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ABSTRACT

The propagation of a transient current along a multiple
conductor structure abové a lossy earth is studied. A
frequency domain technique is proposed to determine the time
domain current quantity at any point along the structure due
to an injected current waveform. The formulation requires a
knowledge of the electromagnetic fields at a specific
frequency, for which an exact solution in integral form is
derived. Difficulties 1in the accurate evaluation of the
integral solution are discussed and various methods for its
approximation are described. Then, a numerical method for
extracting the structure's characteristics, the propagation
constants and the eigen-current transformation matrix, is
developed and employed in a computer program. A comparison
of calculated results 1is made with those of other
researchers to verify the solution technique, and finally,
the current impulse response of a specified transmission

line structure is given.
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Chapter 1

INTRODUCTION

The problem of determining the propagation of a transient
current along a multi-wire transmission line is examined.
The problem has received much attention by researchers since
its solution 1is required in many power system and antenna
applications. The disturbing current at any point along the
structure 1is calculated from the characteristics of the
transmission line in the freguency domain, the transient
signals then being obtained through the Fourier transform.
Therefore, it is of great importance to determine at given
frequencies, the behavior of an electromagnetic wave
propagating along a system of conductors above a lossy
earth.

In the limit, where the conductors as well as the earth
are assumed to be perfectly conducting, the situation
reduces to a planar electrostatic problem, the wave velocity
along the structure being equal to the wave velocity in air
and propagating with no attenuation. However, when a finite
conductivity for either the conductors or the earth is taken
into account, the problem complexity increases drastically.

The classical solution to the problem of wave propagation

along multi-conductor lines was formulated via the




rTelegrapher's equations. Results are obtained from a set of
differential equations which, for an exp(-jwt) dependence,

are of the form

0
327 (1]

(yl(zirzl , (1.1)

(Y] ([G] = jwlc]) , (1.2)

(2] ([R] = jw[M]) . (1.3)

where [R], [M], [G], and [C] are, respectively, the self
resistance, mutual inductance, shunt conductance, and shunt
capacitance matrices describing the system. This
formulation leads to a «circuit description of the system
where the components of the admittance [Y] and impedance [Z]
matrices are calculated under the assumption that the
electromagnetic fields in both air and ground are static. A
theory to include the influence of the earth was developed
by Carson [1] and its effect was incorporated into the self
and mutual impedances of the structure. This theory has
been successfully applied to many power engineering
problems, but due to the circuit analogy used, it is valid
only at lower frequencies.

Since Carson's early work much research has been done to
study the effect of the earth at higher frequencies. The
problem was first tackled from the standpoint of a single

wire above a lossy earth where an exact solution for the

electromagnetic fields was derived using Maxwell's equations




and treating the situation as a boundary value problem.
wait [2] obtained an integral modal equation determining the
propagation constants for currents which decreased
exponentially along the wire. The exact solution to the

problem is formed in terms of complicated functions as

zint = K, +K, +J + G, (1.4)

Here the function 2™t

is the self impedance term for the
conductor. K, and Kz are, respectively, functions
representing the conductor primary field and its image for a
perfectly conducting earth. The J and G functions are
complicated integrals that account for the earth losses due
to the longitudinal and transverse circulating currents,
respectively.

Difficulty has been encountered in arriving at a proper
solution of the J and G integrals to accurately determine
the transmission line characteristics and permit further
understanding of the contribution of each integral to the
modal equation. In Carson's formulation the J integral was
evaluated under the assumption of quasi-static fields in the
air medium which means that the current on the line
propagates with the free space velocity. The earth's
permittivity was also assumed zero in the J evaluation (the
longitudinal displacement current was neglected) and the G

integral was assumed negligible (the transverse currents

were neglected). Wise [3] later refined Carson's equations




to take into account the longitudinal displacement currents
in the earth. Other early developments that attempted to
take into account the earth conduction effects are
summarized by Sunde [4].

The extension of the theory to multi-conductor systems
was made by Perel'man [5] where the existence of N distinct
propagating modes for an N-wire structure was firmly
established. The wave nature of these discrete modes was
first analysed by Pistol'kors [6] and later by Grinberg and
Bonshtedt [7]. They did not neglect the G integral, which
was formulated under the assumption of a highly conductive
earth. Further improvements to the evaluation of the J
integral through the use of a Struve function representation
have been established by Wait [8] and Bannister [9], also
under the restriction of a highly conductive earth.

Attempts to study the higher frequency behavior of a wire
above a lossy earth were made by Kikuchi [10] who pointed
out that as frequency increases, the wave propagating along
the conductor becomes a surface wave bound to the conductor.
Recent work by Olsen and Chang [11,12] and others [13,14]
suggests the inclusion of an added "fast wave" mode which
also propagates on the structure as well as the previously
establiéhed transmission line mode. This degenerate mode is
generated through a singularity in the G integral. At high
frequencies the singularity is assumed to produce a

significant enough contribution so as to create an extra




root to the mode equation (1.4) which describes the
structure. Under this assumption, conventional transmission
line theory breaks down entirely since more than N modes are
allowed to propagate on an N-wire system. In comment, the
proper evaluation of the G integral is still under active
investigation and the incorporation of the degenerate mode
remains a highly debatable topic [15,16].

Chapter two of the thesis presents the theory to solve
for the propagation of a transient current on an N-wire
transmission line structure. The general solution
methodology, where the problem is solved in terms of modal
currents in the frequency domain and later transformed to
the time domain, is given. An integral expression for the
exact fields due to a single wire above a lossy earth and
satisfying all boundary conditions is derived using
Maxwell's equations. The integral expression is used in the
formation of the eiements of an impedance matrix whose
solution yields the transmission line characteristics.

Chapter three of the thesis describes the numerical
evaluation technique wused to extract the transmission line
characterisfics from the impedance matrix. The method of
solving the J and G integrals 1is also discussed here.
Aboul-Atta [17] has derived an exact analytical solution for
the J integral with no assumed restrictions and an
asymptotic expression for the G integral is given [18]. A

brief account of how Carson's equations can be formed by




imposing various assumptions that are valid at low
frequencies is included.

The results produced by a computer program which yields
the transmission line characteristics of an N-wire structure
using the numerical techniques described in chapter three is
presented in chapter four. A comparison with previously
published results of other workers is made. To complete the
examination of the problem, the time domain impulse response
for a specific transmission line structure is determined.

An exact solution for the electromagnetic fields 1in
integral form for a transmission 1line structure is given in
the thesis. Concentration will be 1in the accurate
evaluation of the integral solution for the lower portion of
the frequency spectrum so as to improve existing power

transmission line transient calculations.




Chapter II

FORMULATION OF PROBLEM

2.1 TRANSIENT SOLUTION METHOD

The fundamental problem of determining the propagation of
a transient current along a multi-wire transmission 1line
will Dbe examined. The commonly wused Telegrapher's
equations, which rely on circuit concepts, will be set aside
and instead, a more fundamental equivalent theory will be
presented which utilizes Maxwell's equations as the sole
solution basis. In this section it will be demonstrated
that a unique decomposition of the currents induced on the
wires into discrete modes is possible. The solution of the
transient problem will be formulated in terms of these
modes. Later sections will then solve for the properties of
the discrete modes.

The general transmission line problem consisting of a
system of . N conductors located above a homogeneous lossy
earth is considered as shown in figure 2.1. The conductors
are parallel to the z-axis and are each assumed to carry a
current which 1is injected at 2z = 0 of wvalue I:(O,t),
n=1,2,...N. In general, the current at any point, z, along
the transmission line can be determined from the transformed

Fourier components of the injected current, which written in

vector matrix form is




(I(z,8)] = F'Is(z,w)) FI1°(0,8)] (2.1)

where

oo .
¥ = f% me at et , F' = J_w dwe IVt . (2.2)
Here F and T" are the standard Fourier transform and its
inverse, respectively. The system matrix, [S], can be
considered as the current transfer function characteristic
of the N-wire system. [s] is dependent on the geometry of
the structure, the electrical properties of the supporting
mediums, as well as any boundary (load) conditions imposed

at the terminating ends of the system.

Q/r
€arrp

Figure 2.1: General transmission line structure.




In the freguency domain solution of the problem, the
harmonic currents, assuming an exp(-jwt) dependence, can be
constructed as a linear superposition of eigen-current
modes. Thus, for an N-wire structure, there will be N
characteristic propagating modes taking the form:
exp(-Jjwt + jk$z), m=1,2,...N, where k3 is the propagation

constant of the L

mode . The components of the eigen-
currents for each propagating mode is determined by a modal
transformation matrix, which yields the total current

distribution in the multi-conductor system as

[P(w)][i(z,w)] (I(z,w)] (2.3)

with [I] as the conductor current column vector and [i] as
the modal current column vector. Here [P], yet to be
defined, 1is the non-singular 1linear transformation whose
utilization allows computations involving each propagating
mode to be handled independently. The physical
interpretation of the transformation can be examined by
considering the fields 1in a plane perpendicular to the
conductors. The field configuration changes 1if any one of
the wire currents I, is varied. However, using the
transformation [P] creates an alternate orthogonal current
system [i], for which the field configuration remains
unchanged when any individual mode current iy is varied.
Once the conductor currents are decomposed using (2.3),

the individual propagating modes can be considered as a sum




of forward and reverse travelling waves whose magnitudes
depend on the boundary (load) conditions imposed on the
transmission line, For each mode, the general transmission
line system considered will consist of a transmitting
structure of infinite length in the positive z direction and
a source im(0) with an associated source impedance Zg at z=0

as shown in figure 2.2.

z=0
|,_> im(0)
— 7
m
im(O) zy zg', kg

Figure 2.2: Single mode transmission line equivalent.

For the m™ mode, the transmitting structure will have a
single prdpagation constant HE and characteristic impedance
z? associated with it. Thus, the eigen-currents for this
mode will take the form

: _ +ikz 2 -3kT 2 (2.4)
1m(z) = ae + bm e .

_10_




The unknown coefficients, am and by, are the forward and
reverse traveling wave components, respectively. Since the
transmission line is infinite in the positive =z direction,

bn=0. At 2z=0 we have

1+ R
i (0) = ag = (—5—>) i’(0) (2.5)
where 0 m
Z -
By = & Z; . (2.6)
zs + Zc

Thus, replacing ap with (2.5) we can determine the unknown
eigen-current at a point z on the transmission line to be
m
1 + R ., M
. _ s jkyz, .S (2.7)
i_(z) = (——TT—')(E ) 1m(0)
Applying an appropriate transformation matrix [P] the

system matrix [S] in (2.1) can be replaced by

[S(z,w)] = [P(w)](D(z,w) 1 [P(w)] ™" (2.8)

where [D] is a diagonal matrix composed of the propagation
functions given by (2.7) for the N propagating modes

characteristic to the system, written as

(2.9)
dl. "'0
[D(z,w)] = . dm..
0 dN
with
1l + R jkmz
= Z
d —g—. ® . (2.10)

_11_
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Note that the modal form of the injected current source

vector [is(OA»)] is defined in terms of the transformation

matrix as
-1
150,01 = [PwI 11°0,w] . (2.11)
Combining these results, the generalized transmission

line current propagation equation 1in the frequency domain

can be formed as
-1
(1(z,0)] = [P(]D(z,0] P (150,01 , (2.12)
or alternatively in the time domain as

(I(z,t)] = F  PWID(z,w]Ew] ' FI®©,t)] . (2.13)

The time domain formulation is more easily seen to be a
convolution of the known current [IS(0,t)] with the system

impulse response function [S(z,t)], i.e.,

[S(z,t)] * [I°(0,t)) (2.14)

[I(z,%t)])

where
1

F P (W ]ID(z,w) 1 [P(w)]” " .

]

[S(z,t)]

(2.15)

The development of the system matrix [S(z,t)] in terms of
the transfer matrices, [P] and [D], can be better understood
by the space diagram shown in figure 2.3. At this point,
the problem is now reduced to one of having to accurately

determine the mode propagation constants ﬂ;, the

.-12_




rransformation matrix [pP], and the modal characteristic

m % .
impedances Z¢ for the transmission line structure.

+S(z,t)

1(o,t) . I(z,t)

i f
o) | Stzw) 1(z,w)
Pw) ¥ Plw)

| D(z,w)
[ -

i(o,w) " ilzyw)

Figure 2.3: Space transformation diagram.

2.2 CALCULATION OF NATURAL MODES

The following sections describe the theory used to derive
the propagation constants HQ and the transformation matrix
[P] necessary for the solution of the generalized
propagation transformation equation (2.13). 1In 1926, Carson
[1] formulated the problem by applying Maxwell's equations
as well as some circuit concepts. The propagating modes
were derived from the eigenvalues of the system matrix,
[s]=[Y][z], which characterizes the N-wire structure, where
the shunt matrix [¥Y] and the impedance matrix [2] are
dependent on the geometry of the structure [19]. The theory

has been successfully applied to many power engineering

_13_




problems; however, due to its circuit analogies it 1is a

quasi—static theory wvalid only for the 1lower frequency
portion of the spectrum. In the exact formulation of the
problem, all fields are solutions of Maxwell's equations and
is an exact theory to the extent that all boundary
conditions are satisfied [20,p.486]. The method used to
solve for the propagating modes will follow that of
perel'man [5] and 1is as formulated below. The unknown
propagating modes are found by matching the tangential
electric field at the N conductor surfaces, together with
satisfying the continuity of fields at the air-earth
interface.

Consider an N-wire transmission line structure of
infinite extent in the =z direction and parallel to the
interface between two homogeneous half-spaces, as shown in
figure 2.4. The upper half-space (y > 0) 1is characterized
by the electrical constants Pe, Eer Te, and the lower half-
space (y < 0) 1is charactérized by the electrical constants
Y ES' Gg - The N conductors are assigned the electrical
constants pg, En v On: and are positioned at the point
(xn , ¥q) in the x-y plane, n=1,2...N, respectively.

For a specified angular frequency w and as described in
section 2.1, the currents along the conductors can be
constructed as a linear superposition of eigen-current modes
that take the form Ip(exp(-jut + jﬁ{z) where H; is the

propagation constant in the =z direction of the m*h

_14_




propagating mode. Note that for an N-wire structure there
will be N propagating modes. The determination of the

propagation constants 1is forced by satisfying the boundary

conditions at the N wire surfaces. Thus, matching the
tangential electric field components at the m" wire surface
yields "
E}NE = pSXE Ly pPXE
peal (2.16)
n#m
where Eﬁﬁ% is the external field due to the n'" wire, and

Em: , E®E are the internal and external fields of the mth

wire, respectively.

Figure 2.4: N conductor stucture geometry.

_15_
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We can also write (2.16) in terms of currents as

. N
int ext ext
Z I = A I + T 2 I .
mm m mm m
n=1 ™ 1 (2.17)
n¥m

similarily, this boundary condition must hold for all i

conductors in the structure, m=1,2...N, giving the result

i 2.1 |
[Z;ﬁt _ Zgﬁt] (1] = o0 (2.18) E
where %
IR o ] (2.19) |
Zint - E ’ Z;;t : , %
-ZﬁXt Z?;]{t1 |
gext _ . - X '

2:3 INTERNAL IMPEDANCE MATRIX FORMULATION
z'm\'.

The internal impedance matrix is derived by
examining a conducting cylinder of infinite length in the z

direction, of radius a, and embedded in an infinite

homogeneous medium, as shown in figure 2.5. The propagation

constant internal to the <cylinder is k/ and that of the

B - —

external medium is ke. Stratton [20,pp.524-533], separates

_16—




the differential wave equations describing the system into

elementary cylindrical waves of the form

i ) +3k%z - Jut
eJn?¢ Jn(JTiD) P ot pca (2.20)
?n = n
) v L
ejn¢ H(l) (JT O) e-'JkZz Jwt ; o z a
n e
where
Ty = kz ki
(2.21)
_ n2 _ 2
Te = kz ke
and , ) )
ki = wiugEg ¥ LU 04
7 = 2 3 (2.22)
ke w ueee + queoe %

Here an exp(-jwt + jkgz) dependence is assumed with kg being

the propagation constant in the positive z direction.

Bir € O

z He:r€erOe

Figure 2.5: Single conductor internal impedance geometry.




The general solution to the problem can be constructed as
a linear superposition of fields taking this elementary form
for both the transverse electric and transverse magnetic
cases. However, for the case of an axially directed current
in the conductor the waves will be predominantly transverse
magnetic [20,p.527], physically taking the form of
concentric magnetic field rings inside the cylinder. Also,
all asymmetric modes, n # 0, attenuate rapidly and do not
play a significant role in the propagation of current along

the conductor. We then can assume expressions for the

required fields as follows: Internal to the conductor
(p < a)
int _ . '
By = A;L,dgngal (2.23)
int
v, =20 (2.24)
k2
int _ i it . 2.25
.H¢ = a, I, T Jy (G140) ( )

External to the conductor (§ > a)

(

ext

1) .
E, = DbgI;jH; "(31ep) (2.26)
t
Hix = 0 (2.27)
ke . (1)
ext _ e . ]
H, = b I, TRTEN Hy " (J1gp) (2.28)

The unknown integration coefficients, a; and bg, will be
expressed in terms of the total conduction current inside
the cylinder. Having assumed the current to take the form

I;exp(-jwt + jkzz) we have

_18...




ar2n
I = J J Jp PO®IP (2.29)
0“0

» h . .
where Jz = 07 E'in is the current density parallel to the
axis at a point inside the cylinder. Thus, integrating
(2.29) and equating it with (2.23) we obtain

T .
T4
a.

- : (2.30)
i 2naOiJ1(jTia)

Likewise, by matching the tangential fields at the conductor

surface (¢ = a) gives

(1)

a;J (3t a) = by H (Jrga) i - (2.31)
k 2 k?
i . _ e 4(1) . (2.32)
a; - Ji1liya) = by o= Hi T (31.2)
ii e e

from which we get

jt u k2 1
b = e .. =21. . (2. 55}
€ 2naoi uike Hsl)(jrea)

Replacing the Bessel's functions by their equivalent
modified Bessel's function representations [21,p.375], the
internal impedance matrix elements of (2.,19) are given from

(2.23) and (2.30) as
. 2 2
Jwy U k TnIo(Tna )

in{: _ e ne.
mn B Gmn 2mk2 [“eké (Tnan)I,(T an)] (2.34)

Z

= k=




2.4 EXTERNAL IMPEDANCE MATRIX FORMULATION

The calculation of the external impedance matrix ZeXE is

obtained from the electric field due to a single line source
above a conducting half-space. The formulation, is the two
dimensional equivalent of the three dimensional case treated
by Sommerfeld [22], and has been examined by many authors
[2,23,24]. Consider a single line source, of infinite
extent in the z direction and of radius a, situated at a
height y=h above the air-earth interface at y=0 as shown in

figure 2.6.

2a

- /
y=h B
P(x,y)

/
He,€erOp¢ // X
777 figeqrod/ TATTTTTFITTTTTT77 7777

N
*

Figure 2.6: Single conductor external impedance geometry.
The total electromagnetic field will be expressed in terms il

of the Hertz vector potentials T® and W for the regions

y 2 0 and y £ 0, respectively. The electric and magnetic
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fields in each region will be derived from the vector

potentials using

E V(V . ) + k21 (2.35)

o o]
n

-jwe' (V x ) . (2.36)

As explained in section 2.3, for an axially directed
current, only the symmetric transverse magnetic case will be
considered. Again we will assume the current to take a
space and time dependence of the form Ihexp(-jwt + jkgz).
The following two dimensional differential expressions

satisfying Maxwell's equations can then be used to describe

the system:

2 2 - -
s * g7 * Q- k2ITS = -3 5y 20 , p>a (2.37)
52 32 2 _x2)179 = o sy <0
[ax2 + '5? + (kg 2 m = ’ ey (2.38)
where
- # -jwt + jkzz u
= e §(x) &(y-h)
J zCl, ¥ (2.39)
2 - 2 v 0 = 4+ 9 =
kg w “geg . Eg €g jog/w

The source term J is formed in terms of the total conduction

current I, inside the conductor, as in section 2.3, with C

_21_




peing the integration constant. It 1is required that all
fields and their first derivatives be continuous (except at

the source) in the domain of the solution. The constants ke

and kg are the propagation constants in the regions y > 0

and vy < 0, respectively.

The solution to the system must also satisfy the boundary
conditions at the interface (y = 0); namely, ES = E9,
ES = EJ, HYX = HY, HZ = Hp, EJE§ = EJE], and PeH§ = pgHY.
Thus, using (2.35) and (2.36) to form the field components |
the following set of conditions must be enforced on the

vector potentials Tt€and W9 at the interface:

e - .9 - (2.41) |
X X ‘
k21€ = x249 (2.42) |
e z g z
v 3 . _ ., 9 .9 . |
B 5y By eg 5y s (2.43) |
v .® = e g9 (2.44) |
€e 1Ty €g ny |
v .18 = v.79 . (2.45)

The solution to (2.37) can be formed from the appropriate
two dimensional Green's function for the region y 2 0; the
integral equivalent to (2.26), for the symmetric case n = 0,

being [21,p.376]

e ~c1 [ e'jkxx'Ueh"'h‘ (2.46)
T o= 2z = Kel1_p)= 2z o= U dk .«
2T e 4n -0 e X
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in section 2.3, the integration coefficient C is

As

expressed in terms of the total conduction current inside
the wire and is obtained by applying the boundary conditions
at the wire surface (§= a). Replacing the Bessel's
functions of equation (2.33) by their equivalent modified

Bessel's function representations we get

o - Jug 1 (2.47)
B k2 (Tea)KJ(TeEY *

Now, using the boundary condition (2.41) we can write TI®

and T2 in terms of their components as

= = e ~ e -~

m = ny y + “z z ’ (2.48)

719 = 19¢+092 . (2.49)
Yy Z

Using the integral representation of (2.46) the components

of the vector potentials can be expanded as

o -jkxx—Ue‘y—h‘ _=
" = J 2 ¢ BT =Uely +h) gy (2.50)
- 00 e e X
’ Y z 0
* -3 - +
TTZ - J _Ul. e ]kxX Ueh Ugy dkx , y i 0 (2.51)
- 00 e
2 = A M ~Ikxx - Uely +h) 4 y > 0 (2.52)
Yy e Ue X ’ -
9 - a J N _-3kxX -Ugh +Ugy 4o .y <0 (2.53)
Yy o Ue X
where
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e £ -jwt + Jk,z ’
Ue - ‘/ k:{ + Té 2 Té = k; - ké ’ (2,55)
Ug = / k}Z( + Té ' Té = k; - k; . (2-56)

Here the z component of 7€ has been formed as a sum of the
primary potential (2.46) and a secondary potential. The
unknown coefficients R, T, M, and N are determined by
applying the remaining boundary conditions at y=0. Thus,

using (2.42 - 2.45) we get

(1 + R = n’m’T , (2.57)
1 Ue
T = nz U (1 - R) 7 (2.58)
g9
M = n?N , (2.59)
—UM + jk, (1 + R = USN + jk,T (2.60)
where
g} U '
n? = 2, m = 9 (2.61)
E U
e e

Solving for the TE potential requires the values R and M,

which are derived as

R _ _ 1., 2m’ , (2.62)
o, o, * e, + Uy

ML 2 (n’m? - 1) 1 _ L (2.63)
ﬁ; - sz ﬁ; (n? - mZ)[(mzue-+Ug) (nt’—Ue 4 Ug)]
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The z component of the electric field at any point in the

upper half-space (y 2 0) can now be derived using (2.35) as

_ 3 . =8 2 €
E, = 35 (v nT) 4 kIomo (2.64)
or
3 [T M Te B
_ K = = eTe " P |
E, = A {sz 5y J—m U_ e dk, (2.65)
3,421 eTe TP, R Te -
* [sz 5z T K ]J U Yo € dex
-0 e e
where
To+ p = -ikx = Ug ly -hl (2.66)
- —% )
Te*P = =3k, X = U,(y +h) . (2.67)

We will now only consider the special case pe = Pg=po for

which m®=1. Thus after replacing R and M in (2.65) we get

Ez = =K {Té[KO(Teo) - Ko(Teo*)]

5 - = (2.68)
- C— —— N - e <C °
J_m n2Ue-+Ug e Ue-+Ug n Ue-+Ug

Note that two terms of (2.65) are the integral
representations of the modified Bessel's function K,(z) and
have been replaced in (2.68) as such.

The required external impedance matrix elements Zﬂf can
now be obtained from (2.68) by dividing by the wire currents
In. When (xn , yn) is the source location and (xm , ym) is
the field observation point the elements of the external

impedance matrix of (2.19) are given by
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A

2
Te[K°(Tepmn)

2mk2(1ea Ky (Tea,) (2.69)
=Ko (T pt ) +G(px )] = kG (PR ) =Gl )]
- ® 1 Te * o
IlPmy) = J Tro- e modk, (2.70)
- 00 e g
[¢] k2 - -%
5 = Te * P (2.71)
G(p* ) = J € e'e’Pmn gk
mn . kéUe + keUg X
= - 2 - 2
pmn / (xm xn) * (ym yn)
* = - 2
pmn / (xm xn) z 4 (ym + yn)
T . % = =1 - -
Tg * Pl kalxm xnl U, (v, +yy) -

2.5 MODE EQUATION AND TRANSFORMATION MATRIX

As formulated in section 2.1, the general problem of
solving for the propagation of an injected current on a
transmission line can be solved 1in terms of the eigen-
current mbdes propagating on the system. The equation

giving the values of the N eigen-currents, (2.18), is

[zint _ gexty 1 - (2.72)

mn mn n
i e
where z#ﬁi and Zn§$ were formed using (2.34) and (2.69),

ziﬂt and zext

respectively. , however, are functions of the
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unknown propagation constant kg and thus will have N forms
corresponding to the N propagating modes of the system. The
problem can be recognized as an eigenvalue problem, whose
solution requires that the determinant of the impedance

matrix be zero. This brings about the "mode equation",
det[zlnt(kg) - ZEXt(k:)] = 0 (2.73)

whose solution will yield N eigenvalues, which are the N
propagating modes characteristic to the transmission line
structure.

Substitution of each eigenvalue kg into the impedance
matrix of equation (2.72) will yield a corresponding current
eigenvector defining the proportionality between currents in
the N wires for that particular mode. The normalized
eigenvectors are then wused as the column vectors of the
transformation matrix [P] in (2.3) which appropriately adds
the eigen-currents to form the total current quantity for
each conductor. The elements of the [P] matrix can be

deduced from the impedance matrix by

_ 1 2 N
[Pmn] = [V(kz), V(kz),---, V(kz)] (2.74)
where
m _ axdt 1 m
vylky) = (-1) Bboylky) o (2.75)
J = 1,2,...N, m = 1,2,...N
and
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Z XN . . 5o
1% @503 .1 P94, ZN1 (2.76)
A . = det S " . .
]J 0 ° ° .
ZNl... e e o ZNN
N-1 x N-1

For each k7, the elements of the column vector Vj(k?) are
given by the complement of the jﬂ‘ element in the first row
of the impedance matrix of equation (2.72). Thus, N column
vectors can be formed corresponding to the N values of k?

substituted into the impedance matrix.
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Chapter III

SOLUTION TECHNIQUE

As discussed in section 2.1, the N modal propagation
constants k7 and the system transformation matrix [P] must
first be determined so that the system transfer matrix
[s(z,w)] can be found. This chapter describes the numerical
technique used to evaluate k7 and [P] for a specified
transmission line structure. The solution of the Sommerfeld
integrals J(fm,) and G(fﬁi) will be discussed and an exact
solutiqn for the J function will be presented as well as an
asymptotic expression for the G function. Also, the
frequently used approximations for the functions J and G

will be made to develop Carson's equations, which are

commonly used to solve many power system problems.

3.1 NUMERICAL EVALUATION

As developed in section 2.2, the propagation constants H?
and the transformation matrix [P] can be extracted by

solving the linear system of equations
1] = 0 (3.1)

where Zﬁﬁ and Zﬂf were formed using (2.34) and (2.69),

respectively. The mode equation (2.73), whose solution
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yields the N propagating modes characteristic to the system,
will be modified to make its numerical evaluation more
practical. The constant jw}m/ZHké is cancelled from all
terms in the impedance matrix and all current terms I, are
divided by the factor (Jean)K,(Jeap). After rearrangement,

(3.1) can then be written in the form

(A + XB JII /(t.a)K,(t.a )] = 0 (3.2)

where the elements of the new impedance matrix are given by

2
Yn Tn

Bon 6mn Tukz T(n
en n

Io(Tnan)

a ) I,(1 a‘S(Tean) Kl(Tean)(3’3)
n nn

- [J(D;n) - G(D;n)] ’

*
Bomy [K°(Teomn) - K°(Teo;n) + G(omn)] 4
with Dnn = an ’
2
_ le . (3.5)
X = xz
e

The solution of (3.2) requires that the determinant of
the impedance matrix be zero, bringing about a new mode
equation which is in the form of a generalized eigenvalue
problem. The solution of the mode equationvwill yield N

eigenvalues Xy from which the propagating modes can be’

found, as




(3.6)

=
3
]
=
S
+
=
~
L}
=
q
[

where

det[A +X Bl = 0 , m =1,2,...N. (3.7)

Difficulty arises in evaluating the mode equation by the §
usual eigenvalue techniques since the defining matrices A é
and B are non-linear functions of Xn. However, since Xm is é
incorporated in the matrices only through the modified i
Bessel's functions K., Ky, I,, and I, and the integrals
J(ﬁg;) and G(fay), which all vary slowly as compared to Xm
itself, an iterative technique can be employed to solve
(3.2). The matrices A and B will be formed using previously
calculated estimates of the eigenvalues Xi;l. Convergence
to the exact eigenvalues of the system can then be found by |

iteratively evaluating
geta0d™) + 3 BXd™H) = 0 ,m = 1,2,...8 (3.8)
m m m

where A and B are now constant matrices at each iteration
step j, j=1,2,...0. At each iteration j, the error is given
by £='>Cy‘;'n—')(.£:\ i The initial assignments for the
eigenvalues 9(; are assumed to be zero, which is the case
when all modes propagate with the value ke. For this
initial case the function G(E;;) and the modified Bessel's
functions of equations (3.3) and (3.4) will take, in the

limit as %,—>0, the values [21,p.375] ' '

k

m N
: 1T o0 FKe (3.9)




(p“‘")

- * i
Ko(Teomn) Ko(Teomn) ln (3.10)

(Tean) K1(Tean) Te"o — 1 . (3.11)

gince the value of the G function is small compared to the

other functions, it will be assumed for the 1initial case

that

G(p.) = O .
n =1 (3.12)

Thus, at each iteration step it is required to find the N
values Xﬁ\satisfying (3.8) where A(Xﬂ:\) and B(Xﬁ{\) are
constant. Various methods can be employed to solve this

problem.

3.1.1 Determinant Solution

One method of solving the problem described 1in the
previous section is to break (3.8) down into a polynomial in

terms of Xi‘as follows:
N -1 1
<+ —
a X+ ayy e S a, 0 (3.13)

where'&ﬁwhas been replaced by X for clarity. The complex
coefficients aj; are derived from the matrices A(X%ﬂ) and
B(Xm%') using

Mj

a. = z det[A)j(] H J = 0,1,2,...N (3.14)
J k=1

_ N _ NI, (3.15)
Moo= W =3) 13
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Here Ai is the matrix A with j of its rows replaced by the
™ possible combination of j rows of the matrix B.  Thus,
for the coefficient aj there are j rows of A replaced by the
corresponding rows of B and for the coefficient aj there are
Mj possible  substitution combinations. An  example
jllustrating the expansion of (3.13) using (3.14) for the
case N=3 is given in appendix A.

The problem has now been reduced to one of finding the
complex roots of the polynomial (3.13), for which an exact
solution exists for orders up to n = 4, For orders n > 4
various methods can be used to determine the roots, the one
used being a combination of Lehmer's method and Newton's
iteration method [25]. In summary, the described technique
of evaluating (3.8) is very accurate for 1low orders where
the number of conductors in the transmission line system is
small, However, as the order 1increases the accuracy with
which the polynomial coefficients aj are formed decreases
rapidly since the number of determinants required to be
evaluated increases drastically as given by (3.15). For
higher order systems, alternate techniques can be employed
to solve tﬁe eigenvalue problem [26].

Another method of solving (3.8) would be to use a two
variable non-linear optimization technique to search for the
eigenvalues [27]. In this case the minimizing function is
defined by ABS( det( A - X&B ¥ Y The major advantage of

this method is that only the search for the minimum due to
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the m™  root would be necessary for each Xﬂ{‘. The
previously discussed polynomial method resulted in the
determination of N roots for each xé;‘, with only the mt"
root being the desired result., Also, by wusing an
optimization technique, the number of search steps can be
reduced by utilizing the fact that the desired root Xﬂwis i
the neighbourhood of the 1last calculated Xﬁ;\. However,
this method may be unstable for the first few iteration
steps since difficulty occurs in identifying the mth root
when the roots are in close proximity to each other. This
problem will be discussed next. In general, the method is
well suited to this problem once the proximity of all roots

are firmly established.

3132 Convergence Of Roots

The iterative process described 1in the previous sections
must be carried out for all roots Xﬁw, j=1,2,...®,
m=1,2,...N, At each search step j, however, the solution of
the polynomial (3.13) will yield N roots, with only the mth
one being the desired root as shown 1in figure 3.1. The
remaining 'N-1 calculated roots are "false" roots in the
sense that they only add extraneous information as to how
the roots converge. If two or more roots are near each
other, the use of a non-linear optimization search method to

th

locate the m root may result 1in the convergence to one of

the false roots. Thus, only when the proximity of all the
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roots is determined by the iterative solution of (3.8) can
an optimization technique be used to converge to the desired
eigenvalues with greater accuracy. Note here also that the
the solution of the general eigenvalue equation {3.2)
directly through the wuse of an optimization technique from
the initial phase would be very time consuming since the
matrices A and B would need to be evaluated at every search
step. In the thesis, the propagation constants k? are
evaluated numerically wusing the iterative technique and by
employing the polynomial expansion method to calculate the

roots.

%X

X

o &

oy 38
=N
—x_—_—————-__

O exact roots
O desired roots
X false roots

Figure 3.1: Calculation of roots for the iteration
technique.
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3,2 EVALUATION OF THE TRANSFORMATION MATRICES

once the roots X,,and the resulting propagation constants
k7 are determined by the iteration technique described in
the last section, the eigenvectors of the system can be
derived using (2.74). It should be remembered, however,
that the mode equation had been modified in section 3.1 to
the form of (3.2) by dividing the currents I, by the factor
(Yean)K,(Yeay). To take this into account the eigenvectors

are found using
m _ _ gy JHL m . m m
[Vj(kz)] = [(-1) Alj(kz)] (Teaj) K‘(Teaj) ¢ (3.16)

j=1,2,...N , m=1,2,...N

where ALj is now the complement of the jth element in the
first row of the modified impedance matrix (3.2), evaluated
at k?. The eigenvectors, which are derived using (3.16),
are all normalized in phase with respect to the first

element in the column vector using

v,ay = Y5, 5= 12,00 (3.17)

vy

and in magnitude using

' V.
m _ J .
[vj(kz)] = . v ]

5 1.2,...N (3.18)
/T vV

k=1 k'k

The transformation matrix [P] 1is then formed using
(2.74). The inverse transformation matrix [P]—' is
calculated by inverting [P] using the simple method of Gauss
elimination which is an adequate method for matrices of low
order.
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3.3 EVALUATION OF THE COMPLEX INTEGRALS

In this section the evaluation of the complex integrals
J(?J;) and G(?éﬁ) will be discussed. Their solution is
required in the calculation of the elements of the impedance
matrix (2.18) which is used to extract the characteristics
of the transmission line structure. The two integrals were

defined by (2.70) and (2.71) as

-jk x-Uy
-% 1 X e
J(p )=r i e dk (3.19)
mn . Ue + Ug X
o -jk x-U y
6 (B fm ———e X € dk (3.20)
o ny +U
e
where
= J re 2 2 2 - 2
Ye Kx ¥ Te 0 Te Kz ™ Xe (3.21)
= 2 + 2 1’2 = k2 - k2
Yg vyt g ¢+ g z g (3.22)
and _ | ~
x = I xp sy =y )
* = = 2
Pmn /(xm xn)2 + (ym T yn)
) K
n =
¥
e

The contour of integration is the total real axis of the
complex ky plane.

Exact solutions of the two integrals in terms of
analytical expressions that are wvalid throughout the
possible argument range are not available except when

various assumptions are made to simplify their integrands.
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also, their direct numerical integration along the real axis
is inaccurate and time consuming since the integrands'
behaviors are significant over the entire range of the real
axis. Thus, a solution is wusually determined in terms of
analytical expressions which are valid in either the large
argument or small argument range and later 1linked together
appropriately.

The integrands of (3.i9) and (3.20) are both doubly
irrational and thus, for convergence of the two integrals
Real{Ue} > 0 and Real{US} > 0 must be ensured over the
entire complex kyx plane. Using (3.21) and (3.22), the
locations of the branch points of the two radicals are given

by

U = k + T = O e k =.+_jT (3.23)

and

Knowledge of the behavior of kg, kS' and k; in the
complex k plane yields the locations of the branch points as
well as aids in the general understanding of the problem.
Figure 3.2 gives the regions for the possible values of kg,
kg, and k, in the complex k plane. The propagation constant
ke will always be located on the real axis for a non-lossy
air medium and the propagation constant in the earth kc3 is

located in the region O°<1Lk3 < 45°,
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Im{k‘

Refk!

Figure 3.2: Location of kg, kS' and kz in the complex k
plane.

Imka}
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-7
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+ simple pole
/ o branch point
/ w— branch cut

/

Figure 3.3: Branch point and pole locations in the complex
ky plane. .
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The constant kg will approach the 45° limit as frequency
decreases or for high earth conductivities. The possible
locus of kz, whose exact value is to be determined, will
fall in the upper half plane and 1is best considered as a
perturbation of the prbpagation constant ke.

From the probable values of ke, k3, and kz shown in
figure 3.2 the corresponding locations of the branch points
and their associated branch cuts can be deduced as shown in

figure 3.3 where

IN

180°
e (3.25)

0° ¢ /jT £ 180° .

0° ¢ /it

IN

The +jJq branch point will 1lie near the 45° axis in most
cases since kg is near 45° and much larger than ke. The
+j%e branch point will always be 1located in the second
quadrant near the origin and is the unknown value that is
evaluated in section 3.1 to obtain the values of the

propagation constants of the transmission line structure.

o o J Integral Evaluation

Accurate analytical formulations for the J(ﬁﬁx) integral
express it in terms of Struve functions under the assumption
that the prépagation constant kz is the free space value kg
in the exponent term [8,9]. The J integral (3.19) can be
separated into two integral forms by multiplying by
(Ue-Uq)/(Ue-Uq) as |
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1
2
(n -l)ke

The first integral J,

known in terms of modified Bessel's functions [21,p.376] as

2
2 ) e
\J = — K( )
: ?E?TISIE'ayZ 0*"efmn
or
2
5 = _2[(Teo)K1(1ep) ~ (%) (rep)Kz(Teo)]
: (n2-1)k§

where f==f;;. The second

identified since it retains the

It can, however, be

Ug.

functions in the limit of ky; — ke in the exponent.

condition Js becomes

1 Jo . k, (y-3x) e Jw )
J, = —— e
2 (2l 9 S
e
The 1limits of integration for the fi

changed from (-®,0) to (0,0) by setting kg

the case -T/2 < Lﬁ@(yijx) < /2, the

the two integrals can be altered

Jqw through the following:

kx = Tgw
= 1 dw
dk Tg
Ug = w2 + 1 .

Thus, the J, integral of (3.29) becomes
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has a single irrationality Ue and is

integral J,

expressed in

from the real ky

(3.26)

dk
X

-jk_x-U_y
U e X e
g

(3.27)

(3.28)

is not as easily

double irrationality Ue and

terms of known
For this

-k, (y+jx) -
e dky | - (3.29)
rst integral can be
= -kx. Also, for

integration paths for

axis to

(3.30)
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2
T -Z.W =L
J, = _~?Jl;—-[jm/’w2 +le b odw+ [w/ w2 +1e ° dW] (3.31)
(n"-1)k> 1 9

N

where

z) = Tg(Y-JX) s Iy = Tg(y+JX)

which can be expressed in terms of Struve functions

[21,p.496] as

2
T H.(z,) - Y(z,) M. (z,) - Y(z,)
g, = —9 m 171 1,12 2 ] . (3.32)

™ N

The formulation of the J integral just presented using
(3.28) and (3.32) 1is equivalent to the expression used by
Perel'man [5] and Olsen et al. [28]. The formulation is
adequate for small argument evaluation (3%;@% small). An
exact solution for the J(?;i) integral under no assumptions
can be deduced from the formulation presented by Aboul-Atta

[17]

3.3.2 G Integral Evaluation

Unlike the J integral solution method, the G integral can
not be separated into easily identified forms. 1Instead, the
asymptotic'behavior of the integrand as ky—o will be used
to determine the small argument behavior of the G(Eﬂi)
function as ﬁsﬁﬂ%——+0 by applying the final value theorem
[29]. The G function integrand of (3.20) can be written in

the form

1 = ( 2 ) 1 [ 1+R |
B 1) |14 e (3.33)
e g —2———1
n +
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u -Uu
€ 9

R = £
+
Ve " Y (3.34)

since |R| < 1 and |(n®-1)/(n*+1)| < 1, the denominator of

(3.33) can be expressed in terms of a binomial expansion as
1+ <n2-1> 1T <n2-1>R + <n2-1>2 S

n%+1 . n+1 n2+1 ’
Replacing (3.35) into (3.33), the integrand of the G

integral can be written as

1 {2 \1 1+ 1-(n2—1) R+ (n2-1)2_< 2-1) R? +...}53.36)
;?Ue + Ug <n2+1}2Ue n2+1 n2+1 ;?+1

- The first order approximation, which was employed by

Perel'man [5], can be recognized as the modified Bessel's

function K, as
2k?
* )

- e
Glpp ) = ji; Ko (TePrn (3.37)

In the evaluation used 1in the thesis the second order

approximation is used to express the G integral as

2k 2 - (3.38)

e
+ ——— J(p* )],
ké-+ké mn

3:3:3 G Integrand Pole Extraction

Recently, much attention has been paid to the effect of
the singularity 1in the G integral. Early work by Olsen,

Chang, and Kuester [11,30,28] and Carpentier and dos Santos




R

the simple pole singularity dominates the remaining
contribution due to the two branch cuts. Thus, an
examination of the significance of the singularity is of
importance to the proper evaluation of the G integral. The
location of the poles of the G integrand (3.33) in the

complex ky plane are extracted for the condition

Using (3.21) and (3.22), the pole locations are given as

in the complex kyx plane and are shown in figure 3.3. The

poles are located near the branch points isﬁe for values of

large n%,

frequencies are considered.
The contribution of the poles to the G integral can be

determined by calculating the residue term at a pole

location.

(nZUe—Us)/(naUe—Ug) the G integral can be written as

2
sty - L (nUg - Ug) e dk, . (3.41)
LS S2 . K 2. KL
o kg - Yo+ _e ky ¥ Y1+ _e
2

Thus, using (3.40) the pole contribution is given by

Gpo]e )

[13] suggest that at high _frequencies the contribution of

2 -
nUg +Ug = 0 - (3.39)

2
. /2 k
ky, = /Tt 2e (3.40)
n +1

which is usually the case unless extremely high

By multiplying the integrand of (3.20) by

-kax-Uey

2

n+1 n+1

k
2 k . e
-{x /1 + e - Jy
n2k2 ( e /n2+1) (3.42)
e .

n2+1
2mj ) g
1 S fo, i
e
2

n+1
..44...




gxamination of (3.42) shows that, except for the case at
extremely high freqguencies, the contribution due to the
poles is small compared to the previously derived expression
for the G integral (3.38) since n? is large.

In accordance, Sorbello's experimental results [31] for a
horizontal wire antenna above a disipative half-space show
only one mode of propagation on the structure for
frequencies where n>>>1, Recently, however, Degauge et
al. [16] have studied the current distribution on a 1long
line parallel to a ground at high frequencies. Their
experimental results indicate that the current distribution
on the transmission 1line can not be considered as an
exponential function beyond a given distance of propagation.
The existence of an extra mode is suggested as an
explanation. In the thesis, only currents due to the common
transmission line modes will be considered and the existence
and incorporation of the degenerate mode will be 1left for

later research.

3.3.4 Reduction To Carson's Formulation

In this section the relationship between Carson's theory
and the exact theory as presented 1in chapter two of the
thesis will be discussed. Carson's formulation has been
used in many power engineering applications and the degree
to which it is correct can be determined by observing the
approximations necessary for its derivation from the exact

equations.




Olsen and Pankaskie [32] derive Carson's equations by
applying approximations which are valid at 1low frequencies
and for high earth conductivities. At low frequencies all
significant distances will be small compared to the free
space wavelegnth and under the quasi-static approximation it

can be assumed

*
tePmn |+ [TePmnl << (3.43)
k, = kg .
Under these conditions [21,p.375]
p*
mn
- " ~ (3.44)

Ko (Teomn) Ko (Tepmn) 1n (pmn)
(Tean) Kl(Tean) = 1 (3.45)
Ve = |kx| - (3.46)

Further, for high earth conductivities |k3/ke| >> 1 and thus

v, = VKL - K. (3.47)

= %
Using the approximations (3.46) and (3.47), the G(fmn)
integral (3.20) can be neglected since n® is large and the
J(E:;) integral (3.19) can be simplified to the form
o (U_-k,) =-Jk (|x =x_| + 3y +y,)) (3.48)
J(B*):-ZJ ——ifr—)f—e x''"m “n m “<n k.,
< mn 0 g9
Equation (3.48) is the term derived by Carson [1] to take

into account the earth's effect and is usually expressed in

terms of an infinite series. Thus, under the low frequency
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approximation, the elements of the external impedance matrix

(2.69) become

*

Jwu -
ext _ e .2 mn, _ .2 *
Z“m = - 3Rz [Te 1n (pmn) ke Jc(pmn)] . (3.49)

In summary, the required conditions for a transmission line
approach are that the wavenumber of the ground be large
compared with that of the air, and all relevant distances be
a small fraction of a wavelegnth. These conditions are
almost always met for power engineering applications when

the system is evaluated at 60Hz.
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Chapter IV

NUMERICAL RESULTS

In this chapter the calculated results will be presented
for the propagation constants k? and the transformation
matrix [P] as evaluated using the numerical technique
presented in chapter 3. Also, the system transfer matrix
[s(z,w)] and the system impulse response matrix [S(z,t)]
will be determined.

A program has been written which yields kg and [P] for a
specified transmission 1line structure and is 1listed in
appendix B. The number, location, radius, and electrical
properties of the conductors as well as the electrical
properties of the air and earth media are all arbitrary.
Assumptions made in deriving the mode equation are that the
earth is considered homogeneous, the conductors are assumed
to be thin relative to their structural spacing (i.e. field
matching done at a conductor location assumes the field due
to the othér conductors is constant over its surface), and
only the symmetric transverse magnetic case is considered
since the wire currents are taken to be predominantly
axially symmetric. Also, an asymptotic expression for the
G(ﬁ;;) function is employed as explained in chapter 3.

Other errors will occur due to the inaccuracy of finite
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digit arithmetic and any inaccuracy in the numerical
evaluation technique. An exact expression for the J(ﬁ:;) is
used in the evaluation as explained in chapter three.

A comparison of calculated results with previously
published values will be made for various cases. The
results obtained when often used assumptions are made to
ease the evaluation of the J(§. ) and G(§mm) functions will
be examined. It will Dbe shown that many of these
assumptions are valid only when all relevant distances are
small compared to the free space wavelength and the factor
kq/ke >> 1, as is the case at low frequencies and for large
earth conductivities. Concentration will be mainly on the
effect of the G function since it is usually assumed to be
zero in these cases. Then, k3 and [P] will be calculated
over a large spectral range for a specific transmission line
example and compared to the results produced by the
Electromagnetic Transient Program EMTP [33,34], a commonly
used program in power systems applications. Finally, the
system transfer matrix [S(z,w)] will be evaluated for the
example and from this, the system impulse response matrix
[S(z,t)] will be determined by employing the inverse Fourier

transform,
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4.1 PRELIMINARY RESULTS

Initial comparisons will be made to the results of
Grinberg and Bonshtedt [7] and Perel'man [5] to determine
the validity of the analytical and numerical technique used.
As explained in chapter 3, Grinberg and Perel'man have used
a Struve function series to evaluate the J function and have
assumed an asymptotic expression for the G function as

_ 2k}
G(D;n) & T Ko(TeD;n) . (4.1)
The expression for the modified G function that has been

incorporated in our evaluation was given by (3.38) as

2k? k2 -k? -2k - (4.2)
G e ) = € _9__YS Ko (T p* ) + ———5 J(p* ).
MOD(omn) ké-+ké [ké-+ £ ' e"mn ké'+ke mn

Since at the frequencies and earth conductivities they have
chosen ks/ke >> 1 and all relevant distances are small
compared to the free space wavelength, the differences in
the determination of the J and G functions will be minimal
and the evaluated results should be comparable.

Grinberg and Bonshtedt calculate the propagation constant
k; for the éase of a single wire above a lossy earth. Table
4.1 presents a comparison of the normalized propagation
constant k;/ke for frequencies ranging from 300 rad/sec to
10° rad/sec. The wire, of radius 1lcm and conductivity
5.7x1d7zf/m, is located in an air medium at a height of 10m.

The earth's electrical parameters are M9=Por €3=5°, and
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oB:l.OXIde'Yf/m. For the results presented |kq/ke| ranges
from 1.9x103 to 33.6 and thus the effect of differences in
the G function evaluation should be minimal, as verified by
the results in table 4.1 where
¢ Effect of G = |k,]| cec Ikz|| B (4.3)
MOD
Further examination shows that the effect of the G function

tends to be directly proportional to the frequency.

TABLE L.1: Comparison of kz/ke to the results
of Grinberg and Bonshtedt and the
percent effect of the G function.
PROPAGATION CONSTANT (kz/ke) % EFFECT OF
(rad/sec) |kg/ke| G (Modified) Grinberg G ON Im(kz)
300.0 1941.6 1.2‘.56+j0.0908 1.246-j0.0907 0.0006
1.0x10° 1063.5 1.21104j0.0595 1.211-j0.0594 0.002
1.0x10" 336.3 1.1419+j0.0455 1.143-j0.0453 0.02
1.0x10° 106.3 1.0815+j0.0363 1.081-j0.0363 0.21
1.0x10° 33.6 1.0367+j0.0238 1.037-j0.0236 2.09

Perel'man calculates k? and [P] for one, two, and three
wire systems at a single freduency. A comparison of results
for four oflhis cases are shown in table 4.2. Calculations
are made at a frequency of 10° rad/sec, with an air medium
and earth electrical parameters Pg=pNo, Eq=CEo, and

U§=l.0xldq'1f/m, which corresponds to a value |k3/k3|=33.6.

Conductor dimensions and electrical parameters for the four

cases are given in table 4.3.




TABLE 4.2: Comparison of kz/ke and [P] for G(MOD) and G=0

to the results of Perel ’'man.

METHOD RELETIVE PROPAGATION CONSTANT (kz/ke) AND [P]

G(Modified)
Perel’'man
G=0

MODE
.036689+30.
.0368 +30.
.036666+10.

1
023808
0239
023321

G(Modified)
Perel ’'man
G=0

[P]
(Modified)

(P]

Perel ’'man

MODE

.060825+30.
.061  +30.
.060781+30.

0.7071+30.
0.7071+30.

0.7071+30.
0.7071+30.

1 MODE 2
040176 1.006375+30.002380
0404 1.0064 +30.0024
039345 1.006375+30.002366

0.7071+§0.0
-0.7071+30.0

0.7071+j0.0
-0.7071+30.0

G(Modified)
Perel‘man
G=0

(P}
(Modified)

[P]

Perel’'man

MODE
1.067450+j0.

-

1.067413+30.

0.5920+;0.
0.8050+30.

[ =

MODE 2
1.0129987+j0.008660
1.013 +30.0088
1.013002+;0.008628

046544

045736

o) 0.7885+30.0 ]

0402 -0.6146+30.0242

0.788 +3j0.0
-0.615 -j0.024

G(Modified)
Perel ’'man
G=0

(P] :
(Modified)

[P]
(Modified)

MODE
1.078112+30.
1.081 +jO.
1.078071+j0.

0.
0.
0.

.568 +j0.
.596 +j0.
.568 +j0O.

5679+j0.
5955-j0.
5680+30.

1 MODE 2
053063 1.015886+j0.006080
0528 1.016 +30.0062
051933 1.015886+j0.006038

MODE 3
1.002665+30.000990
1.0026 +30.0009
1.002663+j0.000984

.4315+30.0
.7920-30.0180
.4315+30.0
.432 +30.0

791 +30.017
.432 +30.0

0 0.7071+j0.
0180 0.0 +jO.
0 -0.7071+30.

0 0.7071+j0.
017 0.0 +jo.
0 -0.7071+30.

OO0 O©OO0OOo




rThe effect of the G function is also calculated and compared
to Perel'mans results as shown in table 4.4. The effect is
small as expected since kj/ke is still considerably large in

all cases.

TABLE 4.3: Parameters for the four test
cases presented by Perel'man.
NUMBER OF ELECTRICAL PARAMETERS POSITION IN
CASE | CONDUCTORS | RAD M € o (x,y) PLANE
A 1 lem | mi=po €1%€o 01=5.7%107/m (om, 10m)
B 2 tem | pi=n, €,=€o 0,=5.7x1078/m (om, 10m) :_
lem | y2o=p, €,=e, 0z =5.7x1078/m (10m, 10m) !
c 2 tem | Mi=UWo E1m=m€p O1m5.7x1073/m (om, 10m) ’
lem H2 ®100Uo €2 = Ep O2 =9.0x 106 5/m (10m, 10m)
D 3 lem | My=uo €1=€p 0p =5.7%107%/m (Om, 10m)
lem U2 =g Ex=mEy O2 '5-7}(]070/"1 (10rn,\0m)
lem | u3 =M, E3=€c, 03 =5.7%x10"¢/m (20m, 10m)

TABLE 4.4: Influence of the G function
on Imaginary(kz) compared to ;
Perel'mans results. |
] CASE 6 TYPE $ EFFECT OF G ON Im(k2)
|
A MODE 1 {
G (Modified) +2.09
Perel'man +1.9
B MODE 1 MODE 2 ‘
G (Modified) +2.11 +0.62 }‘
; Perel'man +1.9 +0.6
] c MODE 1 MODE 2 ;
G (Modified) +1.77 +0.37
Perel'man - --
D MODE 1 MODE 2 MODE 3
G (Modified) +2.18 +0.71 +0.66
Perel'man +1.8 +1.0 +0.7 i




For the multi-conductor cases just presented note the
existence of two distinct classes of modes. As indicated by
examining the column eigen-vectors of the [P] matrix, one
mode has all currents flowing predominantly 1in the same
direction in all N conductors. The return current path for
this mode is mainly through the earth and is thus known as
the "ground mode". All other modes tend to have currents
flowing out of phase in one or more of the conductors. For
these modes the currents are mainly concentrated to the
conductors and are thus known as "metallic modes". Since a
dependence of the form exp(-jwt + jk?z) has been assumed for
all modes, the propagation constant k3 can be written as
k? = p" o+ jx™ where R™ is the propagation phase velocity and

m

x™ is the attenuation for mode m. In general, the ground

mode will have the highest attenuation since the return
current path is through the lossy earth. Note that the
normalized propagation constant ky/ke will usually be

presented in the results.

4,2 EFFECT OF THE G FUNCTION

To exahine the effect of the G function on k; when
ks/ke 75 1, the two wire case of Perel'man will be evaluated
over a large frequency range. As discussed in chapter one,
the G function represents the earth losses due to the
transverse induced currents and in many previous solutions

to the problem it has been neglected entirely. Thus, a




thorough study of its effect 1is warranted. For the
parameters listed for case B in table 4.2 the propagation
constant was calculated for G=0 and for G=Gmop as given by
(4.2). The real and imaginary parts of H{/ke as a function
of frequency were found for the two cases, and using (4.3)
the percent effect of the function G was determined as shown
in figure 4.1. For the presented frequency range |k9/ke|
varies from 134.1 to 4.24. The results shown reveal that in
the higher frequency portion of the spectrum the G function
can not be neglected. Also, note that the effect of the G

function is more prominent for the ground mode.

— 100 25
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4.0 45 5.0 5.5 6.0 6.5 7.0
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Figure 4.1: Percent effect of the G integral.
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A comparison of calculated k? values will now be made to
the results of other workers for frequencies where
kg/ke 75 1 or relevant distances are not small compared to
the free space wavelength. Olsen and Chang [11] present
results for the case of a single wire above a lossy earth.
In their evaluation, the J function is calculated using only
the dominant term of its Struve function representation and
the value of the G function is obtained by considering only
its pole contribution. As discussed in chapter 3, they have
assumed that the singularity 1in the G function integrand
produces a significant enough contribution so as to create
an added root which they have called a "fast wave" mode.
Our interest in this section is for the excited currents on
the structure that are due only to the transmission line
modes and thus only they are compared here.

A comparison with Olsen and Chang's results for kz in the
complex kz/ke plane is shown in figure 4.2, where the height
of the conductor above the earth 1is varied. Here the wire
‘radius is 0.3m with ground constants of Pg = Po, £§=IOEO, and
<53=5.55xlof2 27/m. For a frequency of 10MHz, |kg/ke|=10.0
and the free space wavelength is 30m. Discrepancies in the
results are due to the evaluation of the G integral, where
Olsen and Chang have assumed that the only significant
contribution to the G integral is the residue term extracted
from its singularity and thus have neglected the remaining

terms due to the branch cuts.
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olsen and Chang [35] also present results for a two
conductor transmission line structure. In this case the
spacing between the conductors is varied while their heights
remain constant and equal. In their formulation, the wire
impedance has been neglected and a simplified modal eguation
form is used where only the dominant term is used to express
the J function and only the pole contribution is considered
in the G function evaluation. Again their results also
include a fast wave mode contribution, but only the values
for the transmission line modes are presented here. A
comparison of results is shown in figure 4.3, where the
wires, of radius 0.75cm and infinite conductivity, are both
located at a height of 3.0m above the earth. For ground
parameters of Ng=No, £3=108°, and os=5.55x10'2'07m and at a
frequency of 10MHz, |k9/ke|=10.0. Again discrepancies in
the results are due the evaluation of the G integral.

A comparison with the results produced by a frequency
dependent version of the EMTP is also shown in figure 4.3.
In the EMTP evaluation, Carson's equations are used to
calculate the transmission line characteristics. As
explained in chapter 3, Carson's formulation assumes that at
low frequencies and for high earth conductivities the
"quasi-static" approximation can be made. Under these
conditions, the J function is expressed as a finite series
where Es is assumed zero and the G function is_ assumed

negligible.
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This corresponds to neglecting effects due to the
longitudinal displacement currents and the transverse
induced currents in the earth.

Figure 4.3 shows the results produced by EMTP alongside
the values calculated by our method when the G function and
ES were intentionally set to zero. The 1inaccuracy of the

results when these assumptions are made is clear.

4,3 EXAMINATION OF THE TRANSFORMATION MATRIX

In this section the propagation constants k? and the
transformation matrix [P] will be examined over a wide
frequency range (10Hz to 10MHz). A comparison with the
results produced by the EMTP, which uses Carson's equations
to obtain a solution, will be made and the assumption by
authors [36] that the transformation matrix can be assumed
constant will be examined. Two cases will be considered.

For the balanced case of two identical conductors located
at the same height above the earth, as presented by
Perel'man (case B of table 4.3), all diagonal elements of
the impedance matrix (2.18) will be equal and thus, the
elements of the transformation matrix will be independent of
frequency. To examine the effect of a deviation in the
conductor position on this balanced structure, a two wire
transmission line is considered where the wire locations are
(Om,10m) and (10m,20m) in the (x,y) plane, respectively.

The conductors remain identical with a radius 1lcm and




conductivity 5.7x10° w/m. The earth's electrical properties
are Mg=No, 63=£°, and 65=1.0xldz v/m. A comparison of the
imaginary parts of the relative propagation constant k?/ke
as determined using an exact J function evaluation and Gupp
of (4.2) with the EMTP results is given in figure 4.4, The
values of the real and imaginary parts of transformation
matrix elements P¢j over the frequency range are shown in
figure 4.6. Note that since the column vectors forming the
[P] matrix have been normalized in phase with respect to the
first element using (3.17), the imaginary parts of P, and
P,, are zero.  Figure 4.6 indicates that the effect of
conductor position does not cause the elements of the
transformation matrix to vary considerably.

The second case considered examines the effect of a
deviation in the conductor properties on the balanced
structure. The example presented by Perel'man (case C of
table 4.3) is used where one conductor is copper with pMi=Mo
and O',=5.7x107 z/m and the other 1is steel with pp=100M, and
GZ=9.Ox106'U/m. Both conductors are at equal heights and
the earth's electrical parameters are as in the previous
case. A comparison of the imaginary parts of the relative
propagation constant is given in figure 4.5. The values of
the real and imaginary parts of the transformation matrix
elements are given in figure‘ 4.7, In contradiction to the
results of the previously examined case, figure 4.7

indicates a strong dependence on freqguency.
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Figure 4.4:
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Thus, it is not sufficient to assume that the elements of
the [P] matrix can be taken as constant in the frequency
domain for all cases. Also, the comparisons of k7 /ke in
figures 4.4 and 4.5 show that the error in Carson's

formulation becomes significant for frequencies greater than

1MHz .

4.4 IMPULSE RESPONSE CHARACTERISTICS

In this section, the impulse response of a specified
transmission line structure will be determined. Using the
theory developed in chapter two, the system impulse response
matrix [S(z,t)] was defined as the inverse Fourier transform
of the system transfer function [s(z,w)], which was formed
through the transformation matrix [P] and the diagonal

matrix [D] using (2.15) as

(S(z,t)) = F'[S(z,w)] = F (w1 Dz, ] [P, (4.4)

The current at any point, z, along the transmission line can

then be determined by

(1(z,)] = [8(z,8)] » [1°(0,)] (4.5)

or, in the frequency domain by

(1(z,t)] = F'is(z,w)) FIIZ(O,0)]. (4.6)

Thus, once the transmission line characteristics k;'and [P]

have been calculated, as by the numerical technique
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gescribed in chapter three, the impulse response of the
system can then be found through the inverse Fourier
transform.

The inverse Fourier transform used to obtain the system

impulse response was defined by (2.2) as

[(£(t)) = J [f(w)) g~ o (4.7)

Since an analytical solution to (4.7) is not available, f(t)
must be calculated numerically. This requires the infinite
integral to be truncated to some finite 1limits ¥R, Also,
since f(t) is a real function, f(w) = £* (-w), and (4.7) need
only be integrated from 0 to + . Thus, the Fourier
transform can be set up for numerical integration in the

form
N

[(f£(t)] = 2Re { I [f(nldw)] e'-jm"\‘mt Aw} (4.8)
n=0
where AL is the step width and N = /AW is the number of
sample points in the frequency domain.

The case considered in this section is the unbalanced two
wire transmission line structure presented by Perel'man
(case C of table 4.3) which was examined in section 4.3 of
the thesis. The transmission line 1is taken to be of
infinite length in the positive z direction witﬁ sources
that are matched to the structure. For the two conductor
case, the system impulse response matrix (4.4) can be

decomposed to take the form
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(4.9)

(s(z,8)) = F ' (p1ID] (p)”"

L
[ pPuPudr + P, Py d, p,, P}, d; + PP d;
-1
= F
Pnphdl*'PnPhdz P, Pl da P, Py do

14

where Pij and Pij are the elements of the [P] and [P]—\

matrices, respectively, and di are the diagonal elements of
the [D] matrix. For a matched source Rg = 0 and using
(2.10) we have

..M
jkzz

da = e . (4.10)

m

|-

The variation of the propagation constants k? and the
transformation matrix elements P{j over the frequency
spectrum for this case was shown previously in figures 4.5
and 4.7 of section 4.3.

The elements of the impulse response matrix (4.9) are
defined by the current response to a delta function input.
Thus, to obtain the value of the impulse response matrix

element S, (z,t) an input source signal

(15(0,t)] = E“S(ti\ (4.11)
0

F11%0,8)) = [é] (4.12)

is used where

Thus, the current impulse response determining the element

s, (z,t) is given by
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Si1(z,t) = In(z,t) = g ' {ppPna ¢+ Py, Pynd;}. (4.13)

gimilarily, the remaining elements of the impulse response
matrix are the 1inverse Fourier transforms of their
corresponding sytem transfer function elements.

Also in this section, the effect on the impulse response
matrix of assuming the transformation matrix [P] to Dbe
constant over the frequency spectrum will be examined. The
assumption that [P], and implicitly (e1°', are constant

allows (4.4) to be written in the form

(s(z,t)] = [P1{F '(p1y(p1~". (4.14)

This reduces the required number of inverse Fourier
transforms that must be calculated to determine [s(z,t)]
from N to N since [D] is diagonal. Using this form, the

impulse response matrix element S, (z,t) of (4,13) is now
Sradz,t) = P11P113’1{d1} + PlzPﬂngd{dz} (4.15)

where F7'{d,} and ‘}"{da} are the impulse responses of the
individual propagating modes on the system.

The calculated frequency domain response for the two
modes d, and d, at a point z = 200km along the transmission
line structure as given by (4.10) is shown 1in figure 4.8.
Figure 4.9 gives the frequency response for the system
transfer matrix element S (z,w) which incorporates the
effect of both modes in the proper proportion, as determined

by (4.13).
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Ry

The corresponding time domain response of the two
propagating modes ‘F-Wd‘} and 354{dz} at the points
z = 200km, 300km, 400km, and 500km along the transmission
line is shown in figure 4,10, The attenuation and
dispersion of the two modes, as they travel along the
structure, is demonstrated as well as the relationship
between the two modes; the ground mode being attenuated to a
greater extent than the metallic mode as expected. Note
that the time reference frame for the time domain response
is set so that the input impulse is injected at t=0, z=0.
Similarily, the time domain response of all the elements of
the impulse response matrix [s(z,t)], as given by (4.9), are
shown in figure 4.11 also for points z = 200km, 300km,

400km, and 500km along the structure.
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Figure 4.10: Impulse response for the [D] matrix elements.
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A comparison of the calculated impulse response [S(z,t)]
with that obtained when the transformation matrix [P] is
assumed constant is shown in figure 4.12, Here the element
Sy (z,t) as evaluated using (4.13) and as evaluated using
(4.15) is compared for [P] determined at frequencies of 1lkHz
and 100kHz. The comparison shows a significant difference
in the calculated impulse response and thus the [P] matrix

can not be assumed constant in all cases.
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Figure 4.12: Frequency dependence of the [P] matrix.




Chapter V

CONCLUSIONS

The propagation of a transient current along a multi-
conductor structure above an earth has been examined. The
problem was formulated in the frequency domain, where an
exact solution for the fields in integral form is given.
pDifficulties involved in the accurate evaluation of the
integral solution were discussed and a numerical technique
was presented as a method of calculating the structure's
characteristics. A comparison with the published results of
other researchers was made to demonstrate the wvalidity of
the problem formulation.

A solution to the problem of determining the propagation
of a transient current along a transmission 1line structure
was formulated in terms of the modes which propagate on the
structure. The transient current at any point, z, along the

line was determined through the system impulse response as

[I(z,t)] = [s(z,8)] * (1°0,t)] (5.1)

(S(z,t))] = F P ()] D(z, [P «  (5.2)




rThe formulation was derived for an infinite structure in the
positive z direction and, thus, reflections from the
terminating end of the transmission line were not
incorporated. In the general case, the matrix [D] will not
pe diagonal since the reflections due to each individual
mode will excite all other modes at the terminating end.

The characteristics of the transmission 1line structure,
the mode propagation constants k? and the transformation
matrix [P], were extracted from the system of 1linear

equations describing the structure as
int _ ,ext = 0
2 - ][In] (5.3)

Elements of the impedance matrix [z] were formulated using
the solution to the fields from a single wire above an
earth. The field solution, which has received much
attention in the 1literature, was derived by solving
Maxwell's equations and satisfying all boundary conditions.
It is an exact solution given in integral form.

Difficulty was shown to be in the exact solution of the
two complex integrals J(Pmy) and G(fmy ) which are involved
in the calculation of the elements of the impedance matrix.
pPrevious solution techniques have evaluated the integrals
under various restricting assumptions. A solution for the J
integral was derived in terms of Struve functions following
the work of other researchers. In the thesis an exact

formulation is incorporated for the J integral. Next, the




accurate evaluation of the G integral was shown to pose an
even greater problem since its integrand incorporates a
singularity. An asymptotic expression for the G integral
valid in its small argument range was derived. Also, the
contribution of the singularity was calculated and was shown
to be negligible except at extremely high frequencies.

The calculation of the elements of the impedance matrix
(5.3), describing the transmission line structure, involves
the evaluation of transcendental functions as well as the
complex integrals J and G. The propagation constants H;
were calculated from the eigenvalues of the impedance matrix
and the transformation matrix [P] was formed from the
corresponding eigenvectors of the system. A numerical
method of extracting the transmission line characteristics
was developed.

A computer program has been written which yields k7 and
[p] for a specified transmission line structure consisting
of an arbitrary number of conductors. The solution
technigque wutilizes the numerical method developed in the
thesis and is restricted only to the extent that non-
magnetic media must be used to represent the air and earth.
The only major debateable assumption made in its evaluation
is in the calculation of the G integral for which an
asymptotic expression is incoporated.

Comparison with the results of other researchers [5,7]

demonstrates the validity of the evaluation technique used

_76_




in the thesis to extract the transmission line
characteristics. A study of the effect of the G integral
indicated that its effect is proportional to frequency and
pecomes significant for high freguencies ( >10% when
f > 1MHz for the case examined).

Further comparison with the work of other researchers
[11,35] for the higher frequency range where the accurate
evaluation of the G integral becomes important has shown
appreciable discrepancies in the results. The evaluation
method incorporated in the thesis used an asymptotic
expression for the G integral whereas the other workers have
considered only the singularity contribution in its
evaluation. A comparison with the results produced by the
EMTP, a commonly used program for power system applications,
indicates that the error in the calculation of the
propagation constants of the structure become appreciable at
high  frequencies (>1MHz) . The EMTP uses Carson's
formulétion as its solution basis and was derived 1in the
thesis from the exact formulation using the 1low frequency
approximation. Also, a brief study of the frequency
dependence of the transformation matrix [P] was made and for
the two cases examined, situations exist where the [P]
matrix varies drastically with frequency.

In the thesis, an exact solution for the electromagnetic
fields in integral form for a transmission line structure

has been given. Concentration was in the accurate solution




of this integral form for the lower portion of the frequency
spectrum since limitations are encountered in the evaluation
of the G integral at extremely high frequencies. Thus,
further research must be done to extend the evaluation of
the G integral to be accurate over the whole spectrum so
that the extremely high frequency behavior of the structure
can also be examined. The effect of the singularity must be
studied and the possible existence of an added degenerate
mode which propagates on the structure must be verified. If
verified, then a method to incorporate it 1into the system
transfer function must be developed. Finally, to make the
formulation feasible for use 1in power system applicatons,
the effect of a periodically grounded wire must be studied

and an accurate fast Fourier transform must be developed.
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Appendix A

POLYNOMIAL COEFFICIENT FORMULATION
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In section 4.1.1 of the thesis, the determinant (4.8) is

evaluated in terms of the polynomial form
N -1 1 -

where the complex coefficients aj were derived from the
constant impedance matrices A(%%:\) using (4.14) and B(%g:‘)
using (4.15). Let the matrices A and B be defined by the
elements apy, and bpyp, respectively. Then, for the case N=3,

the coefficients of (A.l) are given as:
for 3 = 0 My, = 1 '

a; aj @apy
- 0 _
a, = |AY| = ap ajp;; Aajzs

ais); ajz 4ass

a, = |a}| + |a}] + |Aj]
b,;, a;; ai an bz an ay ajp b

b, az az | +|an bz ax| t]an a b2

by as ass as b3 ass aj; asn bais

|a2] + |A3] + [A5]

[
o
i

by by, ar b,y a;, b ay b, b
= by bz azs | + b,y az» b2 | *t a b2 b2

by bi ass by asx b as; ba bas




]
w

M3

i
-
-

byy by, by 1
b2y b2, by
bj; bi b

3
a7
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Appendix B

MULTI-CONDUCTOR CHARACTERISTIC EXTRACTION
COMPUTER PROGRAM
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C

(@]

MULTIPLE FREQUENCY KZ AND [P] CALCULATION

_ IMPLICIT COMPLEX*16 (C) , REAL*8 (A,B,D-H,0-2)
COMMON /INP1/RO,ROR, THETA
COMMON /INP2/CKE2,CKG2,CK2,CKE,CKG,CK,URE,UR
COMMON /INP3/WST,SST
COMMON /PASS1/CTERM,CKZRM2,NITT, INDEX
COMMON /PASS2/NOUT
COMMON /PASS3/CZIMP,CSPHI
DIMENSION RO (10, 10) ,ROR (10,10) ,THETA (10, 10)
DIMENSION UR (10) ,CK2 (10),CK (10) ,CT (10)
DIMENSION WST (10,6) ,SST (6)
DIMENS I ON CTERM (200, 11) ,CKZRM2 (10,20) ,NITT (10)
DIMENSION CKZREL(ZO),CKZRML(]O,\OOO),FREQRM(]OOO)
DIMENS I ON CZ|MP(10,10,10),CSPHI(10),CPT(IO,]O),CPIT(]O,]O)
DIMENSION CDIAG(]O,]O),CSYST(]O,]O),CFAK](]O,]O),CFAKZ(]O)
INTEGER#*L |CASE (60) '
INTEGER*L IT1/'E'/,1T2/'N'/,1T3/'D"/

PROGRAM USAGE FOR MULT! FREQUNCY CALCULATIONS.
USE THE SUBMIT FORM:
SU SETUPA,MAIN,DATAFILE

INPUT DATA STORED IN F=DATAFILE IS IN THE FORM:

1 SENTRY

2 NOUT  NPLOT (USUALLY 5 0)
3 CASE DEFINITION CARD (END ENDS CASES)
L NRUN NVARST (NOT USED 1 1)
5 NOCT  NPTS FREQST DFREQ

6 URE EPSRE ROE

7 URG EPSRG  ROG

8 N

9

URN EPSRN RON RADN XN YN

9+N NEW CASE CARD (END |F LAST CASE )
//GO.FT11F001 DD DSN=GBRIDGE .TEST.DATA2,DISP=SHR
//GO.FT12F001 DD DSN=GBRIDGE.TEST.DATA3,DISP=SHR

PARAMETER DEFINITION FOR A N CONUCTOR CASE:

FREQ CARD:
NOCT -NUMBER OF OCTIVES IF LOG SCALE (0 IF LINEAR SCALE)
NPTS -NUMBER OF FREQUENCY POINTS (PER OCTIVE IF LOG SCALE)
FREQST -INITIAL STARTING FREQUENCY
DFREQ ~-FREQ STEP IF LINEAR SCALE (0 IF LOG SCALE)

OUTPUT CARD:
NOUT= 1 -ALL OUTPUT IS PRINTED
-PARTIAL OUTPUT
-CKZ AND CTE AS OUTPUT
-ALL CKZ VALUES NO NOTE MSGS
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5 -FINAL CKZ ONLY NO NOTE MSGS
6 -ONLY ERROR MSGS
7 -[P] AND KZ2 ARE STORED IN UNIT 12
NPLOT=0 -NO PLOTTING
1 -CKZ IS PLOTTED OVER THE FREQUENCY SPECTRUM
2 -CKZ PLOTTED IN THE COMPLEX KZ PLANE
3 -[P] IS PLOTTED OVER THE FREQUENCY SPECTRUM

EXAMPLE GEOMETRY FOR N=2:

Y
N I 0 UR2,EPSR2,R02
|
|
Y1-|- -0 UR1,EPSRI,RO]
| |
| |
URE, EPSE , ROE | |
__________________________________________________________ X
URG, EPSG,ROG /| % X2
/
/
/
z

OUTPUT TO PLOTTER (IF NPLOT.GT.O):

FORMAT NAME
2001 NPLOT
3001 I CASE (60)
2003 NUMCAL,NDIM,NOCT,NPTS,FREQST,DFREQ
FOR NPLOT=1,2 J=1,NUMCAL
2002 (CKZRML (K, J) ,K=1,NDIM)
FOR NPLOT=3
2004 ((CPT (J,K) ,K=1,NDIM) ,J=1,NDIM)
END
2001 FORMAT (315)
3001 FORMAT (60AT)
2003 FORMAT (415,2E1L.7)
2002 FORMAT (2F12.8)
2004 FORMAT (6E14.7)
EXAMPLE DATA:
SENTRY
7 1

FREQUENCY TEST OF TWO EQUAL LINES ABOVE GROUND
1 1

0 10 1000.0D0 1000.0D0

1.0D0 1.000 0.0DO

= BB =




1.0D0 1.0D0 1.0D-2

2

1.000 0.0D0O 57.0D6 1.0D-2 0.0DO 10.0DO
1.000 0.0D0O 57.0D6 1.0D-2 10.0DO 10.0DO
END

//GO.FT11FO01 DD DSN=GBRIDGE . TEST.DATA2,D|1SP=SHR
//GO.FT12FO01 DD DSN=GBR | DGE . TEST.DATA3,DISP=SHR

OO0 0000

P1=3.141592653589793D0

UO=L .0DO%P|%1.0D-7
EPSO=1.0D0/ (U0*8.98800LD16)
URO=1.0D0

CF1=(1.0D0,0.0D0)
CF2=(0.0D0, 1.0D0)

oo

SET UP FOR MULTIPLE EXECUTION

READ (5,%) NOUT,NPLOT
IF (NPLOT.GT.O) WRITE (11,2001) NPLOT
800 READ (5,3001) (ICASE (J),J=1,60)
|F (NPLOT.GT.0) WRITE (11,3001) (ICASE (J),J=1,60)
|F (ICASE (1) .EQ. IT1.AND.ICASE (2) .EQ.IT2.AND.ICASE (3) .EQ.IT3)
>G0 TO 810
READ (5,%) NRUN,NVARST
READ (5,%) NOCT,NPTS,FREQST,DFREQ
NUMCAL=NOCT*NPTS
| IF (NOCT.EQ.O) NUMCAL=NPTS

| FDIV=(10.0D0) %% (1.0D0/DF LOAT (NPTS))

| FREQ=FREQST/FDIV
NVAR=0
IF (NOUT.LT.6) WRITE (6,3002) (ICASE(J),J=1,60)

c SETUP VARIABLES FOR THE RUN

CALL INPUT (NDIM,NVAR, AMOUNT)
i} IF (NOUT.EQ.7) WRITE (12,4001) NDIM,NOCT,NPTS,FREQST,DFREQ
I IF (NPLOT.GT.0) WRITE (11,2003) NUMCAL ,NDIM,NOCT,NPTS,FREQST,DFREQ

DO 888 NSET=1,NUMCAL

FREQ=FREQ*FDIV

IF (NOCT.EQ.O) FREQ=FREQST+(NSET-1)*DFREQ
FREQRM (NSET) =FREQ

WRAD=FREQ%*2.0DO*P|

CALL CKCAL (NDIM,WRAD)

A M

o0

FOR THE FIRST APPROX. CTE=0.0

CALL BEGIN(CTE,NDIM)

(@]

CALCULATE THE VALUE OF CKZ USING THE FIRST APPROX FOR CTE

EPS=1.0D-6 |
CALL FIND (NDIM,EPS) |
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fA
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CALCULATE THE RELETIVE PROP. CONST. MATRIX KZ/KE

D0 420 J=1,NDIM

NST=NITT (J)

DO 430 K=1,NST

CKZREL (K) =CDSQRT (CKZRM2 (J,K)) /CKE
430 CONTINUE

CKZRML (J,NSET) =CKZREL (NST)

IF (NOUT.LT.5) WRITE (6,1003) (J,CKZREL(K),K=1,NST)
4,20 CONTINUE

CALCULATE THE TRANSFORMATION MATRICES

(@}

IF (NOUT.EQ.7) WRITE (12,4000) (CKZan(J,NITT(J)),J=1,NDIM)

CALL EIGEN(CPT,CPIT,NDIM,RO)
IF (NOUT.EQ.7) WRITE (12,4002) ((CPT(Nl,Nz),N2=1,ND|M),N1=1,N01M)
IF (NOUT.GT.5) GO TO 960
WRITE (6,1011) FREQ
DO 970 N1=1,NDIM
970 WRITE (6,1012) (CPT (N1,N2) ,N2=1,NDIM)
960 |F (NPLOT.EQ.3) WRITE (11,2004) ((CPT(N1,N2),N2=1,ND|M),N1=1.NDIM)

TLEG=100000.0D0

DO 910 J=1,NDIM

NST=NITT (J)

DO 910 K=1,NDIM

CDIAG (J,K)=(0.0D0,0.0D0)

IF (J.EQ.K) CDIAG(J,K)=CDEXP(CFZ*TLEG*CDSQRT(CKZRMZ(J,NST)))
910 CONTINUE

CALL MATMI1(CDIAG,CPIT,NDIM,CFAK1)

CALL MATM1 (CPT,CFAK1,NDIM,CSYST)

WRITE (6,%) ((CDIAG(N],NZ),N2=1,ND|M),N1=1,ND|M)

WRITE (6,%) ((CSYST(Nl,NZ),N2=1,NDIM),N1=1.ND|M)

C THIS SECTION OUTPUTS INTERMED | ATE KZ/KE RESULTS |F REQUIRED

IF (NOUT.GT.3) GO TO 888

NUP=ND | M+1
c WRITE (12,2001) INDEX,NUP
DO 300 K=1, INDEX
C WRITE (12,2002) (CTERM(K,J),J=],NUP)
300 WRITE (6,1001) (CTERM(K,J),J=],NUP)
C
888 CONTINUE
C
C  OUTPUT RELETIVE VELOCITIES
C

IF (NOUT.GT.5) GO TO 510

WRITE (6,3002) (1CASE (J) ,J=1,60)

WRITE (6,1005) (SST (J) ,J=1,6)

WRITE (6,1006)

WRITE (6,1007) (J,(WST(J,K).K=1,6),J=1,ND|M)
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510 CONTINUE
IF (NOUT.LT.6) WRITE (6,1009)
DO 530 J=1,NUMCAL
IF (NPLOT.EQ.1.0R.NPLOT.EQ.2) WRITE (11,2002) (CKZRML (K,J) ,K=1,NDIM)
IF (NOUT.LT.6) WRITE (6,1008) FREQRM(J),CKZRML(],J)
IF(NDIM.EQ.1) GO TO 530
IF (NOUT.LT.6) WRITE (6,1010) (K,CKZRML (K, J) ,K=2,NDIM)
530 CONTINUE
I'F (NOUT.LT.6.AND.NUMCAL.GT.1)
>CALL GRAPH(CKZRML,FREQRM,],NDIM,],NUMCAL)
GO TO 800
810 WRITE (6,1002)

C FORMAT CODES

1001 FORMAT ('0',' ROOTS FOR CTE=',2E16.8,5(/1X,2E16.8,LX,2E16.8))

1002 FORMAT ('1")

1003 FORMAT (' ',8X,'REL. PROP. CONST.',/3X, 'MODE',12X,'CKZ/CKE",
>10(/3%,13,2F15.12))

1005 FORMAT ('0',10X,'AIR DATA',/9X,"' UE EPSE ROE',
>/6X,2F8.3,D11.4,//11X, ' GROUND DATA',/9X,
>' UG EPSG ROG',/6X,2F8.3,D11.4)

1006 FORMAT ('0', 10X, 'WIRE DATA',/6X,"' NO. UN EPSN RON',

>7X, 'RADIUS X-POSITION Y-POSITION')
1007 FORMAT (" ',5X,13,2X,2F8.3,L4D11.L)
1008 FORMAT (2X,D11.5," 1',2F16.12)
1009 FORMAT (//9X,'FINAL PROP. CONST.',
>/3X, 'FREQUENCY MODE',12X,'CKZ/CKE')
1010 FORMAT (' ',12X,1L4,2F16.12)
1011 FORMAT (' ',/3X,'[P] MATRIX FOR FREQUENCY=',F12.2)
1012 FORMAT (' ',3X,5(2X,2F9.5))
2001 FORMAT (315)
2002 FORMAT (2F12.8)
2003 FORMAT (L15,2E1L4.7)
2004 FORMAT (4E1L.7)
3001 FORMAT (60AT1)
3002 FORMAT('1',60A1)
LOOO FORMAT (4D17.10)
LOO1 FORMAT (316,2E12.6)
‘ 4002 FORMAT (4D17.10)
; STOP '
¢ END

THIS SUBROUTINE READS THE INPUT DATA AND CALCULATES THE
NECCESARY GEOMETRICAL CONSTANTS TO BEGIN EXECUTION.
IF INCR=0 THEN DATA IS INITIALY READ FROM INPUT CARDS.
F INCR>0 THEN ONE VARIABLE IN WST OR SST IS GIVEN THE
VALUE AS SPECIFIED BY AMOUNT.
INCR= OX -MEDIUM CHANGE FOR SST (X)
INCR= NX -CONDUCTOR CHANGE FOR CONDUCTOR N WST (N, X) I
X DESCRIPTIONS ARE AS BELOW. ‘

OO0 O0OO0O0O0O 00

SUBROUTINE INPUT (N, INCR, AMOUNT)
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IMPLICIT COMPLEX*16 (C) , REAL*8 (A,B,D-H,0-2)
COMMON /INP1/R0O,ROR, THETA

COMMON /INP3/WST,SST

COMMON /PASS2/NOUT

DIMENSION RO(lO,lO),ROR(IO,]O),THETA(IO,]O)
DIMENSION WST (10,6) ,SST (6)

P1=3.141592653589793D0
CF1=(1.000,0.0D0)
CF2=(0.0D0,1.0DO)

IF (INCR.NE.O) GO TO 110
READ INPUT DATA FROM CARDS

READ (5,%) SST (1),5ST(2),SST(3)
READ (5,%) SST (L) ,SST(5),SST (6)
READ (5,%) N
DO 50 J=1,N

50 READ (5,%) (WST(J,K),K=1,6)
GO TO 100

CHANGE A GEOMETRY OR MEDIUM VALUE

110 NSUB1=INCR-INCR/10%10
NSUB2=INCR/10
IF (NSUB2.GT.0) GO TO 120
SST (NSUB1) =AMOUNT
GO TO 100

120 WST (NSUB2,NSUB1) =AMOUNT

INITIALIZE GEOMETRY

100 DO 10 I=1,N

RO (1,1)=WST (I,L)
ROR (1, 1)=2.0DO%WST (I,6)
THETA (1, 1)=90.0DO
IF(1.EQ.N) GO TO 10
NST=1+1
DO 20 J=NST,N
F1=DABS (WST (1,5) -WST (J,5))
F2=F1%F 1
F3=DABS((WST(I,6)-WST(J,6))*(WST(l,6)-WST(J,6)))
Fh=DABS((WST(I,6)+WST(J,6))*(WST(I,6)+WST(J,6)))
RO (I,J) =DSQRT (F2+F 3)
RO (J, 1) =RO (1,J)
ROR (1, J) =DSQRT (F2+F k)
ROR (J, 1) =ROR (1,J)
THETA(I,J)=DABS(DARCOS(F1/ROR(I,J))*lS0.0DO/PI)
THETA (J, 1) =THETA (1,J)

20 CONTINUE

10 CONTINUE

IF(NOUT.GT.3.AND.INCR.NE.0.0R.NOUT.GT.M) GO TO 999
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WRITE (6,1000) N, INCR
1000 FORMAT ('-',5X, " INPUT DATA N=',13,'  VARIABLE=', Ik,
>/6X, 'ARRAYS RO , ROR , THETA 'L, /1X)

DO 500 J=1,N

500 WRITE (6,1001) (RO (J,K) ,K=1,N)
DO 501 J=1,N

501 WRITE (6,1001) (ROR (J,K) ,K=1,N)
DO 502 J=1,N

502 WRITE (6,1001) (THETA (J,K) ,K=1,N)
1001 FORMAT (' ',10E12.5)
999 RETURN

END

THIS SUBROUTINE PRODUCES A GRAPH OF THE CKZ/CKE DATA THAT 1S
A FUNCTION OF FREQUENCY.

OO0

SUBROUTINE GRAPH(CKZ,FREQ,NF|R,NLAS,NSTR,NFIN)

COMPLEX*16 CKZ (10,100)

REAL*8 FREQ(]OO),X(lO,]OO),TMAX,DAIMAG

INTEGER NREM (10)

|NTEGER"“+ FORM(]O)/']',IZ',|3',"+‘,|5',|6','7','8','9','0'/
INTEGER*L pT1/'>"'/,DT2/'<"'/,DT3/" '/,DThL/'0"/

INTEGER*4 NLINE (101)

DATA NLINE/'O',100%"' '/

REAL*8 DIV (10)

REAL*8 OF CHAN (10)

DO 100 J=1,NLAS

OF CHAN (J) =0.0DO

TMAX=0.0DO

DO 110 K=1,NFIN

X (J,K) =DATMAG (CKZ (J,K))
110 IF (X (J,K) .GT.TMAX) TMAX=X(J,K)
100 DIV (J) =TMAX/100.0DO

WRITE (6,1000) |
1000 FORMAT (111, 1X, 'FREQUENCY LOGIO(F) ','0',100('+")) |

DO 10 K=NSTR,NFIN i
DO 30 L=NFIR,NLAS |
NSET=X (L,K) /DIV (L) +OFCHAN (L) +1.5
|F (NSET.LE.101) GO TO 20
NREM (L) =101 |
NL INE (101)=DT1 |
GO TO 30 i
20 IF (NSET.GE.1) GO TO kO
NREM (L) =1
NLINE (1) =DT2
GO TO 30
4O NLINE (NSET)=FORM(L)
NREM (L) =NSET
30 CONTINUE
F=DLOG10 (FREQ(K))
WRITE (6,2000) FREQ (K) ,F, (NLINE (1) ,1=1,101)
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2000 FORMAT (' ',D11.5,F9.L,1X,101A1)
DO 50 L=NFIR,NLAS
50 NLINE (NREM(L))=DT3
NLINE (1)=DTh
10 CONTINUE
RETURN
END

THIS SUBROUTINE CALCULATES THE NESSECARY VALUES OF CKE, CKG
AND CK FOR A SPECIFIC FREQUENCY AND MEDIUM DATA.

OO0

SUBROUTINE CKCAL (N,WRAD)

IMPLICIT COMPLEX*16 (C) , REAL*8 (A,B,D-H,0-Z)
COMMON /INP2/CKE2,CKG2,CK2,CKE,CKG,CK,URE,UR
COMMON /INP3/WST,SST

COMMON /PASS2/NOUT

DIMENSION CK2(10),CK(10) ,UR(10)

DIMENSION WST(10,6) ,SST (6)

P1=3.141592653589793D0
U0=4.0DO*P|%1.0D-7
EPSO=1.0D0/ (U0*8.988004D16)
CF1=(1.0D0,0.0D0)
CF2=(0.0D0,1.0DO)

URE=SST (1)
CZ1=CF 1%*WRAD*WRAD*EPSO%*UO
CZ2=CF2%WRAD*UO
CKE2=CZ1%SST (1) *SST (2) +CZ2%SST (1) *SST (3)
CKG2=CZ1%SST (L) *SST (5) +CZ2%SST (L) *SST (6)
CKE=CDSQRT (CKE2)
CKG=CDSQRT (CKG2)
DO 30 I=1,N
UR (1) =WST (I,1)
CK2(I)=CZ]*WST(I,1)*WST(I,2)+CZZ*WST(I,1)*WST(|,3)
CK (1) =CDSQRT (CK2 (1))

30 CONTINUE

i I'F (NOUT.GT.3) GO TO 999
| WRITE (6,1000) N,WRAD
1000 FORMAT ('-',5X,'CK DATA N=',13,' WRAD=',E12.5,
>/6X, ' ARRAYS CKE , CKG , CK',/1X)
WRITE (6,1002) CKE
WRITE (6,1002) CKG
WRITE (6,1002) (CK (J),J=1,N)
1002 FORMAT (' ',5(2X,2E12.5))

999 RETURN
END
c
E
C  THIS SUBROUTINE DETERMINES THE STRATEGY FOR FINDING THE ROOTS
C OF THE SYSTEM TO AN ACCURACY OF EPS.
C
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SUBROUT INE FIND (NDIM,EPS)

IMPLICIT COMPLEX*16 (C) , REAL%*8 (A,B,D-H,0-2)
REAL*8 CDABS

COMMON /INP2/CKE2,CKG2,CK2,CKE,CKG, CK,URE,UR
COMMON /PASS1/CTERM,CKZRM2,NITT, INDEX

COMMON /PASS2/NOUT

COMMON /PASS3/CZIMP,CSPHI

DIMENSION UR(10),CK2 (10) ,CK (10) ,CT (10) |
DIMENSION CA(10,10),CB(10,10),CPF (11),CROOT (10)

DIMENSION CTERM (200, 11),CKZRM2 (10,20) ,NITT (10) i
DIMENSION CZIMP (10,10,10),CSPHI (10) |
DIMENSION RATI0 (10) ‘

IF (NDIM.GT.1) GO TO 100 i
CTE=CTERM(1,2) |
CALL ITERAT (CTE,1,NDIM,EPS)
IF (NOUT.LT.3) WRITE (6,1000)
RETURN

TEST=1.2D0

DO 110 J=2,NDIM
RAT|0(J-1)=DREAL(CTERM(],J))/DREAL(CTERM(],J+1))
KROOT=1

NSET=1

|F (KROOT.EQ.NDIM) GO TO 90

I'F (RAT10 (KROOT) .GT.TEST) GO TO 90

NSTR=KROOT

NFAK=NDIM-1

DO 20 NSTP=KROOT,NFAK

I'F (RATI0 (NSTP) .GT.TEST) GO TO 30
IF (NSTP.EQ.NFAK) NSTP=NDIM
CAVE= (0.0D0,0.0D0)

DO LO K=NSTR,NSTP
CAVE=CAVE+CTERM (1,K+1)
CTE=CAVE/ (NSTP-NSTR+1)
CKZ2=CTEXCTE+CKE2

CTG=CDSQRT (CKZ2-CKG2)

DO 50 K=1,NDIM

CT (K) =CDSQRT (CKZ2-CK2 (K))

CALL MATCAL (CA,CB,NDIM,CTE,CTG,CT)
CALL POLY (CA,CB,NDIM,CPF)

CALL ROOTS (CPF,NDIM,CROOT)
CALL SORT (CROOT,NDIM,10)
INDEX=INDEX+1

CTERM (INDEX, 1) =CTE

DO 60 K=1,NDIM
CTE2=CKE2*CROOT (K)

CTERM (INDEX,K+1) =CDSQRT (CTE2)
NSET=INDEX

DO 70 J=NSTR,NSTP

CTE=CTERM (NSET, J+1)

NITT (J)=NITT (J) +1

CKZRM2 (J,NITT (J)) =CTE*CTE+CKE2
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VAL=CDABS (CTE-CTERM (NSET, 1))
IF (VAL.LT.EPS) GO TO 120
CALL ITERAT(CTE,J,NDIM,EPS)
GO TO 70
120 CSPHI (J) =CROOT (J)
DO 130 K1=1,NDIM
DO 130 K2=1,NDIM
130 CZIMP (J,K1,K2) =CSPHI (J) *CA (K1,K2)+CB (K1,K2) |
70 CONTINUE it
KROOT=NSTP
GO TO 80

90 CTE=CTERM(NSET,KROOT+1)
CALL ITERAT (CTE,KROOT,NDIM,EPS)

80 KROOT=KROOT+1
| F (KROOT.LE.NDIM) GO TO 200
IF (NOUT.LT.3) WRITE (6,1000)

1000 FORMAT (' ',5X, 'ROUTINE FIND EXECUTED')

RETURN
END

THIS SUBROUTINE INITIALIZES THE STORAGE ARRAYS CTERM AND
CKZRM2 WHICH STORE THE CALCULATED VALUES OF CTE AND CKZ.
THIS SUBROUTINE MUST BE USED FIRST SINCE IT ASSUMES A
VALUE OF CTE= (0.0,0.0) . RESULTING VALUES OF CTE ROOTS
ARE THEN CALCULATED AND STORED IN CTERM(CTE,1,2,3,...,NDIM).

o000 00

SUBROUT INE BEGIN (CTE,NDIM)

IMPLICIT COMPLEX%16 (C) , REAL*8 (A,B,D-H,0-Z)
COMMON /INP2/CKE2,CKG2,CK2,CKE,CKG,CK,URE,UR
COMMON /PASS1/CTERM,CKZRM2,NITT, INDEX

COMMON /PASS2/NOUT

COMMON /PASS3/CZIMP,CSPHI

DIMENSION UR(10),CK2(10),CK(10),CT (10)
DIMENSION CA(10,10),CB(10,10),CPF (11),CROOT (10)
DIMENSION CTERM(200,11),CKZRM2(10,20) ,NITT (10)
DIMENSION CZIMP(10,10,10),CSPHI (10)

CTE=(0.0D0,0.0D0)
DO 10 J=1,NDIM
NITT (J) =2

10 CKZRM2 (J,1)=CKE2
INDEX=1
CTERM (INDEX, 1) =CTE

CALL MATCAL (CA,CB,-NDIM,CTE,CTG,CT)
CALL POLY (CA,CB,NDIM,CPF) |
CALL ROOTS (CPF,NDIM,CROOT)

CALL SORT (CROOT,NDIM, 10)
DO 30 J=1,NDIM
CSPHI (J) =CROOT (J)

DO LO K1=1,NDIM

DO LO K2=1,NDIM




30

20

1000

coOoO0oO00O00o0

20

30
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THIS SUBROUTINE CALCULATES THE EXACT VALUE OF CTE FOR THE

CZIMP(J,K],K2)=CSPHI(J)*CA(K],K2)+CB(K1,K2)
CONTINUE

DO 20 J=1,NDIM

CTE2=CKE2*CROOT (J)

CKZ2=CTE2+CKE2

CTERM (INDEX, J+1) =CDSQRT (CTE2)

CKZRM2 (J,2) =CKZ2

I'F (NOUT.LT.3) WRITE (6,1000)

FORMAT (' ',5X,'ROUTINE BEGIN EXECUTED FOR CTE=(0.0,0.0) ")
RETURN '

END

ROOT = KROOT. THE INPUT STARTING POINT IS GIVEN BY CTE

EPS = MAXIMUM ERROR BETWEEN ITTERATIONS FOR CTE OR

NMAX = MAXIMUM ALLOWABLE ITTERATIONS BEFORE EXITING NMAX<S.
ALL VALUES OF CTE AND THE RESULTING ROOTS ARE STORED IN
ARRAYS CTERM , CKZRM2 , NITT.

SUBROUT INE ITERAT (CTE,KROOT,NDIM,EPS)

IMPLICIT COMPLEX*16 (C) , REAL*8 (A,B,D-H,0-2)
REAL*8 CDABS

COMMON /INP2/CKE2,CKG2,CKZ,CKE,CKG.CK,URE,UR
COMMON /PASS1/CTERM,CKZRM2,NITT, INDEX

COMMON /PASS2/NOUT

COMMON /PASS3/CZIMP,CSPHI

DIMENSION UR(]O),CK2(10),CK(10),CT(]0)
DIMENSION CA(]O,]O),CB(\O,]O),CPF(]]),CROOT(]O)
DIMENSION CTERM(ZOO,]]),CKZRM2(10,20),NlTT(]O)
DIMENSION czIMP (10,10,10) ,CSPHI (10)

NMAX=8

CKZ2=CTE*CTE+CKE2

DO 10 J=1,NMAX

CTG=CDSQRT (CKZ2-CKG2)

DO 20 K=1,NDIM

CT (K) =CDSQRT (CKZ2-CK2 (K))

CALL MATCAL(CA,CB,NDIM,CTE,CTG,CT)
CALL POLY (CA,CB,NDIM,CPF)

CALL ROOTS (CPF,NDIM,CROOT)

CALL SORT (CROOT,NDIM,10)

INDEX=INDEX+]

CTERM (INDEX, 1) =CTE

DO 30 K=1,NDIM
CTE2=CKE2%CROOT (K)

IF (K.EQ.KROOT) CKZ2=CTE2+CKE2
CTERM(INDEX,K+1)=CDSQRT(CTEZ)
CTE=CTERM (INDEX,KROOT+1)

N1TT (KROOT) =N1TT (KROOT) +1
CKZRM2 (KROOT,NITT (KROOT) ) =CKZ2
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VAL=CDABS (CTE-CTERM (INDEX, 1))
IF (VAL.LT.EPS) GO TO 100
10 CONTINUE
IF (NOUT.LT.6) WRITE (6,1000) NMAX, KROOT
1000 FORMAT (' ','**WARNING** NO. OF ITTERATIONS >',13,
>' FOR ROOT',13,' ERROR>EPS')
100 1F (NOUT.LT.3) WRITE(6,1001) KROOT,J
1001 FORMAT (' ',5X,'ROUTINE ITERAT EXECUTED FOR ROOT=',13,
>/6X,'NO.OF ITTERATIONS REQUIRED 1S',13)

CSPHI (KROOT) =CROOT (KROOT)
DO LO K1=1,NDIM
DO LO K2=1,NDIM
Lo CZlMP(KROOT,Kl,K2)=CSPHI(KROOT)*CA(K],K2)+CB(K1,K2)
RETURN
END

THIS SUBROUTINE CALCULATES THE ROOTS OF A GIVEN POLYNOMIAL
OF DEGREE N WHERE THE COEFFICIENTS ARE STORED IN THE ARRAY CPF.
PF (N+1) X%%N + PF (N) X%&N-1 + ... + PF(2)X + PF(1) =0

oOOO0O0O0

SUBROUTINE ROOTS (CPF,N,CROOT)

IMPLICIT COMPLEX%16 (C) , REAL%8 (A,B,D-H,0-2)
COMMON /PASS2/NOUT

REAL*8 CDABS

DIMENSION CPF (11),CROOT (10)
P1=3.141592653589793D0

CF1=(1.0D00,0.0D0)

CF2=(0.0D0, 1.0D0)

EXACT VALUES FOR THE ROOTS FOR N=1,2,3,4 ARE CAPABLE.
ROOT 1 IS USUALLY THE GROUND MODE.

N =1

OO0 00

IF(N.GT.1) GO TO 2
CROOT (1) =-1.0DO*CPF (1) /CPF (2)
GO TO 100

oo

N =2

2 IF(N.GT.2) GO TO 3
CFK=CPF (2) *CPF (2) -4 .0DO%CPF (1) *CPF (3)
CROOT(1)=(-1.0DO*CPF(2)+CDSQRT(CFK))/(2.0DO*CPF(3))
CROOT(2)=(-1.0DO*CPF(2)-CDSQRT(CFK))/(2.0DO*CPF(3))
GO TO 100

oo
=

=3

3 |F(N.GT.3) GO TO &
CP=CPF (3) /CPF (L)
CQ=CPF (2) /CPF (L)
CR=CPF (1) /CPF (k)
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L1 CONTINUE
CA=CQ-CP*CP/3.0DO
CB=CP*CP*CP/13.5D0-CP*CQ/3.0DO+CR
CFK1=CB*CB/L .ODO+CA%CA*CA/27.0DO
CFK1=CDSQRT (CFK1)
CFK2=-CB/2.0DO
CV1=CFK2+CFK1
CV2=CFK2-CFK1
DR1=DREAL (CV1)
DR2=DREAL (CV2)
DI 1=DAIMAG(CV1)
DI2=DAIMAG (CV2)
Rl=(DSQRT(DR1*DR1+D|1*DI1))**(1.0DO/3.0DO)
R2=(DSQRT(DR2*DR2+D|2*DI2))**(1.0DO/3.0DO)
TH1=DATAN2 (DI1,DR1)
TH2=DATAN2 (D12,DR2)
IF(DI1.LT.0.0D0) TH1=2.0DO*PI+TH]
IF (D12.LT.0.0D0) TH2=2.0DO%P|+TH2
THP1=TH1/3.0D0
DO 30 J=1,3
THP2=TH2/3.0D0- (J-1) *2.0DO%*P|/3.0DO
CS=R1% (DCOS (THP1)+CF2%DSIN (THP1))
CT=R2%* (DCOS (THP2) +CF2%DSIN (THP2))
CRT=CS+CT
CZERO=CRT#*CRT*CRT+CA*CRT+CB
I'F (CDABS (CZERO) .LT.1.0D-10) GO TO 31
30 CONTINUE
IF (NOUT.LT.7) WRITE(6,1001) N
1001 FORMAT (' ', '#**ERROR%** NO ROOTS FOUND FOR NDIM="',15)
31 CROOT (1) =CS+CT-CP/3.0D0
IF(N.EQ.4) GO TO 42
CFK1=-1.0D0% (CS+CT) /2.0DO
CFK2= (CS-CT) *CF 2*DSQRT (3.0D0) /2.0DO
CROOT (2) =CFK1+CFK2-CP/3.0DO
CROOT (3) =CFK1-CFK2-CP/3.0D0
GO TO 100

(@]

=4

(@]
=

L 1F(N.GT.L4) GO TO 5
c4D=CPF (1) /CPF (5)
CL4C=CPF (2) /CPF (5)
CLB=CPF (3) /CPF (5)
C4A=CPF (L) /CPF (5)
CP=-CLB
CQ=CLA%*CLC-L.0DO*CLD
CR=L .0DO*CL4BXCLD-CLCXCLC-CLAXCLAXCLD
GO TO 41
L2 CRT=CROOT (1)
CR=CDSQRT (C4A%CLA/L.ODO-CLB+CRT)
IF (CDABS (CR) .LT.1.0D-40) GO TO 43
CFK1=3.0DO*CLA%CLA/L.0ODO-CR*CR-2.0D0O*CLB
CFK2=(h.ooo*cuA*cuB—s.ooo*cuc—cuA*cuA*cuA)/(h.ooo*CR)
GO TO Lk
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L3 CFK]=3.0DO*CMA*CMA/&.ODO-Z.ODO*ChB
CFK2=2.0DO*CDSQRT(CRT*CRT—&.ODO*C&D)

LY CD=CDSQRT (CFK1+CFK2)

CE=CDSQRT (CFK1-CFK2)

CFK1=-CLA/4.ODO

CFK2=CR/2.0DO

CROOT (1) =CFK1+CFK2+CD/2.0DO

CROOT (2) =CFK1+CFK2-CD/2.0DO

CROOT (3) =CFK1-CFK2+CE/2.0DO

CROOT (L) =CFK1-CFK2-CE/2.0DO

GO TO 100
o
C N.GT.L THEN USE NUMERICAL ROUTINE pPoLSOL
C

5 CALL POLSOL (CPF,CROOT,N)
100 IF (NOUT.LT.2) WRITE (6,1000) (CROOT (J) ,J=1,N)
1000 FORMAT (' ',5X, 'ROUTINE CROOT EXECUTED ROOTS:', 10 (/8X,2E16.8))
RETURN '
END

THIS SUBROUTINE SOLVES NUMERICALLY FOR THE ROOTS OF A
POLYNOMIAL WHOSE COEFFICIENTS ARE STORED IN CPF OF DEGREE
N, AND THE RETURNED ROOTS ARE IN CROOT. |T USES THE
ROUTINES SHIFT, ANULUS, FUNDER, AND RCHECK EXCLUSIVLY.

AUTHOR: G.W. STEWART 111, COMPUTER TECHNOLOGY CENTER,
UNION CARBIDE CORPORATION, NUCLEAR DIVISION,
OAK RIDGE, TENNESSEE.

REF: THE COMPUTER TECHNOLOGY CENTER NUMERICAL ANALYSIS
LIBRARY, NATIONAL TECHNICAL INFORMATION SERVICE,
U.S. DEPT. OF COMMERCE, SPRINGFIELD, VA 22151

nnnnhnnnnnnnnn

SUBROUT INE POLSOL (AA,ZZ,NN)
COMPLEX*16 AA(]]),ZZ(]O),P(]O),DP(]O),A(]]),B(ll),C(]]),Z,Q,ZI, :
>F,FP,DZ ‘
REAL*8 RS,R1,R2,RI,CDABS
COMPLEX*16 UN1T8 (8) / (1.0D0,0.0D0), (0.707106781186547,
>—o.7o71067811865h7),(0.7071067811865&7,0.7071067811865&7),
>(o.ono,f1.ooo),(o.ono,l.ooo),(—0.7071067811865u7,
>-o.7o71067811865u7),(-0.7071067811865&7,0.7071067811865u7),
>(-1.000,0.0D0) /
REAL*8 CONQ/].62500/,CONRI/0.87500/,EPS/1.0D—12/
INTEGER*L NEWTON/10/
10 N=1ABS (NN)
NK=N
DO 20 I=1,N
20 A(1)=AA(1)/AA(N+1)
A (N+1)=(1.0D0,0.0D0)
RS=0.0DO
C
C  LOCATE AN ANNULUS ABOUT ZERO CONTAINING A ROOT
o
30 z=(0.0D0,0.0D0)
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IF (RS.GT.0.0DO) GO TO 4O
R1=1.1DO*CDABS (A (1)) %% (1.0D0/FLOAT (NK))
GO TO 50
LO R1=-RS
50 CALL ANULUS (A,R1,R2,NK)

RS=R1
IF (R1.EQ.0.0DO) GO TO 150

(<3 ]

COVER THE ANNULUS WITH CIRCLES AND FIND ONE WITH A ROOT IN IT

60 Q=CONQ*R1
|'F (CDABS (Z) .EQ.0.0DO) GO TO 70
Q=-Q* (Z/CDABS (2))
GO TO 80
70 1F (NK.EQ.N) GO TO 80
I'F (CDABS (ZZ (N-NK) ) .NE.0.0DO) Q=0Q%* (DCONJG (ZZ (N-NK)) /
>CDABS (ZZ (N-NK) ) )
80 RI=CONRI*R1
D0 90 1=1,8
Z1=Z+Q*UNIT8 (1)
CALL SHIFT (A,B,Z1,NK)
" CALL RCHECK (B, KKK,RI,NK)
GO TO (100,90) ,KKK
90 CONTINUE
R1=2.0D0O*R2
- LLL=2
3 ; GO TO 110
y 100 LLL=1
: R1=RI
Z=Z1

oo

ITERATE FOR THE ROOT

i 110 Z1=Z+R1% (0.0D0,0.01DO)
1 DO 120 I=1,NEWTON
CALL FUNDER(A,B,Z!,F,FP,NK)
DZ=-F/FP
Z1=Z1+DZ
E | | (CDABS (Z1-2) .GT.R1) GO TO (1L40,150),LLL
E | IF (CDABS (DZ/Z1) .LT.EPS) GO TO 130
4 120 CONT INUE
GO TO (140,130),LLL
1 130 Z=21
8 GO TO 150
| 140 CALL SHIFT (A,B,Z,NK)
CALL ANULUS (B,R1,R2,NK)
IF (R1.£Q.0.0D0) GO TO 150
GO TO 60

oo

DEFLATE THE POLYNOMIAL AND TEST TO SEE IF ALL ROOTS HAVE BEEN FOUND

150 CALL FUNDER (A,B,Z,F,FP,NK)
160 ZZ (N-NK+1) =Z
DO 170 I=1,NK
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oo

o000 0

o000

170 A(1)=B (1)
NK=NK-1
IF(NK.NE.1) GO TO 30
ZZ (N)=-A(1)

PURIFY THE ROOTS IN THE ORIGINAL POLYNOMIAL

180 IF(NN.LT.0) GO TO 210
DO 200 K=1,N
DO 190 1=1,5
CALL. FUNDER (AA,B,ZZ (K) ,P (K) ,DP (K) ,N)
DZ=-P (K) /DP (K)
IF (CDABS (DZ/ZZ (K)) .LT.EPS) GO TO 200
190 ZZ (K)=ZZ (K)+DZ
200 CONTINUE
RETURN
210 DO 220 I=1,N
220 CALL FUNDER (AA,B,ZZ(1),P(1),DP(1),N)
RETURN
END

THIS SUBROUTINE 1S USED WITH POLSOL AND EVALUATES THE N-TH
DEGREE POLYNOMIAL WITH COEFFICIENTS IN A AND ITS DERIVATIVE
AT Z. THE VALUE 1S RETURNED IN F AND ITS DERIVATIVE IN
FP. THE COEFFICIENTS OF THE DEFLATED POLYNOMIAL ARE IN B.

SUBROUT INE FUNDER(A,B,Z,F,FP,N)
COMPLEX%16 A(11),B(11),Z,F,FP
F=A (N+1)
FP=(0.0D0,0.0DO)
DO 10 I=1,N
| 1=N-1+1
B(l11)=F
F=A (1 1)+Z%F
10 FP=B (1 1)+Z*FP
RETURN
END

THIS SUBROUTINE 1S USED BY POLSOL AND SHIFTS THE ROOTS OF A
POLYNOMIAL. GIVEN COEFFICIENTS IN A THE ROUTINE RETURNS IN B THE
COEFFICIENTS OF A POLYNOMIAL WHOSE ROOTS HAVE BEEN SHIFTED BY -Z.

SUBROUTINE SHIFT(A,B,Z,N)
COMPLEX*16 A(11),B(11),Z
N1=N+1
DO 10 1=1,N]

10 B(1)=A(1)
DO 20 I=1,N
DO 20 J=I,N
JJ=N-J+1

20 B (JJ) =B (JJ)+Z*B (JJ+1)
RETURN
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END

C
C
C  THIS SUBROUTINE 1S USED BY POLSOL AND IT FINDS AN ANNULUS 1IN
o WHICH THE POLYNOMIAL WITH COEFFICIENTS IN A HAS AT LEAST ONE
o ROOT. UPON ENTRY R1 MUST CONTAIN A STARTING RADIUS. IF RI
o IS POSITIVE IT 1S ASSUMED THE ROOT IS IN THE CIRCLE Z.LE.R1.
o UPON RETURN R1 AND R2 CONTAIN THE INNER AND OUTER RAD!| OF THE
c ANNULUS. |F A ROOT IS AT Z=0 THEN R1=R2=0.
o
SUBROUTINE ANULUS (A,R1,R2,N)
COMPLEX*16 A(11),B(11)
REAL%*8 R1,R2,FAC/2.0D0/
I'F (CDABS (A (1)) .NE.0.0ODO) GO TO 10
R1=0.0D0
R2=0.0D0
RETURN
10 IF (R1.GT.0.0D0) GO TO 30
R1=-R1
20 R2=R1
CALL RCHECK (A,KKK,R1,N)
GO TO (30,L0),KKK
30 R2=R]
R1=R1/FAC
CALL RCHECK (A,KKK,R1,N)
GO TO (30,50),KKK
LO R1=R2
R2=FAC%R1
CALL RCHECK (A,KKK,R2,N)
G0 TO (50,L40) ,KKK
50 RETURN
END
o
o
C  THIS SUBROUTINE 1S USED BY POLSOL TO DETERMINE IF THE POLYNOMIAL
C WITH COEFFICIENTS IN AA HAS A ROOT IN THE UNIT CIRCLE. IT RETURNS
C WITH KKK=1 IF YES AND KKK=2 IF NO.
c

SUBROUT INE RCHECK (A, KKK,R,N)
COMPLEX%16 A(11),AA(11),B(11) ,MULT,TEMP
REAL*8 R,RR,MAX,AN,A0,BIG/1.0D60/
N1=N+1
MAX=0.0DO
DO 10 1=1,N]

10 MAX=DMAX1 (MAX,CDABS (A (1)))
RR=B|G/MAX
IF(R.GT.1.0D0) GO TO 30
DO 20 I=1,N]
AA (1) =RR¥*A (1)

20 RR=R*RR
GO TO 100

30 DO 40 1=1,N]
I 1=N1-1+1
AA (11)=RR*A (11)
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RR=RR/R
100 KM=1
RR=0.0DO
DO 110 I=1,N]
110 RR=DMAX1 (RR,CDABS (AA(1)))
M1=0
DO 120 I=1,N]
[ 1=N1-1+]
B(I1)=AA(11)/RR
120 IF (CDABS (AA(11)) .NE.O.ODO.AND.M1.EQ.0) MI=II
KKK=2
130 AN=CDABS (B (M1))
AO=CDABS (B (1))
IF (AN.GE.AD) GO TO 150
IF(M1.EQ.2) GO TO 160
MULT=B (M1) /DCONJG (B (1))
KM=KM+1
B(1)=B (1) ~MULT*DCONJG (B (M1))
M1=M1-1
M2=14M1/2
DO 140 1=2,M2
I 1=M1-142
TEMP=B (I 1) ~MULT*DCONJG (B (1))
B(1)=B (1) -MULT*DCONJG (B (I1))
140 B(11)=TEMP
GO TO 130
150 KKK=1
160 RETURN
END

THIS SUBROUTINE CALCULATES THE COEFFICIENT MATRICES A , B
GIVEN THE VALUES CTE , CTG , CTN. THE MATRICES ARE
IN A FORM WHERE DET( A%X+B )=0 WILL GIVE THE EIGENVALUES
FOR X=CTE2/CKE2.

NOTE: A , B ARE SYMMETRIC.
NOTE: NDIM IS THE DIMENSION OF THE SYSTEM. IF NDIM 1S NEGETIVE

THEN CTE=0.0+J0.0 FOR A FIRST GUESS AND THE APPROPRIATE
APPROX | MATIONS ARE THEN APPLIED.

nnnnnnnnnnnnn

SUBROUT INE MATCAL (CA,CB,NDIM,CTE,CTG,CT)

IMPLICIT COMPLEX*16 (C) , REAL*8 (A,B,D-H,0-2)

COMMON /INP1/R0O,ROR, THETA

COMMON /INP2/CKE2,CKG2,CK2,CKE,CKG,CK,URE, UR

COMMON /PASS2/NOUT

DIMENSION RO(]O,]O).ROR(]O,]O),THETA(]O,\O)

DIMENSION UR(10),CK2(10),CK (10),CT (10)

DIMENSION CA(10,10),CB(10,10)

REAL#*8 V0(5)/0.12500,0.7031250-1,0.732&218750—1,
>0.112l5209960937500,0.22710800170898&00/

REAL*8 V1(5)/0.37500,0.117187500,0.102539062500,
>O.1hh]955566&062500,0.277576&&653320300/
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P1=3.141592653589793D0
CF1=(1.0D0,0.0D0)
CF2=(0.0DO, 1.0DO)

~ TRANS=6.0D0

DO 200 1=1,10
DO 200 J=1,10
cA(1,J)=(0.0D0,0.0D0)
cB (1,J)=(0.0D0,0.0D0)
200 CONTINUE
N=1ABS (NDIM)
IF (NDIM.LT.0) GO TO 100
po 10 I=1,N -
NSTP=1
DO 20 J=1,NSTP
CZ1=CTE*RO (I,J)
€Z2=CTE*ROR (I ,J)
CALL MFBSL (CZ1,C110,C111,C1KO0,C1K1,C1K2)
CALL MFBSL(CZZ,CZIO,CZI1,C2K0,C2K1,C2K2)
CALL CJCAL(TRANS,CTE,CTG,ROR(I,J),THETA(l,J),CJ)
CALL CGCAL (CTE,ROR(I,J),CJ,CG) '
CA (1,J)=C1KO-C2KO+CG
cB (1,J)=CG-CJ
|F (J.NE.NSTP) GO TO 20
€z3=CT (1) *RO(1,J)
IF (DREAL (CZ3) .LT.160.0D0) GO TO 50
IF (NOUT.LT.4) WRITE (6,1000)
1000 FORMAT (' ', '*%NOTE*% APPROX- CZ3 IN MATCAL > 160.0 IN MFBSL')
€310=(1.0D0,0.0D0)
€311=(1.0D0,0.0D0)
CMULT=(1.0D0,0.0D0)
DO 60 L=1,5
CMULT=CMULT*CZ3
C310=C310+VO (L) /CMULT
C311=C311-V1 (L) /CMULT
60 CONTINUE
GO TO 55
50 CALL MFBSL(CZ3,C3I0,C3I1,C3KO,C3K1,C3K2)
55 CCMM=(C3|O/C3I1)*UR(I)*CT(I)*CT(I)*CZ]*C]K]/(URE*CKZ(I)*CZ3)
cB(1,J)=CB(l,J)+CCMM
20 CONTINUE
10 CONTINUE
DO 30 I=1,N
DO 30 J=I,N
cA(1,J)=CA(J, 1)
30 CB(1,J)=CB(J,!)

RETURN
C
c CALCULATION FOR CTE=(0.0,0.0)
C

100 CTE=(0.0D0,0.0D0)
CTG=CDSQRT (CKE2-CKG2)
po 110 I=1,N
CT2F=CKE2-CK2 (1)
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CT (1) =CDSQRT (CT2F)
NSTP=I
DO 120 J=1,NSTP
CALL CJCAL(TRANS,CTE,CTG,ROR(I,J),THETA(I,J),CJ)
€G=(0.0D0,0.0D0)
CA(I,J)=CF]*DLOG(ROR(|,J)/RO(I,J))+CG
CB(l,J)=CG-CJ
IF (J.NE.NSTP) GO TO 120
€z3=CT (1) *RO (1,J)
I'F (DREAL (CZ3) .LT.160.0D0) GO TO 150
IF (NOUT.LT.4) WRITE (6,1000)
€310=(1.0D0,0.0D0)
€311=(1.0D0,0.0D0)
CMULT=(1.0D0,0.0D0)
DO 160 L=1,5
CMULT=CMULT*CZ3
€310=C310+VO (L) /CMULT
€311=C311-V1 (L) /CMULT
160 CONTINUE
GO TO 155
150 CALL MFBSL(CZ3,C3I0,C3I1,C3K0,C3K1,C3K2)
155 CCMM=(C3IO/C3I1)*UR(I)*CT2F/(URE*CK2(l)*CZS)
cB(1,J)=CB(I,J)+CCMM
120 CONTINUE
110 CONTINUE

DO 130 I=1,N
DO 130 J=1,N
CA(1,J)=CA(J, 1)

130 CB(l,J)=CB(J,!)
RETURN
END

TH1S SUBROUTINE CREATES THE POLYNOMIAL DERIVED FROM THE
EIGENMATRIX SYSTEM DET ( A%X+B )=0 IN THE FORM GIVEN AS
PF (N+1) X%xN + PF (N) X®%N-1 + ... + PF(2)X + PF(1) =0

NOTE: MATRICES A , B ARE CONSIDERED TO BE SYMMETRIC.

OO0 0O0O0O00O0

SUBROUTINE POLY (CA,CB,N,CPF)
IMPLICIT COMPLEX*16 (C)
COMMON /PASS2/NOUT
INTEGER%L FORM(9)/'(/','1','(/',‘1X,','l',‘(2X,','2F12',
>E. 157
INTEGERL NVAL(]O)/‘]','Z','3','h','5','6','7','8','9','10'/
DIMENSION CA(]O,IO),CB(IO,]O),CPF(I]),CDA(]O,]O),CDB(]O,]O)
FORM (2) =NVAL (N/6+1)
FORM (5) =NVAL (N-N/6%5)
IF (NOUT.LT.2) WRITE(6,1001)
1001 FORMAT (' ',5X,'ROUTINE POLY EXECUTING DETERMINANTS: ")
o
C  CALCULATION FOR N=1
c
IF(N.GT.1) GO TO 100
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CPF (1)=CB(1,1)
CPF (2)=CA(1,1)

GO TO 999
C
c CALCULATION FOR N=2
c

100 IF(N.GT.2) GO TO 200
CPF (1) =CB (1, 1) *CB (2,2) -CB (2, 1) *CB (2, 1)
CPF(2)=CA(1.1)*CB(2,2)+CA(2,2)*CB(1,1)—2.0DO*CA(2,1)*CB(2,1)
CPF (3)=CA (1,1) *CA (2,2) =CA (2, 1) *CA (2, 1)

GO TO 999
o
c CALCULATION FOR N GT 2
c

200 NST=N+1
DO 10 J=1,NST
10 CPF (J)=(0.0D0,0.0D0O)
DO 11 1=1,N
DO 11 J=1,N
CDA (1,J)=CA(l,J)
11 coB(1,J)=CB(l,J)

I'F (NOUT.LT.2) WRITE (6,1000) N

1000 FORMAT (' ',5X,615)
IF (NOUT.LT.2) WRITE (6,FORM) ((CDA (NN, MM) ,MM=1,N) ,NN=1,N)
IF (NOUT.LT.2) WRITE (6,FORM) ((CDB (NN, MM) ,MM=1,N) ,NN=1,N)
CPF (1) =CDET (CDB,N)
CPF (N+1) =CDET (CDA,N)

DO 110 11=1,N
1 IF(N.EQ.2.AND.11.GT.1) GO TO 110
| DO L1 J=1,N
1 CDA(11,J)=CB(11,J)
% L1 cDB(11,J)=CA(11,J)
IF (NOUT.LT.2) WRITE (6,1000) N, 11
IF (NOUT.LT.2) WRITE (6,FORM) ((CDA (NN,MM) ,MM=1,N) ,NN=1,N)
IF (NOUT.LT.2) WRITE (6,FORM) ((CDB (NN,MM) ,MM=1,N),NN=1,N)
CPF (2) =CPF (2) +CDET (CDB,N)
CPF (N) =CPF (N)+CDET (CDA,N)
NST2=11+1
IF (NST2.GT.N.OR.N.LT.4) GO TO 21

DO 120 12=NST2,N
IF(N.EQ.4.AND.I11.GT.1) GO TO 120
DO 42 J=1,N
cbA(12,J)=CB(12,J)
42 cbB(12,J)=CA(12,J)
IF (NOUT.LT.2) WRITE(6,1000) N, 11,12
IF (NOUT.LT.2) WRITE (6,FORM) ((CDA (NN, MM) ,MM=1,N) ,NN=1,N)
IF (NOUT.LT.2) WRITE (6,FORM) ((CDB (NN, MM) ,MM=1,N) ,NN=1,N)
CPF (3) =CPF (3) +CDET (CDB,N)
CPF (N-1) =CPF (N-1) +CDET (CDA,N)
NST3=12+1
IF (NST3.GT.N.OR.N.LT.6) GO TO 22
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L3

L

L5

35
150
24

3L
140

23

33
130
22

32
120

DO 130 13=NST3,N

IF (N.EQ.6.AND.I1.GT.1) GO TO 130

DO 43 J=1,N

CDA (13,J)=CB(13,J)

cbB (13,J)=CA(13,J)

IF (NOUT.LT.2) WRITE(6,1000) N,11,12,13

IF (NOUT.LT.2) WRITE (6,FORM) ((CDA (NN, MM) ,MM=1,N) ,NN=1,N)
IF (NOUT.LT.2) WRITE (6,FORM) ((CDB (NN, MM) ,MM=1,N) ,NN=1,N)
CPF (L) =CPF (L) +CDET (CDB,N)

CPF (N-2) =CPF (N-2) +CDET (CDA,N)

NSTh=13+1

IF (NSTL.GT.N.OR.N.LT.8) GO TO 23

DO 140 |L4=NSTL,N

IF(N.EQ.8.AND.11.GT.1) GO TO 140

DO Lk J=1,N

CDA (14,J)=CB (IL4,J)

CDB (IL4,J)=CA (IL4,J)

IF (NOUT.LT.2) WRITE (6,1000) N, 11,012,013, 14

IF (NOUT.LT.2) WRITE (6,FORM) ((CDA (NN, MM) ,MM=1,N) ,NN=1,N)
IF (NOUT.LT.2) WRITE (6,FORM) ((CDB (NN, MM) ,MM=1,N) ,NN=1,N)
CPF (5) =CPF (5) +CDET (CDB,N)

CPF (N-3) =CPF (N-3) +CDET (CDA,N)

NST5=1L+1

IF (NST5.GT.N.OR.N.LT.10) GO TO 2k

DO 150 15=NST5,N

IF(N.EQ.10.AND.11.GT.1) GO TO 150

DO L5 J=1,N

CDA (15,J)=CB(15,J)

cDB (15,J)=CA (15,J)

IF (NOUT.LT.2) WRITE(6,1000) N,11,12,13, 14,15

|F (NOUT.LT.2) WRITE (6,FORM) ((CDA (NN, MM) ,MM=1,N) ,NN=1,N)
IF (NOUT.LT.2) WRITE (6,FORM) ((CDB (NN, MM) ,MM=1,N) ,NN=1,N)
CPF (6) =CPF (6) +CDET (CDB,N)

CPF (N-L) =CPF (N-L) +CDET (CDA,N)

DO 35 J=1,N

CDA (15,J)=CA(15,J)
cpB (15,d)=CB(15,J)
CONT INUE

DO 34 J=1,N

CDA (1L4,J)=CA(IL,J)
CDB (14,J)=CB (14,J)
CONT INUE

DO 33 J=1,N

CDA (13,J)=CA(13,J)
cpB (13,J)=CB(13,J)
CONT INUE

DO 32 J=1,N

CDA (12,J)=CA(12,J)
cpB(12,J)=CB(12,J)
CONT INUE
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21 DO 31 J=1,N
CDA (11,J)=CA(11,J)
31 coB (11,J)=CB(11,J)
110 CONTINUE
999 NST=N+1

IF (NOUT.LT.2) WRITE (6,1002) (CPF (J) ,J=1,NST)
1002 FORMAT (' ',5X,'RESULTING POLYNOMIAL:"',10(/8X,2E16.8))
RETURN
END
9
C ‘
C  THIS SUBROUTINE DETERMINES THE TRANSFORM MATRICES [P] AND [pI-1
c FROM THE IMPEDENCE MATRIX CZIMP. THE RETURNED VECTORS ARE
C THE NORMALIZED (MAG AND PHASE) EIGENVECTORS OF THE SYSTEM.
C
SUBROUT INE EIGEN (CP,CPI,NDIM,RO)
IMPLICIT COMPLEX*16 (C) , REAL*8 (A,B,D-H,0-Z)
REAL*8 CDABS
COMMON /|NP2/CKE2,CKG2,CK2,CKE,CKG,CK,URE,UR
COMMON /PASS2/NOUT
COMMON /PASS3/CZIMP,CSPHI
DIMENSION UR(]O),CKZ(]O),CK(]O),CT(]O)
DIMENSION czIMP (10,10,10) ,CSPHI (10)
DIMENSION CP(]O,]O),CPI(10,10),RO(IO,]O),CD(]O,IO),CIFACT(]O)
CF1=(1.0D0,0.0D0)
CF2=(0.0D0, 1.0D0)
C
IF(NDIM.GT.1) GO TO 2
cP(1,1)=CF)
cPi(1,1)=CF1
RETURN
C
2 DO 10 J=1,NDIM
CTE=CDSQRT(CSPHI(J)*CKEZ)
CZ1=CTE*RO (J,J)
CALL MFBSL(CZ],C]IO,C]I],C]KO,C]Kl,ClKZ)
10 CIFACT (J)=CZ1*CIK]
IF (NDIM.GT.2) GO TO 3
DO 20 J=1,2
CP(l,J)FCZIMP(J,2,2)*CIFACT(])
20 CP(2,J)=—CZIMP(J,2,1)*CIFACT(2)
GO TO 200
C

3 DO 100 NDX=1,NDIM
DO 110 J=2,NDIM
DO 110 K=2,NDIM
110 CD(J-],K-1)=CZIMP(NDX,J,K)

NSIZE=NDIM-1
CP(],NDX)=CDET(CD,NSIZE)*CIFACT(])
NSGN=1

DO 120 K=2,NDIM
DO 130 J=2,NDIM

130 CD(J-],K-1)=CZIMP(NDX,J,K-1)
NSGN=NSGN#* (- 1)
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CP(K,NDX)=NSGN*CDET(CD,NSIZE)*CIFACT(K)
120 CONTINUE
100 CONTINUE

C NORMALIZE THE PHASE AND MAGNITUDE OF THE VECTORS

200 DO 230 J=1,NDIM
cDIv=CP (1,J)
DO 230 K=1,NDIM

230 CP(K,J)=CP(K,J)/CDIV
DO 205 J=1,NDIM
DSUM=0.0D0
DO 210 K=1,NDIM

210 DSUM=DSUM+CDABS(CP(K,J))*CDABS(CP(K,J))
DSUM=DSQRT (DSUM)
DO 220 K=1,NDIM

220 CP(K,J)=CP(K,J)/DSUM

205 CONTINUE

CALL MATINV(CP,NDIM,CPI)
RETURN
END

THIS FUNCTION CALCULATES THE VALUE OF THE G REFLECTION FUNCTION.

OO0 0

SUBROUTINE CGCAL (CTE,RO,CJ,CG)
IMPLICIT COMPLEX*16 (C) , REAL%8 (A,B,D-H,0-Z)
COMMON /INP2/CKE2,CKG2,CK2,CKE,CKG,CK,URE,UR
DIMENSION UR (10),CK2 (10),CK (10)
] P1=3.141592653589793D0
4 CF1=(1.000,0.0D0)
; CF2=(0.0D0, 1.0D0)

CZ1=RO*CTE

CALL MFBSL(CZ1,C110,C111,C1K0,C1K1,C1K2)
CFK1=2.0DO%CKE2/ (CKG2+CKE2)

CFK2= (CKG2-CKE2) / (CKG2+CKE 2)

CG=CFK1% (CFK2%C1KO+CFK1%CJ)

RETURN

END

THIS SUBROUTINE SORTS THE COMPLEX ARRAY CARRY IN INCREASING ORDER
OF ITS REAL VALUE, WHERE NSIZE 1S THE ARRAY DIMENSION.

OO0

SUBROUTINE SORT (CARRY,N,NSIZE)

IMPLICIT COMPLEX*16 (C) , REAL*8 (A,B,D-H,0-2)
REAL*8 CDABS

DIMENSION CARRY (NSIZE)

IF (N.LE.1) RETURN

JUP=N-1

DO 30 I=1,I1UP

JH=|
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OO0 0

OO0 0

H1=DREAL (CARRY (1))
JL=1+1

DO 20 J=JL,N
VAL=DREAL (CARRY (J))
IF(VAL.LE.HI) GO TO 20
HI=VAL
JH=J

20 CONTINUE
IF(JH.EQ.1) GO TO 30
CT=CARRY (JH)
CARRY (JH) =CARRY (1)

CARRY (1)=CT
30 CONTINUE
RETURN
END
THIS SUBROUTINE INVERTS A COMPLEX MATRIX
SUBROUTINE MATINV (CIN,N,COUT)
IMPLICIT COMPLEX*16 (C) , REAL*8 (A,B,D-H,0-Z)
DIMENSION CIN(10,10),COUT (10, 10)
po 100 J=1,N
DO 100 K=1,N
100 COUT (J,K)=CIN (J,K)
DO 10 I=1,N
DO 20 J=1,N
IF(l.EQ.J) GO TO 20
couT (1,J)=CoUT (1,J) /couT(l,1)
20 CONTINUE
COUT (I, 1)=1.0D0/COUT (I,1)
DO 30 K=1,N
IF(K.EQ.I1) GO TO 30
DO 4O L=1,N
IF(L.EQ.I) GO TO LO
COUT (K, L) =COUT (K,L) -COUT (I,L) *COUT (K, I)
LO CONTINUE
30 CONTINUE
DO 50 M=1,N
IF(M.EQ.I) GO TO 50
COUT (M, 1) =-1.0D0%*COUT (M, I) *COUT (1, 1)
50 CONTINUE
10 CONTINUE
RETURN
END
THIS SUBROUTINE MULTIPLIES MATRICES IN THE FORM
CIN1(10,10) *CIN2 (10, 10) =COUT (10, 10)

SUBROUT INE MATM1 (CIN1,CIN2,NDIM,COUT)

IMPLICIT COMPLEX*16 (C) , REAL*8 (A,B,D-H,0-2)
DIMENSION CIN1(10,10),CIN2(10,10),COUT (10,10)
DO 10 J=1,NDIM
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DO 10 K=1,NDIM

CouT (J,K) = (0.0D0,0.0DO)

DO 20 L=1,NDIM
20 COUT(J,K)=COUT(J,K)+CIN1(J.L)*CINZ(L,K)
10 CONTINUE

RETURN

END

THIS SUBROUTINE MULTIPLIES MATRICES IN THE FORM
CIN1(10,10) *CIN2 (10) =COUT (10)

o000

SUBROUT INE MATM2 (CIN1,CIN2,NDIM,COUT)
IMPLICIT COMPLEX*16 (C) , REAL%8 (A,B,D-H,0-2)
DIMENSION ClN](10,10),CIN2(10),COUT(]0)
DO 10 J=1,NDIM
COUT (J)=(0.0D0,0.0D0)
DO 10 K=1,NDIM
10 COUT(J)=COUT(J)+C|N1(J,K)*CINZ(K)
RETURN
END

THIS FUNCTION CALCULATES THE DETERMINANT OF THE COMPLEX
MATRIX CDIN OF DIMENSION 1S N. CDIN IS NOT DESTROYED.

OO0 0

FUNCTION CDET (CDIN,N)
IMPLICIT COMPLEX*16 (C) , REAL%8 (A,B,D-H,0-Z)
REAL*8 CDABS
COMMON /PASS2/NOUT
DIMENSION CD(10,10),CDIN(10,10)
IF(N.EQ.1) GO TO 70
NM1=N-1
CDET=(1.0D0,0.0D0)
DO 100 |=1,N
DO 100 J=1,N
100 €D (1,J)=CDIN(I,J)
DO 50 |=1,NMI

C
C THIS SECTION PERFORMS PARTIAL PIVOTING
C

$=0.0D0

DO 10 J=I,N

R=CDABS (CD (J, 1))

IF (R.LT.S) GO TO 10

S=R
L=

10 CONTINUE
IF(L.EQ.!) GO TO 30
po 20 J=1,N
cT=cD (1,J)
cb(1,J)=CD(L,J)
cb(L,J)=CT

20 CONTINUE
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C
C
C

CDET=-CDET

THIS SECTION CALCULATES THE DET BY COLUMN REDUCTION

30 IF (CDABS (€D (1,1)) .EQ.0.0DO) GO TO 80
IP1=1+]
DO 50 J=IP1,N
CT=CD (J, 1) /CD (I, 1)
DO LO K=IPI1,N
CFK=(0.0D0,0.0D0)
CCK=CD (I,K) *CT
RCK=DREAL (CCK)
ACK=DA I MAG (CCK)
RCD=DREAL (CD (J,K))
ACD=DA | MAG (CD (J,K))
DCK=1.0D-60
IF (RCD.EQ.RCK.AND.ACD.EQ.ACK) GO TO 4O
CFK=CD (J,K) -CCK

Lo €D (J,K)=CFK

50 CONTINUE
DO 60 I=1,N

60 CDET=CDET*CD (I, 1)
GO TO 200

70 CDET=CDIN(1,1)
GO TO 200

80 CDET=(0.0D0,0.0DO0)

200 IF (NOUT.LT.2) WRITE (6,1000) CDET

1000 FORMAT (' ',5X,'DETERMINANT=',2E16.8)

RETURN
END
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