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The siraply surcportedt reinforcecl concrete slab and

beam bridEe for 2 lane 'braffic nith a sker¡ a¡gle of

?O rìêcrlrêês Trâs ¡n¡lvzeri t)-,'"^i'^- '^""^-1 .' nlastic
Jv !Lvcì¿ vvv L.¡¡u-LJ uvs L¿ÞrJIó ,UuI çr-v

beÌraviour, yielcl. l-ines and yielcÌ hinges, unCer H20-S16

Ì:i5hr^;a;' truci; loadin5.

Trvo 1 - scale nodels idere built in the la'ooratory

for ihree tests:
(t) . Four i.;hecl- i oa.ds r¡rr€re a-rplied on one side

of the brid¡4e beams "

(Z) . Tr'¡o r¡il:eel; l-oads ti'ere applied on the 5l-¿i:"

(3)" i=oi'.r ùi:ee1 load.s r.'Jere aÐplied orr tvJo

iniernal beans"

The test results show that the corrrbined yield iines

^'.^ r¡i ^l Ä lri-nroq rrothnr-l i s ftalid. ând Safe fOf Ske'¡cll1Ll J -Lçr\l :lIII.ÉçÙ 1rÇ vrrv rr ¿u

coiilposite siru-ci:ures i';itirin certain -]-initationso

'l.ì
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CHAPT¡]R, T

II'[TR,ODUCTIOi'I

The rapid cieveloprneni of highttay enginss¡ing makes the

skev; ì:ridges important, especially for shorL or mediuro s;oans

up to ó0 feet. These are often built as overpasses or

underpasses in the area l'rhere highi'iays cross iircl-inecì brooks,

rivers , draine-3e syst ems , r:ail-r',,ays or oth er hi¿:hvlays. I{ence ,

the rJesiøn anC research of slrer',r hri does âre heeoming more

rrpean{- qn¡l inJ-aæacJ-i.nmu¡-ð-('J.l.9 cLlILl lIIt/ Ìtl çù (/-LII¿:;o

In the last t,hirty years vâst research vlork a-bout s}çer^J

structures has [:een done on the basis of e]-asii c theory"

Ilowever, research i';ork based on the plastic behavior Ís
qN.Fêô

One of earh-est mathematical solutÍon of the tl^¡o sÍded

simpl-y supported skew slab under unifornly distribuied I oad

-;-.^- r^-. ,1 -^-^r .--^(a) . 1^â^ Lt , r$Jas gr-ven o]¡ Anzellu-s in L939. At the same time r,¡ogt' -',

cal-culated t-;';o- and four-sicìed sirrtply supported sl-abs under

'ni fnrm] rr rt-i c.f¡jbuted I oad LJiih skeq angles Of ]O.. and 45 _q;r¿¿v¡¡:r!J vrvv¿ ¿vv-vvs :vqu JÀvu vÁ Jv q:lq 

l r-I

degrees ancl. compared its rrroments wíth right slabs. Jensen'"'

applieci a finite cìiffereirce procedure io a sl<eit plate in
f¡lI94t. Ì{ielsen"" (LgUì investigated

ed slabs with a dífferent skew anqle

sided sinply suprrort-

different side ratio
ii^to

and

u.ncler three loading conclii j-oirs:

(a) Unifornrly distriìru-ted load over the whole area,

(b) Concentraied load in the center of the slcer^r plate.
(c) Concentrated l-oacl in ihe center of the free edge.



2

For practical- plr-rposes, the ini-luence su-r'face of four
sidecl simply su.ppoi"ied and four sided i'Í:ced sl-abs r¡iüir
^^9 ( e)3O skelv angle i^ras developed b¡. Graudenz'"'ir. Lgr+8. The

exact sol-ution for defl eciions of paral lelogram ;ol ates

under uniforrnly distribuied I oad i.';as 1:ublished b;r
, (r) (e.)

I¡rr¿hssieiner'*' (L953) . l,üsch"" (1956) estirnated a roush

aopro:<i-mation of moments for t';¡o sides sirnply supoorted

pfate rlith sker,'.¡ angle l-5, 30, l+5 and 60 degrees" I,iomberg
(hl

and i,,arx'--'(1958) v¡orked on tl.¿o siciecl sinply supported

rrl-ate l.;ith difÍerent slcel.v angle anC a constant sicle rati-o

of one. llobin"or.(t) (trrn) rnoclifiecl Jensenr s approach to

certain skew plates and iabul-ated the influence coeffic-
ients for the clefl-ecöioir at any mesh point due to

concentrated load.

Cther important parts of skel..,r briciges are stiffened
skevr menlbers and skei,.,l gri Ilages. Tire former has been

discu-ssed by Ho;:,rberg and l,.a"r,(h)and the latter lrere gj-ven
f +l f l.\

by Seer anC ResinEert''in Lgj5 ancl Starke"t'in Wj6
r.aqnor.J-ir¡a'l rr

,n" u¡fu"t of sKev¡ on ihe behavior of f-Bean ìcriclges

lrarri nct .qJlo-'.1 rn r:l os nf ?O .qnd 
^Õ 

rì oc'l--ocç'l rnrr.r iaq';- arì hrr)v /rqu vvuvvq tJJ

ír I
Si ess and i\jelvmarli'*'at the e.xperirnentaì_ siation of ihe

University of lllinois rn 1948" The finiie diíference
2ì'\ì-\-¡r'ì¡alr ¡nrrq n'l qn rnn]i arì fnn en'lr¡'i'næ ^^r-ñ^cil-^ -1.^..'q;JlJ_ vGvr¡ irqu qrev qyy¿¿çru ¿\-/¿ o"-u;rr: uL/iji.lJUÈ-LUts, Þ5t_-lt

{ì111'Ì:ridges iry Chen, Siess and -iielrmerlç"'^'in L957.



)
Ä11 ai¡ove nentioneC i"esea_r"ch r.;or-ks v,Jere ba.secl on

el-asiic theor¡,r. Êesearch worl<s on tjre basis o-i pl-astic

l¡eha-r¡i-or ai:e scaitereC,. So¡re rnocel t,ests oÍ sker.,,r sl ab

brid":es r';iiir curbs under i-rltímate loac. r";it,h s}çer,r an¡rles

of 45 and 60 degrees r¡.Jere carriecl ou-t in'bhe raicor"atory

of the universiiy- oÍ' ril-inois b¡; trrossarci, siess, ider¡l-rrar.li
(n)

and Goodrnan i-n r95o. ¿i r.esearch re'rro.rt fron Granhol-r:r
(o)

a-nd ir;or,'rê al¡oi:.û, ul"\r sla_b r,¡as pr,r.bl_ished in 1961. :ì.1_so
\pl,\ql

sone i e;rt coohs have menti-oned, sliev¡ slabs u_nder

u.l-tiiaa-te load. the prastic effect of ,cor-sion in tire r-e-

inforced concrete lieams and 'ûhe method of comi:inins of
J¡ielcl línes anrl yie-ì-rì iringes fo:r corflposi,r;e, stru.ctu::es

(r,l
r,,Ter"e cìevelopeci ancì discrr.ssed by Larisdoun in _tÇólr ,

This stud;,r is intencled to analvze ihe sliew sral¡ anc

beara bricìg,es bi' enroloying the ¡lethocl. of cornbinec ¡rielct
lines and yield hinEes a¡rd to corit.oa.rc i.;iih -ûhe test
res-¿l-ts of iwo I scal-e nodel s: ofl r'rhich ihree tesis i^Jere

o
carried. ou-'u by the rrriter"

(1) Fol,.r r,,¡hee] l.oacls tîere applied on one side of the
bridge bearns

(2) Tlro rvheel- l-oa.C.s r,vere alrpl_ied on the sl_ab.

(3) Fou.r l.¡heel l-oads 'i^rere apol-iecì oir two intez.nat
.i:e¿.ns.

The model. col'r.sidered here is a. sirnpfy suiloor'ced srcer.l



!t

br"icìge i.çi¡h aa angle oil jo degr.ees, a norinar s,ca.n oÍ.

60 r'.nchesr ancl roaclwal, clear l.¿idtjr of 56 inches.
iii'le noiels ','iere designeci for tv¡o lane ,craffic and

reduceci 1i20-Sl_ó hig;hway loads"
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2, Ðefinitions of terils

siçet,; s'pan the s rlan parall el- irith the traf fic

l-anes

normal- st)an -- - the span perpendicular to the

abutments

slcer''¡ angle the angle beiween t,he direction of

the traffic lanes and a line
perpendicular to the abutments

s]<er,; crossing - ihe angie betl,leen road. axes

sagging yield l-ine - - positlve yield ]ine

hoEç"ìnø rrielrl 'ljne ---nesa1-,ive r¡ialrÌ line

2 i'.î^{- ^+. -i ^- ^) o l\\.,Uc1 tTIUII'J

L --- skel^r span
tt - --- normal- span

-h 
-^aÄ t.,-i -l .¿-L

tJ - -- tLrcl,Lt r',lJ-\.lLrJI

MB( . )-- bendJ-ng noment of beams

Ì\í /^\ +^'^^':onal- mo¡nenL of beams!r1 \ U.¡--- (/(,r¿ ÞJ-

(Ð-- combinecl bencling and icl'si-ona'l hrnse

Pú E --- point 'l oad

æ - -- sagging I 1¡¡s

--- hogging line

t - -- defl ection

0 --- rotation of mechanisrn or bearn



o

4t ---- skew angle
J ..q -- -- Ciar:teter oÍ bars

Â - -- - qiao'l a-rea..s u vvv¡

f - - -- vi el rJ stress of steel-yJgv*v.

( ¿-a) -- r'romelri armr* I,
z

K4,----the proportional steel. on the long side

K- -- - the ôÌ"ônclrti onal steel on ihe short side'-s

Acage -- the cross secij-on areâ enc-losed by the reinforce-

ment cage

iì*.* - n Fy!_ or ry. i,¡ha-Lever is lesser
m.t n - ------r¡¿¿r C p

n------ numbers of longitudinal bars

F vi el d{*- o+-^n¡.{-ìr ^.î 'ì ^-^^'i *'rdi nal baft;_T- - - J J(iJLr-Lr]È ü U¿ \tlLË)LrrI ur vllr- ¿vrrilJvu
JJJ

Þt",n, --- yielding force per unii length of beans

c - -- - circun'rference of cage

p ---- pitch of the stirrups
P.- eor'ìeenirai; eci u.l'ûiniai;e l-cad- l,_'l-

lrl r'-ni í'¡rn}.,' ciistr:]bu.ted ul't,j-:"na.ie -l-oacl'Lf- tLl1-r- ç

i'l nl-as1;ic iÌ-toneti.; (lleircii-:-'rr oi" t,orsion)
Il'
Å -- .l-eir'"bir of )¡iel-C. ,"1-ine



CHAPTBÌì, 2

THE P]ì.OtsLEir-{ 0f SKE'IT

fn skevl crossings, there are tl'Jo

that can be buil-'L. One is the right

1) rnihich ,is of course inore expensive

analyze and consiruct. The oil:er j-s

(1)
f.rrna.q nf hr.i rì crcsvJ yuv

hr^i rl co I qaa I'-'_ rsu.re

but easier to

the sket¡ bricìge

( see Tri ctrrre 2\\ pvv

+ ^ ^- ^'ì -'-^ ^- Cu(J citLÕ,.LJ ûv qr¿\

tt

lli mrnc l¿ ¿€)LÈr v

v¡hich ís less expensive but more difficult

constrrlct. The exact or approxirnate

lti c¡rrz"a ?¿ 4¿-s+ v ¡9

*
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solution of skew sl-ab and Ì:earrr bridse is s'üiIl- not r'rell
/ ¡\ / ¡\

rlor¡ol nnod - SJ-.rrrli o.s nf nnrnnosi t e bricioes\ 
¿ )' \ )/ from theuvvvrvlvuua vvu-Lt¿vv vÀ v¿ 4r-rÐvu

Universi-,,)' of Illinois show r,hat the rlla-xirnum moment in

the l-ìream decreases and the rnaxi mu-rr rioÌnent i n the niiodle

of ühe slab increeses. Hence, the efíect of skew fo.r:

slabs is mo,:e j-nr.poriant than for beams" For tiris reason

sker',¡ slabs are discussed herein both in elastic and

*] ^ -+ -i ^ l- ^'l^ -,, jprasEJ-c oenavl-ollr"

/- \( 1) flastic behaviour:

The effect of skert depends or1. thg ske'.v a.ngle and
(&røi-h{- r.,'iÄ*'1r ^ver nornal span ratio. For a srnall- skei.i angle¡ 4¿--¡ru ir¿'Jv¡l v _ trf Jclv¿v å t'\J

of l-ess than 30 de6:rees r,,rith a right width over normal- span

ratio equal to or greater than ), the sla'rr cair be treated

as a right slab so long as the nor:mal span l-ine l-ies within
the interva.l 0"8b as snown in Figure 3. If the nornlal ,spa-n

line 'lies outside the interval- 0.86. the distance beö'.veen

obtuse angl s5 can be chosen as span lengih as shown in
ï'i orrra l,- rits¿ v +.
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--{€, -:--l+-*ii t
j

* /-5

*-t ll
+

Fi o'rrr-a L¡¿i'.v-4vAl

For a skew angle gjreater than 30 degrees tÌre effect of
slcev; is very oronounced, because the force nould l¡e trans-
ferred to the supoort by the shor.iest route v¡hich means a

main carrying system formed from obtuse angl_e to obtuse

angle as shown in rigure 5 b)' the crosshatched â.r€ê."

li::::;

ïlì ryrrr.a Ã
- ¿tv-. v /'
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The dot'ûed areas in irigr,rre 5 are consid.ered to concur

i.tiih BC and tv,'o small triangles ¿1,8F and DCE act as the

cantilevers AB and CD. Tr','hen BC, the narror.; str.ip, is
loaded it l^ril] be found that the tsC sLrip can not be

rotated but is ri¡:id at B ancl C. Its deg;ree of rigidity
depends on -,,he skev¡ angle" The larger the cle¡;ree of si.:e.',.¡

the larger tire rigidity sirou'ìi, be" In this case the anaI./sis

of distribu.tion of monents is rather l-aborious.

In certain cases, such as v,¡ith the degree of sl',e\nJ of
0, l-5, 30, 45 , ancl 60 degrees ani. righi; wiclth over norrnal

spen raiios of 2, I.5, l-"0, O"75 a.ncl 0,5 of isotropic
i clclates, a coi;lparatively sinple i:ieirtod i s to us e p,o'cinsonsr è''

tables of infl-uence coeffj-cients for deflection, and to
substitute ihe defl-ections to its corresponciing molnent

/ r\

equa.Li-ons. I¡or oiher cases Jensenl s\ )J finite clifference
procedu-re is avai'l a.bl e " IA\

For conposite sl;erv Ìrrid,gesr t"'iîain 
Si rders are usuetly

placed paraller to ihe direction of the roacl and the desisn

span of ihe ¡:irclers ís neasu-red along the sane directíon.
For i¡ide crossings r,¡ith large sker¡r angles 1,he nain girders
may be placed perpendicu'ì ar to the abutment r âs shol.un in
Fl^"-^ A fr+ each sicle of tho ci'ns.qincr +.lra n¡ponal-¿ JLluf v v o rar/ Çca\-11 È_LLtç Lr¿ UtrE UJ. UÞÞtf iÉ , t/lte jJciJ'èi,UeU

girders carr¡r the loa.ds of the short bearns.
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-', ^+-*,-'.-.-...--,.]

nQ ft¿tll¿;7 ¡¡."';.,L

aIt'ì dlFô ¡a¡ +E)q¡ v

(Z) Pl astic behaviolrr:

si-nce the yield l-ine pa.iteril of sÌ<er,i; slabs is sirnil-ar

to ri¡;ht slabs, ihe ul-timate load analysj-s fo:: skel't slabs

is rather sirnpl e. Ii; cen be considered that the sl:eu

sl-al:s aro the Seneral case Ð-i1d the right sl ab is only a.

special case v¡ith an an;le of ske',,t equ.al to zero. ¡l'

(7)
comparatise nu-mber o.f examples l,rere given by Jones"''

:l ,,í;
i{
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cil.{PTEP, 3

Bi,.IÐGE ÂiriÄi,YSIS

(1) Desci'ip'Lion of protot¡rpe structure

The prototype st¡:r,r.cttr.re consldered iir this study is
a simply suoi:ortecl slte'.r'oricìge rr'ith an angle of 30 deg'rees,

a nornal soair of 30 fcet, and roadr¡ay cl-ear rridth oí 28

fee't," The briCL.ee r';hich carries thro l-ane trafíÍc of I{20--t
Q1A ì^': -L"nr' *ruck loads consists of a concrete slab uithJJ_\-J rt-Lt:_lrvvd,J U. 

ì

a rr-niforrn ihickness of l-2 inches and four riniforrnJ-y' si:aced

reinforced concreie beams of 21 x )+t in the Cirection of

traffic a-nd two iransvei"se bearils of 2"51 x l+t at each encl

of t,he lrriclge para.l.lel to the acutmeirL as shoi,'in in íiE:Llre 7"

(2) Scale r"..tor'(9)

It i s C.ifficu.lt ancì also not necessary to bu.il-cl a

nr"nr-nJ-¡¡rro qi-..r,lCtlr_re fOr test-ingì. Insiead OÍ that a Smal_l,Jr v uv

scale moCe1 is ali.ial's buil-t in the laboi'atory. fhe

rel aLionsìri-n o f stress , strai :r, Iinear dinensions , steel

areas and l-oacìs between pi'ototype and. rnodel- are cìernonst:.a-

ted es fol-l-oi,;s:
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r-^
fJ

c(=F-_
'nt

o{, - - stress scal e

f__-- siress in prototype material_p
f ^¿-,r,n - stress in ilodel material-

f
B - 

{-lJ
IÇ (_m

ß-- --si,rairr scaler

f-^-- straiir in protoiy.oe rna.terial-v¡:

F-. - -straj-n in model- materÍat"tn

n=+
X- linear scal-e

!.o- - --dirnension of croiot,Srpe siructurer
(r- -dimension of niocìel structure

scale of steel- areas - ê( À= "P

F Arn

Ap - Sieel area in prototype structure

Am----Sieel ar"ea in nodel- st::¡,:.cture

sca.le of Ioarls ----for uni.i-orn distrÍbut,ecl l_oaä

t , - _\ve_% =-E
\^/r*- load per unit area to Ì:e aìoolied

fo model-



j." 
.

i. ) .-..

riccordi nsl-Y,

riodel bridg_'es are

?^

7P

.1.ì
JÕ

Y/_- I oad per unit area_ acting onr
pro'ûotype stru.ctnre for con-

centrated I oad.

- concentrated l-oad on nodet stru_cturre

-concentrated ioad. on prototype
sfructure

Þ -v^/fnr= YP/ c(,*

i;he dinensions a_nd. loa.ds of
given in Tabl-e l_.

profoty;ùe and

Prototype jriodel

Skew spen (õ,)

iriormal span (E)

Road ividth (b)

]Jearn space

Beam section

Truck load

?Ãt

?nr

¿ö'

10r

2t \' l,l-'ry

l. . \4Lç | Ki-ps l

lnt I
Iv

óor t

r,Át t

20t I

/,tt r. Att

66zf

rn order to conply i;i'Lh the ¿rtsrio 
( f0 ) snon.i r-i n¡ + .*_* _l_ons

tr'¡o elastic bridge desi¡;ns have been ca.rrieci ou_t. One was

prototype design and the other -r¡e.s ¡:ocl.el design. F,or ihe
purpose of this siudy the bridges irave al_so been designed
ancl investigated ,b). using puz.ely ¡,-ielcl line thecrv.

mlhl i- îtaít.n. I

(3) Design of mocìel stru-ctu_re:
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(a-) Protoiype struc'Lu-r'eí fhe fu-tt-scar-e bi.idee r,ras

rìesi rnerì j"nl I or.ri nr" Åi SËû snani fi n¡.f-i nnq
-v4¿vr¡¿er-: -:--u;:v ÐiJsUI¿IVCL UI\/ llù c

(b) j,iod.el ciesign: The nodel- was designed directl¡r
u.qirrø r-ar'lrrr.od lOadS from the ful-l_ sCale IOaCiS aCCOrdins4¿ vr:¡ vr¡v tu_:: ùvqrç ML¿Èr q.UUL,I L.lI

to the sca'le facior as discussed in the preceding paragraoh,
(c) Lïrtimate loacl d.esign: rhe ul-ti-rnate load design(ry\ /'ìr\

of slabs is v,¡ell established.r t / ¡ \"'But for a composÍte

slab and beam system there Ð.re too man;' u.nlcnowns to'oe
solvecl, if the yield lii:es and yiel-d hinges are considerecl

together l,'lith the assu.rned -l-oads. !'or all exå.milre tire 'r:ridge

usecl. in this studl¡ inighl; have 10 u-nknowns in a virtual v,¡ork

equ-ation as shorvir in figure 8. The equation can be l.rrÍtien

, f t, i.t ttt I rt tit
{(:'.tt, Pu) =t(m.., .rnr m? .rfl,.,i,io,ì,i,-,,iiro, l,l",r',*, ì,i.n }) ' J It át ) r Lþ, ö! tJ¿ ,J I lr '!'i 

1'

fit

li'/
't

..-l¡91,
/"!

ift Í'4

N
?¿Y

lt

M"'Í41'¡,Tç

Figure B
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rt' can be sinip]-ifiec by assu.ning an isotropic deck and

ne,s-l-eciin,' fhe bendi::g nonent in the ¡ra,nser¡ei-sal- bea-rn

a.ncl al-so a-ssu.ning that the external and internal bearns har¡e

t he s ame l¡ ending and ir,,Jisi i ng niornent s .

Then t he e quai; ion be e orne s

( t,- , ( t -. --T \.:'u1 i-'u,¡ = ï (t, i'-g 1':1 ir-.¡ ).
l{sr¡s¡iþ61ess, ii is still_ impossible i;o sol-ve .ciirec.i,ly

In order Ì;o nalce the u-Li,imate 'ì oa.d desigl of a com-

posiie stru.ctri::e nossible, sone suggestions are nad.e.

(i ) Ässune 'Lhe l¡ea.i:is uh ich, surround the slabs

sii'ont' enoug-i, so ihe sl-a-o ean lle consiclereo. ai3 íi_xeC

on four sicLes. 'rhen cìr'ar¡¡ ihe possible '¡ieid r-ine fanil-',¡

t:'.nder the srigresieo. loacÌsr âs slioi,¡ir in the fol-i-ov;j.n,q

l-iç'.lires !ì, fC, lt and L2"

l^- ^* 
,í

/i

Fie:ure 9

Pi-¿ = l-6n11

r^n1 - l- Pu--K

Fiflure 10

:l5m^

r'ì

Plì

th

i:-*-*i

Pu.

rûz
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tr-i c"rrpa 1)¿ 4tr4¿ v

//
Pì¡ * l') hh rn.f u q LL 6 )v Lt\l

n1 | | LJlrr:¡¡t, 
= 

L v\
' 1) ÃlrLtua/v

iiere mL is ihe maximum value and col'ltrol-s tire design of the
slab. In the design, onl-y the concenüraied loads r,tere

coilsid ered .
/..\(ii) To be on the safe side, J-..i:,Uhe'baam design:-i-t can be

assumed ¿hat 'ûhe tl^,ristingstrengü,h:of tl:e beams are ecjual

to zero end tha.t ihe minirnun noaents in the s'labs are taken

into accor-int, ås shoir¡n in fi.qure I) anC. its virtu.al- rr¡orlc

equation,



I (Pu) = 
.f f,,*r,ri,.,,

Figure 13

(iii) 1lihen tr.¡o ul-timate concentrated tmck loads

act on t,he slab, the o'Lire:- possibJ-e yield patterns are

siior,¡n in the Figres 1l+ and 15" To make the iorsional
and negative slab moments equal, the tv'risting mornent of
the external- beam can be rou-ghly estirne.ied as I'lr= I ¡"ra! 5 -" IIIA]í.

H"ì crìr -/aâ | l,
- 4i--.vr¿ v Éï H-r õtlYaô I \È*-*+v-/
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,,\ (g)_(d) Ultimate load invesiigation:'-'Fron the slab and

beam details in the Ai:i:endix and the previous demonstraied

Ìrri rìros or nthef e::iSt j nr crrr.rr^J-rrì-,aq r.'C Can Cal CU]_aie thev¿ rue)9v vf v v:rv¿ v-!!u p w¿ LLv vu: vu , rY L

u-ltima.üe rnoitenüs of ihe seccioirs and postulate the yield

l-ine p¿literns o:l 'bhe structure, upon '¡ririch the nininum

ultima'ûe l-oads can be estimated. For the detail-ed

cal-cul-ations see Chapier 5.
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i'ioDEL TfSTS

(1) Coirstructi-on of moCels :

'+orn '¿,'orli r.ias b'¿ilt d.irectl;'r on the concrete floor

in the lal:oraior;r. Two sheets of + rr plyv¡ood Ì,;ere laid
¿.

on the floor. The sicÌe fort:ts of 2 il olyttood r"rere built
+

on ihe l-1r pl¡n'lood. For sla.bs ]1r ply;rood- v¡as used. ¡,lI
2Lv

for"m '',vori< lras connected by nails, âs sho',,¡n in Picture f.

Ä11 reinforcing steel- !'ras cut to length and bent by

laì:oratorv Ðer.sonnel" The bars for the slabs and bearns vüere

.ûiecÌ together u-sing s.banOard ties" Slab l¡ars l^ielre placed

perpendicul-ar to the direction of beams and r,''rere ben'ü dovln

along the outer faces of ihe exLernal bearas i:o form the

ailchorage both in to,o and bottoin, lvl:ile the 'oars parallef

to the beains provided ltith standard hooks at each end.

Stirur-ips t^¡ere used bo-bh in the longitud.inal and transversal
Ì^^-n¡ o{- ¡ Ãf? a..^¡¡-i:aæ ,1 + the corner of the beains tv¡o exirerJgclijlù ctU cL /, Ðu(:.urrrÈ;o i!u

3 " 4 bars brere added as an anchorage. Ði-3;Ïrt lÍfting
16r
hooks Ìdere placed at the ends of the longitudiiral beans¡ âs

sirorvn in Fictures 2 and. 3.

Tlre concrete had a i.uater / cement ratio of 0 "5O7 ancl

â måximrr:'n î,çr1:--Þc.A+.¡ qrl zp 6f ?î1 z Tii -1^ earlv streusths rrrsr!!!::L Uåd.Uç Þ.Lzrç Lr¿ 
+ q7 . r¿IóIr vÇtr +J
Ll-

cernent was used fo:: the conci:ete. ,A.fter the concreie had

been finisheci as siroi.;n in Ficture l', the complete structu-re

v,ras covered lvith vret burlap for ai least 3 days" The first



's,

Pictu¡re I

Pictu.z'e 2



Fietu::e 3

Pictuz'e 4
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bridge l.JaS removed from the íorm after one r"reelc of curi ng

and placed in position on the testing frane. It r'las

si-rpported by one fixed hinge, one one-directioi: movable

support and. six tlo¡o-direction movable supports as shov¡n

in f;ictu-re 5 and -Figu-re 1:6" ?uo r,red,ged r,;ood b'locks ltere

olaced at each encl of lhe bridge to increase the safety.

Picture 5

Tl,vo

di-reciion

lnovabl-e

hinr:ro

T

* -fl-Y
V

one

direct ion

movable

l¡inoarÁ!r¡Êlv

fi yarl

hi n rrc

,*)



i/
¿,*--_J:*

4 .t > ¿ Ê'

Ãt -.- ^, . -tt--*:;ç
1:',i

t'

,Åt
rt*-

.1
.!.

4',*. :--?
,

'tl

t
¿._..-"..: .t _-_)-

,l

f:
€*'"-' .',-+

J-

I o\ T^^^.;--\ L t !vqu¿rró GPpAf atUS:

The loadi-ng frame coneists of tiro vertical steel

columns vririch '[^]ere connecl,ed by tr,.,ro channels over ihe test
bridge and anchored to tr,ro l-bearns at the bottom" Con-

centrated l-oacls h'ere ap,olied to bhe bridge through tvro

hydra.ulic jacks r,vhich were atiached to the channels o\¡er'

the iest bridge ancl a s]¡stem of I oad-distributing ai:u-tments

and, supports a-u 'Lhe boi'¿oin. The h5'fl¡auj ic jacl<s haC. a

ma)íinrr.m capacity of 3000 psi" The correspoirding load

câÐâcitlr 1a¿s p]-oi;ted in -Figu-re l_'7. Several vieiçs of the

loading apparaLus are afforded by Pictur.es 6 end 7.

(3) Tests: .fhz'ee tests î.nrere carried out by the l,,rriter.
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Picture 6

Picture 7



(a) . First test:

<l

T¡.rn :rri p nf 'l nndÇ T¡rêt.ê ânÌl'l .i ^'lI lr(J |JclII va rvclLlJ ll ç¿ E q¿utv+ruu

on the left ti.,¡o bearns of bridge l(o. Ir as shown i-n

Pictu-re S. The yietd tine pe,-tterns are sholfn in the left

parir of Picture tO and the right part of Picture I I .

(¡) " Second test: The tesi l'ras on ihe same bridge

as firsi test. A pair of loads vJaS placed in the center

of the slab of the bridgets undistu-rbed panelr âs sþor"¡n

in Eiciure g. The 5ris1¿ l-ine patterns are sho¡¡n in the

r.icrht nortion of 'Picture 10 and left nortion of f;icttrre 1l-'
¡ !i1¡¡v

(c) . Third test: Tv,ro pair of loads l¡Iere applied on

The bridge i¡ras syfir-rnetrically

Pictures 12, lJ and 1ln.

the tv¡o internal beams.

cracked as shown in the

*q¡ÑN

Picture I



Picture 9

Pict¡.:.re ]0



??

Pi.cture 1l-

I

I

l

Picture 12
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Picture 13

Picture 1A-
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cr{APTJn 5

Coniparison of ûheoretical analysis i.¡ith resul-ts of
UUü(JÐ.

l l l Drnnn*{-r¡ nf rnatar-ia'ì ç and nlaSiiC feoments:\ ¿/ a ¿ ¡ v vvr v-)¡ v¿ ¡:¡* uu¿ ¿G¿r

Ti.,'o bridges v;ere buili under the sarrle conditions r.rith

the sane concreie nixture and the same reinforcement exceoi

for the transvci"sal beams ( see Appendix) . The average

).'iel-C load and stress for the steel- are l-isLed in the

fol lor¡ing table "

la.ble 2. properbv of .Steel

tì-^q ,., ^2,¡¡J rJq, t.¿tr j
I r¡a-nn c,. r¡i o"i rl

load per bar
dl/ô \¡ìôtd

J úv4u

stress per bar

3\r
-LO

0.028 1867 lb

1çll" 0.11 6033 l-b
5&800 psi

I t¡ VoL
ll.lo?nn-" 48500 psi

The average I oad per coircrete cylinder and ar¡erage
)

rnaximum cornpressive strength of the concrete (f. ) are

listed in the fol-loi^¡ins tabfe,



{rl

Table 3. Froperiy of Concrete

lJd..y Þ

28

at tiine of
f. rr.qf.ì n cf

n i t .\
1t1 | ñqì I

\ iJe4 
'

5L20

A^r't^

67zo

ReferrinE to Chapte-r 3, paragraph Ld, 'ohe u-liimate

rnonent of tire slabs and beants for a given anount of

reinÍorcenent can be calculatecl by:

l{ts * AS" fy. id- ) (7)
ã
2

i.ì\\oj
i.i1 = L.178 " P" i:nin. :l,cage (l{lii*)

Tl're plastic rnornenis of this stucìy are "rto*i It

Ëigure l-8 and tabulated. in Table L'". For tne calculation

of p-ì¿5¡1ç rnonenis see $ppendil("

Â r¡,. r.: ø a 'l n¡ rì¡¡ Y v¿ q¿-v

per specinen ( ]b)

t53000

r_71000

169700
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Ta-'i:le 4: ?l-asiic Moinents

liote¡ >k t{7t7 =. IlT p.g.{anjOo = l,5jOO x O.5ZT xþa

= 8950 t2a

lioment !¿ ¿uËjç I jV o I 3ridge i'[o. 2

m /,o/, a -/6

14---f
lr.tnn,n tt-Íb
¿a]-tvvv

'J{ 'l?onnn u-/6

l{n >3 li5OO û' tb

Toi- |- -l' L, ?nrì rt - /þ 30600 "-tt



(2) 
"

^.ïl^
/v

Ð¡ o -i a ñ ^. õ nnl- i 6,..1 a\ 'f ân,â 1 ff Si.5 ;JG,Ù-l.U VVI¡Vç,VU4Vl¡ V¡ ¡4fq¿J s¿

ris the s'i,ructure was graduaily loadeci to fa.ilurer

the yielding started frorn the hi;:hl;r stressed secl.ions

and s,orea-ci into lines dividing ihe stz'uctu-re to forür a clef-

inite nechanisÌn slrs¿s¡n. 1-ire preCiction oí strch a. colla,ose

rnechanisn sysNeríi rtust be ver), cauiions" Sone condj-tions

for nrodìeii nt. nl' r¡i o'1 d 'linC pettern :.'Of Sl_abS T¿.jel.e !iVenf,VI IJ¡ çLT¿9 UÁVI¡ VJ

(ry)
by Jones ' as fo'l I ol'rs:

(a) . Yield lines end ai a slab bou-nd.ar1'"

(b) " YÍel-d lines are stra.i¡,:ht"

(c) " ;\ yiel-d line: or yield -!-ine orodu-cedr ilìsses

through the intersection of the axes of z'otation of

adjacent sl-ab elements'

(O) " lixes of rotaiion generally lie a-lcn¿ lines of

supports and pass over any colutnns.

These conditions can also be applied to the colnposite slab

and. beam Structu-res. In this type of structure a yield

]ine can end at the beams Ì:ut if yiel-d line crosses the

beams a cor¿bined 'Ûorsional and bending hinge is pl aced at

the crossing point.

Usualll' seveï'¿l farnilies of yield line patterns can

often be 1:ostu-lated and the rni nirnun eltiaate loacl exanined

hv lrsino- s 1¡i n'rrrrl r.rni.l¡ onr.1¿Nign baSed On tlfe COnCept OfWJ UJ¿l(i: c¡ v:¿ UusÀ c¿VI ¡! vriL

conservatiotl o.i ene::gy and can lre expressed by:

E(?".F) = Z(M.e)



where

ô^lv¿/

E(ñ,5)= Ef (* tr clx,J,r
U

= litork done Cru_e to ex|ei.nal -loa.ds

E(uo)s Í.(mle)
= I,JorI: ¿issipated du.e to deforr:iations.

s¡s riiven in sections of 3, d and 5 oi ihisSnrrro o\r::lnrrrl oq
:/4vu

ah¡ n* apvr¿qlJuv¿ e

Foi' a give.rr yiel-c l-ine pat,i;ern the lçorst failure mocìe

can be ailnro>:in:atel)¡ fou-:rC b;v CiÍfereniia-iiirg the Ðeraìileters

C ú¡ ¡ t,rhich are used to locate the yiel-d lines" Tire

mathenatic¿r-l- e;cni'ession i-s as fol I o-,,¡s:

Ð (rn, r AEt'a=J(x¡ ,^) ) #.=o
'r,',rhere J-^J-t /-t )t + â...

A trial- method can also be used to find the r,,rorsb

fa-ilure mocie of a given )'ield liire pattei:n. Fi.gu_re ]9
sho?rs a one sided free and three siced sinply supportecl

sl-ab rrli ih a u.niforialy disiribu-ted toaC (il.,).

-')r'/



Tho rni ni mun ','j--"u-

af 4; and ê¿: ,

4q

can be found by a diffet"ent coì.tbj-na'üion

as sl:lorln in Table 5 "

i{umber

of 4;

Table 5 " i'iurnber of 'eomblnatlon of LI'

jrTumber of c(;

L,

6

(3). ììi:.qf r.r¡'li¡qi-.t Jl !f, \, Cl,:lO-rJ ü!J .

,3ricìge i'Jo. I r'.,ras assurned io be l-oaded b)t four concen-

t,raied l-oads acting on the left iwo beams. Five fa.iiure

nrodes nere Ðostulated as shov,rn in ihe Figu-res 20, 2L, 22,

23 and 2h.. The corresponding celcu-latÍons are tabulated as

shov,rn in Tables 8, 9, 10, l-1 and l-2. The critical- ultimaie

load as cal-culatecl itras 6.55 kips- as shol.Jn in Figure 2l+

and Table L2. The ¿rctual- critical ultimate l-oad as a

resurlt of ihe '.,est r.ras i0 kips.

(¿f) . Second enalysis:

T'¡o concentraied ]oaCs t^Jere assur',red to be applieC io

ihe unc'listu.rroed panel of bridge irlo. 1" The predict,ed. ¡rield

l-ine pa.tterns a.iri 'r,heir correspondin¿ analytical values

It-

aL

a

?/,
J-

oo

^ 
1.)!, t/



IrL

are iisted in Tabl-e 6. The¡r indicat,ed that the rninj-r:rum

/ ^^Pu = ó"22 hips. The resul-t of the test was â P,, = 11 kÍps.

/
_l'ail I e b

{tttrê VIt v¡ u'r$ V - Vñ
f 1i - ¡llltu

Ð-."^r q,åç

Y

'lr\

't 't
IJ

AF

lo
1-F

l1 
^cÌJ-) ø á.O

L¿")O

rcf rt0oL!

, a\l

+Y+

t+94

, a\t.a /a'

LAt,

Tgoo

7420

^tr,'/o
6zzo

9100

K,V

/t,

aJ_

/l

)2

tr l-

, -\(5)" Thi:'d a,le!!:ï
Bridge i'io" 2 was assumed. to be loaded b]'folir tru-clc

-ì ncdq rn'r-in' di -'-aei. l r¡ nn the tr,,,to internal_ beams" Five¿vquu cv vJ-rrll u¿¡ uv v¿./ v¡r

¡¿il1r-r'e modes i,vere oostula-tecl and exaained as shor^Jn in .Figures

25, 26, 27, 2B and 29" and T:ables \3, Lb, ]-5, 16 and 17,

The analytical rninimr-¡-m u.l-timate load v¡as cal-culated to be

10 hips" The resu.lt of the test lJas a P,,= L4 kips.u

( A\ e,,**-- t,.
\ VJ o vullutlGl rv .

A comparison of theoretical analysis v¡ith the resul-ts

is l-isted. in Table 7.

r. d. u-LY I

J-CÐtr ÇAJc f l'l

L.r d. L{å Y
r.o:rì i n r: best Pu

f ac'l- Prr

cãil--Pu

I
!

- lri ns
n aî

, ^^Ì<insñ //

10" hips

1100 psi

1200 psi

1J00 psi

10

ll
Lli

l-.: *^
.i.r.L !Jù

i¿i nq

'I--.'*^
:\IyÐ

1 '7./

L,l+
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TABLE 10
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1
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a

L-94
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l+91+

,, O,,

+\,

t¡\

rrltö

JO

r-39000

^^ 
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1&300
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I
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DISCUSSI0I'lS AiilD C0 IICLUSICÌ'lS

Discussion of tesis:

4-:. l*-Þ

Diaf gauges lnJere u.sed to iileasure the deflecti-ons of

ihe bridge. The gauges coul-d measure a naximum deflection

of one inch, hol.',Jever, the maximum deflection reached t1'ro

inches. In aC'dition, the novement of the briclges

ft-cture 15 and the trvisting of Satige frame - P,icture 16

m¡rìe the øAtLrê reac'linss u-selesS. li ll9SSible imprOvenent 1S
l¡¡euv v¡:v a)clsõv ¡ ves¿¡¿f-

io reduce the degree of freedon of the bridges, as sho\'rn

in Figur.e 30. In orcÌe:: 'Lo increase the rigidity oÍ the

lr,

"&'

t
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'7"-'t'rt,

't
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^'ñr'-^ r-^n steel fra.rne sirould be used instead ofErO- Lr.¡;Y a J. ci[]u t I

Cexion.

Ol';/ing to the elastic assu.nption that ihe negati-ve

nonent of continuous sl-ai¡s takês place over the su.pÞort

ancl. tiie positive rnoment occu-rs at the nicldle of ihe spân,

the conventional construciion of bottor¿ reinforcement

usually aeails -t,hat it is J-apped at the supnort as shotçn

in figure 31.
I
t
t

[{:: ---:-
This is not sufficient, as the

r,rriterf s tests sholr'eci that the

saøqinn rrield line could also

occur i,ùren ceriain heavy l-oad.s

acted u-pon the beams (Picture 15).

Figure 3l-

Therefore, enough anciròrage lengtÌr of boitom steel- ai ',,he

su-pÞort shou.l-d be consid.erecl for solte cases.

As a r"esult of the tests it t.ras Íou-nd that the uliinate
loads yrere nuch larger than ihose predicied in lable 7.

i\'t 1 \
This phenomenon inciicatecl the presence of menbrane acti-or'tt 

**'

which decreased the yielding morneirt .,'¡1th tensile in-plane

forces and increased the yielding no¡nent r.çith conlÞressive

in-plane forces. The relationship bet¡¡een overall forces

(P-cornpression, T-tensj-on) vuiih its coruesponcìing moments (tti)

ancl the íul-l- plastic monent (l.i^) v¡ith its corresponding
'Fn rna I'l- - A 

", frr) can be u*ntu"=ud by¿vÀ vu \'O -*þ J r

-Y- s !*
Mo

*p (f )'PN'l
lo



q4

where

" 
1'¡

.;l"- i
r:.i !

d " thickness

dl_ = depth of s'ìab

This equ-ation can be plotted as shot'vn j-n

girres the malcini.rm and rninimum valu.es es
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Figure 32

In the first tes'b. the retio oí test resulil to the

predicted. load v',ras L"53. Ït is cfear irhat ihe conpressive

membrane actionr âs demoi:strated ebove, increased 't,he

carrying capacity until a second shear failu.re iook 'place

t3

-jrû



as shot¡n in Ficture L7 -

Picture 17

In the second iest, ihe predicted yield line pattern

!,ras a circular fan (Figure l:2) with an ultimat e load of

6,ZZ kips. Because of compressive membrane acti-on, the

predicted pattern coufd not be formed but slvitched i;o

the easier type of figure 15. This r"Jas stil-l under

membrane action until the punË'ching sh ear failur"e toolc

place with a final maxintum l-oad of 11 kips'

In the thirrl test,, the r:aximum load attained during

the test was 1þ kips,--about 40 percent greater than pre-

dicted. This also indicated that the eoiÎpressive mem'orane

action lvas present until the internal beams failed in sirear.
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l'ror,i Niris si;lidl¡ i¿ ,n¿r¡ be concludecl th¿li- ihe äieihoci

oi eombinr¡cl rrielcÌ lines ancl i¡ìeld hin:;ss ursed to solrteJ 
j.'J-u

reinforced conc::eie slab and beam str.uctu-r"es is val--ì d,

sa.fe ancì econonr.lcai if tjre l-oacì .fact,or remai ns at the sarne

level- a.s in el a.sLic iesig:n.

Tire crr-r"r.eni i,rl-binraie clesi¡,n is r.csiri c-beci Lo des-ìgn-

inï seciions only. The faci;ored moi:rents anci sirears, vhÍch
t'.ri c .lneì r- i c l¡r earì ^n 5.:e Siill Cjeief;;l-i ,red ìrV ll.Si nr

elasiic'cheoi'¡i', This cornbj-natioi-r of design could j:e con-

sídered contz.acìictor;r. Tìle sLlecess of the yíe!-d hl-ne

rnr:ì rr'ì a'l rr hì 11 cre nfethOCl na-keS -,.he Ul tinta.Lo rj es-ì crn r;:lt i Onal ..i !vr-\-( crurj-;e-v\/ \lvrJr:j_¡ ¿ (-vI

The concent o-[' r¡irtu-a]- uor.]t being apirlied bo this
net,hod is vel"',r e¿ì-s\r -Lo l,-acterstancl a.nci si.:irll e -uo alrnl-r.

i¡o¡: i::regul e.r or complicatecÌ sl;r.L¡.ctlr-res eifher t,he el,astic
solu.tion is very la-boi"iou.s or at1 ela-siic soii;-'Lion i-s as

)¡er i-l:Lirossiirle. ?he nei.hod. oÍ' comirineci ).iel-o, -l-ines ancl

I'ielcl hj-ir¡es rlai;es al-'l- soli-r.iioits oÍ- sucn sl;nlciu-res si:ort,
sillple ancl- scnnC. iir theori,'.

( 3 ) . T,ii:rita.ti ons anC fu.-Li-r.i-e i:esea.rch l^,roîli::

Il al>nl_r'i1Í. ;þe ;¡ield _'l iire ¿n1l irisl_rì ,:i::.'e l:etnOd to

sinrctriles, scne I rìnitai j-ons i.;ni cìr aii se eiil:eL: j'roiri t,iie

p:r'ope::'ûies o.i i:r¿.tori ¿ll-s oi ilror:: selrere -ur¡Ðes of I oa-cls

apoli-ei to i;he s'c.l'u-ctn::es iitur-qt, Òe co::ne Ín ili nc1 bi. ihe

et-Lg- I -r-S'íl 
"
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?ire occui'rence o:i r,ret¡iirrane a ci.-i on i n the Lesis

caLr-ses 'r,ne ernal¡fsis io be i naccu-r"¿¡-te. To u--ü j-l-ize this

acij-cn in desi3n pr"oblerrt j'"rrLher resea::ch is necessari¡.
( 11)

In ccncaririg o¡h er test resl:-lbs of rirenlbra.ne actiorr

r¡ii;n iire r,'¡L:iter-l s tests, i'" 
",;as 

sÍlor".li1 .that o-,':i ll3, io tire

occìlrlrence of shear fai'li-ir'e, tire rnet.iìtra,ne ac-i,:'-on in ihe
.u¡riterr s tests coi,t-l-cì not be r¡.111i developed.. i'he pL:ojrl-eirt

of shee-r is sij--l-l no'; fi.rlJ-ii sclved. i'he research oi-

fIelri::al si:ear i-ir bearis is goini.: on a-; ihe Univc::sii;)¡ of

?oronto and, elser..rhere" l\l-so a- s'Ludir of niiinaNe snear

strenrtir iril-l- start in .ûhe u.ear fi-tture iu the 'únj-ver.sii¡r

o f i,iani'c olla .

The bribile frac'Lure l-ines. clue to iire la.ck of

cì,.ictiiity oÍ' conc::ete, al'e atrria;s ccnfu-secl. r';i'bh ':lastic
yield. liries. The studir of ductiliiy oÍ reinÍo::ceo con-

crete is a-l-so on the list of fi-riu-re research at ihe

UniveL:sitl¡ of r'.,aniì;olla.
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Torsional morirent of transversal beans :
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