
TI{E ELECTROMÀGNETIC TRANSIENT IN
MULTIPLE CONDUCTOR STRUCTURES ÀBOVE ÀN EÀRTH

A Thesis Presented to

The Department of Electrical Engineering-The FacultY of Engineering
The Univerèity of Manitoba

oft
Master of

In Partial Fulfillment
he Requirements for the Degree
Science in Electrical Engineering

by

Gregory Ernest John Bridges

Winnipeg, Manitoba, 1984

Gregory Ernest John Bridges' 1984



THE UNIVTRSITY OF ITANITOBA

FACULTY OF GRADUATE STUDIES

The underslgned certlfy that they have read, and recormend to

the Faculty of Graduate Studies for acceptance, a l'laster's thesis
r\

enrt rt ed: '. .'rblE. .E!Ë.qLBßJM"BgÑçrtc. .TR,eNStE NT:.. rN
MULTIJ?LE . .ÇßNÞD.C.:rOR,.STßUC.T.UÈEß ..â.BO$Ê, . R\T

EAKT,U.':. ... ..........
subni tted by

in partlal fulfilnent of the requirsnents for the degree of

. .l$.h.g][ ÊR..ôH,. S.Ç.[Ê,Ì.J.çÊ.................... ...

. .Q rcgoçJ . .6. J. . i3r.',.{¡es.

..M,A

ffi[,
sor

Externaì Examlner

0a te .4.¡-**,0,. .l or.Lq.f /1-

Oral E¡a¡nl natlon I s :

Satlsfacto"y & ilot Requlred 1J

[Unless otheruise speclf led by the malor Department, thesls students
must pass ¡n oral ex¡mlnatlon on tlre subJect of the thesls and matters
reìatirg thereto.]



TITE ELECTRO}ÍAGNETIC TRANSIENT IN

MTILTIPLE CONDUCTOR STRUCTT'RES ABOVE AN EARTTT

by

Gregory Ernest John Bridges

A thesis submitted to the Faculty of Graduate Studies of
the u¡riversity of Manitoba in partial fulfìllment of the requirenrerrts

of the degree of

MASTER OF SCIENCE

@ 1 9B4

Pernrissio¡l has bee¡r granted to the LIBRARY OF THE UNIVER-

SITY OF MANITOBA to te¡rd or sell copies of this thesis. to

the NATIONAL LIBRARY OF CANADA to microfilnr this

thesis and to le¡rd or sell copies of the film, and UNIVERSITY

MICROFILMS to publish an abstract of this thesis.

The author reserves other publicatio¡r rights, and neither the

thesis nor extensive extracts from it may be prirrted or other-

wise reproduced without the author's writte¡r pernrission.



t

I hereb
publ icat YI

declare thaL I am the sole author of this
on.

I autho rize the University of Manitoba to lend
åuUfiããiion to other institutions or individuals for
þutpos" of scho1arIY research.

thi s
the

Gr"1 ß nàr=
Gregory Ernest John Bridges

I further authorize the University of Manitoba to reproduce
iniã-;;btiããiion by photocopying ór by other means, in total
ði--iñ part, at' if,e reqüãst- of- óther institutions or
indiviauäfs ior the purposè of scholarly research.

G =13nò%-.
Gregory Ernest John Bridges

II





ÀBSTRACT

the propagation of a transient current along a multiple

conductor structure above a lossy earth is studied' A

frequency domain technique is proposed to determine the time

domain current quantity at any point along the structure due

to an injected current waveform. The formulation requires a

knowledge of the electromagnetic f ields at a spec i f ic

frequency, for which an exact soLution in integral form is

derived. Difficulties in the accurate evaluation of the

integral solution are discussed and various methods for its

approximation are described. Then' a numerical method for

extracting the structure's characteristics, the propagation

constants and the eigen-current transformation matrix, is

developed and employed in a computer program. À comparison

of calcuJated results is made with those of other

researchers to verify the solution technique' and finally,

the current impulse response of a specified transmission

line structure is given.
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Chapter I

I NTRODUCTI ON

The problem of determining the propagation of a transienL

current along a multi-wire transmission Iine is examined'

The problem has received much attention by researchers since

its solution is required in many po!¡er System and antenna

applications. The disturbing current at any point along the

structure is calculated from the characteristics of the

transmission line in the frequency domain, the transient

signals then being obtained through the Fourier transform.

Therefore, it is of great importance to determine at given

frequencies, the behavior of an electromagnetic wave

propagating along a system of conductors above a Iossy

earth.

In the limit, where the conductors aS well as the earth

are assumed to be perfectly conducting, the situation

reduces to a planar electrostatic problem, the wave velocity

along the structure being equal to the wave velocity in air

and propagating with no attenuation. However, when a finite

conductivity for either the conductors or the earth is taken

into account, the problem complexity increases drastically.

The classical solution to the problem of h¡ave propagation

along mult i-conductor Iines was formulated via lhe

1



Telegrapher's equations. Resul.ts are obtained from a set of

differential equations which, for an exp(-j,¡t) dependence,

are of the form

trl lYl tzl trl (1.1)a

6V

tYl ( tcl jotcl ) , (1.2)

Lzl ( tRl jr^t t¡tl )
(1.3)

where IR], Iu], Ic], and tcl are, respectively, the self

resistance, mutual inductance, shunt conductance, and shunt

capacitance matrices describing the system. This

formulation leads to a circuit description of the system

where the components of the admittance tvl and impedance lzl
matrices are calculated under the assumption that the

electromagnetic fields in both air and ground are static. À

theory to include the influence of the earth was developed

by Carson tll and its effect was incorporated into the self

and mutual impedances of the structure. This theory has

been successfully applied to many power engineering

problems, but due to the circuit analogy used, it is valid

only at lower frequencies.

Since Carson's early work much research has been done to

study the effect of the earth at higher frequencies. The

problem was first tackled from the standpoint of a single

wire above a }ossy earth where an exact solution for the

electromagnetic fields nas derived using Maxwell's equations

2



and treating the situation as a boundary value problem.

Wait l,Zi obtained an integral modal equation determining the

propagation constants for currents which decreased

exponential).y along the wire. The exact soluÈion to the

problem is formed in terms of complicated functions as

,int = K¡*Kz+J+G. (1.4)

Here the function ,int is the self impedance term for the

conductor. Kt and K2 are, respecl ively, funct ions

representing the conductor primary field and its image for a

perfectly conducting earth. The J and G functions are

complicated integrals that account for the earth losses due

to the longitudinaL and transverse circulating currents,

respect iveIy.
DifficulÈy has been encountered in arriving at a proper

solution of the J and G integrals to accurately determine

the transmission line characteristics and permit further
understanding of the contribution of each integral to the

modal equation. In Carson's formulation the J integral was

evaluated under the assumption of quasi-static fields in the

air medium which means that the current on the line
propagates with the free space velocity. The earth's
permittivity was also assumed zero in the J evaluation (the

Iongitudinal displacement current l¡as neglected) and the G

integral was assumed negligible (tt¡e transverse currents

Trere neglected). Wise t3] later refined Carson's equations

3



to take into account the longitudinal displacement currents

in the earth. Other early developments that attempted to

ùake into account the earth conduction effects are

summarized by Sunde [4].
The extension of the theory to multi-conductor systems

was made by Perel'man t5l where the existence of N distinct
propagating modes for an N-wire structure r¡as f irmly

establ i shed. The htave nature of these dí sc rete modes lras

first analysed by Pístol'kors t6l and later by Grinberg and

Bonshtedt [7]. They did not neglect the G integra], which

was formulated under the assumption of a highly conductive

earth. Further improvements to the evaluation of the J

integral through the use of a Struve function representation

have been established by r.lait t8l and Bannister [9], also

under the restriction of a highly conductive earth.

Àttempts to study the higher frequency behavior of a wire

above a lossy earth were made by Kikuchi [10] who pointed

out that as frequency increases, the wave propagating along

the conductor becomes a surface wave bound to the conductor.

Recent work by Olsen and Chang [11,12] and others [13,14]

suggests the inclusion of an added nfast wave" mode which

also propagates on the structure as well as the previously

established transrnission Line mode. This degenerate mode is
generated through a singularity in the G integra).. At high

frequencies the singularity is assumed to produce a

significant enough contribution so as to create an extra

4



root to the mode equation (1.4) which describes the

Structure. Under this aSsumption, conventional transmission

Iine theory breaks down entirely since more than N modes are

allowed to propagate on an N-wire system. In comment, the

proper evaluation of the G integral is still under active

investigation and the incorporation of the degenerate mode

remains a highly debaÈable topic [15,16].

Chapter two of the thesis presents the t.heory to solve

for the propagation of a transient current on an N-wire

transmission line structure. The general solution

methodologY, where the problem is solved in terms of modal

currents in the frequency dornain and later transformed to

the time domain, is given. An integraJ- expression for the

exact fields due to a single wire above a lossy earth and

satisfying all boundary conditions is derived using

Maxwell's equations. The integral expression is used in the

formation of the elements of an impedance matrix whose

solution yields the transmission line characteristics.

Chapter three of the thesis describes the numerical

evaluation technique used to extract the transmission line

characteristics from the impedance matrix. The method of

solving the J and G integra).s i s also di scussed here.

Aboul-Àtta t17l has derived an exact analytical solution for

the J integral with no assumed restrictions and an

asymptotic expression for the G integral is given [18]. A

brief account of how Carson's equations can be formed by

5



imposing various assumptions that are valid at low

freguencies is included.

The results produced by a computer program which yields

the transmission Iine characteristics of an N-wire structure

using the numerical techniques described in chapter three is

presented in chapter four. À comparison with previously

published results of other workers is made. To complete the

examination of the problem, the time domain impulse response

for a specific transmission line structure is determined.

Àn exact solution for the electromagnetic fields in

integral form for a transmission line structure is given in

the thesis. Concentration will be in the accurate

evaluation of the integral solution for the lower portion of

the frequency spectrum so as to improve existing power

transmission Iine transient calculations.

6



Chapter

FORMULÀTION OF PROBLEM

II

2,L TRÀNSTENT SOLUTION METHOD

The fundamental problem of determining the propagation of

a transient currenÈ along a multi-wire transmission line
will be examined. The commonly used Telegrapher's

equations, which rely on circuit concepts, wilI be set aside

and instead, a more fundamental equivalent theory wilI be

presented which utilizes Maxwell's eguations as the sole

solution basis. In this section it will be demonstrated

that a unique decomposition of the currents induced on the

wires into discrete modes is possible. The solution of the

transient problem will be formulated in terms of these

modes. Later sections wiIl then solve for the properties of

Èhe discrete modes.

The general transmission Iine problem consisting of a

system of N conductors located above a homogeneous lossy

earth is considered as shown in figure 2.I, The conductors

are parallel to the z-axis and are each assumed to carry a

current which is injected at z = Q of value tl { O, t ) ,

n=l,2, . . .N. In general, the current at any point, z I along

the transmission ]ine can be determined from the transformed

Fourier components of the injected current, which written in
vector matrix form is

7-



lI (z,t) l G $-t ts (z,o) I S Irs (o,t) ]
(2.1)

where

Ð æ -jurt1
ñ dte jtot Y'= dr¡e (2.2)g ,

-æ

Here F and f-lare the standard Fourier transform and its
inverse, respectively. The syst.em matrix, ISJ, can be

considered as the current transfer function characLeristic

of the N-wire system. [S] is dependent on the geometry of

the structure, the electrical properties of the supporting

mediums, as well as any boundary (load) conditions imposed

at the terminating ends of the system.

F'igure 2,Iz GeneraL transmission line structure.

v

-tL2 ( )I

ri(r)
z

x

I

z
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In the frequency domain solution of the problem, the

harmonic currents, assurning an exp(-j-È) dependence, can be

conslructed as a linear superposition of eigen-current

modes. Thus, for an N-wire structure, there will be N

characteristic propagating modes taking the form:

exp(' j,¡t + jk[z), rIì=1r2r...N, where kI is the propagation

constant of the *lh mode. The components of the eigen-

currents for each propagating mode is determined by a modal

transformat ion matrix, which yields the total current

distribution in the multi-conductor system as

[P (r¡) I ti (2, o) ] II(z,to)] (2 .3)

with tIl as the conductor current column vector and til as

the modal current column vector. Here [P], yet to be

defined, is the non-singular Iinear transformation whose

utilization allows computations involving each propagatíng

mode to be handled independent,ly. The physical

interpretation of the transformation can be examined by

considering the fields in a plane perpendicular to the

conductors. The field configuration changes if any one of

the wire currents In is varied. However, using the

transformation tPl creates an alternate orthogonal current

sysÈem Ii], for which the field configuration remains

unchanged when any individual mode current in is varied.

Once the conductor currents are decomposed using (2.3),

the individual propagating modes can be considered as a sum

9



of forward and reverse travelling waves whose magnitudes

depend on the boundary (load) conditions imposed on the

transmission Line. For each mode, the general transmission

line system considered wiIl consist of a transmitting

structure of infinite length in the positive z direction and

a source iå,tO) with an associated source impedance z$ at z=O

as shown in figure 2.2.

Figure 2.22 Single mode transmission Iine equivalent.

For the *th mode, the transmitting structure will have a

single propagation constant ki and characteristic impedance

zT ussociated with it. Thus, the eigen-currents for this
mode will take the form

i*(z) z
.. m

-'ìKoer'
z

m
zk+

!m
l (2 ,4\ae

m
+b

10
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z=O

Þ
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m
c

m
2kz¡
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',he 
unknown coefficients, ôm and b¡¡, are the fOrward and

reverse traveling wave components' respectively. Since the

transmission line is infiníte in the positive z direction,

bm=O. At z=0 we have

i (o\ - 
t + Rm

m om (-Z-i) iflto) (2.5)

nhere
z z

m

c

+zm (2.6)
c

Thus, replacing a, wit,h (2.5) we can determine the unknown

eigen-current at a point z on the transmission line to be

m

sm
R"

zÏ

l+Rm
s--T

1+ RMs

i.fltor)(e
m
zjk z (2 .7,

(2.9)

(2.9)

(2.10 )

L
m

(z)

[D(z,o) ]

Àpplying an appropriate transformation matrix tPl the

system matrix tsl in (2.1) can be replaced by

lS(z,o)J tP (ur) I tD (z,t¡) I [P (o) ]

where tol is a diagonal matrix composed

functions given by (2.7 ) for the N

characteristic to the system, written as

of the propagation

propagating modes

2

d
m

jklz

:J
with

d
m

(

1L



Note that the modal form of the injected current source

vector Iis(O,u¡)] is defined in terms of the transformation

matrix as

Iis (0, u¡) J
-l Irs(o,r^r)] ( 2.11)[P (o) ]

Combining these results, the generalized transmission

Line current propagation equation in the frequency domain

can be formed as

lr(z,r¡)l = [P(o)]tD(z,r^r)ltp(o)l-¡ [rs(o,o)] r (2.r2)

or alternatively in the time domain as

lr(z,t) l y- t tp (r¡) I tD (z,w¡ I tP (o) l-t ylr= (o,t) J (2.13)

The time domain fornulation is more easily seen

convolution of the known current Ils(O,t) ] with

impulse response function IS(z,t) ], i.e.,

tobe a

the system

II (z,t) ]
GIs(z,t)] * [ro(o,t)] (2.r41

where

[S(z,t)] g [P(o) ] tP(z,u) I tP(t^r)l -¡
( 2.15 )

The development of the system matrix [S(z,t)] in terms of

the transfer matrices, [p] and lol, can be better underst,ood

by the space diagrarn shown in f igure 2.3. At this point,,

the problem is now reduced to one of having to accurately

determine the mode propagation constantt t[, the

T2



transformation matrix Ip], and the modal characteristic

impedances z[ for the transmission line structure.

l(o,t)
.S(2,1)

I (z,t)

r
S(2,0r)

D(zr,¡)

r-

I(o,"r) I(zrr.r)

fr(r) P(r.r)

i(o, o,) i(z,r)

Figure 2.3¡ Space transformation diagram'

2.2 CÀLCULÀT TON OF NATURAL MODES

The following sections describe the theory used to derive

the propagation constants k? and the Lransformation matrix

tPl necessary for the solution of the generalized

propagation transformation equation (2.13). In 1926, Carson

t 1l f orrnulated the problem by applying l'laxwell' s equat ions

as weII as some circuit COnCepts. The propagating modes

rrere derived from the eigenvalues of the system matrix,

IS]=[VJIZ], which characterizes the N-wire structure, where

the shunt matrix tvl and the impedance matrix I'z) are

dependent on the geometry of the structure [19]. The theory

has been successfurly appried to many power engineering

13



problems; however, due to its circuit analogies it is a

guasi-static theory valid only for the lower frequency

portion of the specÈrum. In the exact formulation of the

problem, aII fields are soLuLions of MaxweIl's equations and

Ís an exact theory to the extent that all boundary

conditions are satisfied [20,p.486]. The method used to

solve for the propagating modes will follow that of

perel'man t5l and is as fornulated be]ow. The unknown

propagating modes are found by matching the tangential

electric fietd at the N conductor surfaces, together with

satisfying Lhe continuity of fields at the air-earth

interface.
Consider an N-wi re transmission line structure of

infinite extent in the z direction and parallel to the

interface between two homogeneous half-spaces, âS shown in

figure 2.4. The upper half-space (y >

by the electrical constants Pe, êe, de, and the lower half-

space (y <

lr3, tg , o3 . The N conductors are assigned the electrical

constants Pn, ên , On, and are positioned aÈ the point

(*n , Yn ) in the x-y p1ane, n=I r 2. . .N ' respectively '

For a specified angular frequency t¡ and as described in

section 2.I, the currents along the conductors can be

constructed as a Iinear superposition of eigen-current modes

thar take the form l¡(exp(-jt¡t + jXI") where kI is the

propagation constant in the z direction of the tth

- 14



propagating mode. Note that for an N-wire structure there

wilt be N Propagating modes. The determination of the

propagation constants is forced by satisfying the boundary

conditions al the N wire surfaces. Thus, matching t,he

tangential electric field components at the mth wire surface

yields
N

T
ll=

E
int E

ext
mm

+ Eex
mn

t
mm ,

I (2.16)

where

,intumm t

wire,

,extemn

nlm

is the external field due to the n+h wire, and

are the internal and external fields of the mth4ìint

respect ively.

Figure 2.4t N conductor stucture geometry.

t'tn Fn

2a,
N

I
f.*

2

l\ ,Eo ,cc il t.:

Fg ,6 I

I

ó,

ö
ô
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¡¡e can also write (2.16) in terms of currents as

z
int
mm

I
m

o
¿)
ext
nÌm

I
m

+
N
I lJ

ext
mn

I
ll= T

n Q.].7')
n/m

Similarily, this boundary condition must hold for all

conductors in the structure, tn=I ,2. . .N, giving t,he result

int
mn

ext
mn I rnl

( 2.19 )
lz z I 0

where

z
int
¡¡ 0 (2.19)

int z
int

z
mm

0 -intoNN

-extt'l I l)
ext
IN

z
ext

z
ext
Nr

z
ext
NN

2.3 INTERNÀL IMPEDÀNCE MÀTRIX FORMULATION

The internal impedance matrix ,int' is derived by

examining a conducting cylinder of inf init,e length in the z

direction, of radius at and ernbedded in an infinite
homogeneous medium, as shown in figure 2.5. The propagation

constant internal to the cylinder is k; and that of the

external mediusr is ke. Stratton [20,pp.524-533], separates

16



the differential. wave equations describing the systen into

elenentary cylindrical waves of the form

"jto,r
.jno H

,, 
(Jtto) "úkf;z 

j urt 
, p:a (2.201

Y t'itlz iot
e

n (¡) (jt.o) , pla
n

where
kn2 k?Iri z (2.2rl
kn2 k2eT e

k?I

k2
e

z
and ,tuisi + j,.^rUioi

tl2u e'e e
+ ir¡u o- 'e e

(2 ¿22)
a

Here an exp(-jrr¡t + :nlr) dependence is assumed with x[ Ueing

the propagation constant in the positive z direction.

,¿l'€lt

v

x

z þe, €¿, c¿

Figure 2.52 SingLe conductor internal inpedance geometry.
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The general solution to the problem can be constructed as

a Iinear superposition of fields taking this elementary form

f.or both the transverse eLectric and transverse magnetic

cases. However, for the case of an axially directed current

in the conductor the waves wiII be predominantly transverse

magnetic [20,p.5271, physical).y taking the f orm of

concentric magnetic field rings inside the cyLinder. ÀIso,

aL} asyumetric nodes, n + 0, attenuate rapidly and do not

play a significant role in the propagation of current along

the conductor. We then can assume expressions for the

reguired fields as follows: Internal to the conductor

(f ' u)

int
z

E "iriJO 
(jtro) (2.23)

(2.24)

(2.25)

(2.26)

(2.271

(2.291

int
z

H 0

2

int
0

k

u OT
a a

H
1a.I.1t- Jt (jtto)

External to the conductor (f > a)

E
ext
z beïiHJt) {ir.o)

:.1ì

"ext 
= o

z

";*t = b.ri #t " 
Í') (jt"o) .

The unknown integration coefficients, ai and bs, wiII be

expressed in terms of the total conduction current inside

the cylinder. Having assumed the current to take the form

I¿exp(-jr¡lt + jkfz) we have
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I J pâ0ðp Q.291

where JÊ = a¿ n9t ís the current density paralrel to the

axis at a point inside the cylinder. Thus, integrating

(2.29) and equating it with (2.23) we obtain

jri (2.30)ti = ã"ao|ñÇÏ

Likewise, by matching the tangential fields at the conductor

surface (1= a) gives

(r)

zrri

"iJO 
(j'r,a ) be H

k?

"i ¡f J¡ (jtra)
'r I

from which we get

IT-e
be 2naa

z int
mn mn

mn

H (Jt"a)

( 2. 31)

( j t"a) (2 .321

( 2.33 )

I ( 2.341

0

m/n
m=n

(jr"a)

I

_kå_,Í,)
UT'e e

,

be

. '.*í.u,kz'1e (
t

)
1

Replacing the Bessel's functions by their equivalent

modified Bessel's function representations IZt 'p.375] , the

internal impedance matrix elements of (2.19) are given from

(2.23) and (2.30) as

JrÞ"
2nkze

ô

{:
ô

,r,kå tåto (t,.,ar,)
Iu kz'e n

(.n"r,) I ¡ (tr.r,)
with

L9



2.4 EXTERNAL IMPEDANCE MÀTRIX FORMULÀTION

The calculation of the external impedance maLrix ,exb is
obtained from the erectric fierd due to a singre line source

above a conducting half-space. The formulation, is the two

dimensional equivalent of the three dimensional case treated

by sommerferd Lzzl, and has been examined by many authors

12,23,247. Consider a single line source, of infinite
extent in the z direction and of radius at situated at a

height y=h above the air-earth interface at y=0 as shown in
f igure 2.6.

v

?o
y=h

P

P(x,y)

þQ rc¿' c[¿
x

9' €0' ø0
/

F
*

t/
y=-h (1

Figure 2.6¿ Single conductor external impedance geometry.

The total electromagnetic fierd wilr be expressed in terms

of the Hertz vector potentials le and îg for the regions

y ¿ 0 and y S 0, respectively. The electric and magnetic

-20



fields in each region riII be derived from the vector

potentials using

Ë

fr

v(v a 1T ) + k 2
1l (2.35)

-jrrre t (V x ¡) o
(2.361

Às explained in section 2.3, for an axially directed

current, only the synmetric transverse magnetic case witl be

considered. Again ¡re wiII assume the current to take a

space and time dependence of the form Inexp(-jtot + jk1z).

The following two dimensional differentiar expressions

satisfying Maxwerl's equations can then be used to describe

the system:

o

ãF +å+òy,
(k2'e k;) 1;e -j ;Yl0 P > a l\2.37)

r#. 'à2':::--ðy' + (*å - k'?) );s 0 rv:0 ( 2.39 )

where

J îctn "-jurt 
+ ikzz ô(x) ô(y_h)

( 2.39 )

k2e t¡2u e t'e e
^t r" * io"/u (2.40)e

k2g t¡2tl e''g I el = Ê g + )on/øg

The source term i is formed in terrns of the total conduction

current In inside the conductor, as in section Z,3t with C

2L



being the integration constant. It is required that alI

fields and their first derivatives be continuous (except at

the source) in the domain of the solution. The constants ke

and kg are the propagation constants in the regions y >

andY<
The solution to the system must also satisfy the boundary

conditions at the interface (y = 0); namely, Ei = El,

Eez-El, Hi-Hi, H2=Hl , S¿Eg=eånü, andpeHi=psH!.

Thus, using (2.35) and (2.36) to form the field components

the following set of conditions must be enforced on the

vector potentials iieand î9at the interface:

0
e

1l x

k2¡9gz
.re,<' 1ez

o
= ll"x

(2 ,4r\

(2.42)

(2 .43],

(2 .44)

( 2.45 )

Q.46)

E î9
z

a

v
I

I
o

1I'
v

z
d

v

e
1T

v

a

I
e

e'e

e1r= E
a

L

v

g

e
1I =V a -oI',t'

The solution to (2.37 ) can be formed from the appropriate

two dimensional Green's function for the region y >

integral equivalent to (2.26), for the symmetric case n = 0,

being [2t,p.376]

xdk1l=z
P

¡O

!f xo (r"e) = â l+ j-- "-Jkxx-UelY-hlUe

-22



As in section 2.3, the int,egration coef f icient C is

expressed in terns of the total conduction current, inside

the wire and is obtained by applying the boundary condit,ions

at the wire surfaee ( I = a). Replacing the Bessel's

functÍons of equation (2.33) by their equivalent modified

Bessel's function representations we get

c
j t¡l]e

Tr I
TîeafKfl.rp-

(2 .47 I
a

Now, using the boundary condition (2.4l-) we can write ñe

and f9 in terms of their components as

1T

ee^TlV+TZy- z , (2.491

1T

g o^o^7l' v + 1l' 2y' z
(2.49)

Using the integral representation of (2.46) the components

of the vector potentials can be expanded as

æ

"-Jk*x-u.ly-hle
1T

z A
U

. 
ü.-jk*x-ue(Y*rr)ak

(2.50)
-@ e x

, y>0

I

l

oo

ü 
.-jkxx - ueh + usy dk

o
T' À y:0 ( 2.5r )

z x

co

# "-rkxx 
- u" (Y + h) ì

7T
e

v
A dkx yì0 (2.521

-æ e

æ

ù "-jkxx 
- ueh + usY dkx

(2.53)
T

g

v
, v 0

where

À
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A
c I e-jrrrt + )kzz , 12.54)ñ n

U ki +t! t î 2

e

2

g

¡2 - ¡zze , (2.55)
e

ug kL* 1 2
g , T k2z kå (2.56)

Here the z component of fre has been formed as a sum of the

primary potential (2.46) and a secondary potential. The

unknown coefficients R, T, M, and N are determined by

applying the remaining boundary conditions at y=0. Thus,

using (2.42 ' 2.45) we get

(1 + R) = n2m2T r (2.57)

T I
n2

U
e

ug
(1 R) (2.58)

M=n2N t (2.59)

-ueM+jkr(I+R) ugN + jkrT ( 2.60 )

where

n 2
Et3
Er

e
m2=

u3 ( 2. 61),
u e

Solving for the fre potential requires the values R and M,

which are derived as

Rile

Mq

t +
2m2 (2 .62)

u" (mzU. + Ug

n 2m2 t ) t
u.*ug

2¡K" rL (n -m2 m

24
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The z component of the electric field at. any point in the

upper half-space (y à 0) can now be derived using (2.35) as

or

where

{'*" * J

M oTe
Ue

(z .64)

( 2.65 )

a

àz

À

(v -e
1l +x! e

II
zE"

CD

-æ

a
_*
p

E,

dk
*p.T.

x

R

dk

+
p

+ [,*" #. -:]f:_ "teU xUee

e

e

T

T

õ

t

-jk** - u, lv - trl

-jk**-U"(y+h)

p) Ko (r pr)l
e

(2 ,66)

(2 .67 \

9¡e will now only consider the special case pe = !s = Po for
which m?=1. Thus after replacing R and M in (2.65) we get

E = -2À

(2.69)
@ T

e

õ

rl txo (rez

2 T .õ*
ee

nzU +U
e g

l_ .,
ñTj%E'rk2 (

e
+ I

%E dk*
-æ

Note that two terms of (2.65 ) are the. integral
representations of the modified Bessel's function Ko(z) and

have been replaced in (2.68) as such.

The reguired external impedance matrix elements z# can

now be obtained from (2.68) by dividing by the wire currents

In . When (xn , yn ) is the source location and (xrn , ym) is
the field observation point the elements of the external

irnpedance matrix of ( 2.19 ) are given by
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ext
mn

-jrp e r! tx o ( t" o*,., )z 2nk!(...r,)K¡ (.."r,) Q .69l

- Ke (r p *
mn ¡ +G(o* )lmn

kå rr (¡ *
mn ) - c rõ;,.,1 I

e

where
æ

"T"
n*Þtnnr (efu) I dk

U + U x , (2.70]/
e g

æ k 2

e .î" 'õåt axc(p *
mn

(2.7r)
*åu" + k2ue9 x

and
p (xm x \2 +

n
(ym Yr,)'mn

o*'nÌn (x'm *r,), + (ym + yn)

T .o
e

*
mn -jkx xr-xrrl - u.(yr*yr)

2.5 UODE EOUÀTION AND TRÀNSFORMÀTION MÀTRIX

Às formulated in section 2.I, the general problem of

solving for the propagation of an injected current on a

transmission Iine can be solved in terms of thi eigen-

current modes propagating on the system. The eguation

giving the values of the N eigen-currents, (2,18), is

tr*t-ri,ltl trr,t = o (z.7zl

where tlll and zfr*
respectively. ,inb

were formed using (2.34) and (2.69),

and ze*t, however, are functions of the
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unknown propagation constant k! and thus will have N forms

corresponding to the N propagating nodes of the system. The

problem can be recognized as an eigenvalue problem, whose

solution requires that the determinant of the impedance

matrix be zero. This brings about the nmode equation',

detlZ int
km

z ,ext (kT) l (2.731
0

whose solution will yield N eigenvalues, which are the N

propagating modes characteristic to the transmission line
structure.

Substitution of each eigenvalue kl into the impedance

matrix of equation (2.72) will yieLd a corresponding current

eigenvector defining the proportionality between currents in

the N wires for that particular node. The normalized

eigenvectors are then used as the column vectors of the

transformation matrix tPl in (2.3) which appropriately adds

the eigen-currents to form the total current quantity for

each conductor. The elements of the tPl matrix can be

deduced from the impedance matrix by

IP lv(k;), v :Kl),..., v(k))1 (2.7 4't
¡nn

where

v km ) (-t) j+1 a .(
rJ

xm) (2.75)l z z ,

j lr2r...N, m = 1r2r...N

and
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zzt
t
a
a

l,"j-1, r
a

:

z i+r,L aa a zt¡r Q.76)
A det

a

a

j
ZH I ta t lr

NN

N-I x N-l

For each kI, the elements of the column vector v¡ (ki) are

given by the complement of the jth element in the first row

of the impedance matrix of equation (2.721, Thus, N column

vectors can be formed corresponding to the N values of k?

substituted into the impedance matrix.
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Chapter I I I

SoLUTION TECHNTQUE

As discussed in sect.ion 2.1, the N modal propagation

constants k! and the system transformation matrix tPl must

first be determined so that the system transfer matrix

IS (z,rrr) J can be f ound. This chapter describes the numerical

technigue used to evaluate k2 and tp] for a specified

transmission Iine structure. The solution of the Sommerfeld

integrals J(ij") and c(f.f") will be discussed and an exact

solutio¡ for the J function will be presented as well as an

asymptotic expression for the G function. À1so, the

frequently used approximations for the functions J and G

will be made to develop Carson's equations, which are

commonly used to solve many power system problems.

3. ]. NT'MERICAL EVÀLUATION

Às developed in section 2,2, the propagation constants k?

and the transformation matrix tPl can be extracted by

solving the linear system of equations

rrllt-r;itl rrr,l = o (3.1)

where zil: and Z
ext
mn were formed using (2.34) and (2.691,

mode equation (2.731, whose solutionrespectively. The

-29



yields the N propagating modes characteristic to the system,

will be modified to make its numerical evaluation more

practical. The constant i.ùPe/zntr is cancelled from alI

terms in the impedance matrix and all current terms In are

divided by the factor (ls a¡ )K ¡ 
(lsa¡) . Àfter rearrangement 

'
(3.1) can then be written in the form

fA'mn X B*r,l lf n/ (r."n) K r ( r"ar,) I+ 0 (3.2)

where the elements of the neÌ{ impedance matrix are given by

A
mn

un;-r'e n
= l,

rfr ro (rnarr)
(r a ) I, (t a )'nn'nn

K1 (r."n) (3.3)( t"an )
mn

rr (õfo) c(õr )1
mn

t

(3.4)
lKo(t"o*rr) Ke(r"Pår,) * c(õ *

mnB
mn

with =A n

(3.5)
x

The solution of (3.2) requires that the determinant of

the impedance matrix be zero, bringing about a new mode

equation which is in the form of a generalized eigenvalue

problem. The solution of the mode equation will yie}.d N

eigenvalues Xn from which the propagating modes can be

found, âs

-30
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k m2
+ ,rx--T-r (3.6)

e

rhere

0 , m = Ir2r...N. (3.7)
m

Difficulty arises in evaluating the mode equation by the

usual eigenvaJ.ue techniques since the defining matrices À

and B are non-linear functions of X-. However, sinceXm is

incorporated in the matrices only through the modified

Bessel's functions Ko, Kr, Io, and Il and the integrals

J(i"T" ) and c(t"f^ l, which arl vary slowly as compared to)û¡¡

itself, an iterative technique can be employed to solve

(3.21. The matrices À and B will be formed using previously

calculated estimates of the eigenvalues Xfit . Convergence

to the exact eigenvalues of the system can then be found by

iteratively evaluating

m
kek2e

T
m

z

BdetlA + X

derlAtxl-tl + xl stxfi-llt 0 ,m

e

31

r,2,...N (3.9)

(3.9)

where A and B are non constant matrices at each iteration
step j, )=I,2, . . .æ. At each iteration j, the error is given

by € = X*, - f kt . The init iar assignments f or the

eigenvalues X;. are assumed to be zero, which is the case

when all modes propagate with the value kg. For this
initial case the function c(f"Í") and the modified Bessel's

functions of equations (3.3) and (3.4) will take, in the

limit as Ye--r0, the values IZtrp.375l

km
z 0

k
1 e



Ks (r"orrr) - Ke (r"oftr) 1n ,þ,
'rnn

( 3.10 )
T e

(r.an) K ¡ ( r"arr) I ( 3.11)
T e

Since the value

oÈher functions,

that

of the G function is small compared to the

it will be assumed for the initial case

c (õ;n ) 0
j=1 ( 3.12 )

Thus, ât each iteration step it is required to find the N

value, X/. satisfyins (3.8) where À(Xfl ) and B(Xtì ) are

constant. Various methods can be employed to solve this
problem.

3.1.1 Determinant Solution

One nethod of solving the problem described in

previous section is to break (3.8) down into a polynomial
I

terms of X*' as follows:

the

in

N + a¡¡-l fl-r * ... + arXI + ås 0 (3.13)tN x

where X*. tr"s been replaced by X f or clarity.
coefficients aj are derived from the matrices

n(x[-t ) usins

The complex

À(x*-r ) and

l{5
E detI

k=1
oil;j 0rIr2r...N (3.14)a, =l

N
j

NI
(N-j)!j:u l

(

32
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Here ai¡ is the matrix A with j of its rows rep}aced by the

k+h possible combination of j rows of the matrix B. Thus,

for the coefficient aj there are j rows of À replaced by the

corresponding rows of B and for the coefficient aj there are

Mj possible substitution combinations. Àn example

illustrating the expansion of (3.13) using (3.14) for the

case N=3 is given in appendix A.

The problem has now been reduced to one of finding the

conplex rooÈs of the polynomial (3.13), for which an exact

solution exists for orders up to n = 4. For orders n >

various methods can be used to determine the roots, the one

used being a combination of Lehmer's method and Newton's

iteration method [25J. In summary, the described technique

of evaluating (g.g) is very accurate for low orders where

the number of conductors in the transmission line system is

small. However, âs the order increases the accuracy with

which the polynomial coefficients aj are formed decreases

rapidly since the number of determinants reguired to be

evaluated increases drastically as given by (3.15). For

higher order systems, âlternate techniques can be employed

to solve the eigenvalue problem Í,26).

Ànother method of solving (3.8) would be to use a two

variable non-linear optimization technique to search for the

eigenvalues Í271. In this case the minimizing function is

defined by ÀBS( det( e - X[n ) ). The major advantage of

this method is that only the search for the minimum due to
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the *lh root would be necessary f or each Xli.,-l . The

previously discussed polynomial method resulted in the

determination of N roots for each X*;l , with only the mth

root being the desired result. Also, by using an

optimization technique, the number of search steps can be

reduced by utilizing the fact that the desired root Xj., is in

the neighbourhood of the last calculated Xå-' . However,

this method may be unstable for the first few iteration
steps since difficulty occurs in identifying the rth root

when the roots are in close proximity to each other. This

problem wiII be discussed next. In general, the method is
weII suited to this problem once the proximity of all roots

are f irmly established.

3.1.2 Convergence Of Roots

The iterative process described in the previous sections

must be carried out f or a1l roots X* , j=I ,2, . . .ó,

m=l,2r...N. At each search step j, however, the solution of

the polynomial (3.13) wilt yield N roots, with only the mth

one being the desired root as shown in figure 3.I. The

remaining N-l calculated roots are nfalse" roots in the

sense that they only add extraneous information as to how

the roots converge. ff two or more roots are near each

other, the use of a non-linear optimization search method to
locate the mth root may result in the convergence to one of

the false root,s. Thus, only when the proximity of all the

34



roots is deternined by the iterative solution of (3.8) can

an opti¡nization technique be used to converge to the desired

eigenvalues with greater accuracy. Note here also that the

the solution of the general eigenvalue equation (3.2)

directly through the use of an optímization technique from

the initiaL phase would be very tÍme consuning since the

matrices À and B would need to be evaluated at every search

step. In the thesis, the propagation constants kT are

evaluated numerically using the iterat,ive technique and by

employing the polynomiaL expansion ¡nethod to calculate the

roots.

r*

Íl
x2

I

4
xå

o
?
I

xf'
olt

xI
2 x x

tr cxocl roots
o dcsircd roots
x folsc rools

Calculation of roots for the iteraÈion
technique

Figure 3.1¡
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3,2 EVÀLUÀTION OF THE TRÀNSFORMÀTION MÀTRICES

Once the roots A,.,.' and the resulting propagation constants

tl are determined by the iteration technique described in

the last sectíon, the eigenvectors of the system can be

derived using (2.74). It should be remembered, however,

that the ¡node equation had been modified in section 3.1 to
the form of (3.2 ) by dividing the currents In by the factor
(3" an )K r (ls ân ) . To take this into account the eigenvectors

are found using

lvj (kT) J = t (-1) '+Iarj (k:) I {tlar) K, (rmar) , (3.16)

j = I12r...N r Iû = I12r...N

where 6lj is now the complement of lhe jth element in the

first ror¡ of the modified impedance matrix (3.2), evaluated

at kI. The eigenvectors, which are derived using (3.16),

are aII normalized in phase with respect to the first
element in the column vector using

tvj (kT) l
V.

) j = 112r..'N (3.17)
V I

and in magnitude using

rvj (k:) I
v l j I,2 r. . .N (3.19)

{lr*
The transformation matrix tpl is then formed using

(2.74\. The inverse transf ormation mat,rix Ip]-l is
calculated by inverting tpl using the simple method of Gauss

elimination which is an adequate method for matrices of low

order.
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3.3 EVÀLUÀTION OF THE COMPLEX TNTEGRALS

In this section the evaluation of the complex integrars
J(i'å ) and c(3* ) wirl be discussed. Their solurion is
reguired in the carculation of the elements of the impedance

matrix (2.18) which is used to extract the characteristics
of the transmission tine structure. The two integrals were

def ined by (2.70) and (2,7I) as

r (p;n ) r_
-j krx-U"y

dk
X

1

U 
_TT_
eg

e (3.1e)

( 3.20 )

( 3.21)

(3,22)

G (p;n )
[_

dk
X

1
-i kxx-Uey

e
nzu. * U

g

where

and

k2e
2

eT+¡2xUe

kå

t yz
z

k2z

2

e

2

I

T

Tk2 + rzxgU I

n2

x = lx - x I'm n'

t
nn

v

x )2 +

(v, + yn¡

p (x'm ym +Yn
n

k2
o

k:
The contour of integration is the totar rear axis of Lhe

complex kx plane.

Exact sorutions of the two integrals in terms of
analytical expressions that are valid throughout the
possible argument range are not available except when

various assumptions are made to simplify their integrands.
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Àlso, their direct numerical integration along the real axis

is inaccurate and time consuming since the integrands,

behaviors are significant over the entire range of the real

axís. Thus, a solution is usually determined in Lerms of

analytical expressions which are valid in either Èhe large

argument or smaII argument range and later linked together

appropriately.
The integrands of (3.19) and (3.20) are both doubly

irrational and thus, for convergence of the two integrals
neaJ. IUs ] >

entire complex k¡ plane. Using (3.21) and (3.22), Lhe

locations of the branch points of the two radicals are given

by

U
e

k + L 0 k tjre (3.23)
X e X

and

U +T 0 k = ljt (3.24\g I X g

Knowledge of Èhe behavior of ke, kS, and kz in the

complex k plane yields the locations of the branch points as

well as aids in the general understanding of the problem.

Figure 3.2 gives the regions for the possible values of ke,

kg, and kz in the complex k plane. The propagation constant

ks will always be located on the real axis for a non-Iossy

air medium and the propagation constant in the earth kg is
located in the region 0o< /k, <
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kg to, ttg= þo
tg = to

typical locus
ol k¿

(
Ir

ne[kl
ke

Figure 3.22 Location of ke, kg, and kz in the complex k
plane.

lm k*l

¿so

irs

+ jÍe

nelk"l
t7e

-t
+ simple pole
o branch point

- 
branch cut

Figure 3.3: Branch point and pole locations in the complex
k¡ Planeo '
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The consÈant kB will approach the 45o limit as frequency

decreases or for high earth conduct,ivities. The possible

locus of kz, whose exact value is to be determined, will
fall in the upper half plane and is best considered as a

perturbation of the propagation constant ks.

From the probable values of ke, kg, and kz shown in

figure 3.2 the corresponding locations of the branch points

and their associated branch cuts can be deduced as shown in

figure 3.3 where

oo4lh rl8ooL'e (3.2s)
gotfitnrlg0o

The *jfS branch point will tie near the 45o axis in most

cases since kg is near 45o and much larger than kg. The

+jïe branch point will always be located in the second

quadrant near the origín and is the unknown value that is

evaluated in section 3.1 to obtain the values of the

propagation constants of the transmission line structure.

3.3.1 J Integral Evaluation

Àccurate analyticaL formulations for the J(i'i^ ) integral

express it in terms of Struve functions under the assumption

that the propagation constant kz is the free space value ks

in the exponent term [8,9J. The J integral (3.19) can be

separated into two integral forms by multiplying by

(us-u.)/(u"-ur) as
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*
J

or

Jr =

Pmn Jl * Jz

u"'r
-j k*x-U.J

dk
X

1

J-_

-j k*x -U.v
(3.261

e

irrationality Us and is
functions [21,p,376] as

(3 .27ì'

( 3.28 )

-l

( 3.30 )

1 dk
X

U
g

(nz-t)r2

e

2

1n2-r1r!

T

2

{nz- r I r.!
æ

The first integral Jr has a single

known in terms of modified Bessel's

*, *o,..oln)

p)K p) )z (, p)TI e
v

I

( T
Jl

( n- 1)k
e

where 
"1 

= 1"T^ . The second integral Ja is not as easily
identified since it retains the double irrationarity us and

Ug. It can, however, be expressed in terms of known

functions in the limit of k¿---+ks in the exponent. For this
condition Je becomes

e
-k*(v+jx)

d '(3.29)

The limits of integration for the first integral can be

changed f rom (--r0) to (0,-) by setting k¡ - -k¡. ÀIso, f or

the case -fr/z < ¿T3(ytjx) < rt/z, the integration paths for
the two integrals can be aLtered from the reaÌ k¡ axis to
13* through the f ol).owing:

dk
X

Jz= 1

,'414 U:-', 'k*(v-jx)
+ unt

k =T w
X

dwdk =
X g

T

U f,7;1
g

Thus, the J¿ integral of (3.29) becomes
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TZ tr
,, = #rlqll ,r=.-"n o. - 

1t771.-',* 
o*] (3.31)

where

11 =tg(y-ix) , ,z=rg(y+ix)

which can be expressed in terms of Struve functions

12I,p.4961 as

2tg

(n2-i)t?.e
å[

t{ I
(z

I ) - Y(z
1
)lt I (z

2 ) - Y(z
2J2 + ( 3.32 ),T z

2

The formulation of the J integral just presented using
(3.28) and (3.32) is equivalent to the expression used by

Perel'man t51 and Olsen et aI. [28J. The formu]ation is
adequate for small argument evaluation (t Îrffn small). Àn

exact solution for the J(Îrff.) integral under no assumptions

can be deduced from the formulation presented by Àbour-Àtta

[]71.

3.3 .2 G I nteqral Evaluat i on

UnIike the J integral solution method, the G integral can

not, be separated into easily identified forms. Instead, the

asymptotic behavior of the integrand as kx+æ will be used

to determine the small argunent behavior of the o(F.å I

function as tgfå--+o by applying

1,297 . The G f unct ion integrand of

the form

the final value theorem

(3.20) can be written in

ffi)ü
1+R

+ UInzt)
e

1
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where
U

e
U

R u+
e g (3.34)

Since lRl

( 3.33 ) can

l(nt-r)/(n2+r)l 1, the denominator of

binomial expansion asbe expressed in terms of a

['.(H)l'= ['-ff;*. (#)' R2 (3.35)

Replacing (3.35) into (3.33),

integral can be written as

the integrand of the G

I
= (å)ù {' 

. 
r (#J]- 

. 
[#J' ffi)]

R? + ( 3.36 )

n
2,¿ +ueg

The first order approximation, which

Perel'man [5], can be recognized as the

function Ko as

was employed by

modi f ied Bessel's

p *
mn

)

2k2
e Ko (rep t

¡nnG FI
( 3.37 )

In the evaluation used in the thesis the second order

approxirnation is used to express the G integral as

2k2
e

k2 - k2oeq:q
2k¿

r (¡ån) l.
( 3.39 )

G
uop 

( Pår,) Fåf t Ko (t p t
mn

+ we

3.3.3 G Inteqrand Pole Extraction

Recently, much attention has been paid to the effect of

the singularity in the G integral. Ear1y work by Olsen,

Chang, and Kuester [11,30,28] and Carpentier and dos Santos
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tl3l suggest that at high frequencies the contribution of

the simple pole singularity dominates the remaining

contribution due to the two branch cuts. Thus, an

examination of the significance of the singularity is of

importancetotheproperevaluationoftheGintegral.The
Iocation of the poles of the G integrand (3'33) in the

complex k¡ plane are extracted for the condition

(3.3e)

using (3.21) and (3.22), the pole locations are given as

nzu. + U
g

0

k, - tj e

7Ã
( 3.40 )

dk . ( 3.41)

2
T +

e

k

inthecomp}exk¡planeandareshowninfigure3.3.The
poles are located near the branch points liïe for values of

Large oè, which is usually the case unless extremely high

frequencies are considered'

The contribution of the poles to the G integrar can be

determined by calculating the residue term at a pole

Iocation. By multiplying the integrand of (3'20) by

(nzuu-ur)/(n¿u"-ur) the G integraÌ can be written as

( n2u
-j k*x-U.y

U )e
e_* 1_T:

n -l
X

G( o'mn

n2* 1

e

ã

2+
e

T

[--

?+
e2.2nk

e_T:
n -r riÅ

k 2+
e

T+
X

kk

Thus, using (3.40) the pole contribution is given by

( T

e

,r#)
e

+
e

G po1 e
2ni
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Examination of (3.42) shows that, except for the case at

extremely high frequencies, the contribution due to the

poles is small compared to the previously derived expression

for the G integral (3.38) since n2 is large.

In accordance, Sorbello's experimental results [31] for a

horizontal wire antenna above a disipative half-space show

only one mode of propagation on the structure for

f requencies where #tt1. Recently, however, Degauge et

al. [16] have studied the current distribution on a long

line paral.lel to a ground at high frequencies. Their

experimental results indicate that the current distribution
on the transmission 1íne can not be considered as an

exponential function beyond a given distance of propagation.

The existence of an extra mode is suggested as an

explanation. In the thesis, only currents due to the common

transmission Iine modes will be considered and the existence

and incorporation of the degenerate mode wiIl be left for

Iater research.

3.3.4 Reduction To Carson's Formulation

In this sect,ion the relationship between Carson's theory

and the exact theory as presented in chapter two of the

thesis will be discussed. Carson's formulation has been

used in many power engineering applications and the degree

to which it is correct can be determined by observing the

approximations necessary for its derivation frorn the exact

equations.
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OIsen and Pankaskie [32] derive Carsonrs equations by

applying approxinations which are valid at Iow frequencies

and for high earth conductivities. At low frequencies all

significant distances wiLl be small compared to the free

space ravelegnth and under the quasi-static approxir¡ation it

can be assumed

Ir.on,.,l , ¡t.0fr.,1 t' r (3.43)

Under these conditions [2t,P.375]

Ko (t"o*r,) Ko (t.0fi,.,)
o*
rPr
Pmn

( 3.44 )

k, ke

1n

(r a ) Kr (t a )'en'-en I (3.45)

e
( 3.46 )

Further, for high earth conductivities lkS/kel

( 3.47 )

U= k x

I¡z kxgu a

Using the approximations (3.45) and (3.47, , the CtFrf. I

int,egral (3,20) can be neglected since n2 is large and the

J(Ff") integral (3.I9) can be simplified to the form

f- I!# .-j**(lxm 
-*r,l + j (vm*vr)'u* (3'48)

Jc(õån)=-/j, s '^x

Equation (3.48) is the tern derived by Carson tI] to take

Ínto account the earth's effect and is usually expressed in

terrns of an infinite series. Thus, under the low frequency
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approxination, the eleu¡ents of the external inpedance natrix
(2.69 ) become

zex
mn

t J rþ"
ñ e

t'å In ,;*, kze J (p *
mn ) ( 3.49 )c

In summary, the required conditions for a transmission Iine

approach are that the wavenumber of the ground be large

compared with that of the air, and all relevant distances be

a snall fraction of a wave}egnth. These conditions are

almost always net for power engineering applications when

the system is evaluated at 60H2.
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Chapter IV

NUMERICAL RESULTS

In this chapter the calculated results wiIl be presented

for the propagation constants kl and the transformation

matrix tpl as evaluated using the numerical technique

presented in chapter 3. AIso, the system transfer matrix

IS(z,c¡) ] and the system impulse response matrix IS(z,t) ]

will be determined.

A program has been written which yields k! and tpl for a

specified transmission Iine structure and is listed in

appendix B. The number, location, radius, and electrical

properties of the conductors as well as the electrical

properties of the air and earth media are all arbitrary.

Àssumptions made in deriving the mode equation are that the

earth iS considered homogeneous, the conductors are assumed

to be thin relative to their structuraÌ spacing (i.e. field

matching done at a conductor Location assumes the field due

to the other conductors is constant over its surface), and

only the symmetric transverse nagnetic case is considered

since the wire currents are taken to be predominantly

axially symmetric. ÀIso, âD asymptotic expression for the

c(f.::) functíon is employed as explained in chapter 3.

Other errors will occur due to the inaccuracy of finite
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digit arithmetic and any inaccuracy in the numerical

evaluation technique. Àn exact expression f or the Jtfr,|" I is

used in the evaluation as explaíned in chapter three.

A comparison of calculated results with previously

published values will be made for various cases. The

results obtained when often used assumptions are made to

ease the evaluation of the J(!å ) and G(l-i.' ) f unctions will
be examined. It wilI be shown that many of these

assumptions are valid only when aIl relevant distances are

small compared to the free space wavelength and the factor

kglks >>

earth conductivities. Concentration will be mainly on the

effect of the G function since it is usually assumed to be

zero in these cases. Then, kl and tpl will be calculated

over a large spectral range for a specific transmission line
example and compared to the results produced by the

Electromagnetic Transient Program EMTP [33,34J, a commonly

used program in power systems applications. FinaIly, the

system transf er matrix IS(z,r¡) ] will be evaluated f or the

example and from this, the system impulse response matrix

Is(z,t)] will be determined by employing the inverse Fourier

t ransform.
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4.1 PRELIMINARY RESUTTS

Init,iaI comparisons will be made to the results of

Grinberg and Bonshtedt [7] and Perel'man t5l to determine

the validity of the analytical and numerical technique used.

As explained in chapter 3, Grinberg and Perel'man have used

a Struve function series to evaluate the J function and have

assumed an asymptotic expression for the G function as

2k2
c(¡ilì) È d-o(t.0fr.,) 

(4.1)

The expression for the modified G function that has been

incorporated in our evaluation was given by (3.38) as

2kâ (4.2')
G No (repp

2k2 k2 -k2--e I Q €
k¿ + kå 'kfr + xz

t
mn

)+
æ

J(p ) J.*
mn

uoD
t
¡nn

Since at the frequencies and earth conductivities they have

chosen kg/ke >>

compared to the free space wavelength, the differences in

the determination of the J and G functions will be rninimal

and the evaluated results should be comparable.

Grinberg and Bonshtedt calculate the propagation constant

kz for the case of a single wire above a lossy earth. Table

4.I presents a comparison of the normalized propagation

constant kz/ke for frequencies ranging from 300 rad/sec to

106 rad/sec. The wire, of radius lcm and conductivity

5.7xI 07 zs/n, is located in an air medium at a height of 10m.

The earth' s electrical parameters are pg = Po, €3=f-o, and
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dS=!.0x1d¿ v/n For Lhe results presented I kg/ke I ranges

from 1.9x103 to 33.6 and thus the effect of differences in

tfre G function evaLuation should be minimal, âs verified by

the results in table 4.1 where

(4.3)
" - "MoD

G=0

Further examination shows that the effect of the G function

tends to be directly proportional to the frequency.

TABLT 4. I : Cornpari¡on of kzlkc to thè rcsults
of Gr i nbcrg end Bonshtedt ¡nd thc
PGrcGnt effcct of thc G function.

(r ¡dlscc) I rczr. 
I

PROPAGATION CONSTANT (KZ/I')
G(,rodificd) Grinbcrg

I EFrEcr ot
G 0N ln(kz)

300 .0

l.Oxì03

ì.0xl0r

ì.Oxl0s

l.Oxl06

ìg[r.6

r063.5

336.3

r06.3

13.6

ì.2¡.56+jo.o9o8

r.2ilo+j0.0595

r.r¡r9+j0.0¡55

ì.08r5+j0.0363

r.0367+j0.0238

t.2¡.6-j0.0907

ì.2r ì-j0.059[

r . r¡3-j0.0{53

ì.08t-j0.0363

r.037-j0.0236

o . 0006

0 .002

0 .02

0.2 ì

2 .09

perel'man calculates k! and tPl for one' two, and three

wire systems at a single freguency. À comparison of results

for four of his cases are shown in table 4.2. Calculations

are made at a frequency of 106 rad/sec' îfith an aÍr medium

and earth electricat parameters P3=po, é9 =Eo, and

oS=1.0x1úz zr/n, which corresponds to a value lk3/kel=33'6'

conductor dimensions and electrical parameters for the four

cases are given in table 4.3.
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TAELT I.2: Compânlaon of Rz/ke ànd [p] for c(ilOD) rnct G.Oto the results of Parcì,mân.

CAS E IiETHOD RELETIVE PROPAGATION CONSTANT (KZ/KE) ANO IP]

A

G(Modificd)
Penèl'mân
G.O

I'ODE 1

1 , 036689+JO, 023808
1.0368 +JO.0239
'r . 036666+JO .023321

G(tlocllficd)
Penel'mân
G.O

tPl
(Modifred)

tPl
Pere'ì 'rnân

MODE t
060825+J O. O4O1 76
06 1 +JO. O4O4
060791+JO,039345

itoDE 2
1.OO6375+JO.OO238O
1.0064 +JO.OO24
1 . 006375+JO. 002366

t o.7071+J
0.7071+J

o.o
o.o

O.7O71+J
-o.7071+J

o.o I
o.o J

t 0.7071+jo.o
o.7o71+JO.O

O. 7O7 1+
-O. 7O7 't +

Jo. o 'l
JO.O J

c
G(Modjfled)
Pene l 'man
G'O

tPl
( tloc,l f i ecl )

tPl
Penel'ñeñ

¡toDE 1

1 . O6745O+J O. 046544
HOOE 2

1.O12997+JO.008660
1.O13 +JO.OO88
f .o13oo2+jo.0086281 .067413+JO.045736

t
t

9. 5926+¡O. O
o.8050+Jo.0402

o, 7885+J O. O
-0.6 1 46+J O. 0242 l

lo.788 +JO.O
-o.615 -JO.O24

0
G(Hodifled)
Peneì 'mân
G.O

tPl
(Modifted)

t
(
Pl
Modtfled)

tlooE I
o781 12+JO.053063
o8 f +J o. 0528
o78O7 1 +J O. 05 r933

MODE 2
o1 5886+jO. 006080
o16 +JO.0062
o15886+JO. 006038

MODE 3
002665+JO.OOO99O
0026 +JO.OOO9
002563+J O. OOO984

o. 5679+J
o, ss55-J
o.5680+J

o.o
o. o180
o.o

o.o
o. o17
o.o

0.7o71+JO.Oo.o +Jo.o
-o.7o71+JO,O

o.4315+
-o. 7920-
o.43 I 5+

Jo.o 'l
JO.O180 I

JO,O J
o.568 +J
0,596 +J
o, 568 +J

0.7o71+JO.O
O.O +JO.O

-0.707t+JO.O

o
-o
o

432 +JO
79t +JO
432 +JO

o
o17
o
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The effect of the G function is also calculated and compared

to Perel'mans results as shown in table 4.4. The effect is

smalL as expected since kX/ke is stilL considerably Iarge in

alI cases.

TABLE 4,3 Prr¡nctcr¡ for tha four tcst
ca¡G¡ pra¡ant.d by Porclr¡¡n.

cAst
ltunBER 0t
c0)rDucT0Rs RAD

ELTClR I CAL PARA'TTTERS

u e o
Pos rT r0r{ rN
(x,y) PLAilt

A I ìcm Ut.Uo Êr.Eo s¡-!.Jxl070/n (0nr, l0m)

B 2 I
ì

cm

cm
U¡-l]o
}l: - ìlo

Êr. Eo or -5.7xlO7U/n
ê2. êo az-5.7x ì07?J/m

(0n, l0m)
(tom, tom)

c 2 I cn
cmI

ìlr-Ì.lo Ê¡rEs O¡

Uz -l00Uo e2 t ës A2
-5.7xl07U/m
-9 . O( t 06 (J/n

(0n, ì0m)
(t()m, lOn)

D 3 cn
cm

cm

I
I

Ì.1¡ . Uo
U2'Uo
U¡ -!o

I t Êo

2 - e o

3 te 
o

or.5.7xt07U/rn
az -5.7x ì 07 ö,/n
o¡ -5.7x lO7 U/m

Ê
a

19¡n, ì0m)
(ì0n, ì0m)
(2ùn, ton)

TABLE l.¡r: lnflucncc of thê G function
on lrnaginary(kz) cqnParcd to
Percl 'n¡n¡ rc¡ul t¡.

CAS E G TYPT I EfF¡CT 0F G 0N ln(kz)

A
G(t{odificd)
P¿rclrn¡n

,IODE I
+2 .09
+ì.9

B
G(t{odifisd)
Pcrcl'm¡n

äODE ì
+2.1ì
+ì.9

Ir0D
+0
+0

t 2

62
6

c
G(l{odificd)
Pcrclrn¡n

,IODE I
+1.77

noDE 2

T:37

D

G (l{od if icd)
P¿rclrn¡n

,IODE ì
+2.ì8
+t.8

t{oDt 2
+o.7 r

+1.0

n0D
+0
+0

E 3
66
7
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For the mul.t i-conduct,or cases just presented note the

existence of two distinct classes of modes. As indicated by

examining the column eigen-vectors of the tpl matrix, one

mode has aLI currents flowing predominantly in the same

direction in all N conductors. The return current path for

this mode is mainly through the earth and is thus known as

the "ground mode'. AIt other modes tend to have currents

flowing out of phase in one or more of the conductors. For

these modes the currents are mainly concentrated to the

conductors and are thuS known as nmetallic modes". Since a

dependence of the f orm exp(-j,¡t + )k|z) has been assumed f or

all modes, the propagation constant k! can be written as

kl = Þt * j*t where Þ- it the propagation phase velocity and

ocm is the attenuation for mode m. In general, the ground

mode wiII have the highest attenuation since the return

current path is through the lossy earth. Note that the

normalized propagation constant k7/ke will usually be

presented in the results.

4.2 EFFECT OF THE G FUNCTION

To examine the effect of the G function on ki when

kg,/ke * 1, the two wire case of Perel'man will be evaluated

over a large frequency range. As discussed in chapter one,

the G function represents the earth losses due to the

transverse induced currents and in many previous solutions

to the problem it has been neglected entirely. Thus, a
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thorough study of its effect is warranted. For the

parameters listed for case B in table 4.2 the propagation

constant was calculated for G=0 and for G=G¡465 as given by

(4.2). The real and imaginary parts of ff/kg as a function

of frequency were found for the two cases' and using (4.3)

the percent effect of the function G was determined as shown

in figure 4.1. For the presented frequency range lkg/kel
varies from 134.I to 4.24, The results shown reveal that in

the higher frequency portion of the spectrun the G function

can not be neglected. ÀIso, note that the effect of the G

function is nore prominent for the ground mode.

25

4.O 4.5 5.O 5.5 6.0

LOG (Frequency)

Figure 4.1: Percent effect, of the G integral.
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A comparison of calculated k! values wiII now be made to

the resul|s of other workers for frequencies where

kg/ke * L or relevant distances are not small compared to

the free space vravelength. Olsen and Chang [11] present

results for the case of a single wire above a lossy earth.

In their evaluation, the J function is calculated using only

the dominant term of its Struve function representation and

the value of the G function is obtained by considering only

its pole contribution. Às discussed in chapter 3, they have

assumed that the singularity in the G function integrand

produces a significant enough contribution so as to create

an added root which they have called a "fast wave" mode.

Our interest in this section is for the excited currents on

the structure that are due only to the transmission Ìine

modes and thus onty Lhey are compared here.

A comparison with Olsen and Changrs results for kz in the

complex k7/ke plane is shown in figure 4.2, where the height

of the conductor above the earth is varied. Here t,he wire

radius is 0.3m with ground constants of Pg=Po, ág=10êo, and

Og=5.55xI O-¿ z¡/n. For a frequency of 10MHz, I kg /kel=10.0

and the free space wavelength is 30m. Discrepancies in the

results are due to the evaluation of the G integral, where

OIsen and Chang have assumed that the only significant

contribution to the G integral is the residue term extracted

from its singularity and thus have neglected the remaining

terms due to the branch cuts.
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Figure 4.2¿ Propagation constant of a sing}e wire at
various heights.
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Olsen and Chang [35] also present results for a two

conductor transmission Iine structure. In this case the

spacing between the conductors is varied while their heights

remain constant and equa}. In their formulation, 'the wire

impedance has been neglected and a simplified modal equation

form is used where only the dominant term is used to express

the J function and only the pole contribution is considered

in Lhe G function evaluation. Again their results also

include a fast wave mode contribution, but onl'y the values

for the transmission Line modes are presented here. À

comparison of results is shown in figure 4.3, where the

wires, of radius 0.75cm and infinite conductivity' are both

located at a height of 3.0m above the earth. For ground

parameters of Pg=Po, €g=10to, and og=5.55x10-¿ V/n and at a

frequency of 1OMHz, lkg/kql=10.0. À9ain discrepancies in

the results are due the evaluation of the G integral.

À comparison with the results produced by a frequency

dependent vers ion -of the EMTP i s also shown in f igure 4 . 3 .

In the EMTP evaluation, Carson's equations are used to

calculate the transmission Iine characteristics. Às

explained in chapter 3, Carson's formulation assumes that at

low freguencies and for high earth conductivities the

nquasi-staticn approximation can be made. Under these

conditions, the J function is expressed as a finite series

where €S is assumed zeto and the G function is assumed

negligible.
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Figure 4.3: Propagation constant for two wires of varying
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This corresponds to neglecting effects due to the

longitudinal displacement currents and the transverse

induced currents in the earth.

Figure 4.3 shows the results produced by EMTP alongside

the values calculated by our method when the G function and

tg were intentionally set to zero. The inaccuracy of the

results when these assumptions are rnade is clear.

4.3 EXAMINÀTION OF THE TRÀNSFORMÀTION IIÀTRIX

In this section the propagation constants k! and the

transformation matrix tp] wiII be examined over a wide

f requency range (10H2 to lQIlllz). À comparison with the

results produced by the EMTP, which uses Carson's equations

to obtain a solution, will be made and the assumption by

authors [36] tt¡at Èhe transformation matrix can be assumed

constant wiIl be examined. Two cases will be considered.

For the balanced case of two identical conductors located

at the same height above the earth, âS presented by

Perel'man (case B of table 4.3), â11 diagonal elements of

the impedance matrix (2.18) wiII be equal and thus, the

elements of the transformation matrix will be independent of

frequency. To examine the effect of a deviation in the

conductor position on this balanced structure' a two wire

transmission Iine is considered where the wire locations are

(0m,10m) and (10m,20m) in the (x,Y) plane, respectively.

The conductors remain identical with a radius lcm and
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conductivity 5.?xL0? z¡/m. The eart,h's electrical properties

are Fg=P', á9=Êo, and d3=1'0x10-2 T/m' À comparison of the

imaginary parts of the relative propagat,ion constant k2/ke

as determined using an exact J function evaluation and G¡aee

of (4.2) with the EMTP results is given in figure 4'4' The

values of the real and imaginary parts of transformation

matrix elements P¿j over the frequency range are shown in

figure 4.6. Note that since the column vectors forming the

tpl matrix have been normalized in phase with respect to the

first element using (3.17), the imaginary parts of Ptl and

Ptzarezero.Figure4.6indicatesthattheeffectof
conductor position does not cause the elements of the

trans f ormat i on ¡nat r i x to vary cons iderably '

The second case considered examines the effect of a

deviation in the conductor properties on the balanced

structure. The example presented by Perel'man (case c of

table 4.3) is used where one conductor is copper with Pr=Fo

and dr=5.7xI07 z¡/m and the other is steel with Þ¿=100f-to and

ç¡Z=9.gxlOG t¡/n Both conductors are at equal heights and

the earth, s electrical parameters are as in the previous

case. À comparison of the imaginary parts of the relative

propagation constant is given in figure 4'5' The values of

the real and imaginary parts of the transforrnation mat'rix

elements are given in figure 4.7, In contradiCtiOn to the

resultsofthepreviouslyexaminedcase,figure4.T
indicates a strong dependence on frequency'
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Thus, it is not sufficient to assume that the elements of

the tPt natrix can be taken as constant in the frequency

do¡nain f or all cases. ÀLso, the comparÍsons of Xl/fe in

figures 4.4 and 4,5 Show that the error in carson's

formulation becomes significant for frequencies greater than

lMHz.

4.4 IMPULSE RES SE CHARA CTERI STICS

In this section, the impulse response of a specified

transmission Iine structure wiIl be determined. Using the

theory developed in chapter two, the system impulse response

matrix Is(zrt)] was defined as the inverse Fourier transform

of the system transfer function IS(zrtrJ)1, which was formed

through the transformation ¡natrix tPl and the diagonal

matrix tPl using (2.1.5) as

[S(z,t)J r y-¡ tS(zrr,r)l = Y-t tp(t¡)] tD(z,ur)l tP(t)l-r' (4'4)

The current at any point, z, along the transmission line can

then be determined bY

lr(z,t)l = [S(z't)l * [rs(o't)] (4'5)

or, in the frequencY domain bY

tr(z,t)J = y-t ts(zrt'r)l Strs(0't) l ' (4'6)

once the transmission line characteristics kf anil tplThus,

have been calculated, as by the numerical technigue
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described in chapter three, the impulse response of the

systemcanthenbefoundthroughtheinverseFourier
trans form.

The inverse Fourier transform used to obtain the system

impulse response was defined by (2'2) as

| = [- tf (o) l e- 
j't d, (4 '7)

J-æ

Since an analytical solution to (4.7) is not available' f(t)

must be calculated numericaÌIy. This requires the infinite

integral to be truncated to some f inite limits t11' AIso'

since f (t) is a real f unction, f (u) = f* (-cù), and (4'7) need

only be integrated f rom 0 to +Jl' Thus' the Fourier

transform can be set up for numerical integration in the

f orm

tf (r) l
N

2 Re { ¡ [f (nôur) ]
n=0

.- jnau't Âur) ( 4. g )

where a(t, is the step width and N =JL/AI¡ is the number of

sampJ.e points in the f requency domain'

The case considered in this section is the unbalanced two

wire transmission line structure presented by Perel'man

(case C of table 4.3) wtrich nas examined in section 4'3 of

thethesis.Thetransmissionlineistaken:obeof
infinite length in the positive z direction with sources

thatarematchedtothest,ructure.Forthetwoconductor
case,thesystemimpulseresponsematrix(4.4)canbe
decomPosed to take the form
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(4.9)

Is (2, t) ] = S- t [p] tol t"l- 
t

Prr Plr dr + tp rl, dt

Pz¡ Pir dr + Pzz Pår dz

P¡1 P!2 d¡ + P12 P12 d

P2¡ Pi2 d¡ PzzPLzd

-l

and d't are t,he diagonal elements of

matched source nË = 0 and using

.- mlkZ"z (4.10)

(r
c,

where Ptj and P ú are the elements of the tPl and tPl

matrices, respectiveIY,

the tol matrix. For a

(2.10) we have

d
m

is used where

y trs(o,r)l

t
2 e

The variation of the propagation constants kl and the

transformation matrix elements PLj over the frequency

spectrum for this case Ytas shown previously in figUres 4'5

and 4.7 of section 4.3'

Theelementsoftheimpulseresponsematrix(4.9)are
definedbythecurrentresponsetoadeltafunctioninpuL'
Thus,toobtainthevalueoftheimpu}seresponsematrix
element Srr (z,E) an input source signal

Irs(o,t)]
r":.'J

tål
Thus, the current inPulse

Sr, (z,El is given bY

response determining the element
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S¡r(z,t) = I¡(z,t) = y-r {r,, e!, d, + Prz Plr dr} . (4'13)

SimilarilY,
matrix are

the remaining elements

the inverse Fourier

of the imPulse response

transforms of their

corresponding sytem transfer function elements'

tlso in thi s sect ion, the ef f ect on t,he impulse response

matrix of assuming the transformation matrix tPl to be

constant over the frequency spectrun wiIl be examined' The

assumption that IP], and implicitly Ip]-l , are constant

allows (4.4) to be written in the form

ls(z,t)l = tPl{y-ttpll[P]-t. (4'r4)

ThisreducestherequirednumberofinverseFourier
transforms that must be calculated to determine Is(z't)J

from Nz to N since tpl is diagonal' Using this form' the

impulse response matrix element Stt (z't) of (4'13) is now

srr(z,t) = PrrPirS-lt¿r) + P:.zPå'S-i{¿'} (4'15)

where y-l{dt} and "¡-t{aa} are the impulse responses of the

individual propagating modes on the system'

Thecalculatedfrequencydomainresponseforthetwo
modesdlandd¿atapointz=200kmalongthetransmission
Iinestructureasgivenby(4.I0)isshowninfigure4.S.
Figure4.ggivesthefrequencyresponsefort'hesystem
transf er matrix element Stt (2,r.^l) which incorporates the

effectofbothmodesint'heproperproportion,asdetermined
by (4.13).
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The corresponding time domain response of the two

propagating nodes 5-l{a, } and ilta¿t at t,he po i nt s

z = 200km, 300km, 400km, and 500km along the transmission

Iine is shown in figure 4. I0. The attenuation and

dispersion of the two modes, âs they travel along the

structure, is demonstrated as well as the relationship

betwgen the two modes; the ground mode being attenuated to a

greater extent than the metaLlic mode as expected. Note

that the tirne reference frame for the time domain response

is set so that the input irnpulse is injected at t=0, z=0.

Similarily, the time domain response of aL1 Lhe elements of

the impulse response matrix IS(z,t)), as given by (4.9), are

shown in figure 4.LI also for points z = 200km, 300km'

400km, and 500km along the structure.
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À comparison of the calculated iurpulse response [S(z't)l

with that obtained when the transformation natrix tpl is

assumed constant is shown in figure 4.12. Here the element

S tt ( z,t\ as eval'uated using (4'13) and as evaluated using

(4.L5) is compared for tpl determined at frequencies of LkHz

and 100kHz. The comparison shows a significant difference

in the calculated iurpulse response and thus the tpl matrix

can not be assumed constant in alL cases'
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ChaPter V

CONCLUSIONS

Thepropagationofatransientcurrent'alongarnulti-
conductor structure above an earth has been examined' The

problem was forrnulated in the frequency domain, where an

exact solution for the fields in integral form is given'

Difficulties involved in the accurate evaluation of the

integral solution were discussed and a numerical technique

was presented as a rnethod of calculating the structure's

characteristics. A comparison with the published results of

other researchers was made to demonstrate the validity of

the problem formulation.

À solution to the problem of determining the propagation

of a transient, current along a transmissíon line structure

was formulated in terms of the modes which propagate on the

structure.Thetransientcurrentatanypoint,zIalongthe
rine was determined through t,he system impulse response as

II (z,t) ] ls(z,t)J * lrs(o,t)l ( 5.1)

where

lS (2, t) J Y- t tP (ur) I tD (z,u) I tP (t¡) I 
- t (5.2)
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Theformu].ationwasderivedforaninfinitestructureinthe
positivezdirectionand,thus'reflectionsfromthe
terminatingendofthetransmissionlinewerenot
incorporated. In the general case' the matrix tDl will not

bediagonalsincetheref}ectionsduetoeachindividual
modewillexciteal]'othermodesattheterminatingend.

The characteristics of the transmission line structure'

the mode propagation constants kl and the transformation

matrix Ip], nere extracted from the system of linear

equations describing the structure as

tr;lt zfftttr,.,: = o (5'3)

Elements of the impedance matrix I'zl were formulated using

theso]utiontothefieldsfromasinglewireabovean
earth.Thefieldsolutíon,whichhasreceivedmuch
attentioninthe}iterature,waSderivedbysolving
MaxweIL,S equations and satisfying all boundary conditions'

It is an exact solution given in integral form'

Difficu}tyh'asshowntobeintheexactsolutionofthe
two complex integrals J(lJ") and G(iJ" ) which are involved

inthecalculationoftheelementsoftheimpedancematrix.
previous solution techniques have evaluated the integrals

undervariousrestrict,ingassumptions.AsolutionfortheJ
integral was derived in terms of struve functions following

the work of other researchers' In the thesis an exact

formuration is incorporated for the J integrar. Next, the
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accurate evaruation of the G integral was shown to pose an

even greater problem since its integrand incorporates a

singularity.Ànasympt'oticexpressionfortheGint'egraI
valid in its small argument range was derived. Àlso, the

contribution of t.he singularity was calculated and was shown

tobenegtigibleexceptatextremelyhighfrequencies.
The calculation of the elements of the impedance matrix

(5.3),describingthetransmissionlinestructure,invo}ves
the evaluation of transcendental functions as well as the

complex integrals J and G. The propagation constants kl

h,ere calculated from the eigenvalues of the impedance matrix

and the transformation matrix tpl nas formed from the

corresponding eigenvectors of the system' A numerical

method of extracting the transmission Iine characteristics

was develoPed.

À computer program has been written which yields kT and

tpl for a specified transmission Iine structure consisting

of an arbitrary number of conductors ' The solution

technique utitizes Lhe numerical met'hod developed in the

thesisandisrestrictedonlytotheextentthatnon-
magnetic media must be used to represent the air and eart,h.

Theonlymajordebateableassumptionmadeinitseva}uation
isint,hecalculationoftheGintegra}forwhichan
asymptotic expression is incoporated'

Comparison with the results of other researchers [5,7]

demonstrates the validity of the evaluation technique used
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inthethesistoextractthetransmissionline
characteristics. À study of the effect of the G integral

indicated that its effecL is proportional to frequency and

becomes significant for high frequencies ( >t0a when

f > IMHz for the case examined) '

Furthercomparisonwiththeworkofotherresearchers
[1Ir35] for the higher frequency range where the accurate

evaluation of the G integral becomes important has shown

appreciable discrepancies in the results' The evaluation

method incorporated in the thesis used an asymptotic

expression for the G integral whereas the other workers have

consideredonlythesingularitycontributioninits
evaluation. A comparison with the results produced by the

EMTP,acommon}yusedprogramforpowersystemapplications,

indicates that the error in the calculat ion of the

propagation constants of the structure become appreciable at

highfrequencies(>lMHz).TheEMTPusesCarson's
formulation as itS SOlution basis and r¡as derived in the

thesis from the exact formulation using the }ow frequency

approx imat i.on. Also, a br ief study of the f requency

dependence of the transformation matrix Ip] was made and for

ttre two cases examined, situations exist where the tP]

matrix varies drastically with frequency'

Inthethesis,anexactsolutionfortheelectromagnetic
fie}dsinintegralformforatransmissionlineStructure
hasbeengiven.Concentration}'asintheaccuratesolution
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of this integral form for the lower portion of the frequency

spectrum since Iimitatíons are encountered in the evaluation

of the G integral, at extremely high frequencies' Thus,

further research must be done to extend the evaLuation of

the G integral to be accurate over the whole spectrum so

that the extremely high frequency behavior of the structure

can also be examined. The effect of the singularity must be

studied and the possible exist,ence of an added degenerate

mode whÍch propagates on the structure must be verified' If

verified, then a method to incorporate it into the system

transfer function must be developed. Finally, tO make the

formuration feasible for use in power system appricatons,

the effect of a periodicatly grounded wire must be studied

and an accurate fast Fourier transform must be developed'
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In section 4.1.1 of the thesis, the determinant (4.8) is

evaluated in terms of the polynomial form

N
x *{-1

I + âs 0 (4.1)
tN + ån-l + + ar X

wbere the comPlex coefficients aj

constant impedance natrices À(X'kl )

using (4.15). Let the matrices A

elements a*n and b¡¡¡' respectively'

the coef f ic ients of (À.l' ) are given

were

using

and B

Then,

as3

derived from the

(4.14) and stti-t I

be defined bY the

for the case N=3,

for j 0:Mo I

âo = I Àl
ârt
âz¡

â sr

â¡e

ãzz

â¡e

â t¡
âzg

a 33

for j I : M1 3

â¡ lell + lÀll + lAll

b¡t
bz¡

brr

âtz

âzz

âsz

â ¡¡

âz¡

â¡s l.l
ârr
äzr

âlt

btz

b-zz

bsz

ât¡
dzt
â¡¡ l.l

âtt
âzt

a3r

âtz

ãzz

â¡z

bl¡
bzs

b¡¡

for j 2zMz 3

à2 leî I
+ le? I

+ la3 I

btt
bzl
b¡¡

bp
bzz

b¡z

âlg

âzs

â¡s

btt
bzt

b¡¡

ête

ãzz

âse

bt¡
bz¡

b¡s

ârr
êzt

âsl

btz

bzz

bez

bt¡
bzs

b¡g
+
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for j 3 ¡ M¡ I

â3 leil
brt
bzr

b¡¡

b

b

b

t2

22

t2

b

b

b

t3

23

33
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c
c
c

t-luLT I PLE FREQUENCY KZ AND tPl CALCULAT I 0N

ItlpLICtT Col.lPLEXtì6 (c) , RtAL¡t8 (4,B,D-H,0-Z)
col'll1oN / I NPI /Ro' RoR'THETA
c0t'1t'10N / lNP2/CKE2, CKG2, CK2, CKE, CKG, CK 

' 
URE 

' 
UR

c0l'tl'10N / I NP3/WST' SST

c0l'u.1oN /PASS I /CTERI'l, CKZRI'12,N I TT' I NDEX

c0r,ü.10N /PASS2/N0UT
c0r'1¡1oN /PASS3/CZ I l'lP '
Dlt'tENSloN Ro (lo, lo),
D tr,lENS l0N uR (ìo) , cK2

D I tlENS I 0N t/sT (t 0,6) ,

D I tlENS I 0N CTERI't (2oo 
'

D II'lENS ION CKZREL (20)

D I t'lENS I 0N CZ I l'lP ( 10, ì
D lr,tENs l0N cDl AG ('10' I
tNTEcER'tA lcASt (60)

INTEGER'r4 111/ | Et / ,l

IN THE FORIç1:

XN YN

CSPH I

RoR (to, lo) ,THETA (lo, lo)
(ìo) ,cK (lo) ,cr (lo)
ssr (6)
I t), cKzRl.l2 (lo,20),N lrr (ìo)

ì .ALL OUTPUT IS PRINTED

2 -PARTIAL OUTPUT

3 -CKZ AND CTE AS oUTPUT

4 -ALL CKZ VALUES NO NOTE IISGS

-81 -

,cKzRtlL (lo, looo) , FREQRI'I(looo)
o, lo),csPHl (ìo),cPT (1,0, lo),cPlr (.l0' I

oj ,csysr (lo, lo).,cFAKl (lo, lo) ,cFAK2 (l

T2/'N'/,tî3/'D'/

)

)

0
0

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

PROGRAT'1 USAGE F0R l'luLT I FREQUNCY CALCULAT I 0NS '
USE THE SUB14IT FORI,I:

SU SETUPA,I,lA IN' DATAF ILI

I NPUT DATA STORED I N F=DATAF I LE I S

r SrNrRv
2 NOUT NPLOT

3 CASE DEF INITION CARD

4 NRUN NVARST

5 NOCT NPTS FREQST DFREQ

6 URE EPSRE ROE

7 URG EPSRG ROG

8H
9 URN EPSRN RON. RADN

9+N NEW CASE CARD (END I F LAST CASE

/ /CO.FTì I FOOI DD DSN=GBRI DGE 'TEST'DATA2'D I SP=SHR

/ /CO.FTt2FOOl DD DSN=GBRIDGE'TEST'DATA3'DISP=SHR

PARAI,IETER DEF I N IT I ON FOR A N CONUCTOR CASE:

FREQ CARD:
NOCT -NUI,IBER OF OCT IVTS I F LOG SCALE (O I F L I NEAR SCALE)

NPTS -NUl,lBER 0F FREQUENCY P0INTS (PER oCT IVE I F L0G SCALE)

FREQST -lNlTlAL STARTING FREQUENCY 
.

DFREQ-FREQSTEPlFLlNEARscllr(olFLoGscALE)

(usuALtY 5 o)
(¡NO ENDS CASES)
(NOTUSED I l)

)

OUTPUT CARD:
N0UT=



c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

NPL

5
6

7
0T=0

ì

2

3

.F INAL CKZ ONLY NO NOTE I'ISGS

-ONLY ERROR I'ISGS

-[P] AND Kz2 ARE sroRED lN uNlr 12

-NO PLOTTING
-cKz ls PLoTTED 0VER THE FREQUENCY SPECTRUI'I
.CKZ PLOTTED IN THE COI'IPLEX KZ PLANE
.IP] IS PLOTTED OVER THE FREQUENCY SPECTRUI,I

EXAI'IPLE GE0t'lETRY F0R N=2:

Y

Y2- -O UR2,EPSR2,RO2

I

I

I

I

Yt- - -0 uRl,EPSR],R0l
I

I

URE,EPST,ROE tllr --------x
xì x2URG, EPSG , ROG /

z

OUTPUT TO PLOTTER (IF NPLOT.GT.O):
F ORI'IAT NAI.IE

2OO1 NPLOT

3OOr I CASE (60)
zoo¡ NUI'ICAL,NDll'I,N0cT,NPTS,FREQST'DFREQ

FOR NPLOT=I,2 J=ì 
'NUI,ìCAL2OO2 (cKzRl'l1 (K, J) , K= ì , ND I l'l)

F0R NPL0T=3
2OO4 ( (Cpr (J,K) ,K=l,NDll',l) ,J=l,NDll't)

END

200 1

300 ì
2003
2002
2004

F oRtlAr (3 | 5)
F0R|'1AT (60A¡)
F oRr,rAT ([ 1 5, 2E 

.l 
4 . 7)

F0Rr.lAT(2F12.8)
FOR|IAT(6E14.7)

EXAI'IPLE DATA:

S ENTRY

71
inequencv rEsr 0F Tt'to EQUAL LINES ABovE GRoUND

I
0
1.0D0

0 .l000.000 1000.0D0
t.oDo 0.0D0
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c
c
c
c
c
c
c
c
c

1.000 ì.0D0
2

r.oDo 0.000
t.000 0.000
END

//G0.FTl lF00l
/ /c0. FTI2F00ì

DD

DD

t.0D-2

57.006 l.oD-2 o.oDo ìo.oDo
57.006 l.oD-2 ìo.oDo ìo.oDo

DSN=GBR I DGE .TEST. DATA2, D I SP=SHR

DSN=GBR I 0GE .TEST. DATA3, D I SP=SHR

c
c
c

P I =3. 1\1592653589793D0
Uo=l+ .0DortP I ¡t ì .0D-7
EPSO= I . oDo/ (Uor.8. 98800¡{D ì 6)

URO=ì.000
CF l= (l .ODO,O.0D0)
cF2= (0.000,1.000)

SET UP F OR I.TULT I PLE EXECUT I ON

READ (5 , 't) NOUT, NPLOT

rF (NPLOT.GT.O) WRIrE (l1,2001) NPLoT

8oo READ (5,3OOl) (l cAsE (J)

rF (NPLOT.GT.O) WRIrE (l
I F (I CASE (I) .EQ. ITì.AND

>G0 T0 8ì0
READ (5, rt) NRUN, NVARST

RtAD (5,'l) NOCT,NPTS, FREQST'DFREQ

NUt'lCA L=N0CT¡tNPTS
I F (NOCT.EQ.0) NUI'1CAL=NPTS

FD I V= (tO.ODO) rr* (l .oDo/DFL0AT (NPTS) )

FRfq=P¡EqST/FD I V

NVAR=0
I F (NOUT . LT.6) WR I TE (6, 3oo2) (l CASE (l) ,l=t,60)

D0 ggg NSET=t,NutlcAL
FREq=P¡¡q'tFD lV
rF (Ñocr.Èe.o) FREq=çpEqsr+ (NsEr-l) 

'tDFREQ
F RE QRI'I (NS ET) =F REQ

WRAD=F REQ¡t2 .QDQttP I

CALL CKCAL (ND I I.l,WRAD)

FOR THE F IRST APPROX. CTE=0'0

CALL BEG I N (CTE,ND I I'1)

CALCULATE THI VALUE OF CKZ USING THE FIRST APPROX FOR CTE

EPS=1.00'6
CALL F IND (ND II'1, EPS)

_89_

.¡= ¡ ,6o)
,3OOt) (lcnse (¡) ,J=1,60)
iõnsr (z).EQ. t12.AND. tcASE (3).rQ. tr¡)

c
c
c

SETUP VARIABLES FOR THE RUN

cAL L I NPUT (ND I l'1, NVAR , At',loUNT)

ii tñour.Ea.7) þlRtTE (l2,4OOl) NDp,I,NOCT,NpTS,FREQST,DFREQ

i r iHÉior. cr. bl wR I TE (l l, 2oo3) NUt'lcAL, ND I l'1, NocT, NPTs, FREQST' DFREQ

c

c
c
c

c
c
c

I



c
c
c

CALCULATE THE RELET IVE PROP. CONST ' I'IATR IX KZlKE

DO \20 J=1 ,N0 il,ï
NST=N I TT (J)

D0 f30 K=l'NST
iiznÉr (K) =cDSQRr (cKzRt42 (J 

' 
K) ) /cKE

À30 coNT I NUE

CKZRI-l1 (J,NSET) =CKZREL (NST)

tF (Nour.LT.5) WRIrE (6, loo3) (¡,CXZRet (K) 
',K=l 'NST)

420 CONT I NUE

CALCULATE THE TRANSFORT'IAT ION T'IATR I CES

lF (NOUT.EQ.7) h,RlrE (12,1+ooo) (cKzRtl2 (¡',HtTt(J)) 'J=l 'NDll'1)

îiih'i+:E[ lii';lill iii I i¿ã!ì ( (cpr (N ì, N2), N2= ], ND t r'1)' N I = r' ND I H)

I F (NoUT.GT.5) GO To 960
l.lRlrE (6, ìol l) FRtQ

D0 970 Nl=l'NDlÈ1
glo wnríi te ,lolá) (cPr (Nì.,N2).l!?=l 'NDlr'1)

960 tF (N'L'T.EQ.3) n,,RtrE t',,rooii'i'iäåï'ttt,N2) ,N2=l,Hottl) 'Nì=l 'NDll'1)

TLEG=.l00000.000
D0 9.l0 J=l'NDll'1
NST=N I TT (J)
DO 910 K=l,NDlt'l
co t Ác (J, K) = (o.ooo,o.oDo)
lF(J.EQ.K)cDlAG(J,K)=CDEXp(crz,ttlEG?'CcDSQRT(cKzRl,l2(J,NsT)))

9 10 c0NT I NUE

ðÃlr Á¡rml (cD I AG,cP lr,ND ll'1, cFAKI)

õ¡ll lrnrnt (cpr, cFAKI ,ND lt'l, csYST)

wR ttt (6, ¡t) ( (co t¡c (N I , N2) , Hã=ì 'i¡o lnl 
'N ]=l ' ND ll'1)

wntrE (6,:t) ( (csYST (Nl,N2) ,Ñi=i'Ñórni 'Hl=l 'NDll't)

TH IS SECT ION OUTPUTS INTERI'lED IATE KZlKE RESULTS

lF (NOUT.GT.3) co ro 888

NUP=ND I fl+ I
|.lRlTE (l2,2OOì) INDEX'NUP

D0 300 K=l , I NDEX

l.,RlrE (12,2002) (crERl'l(K,J),'¡=1'NUP)

roo wniii ie ' iool) (crERl'l(K,J) ,J=l 'NUP)

888 CONT I NUE

OUTPUT RELETIVE VELOCITIES

lF(NoUT.Cr.5) G0 T0 5lo
wn irg 15, 3ooz) ( I cAsE (J) , J= l.' 60)

wRITE (6, ìoo5) (ssT (J) ,J=1,6)
ttR lrE (6, l 006)
t.lRtrE (6, looTí (J, (t',sr (J,K),¡1=1,6)'J=ì'NDll',t)

-90-
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c
c

rF RtQUIRED

c

c

c

c
c
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5ìO CONTINUE
I F (NOUT . LT .6) tJR I TE (6, I Oo9)

D0 530 J=ì 
'NUI'ICAL

tF (NpLgT.Ea.i.'óR:NPLgT.EQ.2) l.,RlTE (ìl,2oo2) (crznnu (K,J),K=l,NDll'l)

ii iñoui.lilel wnlrE (6,10d8) FREQRT'I(¡) ,crzRnL (l 'J)
I F (ND I 1.1. EQ. I ) Go To 530
ii iÑóuï.li.el wRlrE (e ,lolo) (K,cKzRr'l1 (K,J) ,K=2'NDll'1)

q30 coNT I NUE

I F (NoUT. 1T.6. AND . NUI'ICAL . GT. I )
>cALL GRAPH (CKZRl',lL, FREQRI'1' I 

' 
ND

G0 T0 800
8l o wn trE (6 , l oo2)

11,1, l,NUt'lCAL)

c
c
c

FORI'IAT CODES

I OO I F oRl,tAT (

too2 F0Rl.lAT (

roo3 F0Rl'1AT (

> I o (/3X,
I oo5 F 0Rl'lAT (

>/6x,2tB
>I UG

roo6 roRnAT (

>7X, I RAD

tooT F0Rl'lAT (

loo8 ronnlr (

o, , , RgoTs F0R cTE= | ,2Ê16.8,5(/|X,2eì6.8,4X,2E16.8) )

t')
BX,'RtL. pRop. CoNST .',/3X, tl'lODEr, ì2X,' CKZ/CKEr'

3,2F 15. r z) )
DATA' , /gx, I vE EPSE RoE ' ',0',10x,'AlR

.3,011.\,//l I X, I GROUND DATA' , /9X,
E PSG ROG I ,/6x,2ç8,3,0ì 

.l.4)
EPSN RON' ,'o"loxrrwlRE DATA',/6x, ' N0. UN

rus x-Pos lTl oN Y-P0S lTl0N I

tr5 x, | 3,2X,2F 8.3,401 1.4)
2X,Dì1.5,' lr ,2Ft6.12)

l oo9 F0Rf,1 AT (/ /9X, ' F I NAL PRoP . coNsr ' ' '
>/3X,' FREQUENCY l'lODE t, l2X,'cKzlcKE')

toto FónnAr (", 12x, lb,2F ì6. 12)

ìoì I FORtlAT (' ' ,/3,X,'rÉ: nATRlx F0R FREQUENCY=' ,t12'2)
'tot2 FoR|'lAT (r', 3x, 5 (2x,2F9.5) )

2OOl FORi4AT(315)
2OO2 F0Rl'1AT (2F l2 .8)
2OO3 F0Rl'1AT (¡+ I 5,2E1\.7)
2ool+ FoRI'IAT (!E ì 4.7)
3OO'r F ORf,lAT (604 I )

3OO2 FORI'IAT (' l',60Al)
I{ooo FORl'lAT (l+D ì 7. l0)
r1ooì F0R|'ìAT (3t6,Ztl 2.6)
4oo2 FORI'tAT 149¡7. lo)

STOP
END

c
c
c
c
c
c
c
c
c
c
c

THIS SUBROUTINE READS THE INPUT DATA AND CALCULATES THE

NECCESARY GEOI'IETR ICAL CONSTANTS TO BEG IN EXECUT ION '
I F INCR=O THEN DATA IS IN IT IALY READ FROI'I INPUT CARDS '

lFlNcR>oTHENoNEVARIABLEINt.,ST0RSSTISGIVENTHE
VALUE AS SPEC I F I EO BY AI'IOUNT.

I NCR= OX -t'tED I Ul'l cHANGE F 0R SST (X)

INCR=NX-C0NDUCT0RCHANGEF0RC0NDUCT0RNl.lST(N'X)
X DESCRIPTIONS ARE AS BELOW.

SUBROUT I NE I NPUT (N, I NCR, AI'IOUNT)

- 9r



ItlpLICtT cotlPLEXrtì6 (c) , REALtrS (4,B'0-H'0-z)
cot-1t-10N / INP ì /R0, R0R 

'THtTA
cot'll4oN / I HP3/wsr' ssr
cor'ü,10N /PASS2/N0UT
õrrdñar'oH no (to, to) ,RoR (lo, to) ,THETA (t0' l0)

D nlENS t0N WST (10,6) ,ssr (6)

p I =3 . t\159265358979300
cFì=(l.oDo,o.o0o)
CF2= (O.ODO,.l.000)

I F (r NCR.NE.o) G0 T0 I lo

READ INPUT DATA FROI'I CARDS

ssr (1) ,SST (2) ,ssr (3)

ssT (f) , ssr (5) , ssr (6)

N

N

(WST (J , K) , K= I ,6)

CHANGE A GEOI'IETRY OR I'IED IUH VALUE

ì ìo NSUB.|=t NCR- I NCR/lottl0
NSUB2=tNCR/10
I F (NSUB2.GT.o) Go To ì 20

SST (NSUBI) =Al'l0UNT
G0 T0 100

ì 2O WST (HSUgZ , NSUB I ) =AÈ10UNT

IN IT IAL IZE GEOI'IITRY

c

c

c
c
c

READ (5, 
't)

RE AD (5 , ,t)

RtAD (5, 
't)

D0 50 J=ì
50 RE AD (5 , 'r)

G0 T0 100

c
c
c

c
c
c

lO0 D0 l0 l=1,N
RO (l , t ) =wsr (l '4)
RoR (1, l) =2.ODO'IWST (l'6)
THETA(l,l)=t0.0D0
lF(l.EQ.N) G0 r0 lo
NST=l*ì
D0 20 J=NST'N
F I =DABS (WST ( I ,5) -WST (J 

' 5) )

F2=FlrlFl
i3=D¡es ( (wsr (t,6) -wsr (J'91 I 

:t (wSr (l'ql -btsr (J'6) ) )

Fl+=DABs ( (t/sr ii,Ài+wsr i¡,Ol I ¡t (l.,sr (1,6)+wsr (J'6) ) )

RO ( | , J) =DSQRT (r Z+r 3¡
R0(J,¡)=¡Q(l,J)
ROR ( I , J) =DSQRT (F 2+F ¡{)

RoR(J,l)=RoR(l,J)
iHEil (r',¡) =oÀeéib¡ncos (F l/R0R (1,¡) ) t(l80.o0o/P I )

THETA (1, l¡ =1¡E1A (l 'J)
20 CONT I NUE

IO CONT I NUE

I F (Nour.GT.3.AND. INCR.NE.O.OR.NoUT'GT'4) G0 T0 999
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trRlrE (6,looo) N' INCR

looo ionnnr(i-',5x,' INPUT DATA N='' l3''
>/6x, TARRAYS-R0, RoR, THETA',/lx¡

D0 500 J=ì,N
t.lRtiE (6, looì) (Ro (J,K),K=ì,N)
D0 50.l J=l 

'N
wnrÍe (6, loot) (RoR (J,K),K=l,N)
D0 502 J=l,N
wÁrÍe (6, lool) (rHEr¡ (J,K),K=1,N)
FoRI'lAT(r 

".l0E12,5)RETURN
END

500

50ì

502
r 00l
999

c

VARIABLE=',ll{,

','O'rloo('+'))

c
c
c
c
c

THIS SUBROUTINE PRODUCTS A GRAPH OF THE CKZICKE DATA THAT IS

A FUNCTION 0F FREQUENCY.

suBRourlNE GRAPH (CKZ, FREQ,NF IR,NLAS,NSTR'NF lN)

cottPLEX"(l 6 cKz (ì 0, 100)

nÈll*8 FREQ(ìoo) ,x (lo, ìoo) ,Tl'lAX,DAll'tAG
I NTEGER ¡¡E¡ (10)

i;ìi;;;;i-t iorintiolz' ì','2','3','4','5','6', :7'''8"'9"'o' /
i Hiiðin-l 011/'rt'¡ ,DT2/'<-' / ,013/' ' / ,Df \/'o' /
TNTEGER:r4 NL INE (l0l)
DATA NLINE/'or' ìoortr r/
REALT(8 ¡¡Y(10)
REAL¡t8 OFCHAN (t0)

c
D0 IOO J=l,NLAS
OFCHAN (¡) =o'O0O
Tl'lAX=0 .000
D0 1ìO K=t,NFlN
X (J , K) =DA I È1AG (CKZ (J 

' 
K) )

I lo I iii (¡, x) .Gr.rr'lAx) 1¡¡¡=¡ (J, K)

ì oo D I V (J) =Tl'1AX/ 100 .000
wR lrE (6, l ooo)

looo ionr'rAT (¡ I ' , I x, 'FREQUENCY LoGl0 (F)

DO lO K=NSTR'NFIN
D0 30 LjNFIR,NLAS
ÑiEí=x (1, K) /D I v (L) +0F cHAN (L) +l ' 5

tF (NSET.LE.l01) G0 T0 20

NREt{(L)=ì01
NLINE (IO])=DTì
G0 T0 30

20 lF(NSET.GE.I) G0 T0 l+0

NREtI (t) = I

NL I NE (l) =DT2
G0 T0 30

bo NL INE (NSET) =F0Rl'ì (L)

NRET.l (L) =NSET

30 coNT I NUE

F=DL0G I o (FREQ (K) )

wniii te,joooi'rnlq (K),F, (Ht-tHr (l), l=ì, tol)
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c
c
c
c

2OOO F0RI'1AT (r 
"Dl 

l .5,F9.4, lX, lOlAl)
D0 50 L=NFIR'NLAS

50 NL lNt (NREI'1(L) ) =DT3
NL INE (l) =Of l+

]O CONT I NUE

RETURN

END

THIS SUBROUTINE CALCULATES THE NESSECARY VALUES OF CKE' CKG

AND CK F0R A SPEC I F I C FREQUTNCY AND l'lED I Ul',l DATA '

SUBROUT INE CKCAL (N 
'}IRAD)IttpLIctT cot'lpLEx'll6 (c) , REAL't8 (A,B,D-H,0-Z)

c0l'11'1oN / I NP2/CKE2, CKG2, CK2 , CKE , CKG, CK 
' 

URE ' 
UR

c0l'tt'10N / I NP3/l'Jsr' ssr
c0r,1t'10N /PASS2/N0UT
D I r-lENS I 0N CK2 (lO), cK (lo),uR (ì0)
D I t-lENS I 0N WST ( I O, 6) , ssT (6)

P I =3 . 1\1592653589793D0
U0=4.000'tPlrtl.0D-7
EPSO= 1 .oDo/ (uo,t8. 98800¡+D I 6)

cF t= ('l .oDo,o.0D0)
cF2= (0.0D0,1.0D0)

URt=SST (l)
CZ I =C F 1 ¡!|.JRAD¡IWRAD tc E PSOrIUO

Ç22=Ct 2:tWRAD:'¡U0

ðiiz=czI'rssr (r) 'r551(2)+cz2)tssr 
(I) 'tssr (3)

ðici=cz I *ssr (r,) nssr (5) +cz2'tssr (t+) ¡tssr (6)

cKE=CDSQRT (CKE.2)

cKG=CDSQRT (CKG2)

D0 30 l=l,N
UR(l)=WST(l,l)
cK2 (t) =CZl¡IWST (1, l) :t¡451 (1,2)+cZ2'twST (1, ì) rrw51 1¡'r,
cK(t)=cDSQRT(CK2(t))

30 coNT I NUE

c

c

c
tF (NoUr.GT.3) Go ro 999
wRlrE (6,looo) N,I,IRAD

IOOO FORI'IAT('-',5X,'CK DATA N=', 13"
>/6x,rARRAYS CKE , CKG , CK',/1X)

|.tR trE (6, .|002) 
CKE

t,R trt (6, ì 002) CKG

tlRlrE (6,loo2) (CK (J) ,J=l,N)
too2 FoRI'lAT (' 

"5(2X,2E12.5) 
)

999 RETURN

END

WRAD= ' ,El2 .5,

c
c
c
c
c

THIS SUBROUTINE DITERI'IINTS THI STRATEGY FOR FINDING THE ROOTS

OF THE SYSTEI.I TO AN ACCURACY OF EPS.

9!



SUBROUT INE F IND (ND I11, EPS)

I npL I C tT COl,lPLtX'k l6 (C) , REAL*8 (4, B, D-H , 0-Z)
REAL,tE CDABS

cotltloN / lNP2/CKE2,CKG2,CK2,CKE,CKG,CK'URE'UR
cot'lt'toN /PASS I /CTERI'l, CKZRll2, N I TT' I NDEX

c0nt'10N /PASS2/NoUT
cot'ltroN /PASS3/CZ I l'lP, CSPH I

DI.IENSt0N uR (lo),cK2 (lo),cK (10)'cr (10)

DI.IENSt0N CA(ì0, lO),CB(lO, tO),cPF (l l),
D I.IENS t 0N CTERI'I (2OO, l l ) , cKzRl'l2 ( 10, 20) '
D ||'IENSlON CZll'lP (lO, lo, lo),csPH I (10)

Dtr'lENSt0N RATI0(10)

cR00T ('t0)
Nlrr (10)

c

c

rF(NDl'{.GT.l) G0 T0 loo
cTE=CTERf,ì (t ,2)
cALL ITERAT (CTE, I , ND ll'1, EPS)

I F (N0UT . LT. 3) l.'R ITE (6, I OOO)

RETURN

100 TEST=1.2D0
D0 ìì0 J=2,N0ll,1

I ro nÀrro (J-l) =DREAL (CTERI'1(l ,J) ) /DREAL (Crenn (l 'J+l) )

KR00T= I

200 NSET=l
I F (KROOT. EQ. ND I t'1) Go r0 90
I F (RAT I O (KROOT) .GT.TEST) GO TO 90

NSTR=KR00T
N F AK=ND I f1- I

D0 20 NSTP=KRO0T'NFAK
20 IF (RATIO(NSTP).GT.TEST) GO TO 30

30 lF (NSTP.EQ.NFAK) NSTP=NDll'ì
CAVE= (0.000,0.000)
DO !O K=NSTR,NSTP

4O CAVE=CAVE+CTERT.I (I, X+I)
CTE=CAVE/ (NSTP-NSTR+ I )

CKZ2=CTE ¡tCTE+CK E 2

cTG=CDSQRT (CKZ2 -CKG2)
D0 50 K=l,NDIl'l

50 cT (K) =CDSQRT (cKz2-cK2 (K) )- 
CALL I'IATCAL (CA, CB, ND I I'1, CTE , CTG, CT)

cALL POLY (CR,CB,ND I t',l, CPF)

cALL ROOTS (CPF , ND I l'1, CR00T)

cALL sORT (CR00T,ND 1l',l, l0)
I NDEX= I NDEX+1
CTERI'l(truOeX,ì)=CTE
D0 60 K=l,NDll'1
CTE2=CKE2'rCR00T (K)

60 crERl4 (l NDEX, K+l) =ç¡5QRT (CTE2)

NSET= I NDEX

D0 70 J=NSTR'NSTP
CTE=CTERI,ì (NSET, J+ 

.l 
)

NITT(J)=NITT(J)+l
CKZRI'l2 (J, N ITT (J) ) =CTE'tCTE+CKE2
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vAL=CDABS (CTt-CTERt'l (NSET, t ) )
I F (VAL. LT. EPS) GO TO I 20
cALL ITERAT (CTt,¡,ND ll'1, EPS)

G0 T0 70
I 2o CSPH I (J) =cR00T (J)

D0 130 Kl=ì,NDlll
D0 130 K2=l,NDllt

ì 30 CZ I fiÞ (J , K I , K2) =CSPH I (J) *Cn (K I , K2) +CB (K I 
' 

K2)

70 coNT I NUE

KR00T=NSTP
G0 T0 80

!O CTE=CTERt'l (NSET, KR00T+ì )

cALL ITERAT (CTE,KR0OT,ND I t'1, EPS)

8o rnoot=KRoor+l
r F (KR00T. LE . ND I f'1) G0 T0 200
r F (Nour. LT. 3) t.JR lrE (6, looo)

tooo FoRtlAT (' ' ,5X, 'ROUTINE F IND EXECUTED')

RETURN

END

THIS SUBROUTINE INITIALIZES THE STORAGE ARRAYS CTERT'l AND

c

THE
TB
0.0

AN

c
c
c
c
c
c
c
c

CKZRI,12 WH I CH STORE

THIS SUBROUTINE I4US

VALUE 0F CTE= (O . O,
ARE THEN CALCULATED

CALCULATED VALUES OF CTE AND CKZ.

T USTD F I RST S I NCE IT ASSUI'IES A

) . RESULTING VALUES OF CTE ROOTS

D SToRED lN CTERT'I(CTE, 1,2,3,...,ND11'1)

SUBROUT I NE BEG I N (CTE , ND II'1)

I tlpL I C tT C0f'lPLEXt( l6 (c) , REAL¡t8 (4, B, D-H,0-Z)
conttoN / lNP2/CKE2, CKG2, CK2, CKE , CKG, CK 

' 
URE 

' 
UR

contloN /PASSI /CTERI'1, CKZRT'12,N ITT' I NDEX

c0t1r,10N /PASS2/N0UT
c0f,ü40N /PASS3/CZ ll'lP, CSPH I

Dtf,lENStON UR (lO),CK2 (lO),CK (10)'cr (10)

D||,lENSt0N CA(lO,lo),cB(lo, lo),cPF (ll),
D tt'tENs toN crERl,l (zoo,l l) , cKzRl'l2 (10,20) '
D u'IENSlON CZll,tP (lo, lo, lo),csPHl (.l0)

cRoor ( I o)
Ntrr(ro)

c
cTE= (0. ODO ,0.000)
D0 l0 J=ì,NDlÈ1
N ITT (J) =2

lo CKZRI'12 (J, t¡ =g¡1¿2
I NDEX=l
cTERI't(lNDEX,l)=cTE

c
cALL l'lATCAL (CA, CB, -ND I t'1, CTE , CTG, CT)

cALL P0LY (CA, CB, ND I t-l, CPF)

cALL RoOTS (CPF , ND ll'1, CR00T)

cALL SORT (CR0OT,NDI t'l, lo)
D0 30 J=l'NDl|1
CSPH I (J) =cR00T (J)
D0 40 Kì=ì,NDlÌ1
D0 l+0 K2= I , ND I l'l
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c

ÀO CZtttp (J,Kì,K2) =CSPH I (J) ¡tCA (rl,fZ)+Cg (Xl 
'K2)

30 CoNT I NUE

D0 20 J=ì,NDlll
CTt2=CKE2*CR00T (J)

CKZ2=CTE 2+CK E 2

CTERI'I ( I NOEX, J+I ) =CDSQRT (CTE2)

2O CKZRf'12 (J , Z¡ =g¡¿2
I F (NOUT. LT. 3) WR lrE (6, I ooo)

tooo F0RnAT (, , ,5X, TRoUTINE BEGIN EXECUTED F0R CTE= (o'0,0'0) ')
RETURN

END

c
c
c
c
c
c
c
c
c

THIsSuBR0UTINECALCULATESTHEExAcTVALUE0FcTEFoRTHE
R00T = KROOT. fHE INPUT STARTING POINT lS GIVEN BY CTE

EPS = l'lAXll'tut'l ennOn BETbIEtN ITTERATI0NS F0R CTE 0R

NIIAX = l.tAX I t'tun ÁLLOIJABLE ITTERAT I 0NS BEF0RE EX lT I NG Nl'1AX<9 '

ALL VALUES OF CiE IHO THE RESULTING ROOTS ARE STORED IN

ARRAYS CTERI'l , CKZRI'12 , NITT.

SUBROUTINE ITERAT (CTE,KROOT,NDII'1,TPS)

I r.lpL I C 

't 'Oo,lt,-li* 
ie (c) , REAL*8 (A 

' 
B, D-H 

' 
0-Z)

REALItS CDABS

cónÁoH / tNPz/cKE2,cKG2, cK2,cKE,cKG'cK'uRE'uR
col'tttoN /PASS I /CTERl'l, CKZRl',l2, N I TT' I NDEX

col'11'10N /PASS2/N0UT
col.1l,10N /PASS3/CZ lt'lP ' 

csPH I

õiniÑa r'oH unllo) , cK2 (lo) , cr (lo) 
' 
cr (10)

ói¡ùÑaróru cn (ió' iól,is (io, ìo),cPF (l l)'cRoor(10)
D il,lENS l0N crERl4iZO'0, I 1),CKZR|'12 (lO,20)',Nlrr (ì0)

DttlENSlON CZIl'lP (lo, .l0, 1o),csPHl (.l0)

c

c

NtjlAX=8
CKZ2=CTEt(CTE+CKE 2

D0 l0 J= ì , Nl,lAX

cTG=CDSQRT (CKZ2-CKG2)

DO 20 K=l ,ND ll'1

2o cT (K) =CDSQRT (cKz2-cK2 (K) )

CALL I,IATCAL (CA, CB, ND I I'1, CTE, CTG, CT)

CALL POLY (CA,CB,ND I I'1,CPF)

cALL RO0TS (cPF,ND I l'1, CR00T)

cALL s0RT (CnOOr, ND I l-1, l0)

I NDEX= I NDEX+ì
CTERT4(INDEX,I)=CTE
D0 30 K=l'NDll'ì
CTE 2=CKE 2"(CR00T (K)

I F (K . EQ. KR00T) cKZ2=CTE2.+CKE2

30 CTE'Rl,l ( iHOeX, K+l ) =CDsQRT.(CTE2)
CTE=CTERI,l ( I ND EX, KROOT+ I )

N I TT (KROOT) =N I TT (KROOT) +I
CKZRI.l2 (KROOT, N ITT (KROOT) ) =CKZ2
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c

VAL=CDABS (CTE-CTERI'I ( t H0eX' I ) )

I F (VAL.LT.EPS) G0 T0 loo
IO CONTINUE

I F (NoUT . LT.6) h,R lrE (6, ì 000) Nl'tAX 
' 
KR00T

looo FgittAT(, ,,,*rrlJ[fl],,ltNGrr¡r No. oF tTTERATIgNS >"13,
>, F0R R00T' , | 3, ' ERRoR>EPS')

roo lF (NoUT.LT.3) WRIrE (6, lool) KR00T'J
'toot F0itlAT (' , ,lx, 'RouTlNE ITERAT EXECUTED F0R R00T='' l3'

>/6x,'N0.OF lrrEnlrloNs REQUIRED lsr, l3)

csPH I (KRO0T) =CR00T (xnoor)
D0 b0 Kt=ì,ND$1
D0 l+0 K2=ì,NDl11

40 CZ¡,lp (KRO0T,Xi,fZl =CSPHt (KR0OT) r(CA (Kl,K2)+CB (Kl 
'K2)

RETURN

END

THIS SUBROUTINE CALCULATES THE ROOTS OF A GIVEN POLYNOI'IIAL

OF DEGRET N WHERE THE COEFFICIENTS ARE STORED IN THE ARRAY CPF'

pr (H*l) x't,tN + PF (N) X*'tN-l + ... + PF (2) X + PF (l) = Q

SUBROUT I NE ROOTS (CPF , N, CROOT)

u,lpLIClT CotlPLEX*16 (c) , REALtrS 1¡,9,9-H,0-Z)
col'11,10N /PASS 2/NoUT
RIAL:I8 CDABS

D il'tENS t0N cPF (1 t) , cR00T (10)

P I =3 . t\1592653589793D0
CFl=(l.ODO,O.0D0)
CF2= (O.ODO, ì.000)

EXACT vALUEs F0R THE R00TS F0R N=,l ,2,3,1' ARE CAPABLE.

ROOT I IS USUALLY THE GROUND I'IODT.

c
c
c
c
c
c

c
c
c
c
c
c

N=1

N=2

tF(N.GT.l) G0 T0 2

cRooT ( 1) =- ì . oDo,tcPF (l ) /cPF (2)

G0 T0 .l00

c
c
c

2 |F(N.GT.2) Go T0 3 .- 
cri=cpr (z),tcpr (2) -¡r.oDO¡tcPF ('l) 

'tcPF 
(3)

ðnóor (t) = (-t .oDo'tcPF (2)+cDsQRr (cFK) ) / (2

ðnóor izi = (- I . oDor¡cPF (2) -cDsQRr (cF K) ) / (2

GO T0 .l00

N=3

3 lF(N.Gr.3) G0 T0 4

cp=CpF (3) /cpF (4)

CQ=CPr (2) /cPF (4)

cR=cPF (1) /CPF (¡+)

.0Do¡tCPF (3) )

.oDo'rcPF (3) )

c
c
c
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4ì CONTI NUE

CA=CQ-CP¡tCP/3.0D0
CB=CPrtCP* CP / 13.5D0-CP'tCQ/3 .000+CR
CF K I =CB'!CB/! . ODO+CA¡tCAt(CAl27 . 000

CFKì=CDSQRT (CFKI)
CFRZ='CB/ 2.0D0
CV ì =CF K2+CF K I

CV2=CF K2-CF K I

DRI=DREAL (CVt)
DR2=DREAL (CV2)

Dll=DAll'lAG (CVì)
D I 2=DA |l'lAG (CV2)

ál= tóSqnr (Onl'tOnl+D I l"(D I l)) 't,t (l .ODO/3.0D0)

nz= iósqnr ionznonz*D I 2'kD I 2) ) "r' 11 .999/3 ' 000)

THt=DATAN2 (Dt t,DRt)
TH2=DATAN2 (D I 2, DR2)

I F (D I I .LT.o.oDo) THI=2.000:tP l+THl
I F (D | 2. LT.O.ODO) TH2=2.000¡tP l+TH2
THpì=THl/3.0D0
D0 30 J=l'3
THP2=1112/3.ODO- (J- I ) 

"(2.000'tP 
I / 3.ODO

CS=Rì* (DCOS (THP I) +CF2'IDS I N (THP]) )

cT=R2r( (DCoS (THP2) +CF 2'tDS I N (THP2) )

CRT=CS+CT
C Z E R 0= CRT* C RTrt C RT+C A't C RT+C B

I F (CDABS (CZER0) .LT. l.0D-10) G0 T0 3l
30 coNT I NUE

I F (HOUr.LT.7) I.lRlrE (6, lool) N

ìO0l FOR¡1AT (, ','rt'tERRoft:r:r |,lQ R00TS FOUND FoR NDll'1=',l5)

3l cRoOT (ì) =CS+CT-cP/3.000
tF (N.EQ.4) G0 T0 [2
CF K I =- ì . ODO,t (CS+CT) /2 .ODO

CF K2= (CS-CT) rrÇt l:tþ$Qft1 (3 '000) /2 'OD1
CROOT (2) =Cr K l+CFK2-CP / 3'ODO
cRoOT (3) =cr K I -cFK2-cP/3 '000
G0 T0 ì00

c
C N=l+
c

l+ tF (N.GT.4)
g4g=gpF (t)
ClrC=CPF (2)

C4B=CPF (3)
C4A=CPF (¡+)

CP=-CAB

r05
(5)

G)
6)
(5)

CQ=C¡+ A,tC l+ C - ¡+ . 000¡tC4D
cÀ=¡r . o Do t( c 4 B * c 4 D - c ! c,t c ¡{ c - c4 A ¡t c ! A ¡t c ¡r D

G0 T0 4l
42 CRT=CR0oT (t)

CR=CDSQRT (CÀA'tCbA/b . oDO- CbB+CRT)

tF (cDAtis (cR) .LT. ì .oD-40) G0 T0 !3
C¡ i I =3 . ODO,'.C4AIr C\^/ \. ODO-CR¡tCR-2 .000*CbB
c F K 2 = (4 . O DOt( C 4 A n C l-'e - a . o Do ¡t c I c - c 4 A'tc 4 A't c \ Ð / (\' 0 Do:t c R)

G0 T0 44
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c
c
c

rF (RS.GT.O.ODO) G0 T0 bo

Rl=l .lDo'rcDABS (A (l) ¡ *r:t (l .oDo/FLOAT (NK) )

G0 T0 50
l+0 R I =-RS
50 CALL ANULUS (A,Rì,R2'NK)

RS=R I
rF (Rì.EQ.O.oDo) G0 T0 l50

COVER THE ANNULUS WITH CIRCLES AND FIND ONE WITH A ROOT IN IT

6o q-çg¡q*¡1
tF (CDABS (Z) .E

Q=-Q'r (Z/CDABS

GO T0 80

70 tF (NK.EQ.N) Go r0 80
i r iCônsù (zz (H-Hni) .NE.o.oDo) Q=Q* (ocoHJG (zz (N-NK) ) /

>CDABS (ZZ (N-NK) ) )
8o nt=coNRl*Rl

D0 90 l=.l,8
Zl=Z+Q*UNlT8(l)
cALL sHIFT(A,B,Zl,NK)
CALL RCHECK (B,KKK,RI,NK)
c0 To (loo,90),KKK

90 coNTINUE
R I =2 .0D0t(R2
LLL=2
G0 T0 ll0

lO0 LLL=l
Rl=Rl
Z=Zl

ITERATE FOR THE ROOT

I lO Z¡ =l*Rl* (O.ODO,O.OlD0)
D0 120 ¡=1,NE}JTON
CALL FUNDER (A,B,ZI,F,FP,NK)
DZ='F /tP
Zl=Zl+DZ
li tiones (zt-z).cr.Rl) G0 ro (ll+0, ì50) , LLL

I F (CDABS (DZ/ZI ) . LT. EPS) G0 T0 I 30

I 20 CONT I NUE

GO To (140, l30) 'LLL
1)O Z=71

G0 T0 ì50
I l+O CALL sH I FT (4, B, Z, NK)

CALL ANULUS (B,RI,R2,NK)
IF(RI.EQ.o.oDo) G0 T0 I50
GO T0 60

DEFLATE THE POLYNOI'IIAL AND TEST TO SEE tF ALL ROOTS HAVE BEEN FOUND

CALL FUNDTR (A,B,Z, F, FP,NK)

ZZ (N-Nx+l) =z
D0 170 l=l 

'NK

- l0l

Q.o.oDo) Go T0 70
(z) )

c
c
c

c
c
c

150
6o



c
c
c

l70 A(l)=B(l)
NK=NK- I

I F (NK.NE. r) G0 T0 30
zz (N) =_A (t)

PUR IFY THE ROOTS IN THE OR IG INAL POLYNOI'IIAL

r80 lF(NN.LT.o) G0 T0 2ìo
D0 200 K=l,N
D0 .|90 l=1'5
cÃur iuHoEni¡l ,B,zz (K) ,P (K) ,DP (K) 

'N)
DZ=-p (K) /Dp (K)

I F (CDABS (DZ/ZZ (K) ) . LT. EPS) G0 T0 200

lgo zz (r) =zz (K) +Dz

2OO CONT I NUE

RTTURN
2.l0 D0 220 l=ì,N
220 CALL FUNDER (AA,B ,ZZ-(t) ,P (l) ,DP (l) 'N)

RETURN

END

THISSUBRoUTINEIsUSEDI.IITHPoLSoLANDEVALUATESTHEN-TH
DEGREEP0LYN0I,IIALt./lTHcoEFFlclENTslNAANDlTsDERlvATlVt
ATz.THEVALUEIsRETURNEDINFANDITSDtRIVATIVEIN
FP. THE COEFFIðITHTS OF THE DEFLATEO POLYNOI*1IAL ART IN B'

SUBROUTI NE FUNDER (4, B,Z, F,FP,N)
Cot'tPLEX:tl6 A (l l),8 (l l)'Z,F,FP
¡=¡ (N+t)
F P= (O . ODO, O .0D0)
D0 ì0 l=l'N
I l=N- l*ì
B(tt)=r
F=A (l l)+z¡tF

l0 Fp=B(lt)+ZrtFP
RETURN
END

THISSuBRoUTINEIsusEDBYPoLSoLANDsHIFTSTHER00TS0FA
P0LYN0I,IIAL.GIVENcoEFFIcIENTSINATHERoUTINERETURNSINBTHt
COEFFICIENTS OF_A POLYNOI'IIAL WHOST ROOTS HAVE BEEN SHIFTED BY'Z'

SUBROUTI NE SH I FT (A,B,Z,N)
Cgl,tpLEXrtt6 A ('l l) ,B (ì l) ,Z
¡ ¡ =|.1+ I

D0 l0 ¡=.¡,Nì
lo B(¡¡=a(l)

D0 20 l=ì,N
D0 20 J--l'N
JJ=N-J+ I

2O B (J J) =B (J J) +Z'tB (J J+ I )
RETURN
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I

I

c
c
c
c
c
c
c

c
c
c
c
c
c



c
c
c
c
c
c
c
c
c

END

THIS SUBROUTINE IS USED BY POLSOL AND IT FINDS AN ANNULUS IN

t¡JHIcHTHEPoLYNoI'llALI.,lTHcoEFFlclENTSlNAHAsATLEASToNE
ROOT. UPON ENTRY RI I'IUST CONTAIN A STARTING RADIUS' IF RI

IS POSITIVE IT IS ASSUI'ITD THE ROOT IS IN THE CIRCLE Z'LE'RI'
uPoNRETURNRìANDR2C0NTAINTHEINNERANDoUTERRADII0FTHE
ANNULUS. lF A R00T lS AT Z=0 THEN Rl=R2=0'

SUBROUTI NE ANULUS (A,Rì,R2,N)
Cot'tPLEx'rl6 A (ì l) ,B (ì l)
REALrtE Rl ,R2 ,t AC/2.000/
tF (CDABS (A (l) ) .NE.o.oDo)
R I =0 .000
R2=0 .000
RETURN

to rF (Rì.GT.O.oDo) G0 T0 30

Rl=-Rl
20 R2=Rl

CALL RCHTCK (A,KKK,RI,N)
G0 To (30,40),KKK

l0 R2=Rl
¡¡=¡l/FAC
CALL RCHECK (A,KKK,Rì,N)
c0 T0 (30,50) 

'KKK
40 Rì=R2

R2=F AC¡tR l
CALL RCHECK (A,KKK,R2,N)
G0 T0 (50, ¡+0) , KKK

50 RETURN

END

G0 T0 l0

c
c
c
c
c
c

THIssUBRoUTINEIsUsEDBYPoLsoLToDETERI,IINEIFTHEP0LYNoI.IIAL
WITH COEFFICIENTS IN AA HAS A ROOT IN THE UNIT CIRCLE' IT RETURNS

WITH KKK=1 lF YES AND KKK=2 lF N0'

SUBROUTI NE RCHECK (A,KKK,R,N).
óónpt-Ex,tl6 A (ì l) ,AA (l l) ,B (l l) '¡tulr'TEI'IP
nglf rt8 R, RR, t'14X, AN, 40, B lG/ 1 .0D60/
¡ .¡ 

=],1+.1

tìAX=0 .000
D0 l0 l=l'Nl

I o nAX=DtlAX I (t'lAX, cDABs (A ( l) ) )
RR=B t c/nAX
tF (R.cT. t .0D0) c0 T0 30

D0 20 l=l,Nì
AA(l)=RR?IA(l)

29 ¡¡=firtftft
G0 T0 100

30 D0 40 l=l'Nì
I l=N'l- l+ l

AA(ll)=RR¡IA(ll)
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¡+0 RR=RR/R
I00 Kf1= I

RR=O.0D0
D0 ì.l0 l=l'Nl

I ìO RR=DI'IAX1 (RR,CDABS (AA (I) ) )
lll=0
D0 t20 l=l'Nl
ll=Nl-l+ì
B(il)=AA(ll)/RR

ì20 li (C'Oles (AA (l l)) .NE.o.ODO.AND.t'll.EQ'0) fll=l I

KKK=2
t 30 AN=CDABS (B (tll) )

Ao=cDABS (B (t) )
lF(AN.GE.A0) Go r0 l50
lF (l'11 .EQ.2) G0 T0 l60
tìULT=B (nl) /OcOH¡G (B (l) )

Kl¿l=Kl,l+ I

B (l) =B (l) -tlUtt,tDCONJG (B (t'11) )

lll=llì-l
112=1+l1l / 2
D0 .lq0 t=2,Â2
ll=l'll-l+2
TE|1p=B (l l) -tluLT'IDCONJG (B (l) )

B (t ) =B (t ) -t'tUtt'tocONJG (B ( I I ) )

lfo B(ll)=TE|'1P
G0 T0 ì30.l50 
KKK=ì

I 60 RETURN
END

THIS SUBROUTINE CALCULATES THE COEFFICITNT I'IATRICES A ' B

GIVENTHEVALUISCTE,CTG,CTN.THEI'IATRICESARE
tN A F0Rt-1 l.,HERE DET ( A'tX+B ) =O Wl LL G IVE THE t IGENVALUES

FOR X=CTE2/CKE2.

c
c
c
c
c
c
c
c
c
c
c
c
c

NOTE: A , B ARE SYI'II'IETRlC.

NOTE: NDII.l IS THE DII'IENSION OF THE SYSTET{. IF NDII'1 IS NEGETIVE

THENCTE=o.o+Jo.oFoRAFIRsTGUESSANDTHEAPPRoPRIATE
APPROX II.IAT IONS ARE THEN APPL I ED.

suBRouT I Nt l'lATcAL (CA, CB, ND I t'l, CTE , CTG, CT)

I t'lpL I C tT C0f'1PLEX" t6 (c) , REALtcS (4, B, D-H,0-Z)
contloN / I NP I /R0'RoR'THETA
c0t'11,10N / lNP2/CKE2, CKG2, CK2, CKE, CKG, CK, URE 

' 
UR

c0r,1r'1oN /PASS 2/N0UT
óir,riñar'oH no (to, ìo) ,RoR (ìo,lo) ,THETA (10' ì0)

Dll'IENSlON UR (ìO),CK2 (lO),cK (]o)'cr (.l0)

D il'lENSl0N CA (lO, lo),cB (10, lo)
nEÀl'ra vo (5) /o.\2500,0.703ì25D-1,0.732\218750-l'

to . l I 215209:960937 5Do ,o .2271OSoO ì 70898!00/
nrnl,tS-vtit) to-.liSoo,o. ì ì 7 I 87500,0. 1025390625D0'

>0. I ¡+4 1955566\o625Do,o .277 57 6\\653320300 /
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c

P I =3. 1\159265358979300
CF ì= (.l.000,0.0D0)
cF2= (0.oDo,.l.000)
TRANS=6.ODO

D0 200 l=l ' ì0
D0 200 J=l, ì0
cA (1,.,t) = (o.oDo,o.oDo)
cB ( 1 , ¡) = (o. oDo, o. oDo)

2OO CONT I NUE

N= I ABS (ND I r'1)

I F (ND I I'1. LT. o) G0 T0 l0o
D0 l0 l=ì,N
NSTP= |

D0 20 J=l,NSTP
cZl=cTE¡rRo (l,J)
CZ2=CTE¡IRQR (l ,J)
ðÃlr nrBsL (czl,'cl ro,cì I l,clKo,cìKl'clK2)
ðnrr nresr iciz,czro,c2l l,c2Ko,c2Kl 'c2K2).
CALL CJCAL (TRANS,CTE,CTG,ROR (I,J) ,THETA (I 'J) 'CJ)
CALL CGCAL (CTE,ROR (I,J),CJ,CG)
CA(l,J)=ClK0-c2K0+cG
CB(I,J)=CG-CJ
lF (J.NE.NSTP) Go r0 20

CZ3=ç1(l)rtR0(l'J)
r rionell (cz3¡ . LT. I 60.0D0) G0 r0 50

r r (Hour . LT.4) WR lrE (6, l ooo)

looo FoRtlAT (, ,, ii1,¡¡g16*ri APPRox- cz3 lN l'lATcAL > l60'o lN l'lFBsL')

CllO=(l.ODO,O.0D0)
C3l ì= (l.ODO,O.0D0)
CttUtt=(l.OOO,O.OD0)
D0 60 L=l ,5
CFlU LT=Cl,lU L'l !.C23

Cl I O=Cl lO+VO (L) /Cl'1ULT
CJ I ì=Cll l-Vt (L) /cl'lULT

6o corur t Hue
G0 r0 55

¡o ãÃlr-ní-ssr (cz¡,ca I o,.cll lrglKo, caKl' caK2)

55 cç'ìr'r= (catol;;íiiíuÁiiÍ*c;1fj'tðrir) iciì'tclKl/ (uRE'tcK2 (r) 'tcz3)
cB (1, J) =CB ( I' J) +Ccl'lt{

20 CONT I NUE

]O CONTI NUE

DO

DO

30 l=l,N
30 J=l'N
(l,J)=CA(J,l)
(l,J)=CB(J,l)

CA

30 cB
RITURN

c
c
c

CALCULATI 0N F0R CTE= (O'0,0'0)

'lO0 CTE= (O . ODO , O .000)
cTG=CDSQRT (CKt 2-CKG2)

D0 ll0 l=l'N
CT2F=CKE2-cK2 (l)
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c
c
c
c
c
c
c
c

cT(l)=cDsQRT(cT2F)
NSTP= |

D0 I 20 J=l 
' 
NSTP

ðÃul c¡cnL (TRANs,crE,crc,RoR (l,J) ,tHetA (l,J) 
'cJ)

cG= (o . oDo, 0 .000)
cA (i,J) =CF ì'tDLoG (RoR (l,J) /R0 (l'¡) )+cc
CB(l,J)=CG-CJ
I F (J.NE.NSTP) GO TO ì 20

CZ3=ç7(l)'tRO(l,J)
I F (DRtAL (CZ3¡ .LT.160.0D0) G0 T0 150

r F (N0UT. LT.4) WR I TE (6, I ooo)
c3 l o= ( 1 .000 ,0 .000)
C3l 1=(ì.000,0.000)
CÈ1ULT= (l.ODO,O.0D0)
D0 160 L=.l,5
CIIULT=CllULT¡tCZ 3

Cl lO=Cl I o+Vo (L) /Cl'luLT
cJ r r=cJ I I -Vl (r) /ctluur

ì 60 coNT I NUE

G0 T0 155
l¡o ðÃrl-nrÁsl Gz3,calo,c3l l,c3Ko,caKl, caK2)

iíi ðCr,u,r= (calo/caÍ l) nun (t i'tcrzr/ (uREttcK2 (l )'tcz3)
CB ( l, J) =CB (1, J) +Ccl'11'1

I 20 CoNT I NUt
IIO CONTINUE

D0 130 l=ì,N
D0 .l30 J=l'N
CA(1,3)=g[(J,l)

ì30 CB1¡,¡)=ÇB(J'l)
RETURN

END

tF(N.GT.ì) G0 T0 ì00
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THIS SUBROUTINE CREATES THE POLYNOI'lIAL DERIVED FROI'I THE

E IGENI,IATRIX SYSTEI'I DET ( A¡IX+B ) =O IN THE FORI'I ,G 
IVEN AS

Þr (¡¡+l) x:t,tt't + PF (N) X't,rN-l + ... + PF (2) X + PF (l) = Q

N0TE: t'lATRICES A , B ARE C0NSIDERED T0 BE SYI'II'IETRIC'

suBRourl NE POLY (Cl, Cg,N,CPF)
I t'lPL I C lT Cot'lPLEXtr l6 (c)

c0l'1t'10N /PASS2/NoUT
INTEGER'I4 FoR¡iti /'u"''l ',' (/" 'lx,','l r 

" 
(2x 't "2F12">'.7) 

"'))'/I NTEGER¡t¡+ NVAL (lO) /' ì',' 2',' 3',' !',,' ?' 1,6'.1t.7 "' 
8' 

" 
9 
r' I l0 | /

Du,tENsl0N cA iid, ibi ,ceilo, ioÍ,ópr tl l) 'co¡ 
(lo' lo) 'cDB 

(ì0' l0)

FORI'I (2) =NVAL (N/6+ì )

F ORt'l (5) =NVAL (N-N/6t'5)
IF (NoUT.LT.2) WRlrE (6''lool)

ì0ol FoRt'lAT(' ¡,t'x,'RouTiHe polv EXECUTING DETER¡{INANTS:')

CALCULATI0N F0R N=l
c
c
c



t)
2)
l)

c
c
c

c
c
c

cPF (ì) -CB (l, ì)
cPF(2)=CA(l,l)
c0 r0 ggg

CALCULATI0N F0R N=2

roo rF(N.GT.2) G0 T0 200
CpF (t) =CB (ì, l) rtgg (2,2) -CB (2,

CpF (2) =CA ( t , t ) r,CB (2 , 2) +CA (2,

CpF (3) =CA (t , 1) ¡tcA (2 , 2) -cA (2 ,

G0 r0 gg9

rtcB (2,

'tcB 
(l ,

,lCA (2,

CALCULATION FOR N GT 2

200 NST=N+l

CDA

II CDB

c
I F (NOUT. LT.2) WR lrE (6 ' l ooo) N

t ooo FoRt'tAT ( " ,5X,6 1 5)
r F (Nour . LT . 2) WR I TE (6, F 0Rl'1) (

lF (Nour.LT.2) WRIrE (6,F0Rt'1) (

cPF (l) =cDET (CDB,N)

CpF (N+l ) =CDET (CDA, N)

D0 Il0 Iì=ì,N
rF(N.EQ.2.AND.ll.GT.l) G0 T0 ll0
D0 4l J=l,N
cDA(lì,J)=gg(ll,J)

!l CDB(lì¡J)=f,¡(ll,J)
r F (N0ur. LT.2) WR lrE (6 ' ì ooo)
I F (N0UT . LT . 2) trR I TE (6 , F oRt'l)

I F (N0UT . LT . 2) l.rR I TE (6 , F oRt',l)

CpF (2) =CpF (2) +cDET (cDB, N)

cPF (N) =CPF (N) +CDET (CDA, N)

NST2=ll+l
rF(NST2.GT.N.0R.N.LT.4) G0 T0 2ì

D0 120 l2=NST2'N
rF(N.EQ.b.AND.ll.GT.ì) G0 T0 l20
D0 l+2 J=l,N
cDA(12,J)=çg(12'J)

¡+2 CDB (t 2,J) =CA (l 2,J)
I F (NOUT.LT.2) l.JRlrE (6' ]000) N, I ì' l2
ii i¡¡óur.lr.zi wntrE ie ,ronn) ((co¡ (NN,l'1t'1) ,l'll{=ì,N),NN=l 'N)
ir iÑour.LT.2i wntre ie ,ronn) ((coe (NN,l'1t'1) ,r'lltl=l,N),NN=l 'N)
cpF (3) =CpF (3) +cDET (cDB,N)
cPF (N-ì)=CPF (N-ì)+CDET (C0R,N)

NST3= | 2+ì
rF(NST3.GT.N.oR.N.LT.6) G0 To 22

- t07 -

l0 J=l,NST
r (J) = (o . oDo, o .000)

DO

t0 cP
DO

DO

t)
't) -z.ooo'tcA (2,1)¡tCB (2, ì)
l)

N)

N)

ll l=l,N
I I J=l,N
1¡,¡)=[A(l,J)
(t,J)=CB(l,J)

(cDA (NN, l'11'1), l'll',1=1, N), NN=ì
(cDB (NN, t'1t'1), l'll'1=ì, N), NN= I

N,ll
( (cDA (NN, l'tf'l), l'll'l=.l, N), NN=1, N

( (cOA (NN ,l'tl4) ,l,ll,1= I , N) , NN= I , N

c



c
D0 ì30 l3=NST3'N
rF(N.tQ.6.AND.ll.GT.ì) G0 To l30
D0 l+3 J=l,N
cDA(t3,J)=CB(13'J)

À3 CoB(13,J)=CA(13,J)- 
tF (NoUT.LT.2) WRIrE(6'ì000) N,ll' l2
tr iNour.LT.2) t,RlrE (6,F0Rl'1) ((cDA(N

rr iHour.LT.2) l.JRlrt (6,roRn) ((cDB (N

CpF (lr) =CpF (4) +CDET (CDB, N)

cPF (N-2) =Cpr (H-2) +CDET (CDA 
' 

N)

NSTÀ=l 3+l
rF (NST¡{.GT.N.0R.N.LT.8) G0 T0 23

D0 I40 I I+=NSTI+, N

lF(N.EQ.8.AND.lì.GT.ì) G0 T0 ìl+0

D0 ¡+lt J=l,N
CDA(ll+,J)=gg(l¡+'J)

¡+! CDB ( 14, J) =CA ( 14, J)
tF (NOUT.LT.2) l.lRlrE (6, ì000) N, I l, l2'
rr iNour.LT.2) WRIrE (6,F0R1{) ((co¡(HH

r ¡ iHour. LT.2) tJR lrE (6, F0Rl'1) ( (cDB (NN

cPF (5) =CPF (5) +cDET (cDB'N)

cpF (Ñ-3) =CPF (N-3) +cDET (cDA, N)

NST5= I 4+ I

I F (-l'¡sr5.GT.N.OR.N.LT. l0) G0 T0 2l{

,l
N,
N,

3
t'ltl)
tlf,l)

,l,lÈ'l=l,N) ,NN=l,N
,l,ll,l=l rN) ,NN=l,N

l3,ll+
,fll,l) ,111,1=l,N) ,NN=l 'N
,l'11'l) ,1,ìf1=l,N) ,NN=l 'N

c

c

c

Do l50 l5=Nsr5'N
lF(N.EQ.ìO.AND.ll.GT.l) G0 T0 150

D0 ¡+5 J=l,N
cDA(t5,J)=CB(15,J)

!5 CDB(15,J)=Cl(t5,J)- ii tñoúi.lr.z) wntrr (6,looo) N,ll, t2,13,.1¡.,' 15

ir i¡iõur.ir.zl wniri is,ronnl ('(con (HH,tr¡t) 
'l'1H=l'N) 'NN=l 'N)

ir iñõur.r_r.zl wnire ie ,ronni ((cos (NN,tltl) ,t'1t'1=ì,N) ,NN=l,N)

cPF (6) =Cpr (6) +CDET (COe 
' 

H)

cPF (N-4) =Cpr (H-4) +CDET (CDA 
' 

N)

,N
=CA
=CB

,N

- r08 -

35
t50
2\

3\
I ¡{0

23

33
t30

22

32
ì20

D0 35 J=ì,N
cDA(t5,J)=CA(15,J)
cDB(15,J)=CB(15,J)

(r3,¡)
(t3,J)

cDA(t2,J)=Ç¡(12,J)
cDB(t2,J)=gg(12,J)
CONT I NUT

CONT I NUE

D0 3q J=l,N
cDA(t!,J)=CA(14,J)
cDB(14,J)=cB(l¡+'J)
CONT I NUE

D0 lJ J=ì
cDA(t3,J)
cDB(t3,J)
CONT I NUT

D0 32 J=ì



2l D0 3ì J=l 'NCDA(ll,J)=CA(lì'J)
3l cDB (l l,J) =CB (l I 'J)

ì IO CONTINUE

999 NST=N+l
tF (NOUT.LT.2) WRIrE (6,loo2) (CPF (J) 

',J-ì ',N.S.l)
ìoo2 FgRttAT (, , ,'5'x,ïnÈsuiriNG PoLYNolllAL:' ,lo (/8x'2t16'8) )

RETURN

END

c
c
c
c
c
c

THISSUBROUTINEDETERI,IINESTHETRANSFORI.II'IATRICESIP]AND[P].I
FROI.I THE TNPEOCÑCi f'lATRIX CZ.II'IP' THE RETURNED VECTORS ARE

THE NORI-IALlZEDillÃã nÑo p¡rnst) tlGENVECr0RS 0F rHE sYsrtl',l'

SUBROUT I NE Ê I GEN (CP, CP I , ND I I'1, RO)

I npL I c rT cottPiEi,iio (c) , R¡ll*8 (4, B, D-H 
' 
0-z)

REAL*8 CDABS

Cõrlrlon / tNPz/cKEz, cKc2, cK2, cKE , cKc ' 
cK 

' 
URE 

' 
uR

col.ll'loN /PASS 2/NoUT
cot'11.10N /P ASS3/ CZI l',tP 

' 
csPH I

õìËÑs r'oH unilo) , cttz (lo) , cK (lo) , cr (t0)

Dll,lENSl0N CZll'tP (lo, lo, lo),csPHl (t0)
Drr.tENst0N cP (iä, iõi ;ðP;iió, ioi 'tioiis,lo) 'cD 

(lo' ìo) 's¡¡¡st (ì0)

CFI=(ì.000,0.000)
cF 2= (O.ODO, t .oDo)

lF(NDll'1.GT.l) G0 T0 2

cP(l,l)=cFl
CPI (l,l)=CFl
RETURN

2 D0 t0 J=t,NDll'l- 
CTE=CDSQRT (CSPH t (J) ¡ICKE2)

CZ I =CTE¡IcRO (J , J)
ð¡ir-lligsu iczi, cl I o, c I I l, cl Ko, cl Kl' cl K2)

lO Cl FACT (J) =CZ1'tClKl
rF(NDlt't.GT.2) Go To 3

D0 20 J=l'2
cÞ tì,¡) 

=cZ 
I l'lP (J,2, 2) rrc I FAcr (l)

zo ðp iz,¡) =-czl¡1P (J,2, l) *cl FAcr (2)

G0 T0 200

3 D0 IOO NDX=I'NDll'1
D0 ì 10 J=2 , N0 il,ì
D0 .t l0 K=2, ND ll,l

ì to ¿ó (J-l,K'l) =cZlt'tP (NDX,J,K)

NS I ZE=ND l l'1- l
ôp tî,Hoxl =cDET (cD,Ns I zE)'tc I FAcr (l)
NSGN= I
D0 I Z0 K=2, ND ll,l
D0 130 J=2, ND ll'ì

I 30 aó 1l--t, r- ì) =CZ l t',lP (NDX,J,K-l)
NSGN=NScNrr (- I )

_ tog _

c

c

c



c
c
c

CP (K , NDX) =N SGN'ICD ET (CD , NS I ZE) 'tC 
I F ACT (K)

I 20 C0NT I NUt
IOO CONT I NUE

NOR|'IALIzETHEPHASEANDI{AGNITUDt0FTHEVECT0RS

2OO D0 230 J=ì'NDll'1
CDIV=CP(l,J)
D0 230 K=l'NDll'ì
ðp tiírl =cp ir, J) /cD I v
D0 205 J=l,NDll'l
DSUI'ì=O .0D0
D0 210 K=l,NDll,1
óiul,r=osun+ôolgs (cP (K, J) ) tts¡¡ss (cP (K 

' 
J) )

DSUt.l=DSQRT (DSUI'I)

D0 220 K=l 'NDll'l
CP (K, J) =CP (K 

' 
J) /DSUI'l

CONT I NUE

30

t0

2

2

220
205

c

c
c
c
c

cALL tlAT INV (CP, ND ll'1, cP l)
R ETURN

END

THIS FUNCTION CALCULATES THE VALUE OF THE G REFLECTION FUNCTION'

SUBROUT I NE CGCAL (CTE , RO, CJ , CG)

il,1pLtctT c0r.tPLEX'tì6 (c) , REALT(8 (4,8,
cotll-loN / lNP2/CKE2, CKG2, CK2, CKE, CKG' CK'

D u'lENS r0N uR (ìO) , CK2 (lO) , cK (10)

P I =3. 1\159265358979300
CFì=(l.ODO,O.0D0)
cF 2= (0 . oD0, I .0D0)

CZ I =Ro¡rCTE
ãÃir ¡rrBsL (czl,ct to,cl lì,clKo,clKì,clK2)
CF K I =2 . ODO¡ICKE2/ (CKG2+CKE2)

cFK2= (CKG2-CKE2) / (CKG2+CKE2)

CG=CF ¡11:t (CF K2tcC I KO+CF K l 'tCJ)
RTTURN
END

TH IS SUBROUT INE SORTS THE COI{PLEX ARRAY CARRY IN INCREAS ING ORDER

oFITsREALVALUE,WHERENsIzEISTHEARRAYDII'IENSl0N.

SUBROUT I NE SORT (C¡NRV,N,NS I ZE)

||'tpL I c lT col,lPLEi't ì 6 (c) , REALìt8 (4, B, D-H,0-z)
REAL¡t8 CDABS

D tr'lENS l0N CARRY (NS IZE)

I F (N . LE . 1) RETURN

I UP=N- l
D0 30 l=l'lUP
JH= |

-ilo-

D-H,0-z)
URE , UR

c

c
c
c
c
c



c
c
c
c

Ht=DREAL(CARRY(t))
JL=l*l
D0 20 J=JL,N
VAL=DREAL (CARRY (J) )

rF(vAL.LE.Hl) G0 T0 20
H I =VAL
JH=J

20 CONT I NUE

rF (JH.EQ.l) G0 T0 30
CT=CARRY (JH)

cARRY ('tH) =ç¡¡*t t 
''CARRY(t)=Cr

30 coNTINUE
RETURN
END

TH IS SUBROUT INE INVERTS A COI'IPLEX I'IATR IX

SUBROUT I NE I.IAT I NV (C I N, N, COUT)

I I,tpL I C tT CotlpLEX"( t 6 (C) , REAL¡t8 (4, B, D-H,0-Z)
D ll,IENS I 0N CIN (ì0, lO),CoUT (to, lo)
D0 100 J=l,N
D0 .l00 K=l,N

ìoo couT (J,K) =clN (J,K)
D0 l0 l=l,N
D0 20 J=ì,N
I F (l .tQ.J) G0 To 20
couT (t,J) =CoUT (l,J) /CoUT (1, I )

20 CONT I NUE

coUT (1, l) =l .oDo/c0UT (1, l)
D0 30 K=l,N
rF (K.EQ.l) G0 ro 30
D0 b0 L=l ,N
I F (1. EQ. l) Go ro 40
couT (K, L) =cour (K, L) -cour ( t , t-) 'tcouT 

(K ' | )

4O CONT I NUE

30 coNT I NUE

D0 50 l'l+ì 
'N

tF (tì.EQ. t) G0 T0 50
coUT (n;l)=-l.oDo*CoUT (n, l) 'tcOUT 

(l,l)
50 coNTINUE
ìO CONTINUE

RETURN
END

THIS SUBROUTINE I'lULTIPLIES I'IATRICES IN THE FORI'I

ctNì (lo, lo)'tclN2 (ì0, lo)=c0uT (10' l0)

suBRouT tNE t'lATt'lì (C tN ì , C lN2, ND lt'l, CouT)

ItlptIctT cot'lpLEX)rì6 (C) , REALfrS (4,B,D-H,0-Z)
0ltlENsl0N clNl (lo, ìo),clN2 (ì0, ìO),cour(.l0' ì0)
D0 ì0 J=l,NDlt'l

c
c
c
c
c



c
c
c
c
c

D0 l0 K=ì,NDll,i
c0ur (J, K) = (O.ODO,o.oDo)
D0 20 L=ì 'NDll'l20 Cour (J,K)=Cour (J,K)+ClNì (J,L) 

"ClN2 
(L'K)

IO CONTINUE
RETURN

END

THIssUBRoUTINEI'IULTlPLlEst'lATRlcESlNTHEFoRl,ì
CtNl (lo,lO)¡tClN2 (ìO)=CoUT (.l0)

suBRouTl NE l'lATl'12 (C I Nl, c I N2,ND I l'1,CouT)

nlpLtctT col,lPLiXnlg tcl , REAL¡tB (A,B,D-H,0-z)

Dll'lENSl0N CINì (lo, lo),clN2 (10),COUT (ì0)
D0 t0 J=l,NDll,1
CSUT (J) = (o.oDo, O .ODO)

D0 l0 K=l'NDll'1
'lO CoUT (¡) =cOUt (J) +C I N ì (J, K) 'tc I N2 (K)

RETURN
END

TH IS FUNCTION CALCULATES THE DETERI'lINANT OF THE COI'IPLEX

|4ATRlXcDlN0FDll4ENsl0NlsN.cDlNlsNoTDESTRoYED.

FUNCTION CDET(CDIN'N)
I t'lPL I CIT C0l'lPLEXtcl6 (

REAL't8 CDABS

c) , REALrlS (4, B, D-H,0-z)

COI.1I,1ON /PASS2/NOUT
D il,tENS l0N cD (lo, lo),cDlN (lo' l0)
rF(N.EQ.ì) Go r0 70
Nl'll=N-l
CDET=(1.ODO,O.0D0)
D0 ì00 l=1,

ì00 J=l '(l,J)=CDl
50 l=l,N

TH I S STCT ION PERFORI'IS PART IAL P IVOT ING

S=0.000
D0 l0 J=l,N
R=CDABS (CD (J, t) )
IF(R.LT.S) Go T0 lo
S=R
L=J

IO CONT I NUE

tF (L.EQ. l) Go ro 30
D0 20 J=l,N
ç1=gþ(l,J)
CD(l,J)=CD(L'J)
CD (L, J) =CT

20 CONT I NUE

c
c
c
c
c

t00
DO

CD

DO

N

N

N (t ,J)
t'l ì

c
c
c

- 1t2 -



c
c
c

CD ET=- CD ET

TH IS SECT ION CALCULATES THE DET BY COLUI{N REDUCT ION

30 rF (CDABS (CO (t, l)) .EQ.O.O0o) G0 T0 80

40
50

lPl=l+l
D0 50 J=lPl'N
cT=cD(J,t)/cD(t,t)
D0 40 K=lPì,N
cF K= (O .000, 0 .000)
CCK=CD (l , X) 'tCt
RSK=DREAL (CCK)

ACK=DA tr,lAc (CCK)

RCD=DREAL (CD (J, K) )
ACD=DA I l'lAc (CD (J , K) )
DCK=1.00-60
rF (RCD.EQ.RCK.AND.ACD.EQ.ACK) G0 T0 40

CFK=CD (J, K) -CCK
CD (J,K)=CFK
CONT I NUE

D0 60 l=l,N
cDET=CDET,TCD (t,l)
G0 T0 200
CDET=CD lN (l , l)
G0 T0 200
cDET= (0.000,0.000)
I F (NoUT. LT. 2) r.JR lrE (6, ì 000) cDET
FOR|'IAT (' ',5X, I DETERI'IlNANT=' ,2E16.8)
RETURN

END

6o

7o

80
200

I 000

- ìì3 -


