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Abstract

This thesis advances spatiotemporal modeling of infectious disease transmission dynamics by address-

ing key limitations of the Geographically Dependent Individual-Level Model (GD-ILM) framework.

These limitations include reinfection, seasonal transmission, and computational inefficiency for large-

scale epidemics. This work is further supported by development of two R packages. In addition,

spatiotemporal analyses of Gonorrhea data from Manitoba identify persistent hotspots for targeted

interventions.

First, the GD-ILM is extended within a Susceptible–Exposed–Infectious–Recovered–Susceptible

framework to capture reinfection dynamics, enabling the model to estimate susceptibility to both pri-

mary infection and reinfection while preserving spatially explicit transmission patterns. Application

to individual-level Tuberculosis data from Manitoba reveals significant regional and individual-level

risk factors and produces fine-scale infection probability maps, providing actionable insights for public

health intervention.

Second, the GD-ILM is extended to incorporate seasonally varying transmission, capturing tem-

poral fluctuations in infection risk due to environmental, behavioral, and pathogen-driven factors.

Applied to Influenza data from Manitoba, the seasonal GD-ILM identifies high-risk regions and

periods, demonstrating the importance of integrating temporal dynamics into spatial models, with

simulations confirming the ability to recover spatiotemporal patterns. Parameter estimation in both

extensions is performed using a likelihood-based Monte Carlo Expectation Conditional Maximization

algorithm.

Third, to overcome computational challenges posed by large-scale epidemics when using the

GD-ILM framework, a stratified temporally-weighted Kernel Density Estimation-based Probabil-

ity Proportional to Size sampling approach, combined with Stochastic Approximation Expectation

Conditional Maximization, is developed, enabling efficient parameter estimation and real-time ap-

plication, and is illustrated through simulations and COVID-19 data from Manitoba.



Fourth, two R packages, GDILM.SEIRS and SeasEpi, are developed and made publicly available on

the Comprehensive R Archive Network (CRAN) to facilitate reproducibility and practical adoption

of the proposed frameworks in future spatiotemporal individual-level modeling of infectious disease

transmission dynamics.

Finally, spatial, temporal, and spatiotemporal cluster detection analyses of Gonorrhea data from

Manitoba identify persistent high-risk areas and time periods, guiding targeted public health inter-

ventions.
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1

Introduction

The dynamics of infectious disease transmission arise from a complex interplay of biological mech-

anisms, environmental factors, social determinants, and human behaviors, alongside interactions

between infectious and susceptible individuals [5]. Compartmental models provide a mathemati-

cal framework to systematically describe, analyze, and forecast the dynamics of infectious diseases.

They partition a population into distinct groups based on disease status and model transitions among

these groups using systems of differential equations [41]. Such models enable researchers to quantify

epidemic behavior, predict outbreak trajectories, and evaluate the effectiveness of potential control

measures.

While compartmental models can be extended by adding compartments to represent specific

aspects of disease dynamics, stochastic models allow for an explicit representation of individual-

level variability and random fluctuations in transmission and reinfection events, which deterministic

models cannot directly capture. One major benefit is the incorporation of randomness, which al-

lows stochastic models to mirror the natural variability and unpredictability of real-world outbreaks.

Stochasticity is particularly important in small populations or during the early stages of an outbreak,

where unpredictable events, such as superspreading, can significantly influence epidemic trajectories

[85]. Additionally, stochastic models can simulate individual-level interactions and heterogeneity

within the population, considering variations in contact patterns, susceptibility, and infectiousness,
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which lead to more precise and detailed predictions. Although deterministic models are valued for

their simplicity and computational efficiency, stochastic models deliver a more comprehensive and

realistic representation of infectious disease dynamics, especially in scenarios where randomness and

individual differences are significant factors. In contrast, stochastic models incorporate randomness,

allowing them to reflect natural variability and unpredictability in real-world outbreaks. Although

deterministic models remain valued for their simplicity and computational efficiency, stochastic com-

partmental models offer a more detailed and realistic representation of infectious disease dynamics,

particularly in scenarios where randomness and individual differences play a critical role.

Contemporary advances in infectious disease modeling have increasingly emphasized the integra-

tion of spatial and temporal dimensions, a development facilitated by the growing availability of

high-resolution geographic data and enhanced computational capacity [87]. Spatiotemporal mod-

els have therefore emerged as essential tools, enabling a detailed understanding of outbreak pat-

terns and progression. By jointly capturing spatial and temporal dynamics, these models improve

predictive accuracy, inform targeted public health interventions, and optimize the allocation of re-

sources. This integration ultimately enhances the effectiveness of outbreak management strategies

[23, 42, 83, 35, 73].

Incorporating spatial components allows these models to capture variations in population den-

sity, movement patterns, and local interactions, leading to more accurate predictions of disease

transmission and more effective public health interventions. The integration of spatial effects into

individual-level stochastic models was further investigated by [23], who proposed a discrete-time

framework, referred to as individual-level models (ILMs), for the analysis of infectious disease trans-

mission. ILMs provide a flexible structure to model interactions between susceptible and infectious

individuals, where an “individual” can represent entities such as people, schools, farms, or administra-

tive regions. The framework also accommodates shared information, including distances or contact

metrics between entities, which supports the identification of key risk factors affecting transmission

dynamics. ILMs are constructed based on compartmental models to represent transmission at the

individual level.
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While the ILM considers the distance between individuals, it does not account for their specific

spatial locations. To address this limitation, [57] proposed an extension of the ILM developed by

[23], called Geographically Dependent Individual-Level Models (GD-ILMs). The GD-ILM extends

the framework by incorporating both spatial separation and location-specific risk factors. The ILMs

and GD-ILMs capture heterogeneity across individuals and explicitly account for spatial structure,

making them especially relevant for infectious disease transmission in real-world populations.

While general disease mapping techniques are widely applicable and can be used to visualize

patterns for both communicable diseases, such as Tuberculosis (TB), and non-communicable diseases,

such as cancer, they do not explicitly capture the underlying transmission dynamics. In contrast,

GD-ILMs are specifically designed for infectious diseases and provide a mechanistic framework for

modeling transmission processes at both the individual and regional levels. By incorporating spatial

interactions, heterogeneous susceptibility, and varying infectiousness, GD-ILMs allow for more precise

estimation of transmission parameters and offer insights into the disease process that simpler areal

or regional models cannot provide.

This chapter begins with an overview of the thesis structure and then presents the preliminaries,

including a review of the classical compartmental modeling framework, encompassing widely used for-

mulations such as Susceptible–Infectious–Recovered (SIR), Susceptible–Exposed–Infectious–Recovered

(SEIR), and Susceptible–Exposed–Infectious–Recovered–Susceptible (SEIRS) models, along with ex-

tensions that incorporate seasonal variability. It then proceeds to provide an overview of ILMs and

GD-ILMs.

In addition, this chapter provides an overview of spatial random effects and their role in epidemi-

ological modeling, highlighting their importance in addressing spatial autocorrelation commonly

observed in disease data. To ground these concepts in a real-world context, the chapter also outlines

the geographical classification system of Manitoba, including its Health Authority Districts (HADs),

Regional Health Authority Districts (RHADs), and Postal Code Regions (PCRs), which serve as the

spatial units of analysis in this thesis. Finally, the chapter introduces the statistical methodologies

for parameter estimation, with a particular focus on likelihood-based approaches and extensions of
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the Expectation–Maximization (EM) algorithm, including the Monte Carlo Expectation Conditional

Maximization (MCECM) and the Stochastic Approximation Expectation Conditional Maximization

(SAECM) algorithms.

1.1 Thesis Overview

ILMs and GD-ILMs have been extensively studied in the literature from various perspectives, en-

compassing a wide range of methodologies and applications. These include, but are not limited to,

parameter estimation using Bayesian frameworks [5, 78], likelihood-based methods [58, 8, 7], and

machine learning approaches [77, 51, 75]. Additionally, different types of infection kernels [82, 97],

and various compartmental frameworks such as SIR [23], SEIR [8, 7], and SEIRS [4] have been ex-

plored. Other important areas of exploration include bias correction [40], managing uncertainty from

multiple and imperfect diagnostic tests [100], integrating contact network uncertainty [5], continuous-

time modeling [6], parameterizing using sampling-based likelihood approximations [58], incorporating

infection time uncertainty [58], and linearization of ILMs [46].

Several important features, including reinfection, seasonality, and the capacity to scale to large

datasets, are not fully explored within the GD-ILM framework. This thesis seeks to address these

limitations through a series of methodological innovations, computational advancements, software

developments, and applied analyses. The overarching objective is to strengthen the epidemiological

realism, computational efficiency, and practical applicability of GD-ILMs for the study of infectious

diseases. The final study applies spatial, temporal, and spatiotemporal analyses to identify high-risk

Gonorrhea clusters in Manitoba (2000–2016), using methods outside the GD-ILM framework. Each

chapter of this thesis represents an independent study, yet together they form a coherent body of

work.

The first methodological contribution of this thesis involves extending GD-ILMs to account for

reinfection dynamics, which are particularly important for infectious diseases where recovered indi-

viduals may become susceptible again. This aspect is highly relevant for TB, as immunity following
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infection or treatment is often incomplete. To address this, the GD-ILM is embedded within a

Susceptible–Exposed–Infectious–Recovered–Susceptible (SEIRS) framework, allowing the model to

estimate susceptibility to both primary infection and reinfection while preserving its spatially explicit

structure. Estimation is carried out using the MCECM algorithm, which facilitates likelihood-based

inference in the presence of unobserved exposure and infection processes. To test the model’s con-

sistency and robustness, extensive simulations are performed across multiple spatial patterns, popu-

lation scales, and demographic scenarios. When applied to individual-level TB data from Manitoba

for the period 2011–2018, the model identifies significant individual and regional risk factors, cap-

tures spatial dependence in transmission, and generates fine-scale infection probability maps. These

findings provide valuable insights for public health practice, particularly in the areas of targeted

prevention, resource allocation, and reinfection management.

The second methodological contribution of this thesis involves extending the GD-ILM framework

to account for seasonal variation in transmission. Although reinfection is a key consideration for

chronic infectious diseases, many pathogens, particularly respiratory and vector-borne infections, are

characterized by pronounced seasonal variation in transmission. Such seasonal forcing may arise from

environmental conditions, shifts in human contact behavior, or changes in population susceptibility.

It contributes to periodic fluctuations in disease incidence. While the GD-ILM has proven effective in

capturing spatial heterogeneity, its standard formulation does not account for these seasonal effects,

limiting its ability to reflect temporal trends in transmission.

To address this limitation, the GD-ILM framework is extended to incorporate a seasonally vary-

ing spatiotemporal transmission kernel, which allows infection risk to fluctuate periodically over

time. This seasonal GD-ILM integrates a seasonally forced infection kernel into the model struc-

ture, thereby providing a novel framework capable of simultaneously capturing spatial and temporal

variation. Estimation in this high-dimensional setting is carried out using the MCECM algorithm,

which enables likelihood-based inference in the presence of unobserved processes. The model is ap-

plied to individual-level Influenza data from Manitoba, Canada, where it reveals distinct spatial and

seasonal risk patterns and identifies high-risk regions and time periods. These results have important
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implications for guiding targeted intervention strategies.

The performance of the seasonal GD-ILM is further evaluated through comprehensive simulation

studies, which demonstrate that failing to incorporate seasonal effects can lead to biased spatial

parameter estimates under a range of prevalence scenarios. By jointly modeling spatial and seasonal

variation, this extension enhances the accuracy of risk assessment and strengthens the capacity of

public health responses to deliver timely and location-specific interventions.

The third methodological contribution of this thesis involves addressing computational challenges

in high-dimensional GD-ILMs. Although these methodological advances substantially improve the

epidemiological realism of GD-ILMs, their computational demands limit their applicability to real-

time or large-scale analyses. In high-dimensional spatial contexts with many individuals, latent

exposure and infection processes, and complex spatial dependencies, full likelihood evaluation be-

comes computationally infeasible. To address these challenges, an estimation framework is developed

that combines a novel stratified temporally-weighted Kernel Density Estimation–based Probability

Proportional to Size (KDE–PPS) sampling strategy with a SAECM algorithm. The proposed sam-

pling strategy prioritizes sampling from recently infected individuals and spatial hotspots, focusing

computational resources on the most informative observations. The SAECM algorithm facilitates

likelihood-based parameter estimation, enhancing scalability and accelerating convergence in high-

dimensional settings while accounting for latent spatial dependence. This combined approach enables

efficient, statistically rigorous inference for large and complex infectious disease datasets.

Extensive simulation studies are conducted across diverse spatial configurations, population sizes,

and demographic scenarios. These studies demonstrate that the framework consistently produces ac-

curate parameter estimates, reduces computational burden, and maintains robustness under varying

prevalence and spatial heterogeneity conditions. When applied to high-resolution COVID-19 data

from Manitoba, the method identifies substantial spatial variation in transmission rates and uncovers

socio-economic disparities associated with higher infection risk. The results provide insights into the

geographic and demographic determinants of transmission and highlight the importance of targeting

public health interventions to high-risk areas. This framework provides a scalable, computation-
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ally efficient, and statistically robust approach to epidemic modeling, allowing rapid estimation of

exposure probabilities and supporting informed, data-driven public health decision making at large

scales.

Another contribution of this thesis consists of a purely applied analysis involving spatial, tempo-

ral, and spatiotemporal analytical methods outside the GD-ILM framework to address a different but

equally pressing public health concern: sexually transmitted infections. Using laboratory-confirmed

Gonorrhea data from Manitoba (2000–2016), spatial autocorrelation analysis, purely temporal analy-

sis, and space–time scan statistics are employed to detect high-risk clusters. The results indicate that

infections are disproportionately concentrated in northern Manitoba and central Winnipeg, with sea-

sonal peaks occurring in late summer and autumn. Persistent, long-duration clusters are identified,

highlighting the need for geographically targeted and temporally responsive intervention strategies.

The software development contribution of this thesis focuses on enhancing reproducibility and ac-

cessibility in methodological research. Recognizing the importance of these principles, the reinfection-

extended GD-ILM and the seasonal GD-ILM are translated into practical and publicly available

software tools. This includes the development of the GDILM.SEIRS and SeasEpi R packages, which

are distributed through the Comprehensive R Archive Network (CRAN). These packages provide

complete implementations of the proposed modeling and estimation frameworks, support simulation

experiments, and enable application to real-world epidemiological data. By making these methods

available in open and user-friendly formats, the packages facilitate their use by researchers and public

health professionals across a wide range of applications.

The Appendix provides supplementary materials that support the main body of the thesis.

Specifically, it includes detailed documentation of the two R packages developed in this research:

GDILM.SEIRS, which implements the GD-ILM with reinfection framework, and SeasEpi, which in-

corporates seasonal effects into GD-ILMs. For each package, the appendix outlines the package

design, core functions, and illustrative examples. These materials serve to enhance reproducibil-

ity and facilitate broader use of the proposed methods in future biostatistical and epidemiological

studies. These packages are publicly available on CRAN.
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Collectively, the research presented in this thesis advances the GD-ILM framework in three prin-

cipal ways. First, it enhances epidemiological realism by incorporating reinfection dynamics and

seasonal variation into spatially explicit transmission models, allowing for a more accurate represen-

tation of disease processes. Second, it improves computational feasibility through the development

of innovative likelihood approximation and sampling strategies, enabling the application of GD-

ILMs to large-scale and high-dimensional epidemic datasets. Third, it demonstrates applied public

health relevance by providing high-resolution analyses of TB, Influenza, COVID-19, and Gonorrhea

in Manitoba, offering insights that inform targeted interventions and policy decisions. Finally, the

work contributes two open-source R packages that implement the proposed GD-ILM frameworks,

supporting reproducibility and broader adoption in both research and public health practice.

The research protocol of the present thesis was reviewed and received ethical approvals from both

the Health Research Ethics Board (HREB) of the University of Manitoba and the Provincial Health

Research Privacy Committee (PHRPC) of Manitoba Health.

1.2 Compartmental Models of Infectious Disease Transmis-

sion

A fundamental example of such a model is the SIR model for a closed population, which is determin-

istic and uses ordinary differential equations to describe the dynamics of three distinct compartments

at time t: the numbers of susceptible individuals, Sptq, infectious individuals, Iptq, and recovered

individuals, Rptq [41]. These compartments represent those who can contract the disease, those who

can spread the disease, and those who have recovered, been removed, isolated, or died, at time t,

respectively.

The SIR model is one of the most widely used compartmental models and forms the foundation

for many extensions. It assumes that individuals move directly from the susceptible compartment

Sptq to the infectious compartment Iptq upon infection, and then to the recovered compartment Rptq

after recovery. The standard deterministic mass-action SIR model is described by the following set
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of differential equations:

dSptq

dt “ ´ηSptqIptq,

dIptq

dt “ ηSptqIptq ´ ν 1
IIptq,

dRptq

dt “ ν 1
IIptq,

where η represents the transmission rate of the disease, and ν 1
I is the recovery rate. The average

infectious period is given by νI “ ν 1
I

´1. In this formulation, mass action refers to the assumption

of homogeneous mixing within the population, such that the rate of new infections is proportional

to the product of the numbers of susceptible and infectious individuals, reflecting random contacts

between them. The model begins with the initial conditions Sp0q ą 0, Ip0q ě 0, and Rp0q ě 0, and

the total population at time t is expressed as Nptq “ Sptq ` Iptq ` Rptq.

1.2.1 SEIR

For many infectious diseases, there is a latent period between infection and the onset of infectiousness.

This latent period is captured by the SEIR model, which extends the SIR model by including an

additional compartment, Eptq, for exposed individuals who are infected but not yet infectious at

time t [41]. In this model, when individuals become infected, they move to the Eptq compartment

and remain there for an average duration before progressing to the infectious compartment, Iptq.

The basic mass-action SEIR model is described by the following set of differential equations:

dSptq

dt “ ´ηSptqIptq,

dEptq

dt “ ηSptqIptq ´ ν 1
EEptq,

dIptq

dt “ ν 1
EEptq ´ ν 1

IIptq,

dRptq

dt “ ν 1
IIptq,
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where the parameter ν 1
E represents the rate at which exposed individuals become infectious, with its

reciprocal νE “ ν 1
E

´1 corresponding to the average latent period. The model begins with the initial

conditions Sp0q ą 0, Ep0q ě 0, Ip0q ě 0, and Rp0q ě 0. At any time t, the total population is

defined as Nptq “ Sptq ` Eptq ` Iptq ` Rptq.

1.2.2 SEIRS

The SEIR model operates under the assumption that individuals gain lifelong immunity after recov-

ery. However, for some infectious diseases, immunity wanes over time, necessitating the use of the

SEIRS model [41, 88]. This model accounts for the possibility that recovered individuals can return

to the susceptible compartment. The basic mass-action SEIRS model is described by the following

set of differential equations:

dSptq

dt “ ´ηSptqIptq ` ω1Rptq,

dEptq

dt “ ηSptqIptq ´ ν 1
EEptq,

dIptq

dt “ ν 1
EEptq ´ ν 1

IIptq,

dRptq

dt “ ν 1
IIptq ´ ω1Rptq,

where ω1 denotes the rate at which recovered individuals lose immunity and return to the susceptible

class, with ω “ ω1´1 representing the average duration of immunity. The model is initialized under

the conditions Sp0q ą 0, Ep0q ě 0, Ip0q ě 0, and Rp0q ě 0, and the total population at time t is

expressed as Nptq “ Sptq ` Eptq ` Iptq ` Rptq.

1.2.3 Seasonal SEIR

Seasonality can be incorporated into the transmission rate η in the SEIR model by allowing it to

vary periodically over time [41]. This time-dependent transmission rate is denoted as ηptq. With this
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modification, the seasonal SEIR model is formulated as follows:

dSptq

dt “ ´ηptqSptqIptq,

dEptq

dt “ ηptqSptqIptq ´ ν 1
EEptq,

dIptq

dt “ ν 1
EEptq ´ ν 1

IIptq,

dRptq

dt “ ν 1
IIptq.

A widely adopted technique for characterizing seasonal fluctuations is the sinusoidal function, pri-

marily because of its mathematical simplicity and its effectiveness in modeling periodic structures.

Numerous mathematical models have likewise employed sinusoidal formulations to represent seasonal

variations in transmission rates. The transmission rate ηptq is typically modeled as:

ηptq “ η0

ˆ

1 ` η1 cos
ˆ

2πt
Tcycle

` η2

˙˙

,

where η0 represents the baseline transmission rate and η1 determines the amplitude of seasonal fluc-

tuations. The parameter Tcycle defines the duration of one complete seasonal cycle, such as a year

or a month, depending on the context of the disease. Time t tracks the evolution of the epidemic,

while η2 introduces a phase shift, aligning the peaks and troughs of the transmission curve with

observed seasonal patterns. This formulation provides a flexible and interpretable framework for

capturing seasonal dynamics in infectious disease models. Although the seasonal SEIR model cap-

tures average epidemic trends and seasonal variation, it cannot account for the inherent randomness

present in real-world disease transmission. In practice, factors such as individual contact patterns,

random environmental changes, and chance events, especially in small or early-stage outbreaks, can

significantly influence epidemic dynamics. Stochastic models incorporate this randomness, providing

a more realistic representation of disease spread. They enable the study of variability in outcomes,

extinction probabilities, and the effectiveness of interventions under uncertainty, making them more

suitable for realistic forecasting and policy evaluation in uncertain conditions. ILMs and GD-ILMs

are stochastic models, and a brief overview of their structure and properties is provided below.
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1.3 Stochastic Models of Infectious Disease Transmission

1.3.1 ILM

The ILM provides a rigorous methodology for modeling the spatiotemporal transmission of infectious

diseases. In this framework, the epidemic evolves over T discrete time points. The probability that a

susceptible individual i becomes newly infectious during the interval rt, t` 1q is denoted by Ppi,tqpΘq

and is defined as:

Ppi,tqpΘq “ 1 ´ exp
«#

´ΥSpiq
ÿ

jPIptq

ΥT pjqκpi, jq

+

` ϵpi, tq

ff

, t “ 1, . . . , T.

In this expression, Iptq is the set of infectious individuals at time t.

The function ΥSpiq, called the susceptibility function, represents the susceptibility of individual

i and incorporates relevant covariates and risk factors. Individual-level and regional-level character-

istics can influence the likelihood that a person becomes exposed. Individual-level covariates may

include demographic or behavioral factors such as age, sex, vaccination status, or contact patterns,

while regional-level covariates can represent socioeconomic indicators, population density, health-

care accessibility, or environmental risk factors. Incorporating such covariates allows the model to

capture heterogeneity in susceptibility across individuals and regions. In the absence of covariate

information, a straightforward approach is to assume uniform susceptibility, by setting ΥSpiq equal

to a constant that represents the baseline susceptibility.

The function ΥT pjq, called the transmissibility (or infectivity) function, represents the trans-

missibility of individual j and incorporates relevant covariates and risk factors. The infectiousness

of an individual can vary depending on their characteristics and context. If data are available,

individual-level covariates might include factors such as symptom severity, vaccination status, or

contact behavior, while regional-level covariates could include local mobility or healthcare acces-

sibility. These covariates could be incorporated into the transmissibility function to account for

heterogeneity in transmission potential across individuals and regions, allowing the model to more
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accurately represent differences in the risk of spreading the disease. In the absence of covariate in-

formation, a straightforward approach is to assume uniform infectivity by setting ΥT pjq equal to a

constant representing the baseline level of infectivity.

The infection kernel κpi, jq quantifies the transmission potential between susceptible individual

i and infectious individual j, accounting for spatial or behavioral proximity as well as shared risk

factors.

The spark function ϵpi, tq, accounts for random or unexplained infections that may arise due

to stochastic processes or external factors not captured by the modeled interactions. Potential

covariates for this term could include travel history or other external exposures not included in the

main susceptibility and transmissibility functions, such as visits to crowded public places, contact

with infectious individuals outside the observed population, exposure to imported cases from other

regions, environmental exposures, or participation in mass gatherings.

Finally, Θ denotes the full set of model parameters to be estimated, with its composition deter-

mined by specifications of the model components.

1.3.2 GD-ILM

As an extension of ILMs, GD-ILMs are also constructed based on compartmental models. The GD-

ILM within an SEIR framework assumes that the study area is partitioned into Z regions, and the

epidemic unfolds over T discrete time points. Under the GD-ILM framework, the probability that

a susceptible individual i in region z becomes newly infectious during the time interval rt, t ` 1q is

denoted by Pi,t,zpΘq and is defined as:

Ppi,t,zqpΘq “ 1 ´ exp
«#

´ΥSpi, zq
ÿ

jPIpt,z,ζpzqq

ΥT pj, zqκpi, jq

+

` ϵpi, t, zq

ff

,

for t “ 1, . . . , T and z “ 1, . . . , Z. In this expression, ζpzq denotes the set of neighboring regions ad-

jacent to region z, and Ipt, z, ζpzqq represents the set of infectious individuals at time t within region

z and its neighbors. The functions ΥSpi, zq and ΥT pj, zq represent the susceptibility and transmissi-
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bility (infectivity) functions of risk factors for susceptible individual i and infectious individual j in

region z, respectively. The function κpi, jq is a spatial kernel that quantifies the shared risk between

susceptible individual i and infectious individual j. The term ϵpi, t, zq refers to the spark function

related to region z. Furthermore, Θ denotes the full set of model parameters to be estimated, with

its composition determined by specifications of the model components.

The model also allows for the representation of unobserved latent covariates with spatial depen-

dence, which can be incorporated using a spatial random effects approach, such as the Conditional

Autoregressive (CAR) model [12]. To contextualize this modeling choice, it is important to elaborate

on the role of spatial random effects and their relevance in epidemiological applications.

1.4 Spatial Random Effect

A spatial random effect is a statistical term used to model spatial dependence, capturing the tendency

of neighboring geographic regions to display similar characteristics in spatial data. This spatial

correlation is commonly observed in epidemiological studies, where geographically proximate regions

often report similar disease incidence rates due to shared environmental, demographic, or social

factors. To accommodate such spatial autocorrelation, random effects are introduced into statistical

models, allowing each region’s outcome to be partially influenced by those of its neighbors.

These spatial effects are typically modeled as latent Gaussian random fields, assuming a mul-

tivariate normal distribution centered at zero. Most regions are expected to follow the underlying

spatial trend, while only a few may deviate significantly. This probabilistic structure helps smooth

out noisy data and identify spatial clusters more robustly. Several modeling frameworks exist for

defining the spatial structure of the random effects, including CAR models, Intrinsic CAR (ICAR)

models, and their generalizations.

In this thesis, we adopt the Leroux model [49], a flexible and widely used specification for spatial

random effects. Let Γ “ pγ1, . . . , γZqJ represent the spatial random effect vector over Z regions. The

Leroux model assumes that:
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Γ „ NZp0,ΣΓq,

with the corresponding density function given by:

gpΓq “ p2πq
´Z{2

pτ 2
q
Z{2

|p1 ´ λqIZ ` λR|
1{2 exp

ˆ

´
1
2ΓJ

`

τ 2
rp1 ´ λqIZ ` λRs

˘

Γ
˙

,

where IZ is the Z ˆ Z identity matrix, R is the intrinsic autoregressive matrix encoding the spatial

neighborhood structure, τ is the spatial precision, and λ P r0, 1s controls the strength of spatial

dependence. In the matrix R, the diagonal entry Rzz corresponds to the number of neighbors of

region z, while each off-diagonal element Rzz1 “ ´Itz „ z1u, where Itz „ z1u is an indicator function

equal to 1 if regions z and z1 share a border, and 0 otherwise. A value of λ “ 0 implies spatial

independence, while values closer to 1 indicate stronger spatial autocorrelation.

To achieve reliable inference within the extended GD-ILM framework, particular attention is

devoted to parameter estimation. In this thesis, likelihood-based approaches are employed, with a

focus on advanced variants of the Expectation Conditional Maximization (ECM) algorithm. Specifi-

cally, the MCECM and the SAECM methods are utilized, both of which are designed to address the

computational challenges arising from high-dimensional and incomplete data structures inherent in

infectious disease modeling.

1.5 Likelihood-Based Parameter Estimation

The EM algorithm [26] is a widely used iterative method for computing maximum likelihood estimates

in statistical models involving latent, hidden variables, or incomplete data [64, 61, 59]. In many real-

world applications, direct observation of all relevant variables is either impractical or impossible,

resulting in incomplete data. The EM algorithm overcomes this challenge by alternating between

two steps: the Expectation (E) step, which estimates the missing data or latent variables based on the

current parameter estimates, and the Maximization (M) step, which updates the parameter estimates
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by maximizing the expected complete-data log-likelihood. This cycle repeats until convergence,

enabling efficient parameter estimation even when data are incomplete or partially observed.

In EM-type algorithms, the Q-function is defined as the conditional expectation of the complete-

data log-likelihood, given the observed data and the current parameter estimates [64, 61, 59]. At

iteration k, the Q-function is expressed as

QpΘ | Θpkq
q “ E

”

fpΘ; y,Γpkq

l q | y, Θpkq
ı

,

where y denotes the observed data and Γpkq is a single sample drawn from the posterior distribution

of the latent variable Γpkq „ ppΓ | y; Θpkqq. This expectation is taken with respect to the conditional

distribution of the complete data given the observed data and the current parameter estimates Θpkq.

Here, fpΘ; y,Γpkq

l q is a general objective function that depends on the model parameters Θ and

the complete data py,Γpkq

l q. It represents the quantity we aim to optimize if the complete data were

fully observed, such as a score, a loss, or any function reflecting the fit of the model to the complete

information.

The Q-function serves as a surrogate objective function that is iteratively optimized to obtain

maximum likelihood estimates when direct maximization of the observed-data likelihood is compu-

tationally infeasible.

A well-known extension of the EM algorithm is the ECM algorithm [60], which replaces the single

M-step with multiple simpler Conditional Maximization (CM) steps. Each CM step updates a subset

of the parameters while keeping the others fixed, often simplifying the optimization and improving

numerical stability, especially in high-dimensional or complex models.

The MCECM and SAECM algorithms are two distinct extensions of the EM framework designed

to approximate the Q-function in complex scenarios. The key difference between these algorithms

lies in the method by which the Q-function is computed and updated at each iteration.
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1.5.1 Monte Carlo Expectation Conditional Maximization

The MCECM algorithm is an extension of the ECM algorithm for maximum likelihood estimation

that handles cases where the E-step is analytically intractable by approximating it through Monte

Carlo integration [102, 7]. This approach is particularly useful in latent variable models with complex

or high-dimensional missing data. To initiate the MCECM algorithm, an initial parameter vector

Θp0q “ pθ
p0q

1 , . . . , θ
p0q

D q must be provided, where each θd represents either a scalar parameter or a block

(subset) of the full parameter vector Θ. The MCECM algorithm then proceeds iteratively as follows.

E-step (Monte Carlo Approximation)

At iteration k ` 1, given the current parameter estimate Θpkq, approximate the Q-function using

Monte Carlo simulation:
rQpΘ | Θpkq

q “
1
L

L
ÿ

l“1
fpΘ; y,Γpkq

l q,

where the set tΓpkq

1 , . . . ,Γpkq

L u is a Monte Carlo sample drawn from the conditional (posterior) dis-

tribution of the latent variable Γpkq

l „ ppΓ | y; Θpkqq, l “ 1, . . . , L. This step approximates the

expected complete-data log-likelihood by averaging over L independent draws from the posterior

distribution of the latent variables Γ, given the observed data y and the current parameter estimate

Θpkq.

CM-step

Instead of maximizing rQpΘq jointly over all components of Θ, the CM-step maximizes conditionally

over individual blocks θd in coordinate-wise manner. More precisely, for d “ 1, . . . , D, the update is

given by

θ
pk`1q

d “ arg max
θd

rQ
´

Θ | θ
pk`1q

1 , . . . , θ
pk`1q

d´1 , θd, θ
pkq

d`1, . . . , θ
pkq

D

¯

.

This means that at each sub-step d, the component θd is updated while conditioning on the most

recent updates for the preceding components θpk`1q

1 , . . . , θ
pk`1q

d´1 (i.e., those already updated in the

current iteration), as well as the previous values θpkq

d`1, . . . , θ
pkq

D for the remaining components that
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have yet to be updated in this iteration. This block-wise maximization simplifies computation and

ensures convergence under standard regularity conditions.

1.5.2 Stochastic Approximation Expectation Conditional Maximization

The SAECM algorithm is an alternative to the MCECM method that incorporates ideas from the

SAEM algorithm [25] and Conditional Maximization (CM). The primary computational advantage

of SAECM over MCECM lies in its more efficient handling of the E-step. In MCECM, the Q-function

is re-estimated from scratch at each iteration using Monte Carlo integration. This typically involves

generating a large number of samples from the posterior distribution of the latent variables to obtain

an accurate estimate. While this approach yields a relatively low-variance estimate, it becomes

computationally intensive, especially as the dimensionality of the latent space increases or when a

high number of samples is required to stabilize the variance.

In contrast, SAECM significantly reduces the computational burden by employing a stochastic

approximation technique, inspired by [84], wherein the Q-function is updated incrementally using

only a single latent sample at each iteration. Rather than discarding past estimates, SAECM retains

historical information and recursively updates the Q-function via a weighted average of the previous

estimate and the current complete-data log-likelihood evaluated at the new sample. By using a

decreasing sequence of weights, the algorithm gradually shifts focus toward more recent iterations,

which tend to be more reliable. As demonstrated by [25], this approach maintains convergence while

significantly reducing computational demands. Consequently, SAECM drastically lowers both the

computational cost and memory requirements per iteration.

Moreover, SAECM is particularly advantageous in high-dimensional latent variable models or

situations where sampling is computationally expensive, as it avoids the need for repeated full re-

evaluation of the Q-function. By bypassing high-dimensional integration at every iteration and

efficiently leveraging information across iterations, SAECM achieves faster convergence in practice

compared to MCECM, especially in large-scale or resource-constrained settings.

To initiate the SAECM algorithm, an initial parameter vector Θp0q “ pθ
p0q

1 , . . . , θ
p0q

D q must be
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provided, along with an initial estimate of the Q-function, denoted by rQp0qpΘq. Each θd may represent

a block of parameters, which can be either a vector or a single scalar.

E-step (Stochastic Approximation)

Let rQpkqpΘq denote the approximation of the expected complete-data log-likelihood at iteration k,

given the current parameter estimate Θpkq. The recursive update is given by:

rQpk`1q
pΘq “ rQpkq

pΘq ` spkq
”

fpΘ; y,Γpk`1q
q ´ rQpkq

pΘq

ı

,

where spkq P p0, 1q is a step size function at iteration k, commonly chosen as spkq “ k´ζ , ζ P p0.5, 1s,

and Γpk`1q is a single sample drawn from the posterior distribution of the latent variable Γpk`1q „

ppΓ | y; Θpkqq. This recursive E-step enables a gradual refinement of the Q-function approximation

without requiring large Monte Carlo samples at each iteration.

CM-step

As in the MCECM algorithm, instead of jointly maximizing rQpk`1qpΘq with respect to all components

of Θ, the CM-step proceeds by block-wise conditional maximization. Specifically, for each d “

1, . . . , D, the update is given by

θ
pk`1q

d “ arg max
θd

rQpk`1q
´

θ
pk`1q

1 , . . . , θ
pk`1q

d´1 , θd, θ
pkq

d`1, . . . , θ
pkq

D

¯

.

That is, each block θd is updated using the most recent values for blocks 1 through d ´ 1 and the

previous values for the remaining blocks d ` 1 through D.

The trade-off between the MCECM and SAECM methods hinges on balancing computational cost

and statistical efficiency. MCECM typically produces more stable and precise parameter updates but

incurs higher per-iteration computational complexity, making it well-suited for problems of moderate

size or scenarios with ample computational resources. Conversely, SAECM is especially advantageous

in high-dimensional settings or large-scale applications where generating numerous posterior samples
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is computationally prohibitive. Although SAECM may require more iterations to converge due

to increased stochastic variability, its lightweight per-iteration updates often lead to faster overall

computation and better scalability. Consequently, SAECM offers a practical alternative for fast

approximate inference in modern statistical problems with complex latent structures.

Given the central role of spatial context in modeling infectious disease dynamics, it is necessary

to establish a clear framework for the geographical units used in this thesis. Standardized spatial

classifications not only provide consistency across health research but also allow for meaningful

interpretation of results at multiple administrative levels. To this end, the analyses in this thesis

adopt the geographical classification of Manitoba developed by the Manitoba Centre for Health

Policy (MCHP) and Manitoba Health.

1.6 Geographical Classification of Manitoba

Throughout this thesis and for real data analysis we consider the geographical classification defined

by MCHP and Manitoba Health for the allocation of health districts and neighborhood clusters

based on municipality and postal codes [3]. Under this classification, Manitoba is organized into 5

HADs: Interlake, Northern, Prairie, Southern, and Winnipeg. These HADs encompass a total of

96 RHADs, distributed as follows: 15 in Interlake, 16 in Northern, 17 in Prairie, 23 in Southern,

and 25 in Winnipeg, as illustrated in Figure 1.1. Additionally, Manitoba has 27,897 PCRs in total,

with 1,363 located in Interlake, 1,050 in Northern, 3,079 in Prairie, 2,509 in Southern, and 19,896

in Winnipeg. In Canada, postal codes are six-character alphanumeric codes defined and maintained

by Canada Post. Each postal code corresponds to a specific geographic area and is structured to

provide detailed spatial information. In addition to mail routing, postal codes are widely used in the

Canadian census and health research as geographic identifiers, often representing a small group of

addresses, city blocks, or even a single building in urban areas.

This geographical classification provides the foundation for the spatial structure incorporated into

the extended GD-ILMs developed in this thesis. By aligning data with these standardized health
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Figure 1.1: Manitoba Province with 5 HADs and 96 RHADs

regions and postal code areas, the models can capture spatial dependencies at multiple scales, thereby

improving the accuracy and interpretability of disease transmission analyses across Manitoba.
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2

Individual Level Modeling of Infectious

Disease Transmission with Reinfection

Dynamics

This chapter includes an open access article published in Spatial and Spatio-temporal Epidemiology

[4]. It is reproduced here in its original form, with only minor formatting adjustments for consistency

within the thesis. Reproduction is permitted under the terms of the Creative Commons Attribution-

NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0).

2.1 Introduction

Since reinfection is a key factor that significantly impacts disease dynamics, epidemic progression,

prevalence, and control strategies for many infectious diseases, accurately integrating it into disease

modeling is vital. In this chapter, we aim to extend GD-ILMs within the SEIRS compartmental

framework to model infectious diseases with reinfection. TB is particularly relevant in this context

because its ability to reinfect individuals complicates both treatment and eradication efforts. This

disease is an infection caused by Mycobacterium tuberculosis, primarily affecting the lungs but

potentially impacting other parts of the body [30, 107]. TB has two key stages: latent TB infection,
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where the bacteria remain inactive and symptom-free but can become active later, and active TB

disease, where the bacteria multiply and produce symptoms like a persistent cough, chest pain,

coughing up blood, fever, night sweats, chills, and weight loss [107]. Active TB can become severe

and, if left untreated, spreads through airborne droplets from coughing or sneezing [30]. Reinfection

is a serious concern, particularly in high-burden regions where individuals previously treated for

TB may become susceptible again, perpetuating transmission [30, 107]. The SEIRS compartmental

model effectively captures these complexities by simulating stages of susceptibility, exposure, active

infection, recovery, and renewed susceptibility (susceptibility to reinfection), offering a comprehensive

framework for understanding and controlling the spread of TB.

In 2021, there were approximately 10.6 million new TB cases globally [109]. Canada reported

1,904 cases, with an incidence rate of 4.8 per 100,000. In Manitoba, the rate was notably higher at

11 per 100,000, reflecting a greater TB burden compared to most other Canadian provinces. TB in

Canada primarily affects Canadian-born Indigenous people and immigrants from TB-endemic coun-

tries [80]. Factors such as socioeconomic status, population density, and the presence of vulnerable

groups, including Indigenous communities and immigrants from TB-endemic areas, contribute to the

higher incidence in Manitoba [105].

In this chapter, we extend GD-ILMs within an SEIRS compartmental framework to model infec-

tious diseases with reinfection. We perform simulation studies on both regular and irregular grids

to assess the performance and robustness of the proposed model. For real data analysis, we explore

TB infection dynamics in Manitoba, focusing on susceptibility to initial infection, reinfection, and

infectivity. We utilize individual-level administrative TB data from Manitoba Health, covering the

years 2011 to 2018. This approach enables us to evaluate regional differences in susceptibility while

accounting for spatial dependencies, considering various geographical classifications and individual-

level factors influencing infectivity risk. The findings provide crucial information for public health

officials and decision-makers, enhancing their understanding of TB dynamics and guiding targeted

interventions.

To enhance reproducibility and facilitate broader adoption in infectious disease research, we devel-
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oped the GDILM.SEIRS R package [1], which is publicly available on CRAN. This package implements

the GD-ILM with reinfection framework, providing researchers with a comprehensive suite of tools for

conducting spatiotemporal analyses of infectious diseases that include reinfection dynamics. Specifi-

cally, it enables likelihood-based parameter estimation using the MCECM algorithm, supports model

evaluation and selection through the Akaike Information Criterion (AIC), and allows users to design

and execute tailored simulation studies to explore various epidemiological scenarios or assess model

performance under different assumptions. By integrating estimation, evaluation, and simulation ca-

pabilities within a single framework, GDILM.SEIRS offers a flexible and extensible platform for both

methodological development and applied research in infectious disease modeling.

The remainder of this chapter is organized as follows. Section 2.2 introduces the GD-ILM with re-

infection. Section 2.3 describes its detailed specifications and likelihood function. Section 2.4 outlines

the parameter estimation procedure using the MCECM algorithm and associated inference. Section

2.5 presents an inference for the variances of the estimated GD-ILM with reinfection parameters.

Section 2.6 assesses the goodness of fit of the model. Section 2.7 illustrates the application of the

GD-ILM with reinfection to TB data from Manitoba, Canada. Section 2.8 reports a simulation study

evaluating the performance of the proposed method. Finally, Section 2.9 concludes the chapter with

a discussion of the findings, including their interpretation, practical significance, and limitations.

2.2 GD-ILM with Reinfection

In the context of the GD-ILM with reinfection (i.e., GD-ILM within the SEIRS compartmental

framework), termed GD-ILM SEIRS, the susceptible population is divided into two distinct sub-

populations due to the possibility of reinfection: individuals who are susceptible to initial infection,

denoted by Ψ, and those who have regained susceptibility after the immunity period, denoted by

Φ. Differentiating between initial infection and reinfection is important because these two groups

may exhibit distinct characteristics that affect disease transmission. Individuals in Ψ are at risk

of becoming infected for the first time, while those in Φ may have altered immune responses due
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to prior exposure. This distinction allows for a more accurate representation of disease dynamics,

as reinfection may occur at a different rate or result in different disease progression compared to

the initial infection. Moreover, specific risk factors need to be considered for these sub-populations,

treating them as separate groups of susceptible individuals. By treating these groups separately, the

model can better capture the complexities of reinfection and improve the precision of disease spread

predictions. Assume that the area under study is divided into Z regions, and the epidemic occurs

over T time points. In the GD-ILM SEIRS framework, the probability that a susceptible individual

i in region z becomes newly exposed within the time interval rt, t ` 1q is denoted by Ppi,t,zqpΘq and

is expressed as follows

Ppi,t,zqpΘq “ 1 ´ exp
«#

´ΥSΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

ΥT pj, zqκ pi, jq

+

` ϵ pi, t, zq

ff

(2.2.1)

with

ΥSΨYΦpi, zq “ ΥSΨpi, zq ` ΥSΦpi, zq, t “ 1, . . . , T and, z “ 1, . . . , Z.

Here, ΥSΨpi, zq and ΥSΦpi, zq denote the susceptibility functions for individual i in region z. Specif-

ically, ΥSΨpi, zq corresponds to individuals who are initially susceptible to infection, while ΥSΦpi, zq

applies to those who have become susceptible again after the immunity period.

2.3 Specification of GD-ILM SEIRS Components

Susceptibility and Transmissibility Functions

Let the individual-level covariate vectors for susceptible individuals be denoted as XiΨ and XiΦ ,

respectively, for susceptible units iΨ “ 1, . . . , nΨ and iΦ “ 1, . . . , nΦ. Similarly, let XzSΨ and XzSΦ

represent the regional-level covariate vectors for region z. These covariates can be incorporated

into the susceptibility functions ΥSΨpi, zq and ΥSΦpi, zq. Furthermore, let Xj denote the vector of

individual-level covariates for infectious individual j, which can be integrated into the transmissibility
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function ΥT pj, zq. Specifically, ΥSΨYΦ pi, zq and ΥT pj, zq are defined as follows:

ΥSΨYΦ pi, zq “ pNSΨpi, zq ` NSΦpi, zqq exp
`

αSΨYΦ ` XJ
iΨβ1 ` XJ

iΦβ2 ` XJ

zSΨβ3 ` XJ

zSΦβ4 ` γz
˘

,

(2.3.1)

ΥT pj, zq “ NIpj, zqexp
`

αT ` XJ
j β5

˘

, (2.3.2)

where αSΨYΦ represents the susceptibility intercept. The parameter vectors β1, β2, β3, and β4 cor-

respond to XiΨ , XiΦ , XzSΨ , and XzSΦ , respectively. The term γz represents spatial random effects,

accounting for latent geographic variation or unmeasured covariate effects, typically through a spec-

ified spatial structure between regions. Moreover, NSΨpi, zq and NSΦpi, zq denote the population size

of susceptible individual i, who is vulnerable to initial infection and who has regained susceptibility

after the immunity period, respectively, in region z. NIpj, zq stands for the number of infectious

cases for individual unit j in region z, while αT represents the transmissibility intercept. Lastly, β5

is a vector of coefficients associated with Xj.

Spatial Random Effect

We adopt the Leroux model [49] to model the spatial random effect vector Γ “ pγ1, . . . , γZq
J, as

described in Section 1.4.

Infection Kernel

We define the infection kernel as a power-law distance function, κpi, jq “ d´δ
ij , where δ ą 0 is the

spatial decay parameter, and dij represents the Euclidean distance between susceptible individual i

and infectious individual j. When dij “ 0, the kernel tends to infinity, making the probability that

susceptible individual i becomes newly exposed during the time interval rt, t ` 1q to equal 1. For a

fixed distance dij, increasing δ results in a decrease in the probability that a susceptible individual i

becomes newly exposed during the time interval rt, t ` 1q.
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Likelihood Function

Let y, z, and Γ represent the vectors of responses, the corresponding region of each response, and

spatial random effects, respectively. Assuming known infection, exposure, and reinfection times, the

probability mass function of all infection and non-infection events during the entire epidemic period

observed across all Z regions is given by

ppy|z,Γq “

T
ź

t“1

Z
ź

z“1

$

&

%

ź

iPSΨYΦpt,zq

`

1 ´ Ppi,t,zqpΘq
˘

ź

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Ppi,t,zqpΘq

,

.

-

,

where SΨYΦpt, zq “ SΨpt, zqYSΦpt, zq is the set of all susceptible individuals (Ψ and Φ) observed not

to be infected at time t in the region z and Ept`1, z, ζpzqqzEpt, z, ζpzqq is the set of all newly exposed

individuals at time t in the region z. The likelihood function of the complete data yc “ py; z; Γq is

expressed as

LpΘ; ycq “ ppy|z,ΓqgpΓq,

where Θ “ pαSΨYΦ , αT ,β1,β2,β3,β4,β5, δ, τ, λq, and gpΓq denotes the spatial random effects density.

2.4 Parameter Estimation of GD-ILM SEIRS

To calculate the maximum likelihood estimates of the parameters of our proposed GD-ILM SEIRS, we

employ the MCECM algorithm, treating Γ as latent. Algorithm 1 illustrates the MCECM algorithm

for estimating the parameters of our GD-ILM SEIRS.
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Algorithm 1 : MCECM Parameter Estimation of GD-ILM SEIRS

Initialize the set of parameters Θp0q “ pα
p0q

SΨYΦ , α
p0q

T ,β
p0q

1 ,β
p0q

2 ,β
p0q

3 ,β
p0q

4 ,β
p0q

5 , δp0q, τ p0q, λp0qq.
Repeat

E-Step: Approximate E rln LpΘ; ycq|yo,Θs using Metropolis-Hastings algorithm [62, 34]. Let yo “ py; zq denote the observed variables.
Consider gpΓq as the candidate density and ppΓ|yoq9ppy|z,ΓqgpΓq as the target density. In the pk` 1qth iteration of the ECM algorithm
and with current values Θpkq:

For pl “ 1, . . . , Lq

In the lth iteration with current values of Γk`1,l, generate r „ Uniformp0, 1q and Γ̃ „ ppΓ|yo; Θpkqq.
If r ď

ppy|z,Γ̃q

ppy|z,Γk`1,lq
, Then

Γk`1,l`1 “ Γ̃
Else

Γk`1,l`1 “ Γk`1,l
End If

End For
Return the random sample tΓk`1,1,Γk`1,2, . . . ,Γk`1,Lu generated from ppΓ|yo; Θpkqq and approximate the expectation by
E rln LpΘ; ycq|yo,Θs “ 1

L

řL
l“1 ln LpΘ; y; Γk`1,lq given in (2.4.1).

M-Step: Maximize E rln LpΘ; ycq|yo,Θs, with respect to the following model parameters to obtain Θpk`1q.
CM-Step 1: Update αpk`1q

SΨYΦ using (2.4.2).
CM-Step 2: Let αSΨYΦ “ α

pk`1q

SΨYΦ . Update β
pk`1q

1 using (2.4.3).
CM-Step 3: Let pαSΨYΦ ,β1q “ pα

pk`1q

SΨYΦ ,β
pk`1q

1 q. Update β
pk`1q

2 using (2.4.4).
CM-Step 4: Let pαSΨYΦ ,β1,β2q “ pα

pk`1q

SΨYΦ ,β
pk`1q

1 ,β
pk`1q

2 q. Update β
pk`1q

3 using (2.4.5).
CM-Step 5: Let pαSΨYΦ ,β1,β2,β3q “ pα

pk`1q

SΨYΦ ,β
pk`1q

1 ,β
pk`1q

2 ,β
pk`1q

3 q. Update β
pk`1q

4 using (2.4.6).
CM-Step 6: Let pαSΨYΦ ,β1,β2,β3,β4q “ pα

pk`1q

SΨYΦ ,β
pk`1q

1 ,β
pk`1q

2 ,β
pk`1q

3 ,β
pk`1q

4 q. Update αpk`1q

T using (2.4.7).
CM-Step 7: Let pαSΨYΦ , αT ,β1,β2,β3,β4q “ pα

pk`1q

SΨYΦ , α
pk`1q

T ,β
pk`1q

1 ,β
pk`1q

2 ,β
pk`1q

3 ,β
pk`1q

4 q. Update β
pk`1q

5 using (2.4.8).
CM-Step 8:
Let pαSΨYΦ , αT ,β1,β2,β3,β4,β5q “ pα

pk`1q

SΨYΦ , α
pk`1q

T ,β
pk`1q

1 ,β
pk`1q

2 ,β
pk`1q

3 ,β
pk`1q

4 ,β
pk`1q

5 q. Update δpk`1q using (2.4.9).

CM-Step 9: Update
ˆ

τ
λ

˙

using Newton–Raphson iterative as
ˆ

τ pk`1q

λpk`1q

˙

=
ˆ

τ pkq

λpkq

˙

´B´1A, where A and B are in Equations (2.4.10-

2.4.14).
Until the set Θpk`1q satisfies }Θpk`1q ´ Θpkq}2 ă ϵΘ, where } ¨ }2 denotes the Euclidean norm, and ϵΘ is a small threshold.
Return the optimal value Θ̂ “ Θpk`1q.
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2.4.1 CM-Steps in MCECM Algorithm 1

The approximated expectation is given by E rln LpΘ; ycq|yo,Θs “ 1
L

řL
l“1 ln LpΘ; y; Γk`1,lq. For sim-

plicity, assume Γk`1,l “ Γl henceforth. Therefore,

E rln L pΘ; ycq|yo,Θs “
1
L

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1

L
ÿ

l“1

„

´ pNSΨpi, zq ` NSΦpi, zqq exppαSΨYΦ ` XJ
iΨβ1 ` XJ

iΦβ2

` XJ

zSΨβ3 ` XJ

zSΦβ4 ` γzlq
ÿ

jPIpt,z,ζpzqq

ΥT pj, zq d´δ
ij

∣∣∣∣∣yo
ȷ

`
1
L

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1

L
ÿ

l“1

„

ln
"

1 ´ expp´ pNSΨpi, zq ` NSΦpi, zqq exppαSΨYΦ ` XJ
iΨβ1

` XJ
iΦβ2 ` XJ

zSΨβ3 ` XJ

zSΦβ4 ` γzlq

*

ÿ

jPIpt,z,ζpzqq

ΥT pj, zq d´δ
ij

∣∣∣∣∣yo
ȷ

´
Z

2 lnp2πq `
Z

2 lnpτ 2
q

`
1
2 ln p|λR ` p1 ´ λqI|q ´

τ 2

2
1
L

L
ÿ

l“1

“

ΓJ
l pλR ` p1 ´ λqIq Γl|yo

‰

.

(2.4.1)

Let Υ1p¨,¨,¨,¨,¨q

SΨYΦ pi, zq, Υ2p¨,¨,¨,¨,¨q

SΨYΦ pi, zq, Υ1p¨,¨,¨q
T pj, zq, and Υ2p¨,¨,¨q

T pj, zq be defined in Table 2.1.

CM-Step 1: Update αSΨYΦ using the following recursive relationship

α
pk`1q

SΨYΦ “ α
pkq

SΨYΦ ´

B

Bα
SΨYΦ

E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2

B2α
SΨYΦ

E rln LpΘ; ycq|yo,Θpkqs
, (2.4.2)

where

BE
“

ln LpΘ; ycq|yo,Θpkq
‰

BαSΨYΦ
“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p0,0,0,0,0q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

“

exppγzlq|yo,Θpkq
‰

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p0,0,0,0,0q

SΨYΦ pi, zq

ˆ
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

,
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Table 2.1: Definitions used in CM-Steps in Algorithm 1

p¨, ¨, ¨, ¨, ¨q Υ1p¨,¨,¨,¨,¨q

SΨYΦ pi, zq

(0,0,0,0,0) pNSΨpi, zq ` NSΦpi, zqq exp
´

α
pkq

SΨYΦ ` XJ
iΨβ

pkq

1 ` XJ
iΦβ

pkq

2 ` XJ

zSΨβ
pkq

3 ` XJ

zSΦβ
pkq

4

¯

(1,0,0,0,0) pNSΨpi, zq ` NSΦpi, zqq XiΨexp
´

α
pk`1q

SΨYΦ ` XJ
iΨβ

pkq

1 ` XJ
iΦβ

pkq

2 ` XJ

zSΨβ
pkq

3 ` XJ

zSΦβ
pkq

4

¯

(1,1,0,0,0) pNSΨpi, zq ` NSΦpi, zqq XiΦexp
´

α
pk`1q

SΨYΦ ` XJ
iΨβ

pk`1q

1 ` XJ
iΦβ

pkq

2 ` XJ

zSΨβ
pkq

3 ` XJ

zSΦβ
pkq

4

¯

(1,1,1,0,0) pNSΨpi, zq ` NSΦpi, zqq XzSΨexp
´

α
pk`1q

SΨYΦ ` XJ
iΨβ

pk`1q

1 ` XJ
iΦβ

pk`1q

2 ` XJ

zSΨβ
pkq

3 ` XJ

zSΦβ
pkq

4

¯

(1,1,1,1,0) pNSΨpi, zq ` NSΦpi, zqq XzSΦexp
´

α
pk`1q

SΨYΦ ` XJ
iΨβ

pk`1q

1 ` XJ
iΦβ

pk`1q

2 ` XJ

zSΨβ
pk`1q

3 ` XJ

zSΦβ
pkq

4

¯

(1,1,1,1,1) pNSΨpi, zq ` NSΦpi, zqq exp
´

α
pk`1q

SΨYΦ ` XJ
iΨβ

pk`1q

1 ` XJ
iΦβ

pk`1q

2 ` XJ

zSΨβ
pk`1q

3 ` XJ

zSΦβ
pk`1q

4

¯

p¨, ¨, ¨, ¨, ¨q Υ2p¨,¨,¨,¨,¨q

SΨYΦ pi, zq

(0,0,0,0,0) pNSΨpi, zq ` NSΦpi, zqq
2 exp

´

2αpkq

SΨYΦ ` 2XJ
iΨβ

pkq

1 ` 2XJ
iΦβ

pkq

2 ` 2XJ

zSΨβ
pkq

3 ` 2XJ

zSΦβ
pkq

4

¯

(1,0,0,0,0) pNSΨpi, zq ` NSΦpi, zqq
2 XiΨXJ

iΨexp
´

2αpk`1q

SΨYΦ ` 2XJ
iΨβ

pkq

1 ` 2XJ
iΦβ

pkq

2 ` 2XJ

zSΨβ
pkq

3 ` 2XJ

zSΦβ
pkq

4

¯

(1,1,0,0,0) pNSΨpi, zq ` NSΦpi, zqq
2 XiΦXJ

iΦexp
´

2αpk`1q

SΨYΦ ` 2XJ
iΨβ

pk`1q

1 ` 2XJ
iΦβ

pkq

2 ` 2XJ

zSΨβ
pkq

3 ` 2XJ

zSΦβ
pkq

4

¯

(1,1,1,0,0) pNSΨpi, zq ` NSΦpi, zqq
2 XzSΨXJ

zSΨexp
´

2αpk`1q

SΨYΦ ` 2XJ
iΨβ

pk`1q

1 ` 2XJ
iΦβ

pk`1q

2 ` 2XJ

zSΨβ
pkq

3 ` 2XJ

zSΦβ
pkq

4

¯

(1,1,1,1,0) pNSΨpi, zq ` NSΦpi, zqq
2 XzSΦXJ

zSΦexp
´

2αpk`1q

SΨYΦ ` 2XJ
iΨβ

pk`1q

1 ` 2XJ
iΦβ

pk`1q

2 ` 2XJ

zSΨβ
pk`1q

3 ` 2XJ

zSΦβ
pkq

4

¯

(1,1,1,1,1) pNSΨpi, zq ` NSΦpi, zqq
2 exp

´

2αpk`1q

SΨYΦ ` 2XJ
iΨβ

pk`1q

1 ` 2XJ
iΦβ

pk`1q

2 ` 2XJ

zSΨβ
pk`1q

3 ` 2XJ

zSΦβ
pk`1q

4

¯

p¨, ¨, ¨q Υ1p¨,¨,¨q
T pj, zq

(0,0,0) NIpj, zqexp
´

α
pkq

T ` XJ
j β

pkq

5

¯

d´δpkq

ij

(1,0,0) NIpj, zqXjexp
´

α
pk`1q

T ` XJ
j β

pkq

5

¯

d´δpkq

ij

(1,1,0) NIpj, zqexp
´

α
pk`1q

T ` XJ
j β

pk`1q

5

¯

lnpdijqd
´δpkq

ij

p¨, ¨, ¨q Υ2p¨,¨,¨q
T pj, zq

(1,0,0) NIpj, zqXjXJ
j exp

´

α
pk`1q

T ` XJ
j β

pkq

5

¯

d´δpkq

ij

(1,1,0) NIpj, zqexp
´

α
pk`1q

T ` XJ
j β

pk`1q

5

¯

plnpdijqq2d´δpkq

ij

and

B2E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2αSΨYΦ
“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p0,0,0,0,0q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p0,0,0,0,0q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

´

´

Υ2p0,0,0,0,0q

SΨYΦ pi, zq

¯

˜

ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

¸2

ˆ
1
L

L
ÿ

l“1

«

`

1 ´ Ppi,t,zqpΘq
˘

`

Ppi,t,zqpΘq
˘2 expp2γzlq

∣∣∣∣∣yo,Θpkq

ff

.
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CM-Step 2: Update β1 using the following recursive relationship

β
pk`1q

1 “ β
pkq

1 ´

B

Bβ1
E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2

Bβ1BβJ
1
E rln LpΘ; ycq|yo,Θpkqs

, (2.4.3)

where

BE
“

ln LpΘ; ycq|yo,Θpkq
‰

Bβ1
“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p1,0,0,0,0q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,0,0,0,0q

SΨYΦ pi, zq

ˆ
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

,

and

B2E
“

ln LpΘ; ycq|yo,Θpkq
‰

Bβ1BβJ
1

“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p1,0,0,0,0q

SΨYΦ pi, zq XJ
iΨ

ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,0,0,0,0q

SΨYΦ pi, zq XJ
iΨ

ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

´

´

Υ2p1,0,0,0,0q

SΨYΦ pi, zq

¯

˜

ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

¸2

ˆ
1
L

L
ÿ

l“1

«

`

1 ´ Ppi,t,zqpΘq
˘

`

Ppi,t,zqpΘq
˘2 expp2γzlq

∣∣∣∣∣yo,Θpkq

ff

.

CM-Step 3: Update β2 using the following recursive relationship

β
pk`1q

2 “ β
pkq

2 ´

B

Bβ2
E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2

Bβ2BβJ
2
E rln LpΘ; ycq|yo,Θpkqs

, (2.4.4)
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where

BE
“

ln LpΘ; ycq|yo,Θpkq
‰

Bβ2
“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p1,1,0,0,0q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,0,0,0q

SΨYΦ pi, zq

ˆ
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

,

and

B2E
“

ln LpΘ; ycq|yo,Θpkq
‰

Bβ2BβJ
2

“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p1,1,0,0,0q

SΨYΦ pi, zq XJ
iΦ

ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,0,0,0q

SΨYΦ pi, zq XJ
iΦ

ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

´

´

Υ2p1,1,0,0,0q

SΨYΦ pi, zq

¯

˜

ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

¸2

ˆ
1
L

L
ÿ

l“1

«

`

1 ´ Ppi,t,zqpΘq
˘

`

Ppi,t,zqpΘq
˘2 expp2γzlq

∣∣∣∣∣yo,Θpkq

ff

.

CM-Step 4: Update β3 using the following recursive relationship

β
pk`1q

3 “ β
pkq

3 ´

B

Bβ3
E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2

Bβ2BβJ
3
E rln LpΘ; ycq|yo,Θpkqs

, (2.4.5)

where

BE
“

ln LpΘ; ycq|yo,Θpkq
‰

Bβ3
“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p1,1,1,0,0q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1,0,0q

SΨYΦ pi, zq

ˆ
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

,
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and

B2E
“

ln LpΘ; ycq|yo,Θpkq
‰

Bβ3BβJ
3

“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p1,1,1,0,0q

SΨYΦ pi, zq XJ

zSΨ

ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1,0,0q

SΨYΦ pi, zq XJ

zSΨ

ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

´

´

Υ2p1,1,1,0,0q

SΨYΦ pi, zq

¯

˜

ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

¸2

ˆ
1
L

L
ÿ

l“1

«

`

1 ´ Ppi,t,zqpΘq
˘

`

Ppi,t,zqpΘq
˘2 expp2γzlq

∣∣∣∣∣yo,Θpkq

ff

.

CM-Step 5: Update β4 using the following recursive relationship

β
pk`1q

4 “ β
pkq

4 ´

B

Bβ4
E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2

Bβ4BβJ
4
E rln LpΘ; ycq|yo,Θpkqs

, (2.4.6)

where

BE
“

ln LpΘ; ycq|yo,Θpkq
‰

Bβ4
“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p1,1,1,1,0q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1,1,0q

SΨYΦ pi, zq

ˆ
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

,
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and

B2E
“

ln LpΘ; ycq|yo,Θpkq
‰

Bβ4BβJ
4

“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p1,1,1,1,0q

SΨYΦ pi, zq XJ

zSΦ

ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1,1,0q

SΨYΦ pi, zq XJ

zSΦ

ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

´

´

Υ2p1,1,1,1,0q

SΨYΦ pi, zq

¯

˜

ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

¸2

ˆ
1
L

L
ÿ

l“1

«

`

1 ´ Ppi,t,zqpΘq
˘

`

Ppi,t,zqpΘq
˘2 expp2γzlq

∣∣∣∣∣yo,Θpkq

ff

.

CM-Step 6: Update αT using the following recursive relationship

α
pk`1q

T “ α
pkq

T ´

B

BαT
E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2

B2αT
E rln LpΘ; ycq|yo,Θpkqs

, (2.4.7)

where

BE
“

ln LpΘ; ycq|yo,Θpkq
‰

BαT
“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p1,1,1,1,1q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1,1,1q

SΨYΦ pi, zq

ˆ
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

,
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and

B2E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2αT
“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p1,1,1,1,1q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1,1,1q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

´

´

Υ2p1,1,1,1,1q

SΨYΦ pi, zq

¯

˜

ÿ

jPIpt,z,ζpzqq

Υ1p0,0,0q

T pj, zq

¸2

ˆ
1
L

L
ÿ

l“1

«

`

1 ´ Ppi,t,zqpΘq
˘

`

Ppi,t,zqpΘq
˘2 expp2γzlq

∣∣∣∣∣yo,Θpkq

ff

.

CM-Step 7: Update β5 using the following recursive relationship

β
pk`1q

5 “ β
pkq

5 ´

B

Bβ5
E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2

Bβ5BβJ
5
E rln LpΘ; ycq|yo,Θpkqs

, (2.4.8)

where

BE
“

ln LpΘ; ycq|yo,Θpkq
‰

Bβ5
“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p1,1,1,1,1q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ1p1,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1,1,1q

SΨYΦ pi, zq

ˆ
ÿ

jPIpt,z,ζpzqq

Υ1p1,0,0q

T pj, zq
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

,

35



and

B2E
“

ln LpΘ; ycq|yo,Θpkq
‰

Bβ5BβJ
5

“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p1,1,1,1,1q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ2p1,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1,1,1q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ2p1,0,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

´

´

Υ2p1,1,1,1,1q

SΨYΦ pi, zq

¯

˜

ÿ

jPIpt,z,ζpzqq

Υ1p1,0,0q

T pj, zq

¸

ˆ

˜

ÿ

jPIpt,z,ζpzqq

Υ1p1,0,0q

T pj, zq

¸J

1
L

L
ÿ

l“1

«

`

1 ´ Ppi,t,zqpΘq
˘

`

Ppi,t,zqpΘq
˘2 expp2γzlq

∣∣∣∣∣yo,Θpkq

ff

.

CM-Step 8: Update δ using the following recursive relationship

δpk`1q
“ δpkq

´

B

Bδ
E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2

B2δ
E rln LpΘ; ycq|yo,Θpkqs

, (2.4.9)

where

BE
“

ln LpΘ; ycq|yo,Θpkq
‰

Bδ
“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p1,1,1,1,1q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ1p1,1,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1,1,1q

SΨYΦ pi, zq

ˆ
ÿ

jPIpt,z,ζpzqq

Υ1p1,1,0q

T pj, zq
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

,
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and

B2E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2δ
“ ´

T
ÿ

t“1

ÿ

iPSΨYΦpt,zq

Z
ÿ

z“1
Υ1p1,1,1,1,1q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ2p1,1,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣yo,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1,1,1q

SΨYΦ pi, zq
ÿ

jPIpt,z,ζpzqq

Υ2p1,1,0q

T pj, zq

ˆ
1
L

L
ÿ

l“1

„

`

1 ´ Ppi,t,zqpΘq
˘

Ppi,t,zqpΘq
exppγzlq

∣∣∣∣∣yo,Θpkq

ȷ

´

´

Υ2p1,1,1,1,1q

SΨYΦ pi, zq

¯

˜

ÿ

jPIpt,z,ζpzqq

Υ1p1,1,0q

T pj, zq

¸2

ˆ
1
L

L
ÿ

l“1

«

`

1 ´ Ppi,t,zqpΘq
˘

`

Ppi,t,zqpΘq
˘2 expp2γzlq

∣∣∣∣∣yo,Θpkq

ff

.

CM-Step 9: In the pk ` 1qth iteration, A and B are used to estimate τ and λ, where A represents

the score vector and B corresponds to the expected information matrix. Given

E
“

ln ppΓq|yo,Θpkq
‰

“ ´Z
2 lnp2πq ` Z

2 lnpτ 2q ` 1
2 ln p|λR ` p1 ´ λqI|q ´ τ2

2
1
L

řL
l“1

“

ΓJ
l pλR ` p1 ´ λqIq Γl|yo,Θpkq

‰

,

then the elements of these matrices can be defined as follows:

Apτq “
BE

“

ln ppΓq|yo,Θpkq
‰

Bτ
“
Z

τ
´ τ

1
L

L
ÿ

l“1

“

ΓJ
l pλR ` p1 ´ λqIq Γl|yo,Θpkq

‰

, (2.4.10)

Apλq “
BErln ppΓq|yo,Θpkqs

Bλ
“ 1

2tr
`

pλR ` p1 ´ λqIq
´1

pR ´ Iq
˘

´ τ2

2
1
L

řL
l“1

“

ΓJ
l pλR ` p1 ´ λqIq Γl|yo, ,Θpkq

‰

,

(2.4.11)

Bpτ, τq “
B2E

“

ln ppΓq|yo,Θpkq
‰

B2τ
“
Z

τ 2 `
1
L

L
ÿ

l“1

“

ΓJ
l pλR ` p1 ´ λqIq Γl|yo,Θpkq

‰

, (2.4.12)

Bpτ, λq “
B2E

“

ln ppΓq|yo,Θpkq
‰

BτBλ
“ τ

1
L

L
ÿ

l“1

“

ΓJ
l pR ´ IqΓl|yo,Θpkq

‰

, (2.4.13)

Bpλ, λq “
B2E

“

ln ppΓq|yo,Θpkq
‰

B2λ
“

1
2tr

`

pR ´ Iq pλR ` p1 ´ λqIq
´1

pR ´ Iq pλR ` p1 ´ λqIq
´1˘ .

(2.4.14)
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2.5 Variances of Estimated GD-ILM SEIRS Parameters

In the MCECM algorithm, variances are calculated using an adapted approach based on the method

introduced by [54] and later applied by [8, 7], in which the observed information matrix is defined as

IopΘ̂; yoq “ IcpΘ̂; yoq ´ ImpΘ̂; yoq,

where Θ̂ denotes the set of parameter estimates obtained using the MCECM algorithm, and Ic and

Im are the complete data and missing data information matrices, respectively. These matrices are

approximated as follows:

IcpΘ; yoq “ ´E
„

B2

BΘBΘJ
ln LpΘ; ycq

ˇ

ˇ

ˇ

ˇ

yo,Θ
ȷ

“ ´
1
L

L
ÿ

l“1

B2

BΘBΘJ
ln LpΘ; yplq

c q,

and
ImpΘ; yoq “ E

„ˆ

B

BΘ ln LpΘ; ycq
˙ˆ

B

BΘJ
ln LpΘ; ycq

˙
ˇ

ˇ

ˇ

ˇ

yo,Θ
ȷ

´ E
„

B

BΘ ln LpΘ; ycq
ˇ

ˇ

ˇ

ˇ

yo,Θ
ȷ

E
„

B

BΘJ
ln LpΘ; ycq

ˇ

ˇ

ˇ

ˇ

yo,Θ
ȷ

“
1
L

L
ÿ

l“1

B

BΘ ln LpΘ; yplq
c q

B

BΘJ
ln LpΘ; yplq

c q

´

˜

1
L

L
ÿ

l“1

B

BΘ ln LpΘ; yplq
c q

¸˜

1
L

L
ÿ

l“1

B

BΘJ
ln LpΘ; yplq

c q

¸

,

where each yplq
c “ py; z; Γlq, with Γl representing draws from the conditional distribution of the

spatial random effect (missing data) given the observed data and the parameter Θ̂ estimated via

MCECM. At the MCECM estimate Θ̂, the average score function across the Monte Carlo samples

satisfies:
1
L

L
ÿ

l“1

B

BΘ ln LpΘ; yplq
c q

ˇ

ˇ

ˇ

ˇ

ˇ

Θ“Θ̂

“ 0,

which simplifies the observed information matrix to:

IopΘ̂; yoq “ ´
1
L

L
ÿ

l“1

B2

BΘBΘJ
ln LpΘ̂; yplq

c q ´
1
L

L
ÿ

l“1

ˆ

B

BΘ ln LpΘ̂; yplq
c q

˙ˆ

B

BΘJ
ln LpΘ̂; yplq

c q

˙

.

38



The variance-covariance matrix of Θ̂ is obtained by inverting the observed information matrix, with

the diagonal elements corresponding to the variances of the parameter estimates.

2.6 Goodness of Fit

Goodness of fit measures how well a statistical model matches observed data, summarizing the

difference between actual and predicted values [21]. Let Ẽpt, zq represent the number of exposed

individuals at time t in region z. Assuming that Spt, zq is independent for all t “ 1, . . . , T and

z “ 1, . . . , Z, hence

Ẽpt, zq „ Binomial
`

Spt, zq,Ppt,zqpΘq
˘

, t “ 1, . . . , T and, z “ 1, . . . , Z,

where

Ppt,zqpΘq “
1
Nz

Nz
ÿ

i“1
Ppi,t,zqpΘq, (2.6.1)

represents the average infectivity rate, Spt, zq is the number of susceptible individual units at time

t in region z, and Nz is the population size of region z. Additionally, let Ept, zq denote the actual

number of exposed individuals at time t in region z and EtẼpt, zqu “ Spt, zqPpt,zqpΘq represents the

expected value of the Ẽpt, zq. This value can be determined as the number of infectious individuals

at time pt ´ νEq in region z. Assuming the null hypothesis that the number of exposed individuals

at time t in region z follows the specified binomial distribution, we use Pearson’s chi-square test [74]

with T ´ 1 degrees of freedom for each region z with the following test statistic;

χ2
z “

T
ÿ

t“1

rEpt, zq ´ EtẼpt, zqus2

EtẼpt, zqu
.

It is important to note that this framework may not provide a comprehensive assessment of model

adequacy. Alternative goodness of fit measures and model evaluation strategies could be further

explored to more thoroughly assess the performance of GD-ILMs, particularly given their complexity

and stochastic structure. Nevertheless, the primary intention here is not to conduct an exhaustive
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model validation, but rather to provide a rough diagnostic evaluation of whether the proposed model

captures the observed exposure patterns reasonably well.

2.7 Application: TB in Manitoba

This study utilized administrative daily health records of TB in Manitoba, Canada, from 2011 to

2018, provided by Manitoba Health. The individual level dataset includes information such as birth

date, recorded biological sex, date of diagnosis, and 6-digit residential postal codes, with scrambled

personal health identification numbers for confirmed TB cases.

We consider the geographical classification of Manitoba defined by MCHP and Manitoba Health

for the allocation of health districts and neighborhood clusters based on municipality and postal

codes [3]. Figures 2.1a and 2.1b present the incidence rate of TB in Manitoba and Winnipeg.

Incidence	Rate
0.001	-	0.015

0.015	-	0.029

0.029	-	0.043

0.043	-	0.057

(a) Manitoba

Incidence	Rate
0.001	-	0.015

0.015	-	0.029

0.029	-	0.043

0.043	-	0.057

(b) Winnipeg

Figure 2.1: Incidence rate of TB in Manitoba and Winnipeg from 2011 to 2018

The SEIRS model described in the Methods section was used to analyze TB disease patterns
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within HADs and across Manitoba. Model parameters were estimated using the Nelder-Mead al-

gorithm [68]. The Nelder-Mead algorithm is a widely used optimization technique for maximum

likelihood estimation, particularly when the objective function is non-differentiable or challenging

to differentiate. It works by iteratively modifying a set of points, known as a simplex, to find the

optimal parameter values that minimize (or maximize) the objective function, which in the case of

maximum likelihood estimation, is the negative log-likelihood. The algorithm refines the simplex

through processes such as reflection, expansion, and contraction, moving closer to the solution with

each iteration. In Table 2.2, results from the fitted SEIRS model highlighted variations in trans-

mission rates, and latent, infectious, and immunity periods across different HADs, indicating diverse

disease dynamics. Reinfection rates (loss of immunity) in Manitoba and its five HADs show notable

Table 2.2: Results of fitted SEIRS model for Manitoba and its five HADs

District Interlake Northern Prairie Southern Winnipeg Manitoba
Contact Rate η 0.040 0.051 0.048 0.083 0.019 0.025
Latent Period νE (days) 26 21 20 17 45 34
Infectious Period νI (days) 57 36 66 21 62 44
Immunity Period ω (days) 456 569 729 457 618 595

regional differences and variations in susceptibility to reinfections. The overall reinfection rate for

Manitoba is 6.26%, with rates differing across its five HADs: the Interlake HAD has a rate of 5.26%,

Northern 7.64%, Prairie 14%, Southern 6.25%, and Winnipeg 5.11%. These discrepancies highlight

the regional variations in reinfection rates throughout Manitoba. The variation in the parameters

presented in Table 2.2 across different HADs reflects the diverse epidemiological and demographic

characteristics of these regions. Differences in the contact rate η may indicate varying levels of inter-

action and exposure among individuals within each district, influenced by factors such as population

density, social behavior, and healthcare access. The latent period νE and infectious period νI vary

likely due to regional differences in healthcare infrastructure, disease surveillance, and early detection

practices, which may affect the duration of latent and active TB phases. Additionally, the immunity

period ω differs across regions, likely due to varying rates of reinfection, vaccination coverage, and

overall immunity within the populations. These regional disparities suggest that the dynamics of TB

transmission are not uniform across Manitoba, making it inappropriate to apply a single GD-ILM
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SEIRS to the entire province.

Given the unique characteristics of TB, which follows the SEIRS framework, we utilize our pro-

posed GD-ILM SEIRS to analyze the TB data. Moreover, due to variations between each HAD in

factors such as the duration of latent, infectious, and immunity periods, reinfection rates, and the

availability of both individual and regional data, we apply the GD-ILM SEIRS separately to each

HAD. We estimate the parameters using the MCECM method presented in Algorithm 1, with a

convergence threshold of ϵΘ “ 10´3. This value ensures that parameter estimates reach a stable

solution while preventing unnecessary computational expenses. In this study, we treated RHADs as

regional units and PCRs as individual units, allowing for a model with a high-resolution analysis.

For each TB case within a PCR, we utilized two individual level covariates related to infectivity

to incorporate in (2.3.2): the proportion of males and the proportion of individuals aged over 60

years, as both are considered risk factors for TB. Each TB case was assigned to one of Manitoba’s

RHADs based on the 6-digit residential postal code, using the Postal Code Conversion File (PCCF)

provided by Manitoba Health. We estimated the average population size of each PCR by taking

the population size of the Dissemination Area (DA) from the 2016 Canadian Census dataset and

dividing it by the number of PCRs within each DA, as provided in the PCCF. The two individual

level covariates related to infectivity within a PCR were obtained by utilizing data on the proportion

of males and the proportion of individuals aged over 60 years for each DA from the 2016 Canadian

Census dataset, along with the count of PCRs within each DA as documented in the PCCF. By

merging the Census and PCCF datasets, we could estimate the proportion of males and individuals

aged over 60 years in each PCR. We aimed to investigate the geographical variation in susceptibility

risk factors for TB and examine their association with regional indicators, including Socio-Economic

Status (SES) and the prevalence of Sexually Transmitted Infections (STIs), for inclusion in (2.3.1).

We utilized a SES factor score developed by [7], which is based on four census variables (income,

unemployment, education, and single-parent households) at the RHAD level. The SES factor scores

were standardized through principal component analysis conducted on these specific variables, where

a higher SES factor score corresponds to lower income, higher unemployment rates, lower educational

attainment, and a higher proportion of single-parent households. The SES factor scores of RHADs
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within each HAD are depicted in Figures 2.2, 2.3a, 2.3b, 2.4a, and 2.4b. Administrative daily health

records of STIs at the individual level for the province of Manitoba from 2011 to 2016 were obtained

from Manitoba Health. STI cases were categorized into one of Manitoba’s RHADs based on their

6-digit residential postal code using Manitoba Health’s PCCF. This allowed us to determine the STI

rate within each RHAD. The distance dij between PCRs i and j was determined using the Euclidean

distance metric.

SES
-2.0000	-	0.0000

0.0000	-	2.0000

2.0000	-	4.0000

Figure 2.2: SES factor score across RHADs in Winnipeg HAD
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Figure 2.3: SES factor score across RHADs in Prairie and Interlake HADs
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Figure 2.4: SES factor score across RHADs in Southern and Northern HADs

Table 2.3: Parameter estimates (Est.) and their standard errors (S.E.) for the GD-ILM SEIRS fitted
to Manitoba’s five HADs

Interlake Northern Prairie Southern Winnipeg
Parameter Est. S.E. Est. S.E. Est. S.E. Est. S.E. Est. S.E.
Susceptibility
αSΨYΦ -2 4.21e´5 -2 4.51e´5 -1 3.15e´5 -2 4.01e´5 -2 7.24e´6

Initial Infection
SES 1.783 6.85e´5 2.082 7.86e´6 2.345 5.68e´6 3.288 1.82e´5 1.863 7.55e´5

STI Rate 1.872 2.54e´5 2.073 4.85e´5 2.152 6.76e´6 1.383 5.86e´5 2.267 3.45e´5

Reinfection
SES 1.825 5.58e´5 2.125 6.75e´6 2.278 4.75e´5 2.042 2.70e´5 2.425 7.53e´6

STI Rate 2.465 3.85e´6 2.543 3.74e´5 2.763 6.78e´6 2.453 7.15e´5 2.533 5.42e´5

Infectivity
αT -1 4.52e´6 -2 2.78e´6 -2 4.42e´6 -1 7.27e´5 -2 5.23e´5

Male Rate 0.523 3.42e´5 0.657 4.31e´5 0.732 5.45e´5 0.563 3.35e´6 0.852 5.53e´5

Age 60+ 0.852 5.23e´6 0.883 3.52e´6 0.785 3.53e´5 0.812 1.21e´6 0.772 5.36e´5

Spatial
δ 2.564 4.42e´5 2.253 6.45e´5 2.756 7.86e´6 2.357 1.41e´6 2.138 2.52e´6

τ 0.778 5.45e´6 0.723 2.39e´5 0.704 3.45e´6 0.642 7.02e´6 0.778 7.01e´6

λ 0.712 2.23e´6 0.745 5.78e´5 0.812 5.45e´6 0.674 2.75e´5 0.864 6.42e´5
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Results

The findings presented in Table 2.3 indicate that individuals residing in HADs, characterized by

higher SES (lower income, higher unemployment rates, lower education levels, and a higher prevalence

of single-parent households) and increased STI rates, were more prone to both initial TB infections

and reinfection.

In terms of initial TB infection risk, HADs with higher SES were associated with an increased risk

of initial TB infection, with the most significant effect observed in the Southern HAD (Est.=3.288,

S.E.=1.82 ˆ 10´5). Elevated STI rates were consistently linked to a greater likelihood of initial TB

infection, with the strongest impact in the Winnipeg HAD (Est.=2.267, S.E.=3.45 ˆ 10´5).

Regarding TB reinfection, higher SES was associated with a greater likelihood of reinfection, with

the most pronounced effect in the Winnipeg HAD (Est.=2.425, S.E.=7.53ˆ10´6). Likewise, elevated

STI rates remained a significant risk factor for TB reinfection, with the strongest association found

in Prairie (Est.=2.763, S.E.=6.78 ˆ 10´5).

In terms of infectivity, both the male population rate and the population aged over 60 showed

a positive association with TB infection risk. The impact of the male population rate varied from

0.523 (S.E.=3.42e´5) in Interlake to 0.852 (S.E.=5.53e´5) in Winnipeg. Additionally, individuals

aged over 60 were linked to an increased risk of TB infection, with the highest association observed

in the Northern HAD (Est.=0.883, S.E.=3.52e´6).

The results indicate strong spatial clustering of TB infection risk, with stable spatial effects across

RHADs. The spatial dependence parameter λ, which measures how strongly TB infection risk in

one RHAD is correlated with its neighboring RHADs, was significantly high and positive. This

suggests that the risk of TB infection tends to cluster geographically, meaning that RHADs with a

high-risk of TB infection are surrounded by other high-risk RHADs. The spatial decay parameter

δ, which determines how quickly spatial correlation in TB infection risk weakens with distance, was

positive, confirming that the influence of one PCR on another decreases as the distance between

them increases.

Table 2.3 also shows the estimated parameters of the GD-ILM SEIRS for each of the five HADs

within Manitoba. The estimated parameters allow for the computation of TB infection probabilities
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for every PCR across all time points t and within any RHAD in Manitoba. This capability proves

highly advantageous for Manitoba Health and public health authorities, facilitating the formulation of

targeted and localized prevention strategies and the implementation of TB infection control measures

at an exceptionally detailed geographical level. Applying the goodness of fit test, introduced in

Section 2.6, confirmed that the model fits well. This indicates that the model accurately captures

the key factors and patterns in TB transmission within each HAD. In the visual representations

illustrated in Figures 2.5a and 2.5b, we integrated the average infectivity rate for RHADs in equation

2.6.1. Figure 2.5a demonstrates that central RHADs located within the northern HAD exhibit the

highest average rates of infectivity, identifying them as key TB clusters and hotspots. Similarly,

Figure 2.5b reveals that both central and northern RHADs in the Winnipeg HAD exhibit elevated

average infectivity rates, identifying them as significant TB clusters and high-risk transmission areas.

It is important to acknowledge that unobserved or unmeasured covariates may contribute to

variability in the model estimates and outcomes. While the presented results reflect patterns cap-

tured from the available data, some inherent uncertainty remains due to potential influences not

incorporated in the analysis, such as contextual, behavioral, or environmental factors. Consequently,

the findings should be interpreted with caution, recognizing that additional data or covariates could

further refine or modify the model’s conclusions.

2.8 Simulation Study

2.8.1 Regular Grid

In this study, we conducted simulations to evaluate the effectiveness of our proposed model. We

considered PCRs as individual level units distributed across a 10 ˆ 10 grid, where each grid cell

represents a distinct geographic area. The number of PCRs in each grid cell was randomly generated

from a Uniformp10, 20q distribution. The geographic coordinates for the PCRs were systematically

assigned as (Latitude, Longitude) pairs ranging from 10 to 100 in steps of 10. Figure 2.6 shows the

randomly generated PCRs within grid areas. To simulate the population within each PCR, we ran-

domly assigned the population size using a Uniformp10, 100q distribution. For PCRs, we considered
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Figure 2.5: Average infectivity rate of TB in Manitoba and Winnipeg from 2011 to 2018
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the number of infected individuals using two different infection rates PI : 10% and 20% of residents,

along with the number of reinfected individuals based on reinfection rates PR of 5% and 10% of

residents. Regional-level covariates X1 and X2, sampled from Logisticp0, 1q and Laplacep0, 1q distri-

butions, respectively, were integrated into our model to evaluate susceptibility during the initial infec-

tion phase. These covariates continued to be assessed during subsequent reinfections, denoted as X3

and X4. Additionally, individual level covariates X5 and X6, drawn from N p0, 1q and Uniformp0, 1q

distributions respectively, were included to evaluate their impact on infection transmissibility. The

distance dij between PCRs i and j was determined using the Euclidean distance metric. We gen-

erated spatial random effects using a NZp0,ΣΓq distribution, where ΣΓ “ τ´2 rp1 ´ λq IZ ` λRs
´1.

To incorporate spatial variability, we set the precision parameters τ “ 0.50 and spatial dependence

λ “ 0.80 to assess the strength of spatial correlation. We conducted simulations with 500 datasets

using the GD-ILM SEIRS on a 10 ˆ 10 grid. Each simulation on the 10 ˆ 10 grid began with a single

PCR randomly exposed in each grid cell at t “ 1, with latent, infectious, and immunity periods of

6, 8, and 19, respectively, to model the epidemics over T “ 30 time units.

We then divided the grid into four sub-grids 4ˆ4, 6ˆ4, 4ˆ6, and 6ˆ6. To determine the latent,

infectious, and immunity periods, we applied the homogeneous SEIRS model to data generated by our

discrete-time GD-ILM SEIRS. We estimated the latent, infectious, and immunity periods separately

across the entire 10 ˆ 10 grid and for each sub-grid. Table 2.4 illustrates that the latent, infectious,

and immunity periods vary significantly between sub-grids, differing from those of the entire 10 ˆ 10

grid. Specifically, the 6 ˆ 4 sub-grid demonstrated the longest latent period (νE “ 7), while the 4 ˆ 6

sub-grid exhibited the shortest latent period (νE “ 4), both of which differed from the values found

in the entire 10ˆ10 grid (νE “ 6). Likewise, the 6ˆ4 sub-grid displayed the longest infectious period

(νI “ 7), whereas the 4ˆ6 sub-grid showed the shortest infectious period (νI “ 5), differing from the

values observed in the entire 10 ˆ 10 grid (νI “ 8). Additionally, the 4 ˆ 6 sub-grid had the shortest

immunity period pω “ 15q, in contrast to the 4 ˆ 4 sub-grid, which exhibited the longest immunity

period pω “ 21q, differing from the 10 ˆ 10 grid value pω “ 19q. These results indicate that spatial

heterogeneity plays a crucial role in disease dynamics. We used the MCECM method presented in

Algorithm 1 for estimating the parameters of the GD-ILM SEIRS with a convergence threshold of
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ϵΘ “ 10´3. Subsequently, we present simulation results based on 500 runs for each sub-grid.

Table 2.4: Rounded latent, infectious, and immunity periods of the grids (days)

Grid 4 ˆ 4 6 ˆ 4 4 ˆ 6 6 ˆ 6 10 ˆ 10
Latent Period νE 5 7 4 5 6
Infectious Period νI 7 9 5 6 8
Immunity Period ω 21 17 15 20 19
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Figure 2.6: Regular grid simulation and generated PCRs within grid areas

Results

The results of our simulation study presented in Tables 2.5 and 2.6 are promising, demonstrating the

effectiveness and robustness of our proposed model across various grid configurations and infection

scenarios. The average of the parameter estimations was close to the true values, with slight variations

depending on the grid size, PI , and PR rates. For instance, β1 was estimated at 1.975, with a Standard

Error (S.E.) equal to 0.092 for PI “ 10% and PR “ 5% on the 4 ˆ 4 grid, closely aligning with the
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Table 2.5: The results of the epidemic simulation study based on 10 ˆ 10, 4 ˆ 4, and 4 ˆ 6 regular
grids

10 ˆ 10 Grid
PI “ 10%, PR “ 5% PI “ 10%, PR “ 10% PI “ 20%, PR “ 5% PI “ 20%, PR “ 10%

Parameter True Est. S.E. Est. S.E. Est. S.E. Est. S.E.
Susceptibility
αSΨYΦ 1 0.976 0.173 1.045 0.0290 0.983 0.161 1.067 0.030
Initial Infection
β1 2 2.038 0.092 1.946 0.189 1.975 0.084 2.054 0.183
β3 2 1.983 0.064 2.042 0.192 2.112 0.069 1.954 0.191

Reinfection
β2 2 1.941 0.129 2.058 0.096 1.995 0.125 2.061 0.103
β4 2 2.073 0.145 2.006 0.142 2.138 0.150 1.985 0.138

Infectivity
αT 1 1.054 0.180 0.984 0.054 1.021 0.183 0.947 0.059
β5 2 1.973 0.046 2.031 0.101 2.084 0.048 1.952 0.098

Spatial
δ 2.8 2.728 0.067 2.811 0.241 2.765 0.064 2.789 0.244
τ 0.5 0.526 0.004 0.494 0.159 0.508 0.003 0.478 0.162
λ 0.8 0.773 0.085 0.836 0.184 0.811 0.081 0.788 0.181

4 ˆ 4 Grid
PI “ 10%, PR “ 5% PI “ 10%, PR “ 10% PI “ 20%, PR “ 5% PI “ 20%, PR “ 10%

Parameter True Est. S.E. Est. S.E. Est. S.E. Est. S.E.
Susceptibility
αSΨYΦ 1 1.105 0.171 1.089 0.0276 1.092 0.163 1.081 0.029
Initial Infection
β1 2 1.975 0.092 2.028 0.187 1.982 0.087 2.037 0.179
β3 2 2.132 0.064 2.085 0.194 2.141 0.067 2.077 0.189

Reinfection
β2 2 2.146 0.129 1.903 0.098 2.153 0.126 1.912 0.104
β4 2 2.122 0.143 2.107 0.144 2.128 0.147 2.098 0.141

Infectivity
αT 1 1.121 0.176 0.980 0.053 1.127 0.181 0.974 0.057
β5 2 2.119 0.044 2.093 0.099 2.128 0.047 2.102 0.102

Spatial
δ 2.8 2.740 0.064 2.794 0.236 2.748 0.068 2.787 0.241
τ 0.5 0.469 0.003 0.560 0.158 0.474 0.004 0.555 0.162
λ 0.8 0.899 0.086 0.782 0.183 0.893 0.082 0.789 0.178

4 ˆ 6 Grid
PI “ 10%, PR “ 5% PI “ 10%, PR “ 10% PI “ 20%, PR “ 5% PI “ 20%, PR “ 10%

Parameter True Est. S.E. Est. S.E. Est. S.E. Est. S.E.
Susceptibility
αSΨYΦ 1 1.060 0.140 1.20 0.032 1.090 0.150 1.110 0.037
Initial Infection
β1 2 1.890 0.100 2.110 0.150 2.070 0.110 2.090 0.160
β3 2 2.220 0.090 1.990 0.180 2.190 0.080 1.980 0.175

Reinfection
β2 2 2.060 0.130 1.970 0.100 1.960 0.140 2.050 0.090
β4 2 1.930 0.150 2.240 0.160 1.910 0.60 2.250 0.165

Infectivity
αT 1 1.080 0.170 1.050 0.057 1.100 0.180 1.040 0.052
β5 2 2.010 0.060 2.110 0.120 2.020 0.065 2.120 0.125

Spatial
δ 2.8 2.720 0.130 2.810 0.220 2.710 0.135 2.820 0.210
τ 0.5 0.510 0.012 0.470 0.150 0.500 0.015 0.460 0.145
λ 0.8 0.870 0.070 0.750 0.170 0.860 0.065 0.760 0.160
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Table 2.6: The results of the epidemic simulation study based on 6 ˆ 4 and 6 ˆ 6 regular grids

6 ˆ 4 Grid
PI “ 10%, PR “ 5% PI “ 10%, PR “ 10% PI “ 20%, PR “ 5% PI “ 20%, PR “ 10%

Parameter True Est. S.E. Est. S.E. Est. S.E. Est. S.E.
Susceptibility
αSΨYΦ 1 1.250 0.125 1.180 0.055 0.980 0.180 1.070 0.045
Initial Infection
β1 2 2.180 0.110 1.970 0.210 2.150 0.120 1.950 0.180
β3 2 2.270 0.140 1.950 0.170 2.190 0.130 2.030 0.160

Reinfection
β2 2 1.890 0.115 2.130 0.120 1.950 0.125 2.120 0.110
β4 2 2.020 0.165 2.230 0.190 2.080 0.155 2.180 0.200

Infectivity
αT 1 1.030 0.190 1.150 0.060 1.020 0.200 1.130 0.065
β5 2 1.910 0.050 2.080 0.130 1.920 0.055 2.060 0.140

Spatial
δ 2.8 2.600 0.150 2.910 0.250 2.630 0.145 2.870 0.255
τ 0.5 0.540 0.020 0.460 0.130 0.550 0.025 0.470 0.140
λ 0.8 0.720 0.070 0.850 0.160 0.730 0.075 0.860 0.165

6 ˆ 6 Grid
PI “ 10%, PR “ 5% PI “ 10%, PR “ 10% PI “ 20%, PR “ 5% PI “ 20%, PR “ 10%

Parameter True Est. S.E. Est. S.E. Est. S.E. Est. S.E.
Susceptibility
αSΨYΦ 1 1.130 0.160 1.150 0.034 1.100 0.130 1.140 0.037
Initial Infection
β1 2 2.010 0.100 2.040 0.130 2.050 0.090 2.080 0.140
β3 2 2.240 0.070 2.060 0.150 2.210 0.100 2.070 0.155

Reinfection
β2 2 2.030 0.120 1.950 0.105 1.980 0.125 2.030 0.095
β4 2 2.110 0.140 2.160 0.170 1.920 0.150 2.220 0.160

Infectivity
αT 1 1.090 0.160 1.060 0.058 1.120 0.170 1.050 0.055
β5 2 2.030 0.050 2.090 0.110 2.040 0.055 2.100 0.115

Spatial
δ 2.8 2.650 0.140 2.870 0.220 2.600 0.135 2.850 0.200
τ 0.5 0.530 0.010 0.480 0.135 0.520 0.012 0.490 0.140
λ 0.8 0.850 0.065 0.770 0.150 0.830 0.070 0.780 0.155
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true value of 2. Similarly, the parameters for infectivity, αT and β5, and spatial dependence, τ and λ,

also showed accurate estimations, indicating the model’s ability to capture the underlying dynamics

effectively. Particularly, λ was estimated at 0.899 (S.E. = 0.086) for PI “ 10% and PR “ 5%,

indicating a strong spatial correlation. The precision parameter τ was also accurately estimated

at 0.469 (S.E. = 0.003) under the same scenario. These findings were consistent across different

scenarios. Moreover, the simulation results consistently demonstrated that the latent and infectious

periods estimated for the sub-grids differ significantly from the entire 10 ˆ 10 grid, highlighting the

importance of considering spatial heterogeneity in epidemic modeling. The consistent and accurate

parameter estimations across multiple configurations and conditions demonstrate the robustness of

our proposed model, establishing it as a valuable tool for understanding and managing infectious

diseases, especially those characterized by reinfection spread in spatially structured populations.

2.8.2 Irregular Grid

For the irregular grid study, we analyzed epidemic simulation within Winnipeg’s 25 RHADs. For

this simulation study, we treated RHADs as regional units and PCRs as the individual units. Each

simulation involved generating PCRs, where the number of PCRs for each of the 25 RHADs was

uniformly sampled from a Uniformp10, 30q distribution. The latitude and longitude coordinates for

each PCR within each RHAD were randomly selected using stratified spatial sampling. Figure 2.7

shows the sampled PCRs within Winnipeg’s 25 RHADs. We assumed that each individual has a

constant latent period of 5 time units and remains infectious for 7 time units before moving to

the removed stage. We generated 1000 epidemic datasets, and for each simulated epidemic, one

individual was randomly chosen to be infectious at time t “ 1, and epidemics lasted over T “ 30

time units within each Winnipeg’s 25 RHADs. The remaining steps were aligned with those of the

regular grid simulation study.

Results

The simulation study using irregular grids, detailed in Table 2.7, demonstrates the efficacy of our

proposed model in modeling Winnipeg’s 25 RHADs. The average of the parameter αS was estimated
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Figure 2.7: Irregular grid epidemic simulation and generated PCRs within Winnipeg’s 25 RHADs.
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Table 2.7: The results of the epidemic simulation study based on the Winnipeg’s 25 irregular RHADs.

PI “ 10%, PR “ 5% PI “ 10%, PR “ 10% PI “ 20%, PR “ 5% PI “ 20%, PR “ 10%
Parameter True Est. S.E. Est. S.E. Est. S.E. Est. S.E.
Susceptibility
αSΨYΦ 1 1.080 0.150 1.090 0.029 1.090 0.140 1.120 0.035
Initial Infection
β1 2 1.970 0.110 2.030 0.160 2.060 0.100 2.070 0.130
β3 2 2.120 0.080 2.050 0.160 2.230 0.090 2.040 0.170

Reinfection
β2 2 2.050 0.140 1.980 0.110 1.950 0.120 2.020 0.100
β4 2 2.000 0.160 2.140 0.150 1.900 0.130 2.180 0.140

Infectivity
αT 1 1.110 0.180 1.040 0.050 1.100 0.160 1.020 0.052
β5 2 2.030 0.070 2.100 0.100 2.050 0.060 2.090 0.105

Spatial
δ 2.8 2.700 0.140 2.850 0.240 2.690 0.150 2.860 0.230
τ 0.5 0.510 0.015 0.470 0.140 0.490 0.010 0.460 0.135
λ 0.8 0.880 0.050 0.770 0.160 0.840 0.060 0.780 0.145

with high precision, yielding values of 1.080 (S.E. = 0.150) for PI “ 10% and 1.090 (S.E. = 0.029)

for PR “ 5% and PR “ 10%. The averages of the estimations for susceptibility parameters during

the initial infection phase, β1 and β3, and the reinfection phase, β2 and β4, were also close to their

true values. Specifically, β1 was estimated at 1.970 (S.E. = 0.110) and 2.030 (S.E. = 0.160) under

varying infection and reinfection rates, while β3 ranged from 2.120 (S.E. = 0.080) to 2.050 (S.E. =

0.160). Similarly, the average of the estimates for β2 and β4 was within acceptable ranges, with the

values of 2.050 (S.E. = 0.140) and 2.000 (S.E. = 0.160), respectively.

The parameters related to infectivity, αT and β5, as well as the spatial dependence parameters,

τ and λ, were accurately estimated across different infection and reinfection scenarios. These results

affirm the robustness and applicability of our method, showing consistent and reliable performance

across various configurations, infections, and reinfection scenarios. The results highlight the proposed

model’s effectiveness for real-world epidemic modeling in spatially heterogeneous environments, es-

pecially in scenarios involving reinfection.

2.9 Discussion

The study introduces a novel approach, the GD-ILM SEIRS, which uniquely addresses the complex-

ities of infectious disease dynamics, particularly focusing on reinfection scenarios within spatially
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structured populations. This model categorizes the susceptible population into distinct groups based

on infection history, distinguishing between susceptibility to initial infection for those who have never

contracted the infection and susceptibility to reinfection for those who have regained susceptibility

after a period of immunity. This distinction is crucial in understanding the varying susceptibility

and transmission dynamics observed across different spatial configurations, as demonstrated in both

regular and irregular grid simulations.

The analysis of TB infection patterns within Manitoba’s HADs reveals distinct risk factors as-

sociated with both initial infection and reinfection. The study reveals that RHADs characterized

by lower socioeconomic status and elevated STI rates exhibit increased vulnerability to TB. Addi-

tionally, demographic factors such as age over 60 and being born male are significantly associated

with increased infectivity within PCRs across RHADs. The spatial dependency observed between

RHADs within each HAD underscores the critical role of localized transmission dynamics, reinforcing

the need for geographically targeted prevention and control strategies.

By introducing the GD-ILM SEIRS, this research advances the understanding of TB transmission

and reinfection in spatially structured populations. The model distinguishes between individuals

susceptible to initial infection and those vulnerable to reinfection, offering a refined perspective on

immunity waning and reinfection risks. Capturing spatial heterogeneity at a fine geographic scale

enhances the model’s utility for public health authorities, facilitating precise resource allocation and

intervention planning. The ability to compute infection probabilities across RHADs enables health

officials to optimize screening, diagnostic, and treatment services, particularly in high-risk areas.

These findings provide policymakers with a data-driven foundation for addressing health disparities,

improving healthcare accessibility in underserved regions, and advocating for more equitable public

health policies.

The study underscores the importance of integrating spatial modeling tools in public health

planning, illustrating how the GD-ILM SEIRS can contribute to real-time adjustments in TB control

strategies based on geographic transmission patterns. Validation of the model across both regular and

irregular spatial grids confirms its robustness and adaptability to real-world epidemiological settings.

In addition to its methodological contributions, this research highlights the importance of public
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health campaigns focused on high-risk groups, particularly individuals over 60 years old, males, and

communities with a historically high prevalence of TB, as demonstrated by the TB application in

this study. Moreover, healthcare providers can use these insights to enhance patient education on

reinfection risks, adherence to treatment, and the importance of regular follow-ups.

This study provides a comprehensive framework for understanding and mitigating TB transmis-

sion in Manitoba. By identifying high-risk regions and vulnerable populations, while introducing a

novel modeling approach to analyze reinfection dynamics, this research contributes to the develop-

ment of more effective, spatially informed TB control strategies. The findings have direct implications

for public health authorities, policymakers, healthcare providers, and the general public, offering a

foundation for targeted interventions that aim to reduce transmission rates and improve health out-

comes across the province.

An important limitation of the present study relates to the distinction between true reinfection

and cases resulting from treatment failure. Our analysis classifies recurrent TB cases as reinfections

based on available data; however, some of these cases may, in fact, reflect incomplete or unsuccess-

ful treatment. This limitation should be considered when interpreting the results, as it introduces

potential uncertainty in the estimates of susceptibility to reinfection and may affect the inferred

transmission dynamics. Future studies with access to detailed treatment outcomes could help disen-

tangle reinfection from treatment failure, providing a more precise understanding of TB dynamics

in spatially structured populations.

Simulations across various grid sizes revealed significant spatial heterogeneity in the latent and

infectious periods, highlighting how spatial granularity affects disease spread dynamics. For instance,

sub-grid configurations exhibited prolonged infectious periods compared to the overall grid averages,

illustrating spatial variations in disease transmission dynamics. Parameter estimations for suscep-

tibility, infectivity, and spatial dependence consistently aligned closely with the true values across

different scenarios, emphasizing the model’s robustness in capturing real-world epidemic dynamics.

In the context of Winnipeg’s RHADs, our irregular grid simulations further validated the model’s

effectiveness in heterogeneous spatial settings. The study identified varying levels of susceptibility

and transmission dynamics across different RHADs, reflecting the real-world complexities of spa-
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tially structured populations. Parameters for susceptibility and for infection and reinfection phases

exhibited consistent estimates, indicating the model’s ability to adapt to diverse geographic and

demographic conditions.

Evaluation of the model revealed no identifiability issues, a common concern in complex infectious

disease frameworks. This was supported by simulation studies, where the GD-ILM SEIRS parameters

were consistently and accurately estimated, with low standard errors across replications. These

results demonstrate that the model is both identifiable and stable, highlighting its reliability for

examining TB transmission and reinfection dynamics. Because the theoretical distribution of the

parameter estimates is not available in this framework, traditional confidence intervals cannot be

constructed, and standard inferential approaches for quantifying uncertainty are not applicable.

To promote accessibility and reproducibility, we have developed the GDILM.SEIRS R package

[1], which is publicly available on CRAN. This package implements the GD-ILM with reinfection

framework (GD-ILM SEIRS) and offers a comprehensive suite of tools for likelihood-based parameter

estimation via the MCECM algorithm, model assessment using AIC, and flexible simulation studies

that can be adapted to diverse research objectives.

Overall, this study demonstrates the effectiveness of the GD-ILM SEIRS in capturing the com-

plexities of infectious disease transmission, particularly by incorporating reinfection dynamics within

spatially structured populations. By accounting for spatial heterogeneity, demographic risk factors,

and localized transmission patterns, the model provides a comprehensive framework for understand-

ing disease spread and immunity waning. Its validation across various spatial configurations rein-

forces its adaptability to real-world epidemiological settings, making it a valuable tool for epidemic

management, control strategies, and public health decision-making.
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3

Spatial Individual-Level Models for

Transmission Dynamics of Seasonal

Infectious Diseases

This chapter includes the manuscript that has been accepted for publication in Statistics in Medicine.

It is reproduced here largely in its original form, with only slight formatting modifications to ensure

consistency within the thesis. Reproduction is made with permission from the publisher.

3.1 Introduction

Infectious diseases often exhibit patterns that repeat annually, with changes in case frequency or dis-

ease intensity occurring at regular intervals throughout the year [67, 27, 32]. These recurring patterns

may arise from a combination of ecological, biological, and social factors [67, 27, 32]. Pathogens may

circulate more actively during certain times of the year, particularly in regions where climatic shifts

between seasons are pronounced. These temporal fluctuations are frequently aligned with environ-

mental conditions, such as temperature, humidity, and precipitation levels. Seasonal light exposure

can also modulate physiological processes in humans, potentially altering immune responses and

vulnerability to infection [67, 27, 32]. Importantly, each acute infectious disease tends to follow its
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own seasonal window of occurrence; a window that may vary substantially across geographic regions

and even differ among co-circulating diseases within the same location. This variation reflects how

local environmental conditions, population behaviors, and pathogen-specific factors interact to shape

seasonal transmission dynamics [67, 27, 32]. Human activity, shaped both by climate and cultural

norms, further contributes to these temporal trends. Periods of increased indoor contact during

colder months, large-scale population movements linked to holidays or school terms, and the sea-

sonal use of heating or cooling systems can all create opportunities for disease transmission. Notably,

some behaviors are linked to specific times of the year for cultural or social reasons, independent of

weather or climate [67, 27, 32].

Given the complexity and multifactorial nature of seasonal influences, modeling seasonality is

essential for understanding and predicting disease dynamics. Accurate models that incorporate sea-

sonal variation enable researchers and public health officials to anticipate the timing and magnitude

of outbreaks, assess the potential impact of interventions, and optimize the allocation of preventive

resources. Without accounting for these cyclical patterns, models may misrepresent transmission

processes, leading to under- or overestimation of risk during key periods of the year. As such, inte-

grating seasonality into infectious disease models enhances both scientific insight and the effectiveness

of time-sensitive public health strategies.

Seasonality is well studied in the compartmental framework of infectious disease modeling, where

it is commonly incorporated through time-varying transmission rates, often modeled using periodic

functions such as sine or cosine terms [79, 9, 66, 63, 16, 71]. These approaches have been effective

in capturing the recurrent nature of outbreaks and in explaining temporal fluctuations in incidence

across a wide range of diseases. Incorporating seasonality in compartmental models has also enhanced

the evaluation of intervention strategies, such as vaccination timing and resource allocation, by

aligning them with periods of heightened transmission. However, such seasonal considerations are

less commonly integrated into individual-level or spatially explicit models, leaving a gap in capturing

fine-scale spatiotemporal patterns of transmission.

The GD-ILM has been effective in modeling infectious diseases but does not incorporate sea-

sonal effects, limiting its ability to capture seasonal trends. Since many infectious diseases exhibit
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strong seasonal patterns , omitting these effects can result in biased parameter estimates, inaccurate

forecasts, and suboptimal intervention planning. Therefore, extending the GD-ILM framework to

incorporate seasonality is crucial for enhancing its realism and predictive accuracy. This extension

allows for a more comprehensive understanding of temporal dynamics and improves its utility in

public health decision-making.

This chapter presents a novel method to introduce and incorporate seasonality within the GD-ILM

framework, specifically constructed based on a SEIR model. In this study, we extend the GD-ILM

by introducing a seasonally varying transmission component, allowing the model to account for pe-

riodic fluctuations in infection risk. Our approach integrates a seasonally forced infection kernel

to model periodic changes in transmission rates. For parameter estimation of our specified model

and to address computational challenges, we employ the MCECM algorithm, which ensures reliable

and robust estimation in complex settings. By accounting for seasonality, this study improves the

robustness, accuracy, and practical usefulness of GD-ILMs, thereby increasing their effectiveness for

large-scale epidemic analysis and informed public health decision-making. To illustrate the appli-

cability and robustness of our model, we perform Influenza data analysis at a high geographical

resolution using administrative individual-level data, along with simulation studies. These analy-

ses emphasize the model’s potential for practical and effective disease control and prevention. To

enhance reproducibility and enable broader applicability, we developed the SeasEpi R package [2]

that is publicly available on CRAN, which implements the seasonal GD-ILM framework. The pack-

age facilitates likelihood-based parameter estimation via the MCECM algorithm, supports model

selection through the Akaike Information Criterion (AIC), and allows for the design and execution

of customized simulation studies. These features make SeasEpi a practical and extensible tool for

conducting spatiotemporal analyses of seasonal infectious disease transmission.

The rest of this chapter is structured as follows. Section 3.2 introduces the seasonal GD-ILM.

Section 3.3 describes its specifications and the corresponding likelihood function. Section 3.4 outlines

the parameter estimation procedure using the MCECM algorithm and discusses inference. Section

3.5 focuses on the inference for the variances of the estimated seasonal GD-ILM parameters. Section

3.6 presents a simulation study to assess the proposed method, while Section 3.7 illustrates its
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application to Influenza data. Finally, Section 3.8 concludes with a summary of the main findings

and final remarks.

3.2 Seasonal GD-ILM

We aim to incorporate seasonal patterns and their influence on disease transmission into the discrete-

time GD-ILM framework within the SEIR model. Specifically, we propose enhancing the model’s

infection probability components by integrating a seasonal adjustment. By embedding this adjust-

ment, the infection probability can be dynamically modified over time in interaction with other

factors already present in the GD-ILM.

The susceptibility and infectivity functions, ΥSpi, zq and ΥT pj, zq, primarily capture relatively

stable or slowly changing intrinsic characteristics, such as age, sex, and other demographic factors.

While some of these may exhibit minor seasonal variations, they are not well suited to capturing

rapidly changing periodic trends. Their main role is to reflect static or long-term individual or

regional vulnerability and infectivity.

The spatial kernel function κpi, jq, a core component of both the ILM and GD-ILM, quantifies

how spatial proximity between an infectious individual j and a susceptible individual i affects the

probability of disease transmission. It is typically modeled as κpi, jq “ fpdijq, where dij denotes

the spatial distance between the two individuals. Common functional forms include exponential

decay or inverse distance functions, which reflect the well-established epidemiological principle that

transmission likelihood decreases as the spatial distance between individuals increases. This captures

local interactions and spatial heterogeneity in transmission risk, allowing the model to represent how

the disease spreads through geographical space. However, while spatial kernels implicitly account

for the geography of transmission and interaction, they lack an explicit temporal component and

do not model time-dependent factors that influence the intensity and likelihood of transmission

between individuals, even if their spatial configuration remains constant. Among the most critical of

these factors is seasonality, which influences both susceptibility and infectivity. These effects include

environmental conditions, social behaviors, and pathogen characteristics that fluctuate throughout
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the year. For example, winter conditions may increase transmission due to more indoor interactions,

whereas summer conditions might reduce the risk, even with similar spatial proximities, because

of increased outdoor activity and better ventilation. As such, two individuals at the same spatial

distance may have vastly different transmission risks depending on the time of year, emphasizing

the inadequacy of a purely spatial kernel in dynamic, real-world settings. Incorporating seasonality

into the infection kernel thus allows the model to represent more accurately the complex interaction

between space and time in infectious disease transmission.

To address this limitation, we propose enhancing the infection kernel in the GD-ILM by in-

corporating both temporal (seasonal) variations and spatial interactions. Specifically, we define a

spatiotemporal infection kernel κpi, j, tq as the product of separate spatial and temporal kernels:

κpi, j, tq “ κpi, jq ˆ κptq,

where κptq is a temporal kernel that captures temporal dynamics, such as seasonal fluctuations. The

temporal kernel may take the form of a periodic function (e.g., sinusoidal or Fourier-based) or use

season-specific coefficients to modulate existing terms. This approach enables the GD-ILM to model

spatiotemporal transmission dynamics more flexibly and realistically. Therefore, in the seasonal GD-

ILM framework, the probability that a susceptible individual i in region z becomes newly exposed

during the time interval rt, t ` 1q is denoted by Ppi,t,zqpΘq, and is given by:

Ppi,t,zqpΘq “ 1 ´ exp
«#

´ΥS pi, zq
ÿ

jPIpt,z,ζpzqq

ΥT pj, zqκ pi, j, tq

+

` ϵ pi, t, zq

ff

,

for t “ 1, . . . , T and z “ 1, . . . , Z. To effectively represent the estimated probabilities Ppi,t,zqpΘq, it

is essential to aggregate these probabilities across all individuals i for each region. We define the

average infectivity rate for region z at time t as

Pt,zpΘq “
1
Nz

Nz
ÿ

i“1
Ppi,t,zqpΘq,

where Nz denotes the population size of region z.
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3.3 Specification of Seasonal GD-ILM Components

Susceptibility

We define the susceptibility and transmissibility functions, ΥSpi, zq and ΥT pj, zq, by incorporating

both individual-level and regional-level covariates. Let Xi (i “ 1, . . . , n) denote the covariate vector

for the susceptible individual i, and let XzS (z “ 1, . . . , Z) denote the covariate vector for the

region z. These covariates are integrated into the susceptibility function ΥSpi, zq, which captures the

likelihood that individual i in region z becomes exposed to the disease. Specifically, the susceptibility

function is defined as:

ΥSpi, zq “ exp
`

αS ` XJ
i β1 ` XJ

zSβ2 ` γz
˘

, (3.3.1)

where αS is the intercept term representing baseline susceptibility, and β1 and β2 are vectors of

regression coefficients corresponding to the individual- and region-level covariates, respectively. The

term γz captures unobserved spatial heterogeneity through a random effect associated with region

z, accounting for latent geographic variation or unmeasured region-specific factors. This spatial

component is typically modeled using a structured random effects approach, such as a CAR models

or Gaussian processes, to reflect potential spatial correlation between neighboring regions.

Transmissibility

Due to the absence of detailed individual-level and regional-level information related to infectious

individuals in our Influenza dataset, we do not incorporate covariates into the transmissibility func-

tion. As a result, the transmissibility function is assumed to be constant across all individuals, time

points, and regions and is specified as

ΥT pj, zq “ 1.

This assumption implies homogeneous infectiousness among all infected individuals, meaning that

each contributes equally to the risk of transmission, regardless of their characteristics or location.
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Spatiotemporal Kernel

To capture both spatial proximity and temporal variation in transmission dynamics, we define a

spatiotemporal kernel that combines distance-based attenuation with a seasonally fluctuating com-

ponent. The spatial component of the kernel is modeled as an exponential decay function given

by

κpi, jq “ expp´δdijq,

where dij represents the geographic distance between individuals i and j, and δ ą 0 is a decay param-

eter that controls how rapidly the transmission likelihood decreases with distance. This formulation

reflects the intuitive notion that individuals who are geographically closer are more likely to transmit

infections to each other.

To account for temporal variation, particularly the seasonal effects commonly observed in infec-

tious diseases such as Influenza, we define a temporal kernel to model periodic fluctuations. This

temporal kernel takes the following form

κptq “ exp
ˆ

ζ1 sin
ˆ

2πt
Tcycle

˙

` ζ2 cos
ˆ

2πt
Tcycle

˙˙

,

where Tcycle denotes the length of one full seasonal cycle (e.g., 12 months), and the parameters ζ1 and

ζ2 regulate the magnitude and phase of seasonal oscillations, respectively. The sine function controls

the timing and shape of seasonal fluctuations, while the cosine function adjusts the phase or shift of

the seasonal pattern.

By combining these spatial and temporal elements, we define the spatiotemporal kernel as

κpi, j, tq “ exp
ˆ

´δdij ` ζ1 sin
ˆ

2πt
Tcycle

˙

` ζ2 cos
ˆ

2πt
Tcycle

˙˙

. (3.3.2)

This formulation adds a periodic adjustment to the kernel and enables it to capture seasonal varia-

tions in transmission intensity while maintaining its spatial structure.
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Spark Function

For the sake of simplicity in our formulation, we assume that

ϵpi, t, zq “ 0.

This assumption implies that there are no additional unobserved stochastic effects contributing to the

infection process beyond what is already captured by the model’s structured components. In other

words, we consider the infection dynamics for individual i at time t in region z to be entirely deter-

mined by the specified susceptibility and transmissibility functions, the spatiotemporal kernel, and

the observed covariates. By excluding ϵpi, t, zq, we effectively remove random noise or unexplained

variability from the model, consequently focusing on the deterministic interaction of covariates, spa-

tial proximity, and seasonal effects in shaping transmission probability. This assumption is common

in early-stage model development or when assessing the explanatory power of key structured terms,

though it may later be relaxed to capture residual heterogeneity or to improve model fit in more

complex or noisy datasets.

Spatial Random Effect

We adopt the Leroux model [49], a flexible and widely used specification for spatial random effects

Γ “ pγ1, . . . , γZqJ, as described in Section 1.4.

Specified Model

Building on the model components described earlier, we formally define Model 1 and Model 2 as

follows.

Model 1 is defined as the standard GD-ILM without incorporating seasonal effects, and its for-

mulation is given by

Model 1: Ppi,t,zqpΘq “ 1 ´ exp
«

´ exp
`

αS ` XJ
i β1 ` XJ

zSβ2 ` γz
˘

ÿ

jPIpt,z,ζpzqq

exp p´δdijq

ff

,
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for t “ 1, . . . , T and z “ 1, . . . , Z.

Model 2 represents the seasonal GD-ILM, which specifies the probability that a susceptible in-

dividual i in region z becomes newly exposed within the time interval rt, t ` 1q. This probability,

denoted by Ppi,t,zqpΘq, is expressed as:

Model 2: Ppi,t,zqpΘq “ 1 ´ exp
”

´ exp
`

αS ` XJ
i β1 ` XJ

zSβ2 ` γz
˘
ř

jPIpt,z,ζpzqq
exp

´

´δdij ` ζ1 sin
´

2πt
Tcycle

¯

` ζ2 cos
´

2πt
Tcycle

¯¯ı

,

(3.3.3)

for t “ 1, . . . , T and z “ 1, . . . , Z.

Likelihood Function

Let yo denote the observed response vector and yc “ pyo; Γq the complete data. We model the

spatial random effect vector Γ using the Leroux model [49] and treat Γ as latent variables within

the MCECM algorithm to estimate the parameters of our proposed model in (3.3.3). Assuming

known infection, exposure, and reinfection times, the complete-data likelihood for all infection and

non-infection events over the epidemic period across Z regions is given by

LpΘ; ycq “ppy|ΓqgpΓq

“

T
ź

t“1

Z
ź

z“1

#

ź

iPSpt,zq

`

1 ´ Ppi,t,zqpΘq
˘

ź

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Ppi,t,zqpΘq

+

ˆ

"

p2πq
´Z{2

pτ 2
q
Z{2

|p1 ´ λqIZ ` λR|
1{2 exp

ˆ

´
1
2ΓJ

`

τ 2
rp1 ´ λqIZ ` λRs

˘

Γ
˙*

.

Here, Spt, zq denotes the set of susceptible individuals not infected at time t in region z, and Ept `

1, z, ζpzqqzEpt, z, ζpzqq represents the set of newly exposed individuals at time t in region z and its

neighbors.

3.4 Parameter Estimation of Seasonal GD-ILM

The parameter vector to be estimated is given by Θ “ pαS,β1,β2, δ, ζ1, ζ2, τ, λq, and its estimation

is carried out using the MCECM procedure described in Algorithm 2. Model performance can be
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evaluated based on the AIC, defined as

AIC “ ´2 log LpΘ̂; yoq ` 2np,

where log LpΘ̂; yoq is the maximum log-likelihood of the fitted model, and np is the number of

parameters in the model.
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Algorithm 2 : MCECM Parameter Estimation of Seasonal GD-ILM

Initialize the initial value Θp0q “ pα
p0q

S ,β
p0q

1 ,β
p0q

2 , δp0q, ζ
p0q

1 , ζ
p0q

2 , τ p0q, λp0qq.
Repeat

E-Step: Approximate E rln LpΘ; ycq|yo,Θs using Metropolis–Hastings algorithm [62, 34]. Let yo “ py; zq denotes the observed variables.
Consider gpΓq as the candidate density and ppΓ|yoq9ppy|z,ΓqgpΓq as the target density. In the pk` 1qth iteration of the ECM algorithm
and with current values Θpkq:

For pl “ 1, . . . , Lq

In the lth iteration with current values of Γk`1,l, generate r „ Uniformp0, 1q and Γ̃ „ ppΓ|yo; Θpkqq.
If r ď

ppy|z,Γ̃q

ppy|z,Γk`1,lq
, Then

Γk`1,l`1 “ Γ̃
Else

Γk`1,l`1 “ Γk`1,l
End If

End For
Return the random sample tΓk`1,1,Γk`1,2, . . . ,Γk`1,Lu generated from ppΓ|yo; Θpkqq and approximate the expectation by
E rln LpΘ; ycq|yo,Θs “ 1

L

řL
l“1 ln LpΘ; y; Γk`1,lq given in (3.4.1).

M-Step: Maximize E rln LpΘ; ycq|yo,Θs, with respect to the following model parameters to obtain Θpk`1q.

CM-Step 1: Update αpk`1q

S using (3.4.2).

CM-Step 2: Let αS “ α
pk`1q

S . Update β
pk`1q

1 using (3.4.3).

CM-Step 3: Let pαS,β1q “ pα
pk`1q

S ,β
pk`1q

1 q. Update β
pk`1q

2 using (3.4.4).

CM-Step 4: Let pαS,β1,β2q “ pα
pk`1q

S ,β
pk`1q

1 ,β
pk`1q

2 q. Update δpk`1q using (3.4.5).

CM-Step 5: Let pαS,β1,β2, δq “ pα
pk`1q

S ,β
pk`1q

1 ,β
pk`1q

2 , δpk`1qq. Update ζpk`1q

1 using (3.4.6).

CM-Step 6: Let pαS,β1,β2, δ, ζ1q “ pα
pk`1q

S ,β
pk`1q

1 ,β
pk`1q

2 , δpk`1q, ζ
pk`1q

1 q. Update ζpk`1q

2 using (3.4.7).

CM-Step 7: Update
ˆ

τ
λ

˙

using Newton–Raphson iterative as
ˆ

τ pk`1q

λpk`1q

˙

=
ˆ

τ pkq

λpkq

˙

´B´1A, where A and B are in Equations (3.4.8-

3.4.12).
Until the set Θpk`1q satisfies }Θpk`1q ´ Θpkq}2 ă ϵΘ, where } ¨ }2 denotes the Euclidean norm, and ϵΘ is a small threshold.
Return the estimated parameter set Θ̂ “ Θpk`1q, corresponding to the last updated set of parameters estimates.
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CM-Steps in MCECM Algorithm 2

Let Υ1p¨,¨,¨q
S pi, zq and Υ2p¨,¨,¨q

S pi, zq be as defined in Table 3.1. Additionally, define the following quan-

tities:

Ḡpkq
z “

1
L

L
ÿ

l“1

“

exppγz,k`1,lq | yo,Θpkq
‰

,

H̄
pkq

pi,t,zq
“

1
L

L
ÿ

l“1

„

1 ´ Ppi,t,zqpΘq

Ppi,t,zqpΘq
exppγz,k`1,lq | yo,Θpkq

ȷ

,

Q̄
pkq

pi,t,zq
“

1
L

L
ÿ

l“1

„

1 ´ Ppi,t,zqpΘq

pPpi,t,zqpΘqq2 expp2γz,k`1,lq | yo,Θpkq

ȷ

.

Table 3.1: Definitions used in CM-Steps in Algorithm 2

p¨, ¨, ¨q Υ1p¨,¨,¨q
S pi, zq

(0,0,0) exp
´

α
pkq

S ` XJ
i β

pkq

1 ` XJ
zSβ

pkq

2

¯

(1,0,0) Xiexp
´

α
pk`1q

S ` XJ
i β

pkq

1 ` XJ
zSβ

pkq

2

¯

(1,1,0) XzSexp
´

α
pk`1q

S ` XJ
i β

pk`1q

1 ` XJ
zSβ

pkq

2

¯

(1,1,1) exp
´

α
pk`1q

S ` XJ
i β

pk`1q

1 ` XJ
zSβ

pk`1q

2

¯

p¨, ¨, ¨q Υ2p¨,¨,¨q
S pi, zq

(0,0,0) exp
´

2αpkq

S ` 2XJ
i β

pkq

1 ` 2XJ
zSβ

pkq

2

¯

(1,0,0) XiXJ
i exp

´

2αpk`1q

S ` 2XJ
i β

pkq

1 ` 2XJ
zSβ

pkq

2

¯

(1,1,0) XzSXJ
zSexp

´

2αpk`1q

S ` 2XJ
i β

pk`1q

1 ` 2XJ
zSβ

pkq

2

¯

(1,1,1) exp
´

2αpk`1q

S ` 2XJ
i β

pk`1q

1 ` 2XJ
zSβ

pk`1q

2

¯

p¨, ¨, ¨q κ1p¨,¨,¨qpi, j, tq

(0,0,0) ´dijexp
´

´δpkqdij ` ζ
pkq

1 sin
´

2πt
Tcycle

¯

` ζ
pkq

2 cos
´

2πt
Tcycle

¯¯

(1,0,0) sin
´

2πt
Tcycle

¯

exp
´

´δpk`1qdij ` ζ
pkq

1 sin
´

2πt
Tcycle

¯

` ζ
pkq

2 cos
´

2πt
Tcycle

¯¯

(1,1,0) cos
´

2πt
Tcycle

¯

exp
´

´δpk`1qdij ` ζ
pk`1q

1 sin
´

2πt
Tcycle

¯

` ζ
pkq

2 cos
´

2πt
Tcycle

¯¯

p¨, ¨, ¨q κ2p¨,¨,¨qpi, j, tq

(0,0,0) d2
ijexp

´

´δpkqdij ` ζ
pkq

1 sin
´

2πt
Tcycle

¯

` ζ
pkq

2 cos
´

2πt
Tcycle

¯¯

(1,0,0) sin2
´

2πt
Tcycle

¯

exp
´

´δpk`1qdij ` ζ
pkq

1 sin
´

2πt
Tcycle

¯

` ζ
pkq

2 cos
´

2πt
Tcycle

¯¯

(1,1,0) cos2
´

2πt
Tcycle

¯

exp
´

´δpk`1qdij ` ζ
pk`1q

1 sin
´

2πt
Tcycle

¯

` ζ
pkq

2 cos
´

2πt
Tcycle

¯¯
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The approximated expectation is given by E rln LpΘ; ycq|yo,Θs “ 1
L

řL
l“1 ln LpΘ; y; Γk`1,lq. There-

fore,

E rln L pΘ; ycq|yo,Θs “
1
L

T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1

L
ÿ

l“1

„

´ exppαS ` XJ
i β1 ` XJ

zSβ2 ` γz,k`1,lq
ÿ

jPIpt,z,ζpzqq

κpi, j, tq

∣∣∣∣∣yo
ȷ

`
1
L

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1

L
ÿ

l“1

„

ln
"

1 ´ exppexppαS ` XJ
i β1 ` XJ

zSβ2 ` γz,k`1,lq

*

ÿ

jPIpt,z,ζpzqq

κpi, j, tq

∣∣∣∣∣yo
ȷ

´
Z

2 lnp2πq `
Z

2 lnpτ 2
q `

1
2 ln p|λR ` p1 ´ λqI|q ´

τ 2

2
1
L

L
ÿ

l“1

“

ΓJ
k`1,lpλR ` p1 ´ λqIq Γk`1,l|yo

‰

,

(3.4.1)

where κpi, j, tq is defined in (3.3.2).

CM-Step 1: Update αS using the following recursive relationship

α
pk`1q

S “ α
pkq

S ´

B

BαS
E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2

Bα2
S
E rln LpΘ; ycq|yo,Θpkqs

, (3.4.2)

where
BE

“

ln LpΘ; ycq|yo,Θpkq
‰

BαS
“ ´

T
ÿ

t“1

ÿ

iPS

Z
ÿ

z“1
Υ1p0,0,0q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tqḠpkq

z

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p0,0,0q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tqH̄

pkq

pi,t,zq
,

and
B2E

“

ln LpΘ; ycq|yo,Θpkq
‰

B2αS
“ ´

T
ÿ

t“1

ÿ

iPS

Z
ÿ

z“1
Υ1p0,0,0q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tq

ˆ Ḡpkq
z `

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p0,0,0q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tqH̄

pkq

pi,t,zq

´

´

Υ2p0,0,0q

S pi, zq

¯

˜

ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tq

¸2

Q̄
pkq

pi,t,zq
.

CM-Step 2: Update β1 using the following recursive relationship

β
pk`1q

1 “ β
pkq

1 ´

B

Bβ1
E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2

Bβ1BβJ
1
E rln LpΘ; ycq|yo,Θpkqs

, (3.4.3)
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where
BE

“

ln LpΘ; ycq|yo,Θpkq
‰

Bβ1
“ ´

T
ÿ

t“1

ÿ

iPS

Z
ÿ

z“1
Υ1p1,0,0q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tqḠpkq

z

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,0,0q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tqH̄

pkq

pi,t,zq
,

and
B2E

“

ln LpΘ; ycq|yo,Θpkq
‰

Bβ1BβJ
1

“ ´

T
ÿ

t“1

ÿ

iPS

Z
ÿ

z“1
Υ1p1,0,0q

S pi, zq XJ
i

ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tq

ˆ Ḡpkq
z `

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,0,0q

S pi, zq XJ
i

ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tqH̄

pkq

pi,t,zq

´

´

Υ2p1,0,0q

S pi, zq

¯

˜

ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tq

¸2

Q̄
pkq

pi,t,zq
.

CM-Step 3: Update β2 using the following recursive relationship

β
pk`1q

2 “ β
pkq

2 ´

B

Bβ2
E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2

Bβ2BβJ
2
E rln LpΘ; ycq|yo,Θpkqs

, (3.4.4)

where
BE

“

ln LpΘ; ycq|yo,Θpkq
‰

Bβ2
“ ´

T
ÿ

t“1

ÿ

iPS

Z
ÿ

z“1
Υ1p1,1,0q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tqḠpkq

z

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,0q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tqH̄

pkq

pi,t,zq
,

and

B2E
“

ln LpΘ; ycq|yo,Θpkq
‰

Bβ2BβJ
2

“ ´

T
ÿ

t“1

ÿ

iPS

Z
ÿ

z“1
Υ1p1,1,0q

S pi, zq XJ
zS

ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tqḠpkq

z

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,0,0,0q

S pi, zq XJ
zS

ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tqH̄

pkq

pi,t,zq

´

´

Υ2p1,1,0
S pi, zq

¯

˜

ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tq

¸2

Q̄
pkq

pi,t,zq
.
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CM-Step 4: Update δ using the following recursive relationship

δpk`1q
“ δpkq

´

B

Bδ
E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2

B2δ
E rln LpΘ; ycq|yo,Θpkqs

, (3.4.5)

where
BE

“

ln LpΘ; ycq|yo,Θpkq
‰

Bδ
“ ´

T
ÿ

t“1

ÿ

iPS

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tqḠpkq

z

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ1p0,0,0q
pi, j, tqH̄

pkq

pi,t,zq
,

and
B2E

“

ln LpΘ; ycq|yo,Θpkq
‰

B2δ
“ ´

T
ÿ

t“1

ÿ

iPS

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ
2p0,0,0q

T pi, j, tqḠpkq
z

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ2p0,0,0q
pi, j, tqH̄

pkq

pi,t,zq

´

´

Υ2p1,1,1q

S pi, zq

¯

˜

ÿ

jPIpt,z,ζpzqq

κ2p0,0,0q
pi, j, tq

¸2

Q̄
pkq

pi,t,zq
.

CM-Step 5: Update ζ1 using the following recursive relationship

ζ
pk`1q

1 “ ζ
pkq

1 ´

B

Bζ1
E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2

B2ζ1
E rln LpΘ; ycq|yo,Θpkqs

, (3.4.6)

where
BE

“

ln LpΘ; ycq|yo,Θpkq
‰

Bζ1
“ ´

T
ÿ

t“1

ÿ

iPS

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ1p1,0,0q
pi, j, tqḠpkq

z

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ1p1,0,0q
pi, j, tqH̄

pkq

pi,t,zq
,

and
B2E

“

ln LpΘ; ycq|yo,Θpkq
‰

B2ζ1
“ ´

T
ÿ

t“1

ÿ

iPS

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ2p1,0,0q
pi, j, tqḠpkq

z

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ2p1,0,0q
pi, j, tqH̄

pkq

pi,t,zq

´

´

Υ2p1,1,1q

S pi, zq

¯

˜

ÿ

jPIpt,z,ζpzqq

κ2p1,0,0q
pi, j, tq

¸2

Q̄
pkq

pi,t,zq
.
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CM-Step 6: Update ζ2 using the following recursive relationship

ζ
pk`1q

2 “ ζ
pkq

2 ´

B

Bζ2
E
“

ln LpΘ; ycq|yo,Θpkq
‰

B2

Bζ2
2
E rln LpΘ; ycq|yo,Θpkqs

, (3.4.7)

where
BE

“

ln LpΘ; ycq|yo,Θpkq
‰

Bζ2
“ ´

T
ÿ

t“1

ÿ

iPS

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ1p1,1,0q
pi, j, tqḠpkq

z

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ1p1,1,0q
pi, j, tqH̄

pkq

pi,t,zq
,

and
B2E

“

ln LpΘ; ycq|yo,Θpkq
‰

B2ζ2
“ ´

T
ÿ

t“1

ÿ

iPS

Z
ÿ

z“1
Υ1p1,1,1,1,1q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ2p1,1,0q
pi, j, tqḠpkq

z

`

T
ÿ

t“1

ÿ

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq
ÿ

jPIpt,z,ζpzqq

κ2p1,1,0q
pi, j, tqH̄

pkq

pi,t,zq

´

´

Υ2p1,1,1q

S pi, zq

¯

˜

ÿ

jPIpt,z,ζpzqq

κ2p1,1,0q
pi, j, tq

¸2

Q̄
pkq

pi,t,zq
.

CM-Step 7: A and B are used to estimate τ and λ in the pk ` 1qth iteration and are represented

by the score vector and the expected information matrix, respectively. Given

E
“

ln ppΓq|yo,Θpkq
‰

“ ´
Z

2 lnp2πq `
Z

2 lnpτ 2
q `

1
2 ln p|λR ` p1 ´ λqI|q

´
τ 2

2
1
L

L
ÿ

l“1

“

ΓJ
k`1,lpλR ` p1 ´ λqIq Γk`1,l|yo,Θpkq

‰

,

then the elements of these matrices can be defined as follows:

Apτq “
BE

“

ln ppΓq|yo,Θpkq
‰

Bτ
“
Z

τ
´ τ

1
L

L
ÿ

l“1

“

ΓJ
k`1,lpλR ` p1 ´ λqIq Γk`1,l|yo,Θpkq

‰

, (3.4.8)

Apλq “
BErln ppΓq|yo,Θpkqs

Bλ
“ 1

2tr
`

pλR ` p1 ´ λqIq
´1

pR ´ Iq
˘

´ τ2

2
1
L

řL
l“1

“

ΓJ
k`1,lpλR ` p1 ´ λqIq Γk`1,l|yo, ,Θpkq

‰

,

(3.4.9)

Bpτ, τq “
B2E

“

ln ppΓq|yo,Θpkq
‰

pBτq2 “
Z

τ 2 `
1
L

L
ÿ

l“1

“

ΓJ
k`1,lpλR ` p1 ´ λqIq Γk`1,l|yo,Θpkq

‰

, (3.4.10)
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Bpτ, λq “
B2E

“

ln ppΓq|yo,Θpkq
‰

BτBλ
“ τ

1
L

L
ÿ

l“1

“

ΓJ
k`1,lpR ´ IqΓk`1,l|yo,Θpkq

‰

, (3.4.11)

Bpλ, λq “
B2E

“

ln ppΓq|yo,Θpkq
‰

pBλq2 “
1
2tr

`

pR ´ Iq pλR ` p1 ´ λqIq
´1

pR ´ Iq pλR ` p1 ´ λqIq
´1˘ .

(3.4.12)

3.5 Variances of Estimated Seasonal GD-ILM Parameters

The estimation of variances within the MCECM algorithm follows a modified version of the approach

originally proposed by [54] and subsequently applied by [8, 7]. In this framework, the observed

information matrix is defined as

IopΘ̂; yoq “ IcpΘ̂; yoq ´ ImpΘ̂; yoq,

where Ic and Im denote the complete data and missing data information matrices, respectively, and

Θ̂ represents the parameter estimates obtained through the MCECM procedure. Approximations

for these matrices are derived as follows:

IcpΘ; yoq “ ´E
„

B2

BΘBΘJ
ln LpΘ; ycq

ˇ

ˇ

ˇ

ˇ

yo,Θ
ȷ

“ ´
1
L

L
ÿ

l“1

B2

BΘBΘJ
ln LpΘ; yplq

c q,

and
ImpΘ; yoq “ E

„ˆ

B

BΘ ln LpΘ; ycq
˙ˆ

B

BΘJ
ln LpΘ; ycq

˙ˇ

ˇ

ˇ

ˇ

yo,Θ
ȷ

´ E
„

B

BΘ ln LpΘ; ycq
ˇ

ˇ

ˇ

ˇ

yo,Θ
ȷ

E
„

B

BΘJ
ln LpΘ; ycq

ˇ

ˇ

ˇ

ˇ

yo,Θ
ȷ

“
1
L

L
ÿ

l“1

B

BΘ ln LpΘ; yplq
c q

B

BΘJ
ln LpΘ; yplq

c q

´

˜

1
L

L
ÿ

l“1

B

BΘ ln LpΘ; yplq
c q

¸˜

1
L

L
ÿ

l“1

B

BΘJ
ln LpΘ; yplq

c q

¸

,

where each yplq
c “ pyo,Ψlq, with Ψl denoting samples drawn from the conditional distribution of the

spatial random effect (missing data) given the observed data and the parameter Θ̂ estimated via

the MCECM algorithm. At the MCECM estimate Θ̂, the mean score function computed across all
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Monte Carlo samples satisfies the following condition:

1
L

L
ÿ

l“1

B

BΘ ln LpΘ; yplq
c q

ˇ

ˇ

ˇ

ˇ

ˇ

Θ“Θ̂

“ 0,

which leads to the following simplified form of the observed information matrix:

IopΘ̂; yoq “ ´
1
L

L
ÿ

l“1

B2

BΘBΘJ
ln LpΘ̂; yplq

c q ´
1
L

L
ÿ

l“1

ˆ

B

BΘ ln LpΘ̂; yplq
c q

˙ˆ

B

BΘJ
ln LpΘ̂; yplq

c q

˙

.

The variance-covariance matrix of Θ̂ is derived by inverting the observed information matrix. The

resulting diagonal entries represent the variances associated with each parameter estimate.

3.6 Simulation Study

To evaluate the performance of our proposed seasonal GD-ILM, we conducted a comprehensive sim-

ulation study. Simulated PCRs were distributed across a hexagonal grid, with each cell representing

a distinct geographic area. The number of PCRs per cell was randomly drawn from a uniform dis-

tribution, and population sizes were independently assigned to each PCR from a separate uniform

distribution. The number of infectious individuals was then determined based on predefined infection

rates (Figure 3.1).

We incorporated both regional and individual-level covariates to assess susceptibility and trans-

missibility. Spatial proximity between PCRs was calculated using the Euclidean distance metric,

given by

dij “

b

pxj ´ xiq2 ` pyj ´ yiq2,

where xi and xj are the coordinates of PCRs i and j. Spatial random effects were introduced using

precision and dependence parameters, and spatial and temporal decay effects were applied to account

for seasonal transmission dynamics. The incubation and infectious periods were kept constant across

the grid. Each simulation began with a single, randomly exposed PCR per grid cell at t “ 1 and

proceeded for T “ 156 weeks.
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To assess the consequences of fitting a misspecified model, we generated data from Model 2. We

then estimated the parameters of each simulated dataset using both Model 1 and Model 2. This

approach allowed us to evaluate the impact of omitting seasonal effects and to examine the ability

of each model to recover the true underlying parameters. Parameter estimation for Model 2 was

performed using the MCECM method (Algorithm 2). To estimate the parameters of Model 1 using

the MCECM method, one can modify Algorithm 2 by removing steps 5 and 6, setting ζ1 “ ζ2 “ 0,

and applying the resulting inference procedure to Model 1. A convergence criterion of ϵΘ “ 10´3

was applied to achieve an optimal trade-off between computational efficiency and the accuracy of

the parameter estimates. A detailed summary of the epidemic simulation setup is presented in Table

3.2.

  0

 10

 20

 30

 40

 50

 60

 70

  0  20  40  60
X Coordinate

Y
 C

oo
rd

in
at

e

Figure 3.1: Grid epidemic simulation at time t “ 1 and generated PCRs within grid areas. Blue dots
are the susceptible PCRs and red dots are the infected PCRs.
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Table 3.2: Summary of the epidemic simulation setup

Simulation Aspect Setup
Grid and Population Settings

Grid Hexagonal grid with 60 cells
PCR distribution per cell Uniformp10, 20q

Population per PCR Uniformp10, 100q

Epidemiological Parameters
Infection rates PI “ t5%, 10%, 20%, 30%u

Incubation period 5 days
Infectious period 10 days

Susceptibility Covariates
Individual-level covariate Laplacep0, 1q

Regional-level covariate Logisticp0, 1q

Spatial and Temporal Effects
Distance metric Euclidean distance
Spatial random effects Leroux model [49] with τ “ 0.40 and λ “ 0.60
Spatial decay parameter δ “ 2
Seasonality parameters ζ1=1, ζ2=1.5

Simulation and Estimation
Time span T “ 156 weeks
Cycle duration Tcycle=52 (weekly)
Simulation runs 500
Estimation method MCECM (Algorithm 2)
Threshold ϵΘ “ 10´3

Results

Tables 3.3 and 3.4 present the results of the simulation study, displaying the average parameter

estimates and their corresponding standard errors based on 500 replications across four distinct

infection prevalence scenarios. Table 3.3 corresponds to Model 1, which omits the seasonal component

and thus represents a misspecified model. In contrast, Table 3.4 reports results for Model 2, which

correctly incorporates the seasonal component and serves as the well-specified reference model.

In Table 3.3, the estimates for the susceptibility intercept (αS) and covariate effects (β1 and β2)

remain robust and relatively unbiased across all prevalence levels. For instance, αS is estimated at

1.023 for 5% prevalence and 0.988 for 30% prevalence, both approximating the true value of 1.0.

Similarly, the estimates for β1 and β2 converge toward their respective true values, indicating that

the estimation of covariate effects remains reliable even under model misspecification.

77



Table 3.3: Parameter estimates (Est.) and their standard errors (S.E.) for Model 1 in the epidemic
simulation study

PI “ 5% PI “ 10% PI “ 20% PI “ 30%
Parameter True Est. S.E. Est. S.E. Est. S.E. Est. S.E.
Susceptibility
αS 1 1.023 0.146 1.115 0.101 0.968 0.054 0.988 0.117
β1 1 0.942 0.126 1.118 0.047 1.124 0.104 1.005 0.014
β2 2 1.920 0.150 2.171 0.125 1.897 0.045 1.907 0.119

Spatial Kernel
δ 2 0.730 0.126 0.787 0.117 0.823 0.097 0.957 0.102

Spatial Random Effect
τ 0.4 0.342 0.024 0.304 0.019 0.330 0.051 0.325 0.029
λ 0.6 0.783 0.056 0.821 0.023 0.835 0.052 0.853 0.048

Table 3.4: Parameter estimates (Est.) and their standard errors (S.E.) for Model 2 in the epidemic
simulation study

PI “ 5% PI “ 10% PI “ 20% PI “ 30%
Parameter True Est. S.E. Est. S.E. Est. S.E. Est. S.E.
Susceptibility
αS 1 1.103 0.093 1.008 0.056 0.972 0.167 1.092 0.038
β1 1 1.093 0.046 0.918 0.141 1.034 0.056 1.089 0.139
β2 2 1.926 0.052 2.021 0.034 2.078 0.145 2.014 0.129

Spatiotemporal Kernel
δ 2 2.118 0.153 2.086 0.067 1.991 0.148 2.103 0.063
ζ1 1 1.076 0.082 1.082 0.113 1.075 0.013 1.043 0.105
ζ2 1.5 1.477 0.065 1.532 0.109 1.489 0.054 1.515 0.034

Spatial Random Effect
τ 0.4 0.394 0.025 0.410 0.051 0.390 0.012 0.391 0.045
λ 0.6 0.585 0.026 0.603 0.058 0.590 0.018 0.589 0.021
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However, substantial bias is observed in the spatial parameters, particularly the spatial decay

parameter (δ) and the spatial dependence parameter (λ). The true value of δ is 2.0; yet, it is

consistently underestimated, with values falling below 1 across all prevalence levels. Since spatial

decay is modeled as d´δ
ij , a lower estimated δ implies slower attenuation of spatial dependence with

distance, which can overestimate long-range spatial interactions.

Concurrently, the spatial dependence parameter λ, which has a true value of 0.6, is systematically

overestimated across all scenarios. This overestimation, in conjunction with the underestimated δ,

reflects a compensatory behavior within the misspecified model. Specifically, in the absence of the

seasonal component, the model misattributes unexplained temporal variation to the spatial structure,

leading to artificial inflation of spatial correlation.

The underestimation of δ results in an inferred spatial correlation structure that decays more

gradually with geographic distance than it should. Consequently, the model overstates the degree

of influence that distant RHADs exert on one another, effectively flattening the spatial gradient

of infection risk. This distortion arises because the omitted seasonal component fails to account

for cyclical fluctuations in transmission, causing the model to reallocate temporal variability to the

spatial component. As a result, the decay parameter δ is underestimated, capturing the temporal

autocorrelation that should be attributed to seasonal effects.

Similarly, the overestimation of λ indicates that the model attributes excessive strength to the

spatially structured component of the infection process. This parameter captures the magnitude of

spatial autocorrelation after adjusting for covariates and other components. Its inflation suggests

that the model interprets the residual temporal clustering as intensified spatial dependence.

The systematic underestimation of δ and overestimation of λ generate a misleading representation

of the underlying spatial transmission dynamics. The model implies both stronger spatial autocor-

relation and a broader geographic extent of influence than actually exist. Such distortions can have

serious implications for public health policy, potentially leading to ineffective or misdirected spatial

interventions based on erroneous transmission pathways.

By contrast, Table 3.4 demonstrates that Model 2, which includes the seasonal component, pro-

duces accurate and unbiased parameter estimates across all levels of infection prevalence. The es-
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timates of the susceptibility intercept and covariate effects demonstrate high precision. The spatial

dependence parameter λ is accurately recovered with low variability, while the precision parameter

τ remains stably estimated across all scenarios. Additionally, the spatiotemporal kernel parameters

ζ1 and ζ2, unique to Model 2, are consistently estimated near their true values, demonstrating the

efficacy of the MCECM algorithm in capturing seasonally modulated transmission dynamics.

These findings emphasize the critical importance of incorporating an appropriate temporal struc-

ture, such as seasonal components, in GD-ILMs, particularly when applied to infectious disease data

exhibiting periodic trends. The omission of key temporal covariates leads to significant biases in the

estimation of spatial parameters δ and λ, which can severely compromise inference on spatial trans-

mission patterns. In contrast, the correctly specified Model 2 enables valid statistical inference across

all parameters and prevalence conditions, highlighting the necessity of proper model specification in

spatiotemporal epidemiological modeling.

3.7 Real Data Analysis

This study utilized administrative weekly health records of Influenza type A in Manitoba, Canada,

from December 2018 to December 2021, provided by Manitoba Health. The individual-level dataset

includes information such as date of diagnosis and 6-digit residential postal codes, with scrambled

personal health identification numbers for confirmed Influenza cases. We consider the geographical

classification of Manitoba defined by MCHP and Manitoba Health for the allocation of health districts

and neighborhood clusters based on municipality and postal codes [3].

Table 3.5: Seasonal SEIR model parameter estimations

HAD Interlake Northern Prairie Southern Winnipeg
Number of PCRs 1,363 1,050 3,079 2,509 19,896
Contact Rate 0.294 0.305 0.210 0.241 0.327
Incubation Period (days) 3 8 5 4 7
Infectious Period (days) 7 10 9 8 12

The incidence rates of the disease are visualized in Figures 3.2, 3.3a, 3.3b, 3.4a, and 3.4b, with

the numbers on the maps corresponding to the RHAD names. The incidence rate figures indicate
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that higher rates of the disease are concentrated in the central and southern areas of Winnipeg,

the southern parts of Prairie, the central and southern parts of Southern, and the central areas of

Northern. Disease patterns within these HAD. were analyzed using the seasonal SEIR model, which

was applied separately to each HAD. Model parameters were estimated via maximum likelihood

using the Nelder-Mead algorithm. Table 3.5 summarizes the underlying epidemiological parameters

derived from a seasonal SEIR model fitted separately for each HAD. The parameter estimates in Table

3.5 demonstrate considerable regional variation, reflecting underlying differences in demographic

and epidemiological conditions across HADs. Winnipeg recorded the highest contact rate at 0.327,

suggesting a higher frequency of interactions conducive to Influenza A transmission in this urban

environment. In contrast, the Prairie HAD exhibited the lowest contact rate at 0.210. Differences

were also evident in the estimated incubation and infectious periods, with Winnipeg showing a longer

infectious duration of 12 days compared to 7 days in Interlake, further emphasizing the heterogeneity

in Influenza A dynamics across the province.

Differences in the estimated contact rates may reflect varying levels of interpersonal interaction

and exposure, shaped by factors such as population density, social mixing patterns, and access to

healthcare services. These regional disparities highlight the fact that the transmission dynamics of

Influenza A are not uniform across Manitoba. Consequently, applying a single seasonal GD-ILM to

the entire province may overlook important local variations and lead to oversimplified conclusions.

In this study, we treated RHADs as regional units and PCRs as individual units, allowing for a

model with high-resolution analysis. Each Influenza case was assigned to one of Manitoba’s RHADs

based on the 6-digit residential postal code, using the PCCF provided by Manitoba Health. Regarding

susceptibility risk factors for Influenza, we were interested in exploring their geographical variation

and how they relate to regional indicators such as SES to include in (3.3.1). The Euclidean distance

metric was used to calculate spatial proximity between PCRs.

The seasonal cycle (Tcycle) was set to 52 weeks, representing one full year composed of two main

periods: fall and winter, when Influenza activity is highest, and spring and summer, when activity is

lower. This specification captures both peak and low transmission phases within each annual cycle,

allowing the model to accurately reflect the seasonal dynamics of Influenza throughout the year.
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We conducted a comparative analysis of Model 1 and Model 2 by fitting both models to the

Influenza data. Parameter estimation for Model 2 was carried out using the MCECM algorithm

described in Algorithm 2. To ensure consistency in the comparison, Model 1 was estimated using

a modified version of the same algorithm: Steps 5 and 6 were removed, and the parameters ζ1 “

ζ2 “ 0 were fixed to reflect the structure of Model 1. For both models, the MCECM procedure

was implemented with a convergence threshold of ϵΘ “ 10´3, balancing computational efficiency

with the stability of the parameter estimates. This unified estimation framework allows for a robust

comparison of the models in terms of fit, complexity, and parameter behavior.

Results

Table 3.6: Estimated parameters (Est.) and standard errors (S.E.) for Model 2 using Influenza data
from Manitoba

Interlake Northern Prairie Southern Winnipeg
Parameter Est. S.E. Est. S.E. Est. S.E. Est. S.E. Est. S.E.
Susceptibility
αS -1 0.075 -1 0.059 -3 0.083 -1 0.067 -2 0.041
SES 1.534 0.0093 1.433 0.0057 1.824 0.0182 1.278 0.0069 2.111 0.0041

Spatiotemporal Kernel
δ 2.336 0.0048 2.586 0.0091 2.479 0.0033 2.438 0.0062 2.196 0.0076
ζ1 0.894 0.0065 0.842 0.0151 0.758 0.0049 0.838 0.0093 0.767 0.0271
ζ2 0.802 0.0056 0.861 0.0127 0.735 0.0072 0.819 0.0088 0.781 0.0259

Spatial Random Effect
τ 0.593 0.0097 0.621 0.0104 0.589 0.0213 0.631 0.0069 0.698 0.0042
λ 0.394 0.0085 0.552 0.0023 0.605 0.0071 0.673 0.0048 0.729 0.0325

Model
AIC 42472 31782 28245 31434 34534

The results from Model 2 (Table 3.6), which incorporates both spatial structure and seasonal com-

ponents, reveal substantial heterogeneity in susceptibility and transmission dynamics across Man-

itoba’s HADs. The susceptibility intercept (αS) was negative across all districts, with the most

pronounced effect observed in Prairie (-3), indicating low baseline susceptibility after adjusting for

covariates. These negative intercepts reflect an overall reduced infection risk in the absence of addi-

tional risk factors.

The covariate for the SES factor score exhibited a positive association with susceptibility in all

HADs, with the strongest effects estimated in Winnipeg (2.111) and Prairie (1.824). These results

82



Table 3.7: Estimated parameters (Est.) and standard errors (S.E.) for Model 1 using Influenza data
from Manitoba

Interlake Northern Prairie Southern Winnipeg
Parameter Est. S.E. Est. S.E. Est. S.E. Est. S.E. Est. S.E.
Susceptibility
αS -1 0.0029 -1 0.0048 -2 0.0397 -1 0.0037 -2 0.0072
SES 1.925 0.0046 1.153 0.0018 1.502 0.0213 1.711 0.0024 1.982 0.0081

Spatial Kernel
δ 2.803 0.0066 2.765 0.0054 2.695 0.0015 2.847 0.0189 2.856 0.0043

Spatial Random Effect
τ 0.481 0.0291 0.523 0.0026 0.503 0.0072 0.593 0.0193 0.578 0.0374
λ 0.536 0.0092 0.605 0.0665 0.694 0.0237 0.767 0.0451 0.851 0.0067

Model
AIC 49128 35769 33434 37453 40786
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Figure 3.2: Influenza incidence rates across RHADs in Winnipeg HAD
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Figure 3.3: Influenza incidence rates across RHADs in Prairie and Interlake HADs
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(b) Northern

Figure 3.4: Influenza incidence rates across RHADs in Southern and Northern HADs
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Figure 3.5: Average infectivity rates across RHADs in Winnipeg HAD
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Figure 3.6: Average infectivity rates across RHADs in Prairie HAD
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Figure 3.7: Average infectivity rates across RHADs in Interlake HAD
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Figure 3.8: Average infectivity rates across RHADs in Southern HAD
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Figure 3.9: Average infectivity rates across RHADs in Northern HAD

suggest that individuals residing in RHADs with higher SES factor score exhibit increased suscepti-

bility to infection, likely attributable to underlying social determinants such as lower income levels,

higher unemployment rates, lower educational attainment, and a greater prevalence of single-parent

households. The particularly strong SES factor score effect in Winnipeg highlights the compounding

influence of urban disadvantage on infectious disease vulnerability.

The spatial decay parameter (δ) was consistently estimated to be between 2.2 and 2.6 across all

HADs, confirming that transmission probability decreases as spatial distance increases. This finding

supports the presence of highly localized transmission patterns, with most infections likely occurring

among proximate PCRs. The magnitude of δ reflects strong spatial structuring in transmission

risk, emphasizing the importance of accounting for geographic proximity when modeling infection

dynamics.

Seasonal variation in transmission was captured by the periodic parameters ζ1 and ζ2, both

estimated near 0.8 in all districts. These values indicate a consistent, cyclical seasonal trend in

transmission over the study period, with peaks likely aligning with the colder months. The inclusion

of these parameters enables the model to adjust for the known periodicity of Influenza activity,
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improving the accuracy and interpretability of temporal risk predictions.

The spatial random effects were governed by the spatial dependence parameter (λ) and the

precision parameter (τ). Among all HADs, Winnipeg exhibited the strongest spatial dependence (λ “

0.729) and the lowest precision (τ “ 0.698), indicating substantial residual spatial heterogeneity and

localized clustering of unexplained risk. In contrast, the Northern and Interlake HADs demonstrated

weaker spatial dependence and higher precision, suggesting more homogeneous spatial distributions

of transmission risk and fewer localized hotspots of unexplained variability.

Model 1, which excluded seasonal effects and modeled spatial interactions alone, produced similar

estimates for susceptibility and SES covariates (Table 3.7). However, the model demonstrated inferior

performance in capturing the spatial structure of transmission. Specifically, precision parameters were

uniformly lower, while spatial dependence parameters were inflated, suggesting that the absence of

a seasonal component led to an artificial concentration of residual variability within the spatial

component. Additionally, the spatial decay parameter (δ) was consistently overestimated in Model

1, reflecting an exaggerated interpretation of spatial influence in the absence of temporal adjustment.

Model fit was evaluated using the AIC. Across all HADs, Model 2 exhibited substantially lower

AIC values, indicating a superior fit. For example, in Winnipeg, the AIC decreased from 40,786

under Model 1 to 34,534 under Model 2. Similarly, in Prairie, the AIC decreased from 33,434 under

Model 1 to 28,245 under Model 2. The percentage improvement in AIC was calculated using the

formula:

AIC Improvement (%) “
AICModel 1 ´ AICModel 2

AICModel 1
ˆ 100.

A summary of AIC values and the corresponding improvements across all HADs is presented in

Table 3.8.
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HAD AICModel 1 AICModel 2 AIC Improvement (%)

Interlake 49,128 42,472 13.54%

Prairie 33,434 28,245 15.52%

Southern 35,769 31,782 11.16%

Northern 37,453 31,434 16.06%

Winnipeg 40,786 34,534 15.33%

Table 3.8: AIC improvements across HADs

The percentage improvements in AIC emphasize the critical importance of including seasonality

to adequately model Influenza transmission. Failure to account for temporal periodicity results in

diminished explanatory power and may obscure important cyclical risk patterns.

Heat maps for each HAD and their corresponding RHADs under Model 2, shown in Figures 3.5,

3.6, 3.7, 3.8, and 3.9, visually illustrate the spatiotemporal dynamics of estimated Influenza trans-

mission rates across Manitoba on a weekly basis. Each map captures temporal slices of the study

period, with time represented in weeks, enabling clear observation of both seasonal patterns and

localized fluctuations in transmission intensity. The seasonal trend is readily apparent: darker shad-

ing, which indicates higher estimated transmission risk, consistently aligns with the winter months,

which correspond to known peaks in Influenza activity.

The heat maps clearly illustrate significant spatial heterogeneity across HADs. Winnipeg and

Southern HADs exhibit a higher concentration of high-risk RHADs, with infection rates escalating

during peak transmission weeks. In contrast, Interlake, Northern, and Prairie HADs consistently

show lower infection rates, suggesting reduced transmission dynamics. This contrast highlights the

importance of HAD-specific public health strategies and targeted resource allocation to address

localized outbreaks more effectively.

This observed disparity may be driven by several interrelated factors. First, Winnipeg and parts

of Southern Manitoba are more urbanized and densely populated, creating conditions that facilitate

faster disease spread through increased person-to-person contact. These areas also experience higher

levels of human mobility due to commuting, social interactions, and economic activities, all of which
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contribute to elevated transmission. Additionally, SES diversity within RHADs may contribute to

the presence of vulnerable subpopulations, such as individuals residing in overcrowded housing or

lacking sufficient access to healthcare, thereby increasing their susceptibility to infection.

In contrast, HADs such as Northern, Interlake, and Prairie tend to be more rural, characterized by

lower population densities and limited mobility, which naturally reduce opportunities for widespread

transmission. Moreover, occupational and environmental factors may contribute to regional differ-

ences; for example, the presence of large agricultural or industrial workplaces in the Southern HAD

could elevate risk, whereas more remote areas lack such high-risk settings. Variations in public health

infrastructure, reporting practices, and access to care may also play a role, with urban areas poten-

tially demonstrating higher case detection due to stronger surveillance systems. Finally, behavioral

and cultural factors, including differences in compliance with public health guidelines, may further

influence the spatial distribution of risk across Manitoba.

In summary, the joint modeling of spatial interaction and seasonality in Model 2 provides a

more comprehensive and biologically plausible representation of Influenza transmission dynamics in

Manitoba. The findings highlight the necessity of geographically and temporally resolved public

health strategies. In particular, the observed spatial clustering and seasonal variation in risk support

the implementation of targeted interventions, such as HAD-specific vaccination campaigns initiated

in advance of expected seasonal peaks.

3.8 Conclusion

We propose a novel extension to the GD-ILM framework originally constructed upon a SEIR model by

integrating seasonality into the transmission dynamics. This is achieved by introducing a seasonally

varying transmission component, enabling the model to capture periodic fluctuations in infection

risk more effectively. Central to our approach is the incorporation of a seasonally forced infection

kernel, which models cyclical changes in transmission rates. To estimate the parameters of this

enhanced model and to manage the associated computational complexity, we utilize the MCECM

algorithm, which ensures robust and reliable inference in intricate settings. Incorporating seasonality
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significantly enhances the GD-ILM’s robustness, precision, and practical applicability, particularly

for large-scale epidemic modeling and data-driven public health decision-making. We demonstrate

the model’s performance and real-world relevance through high-resolution spatial analysis using

administrative individual-level data of Influenza in Manitoba, complemented by simulation studies

to validate its effectiveness.

The Influenza data analysis demonstrates significant improvements in model fit and interpretabil-

ity when incorporating seasonal variation alongside spatial structure. The seasonal parameters cap-

ture well-known cyclical trends in transmission, while the spatial parameters identify localized clus-

ters of high infection risk. The heterogeneous effects of SES on susceptibility highlight the importance

of social determinants in infectious disease dynamics. These spatial and temporal insights provide a

granular understanding of transmission patterns across Manitoba’s HADs, revealing critical urban-

rural disparities that should inform tailored public health interventions.

The simulation study confirms the importance of correctly specifying temporal components to

avoid bias in spatial parameter estimation. The misspecified model that omits seasonality results in

distorted spatial dynamics, while the full model accurately recovers key parameters under diverse

prevalence scenarios. This highlights the methodological necessity of integrating seasonality for

reliable inference in spatiotemporal infectious disease modeling.

From a health policy perspective, the findings of this study have direct implications for the de-

sign and implementation of targeted disease control strategies. The identification of seasonally driven

transmission peaks enables the timely deployment of preventive measures such as vaccination cam-

paigns, public awareness initiatives, and resource mobilization ahead of anticipated surges. The clear

spatial heterogeneity and clustering patterns support geographically focused interventions, allowing

health authorities to prioritize high-risk districts and allocate resources efficiently.

Moreover, the demonstrated role of SES in shaping susceptibility emphasizes the need for policies

that address social inequities exacerbating infectious disease vulnerability. Tailored outreach and

support for communities with lower income, higher unemployment rates, lower educational attain-

ment, and a higher proportion of single-parent households could reduce disparities in infection risk

and improve overall population health outcomes.
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In summary, by integrating seasonal dynamics with spatial heterogeneity, this enhanced GD-ILM

framework provides public health officials and policymakers with a more precise and timely under-

standing of the spread of infectious diseases. This improved modeling capability supports data-driven

decisions that can optimize the timing and location of interventions, ultimately reducing transmission

and health disparities. The model’s ability to identify high-risk periods, HADs, and vulnerable com-

munities equips health systems to better allocate resources, design targeted prevention strategies,

and implement equitable policies that address both biological and social determinants of disease.

To enhance accessibility and reproducibility, we have developed and released the SeasEpi R pack-

age [2] publicly available on CRAN. This package implements the seasonal GD-ILM framework and

provides comprehensive tools for likelihood-based parameter estimation via the MCECM algorithm,

supports model evaluation using AIC, and enables flexible simulation studies tailored to specific re-

search needs. Thus, this work advances epidemiological modeling and contributes directly to public

health responses that are more equitable, timely, and just.

One limitation of this study stems from the real data, which relied on the covariates available in

the dataset and did not account for other potentially influential factors. Consequently, the model’s

results may be sensitive to the inclusion of additional covariates, and the potential effects of omitted

covariates should be carefully considered when interpreting the findings.

Building on the findings of this study, several avenues for further research are promising. Future

work can explore alternative mathematical forms for the spatial kernel, such as Gaussian or expo-

nential, to more accurately reflect diverse spatial transmission patterns across different diseases and

regions. Similarly, more flexible representations of seasonality, including piecewise models, spline-

based approaches, or multi-frequency harmonic functions, could better capture complex temporal

and seasonal variations. Depending on the nature of the disease and the data, seasonal effects might

also be incorporated directly into the spark function to model sudden outbreaks more precisely.

Moreover, extending the proposed framework to an SEIRS compartmental model, which explicitly

accounts for reinfection dynamics, would broaden its applicability to diseases characterized by waning

immunity or repeated infections.
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4

Accelerating Parameter Estimation of

Geographically-Dependent

Individual-Level Models of Infectious

Diseases in Large-Scale Epidemics

This chapter includes a preprint manuscript intended for submission to Spatial Statistics. It is

reproduced here largely in its original form, with only slight formatting modifications to ensure

consistency within the thesis.

4.1 Introduction

Parameter estimation for GD-ILMs is particularly challenging due to the complex model structure,

which incorporates spatial dependencies and individual-level heterogeneity, making the full likelihood

function intractable. As a result, direct maximization of the likelihood is often computationally

prohibitive, especially for large datasets with high spatial resolution. ECM algorithms and their

variants, including the MCECM algorithm, have been developed for parameter estimation in GD-

ILMs [8, 7]. Nonetheless, these methods remain computationally intensive for large-scale applications.
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Bayesian approaches employing MCMC methods are widely used for parameter estimation in

spatial epidemic models [58, 78] and GD-ILMs [57]. Despite their popularity, MCMC methods

frequently face limitations in scalability and are computationally intensive, particularly for large and

complex datasets [87, 5, 101].

To address these computational limitations, [58] developed a set of sampling-based likelihood

approximations for ILMs within the SIR compartmental framework, including the Spatial ILM and

the Foot-and-Mouth Disease ILM, which account for uncertainty in infection times. Their approach

incorporates both simple random sampling and spatially stratified sampling schemes, substantially

reducing the computational burden while preserving acceptable levels of estimation accuracy. The

results demonstrate that such approximations are particularly valuable in large-scale epidemic con-

texts.

However, likelihood approximation techniques have not yet been extended to GD-ILMs, which are

inherently more complex due to spatially varying risk factors and spatial dependence. Consequently,

to the best of our knowledge, the computational challenges associated with parameter estimation in

GD-ILMs remain unresolved.

Our work presents a new, scalable framework for parameter estimation in GD-ILMs within a SEIR

compartmental structure. Our approach integrates the SAECM algorithm with a novel stratified

temporally-weighted KDE-based PPS sampling method for selecting cases from the dataset. The

stratified temporally-weighted KDE-based PPS sampling method prioritizes infectious disease cases

by incorporating spatial intensity and a time-sensitive infectiousness profile, assigning higher weight

to recently infected individuals with greater transmission potential. This targeted sampling method

reduces the data volume needed for likelihood approximation, substantially decreasing computational

costs while maintaining estimation accuracy. Incorporating this sampling method within the SAECM

framework enables efficient and robust parameter estimation while enhancing both convergence speed

and scalability, particularly for large, high-resolution spatial epidemic datasets where traditional

maximum likelihood or Bayesian MCMC methods are computationally intensive.

By prioritizing sampling in regions and time periods with elevated transmission risk, our approach

effectively captures the spatiotemporal heterogeneity of infectious disease spread. This improves
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model fidelity and enables rapid inference, which is crucial for timely public health decision-makings.

Overall, this work accelerates parameter estimation for GD-ILMs by providing a computationally

efficient, accurate, and scalable framework for large-scale epidemic modeling and real-time surveil-

lance.

To evaluate the computational efficiency and accuracy of our SAECM algorithm combined with

a stratified temporally-weighted KDE-based PPS sampling method for likelihood approximation, we

conducted a comprehensive simulation study across grids of increasing spatial resolution (10×10,

20×20, and 30×30) and within-cell heterogeneity.

This setup enables the evaluation of the robustness and scalability of the proposed model under

diverse demographic scenarios. Through these simulations, we examined the effects of sampling frac-

tion, spatial complexity, and demographic heterogeneity on parameter estimation. Additionally, both

regional and individual-level covariates were incorporated to capture realistic transmission dynamics.

We compared the performance of the MCECM and SAECM algorithms under both full and partial

sampling scenarios, quantifying estimation accuracy using the Absolute Relative Bias Percentage

(ARBP). Furthermore, we applied our methodology to individual-level administrative COVID-19

data from Manitoba, Canada, covering the period from September 2020 to March 2021. Using a

high-resolution spatial framework comprising 96 RHADs and 27,897 PCRs, we examined regional

SES disparities in disease transmission patterns. Additionally, the fitted model provided estimates

of the probability of exposure for each PCR at every time step.

The remainder of this chapter is organized as follows. Section 4.2 provides an introduction to the

study along with two-dimensional KDE. Section 4.3 presents the stratified temporally-weighted KDE-

based PPS sampling method for infectious disease cases. Section 4.4 details the specifications of the

GD-ILM components and the full and approximated likelihood formulations. Section 4.5 describes

the parameter estimation procedures, including both the MCECM and SAECM algorithms. Section

4.6 reports simulation studies assessing estimation performance and computational efficiency. Section

4.7 illustrates the application of the proposed methods to COVID-19 data from Manitoba. Finally,

Section 4.8 concludes with a discussion of potential directions for future research.
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4.2 Background

4.2.1 Total Infectious Load

In the GD-ILM, formulated within the SEIR compartmental framework, the following term

Ψpi, t, z, ζpzqq “
ÿ

jPIpt,z,ζpzqq

ΥT pj, zqκpi, jq. (4.2.1)

represents the total infectious load on a susceptible individual, which is computed by aggregating the

influence of all infectious individuals in the region and its neighboring regions. A key computational

challenge in this framework arises from evaluating the total infectious load. During large-scale

outbreaks, the set Ipt, z, ζpzqq can grow considerably, leading to intensive computational demands

due to repeated summations over large infectious populations. This creates a significant bottleneck

for likelihood-based inference and simulation, particularly in large populations and over extended

time periods.

In Section 4.3, we propose alleviating this burden by approximating Ψpi, t, z, ζpzqq by rΨpi, t, z, ζpzqq,

using a representative sample drawn from the set Ipt, z, ζpzqq.

4.2.2 Two-dimensional KDE

Two-dimensional KDE is a widely used non-parametric technique for estimating the probability

density function of a spatially distributed random variable from observed data [10, 89, 39]. Beyond

its foundational role in statistics, KDE has emerged as a key tool for hotspot detection in fields such

as epidemiology, criminology, and environmental science [91, 50, 43, 81, 28, 24].

KDE evaluates event concentration at a given location by centering a smooth kernel function

over a defined neighborhood, weighting events by the inverse distance from the target location, and

aggregating the weighted contributions of all events within the kernel window [39].

This approach enables detailed visualization of spatial patterns and facilitates the identification

of areas with high event intensity, commonly referred to as hotspots. Formally, for a set of n spatial
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observations tpx1, y1q, px2, y2q, . . . , pxn, ynqu, the KDE at a point px, yq is defined as:

fpx, yq “
1
nh2

s

n
ÿ

i“1
Ks

ˆ

x ´ xi
hs

,
y ´ yi
hs

˙

,

where Ksp¨q is the spatial kernel function, which is typically a smooth, symmetric probability density

function, such as the Gaussian kernel, and hs is the bandwidth parameter that controls the degree

of smoothing. The choice of bandwidth is critical, as it determines the trade-off between sensitivity

to local variation and noise suppression.

By transforming discrete spatial events into a continuous surface without relying on rigid para-

metric assumptions, KDE provides a flexible and intuitive framework for spatial data analysis. Its

ability to reveal underlying spatial structures and highlight high-intensity regions has made it indis-

pensable in a wide range of applied research fields that require robust spatial pattern recognition

[10, 89].

4.3 Stratified Temporally-Weighted KDE-Based PPS Sam-

pling Method

Efficient sampling of infectious individuals is crucial for scalable and accurate inference in spatiotem-

poral infectious disease models. Conventional approaches, such as simple random sampling and

stratified sampling, though straightforward to implement, often fail to capture the complex and het-

erogeneous dynamics of epidemic spread. Simple random sampling selects individuals uniformly at

random, disregarding spatial and temporal context, which can result in the underrepresentation of key

transmission areas and increased variability in parameter estimates. Stratified sampling introduces

some structure by dividing the population into predefined strata, but it lacks the flexibility to adapt

to dynamically evolving hotspots and spatial clustering inherent in infectious disease outbreaks.

To address these limitations, we develop a KDE–based PPS sampling method, guided by spatial

and temporal information. This approach utilizes the spatial locations and infection times of observed

cases to generate a continuous, data-driven estimate of infection intensity across space and time. KDE
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naturally highlights clusters of infectious individuals by assigning higher density values to areas with

concentrated cases currently within their infectious periods. Consequently, sampling is directed

toward active hotspots rather than isolated cases, reflecting the biological and social mechanisms of

disease transmission induced by proximity to infectious individuals. This targeted strategy enables

more efficient sampling and improves the accuracy of epidemiological surveillance and inference.

To ensure radial symmetry in the KDE, such that the resulting density contours are circular rather

than axis-aligned, the spatial kernel is defined using the Euclidean distance between the evaluation

point px, yq and each observed point pxi, yiq, given by
a

px ´ xiq2 ` py ´ yiq2. We adopt a Gaussian

spatial kernel for this purpose, defined as:

Ks

ˆ

x ´ xi
hs

,
y ´ yi
hs

˙

“
1

2π exp
„

´
px ´ xiq

2 ` py ´ yiq
2

2h2
s

ȷ

,

which leads to the following form of the KDE:

fpx, yq “
1

2πnh2
s

n
ÿ

i“1
exp

„

´
px ´ xiq

2 ` py ´ yiq
2

2h2
s

ȷ

.

This formulation ensures smooth, symmetric density surfaces that accurately reflect spatial cluster-

ing.

The Gaussian spatial kernel is infinitely supported, ensuring that the density estimate is both

smooth and rotation-invariant. This makes it particularly well-suited for modeling isotropic spatial

data, where no directional bias is assumed in the spread of infection.

The bandwidth parameter hs was selected using Silverman’s Rule of Thumb [89] given by:

hs “ 1.06 min
ˆ

σs,
IQR
1.34

˙

n´1{5,

where σs denotes the standard deviation and IQR is the interquartile range. Here, σs and IQR

are computed from the empirical distribution of pairwise Euclidean distances between observed case

locations and summarize the overall spatial dispersion used to define a single isotropic bandwidth.

This selection method minimizes the asymptotic mean integrated squared error under the assumption
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of an approximately normal underlying distribution and is widely adopted as a robust, data-driven

approach for bandwidth determination in KDE. This bandwidth selection was applied consistently

throughout the remainder of the paper, including both the simulation study and the real data

analysis.

Figure 4.1 (left) depicts an example of spatial distribution of infectious individuals across a grid,

with each black dot representing an infected person. Figure 4.1 (right) presents the corresponding

heat map generated using Gaussian KDE. The spatial bandwidth parameter, hs, determines the

degree of smoothing: smaller values of hs capture fine-scale transmission patterns, such as within-

household or neighborhood-level spread, whereas larger values smooth over broader spatial scales,

suitable for slower-spreading diseases or settings with delayed reporting. As demonstrated, regions

exhibiting stronger spatial clustering and higher concentrations of cases generate elevated density

values on the KDE surface, which consequently assigns them greater selection probabilities. This

visualization demonstrates how KDE effectively identifies transmission hotspots by detecting local

aggregations of cases.
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Figure 4.1: Example of KDE-based hotspot identification: (Left) Spatial distribution of infectious
individuals (black dots); (Right) Gaussian KDE heatmap, where higher density regions correspond
to probable transmission hotspots.

Within our framework, selection probabilities are further refined by incorporating the infectious-
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ness profile of each individual, which reflects the temporal progression of infectiousness after infection.

Individuals who were infected recently or are at the peak of their infectious period are assigned higher

selection probabilities, given their greater potential to drive ongoing transmission [33]. Conversely,

individuals approaching the end of their infectious period contribute less to the density surface [33].

To model this temporal dynamic, we adopt a truncated exponential decay function. Let tj denote

the infectious onset time of individual j, and t´ tj represent the time since infection, constrained to

0 ď t ´ tj ď ρ, where ρ is the infectious period. The infectiousness function is defined as:

ηpt ´ tjq “ exp
„

lnpεq

ρ
pt ´ tjq

ȷ

1t0ďt´tjďρu. (4.3.1)

This function ensures that infectiousness decays from 1 at t “ tj to a minimum threshold ε (e.g., ε “

0.01) at t “ tj ` ρ. This truncated exponential form provides a biologically plausible representation

of the infectious period, reflecting the empirical observation that individuals are most infectious

shortly after infectious onset, with infectious potential declining rapidly due to the immune response,

behavioral adaptations, or treatment. The exponential decay function captures this pattern efficiently

and supports a more realistic estimation of transmission risk in KDE-based sampling.

Figure 4.2 illustrates the infectiousness profile of an individual over time following the infectious

onset, assuming an infectious period of 8 days, modeled with an exponential decay function. The

vertical axis represents relative infectiousness, while the horizontal axis denotes time since infection.

The curve demonstrates a steep initial decline, with peak transmissibility occurring immediately

after infectious onset, consistent with biological evidence of early-stage infectiousness.

To evaluate the spatial distribution of infectious individuals over time, we introduce a temporally-

weighted KDE approach. This method estimates the spatial intensity of infectiousness at a specific

time point t, where each individual’s contribution to the spatial density is scaled by their current

level of infectiousness. Let each infectious individual be located at pxj, yjq with infection time tj. The

KDE is then evaluated at any spatial location px, yq and time t, incorporating both spatial proximity

and temporal infectiousness.

We employ a Gaussian kernel for spatial smoothing and an exponential decay function to model
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Figure 4.2: Infectiousness profile over time, modeled with a truncated exponential decay function,
assuming an 8-day infectious period and ε “ 0.01.

infectiousness. The resulting temporally-weighted KDE is defined as:

ftpx, yq “
1

2πh2
s

ř

jPIpt,z,ζpzqq
ηpt ´ tjq exp

”

´
px´xjq2`py´yjq2

2h2
s

ı

ř

jPIpt,z,ζpzqq
ηpt ´ tjq

, (4.3.2)

where ηpt´ tjq is defined in (4.3.1). This formulation enables the KDE to reflect time-varying trans-

mission potential: areas with recently infected, spatially clustered individuals yield higher density

estimates and are flagged as likely hotspots. In contrast, infections that are temporally distant or

spatially isolated are down-weighted due to their lower epidemiological relevance. As a result, this

approach produces a dynamic, data-driven representation of spatial transmission risk that closely

mirrors the naturally occurring clustering patterns of infectious disease spread.

It is important to distinguish this method from full spatiotemporal KDE [39], which applies kernel

smoothing jointly across space and time:

fstpx, yq “
1

nh2
sht

n
ÿ

i“1
Ks

ˆ

x ´ xi
hs

,
y ´ yi
hs

˙

Kt

ˆ

t ´ ti
ht

˙

,
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where Ktp¨q is the temporal kernel function and ht is the temporal bandwidth. While the spatiotem-

poral KDE smooths events across both dimensions, our temporally-weighted KDE maintains spatial

resolution at each time point and incorporates temporal variation through time-dependent weights

ηpt ´ tjq.

To operationalize the proposed sampling method based on the temporally-weighted KDE, we de-

veloped a probabilistic algorithm that balances epidemiological fidelity with computational efficiency.

The algorithm is designed to preserve spatial clustering by focusing on geographic areas with high

infection intensity and to ensure temporal continuity by tracking individuals throughout their in-

fectious periods. These features are essential for accurately representing transmission dynamics and

capturing the full contribution of each infectious individual. The algorithm proceeds sequentially for

time points t “ 1 to T , following the steps outlined below.

Step 1: Identification of Infectious Individuals

To accurately model transmission dynamics, it is crucial to identify all individuals currently infectious

within the focal region and its neighboring regions at each time point. This ensures that both local

infections and spatial spillover infections are properly accounted for. Formally, at discrete time t for

region z, the infectious set is defined as:

Ipt, z, ζpzqq “ tj | t ´ ρ ` 1 ď tj ď t, j P z Y ζpzqu .

This definition ensures that all individuals whose infectious onset occurred within the last ρ discrete

time units are considered actively infectious at time t.

Step 2: Sampling Threshold

Given potentially large variations in the number of infectious individuals, computational tractability

requires limiting the number of individuals included in the analysis. To achieve this, we define a

sampling threshold nmax, which places an upper limit on the size of the infectious set. Let | ¨ |

represent the cardinality of a set. If |Ipt, z, ϕpzqq| ă nmax, then no sampling is performed, and the

full infectious set is retained, i.e., Ispt, z, ζpzqq “ Ipt, z, ζpzqq, where Ispt, z, ϕpzqq denotes the final

infectious sample. The total infectious load experienced by a susceptible individual i is Ψpi, t, z, ζpzqq
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given in (4.2.1). However, if |Ipt, z, ζpzqq| ě nmax, a representative sample of size ns is drawn via the

stratified temporally-weighted KDE-based PPS sampling method (described in Step 3).

The sampling threshold nmax is selected based on the distribution of infectious individuals ob-

served in the data. It is set at a level that captures the majority of infection events while preventing

excessively large sets that would make computations infeasible. In other words, it reflects a balance

between adequately representing high-incidence periods and maintaining manageable computational

cost.

Step 3: Stratification

To avoid bias arising from truncated infectious trajectories, sampling must preserve the temporal

continuity of infectious individuals. Stratification separates persistently infectious individuals, who

became infectious in previous time steps and are therefore retained without sampling, from newly

infectious cases, which are sampled using a stratified temporally-weighted KDE-based PPS sampling

method. This approach maintains both epidemiological fidelity and statistical robustness.

• Stratum 1 (Persistently Infectious):

This stratum ensures the temporal continuity in infectious trajectories, a critical feature of the

KDE-based approach. Unlike naive sampling at every time point, which risks excluding indi-

viduals still within their infectious period, our method retains any individual included in the

sample at time t ´ 1 until their infectious period ends. This guaranties that each individual’s

full transmission potential is modeled accurately. Without this persistence, truncated infec-

tious trajectories would distort transmission dynamics and bias parameter estimates related to

secondary infections and contact structures. Formally, individuals sampled at t ´ 1 and still

infectious at time t form the set:

Ipersistpt, z, ζpzqq “ tj P Ipt ´ 1, z, ζpzqq | tj ě t ´ ρ ` 1u .

• Stratum 2 (Newly Infectious):

This stratum contains individuals whose infectious onset occurs at the current time t. These are

identified by removing persistently infectious individuals (Stratum 1) from the full infectious
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set:

Inewpt, z, ζpzqq “ Ipt, z, ζpzqqzIpersistpt, z, ζpzqq “ tj | tj “ t, j P z Y ζpzqu .

Let ξ represent the sampling fraction, and r¨s maps a real number to the smallest integer

greater than or equal to it. From the subset Inewpt, z, ζpzqq, a PPS sample Ippspt, z, ζpzqq of size

ns “ rξ ˆ |Inewpt, z, ζpzqq|s is drawn with inclusion probabilities:

πpj, t, zq “ ns
ftpxj, yjq

ř

j1PInewpt,z,ζpzqq
ftpxj1 , yj1q

,

where ftpxj, yjq is defined in (4.3.2).

Step 4: Final Sample Assembly and Approximation of Total Infectious Load

The final infectious sample combines individuals from both strata: persistently infectious individuals

(fully retained) and the PPS-sampled newly infectious cases. The combined sample is:

Ispt, z, ζpzqq “ Ipersistpt, z, ζpzqq Y Ippspt, z, ζpzqq.

To ensure unbiased estimation, sampling weights are applied to correct for unequal inclusion proba-

bilities. Accordingly, the total infectious load Ψpi, t, z, ζpzqq is approximated by

rΨpi, t, z, ζpzqq “
ÿ

jPIspt,z,ζpzqq

ωpj, t, zqrΥT pj, zqrκpi, jq, (4.3.3)

where rκpi, jq and rΥT pj, zq are approximations of κpi, jq and ΥT pj, zq, respectively, and the weights

are

ωpj, t, zq “

$

’

’

’

&

’

’

’

%

π´1pj, t, zq, j P Ippspt, z, ζpzqq,

1, j P Ipersistpt, z, ζpzqq.

The stratified temporally-weighted KDE-based PPS sampling method for the infectious set Ipt, z, ζpzqq

is summarized in Algorithm 3.
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Algorithm 3 Stratified Temporally-Weighted KDE-Based PPS Sampling of Ipt, z, ζpzqq

For t “ 1 to T :

1. Construct Ipt, z, ζpzqq: Define Ipt, z, ζpzqq based on the selected sample from the previous time point Ispt ´ 1, z, ζpzqq.

2. If |Ipt, z, ζpzqq| ď nmax:

• Return the final sample: Set Ispt, z, ζpzqq “ Ipt, z, ζpzqq.
• Return the total infectious load:

Ψpi, t, z, ζpzqq “
ÿ

jPIspt,z,ζpzqq

ΥT pj, zqκpi, jq

3. If |Ipt, z, ζpzqq| ą nmax:

• Define strata: Ipersistpt, z, ζpzqq (persistently infectious), Inewpt, z, ζpzqq (newly infectious).
• Estimate kernel density for each j P Ipt, z, ζpzqq:

ftpxj, yjq “
1

2πh2
s

ř

j1PIpt,z,ζpzqq
ηpt ´ tj1q exp

”

´
pxj´xj1 q2`pyj´yj1 q2

2h2
s

ı

ř

j1 PIpt,z,ζpzqq
ηpt ´ tj1q

.

• Compute inclusion probabilities for sampling:

πpj, t, zq “ ns
ftpxj, yjq

ř

j1PInewpt,z,ζpzqq

ftpxj1 , yj1q
, @j P Inewpt, z, ζpzqq

• Draw sample: Take the PPS sample Ippspt, z, ζpzqq of size ns from Inewpt, z, ζpzqq with inclusion probabilities πpj, t, zq.
• Return the final sample:

Ispt, z, ζpzqq “ Ipersistpt, z, ζpzqq Y Ippspt, z, ζpzqq

• Return the approximated total infectious load:

rΨpi, t, z, ζpzqq “
ÿ

jPIspt,z,ζpzqq

ωpj, t, zqrΥT pj, zqrκpi, jq,

where

ωpj, t, zq “

$

&

%

π´1pj, t, zq, if j P Ippspt, z, ζpzqq,

1, if j P Ipersistpt, z, ζpzqq.
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4.4 Specification of GD-ILM Components

Susceptibility and Transmissibility Functions

We define the susceptibility function ΥSpi, zq and the transmissibility function ΥT pj, zq as follows.

Let Xi denote the individual-level covariate vector for susceptible individual i “ 1, . . . , n, and XzS

denote the regional-level susceptibility covariate vector for region z. These covariates are incorporated

into the susceptibility function ΥSpi, zq. Similarly, let Xj denote the individual-level covariate vector

for infectious unit j, which is included in the transmissibility function ΥT pj, zq. Specifically, the

functions are defined as:

ΥSpi, zq “ exp
`

αS ` XJ
i β1 ` XJ

zSβ2 ` γz
˘

(4.4.1)

and

ΥT pj, zq “ exp
`

αT ` XJ
j β3

˘

, (4.4.2)

where αS is the susceptibility intercept, and β1 and β2 are the coefficient vectors corresponding to

Xi and XzS, respectively. Likewise, αT is the transmissibility intercept, and β3 is the coefficient

vector associated with Xj. The term γz denotes spatial random effects, capturing latent geographic

variation or unmeasured covariate effects, typically modeled via a specified spatial structure among

regions.

Spatial Random Effect

In this work, we adopt the Leroux model [49] to model the spatial random effects vector Γ “

pγ1, . . . , γZqJ, as described in Section 1.4.

Infection Kernel

We define the infection kernel as an exponential decay function: κpi, jq “ expp´δdijq, where δ ą 0

is the spatial decay parameter and dij represents the distance between susceptible individual i and
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infectious individual j. We also set ϵpi, t, zq “ 0 for model simplicity. Therefore, our GD-ILM is

expressed as:

Ppi,t,zqpΘq “ 1 ´ exp
“

´exp
`

αS ` XJ
i β1 ` XJ

zSβ2 ` γz
˘

Ψpi, t, z, ζpzqq
‰

, (4.4.3)

where

Ψpi, t, z, ζpzqq “
ÿ

jPIpt,z,ζpzqq

exp
`

αT ` XJ
j β3 ´ δdij

˘

,

for t “ 1, . . . , T and z “ 1, . . . , Z, if sampling is not needed.

Likelihood and Approximation

Let yc “ py, z,Γq denote the complete data, which includes regional information and spatial random

effects, and let y denote the observed data. Also, let gpΓq be the density function proposed by

[49], as explained earlier in this paper. Assuming that infection and exposure times are known, the

likelihood function of the complete data, including all infection and non-infection events observed

throughout the entire epidemic period across all Z regions, is given by

LpΘ; ycq “ppy|z,ΓqgpΓq

“

T
ź

t“1

Z
ź

z“1

#

ź

iPSpt,zq

`

1 ´ Ppi,t,zqpΘq
˘

ź

iPEpt`1,z,ζpzqqzEpt,z,ζpzqq

Ppi,t,zqpΘq

+

ˆ

"

p2πq
´Z{2

pτ 2
q
Z{2

|p1 ´ λqIZ ` λR|
1{2 exp

ˆ

´
1
2ΓJ

␣

τ 2
rp1 ´ λqIZ ` λRs

(

Γ
˙*

,

where Spt, zq is the set of susceptible individuals who are uninfected at time t in region z, and

Ept ` 1, z, ζpzqqzEpt, z, ζpzqq is the set of newly exposed individuals at time t in region z.

By taking a sample Ispt, z, ζpzqq from the infectious set Ipt, z, ζpzqq using the sampling method

described previously, we then approximate the Ppi,t,zqpΘq by rPpi,t,zqpΘq, given as follows:

Ppi,t,zqpΘq « rPpi,t,zqpΘq “ 1 ´ exp
”

´exp
`

αS ` XJ
i β1 ` XJ

zSβ2 ` γz
˘

rΨpi, t, z, ζpzqq

ı

, (4.4.4)
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where rΨpi, t, z, ζpzqq is defined in (4.3.3), with

rκpi, jq “ exp
´

´rδdij

¯

,

and
rΥT pj, zq “ exp

´

rαT ` XJ
j
rβ3

¯

.

Here, rδ, rαT , and rβ3 are approximations of δ, αT , and β3, respectively. This approximation leads to

an approximate likelihood function LpΘ; ycq, denoted by rLpΘ; ycq, which is given by

rLpΘ; ycq “rppy|z,ΓqgpΓq (4.4.5)

“

T
ź

t“1

Z
ź

z“1

#

ź

iPSpt,zq

´

1 ´ rPpi,t,zqpΘq

¯

ź

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

rPpi,t,zqpΘq

+

ˆ

"

p2πq
´Z{2

pτ 2
q
Z{2

|p1 ´ λqIZ ` λR|
1{2 exp

ˆ

´
1
2ΓJ

␣

τ 2
rp1 ´ λqIZ ` λRs

(

Γ
˙*

.

This approach leads to the calculation of the total infectious load based on a significantly smaller

subset Ispt, z, ζpzqq in rPpi,t,zqpΘq, rather than the full set Ipt, z, ζpzqq used in Ppi,t,zqpΘq. Likewise,

the likelihood LpΘ; ycq is evaluated over the reduced set of exposed individuals Espt, z, ζpzqq in
rLpΘ; ycq instead of the full set Ept, z, ζpzqq. These reductions lead to more efficient computations

in each iteration of the MCECM algorithm. Therefore, we intend to estimate the parameter vector

Θ “ pαS, rαT ,β1,β2,
rβ3,

rδ, τ, λq.

4.5 Parameter Estimation of GD-ILM

We estimate the GD-ILM parameters specified in (4.4.4) using the MCECM algorithm, based on the

stratified temporally-weighted KDE-based PPS sampling method and the approximated maximum

likelihood in (4.4.5), with Γ treated as latent. The complete MCECM procedure is summarized in

Algorithm 4.
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Algorithm 4 MCECM

Initialize the set of parameters Θp0q “ pα
p0q

S , rα
p0q

T ,β
p0q

1 ,β
p0q

2 , rβ
p0q

3 , rδp0q, τ p0q, λp0qq.
Repeat

E-Step: Consider gpΓq as the candidate density and ppΓ|yq9ppy|z,ΓqgpΓq as the target density. At iteration pk ` 1q of the MCECM
algorithm, with current values Θpkq:

For pl “ 1, . . . , Lq

Given the current value of Γpk`1q

l , generate r „ Uniformp0, 1q and take a sample rΓ „ ppΓ|y; Θpkqq using the Metropolis-Hastings
method.

If r ď
ppy|z,rΓq

ppy|z,Γpk`1q

l
q
, Then

Γpk`1q

l`1 “ rΓ
Else

Γpk`1q

l`1 “ Γpk`1q

l

End If
End For

Return the approximated expectation rQpΘ | Θpk`1qq given in (4.5.1), using the random sample tΓpk`1q

1 ,Γpk`1q

2 , . . . ,Γpk`1q

L u generated
from ppΓ|y; Θpkqq.

M-Step: Maximize rQpΘ | Θpkqq, with respect to the following model parameters to obtain Θpk`1q.

CM-Step 1: Update αpk`1q

S using (4.5.2).

CM-Step 2: Let αS “ α
pk`1q

S . Update β
pk`1q

1 using (4.5.3).

CM-Step 3: Let pαS,β1q “ pα
pk`1q

S ,β
pk`1q

1 q. Update β
pk`1q

2 using (4.5.4).

CM-Step 4: Let pαS,β1,β2q “ pα
pk`1q

S ,β
pk`1q

1 ,β
pk`1q

2 q. Update rα
pk`1q

T using (4.5.5).

CM-Step 5: Let pαS, αT ,β1,β2q “ pα
pk`1q

S , rα
pk`1q

T ,β
pk`1q

1 ,β
pk`1q

2 q. Update rβ
pk`1q

3 using (4.5.6).

CM-Step 6: Let pαS, αT ,β1,β2,β3q “ pα
pk`1q

S , rα
pk`1q

T ,β
pk`1q

1 ,β
pk`1q

2 , rβ
pk`1q

3 q. Update rδpk`1q using (4.5.7).

CM-Step 7: Let pτ, λq “ pτ pkq, λpkqq. Update pτ pk`1q, λpk`1qq using (4.5.8-4.5.12)
Until the set Θpk`1q satisfies }Θpk`1q ´ Θpkq}2 ă ϵΘ, where } ¨ }2 denotes the Euclidean norm, and ϵΘ is a small convergence threshold.
Return the optimal value Θ̂ “ Θpk`1q.
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We also apply the SAECM algorithm to estimate the GD-ILM parameters specified in (4.4.4),

using the stratified temporally-weighted KDE-based PPS sampling method and the approximated

maximum likelihood in (4.4.5), while treating Γ as latent. The SAECM procedure is summarized in

Algorithm 5.
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Algorithm 5 SAECM

Initialize the set of parameters Θp0q “ pα
p0q

S , rα
p0q

T ,β
p0q

1 ,β
p0q

2 , rβ
p0q

3 , rδp0q, τ p0q, λp0qq and rQp0qpΘq “ 0.
Repeat

E-Step: At iteration pk ` 1q of the SAECM algorithm, with current values Θpkq:

Generate Γpk`1q „ ppΓ|y; Θpkqq and update the step size spk`1q “ pk ` 1q
´ζSA , ζSA P p0.5, 1s.

Return the approximated expectation rQpk`1qpΘq given in (4.5.13).

M-Step: Maximize rQpk`1qpΘq, with respect to the following model parameters to obtain Θpk`1q.

CM-Step 1: Update αpk`1q

S using (4.5.2).

CM-Step 2: Let αS “ α
pk`1q

S . Update β
pk`1q

1 using (4.5.3).

CM-Step 3: Let pαS,β1q “ pα
pk`1q

S ,β
pk`1q

1 q. Update β
pk`1q

2 using (4.5.4).

CM-Step 4: Let pαS,β1,β2q “ pα
pk`1q

S ,β
pk`1q

1 ,β
pk`1q

2 q. Update rα
pk`1q

T using (4.5.5).

CM-Step 5: Let pαS, αT ,β1,β2q “ pα
pk`1q

S , rα
pk`1q

T ,β
pk`1q

1 ,β
pk`1q

2 q. Update rβ
pk`1q

3 using (4.5.6).

CM-Step 6: Let pαS, αT ,β1,β2,β3q “ pα
pk`1q

S , rα
pk`1q

T ,β
pk`1q

1 ,β
pk`1q

2 , rβ
pk`1q

3 q. Update rδpk`1q using (4.5.7).

CM-Step 7: Let pτ, λq “ pτ pkq, λpkqq. Update pτ pk`1q, λpk`1qq using (4.5.14-4.5.18)
Until the set Θpk`1q satisfies }Θpk`1q ´ Θpkq}2 ă ϵΘ, where } ¨ }2 denotes the Euclidean norm, and ϵΘ is a small convergence threshold.
Return the optimal value Θ̂ “ Θpk`1q.
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4.5.1 CM-Steps in MCECM Algorithm 4

Let Υ1p¨,¨,¨q
S pi, zq, Υ2p¨,¨,¨q

S pi, zq, rΨ1p¨,¨,¨qpi, t, z, ζpzqq, and rΨ2p¨,¨,¨qpi, t, z, ζpzqq be defined in Table 4.1.

Table 4.1: Definitions used in CM-Steps in MCECM Algorithm

p¨, ¨, ¨q Υ1p¨,¨,¨q
S pi, zq

(0,0,0) exp
´

α
pkq

S ` XJ
i β

pkq

1 ` XJ
zSβ

pkq

2

¯

(1,0,0) Xiexp
´

α
pk`1q

S ` XJ
i β

pkq

1 ` XJ
zSβ

pkq

2

¯

(1,1,0) XzSexp
´

α
pk`1q

S ` XJ
i β

pk`1q

1 ` XJ
zSβ

pkq

2

¯

(1,1,1) exp
´

α
pk`1q

S ` XJ
i β

pk`1q

1 ` XJ
zSβ

pk`1q

2

¯

p¨, ¨, ¨q Υ2p¨,¨,¨q
S pi, zq

(0,0,0) exp
´

2αpkq

S ` 2XJ
i β

pkq

1 ` 2XJ
zSβ

pkq

2

¯

(1,0,0) XiXJ
i exp

´

2αpk`1q

S ` 2XJ
i β

pkq

1 ` 2XJ
zSβ

pkq

2

¯

(1,1,0) XzSXJ
zSexp

´

2αpk`1q

S ` 2XJ
i β

pk`1q

1 ` 2XJ
zSβ

pkq

2

¯

(1,1,1) exp
´

2αpk`1q

S ` 2XJ
i β

pk`1q

1 ` 2XJ
zSβ

pk`1q

2

¯

p¨, ¨, ¨q rΨ1p¨,¨,¨qpi, t, z, ζpzqq

(0,0,0)
ř

jPIspt,z,ζpzqq
ωpj, t, zqexp

´

rα
pkq

T ` XJ
j
rβ

pkq

3 ´ rδpkqdij

¯

(1,0,0)
ř

jPIspt,z,ζpzqq
ωpj, t, zqXjexp

´

rα
pk`1q

T ` XJ
j
rβ

pkq

3 ´ rδpkqdij

¯

(1,1,0) ´
ř

jPIspt,z,ζpzqq
ωpj, t, zqdijexp

´

rα
pk`1q

T ` XJ
j
rβ

pk`1q

3 ´ rδpkqdij

¯

p¨, ¨, ¨q rΨ2p¨,¨,¨qpi, t, z, ζpzqq

(1,0,0)
ř

jPIspt,z,ζpzqq
ωpj, t, zqXjXJ

j exp
´

rα
pk`1q

T ` XJ
j
rβ

pkq

3 ´ rδpkqdij

¯

(1,1,0)
ř

jPIspt,z,ζpzqq
ωpj, t, zqdijexp

´

rα
pk`1q

T ` XJ
j
rβ

pk`1q

3 ´ rδpkqdij

¯

The approximated expectation is given by rQpΘ | Θpkqq “ 1
L

řL
l“1 ln rLpΘ; y,Γpkq

l q. Therefore,

rQpΘ | Θpkq
q “

1
L

T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1

L
ÿ

l“1

„

´ exppαS ` XJ
i β2 ` XJ

zSβ2 ` γzlqrΨpi, t, z, ζpzqq

∣∣∣∣∣y
ȷ

`
1
L

T
ÿ

t“1

ÿ

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

Z
ÿ

z“1

L
ÿ

l“1

ˆ

ln
"

1 ´ exprexppαS ` XJ
i β1 ` XJ

zSβ2 ` γzlqrΨpi, t, z, ζpzqqs

*

∣∣∣∣∣y
˙

´
Z

2 lnp2πq `
Z

2 lnpτ 2
q `

1
2 ln p|λR ` p1 ´ λqI|q ´

τ 2

2
1
L

L
ÿ

l“1

”

pΓpkq

l q
J

pλR ` p1 ´ λqIq pΓpkq

l q|y
ı

.

(4.5.1)

112



CM-Step 1: Update αS using the following recursive relationship

α
pk`1q

S “ α
pkq

S ´

B

BαS

rQpΘ | Θpkqq

B2

Bα2
S

rQpΘ | Θpkqq
, (4.5.2)

where
B rQpΘ | Θpkqq

BαS
“ ´

T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1
Υ1p0,0,0q

S pi, zq rΨ1p0,0,0q
pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

“

exppγzlq|y,Θpkq
‰

`

T
ÿ

t“1

ÿ

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

Z
ÿ

z“1
Υ1p0,0,0q

S pi, zq

ˆ rΨ1p0,0,0q
pi, t, z, ζpzqq

1
L

L
ÿ

l“1

»

–

´

1 ´ rPpi,t,zqpΘq

¯

rPpi,t,zqpΘq
exppγzlq

∣∣∣∣∣y,Θpkq

fi

fl ,

and

B2
rQpΘ | Θpkqq

B2αS
“ ´

T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1
Υ1p0,0,0q

S pi, zq rΨ1p0,0,0q
pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣y,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

Z
ÿ

z“1
Υ1p0,0,0q

S pi, zq rΨ1p0,0,0q
pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

»

–

´

1 ´ rPpi,t,zqpΘq

¯

rPpi,t,zqpΘq
exppγzlq

∣∣∣∣∣y,Θpkq

fi

fl ´

´

Υ2p0,0,0q

S pi, zq

¯ ”

rΨ1p0,0,0q
pi, t, z, ζpzqq

ı2

ˆ
1
L

L
ÿ

l“1

»

—

–

´

1 ´ rPpi,t,zqpΘq

¯

´

rPpi,t,zqpΘq

¯2 expp2γzlq
∣∣∣∣∣y,Θpkq

fi

ffi

fl

.

CM-Step 2: Update β1 using the following recursive relationship

β
pk`1q

1 “ β
pkq

1 ´

B

Bβ1
rQpΘ | Θpkqq

B2

Bβ1BβJ
1
rQpΘ | Θpkqq

, (4.5.3)
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where
B rQpΘ | Θpkqq

Bβ1
“ ´

T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1
Υ1p1,0,0q

S pi, zq rΨ1p0,0,0q
pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣y,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,0,0q

S pi, zq

ˆ rΨ1p0,0,0q
pi, t, z, ζpzqq

1
L

L
ÿ

l“1

»

–

´

1 ´ rPpi,t,zqpΘq

¯

rPpi,t,zqpΘq
exppγzlq

∣∣∣∣∣y,Θpkq

fi

fl ,

and

B2
rQpΘ | Θpkqq

Bβ1BβJ
1

“ ´

T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1
Υ1p1,0,0q

S pi, zq XJ
i
rΨ1p0,0,0q

pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣y,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,0,0,0,0q

S pi, zq XJ
i
rΨ1p0,0,0q

pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

»

–

´

1 ´ rPpi,t,zqpΘq

¯

rPpi,t,zqpΘq
exppγzlq

∣∣∣∣∣y,Θpkq

fi

fl ´

´

Υ2p1,0,0q

S pi, zq

¯ ”

rΨ1p0,0,0q
pi, t, z, ζpzqq

ı2

ˆ
1
L

L
ÿ

l“1

»

—

–

´

1 ´ rPpi,t,zqpΘq

¯

´

rPpi,t,zqpΘq

¯2 expp2γzlq
∣∣∣∣∣y,Θpkq

fi

ffi

fl

.

CM-Step 3: Update β2 using the following recursive relationship

β
pk`1q

2 “ β
pkq

2 ´

B

Bβ2
rQpΘ | Θpkqq

B2

Bβ2BβJ
2
rQpΘ | Θpkqq

, (4.5.4)

where
B rQpΘ | Θpkqq

Bβ2
“ ´

T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1
Υ1p1,1,0q

S pi, zq rΨ1p0,0,0q
pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣y,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,0q

S pi, zq

ˆ rΨ1p0,0,0q
pi, t, z, ζpzqq

1
L

L
ÿ

l“1

»

–

´

1 ´ rPpi,t,zqpΘq

¯

rPpi,t,zqpΘq
exppγzlq

∣∣∣∣∣y,Θpkq

fi

fl ,
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and

B2
rQpΘ | Θpkqq

Bβ2BβJ
2

“ ´

T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1
Υ1p1,1,0q

S pi, zq XJ
zS
rΨ1p0,0,0q

pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣y,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,0,0,0q

S pi, zq XJ
zS
rΨ1p0,0,0q

pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

»

–

´

1 ´ rPpi,t,zqpΘq

¯

rPpi,t,zqpΘq
exppγzlq

∣∣∣∣∣y,Θpkq

fi

fl ´

´

Υ2p1,1,0
S pi, zq

¯ ”

rΨ1p0,0,0q
pi, t, z, ζpzqq

ı2

ˆ
1
L

L
ÿ

l“1

»

—

–

´

1 ´ rPpi,t,zqpΘq

¯

´

rPpi,t,zqpΘq

¯2 expp2γzlq
∣∣∣∣∣y,Θpkq

fi

ffi

fl

.

CM-Step 4: Update rαT using the following recursive relationship

rα
pk`1q

T “ rα
pkq

T ´

B

B ĂαT

rQpΘ | Θpkqq

B2

B2
rαT

rQpΘ | Θpkqq
, (4.5.5)

where
B rQpΘ | Θpkqq

BrαT
“ ´

T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq rΨ1p0,0,0q
pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣y,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq

ˆ rΨ1p0,0,0q
pi, t, z, ζpzqq

1
L

L
ÿ

l“1

»

–

´

1 ´ rPpi,t,zqpΘq

¯

rPpi,t,zqpΘq
exppγzlq

∣∣∣∣∣y,Θpkq

fi

fl ,
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and

B2
rQpΘ | Θpkqq

B2
rαT

“ ´

T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq rΨ1p0,0,0q
pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣y,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq rΨ1p0,0,0q
pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

»

–

´

1 ´ rPpi,t,zqpΘq

¯

rPpi,t,zqpΘq
exppγzlq

∣∣∣∣∣y,Θpkq

fi

fl ´

´

Υ2p1,1,1q

S pi, zq

¯ ”

rΨ1p0,0,0q
pi, t, z, ζpzqq

ı2

ˆ
1
L

L
ÿ

l“1

»

—

–

´

1 ´ rPpi,t,zqpΘq

¯

´

rPpi,t,zqpΘq

¯2 expp2γzlq
∣∣∣∣∣y,Θpkq

fi

ffi

fl

.

CM-Step 5: Update rβ3 using the following recursive relationship

rβ
pk`1q

3 “ rβ
pkq

3 ´

B

Brβ3

rQpΘ | Θpkqq

B2

Brβ3Brβ
J

3

rQpΘ | Θpkqq
, (4.5.6)

where
B rQpΘ | Θpkqq

Brβ3
“ ´

T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq rΨ1p1,0,0q
pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣y,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq

ˆ rΨ1p1,0,0q
pi, t, z, ζpzqq

1
L

L
ÿ

l“1

»

–

´

1 ´ rPpi,t,zqpΘq

¯

rPpi,t,zqpΘq
exppγzlq

∣∣∣∣∣y,Θpkq

fi

fl ,
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and

B2
rQpΘ | Θpkqq

Brβ3Brβ
J

3

“ ´

T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq rΨ2p1,0,0q
pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣y,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq rΨ2p1,0,0q
pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

»

–

´

1 ´ rPpi,t,zqpΘq

¯

rPpi,t,zqpΘq
exppγzlq

∣∣∣∣∣y,Θpkq

fi

fl ´

´

Υ2p1,1,1q

S pi, zq

¯ ”

rΨ1p1,0,0q
pi, t, z, ζpzqq

ı

ˆ

´

rΨ1p1,0,0q
pi, t, z, ζpzqq

¯J 1
L

L
ÿ

l“1

»

—

–

´

1 ´ rPpi,t,zqpΘq

¯

´

rPpi,t,zqpΘq

¯2 expp2γzlq
∣∣∣∣∣y,Θpkq

fi

ffi

fl

.

CM-Step 6: Update rδ using the following recursive relationship

rδpk`1q
“ rδpkq

´

B

Brδ
rQpΘ | Θpkqq

B2

B2rδ
rQpΘ | Θpkqq

, (4.5.7)

where
B rQpΘ | Θpkqq

Brδ
“ ´

T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq rΨ1p1,1,0q
pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣y,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq

ˆ rΨ1p1,1,0q
pi, t, z, ζpzqq

1
L

L
ÿ

l“1

»

–

´

1 ´ rPpi,t,zqpΘq

¯

rPpi,t,zqpΘq
exppγzlq

∣∣∣∣∣y,Θpkq

fi

fl ,
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and

B2
rQpΘ | Θpkqq

B2rδ
“ ´

T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq rΨ2p1,1,0q
pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

”

exppγzlq
∣∣∣y,Θpkq

ı

`

T
ÿ

t“1

ÿ

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

Z
ÿ

z“1
Υ1p1,1,1q

S pi, zq rΨ2p1,1,0q
pi, t, z, ζpzqq

ˆ
1
L

L
ÿ

l“1

»

–

´

1 ´ rPpi,t,zqpΘq

¯

rPpi,t,zqpΘq
exppγzlq

∣∣∣∣∣y,Θpkq

fi

fl ´

´

Υ2p1,1,1q

S pi, zq

¯ ”

rΨ2p1,1,0q
pi, t, z, ζpzqq

ı2

ˆ
1
L

L
ÿ

l“1

»

—

–

´

1 ´ rPpi,t,zqpΘq

¯

´

rPpi,t,zqpΘq

¯2 expp2γzlq
∣∣∣∣∣y,Θpkq

fi

ffi

fl

.

CM-Step 7: In the (k+1)th iteration, the score vector A and the expected information matrix B

are used to estimate τ and λ, respectively. Given

E
“

ln ppΓpk`1q; τ, λq
‰

“ ´Z
2 lnp2πq ` Z

2 lnpτ 2q ` 1
2 ln p|λR ` p1 ´ λqI|q ´ τ2

2
1
L

řL
l“1

”

pΓpkq

l qJpλR ` p1 ´ λqIq pΓpkq

l q

ı

,

the elements of A and B can be defined as follows:

Apτq “
BE

“

ln ppΓpk`1q; τ, λq
‰

Bτ
“
Z

τ
´ τ

1
L

L
ÿ

l“1

”

pΓpkq

l q
J

pλR ` p1 ´ λqIq pΓpkq

l q

ı

, (4.5.8)

Apλq “
BE

“

ln ppΓpk`1q; τ, λq
‰

Bλ
“

1
2tr

␣

pλR ` r1 ´ λqIs
´1

pR ´ Iq
(

´
τ 2

2
1
L

L
ÿ

l“1

!

pΓpkq

l q
J

rλR ` p1 ´ λqIs pΓpkq

l q

)

,

(4.5.9)

Bpτ, τq “
B2E

“

ln ppΓpk`1q; τ, λq
‰

pBτq2 “
Z

τ 2 `
1
L

L
ÿ

l“1

!

pΓpkq

l q
J

rλR ` p1 ´ λqIs pΓpkq

l q

)

, (4.5.10)

Bpτ, λq “
B2E

“

ln ppΓpk`1q; τ, λq
‰

BτBλ
“ τ

1
L

L
ÿ

l“1

”

pΓpkq

l q
J

pR ´ IqpΓpkq

l q

ı

, (4.5.11)

Bpλ, λq “
B2E

“

ln ppΓpk`1q; τ, λq
‰

pBλq2 “
1
2tr

␣

pR ´ Iq rλR ` p1 ´ λqIs
´1

pR ´ Iq rλR ` p1 ´ λqIs
´1( .

(4.5.12)

Using the updated score and information matrix, the parameters pτ, λq are updated via a New-
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ton–Raphson step:

»

—

–

τ pk`1q

λpk`1q

fi

ffi

fl

“

»

—

–

τ pkq

λpkq

fi

ffi

fl

´

»

—

–

Bpτ, τqpk`1q Bpτ, λqpk`1q

Bpτ, λqpk`1q Bpλ, λqpk`1q

fi

ffi

fl

´1 »

—

–

Apk`1qpτq

Apk`1qpλq

fi

ffi

fl

.

4.5.2 CM-Steps in SAECM Algorithm 5

The approximated expectation is given by

rQpk`1q
pΘq “ rQpkq

pΘq ` spkq
”

ln rLpΘ; y,Γpk`1q
q ´ rQpkq

pΘq

ı

.

Therefore,

rQpk`1q
pΘq “ rQpkq

pΘq ` spkq

" T
ÿ

t“1

ÿ

iPSpt,zq

Z
ÿ

z“1

„

´ exppαS ` XJ
i β2 ` XJ

zSβ2 ` γzqrΨpi, t, z, ζpzqq

∣∣∣∣∣y
ȷ

`

T
ÿ

t“1

ÿ

iPEspt`1,z,ζpzqqzEspt,z,ζpzqq

Z
ÿ

z“1

ˆ

ln
"

1 ´ exprexppαS ` XJ
i β1 ` XJ

zSβ2 ` γzqrΨpi, t, z, ζpzqqs

*

∣∣∣∣∣y
˙

´
Z

2 lnp2πq `
Z

2 lnpτ 2
q `

1
2 ln p|λR ` p1 ´ λqI|q ´

τ 2

2
“

pΓpkq
q

J
pλR ` p1 ´ λqIq pΓpkq

q|y
‰

´ rQpkq
pΘq

*

.

(4.5.13)

CM-Steps 1 to 6: The CM-Steps 1 to 6 in SAECM are the same as those in MCECM, with
rQpk`1qpΘq instead of rQpΘ | Θpkqq and with L “ 1.

CM-Step 7: At each iteration k`1, the expectation E
“

ln gpΓq | y,Θpkq
‰

is approximated recursively

using a single sampled realization Γpk`1q drawn from the conditional distribution. Specifically, the

recursive approximation is:

rQpk`1q
pτ, λq “ rQpkq

pτ, λq ` spkq
”

ln ppΓpk`1q; τ, λq ´ rQpkq
pτ, λq

ı

,

where

ln ppΓpk`1q; τ, λq “ ´
Z

2 lnp2πq `
Z

2 lnpτ 2
q `

1
2 ln |λR ` p1 ´ λqI| ´

τ 2

2 pΓpk`1q
q

J
rλR ` p1 ´ λqIsΓpk`1q.
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To maximize this expectation with respect to the parameters pτ, λq, we take derivatives of ln ppΓpk`1q; τ, λq

with respect to each parameter to form the score vector A and the expected information matrix B.

These derivatives are given in equations (4.5.8)-(4.5.12) of CM-Step 7 in MCECM. Then, the score

vector and information matrix are updated recursively as:

Apk`1q
pτq “ Apkq

pτq ` spkq

"

Z

τ
´ τpΓpk`1q

q
J

rλR ` p1 ´ λqIsΓpk`1q
´ Apkq

pτq

*

, (4.5.14)

Apk`1q
pλq “ Apkq

pλq ` spkq

„

1
2tr

␣

rλR ` p1 ´ λqIs
´1

pR ´ Iq
(

´
τ 2

2 pΓpk`1q
q

J
pR ´ IqΓpk`1q

´ Apkq
pλq

ȷ

,

(4.5.15)

Bpk`1q
pτ, τq “ Bpkq

pτ, τq ` spkq

"

Z

τ 2 ` pΓpk`1q
q

J
rλR ` p1 ´ λqIsΓpk`1q

´ Bpkq
pτ, τq

*

, (4.5.16)

Bpk`1q
pτ, λq “ Bpkq

pτ, λq ` spkq
“

τpΓpk`1q
q

J
pR ´ IqΓpk`1q

´ Bpkq
pτ, λq

‰

, (4.5.17)

Bpk`1q
pλ, λq “ Bpkq

pλ, λq`spkq

„

1
2tr

␣

pR ´ IqrλR ` p1 ´ λqIs
´1

pR ´ IqrλR ` p1 ´ λqIs
´1(

´ Bpkq
pλ, λq

ȷ

.

(4.5.18)

Finally, using the updated score and information matrix, the parameters pτ, λq are updated via

a Newton–Raphson step:

»

—

–

τ pk`1q

λpk`1q

fi

ffi

fl

“

»

—

–

τ pkq

λpkq

fi

ffi

fl

´

»

—

–

Bpk`1qpτ, τq Bpk`1qpτ, λq

Bpk`1qpτ, λq Bpk`1qpλ, λq

fi

ffi

fl

´1 »

—

–

Apk`1qpτq

Apk`1qpλq

fi

ffi

fl

.

4.5.3 Variance Estimation of Model Parameters

A key aspect of statistical inference is quantifying the uncertainty of parameter estimates. In the

context of MCECM and SAECM, standard errors can be obtained using the method introduced by

[54], adapted to our setting. This method expresses the observed information matrix following [8, 7],

which is essential for estimating the variance-covariance matrix of the maximum likelihood estimator

as the difference between the complete-data and missing-data information matrices.

This section describes how Louis’ method is employed within the MCECM and SAECM algo-

rithms to compute standard errors for model parameters. We present separate treatments for each
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algorithm due to their differing structures and sampling strategies.

MCECM Algorithm

In the MCECM algorithm, the observed information matrix is defined as

IopΘ̂; yq “ IcpΘ̂; yq ´ ImpΘ̂; yq,

where Θ̂ is the maximum likelihood estimator, and Ic, Im are the complete-data and missing-data

information matrices, respectively. These matrices are approximated as:

IcpΘ; yq “ ´E
„

B2

BΘBΘJ
ln LpΘ; ycq

ˇ

ˇ

ˇ

ˇ

y,Θ
ȷ

“ ´
1
L

L
ÿ

l“1

B2

BΘBΘJ
ln LpΘ; yplq

c q,

and
ImpΘ; yq “ E

„ˆ

B

BΘ ln LpΘ; ycq
˙ˆ

B

BΘJ
ln LpΘ; ycq

˙
ˇ

ˇ

ˇ

ˇ

y,Θ
ȷ

´ E
„

B

BΘ ln LpΘ; ycq
ˇ

ˇ

ˇ

ˇ

y,Θ
ȷ

E
„

B

BΘJ
ln LpΘ; ycq

ˇ

ˇ

ˇ

ˇ

y,Θ
ȷ

“
1
L

L
ÿ

l“1

B

BΘ ln LpΘ; yplq
c q

B

BΘJ
ln LpΘ; yplq

c q

´

˜

1
L

L
ÿ

l“1

B

BΘ ln LpΘ; yplq
c q

¸˜

1
L

L
ÿ

l“1

B

BΘJ
ln LpΘ; yplq

c q

¸

,

where each yplq
c “ py; z; Γlq, with Γl for l “ 1, . . . , L, being drawn from the conditional distribution

of missing data given the observed data and parameter Θ estimated via MCECM. At the maximum

likelihood estimate Θ̂, the average score function over the Monte Carlo samples satisfies

1
L

L
ÿ

l“1

B

BΘ ln LpΘ; yplq
c q

ˇ

ˇ

ˇ

ˇ

ˇ

Θ“Θ̂

“ 0,

which simplifies the observed information matrix to

IopΘ̂; yq “ ´
1
L

L
ÿ

l“1

B2

BΘBΘJ
ln LpΘ̂; yplq

c q ´
1
L

L
ÿ

l“1

ˆ

B

BΘ ln LpΘ̂; yplq
c q

˙ˆ

B

BΘJ
ln LpΘ̂; yplq

c q

˙

.
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The variance-covariance matrix of Θ̂ is estimated as the inverse of the observed information matrix,

and its diagonal entries provide the variances of the parameter estimates.

SAECM Algorithm

At each iteration k of the SAECM algorithm, the observed information matrix is updated using a

weighted average of the current and previous estimates:

Ipkq
o pΘpkq; yq « p1 ´ spkq

qIpk´1q
o pΘpk´1q; yq ` spkqÎpkq

o pΘpkq; yq,

where spkq is a step-size sequence that decreases over time, and Îpkq
o is the instantaneous Monte

Carlo estimate at iteration k. This recursive formulation gradually refines the approximation of

the observed information matrix as the algorithm progresses. Upon convergence, the inverted final

estimate Ipkq
o provides the variances of the parameter estimates.

4.6 Simulation Study

To assess both the computational efficiency and estimation performance of the proposed SAECM

algorithm, along with the approximated likelihood based on the stratified temporally-weighted KDE-

based PPS sampling method, we conducted a comprehensive simulation study at three spatial res-

olutions: 10 ˆ 10, 20 ˆ 20, and 30 ˆ 30 grids. Each cell in these grids corresponds to a distinct

geographic region, enabling us to evaluate how the algorithm scales and performs under varying

spatial complexities and resolutions.

Spatial random effects were generated following the Leroux model [49], using fixed parameters

τ “ 0.4 and λ “ 0.6. We considered varying the number of PCRs within each grid cell to capture

heterogeneity in population density. This configuration facilitated the evaluation of the proposed

model’s robustness and scalability across diverse demographic scenarios.

Table 4.2 presents the distributions employed to randomly generate PCR counts for each grid

cell. It also details the grid-specific values for the incubation and infectious periods, as well as the

sampling threshold nmax utilized in the approximation procedure.
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Figure 4.3 provides a schematic illustration of the simulation, showing a 2 ˆ 2 grid at time t “ 1.

Within each cell, PCRs were randomly drawn from a Uniformp50, 100q distribution. The simulation

began by randomly designating one PCR per grid cell as exposed at t “ 1. Blue dots represent

susceptible PCRs, while red dots denote infected PCRs.

To account for susceptibility and transmissibility dynamics, we included covariates at both the

regional and individual levels. Regional covariates were sampled from a Laplacep0, 1q distribution,

which accommodates heavier tails and captures regions with extreme values, such as areas with high

population density or limited healthcare access. Individual susceptibility covariates were drawn from

a Uniformp0, 1q distribution, representing a broad and non-preferential range of host susceptibility

and reflecting heterogeneity in immunity, prior exposure, or vaccination coverage. Individual-level

covariates related to transmissibility were generated from a standard normal distribution, N p0, 1q,

to model natural variation around a population mean and capture behavioral or social factors, such

as contact rates, mobility, or adherence to preventive measures that can either increase or decrease

the likelihood of infection. Collectively, these simulated covariates provide a realistic and robust

framework for assessing the influence of regional and individual factors on disease transmission. The

Euclidean distance, denoted dij, was employed to quantify the separation between PCRs. The spatial

decay parameter was set to δ “ 2.5.

Using the GD-ILM framework, each simulation began by randomly designating one PCR per grid

cell as exposed at time t “ 1. The model subsequently simulates disease transmission and records

the exposure times of PCRs over T “ 100 discrete time units. For each grid configuration, 500

independent pandemic simulations were conducted, producing 500 datasets per grid size. Parameter

estimation was then performed using the MCECM and SAECM algorithms (Algorithms 1 and 2),

and their performance was assessed across varying sampling fractions ξ.

Table 4.2: Grid design for the simulation study

Grid Size Number of PCRs per Cell Incubation Period Infectious Period nmax
10 ˆ 10 Uniformp50, 100q 5 7 500
20 ˆ 20 Uniformp100, 200q 4 6 700
30 ˆ 30 Uniformp200, 300q 6 9 1000

The simulation study proceeded in two stages. In the first stage, the MCECM and SAECM
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Figure 4.3: A schematic graphical representation of a 2 ˆ 2 grid simulation at time t “ 1, showing
PCRs randomly generated within each grid cell from a Uniformp50, 100q distribution. Blue dots
indicate susceptible PCRs, while red dots represent infected PCRs.
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algorithms were implemented using the full likelihood, wherein all infection data were incorporated

without sampling (ξ “ 100%), to obtain parameter estimates for the GD-ILM model across each

grid configuration. This stage established a baseline for assessing parameter estimation accuracy

and computational efficiency by recording the time required for parameter estimation across different

grid sizes.

Following established guidelines in the stochastic approximation literature, we set ζSA “ 0.6 for

the simulation study. This choice provides a suitable balance, allowing the step size to decay slowly

enough to ensure convergence to the true parameter values while keeping the variance of updates

manageable. Consequently, ζSA “ 0.6 supports both the theoretical convergence guarantees and the

practical stability of the SAECM procedure within the model fitting framework.

In the second stage, the MCECM and SAECM algorithms were applied using the approximate

likelihood, incorporating the stratified temporally-weighted KDE-based PPS sampling method. Dif-

ferent sampling fractions were used for each grid configuration, and the time to convergence for

parameter estimation was recorded. This comparison enables the evaluation of efficiency gains and

the accuracy trade-offs between using the full dataset and the stratified temporally-weighted KDE-

based PPS sampling method.

Through this simulation study, we aimed to assess the proposed model’s computational efficiency

and robustness across grids with varying sizes, incubation and infectious periods, and population

distributions. The MCECM and SAECM algorithms were executed with a convergence threshold

of ϵΘ “ 10´3, providing a balance between computational efficiency and the stability of parameter

estimates.

Finally, we compared the ARBPs given by

ARBP “

ˇ

ˇ

ˇ

ˇ

ˇ

θ̂ ´ θ

θ

ˇ

ˇ

ˇ

ˇ

ˇ

ˆ 100,

where θ̂ is the estimated parameter and θ is the true parameter.
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Results

The simulation results, summarized in Table 4.3, offer critical insights into the estimation accuracy,

robustness, and computational efficiency of the MCECM and SAECM algorithms across different

spatial resolutions and sampling fractions.

Across all grid sizes and parameters, both MCECM and SAECM algorithms achieve high estima-

tion accuracy when the full data are utilized (ξ “ 100%). The ARBP remains below 2% for nearly

all parameters, indicating negligible bias under full likelihood estimation. Standard errors are also

minimal, reflecting the stability and consistency of the estimators. Notably, the SAECM algorithm

exhibits shorter convergence times compared to MCECM, highlighting its computational efficiency.

As the sampling fraction ξ decreases, ARBP increases across all parameters, reflecting the trade-

off between computational efficiency and estimation precision when employing the KDE-based PPS

approximation. However, when the sampling fraction is moderate to high (e.g., ξ “ 50%–80%), the

resulting bias remains within an acceptable range, preserving estimation quality while benefiting

from improved computational efficiency.

The increase in bias is especially pronounced at a low sampling fraction (e.g., ξ “ 30%), where

ARBP exceeds 25% for several parameters, such as αS, β1, τ , and δ, particularly in the larger

grid sizes. These results highlight that when the sampling fraction is low (e.g., ξ “ 30%), estimation

accuracy may be substantially compromised, especially in complex or high-resolution spatial settings.

Among all parameters, the estimation of τ and λ appears to be more sensitive to low sampling

fractions. For example, with ξ “ 30% on the 30 ˆ 30 grid, the ARBP for λ reaches over 50% for

both algorithms. In contrast, parameters such as αT and β3 remain relatively robust, with moderate

ARBP values even at lower sampling levels.

Interestingly, in some instances (e.g., β2 at ξ “ 50%), the SAECM algorithm outperforms

MCECM in terms of ARBP, suggesting that the stochastic approximation framework may offer

greater robustness to data sparsity under certain conditions. However, when the sampling fraction

drops further to 30%, both algorithms experience notable degradation in accuracy, with SAECM

exhibiting slightly greater resilience.

Increasing the spatial resolution from 10 ˆ 10 to 30 ˆ 30 while sampling at a low fraction (ξ “
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30%) leads to a noticeable increase in ARBP for most parameters. This trend underscores the

challenges associated with scaling spatial models and highlights the increased difficulty in maintaining

estimation precision under sparse data conditions in higher-resolution grids. For instance, the ARBP

for β1 at ξ “ 30% rises from 24% in the 10 ˆ 10 grid to 28% in the 20 ˆ 20 grid, before slightly

decreasing to 26% in the 30 ˆ 30 grid. These findings emphasize the need for caution when applying

aggressive subsampling strategies in complex spatial settings.

Similarly, the estimation of the spatial decay parameter δ is accurate when ξ “ 100%, with ARBP

close to zero. However, at ξ “ 30%, ARBP exceeds 27% in all grid sizes. This reflects the critical

role that dense infection data play in accurately capturing spatial transmission patterns. Figures

4.4, 4.5, and 4.6 illustrate the ARBP for each parameter across the various grid configurations and

sampling fractions.

Table 4.4 presents the convergence time for both algorithms across grid sizes and sampling frac-

tions. A substantial reduction in computational time is observed when switching from MCECM

to SAECM, affirming the efficiency gains provided by the stochastic approximation approach. For

instance, on the 30 ˆ 30 grid using the full dataset, SAECM completes estimation in 124 hours

compared to 213 hours for MCECM, yielding a 42% reduction in runtime. SAECM consistently out-

performs MCECM in terms of speed across all scenarios. This advantage grows with larger grid sizes,

reflecting the scalability of SAECM and its suitability for high-dimensional spatial models where the

computational burden is a significant concern.

All simulations were executed on a virtual machine hosted within the Manitoba Centre for Health

Policy (MCHP) secure environment. The system operated on an AMD EPYC 7H12 64-core processor,

with 8 virtual CPUs allocated at 2.60 GHz, running Windows 10 Enterprise LTSC (Version 21H2).

The machine was provisioned with an allocated 64 GB of RAM and accessed through the VMware

Horizon Client.

Moreover, sampling fractions directly influence convergence time. Reducing ξ from 100% to 30%

consistently decreases convergence time by more than 50% across all grid sizes and both algorithms.

For example, on the 20 ˆ 20 grid, SAECM’s runtime decreases from 37 hours at full sampling to

13 hours at 30%, a 65% reduction. Figure 4.7 illustrates the convergence time for both algorithms
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across different grid sizes and sampling fractions.

The simulation study confirms that the proposed SAECM algorithm, when combined with the

stratified temporally-weighted KDE-based PPS sampling method, offers a compelling balance be-

tween computational efficiency and estimation accuracy. However, when the sampling fraction is as

low as 30%, the resulting bias becomes substantially high, particularly for certain spatial parameters

and under high-resolution grids. In contrast, for moderate sampling fractions (e.g., ξ “ 50%–80%),

the bias remains within an acceptable range, making the trade-off justifiable given the substantial

gains in computational speed. Notably, the proposed stratified temporally-weighted KDE-based PPS

sampling method within the SAECM framework leads to a very time-efficient estimation process,

significantly reducing runtime without severely compromising accuracy. For situations that demand

real-time or near real-time analysis, the proposed SAECM approach, together with the proposed

sampling method, offers a practical alternative to full-data likelihood techniques.

These results show that the proposed SAECM algorithm, paired with the proposed sampling

method, offers a reliable and efficient alternative to MCECM, particularly for large-scale spatiotem-

poral epidemic modeling. Its flexibility and scalability make it a strong candidate for use in public

health surveillance systems where rapid, reliable parameter estimation is essential.
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Figure 4.4: The ARBP for the estimated parameters αS, β1, and β2.
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Figure 4.5: The ARBP for the estimated parameters αT , β3, and δ.
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Figure 4.6: The ARBP for the estimated parameters λ and τ .
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Table 4.3: Results of the epidemic simulation study across various grid sizes and sampling fractions

True Parameter ξ
10ˆ10 20ˆ20 30ˆ30

SAECM MCECM SAECM MCECM SAECM MCECM
Est SE ARBP Est SE ARBP Est SE ARBP Est SE ARBP Est SE ARBP Est SE ARBP

αS “ 1 100% 1.012 0.0003 1.20 1.005 0.0005 0.50 1.009 0.0004 0.90 1.015 0.0006 1.50 1.003 0.0002 0.30 1.000 0.0004 0.00
80% 1.076 0.0006 7.60 1.062 0.0008 6.20 1.059 0.0005 5.90 1.069 0.0009 6.90 1.070 0.0004 7.00 1.050 0.0007 5.00
50% 1.115 0.0009 11.50 1.142 0.0012 14.20 1.125 0.0008 12.50 1.155 0.0013 15.50 1.130 0.0007 13.00 1.155 0.0010 15.50
30% 1.498 0.0014 49.80 1.455 0.0018 45.50 1.465 0.0010 46.50 1.550 0.0017 55.00 1.520 0.0016 52.00 1.490 0.0011 49.00

β1 “ 2.5 100% 2.5110 0.0004 0.44 2.5050 0.0005 0.20 2.4800 0.0003 0.80 2.4850 0.0006 0.60 2.4990 0.0002 0.04 2.5020 0.0004 0.08
80% 2.5500 0.0007 2.00 2.5750 0.0008 3.00 2.5590 0.0005 2.36 2.5950 0.0009 3.80 2.5600 0.0006 2.40 2.5350 0.0008 1.40
50% 2.6380 0.0010 5.52 2.6000 0.0012 4.00 2.6980 0.0009 7.92 2.6400 0.0012 5.60 2.7300 0.0008 9.20 2.6150 0.0011 4.60
30% 3.1000 0.0016 24.00 3.1500 0.0017 26.00 3.2000 0.0013 28.00 3.1800 0.0016 27.20 3.1150 0.0015 24.60 3.1600 0.0012 26.40

β2 “ 1.5 100% 1.500 0.0004 0.20 1.500 0.0002 0.73 1.470 0.0003 1.00 1.500 0.0001 0.07 1.460 0.0006 1.33 1.496 0.0005 0.13
80% 1.500 0.0007 4.67 1.500 0.0008 3.67 1.385 0.0005 3.93 1.348 0.0009 5.33 1.500 0.0004 4.00 1.500 0.0007 3.00
50% 1.500 0.0011 9.20 1.150 0.0009 13.20 1.500 0.0013 6.67 1.100 0.0013 15.33 1.500 0.0008 9.33 1.500 0.0011 7.67
30% 1.393 0.0017 40.00 1.388 0.0018 36.67 0.750 0.0012 40.00 1.388 0.0013 37.33 0.698 0.0016 43.33 1.388 0.0015 34.33

αT “ 1 100% 1.000 0.0002 1.20 0.999 0.0003 0.30 0.978 0.0004 1.10 0.961 0.0006 2.00 1.000 0.0003 0.00 0.990 0.0005 0.50
80% 1.000 0.0006 8.00 1.000 0.0009 6.50 0.887 0.0004 6.00 0.852 0.0008 8.00 1.000 0.0006 4.00 1.000 0.0007 6.00
50% 1.000 0.0013 12.50 1.000 0.0010 15.50 0.769 0.0007 13.00 0.724 0.0012 16.00 1.000 0.0009 15.00 1.000 0.0010 12.00
30% 0.931 0.0017 45.00 0.933 0.0016 50.00 0.400 0.0015 50.00 0.438 0.0011 46.00 0.934 0.0012 52.00 0.932 0.0014 47.50

β3 “ 2.5 100% 2.477 0.0001 0.80 2.444 0.0004 1.12 2.500 0.0006 0.40 2.500 0.0005 0.80 2.490 0.0002 0.20 2.480 0.0004 0.40
80% 2.500 0.0007 1.80 2.498 0.0006 2.40 2.411 0.0005 1.80 2.500 0.0004 1.20 2.500 0.0006 0.40 2.344 0.0008 3.20
50% 2.496 0.0008 4.40 2.502 0.0012 3.20 2.147 0.0009 7.60 2.293 0.0011 9.20 2.503 0.0010 3.60 2.308 0.0013 4.00
30% 2.299 0.0018 25.20 2.304 0.0016 27.20 1.602 0.0012 28.00 2.305 0.0016 28.20 2.298 0.0017 23.60 2.301 0.0013 25.60

τ “ 0.4 100% 0.398 0.0005 2.50 0.403 0.0003 0.35 0.405 0.0002 2.25 0.400 0.0004 0.20 0.395 0.0006 2.25 0.399 0.0002 0.25
80% 0.466 0.0008 16.25 0.448 0.0009 12.50 0.428 0.0006 7.00 0.455 0.0005 13.75 0.440 0.0007 10.00 0.440 0.0008 10.00
50% 0.490 0.0012 22.50 0.470 0.0007 17.50 0.450 0.0013 12.50 0.500 0.0011 25.00 0.480 0.0009 20.00 0.450 0.0010 12.50
30% 0.622 0.0017 55.50 0.640 0.0013 60.00 0.610 0.0018 52.50 0.630 0.0011 57.50 0.620 0.0016 55.00 0.636 0.0015 59.00

λ “ 0.6 100% 0.587 0.0005 1.88 0.600 0.0003 0.33 0.585 0.0002 1.81 0.603 0.0003 0.29 0.600 0.0004 1.93 0.599 0.0006 0.15
80% 0.600 0.0007 10.00 0.600 0.0008 6.67 0.525 0.0004 6.67 0.490 0.0007 10.00 0.600 0.0006 7.50 0.600 0.0009 5.00
50% 0.758 0.0013 0.26 0.600 0.0011 15.00 0.386 0.0011 21.67 0.437 0.0009 15.83 0.600 0.0012 8.33 0.600 0.0010 13.33
30% 0.559 0.0018 46.67 0.560 0.0016 53.33 0.208 0.0012 53.67 0.180 0.0014 55.33 0.560 0.0011 50.00 0.526 0.0016 52.33

δ “ 2.5 100% 2.498 0.0004 0.08 2.480 0.0005 0.40 2.500 0.0003 0.20 2.470 0.0004 0.60 2.490 0.0006 0.20 2.490 0.0002 0.20
80% 2.500 0.0007 4.00 2.500 0.0008 3.00 2.250 0.0009 5.20 2.325 0.0006 3.60 2.500 0.0005 2.80 2.460 0.0008 1.60
50% 2.500 0.0013 7.20 2.500 0.0011 8.80 1.880 0.0012 14.00 1.960 0.0010 12.00 2.500 0.0010 8.00 2.500 0.0013 6.00
30% 2.300 0.0017 29.20 2.300 0.0018 26.80 1.960 0.0016 29.00 1.950 0.0013 29.00 2.280 0.0015 27.60 2.290 0.0014 28.60
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Table 4.4: Convergence time (rounded to hours) for MCECM and SAECM across various grid sizes
and sampling fractions

ξ
10ˆ10 20ˆ20 30ˆ30

MCECM SAECM MCECM SAECM MCECM SAECM
100% 31 22 68 37 213 124
80% 25 14 51 29 184 111
50% 18 11 34 19 147 83
30% 10 6 21 13 101 59

4.7 Real Data Analysis

This study utilized administrative daily health records of COVID-19 in Manitoba, Canada, from

September 1, 2020, to March 1, 2021, provided by Manitoba Health. The individual-level dataset

includes information such as birth date, gender, date of diagnosis, and 6-digit residential postal codes,

with scrambled personal health identification numbers for confirmed COVID-19 cases.

We consider the geographical classification of Manitoba defined by MCHP and Manitoba Health

for the allocation of health districts and neighborhood clusters based on municipality and postal

codes [3].

The COVID-19 disease pattern was analyzed using the SEIR model applied to the entire province.

Model parameters were estimated via maximum likelihood using the Nelder–Mead algorithm. Based

on the fitted SEIR model, the incubation and infectious periods of COVID-19 in Manitoba were

estimated to be 7 and 9 days, respectively. To evaluate the robustness and stability of the estimates,

we fitted 500 SEIR models to the COVID-19 data using a range of initial values. This analysis

confirmed that the SEIR model’s parameter estimates were reliable and not affected by the choice

of initialization.

In this study, we considered the entire province of Manitoba as the study area, treating 96 RHADs

as regional units and 28,897 PCRs as individual units, which allowed for a high-resolution analysis.

Each COVID-19 case was assigned to one of Manitoba’s RHADs based on the 6-digit residential

postal code, using the PCCF provided by Manitoba Health.
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We included the proportion of individuals aged over 60 years within each PCR as an individual-

level covariate associated with infectivity.

We examined how SES and its geographical variation related to susceptibility risk factors and

patterns of COVID-19 transmission.

Parameter estimation was performed using the SAECM algorithm, with ζSA set to 0.6, following

the rationale outlined in the simulation study. Moreover, a convergence threshold of ϵΘ “ 10´3

was applied to maintain a balance between computational efficiency and estimation accuracy. The

sampling method was triggered once the number of daily COVID-19 cases exceeded the threshold

nmax “ 400.

To effectively represent the estimated rPpi,t,zqpΘq, it is essential to aggregate this probability over

all individuals for each HAD. We define the average infectivity rate for region z at time t as

rPpt,zqpΘq “
1
Nz

Nz
ÿ

i“1

rPpi,t,zqpΘq, (4.7.1)

where Nz denotes the population size of region z. Here, Nz is the number of PCRs in region z, as

each PCR is treated as an individual.

Results

Table 4.5 presents the maximum likelihood estimates of the GD-ILM parameters obtained using the

SAECM algorithm combined with the stratified temporally-weighted KDE-based PPS sampling from

individual-level COVID-19 data from Manitoba. The fitted model incorporates covariates related to

SES and age distribution and accounts for spatial transmission dynamics through parameters such

as δ, τ , and λ. All estimates are accompanied by remarkably small standard errors, indicating high

numerical precision and convergence stability.

The estimated baseline susceptibility, αS “ ´2.000, reflects a relatively low intrinsic susceptibility

in the absence of covariate effects. Notably, the SES variable has a strong positive association with

susceptibility (Estimate “ 1.153), indicating that individuals residing in areas with higher SES

(defined by lower income, reduced educational attainment, higher unemployment, and a greater
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prevalence of single-parent households) experience a significantly higher risk of becoming susceptible

to infection. This is consistent with findings from other studies showing that socioeconomically

disadvantaged populations face increased vulnerability to infectious diseases due to factors such as

crowded living conditions, limited access to healthcare, and greater occupational exposure.

The baseline infectivity parameter, αT “ ´1.000, similarly suggests a relatively low baseline

transmission potential. However, the proportion of individuals aged 60 years and older within a

PCR is positively associated with infectivity (Estimate “ 1.208), implying that areas with a higher

proportion of older individuals are associated with increased transmission potential. This aligns with

established knowledge that older adults are both more susceptible to infection and more likely to

exhibit symptomatic disease, potentially increasing onward transmission.

The estimated spatial decay parameter, δ “ 2.543, indicates that inter-PCR transmission is highly

localized, with the transmission probability declining rapidly with distance. The parameter τ “ 0.607

corresponds to the residual spatial precision τ 2, quantifying unobserved intra-RHAD heterogeneity

that is not explained by SES. The parameter λ “ 0.551 captures spatial autocorrelation between

neighboring RHADs, accounting for cross-RHAD dependence.

The small standard errors (all less than 0.0002) demonstrate that the SAECM algorithm yields

highly stable parameter estimates, even in a high-resolution spatial setting with nearly 28,000 PCRs.

This degree of precision reflects both the robustness of the algorithm and the richness of the under-

lying data, which include detailed individual-level attributes and comprehensive spatial information.

These results carry meaningful public health implications. The pronounced role of SES in increas-

ing susceptibility underscores the need for targeted interventions in socioeconomically disadvantaged

regions. Furthermore, the association between areas with higher proportions of older individuals

and increased infectivity suggests the necessity of maintaining vaccination and mitigation efforts

directed toward older populations, not only to prevent adverse clinical outcomes but also to reduce

transmission at the population level.

Figures 4.8 to 4.12 illustrate the average infectivity rates by RHADs within each HAD for all five

HADs in Manitoba.

The GD-ILM combined with the proposed SAECM algorithm for parameter estimation and the
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proposed sampling method to approximate the likelihood, when applied to real-world data, is highly

effective in capturing both individual-level and spatial determinants of disease spread. The use of

high-resolution PCR-level data enables the detection of fine-grained transmission patterns, allowing

for granular epidemiological insights that can inform precision public health strategies. By analyzing

the probability of infection for each PCR within each RHAD at any given time point, or by considering

the average infectivity rates of each RHAD over time, policymakers can monitor transmission risk

trajectories and implement evidence-based strategies for targeted and adaptive resource allocation.

Table 4.5: Estimated model parameters with standard errors

Parameter Est. S.E.
αS -2.000 0.00005
SES 1.153 0.00004
αT -1.000 0.00002
Age 60+ 1.208 0.00003
δ 2.543 0.00008
τ 0.607 0.00015
λ 0.551 0.00011
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Figure 4.8: Average infectivity rates across RHADs in Winnipeg HAD

We initially aimed to fit the GD-ILM to the full COVID-19 dataset from Manitoba and estimate

its parameters using the SAECM algorithm with the complete sample (ξ “ 100%), in order to
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Figure 4.9: Average infectivity rates across RHADs in Prairie HAD
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Figure 4.10: Average infectivity rates across RHADs in Interlake HAD
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Figure 4.11: Average infectivity rates across RHADs in Southern HAD
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Figure 4.12: Average infectivity rates across RHADs in Northern HAD
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compare these results with those obtained under the proposed sampling method (ξ “ 50%). However,

the province-wide dataset comprises 96 RHADs, 27,897 PCRs, and a substantially large number of

COVID-19 cases over the study period. Due to this scale, running the SAECM method on the

full dataset became computationally prohibitive, with preliminary runs indicating that convergence

could require more than a month.

Given these limitations, we restricted the comparison to the Winnipeg HAD, which contains 25

RHADs, 19,896 PCRs, and a comparatively smaller number of COVID-19 cases. This subset allowed

the SAECM algorithm to converge in a reasonable timeframe while still providing a meaningful

comparison. We considered the same time period and fitted an SEIR model to the COVID-19 data

from Winnipeg, estimating the incubation and infectious periods to be 5 days and 7 days, respectively.

We implemented the proposed sampling method with a sampling fraction of ξ “ 50% once the daily

number of COVID-19 cases surpassed the threshold nmax “ 500. Table 4.6 presents the GD-ILM

parameter estimates obtained via the SAECM approach using the complete dataset (ξ “ 100%) as

well as those estimated under the proposed sampling method with a sampling fraction of ξ “ 50%.

As shown in Table 4.6, the parameter estimates obtained from the sampled dataset are reasonably

close to those estimated from the full dataset. It is important to note that, in the real-data analysis of

COVID-19 in Winnipeg, both the number of PCRs and the number of time points were considerably

larger than those considered in the simulation study. These differences in data scale may contribute

to the differing magnitudes of variability observed in the estimates.

Table 4.6: Estimated model parameters with standard errors for the COVID-19 data from Winnipeg

Full dataset (ξ “ 100%) Sampled (ξ “ 50%)
Parameter Est. S.E. Est. S.E.
αS -1.083 0.00012 -1.221 0.00020
SES 2.656 0.00011 2.255 0.00015
αT -1.164 0.00012 -1.430 0.00021
Age 60+ 1.320 0.00019 1.651 0.00024
δ 1.567 0.00017 1.247 0.00012
τ 0.611 0.00025 0.723 0.00031
λ 0.781 0.00014 0.623 0.00021
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4.8 Discussion

This study presents a comprehensive and efficient framework for accelerating parameter estimation

in GD-ILMs, which are essential for understanding and predicting epidemic dynamics in large pop-

ulations with complex spatial structures. By combining the SAECM algorithm with a stratified

temporally-weighted KDE-based PPS sampling method to approximate the likelihood, we signif-

icantly improve computational efficiency while maintaining reliable estimation accuracy across a

variety of settings.

The extensive simulation study conducted across different spatial grid resolutions (10ˆ10, 20ˆ20,

and 30 ˆ 30) and sampling fractions demonstrates the robustness and scalability of the proposed

method. Under full data usage (ξ “ 100%), both SAECM and the traditional MCECM algorithms

yield highly accurate parameter estimates with minimal bias, confirming the validity of the modeling

and estimation approaches. Importantly, the simulation results reveal that the SAECM algorithm,

coupled with the proposed sampling method, achieves notable computational speed-ups without com-

promising estimation quality when moderate sampling fractions (ξ “ 50% to 80%) are employed.

However, low sampling fractions (e.g., ξ “ 30%) introduce pronounced bias, especially for key spatial

parameters and in high-resolution grids, highlighting the necessity of balancing computational gains

with precision requirements. The simulation further shows that increasing spatial resolution exacer-

bates bias when sampling fractions are excessively low; nevertheless, this limitation can be mitigated

through the judicious selection of sampling fractions. The R codes used for the simulation study are

available at: https://github.com/Amin-Abed/R-Codes/tree/main.

Complementing the simulation results, the real data analysis of COVID-19 transmission in Man-

itoba, Canada, provides a practical demonstration of the framework’s applicability to large-scale,

real-world epidemic data. Utilizing detailed administrative health records, the model incorporates

fine-scale geographic units (RHADs and PCRs) and relevant covariates, such as SES and age struc-

ture, enabling nuanced insights into transmission dynamics. Parameter estimation via SAECM with

the stratified temporally-weighted KDE-based PPS sampling method is both computationally feasible

and statistically sound, effectively capturing spatial heterogeneity and temporal patterns of COVID-

19 spread. The analysis not only produces incubation and infectious period estimates consistent
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with established epidemiological knowledge but also illustrates how demographic and SES factors

influence disease transmission risk. This real-world application affirms the method’s utility for timely

epidemic monitoring and public health decision-making in complex, data-rich environments.

From a public health perspective, this methodological advancement offers significant potential

to enhance epidemic surveillance and response strategies. The ability to efficiently estimate model

parameters at high spatial and temporal resolutions allows public health officials to identify trans-

mission hotspots, monitor the impact of interventions, and allocate resources more effectively. By

reducing computational time without sacrificing accuracy, the SAECM combined with the proposed

sampling method supports near-real-time analysis, which is critical for rapidly evolving outbreaks.

This capability facilitates more responsive and targeted public health actions, ultimately helping to

mitigate disease spread and improve population health outcomes. Moreover, the flexibility of this

approach in incorporating diverse covariates and spatial structures makes it adaptable to various

infectious diseases and geographic contexts, broadening its relevance for public health practitioners

worldwide.

In conclusion, the integration of SAECM and the stratified temporally-weighted KDE-based PPS

sampling method provides a promising and scalable approach to parameter estimation in GD-ILMs,

balancing computational tractability with accuracy in both simulated and empirical contexts. This

method is well-positioned to support rapid, high-resolution epidemic modeling and surveillance, offer-

ing public health practitioners a practical tool for effective outbreak response. This study highlights

several potential future directions, including the exploration of alternative spatial kernels, the ex-

tension of the framework to other compartmental models, such as the SEIRS compartmental model,

and the examination of the proposed approach in the presence of covariates subject to measurement

error.
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5

Gonorrhea cluster detection in Manitoba,

Canada: Spatial, temporal, and

spatiotemporal analysis

This chapter includes an open access article published in Infectious Disease Modelling [3]. It is re-

produced here in its original form, with only minor formatting adjustments for consistency within

the thesis. Reproduction is permitted under the terms of the Creative Commons Attribution-

NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0).

5.1 Introduction

Gonorrhea, caused by Neisseria gonorrhoeae (specifically, the gonococcus), is an STI [104] and con-

tinues to be a significant global public health issue [94]. In Canada, Gonorrhea is the second most

frequent STI, following Chlamydia [19, 55]. Gonorrhea is usually spread through unprotected vagi-

nal, anal, or oral sexual interactions and results in cervicitis in women and urethritis in both men

and women [86, 37, 106]. Moreover, transmission rates are higher from men to women compared

to the reverse direction through vaginal intercourse [98]. Most of the infected men with gonococcal

urethritis exhibit symptoms. However, fewer women with urogenital Gonorrhea manifest symptoms,
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and when they do, the symptoms lack specificity. Rectal and pharyngeal Gonorrhea are primarily

detected in men who have sex with men [11]. It is also common among women and often does not

show any noticeable symptoms.

Microbiological diagnosis of Gonorrhea encompasses the culture of Gonorrhea, and/or the utiliza-

tion of Nucleic Acid Amplification Tests (NAATs) [56]. NAATs provide increased sensitivity while

upholding a strong degree of specificity. However, the sensitivity can differ among various NAATs and

depending on the specific anatomical site being examined [93, 56, 19]. Gonorrhea also plays a role in

enhancing the transmission of the Human Immunodeficiency Virus (HIV) [37, 19, 94] and facilitating

the propagation of other sexually transmitted infections [94]. Transmission of Gonorrhea infection

can occur from infected mothers to their newborns during the birthing process (intrapartum). This is

due to the vulnerability of the neonate’s conjunctiva as it traverses the birth canal, potentially result-

ing in ophthalmia neonatorum if the conjunctiva becomes infected with Gonorrhea [94]. Additionally,

infection during pregnancy is linked to outcomes like low birth weight and neonatal conjunctivitis,

which can escalate and lead to vision impairment [108, 94, 95].

In women, since Gonorrhea frequently persists without symptoms, it complicates the prompt

identification and treatment of the infection [22]. Failure to detect and adequately treat infections

can lead to ascending complications like epididymitis and salpingitis. This situation raises the likeli-

hood of women developing cervicitis, pelvic inflammatory disease, ectopic pregnancy, and infertility

[90, 37, 48, 108, 19]. In men, asymptomatic Gonorrhea increases the probability of contracting

epididymitis, epididymal-orchitis, chronic prostatitis, and infertility [69, 92, 99, 70]. Increased vul-

nerability is attributed to various sexual practices, including irregular condom usage, engagement

with multiple partners, and instances where a partner or partners maintain concurrent relationships

[37, 108, 19]. Certain populations are especially susceptible to infection. These include adolescents

and young adults, specific ethnic and racial communities, socioeconomically disadvantaged groups,

community of men who have sex with men, and sex workers [47]. Gonorrhea has significantly been un-

derestimated and not fully reported on a global scale even in high-income countries with established

STI surveillance systems [108]. Annually reported Gonorrhea infections are estimated to represent

only a fraction of the actual rates, with at least 70 percent going undetected or unreported [96, 19],
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primarily because these infections are often asymptomatic [19]. While the asymptomatic nature of

the infection partly explains this, underreporting is also due to delayed healthcare seeking and lim-

ited availability or inadequacy of Gonorrhea testing and treatment options [47, 104]. Curable STIs

including Gonorrhea do not establish robust and long-lasting protective immunity. After treating

Gonorrhea, recurrent infection rates usually range from 10% to 20% [38, 11].

Researchers identified a connection between areas with lower socioeconomic status and higher

rates of Gonorrhea and Chlamydia infections in the health regions of Calgary, Canada [17]. These

areas were concentrated primarily in downtown and the northeastern part of the city. A study con-

ducted in Manitoba, Canada, revealed that among cases of Gonorrhea and their associated contacts,

the top 10% of relationships spanned distances of 237 km or more [36]. Furthermore, this study found

a higher proportion of long-distance partnerships among Gonorrhea cases compared to Chlamydia

cases. Another study examined and compared the transmission patterns of Chlamydia and Gon-

orrhea in Winnipeg, Manitoba, Canada [13]. Based on these results, the infections in both cases

displayed high incidence rates that were concentrated in particular geographic areas characterized

by lower socioeconomic status.

In 2017, the recorded annual incidence rate of Gonorrhea in Canada was 95.8 infections per

100,000 population. In 2018, Manitoba reported a significantly higher incidence of Gonorrhea, with

a rate of 265 infections per 100,000 individuals. This sharp increase in rates exceeding the national

average highlights the significant importance of Gonorrhea as a relevant and essential topic in the

field of public health in Manitoba.

Our research aims to investigate the spatial, temporal, and spatiotemporal patterns of Gonorrhea

infection in Manitoba. We utilize administrative data from 2000 to 2016 to identify RHADs and time

periods with higher Gonorrhea incidence than what would be expected by chance. Therefore, the

results of this study provide public health officials and decision-makers with a more comprehensive

understanding of infection clusters and dynamics. The generated risk maps visually illustrate the

geographical concentration of high-risk RHADs at different time periods, offering valuable insights

for the implementation of targeted surveillance and more effective preventative strategies and control

measures.
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5.2 Materials and Methods

5.2.1 Data Sources

The Cadham Provincial Laboratory (CPL), operated by Manitoba Health, serves as the only public

health laboratory in the province of Manitoba over three centuries and provides a diverse set of public

health laboratory services. These services encompass areas such as the storage of testing data related

to notifiable diseases, early detection of health risks, monitoring of outbreak investigations, and the

identification of disease causes. CPL is organized into different sections, comprising media/quality

assurance, microbiology, perinatal chemistry, serology/parasitology, and virus detection. One of the

responsibilities of the clinical microbiology section is to conduct investigations into STIs, including

Gonorrhea. Gonorrhea infection is confirmed through laboratory tests like culture or NAAT. CPL

is required to report all confirmed infections of Gonorrhea to the Epidemiology and Surveillance

Unit, which operates within the Public Health Branch of the Manitoba Health [52]. The unit’s

responsibility is to assist the public health system by actively monitoring, analyzing, and reporting

on the occurrence, dissemination, and severity of both communicable and non-communicable diseases

and their conditions in Manitoba.

In this study, we consider administrative health records of diagnosed infections of Gonorrhea in

the province of Manitoba, Canada, from 2000 to 2016 provided by Manitoba Health. The individual-

level data consists of sex, date of birth, date of diagnosis, 6-digit postal code of residence, and

scrambled personal health identification numbers of confirmed Gonorrhea infections. The ICD-9-CM

codes 098, V02, and V02.7 were utilized to identify Gonorrhea infections in the dataset.

5.2.2 Study Area

We consider the geographical classification defined by MCHP and Manitoba Health for the allocation

of health districts and neighbourhood clusters based on municipality and postal codes [3]. Using the

geographic classification algorithm, we aggregate diagnosed Gonorrhea infections into 96 RHADs,

which are then linked to 2016 Statistics Canada census data to obtain information on the sex, age,

and population of residents in those RHADs.
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5.2.3 Time Series Analysis

Time Series Decomposition

A fundamental goal in the analysis of time series data involves breaking down a sequence into a

collection of hidden components that are not directly observable. These components are linked to

diverse forms of temporal changes. Time series data can encompass four primary kinds of fluctuations

including trend or long-term tendency Tt, cyclical movements Ct, seasonal variations St, and irregular

component, noise, or residual variations It. Therefore, considering an additive model, the time

series xt can be conceptualized as xt “ Tt ` Ct ` St ` It while multiplicative model would be as

xt “ Tt ˆCt ˆ St ˆ It. The seasonal index is computed by dividing the average number of infections

for a specific month by the average monthly case count observed throughout the entire study period

[103]. This index approaching a value of 1.0 indicates that there are no clear and distinct seasonal

patterns present in the data.

Seasonal Auto-Regressive Integrated Moving Average Model

A time series comprises a sequence of numerical information collected at consistent time intervals

over a specific duration. The Auto-Regressive Integrated Moving Average (ARIMA) model consists of

three hyperparameters that specify the autoregressive (AR), integrated (I), and moving average (MA)

components used to model the non-seasonal part of a time series. The ARIMA model is represented

by ARIMA(p, d, q), where p is the order of the non-seasonal AR component, d indicates the degree

of differencing applied to the non-seasonal part by subtracting past values a certain number of times,

and q specifies the order of the non-seasonal MA component.

The Seasonal ARIMA (SARIMA) model is a broader version of the ARIMA model designed

to explicitly accommodate univariate time series data featuring both a seasonal component and

non-seasonal trends using a multiplicative approach [20, 15, 29]. Seasonality involves a regular and

repeating pattern within a dataset, usually following a specific time interval. The SARIMA model

extends this concept, incorporating the three hyperparameters from the non-seasonal ARIMA(p, d,

q) model, along with additional hyperparameters that define the seasonal period (S). The model is

146



denoted as SARIMA(p, d, q)(P , D, Q)m, where the initial three parameters (p, d, q) pertain to the

non-seasonal aspect (the ARIMA model), while the latter parameters (P , D, Q)m are associated

with the seasonal aspect. More precisely, P signifies the order of the seasonal AR component, D

indicates the level of differencing for the seasonal part, Q denotes the order of the seasonal MA

component, and m represents the number of periods within each season. To predict the value of

xt at time t within a time series dataset xi, i “ 0, . . . , t ´ 1, the SARIMA model is employed and

formulated as follows:

p1 ´
řp
i“1 ϕiL

iq

´

1 ´
řP
i“1 ΦiL

im
¯

p1 ´ Lq
d

p1 ´ Lmq
D xt “ p1 `

řq
i“1 θiL

iq

´

1 `
řQ
i“1 ΘiL

im
¯

ϵt,

where Lxt “ xt´1 and Lixt “ xt´i represent the lag operators, ϵt denotes the error terms, ϕi and Φi

represent the parameters of the non-seasonal and seasonal AR components, respectively, and θi and

Θi denote the parameters of the non-seasonal and seasonal MA components, respectively.

5.2.4 Spatial and Spatiotemporal Clustering

Spatial Autocorrelation

Spatial autocorrelation, as measured by Global Moran’s I [65], serves as an indicator for analyzing

spatial autocorrelation. The Global Moran’s I statistic falls within a range between ´1 and 1. A

Global Moran’s I statistic equal to 0 shows the absence of spatial autocorrelation, indicating a random

distribution and no clustered districts across the entire study area. A value greater than 0 indicates

the presence of positive spatial correlation, and when it approaches 1, it signifies strong positive

autocorrelation, indicating that districts are clustered. The significance of the Global Moran’s I

statistic is assessed through the Monte Carlo test. This test helps determine whether the observed

spatial autocorrelation is statistically significant or could have occurred by random chance. The

interpretation of Global Moran’s I should be considered in the context of its null hypothesis. The

null hypothesis specifies that the features are randomly distributed among the districts within the

area under study. A p-value resulting from this test below the 5% significance level shows the

existence of spatial autocorrelation among districts across the entire area under study. The Global
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Moran’s I statistic is given by:

I “
N
řz
i“1

řz
j“1 wij pxi ´ x̄q pxj ´ x̄q

´

řz
i“1

řz
j“1 wij

¯

řz
i“1pxi ´ x̄q

,

where N represents the total number of features, z is the number of districts, xi and xj denote the

number of features in district i and j respectively, x̄ represents the mean value across the entire

districts, and wij represents the spatial weight between districts i and j.

Spatial and Spatiotemporal Scan Statistics

Kulldorff’s space–time scan statistic [45] has been applied in diverse contexts within the field of

epidemiology [31]. Assume that the geographical area under study is divided into z districts. The

districts can be counties, enumeration districts, or health authorities. For each district i, consider Ni

as the number of infections with observed value ni, i “ 1, . . . , z, and the total number of observed

infections n “
řz
i“1 ni. The number of infections within each district follows a Poisson distribution

with a parameter ψiζi (i.e., Ni „ Poissonpψiζiq, i “ 1, . . . , z), where ψi and ζi denote the expected

number of infections and the relative risk in district i, respectively. Consider the following hypothesis

test

H0 : EpNiq “ ψi, @i P t1, . . . , zu,

H1 : EpNiq ą ψi, Di P t1, . . . , zu,

(5.2.1)

where the null hypothesis states there is no clustering. The circular spatial scan statistic is a circular

scanning window represented as ω and is applied to each centroid of z districts shifted across the

area under study. As a result, as the circular scanning window moves to different positions within

the district, distinct sets of districts are included. For any given centroid, the radius of the circular

scanning window changes smoothly, ranging from zero to a predetermined maximum distance or

up to a predetermined maximum count of K districts that should be included within the cluster.

Typically, the value of K is selected to encompass a maximum of 50% of the population at risk.

Hence, the circular scanning window is flexible both in distance and in the number of districts. If
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the circular scanning window contains the centroid of a district, then that whole district is included

in the circular window. In total, a considerable quantity of distinct yet overlapping circular windows

is generated. Each circular scanning window possesses a unique position and size, representing a

potential cluster candidate. Let ωik denote the circular window composed by the pk ´ 1q-nearest

neighbours to district i, for k “ 1, . . . , K and i “ 1, . . . , z. Then, all the circular windows to be

scanned by the spatial scan statistic are included in the set which is Ω “ tωik|1 ď i ď z, 1 ď k ď Ku.

Therefore, the null and alternative hypotheses in (5.2.1) are expressed as

H0 : EpNpωqq “ ψpωq, @ω P Ω,

H1 : EpNpωqq ą ψpωq, Dω P Ω,

where Np¨q and ψp¨q denote the random variable for the number of infections and the null expected

number of infections within the specified circular window, respectively. The alternative hypothesis

H1 states there is at least one window ω P Ω for which the underlying risk is higher inside the circular

window when compared with outside. A likelihood of the observed count of infections both inside

and outside the circular window can be calculated for every circular window ω P Ω. Considering the

Poisson assumption, the likelihood ratio for the specific circular window ω P Ω is given by:

Lpωq
ωPΩ

“

$

’

’

&

’

’

%

´

npωq

ψpωq

¯npωq ´
n´npωq

n´ψpωq

¯n´npωq

, npωq ą ψpωq,

1, npωq ď ψpωq,

where npωq is the observed number of infections in the circular window ω P Ω. The circular window

ω˚ P Ω that achieves the highest likelihood ratio is defined as the most likely cluster and is given by

ω˚ “ arg max
ωPΩ

Lpωq.

The scanning window takes on different shapes depending on the context. In spatial scanning,

it typically manifests as a circular or elliptical shape. In temporal scanning, the scanning window

represents a specific time span. However, in space-time scanning, the window adopts a cylindrical

shape. Here, the cylinder’s base symbolizes the spatial dimension, while its height corresponds to

the temporal dimension.
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As our study uses aggregated data based on RHADs, if the centroid of a RHAD falls within the

radius of the circle associated with a specific RHAD, then that particular RHAD should be included

as part of the window. Spatial and spatiotemporal clustering analysis of Gonorrhea infections are

performed using the SaTScan™ software developed by Kulldorff [44]. R software version 4.3.1 is

used for time series analysis, decomposition, and estimating the seasonal occurrences of monthly

infections.

5.3 Results

5.3.1 Age and Sex Patterns

Figure 5.1a presents the total and sex-specific annual incidence rates of reported infections per 100,000

population. It is evident that there is a significant increase in the annual rate of infections for both

sexes in 2016 when compared to preceding years. The data highlight a significant change in the sex

distribution during the study period. From mid-2005 onward, there is a shift in the sex distribution,

as the rate of infections in females started to exceed that of males by an average of around 10

more infections per 100,000 population annually. This shift could be influenced by a combination

of factors, such as sexual behavior factors, underreporting in males, asymptomatic infections, sexual

network dynamics, and demographic changes. This trend in sex continues until the end of the study

period in 2016, when a near balance occurred, with nearly equal numbers of reported infections in

both sexes. Figure 5.1b also illustrates that the mean age of infected individuals is approximately 25

years. Moreover, there exists a notable sex-age disparity within the dataset. Specifically, the mean

age for female cases hovered around 23 years, whereas for male cases, it was observed to be around

28 years. This divergence underscores a distinctive age-related pattern, with male cases presenting as

roughly 5 years older than their female counterparts, thereby suggesting a propensity for Gonorrhea

to manifest at younger ages among females. Furthermore, the analysis of the mean age among both

male and female cases, as well as the overall mean age across the entire study period, exhibits a

consistent and stable pattern. No specific trend or significant deviation in mean age is observed over

the duration of the study. This finding suggests that the infection’s prevalence among different age
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groups remained relatively constant during the years under study.
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Figure 5.1: Annual incidence rates (a) and age-sex distribution (b) of Gonorrhea infections in Man-
itoba, 2000-2016.

Figure 5.2 illustrates the annual rates of age and sex-specific age groups of reported Gonorrhea

infections per 100,000 population, categorized into distinct age groups (0–14, 15-19, 20–24, 25–29, 30

and older). This graphical representation offers valuable insights into the prevalence and distribution

of infections among various age groups. It enables a better understanding of how the infection affects

different ages and highlights potential sex disparities in its impact. This classification corresponds

to the stages of development and milestones associated with sexual behavior. Adolescents usually

start exploring their sexuality in their mid-teens (ages 15–19), and this trend of increased sexual
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activity and engagement in risky behaviors continues into early adulthood (ages 20–24 and 25-29)

[76, 94]. This breakdown highlights important phases of sexual development and the potential

risk of Gonorrhea exposure. Moreover, research consistently indicates that Gonorrhea infections

typically peak during late adolescence and young adulthood, emphasizing the significance of these

age groups for monitoring and intervention efforts [94, 18]. By focusing on these peak transmission

periods, public health authorities can allocate resources efficiently and implement targeted prevention

strategies where they are most needed. In Figure 5.2b, for instance, it is readily observable that a

notable portion of annual rates of females occurs within the age group of 15-19, whereas annual rates

of males are primarily concentrated within the age group of 20-24.
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Figure 5.2: Annual rates of reported Gonorrhea infections per 100,000 population by age group in
Manitoba, 2000-2016, for males (a), females (b), and total (c).
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Given access to the personal health identification numbers of infections, we were able to identify

instances of repeat infections, denoting infections where individuals contracted the same infection

more than once within a single year. To quantify the prevalence of repeated infections for each

year, we computed the percentage by dividing the number of repeat infections by the total number

of infections for that respective year. Figure 5.3 presents a visual representation of the percentage

of repeated infections in Manitoba from 2000 to 2016. This figure illustrates a significant rise in

the percentage of reported infections in 2016, with approximately 16% of infections being linked to

individuals who had multiple infections within the same year. This marks a substantial increase

compared to previous years. Additionally, from the second half of 2007 onward, there is a higher

occurrence of recurrent infections among females compared to males.
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Figure 5.3: Percentage of annually repeated Gonorrhea infections in Manitoba, 2000-2016.

5.3.2 Spatial Patterns

The Global Moran’s I value of 0.48 (p-valueă 0.05) suggests a statistically significant positive spatial

autocorrelation of infections among the RHADs in Manitoba from 2000 to 2016. This indicates a

non-random spatially clustered distribution of Gonorrhea infections.

We aggregate the data of Gonorrhea infections for each RHAD ignoring temporal information.

We adjust the expected number of cases for age groups (0–14, 15-19, 20–24, 25–29, 30 and older) and

sex (male and female) using 2016 Statistics Canada census data of residence and population residing
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in the 96 RHADs for purely spatial analysis. We also consider a circular window scanning for a

maximum of 50% of the total at-risk population. Kulldorff’s space-time scan statistic, implemented

using a discrete Poisson model within a purely spatial framework, results in the detection of 26

RHADs, as illustrated in Figures 5.4. This indicates that the northern districts of Manitoba, with

20 RHADs, and the central districts of Winnipeg, with 6 RHADs, are significant clusters for the

incidence of the infection.

(a) Manitoba (b) Winnipeg

Figure 5.4: Spatial clusters of Gonorrhea infections in Manitoba, 2000-2016.

5.3.3 Temporal Patterns

As temporal information is not incorporated in our purely spatial analysis presented in Section 3.2,

we intend to explore the temporal patterns of Gonorrhea in Manitoba. The annual incidence rates of

infections exhibit cyclical fluctuations throughout the study period (Figure 5.1a). These fluctuations

suggest the presence of temporal patterns influencing the infection’s transmission dynamics. Figure
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5.5 illustrates the additive time series decomposition of monthly infections. Gonorrhea infections

experience a rise from August 2005 to October 2008, reaching a historical peak of 158 infections in

September 2007, and a mild increase occurs from August 2011 to November 2013, with a peak of 145

infections in August 2012. Additionally, there is a significant increase in the number of infections

from 2015 until the end of the study period in 2016, with a peak of 274 infections in September 2016.

The time series decomposition reveals that Gonorrhea occurrence has seasonal and recurring

patterns over the late summer and fall (Figure 5.5), with higher numbers of infections occurring

from August through November each year. The Friedman test [72] for seasonality is utilized to assess

the statistical significance of the existence of the seasonal trend within the dataset. Furthermore,

a SARIMAp2, 0, 0qp1, 0, 0q12 model with ϕ1 “ 0.47, ϕ2 “ 0.45, and Φ1 “ 0.17 is effectively applied

(Figure 5.6), confirming the presence of a strong temporal trend in infections. We apply a Box-

Cox transformation [14] with the parameter estimated at 0.01 before fitting the SARIMA model to

achieve model variance stationarity. The residuals from the fitted SARIMA model demonstrate that

they are uncorrelated and normally distributed, with a mean of zero and a constant variance. The

Ljung-Box test [53] is employed to investigate the existence of residual autocorrelation subsequent

to model fitting. The outcomes of the test reveal that no residual autocorrelation persisted within

the fitted model.
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Figure 5.5: Monthly time series data decomposition.
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Figure 5.6: Monthly time series data and SARIMA model fitting.

5.3.4 Spatiotemporal Patterns

We employ a spatial and temporal scanning window size of 50% of the total population at risk

and the entire study duration to detect significant space-time clusters. Additionally, we consider

aggregated monthly data of infections across all RHADs from 2000 to 2016 in our spatiotemporal

analysis. Kulldorff’s space-time scan statistic, applied through a discrete Poisson model within a

spatiotemporal framework, reveals space-time heterogeneity in the spread of infections in Manitoba

from 2000 to 2016 and identifies the most likely and the secondary statistically significant high-

risk clusters illustrated in Figure 5.7. The most likely space-time cluster is located in the northern

districts of Manitoba, including 16 RHADs. This most likely space-time cluster occurs during the

high-risk period from January 2006 to June 2014, with 3617 reported infections and a relative risk

of 5.3. In addition, the secondary cluster is identified in the central districts of Winnipeg, covering

2 RHADs. This secondary space-time cluster is associated with a high-risk period from June 2004

to November 2012, including a total of 1896 reported infections and a relative risk of 2.91.
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(a) Manitoba (b) Winnipeg

Figure 5.7: Spatiotemporal clusters of Gonorrhea infections in Manitoba, 2000-2016.

5.4 Discussion

The findings of this study enhance our knowledge of Gonorrhea transmission dynamics, the epidemic,

and its spread through space and time in Manitoba. This research investigates the temporal, spatial,

and spatiotemporal clusters of the infection at the RHAD level within the Canadian province of

Manitoba, from 2000 to 2016. Purely spatial analysis of the infections reveals that there are significant

clusters of Gonorrhea in Manitoba, particularly in the northern district of the province with 20

RHADs and the central districts of Winnipeg with 6 RHADs. The temporal analysis of the infections

uncovers a seasonal and recurrent pattern, with Gonorrhea infections consistently peaking during

the late summer and fall months each year. The spatiotemporal cluster analysis offers additional

evidence of RHADs experiencing a higher number of infections than what would be expected within

a specified geographic area and time frame. The spatiotemporal analysis shows that the distribution
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of the infections in Manitoba from 2000 to 2016 exhibits significant spatial and temporal variations.

Specifically, high-risk clusters are identified in two distinct periods and geographical locations: the

identified high-risk clusters are located in the northern parts of Manitoba from 2006 to 2014 and the

central districts of Winnipeg from 2004 to 2012. The high-risk cluster located in the northern parts

of Manitoba is the larger cluster covering a total of 16 RHADs. Furthermore, there are disparities

in reported infections based on sex and age, with a higher incidence among females and a lower

mean age compared to males. The higher rates of female cases may be attributed to the fact that

Gonorrhea tends to be more asymptomatic in males. Moreover, nearly 16% of the 2016 reported

infections are associated with individuals who experienced multiple infections within a single year.

Those individuals can significantly contribute to the spread of the infection. Therefore, it is essential

to identify and address this specific group to minimize the overall transmission of the infection in

the community.

This study has some limitations. First, while our administrative data includes all laboratory-

confirmed infections in the province, these data are potentially underreported due to the asymp-

tomatic nature of the disease and the healthcare-seeking behaviors of individuals. Second, individual-

level data on laboratory-confirmed Gonorrhea infections after 2016 were not accessible during the

time of conducting this study. Additionally, due to the lack of data on the sexual behaviors of the

infected individuals, we are unable to identify high-risk sexual behaviors that could be informative

for public health officials regarding further interventions and prevention strategies.

5.5 Conclusion

To the best of our knowledge, this study is the first investigation into the spatial, temporal, and

spatiotemporal clustering of Gonorrhea infection in Manitoba between 2000 and 2016 at the RHAD

level, using individual-level, laboratory-confirmed administrative data. This study detects the exis-

tence of the temporal, spatial, and spatiotemporal clusters of the infection at the RHAD level. This

study also evaluates the variations in the spread of Gonorrhea across different age groups and sexes

within the province. Emphasizing the frequency of repeat Gonorrhea infections can play a crucial
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role in increasing public awareness about the importance of practicing safe sexual behaviors, getting

regular testing, and adhering to prescribed treatments. This heightened awareness has the potential

to stimulate behavioral changes that effectively lower the risk of infection.

The outcomes of this study provide valuable insights for public health and Manitoba Health

as they reveal the existence of high-risk clusters of Gonorrhea infections. These high-risk clusters

determine where prevention strategies, control measures, and allocation of resources should be focused

and strengthened to reduce the burden of the infection. Furthermore, policymakers should prioritize

age and sex groups that are at higher risk of both contracting and spreading the infection. This

emphasis is essential for the development of targeted and localized prevention strategies and control

programs. Given that Gonorrhea is more prevalent among younger age groups, particularly among

females, there is a clear need for comprehensive health education programs in schools, colleges,

universities, and the general public. These programs should aim to educate individuals about the

risks associated with the infection, modes of transmission, available treatments, common symptoms,

and the importance of utilizing screening programs and accessing clinical services. This proactive

approach is vital in raising awareness and promoting responsible sexual health practices to reduce

the spread of Gonorrhea.
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6

Conclusion

This thesis advanced spatiotemporal individual-level modeling of infectious disease transmission dy-

namics by developing, extending, and implementing the GD-ILM framework. It addressed major epi-

demiological challenges, including reinfection and seasonality, introduced computational innovations

to improve efficiency, and demonstrated the practical relevance of the models through applications

to multiple infectious diseases in Manitoba, Canada.

Chapter 2 introduced a novel and extensible modeling framework that advances the GD-ILM

framework by explicitly accounting for reinfection dynamics within spatially structured populations.

The proposed GD-ILM SEIRS model moves beyond classical compartmental formulations by strati-

fying the susceptible population according to infection history, thereby distinguishing individuals at

risk of initial infection from those vulnerable to reinfection following waning immunity. This distinc-

tion is particularly important for diseases such as TB, where recurrent disease plays a substantial

role in long-term transmission dynamics and where failure to account for reinfection can lead to bi-

ased inference and suboptimal public health decision-making. This chapter provides a more realistic

representation of how immunity, exposure, and spatial proximity interact to shape disease spread

over time.

Through extensive simulation studies conducted on both regular and irregular spatial grids, Chap-

ter 2 demonstrated the robustness, identifiability, and stability of the GD-ILM SEIRS model across

a wide range of epidemiological and spatial scenarios. These simulations highlighted the importance
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of spatial granularity, showing that transmission dynamics, latent periods, infectious durations, and

waning immunity periods can vary substantially across sub-regions, even within the same broader

geographic unit. The consistency of parameter recovery across simulation settings provided strong

evidence that the model can reliably capture key features of real-world epidemics, despite the ab-

sence of closed-form likelihoods and standard inferential tools. The use of the MCECM algorithm

enabled efficient likelihood-based estimation in this complex setting, further reinforcing the feasibility

of applying the model to large-scale, individual-level surveillance data.

The empirical application of TB data from Manitoba illustrated the practical value of the proposed

framework for public health research and policy. The analysis revealed distinct SES, demographic,

and spatial risk factors associated with both initial TB infection and reinfection, underscoring the

heterogeneous nature of disease risk across the province. By explicitly modeling spatial dependence

between neighboring RHADs, the chapter highlighted the role of localized transmission processes

and demonstrated how geographically targeted interventions may be more effective than uniform,

province-wide strategies. The findings emphasize the importance of integrating fine-scale spatial

information into infectious disease surveillance systems, particularly for addressing health inequities

in underserved and high-risk communities.

Chapter 3 introduced a substantial methodological extension of the GD-ILM framework by incor-

porating seasonally driven transmission dynamics, thereby addressing a critical temporal feature of

many infectious diseases that is often simplified or ignored in spatial epidemic models. By embedding

a seasonally forced infection kernel within the GD-ILM framework structure, this chapter provided a

principled and flexible approach for capturing periodic fluctuations in infection risk while preserving

fine-scale spatial heterogeneity. The resulting seasonal GD-ILM framework enables simultaneous

inference on spatial clustering, temporal seasonality, and individual-level heterogeneity, offering a

more realistic representation of disease spread in settings characterized by strong cyclical patterns,

such as Influenza and other respiratory infections.

Through a combination of high-resolution simulation studies and an empirical application to

individual-level Influenza data from Manitoba, Chapter 3 demonstrated the practical and inferen-

tial advantages of explicitly modeling seasonality. The results showed that incorporating seasonal
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effects substantially improves model fit, interpretability, and parameter recovery while reducing bias

in spatial dependence estimates that can arise when temporal dynamics are misspecified. The simu-

lation experiments clearly illustrated that omitting seasonality distorts the inferred spatial structure

of transmission, reinforcing the methodological necessity of jointly modeling spatial and temporal

processes in spatiotemporal infectious disease analysis. These findings emphasize that accurate epi-

demic modeling requires careful consideration of both where and when infections occur, particularly

in diseases with strong seasonal drivers.

The real-data application further highlighted the model’s ability to uncover meaningful epi-

demiological insights with direct public health relevance. The seasonal parameters captured well-

established cyclical patterns in Influenza transmission, while the spatial components revealed local-

ized clusters of elevated infection risk across Manitoba’s HAD. The analysis also identified pronounced

urban–rural disparities and heterogeneous SES effects on susceptibility, underscoring the role of social

determinants in shaping both temporal and spatial patterns of disease transmission. By integrating

these dimensions within a unified framework, Chapter 3 provided a granular understanding of how

biological seasonality, geographic context, and SES conditions jointly influence epidemic dynamics.

From a policy and intervention standpoint, Chapter 3 demonstrated how seasonally informed spa-

tial models can support more timely and efficient public health responses. The ability to anticipate

seasonal transmission peaks allows health authorities to strategically plan vaccination campaigns, al-

locate healthcare resources, and implement preventive measures ahead of periods of heightened risk.

At the same time, the identification of persistent spatial hotspots enables geographically targeted

interventions, ensuring that limited public health resources are directed toward districts and com-

munities most vulnerable to infection. The explicit incorporation of SES effects further highlights

the need for equity-oriented public health strategies that address structural factors contributing to

increased disease risk.

Overall, Chapter 3 extended the GD-ILM framework into the temporal domain by formally

integrating seasonality with spatial heterogeneity at the individual level. By demonstrating the

consequences of temporal misspecification and the benefits of seasonally informed modeling, this

chapter reinforces the importance of jointly modeling space, time, and social context in infectious
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disease epidemiology. The methodological advances and empirical insights developed in this chapter

contribute to a comprehensive, data-driven framework for understanding, predicting, and controlling

infectious diseases in complex, heterogeneous populations.

Chapter 4 introduced a comprehensive and computationally efficient framework for parameter

estimation in GD-ILMs, addressing a critical challenge in scaling individual-level epidemic models

to large populations with complex spatial structures. By combining the SAECM algorithm with a

stratified temporally-weighted KDE-based PPS sampling method, this chapter demonstrated how

approximate likelihood estimation can dramatically reduce computational burden while maintaining

reliable parameter inference. The integration of temporally and spatially informed sampling ensures

that the approximation captures the most informative observations, preserving estimation accuracy

even in high-dimensional settings and enabling the practical application of GD-ILMs to real-world

epidemic data.

Extensive simulation studies conducted across multiple spatial grid resolutions (10 ˆ 10, 20 ˆ 20,

and 30 ˆ 30) and varying sampling fractions highlighted the robustness, scalability, and limitations

of the proposed method. When using full data, SAECM and traditional MCECM yielded highly ac-

curate parameter estimates, confirming the validity of both the modeling and estimation procedures.

More importantly, the stratified temporally-weighted KDE-based PPS sampling method achieved

substantial computational speed-ups with moderate sampling fractions (50%–80%) without sacrific-

ing accuracy. These results emphasize the method’s capacity to handle large-scale spatiotemporal

epidemic data efficiently. However, the simulations also revealed that extremely low sampling frac-

tions introduce bias, particularly in high-resolution grids, underscoring the importance of balancing

computational efficiency with statistical precision when designing practical implementations.

The real-data application to COVID-19 transmission in Manitoba further demonstrated the utility

and applicability of this framework in a complex, data-rich setting. By leveraging detailed admin-

istrative health records, fine-scale spatial units, and key covariates such as SES and age structure,

the chapter illustrated how the SAECM and stratified temporally-weighted PPS sampling method

can provide nuanced insights into disease transmission dynamics. The estimated incubation and

infectious periods were consistent with established epidemiological knowledge, and the analysis high-
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lighted spatial heterogeneity and temporal trends in disease spread. Furthermore, the framework

revealed how demographic and SES factors shape transmission risk across communities, offering

actionable information for public health decision-making.

From a practical and policy-oriented perspective, Chapter 4 demonstrated that this computa-

tional innovation enables high-resolution epidemic modeling and near-real-time surveillance, which

is particularly valuable for rapidly evolving outbreaks. The ability to identify transmission hotspots,

evaluate intervention effects, and efficiently allocate resources enhances the capacity of public health

authorities to respond in a timely and targeted manner. Moreover, the flexibility of the framework

to incorporate diverse spatial structures, covariates, and compartmental models ensures broad ap-

plicability across different infectious diseases and epidemiological contexts, extending the relevance

of GD-ILMs for both research and operational public health.

Overall, Chapter 4 provides a critical advancement in the practical implementation of GD-ILMs,

demonstrating that accurate, high-resolution parameter estimation is achievable even in large and

complex datasets. By balancing computational efficiency with inferential reliability, the SAECM and

stratified temporally-weighted KDE-based PPS sampling method equip epidemiologists and public

health practitioners with a robust tool for monitoring, predicting, and mitigating disease spread.

Chapter 5 introduced a detailed investigation into the spatial, temporal, and spatiotemporal

dynamics of Gonorrhea transmission across Manitoba from 2000 to 2016, leveraging individual-

level, laboratory-confirmed administrative data at the RHAD level. By integrating purely spatial,

purely temporal, and combined spatiotemporal analyses, this chapter provided a comprehensive

characterization of the geographic and temporal patterns of infection, offering critical insights into

the epidemiology of Gonorrhea in both urban and rural settings. The study revealed significant

spatial clustering in northern Manitoba, encompassing 20 RHADs, as well as concentrated clusters

in central Winnipeg, illustrating the heterogeneous distribution of risk across the province. Temporal

analysis identified a clear recurrent and seasonal pattern, with infections peaking consistently during

late summer and fall months, emphasizing the role of temporal periodicity in shaping transmission

dynamics.

The spatiotemporal analysis further refined these findings, highlighting high-risk clusters that
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combined both geographic location and temporal windows of heightened transmission. Notably, a

large cluster covering 16 RHADs in northern Manitoba was identified between 2006 and 2014, while

central Winnipeg exhibited a high-risk cluster from 2004 to 2012. These results demonstrate how

the integration of spatial and temporal dimensions provides a more precise understanding of disease

propagation than either dimension alone. Additionally, analysis of demographic factors revealed

disparities in infection incidence by sex and age, with higher infection rates among females and a lower

mean age compared to males. The identification of individuals experiencing multiple infections within

a single year underscores the role of repeat infections in sustaining transmission chains, suggesting

that targeted interventions for this subgroup could have a disproportionate impact on reducing overall

incidence.

From a public health perspective, the findings of Chapter 5 have important implications for

prevention, control, and resource allocation. The identification of high-risk clusters enables public

health authorities to prioritize geographic areas and demographic groups for targeted interventions,

including enhanced screening, contact tracing, education campaigns, and treatment programs. Given

the higher prevalence among younger age groups, particularly females, the results support the devel-

opment of comprehensive sexual health education programs in schools, universities, and community

settings. These programs can promote awareness about safe sexual practices, the importance of

regular testing, timely treatment, and adherence to prescribed regimens, thereby contributing to

behavioral changes that mitigate infection risk. Moreover, understanding the seasonal patterns of

Gonorrhea transmission allows public health practitioners to strategically time interventions to an-

ticipate periods of heightened risk, enhancing the efficiency and impact of public health measures.

Overall, Chapter 5 advances knowledge of Gonorrhea transmission in Manitoba by integrating

spatial, temporal, and demographic dimensions, identifying critical high-risk clusters, and emphasiz-

ing the role of repeat infections in driving disease spread. By providing a data-driven foundation for

targeted, timely, and equitable public health interventions, this chapter contributes to more effective

epidemic management and supports evidence-based strategies to reduce the burden of Gonorrhea

across the province.

The development and dissemination of the GDILM.SEIRS and SeasEpi R packages were docu-
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mented in the Appendix. These packages, publicly available on CRAN, operationalized the reinfection-

extended and seasonal GD-ILM frameworks, respectively. They provided tools for model fitting,

simulation, and evaluation using example epidemiological data, promoting reproducibility and facil-

itating the practical adoption of spatiotemporal infectious disease modeling in research and public

health contexts.

Taken together, these studies represent a comprehensive advancement in spatiotemporal infec-

tious disease modeling, combining theoretical developments, epidemiological realism, computational

innovation, and applied public health relevance.

While this thesis laid a robust foundation, several avenues remained for further exploration.

Enhancing the GD-ILMs to incorporate additional sources of heterogeneity, such as age-structured

contact patterns or social network data, could improve predictive performance. Incorporating vari-

able infectious and incubation periods, rather than assuming fixed durations, would better capture

the natural variability in disease progression across individuals and pathogens. Making the season-

ality coefficients region-specific could further refine the models’ ability to capture local transmission

dynamics. Further extensions include exploring alternative spatial kernels and extending the GD-

ILM framework to other compartmental structures, all of which would further enhance the flexibility,

robustness, and overall impact of the proposed methodology.

In summary, this thesis bridged the gap between advanced spatiotemporal statistical model-

ing of infectious disease transmission and practical disease control, providing both methodological

innovations and actionable insights for public health. Collectively, the thesis demonstrates that

integrating individual-level, spatially explicit, and temporally informed models with efficient compu-

tational approaches can substantially enhance our understanding of infectious disease transmission.

By combining rigorous methodology with empirical applications and reproducible software tools, this

work equips researchers and public health practitioners with robust frameworks for predicting disease

spread, identifying high-risk populations, and designing timely, equitable, and effective interventions.

Beyond its methodological contributions, the thesis emphasizes the importance of linking statistical

innovation with actionable insights, highlighting how advanced modeling can directly inform public

health policy, resource allocation, and intervention strategies in diverse epidemiological contexts.
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Overall, this research offers a comprehensive methodological framework for understanding, mon-

itoring, and mitigating infectious disease dynamics, advancing both the theoretical foundations and

practical applications of biostatistics and spatiotemporal epidemiology.

The results and conclusions are those of the authors, and no official endorsement by the MCHP,

Manitoba Health, or other data providers is intended or should be inferred. Data used in this

study are from the Population Health Research Data Repository, housed at the MCHP, University

of Manitoba, and were derived from data provided by Manitoba Health.
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Appendices

This appendix introduces two R packages, available and published on CRAN, developed as part of

this thesis to support the implementation, estimation, and application of the proposed models: the

GD-ILM with Reinfection (GD-ILM SEIRS) and Seasonal GD-ILM. Both packages are designed to

enhance reproducibility, provide accessible computational tools, and facilitate the application of the

proposed models in biostatistical research. They provide a comprehensive framework for investigating

the spread of infectious diseases, allowing researchers to better understand patterns in transmission

and to inform the design and timing of targeted public health interventions and control strategies.

The first package, GDILM.SEIRS, implements the GD-ILM with reinfection within the SEIRS

framework. It employs the MCECM algorithm for parameter estimation, providing tools for model

fitting, parameter inference, and evaluation through AIC. In addition, the package supports sim-

ulation studies under user-defined configurations, enabling exploration of reinfection dynamics and

spatial heterogeneity in disease spread.

The second package, SeasEpi, implements the seasonal GD-ILM for modeling periodic patterns

of infectious disease transmission. Similar to GDILM.SEIRS, it applies the MCECM algorithm for

parameter estimation and offers tools for model fitting and simulation experiments.

Together, these packages provide a computational foundation for the methodological contribu-

tions of this thesis, bridging theoretical development with practical applications in spatiotemporal

modeling of infectious disease transmission dynamics.
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2 Datasets

Datasets Hypothetical Datasets

Description

The primary function, GDILM_SEIRS_Par_Est, fits the Geographically Dependent Individual Level
Model (GDILM) for infectious disease transmission incorporating reinfection dynamics within the
SEIRS framework, using real-world data. It can be applied to any dataset with the appropriate struc-
ture, requiring two dataframes: data and adjacency_matrix, along with the necessary parameters.
For illustration purposes, we provide two hypothetical examples of data and adjacency_matrix
to demonstrate the structure of the inputs. These examples will also be used to illustrate how the
function works in practice.

data

A data frame with 100 rows and 12 columns.

This hypothetical dataset demonstrates the structure required for the dataframe used in this package.
The dataset for use with the package should adhere to the same column format and order but can
include any number of rows, with each row representing an infected individual. The example dataset
includes individual-level characteristics (e.g., age, infection status) and area-level characteristics
(e.g., socioeconomic status, STI rate) for 100 individuals, each associated with a postal code. This
dataset will be used as input in the example for the GDILM_SEIRS_Par_Est function.

Ave_Postal_Pop Average population of each postal code

AverageAge Average age of individuals within each postal code (individual-level data)

InfectedTime Time of infection for each individual, represented as a numerical value from 1 to the
end of the pandemic period

LAT Latitude of the postal code

LONG Longitude of the postal code

Label_NC_shape The region number that the postal code belongs to, here assuming the study area
is divided into five subregions

MaleRate Rate of males in the population of the postal code (individual-level data)

NInfected Number of infected individuals in the postal code

SES Socioeconomic status indicator of the region to which the postal code belongs (area-level data)

STI Sexually transmitted infection rate of the region that the postal code belongs to (area-level
data)

SymptomRate Rate of disease symptoms in the postal code (individual-level data), indicating
whether individuals are symptomatic or asymptomatic

status 1 if the postal code is infected for the first time, and 0 if the postal code is reinfected
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adjacency_matrix

A 5x5 matrix.

This hypothetical adjacency matrix is provided to illustrate the structure required for use with this
package. The matrix used with the package should follow a similar format, maintaining the same
layout but allowing for any number of regions. The adjacency matrix defines the neighborhood
relationships between subregions in a hypothetical study area. In this example, it represents a spatial
structure with five subregions, where each cell indicates the presence or absence of a connection
between the corresponding subregions. The example for the GDILM_SEIRS_Par_Est function will
use this matrix as input.

V1 Subregion 1: Represents the first subregion in the region under study

V2 Subregion 2: Represents the second subregion in the region under study

V3 Subregion 3: Represents the third subregion in the region under study

V4 Subregion 4: Represents the fourth subregion in the region under study

V5 Subregion 5: Represents the fifth subregion in the region under study

Value Each cell in the matrix (e.g., between subregion 1 and subregion 2) represents the connection
(typically 0 or 1) between the two subregions, where 1 indicates they are neighbors and 0
indicates they are not.

GDILM_SEIRS_Par_Est GDILM SEIRS for Real Data

Description

This function applies the Geographically Dependent Individual Level Model (GDILM) for infec-
tious disease transmission, incorporating reinfection dynamics within the Susceptible-Exposed-
Infectious-Recovered-Susceptible (SEIRS) framework, to real data. It employs a likelihood based
Monte Carlo Expectation Conditional Maximization (MCECM) algorithm for parameter estimation
and AIC calculation. This function requires two dataframes, named data and adjacency_matrix,
along with the necessary parameters. Detailed information on the structure of these two datasets is
provided in the package.

Usage

GDILM_SEIRS_Par_Est(
data,
adjacency_matrix,
DimCovInf,
DimCovSus,
DimCovSusReInf,
tau0,
lambda0,
alphaS0,
delta0,
alphaT0,
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InfPrd,
IncPrd,
NIterMC,
NIterMCECM

)

Arguments

data Dataset. The dataset should exactly match the data file in the data folder, in-
cluding all the columns with the same names.

adjacency_matrix

Adjacency matrix representing the regions in the study area (0 if no connection
between regions)

DimCovInf Dimensions of the individual infectivity covariate

DimCovSus Dimensions of the area-level susceptibility to initial infection covariate

DimCovSusReInf Dimensions of the area-level susceptibility to reinfection covariate

tau0 Initial value for spatial precision

lambda0 Initial value for spatial dependence

alphaS0 Initial value for the susceptibility intercept

delta0 Initial value for the spatial decay parameter

alphaT0 Initial value for the infectivity intercept

InfPrd Infectious period that can be obtained either from the literature or by fitting an
SEIRS model to the data

IncPrd Incubation period that can be obtained either from the literature or by fitting an
SEIRS model to the data

NIterMC Number of MCMC iterations

NIterMCECM Number of MCECM iterations

Value

alphaS Estimate of alpha S

BetaCovInf Estimate of beta vector for the individual level infection covariate

BetaCovSus Estimate of beta vector for the areal susceptibility to first infection covariate

BetaCovSusReInf Estimate of beta vector for the areal susceptibility to reinfection covariate

alphaT Estimate of alpha T

delta Estimate of delta

tau1 Estimate of tau

lambda1 Estimate of lambda

AIC AIC of the fitted GDILM SEIRS
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Examples

data(data)
data(adjacency_matrix)
GDILM_SEIRS_Par_Est(data,adjacency_matrix,2,2,2,0.5, 0.5, 1, 2, 1, 1, 1, 20, 2)

GDILM_SEIRS_Sim_Par_Est

GDILM SEIRS for a Simulation Study

Description

This function conducts a simulation study for the Geographically Dependent Individual Level
Model (GDILM) of infectious disease transmission, incorporating reinfection dynamics within the
Susceptible-Exposed-Infectious-Recovered-Susceptible (SEIRS) framework, using a user-defined
grid size. It applies a likelihood based Monte Carlo Expectation Conditional Maximization (MCECM)
algorithm to estimate model parameters and compute the AIC.

Usage

GDILM_SEIRS_Sim_Par_Est(
GridDim1,
GridDim2,
NPostPerGrid,
MaxTimePand,
tau0,
lambda0,
alphaS0,
delta0,
alphaT0,
PopMin,
PopMax,
InfFraction,
ReInfFraction,
InfPrd,
IncPrd,
NIterMC,
NIterMCECM

)

Arguments

GridDim1 First dimension of the grid

GridDim2 Second dimension of the grid

NPostPerGrid Number of postal codes per grid cell
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MaxTimePand Last time point of the pandemic

tau0 Initial value for spatial precision

lambda0 Initial value for spatial dependence

alphaS0 Initial value for the susceptibility intercept

delta0 Initial value for the spatial decay parameter

alphaT0 Initial value for the infectivity intercept

PopMin Minimum population per postal code

PopMax Maximum population per postal code

InfFraction Fraction of each grid cell’s population to be infected

ReInfFraction Fraction of each grid cell’s population to be reinfected

InfPrd Infectious period that can be obtained either from the literature or by fitting an
SEIRS model to the data

IncPrd Incubation period that can be obtained either from the literature or by fitting an
SEIRS model to the data

NIterMC Number of MCMC iterations

NIterMCECM Number of MCECM iterations

Value

alphaS Estimate of alpha S

BetaCovInf Estimate of beta vector for the individual level infection covariate

BetaCovSus Estimate of beta vector for the areal susceptibility to first infection covariate

BetaCovSusReInf Estimate of beta vector for the areal susceptibility to reinfection covariate

alphaT Estimate of alpha T

delta Estimate of delta

tau1 Estimate of tau

lambda1 Estimate of lambda

AIC AIC of the fitted GDILM SEIRS

Examples

GDILM_SEIRS_Sim_Par_Est(5,5,10,30,0.7, 0.5, 1, 2.5, 0,40, 50,0.3,0.6, 5, 5, 10, 3)
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2 Datasets

Index 7

Datasets Hypothetical Datasets

Description

The main function, SeasEpi_Par_Est, applies the spatiotemporal individual-level model of sea-
sonal infectious disease transmission within the SEIRS framework to a hypothetical dataset. It is
compatible with any dataset that follows the required format, which includes two dataframes: data
and adjacency_matrix, along with relevant parameter inputs. To demonstrate the expected in-
put structure and the function’s practical use, we provide two hypothetical examples of data and
adjacency_matrix.

data

A data frame with 100 rows and 11 columns.

This sample dataset illustrates the required structure for the dataframe used with this package. While
the number of rows can vary, each row must represent a single infected individual, and the column
names and order must follow the specified format. The example includes individual-level attributes
(e.g., age, infection status) as well as area-level information (e.g., socioeconomic status) for 100 in-
dividuals, each linked to a postal code. This dataset will serve as input in the example demonstrating
the SeasEpi_Par_Est function.

Ave_Postal_Pop Average population of each postal code

AverageAge Average age of individuals within each postal code (individual-level data)

InfectedTime Time of infection for each individual, represented as a numerical value from 1 to the
end of the pandemic period

LAT Latitude of the postal code

LONG Longitude of the postal code

Label_NC_shape The region number that the postal code belongs to, here assuming the study area
is divided into five subregions

MaleRate Rate of males in the population of the postal code (individual-level data)

NInfected Number of infected individuals in the postal code

SES Socioeconomic status indicator of the region to which the postal code belongs (area-level data)

STI Sexually transmitted infection rate of the region that the postal code belongs to (area-level
data)

SymptomRate Rate of disease symptoms in the postal code (individual-level data), indicating
whether individuals are symptomatic or asymptomatic
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adjacency_matrix

A 5x5 matrix.

This hypothetical adjacency matrix is provided to illustrate the structure required for use with this
package. The matrix used with the package should follow a similar format, maintaining the same
layout but allowing for any number of regions. The adjacency matrix defines the neighborhood
relationships between subregions in a hypothetical study area. In this example, it represents a spatial
structure with five subregions, where each cell indicates the presence or absence of a connection
between the corresponding subregions. The example for the SeasEpi_Par_Est function will use
this matrix as input.

V1 Subregion 1: Represents the first subregion in the region under study

V2 Subregion 2: Represents the second subregion in the region under study

V3 Subregion 3: Represents the third subregion in the region under study

V4 Subregion 4: Represents the fourth subregion in the region under study

V5 Subregion 5: Represents the fifth subregion in the region under study

Value Each cell in the matrix (e.g., between subregion 1 and subregion 2) represents the connection
(typically 0 or 1) between the two subregions, where 1 indicates they are neighbors and 0
indicates they are not.

SeasEpi_Par_Est SeasEpi for Real Data

Description

This function applies the spatiotemporal individual-level model of seasonal infectious disease trans-
mission within the Susceptible-Exposed-Infectious-Recovered-Susceptible (SEIRS) framework, to
real data. It employs a likelihood based Monte Carlo Expectation Conditional Maximization (MCECM)
algorithm for parameter estimation and AIC calculation. This function requires two dataframes,
named data and adjacency_matrix, along with the necessary parameters. Detailed information
on the structure of these two datasets is provided in the package.

Usage

SeasEpi_Par_Est(
data,
adjacency_matrix,
DimCovInf,
DimCovSus,
tau0,
lambda0,
alphaS0,
delta0,
alphaT0,
InfPrd,
IncPrd,
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NIterMC,
NIterMCECM,
zeta10,
zeta20,
T_cycle

)

Arguments

data Dataset. The dataset should exactly match the data file in the data folder, in-
cluding all the columns with the same names.

adjacency_matrix

Adjacency matrix representing the regions in the study area (0 if no connection
between regions)

DimCovInf Dimensions of the individual infectivity covariate
DimCovSus Dimensions of the area-level susceptibility to initial infection covariate
tau0 Initial value for spatial precision
lambda0 Initial value for spatial dependence
alphaS0 Initial value for the susceptibility intercept
delta0 Initial value for the spatial decay parameter
alphaT0 Initial value for the infectivity intercept
InfPrd Infectious period that can be obtained either from the literature or by fitting an

SEIRS model to the data
IncPrd Incubation period that can be obtained either from the literature or by fitting an

SEIRS model to the data
NIterMC Number of MCMC iterations
NIterMCECM Number of MCECM iterations
zeta10 Initial value for the amplitude of the seasonal oscillation parameter (sin part)
zeta20 Initial value for the phase of the seasonal oscillation parameter (cos part)
T_cycle The duration of a complete seasonal cycle (e.g., 12 months for an annual cycle)

Value

alphaS Estimate of alpha S

BetaCovInf Estimate of beta vector for the individual level infection covariate

BetaCovSus Estimate of beta vector for the areal susceptibility to first infection covariate

alphaT Estimate of alpha T

delta Estimate of delta

zeta1 Estimate of zeta1

zeta2 Estimate of zeta2

tau1 Estimate of tau

lambda1 Estimate of lambda

AIC AIC of the fitted GDILM SEIRS
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Examples

data(data)
data(adjacency_matrix)
SeasEpi_Par_Est(data,adjacency_matrix,2,2,0.5, 0.5, 1, 0.1, 1, 1, 1, 20, 2,0.2,0.2,5)

SeasEpi_Sim_Par_Est SeasEpi for a Simulation Study

Description

This function conducts a simulation study for spatiotemporal individual-level model of seasonal
infectious disease transmission within the Susceptible-Exposed-Infectious-Recovered-Susceptible
(SEIRS) framework, using a user-defined grid size. It applies a likelihood based Monte Carlo Ex-
pectation Conditional Maximization (MCECM) algorithm to estimate model parameters and com-
pute the AIC.

Usage

SeasEpi_Sim_Par_Est(
GridDim1,
GridDim2,
NPostPerGrid,
MaxTimePand,
tau0,
lambda0,
alphaS0,
delta0,
alphaT0,
PopMin,
PopMax,
InfFraction,
InfPrd,
IncPrd,
NIterMC,
NIterMCECM,
zeta10,
zeta20,
T_cycle

)

Arguments

GridDim1 First dimension of the grid

GridDim2 Second dimension of the grid
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NPostPerGrid Number of postal codes per grid cell

MaxTimePand Last time point of the pandemic

tau0 Initial value for spatial precision

lambda0 Initial value for spatial dependence

alphaS0 Initial value for the susceptibility intercept

delta0 Initial value for the spatial decay parameter

alphaT0 Initial value for the infectivity intercept

PopMin Minimum population per postal code

PopMax Maximum population per postal code

InfFraction Fraction of each grid cell’s population to be infected

InfPrd Infectious period that can be obtained either from the literature or by fitting an
SEIRS model to the data

IncPrd Incubation period that can be obtained either from the literature or by fitting an
SEIRS model to the data

NIterMC Number of MCMC iterations

NIterMCECM Number of MCECM iterations

zeta10 Initial value for the amplitude of the seasonal oscillation parameter (sin part)

zeta20 Initial value for the phase of the seasonal oscillation parameter (cos part)

T_cycle The duration of a complete seasonal cycle (e.g., 12 months for an annual cycle)

Value

alphaS Estimate of alpha S

BetaCovInf Estimate of beta vector for the individual level infection covariate

BetaCovSus Estimate of beta vector for the areal susceptibility to first infection covariate

alphaT Estimate of alpha T

delta Estimate of delta

zeta1 Estimate of zeta1

zeta2 Estimate of zeta2

tau1 Estimate of tau

lambda1 Estimate of lambda

AIC AIC of the fitted GDILM SEIRS

Examples

SeasEpi_Sim_Par_Est(5,5,10,30,0.7, 0.7, -1, 0.1, 0,40, 50,0.6, 5, 5, 10, 3,0.2,0.2,5)
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