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Abstract

My thesis proposed new types of correlation adjusted penalization methods to
address the issue of multicollinearity in regression analysis. The main purpose is
to achieve simultaneous shrinkage of parameter estimators and variable selection
for multiple linear regression and logistic regression when the predictor variables
are highly correlated. The motivation is that when there is serious issue of
multicollinearity, the variances of parameter estimators are significantly large. The
new correlation adjusted penalization methods shrink the parameter estimators

and their variances to alleviate the problem of multicollinearity.

Multicollinearity is an important issue in regression analysis. When the
predictor variables in a regression model are highly correlated, their overlapping
contributions to the response variable lead to undesirable results when making
statistical inference of the response. On one hand, the traditional methods of
automatic variable selection often do not work well to produce a satisfactory
model. On the other hand, introducing interaction terms into the model makes

the model more complex and difficult to apply.

The latest important trend is to apply penalization methods for simultaneous
shrinkage and variable selection. In the literature, the following penalization

methods are popular: ridge, bridge, LASSO, SCAD, and OSCAR. Few papers



have used correlation based penalization methods, and these correlation based
methods in the literature do not work when some correlations are either 1 or -1.
This means that these correlation based methods fail if at least two predictor

variables are perfectly correlated.

We proposed two new types of correlation adjusted penalization methods that
work whether or not the predictor variables are perfectly correlated. The types of
correlation adjusted penalization methods proposed in the thesis are intuitive and
innovative. We investigated important theoretical properties of these new types
of penalization methods, including bias, mean squared error, data argumentation
and asymptotic properties, and plan to apply them to real data sets in the near

future.
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Chapter 1

Introduction

1.1 Background and motivation

In linear regression analysis, when a large number of predictor variables are
introduced to reduce possible modeling biases or there is serious concern of
multicollinearity among the predictor variables, variable selection is an important

issue.

Conventional methods to select variables include subset selection procedures
and stepwise procedures. With a subset selection procedure, several alternative
subsets of variables are proposed and compared with each other by means of R?
criterion, Mallow’s C,, criterion, PRESS (Prediction Sum of Squares) criterion, or

other criteria.

Automatic variable selection procedures are more common and are offered
with most statistical software such as SAS. These include forward selection,

backward elimination and stepwise selection. However, there are major drawbacks
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of automatic selection procedures. For example, the procedures heavily depend
on choices of inclusion and exclusion probabilities, and the backward and forward

procedures may end up with different best subsets.

On the other hand, suppose multicollinearity is detected and the predictor
variables that cause multicollinearity are identified. As discussed by Ryan (2009),
multicollinearity may not be a problem if the goal is to use the linear regression
model for prediction. However multicollinearity is a problem if we use the linear

regression model for description or control.

Multicollinearity implies that predictor variables form some groups. Within
each group, predictor variables are highly correlated. One solution to multi-
collinearity is to remove one or more of the predictor variables within the same
group, but deciding which ones to eliminate is a difficult technical issue. A
major consequence of multicollinearity is that the parameter estimators and their
variances tend to be large. Therefore the inference of the response is highly

variable.

The latest and most popular method to address multicollinearity is the use of
penalized regression. Essentially the idea is to put constraints on the parameter
estimators when estimating the parameters. This consequently put constraints on

the variances of the estimators.

The majority of penalization methods put constraints on the parameter

estimators only. For example, this includes the methods of ridge, bridge, LASSO,
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elastic net, SCAD and OSCAR. Few papers have also incorporated empirical
correlations in the penalty functions. Intuitively, including empirical correlations

should improve the effects of penalization.

Given that all variables are centered and standardized, we characterize the
relationship between two predictor variables by a linear equation. Let 7;; be the
sample correlation between two predictor variables X; and X;. If ~;; is high, then
there is multicollinearity involving X; and X;. Furthermore, by means of simple
linear regression, ; = ;;x; is the predicted value of X; based on X; = ;. If we
replace X; by Z; in the multiple linear regression of ¥ on Xj,---, X,,, then we
have the terms lel + 'yijﬁjxi. Our motivation is that the difference §8; — v;;03;

should be small.

1.2 Objectives and scope of research

The objective of this thesis is to introduce new methods of penalized least squares
for multiple linear regression and penalized likelihood estimation for logistic

regression that attempts both regression shrinkage and variable selection.

We call these new regularization methods as CAR (Correlation Adjusted
Regression) and CAEN (Correlation Adjusted Elastic Net). My motivation is
that including empirical correlations in the penalty function may help improving
the shrinkage. Moreover including correlations helps to achieve the group effect.

By this, we mean that if one predictor variable of a group of highly correlated



CHAPTER 1. INTRODUCTION 4

predictor variables is not statistically significant, then the other predictor variables
in the same group tend to be statistically insignificant as well. Hence we wish
to leave the whole group out of the model. However, if any predictor variable of
a group of highly correlated predictor variables is statistically significant, then
the other predictor variables in the same group tend to be statistically significant,
so all predictor variables in this group should be kept in the model. Because
correlations implicitly connect the predictor variables, including correlations help
to either select the whole group of highly correlated predictor variables or to

exclude the whole group.

The new types of penalization, CAR and CAEN, are applied to the ordinary
least squares regression, logistic regression and LAD (Least Absolute Deviation)
regression. We formulate the objectives and derive the estimators, and investigate
the properties of the penalized estimators, including bias, mean squared error,

data argumentation, and asymptotic properties.

1.3 Structure of the thesis

General backgrounds of regression analysis, including both the ordinary least

squares regression and logistic regression, are reviewed in Chapter 2.

In Chapter 3, we review different types of penalization in the literature,
including ridge, bridge, LASSO and its extensions, elastic net and correlation

based penalties.
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We introduce the first new type of penalized regression CAR and investigate

its theoretical properties in Chapter 4.

The second new type of penalized regression CAEN is introduced and its

theoretical properties are investigated in Chapter 5.

Chapter 6 concludes the thesis with a summary of the achievements and

discussion of future research questions and projects.



Chapter 2

Regression analysis

2.1 Introduction

The use of regression analysis has significant applications in medical research and
countless other areas, and is an important component of modern data analysis.
The central objective is to understand the relationship between a response (or
dependent) variable and a set of predictor variables (also known as explanatory
variables, regressors, covariates, or independent variables) and to apply the

relationship for the purpose of estimating and/or predicting future responses.

There are many important theoretical, practical and computational issues
related to regression modeling and inference, including specification of the link
function that relates the response variable and predictor variables, estimation
of regression parameters in the link function, measure of model performance,
diagnostic statistics to assess the modeling assumptions and goodness-of-fit, and

remedial methods in the cases of violation of assumptions.
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The response variable can be continuous or categorical. Although some philo-
sophical ideas may be similar for different types of response variables, methodolo-
gies are different, in particular on the choice of the link function and assessment

of goodness-of-fit of the model.

Effective model building is a significant issue. Essentially, we search for
the best fitting and most parsimonious model that is practically meaningful
and reasonable to describe the relationship between the response and the set of
predictor variables. The fit of the model to the data set is determined by measures
of goodness-of-fit, and being most parsimonious requires effective methods of

model selection.

Multicollinearity is another important issue in multiple regression. Collinearity
means a linear relationship exists between two or more predictor variables, while
multicollinearity refers to a situation in which two or more predictor variables
are highly linearly correlated. The most extreme case is perfect collinearity (or
multicollinearity) where the linear correlation between two predictor variables is
either 1 or —1. This happens, for example, when two predictor variables X; and

X, satisfy Xy = a + bX; for two real numbers a and b.

In the presence of perfect multicollinearity, parameter estimates of the pop-
ulation multiple linear regression model are not unique. In practice, perfect
collinearity occurs rarely. However quite often we face the issue of multicollinear-

ity when there are strong linear relationships among two or more predictor
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variables. This happens when two or more predictor variables contribute more
or less to a same characteristic of the subjects. For a matrix A, let AT be its
transpose and A~! be its inverse matrix if it exists. When predictor variables
are highly linearly correlated, the most significant consequence is that entries of
(XTX)~! are large, so the predictor variables contribute overlapping and redun-
dant information. Other consequences of multicollinearity are that some predictor
variables are not statistically significant but the model is overall significant, and
that the usual interpretation of coefficient estimates fails in the presence of mul-
ticollinearity and there is high variability of parameter estimators because the

estimated variance-covariance matrix has large diagonal entries.

Many methods are available to detect multicollinearity. These include checking
for significant change in the parameter estimate when its corresponding predictor
variable is added to or removed from the model, checking for insignificance of
individual estimators while the model is overall significant, calculating the Variance

Inflation Factor (VIF) and carrying out formal multicollinearity tests.

There are several remedies for dealing with multicollinearity. One method is
to select a collection of predictor variables that are minimally correlated with each
other. This avoids overfitting the regression model and can be normally done with
statistical software. However information from other predictor variables is often
wasted. Furthermore, there is no clear way of selecting a collection of predictor

variables that forms the best subset.
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Since omitting predictor variables may result in potential loss of information,
another method is to include interaction terms into the model to account for high
linear correlation among the predictor variables. There are several problems with
this approach. One is that the form of interaction is not unique and must be
carefully determined. The other is that the model is much more complex and
has too many terms which reduce the degrees of freedom of the inference of the

response, and hence reduces the power for predicting and estimating the response.

In recent years, alternative methods have been introduced to deal with
multicollinearity. In particular, the method of penalization has becoming popular
and useful. This is also known as simultaneous shrinkage and variable selection.
We review this area in Chapter 3. General discussion of regression can be found

in Ryan (2009) and Kutner et al. (2005).

2.2 Linear statistical models

The ordinary multiple linear regression model is frequently used and has parameters
that are easily interpreted. The response variable is continuous and denoted by
Y. Let Xi, Xy, -+, X, denote the predictor variables, where p is the number
of predictor variables. The relationship between Y and X, Xs,---, X, can be

formulated as a linear regression model

Y =00+ /1 X1+ 0o Xo+ -+ 5, X, + e (2.1)
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or for each of the n sub-populations, as

Yi=00+ 51X+ BeXio+ -+ 5pXip+6, t=1,2,--- n. (2.2)

where
e Y, is the response for the i** of the n sub-populations, i = 1,2, --- ,n;
o X1, Xjo, -, Xj,are the p predictor variables for observation,¢ =1,2,--- ,n,

that determine the ¥ sub-population.

o 5o, 51, P2, -, Bp are p+ 1 unknown parameters to be estimated from the
data;
e ¢; is the random error for the i*" sub-population specified by (X1, -+, X;p).

In dealing with the regression equation, estimating the parameters, and
drawing inference of the responses, the statistical assumptions of the linear

regression model include LINE:
o Linearity: E(Y;) = fo + 51X + f2Xio + - - - + 5,X;p is a linear function in
the para’meters 507 617 627 e 76}7;

e Independence: ¢; and €; are independent for i # j, so Y; and Y; are also

independent;

e Normality: the random errors €y, - , €, are normally distributed so that

€ ~ N(0,0?), implying that Y;, i =1,--- ,n, are also normally distributed;
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e Equal Variance: the variance of the random error is the same for all sub-
populations, Var(e;) = 0;> = o2, for all i = 1,--- ,n, implying that Y,
t=1,---,n, also have the same variance if we assume that X, -, X, are

pre-specified.

Under the assumptions LINE and the values of @1, 2, - - -+ , 24, of the predictor

variables, the random response Y; follows a normal distribution with mean S, +
B1xi1 + BoTia + - -+ + Bpzip and variance o?.

The linear statistical model can be rewritten in matrix form as

Bo
B
}/;:<1 le X’L sz) 62 +67,:X(Z)B+EZ7 Z:1,2,,TL,
By
Bo
B
where X ;) = ( 1 Xi X - X ) and = B2 , or collectively
By
Y, 1 Xy - le g(l) €1
Y, 1 Xy -+ X
Pl e ] T e
Y, 1 X - X, : €n
1 D Bp
or, Y = XfB+e¢,
Y) €1 1 X - Xy
Y; € 1 Xy -+ X
where Y = ,2 , €= ? ,and X = ) _21 ) _2p is called the
Yn €n 1 an Ce an

design matrix of the linear model.
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The assumptions of Linearity, Independence, Normality, and Equal variance

can be collectively expressed as
e ~ N(0,0°1,)

where N(0,0%I,) denotes the multivariate normal distribution with mean vector

zero and variance-covariance matrix

a2 0 -+ 0

0 o2 ... 0
oI, =

0O 0 --- o2

Equivalently, the linear model in a matrix form can be rewritten as

Y ~ N(X3,0%I,) (2.4)

The first objective of any regression analysis is to find the best fit of the
regression model to an observed data set. There are some technical issues. Firstly,
the corresponding sample equation that describes the sample data set is of the
form

g:bo—i‘bll’l—i‘bgl’g—i"”—i‘bp]?p.

Secondly, there must be a criterion by which we can define the best fit. There are
two commonly used criteria: the principle of least squares and the principle of

maximum likelihood.

The principle of least squares states that the best fit of the linear model is

given by that Z e = Z(yZ — ;) = 0 and Z e; = Z(yz — ¢;)? is minimized,
i=1 i=1 i=1 i=1
where e; = y; — y; is called the residual.
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The principle of maximum likelihood states that the best fit of the linear
model is given by the estimators BO, Bl, R ﬁp that attain the maximum of the

likelihood function (8o, f1, - -, Byp)-
2.2.1 Standardized regression

Assume p predictors X, X;,---, X* and a response Y* for a linear regression

»ETp

model

E(Y?) = 05+ BiXT + 5X5 +--- + 5, X,

The observed dataset and summary statistics are displayed as follows:

Subject Sample Sample
Variable | 1 2 - n mean  standard deviation
* * * * %
Y vy y* Sy
* * * * x
X Ty Tor "t Ty Ty Sa:{
* * * * x
X3 Tig Tog 0 Tpg Lo Sx;
Xp Tip Top Lnp Tp Sx}?

This means that the original dataset is given by

{(yjﬂx;kl? 7x:p)T7Z' =12, ,TL},
where T stands for transpose.

We now transform all observations by standardizing. The correlation trans-
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formed observations are,

Ly -y

y’i = /—n — 1 Sy* Y

i:1727"' , 10,

and
* x
L x —

vV — 1 sz ’

Then the standardized regression becomes

ik = 2'2172’...’7% ]{;:1’2,...7]9_

U= 51151 +32$U2 +"'+Bpxp-

There are two major reasons for standardizing. Firstly, the round-off error for
least squares estimation (as well as for MLE) is significantly reduced. Secondly,
the interpretation of estimated parameters is compatible because the new variables

X1, Xy, -+, X, have no units.

Throughout the rest of the thesis for multiple linear regression with a contin-

uous response, we assume that all variables are standardized.
2.2.2 Method of least squares

With standardized response variable Y and predictor variables X, Xy, -+, X,

the least squares equation is given as

@:/lel+"'+ﬁpxp7
where the ordinary least squares (OLS) estimators Bl, cee Bp are derived by
minimizing

OLS = Z(yi —z8)* = (Y - XB)T(Y - Xp),
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where X; = (241, %i2, -+, Tip), 8= (b1, , Bp)" and

i1 Tiz - Tip Y,

To1 Tog -+ T2p Y,
X = . . . . ) Y =

Tn1 Tp2 - Tpp Yn

In matrix form, the OLS estimator B = (Bl, Bg, e ,BP)T is derived by setting

0(0LS)  H(Y = Xp)"(Y - XB)}

o o =0

and obtaining

BOLS) = (XTX)"'XTY.

Furthermore, the variance-covariance matrix of S(OLS) is given by
Var(f) = Var[(XTX)"'XTY)]
= {X'X)T X }Var(Y){(X'X) "' X"}

= A(XTX)IXTX(XTX)™!

= A(XTX)
where 02 is unknown and estimated by MSE = % = SL—;’ ande=y— 7 =
(Y1 — 91, Yn — Un)T is the vector of residuals.

The vector of predicted values of the response is given by
Y = X3 = [X(X"X)"'XT)Y = HY,

where H = X(X7X) !XT is called the hat matrix. Clearly H is idempotent (i.c.,

H = H?) and symmetric (i.e., HT = H).
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2.2.3 Method of maximum likelihood

Maximum likelihood estimation is a general technique for estimating parameters
and drawing statistical inferences in a variety of situations. Based on the available
data, we wish to estimate the parameters i, - - - , 8, that make the probability of
observing the data as high as possible. This is called the principle of Maximum

Likelihood Estimation (MLE).

For fixed values of X that fall within the range of the data, the probability
model for the response Y is given by Y ~ N(Xf3,021l,), and the probability

density of a normal distribution is

1 (Y - XB)T(Y — Xp)

L T 2 - = o
(ﬂ O ) (277'0'2)”/2 exp 252

which is called the likelihood function of (37, 0%), where exp(u) = e* is the natural
exponential function. The log-likelihood function, i.e. the natural logarithm of

the likelihood function, is
(B",0%) = logL(F",0?) (2.5)

_n n 9 1 T

= —5log(2m) = Slog(0”) — 5— (Y = XB) (Y — X5).
Taking partial derivatives with respect to the parameters and setting them

equal to zero, we get the maximum likelihood estimators Bl, cee Bp. We note

that with respect to 8, maximizing ¢ is equivalent to minimize the Ordinary Least

Squares (OLS). The partial derivatives are

oo _ 1
BT 20?2

(2XTX B3 —2XTY),
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Oo? T2\ o2

M n (L) s+ Ry -xorey-x)

Setting these partial derivatives to zero and solving the equations, the maximum

likelihood estimator B satisfies

(XTX)5 = XY,
B
where = : | . Provided that |[X”X| # 0, the solution is
By
B.(MLE) = (XTX)"'XTY. (2.6)

0?2 = ~2° (2.7)

where ¢ = Y — Xf is the residual vector. Clearly the MLE §,(MLE) =

(XTX)'X*Y is the same as the principle of least squares estimators of 3y, - - - , Bp-

The well known Gauss-Markov Theorem states that the MLE B is BLUE;, the
Best, Linear, Unbiased Estimator. First of all, B is unbiased in that E(B) = f.
Secondly, / is a linear estimator because 3 = ((X7X)"'X”)Y is a linear function

of Y. Lastly, 3 is the best among the class of all linear unbiased estimators of 8

in the sense that the variances of Bi, t=1,2,---,p, are the smallest.

2.3 Logistic regression

When the response is binary (i.e., dichotomous), it is no longer reasonable to

model the conditional expectation of the binary response as a linear function
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of the parameter. If this were the case, then we would have E(Y |z, -+ ,z,) =
prxy + -+ + Bpxy. Clearly, E(Y|xq,--- ,x,) takes only values between 0 and
1, but the right hand side can take any real value. So we need to transform

Bizy + -+ + Bpx, to a value between 0 and 1. The most popular function is the

_e’

Tier» and hence the name logistic regression. To be specific, the

logistic function
logistic regression is given by the model

ePotBizit-+pprp

B(Y[er - 4) = T (2.8)
or
71'([£1, e >$p)
{ = 2.9
Ogl—?T(ZL‘l,'-- ’xp) ﬁ(]"i_ﬁlxl"_ 7Bpxp ( )

where 7(zy,- -+, x,) = E(Y|21,--+ ,x,) and g(z) = log (%) is called the logit

1—z
transformation.
Recall that for multiple linear regression, we have Y; = E(Yi|x;, -+, zip) + €
or simply Y = E(Y|z1,---,z,) + €, where € is random and normally distributed

with mean 0 and common variance o2.

However for logistic regression, if we have

Y =EY|x1, - ,x,) +e=m(x, -+ ,2,) +e

then e takes value 1 — 7(zy,- -+ ,z,) with probability 7(zy,---,z,) and value

—m(xy,- -+ ,xp) with probability 1 — m(xy,- -, xp).

Let’s write x; = (241, Tio, - -+, Tip) and w(xi1, T, - -+, Tip) = w(x;). Then the
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likelihood function is
L(Bos B+ By) = [T {Imleal [ = m(a)]' ) (2.10)
and the log-likelihood function is
Upo. Bro -+ . y) = é{yizog[w<wi>] + (L= gloglt = m(@)]}. (2.11)

Setting the partial derivatives with respect to Sy, 31, -, 3, to 0, we have the

likelihood equations

@ﬁo 2 ; m(x;)] = 0,
ol p
8(51) = Z Tine; = qu =0,

i=1

au(p
a<ﬁp) Z Tip€i = wa 7)) = 0.

=1

Note that these are similar to the likelihood equations for multiple linear models,
however, these likelihood equations are much more difficult to solve than the ones

for multiple linear regression. Thankfully, most statistical software could produce

630+31W1+"'+Bp93p
1+e/5’0+/3’111+~-+3pzp :

estimates of logistic regression and calculate 7(z;) =



Chapter 3

Penalized regression

3.1 Introduction

When there is multicollinearity among the predictor variables X, Xy, -+, X, the

determinant of the matrix X* X is small where

Xll X12 T le
X — AXV'QI )('22 : AXtQp
an Xn2 e an

is the design matrix. Consequently the entries of the inverse matrix (XTX)_1 are
fairly large. The least squares estimators (also the maximum likelihood estimators)
of parameters, given by £,(OLS) = (XTX)1(XTY), are large. More significantly,
since the variance-covariance matrix of 3,(OLS) is 02(8,(OLS)) = o(XTX) !,
the estimated parameters 3,(OLS) are subject to large variability. Hence, the
prediction or estimation of the response, which is a linear function of the estimated
parameters, will have large variability. This will adversely affect the quality of

estimation or prediction of the response.

20
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Regression is one of the most useful statistical methods for data analysis.
However, there are many practical problems and computational issues, such as
multicollinearity and high dimensionality, that challenge the regression analysis.
To deal with these challenges, variable selection and shrinkage estimation are
becoming important and popular. The traditional approach of automatic selection
(such as forward selection, backward elimination and stepwise selection) and best
subset selection are often computationally expensive and may not necessarily

produce the best model.

The method of penalized least squares (PLS), which is equivalent to penalized
maximum likelihood, helps to deal with the issue of multicollinearity by putting
constraints on the values of the estimated parameters. A wonderful consequence

is that the entries of the variance-covariance matric is also significantly reduced.

In general, the PLS is to minimize OLS = (Y — X3)T(Y — Xf3) subject to
Pen(B) < t, where Pen(f) is a specific penalty function of 8 = (8,--- ,3,)" and
t is a tuning parameter. This constrained optimization problem is equivalent to

the Lagrangian optimization which minimizes
PLS = OLS + Penalty = (Y — XB3)T(Y — X3) + APen(p),

where A is a tuning parameter and controls the strength of shrinkage. For
example, when A = 0, no penalty is applied and we have the ordinary least
squares regression. When A\ gets larger, more weight is given to the penalty term.

Desirable properties of penalization include variable selection and grouping effect.
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That is, by penalization it is hoped that the variables that are truly statistically
significant are selected into the model, and highly correlated predictor variables

should be selected all together or excluded all together.

Suppose that the data set consists of n observations: {(y;, z;)*,i=1,2,--- ,n},
where T' stands for transpose, y; is the response and x; = (2;1, T2, -+ , Tip) 18
the vector of predictors for the i subject. We assume that all data are stan-
dardized so that 37" 5 = 0,> " z;; =0and > 27, =1for j=1,2,--- p.
Both the multiple linear regression Y = X + ¢ and the logistic regression
PlY;,=1) = He%xlﬂ are considered, where X = (X7, Xy, -+ ,X,) is the design
matrix. The standard assumptions for the linear models are LINE: Linearity of
the model, Independence of €;,i = 1,2,--- ,n, Normality of ¢, ~ N(0,0?) and

Equal variance 02 = o2 for all i = 1,2,--- ,n.

Many different forms of the penalty functions have been introduced in the
literature, including ridge penalty, bridge penalty, LASSO (Least Absolute Shrink-
age and Selection Operator) and its generalizations, elastic net, SCAD (Smoothly

Clipped Absolute Deviation), and correlation based penalties.
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3.2 Ridge regression

The ridge regression, introduced by Hoerl and Kennard (1970), may be the earliest

idea of using penalized least squares. The objective is to minimize

p
RidgeLS = OLS + A _ B8} = (Y — XB)" (Y — XB) + A8" 5.

j=1

This is also referred as Lo penalized least squares.
Instead of having £,(OLS) = (XTX)'X"Y for the ordinary least squares
regression, ridge regression estimators are derived as

Bo(Ridge) = (XTX + \[)7'XTY

where I is the identity matrix of size p x p.

When A = 0, this becomes the ordinary least squares estimation. When
A > 0, ridge regression estimators are biased but tend to be less variable, therefore

have smaller mean squared errors for appropriately chosen values of .

Ridge regression estimators are robust and could provide good estimates
of the mean responses or individual responses. However, a major limitation is
that the usual inference procedures are not applicable and exact distributional

properties are unknown.

One straightforward extension is the generalized ridge estimator

B, (GenRidge) = (XTX + K)'X"Y
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where K is a diagonal matrix with possibly different diagonal elements k; > 0,7 =
1,2,--- n. See for example Alheety and Ramanathan (2009). Ridge penalty is
also applied to logistic regression, see Le Cessie and Van Houwelingen (1992),

Barker and Brown (2001), and Mansson and Shukur (2011).

3.3 DBridge regression

Frank and Friedman (1993) extended ridge regression to bridge regression by

generalizing the penalty function to
p
j=1
where v > 0 is also a tuning parameter. The objective is to minimize
p
BridgeLS = (Y — XB)"(Y = XB)+ A > _[B]".
j=1

Bridge regression is also called L. penalized regression.

3.4 L,/ regularization

Xu et al. (2010) examined a special bridge regression with the penalty
p
Pen(8) =AY |5["*.
j=1
The objective is to minimize

HalfLS = %(Y —XB)'(Y = XB)+ A ||
j=1

This is also named L;/; penalized regression.
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3.5 LASSO

LASSO (Least Absolute Shrinkage and Selection Operator) was introduced by

Tibshirani (1996), also known as L; penalized regression. The penalty function is

p
Pen(8) =X |B)l.
j=1

The objective is to minimize

LASSOLS = (Y —XB)T(Y -XB8)+A> |5l

j=1
= (Y-XB)' (Y -XB) + V'3,

where V is a column vector with i element being 1 if the sign of the corresponding

parameter (; is positive and —1 if §; is negative. Although V depends on the

unknown parameters through their signs, in practice based on theory or empirical

evidence, we might be able to determine the signs of the unknown parameters in

advance and so V could be regarded as being pre-determined.

The estimators that minimize LASSOLS could be derived as

B,(LASSO) = (XTX) /(XTY — %V).

LASSO generally results in simultaneous shrinkage and variable selection. This
means that some estimators become identically zero if their corresponding param-
eters are zero. This is called the oracle property. However, a major drawback of

LASSO is that if there is a group of highly correlated predictor variables in the
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regression model, LASSO tends to arbitrarily select only one predictor variable

from this group.

Although LASSO has demonstrated good performance in many cases, lim-
itations still exist, see for example Tibshirani (1996) and Kyung et al. (2010).
In fact, ridge regression dominates the LASSO in prediction performance when
there are severe multicollinearity presence among predictor variables. Asymptotic

properties of LASSO estimators are discussed in Knight and Fu (2000).

To deal with the limitation of LASSO, extensions and variants of LASSO
have been proposed. Tibshirani et al. (2005) introduced the fused LASSO, given
by

p p
FLASSOPen(8) = (Y = XB)" (Y = XB) + M > 18] + X2 Y 1B — Bi-al-
j=1 Jj=2
where A\; and Ay are tuning parameters. Zou (2006) developed the adaptive

LASSO and Park and Casella (2008) proposed the Bayesian LASSO.

3.6 Elastic net regression

Combining the L; and Ly penalties, Zou and Hastie (2005) introduced the elastic
net by minimizing
P P
ENLS = (Y =XB)"(Y =XB)+ X > 1B+ Xy 5

=7 =7

= (Y-=XB)T(Y =XB)+ M VT84 15878
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with two tuning parameters \; and \,. Later Zou and Zhang (2009) proposed the
adaptive elastic net. Li and Lin (2010) introduced the Bayesian elastic net. The

estimators that minimize EN LS are

Bu(ENLS) = (XTX + A1) H(XTY — %V)

where V is introduced in the section of LASSO.

3.7 SCAD regression

Fan and Li (2001) suggested a SCAD (Smoothly Clipped Absolute Deviation)

penalty given by

Pen(B) =X [1(0 <) + %T(@ > \)

for some @ > 2 and 8 > 0.

Large sample properties of SCAD estimators are studies in Kwon and Kim

(2012).
3.8 OSCAR regression

Bondell and Reich (2008) introduced the OSCAR (octagonal shrinkage and

clustering algorithm for regression) penalty

Pen() =X | 3718, +¢ 3 max{|5,]. 15}
j=1

Jj<k
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where ¢ > 0 is a tuning parameter. The objective is to minimize

OSCARLS = (Y — XB)"(Y — X8) + A ij +¢ > max{|8;], |5/}

i<k

= (Y -XB)' (Y - XB)+ AZ[C(j =1+ 1l

=1

where [B|q) < |Bl@) < -+ < (Bl
3.9 Correlation based penalization
Tutz and Ulbricht (2009) introduced a correlation based penalty, which minimizes

— Br)? n (Bj + Br)?

—Tjk L47jk

CPLS = (Y — XB)T(Y — Xp) +>\ZZ[

=1 k>j

where r;, is the empirical correlation between the predictors X; and Xj. This
penalty is also investigated in Ulbricht and Tutz (2008). Moreover, Anbari and

Mkhadri (2008) introduced the elastic corr-net by minimizing

ECNLS = (Y -XB)"(Y-X8)+M > |5
7=1

Sy [Boir G

=1 k>j

3.10 Summary

The motivation for using penalized regression is that in the presence of perfect
multicollinearity, the ordinary least squares estimates are not unique. However

with penalized least squares, the estimates are unique by choosing appropriate
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tuning parameters. Similarly, without penalization, the ordinary least squares
estimators are subject to high variabilities when multicollinearity exists. With

penalization, the variances of the estimators are controlled.

A disadvantage of the ridge regression is that the interpretation is not easy
since the final model includes all input variables. There are methods to do variable
selection and shrinkage estimation simultaneously, such as the LASSO and elastic
net methods. The ridge regression only shrinks the estimates to 0, but LASSO
also selects variable automatically. One very interesting and important property of
LASSO is that the predictive model is sparse (i.e., the estimators are exactly 0 if
the corresponding parameters are truly 0). The elastic net improves on both ridge
regression and LASSO and includes the groups of highly correlated predictors,

while LASSO selects only one of each group.

Fan and Li (2001) suggested three desirable properties for a good penalty
function: unbiasedness (i.e., the estimator is nearly unbiased when the true
unknown parameter is large), sparsity (i.e., the parameter is estimated to be
zero when the true unknown parameter is zero) and continuity (the estimator
is continuous in data). Various advantages and disadvantages of each of these
penalization methods and many theoretical as well as practical performances are
investigated in the literature. In summary, ridge regression performs well when
the predictors are highly correlated. Bridge regression includes both ridge and

LASSO as special cases and produces sparse models.
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The correlation based penalty has the group effect. That is, a group of
highly correlated predictors are either all selected together into the model or
left out altogether. However the above introduced penalty does not work when
the correlation r;y, is either 1 or —1. In the next two chapters, we extend the
correlation based penalty to two new forms to deal with this drawback. One
motivation for our new penalty is that if X; and X}, are highly correlated, then
the prediction of X; using X}, is given by 2 = r;xz,;. We minimize §; — ;5% to

equalize the contributions by both X; and Xj.



Chapter 4

Correlation adjusted regression

(CAR)

4.1 Introduction

In this chapter, we propose two new types of regularization method for simul-
taneous shrinkage and variable selection, we name them Correlation Adjusted
Regression (CAR). They could be regarded as a data-adjusted extension of ridge
regression. Some theoretical results for multiple linear regression, logistic re-
gression and LAD (Least Absolute Deviation) regression are derived. We would
show that the CAR least squares for multiple linear regression is reduced to the
OLS after applying argumentation to the data set, and the penalized estimators
for CAR logistic regression follow asymptotically a normal distribution. Similar

results are also derived for the LAD regression.

31
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4.2 CAR for linear models

We first discuss two types of CAR for multiple linear regression. Recall that we
assume centered and standardized observations and the ordinary least squares

regression that minimizes

OLS =3 (yi = ziB)* = (Y = XB)"(Y - X8)

where
T11 Tiz - Tip Y
To1 T2 - T Y2
X = . ) Y = . 5
Tn1 Tp2 ' Tpp Yn
B = (B1,B2,--,B,)" is the transpose of the vector of unknown regression pa-
rameters, and x; = (T, Ti2, - - -, T;p) 1S the it" row of the design matrix. Recall

also that the least squares estimator of § is £,(OLS) = (X'X)"'X"Y and
its variance-covariance matrix is Var(3,(OLS)) = 02(XTX)~! where o2 is the

population variance of the regression model.
4.2.1 Formulation of the problem

We define two types of CAR by incorporating empirical correlation coefficients in
the penalty function. The first type is defined by the correlation adjusted least

squares

p—1

CARLS; = (Y = XB)"(Y = XB) + A | Y (B — rjjr1Bisn)* + 32

Jj=1
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where r; is the sample correlation between the predictor variables X; and Xj.

The objective is to find §,(C'AR;) that minimizes CARLS).

For the first type, define the matrix

1 —T1,2 0 0 0

0 1 —T23 0 0
Di=|: i ,

0 0 0 1 —rpq,

0 0 o --- 0 1

then 3707 (B = rinBin)? + By = "D DS = BTW1, where Wy = DI D;.
Clearly W is a real symmetric p X p matrix and positive semi-definite because
BTW,3 > 0 for any vector 3. Therefore W; admits a Cholesky’s decomposition

W, = C’lClT, where (] is a triangular matrix.

Moreover if r; ;11 = 0 for all j = 1,2,--- ,p — 1, then the first type CAR

becomes ridge regression and hence ridge regression is a special case of CAR.

The second type is defined by the correlation adjusted least squares

CARLS; = OLS + A ZZ i — Tik0k)° + B,

=1 k>j

The objective is to find Bn(CARg) that minimizes CARLS,.
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We similarly define the matrix of the second type

1 =15 0 0 -0 0

1 0 —T1,3 0 - 0 0

1 0 0 —T14 - 0 0

1 0 0 0 -0 —r,

1 —T23 0 0 0

Dr=10 1 0 —ry 0 0 )

0 1 0 0 - 0 —ry

0 0 0 0 -1 —ryq,

0 0 0 o -0 1

then g);i Zk>](ﬁj — rj,k’/Bk)2 + ﬁ]% = BTDgDzﬂ = BTW25, where W2 = DgDQ
Again W is a real symmetric p X p matrix and positive semi-definite because
BTW,B > 0 for any vector 3. Therefore again Wy admits a Cholesky’s decomposi-

tion Wy = CLCT | where Cs is a triangular matrix.

Putting both types together, we minimize CARLS = OLS + \3TW 3 where
W can be either W, or Ws. The derivative of CARLS with respect to § is given

as the column vector

d(CARLS)

_ T . T
= = —2IXTY — (X"X)B] + 2AW 3

= 2XTY — (XTX + AW)3].
Therefore the penalized estimator of /3 is
Bu(CAR) = (XTX 4+ 2aW)1(XTY).

This gives a linear estimator (,(CAR) = [(XTX 4+ AW)'XT]Y of Y. The

predicted value of Y is given by § = X3,(CAR) = HY where H = X(XTX +



CHAPTER 4. CORRELATION ADJUSTED REGRESSION (CAR) 35

AMV)71XT is a symmetric hat matrix. This result shows that the penalized

estimator of the least squares regression with a correlation adjusted penalty exists.

Comparing with /3, (Ridge) = (XX + M)~} (XTY), we see that CAR esti-
mator can be regarded as an extension of ridge by replacing the identity matrix I

with the matrix W.
4.2.2 Some properties

We derive the bias of the estimator 3,(CAR). For this,
E(B,(CAR)) = (XTX+ W) '(XTX)s
= (XX +AW) N (XTX 4+ AW — AW)B
= B MXTX+AW)'Wg.
Therefore the bias is
Bias = E(B,(CAR)) — B = —A(X"X + AW)~'W3
and B,(CAR) is a biased estimator of £3.
The variance of the estimator is then
Var(B,(CAR)) = Var[(XTX 4+ W) 'XT)Y]
= [(XTX + AW) ' X Var(Y)[X(XTX +AW) 7}
= (XTX + W) ' XT?X(XTX 4 AW)
and the mean squared error of the estimator is

MSE(B,(CAR)) = Bias” Bias + trace[Var(f,(CAR))],
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where trace is the trace of a matrix, that is the sum of the main diagonal elements
of a square matrix.
The following Theorem shows that when the tuning parameter \ gets large,

the variance-covariance matrix of the estimator approaches the 0 matrix.

Theorem 4.2.1. For the estimator Bn(CAR), limy o0 Var(ﬁn(CAR)) =0, the

0 matrix.

Proof.

Var(8,(CAR))

= (XTX 4+ MV) XTI X (XX + AW

2 /XTX I XTX /XTX -
- Z < +W> ( +W>

AU A A A
_ T(X;( +w)1 (XAX +W_W) (XAX +W)1
- R (S ew) ey (SR )|
= U; (XZX + W)l - (WlXiX - I)l (XiX + W) 1]
- O ) (5w ()
(

X7X )_1_(XTX 7XTX+ XTX )‘1]

Since the elements of X and XX are bounded,

T
lim (X X+W) =W
A—00 )\
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and
XX XX XX
lim w1 +2 +W ) =W,
A—00 /\ )\ )\
and
2
. o
jim == 0.
Therefore
lim Var(8,(CAR)) =0. O
A—00
From the above,
MSE(3,(CAR)) = Bias" Bias + trace[Var(8,(CAR))).
We have
Bias" Bias = [MX"X + AW)'WETANXTX + AW) W3
1 XX 1 XX
= \NTw= WY~ Ih\= wHY~'w
XX XX
= BTW(E W) +W)TIWB.
So

lim Bias® Bias = B15.

A—00

Recall that the ordinary least square estimator Bn(OLS ) is unbiased and has

a variance-covariance matrix Var(3,(OLS)) = ¢2(X¥X)~!. Its mean squared

error is

MSE(B,(OLS)) = 0+ trace[Var(3,(OLS))]

= trace[o?(XTX).
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For the OSL with serious issue of multicollinearity, entries of (X*X)~! are large,
so trace[o*(XTX)™!] is large. Although Bias” Bias = 87 > 0 for CAR, but
lim oo trace[Var(B,(CAR))] = 0. Therefore for large A, the mean squared error

for CAR is likely smaller than the mean squared error for the OLS.

Next, we show that after suitable data argumentation, the CAR regression
is equivalent to an OLS regression. The idea is similar to that in Anbari and

Mkhadri (2008).

Theorem 4.2.2. Given the Cholesky’s decomposition W = CCT and A > 0,
define

gty ) vo(F): -

Then minimizing CARLS is equivalent to minimizing the OLS = Y P (y¥ —

i B)? = (Y* = X*B)T(Y* — X*3*), where x} is the i row of X*.



CHAPTER 4. CORRELATION ADJUSTED REGRESSION (CAR) 39

Proof.

n—+p

OLS = > (yi — ;")

= [(Y)" = (B)" (X)'][Y" = X5

= (Y7 o)(?){)—(YT 0)\/1_(\/—6@)\/?5

r_ 1 T Y
—\/1+/\ﬁﬁ(X ﬁc)<

v

T 1 T
+V1+ A8 —\/H—A(X \/_C)\/_<\/—0T>\/1+/\5
= Y'Y - Y'X3 - f7XTY + gT(XTX + ACCT)

= (Y-X3)T(Y-XB)+A3TWB =CARLS. O

It is important to select the best \ according to certain criterion. There are
several criteria available for this purpose, including the Bayesian Information
Criterion (BIC), Alkaike Information Criterion (AIC) and Leave-One-Out criterion.

We would discuss the Leave-One-Out method here.

If the observation (Y, X1, Xjo, -+, Xip) is removed from the dataset, i =
1,2,---,n, let the X matrix after deleting the i row be Xy and the Y matrix

after deleting the i** element be Y ;). For each i =1,2,--- ,n, define

By (CAR) = (X{ X +AW) ™ (XE) Y ()
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and the prediction error square for (Y;, X;1, Xio, - -+, Xjp) is

» 2
CV(—z’)()\) = (yi - injé(n—l)<CARi)j> .

j=1

The CV of A is
1 n
V) == 3OV,
i=1

We look for the value of A that minimizes CV'(\).

4.3 CAR for logistic models

We extend the above two types of correlation adjusted penalties to logistic

regression. Recall that the log-likelihood function for logistic regression is

n

() = Z[Z/z log(mi) + (1 — i) log(1 — )],

i=1

where m = P(Y; = 1) = 155 = li’iﬁ = P(x;).

4.3.1 Formulation of the problem

Because minimizing the OLS for the multiple linear regression is equivalent to
maximizing the log-likelihood function, we focus on maximizing the log-likelihood
function for logistic regression. For the first type correlation adjusted penalty, we
maximize

p—1

CARLRy = U(B) = X | ) (B —rj501801)° + By | = £(B) = A\8"W1 B,

Jj=1
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and for the second type of penalty, we maximize

CARLR, = (8 Z D (B —risBe)® + B2 = U(B) — A3 W28,

=1 k>3

That is, we maximize
CARLR = ((B) — \3TW 3

where W can be either Wy or Wh.
4.3.2 Some properties

The ridge penalty for logistic regression has been investigated by several authors
including Le Cessie and Van Houwelingen (1992) and Barker and Brown (2001).

The ridge logistic regression estimator maximizes

NB) = £(B) = A8

and is SN (MLE) = (XTKX4M) ' XTKX3,(MLE) where f3,(MLE) is the MLE
for maximizing ¢(f) and K is the diagonal matrix of the MLE of probabilities
mi(1 —m),1 = 1,2,--- ,n. As an extension of the ridge regression, a plug-in

estimator for correlation adjusted logistic regression may be defined as
Bu(CARLR) = (XTKX 4+ A\W) ' XTKX3,(MLE).
However the performance of this estimator is unknown.

We extend a key idea and result in Gao and Shen (2007). However the proof

in Gao and Shen (2007) contains a minor mistake.
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We denote the MLE for the correlation adjusted logistic regression as Bn(C’ARLR)

and show that it follows asymptotically a normal distribution.

Theorem 4.3.1. Let 3y be the true unknown parameter of the logistic regression.
Under regularity conditions for the likelihood function, the correlation adjusted

MLE BH(CARLR) is asymptotically normally distributed. That is,

Vi(B.(CARLR) — By) % N(0, 17" (80))

where I(fp) is the Fisher information matrix for the logistic regression evaluated

at BO'

Proof. Consider the score function S(f) = 6(0121;LR) — B );’;ﬁ "W5 Then the
MLE 3,(CARLR) satisfies S(8,(CARLR)) = 0. The first order Taylor expansion

of S(B) at [y gives, approximately,

0 = S(B.(CARLR))
= S(5) + 5 (B) (Bu(CARLS) = o) + o0, (II(CARLS) - o)

(561, o) (21, o) s

+0, (|1Bu(CARLS) - fol])

Bo

Rearranging the terms and removing the higher order terms, we have

y

- 2/\W) (Bn(C’ARLS) - 50) .

L (o)
0~ (86 Bo 20W5

(5

Bo
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This gives us

Vi (Bu(CARLR) - )

4] e

n \ 032
Because both W and [, have bounded elements, we have %(ZAW) L0 and

)]

Bo

L (2AW B,) -5 0. Now

Jn
L) | e
v\ 98 ls) n '
Furthermore,
n  Oln f(x;,8)
E D1 o3 _ g Ol f(x, B) _ 0
n op ’
and

dln f(z, B) 8lnf(x,5)) _
E < aﬂi aﬂj 1,J B I(ﬁ)

By Multivariate Central Limit Theorem, as n — oo,

1 [or
o= (5],) 4 v o,
Now, .
B 1 82€(5> B Z?:1 _9 1naJ;(2ﬂfi,ﬁ)
E( 0p? )‘ n ’
and
s, —Eefend) 9 1n f(x, B)
p (B _p (e
Since

B (_—32 T = 106,
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by multivariate Law of Large Numbers, as n — oo,

10%(6)

P
— (ﬁo L5 1(Bo).

Therefore by Slutsky’s Theorem,

= (5

n

-1
- 2>\W>} L 1 4B).

Apply Slutsky’s Theorem again, as n — oo,

Vi (BuCARLR) = ) = I (Bo)N(0, 1(80)) = N(0, 17 (5)). O

4.4 CAR for LAD regression

We now extend CAR to LAD (Least Absolute Deviation) regression. Essentially

we extend a result in Xu and Ying (2010) of LASSO-type penalty for LAD.

As indicated by Xu and Ying (2010), the LAD or L; method is a good non-
linear alternative to the least squares method and has good robustness properties.

The linear regression model is generalized to
}/;:/BlXil+/62Xi2+"‘+/6pXip+€i7 i:1’27...7n7

where the design matrix is known and ¢;,7 = 1,2,--- ,n, are independent and

identically distributed random errors with a common distribution F'.
The objective of the LAD method is to find the estimator 3,(LAD) that
minimizes

LAD(B) = Z [yi — (Bizi + Bowio + -+ - + Bpxip)|.
=1
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However there is no explicit form solution for 3, (LAD). Its derivation is normally
carried out by linear programming. Xu and Ying (2010) introduced the penalized
LAD

n

_LAD(B) |1y
LASSOLAD = + - ]21 Anjl Bj]

and studied the asymptotic behavior of the penalized estimator when n — oo and

Anj
Tﬂb — )\Oj > 0.

In this section, we extend the result in Xu and Ying (2010) to a CAR-type
penalty for LAD, defined as

CARLAD(B) = LA%@ + %BTWB,

where W, as in previous sections, can be either W; or W5, The objective is to
find the estimator (,(CARLAD) that minimizes CARLAD (the CAR penalized

LAD).

As in Xu and Ying (2010), we make the following two assumptions:

(A.1) The random errors €;,7 = 1,2,--- ,n, are independent and
identically distributed with median 0 and a density function f which
is continuous and strictly positive in a neighborhood of 0;

(A.2) The design matrix X (depending on n) is deterministic
and there is a positive definite matrix @ (of size p x p) such that

lim,, o0 1X7X = Q2

The following result based on Taylor expansion is from Xu and Ying (2010).
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Proposition 4.4.1. Under the above assumptions (A.1) and (A.2), for any

sequence d, > 0 such that d,, — 0 in probability, we have

L[LAD(B) ~ LAD(5o)

= 2> sgne)u(B — o) + 5 10)(5 — ) Q5 — o)

+o,(|[8 = Bol[* +n7h),

uniformly in [|8 — Bol| = >°7_, [8; — Boj| < dn, where fy is the true unknown
parameter, z; = (z;1 iz -+ i), sgn(e;) is the sign of ¢, and || — Bo]|* =
i1 185 — Bos .

Xu and Ying (2010) defined the function
1 - .
C(u) = ~u' Du — a"u + Z Ajuj + Z Ajlus]

2 , ,
7j=1 Jj=s+1

and showed that C'(u) — C(a) > 3(u— )" D(u — @) for any p x 1 vectors of real
numbers u and 4, where D is a positive definite matrix, a is any p x 1 vector of real
numbers, Ay, -+, A are constants, and As4q, -, A\, are nonnegative constants.

Taking \;, =0 for i =1,2,--- | p, we have
Proposition 4.4.2. For any p x 1 vectors of real numbers v and u, we have

C(u) = C(a) = S(u—a)" D(u— ),

N —

where C(u) = v Du — a"u.

To extend the result in Xu and Ying (2010), we now discuss the asymptotic

distribution of 3,(CARLAD).
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Theorem 4.4.1. Assume conditions (A.1) and (A.2) and lim, \’\/—% =X > 0.

Then in distribution, as n — oo,
Vi(Bu(CARLAD) = fio) = R
where R is the random variable that minimizes
R(u) = MTu+ 3 F(O)" Q-+ 220(W ),

and M follows the multivariate normal distribution N (0, Q?).

Proof. Write 3,(CARLAD) = f,. Let f(8) = BTWB, f(B) = 2W8, f'(8) =
2W. The Taylor expansion of STW 3 at f3, is
FB)=f(Bo) + f(Bo)(B— fo)
b 58— o) (B)(B ~ o) + 0,115 — Goll)

Then,

BIW B, = 6EW B, + 20WB)T (B — Bo)

(B o) 2W (B — o) + 0,115 — ol
BYW B, — By W By
= 2(W5)" (B, — fo)
5B — 5072 (B — o) + (116 — B0l )
— 28TW (B, — Bo)

(B — Bo) W (Bn = Bo) + 0,(|18n — Bol[?)-
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Using Proposition 4.4.1 and the Taylor expansion, we have

CARLAD(B,) — CARLAD()
= [%LAD(Bn) + %Bﬁwén] - ELAD(BO) + %@Ag’wﬁo}
=~ [LAD(B) - LAD(B)| + 2 3 B — 5 )

= L3 son(edwi(Bu — o) + 3 FO) B — B0 — )
i=1

+% 200 80)" (B — o) + (B = Bo) W (B — )]
Foul118 = BollP 417+ 20, (11, — 0l
= —{ Z —sgn )| \/_<Bn — fo)]

+§f< V(B — Bo))T Qv (B — o))

2L B V(B = ol + (VA — Al WV, — Gl

) Ny
+0p([18n = Bol [ +171) + —=0, (|12 = ol [*)-

Let @, = /n(3, — o), then
CARLAD(Bn) CARLAD(f,)
— _{ Z sgn €) ity + 1f( 0)al Q*t, + 2%(W50)Tan - %afwan}
+0p(|1Bn — Bol* +n7h) + ;"Op(llf?n — Boll*).

Set the function

Bulu) = = - —sgn(e)aiu+ 5 FO)T QA+ 27V 6o)
1=1
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and let @, be the random vector which minimizes B, (u). Then

An
NG

(W@o)Tu

n

—>0 i)Ti 1
B, (u) =+v/n ( 2z Sgn(€i) ) u+ éf(O)UTQZU +2
Since lim,, \/\/—% = Ao > 0, and by Central Limit Theorem, as n — oo,

/i (— D ic 59”(@)35@') L M7

n

S0,

Bn(u) -5 R(u) = MTu + % FO)u" Q%u 4 200 (W Bo) .

Since u,, minimizes B, (u), and R minimizes R(u), then
U, — R

and is bounded in probability. Therefore, %ﬂn -5 0 in probability.
Because 22 W — 0, the 0 matrix, by Slutsky’s Theorem, 1, Qt,, + 22, Wi,

is asymptotically equivalent to @, Q*@,. Therefore

CARLAD(f,) — CARLAD(f,) ~ =By (i,).

S|

We apply the same arguments in Xu and Ying (2010) and conclude that
@, and 4, have the same asymptotic distribution. So, @, — @, — 0, and by

Slutsky’s Theorem,
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4.5 Summary

In this chapter, we introduced a new type of penalization using the sample
correlations among the predictor variables. Our motivation was that highly
correlated predictor variables should have similar effects on the response variable
and so similar parameters. After defining the objective of our penalized regression,
we derived the parameter estimator and investigated its properties. For example,
we showed that the variance-covariance matrix of the penalized estimator gets
smaller when the tuning parameter gets larger, and its asymptotic distribution
exists for both the logistic regression and the LAD regression. We also showed
that after a suitable data argumentation, the penalized regression becomes the

ordinary least squares regression.



Chapter 5

Correlation adjusted elastic net

(CAEN)

5.1 Introduction

In this chapter, we extend the two new types of regularization method for simulta-
neous shrinkage and variable selection introduced in the previous chapter to elastic
net and call them Correlation Adjusted Elastic Net (CAEN). They can be regarded
as a data-adjusted extension of elastic net regression. Some theoretical results
for multiple linear regression, logistic regression and other types of regression are
derived. We show that CAEN for multiple linear regression is reduced to LASSO
after applying argumentation to the data set, and the parameter estimators for
CAEN logistic regression follow asymptotically a normal distribution. Similar

results are also derived for the LAD regression.

o1
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5.2 CAEN for linear models

We first discuss the two types of CAEN for multiple linear regression. Recall

that we assume centered and standardized observations and the OLS regression

minimizes
OLS = (yi—x:8)* = (Y = XB)" (Y — X5)
i=1
where
T11 Ti2 - Tip 1
X — To1 Tz -+ Ty Y= Y2 ’
Tn1 Tp2 - Tpp Yn
B = (B, B2, +,Bp)" is the vector of unknown regression parameters, and z; is the

it" row of the design matrix X. Recall also that the least squares estimator of 3 is
B(OLS) = (XTX)"'X"Y and its variance-covariance matrix is 02(8,(OLS)) =

0?(X*TX)~! where ¢? is the population variance of the regression model.
5.2.1 Formulation of the problem

We define two types of CAEN by incorporating empirical correlation coefficients
in the penalty function. The first type is defined by CAEN least squares
p p—1
CAEN1 =Q0LS + /\1 Z |6j| + )\2 Z(ﬁj - Tj,j+1ﬁj+1)2 + ﬁ;
j=1 J=1
where 7;; is the sample correlation between the predictors X; and Xj. The

objective is to find 3,(CAEN;) that minimizes CAEN .
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For the first type, define the matrix

1 —rs 0 0 0
0 1 —rag 0 0
D, = : : : : :
0 0 0 - 1 —rpqy,
0 0 0 - 0 1

Then Z?:(ﬁj - Tj,j+15j+1)2 + 55 = BTD1TD15 = [TW1B, where W, = D{Dl‘
Clearly W is a real symmetric p X p matrix and positive semi-definite because
BTW,8 > 0 for any vector 3. Therefore W, admits a Cholesky’s decomposition

W, = C’lC'f , where (' is an upper triangular matrix.

Moreover if rj ;11 = 0 forall j = 1,2,--- ,p—1, then our first type correlation
adjusted regression becomes elastic net and hence our definition includes elastic

net as a special case.

The second type is defined by the CAEN least squares

CAEN, = OLS+)\12|BJ|+)\2 ZZ i — b))’ + B

j=1 k>j

The objective is to find Bn(CAENz) that minimizes C AEN,.
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For the second type,

1 —T1,2 0 0 - 0 0
1 0 —T13 0 0 0
1 0 0 —T14 0 0
1 0 0 0 0 —ry
1 —T23 0 0 0
Dr=10 1 0 —ry 0 0
0 1 0 0 -0 =—ry
0 0 0 0 -1 —rpq,
0 0 0 0 - 0 1

Then Zf;i Zk>j(ﬁj - TjJCBk)Q + Bg = BTDgDQﬁ = /BTWQ/B, where W2 = Dng
Again W5 is a real symmetric p X p matrix and positive semi-definite because
BTW,3 > 0 for any vector 3. Therefore again W5 admits a Cholesky’s decomposi-

tion Wy = CLCT | where Cy is an upper triangular matrix.

Putting both types together, we minimize
CAEN = OLS + MV + \pTW 5

where W is either W, or W5 and V is a column vector with i element being 1
if the sign of the corresponding parameter (3; is positive and —1 if j5; is negative.
Although V' depends on the unknown parameters thorough their signs, in practice
based on theory or empirical evidence, we might be able to determine the signs
of the unknown parameters in advance and so V' could be regarded as being

pre-determined.
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The derivative of CAEN with respect to ( is given as the column vector

d(CAEN)

i = 2[X"Y — (X"X)B] + MV +20,W5

A
= -2 {XTY - Elv — (XTX + AQW)ﬁ} :

Therefore the penalized estimator of 5 is

B.(CAEN) = (XTX + A, W)~ (XTY — %v) :

This result shows that the MLE of the least squares with a CAEN penalty exists.

5.2.2 Some properties

Comparing with 3,(LASSO) = (X"X)™" (X"Y — 2V) and 3,(ENLS) = (X" X+
Ao D)™ (XTY — 2LV, we see that CAEN estimator is an extension of both LASSO
and elastic net estimators by adding the term AW to the matrix X7 X. Moreover,

we can write

~

B.(CAEN) = (XX + X\W)'XTY — %(XTX + A W)V

A

= B.(CAR) A (XX + A W)V

_ 2
2
Because the matrix %(XTX + AW) ™1V does not involve random variables, its

variance-covariance matrix is the 0 matrix.

Theorem 5.2.1. For the estimator 3,(CAEN), we have lim Var(5,(CAEN)) =

>\2—>oo

0, the 0 matrix.
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Proof. From Theorem 4.2.1,

lim Var(8,(CAEN)) = lim Var(3,(CAR))=0. O

)\2—>OO )\2—>OO

From the above,
MSE(3,(CAEN)) = Bias” Bias + trace[Var(3,(CAEN))].
We have,
Bias = M(XTX +XW)'WS — %(XTX + A W)V
= —(\+ %)(XTX + W) WB+V).

Then,

Bias® Bias

= (A + %)Q(Wﬁ +WEXTX 4 M W) HXTX + ANW)H (W B+ V)

A\ 1 XX 1 X™X

— N2(1 o+ Z2Ly2 T - W)yl —
2( + )\2) (Wﬁ‘}‘V) )\2< )\2 + ) )\2( )\2
A1 XX . XTx
™ + W)= ( N

+ W) WB+V)

+ W) HWB+V).
So,

Jim Bias" Bias = (WB+ V)W 'W ' (WB+V)
= (WH+VHWWHWE+V)
= B+WIV)I(B+WTY).
Although Bias”Bias > 0 for CAEN, limy,_ . trace[Var(5,(CAEN))] = 0.
Therefore for large A9, the MSE of CAEN is likely smaller than that of OLS with

serious issue of multicollinearity.



CHAPTER 5. CORRELATION ADJUSTED ELASTIC NET (CAEN) 57

After suitable data argumentation, we show that the CAEN regression is

equivalent to a LASSO regression.

Theorem 5.2.2. Given the Cholesky’s decomposition W = CCT and A\, Ay > 0,

define
1 X Y A
X = —— , Y = , B =14+ Xf, v = )
\/1+)\2(\/)‘2CT> (O) B 2f, V14

Then minimizing
CAEN = (Y — X3 (Y — XB) + \VIB + "W 5
is equivalent to minimizing

LASSO = (Y* = X*B)T(Y* = X*B") +~ > |B1].
j=1

Proof. We have

Now,

(5*)T(X*)TY* _ (5TXT \/)\_QBTC) ( g ) _ ﬁTXTY,

1
(Y)I'X*p* = (YT O)ﬁ ( \/A%(CT ) V1t A8 =YX},

IS = X VR0 (i )
= ATXTXB + ApTCCTp

= BIXTXB 4 NpTWA.
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Finally,

P P P
)\1 T
8 ;1 |BJ| A Ny ;1 ’\/ QBJ| 1 ;1 |ﬁ]| VB

Therefore,

OLS = Y'Y -p"XTY - Y'XB+ TXT"XB + NTWE + VTS

= (Y-XB)"(Y = XB) + MW" WB+ VT3 =CAEN. O
5.3 CAEN for logistic models

We extend the two types of correlation adjusted elastic net to logistic regression.

Recall that the log-likelihood function for logistic regression is

((B) = Z[yz log(m;) + (1 — ;) log(1 — ;)]

=1

where m; = P(Y; = 1) = 1+e+wl6

5.3.1 Formulation of the problem
Because minimizing the OLS for the multiple linear regression is equivalent to

maximizing the log-likelihood function, we focus on maximizing the log-likelihood

function for logistic regression. For the first type CAEN, we maximize

4 p—1
CAENLRy = ((B) =M Y18 = e | D (B —rigiBin)’ + 5,
j=1 j=1

= E(/B) - )\1VT5 - )\25TW1/3;
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and for the second type of penalty, we maximize

CAENLR, = Alzlﬁjl—& ZZ i — kB + 6

=1 k>j

= ﬁ(ﬁ) - /\1V B — >\25 Wap3.

That is, we maximize
CAENLR = ((B) — M\VTB — NpTWS3
where W can be either W, or W5 and V' is defined in Section 3.5.
5.3.2 Some properties

We denote the MLE for CAEN for logistic regression as (,(CAENLR) and show

that it follows asymptotically a normal distribution.

Theorem 5.3.1. Let 5y be the true unknown parameter for the logistic regres-
sion. Under regularity conditions for the likelihood function, the CAEN MLE

BH(CAEN LR) is asymptotically normally distributed. That is, in distribution,
Vi(B.(CAENLR) = By) = N(0,17 (o))

where I(fy) is the Fisher information matrix for the logistic regression evaluated

at ﬁg.

Proof. Consider the score function S(3) = 8(CA+BNLR). Then the MLE 3,(CAENLR)

satisfies S(f,(CAENLR)) = 0. The first order Taylor expansion of S(3) at
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gives

0 = S(B.(CAENLR))

= S(80) + 5 (50) (B(CAENLS) — o) + 0, (115, (CAENLS) — o] )
_[oL(B)
_ (_85 =NV =2l BO)
9*U(B) -
+ ( T 2>\2W> (Bn(CAENLR) . 50)

+0, (|1B(CAENLS) = o]

Rearranging the terms and removing the higher order terms, we have

Jn <Bn(C’AENLR) - 50)
] B

n \ 052
Since V', W and fy all have bounded elements, we have \/Lﬁ()\ﬂ/) — 0,

NV - 2A2W50)1 .

Bo

L (20,W) 5 0 and L (20,W5)) —= 0. Now

vn vn
1ofoup) \ i, Yt
Vi ( 3 ﬁo) = Vi
Since
S T oln f(z, f)
and
dln f(x,B) 8lnf(x,ﬁ))
E =1
by the Multivariate Central Limit Theorem, as n — oo,
1 [0L(5) d
7 (8—5 BO) — N(0,1(5))-
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Now
B O T
n\ 05 ) n '
Since
n 2 njy(xg,
p(En T THEE p(Pmiws))
n N 0p? B ’
by the multivariate Law of Large Numbers, as n — oo,
Lo*(B)|  p
—— 1(5p).
B s, ()

Therefore by Slutsky’s Theorem,

e

-1
= 2A2W)] Ly 74By).

Apply Slutsky’s Theorem again, as n — oo.

Vit (Bu(CAENLR) = By) =% I (Bo)N(0, 1(6o)) = N(0,I7'(6)). O
5.4 CAEN for LAD regression

Using similar ideas in Section 4.4, we extend CAEN to LAD (Least Absolute
Deviation) regression. In fact this is easier because some results in Xu and Ying

(2010) of LASSO-type penalty for LAD could be directly used.

As indicated by Xu and Ying (2010), the LAD or L; method is a good non-
linear alternative to the least squares method and has good robustness properties.

The linear regression model is generalized to

)/;:/BlXil+/62Xi2+"'+/8pXip+€i) /L.:]-72,"',n7
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where the design matrix is known and ¢;,7 = 1,2,--- ,n, are independent and

identically distributed random errors with a common distribution F'.

The objective of the LAD method is to find the estimator §,(LAD) that
minimizes
LAD(pB) = Z lyi — (Brzin + Powiz + - - + Bpip) |-
i=1
However there is no explicit form solution for Bn(LAD). Its derivation is normally
carried out by linear programming. Xu and Ying (2010) introduced the penalized
LAD

LAD(B)
LASSOLAD = Z AnilB;]

and studied the asymptotic behavior of the penahzed estimator when n — oo and

Anj
Té — )\Oj > 0.

In this section, we extend the result in Xu and Ying (2010) to our CAEN-type

penalty for LAD regression, defined as
LAD A
CAENLAD(B) = Z Anjl B + ”5TWB,

where W is as in previous sections and can be either W; or W5. The objective is

to find the estimator £,(CAENLAD) that minimizes CAENLAD, the CAEN

penalized LAD.

As in Xu and Ying (2010), we make the following two assumptions:

(A.1) The random errors €;,7 = 1,2,--- ,n, are independent and

identically distributed with median 0 and a density function f which



CHAPTER 5. CORRELATION ADJUSTED ELASTIC NET (CAEN) 63

is continuous and strictly positive in a neighborhood of 0;
(A.2) The design matrix X (depending on n) is deterministic
and there is a positive definite matrix @ (of size p x p) such that

lim, 0 2 X"X = Q%

The following result is from Xu and Ying (2010) and is based on Taylor

expansion.

Proposition 5.4.1. Under the above assumptions (A.1) and (A.2), for any

sequence d, > 0 such that d,, — 0 in probability, we have

1
n

— —% Z sgn(e;)z; (B — Bo)

[LAD(B) — LAD(f)]

2 FO)(B — B QB — o) + 0,118 — ol + ™),

uniformly in |8 — Bol| = >20_, [Bj — Boj| < dn, where By is the true unknown
parameter, z; = (z; Tig -+ Tip), sgn(e) is the sign of €, and [|8 — Bol|> =
=1 18; — BosI*.

Xu and Ying (2010) defined the function

1 : z
Clu) = JuDu—a’ut Y Nuj+ Y Ay,
j=1 j=s+1
where D is a positive definite matrix, a is any p x 1 vector of real numbers,

A1, -+, As are constants, and Agyq,---, A, are nonnegative constants. Xu and

Ying (2010) showed that
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Proposition 5.4.2. For any p x 1 vectors of real numbers u and %, we have

C(u) — C(0) > =(u—0)"D(u —a),

DN | —

where C(u) = 5u" Du — a"u+ 3% Ny + 30 Nlugl.

To extend the result in Xu and Ying (2010), we now discuss the asymptotic

distribution of 3,(CAENLAD).

Theorem 5.4.1. Assume conditions (A.1) and (A.2), lim, . A—\}% = Ao; > 0 and
lim,, o \’\/—ﬁ = Ay > 0. Then in distribution, as n — oo,
Vi(B.(CAENLAD) — By) -% R
where R is the random variable that minimizes
R(u) = MTu + @UTQQU + i Nojsgn(Boj )uj + 20(W o) u,

J=1

and M follows the multivariate normal distribution N (0, Q?).

Proof. Write B,(CAENLAD) = B,. Let f(8) = 8TW3, f'(8) = 2W8, f(8) =

2W. The Taylor expansion of STW 3 at f3 is

f(B)=f(B) + f,(ﬁo)(ﬁ — Bo)
bS8 B (BB~ Bo) + 0,115~ BolP).
Then,
BIW B, = BiW By + 2(W5o)" (B — Bo)

+ %(Bn — ﬁO)TQW(Bn — ﬁo) + 0p(||6n - BOHQ)
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S0,
BIW B, — B3 W By
= 2(W )" (Bn — Bo)
1, . )
+5(Bn — B0)T2W (B = Bo) + 01180 = Fol[?)
= zﬁgW(Bn - 50)
+(Ba = Bo) "W (B — Bo) + 0p(|1Bn — Bol )
Let 37 be the j™ component of 3,.
CAENLAD(B,) — OAENLAD(BO)
= ( LAD(B,) + Z Aoj| B3] + ”BTW@L>

- (Reaniy+ 1S i+ iwi)

p
_ %(LAD(Bn) LAD(fo)) + <ZAWW ZM!B&I)
j=1

N CALCE Y
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Using Proposition 5.4.1 and the above Taylor expansion,

CAENLAD(B,) — CAENLAD(5,)

£(0)
2

(Z —sgn (B0s) (B ﬁo;’))

2 (W 80)" (B — o) + (B — 50) W (B — 1))
+op(lBn = Goll* + 1) + 22,1130 — ol

_ ! Z sgn(e)zi (B — Bo) + (B — 50) Q% (Bn — Bo)

= %{— Z L<99n(€i)$z‘[\/ﬁ(3n Bo)] + @[ﬁ(@n - 50)]TQ2[\/5(BTL — fo)]

+ Z 59” (Bos) V(85 — Boj)]

j"-(wm Vi(By — By)] + 2

+0p(|Bn = Bol [P +n7") + ;”Op(HBn = Boll?)-

[\/ﬁ(/@n — Bo)]"W V(B — Bo)]}

Define @, = /n(3, — fo) and @ = /n(B3 — 32), then

CAENLAD(j,) — CAENLAD(S3,)

n P
= l{— Z %sgn(ei)xiﬂn + @ﬂgéﬁﬂn + Z Msgn(ﬁoj)ﬂfZ

A 5
+0p([[Bn = fol [ +n7") + - 0([[Bn = Bol*)-
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Set the function
f0) 7
= — E sgn €)Tu + TU Q U+ E \/—39”(503)

+2 )\:L
NG

and let 4, be the random vector which minimizes B,,(u).

(Wﬂo)TU

B,(u) = /n (_ Lio 5gn(€i)xi> f TQzu + Z sgn (Boj)u

n

*

+2\/%(Wﬁo)Tu

Since lim,, \;‘l = Ag; > 0 and lim,,_, \’\/—% = \; > 0, by Central Limit Theorem,

as n — 00,
i (ZBn) o,y
n
50,
By(u) N R(u) = MTu + f<2 ) u' Q*u + Zkgjsgn Boj)uj + 205(W Bo) u

7j=1

Since 1,, minimizes B, (u), and R minimizes R(u), then
U, — R

and is bounded in probability. Therefore, %ﬂn 5 0 in probability.
Because %W LN 0, the 0 matrix, by Slutsky’s Theorem, ﬂanan—l—%ﬂnWﬂn

is asymptotically equivalent to i, Q*@,. Therefore

CAENLAD(3,) — CAENLAD(f,) ~ %n(an).
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We apply the same arguments in Xu and Ying (2010) and conclude that ,
and 1, have the same asymptotic distribution. so, @, — @, — 0, by Slutsky’s

Theorem,

iy = /(B = o) <= R =
5.5 Summary

In this chapter, We proposed a new type of penalization using the sample cor-
relations among the predictor variables and incorporate them with elastic net.
Our motivation is that highly correlated predictor variables should have similar
effects on the response variable and so similar parameters. After defining the
objective of our penalized regression, we derive the parameter estimators and
investigate their properties. For example, we show that the variance-covariance
matrix of the penalized estimators gets smaller when the tuning parameter gets
larger, and the asymptotic distribution exists for both the logistic regression and
the LAD regression. We also showed that after a suitable data argumentation,

the penalized regression becomes the LASSO penalized regression.
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Conclusion

6.1 Summary of achievements

In this thesis, we introduced two new types of penalization for regression analysis.
We incorporate the sample correlation coefficients into the penalty function and

call them correlation adjusted penalty: CAR and CAEN.

We extend several existing results in the literature to our new penalty function.

Our main results are as follows:

(i) We proposed the new form of correlation adjusted regression (CAR) and

correlation adjusted elastic net (CAEN).

(ii) We derived the penalized least squares and the penalized MLE of the

regression parameters for both CAR and CAEN.

(iii)) We showed that when the tuning parameter gets larger, the variance-

covariance matrix of the estimator gets smaller. Therefore the mean squared

69
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6.2

error of the estimator is likely smaller than the mean squared error of the or-
dinary least squares estimator. This improves the performance of parameter

estimation.

We showed that after using suitable data argumentation, the CAR regression
is equivalent to the ordinary least squares regression, and the CAEN regres-
sion is equivalent to the LASSO regression. Therefore many properties and
calculations of CAR and CAEN could be derived after data argumentation
from the ordinary least squares regression and LASSO regression. Both the

OLS regression and LASSO regression are well studied in the literature.

We examined both CAR and CAEN for different types of regression analysis:
the least squares regression for continuous responses, the logistic regression
for binary responses, and the least absolute deviation (LAD) regression for
continuous responses. The LAD regression is thought to be more robust

than the OLS regression.

We derived the asymptotic properties of the penalized estimators for both

the logistic regression and the LAD regression.

Future research

Penalized regression is very important and many different forms of penalty func-

tions are being introduced. Penalized regression has widely spread applications in

many fields, including genetics and other medical studies.
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Theoretical results obtained in Chapter 4 and Chapter 5 have been submitted
for publication, see Tan and Wang (2012a) and Tan and Wang (2012b). We
believe there are many other approaches about penalized regression, so we would
try to continue our future research in this direction. One major project we plan to
work on is to compare our new penalization methods with other types of penalized

regression methods by means of simulation and real data sets.
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Appendix A

List of symbols

X1, Xy, -+, X, predictor variables

e Y: response variable

e ¢: random error

7ij: correlation coefficient between X; and X

AT transpose matrix of matrix A

A~!: inverse matrix of the matrix A

X: design matrix

Y: vector of random responses

H: hat matrix

L(Bo, b1, -+, Bp): likelihood function

A-1



APPENDIX A. LIST OF SYMBOLS
o ((Bo, Pr,- -+, Bp): log-likelihood function

V': column vector, with " element being 1 if 5; > 0 and -1 if 3; < 0

I: identity matrix

e Var(Y): variance-covariance matrix of the random vector Y

I(Bo): Fisher information evaluated at (3
e S(f): score function
P

e —: convergence in probability

d e e
e —: convergence in distribution
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Appendix B

List of terms

e PRESS: Prediction Sum of Squares

e CAR: Correlation Adjusted Regression

e CAEN: Correlation Adjusted Elastic Net

e LAD: Least Absolute Deviation

e VIF': Variance Inflation Factor

e LINE: Linearity, Independence, Normality, Equal variance
e MLE: Maximum Likelihood Estimator

e OLS: Ordinary Least Squares

e MSE: Mean Squared Error

e BLUE: Best, Linear, Unbiased Estimator

B-1



APPENDIX B. LIST OF TERMS B-2
e PLS: Penalized Least Squares
e LLASSO: Least Absolute Shrinkage and Selection Operator
e SCAD: Smoothly Clipped Absolute Deviation
e OSCAR: Octagonal Shrinkage and Clustering Algorithm for Regression
e bias: bias of an estimator (expected estimator minus its parameter)
e trace: trace of a matrix (sum of diagonal elements)
e BIC: Bayesian Information Criterion
e AIC: Alkaike Information Criterion
e CV: Cross Validation

e CJRR: Canadian Joint Replacement Registry
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