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Abstract

In this thesis, the focus is developing an inference for the Downton’s bivariate Weibull
(DBW) distribution, particularly in the context of dependent competing risks. The
study begins by investigating the statistical properties of the DBW distribution. Next,
the thesis delves into likelihood inference for the DBW distribution using complete
bivariate data, specifically in the context of dependent competing risks. Additionally,
moment-based estimates based on complete bivariate data are developed and examined.
To assess the performance of the point and interval estimates, extensive Monte Carlo
simulations are conducted. Furthermore, two real datasets are presented as illustrative
examples of the application of the DBW distribution with the inferential method.
These illustrations serve to demonstrate the practical relevance and usefulness of the
proposed model and methods. The thesis concludes with a comprehensive evaluation

of the estimation techniques and suggestions for further research in this area.

Keywords: Downton’s bivariate Weibull, lifetimes, competing risk model, dependent

competing risks, likelihood inference
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Chapter 1

Introduction

Analysis of time-to-event data is the examination of data measured over a period
from a specified point of origin to an endpoint of interest ( ). For example,
in medical studies, patients are followed from an initial date of study until the date
of death or study closing date. If an individual dies before the end of the medical
study, that individual is considered to had an ‘event’. Failure of a machine or a
product also can be considered as the termination point of a lifetime or failure time
study. In time-to-event analysis, some individuals may experience the event, and some
individuals may have not determined their experience of the event at the end of the
study period. As an example, patients who experience death after the study closing
date of a medical study will have an unknown survival time. These individuals with
unknown survival times would be considered as ‘censored data’. However, in many
lifetime experiments, it is possible that we can observe more than one cause of failure.
They have often been termed competing risks. For example, an individual in a medical
study where death is the event of interest might be recorded as dying from cancer,

cardiovascular disease, or other causes.

Researchers like ( ) and ( ) have done studies on different

competing risks models. It has generally been assumed in previous studies that
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competing causes of failure are independent, which are referred to as latent failure
time models (see for example ( ) and ( )). In practice,
the independence between several failure causes is a rare case. It is more common
to observe dependency between the failure modes. This is due to the fact that the
occurrence of one cause of failure can impact the occurrence of the other cause.

( ) describes the modes of failure (cancer recurrence or death) as dependent
in a colon cancer study. Univariate distributions for the lifetimes can be used for
the models with independent competing risks. However, bivariate or multivariate

distributions are more appropriate when the causes of failure are considered dependent.

The primary goal of this thesis is to use Downton’s Bivariate Weibull distribution
in a competing risks scenario and develop appropriate inferential methods. Since the
exponential distribution has a constant failure rate, it is well known that it has serious
limitations in modelling lifetime data. In this thesis, we consider the latent failure
times model formulation and it is assumed that the latent failure times are independent
Weibull random variables with the same shape parameter within a particular set of
simulations but different scale parameters. Since the Weibull distribution has both
increasing and decreasing failure rates, it is well known that the Weibull distribution
can be used more effectively than the exponential distribution to analyze lifetime data.
We compute the maximum likelihood estimators (MLEs) of the different parameters

of Downton’s Bivariate Weibull distribution by proposing a simple iterative scheme.
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1.1 Thesis organization

Chapter 2 of the thesis provides an overview of key concepts related to survival
analysis. The chapter begins by introducing lifetime distributions and their significance
in survival analysis. Next, the concept of multivariate lifetime models is discussed,
emphasizing the analysis of multiple correlated lifetimes and their dependence structures.
This section lays the foundation for the subsequent exploration of competing risks. The
chapter then delves into different types of censoring mechanisms and their implications
for survival analysis. Lastly, various approaches to maximum likelihood estimation,
a commonly used method for estimating model parameters in survival analysis, are

presented.

Chapter 3 of the thesis focuses on presenting the Downton’s Bivariate Weibull
(DBW) model and data description. Additionally, the chapter highlights key properties
and characteristics of the DBW distribution, which is the primary distribution under
investigation. In Chapter 4, the construction of the likelihood function is detailed.
The process of formulating the likelihood function based on the DBW distribution is

discussed.

Chapter 5 presents a comprehensive numerical assessment of inference for the
proposed model through a simulation study. Chapter 6 provides illustrative examples

to demonstrate the practical application of the developed methodology.

Finally, the thesis concludes with a summary of the findings, implications, and

potential areas for future research in Chapter 7.
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Chapter 2

Preliminaries

2.1 Survival Analysis

The time-to-event analysis involves the analysis of the length of time to the occurrence
of a predefined outcome of interest. Simply, it is the study of the time between a fixed
starting point and a terminating event. In many different cases, the time-to-event data
is referred to as “survival data”, “lifetime data”, “failure times”, “reliability data,”
and “event history data,” depending on the focus and context where it is used. The
time-to-event analysis is mainly introduced as the survival or failure time analysis.
Time to the event could vary from time to fatal event i.e., death, or time to occurrence
of a clinical endpoint such as disease, or failure of a product or machine. In medical
studies, the lifespan of a certain population is measured to estimate the duration
between the birth and death of each individual. Death is considered as the outcome of
interest for survival/ lifetime data. Again, the failure of a machine or the durability of
a product also can be considered an endpoint of interest for the failure time/survival
time analysis. ( ) mentions that the time scale may not always be real or

chronological time to consider in lifetime measures. Miles driven might be used as a

time scale with motor vehicles, and the number of pages of output for a computer
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printer or photocopier might be considered as the time measurement.

( ) explains that the lifetime variable of the lifetime distribution models
can consist of continuous, discrete or mixed discrete-continuous random variables. The
lifetime variable is considered discrete when the lifetimes are grouped or measured as
several cycles. Most lifetimes are nonnegative continuous random variables. We are
more concerned about the continuous lifetime variables.

Let T be a positive or nonnegative random variable representing the lifetimes of
individuals in some population. From here onwards, the probability density function
(PDF) of T is denoted by f(t) and the cumulative distribution function (CDF) is

denoted by F(t). Then the CDF of T is:

F(t) = Pr(T <t) = /Ot (@) da.

The survivor/survival function S(t) gives the probability that an individual of interest

will be surviving until the time ¢ :

S(t) = Pr(T > t) /oo f(z) de. (2.1.1)

The CDF and survival function can be interconnected as follows:
S(t)y=1—Pr(T <t)=1-F(t).

The survival function is 0 < S(¢) < 1 for any ¢ and it is a monotone decreasing function.

If S(t) is a proper survival function, then lim, o S(¢) =1 and lim;,o, S(t) = 0.

The hazard function or the hazard rate function is the probability of an individual’s
failure during a very small time interval, assuming that the individual has survived

to the beginning of the interval. It represents the instantaneous failure in the time
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interval (¢t + At) given that the individual has survived up to t. The hazard function
of T is denoted by h(t) and is defined as:

 Pri<T<t+ AT 1) (1)
ht) = fim, At =50 (21.2)

The cumulative hazard function H(t) is defined as:

Further, it is easy to derive expressions for S(t) and f(t) in terms of h(t).

2.1.1 Lifetime Distributions

Lifetime distributions such as exponential, Weibull, and gamma distributions are most
frequently used in studies involving lifetime data. The exponential distribution is one
of the probability distributions that come under the exponential family of probability
distributions, which includes other distributions such as normal, binomial and gamma.
Exponential distributions are probabilistic representations of the intervals between
events in processes when events occur continuously and independently at a constant

average rate. The PDF of an exponential distribution for lifetimes can be defined as:

f®)y=Xxe™ t>0

where A\ > 0 is the rate parameter and the survival function can be derived from
Eq: 2.1.1 as S(t) = e *. The hazard function derived from Eq: 2.1.2 is h(t) = ),
which is a constant and independent of time. One of the key properties of exponential
distributions is that they are memoryless. Usually, the lack of memory refers to

situations in which a “waiting time” distribution isn’t affected by the amount of time
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that’s already passed. Simply it indicates that the age of a subject does not affect
future survival. That is not true in general and many survival data cannot fit into the

exponential distribution.

The Weibull distribution is a generalization of exponential distribution proposed
by ( ). The Weibull distribution is a popular choice for modeling survival
times in a wide range of applications. It is particularly useful for modeling data with
varying hazard rates and can be parameterized to reflect different shapes of hazard

functions. The PDF of the Weibull distribution is defined as follows:

=2 <3)51 (8 s,

where @ > 0 and 8 > 0 are scale and shape parameters respectively.

If t is a “time-to-event”, the Weibull distribution gives a distribution for which the
event rate is proportional to a power of time. When 3 < 1, the event rate decreases
over time. This situation may interpret the significant infant mortality in a survival
study or the high early failings rate of products that gradually decreases over time.
The case of § > 1 indicates that the event rate increase with time. This happens
when subjects of interest in a time-to-event study experience the outcome due to wear
or age, or if there is a process of “aging”. A value of § = 1 indicates that the event
rate is constant over time, and the Weibull distribution reduces to an exponential
distribution. Figure 2.1 shows density values of Weibull distribution for different shape

parameters with the same scale parameter.

¢\8
The survival function for T' can be derived as S(t) = e (&) Similarly, the hazard

function can be obtained as hazard function is h(t) = g (é)ﬁfl, where hazard function
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Figure 2.1: PDF's of Weibull distributions with o =1 and = 0.5,1.0,1.5,2.0

increases monotonically with respect to time. Conversely, based on the initial term

S(t), f(t) and h(t) can be obtained using the above-derived equation expressions.

The gamma distribution is also a continuous probability distribution that is
widely used in statistics and probability theory. The gamma distribution has a shape
parameter («) and a rate parameter () and is often denoted as Gamma(a, ). The
gamma distribution is particularly useful when the hazard rate, or the probability of
an event occurring at a given time, is not constant over time. The gamma distribution

can be used to model both increasing and decreasing hazard rates and can also be
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used to model hazard rates that initially increase and then decrease over time. The

PDF of the gamma distribution is defined as follows:

ta—le—ﬁtﬂa

f(t)—w for t>0 and o,5>0

Overall, the gamma distribution is a flexible and widely used probability distribution
in survival analysis that can be used to model a wide range of hazard rates and duration

data.

2.1.2 Multivariate lifetime models

Univariate survival analysis focuses on the analysis of the survival concerning the
single variable under the investigation of study but necessarily ignores the influence of
other variables. It is more common to have a situation where several types of events

lead to processes with multiple responses, duration, or lifetimes for units in the study.

From ( ), multivariate data can be a family of data(lifetimes) or
multivariate data(lifetimes) for a single subject. When subjects in a study fall into
a “group” or “cluster” of individuals whose lifetimes have some degree of association,
those lifetime data have termed a family of data. ( ) discusses an example
of studying the effects of heredity on the life length of identical twins. Pairs of twins
or animals in the same litter would expect some association in lifetimes as they have

similar genetics.

( ) describes the consideration of multivariate lifetime distributions,

which can be specified in terms of a joint PDF or a joint survival function,

S(tl, ,tk) = P’I“(Tl Z tl, ,Tk Z tk)
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Multivariate data for a single subject is the most common situation that occurs
in lifetime data analysis. The situation basically arises where there is more than one
separate lifetime for one unit in the study. Eruption of teeth can be considered one of
the most common examples of multivariate lifetimes for the same subject. All teeth
are checked at once at visits to the dentist. When considering the failure time of
paired organs, like eyes, lungs, and kidneys, we are dealing with multivariate data for
a single individual. This is because the failure time of the paired organs is taken from
the same subject. Similarly, this type of multivariate data can be the failure times of
paired components, such as left and right brake pads in a car or left and right aircraft
engines. ( ) explains that the lifetime 7} of this circumstances can be

observed only if 77, ...,T;_; have already been observed.

In ( )’s article, he explains that analyzing multivariate data is
important for studying dependence, which is particularly relevant in situations such
as dental applications (teeth for one person is considered as multivariate data) and
paired organ or component failure times. This dependence allows for the use of
available information at a one-time point to predict future events, such as predicting
the likelihood of a twin developing an inherited disease if the other twin has already
been diagnosed. Additionally, the data can be used in survival analysis to model

failure times with dependent causes of failure.

2.2 Censoring

The first and most crucial difficulty faced in the time-to-event analysis is censoring.
Censoring is said to be present when certain subjects experience the event but

information about the time to outcome event is unavailable for some fraction of

subjects before the end of the study. Practically speaking, it may not be possible to
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examine every subject’s entire lifetime during the study period due to various reasons.
Simply, when survival times are unknown for a subset of the study group, the rest of

the data are considered “censored data’.

Censoring may occur due to reasons like loss of follow-up, the non-occurrence of
outcome events before the end of the study or the subject experiencing a different

event than the one under study.

2.2.1 Point and interval censoring

Censoring mechanisms can be broadly classified into two types, i.e., point and interval
censoring. ( ) extensively portray each of these distinguish censoring
mechanisms. When the subjects in the study have exactly known censoring time or
survival time, then those subjects are introduced as point-censored data. Continuously
monitored or properly documented data have the exact censoring times, which leads to
point-censored data. A more descriptive illustration of different types of point-censored
observations examined between Tj to 77 is shown by ( ) depicted in
Figure 2.2. The line ending with an asterisk (*) at the end of the line is to indicate
an occurrence of the event of interest (true survival time), and the open point (o) is

the occurrence of any other event besides the event of interest (censoring time).

Left and right censored data are considered in the point censoring mechanism.

( ) explains a subject is said to be left-censored if that subject has
experienced the event sometime prior to entering the study, and the exact time is
unknown. Case D in Figure 2.2 represents the left censoring. However, left censoring
is usually not considered a crucial issue in most studies. For example, consider a study
investigating the duration of pregnancy. Where pregnant women were examined at 7

months but some of them already had their babies. Those who had a baby before 7
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A *
B — *
DL C \e ]
D *
EL
E *
F *
G————————
<
To Tl

Figure 2.2: Types of point-censored data

months would have a survival time that was left censored because the actual births

had happened before the 7 months, and the birth times are not exactly known.

Right censoring occurs when a subject is lost to follow-up, or the event does not
take place during the study duration. Subjects B and C in Figure 2.2 portray the right
censoring. More specifically, subject C can occur due to the loss of follow-up before
the end of the study while subject B occurs due to the termination of the study before
experiencing the event. Consider the previous example of a pregnancy duration study.
Some women in the study may still be pregnant at the completion of the study, and it
is unknown how long their pregnancies will last. These women will be considered as
the right-censored subjects of the study. Moreover, there might be situations like case
E in Figure 2.2 which shows a subject censored from both cases, i.e., left and right

censoring.

Interval censoring arises when a specific subject is followed only for an interval of
time in the study. The study subjects may be lost to follow-up for some period of
time but return for the examinations during the study period. The same study of the
pregnancy period can be used to explain interval censoring. If the exact time of the
birth of a baby is not known, but it is known to be within some interval of time, then

that subject is said to be interval censored.
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2.2.2 Type I, Type II, Hybrid and Random censoring

Right censored data can be either Type I censored or Type II censored data. When
the completion of a study is set at a fixed time, subjects that did not experience
the event are said to be Type I right censored. In Type I censoring, the number of
censored subjects (and the uncensored subjects) is considered a random variable, even

with the fixed total sample size.

Type II right censoring occurs when the study is intended to end at a pre-specified
number of events of interest among the subjects has occurred. As an example, the
study is terminated when 100%" failure occurs among the 200 subjects in the study
group. As well as the sample size, the number of censored subjects is also fixed in

advance. In type II censoring, the completion times of the study are random outcomes.

( ) originally introduced the hybrid censoring scheme as a combination
of Type I and Type II censoring. Again, in hybrid censoring, two types of censoring
schemes are introduced, i.e., Type-I hybrid censoring scheme (Type-I HCS) and
Type-II hybrid censoring scheme (Type-II HCS). ( )

broadly discusses and analyses the hybrid censoring scheme.

When both the number of subjects in the study and the termination times of the
study turns out to be random, then random censoring arises. According to
( ), the censored subjects do not all have the same censoring time. Some subjects
may experience the event, while some subjects are alive or do not experience the

studying event.

Progressive censoring is a type of censoring mechanism in survival analysis where
the event times of some individuals are observed only at specific intervals, leading to

progressively increasing levels of censoring over time. This censoring also has two types
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of censoring, named Type I progressive censoring and Type II progressive censoring.

For more details on progressive censoring see, ( ).

More details on different censoring mechanisms, examples and analyses can be

found on ( ), ( ), ( ), ( ) and

2.3 Competing risks

For a single lifetime of a unit in a study, the occurrence of the failure or the endpoint
of an event may have one cause, or sometimes it may have more than one distinct
cause. In many lifetime studies, it is more common to examine different causes of
failures instead of the specific cause of failure which is focused on investigating in the
study. One of the common examples described in the literature is an individual who
is in a study of prostate cancer may die due to a fatal accident or any other disease
( , ). The existence of different competing risk factors for the
failure of subjects (including the cause of failure of interest) of the study is referred to
as competing risks. Each risk competes with the other to deliver the event of interest.

Then the order of the occurrence of each cause of failure has effects on each other. For

example, the warranty period of a product may end due to the expiration of time or
the exceeding of the usage limit; a marriage may end due to death or divorce. If the
study is unaware of competing causes of failures other than the event of interest, then
there will be subjects with unobserved events due to the occurrence of the unknown
event (regardless of the duration of the study or follow-up). So, it is important to
identify and include the competing risks in lifetime models. In such cases, the lifetime
of the subject will be decided based on the first occurrence of the failure type. The

unique characteristic of competing risks data is that the data consist of two indications
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about lifetime component; i.e. the time when the failure occurred and an indicator of
the cause of failure. Further, ( ) provides detailed examples involving

different multiple failure mode situations, which characterize the competing risks.

The competing risks model is referred to in the literature when different methods of
analysis are used to analyze the competing risks. The analysis of competing risk data
can be performed using many methods. Some researchers may ignore the presence
of competing risks, other than the cause of failure of interest in the study. Some
may consider analyzing the lifetime data based on different risk factors separately.
Many researchers carried out different studies considering the presence of competing
risks in the lifetime data analysis in both parametric and non-parametric designs.
Researchers like ( ), ( ),

( ) considered parametric setup, assuming different lifetime distributions follow a

parametric distribution such as exponential, gamma or Weibull.

( ) mentions two parametric competing risk model adaptations
mainly used in survival studies when all the information in competing risk data is
considered in the analysis process; i.e. the latent failure times model proposed by

( ) and the cause-specific hazard function model introduced by
( ). If the lifetime of the subjects is 7" and the cause of failure is C', then the pair
(T, C) is defined for each subject. The model for the pair (7', C') can be approached
by specifying the model for Pr(T > t,C = j) or by specifying cause-specific hazard
functions ( , ). When the lifetime is taken as the minimum lifetime of the
multiple competing risks for the model, then it refers to the latent lifetimes model.
Consider an individual with k different causes of failures (or risks) and let 7} be the
time of the failure for each of the risk j (j =1, ..., k). The subject of interest will fail

when the first cause of failure arises. Then the lifetime for the latent model would be
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T =min(Ty, ..., Ty).

( ) specifically mentioned the fact that specifying the cause of failure
may be challenging in practical scenarios. There might be situations where the
observed lifetimes are without any observable cause of failure. ( ) first
addressed this situation and obtained the maximum likelihood estimators (MLESs)
and uniformly minimum variance unbiased estimators (UMVUESs) in the context of
the exponential lifetime for incomplete competing risks data. ( ) also
consider the same issue, i.e. partial information on the cause of failure.

( ) further investigated model analyzed ( ), with the purpose of
addressing different distributional properties missed in earlier studies and additionally
considering the Weibull distribution for the lifetimes. In ( ),
the authors developed the parametric inference of missing causes of failures among
several groups assuming lifetimes are exponentially distributed, based on the original
work by ( ). Later ( ) examined the same study

with several groups, considering the Weibull case.

Different researchers have done impressive work on the analysis of lifetime data

in the presence of competing risks, especially in the case of censored data. Even

( ) considered complete lifetime data (incomplete in terms of

causes of failures), and worked with several authors in case of incomplete lifetimes

under competing risks models. ( ) considered the left truncated
and right censored data in the analysis of competing risk data.

( ) examined hybrid censored lifetime data in the existence of competing risks,

while ( ) did the work on progressively censored competing risks data.

Additionally, analysis of competing risks data progressively censored data have been

further extended with the Bayesian inference in the study by



18 CHAPTER 2. PRELIMINARIES

( ). All of these mentioned analyses of censored data were carried out considering
the latent failure times model with lifetime distribution under the assumption of the

Weibull type.

In the case of the non-parametric settings, ( ), ( )
and ( ) have done some impressive work in analyzing the competing
risks data.

2.3.1 Independent and dependent competing risks

Two competing causes of failures are said to be independent if the possibility that one
kind of failure will occur does not affect the possibility that the other type of failure
will occur. Lifetimes are assumed to be independent in Cox’s formulated latent failure
time model. Most of the previous studies, including the parametric cases mentioned
above with the latent lifetime model, have assumed independent lifetimes under the
causes of failures. Even though it is common to assume independence in competing
risk problems, the more reasonable assumption would be the dependency between
lifetime distributions for competing causes. The cause-specific hazard function model
introduced by Prentice can accommodate situations where lifetime distributions of the
competing causes may not be independent. However, in literature, the identifiability of
the dependent competing risks is a well-known argument. ( ),

( , ) etc. implied that based on the observed data alone, it is impossible to
test the assumption of failure time distributions in the presence of competing risks

without the information of covariates.

In the case of competing causes of failures, the occurrence of one failure mode
will affect the occurrence of other failure modes. ( ) specially

mentions that the dependence between the causes of failures is something we cannot
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ignore in lifetime models with competing risks. The dependent competing risks
problem was addressed by ( ) by their initiative work using a mixture
model formulation in a non-parametric setting. ( ) formulated the

corresponding parametric version under the assumption of observable competing risks.

( ) assumed a partially incomplete dependent competing risks
model by expanding the analysis of ( ) and ( ).
In early stages, ( ) also examined the bivariate lifetime

distributions in presence of competing modes of failures.

More recently many works such as ( ),
( ) have focused on the extending statistical analysis of dependent competing
risks with censoring. In ( ) authors addressed the Bayesian

perspective of the dependent competing risks. It seems more and more research works
can be seen focusing on the analysis of parametric lifetime models with dependent

competing risks.

2.4 Maximum Likelihood Estimation

Following the formulation of a statistical model for observed data, interpreting how it
works in a larger population is an essential aspect of any statistical study. That is
where inferential statistics comes into the picture. The statistical inference process
involves analyzing data to determine the properties of an underlying probability
distribution. More commonly model-based statistical inference can usually be reached
by evaluating the likelihood of the observed data. ( ) describes that
likelihood methods are basically asymptotically optimal under the assumption that
the statistical model is correct. The likelihood of data is not necessarily a probability,

but it defines as proportional to a probability. Because the likelihood function is
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defined up to a multiplicative constant. The constant is often disregarded in practice

since it does not affect the relative likelihoods of different parameter values.

Maximum likelihood estimation (MLE) is a statistical technique for estimating the
parameters of a probability distribution using observed data. The goal of MLE is to
find the values of the parameters that maximize the likelihood function, which is the

probability of observing the data given the model and its parameters

The likelihood function is defined as the joint probability density function or
mass function of the observed data, treated as a function of the unknown parameters.
If a set of observations X = {x,z9,...,x,} are assumed to be independently and
identically distributed (IID) according to a probability distribution with an unknown

set of parameters 6, then the likelihood function is generally expressed as:
L(9|$> = f($|0) = f(l’l,l'z, 7xn|9)7

where L(6|z) is the likelihood function, € is the vector of unknown parameters, x is
the observed data, and f is the probability density function or mass function of the

distribution.

The maximum likelihood estimate is the value of the parameter vector that
maximizes the likelihood function. This is typically found by taking the derivative of

the likelihood function with respect to the parameter vector and setting it equal to

Zero:

AL(0]x)

og Y

Solving this equation for € gives the maximum likelihood estimate for the parameter

vector, and taking the second derivative would verify it is indeed a global maximum.
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2.4.1 Likelihood Methods

There are various methods to determine the likelihood function for maximum likelihood

estimation (MLE) depending on the nature of the data and the problem being solved.
It is important to carefully choose the appropriate likelihood method and to be aware
of any assumptions underlying the method. Some of the commonly used likelihood

procedures are mainly focusing discrete, continuous, censored or dependent data types.

In the discrete case, the likelihood function for discrete data is calculated by taking
the product of the probability mass function of the observed data. For example, if we
have a sample of counts following a Poisson distribution, then the likelihood function

is calculated as the product of the Poisson probability functions for each count.

For continuous data, the likelihood function is calculated by taking the product
of the probability density function of the observed data. For example, if we have a
random sample of data following a normal distribution, then the likelihood function is

calculated as the product of the normal density functions for each observation.

In survival analysis, where the time-to-event data may be censored, the likelihood
function is calculated using the Kaplan-Meier estimator or the Nelson-Aalen estimator,

which provides an estimate of the survival function based on the censored data.

When the data is not independent, the likelihood function can be calculated using
the conditional probability of the observed data given the value of the parameter.

This is known as the conditional likelihood function and is often used in clustered or

longitudinal data analysis.

The marginal likelihood function, also known as the integrated likelihood, is
obtained by integrating the likelihood function over the parameter space, weighted by

the prior distribution of the parameters. The marginal likelihood is commonly used
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for model selection, where different models are compared based on their respective

marginal likelihood values.

The profile likelihood function is a variation of the likelihood function in which
the likelihood is maximized with respect to one or more parameters while holding
the other parameters constant. This is used to estimate the standard error of the
maximum likelihood estimate, construct confidence intervals and perform hypothesis

testing for the parameter of interest.

2.4.2 Methods for finding Maximum Likelihood Estimators

Depending on the nature of the data and likelihood function, Maximum Likelihood

Estimators (MLEs) can be determined in different ways.

For some probability distributions, the likelihood function can be expressed in a
closed-form analytical expression. In such cases, the MLEs can be sometimes obtained
by solving the equation for the first derivative of the likelihood function with respect
to the parameter(s) of interest and equating it to zero. The resulting equations can

then be solved analytically to obtain the MLEs.

When the likelihood function is not available in a closed-form expression or when
analytical solutions are not possible, numerical optimization methods can be used
to find the MLEs. Commonly used optimization methods include gradient descent,
Newton-Raphson, and quasi-Newton methods. These methods involve starting with
an initial guess for the parameters and iteratively updating the parameter values until

convergence to the maximum likelihood estimate.

The Expectation-Maximization (EM) algorithm, introduced by

( ), is a widely used iterative algorithm for finding MLEs in cases where the
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likelihood function involves latent variables in an incomplete data setup. It involves
two steps in each iteration i.e., the E-step, where the expectation of the latent variables
is computed given the current estimate of the parameters, and the M-step, where the

parameters are updated to maximize the expected complete log-likelihood function.

Monte Carlo methods: In some cases, such as in Bayesian inference, the MLEs may
not be the focus of interest, but rather the posterior distribution of the parameters.
In such cases, Monte Carlo methods such as Markov Chain Monte Carlo (MCMC)
can be used to sample from the posterior distribution and estimate the parameters of

interest.

It is important to carefully choose the appropriate method for finding MLEs
depending on the nature of the problem, the likelihood function, and the computational

resources available.
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Chapter 3

Model and data description

In competing risk models, the assumption of independence between causes of failures
is not always valid, especially when the causes share common factors or dependencies.
In such cases, it is more appropriate to use bivariate or multivariate distributions for

the lifetimes under the causes.

Various researchers have proposed different generalizations of exponential distributions
to bivariate or multivariate models. ( ) proposed the use of the bivariate
Gumbel distribution to model the dependence between the two lifetimes. This model
assumes that the two lifetimes follow independent exponential distributions, and the

dependence structure between them is captured by a copula function.

( ) proposed a bivariate model based on the Marshall-Olkin
distribution, which is a generalization of the exponential distribution. This model

assumes that the two lifetimes follow Marshall-Olkin distributions with different

parameters and a shared dependence parameter.

( ) introduced the Farlie-Gumbel-Morgenstern (FGM) bivariate
exponential distribution, which is a copula-based model that allows for both positive

and negative dependence between the two lifetimes.

25
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( ) proposed the use of the bivariate Weibull distribution to model the
dependence between two lifetimes. This model assumes that the two lifetimes follow

Weibull distributions with different parameters and a shared dependence parameter.

( ) further discussed multivariate exponential distributions and their
applications in reliability. These models allow for the modeling of dependence between

more than two lifetimes.

Overall, the choice of which bivariate or multivariate distribution to use depends
on the specific nature of the dependence between the lifetimes and the assumptions
made about the underlying distribution. These models have important applications
in reliability, survival analysis, and risk management, where understanding the

dependence between multiple factors affecting a system is crucial.

3.1 Downton’s bivariate Weibull distribution

( ) introduced a bivariate exponential distribution, which is commonly
referred to as Downton’s bivariate exponential distribution. It is a popular choice
for modelling the lifetime distribution of systems that are subject to competing risks.
The distribution assumes that the two failure times of the system due to each cause
are exponentially distributed and that the failure times due to different causes are
independent. The bivariate exponential distribution has two parameters that represent

the failure rates for the two causes.

Downton’s bivariate exponential distribution has been extensively used in reliability
and survival analysis and has many applications in various fields such as engineering,
medical sciences, and economics. One of the advantages of using this distribution is

that it allows for the estimation of the probability of each cause of failure, as well as



3.1. DOWNTON’S BIVARIATE WEIBULL DISTRIBUTION 27

the probability of failure due to any cause. Additionally, it provides a useful tool for

studying the relationship between the causes of failure and the system performance.

Downton’s bivariate exponential (DBE) distribution is given as follows. If a random
vector (Y7, Ys) follows the DBE distribution, the corresponding joint probability density

function (PDF) is given by:

1 1 U1 yz)} 2(py1y2)%
1,Y2 ) = ex —+ I ) ) >0>
st = e {7 (5 52) o ) o

where 01,05 > 0,0 < p < 1 and Iy(-) is the modified Bessel function of the first kind

of zero.

Downton’s bivariate exponential distribution is denoted by (Y1, Ys) ~ DBE(6,, 02, p).
Also Y] and Y5 have exponential marginal distributions. DBE distribution can be used
in situations where the hazard rates of the marginal distributions can be assumed
(or verified) to be constants. However, for the bivariate data which does not have
unimodal marginal probability density functions or if the hazard functions are not
constant, it does not seem to be suitable to fit the data. In this case, univariate
Weibull marginals are more appropriate to fit models with non-constant marginal

hazard rates.

For the (Y1,Ys) ~ DBE(64,0s,p), consider the transformations X; = Y/** and
Xy =Y, where aj, a5 > 0. The joint density of the transformed random variables

X7 and X5 can be expressed as follows:

o}t Ll e\ (2eeap)”
[2) = —— ) o e )
Ix1,x, (xl $2) 0192<1 — p) exp -, \ 6 0 0 (1 — p) 0,0,

X1, Ty > 0. (311)
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where 01,05, m1,m2 > 0 while, 5, = 1/a; and n; = 1/ay . Hence by applying
the power transformation to the variables Y; and Y,, we can achieve a transformed
bivariate distribution known as Downton’s bivariate Weibull (DBW) distribution.
Downton’s bivariate Weibull distribution allows for flexibility in accommodating
non-constant marginal hazard rates, making it a more suitable choice for analyzing

the joint behaviour of variables with varying hazard rates.

The Downton’s bivariate Weibull (DBW) distribution can be denoted by (X7, Xa) ~
DBW (1,01, 2,62, p) with five parameters. The marginal distributions of X; and X5
are Weibull distributions with parameters (1, 60;) and (1, 85), respectively. With this,
11 and 7y are shape parameters and 6, and 6, are the scale parameters of the two

univariate marginal Weibull distributions.

The PDF of the univariate Weibull distribution is given by:

_ i mi—1 x?Z
Ix,(z;) = g i eap| =5 ) wi > 0, (3.1.2)

The CDF of the univariate Weibull distribution is as follows:

i
Fy,(z;) = 1 — exp (—“Z > 2> 0, (3.1.3)

)

where, i= 1,2 for each random variable.

Utilizing the infinite series representation of the Bessel function presented in
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Davies, Mitra and Volterman (submitted) obtained a representation of the PDF of

the DBW distribution as follows:

1 xnl an
le,Xz(xlaxz) = nmgearp{—— ( 1 + 2 )}

L—p\ 6 = 6y
- k —14(k+1)m | —1+(k+1)n2
p T, T,
>0, (3.14
X kX; (l{f')Q(l — p)2k+1 (Q102)k+1 , L1,T9 , ( )

The corresponding joint cumulative density function(CDF) of X; and X5 is as

follows:

—zM 5 gm/? 20 z™/?
FX1,X2(I1,$2)=1—€$19( 01 )Ql ( 2 p_o

! L—p0,"V1—-p /0,
T2 9 n2/2 9 n1/2
— exp( 2 ) 1—Q p_ T2 , ! , (3.1.5)
0> 1=pO, ' V1—p+O

where Q1(+, ) is the first order Marcum’s Q-function. Then the bivariate survival

function for DBW can be found using:

SXl,Xz(xbx?) =1- FXl (xl) - FX2<I2) + FX1,X2(:E17'T2)'

Therefore the bivariate survival function is as follows:

—z 5 gm/? 2p aM/?
IS ’ _ 1 1— 2__ 1
sl ) “”p( Z )[ Ql( LoV V=0 Vo

N2 2 n2/2 2 m/2
+ exp ( ;2 ) o ( P %2 %1 . (3.1.6)
2

L—p V0, V1—p O
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The conditional distributions can be obtained by using the joint density and the

marginal densities. The PDF's of the conditional distributions of X; given Xy, = x5

and X, given X; = x1, respectively are given by:

m—1

m ,.Mm2\1/2
Prapeamen () = GHT—seap ((As + A2)} I (%) 00 (317)

and,

n2—1

n,.m2\1/2
Fraon(a2) = goi—seap {=(Bi + B)} (%) >0 (318)

where
1 m 12 1 12 m
A1:1—x_1’ =% g =" ad By= -
—,061 1—p92 1—p92 1—p@1

Similarly, if (X1, Xo) ~ DBW (n, 01,12, 04, p), expressions for the CDFs of the

conditional distributions of X; given X5 = x9, and Xy given X; = x; are given by:

1
FXl\XQ:xQ(x1> = Alexp(—Ag)/ 61’])(-14115)]0(2 AlAQt))dt, (319)
0
and

1
FX2|X1:x1 (ZEQ) = Blexp(—Bz)/ e:pp(—Blt)]O(Q BlBQt))dt, (3110)
0

repectively.
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Finally, the dependence parameter p captures the dependence between X; and Xs.
But p does not refer to Pearson’s correlation coefficient between X; and X, for the
DBW distribution. For (X3, X5) ~ DBW (11,601,152, 65, p), X1 and X, are independent
if and only if p = 0. When 0 < p < 1, X; and X5 are correlated. The product-moment

correlation coefficient (PMC) of X; and X, of the DBW distribution is given by:

F<1+n—11>F<1+n—12> [(1—p)1+ﬁ+72>< 2F1<1 n_11’1+n_12; ;p)—l}

0y re ) {r(ea)y

(3.1.11)

where o F] (-, ) is the generalized hypergeometric function.

The generalized hypergeometric function can be obtained as:

E (X'l”llX;TQ) _ (1 . p)1+711+n—2291ﬂ1 62712 T (1 + @) T (1 + %)
T

o F (1 gy e 1;p> . (3.1.12)
m Upi

The product-moment correlation is a measure of the linear association between
two variables X; and X5. The Eq.3.1.11 for PMC clearly indicates that it depends
only on the shape parameters, n; and 7y, and the dependence parameter, but not on
the scale parameters, 6; and 6,. This means that the scale parameters do not affect
the correlation coefficient for the DBW distribution. Therefore, while PMC can still
be used to measure the association between X; and X, for the DBW distribution, it
is important to note that it is not the same as the correlation coefficient. Instead, the
correlation coefficient should be calculated directly from the joint distribution of X;

and X, which is given by the DBW bivariate distribution.
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3.2 Data Description

3.2.1 Bivariate data generation

In this scenario, unit/individuals are considered to experience two dependent competing
risks. The time to failure for an individual under these risks, denoted as (X;, X3), are

assumed to follow a bivariate Weibull distribution known as the Downton’s bivariate

Weibull (DBW) distribution. The parameters of this distribution are 7y, 01, 72, 0, and
p. To generate bivariate data observations (x1, z5), we utilize the DBW (11, 01, 12,02, p)

distribution.

Davies, Mitra and Volterman(submitted) describe the process of generating random

variables from the distribution(when 0 < p < 1) as follows:

STEP 1: Generate x; from Weibull(7, 6;).

1

n
STEP 2: Transform z; into z;, where z; = ﬁ%.

STEP 3: Generate zy from the conditional distribution with CDF
Fry 2122 (22) = zoexp(—21) fol exp(—2at) [o(2v/ 2122t dL .

STEP 4: Obtain xy using the transformation xy = (f2(1 — p)zo)/™.

The above algorithm should only be used when 0 < p < 1. For p =0, x; and x5

can be generated directly from their respective marginal distributions.

3.2.2 Data description

In a lifetime experiment where a unit/individual can experience an event with
two dependent competing risks. Let us consider n subjects and assume that the

units/individuals do not experience both risks simultaneously. In this scenario, the n



3.2. DATA DESCRIPTION 33

subjects will be considered as complete data. Also suppose that the times to failure

of a subject under these risks, (X1, X3), follows a DBW distribution with parameters

(927 0177]17772710)'

For a competing risks model, we define Y = min(X;, X3) as the time to the first

failure (latent failure model), and the observations will be in the following form:

D ={(y,67),- - s (Yny00)}

where y; = min(z1;, v9;) is the observed minimum time of failure for the i subject,
and 0] is the corresponding event indicator for specifying the causes of failure. The
observed failure time y; is informative for both risks. The competing risks model
includes two types of failures: type 1, which occurs when xq; < 9;, and type 2, which

occurs when wo; < 1;. Then the 0] will represent as:

5 — 1 Zf Ti1 < T;9
’ 20f 1 > T

To estimate the parameters of the bivariate DBW distribution and perform
inference, the joint likelihood function of the observed data D needs to be maximized.
However, the joint likelihood function (as shown in the next chapter), involves a
complex integral that is analytically intractable. Hence, numerical methods can be

used to estimate the parameters and here will be discussed.



34

CHAPTER 3. MODEL AND DATA DESCRIPTION



Chapter 4

Likelihood inference

The likelihood function of the bivariate competing risks model introduced by

( ) can be utilized for the purpose of dependency between multiple competing risks.
In their work, ( ) present a likelihood inference approach
for the bivariate Weibull distribution introduced by ( ). The
method involves the use of the likelihood function of the bivariate competing risks
model introduced by ( ), which is applied to the Marshall-Olkin bivariate
Weibull distribution. The obtained likelihood function of the bivariate competing risks

model with lifetime random variables X and Y are as follows:

- 5 0 %1 0 di2
Lo H [fX,Y (t:m'; tyz)] 0 _8_ZESX’Y (.I, y) |Z=tzi,y=tyi:| |:_a_ySX,Y (ZL’, y) |m:tzi:y:tyi
=1

X [Sxy (txz‘,tyi)]liaioféﬂfm , (4.0.1)

where fxy(-,-) is a joint probability density function (PDF) and Sxy(-,-) is a joint
survival function corresponding to fxy(:,-) ; also, d;; , j = 0,1,2 are event indicators
for specifying the causes of failure and ¢ = 1,...,n are number of individuals in the

sample. Here, j = 1 indicates type 1 cause of failure, which occurs when x < y, and
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J = 2 is the type 2, which occurs when y < z. j = 0 is the tie case when z = y. The
approach presented by ( ) provides a useful framework

for analyzing lifetime data under the DBW distribution.

4.1 Inference based on complete bivariate data

Based on observed bivariate data, maximum likelihood estimates (MLEs) for the
parameters of the DBW distribution will be obtained considering the complete data
case. We consider a bivariate competing risks model in which two random variables
X1, X5 indicate the time to failure under the first and second risks, respectively and

(X1, Xs) follows a DBW (ny, 61,m2, 62, p) distribution.

Using the Eq.4.0.1, the joint likelihood function for the dependent competing risks

model for the complete dataset can be rewritten as:

m 8 62‘1 a 61‘2
L x H |:—a—xlSX1,X2 (5E17I2) (yizyi):| |:_a—$2$)(1,)(2 (%1, :L'g) (y3,y4) (4.1.1)

where the two terms are the probabilities of the failure of a subject by the first and
second risks at y; respectively. Also, d;;, j = 1,2 are event indicators for specifying

the causes of failure.

Since the DBW distribution assumes no ties, the likelihood function expressed
in Eq.4.1.1 only considers the non-tied observations. Any tied observations would
need to be dealt with separately, using methods such as tied failure time models. In
the context of the bivariate competing risks model with DBW distribution, ignoring
the tied observations in the likelihood function is a valid approach since it simplifies

the computation and the likelihood can still be maximized to obtain the MLEs of
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the parameters. However, it is important to note that ignoring tied observations can
potentially lead to biased estimation if the proportion of tied observations is large.
In such cases, it may be more appropriate to use methods that can handle tied data
or to ensure that the sample size is sufficiently large so that the proportion of tied

observations is negligible.

To simplify the analysis, the joint survival function Eq.3.1.6 is rewritten in a new

form as follows:

m

Sx1.x, (1, 2) = exp (_;11 ) [1 — Q1 (Ax;n/Q, erfl/2>]

712

+ exp (_022 ) Q1 <C’x§2/2, Dx;”ﬂ) (4.1.2)

where

B 2 _ 2p _ 2p an _ 2
Voo PV amge CT\ampe M P a e

The first term of the likelihood function in Eq.4.1.1 can be obtained by differentiating

the bivariate survival function for DBW in Eq.4.1.2 by x;. Then, the partial derivative

of Sx, x, (%1, 2) |(y.4:) With respect to x; is obtained as:

9 —
8_SX1,X2 (1717 IQ) (yiryi) — _Ex?l_lexp < i > [1 - <Axg2/27 Bx;nﬂ)}
X1 1

—zy' 9 n2/2 o m/2
—exrp < 91 ) |:a_l'1Q1 (A.ZUQ ,BCC'l > (413)

_ N2
+exp< 2 ) [in (C’x7272/2,Dx7171/2>} .

81’1
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( ) obtained the partial differentials of Marcum’s @ function. As the
article describes, the obtained partial derivative of Q1 (a,b) with respect to a can be

delivered by:

8 b 2 2
%Ql(a; b) =a <a> e*(a +b )/2[1(Gb),

where [;(2) is the Bessel function of the first kind.

Then the partial derivative of Q;(a,b) with respect to b is given by:

%Ql(a, b) = —be @)/ (ab)

Referencing the above to equations, the partial derivative of ()¢ (Ax7272/ 2, B:U?l/ 2)

with respect to x; can be obtained as:

0 B? 1
a—lel <A$22/2,Bx7171/2> = ——2771 x?lflexp [—5 (AZxQQ + Bzx?l)] I <Ax7272/23x7171/2) .

(4.1.4)

Similarly, the partial derivative of Q; (ng"’/ 2 D™ 2) with respect to x; can be

generated as:

0 D? 1
a—IlQl (C’:L‘gz/Q,Dx?ﬂ) = __2771 x?rlexp l_i (C%ZQ + D%?l)} I (C’x;72/2Dx71”/2> .
(4.1.5)

The partial derivative of Sx, x, (21, %2)

(yi,ys) With respect to @ is derived to obtain

the second term of the likelihood function in Eq.3.3.2.
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0 —z 0
7SX17X2 (I17I2) |(yi,yi) = —exp ( : ) |: Ql (Ax1272/27 BI¥1/2>:|

O 01 ) |Oxs
_m
—@xgrlexp < o > o (C]?;D/z, Dx?lm) (4.1.6)
0o 0,
_LUUZ a
—|—e:rp( 012 ) {8_@@1 (C$7272/2,Dx7171/2>:| :

The partial derivative of )y (Ax;”/ 2, Bm?l/ 2) with respect to x4 is given by:

8%@1 <A$22/2,Bx?1/2> —
2

. ABnp

_ 1
5 x?lﬂx;”ﬂ Yexp [—5 (A2 + B2x7171)] I (Ax22/2Bx§“/2> .

(4.1.7)

Similarly, the partial derivative of (), (Cx;h/ 2, D:zc?lh/ 2) with respect to zo can be

generated as:

_CDny

9
Q1 (Cap?, Da ) = ——

_ 1
B x?1/2a:7272/2 Yexp {—5 (C?x + DQx?I)] I (ngzpD:U?lﬂ) .
2

(4.1.8)

Finally, all these expressions can be used in deriving the likelihood function for
the DBW distribution. Ideally, upon establishing the likelihood function expression
for the maximum likelihood estimators(MLES) can be produced. Clearly, however,
the likelihood function involves complex integrals that are analytically rebellious to
deal with. Therefore, as mentioned earlier it is more reasonable to consider numerical

optimization methods to compute the maximum likelihood estimates.
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The maximum likelihood estimates of the unknown parameters can be computed
by maximizing the logarithm of the likelihood function for the complete dataset. In
order to maximize the logarithm of the likelihood function numerically in R, initial

values of the parameters are required.

4.2 Choice of initial values

To obtain maximum likelihood estimates (MLEs) of the parameters in a statistical
model, one typically needs to provide initial values for the algorithm to start searching
for the optimal values. However, choosing appropriate initial values can be a challenging
task. In this context, a method for selecting initial parameter values is proposed by
Davies, Mitra, and Volterman (submitted) based on the observation that the marginal

distribution of one of the variables does not depend on certain parameters.

More specifically, if we consider the DBW model where the marginal distribution
of X7 does not depend on parameters f; and 7o, then we can compute closed-form
initial values for those parameters. The same applies if the marginal distribution of
X5 does not depend on #; and n;. These initial values can be obtained by solving
the corresponding equations that express the marginal distribution in terms of the

parameters of interest.

When X follows a Weibull distribution with the PDF as given in Eq.3.1.2,
"
i) = Laeay (—%)

where x > 0, 7 > 0 and 6 > 0.

If we let Z = logX, then the PDF of Z can be derived as follows. Using the

transformation of variables formula for probability density functions, we have:
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fz(z) = %e:cp KZ ; M) — exp <z ; M)] (4.2.1)

where z is any real number, p is the location parameter, and o is the scale

parameter, and

1 1
= —1logd and o= —.

n U]
Eq.4.2.1 is the PDF of an extreme-value distribution, specifically the Gumbel
distribution. The Gumbel distribution is a two-parameter distribution that is commonly
used in extreme value analysis. It is often used to model the distribution of the

maximum or minimum of a large number of samples from a distribution.

In this parameterization, the expected value of the extreme value distribution is:
E(Z)=p+~o

and the variance is:

2

Var(Z) = %02,

where v ~ 0.5772 is Euler’s constant.

The given results and relations can be used to obtain approximate estimates
for the population parameters by equating the population moments with sample
quantities and transforming them back. The estimates for the parameters, namely

0., 02, n1, and ny, can be obtained as:

~1
6

0, =exp | z <£SZ> +
T
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and

where ¢ = 1,2. Here z; = log(x;) and s; is the standard deviation of z;.

For the DBW distribution, the dependence parameter p, as noted earlier, is not
the same as Pearson’s correlation coefficient, although the latter can be used as an
initial value for p. By using the sample Pearson’s correlation coefficient as an initial
value, one can incorporate the dependence structure of the data into the optimization
process. This approach works efficiently in practice as the sample Pearson’s correlation

coefficient provides a good approximation of the true dependence structure.

Monte Carlo simulation studies have shown that using the sample Pearson’s
correlation coefficient as an initial value helps in finding the global maximum of the
likelihood function. It is worth noting that this approach is not guaranteed to work in
all cases, and in some cases, more sophisticated initialization methods may be required.
Nonetheless, it is a simple and effective approach that can be used as a starting point

for optimizing the likelihood function for the DBW distribution.

This method can be particularly useful when dealing with complex models with
several parameters, as it provides a systematic way of obtaining initial values that can
lead to faster convergence and more reliable MLEs. However, it is important to keep
in mind that these initial values are only a starting point and that the optimization
algorithm may still need to explore a large parameter space before finding the optimal
values. Therefore, it is we use different initial values and check the sensitivity of the

results to ensure the robustness of the method.

Once initial values are found, we choose to use the function ‘optim’, which is an

inbuilt function in R. We specify the method as "BFGS" which was developed by
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( ). The "BFGS" method is a type of quasi-Newton optimization algorithm,
which is commonly used in optimization problems for its efficiency and ability to

handle a wide range of functions.

By providing appropriate initial values and the associated log-likelihood function,
‘optim’uses a quasi-Newton method to iteratively search for the parameter values
that maximize the log-likelihood function. Along with the estimated parameter values,
‘optim’ also provides the value of the log-likelihood function at these parameter values
and a convergence code indicating whether the optimization algorithm has successfully
converged. Therefore, the estimated parameter values obtained through ‘optim’ are
the MLEs that maximize the likelihood function for a given data and are of great

interest in our statistical inference approach.
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Chapter 5

Numerical results

5.1 Simulation study

Monte Carlo simulation is one of the popular methods for evaluating the performance
of statistical methods, such as maximum likelihood estimators (MLEs), under different
parameter settings and sample sizes. In this study, we carried out a Monte Carlo
simulation study to evaluate the performance of the MLEs of parameters 6, 65, ny,
7o and p. Without loss of generality, the scale parameters ¢; and 6, of the DBW
distribution are fixed at unity. We investigate the effect of varying the shape parameters
11 and 79 and the dependence parameter p on the performance of the MLEs. Since the
shape parameter is constrained to the positive real line, 7, and 7, parameters are set
at 0.5,1.0,1.5 and 2.0 for the simulations. The dependence parameter is constrained
to be between 0 and 1. Then p is taken as 0.25 (small), 0.5 (moderate), and 0.75
(high). The specific shape parameter settings were selected in the same way described
in Section 2.1.1, while dependence parameter settings are chosen to represent lower,
middle and upper levels between the constraints. Each of these setting combinations
are then repeated for four different sample sizes namely n = 20, 50, 100, and 200.

Each simulation was performed with 1000 replications using the R software. In each

45
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replication, we generated a random sample from the DBW distribution with the
specified parameter values and sample size. We then used the MLEs to estimate
the parameter values from the sample and recorded the estimated values and the

associated standard errors.

The random samples of observations from the DBW distribution are generated
through the algorithm described in Section 3.2.1. The generated lifetimes of the
observations (x1, zy) are then categorized under two competing risks. The competing
risks in this case are considered dependent. Finally, the observations used in the
competing risk model of the simulations are obtained as y; = min(zy,zy), where
(1t =1,...,n). Numerical MLEs were then obtained using the direct optimization of
the log-likelihood function. The likelihood function is generated as the description of
Section 4.1. In this study, we use the R programming language to compute the MLEs
using the ‘optim()’ function, which is a generic optimization function that can be
used to minimize or maximize a function. By default ‘optim’ performs minimization,
therefore in the purpose of maximization of the log-likelihood function, it is transformed
to a negative log-likelihood function. The initial values of the parameters required for

the optimization were generated based on the method described in Section 4.2.

One challenge that is often faced in numerically calculating MLEs is in the context
of constrained parameter spaces. To overcome this, one may consider a transformation
that transforms the parameter space into the entire real line. One such transformation
is the log. For example, if one needs to find the MLE of theta where 6 > 0, one may
write the likelihood (log-likelihood) as a function of 8* = log(0), and find the MLE of
0*, and then by the invariance property of MLESs, one can easily find the MLE of 6. In
our case we transformed 6y, 6, n; and 7, using log transformation and dependence

parameter p was transformed by logit tranformation.
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The performance of the MLEs is evaluated using several measures, such as the
mean bias, root mean squared error (RMSE), and coverage probability (CP) of the
estimated parameters. The mean bias measures the difference between the true
value of a parameter and its estimated value averaged over the replications. The
RMSE measures the average magnitude of the differences between the true value of a
parameter and its estimated value. The CP measures the proportion of times the true
value of a parameter falls within its 95% confidence interval, which is estimated using
the asymptotic normality of the MLEs. After obtaining the MLEs for each dataset,
we computed the Hessian matrix to estimate the Fisher Information and standard

errors of the estimates. The confidence intervals for the estimates were calculated

using the standard errors and then used to calculate CP measures.

The estimates of the parameters and evaluating measures of each parameter setting
are reported in Tables 5.1 through 5.12. The results of the simulation study indicated
that the performance of the MLEs was generally satisfactory for all parameter settings
and sample sizes. Generally, the bias of the estimators was small and decreased as
the sample size increased. The RMSE of the estimators was also small and decreased
as the sample size increased for all the parameter settings. In the case of coverage
probability of the confidence intervals, all the parameters except for p were close to the
nominal level of 95%, indicating that the intervals were well-calibrated. However, for
p = 0.25 value settings (which represents the lower set of p values) showed considerable
difference in CP compared to the nominal level. Increasing the sample size indicates an
improvement in the CP and increases reasonably closer to the nominal level. Overall,
the simulation study demonstrates MLEs perform well in estimating the parameters

of the DBW distribution, across a wide range of simulated scenarios.
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Table 5.1: Estimates, mean bias, root mean square error (RMSE) and coverage
probability (CP) for dependent competing risk model parameters using direct
optimization method with #; = 6, = 1.0, n; = 1, = 0.5 and p = 0.25 for each
sample size (n)

n | Parameter | True Value | Estimate | Mean Bias | RMSE | 95% CP
0, 1.00 1.0264 0.0264 0.3044 | 0.986
0y 1.00 1.0022 0.0022 0.3013 | 0.983
20 ™ 0.50 0.5493 0.0493 0.1548 | 0.964
Mo 0.50 0.5449 0.0449 0.1486 | 0.966
p 0.25 0.2977 0.0477 0.2057 | 0.635
0, 1.00 1.0004 0.0004 0.1859 | 0.987
0y 1.00 1.0284 0.0284 0.1959 | 0.992
50 i 0.50 0.5186 0.0186 0.0866 | 0.969
Mo 0.50 0.5163 0.0163 0.0885 | 0.967
P 0.25 0.2697 0.0197 0.1739 | 0.656
0, 1.00 1.0052 0.0052 0.1186 | 0.996
0y 1.00 1.0105 0.0105 0.1202 | 0.998
100 M 0.50 0.5059 0.0059 0.0512 | 0.989
o 0.50 0.5041 0.0041 0.0495 | 0.987
p 0.25 0.2417 -0.0083 0.1445 | 0.778
0, 1.00 1.0150 0.0150 0.0942 | 0.998
0y 1.00 1.0067 0.0067 0.0917 | 0.999
200 i 0.50 0.4998 -0.0002 0.0383 | 0.992
Mo 0.50 0.5017 0.0017 0.0409 | 0.978
p 0.25 0.2356 -0.0144 0.1197 | 0.829
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Table 5.2: Estimates, mean bias, root mean square error (RMSE) and coverage
probability (CP) for dependent competing risk model parameters using direct
optimization method with 8, = 6 = 1.0, 71 = 1o = 0.5 and p = 0.5 for each

sample size (n)

n | Parameter | True Value | Estimate | Mean Bias | RMSE | 95% CP
0, 1.00 1.0563 0.0563 0.3254 | 0.985
0y 1.00 1.0328 0.0328 0.3053 | 0.978
20 T 0.50 0.5406 0.0406 0.1369 | 0.968
Mo 0.50 0.5343 0.0343 0.1299 | 0.979
p 0.50 0.4537 -0.0463 0.2197 | 0.621
0, 1.00 1.0236 0.0236 0.1845 | 0.991
0, 1.00 1.0422 0.0422 0.1863 0.994
50 m 0.50 0.5144 0.0144 0.0816 | 0.975
M2 0.50 0.5156 0.0156 0.0827 | 0.976
P 0.50 0.4646 -0.0354 0.1804 | 0.734
0, 1.00 1.0142 0.0142 0.1201 0.996
0y 1.00 1.0199 0.0199 0.1247 | 0.994
100 T 0.50 0.5041 0.0041 0.0509 | 0.980
M2 0.50 0.5019 0.0019 0.0478 | 0.992
p 0.50 0.4481 -0.0519 0.1613 | 0.867
0, 1.00 1.0274 0.0274 0.0990 | 0.999
0y 1.00 1.0230 0.0230 0.0978 | 0.996
200 m 0.50 0.4999 -0.0001 0.0371 0.982
Mo 0.50 0.4997 -0.0003 0.0397 | 0.982
p 0.50 0.4536 -0.0464 0.1343 | 0.899
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Table 5.3: Estimates, mean bias, root mean square error (RMSE) and coverage
probability (CP) for dependent competing risk model parameters using direct
optimization method with #; = 6, = 1.0, n; = 1, = 0.5 and p = 0.75 for each
sample size (n)

n | Parameter | True Value | Estimate | Mean Bias | RMSE | 95% CP
0, 1.00 1.0655 0.0655 0.3152 | 0.987
0y 1.00 1.0490 0.0490 0.3028 | 0.987
20 T 0.50 0.5391 0.0391 0.1313 | 0.978
Mo 0.50 0.5362 0.0362 0.1309 | 0.976
p 0.75 0.6509 -0.0991 0.1880 | 0.724
0, 1.00 1.0234 0.0234 0.1730 | 0.995
0y 1.00 1.0320 0.0320 0.1725 | 0.998
50 m 0.50 0.5133 0.0133 0.0764 | 0.975
M2 0.50 0.5148 0.0148 0.0780 | 0.971
P 0.75 0.6802 -0.0698 0.1467 | 0.840
0, 1.00 1.0183 0.0183 0.1238 | 0.997
0y 1.00 1.0234 0.0234 0.1259 | 0.996
100 T 0.50 0.5063 0.0063 0.0496 | 0.978
M2 0.50 0.5051 0.0051 0.0477 | 0.983
p 0.75 0.6817 -0.0683 0.1299 | 0.891
0, 1.00 1.0203 0.0203 0.0899 | 0.995
0y 1.00 1.0186 0.0186 0.0882 | 0.996
200 m 0.50 0.5034 0.0034 0.0344 | 0.968
Mo 0.50 0.5018 0.0018 0.0349 | 0.982
p 0.75 0.6952 -0.0548 0.1046 | 0.901
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Table 5.4: Estimates, mean bias, root mean square error (RMSE) and coverage
probability (CP) for dependent competing risk model parameters using direct
optimization method with #; = 6, = 1.0, n; = 172 = 1.0 and p = 0.25 for each

sample size (n)

n | Parameter | True Value | Estimate | Mean Bias | RMSE | 95% CP
0, 1.00 1.0229 0.0229 0.3000 | 0.985
0y 1.00 0.9970 -0.0030 0.2979 | 0.984
20 T 1.00 1.0982 0.0982 0.3099 | 0.961
Mo 1.00 1.0909 0.0909 0.2968 | 0.963
p 0.25 0.3089 0.0589 0.1783 | 0.681
0, 1.00 0.9877 -0.0123 0.1824 | 0.983
0y 1.00 1.0117 0.0117 0.1859 | 0.993
50 m 1.00 1.0451 0.0451 0.1776 | 0.964
M2 1.00 1.0410 0.0410 0.1788 | 0.967
P 0.25 0.2891 0.0391 0.1358 | 0.717
0, 1.00 0.9980 -0.0020 0.1130 | 0.996
0y 1.00 1.0027 0.0027 0.1149 | 0.998
100 T 1.00 1.0152 0.0152 0.1036 | 0.985
7o 1.00 1.0121 0.0121 0.0987 0.991
p 0.25 0.2710 0.0210 0.1078 | 0.817
0, 1.00 1.0025 0.0025 0.0876 | 0.998
0y 1.00 0.9947 -0.0053 0.0853 1.000
200 m 1.00 1.0069 0.0069 0.0787 | 0.984
Mo 1.00 1.0105 0.0105 0.0837 | 0.977
p 0.25 0.2658 0.0158 0.0800 | 0.874




52

Table 5.5: Estimates, mean bias, root mean square error (RMSE) and coverage
probability (CP) for dependent competing risk model parameters using direct
optimization method with 8, = 6 = 1.0, 71 = 1 = 1.0 and p = 0.5 for each

sample size (n)
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n | Parameter | True Value | Estimate | Mean Bias | RMSE | 95% CP
0, 1.00 1.0475 0.0475 0.3093 | 0.982
0y 1.00 1.0226 0.0226 0.2933 | 0.985
20 T 1.00 1.0826 0.0826 0.2786 | 0.967
Mo 1.00 1.0708 0.0708 0.2624 | 0.974
p 0.50 0.4812 -0.0188 0.1679 | 0.694
0, 1.00 1.0009 0.0009 0.1718 | 0.994
0y 1.00 1.0192 0.0192 0.1677 | 0.987
50 m 1.00 1.0365 0.0365 0.1619 | 0.963
M2 1.00 1.0400 0.0400 0.1682 | 0.956
p 0.50 0.4963 -0.0037 0.1179 | 0.822
0, 1.00 1.0034 0.0034 0.1136 | 0.993
0y 1.00 1.0088 0.0088 0.1168 | 0.991
100 M 1.00 1.0121 0.0121 0.1029 0.971
M2 1.00 1.0078 0.0078 0.0956 | 0.984
p 0.50 0.4930 -0.0070 0.0934 | 0.867
0, 1.00 1.0086 0.0086 0.0880 | 0.997
0y 1.00 1.0032 0.0032 0.0863 | 0.996
200 m 1.00 1.0089 0.0089 0.0756 | 0.973
Mo 1.00 1.0092 0.0092 0.0805 | 0.965
p 0.50 0.4974 -0.0026 0.0674 | 0.931
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Table 5.6: Estimates, mean bias, root mean square error (RMSE) and coverage
probability (CP) for dependent competing risk model parameters using direct
optimization method with #; = 6, = 1.0, n; = 17, = 1.0 and p = 0.75 for each
sample size (n)

n | Parameter | True Value | Estimate | Mean Bias | RMSE | 95% CP
0, 1.00 1.0593 0.0593 0.3117 | 0.986
0y 1.00 1.0388 0.0388 0.2963 | 0.983
20 T 1.00 1.0795 0.0795 0.2650 | 0.974
Mo 1.00 1.0758 0.0758 0.2639 | 0.972
p 0.75 0.6784 -0.0716 0.1308 | 0.744
0, 1.00 1.0087 0.0087 0.1616 | 0.993
0y 1.00 1.0176 0.0176 0.1606 | 0.993
50 m 1.00 1.0239 0.0239 0.1463 | 0.970
7o 1.00 1.0265 0.0265 0.1444 0.972
P 0.75 0.7084 -0.0416 0.0864 | 0.864
0, 1.00 1.0075 0.0075 0.1175 | 0.996
0y 1.00 1.0129 0.0129 0.1179 | 0.994
100 T 1.00 1.0150 0.0150 0.1006 | 0.968
M2 1.00 1.0120 0.0120 0.0962 | 0.976
p 0.75 0.7193 -0.0307 0.0654 | 0.909
0, 1.00 1.0073 0.0073 0.0803 | 0.997
0y 1.00 1.0052 0.0052 0.0782 | 0.998
200 m 1.00 1.0074 0.0074 0.0657 | 0.973
Mo 1.00 1.0056 0.0056 0.0680 | 0.978
p 0.75 0.7305 -0.0195 0.0448 | 0.938
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Table 5.7: Estimates, mean bias, root mean square error (RMSE) and coverage
probability (CP) for dependent competing risk model parameters using direct
optimization method with #; = 6, = 1.0, n; = 17, = 1.5 and p = 0.25 for each

sample size (n)

CHAPTER 5. NUMERICAL RESULTS

n | Parameter | True Value | Estimate | Mean Bias | RMSE | 95% CP
0, 1.00 1.0222 0.0222 0.3002 | 0.985
0y 1.00 0.9978 -0.0022 0.2983 | 0.982
20 T 1.50 1.6474 0.1474 0.4665 | 0.964
Mo 1.50 1.6346 0.1346 0.4458 | 0.963
p 0.25 0.3060 0.0560 0.1660 | 0.667
0, 1.00 0.9868 -0.0132 0.1823 | 0.985
0y 1.00 1.0115 0.0115 0.1860 | 0.994
50 m 1.50 1.5673 0.0673 0.2694 | 0.966
M2 1.50 1.5593 0.0593 0.2711 0.966
P 0.25 0.2834 0.0334 0.1235 | 0.732
0, 1.00 0.9984 -0.0016 0.1129 | 0.996
0y 1.00 1.0032 0.0032 0.1150 | 0.998
100 T 1.50 1.5225 0.0225 0.1558 | 0.984
M2 1.50 1.5175 0.0175 0.1485 | 0.991
p 0.25 0.2671 0.0171 0.0948 | 0.799
0, 1.00 1.0040 0.0040 0.0875 | 0.997
0y 1.00 0.9962 -0.0038 0.0849 | 0.999
200 m 1.50 1.5082 0.0082 0.1200 | 0.983
Mo 1.50 1.5143 0.0143 0.1266 | 0.975
p 0.25 0.2604 0.0104 0.0697 | 0.875
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Table 5.8: Estimates, mean bias, root mean square error (RMSE) and coverage
probability (CP) for dependent competing risk model parameters using direct
optimization method with 8, = 6 = 1.0, 71 = 1 = 1.5 and p = 0.5 for each

sample size (n)

n | Parameter | True Value | Estimate | Mean Bias | RMSE | 95% CP
0, 1.00 1.0466 0.0466 0.3039 | 0.991
0y 1.00 1.0223 0.0223 0.2927 | 0.987
20 T 1.50 1.6207 0.1207 0.4177 | 0.969
Mo 1.50 1.6061 0.1061 0.3941 0.968
p 0.50 0.4778 -0.0222 0.1540 | 0.714
0, 1.00 0.9993 -0.0007 0.1697 | 0.988
0y 1.00 1.0184 0.0184 0.1665 | 0.988
50 m 1.50 1.5540 0.0540 0.2419 | 0.965
M2 1.50 1.5562 0.0562 0.2503 | 0.954
P 0.50 0.4887 -0.0113 0.1055 | 0.829
0, 1.00 1.0044 0.0044 0.1137 | 0.997
0y 1.00 1.0097 0.0097 0.1167 | 0.994
100 T 1.50 1.5171 0.0171 0.1547 | 0.974
M2 1.50 1.5110 0.0110 0.1436 | 0.983
p 0.50 0.4872 -0.0128 0.0798 | 0.881
0, 1.00 1.0091 0.0091 0.0882 | 0.997
0y 1.00 1.0050 0.0050 0.0867 | 0.997
200 m 1.50 1.5114 0.0114 0.1158 0.968
Mo 1.50 1.5109 0.0109 0.1214 | 0.966
p 0.50 0.4893 -0.0107 0.0574 | 0.931
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Table 5.9: Estimates, mean bias, root mean square error (RMSE) and coverage
probability (CP) for dependent competing risk model parameters using direct
optimization method with #; = 6, = 1.0, n; = 1, = 1.5 and p = 0.75 for each

sample size (n)

CHAPTER 5. NUMERICAL RESULTS

n | Parameter | True Value | Estimate | Mean Bias | RMSE | 95% CP
0, 1.00 1.0584 0.0584 0.3101 0.982
0y 1.00 1.0402 0.0402 0.2993 | 0.983
20 T 1.50 1.6213 0.1213 0.3990 | 0.967
Mo 1.50 1.6090 0.1090 0.3946 | 0.971
p 0.75 0.6750 -0.0750 0.1238 | 0.755
0, 1.00 1.0085 0.0085 0.1605 | 0.996
0y 1.00 1.0172 0.0172 0.1603 | 0.994
50 m 1.50 1.5353 0.0353 0.2174 | 0.969
M2 1.50 1.5382 0.0382 0.2150 | 0.972
P 0.75 0.7030 -0.0470 0.0804 | 0.883
0, 1.00 1.0077 0.0077 0.1175 | 0.997
0y 1.00 1.0140 0.0140 0.1180 | 0.994
100 T 1.50 1.5210 0.0210 0.1519 | 0.964
M2 1.50 1.5167 0.0167 0.1445 | 0.972
p 0.75 0.7140 -0.0360 0.0599 | 0.926
0, 1.00 1.0078 0.0078 0.0800 | 0.997
0y 1.00 1.0055 0.0055 0.0779 | 0.998
200 m 1.50 1.5106 0.0106 0.0986 | 0.971
Mo 1.50 1.5081 0.0081 0.1025 | 0.975
p 0.75 0.7233 -0.0267 0.0425 | 0.940
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Table 5.10: Estimates, mean bias, root mean square error (RMSE) and coverage
probability (CP) for dependent competing risk model parameters using direct
optimization method with #; = 6, = 1.0, n; = 17, = 2.0 and p = 0.25 for each

sample size (n)

n | Parameter | True Value | Estimate | Mean Bias | RMSE | 95% CP
0, 1.00 1.0225 0.0225 0.3003 | 0.985
0y 1.00 0.9986 -0.0014 0.2983 | 0.981
20 T 2.00 2.1957 0.1957 0.6239 | 0.961
Mo 2.00 2.1788 0.1788 0.5948 | 0.959
p 0.25 0.3013 0.0513 0.1595 | 0.657
0, 1.00 0.9889 -0.0111 0.1828 | 0.989
0y 1.00 1.0129 0.0129 0.1858 | 0.996
50 m 2.00 2.0859 0.0859 0.3619 | 0.964
M2 2.00 2.0733 0.0733 0.3645 | 0.968
P 0.25 0.2754 0.0254 0.1179 | 0.730
0, 1.00 0.9997 -0.0003 0.1129 | 0.993
0y 1.00 1.0045 0.0045 0.1152 | 0.994
100 T 2.00 2.0285 0.0285 0.2081 0.985
7o 2.00 2.0218 0.0218 0.1981 0.991
p 0.25 0.2593 0.0093 0.0888 | 0.792
0, 1.00 1.0069 0.0069 0.0880 | 0.998
0y 1.00 0.9990 -0.0010 0.0851 1.000
200 m 2.00 2.0075 0.0075 0.1610 | 0.984
Mo 2.00 2.0156 0.0156 0.1697 | 0.976
p 0.25 0.2517 0.0017 0.0659 | 0.865
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Table 5.11: Estimates, mean bias, root mean square error (RMSE) and coverage
probability (CP) for dependent competing risk model parameters using direct
optimization method with 8, = 6 = 1.0, 71 = 1, = 2.0 and p = 0.5 for each
sample size (n)

n | Parameter | True Value | Estimate | Mean Bias | RMSE | 95% CP
0, 1.00 1.0484 0.0484 0.3056 | 0.993
0y 1.00 1.0239 0.0239 0.2940 | 0.988
20 T 2.00 2.1582 0.1582 0.5569 | 0.967
Mo 2.00 2.1393 0.1393 0.5291 0.974
p 0.50 0.4696 -0.0304 0.1506 | 0.712
0, 1.00 1.0023 0.0023 0.1717 | 0.988
0y 1.00 1.0197 0.0197 0.1682 | 0.994
50 m 2.00 2.0638 0.0638 0.3237 | 0.967
M2 2.00 2.0743 0.0743 0.3358 | 0.949
P 0.50 0.4765 -0.0235 0.1042 | 0.827
0, 1.00 1.0063 0.0063 0.1139 | 0.996
0y 1.00 1.0119 0.0119 0.1173 | 0.996
100 T 2.00 2.0215 0.0215 0.2063 | 0.972
M2 2.00 2.0127 0.0127 0.1918 | 0.983
p 0.50 0.4752 -0.0248 0.0782 | 0.882
0, 1.00 1.0129 0.0129 0.0896 | 0.997
0y 1.00 1.0093 0.0093 0.0877 | 0.999
200 m 2.00 2.0109 0.0109 0.1557 | 0.969
Mo 2.00 2.0066 0.0066 0.1630 | 0.966
p 0.50 0.4759 -0.0241 0.0588 | 0.927
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Table 5.12: Estimates, mean bias, root mean square error (RMSE) and coverage
probability (CP) for dependent competing risk model parameters using direct
optimization method with #; = 6, = 1.0, n; = 17, = 2.0 and p = 0.75 for each
sample size (n)

n | Parameter | True Value | Estimate | Mean Bias | RMSE | 95% CP
0, 1.00 1.0611 0.0611 0.3117 | 0.988
0y 1.00 1.0409 0.0409 0.3001 0.982
20 ™ 2.00 2.1569 0.1569 0.5342 | 0.966
Mo 2.00 2.1458 0.1458 0.5254 | 0.969
p 0.75 0.6669 -0.0831 0.1272 | 0.754
0, 1.00 1.0097 0.0097 0.1611 0.992
0y 1.00 1.0184 0.0184 0.1607 | 0.987
50 i 2.00 2.0472 0.0472 0.2888 | 0.968
Mo 2.00 2.0507 0.0507 0.2853 | 0.969
P 0.75 0.6927 -0.0573 0.0853 | 0.858
0, 1.00 1.0096 0.0096 0.1183 | 0.996
0y 1.00 1.0176 0.0176 0.1200 | 0.994
100 M 2.00 2.0256 0.0256 0.2017 | 0.965
o 2.00 2.0164 0.0164 0.1940 | 0.973
p 0.75 0.7029 -0.0471 0.0656 | 0.915
0, 1.00 1.0094 0.0094 0.0806 | 0.997
0y 1.00 1.0073 0.0073 0.0782 | 0.999
200 i 2.00 2.0126 0.0126 0.1325 | 0.971
Mo 2.00 2.0097 0.0097 0.1377 | 0.974
p 0.75 0.7109 -0.0391 0.0505 | 0.937

In order to evaluate the accuracy of the asymptotic confidence intervals, it is
important to assess the asymptotic normality of the MLEs. The Figures 5.1 to 5.3
showcase the histograms of MLEs for all three levels of dependence parameter p
with 8 = 6, = 1.0 and 1, = 1 = 2.0 settings. The histograms indicate that the
distributions of the MLEs for all parameters are close to normal, indicating that
the asymptotic normality assumption is reasonable. These results were consistent
across all simulation settings considered. The close-to-normal distributions of the
MLESs provide further support for the reliability of the asymptotic confidence intervals

obtained.
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The figures from 5.4 to 5.6 are the histograms of MLEs of transformed data for

the same parameter settings.
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Figure 5.1: Histograms of the MLEs based on complete data when 6; = 6, = 1.0,
m =mn =2.0and p=0.25
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Figure 5.3: Histograms of the MLEs based on complete data when 6; = 6, = 1.0,
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Chapter 6

Illustrative data analysis

In this section, we apply the DBW distribution and our inferential method to two real
datasets to showcase its adaptability in modeling different types of data. The first
dataset we analyze is the car warranty data, which is commonly used for reliability
analysis. We show how the DBW distribution can be used to model the lifetime of
car components and how it can be extended to the two-dimensional warranty model,
which allows for modeling the warranty cost as a function of time and mileage. The
DBW distribution is well-suited for this type of data because of its flexibility and

ability to model both short and long-term failure rates.

The second dataset we analyze is a general bivariate dataset on bone mineral density.
Although this dataset is not lifetime data, we demonstrate how the DBW distribution
can be used to model different types of data. We show how the DBW distribution can
be used to model the joint distribution of two variables, which is useful for analyzing
the relationship between two variables in a multivariate setting. We also demonstrate
how the DBW distribution can be used to model the marginal distributions of each
variable separately, which is useful for understanding the distribution of each variable

individually.

67
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6.1 Car Warranty Data

A two-dimensional warranty is often offered with a variety of products, such as
heavy-duty machines, industrial equipment, and automobiles, which considers both
the age and usage of the product when evaluating warranty claims. To analyze
reliability data for such products, a suitable approach would be to use a bivariate
distributional model. A two-dimensional warranty model was proposed by

( ), to analyze the car warranty dataset which is used in this work.

The car warranty dataset contains data on the age and mileage of 40 cars, which are
the measurable factors to measure its lifetime. Car age and mileage can be considered
as dependent competing risks in warranty data. When a car is used, both age and
mileage increase and either factor can lead to failure or the need for maintenance. For
example, a car may need a replacement part after being driven a certain number of
miles, or it may need a tune-up after a certain number of years. These two risks are
competing because the car can fail due to either age or mileage, but not both at the
same time. Additionally, age and mileage are dependent because a car that has been
driven frequently will typically be older than a car that has been driven less frequently,
even if both cars were manufactured at the same time. Therefore, it is important to
consider both age and mileage as dependent competing risks when analyzing warranty

data for cars or other vehicles.

Figure 6.1 shows the scatter plot between the car mileage and car age data. The
observed data indicates that the two variables are highly correlated. The correlation
coefficient between the two variables has been calculated to be 0.995 indicating a

strong positive relationship.
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Figure 6.1: Scatterplot of the Age (X;) and Mileage (X5) of cars for the car warranty
data.

Assuming a DBW distribution for the variables car age (X;) and car mileage
(X5), we can estimate the maximum likelihood estimators (MLEs) of the model
parameters based on the given warranty data. The results are summarized in Table
6.1. Additionally, we calculate asymptotic 95% confidence intervals for the parameters.

Table 6.1: Estimated parameters and 95% confidence intervals of the DBW model
based on the warranty data

Parameter | Initial value | Estimate | Confidence Interval
0, 2.045 2.2576 (0.513, 9.940)
0y 1.0604 0.9218 (0.674, 1.260)
™ 0.8671 0.8812 (0.342, 2.267)
Mo 0.7605 0.7885 (0.613, 1.015)
p 0.9167 0.9191 (0.163, 0.998)

To check if the model fit is reasonable, in Figures 6.2 and 6.3 we plot the marginal
survival function as well as the non-parametric estimated survival function, evaluated

at the ordered observed and estimated values, separately for both car age and mileage.
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To assess the validity of the model, it is common practice to compare the survival
functions obtained from the parametric model (which assumes a specific distribution)
with the survival function estimated without any distributional assumptions. By
comparing the patterns of the two survival functions, we can evaluate if they exhibit
similar trends. If the parametric survival function and the non-parametric (empirical)
survival function demonstrate consistent patterns and follow a similar shape, it suggests
that the chosen parametric model adequately captures the underlying distribution of
the data. This comparison allows us to assess the goodness-of-fit of the parametric
model and determine if it provides a reasonable approximation of the true survival
function. Any significant deviations or discrepancies between the two survival functions
may indicate a poor fit of the chosen parametric model to the data, suggesting the

need for alternative modeling approaches or further investigation.
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Figure 6.2: Marginal and estimated survival distributions for car age in warranty data

The comparison between the marginal and estimated survival functions reveals
similar patterns, indicating that the estimated values of the survival function align
well. This observation suggests that the model fit is reasonable, as the estimated

survival probabilities closely resemble the actual survival probabilities.
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Figure 6.3: Marginal and estimated survival distributions for car mileage in warranty
data

6.2 Bone mineral density data

The bone mineral density (BMD) dataset from ( ) consists of

measurements from 24 individuals. Each observation in the dataset includes two

values: X7, representing the BMD of the bone dominant radius before the study, and

X5, representing the BMD after the study.

In the context of competing risks, the BMD before the study and after the study
are considered as the dependent competing risks. These risks are dependent because
the BMD after the study is influenced by the initial BMD before the study. Analyzing
these dependent competing risks allows us to understand the changes in BMD over

time and evaluate the factors affecting BMD progression or regression.

Assuming a DBW distribution for the variables BMD before the study (X;) and
BMD after the study (X3), the maximum likelihood estimates of the model parameters
are generated. Table 6.2 presents the estimated values of the parameters, including

their asymptotic 95% confidence intervals for the estimated parameters.
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Table 6.2: Estimated parameters and 95% confidence intervals of the DBW model
based on the Bone Mineral Density data

Parameter | Initial value | Estimate | Confidence Interval
0, 0.0953 0.0954 (0.028, 0.320)
0y 0.0896 0.0899 (0.028, 0.285)
m 8.3695 8.2446 (5.414, 12.555)
Mo 7.6876 7.8709 (5.440, 11.388)
P 0.6017 0.602 (0.042, 0.981)

In order to evaluate the validity of the model, we analyze the marginal Weibull
survival function and the estimated empirical survival function for the bone mineral
density (BMD) data. We create plots, similar to the ones used for warranty data,
to visualize these functions. These plots, shown in Figures 6.4 and 6.5, display the

evaluated values of the survival functions at the ordered observed and estimated values

of both X; (BMD before the study) and X, (BMD after the study).
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Figure 6.4: Marginal and estimated survival distributions for BMD before the study

By comparing the shapes and patterns of the marginal Weibull survival function
and the estimated empirical survival function, we can assess the reasonableness of the

model. We can visually analyze the agreement between the observed and estimated
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survival probabilities, providing that the model fit is reasonable. Similar trends and

consistency between these two functions indicate a good fit of the model to the BMD

data.
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Figure 6.5: Marginal and estimated survival distributions for BMD after the study
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Chapter 7

Conclusions

This thesis discusses a bivariate Weibull distribution which is widely known as
Downton’s bivariate Weibull (DBW) distribution as a novel approach to modelling
dependent competing risk scenarios. The DBW distribution has been investigated to
explore its significant statistical properties in relation to the dependent competing
risk model. Then, this thesis explores inferences that can be made based on complete
bivariate data for this distribution. We employ a direct optimization technique to

maximize the likelihood function using numerical methods.

In this thesis, we have conducted a simulation study and presented two illustrative
examples to demonstrate the performance of the estimation method. Through these
evaluations, we were able to observe and comment on the effectiveness of these

methods.

During the simulation study, we investigated the behaviour of the estimation
methods under various settings. We found that the method provided reasonable
estimates of the parameter values. However, it became evident that the model fitting
process yielded better results for larger sample sizes compared to smaller ones, which
aligns with our expectations. These findings highlight the importance of considering

the sample size when applying these estimation methods. It is crucial to have an

5
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adequate amount of data to achieve more accurate and reliable parameter estimates.
Additionally, the simulation study allowed us to gain insights into the performance

characteristics and limitations of the estimation methods in different scenarios.

To illustrate the practical application of the proposed methods, we present two
case studies based on real datasets. These case studies serve to provide concrete
examples and demonstrate the effectiveness of the estimation methods in real-world
scenarios. Specifically, our method takes into account different failure statuses of the
units sold under two-dimensional warranty. This generalized methodology provides a
more comprehensive analysis of the two-dimensional warranty data, and allows for

more accurate modeling and estimation of the underlying distribution.

It is worth noting that this method only considers the complete data and does not
take into account any censoring or truncation in the data. Therefore, it may not be

suitable for datasets with right-censored or interval-censored observations.

In the context of the bivariate competing risks model with DBW distribution, we
ignore the tied observations in the likelihood function. However, it is important to
note that ignoring tied observations can potentially lead to biased estimation if the
proportion of tied observations is large in real data. In such cases, it may be more
appropriate to ensure that the sample size is sufficiently large so that the proportion

of tied observations is negligible.

Finally, in this study, our focus was primarily on analyzing complete data within
the framework of the proposed model. However, there are opportunities for future
research to extend our inference procedures to incorporate different forms of censoring,
such as right censoring and progressive censoring. Also, the work in this thesis could
be extended to look at alternative distributions to model dependent competing risks

data.



APPENDIX

pcondbivweib - Conditional CDF of bivariate weibull (scaled rv’s)

Input(s) - Ay, As : scaled versions of the desired RV’s Ay = 252 /02 % p/(1 — p), A1 = 27 /61/(1 — p)
Output(s) - Fa, |41 = ai(az)

# first function won't work too well for large values so commented

# out pcondbivweib <- function(42, A1){ if(42 <= 0){return(0)}

# phi3alt. fun <- function(t, w, z){exp(w*(1-t))*bessell(2*sqrt(z*t),

# nu = 0, expon.scaled = FALSE)} A2 * exp(-(A1+42)) *
# integrate(phi3alt. fun, 0, 1, w = A2, z = A1 * A2)$value }

pcondbivweib <- function(A2, A1) {
if (A2 <= 0) {

return(0)
}
phi3alt.fun <- function(t, w, z) {
exp(2 * sqrt(z * t) - w *x t - z/w) * besselI(2 * sqrt(z * t), 0,
TRUE)
}
A2 * integrate(phi3alt.fun, O, 1, A2, Al * A2)$value

rcondbivweib - Generates conditional bivariate weibull (scaled rv’s)
Input(s) - A1 A; : vector containing A;, and inititial estimate of Ay (in that order)
Output(s) - Fa,|A1 = ai(az)

rcondbivweib <- function(Al) {
u <- runif(1)
loc.fun <- function(A2, A1, u) {

pcondbivweib (A2, A1) - u

}

uniroot ( loc.fun, 0, 100, -u, 1 -
u, AL, u, 1e-08) $root

rbivweib - Generates bivariate weibull

Input(s) - n : sample size - thetal, theta2, nul, nu2, rho (61, 02, 11, 12, p, respectively) : parameters for
the bivariate weibull

Output(s) - n by 2 matrix whose columns are the 2 correlated samples

rbivweib <- function(n, thetal, theta2, nul, nu2, rho) {

data.out <- matrix(O, 2, n, 1list (NULL, c("x1",
IIX2||)))



data.out[, 1] <- rweibull(n, nul, thetal” (1/nul))

if (rho == 0) {
data.out[, 2] <- rweibull(n, nu2, theta2” (1/nu2))
return(data.out)

}

Al <- data.out[, 1] nul/thetal * rho/(1 - rho)
A2 <- sapply(Al, rcondbivweib)
data.out[, 2] <- (theta2 * A2 * (1 - rho)) " (1/nu2)

data.out

downton.jointpdf - Generates joint probability density function for Downton’s
bivariate Weibull

Input(s) - n : sample size - thetal, theta2, nul, nu2, rho : parameters for the bivariate weibull

Output(s) - numerical output of the bivariate pdf

downton. jointpdf <- function(u, thel, the2, nl, n2, rh) {
x1 <- u[1]
x2 <- u[2]
return(((nl * n2 * x1°(n1 - 1) * x2°(n2 - 1))/thel * the2 * (1 - rh)) *
exp(-(1/1 - rh) * (x1°nl/thel + x2°n2/the2)) * bessell(2 * sqrt(rh *
x1"nl1 * x2°n2)/((1 - rh) * (sqrt(thel * the2))), 0))

marcumq - Compute the generalized Marcum Q function

Input(s) - a, b input arguments, specified as non-negative real numbers. - m order, specified as a positive
integer

library (lmomco)
marcumq <- function(a, b, 1) {

stats: :pchisq(b~2, 2 * m, a~2, FALSE)
}

Define bivariate survival function

downton.bisurv - Generates bivariate survival function for Downton’s bivariate

Weibull

Input(s) - n : sample size - thetal, theta2, nul, nu2, rho : parameters for the bivariate weibull

Output(s) - numerical output of the bivariate survival function

# first function was not defined well so commented out downton.bisurv
# <- function(u,thel,the2,nl,n2,7h) { 1 <- uw[1]; z2 <- u[2]

# return((exp (-x1°ni1/thel)* (1-

# marcumq (sqrt (2/(1-rh))*(z2" (n2/2)/sqrt (the2)),

# sqrt(2*%rh/(1-rh))*(x1~(n1/2)/sqrt(thel)), m = 1))) +

# (exp (-z2°n2/the2)*marcumq (sqrt (2*rh/(1-rh))* (z2"~ (n2/2)/sqrt (the2)),



# sqrt(2/(1-rh))*(x1~(n1/2)/sqrt(thel)), m = 1))) }

downton.bisurv <- function(u, thel, the2, nl, n2, rh) {
x1 <- u[1]
x2 <- u[2]
A <- sqrt(2/((1 - rh) * the2))
B <- sqrt((2 * rh)/((1 - rh) * thel))
C <- sqrt((2 * rh)/((1 - rh) * the2))
D <- sqrt(2/((1 - rh) * thel))
return((exp(-(x17°n1)/thel) * (1 - marcumq(A * (x2°(n2/2)), B * (x1"(nl1/2)),
1))) + (exp(-(x2°n2)/the2) * (marcumq(C * (x2°(n2/2)), D *
(x1"(n1/2)), 1))

# Marcumq equation 1-deferentiated by X1
marcumq.eql.derxl <- function(xl, x2, thel, the2, nl, n2, rh) {
A <- sqrt(2/((1 - rh) * the2))
B <- sqrt((2 * rh)/((1 - rh) * thel))
return(-B * (x1°(n1/2)) * exp(-0.5 * (A2 * x2°(n2) + B"2 * x17(nl1))) *
besselI(B * x1°(nl1/2) * A x x2°(n2/2), 0) * (B/2) * nl * x1°((nl1/2) -
1))

# Marcumq equation2 —-deferentiated by X1
marcumg.eq2.derxl <- function(xl, x2, thel, the2, nl, n2, rh) {
A <- sqrt((2 * rh)/((1 - rh) * the2))
B <- sqrt(2/((1 - rh) * thel))
return(-B * (x1°(n1/2)) * exp(-0.5 * (A"2 * x27(n2) + B"2 * x1°(nl1))) *
besselI(B * x1°(n1/2) * A * x2°(n2/2), 0) * (B/2) * nl1 * x1°((n1/2) -
1))

# Bivariate survival function deferentiated by X1
derxl.bi.sur <- function(u, thel, the2, nl, n2, rh) {
x1 <- ul1]
x2 <- ul2]
A <- sqrt(2/((1 - rh) * the2))
B <- sqrt((2 * rh)/((1 - rh) * thel))
return((((-n1 * x1°(nl - 1))/thel) * (exp(-(x1°nl)/thel) * (1 - marcumq(A *
(x2°(n2/2)), B * (x1~(n1/2)), 1)))) - (exp(-(x1°n1)/thel) *
marcumg.eql.derx1(xl, x2, thel, the2, nl, n2, rh)) + (exp(-(x2°n2)/the2) *
marcumq.eq2.derx1(xl, x2, thel, the2, nl, n2, rh)))

# Marcumq equation 1-deferentiated by X2
marcumq.eql.derx2 <- function(xl, x2, thel, the2, nl, n2, rh) {
A <- sqrt(2/((1 - rh) * the2))



B <- sqrt((2 * rh)/((1 - rh) * thel))

return(B * (x1°(n1/2)) * exp(-0.5 * (A"2 * x27(n2) + B"2 * x1°(nl))) *
besselI(B * x1°(n1/2) * A * x2"(n2/2), 1) * (A/2) * n2 *x x2"((n2/2) -
1))

# Marcumq equation 2-deferentiated by X2
marcumg.eq2.derx? <- function(xl, x2, thel, the2, nl, n2, rh) {
A <- sqrt((2 * rh)/((1 - rh) * the2))
B <- sqrt(2/((1 - rh) * thel))
return(B * (x1°(n1/2)) * exp(-0.5 * (A"2 * x27°(n2) + B"2 * x17°(n1))) *
besselI(B * x1°(n1/2) * A x x2°(n2/2), 1) * (A/2) * n2 * x2°((n2/2) -
)
}

# Bivariate survival function deferentiated by X2
derx2.bi.sur <- function(u, thel, the2, nl, n2, rh) {
x1 <- u[1]
x2 <- ul2]
A <- sqrt((2 * rh)/((1 - rh) * the2))
B <- sqrt(2/((1 - rh) * thel))
return((((-n2 * x2°(n2 - 1))/the2) * (exp(-(x2°n2)/the2) * (marcumq(A *
(x27(n2/2)), B * (x1°(n1/2)), 1)))) - (exp(-(x1°n1)/thel) *
marcumq.eql.derx2(xl, x2, thel, the2, nl, n2, rh)) + (exp(-(x27°n2)/the2) *
marcumq.eq2.derx2(xl, x2, thel, the2, nl, n2, rh)))

Define log and logit transformations with inverse functions

invfunl <- exp

invfun2 <- function(x) {
exp(x)/(1 + exp(x))

3

funl <- log

fun2 <- function(x) {
log(x/(1 - x))
}

The log likelihood function

downton.logLikelihood - Generates log likelihood function for Downton’s bivariate
Weibull

Input(s) - parms : vector of parameters for bivariate weibull(order-thetal, theta2, nul, nu2, rho) - bidata :
bivariate data for the bivariate weibull

Output(s) - numerical output of negative log likelihood function

library (numDeriv)
library(stringr)

downton.loglLikelihood <- function(parms, x1, x2) {



bidata <- data.frame(x1l, x2)

# deriving y by taking min value of z2 and z2
bidata <- transform(bidata, pmin(xl, x2))

# Defining the cause and delta
bidata$cause <- ifelse(bidata$xl == bidata$x2, "X0", names(bidatal,

c("x1", "x2")]) [apply(bidatal, c("x1", "x2")], 1, which.min)])
bidata$delta <- as.numeric(str_extract(bidata$cause, "[0-9]+"))

thetaxl <- invfunl(parms[1]) #exzp brings back to original scale
thetax2 <- invfunl(parms[2]) #exzp brings back to original scale
nuxl <- invfunl(parms([3]) #exzp brings back to original scale
nux2 <- invfunl(parms([4]) #ezp brings back to original scale

rho <- invfun2(parms([5]) #invlogit brings back to original scale

for (i in 1l:nrow(bidata)) {
x0 <- c(bidata$yl[il, bidata$yl[il)
# Parttal differentiation by X1-Survival function

bidata$x1l_sur[i] <- grad(downton.bisurv, xO0, parms[1], parms[2],
parms[3], parms [4], parms [5]) [1]
bidata$xl_der[i] <- derxl.bi.sur(x0, thetaxi, thetax2,
nuxli, nux2, rho)
# Partial differentiation by X2-Survival function
bidata$x2_sur[i] <- grad(downton.bisurv, xO0, parms[1], parms[2],
parms[3], parms [4], parms [5]) [2]
bidata$x2_der[i] <- derx2.bi.sur(x0, thetax1, thetax2,
nuxl, nux2, rho)
}
# Survival function
bidata$x1x2_sur[i] <- downton.bisurv(x0, thetaxi, thetax2,
nuxl1, nux2, rho)
# Density function
bidata$x1x2_dens[i] <- downton.jointpdf (x0, thetax1, thetax2,
nuxl, nux2, rho)

likeliHood <- prod(bidata$xl_der[bidata$delta == 1], bidata$x2_der[bidata$delta ==
21)
neg_loglik <- (-log((likeliHood)))

return(neg_loglik)

# If NAN values occurs in the way, gives a penalty
wrapper_fun <- function(par, x1, x2, n) {
out <- tryCatch(downton.loglikelihood(par, x1, x2), function(e) NaN)
if (is.nan(out)) {
out <- (le+20) # return a large penalty value
X

return(out)



Initial values for parameters

bweib.init.est - generates initial values for the maximization
Input(s) - parms : bivariate data (x1, x2) - w : constant between 0 and 1

Output(s) - initial values of 61, 62, m1, 12, p, respectively for the maximization

bweib.init.est <- function(xl, x2, w) {
sxl <- sd(log(x1)) * sqrt(6)/pi
sx2 <- sd(log(x2)) * sqrt(6)/pi

return(list( (exp(mean(log(x1)) - digamma(l) * sx1))~(1/sx1),
(exp(mean(log(x2)) - digamma(l) * sx2))"(1/sx2), 1/sx1,
1/sx2, w/2 + (1 - w) * max(0, cor(xl, x2))))

Maximum likelihood estimates

bweib.mle.fun - generates the estimations of the parameters 6, 05, 1y, 12, p

bweib.mle.fun <- function(x1l, x2, n, 1/sqrt(n), 0.05, exp,
function(x) {
exp(x)/(1 + exp(x))

1, log, function(x) {
log(x/(1 - x))

P A

# Check

if (length(x1l) != n | length(x2) != n) {
stop("x1 and x2 must be vectors of length n")

}
if (w<=0 | w>1) {
stop("w must be between 0 and 1 exclusive")

}

# Create output items

out.est.table <- matrix(O0, 5, 5, list(c("init",
"mle", "ci.lower", "ci.upper", "ci"), c("thetal", "theta2", "nul",
"nu2", "rho")))

out.vcovmat.trans <- matrix(O, B, B, list(c("thetal",
"theta2", "nul", "nu2", "rho"), c("thetal", "theta2", "nul", "nu2",
"rho")))

# Obtatn initial estimates and convert to alternate scale
init.est <- unlist(bweib.init.est(x1l, x2, 1/sqrt(n)))

init.est[1:4] <- funil(init.est[1:4]) #transforming initial values, log
init.est[5] <- fun2(init.est([5]) #transforming initial values, logit

# Compute MLE
optOut <- optim( init.est, wrapper_fun, x1, x2,
"BFGS", TRUE, list( 20000,
le+16, le+16))



# outputs putting back to original scale

out.est.table[1l, 1:4] <- round(invfunl(init.est[1:4]), 4)
out.est.table[1, 5] <- round(invfun2(init.est[5]), 4)
out.est.table[2, 1:4] <- round(invfunl(optOut$par([1:4]), 4)
out.est.table[2, 5] <- round(invfun2(optOut$par[5]), 4)

out.vcovmat.trans[1:5, 1:5] <- solve(optOut$hessian)

out.est.table[3, ] <- c(invfunl(optOut$par[1:4] - sqrt(diag(out.vcovmat.trans) [1:4]) *
gnorm(1l - alpha/2)), invfun2(optOut$par[5] - sqrt(diag(out.vcovmat.trans) [5]) *
gnorm(1 - alpha/2)))

out.est.table[4, ] <- c(invfunl(optOut$par[1:4] + sqrt(diag(out.vcovmat.trans) [1:4]) *
gnorm(1 - alpha/2)), invfun2(optOut$par[5] + sqrt(diag(out.vcovmat.trans) [5]) *
gnorm(1 - alpha/2)))

# Concatenate the lower and upper conftidence intervals into one

# row
out.est.table["ci", ] <- paste(round(out.est.table["ci.lower", ], 3),
round(out.est.table["ci.upper", 1, 3), ooy

out.est.table <- cbind(c("$\\theta_ 1$", "$\\theta 28", "$\\eta_ 18",
"$\\eta_28", "$\\rho$"), t(out.est.table))

colnames (out.est.table) [1] = "Parameter"

# print(my_table)

return(out.est.table)

Marginal survival function distribution

library(survival)

# Define the data

car.age <- c(1.66, 0.35, 2.49, 1.9, 0.27, 0.41, 0.59, 0.75, 2.23, 9.52,
3.35, 1.64, 1.45, 1.7, 1.4, 4.98, 5.71, 4.99, 3.4, 1.6, 1.28, 0.31,
0.65, 2.21, 3.16, 0.22, 2.61, 0.32, 3.97, 0.48, 0.01, 0.27, 2.95, 1.4,
8.27, 0.02, 2.09, 0.29, 1.66, 12)

# Fit the Weibull survival model
fit <- survreg(Surv(car.age) ~ 1, "weibull")

# Extract the estimated parameters
shape <- coef(fit) ["(Intercept)"]
scale <- exp(coef(fit) ["(Intercept)"])

# Define the time points for survival probability calculation
times <- seq(0, 12, 0.1)

# Calculate the survival probabilities from the parametric model
parametric_surv_probs <- 1 - pweibull(times, shape, scale)

# Plot the survival curves
plot(times, parametric_surv_probs, "1, "blue", 2, "Time",



ylab = "Marginal Survival Probability")

# lines(times, empirical_surv_probs, type = 'l', col = 'red’', lwd =
# 2) legend('topright', legend = c('Marginal Survival', 'Empirical'),
# col = c('blue'’, 'red'), lwd = 2)

Emperical Survival function distribution

# Define the parameters for the bivariate Weibull distridbution
thel <- 2.2576
the2 <- 0.9218

nl <- 0.8812
n2 <- 0.7885
rh <- 0.9191

x_rb <- rbivweib(40, thel, the2, nl, n2, rh)

# Calculate the empirical survival probabilities
empirical_surv_probs <- 1 - ecdf(x_rb[, 1]) (times)

plot(times, empirical_surv_probs, type = "1", col = "red", lwd = 2, xlab = "Time"
ylab = "Emperical Survival Probability")



Data sets

Warranty Data

car.age car.mileage

1.66 0.9766
0.35 0.2041
2.49 1.2392
1.90 0.9889
0.27 0.0974
0.41 0.1594
0.59 0.2128
0.75 0.2158
2.23 1.1187
9.52 4.7660
3.35 1.3827
1.64 0.5992
1.45 0.6925
1.70 0.7078
1.40 0.7553
4.98 2.5014
5.71 2.5380
4.99 2.6433
3.40 1.6494
1.60 0.7162
1.28 0.5922
0.31 0.1974
0.65 0.2030
2.21 1.2532
3.16 1.4796
0.22 0.0979
2.61 1.5062
0.32 0.2062
3.97 1.6888
0.48 0.3099
0.01 0.0028
0.27 0.0095
2.95 1.2600
1.40 0.8067
8.27 4.1425
0.02 0.0105
2.09 1.2302
0.29 0.0447
1.66 0.9766
12.00 5.7304




Bone density data

before.study after.study

1.103 1.027
0.842 0.857
0.925 0.875
0.857 0.873
0.795 0.811
0.787 0.640
0.933 0.947
0.799 0.886
0.945 0.991
0.921 0.977
0.792 0.825
0.815 0.851
0.755 0.770
0.880 0.912
0.900 0.905
0.764 0.756
0.733 0.765
0.932 0.932
0.856 0.843
0.890 0.879
0.688 0.673
0.940 0.949
0.493 0.463
0.835 0.776

Weibull distribution plots

curve(dweibull (x, shape=0.5, scale = 1), from=0, to=5,
main = 'PDF of Weibull Distribution', # add title

ylab = 'Density values', # change y-azis label
xlab = 'time(t)',

lwd = 2, # increase line width to 2

1ty = 4,

col = "red"

)

curve(dweibull(x, shape=1.0, scale=1.0),
from=0, to=5, add=TRUE,
lwd = 2, # increase line width to 2
1ty = 3,
col = "blue")

curve(dweibull (x, shape=1.5, scale=1.0),
from=0, to=5, add=TRUE,
lwd = 2, # increase line width to 2
1ty = 2,
col = "purple")

curve(dweibull (x, shape=2.0, scale=1.0),

10



legend("topright", legend = c(expression(paste(alpha,
expression(paste(alpha,
expression(paste(alpha,
expression(paste(alpha,

1ty
col

from=0, to=5, add=TRUE,

lwd = 2, # increase line width to 2
1ty = 1,

col = "green")

c(4,3,2,1),
c("red","blue","purple","green"))

11
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