size. The eauivalendt to Jsuresul’s sesrceh now

takes aboult & mirnute of cosu Lime on & FIOP 11748 comruter.

I order to  abttesck the Ffirst reresentlw  unknown
caser L o= 58y still more rowerful methods will srobably have
to be used. For this Ly the rumber 0% rasasibilities Jumes

A2 " ¢ } .
to 2 = 2 6810 evern for mw  algorithm. At the
sresent rate of 30 sequences disaueslitied rer seconds  about
one-third of & wear of CPU time would be reauired for an
exhsustive search. This figure is contingent of course uron
the haerdwares the orerating suslems and the imelementation
of the alz@orithms so that imsrovements inm  one  or  more of

these sress might make an exhasustive search sracticable.

A2 Hethods_mf Feduction of Sustems of Multimomisl Faustions

i Bimary Vaerisibles

s & erararation Tor Section 3.3y cerlain

~.

ereliminary redults must bhe dintroduced  snd  established.
These deal with Finding solutions to sustems of multinomizsl

eauastions in verishles which can take on onlw the values 1
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ang —~1. These mebthods will  thern he arelied Lo equeation

(2.1 with b taking on values 0 1y 29 e L1

The term “binsry varishle' will be wsed Lo describe

a wvariable which oan sume only the values 1 oandg ~1. fAn

unsrecitied rair of comelemnerntary seauences of lensth L is

comrosed of bhinsrws variasbles.

A multinomial ecuastion in binerws varisbles has the

form (1) Z: o, @, = Qy
Jey 3 ad

where 3 is  an dirtegrasl coeflficienty and By is & bhinardg
variahle ( or the sroduct of binare verisbles )y Tor J =
1<Cim. The constant coefficients can be rosiltive or
negative. Any bimary veriasbhle which serears will  have an
exranent of 1y since 811 even rowers vanish ss 17sy and all
odd rowers are eauivelent to the first power. For @Namwléy
the Ffollowing three ecuations Form 2 mﬁltinmmi&l $uﬁtemg i
which a1l the subsorirted variables srresring sre hinsrd.

@, @
(3.2 8 8 + a8, &, + b, b by by = 0

aoa o te e ey e by oty by, g b =0
It would seem that this swstem hasg three eaustions

in twelve unknowns. In facty there are Tifteen ecuations in

twelve unbknowrisy for the Ffollowing twelve equationsg have
peern imrlicitly assumed. -

8. 8‘, = 1y 6‘.& 8& = 1 e e &y
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(3.3 N =Ly b; b& R B < bL o]

Everw swestemn of mulbinomizl eeustions  oan ¥c)
considered over-determined with  the irtroduction of one
imelicit sauastion for everw variahbhle wused,. For that reasson

colutions maw exist ornly rerelu.

The Tfollowinsg theorvem can be used to eliminate us

Lo one verishle Tor esoh eauabtion in the swstém.

Theorem 3.1 Fverw multinomisl ecqustion

M3 e

(3.4 o &, o= 0
9

“y

KL

has an sssociated equstion

o

” ¢ 1" Z &y
3.5 K bl o= 1w

is
which must hold whenever the originel eauation does.

‘

o0

Froof & term i (3.4)  with  the coefficient U can be

considered Lo bhe the sum of Tive 17% or five 178 . With

this reasoninsy (3.4 can  he considered Lo be s sum with
2: C; 178 and ~17g» which will be ocalled the bhinsrw
1)

terms  of  bthe sume. Haltf of these hinsry terms must be

rositiver and half nedative Lo maske the sum Q. Thereforer

the eroduct of 8ll of these binsrw termsy which is the

—

left-hand side of (3.5)y must he dgiver bw the right-hand

gide of (3.8,




The following corollargy a vestatement of Theovrem

2.6y can now he sroved.

Corallarwd {(Theorvem 2.4 I & = ( & Y anch Bo= bi Yy are
comrlenentary seauences oF lensth L bthen
fa, I wmoo ]y

B, & .o ) :
0 Bl i [RITT)

Tor i=L101M.

Froofi  (hw  dnduaction) 'whéh i o= 1y the statewent of the
resullt maw be verified by simely  arpluing Theovem 3.1 Lo
eauatiorn (2.1) with |k = -1
Assume Lhen that the reﬁqlt frolds for 4 = 1s 2 3y
sess o o To erove it Tor i = J + 1ls consider ecuation (217
With ko= Ledeld |
Fta“ (Lﬂm“}mj.)%Wkes N DEEN am5 + e By 8

th, b 3 -{“Hoﬂ'.xw o

Arrluing Theorem 3.1 wields

7" a8y hi 7( é’»‘t hi. = 7‘-‘ 89 h\ Fna bt_“’i

3
=L-13  a, D 8 Doy

TherefTorey

G.. 8

RIS tﬁn buﬁ

Hermcer since the result holds for 4 = 1y and since

-~

the result will hold for i= J+1 4iF it holds for i = 1¢1)ds

Jiuloe o bthe corvollarw pust be brue for 4 o= 10100,



39

Theorem 3.1 can baiuﬁed to reduce  the rmumber of
variahles in & swsltem. Fach associzbted ecustion rrovides s
convenient waw of rerresenting amw verizshle on the leflt hand
side in terms of bthe rest (simelw be sultislwing bolth sides
aof the eausation e the selected wvariable). Urniforturnateluy
the associsted ecustions often reduce to the teautolosw | o=
Lo This circumstance is the cateh whicoh srevenltls Theorem

3.1 From being arelied rerestedly.

Im ecertain srecisl casesy obther deductions cam be
made Lhroush reculiavities in the set of coefficients. The
following two theorems rrovide examerles.,

Theorem J.21% If the wmultinmomial ecustion
n

Z: ooy = ()

e v

~ -
has a coefficient 1cﬁ = 06 . \q‘ Tor some Jy then
g, = - oy / \Ci} >(C3 / \Qa‘ Yay o

far i mnolt eaual Lo Jde.

Froof? fis  in the sroof of Theorem I.1r consider the lefl-
~m

hand side to be & sum of Z; \cd bimsre terms. Due Lo
PA )

the size of our one cosfficient Cj y falf of the bterms

already have the same sign. The rest of the terms must be

of  the osrosite sign.,  The sign of 2 binarw term o is given

.

e the following exerression.

i) = {2/ |u] )
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Therefores
o3,/ o 3J Yo o= - (o, oa, /o, 8. Y
((‘L i lC“ ct . 3 (‘J I J id]
for i mot ecusl Lo Jdy

aridd @y o= - loy / lci\ Yoy 7 [chl AT

Theorem 3.33 I & multimomisl saustion
I~

. & = ()
5:) 9 Q

has two coefficients o  and o  such that
el = eyl w4 \
then

a8, = - (0, /cb p) @

Froof:f The two indicated terms must cancels since logether
thew surrly over half of the binarwy Lerms.

Mernces . P :
i 3 - 3

arid a

i
i

P
{'x'

~
>~

.
vy
T
<

In some eauationse obther srecisl r@%ationahiwa
among the coefficients msw lead to eauslities which can  bhe
used to eliminste one or more variables Trom the remaining
eauations. Eventuslle howevery all such orrortunities must
me  used us. IF the swstem has not been comsletelw reduceds

thern at that roint another areroasch must bhe taken.

p—

Most methods of solving non-linear swstems of  reasl
eauations will not work with multinonizl swstems of hinerw
° ]

variashlesy bhecsuse one is Torced bto sssume either thst the



asvslemn is  over-determimedy or that the wvarisbles sre
discrete; Mowaevers as iF bto soften the blowys the method of
trigl~ and-error  can he  arpliedy st lesst in bheorwy Lo
himsry sustems. Therefores when an imeasse is reasched with
subastitutiony  the situation cen bhe sasved bw trwing all
rossible sets of wvalues Tor the remaining varishles,
Howeverr this srocedure will be time-consumninsgy since if L
1
variables remainy then 2 sassible solution  selts existh.
Az an intermediste ortiony it may somelimes be rossible to
aseidgn values to  onlw  some of thé remaining varishless
therehy oreating snother reducible swstem. In general it is
rnot aiwaua cleasr how this maw bhe dones but Tor the ecustions
which will arise in Section 3.3y this alternstive will FPOve

viabhle.

The stratedgwy being outlined can be dmervoved still
mare. Since  bthe rerrvesentation of a2 mulbtinomizl eaustion
tends to be awkward snd difficult to work withy & wasy  has
heeh Fournd to effectively use Thearem J.1y without sctuallw

storing o rerresentation of the entire eauation swstem.

A matrixk of 07s end 17sy ideal for rerresentastion
orn 2 hinare comeruters i stored imstead. This matrix keers

track of the effects of chenging the values of

~.

the variasbhles
of  the system. Accordinglwy it is  czlled 8 matrix of

change.



The use of & maffﬂx of cﬁanﬁe forces the
introduetion of & mew  concerl. The residusl of &
multimomisl ecuestion will he the value of the left-hard side
axeression of  the eauetion Tor 2 srecific set of values of
thé variasbles. The srocess of solution of & mulbinomisl

duale to  bhe zero

susten consists of forcinsg  these resi

throush suceessive modifications of  the varisbhles. The
matrix  of chensge will rerresent  The ohanges of  Lhese

residuale corresroncding bto changes in the verisbles.

The algorithm sresented here relies wron  modulsr
arithmetic. The residusls will be forced Lo bhecome 2ero
congruent to a srecific modulusy usualle 2 or 4. IT everw
multinomial  of the swstem hes an even number of binars
termsy then the residusls must slresdw be congruent Lo Oy
mod 2. In et cases whenever the value of & varisble is
changed from 1 to ~1y or hack: everw bhinasrwg term in which it
occufﬁ will ochange ilts value bwvﬁo IT the vaeristble ocours
irm oan even number of bimere terms in an eouationy  Lthen  the
residual  of  the eauelion will chandge by some multisle of 4
whern the variashle is Flirred. Obherwisey the residusl will
change by 2y modulo 4. The vector of chenge of & verisble
records whether thal varieble will change the value of  each
residual  of the swestemy mocdulo 4. A L din thg“i’th rosition
of the vector of change of the varisbhle = imelies Lthat
switehing » will chenge Lhe vesidual of eeuation i bw 2y mod

4, A Q dmelies bnsl no such chansge will ocour.




These resulits  are  recaorded  in e following

Lheorem.

Theorem J.47 The J7Ln comeamnent of the vector of chansie of x
ig comgruent modulo 2 to mldExyy Lhe mumber of bhimnarwy  terms

containing o drn the J740 multinomisl expression.

Ay set  of varishles will slso have & vector of

changer s shown bw the Tollowing theorem and its corollaru.

Theorem .5 A saiv of variashles: »  and wr will heve @
vector of charnge Tound by teling the term-bu-term sum modulo

2 of the vectors of chansge of x ardd .

Froof: withmut loss of #gemneraslityy consider onlw  the 174h
comwon@ﬁt of the vector of change of the eair. It should be
I if & chenge of sidgn of both x and v changes Lhe value of
the'i’th residualy modulo 4, By Theorem 3.4y onlwy iF sn odd
mumber of t@rms change sidgn can bthis situalion ocour. Thie
rumber  of terms which change sisn is given Dy Lthe Tollowins
edFrressiont
Mludexew) = m(dsx) b omluiw) ~ dnddisudy

where niixesw) ds the number of terms inm which » or  wy  but

not  bothy occurs ndiix) and nldiw) are the rnumbers of Lerms
i which » and v arresre resrectivelw: armd nldixwg) is  the

pumber of  terms i which bobth o and w arrear. Obviousluy



nldixew) ds odd onlw 4T @itﬁéf ) or nldiw) is oddy  but’
/nmt noth. TherefToraes
Py o= i) b omldiw) {mock 2y

and  since ndJdixy  and nddiv) are congruent resrectivelw to
the J7th elements of the resrective vectors of chenges  bhe
Ltheorem holds.

Corollarw! The vector of chense of & sel of varisbles § hes
ar i7th comsonent dgiven bw the sum  modulo 2 of the i7th

i

camronernts of

.

the vectors of cohandge of all the varishles in
Sy Far i=1(idmy where m is the mumber of egouations in the

austem.

Froof?: “This corollsry can be rroven by induction on the

riumber of elements in 8.

The vecltors of cohange of all +the wvarisbhles in 8
sustem of eauations cen be made the columns of & 0-1 matrixs

the matrix of chernge of  the swsltem. For idmstancer the



0o ¢ o ¢ 1 1 0 O 0
v 0 0 1 1 1 1
r 4 1+ 1 1 1 1 1 1

Seeele
T
o
Pt
it

where the order of  the columms i obbazimned  from  the

followinsg ovdevins of the verishless

The matrix  of chaenge becomes the asusmented malbtrix
of change iF snobther columm ds added to it contasining  one-
half the values modulo 4 of the residusls corresronding Lo a
triagl solution. Assume that in the exsmele & trisl solution
of all d7% is used. then the auﬁm@nt@ﬁ mabrix ist

R ¢

L1
11

e R e

0 . 0
¢ 1 1 1 1 0
1 1

A matriyx of this sort can be reduced Lo congruaent
forms through the usual twure of row orerationsy in Lhis csse
over the bhinary fTield. Only  two row orerations sre
reauired! irmterchanging two rowsy and adding one row

L.,

to  anotherey mod 2. With thesers the matrix Can e

transformed into & row-echelon form .

Theorem 3I.63 Throwsh successive sters of interchanging two

rowsy or of  asdding one row  to asrnobther modulo 2 the

augmented malbrix Ay of & swstem with mn ecuations in v

variablesy can e btrensformed into s row-echelon Torm  which



satisfies the Tollowinsg conditions.

1y If the sivotal element (the First 1 to asepear
from the left) din the 17th vrow ocours dn the J7Lh columry
ther #1101 the rows 1 to i1 must heve some 1y din columng 1 to
dede Tor d=2010n.

2y If the sivolsl element in the ith vow ooccurs in
the GJ7th colunns then no obher 1 will occur in the J74Uh

columry Tor i=L1(1 .

Froof: The two conditions can be made dto  aerle  to  each
colummn  in  bturme  starbing with the First. Irm order Lo sel
‘the firet columm into the arerosriste forme First check for
17  in  thaet column. I mome exist thern the conditions are
satisfied. If some 1 occurs im columm 1y move it  imto the
first rowry A necesssrwe bhroush asn dnterchanse.  Then use
this rivolal element to eliminate all obher 178 in the first
column by adding row 1 Lo any obther row which containsg such

a 1.

Froceeding inductivelwr surrose Lthalt the cornditions
are 5atiﬁfi@d for a1l rows ur to row iy arnd for all columns
e Lo columm Je.  The conditioms can thern bhe  enforced  on
column bl First search rows i+l Lo o of columrn J+1L for
e I none occoury then column J+l alresdw ﬁ%ﬁiﬁfi@ﬁ the
recuirements. If & 1 ocours in some rowr 1t mew be moved b
interchange into row itly without disturbing the conditions

on  the Tirst L rows and J columns.  Then everw obber 1 in
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column JhL o mew e eliminsted bwy addition of row i+l to  the
aEeyarriale rows. This erocedure will mot wviolate Lhe
cornditions in rows 1 to dy mor dn columns 1oto Jdry since by
condition 2 snd the dndductive hueobhesisy row 41 cannot
fave 2 1 Lo the left of coluwsn bl Therefores the
conditions csn be arclied bto columm Jbls revhses ewearoding
at the seme time the number of rows to which thew aesle o

Bince the conditions ocen be made Lo hold Tor the
firet colummy and since thew will be made to hold for column
G df sestisfied alresds For 2811 columms ue Lo Jr then buw
irnductionys the conditions must he enforceable throughout the

matrixy s0 bthalt & row-echelorn Torm maw bhe crested.

The row-echelon form Tor the matrix of change of @
sustemn facilitates solving the swstem. Firnding fa solution
to a8 swsltem of multinomizl ecustions mesns locsbing 2 sel of
values (1 or 1) Tor the bhinsrw varisbles of the sushems
which will simultasneously sstisfwe all the multindmial
eauvations.  Solving the susmerted matvix sustem Tor the same
multinomial equations iz 2 less demarding srocedure.  This
solution need only srecify those verisbles of the ocurrent
triazl solution which must bhe changed to mak@ ih@ mochified
triel solution & successTul limgsr algebraic solution of the
augmnented mabrix  swsbtem in the binsrwe field. The form of

this result is a8 0-1 matrix of lensth v which flags with 17s



all the veriables which must ne changed in sign to reduce

L O in bhe bDinarwe Tield.

211 the resid.

2

The rouw-echelon form of the ssmwle matrix iss

<
O = O
e
<
ot
O Do
o
=
(el
O D
O oD
<
-y

<
Ty
ot
e

Simce there asre hrse noOon-ero rows in the reduced
matrixy it dis  clesr that & mmlutiuny arnd indeed maltisle
solutionss can be fournd to the suslhem of sauations which has
the Tirst 'twelve columms  of this mabrix as 8 coafficient
matrivs and the lasst coluwmn a8 @8 right-hand- side. A
solution +to this swstem iz & vector of twelve 07s and 17s
rervesenting the variahles whicoh meed  to  be chanded to

reduce Lhe residuals of the right-hend-side to 0.

The solutions to this swstem can be resrresented bhw
the following matrix. The first row i a8 solutione anw
solution. The rest of the rows are inderendent solutions of
the corresronding homoseneous ecuation swstem. Thew Torm &
hasie of  bthe kernel of the matrixe. Arw Linesr combination
of the rows of the solution matrikxe: which st ineiudw &
contribution from  the first row of Lhe mapfixy will be @
solution of the sugmented mstrix swstem. Furthermores bw
standard theorems of linesr aldebray used here with the

hinary fieldr 211 solutions of the swalem can be #Henersted
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i this wWwad.
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These results are given more generallw in Theorem 3.7

Theorem 3¢?§ Lot A be bthe sugmerted matrix for & swstem of n
multimomial ecustions in v varisbless corressonding to s
trisl solution X = ( M Yy d=l0ldve Let B bhe the rouw-
echelon form of A If the last column qf B contains 8 1
with omly 0’s  to the left of ity then the swstem of
eauations has mo solubtione Otherwise the Tollowinsg results
holdl

1y Y ={( w. Y s a solution to the swstem where s
= 1 if and onlw if column J comtains the sivotal element of
the i7th rows which has & 1 din its last calﬁmn¢

29 ZK m Eer Y dw @ vector of the kernel of the
gugtem 1T By, 1 where either colummn 1 is the k7th column
to contzin no sivotal elementsy or else cmlum@ 1 contains
the rivotal element in row  Jy and row J has & 1 in tiat

sreviouslue-nentioned k7th sivot-less column. I Tacty the

zet of wveclors. ZK a0 Formed fTorm & bhasis of the kernel of



the swstem.

Frooft It is clear that if the omlw 1 din & row ds  dn the
1eet  colummy Lhern no  solubior can existy For even in the
hiparye Fields 2 sum of 0% does not eaual 1.

Aoosume Lher thedt everw 1 i the lest column aff B is
sraceded bhw some other L. I+ Y ig resllw & solubtion to this
constrained By then the sroduct of the first v columms of He
taken ze 8 metrides angd Ye should wield the last column of B.
Consider the i7th comesonent of this eroduct.  This comsonent
ie the dot sroduct of the vector Tormed Trom the Tirst v
elements of row i with the vector Y. Sussose that the J7bh
element of row i is 1y and that Sy 1. This ds  the onlw
case  that could contribute @ nonezero value to comeonent d.
By 1) of the theoremr columm J must thern contein the mivotlal
element of some row 1. Bub in s row-echelon matrixy b

definitiony column J will comtain exactly the one I in row

ffs]

iy which must then he row 17 irce & row can have onlwy one
wivotal elements the dolt sroduct must then be 1. But bhw 1)-
the laost element of row i dis 1y a&nd hence the valuss sre
eausl .

Comverselws if the last element of row i iw Ly it
muet he sreceded bw 2 1 odn some column Je and hence bw 1y Y
will have 2 1 in comsonent Je and as befores the dot rracduct
will sausl th@‘reﬁidua1¢

Thereforer Y must he & solutione since all abher

cases lesd Lo 07e for both dot sroduct ard residusly s
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since 1 Wwag chosen s & gfeneral row.

Similarluwy it can essilwy be checked theat Ly wields
a =ero vector when mulbtislied by the first v columms of .
fSigain consider the 17th comronent of  the eroduct. Either
wero or bwo 178 will comtribute to this comronent. Zero 17s
Wwill ocour if the i7th row of B is & zevro rows or if row i
has no Lodin column e which dis the k7th column to contain no
sivot @l@m@ntﬁ in anw rode.  Otherwiser two 173 will bhe
summed: one for bthe msteh by 2 bheltween Z‘ and the i7th rouw
i the 17th columny and the other from the match between £y
angd the sivol element of ths i7th row.

Furthermorer the set of Z, ‘s form & basis of  the
kerrnel of the swstem. Thalt thew are inderendenlt rests wson
the féct that eazch hes & 1 in & comronent which is O in all
the others: nemelw  that comronent which corressonds Lo a
column with no rivol element. That thew denerate the entire
kermel osn he seen Trom the fact thet the set of vectors
formed from the non-zero rows of B by zeroing  a11  but  the
Fivol elements ir these rows  Torm & basis  teo  the
comerlementary subsrace to the kermels in the binarw fField of

dimernsion Ve

The matriyx of chanse will srove Lo be & rowerful

-

tool im the next sectiomy and in Charter 4,
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E.% AR Algorithm for Finding Comelementsars Seauences

The mebthods of the srevious sechbion can be apelied

i

Lo bhe rroblem  of  Tinding  comslemenltary  seauences of &
grecific lensth L. Due to the form of the seuasbions: bthe

soribed will he modified somewhasl Lo

srocedures sreviously de
allow  for the asssocisbtion of wvarisbles into constructs
called auads. Use of the eueds reduces Lhe number of  ocases
Yy =\
to be considered to 2 . Furthner reductions mad be
sroseinle with differents but sauivelent eauation sustems.
The sroblem consists of Finding e solution for the
sweten of eaustions dgiven in 2.1 The aerlicstion of
Theorem Z.1 to this sustem wields ©the result krowns  as
Theorem 2.6, Fasicsllw this theorem states thal everws s@rous
of four varisbles Tound bw taking the i7th wvarisbles from
each end of hoth seauences can have at most eight rossible
states. For conveniencer each such grour of Ffour variables
Will he called s auad. The eight rossible eueds are listed

helow with the sumbols which will be used to refer Lo them.

E A R ) O I

Sifpce Lhere are eight equadsy it seems ressonshle to

use bhree 0-1 hits Lo describe each cuad. In effects this



descristion consists of & cohsnsge  of variable From the
original 2L wverisbles Lo the new 1.00L vmriahlm$¢ The old
potation will he cslled Lthe matrix Tormy  and the new
motations the ocobtsl form of & ouad. The three new
auzrtities will descoribe the srorerties of the single sidgn
im eseh auad which differs Trom the reste the odd sizn. The
comronents have the Ffollowins meaningd

Comsonent 1 - Us-down orientetion bit UDOBYL 1 if
the odd sign is im bhe firsl rowd 0 otherwise

Comsanant 2 - Left-right orientation bit (LROR)S 1
if the odd sign is in the Firvst columni O abherWwiss.

Comeonent 3 -~ Sign bit (8B L if the odd sisgn is

et g O plherWwisea.

Im  the octazl notetione: Lhe eight auacis are

described ss follows?

RufleOvl am(lyQyQ) R0 0Qrl) r=E{QeQeQ)

_T"~‘==(1915-1) La(lele O (0Ll =0y 1le Q)

A wair of comslementary seauences of lendgth L can

mow he described se & seauence of 0.85L cusds. The pauations

)

which must he setisFied bw g comsrlenentary seQuences N

A

aleo  be given in terms of aeuadsy but Tirst a-multislication

oreration must be defined on quads.




The ausd sroduct of two ouads & and B is & Csealars
Trte wvalue is  Found bhwe First multislwein todgether  bhe
corresranding terms of the matrix forms of the two @uacisy
apd then summing.  The sum is divided bw 2 to dget the Tinal
"

ausd sroduct. For exsmeler using "x* Lo indiceste the auad

produet s

a o T

+ oy /2

-~
~
A
—
it
b
s
P
i)
-~
i
=
-
-
paiy
]
e
™
4
i

I

Several ohservations can be made. Firsty the auad
groduct  of  enw ausd with ditself is 2. Secondlws the auasd
sroduct of sny aeuad with snother which differs from it onlw

in the 6B dia -2 Finallws the ausd sroduct bheltween anw

other two cuads is 0.

Ore can also define the condusate of 2 eusd to be
the auad obtained bw Tlieeing the LROB. As an aramrles

ysing the swmbol "X to resresent condusation?

& ] ¥ &

oo = o

Using  these oreraltionss one  can selt ur the auad

eaustions which must he setisfied bw & ouad secuence Lo

generate comrlenentary SEQUENCES.
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il

Theorenm JI.88 Let X = ( M Ye For i=101YL» bhe & seauence of-

quadsy with . = 2, X for  Jd=1010. Gl Then X  denerates
comelenentsry  seauences LT bthe  following equastions  are
satisfied Ffor k=0 Ly .. L-11%

Ry, (k) = X

.

where Lhe swembol  Tor the ausd sroduact hes been suppre

far conveniance.

Froof! By defindtiony the summabtion

Z: Mo M JE: (., &, +

pre 4 -
. Loy Ty’ 3 Jix

+ i tr. y/2

3 PR

L. ]
Y X
B iy =

iy, 0 +k

3 .
(%23 Y

. .
32 < B 1 9

Im the lsst section it was  observed that after
arrlication of Theorem 3.1 to & sustem of ecustionss
assumertions would have to  bhe made  about  bthe remsining
variasbhles .b@fare further Frogress eould\h@ mace in Tinding
the solution of the eauastions. In an exheaustive sesroh of
all rossible seauences rairs of length Ly this is the stage
at which these sssumebions must bhe made. In the srodgrams
listed in ﬂ&wendix 1y wvalues are dgivern to the LREOE s of each
inderendent auad,. The nmumber of  oeuads  being 0.9l the

0. 54 !
rumber of rossible allocations of LROR s is 2 ¢ Withouwt
loss of semerslityy howevers bhe First ceuad Lan e siven &

LEQE of 1 in ézch cesery cubting the mumber of rossibilities

i half.



Omce & selt of coholces have heern made  for  Lhe
values of the LREORs  of fthe euads in bhe seauencer the
aldgoritnm Tor reducins bthe seuations has three sarlbag, This

aldgaritihm is3
Algorithm 3.1

Given: A osel of LEOR s which rarvrtislly srecifw a8 ousd

HSEGLIQNMOCE

Reauired: To find snwy comelenentary sequence which has Lhat

LEOE sattern din dts cuad sequenos.

Frocedure?

13 Use matrix reduction to Tind & set of UDOBE’s
which saltisfw the ecustions 2.1 modulo 4.

2 Use mabtrix reduction to find 2 sel of BB which
satisfy the ecustions modulo 8.

s shters

w
i

Y Try all sossinle cuad secuences which g
1 and 2 to see if thew do indeed sernerate comslementarw

SEALIENnCeS . ,

It is rervhars surerising to find that the same

techniaue af matrix reduction which works on binerw

——

varisbles also can be used to determine  the LiEe oW
orientation of Lthe cuadsy ornce btheilr left-right ovientstion

has been selected. The euad sroducts can tske on bthe three



values 2y Oy and -2. Foth 2 and -2 will contribute 2 Lo anw
Qﬁuatiwny mocdulo 4. Thereforer ochangins e Lig e i QW
agrierntation of & ausdy which will chandge modulo 4 the value
of 11 the terms in which it aspesvsy will  change  some  of
the residuals of  the eauabtionsy  asain modulo 4. It is
rassibhle to set ur & vecbtor of chandge for the UDIOR  of each
auady Tore: s dim Theorem 3JI.%9¢ the i7th comsonent of thg
vector of change is congruent mod 2 Lo the number  of terms
in the i7th auad exsression in which thet sarticulsr auad
accurs.  Todgebhers these veclors of  change can be Tormed
intoe & matrix of chense. Thens 4Ff the trisl valuess ol the
UROE’ s are dintroduced: an sugnented matrix of change can tie
sel .

i

The row-echelan form of  the sugmented mabrix of

change revesls the same information sbout the UDDEs  ss it
did about himsrw variebles dn Section 3.2¢  Therefore:

either the imitiel LROE distribution will be discreditedy or

a successTul set of UDOE s will be found.

It mavw zlso herren Lhaelt the swstem of ecualtions has
s ror-rall kernel. Trr bhis  casse multisle solutions  will
evisty multirle selts of UDOR‘s which must be checkerd
seraratels Ffor the comrlementerw seauences thew maw conceal.
The rank of the kernel cesn be  dimindshed Dw

elimimating srw  vecltor which leads Lo solubtions dsowmorshic



Lo anes alveasde founde. Since condudgsting everw auad in bthe

gsusten will change none of  the residusls - ﬁh@ G
rrociuct derending A valus  on similarities bheltween ils
araumentsy and mot on their sotual values - the veclor wilth
a1l 17% will bhe ome of the vectors which cen be removed from
the hesis  of  the lkernel. This haesk  can be essily end
automatically asccomelished bw adding sn extrs  ecustion Lo
the swshtem: assserting thet the FTirst UDOR be O..

I the next stery the rrocess of reducing the
resicduals to O modulo 8 reverts exectls of the binarw sustem
af ecuations. At this rointy with bhoth LROB s asnd UDOE s
krowny all the O terms can bhe identified. The onlw terms
retained in the eauations are Lhe none-zero onesys wiln values
of 2 or -2 The varishles of interest arve Lhe sign bhits of
the auadsy Tor & givern ausd sroduct will be rositive onlw if
the sidgn hits of the two ausds asree. The BRs  themselves
carn take om only two valuss (O or 1)y and so th@»g&m@ matrix

of chandge techniaue can be used ssain.

Urce mare bthe row-echelon form  of  the asusmented
matrix  of cohenge will dincdicste whether anw distribution of
SR will forcoe 311 the residuals bto g0 to O mod 8. Orige

againy AT & solution to the swstem of erustions exislsr at

legst one rlausible seuence must bhe tested. fu heforer tLhe
rank.  of the lernel g bhe mumber of colunns of the row-

aohelon Form of Lhe susmented matrix which do mot  contain

B
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any  rivol elemenlts. Ay selt of SE s whioh mey rroducs s
rair of comprlemerntary seauernces must consiest of & solultion

to the seuastionse summed with arme vecotor from the kevrnel.

O this  oceasiony the rank of the kermel can he
reduced bw 2. Firebr changing 211 the sigm bits can not
change  anw of  the residuslis. Secondley chansing bhe sisn
pits of all bthe ausds with 1 dim Lhe UDOE can mot ohensge anw
of  the residusls. These statements hold becsuse sll chenges
i the resulting sutocorrelastion funcltions exsctlwy cancel.
As & CONMSEaLIerce without losing  anw solubiorms  mot
isomorshic to those which will ﬁb@ll be Toundy two eauations
can bhe add@ﬁ to the swustem. Thew aret

te = O
arich t& =y
where ti is bthe i7th 8By and k is the index of Lthe Tirst
nonezero  UNORE, It should be remembered Lhat the Firvst UDORE

has bheern Torced to 9y wo no conflict cam acour.

Uaualle by the btime that ster 3 of Algorithm 3.1
has been reacheds arduments of the twure used in Theorems 3.2
arngd 3.3 suffice Lo define veru muiéklw the solution set.
Such methods are difficult to srogramey hmwavery arnd so 4t

has been Tound easier Lo use an exhausltive search in ster 3.

-~

Exrerimentation has  shown  that for secuence lengths short
eriough bto meke comruter  searches  sossibles Lhis  shortout

does not  erove srohibitivelw exrensive. I Tacts 811l norn-



&0

Y

isomorehico comelemnentary BEQUBITDES o f

leanstns
L =dedp 8o L0 16205256032 have been  Tound in this wewy using
the comeuter rrograms of Asrendisd 3. Thew are listed in
fAprendix 2. i Fasters Bt sven less resdshle version of

this erasram has bheern wused Lo ehow thal no  seauences  exist

of lendgths 34y 3dy amgd 50,

34 Burmthesis of New Comelemerntasrys Sequesnces .

Mot a1l comerlenentsry seauences must  be  found b

eunaugstive search. New comslementary  sequences  oan be
craated frmm old with relstive ease. Some of the methods for
sunthesizing seauences were develored bw Golaw. Others were
aoced by Turwn. Whatever the sourcer thew 81l  derend wuron

the auality called ovbhogonality hetween two sairs of

comnFlementary SeQuences,

Two saivs of  comrlementary  SequUenCess (e B arit
(CeI) are said Lo he orthagonal 4f

o : 5 . T . s ()

iAc {3y 4+ !\ﬁo () {

for | vee  =R2y=le(Qelvdy cee ¢ Buch orthodgonasl metesy as

thew have been calleds can bhe essily constructed,

Theoremn 3.93 I¥ & ang B are comelenentary seauencesy tLhen B
and A7 are also comerlementasry sequencesys and the ezir (ArR)

ig orthosonal Lo the sair (Be-A70y where 47 is the nedgaslive



af  the seuence O i reverse order. (The usadge of Lhe

swmbhal *4" herve differs from that of Golsw.?

. . . " o
Froof: The sair of secquences B amnd -4 are comrlementarwe bhw
arprlication  of  Theorems 2.2 2.3 and 2.4, That thew sre

orthogornal to & snd B Tollows from Lhe Tollowing didentitu.
o0

Rag (k) HR o (0= & (s

AR v T Lér-ten i " Leiene®

Orthosgonal mates can be fithted togebther inm various
waws to  rroduce  comsrlementsry sequences of  twice Lhe

lerngth,

Theorem 3F.103 If (BB and (Celd are orthogonsl maltes then
the secuences aC armd BOy  Tformed bhw  concstenstion of the

indicated sequencesy are comslementary.

Froof? The asutocorrelastion of A0 fTor & disslecement L can
e srlit ur drto bthe Tollowing exeression?

I (k) + R Cloled

R (k) = R S A

Ac, AC Y

This decomrosition follows directly From the definmition of

autocorrelation. But since (AsB) and (G ave orbthogonsl

comrlementary rairse the Tollowing relation will hold.

f (e + R (le (R Ty R (kD3

*Ac, ac 80, 80 ‘an

+ (REQ (k) +“RDD (k)

e

= 4.8,
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Chaslter 28 80080V s

Al Defimdition and Generel Prorevities of SCO08SaUYs

The definition of comelementery sequences reaulires
sueh simsle  concests  thal dgernerslizetion seems to Follow
ﬁstuwallw after &ﬁw atude of them. Several dgerneralizations
have alreadw been atlemsted DI9I0130.  In this chaster is
develored & rreviously unexemined extension Lo the ides of
comslementsry sequences. The hasis of this extension lies
in gerneralizing  the notion that the elements of & seauernce
stiould he scalars. Allowing  Lhe seQuance elements Lo
el Lhemselves vectors incorrorates 211 the rossible
structures sermitlted tru tihe original defimition of

comelenentary seauencesy Wwibth  room FTor inmovalion.

Inm oroer that the seauences to be discussed

Wwill e well-defineds the Tollowing set of saxioms Wwill

e used to desoribe them.

1. 2] SCOSoV ‘is one  seauence of vecltors drawn
from & discrete selt called the besis of Lhe secuernce.

2o Every  vector din the basis can e used with a
coefficient of either 1 or =1,

3¢ ALl the wvectors imnm the basis are mubtuslly

orthogonals according bto some scalar sroduct.



&4

4. The nmorm of each wvector in the basiss Tound
weing the same scalayr sroduct » ds 1.

9 The Followins gself-comnslemnentary  rroreriy
must be observed bw 3 SC0SoV X o= (¢ v 3 5 ees 3 ) of  lensth

Los

Ry, (k) = S

Althoush tLhe definition fiffere considevably
from  the defimition of comelementary seauencesy it oan
gasile  be shown  that aVvETY walr of comelemnsntary

ceoauences sotuslly defines a SCOS0V.

Theorem 4.11 If A=la v a,v cee @, ) and B=lh e bav cee b1
are comelementary  seauences of lendth Ly then the secuence

¥ of L vectors Tormed by taking w, = (aiy bi)’ for d=1C1)y

i

forms 8 HL0S0V.

Frooft Firsty let the basis of & SC0SoV bhe the set 8§ = L[
(les-12% (Llely 1. Let the scalar sroduct between two vectors
ne the ordinare dot eroducty divided be 2 + That iss
(ashY. {owety = ac + hd 2/ 2 . Observe that the
vectors of § are arthogsonal s gince (ly=12:Cleld S
(Lel1)e(le=1) = 0, Furthermorer the norm of  esch vector is
¢ odul o+ (-lymd-1) 272 = O dwd b dul /2 = 1.
Everwy vector 'in the seauence X either belongs to Sy or has
an additive inverse which belongs to 82 becsuse everw a; arich

bl is either 1 or -l. Finsllyr the comrlementary srorerty

i



aleo holdss since

(bl o= ( R

ﬁA(!/..)

Therefores the seauence X

all the
SC0O%0V

Corallsrwd e

H

s fen ) Wil l

H

vector setl

SEQUIENOCR%E .

Froofd Let  wm{ls  -1)y

sters of the

IT the number

2y

teuord NOWeVers

of the corallary will bhe

four comnslementary

seadence of 4-elemernt

the wvectors formed

&0

abher handry 2 bhasis may

orthagonal  vectors din it

it is mot sossible to

seaiences  From  it. {4

car he Formed wittout

Theorem 4.23 No two m-tusl

can  he orthodonsl under

e

eraof of the

meither Lhe

aeqlemces

veot

are

canstruct a

aal

i fPicultu

tLhe

i%al

4. ‘Z;l

i \Ss

GCOS50Vy

(kY 272 =8y Lo

i a simece it satisfies

X of length L. hased onn bthe

merate & weair of complementarw

val{lyldy and simely reverse Lthe

Lheoran.

of vectars in 8 dis  incressed

anzlogue of the theorem nor

true. For instances a set of

maw  he interereted s 8

O, It maw harren: howeverys thatl

ot mutuallye orthosornal. O Lhe

e defined with three mutuslls

gue Lo the following theorem

But

of three comrlementery

sel

of four comelementary seQuences

i bhis case.)

—

es with comsonents 1 and -1

ot sroduct if m is odd.

stsl
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Fyroofi The ot sroduct of two sueh vectors dis & sum of m
termer sach of whioh is 1 or ~1. Since the number of  terms

iw ooty the aum cannoel be everns and it is therefore nob O

The Ly 6 of SC08%0V e dim slace of comelementarw
seauences rermits 2 closer examination of the structure of
the seausnce:  as  oFrosed to the sotusl elements which
geeur i o ite  Thusy if th@(bBﬁiS is the set § = (res)yr which

may  he  assumed Lo satisfwy the recuisite asxiomsy  then

i

the structure of -the SC0SoV will he the same whether v
(171 and & = (le=1)y ov r = sindt) and s = cosl(l) and
the scalar wroduct of PO and €db) is
il
Py g(t)y = y FLOEYs(h) ot
(3
At the same timey bthe bhemnefite of wsing bhinarw varishlesy
which WeTe revelored in Charter 39 have not been losts
cirnce the coefficients of the vectors v and s are still 1

ard 1.

Actusllyy  much has been gainedr since esch seecial
case of & SCOSoVy Found hs.usinﬁ g srecific basisr will
have its own cualities. I some cases bthese aualities will
facilitete discussion of & sedrt which would have
otherwise remsined wunclear. For dinstance: the Tollowins
theorem oann be easily sroved bw Pef@rrinﬁmym a srecific

Dasis.



Theorem 4.33 TF ¥ = (309 M,y eee ¥, ) is a SCOSoV of lendth
1 at
L hased wuron bthe vechtor sel 8§ = (8 v 8,8 «os N Yo obhen Lois

the sum of m inteder squares.

Froofi fie  dim the eroof of Theorem 2.7y taeke the following
gum of sutocorrelation funcltions.

” R T ) I - -

R 0y + SR (1 4 MLxx(M) + s “Lxx(L 1 le
Expanding each autocorrelation function into its comronents
uields

(:-:‘ + My + 0 ¥+ 3-:‘39(:-1‘ + Mg + see ”‘1.) = e

L.et 5 he the 1°th row of an m ¢ m identity matrixe s

~e

define the scalar sroduct to be the wsusl veclor dot

rroduct. Then if

Uetd = Loy

\ L1 7 .
and therefore i, + Uy + e S L.y where by 16 the
Jfth comeonent of w. Since the comronents of all the My '8

were Oy 1 ar ~1e: the comronents of o must he intedgerse and

the theorem has bheen sroved.

UnTortunatelas this result is verw weak due to
ar old th@orem af Fermat [121y which stetes that anu
siasd i ve inteder is  the sum of four inﬁaﬁ@r GOUBTES .
Onmly for the case m=3 can the theorem bhe ug@dwyp diseualifu

seauence lengths nolt sreviouslw discerded.



A certain ‘ amournt of  care must bhe exercised in
translations between Lhe dSenersl s bhie éw@mifimo I
SOIME instances erorerbties of srecific SC0%0V’s do not
have 2 generel seelicaetion. Im othersry 8¢ susdested bhw
Theorem 4.2y Lhe hasis neaeded Lo srove a =oint maw not

eriat.

Marnw of the theorems that have bheen  sroven for
L.,

comslementary  seauences can bhe exbended to cover SC0%0V7 s

ae well. I most cases ohandes have Lo be made.

Theorem 4.43 The following transtormations will alwaus
convert a SCO%oV X defined on a bhasis 8= ¢ &
into & similar SC0O%0V.

1. Reasrvanging the elements of 8.

2 Nesgating Some of the elements of s.

I Reversing bthe SCOSoV X,

Froofi The first two azlterations obhviowusly  Just  transform
the basis 8§ dinto snother 8¢9 without changing arnw  of  ils
srorertios. The thirvd corndition is due to the summetrw of

o ., 1 e b . ™ Lhe oo e ';‘, s )
{‘xx (Y which ie Lhe same as | - [ 2 I

Thearem 4,58 IF X = (3 » Xgr e 3 ) dis_ & BLCOSoV of

lemgth L over +the basis 8=(usv)sy bthen ¥ 0 for

=101,
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Froofi This theorem it a direct consecuence of Theorem 2.6.
In this casey Lhe prorositions which has bheen srovern onlu

for comrlensntary seauencesy will a2lso arelu Lo a2ll SOOSaV‘s

af the stisulated farm. It Tor some obther u and v a

SCOSoV could be  established which wviolsted Theorem 4.%5¢

thern s tLhe corellarw to  Theorem L g wailr of
comelenentary seauences ocould z2lso he comnstructed  which

vinlated Thearem 2.6«

Unfortunatelyy Theorem 4.5% holds only  when bhe
basis 8 has  Jdust two  vectorse. The conditimn could bhe
sszerted sz one of ﬁhe axioms for larger hasesry either
to strengthen the ties peltwaen SC08eV s ar
comelemnentary  seauesncesry  or  to simerlife  the rroblem  of
finding SCUEOU’gy'bw reducing the number of rossibilities

which have Lo bhe checlked.
4.2 Generating S8CO80V s

SCOSoV will exist For anu lensgth Ly rrovided onlw
that the basis is hig  ernousgh. Thereforers the Prohleﬁ
af Firnding  SCO0&oV’'s  corncerns  dtseldf with Finding vector
seauences based on bhe smallest wsossible vector set. In
mary resrectear this task differs from the rroblem of
finding as manu'seau@ncmﬁ as rassible over a seleclted hasiss

Wwhich was  altemslted with comsloementeary secusnoes. Far

examneler  wartiel solutions are rossible in Lhe search for a
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mircimum basis. Everw time the size of ﬁh@ basis  is reduced
for & rarbticular Ly & little victare i WO e In
contrasty the sesvoenh For comsrlemerntary sequances has offered
Tittle sabtisfsctions for & solubion will either existy or

it owill mot.

Aalthoush several sunthesis theorems will he  giveny
the mature of & sEarch from Tirst rerincisles for
0080V e will bhe discussed Firsty since Lhe existence ol a

larvge sel of solutions for smell L will facilitate the

sunthesis of londger SC080V g,

f auidock survew of whal is sossible leads to the
following tabler where the btheoretically mindimum hasis size
is  listed orrosite the seauence lensth for L ovarwing from

1 to 20.

—
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Tahle of Minimum Possible Hesis Sizes
Seauence Lensth Basis Sire

1 1%
2 2%
3 SX
4 2%
b ' 3%
é 3%
7 4%
& 2%
s 3%
10 2%
11 3%
12 3

13 3

14 3

15 4

14 2%
17 K3
18 3

12 3
20 2

The asterisks in this Lable indicate those
cases in o which mindimal solutions have bheen found. For
some auite small secuence lensthsy such a2s 132y the arswers
are  still  unknowns  For some of  these casesy +the cost
of an exhaustive search is not erohibitive. For instarces

e
with L=12y Lthere exist (3= rossible vector seauences of
length L oon a8 bhasis with three vectors. Howevers using  the
methods  of $@¢tion 3.2y the signs of the vectors can be

ol

Tound ae the solution of & matrix ecusation. The rdmpeyr  of

1,
sossitilities ds  thus  reduced +to 3 . Without loss of

generaliteys the choice Tor the first vecltor ocsn be macie
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hefore seeking  Lthe 8C080Vs and then the lsst vector of the
seauencs ocan be  ochosen from  the two remaining veclors.

st vectors  must he

It ds olear thaelt the Tirst andg
orthogornal Lo make ﬁ%x(ilb = ) far the SCO80V X. The number
- 10

of rossihle seouesnces has  bhern beern reduced Lo 2x3 =

118098,

Fver  this manegeable  number dis  not  the final
Fasure . Suergse  Lhe basis ds the sel S=(usvrwl, Assume
that the firsd vector of Lthe SCOSoV X is u. Form &
seauence  of  07gs  amnd 17¢ resrvesenting the localtions of the
obher Wwe im  the secuencer 1100101110060y for examrle.

10

The lest elemernt must bhe 8 0. There are 2 = 1024 such
seauences. Now the vectors with O indicators o©an he
@ither Svoar W This dis & 2-waw choicer and changing Lhe
decision Tor arng one vecotor will change the wvalue of  anw
tLerm il arrears in trus 1 or w1y which are hoth
congruent to 1 mod 2. (It is assumerd fﬂ&t terms containing
a u o oarnd a v or w have slready bheen ﬁi%ﬂ&?d@do) Hermces anw
vaector with a 0 indicator 'hag 3 vector of chsrnse
corresranding Lo the eauations that the SLOS0V must sstisfu.
The vectors of change can  be combined  into &8 matrix  of
ehansey which  carn be  reduced irnto  row-echelon Torme
wielding & set of solutions Tor the v-w choices. Then the
s sns Carn ﬁ@ determined b & similar rsrocedure.
Conseauentlisy only 1024 secuencesy Tor which the u rosiltions

have neen srecifiedy mneed Lo be considered in the search Tor
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a8 S8L08aV of length 12 on F-veehor bhasis.

g

{11

The following theorem serves o reduce this number
still  more. It dis the gemersl smalosue to Theorem 2.6 an
comelementary SeQUENCES. Tt i rigt as  strong  as  is
Theorem 26y b it aids considerably in keering down the

roseihililties.

Theorem 4.6 Lebt X = (0 3 s s X ) be 3 SCOS0V of lendth
L based on the vector set § = (8,79 8,9 cee Gp)v where mxl,

et R, he the selt (v M, ¢ <02 Hi)y for i=1C1Y0.80, lenote

t ' a

the comelement of K, in 8§ bw RS . Then if the st (M, 47
Yy dis @ subset of R » the element xpmust be
orthogonal to .

Yoo for 140,380

-~
-~
P
Pes
~
e
o
-
%
%
*
e
s

Fraoofi Susrase R
Consider

R (Lmddomoaeen o Mo e gt oeee 3 e o= O
If (ﬁnd eoe M v ¥ ) belong to RY »  then this ecuation
raeduces Lo B pre-term exrressiond

Roo{L=d) = M, ex = Oy

L [R IS %

which eroves the theorem.

The significance of this theorem lies in the
following srelication. Consider the 0-1 secuence used
before Lo rerresent the rositions of wu’e in the SCOSoV for

L=l T4 wae 110010111000, Motice that This Seeuence
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hegineg with two 17s. Be Theorem 4.6y since the last element
of the seauence is 0y the last  two elements must bhoth  be
0. That isr wheress this secusnce misghlt dgenervehte a SC05aV.
the seauencs 110010111010 definitelw would mot. As  another
pxameler  the secuernce 111111000000 is  the onlwe rossible
aocertahle SCDSOU structure for L=12 to hesgin with six wu' s
secording to Theorem 4.6 {asrrlied rerestedly). Eliminasting

211 the secuences which wviolste this ture of restriction

leaves onle &8 to he tried.

The followinsg algorithm  arslies the reasoning
given shove Tor  lensth 12 and besis size 3 Lo the seneral
case where bthe lemgth of the SC0S8SoV dis L oamd it is based on

a vector gset of size m.
Algorithm 4,13

Givern? A lemgth L and s basis set of orthogonal vectors &

== (ES'? 55113 PR ‘:.'}h\)a-

Reauired? To find some SC080V X of lendgth L based on 8y if

arny such SC0SaV’ s exist.

Frocedured

1, Let r he the integer sarvrt of (mtl)/72. Divide
the hasis 8 dinto n subsets of 1 or 2 veclors gach. Let

these bhe v, & (8 8,0y v, = (8 980y see YV F (g, 8.0 Tor m



ever. I¥ m is oddy then change the definditions so that v, =
(%i)y srd so thel the remaining bssis vectors are allocated
two easch to the rest of the vis.

p

2. Form 21l rsossible seauences of L o inteders chosen
From the zet (l: 2y e Y. Each of these integers must
occur  at lesst once in  easch secuence. Without loss o f
generalityy  the secusnces can be renumbered so that initisl
geeurrences will come in imcreasing orvders  Thew will  then
he said to bhe in canonical forme For instances 11213214 is
such & seauence for L=By m=4y  bul meither 13112143 nor
12112332 svre. Eazch seauence resrresents a SC08oV, and the
intesers resresent the corresronding v, ‘s formed in slawr
1 af this srocedure. If an integer secuence is t ﬁv(t{r Ty
see L 2y thenm din the corressonding . L0080V the i‘th
element must bhe s vecltor coming from Ve, f for i=1{1)L. IT
m ois oddr do mot  sccerdl  seauences which do not  satisfw
Theorem 4.4, That idsy if @ seauence bedinsg with three 17gy
it om o is addy thern that seauence canmot have & 1 i its  last

three elements.

. For esch czrnonicsl t-seauencers set us g malbrix
of change mod 2 under the ssesumestion that  the 47th vector
of the seouence X will be rermitted to altermate bhetween the
two vecotars in vy o7 far d=1{1)Ly but that no other
changes Wwill be allowed. It will heve r = L~1 rows

resresenting the L-1 autocorrelations. The sugmented matrix



of changer: A will have L+l colummsy one for esch vecoltor in
the t-seauencer: and one for the residusls. Not 211 of these
colunns  ave nmeeded 47 m is oddy becsuse then ong of the v
consists of onlw  one  vectors and  dbts  contributions  are

Lhevrelfore fixed.

4 Let B be the row-echelon form of A. Bw the
methods of the lsst chastery the row-echelon Torm  can be
analuzed Lo wield 8 0-1 solution vectors if one exisltsy
almﬁ% with & kevmrely denerated by & ’hﬁﬁiﬁ of 0-1 vectors
which have each & =zere vecbtor of changes. Esch rossible
solution which can e constructed. therebwy resresents & setl
of choicwé petween the Tirst and second members of easch v .

Some of  these ohoice sels will  he isomorshic. For
instancey 1T everwwhere that the first element of v is
choseny Lhe second elémwnt is substitutedr: and vice versas
it dis  clear that the resulting solution is an inderendent
ﬁolutiony.diff@rent frome bt eeuivalent tor the first. A
ﬁia&ugﬁed eraviouslivy it dis rossible Lo suard sgHsinst such
iﬁomurphic solutions whern setting the maltrix of change Ay by
inserting  extra eaustions into the swstem which recuire
thats for instancer the first vector chosern from the set v
wWwill actually he the First element of vi¢).ﬁwfim@ a set of
u-secuences which will resrasent a1l the rouasible
solutions fﬁunde Fach u-seacuence will consist of L
intesersy beltween 1 and me It will resvesent one socestsble

seauence of vectors of 8,



G L.et I hg & matrix  of change mod 4
indicating the conseauences of chensging  the sisns of  the
vectors Fived by  esch u-seauence. It will have L-1 rows
and L+ columms. The laset columm of residusls in this case
Wwill e found by dividiog the sctusl residuzsls (which are

mow kErown bo be ever) bw 2y before baking them modulo 2.

6. Let F be the row-echelon Fform of D, Once agains
the row-echelon form will verifw the existence of solutionsy
if any exists Furthermorer &1l1  these solutions csn  be
exrreseed as linesr conbimstions  of the one  solution
vectars and also of the vectors from +the kernel of  the
sustem. Once mores certain isomorsrhic solutions maw sFFears
unless eauations ware added Lo the oridinsl sustem to ensure
that one condition holds for the set of sidgns which zre used
for coefficients of occurrences of the vector s;»  Tfor @ach
i All the sign sebts which emerdge a2s solutioms at this
soint can he used to denerate the set of x-seauences. These
rerresent comslete rotential SCOSoV sy and  thew maw be
tested one-be-one to see i asnw  of them are actuslly
GOS8V &, It soy  Lhe search hes ended successfulluas

otherwiser the mext u-secuence should bhe tesbed.

e
N “

It is imeartaent to be shle to estimate the amount
of work dnvolved in aesluing Aldgovithm 4.1, The number of

caronicsl t-seauences which must be senerated should srovide
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a2 #Hood messure of  the work involved. Let finell) bhe the
pumbier of canonicsl seauences of length Loom nodntesers when
LSS et ddinel.) e the number of camonicsl t-secuences of

lTength Loomn nodntedgers when m=2un-1l. Since i this  osse m
i odde bhe number Jd of 179 at the hedginming of 2 sequencs
must he matohed by sn ecual rmumber of elements a8l the end of
Lhe  seauence  which are nobt 1y i order to satisfy Theorem

4.6, Thern Tlrnel) and #d{mnL) can be Tound recursivelw from

the followinsg Ltheorem.

Theorem 4.7 The secuences Tinel) and ginsl) must satisfu
the Following difference equations for n>l and Lim-13
(4,12 Flreld1)y = mf el YHF -1 eld s

. "
(4.2 gi{rmeld+1) = magdrneldYdasirn-1y )+ (1) Flrm—~Llekdy
where ks  the integer sart of 4172, Furth@rmmrey’th@
Ffunctions Fnel)  and  sdmeld must satisfe the following
initisl conditions? |
.(4+3) FOLel )=l gl Flrmymy=1s Ffor nxdi.
(4.4) ﬁ(lyL)mgn @l g{mermd=1ly Tor n>.
Froof? Let T be a2 t-seausnce of length L+1 on the integers
ARy see e IFm dis  evens then consider  the BREALIENCE
remsining  after rvemoving the last element g, . If a2ll n
velues ocour in the trunceted seeuencer then it must bhe a
tw%mau@nc@ of' length Loon 122y sy Since b, can tahe
on nn orossible valuesy nfdimel)  sequences ocour  in this

fashion. alternativelur the Lrurcsted sequence may have onlw



integers 1vZy coe sn~le Then Ly, =ny 0f necessitey and  onlw
Fim-1el)  seauences can be Tournd in this way, 8Since these
two are the only rossibilitiesy thern (4.1 follows.

O the other handy susrose m is odde.  Then b, at
least: and eerhars some elements srior to b, carnnot be Ly
pecause  of  Theorem 4.4  Adain delete o, and consider the
remaining seauence. I it ds 8 canondcesl t-secuence  of
lendgth L on n o dintegersy thern L, can take on n-1 rossible

values. IFf it is & cenomical t-secuerce on onlw  n-l
integersy then L,  must be n.  Altodether (n-D)finmsl) 4+
sg{rm-1vL) seauences will bhe Tormed in this manmer.

This timer Howevers there ar@ other rossibilities,
After deleting t,, » the remaining secuence maw not be in
accertable Torm because a3 1 is too close to the end of the
seauence. Only omne 1 carn be violalting Theorem 4.4y since
only  one  element was removed From bthe secuence. Removing
this 1y and reslacing tg,, at the end of the secuence will
then sroduce  anobher  secuence of length Loon 102y s66 #he
Another g{nsL) secuences FTall into this catedoru. Howevers
excertions occur  for those secuences with a maximal lendgth
gbtring of 17¢ &t the beginning. For dnstencey 112 is
illeﬁaly: evers  bthousgh it can be Tormed by the last method
mentionedy since deleting the last 1 leaves the lesgel
seauence 12. Thus from the last ¢€lnel) SREUENCES Found must
hae subtracted f(n—lpk)y with k defined as bheforer when L is
BVETT. O the other handry when L is oddy the following tuee

of duslication ogours,. The secuences L1122 and 1212 sre hoth
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validy  snd bobth  bDelong to the celedgory where d@létiﬁﬁ Tihe
last 2 lesves srodnvaelid secusnosry hul  where deleting  the
last 1 leaves ULhe asccestable secuence 122, louble solutions
agoeur onls when Lods oddy ang bhe dnditisl streing of 17s  is

maximal . The mumbher of ssauenc gained i Tin-lek)y since

koelemernts rewmain Lo bhe ohosen.

Assenbling the results for all these ceses wields
(4:.2).

The inmdtial conditions are  found trivially. A
seauance  with only  17¢  can occur  din only one waw (8.5,
113031301 For L=7)y and i m is odde these are 8ll idillesal
gxcert for 1. Whatever m isy & secuence with i oenbriese in
canonical Torme from the imtesers 1 to me can only be 1 2003

se e Tio . N

Fyom this  theorem it is  rossibhle to form the

following simrele exerressiorn For Flmel)s

Theorem 4.88 For m>0e Lx0s Fimel) is gdiven bhw
Lk N
(4,4) Flmel.) = (DO Y/l

where the oilfTerernces of zero are

L +

1
Ao =1 -0

(™ 8 L

1 b o
NO = 2 -2xd 40

31
H
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Froofi - The irdtial conditiomns (4.3 cam bhe readily
verified. First

Lt

~ -" ; L
Fllell) = B0 2700 = § 0 = 1.
Secondluy
~ L

Flmer) =0 Y/t = nl/nt = 1.
This ddentite holds because of a8 stardard btheorem of algehrs
which  states  thalt Lthe n’th difference of am n’th desgres
solwnomiasl dis nt times the coeoeflficient of the highest desree
term of the solunomial.

It suffices therefore to srove that (4.4) satisfies

the difTerence eeuation (4.1).  Thet ise it must bhe shouwn

that
LN Bt b m Lt
(80 ¥/l + (8 O X/ (-1t = (A0 Y/nl,

Hormalize the rnumbers by multisluing by nly and then
Pl

Y L gl .
b0+ b O D (ALDHO

ot
= o b1

M=\

&
S | Z [F’s !} (-l )
Kad ! .

Mo .
Z—(h“k)[ﬂ (i
k2d I

i

i

”~ Y
é [;j (i}

o

AO B

i

These sters use the bimomial exransion of A =(E-1) » where £
is bhe Torward shiflt orervatory and certein srorevties of the

trinomial coefficients.

It nas beern ashown that Finel) has & simrle closed

form, No  convenient way of exeressing #dmnell) has wel bheen
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Found e For rn=2 sng ns3y Lhe Ffollowing exsressions halds E2
may casily bhe verified.

(4.5 g(dvl) = 2 4 (1)
é A

(4ed) a(3vly = 2wl - e Lyl e 2

I these Tormualaser b odis asdain telen 29 the inteser sarht o

one-tald Ldle and B =1 Foar evern L3 £ =2 for odd L.

For large Le one has  the Tfollowing asumetobic

rasult.

Theovrem 4,93 For m=0y =0y
(4.7) SOrsl) ¥ (redom' /70 (=9 E O —mbl) ).

This exeression is an asumetobtic usrer bhound Lo s#inell).

Froofl todis  clesr from (4.8 amd (4,.4) that this
gewmetotic  relation holds  for  n=2 and for =3, For ne3y
consider very long seauences with Lxxns Roush  counting
ardguments will comgute arrrosimatelw the number of canonicsl
seauences of lendgth L Tor the siven m.

il First consider the secuences which commence with 1
23 e -l This avvangement leasves L-n-1 wm%itimn$ with
oo oehodeesy  and one Wwith n-le  Thus Lhere are (nwi)rﬁw‘ﬁuah
geauances. Move the first n oone sosition er}h@r to  the
righte The ﬁaw carr e Filled din (n-1) wausy and one
ropsition with m choices has bheen  lost. Argther (nwlflﬁ“wk

seauences oan bhe Formed. Continuing to move the Tirst n Lo

.
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the yight sroduces g dimindshing number  of  new  geauencess

which sums as FTollowsd

Leel a 3
(pi—~1m Cldede dp

oees dmlnmdinn
where & is the Trazction (LY e This sum has been trested
g an inTimite seriesy whiconh is not correct: but  for verw
large Ly Lthe ervror will be small. This exeression gives Lhe
rimber of seauences besinming with L2 3 o0 n-l.

i osdimilaer  arsument holds  when bthe first n-l dis

ahifted one rosition st & Lime Lo the right. This  bimes E

EES)

e

mew  rosition with  (r-2)  choices is  creasteds and an old
rasition with m choices destrowed at each shifl. Thrs  Lhe
rumber  of seeuences besinning with 102 3 o0 -2 ds diven
arcroximately bl

i1 Clbste® 485 4 o0 dmCn=10m /2y
where s={r23/mn this Lime.

Continuing in this fashiony one can Torm & seauence
of partisl steses in the summing of 211 cenonical SequUencess
corresronding to  Tixed imitial sbtri;mgs  of monotonicsalle
decressing lendgth. This seauernce of rartisl sums is?

L1 (=100 /2 (=130, o y
o1 G20 1
Hernceys the rnumber  of Canéﬁicsl seeuences bhedginming L 2 is
(=102 (r-20 1

Ghifting  the Tirst 2 one slace \ta the right
Froduces & ﬁ@wveffecty S1nCe itﬁ lengthens the string of
mmbers ah o the end which canmot dinclude & 1. I fecly the

mumber of rositions with rn ehoices ds reduced bw 2y while



the npumber Wwith -1 chodeces is incressed by one. Followins

along: the btotal number of canoniceal sesdences is givern bul
(G a 3 Lol
(-3 (Ldede b o0 ) o= {(r-1¥n

O ————C

(re22) | Cr=23 10 k)

aw dr (4.7)r arnd herve e=in-1l3/mn .

OFf course thie result is only seerodimater but as L
Lernds Lo infimitgy the srorortion of seauesnces which are
counted ervoneously bw  this proeedures tends o 0.
Furthermoreys  these errors ere alwaws in the same directions
couned hw sseumimg thalt a2 certain number of new sequences
Will erresre:  when in Faeb some will mot.  Thus (4.7) is aﬁ

aeunstobico weser bound Lo slnelld e

4.% Supnthesis of Long SC0SoV7 s

Orce several short sequences fiave neen Fournds
lomger seauences oan be  Fformed by sutting the short ones
tasether in ang of several waws. As  with comglementary
seauancesy  the concest  of orthogonzl mates sroves venry
useful in the swrnthesis of long secuences. Two SC08oV’s A

ang B oare orthogonal if Hae(k) = 0 for a2ll k.

Theorem 4,10¢ Lelt X be & SCOBoY of lengsth L beesed on &

vector set § = (8 v S,v s 80y where m is even. Form  the

vectors of § dnto eairst v = (§‘9ﬁk)s Vo (asysq)r

P Y = (g g Y, Lat X7 he a8 SCOSoV Tormed tws
LI EY [ R ™

1. Reversing X.



2, Imterchanging the two vectors din esch sairs
wherever they ooocur.

3, Negsting the first wvector in each Falry
wherever 1t oocourg.

Then X7 ie orthogonsl to X.

Froofi Ao o consecuence of Theorem 4.2y it ds olear that X7
ie 2 BC0SaV,  The orthosonslite can be verified essilwl

- - o - : S TS
{ 128 EN (X198 LR L

P
-
s
o
3
e
3
"
"
X
~
-+
w
:
.
“
X
~
-+
<
S
-

for k mot less bthan 2ero. Suerose bthat o «x7 ds norezero in
this summaltion. Bw  the conditions of the theoremy X arnd

Mg Relong Lo the same v-set. Bub then g aex]

Cmust glso bhe
)

s non-zero Lerm in bhe sumnmatione Fimallwuy condition A
emoures that the two terms will be of aorrosite sign.
Thereforer since everw term can  be weaired with Ore of
oFeosite Sy the summation must be Oy and X anc X7

must be orthogsomnzly since the same argument will hold for

Qe

Caorollare! If X is a SCO80V of length L based on the set 8 =
] PPN ﬁm) where m is oddy then g SC0&0V arthodonal

ta X ecamn be fTormed on bhe basis 8§79 o= (ﬁ‘v B¢ ves By try

where +  is  amobher vector orthogonal to the others.

Froof! Althoush L doss not aeeear in Xe X is based  wron
67 me well as S.  An aeslicstion of Theorem 4.10 groves the

result.



Corollare: IFf X is & SC08%V of lemgth L based on & vechor
sel 8 which hes m vectorss: where m ie everny: thern a2 SCOSoV
3.

of lemgth 2L cen be  constructed on the same hasie b

concatenating X and X7 formed a2 in Theorem 4.10.

Froofd IF Y = XX’ is the new seausnoees Lhen

Qy(k) = R“ )y 4 in(k)'¥Fﬁf(kwL)

Sipce X andgd X7 are ovthogonsls
e e T2 .
Ryy (k) = 2.3,

Thaerefore Y is a SCOLQY.

Corallarui It X i

H

s 2 SC08eV of lemnsth L bhased on § = (ﬁ‘?

B¢ ees  Bpde  where mw is ociedy then & SC0%V Y  of
length 2L cen be constructed on the basis 87 = (8,9 S,7 e
s vy ) Tormed bw adding another orthosonzl vector to 8.

Froof! Simesly combine the erevious corollaries.

Theorem 4,10 is ot the onlw HSOLITCS of
arthosonel  seauences. And tWwo seauences will be orthogonal
it bhew are defined on orthogonsl bhases. . Thew do notb
evern need to be the same length. OF courser concatensting
two of  these sequences will sroduce a SCOSoV with &
lendgth  the sum  of the emaller lengthsy but also with &

hesisy bLhe size of which is the sum  of the two smaller

hasls slizes.



£ doutling  the

1111

wWer ] 1

ferper

one can aleso Torm longer SC080V/s from

guter sroduct ture of oreration.

Theoram 4,113 It (why Wys o uh)

orthosonal SCO8oV sy all of lensth L

hag 4 ﬁm>v

Same = 14 55& ¥ PRI
PP Ud) is @ SC0s5oV of length L7y defined

.. 7
&
N

ye then the SCOSoY Us

rerlacing everwy 187 in U bw iw;e

)

b,

orn the bassis N

LL7s amdg it is defined

Froofd The following

L

) i}}sl
If k is mot congruent to O mod L

N R (e
U Uy Ye; Vv‘-,

ko= ely For some intedger sy Lhen

Here

I...( u—S * l{:\\)

NEAIRE 3§

F%ﬁu%(\w+1wd)L}
O obtherwise.

LS

)

o edy snd 00d

if

(0
US US

R, , (FL) = R )

LR Y

L.

e

) ar examele of t Ll

L

theovremy consider the sroblem of  findin

longth 28, The rnumber 28 factors

Fallowing four SC0S%oV’s  of length 4

lengths

shorter

Bye
ard

arc

THe seuanoe Us

+ Ci-ddl

a7

of SCO80Y sy

Lhroush I

a2 set of matuslls

defined o Lhe

it U o= (u.g 1

orn 8 hesis B o=

carn be  Tormed Dw

H

&84

lamsgth

iderntity will he used:

)

() if

vanishes.

R%iuﬁ((w+1~q)L)a

ThevefTores

sefulness of this

& SCOGoY of

s

into 4 7. The

(%3
i

hased on the setb
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(asbeord) are mutually orthosonal.

W= AR

W= ahil

W= ahkel

W= @R
Here the nedgative terms are cenoted D caritals.
Furthermore: Lhe following SCO80V of length 7 is defined on
the bhasis (Qerysel).

o= aliravrl.
Comhining them &11 togetber gields

U "= ghodebhodaBCDebhCheBolabhalCad.
Simce 28 is not s sum  of 3 dnteser sauaresr: no  SC050V
eroducerd by any obther wmebthod could have used s smaller
hasis. Thereforer this method has constructed & minimal

28-5C05%0V.

fesides Lthe factorinsg melthods two obther algorithms
will he given Tor sreraring new SCOSoVs From old, Each
Will worlk  better thaern the others in some circumstances.
Frobably 2 combimation of the three methods will work best.
Alagorithm 423

Giveni: A lenﬁth .+ .

Feauired?! To find 3 SCO0SoV of lemsgth L owith 2 small basis.




g9

Procedure
e If L has & koown minimal gmiutiQM9 stor,

2. Find the largest B0080V with & Z-vector hasis
which has a lensitn L7 nolt greater than L

3. Use the SCO0EQV  fourd i (1Y to fragin the
SEQUETIOE . Concatenste onto it the resulls of arpelwing the
syroeaedure recursively with the lensthh Lwa¢‘ To ensure thaet
the correlations of the sub-secuences are zeror define easch
subr-seauence on 8 new  hasisy  orthogonsl Lo a8ll  rrevious

Daees.s

For examrley sureraae L= 499, The closest SCOS5oV

H

with a8 Z-vector basis is 26 2 26 676, The remainder is 23,
The closest 8LOSoV with & 2Z2-vecbtor basis dis 20, The
remainder is 3y which has a8 mimimal ﬁoldtimn of a 3J3-vector
DEsis. Thereforey Lthe basis Tor the SCO0S50V of lerngth &69

will have 24243=7 vectors. This maw or mad not bhe minimals

fagt Al ds relativelwy small.

Algorithm 4.3

Givert A lensth L.

Reauired: To find e 8C080V of length L with_a small basis.

Frocedure

1 IT Lo-has a krnown minimel solutiones stor,



2 IF Lods oddy sul one vector into the bhasis and
gubtraet 1 Prom L. The resully being eveny can he srlit
irnto  two halves, I & SC0S%oY canm be formed for the new
halved lengthy  an orthogomael  msete ocam be made  Tor it
using Theorem 4.10. The two can then he concstenated to
Froduce & SC08%cV of lemgdh Lo It dis clesr then that the
maximal  mumber  of  hasis  vegltors recuired for a SCOSoVW of
Tengtn L is st most 2 grester than the rnumber recuired for a
GOS0V of  lensth  the dntedgey earlt of LA2 (since the
sreslicetion of Theovem 4.10y or its corollariesy mew demsnd
arn exbtra hasis vector as welll,

. Arslw bthe above sters recursivelw until & length
ig reasched Ffor which the mindimal SCOS0V is krnowne Then work
hackuwardy doubling the secuence lensthe and mevbe adding one
awbra  vecbor alt esch stager urtil a B8COSoV of length L ois
reachec).

\

For the examrerle 699 used wibth the last algorithme

Lhis ome will not work very wells Howevery consider 768y
7

whioh wields 2 baeis of 8 using Alsgorithm 4.2, Notice thet
ZEHE = 2w 384 = 2 w2 o 192 w2 o 2 ow 20w 96 = 2 w2 ox 2 0w 2
W48 = 2w 2w 2 ox 2 ¥ 2 and since 24 = 2 w0 12y the
lendgth of the bhasis mneed only bhe 4, Since 768 is not the
sum of three seuaresy one cen even conclude that this basis

is mindimals



The list dgiven in drrendix 2 of koown minims less
tharm 100 is  of course incomelete. Undoubtedly  bhatlter
arslications  of the |krnown methods arngd beltter methods could

imerove bhe comrleteneses of bthe lislt considerablus

y.



Chaster 51 Orthogornal Sustems of Comslementary Seauences

Y.l Comelementare Code Sels

It has heen observed that grthogonsl maltes
Facilitete the swerbthesis of  long comelemenltary sequences
From  shorter ones. Im  the dntroduction it was also
mentioned that ovbhnogorns] reirvs of comsrlementsre secuences
sprovicded & boon in the develorment of S.A4.W. devicese: due to
the efficient use of orwstsl surface ares Dy erovidinsg
multiszle occurancy of the two signel raths recuired for  the

imelementation af comslemerntsru HBERUBETRES o Bermard

Sohweidtszere i his doctoral dissertations extended bhe studw

to multirle signasl raths, He  showed  that for certain
inteﬁarﬁ my o signal  eaths could e simultarneously soo
inderendently Lised Lo tramnemit information wsing  m
orthagonal sets of m camwleﬁ@ntﬁvw SRQUBNTES . He ocalled
Lhese sets comelementsry  code sels. He alsa Tound that
comelementary code sets were intimstelwy comnmected with  the
studye of orthogonasl metricesy snd in ravticulary of Hademard
matrices. Ao o omatrix Mo oof 178 and -17¢  with the
erosarty Lhat HH = nl ¢ where H° is the transrose of H and
I ode the m 2 n ddentity mabtvrixe ds  called 2 Hadsmerd
matrixl7.2210. With this conmections Sehweltzer was able to
Tink the study of comelementary code sebs wilth 8 mador Tield

of combinstorics.
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I
A

Sehweltzer was  nobt the FTirst Lo draw g connechbion
hetweern comelementasre secuences and  Hadsmard mahbrices. 3
garar hw Tekli et sl A Wwhich dealt wilth evern-shift

ashowed how Hadamard metrices coulad bhe

ortbhogonal sequences
crested wusing 5 eazir of orthosional even—shiflt secuences. {3
variaetion of bthe same srsument will show that two rairvs  of

arthognmneal  comsrlementsrse  seauences  will aslso  generste s

Madasmard mabrix.

Theorem S5.13 IF (ALBY sno (CeID are orthogonsl sairs  of
comslementary  secuences of length Ly then the matrix M is &
Madesmard mebrixey where M ds  the .erasvrbitioned mabrix  shown

helow.

(H.13 M =l o cee O 8] ] ves 0

' o ce s O o] 't see 1}

“
3
-
<
-
-~




w4
Fyooti

The (drdd element of Lhe sroduct MM can bhe  Tournd

iy balking the dot sroduct of the 47th row of M owith the J7L0

i

N

row of M. These dot wepociets sy sobuslly cuwelic
correlations. P i and J are bobby less than LELy then
(M’ﬁ)“ @ Eﬁﬂ(in} + ﬁ§6<in)
w2 853 ¥
since & srgd B oare cwelic comelementsry secuences L bthew are
comelementary  seouencess by Theorem 2411, Similarlws @f
I T S R 1T W A W S

Cimdd A4 O,y Limdl

WMy oo O "

ty RE
H“‘(in)+RG“(Lwi+J)+RQD(imJ)+RoQ(Lwi+d)
= Qy
giae Lo the sssumed orbhosgonslits. Covreseronding results
hold Tor the rest of the coefficients in the mabtrix sroduct.
ThereTora:, MM = QLIR wheras | is s 2L w2l ddentilw

matrix. Conseauentlys M iz & Hedemard meslbrix.

Sohweidtzer rroceeded im0 the osposite directions
showing thalt Hedamard melrices could be used Lo construct
comslementars  code  sels. I order bto describe an entire
code set wilth one maetvixe fe introcduced Lhe conecize nobtation
of  the z-trensforme Im this notations the %gm?ml = odie used

qhoa o undt delaswe Furttiermorey =K pegeresents &

delaw  of b unitse whebther ko is sositive or nesstive. A

megative delsey s 5 Lime sdvance. Using this motationy  Lhe



comrlenentary sequances

it

I1-11idd--
G = 1l-d~1--11

can he rerresented gs s eadir of rolunomials in =

. 1
G(H}ﬂxq+ﬁg~m ~aL mghﬁqw"

The terms of F oand § have been used here as coefficients in
the rolwnomials Fiz) and Gdz)e The corvrelation funcltion of
two such rolwrnomisls is siven bw the Tollowing exeressiond
(5.2 F%s(x) oA (eI ROLAE) .

The comelementarwy srorertw  for Foand G csn be  dgiven
concisely B4

(5.3 Ree () 4+ R, () = FeedF L7z 4 GCadBllrszy = 20,
Exransion of the middle exepression of this eacustion will
vevifw that 811 the coefficiernts of  Lhe rsrodoact  zre
agutocorrelation fumnctions of  the originsl secuences. I

oo,

gerneral  Lhens ary  szir of comelementary seQUenCes oan be
rerresented a2s a rair of rolunomisls with coefficiernts all 1

or -l

Uging the z-Lransform notation:y Sehweltzer
rerresented 8 comslementars  code  selt bhw a8 matrix  wiblh

saluynomnial  entries. &1L the rolurmomials dn one column woula

e  comrlementarw  im bhe sense thet  the sum  of  bheir
autocorrelation functioms would be & constasnt. The colummns
Lhemselves would be multusllye ovthosionsly i bhe  Tollowins

GEMSE o IF armom xom omabrix Hx) rerresents a comslemenltary



coge sel in s~btranstorm notastions then
(5.4 Hes)y ML=y = mLI”y
where L dis  the  lernsth  of  the irciviouel BERUSNCe5S .
Sehwedtzer  did  din faclt define @ corvelastion function Tor
entbire mabricesy
e one w l Ky ., e "
(5L () o= SBleill /2,
His idembtificetion of & comsrlementary code  selt  resided in

Firmdins i s om Ee-transform mabrices which  obhewed Lhe

e

conagition

(56 Fag () = mllme

The Taclt thal the coefficients of the rolunomisals
werse recuired to bhe L oor -1 does not figure srominentls  dn
this formulation. Consecuentlyry  Schweitzer went on to
discuss the resulls sossible when generalized comelementary
seauences  of  resl mumbers  were  delfined. Gome of the
interesting results he obteined Tor the O-1 case will  be

teve ] ared PR e Howevers the atudy  of reasl-vaelued

comslenentary seauences dersrts too far from the subdect of

interest to be outlined in this rerort.
B Some Results on Comelementary Code Sels
Sohweitzer - Tirst obtained the following

dimensionality constraints whicoh will also  assle Lo anw

SCO%oV s whicoh harren to be orthosonal Lo his code selts.



P

Theorem 5,323 TP Moz igooa J 0 ¢ ko o matrix whicoh oheus

corcdition (SG.4)y bthen k is nobt greater bLhan J.

Froofi & rank srgument can be serlied to the ecustion
! X . e
M{=y MOl A=) = GLT .
The rack of the vighlt-nend side i k. The rank o each
factor on the left- hend side ifs mo grester bthan bthe mindmum
of J and ke By g well-known theorem of lineasr asldebhray Lhe
rank  of & rroduct  of two meatvrices is no dreater than the
vrarl of anw of the factors. Hoences b ds no sgreater tharm Lthe

mirndmum of J and ke and hence kB ods mo grester than Je

This theorem asserts thal Lhe number of orthogonsl
codes ié o greater  btham the number of  comrlemenlary
seuences in a8 code. Ire the most FTsmilisy csser & code with
LWo seuences m;ﬁ pelomdg to 2 selt of onlw two mutusllw
orthogonal nates. Schweitzer termed any comelemernbary code

selt in which Jd=k  comrlete. He esroceesded Lo erove  Lhe

following theorems sbhout comslete comelemenltary code seta.

Theorem 9,37 IF HOx) is & J = k comrlementary code sel wilh

seauence lensth Ly them J is even.

Froof: For the 4i7th columm H () of H{x)»
Ftwd (=) = Ll
(X3

Consider the coefficient of = din Lhis exeression. U

were oday bhis tevrm would bhe congruent to 1 mod 2y and would



not therefore vanish. Mernce J must bhe evern.

Theorem S.43 IF HdOzx) de & 0 2 J comrlementary code sed  wilh
seauence lemdgtn Ly it which  Jx2e Lien Jh o= 44 for some

irmtedger 4.

Frooafi Denote the (res) element of MOz) bDw M (). Ther

dlmHy CeoH e Gl o Gk, o (L) s e o v H #IM UL )

" 3t

‘ WLH“ (“>§l“;(“)JLH“ (.;..)‘}H‘3 Cad IHIH,, (&){Haa(&)JLHm‘(M>

+Hn () dde e o +OH (“)*”5a L}JLHS‘(&)§H

kY) 33
ciue Lo bhe orbthosonality of the columme of HOz). This last
form  is & sum of termsy each one of which is congruent to 0
mad 4y since easch faeltor ds  caongruent to 0 mod 2.

ThereTorey JL = 4t for some integer L.
S9.3 Syumthesis of Comrlementsry Code Selts

The resl wusefulness of Scohweitzer’s thesis lies in
th@>m@thmd§ ne gives Tor generating comrlementary codes sels
from smaller ones. © The Tirst set in gy suoeh ohain of
comelemnentsry code sebts ds called am indtisalizing set. The
simslest dmndtielizinsg sels sre MHadsmard matrices. An m = m
Hadaemard maltrix satisfies 211 Lthe recuirements necessary Lo
make it a8 ngwlam@mtmrw code  set with L=1. From this’
starting #aintp the Pollowing generating lechnicues can be
vsed, The rsroofs of the Tollowing theorems sre given in

Sohweidtser’s bthesis.



e

Theovrem 5.5 IF Hiz) dis & 4J » J comrlementary code sebtr with
gsecuence  length Le then Al (2iHz) ds & J x J comrlementary

code seby wilth seausnce lendgtn Jl. Here A rerresents asnw

-

Wb Hademard metrixe  and I (2) dis 8 diagonal matrix with

b 14 L‘ -t 3.

diagonsl entries {1y 32 ¢ 27 ¢ e i

Theorem S.63 I Hix) is 2 J w J comelementary code selty with

a2 Jd M J comrlementary

i

seauence lerngth Ly then ﬁbl(g)H(zs) i

code setr: witlth sequence lensth Jd. Here A and H,(x) are

defined as before.

ThHe Tollowing theorems reauire two comrlementsry

code selg.

Theorem S.71 IT Hizr and G(z) are comslementary code setse J
¥ood oand ko bk oresrectivelwr with sequence lengths L oand My
ther HG:™) (Kr) G(z) is & Jk % .k comelementare code set
with seuence lensth LM, The orerator (Kr) dives lLhe
Kronecker sroduct belweern two matricese formed by rerlacing
the {(rss) element of the first by  that ssme element

multislied by the secordd matrixey Tor all re 5.

Theorem S9.83 If H(z) and G(z) are J » J comrlementarwy code
selts with secuence lengths L and M resrectivelwr then
A o) . . . o 3 .
H{x )Dbm(m)&(x) ig o8 J M comrlementary code sel  with

gseauance lendgth JLM.
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Theorem S.93 IF Hz) arma Glz) are Jd . comelementary code
. u o PR M . e .
sets with secuence lengths L oand My thern Hiz )Dm (=)0l

i 8 J ¢ J comrlementary code sel with secuence length JlM.

Uridoubtedly these Ltheorems would be wuseful Lo
anvone wishing Lo arerly code setsy Tor menwy different sets
Car e devived Ffrom & Tew basic dnitislizing sels.
Somweitrer nobtes that Hadsmard matricesy which musty by 8

i
theorem of Pawlew L1131y bhe of orders which are multirles of
A4y arve krown Tor &ll orders wnder 200y exeerst for 188 L2271,

Urnfortuneatelyr Schweilzer’s swrbhesis methods  are ot so

waeTul for Finding S5C05o0V s.

Sustems of orthodgonsl S5C0S%0V s could also be useful
for denerating other SCOS0V 5. The theorems diven by
Schwelbzery howeversy using & Hedamard matrix 3 a1

initializing sety will wield at hest sequences of lensth 4 »

for a hasis selt of size 4.
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Charlter &% Conclusions

G.1 Comerlementary Sequences

Comelementsry seuences nave Deen arerlied din more

thar  one  fieldy bl eserescially i the Tield of S.46.W.

the limited veauirements of Lhe

cievioeds, Ta sali
shwsical arslications clemsns Little more bhan  bthe
information surerlied bw Mareel Golew in g 19461 rarer [LH1.
Krowledde of  orbhogorns]l mstes Lo éomwl&mentarw series has
bheen Found wseful 25 wells howevers ss sussgested bw G Co

Toensg im a 1971 sarer L1181,

vInveﬁtiﬁatiun of  comelementary series with Lhe
shysical uses in mind has lesd to more theoretical studies
desidgned Lo ddentifw cherscteristics of the comrlementary
erorertuy,.  None of  these studies hass  sroved singualerle
successtuls  For little movre is known todesw shouwt Golew's
ﬁ@amencwﬁ tharn was known to Golsw in 1961 Instesdrs Lthese
studies have lesd btowerd dgeneralizations of comslementary
seauences. L. Ce Tsens and Co L Liu  dinvestisasted the
srorarties of lafﬁ@r grouss of comrelementary seauences D191,
e P; Sehwedtzer  sroduaced  some  interssting resulbts on
orthogonal  sets of comslementarwy  secuences L1313, ALl of
these investidgetions have sroduced & Tew srorerties which
S EET Lo link  togebhey din & waw sugdesting  thst  the

comelenenteary o condition itseld requires certain forms
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ressradless of  the mathemsticesl structures Lo which 4t is

apewe ] deos

Heo@ BLOSoV

auslities of e

In  an  asbtlemst Lo i
comnslenentary  sroserty divorced Trom the secuences to which
it ods arerlieds I have devised the structures which 1T call
comelemnentery  seadences of orbhosgonal vecltors: or SCOS0V s.
Once sdgaine  bhe  rules which #govern  the occurrence and
hehaviour of these secuences have eroved elusive. However:
working omn bhe sripcisle  that  inTormation  sbhowt  seecific
seauences will reveasl some  of the nature of the sbstract
SC08eVs T have sttemsted Lo Find ssmrle seauences to  sbudu.
i bHe erocessy | heve devised algorvithms to find solutions
bt simultansous hinasrw  swstems  of  mulbinomisl ecuations.
These aldorithms avrly eodellw well Lo SCO8V s and Lo

comslemnentary series a2 bLhew were originelly defined.

The resulbts of mw effortse which have nEer
erimerily  directed towsrds comslementerwy seriess have bheen
lavgelw n@ﬁ&tivéo Althoush 1 heve Tound the comslete
sustens of solutions for L=2sde8e10y16,20:260 and 32y 1 have

found no new  swstems of  solutions:  thoush  the seauence

i3

P
R

lengths  L=34:3&  and have heen discuslified in bhe

b

sesreh. The situstion wilth ressrd Lo SC0SoV s is  much more

arenr: in bhalt T heve wsed meinle rencidl-srd-rarer Lechnlaues



to find solubtions: althousgh I heve srovided in Chester 4 an

algorithn For automating the searceh.
6.3 Froablemns Whvich Remain
Marnw  sroblems remairn unsolved  drn the  studwy of

comslementary seauences. O the numevical sider 58 ds  Lhe

shorbest  length  which maw suprorh arn urirowr radir of

comelenentary seauences.  Imnitisl asatbtemslts Lo test For bhese
sequences heve Deen discourading: bult so Far Tewer thar 5%

of the sossibilities have heen tested.

Now Lthaet 34y 3é&y and 50 heve failed Lo sroduce
comelenentsry GERUSNCRE T OO has » heen srovided Lo
cordecture that serhasrs 1o more comslemenlary  sequences
exist. This condecture can obviouwsle not be srovern through
gxhaushive searchesy $0 more sowertul mebhods For anelusing
seauences should  revhsars De sought.  Arsuments on the line
of Kruskal s LDLI01 maw in the end srove more wseful  Lhan

those heretofore asrrlied.

Qltewnaﬁivmlwy technicues maw bhe Tound Tor removing
the ext@ﬁﬁiv@ testing st rresent reauired Lo solve bhinarw
gsustems of multinomial ecquations. The mathmgg‘which I have
devised maw have arslicstion P aother combinstorisl

ot lemss o bhe  obher hand. Cerbtairnly & sound slsgorithm

For solving such. swetems could srove very usefulls
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Further researceh should be exsended on SC050V’s

Q@llo I econdecture  thaet no $C08QY based on a vector sat
Wwith an odd  rumber  of  orthosonal  vectors will  have  an
grihogonal  mete on bhe ssme Dasls. I further sredict that
fo hasis  ds larvdHe enowsh Lo swuseort 50080V s of anw
arbritarily  drest lemdgth. In anwg caser 0060V s offer the
orrortuniter not availsble with comrlementsre seauencesys Lo
gather enoudgh srecimens  to  bhuild wue erorerties  bw o an

amrivical srocess.

fll Lhings considerachs the examination of
comslenentarey  structures of  all sorts has onle resched a
tentelizing stadge where one Teels that the irntroduction of
few  idess  and  more sowerful technicues could sroduce manw

larde advances. -
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@il LD Comedbter Imnelementation of alsovithn 3.1

Algoritim 3.1 has beern suecesstully ismslemented  in

the comsuter  lansus C’ on @ POP 1145 comesuter a8t the
Urdversity of  Manitobs. The Fr s an whioh foullowss
prereting  intersctivelw urder the UNIX time-shaering swsten
ireuts e the lenstits of the comelementary  secuences  Deins
sousEht . It mroceeds Lo Pingd all comslementarwe seauences of
length Ly and then writes them i auad notetion onto & Tile
with the neme goalllldy where LLT dis rerlsced by the numeric
valug of L. The srogrem iz restarbtable From checkroints
whiien  are .PPiﬁt@ﬁ revriodicellsy o bhe t@rmiﬁélo These
checkroints dndicate the high order bhits of the seauence of

LEOER s currently being tested.

A1l seauences  of LROB¢«  are tltestedy  althousib
without loss of germervalilw it is sssumed thalt the first bDit
i slusws 1. To  reduce  run bimer it is desirable Lo
mirdimize the number of changes which must be mede  From  one
LROE ﬁ@éumnm@ Lo the nexts and from one UNOE or 85F seausnoe
to the mext when rartisl solutimﬁa are  Tound. This is

agecomnslished  bw  doing & seauence of Grayw codes Lo sroduce

all g

simle seeuences of n hitse rather  thanm the simele

counting order.

Denmis Mo Ritohime "
memnorandumy Hell Laborasltorvies, 1974,

PEAMUSL Y, ITritevrmal

% . Mo Ritohie arnd K. L. Thomesors "THE  UNIX  TIME-SHA&R
}'.

!
SYSTEM"» CACM Vol. 17y Moo 7» Julws 1974y prpo 365370,
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. o e .3 . n
A algorithm of Bitrmer et al 18 uged to genevale  bhe  GOras

coues. Thew are ocherachtevized by the srvorerty thalt 211

ninary secuences of & Tiged length can be  denereated in an

order which resuilres  the ohenge of onlws one it From one

‘

code ba the mext.

The sueoassst comelenentary seauences written  outb
i auad Torm  bhw bthis srodgram are nolt a1l undoued some gre
isomorehio. I Tacts sexactle bwo isomorshic cories of  each

cdistinet seauences will be  found. Thewy can eassily  bDe

idertified in the oubtsruls since the durlicate is  Tormed bu
rerlacing easch  ROr)  bw Bls)e . and VICE VeS8, These
isomorehisms are tolevabted bhecause bthew can bhe identified so
gasily  in the oubrut: boulbt not so essily in the midst of the
spogram. The secuences  listed in Aprencdix ‘2 Nave  Deen

velthbed so thael no ilsomorshic #8108 SPPFEET.

frnother syroframy dmelementing onlw 8 rarlt  of
ﬁlﬁbrithm Fole naes also heen imelemented. 4L uses s more
@fﬁici&niv bl less  comevehensibler rerresentastion of the
seuencesy and hence it rums fasterr  aslthoush it sroduces
ornly  ceardidstesy  a2nd nob comerlete comelemanltary S8QUBNCRE.

used Lo verifwy  the non-existence of  comslemsnbsrw

It was
seauences of  lemsth o 90 & task which would be beworsd the

pyrogiramn Hiven Nera.

3 e R Bitrmers G. Ehrlichs Redngoloe CEFFICTENT
GENE TION  OF  THE  BINARY REFLEC GRaY  COUE  aNlr 17T
AFPLICATIONS "y CACM Vol. 1%y No. %y Serlembers 1970y pes
B17-521.
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main{argceyarsy)

L.

int argey ohar ¥Xarsvs

£

Fort N = g = O § argsvilifcl § N=10¥NtargellIletdd-707 0
erintT (" Yest Tor comslementsrwe seausnces of length
N Qo " e N Y ¥

/¥ K/
% Initialize some Freauently used values. %/
/¥ ¥

MNejiwv? = NADE
Nefiw2e = Naivd2 4+ 1
Mmirml = N-13

3

=

-~

Mmdr? = N
if(ltestN(

'~
Nt E SR

<

printf " This value of . N ches riot st
comelenentsry seuences ")

¥
elae {
if{ardge=2) {

For{CHECK:=a@=0 5 argavl2dlal 3 2
CHECK = 1OX%CHECK+argvi2Ilabdd-073

*

elae CHECK = 1&3

srintf {"#Checksoints will bhe srinted whenever LROEB
mmber X2d is changed.$7 »CHECK)Y 5 ’

g ¥/

/% Creste mame Tor Tile im which 211 08 KA

A% will be stoved when Tound. X/

/% ¥/

Far{a=0 § argellIlel 5 filmaml3tat+d = argelliIlal )s

Filmamla+3d = 707

Fildes = creat{(Ffilmnams384)3 .

erintf{"Fall comelemenlary sequUances will be stored
i Pile ZS5gdktsFilmam)s

K ) */
A% Imitialize Grawl (Tor Graw codes) and LROR X/
e - ‘ o %/
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A
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it l ()
¥
elase inditl{0:
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£ ¥ X/
% Now test 311 rossible LREOBR secuences which X/

% bhedgin with & 0. X/
S ¥/

do 4

aeltl{)§
ifi{rsltl = solve( solutl ¥ <

Y

irit2() ¥
v

set@()F
ifirslt? = solvel(solut2d)y {

irat3ire
o €

if¢test{)) {
For( =0 & aiNdiv2 § att 3

hufferlal=ouadl 7+8EQ30alls
bufferlial = 747

write(rfildesshufferyNdivdeds
}
P owhile (new3()is
it
¥ ouwhile (newd()ls
¥

Y owhile (newl{))s
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Fumetion imitislizes
g

Flas = O3
rom 1
farde =Ndivd & - § 2 {

LEOREaT = fme = mapidds

mar =/ 2§
LEQEBOMmAnl—al = bttmps
Grauwllae+ll s
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if{r te Lmwe)
Gravilaetld = s
flag = Q3

> else |
i ‘f-‘ ( yeoosmE 't, e )
.{.\ ] s 1 ¥
FroEm @ +2 H

o= tmed

>
Grawll0ld = 13

LROR
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A Tritialize SEQ 2nd Grawd X/
Fg ¥/

char redgister Qe¥raws

row = oanlutd Dol
Forde = {0 § dMdivd & 2
SEQLeT = Lme = LROBLalI+2¥rowlals
RBiNminl-ad+d+d = tme"13%
For{a=0% ai=reltld Oravliettd = a+l ¥

it imd 30y L

/¥ ¥/
% Irmitialize SERZ snd Grauwd. ¥/
g ¥/

char redister QeXrows

row = osolut2L0d8
forda =  § @iNdivd § 2
SEQ2Lal = tme = (SEQLal )% (rowlal?® -1 3 1)
SEA2ENmind~a++d = (Lm0 7 tme™L & ~(17-tme) 33
for{a=0% ad=rslt2§ Orawviledttld = atl 37
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*/
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register #ilrad

el Grawllols
Grawullal 1
Grawligil-13 =
Grawilgill
LEROBLDGLLT =" 1
LEOBENmdrd—~gd 13 =7 13

PP (gil e CHEOCKY |

a=lMHECK § o <INdiv2 §
LROBLD b+ I+ 2¥sums
aum £10cdEy

far(aum=Qy
GLIN
eyrintf{*Checlheainti

3

return(sEil Nejiva2)ys »
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Vg

redister af ochar redgister frowd

gi2 = lraudl0ls
Graecl0d = 13§
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Grewal«¢ildl =
PO asolutdl
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for{a=0% iNdivdd ettt )

= 2R rowlals

SEQLNminl-el =" I¥Xrowhals
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A% Generate s new rotentizl comelemenltary N/
v hest()s %/
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/K ¥/

rediater af ohar register ¥rowd

i3y

Grawdhasil
row = solubdl
For( @ = 0 § eiNdivZ § )
SER2C@T =% {(tme = (vowlal?-L1313);
GEQ2INmind~al =X tmpy
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return(=i3 < rslt2)i ¥
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mist

7K
/X

regislter gelrows

rOW matrixbOds

for{e=0% wINmin2 ¥ 34

Tim = ¢ wdd < Ngivd T Nedivd § Neg )y

Foria=0% ailim § rowladtd QY

Py
ot
ans

vrowl Noaiv2e

att ) A

o ldm §

AP CLROBE T == LROBLated)

”

(rowlal =" 13y Flas =13

ifCl

iT (=ta Modivd ) A

~ o

roWwledal =7 13
gm =4 2

¥

elee sumtts
¥

’}.

if(Flas)y <
{sum/ 21823

LTims

MNojiva 1 =
Nefiv2e
mmde odimd§

oWl
ol
TOW

rowll(l 1
rowl Moiv?2 1 o= 0
rowl Modivde 1 o= 1§

{roatalimP2 i DNaivae]d = (3
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char

rOW

For{e=03F mINmind §
Tim =
For{a=Q0Q3

For(flag=gummsa=i
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pregisher
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mateixllls
L

{ pbt Nefiw? 7 Ndiv2 § Hews 33§

A

atlim ¢ rowloeddd = 0)§

&

aalim § att ¥ £

S QEGEG+P]5 £
(rowlal =7 1)) Tlag =13

ifirta Noiwva ¥y L

b1

rowledted =7 1
srim =4 2
>

olee suymdds

ifT(flagy

b

rawlO]
MNoliwv?
Nifiw@e 1 o=

roul
rowl

(sum/ 434253
Lims

1o
1 =

Hioddivd
Nedivde
ciimd s

rowl
rowl
TOW

= s
dom Dy

1

(rowdadimdd)DNadivded = (3

oW

ford

ey §

A4
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of

¥
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int solvedl{sall
char solldQila0ds

L ooher resiister ar¥rows

rowl = matrixlOds

Tord g o= Ndledd w20 § )

reducesd From right Lo lefts  HA
¥/

A bhe columms are
A% Lor to bholttom.

For{rows=rouwl i sdrowlNgiv@el § row =4 dim2) {

PfCrowlisd) A
itirow = rowl) {
For{ @ =0 § @i § )
4 rowlaly

rowial = yrowllals
rowiladbd+d = tmed

L o= vrowiNcivZls
rowbNdiv2l = rowlDNdiv2ls
roWwliiNGie2] = tmwed

¥

for{ row =4+ dimdi  edrowlNdiveesls TOW e

ciim2) <

if{raowlsl) {

Ford a= 0§ adr o oadtt ¥ orowlael =7

rowllals

rouwiNadie2d =7 powliNgie2dd

>

S

El
for{row = matrixb0d § row oWl § PoW s

dim3y o

it Crowleld) { ; —

For{a=0 § oy F 0 adbrrowlal =7

rowl Dals

raowiNdieed =7 rowllNgivd]s

o



¥

roRlDNdivdsl = &
rowl o w=d odimie
rreak #

e

¥

7K
¥/

£k Checok that the swstem of patations i ot
inconsistent &/

7
»*/

Forirow = prowl § G < vowlNoaivZeld § row =+ dimd )
ifirowiMdivedy return (Q)§
P

K/
/% Now that the reduction is comeleter bhe solubion

VS Can Eye formerd in a0l
X/ }

A
X/

rowd = omabrixD0]ds
arouwl = srow? = soll0ls

£
A
~“ar
S
P

fords = Ngivd § g
avauliel = O
iT(rowlDNgivRe] mm o ogm)

srowllsl = rowliNdivdds
rowl =4 ofims

¥

olase 4 i

arows =4 oime @
a o= Modv?s ~

~

for{row = matrix[Q] § PO OWL Porow =t
ciimd) A

far(s ——arrowbNodivded § srowllal = 0)§
arowslal vol ey




}
Ford §F @-->0 ¢ srow2lal = 0)
srowd el 1

*

return{l+isrow-srowl ) dim2)



it test(y {

it register @i

A¥
¥
g First
arerorriate X
/¥

¥/
£
¥/

Fovre @ o= aum = O §F madNodiv?

s =g 328
For(SGITEGHSINOST = sumes =

£33

if (e mm NOSY returms ()3

g
94

secertable

2

SIGNSL=]

e

iR e of Lhe

s (OUBEQ2TT) §

baromum § =44+ )3

A% Now do @ thoroudgh straightforwaerd check on 2ll  the

%

A
o

Tor{s = HNmin2i o § pe- )
for{sum = Qs w = N 3}

asum =4 (SEQ20=]
-SEQ2Le-e]) 3

if{sum = ) returmn (Q)3

¥

returm{l)s

auto-correlations.

cEerd) - (GER2LE] ==



int testN(y {

/¥
/¥
/¥
/¥

SEQLIS O
tive

Test the
it dis lLwice

int redgister asri

NOS = QF
fort g = 0 §F galel o=

L o= Nadiv2esaleds

for{ o = » § salal

iflaalal == ftmes) £

tme = STGNSINQE

foariy =0 & bt

MOS )

NOG+ 3
PTCRYBIGNS
it () SI0H
PP (e lmg)

SIGNSINOSH

@lse retur

¥

elese returm{l)s

returm (NOS Y 5

N

Mefiwid

lengtinh N Lo make

-

of 2 sauares.

tmed addds

S1 = pedNdiv2s

Pee GIGNSLp4+4d 0§

{

LMOGA+T =

SENOE4HH

+1 = Ngivida-si

¥
ril s

et ) o

gGlirea

Yoy

FhorbNoivdd
MNedivd—p—ns

that

o

*/
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The following SCO0SaU s will be exranded on & Desis
fraom thne Ffollowing selection. The mumber of hasis vectors
reauired is indicated bw the braclketed mnumber following esch

SCOseV.  Lower-cese charescters indicete nedgslive veclors.
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