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ABSTRACT

A correlogram analysis was performed on annual peak flows of more than two
hundred unregulated rivers in Canada.  These rivers showed a very low lag-one
autocorrelation but a significant Hurst phenomenon. Though Anderson’s test indicates
that the null hypothesis of time independence can not be rejected, these series are
certainly time dependent because of their significant long term persistence. This
demonstrates that in stochastic modelling of annual peak flow series, the Hurst phenomenon
should not be disregarded.

To improve the estimation of the parameters for such modelling, the bias in
estimating the Hurst parameter by standard methods was discussed. A bias correction
formula was derived by means of Monte Carlo simulation. It was also found that
conventional methods of correcting for bias in the autocorrelation function are quite
inadequate when the series shows a significant long term persistence. This required bias
correction was found to be a function of the Hurst parameter.

To reduce the sample variance in the estimation of the Hurst parameter, the
information obtained from basic data set was used in the Bayesian updating of the estimate
for a single river. This technique is demonstrated for two rivers.

Finally, the bias correction and the updating were tested by developing several
stochastic models with the mixed noise model. It was shown that on average better
simulation results can be obtained. It was also shown that the bias correction eliminates the
incompatibility between the observed lag-one autocorrelation coefficient and the observed

Hurst statistic, which is sometimes a problem in mixed noise models.
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CHAPTER 1 INTRODUCTION

1.1  PROBLEMS AND RESEARCH OBJECTIVES

This study deals with flood risk or more precisely, with its mathematical expression in
the form of flood frequency distributions or flood frequency curves. The determination of these
flood frequency curves is of course a standard engineering practice. But there are several
engineering problems associated with frequency curves for which a satisfactory solution has not
been found. Two of them are addressed in this thesis.

The first concemns the confidence one can have in the flood frequency distribution with
its estimated parameters. This is important if design decisions are to be based on these
estimates.

The other is how to make better use of all available statistical information for parameter
estimation, rather than basing the estimation solely on a single record of annual floods. One
approach is regional flood frequency studies, the other is making use of additional information
through Bayesian statistics. Here the latter approach is taken.

When the flood frequency curve is well defined by the available data then the probable
error involved in the risk analysis itself is small compared to the stochastic uncertainty and has
little or no influence on design decisions. This is the case when there is a record of reasonable
length and no serial correlation in the data series, which is the standard engineering assumption.

It has been shown (Booy and Lye; 1989) that long term serial correlation exists in several
annual flood series of Canadian rivers and that this may lead to a substantial probable error in

the risk assessment which ought to be taken into account in the design. They also showed that
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many annual flood series show significant long term persistence, though the first order serial
correlation is not significantly different from zero.

Mathematical confidence limits can be established for relatively simple distributions if one
assumes no serial correlation or a very simple correlation structure. If the distribution is more
complicated or the correlation structure is complex, then one needs simulation to establish
confidence limits on risk assessments and on the total risk that a flood protection structure will
fail within the planning horizon.

Simulation is also necessary for the parameter estimation. Formulas for the estimation
of the correlation parameters have a large bias which depends on the serial correlation structure.
Adequate bias correction factors have been established for first order correlation assuming a first
order Markov model but not for higher order coefficients when a more complicated correlation
structures exists.

Finally, simulation is necessary to establish appropriate likelihood functions for a Bayesian
approach to the estimation of the parameter that describes the long term correlation structure, for
which the Hurst coefficient K was chosen in this study.

It can thus be said that the development of adequate simulation techniques is essential
for the solution of the two problems that were identified above; this will therefore be a main
topic in this thesis.

In simulation, both the choice of the model and the parameter estimation are crucial. The
approach taken in this study will be :

A. to examine the correlation structure of a large number of annual flood series of Canadian

rivers;



'B. to review available time series models and to select an appropriate model type;
C to estimate the model parameters that govern short and long term correlation;
D. to apply the simulation to flood series of selected rivers;

E. vto compare the observed autocorrelation function (ACF) of the rivers with the ACF
obtained by simulation.

In connection with the parameter estimation, it should be noted that there is substantial
bias in the formulas for the calculation of the Hurst statistic and the ACF. Correction for this

bias is therefore the subject of two separate chapters.

1.2 OUTLINE OF THESIS

The study begins in the second chapter with the analysis of the correlation structure of
more than 200 data series obtained from unregulated rivers in Canada. In this chapter, the
autocorrelation function (ACF) and the Hurst statistic are calculated and the serial correlation
structure is examined.

Chapter three deals with the selection of a suitable stochastic model for simulation.
Different stochastic models including the autoregressive model (AR), the autoregressive moving
average model (ARMA), the fractional gaussian noise model (FGN), the fast fractional gaussian
noise generator (FFGN), the broken line process (BL), the ARMA-Markov Model (AM), and the
mixed noise model (MN) are reviewed. It is argued that the fast fractional noise model and the
mixed noise model are the most suitable for use in this study.

Chapter four deals with the estimation of the Hurst statistic for relatively short time series.

The Hurst statistic K as well as the Hurst coefficient H are briefly discussed and bias



correction formulas for K are derived from simulation. Finally, this formula is verified.

Chapter five deals with bias correction formulas for the autocorrelation coefficients based
on so called long memory models. Monte Carlo simulation results are used for the derivation
of valid bias correction formulas that can be used for Canadian rivers.

In chapter six, Bayes’ theorem is used in the development of a methodology of updating
the Hurst statistic for a single Canadian river while incorporating in the analysis the information
of all rivers. This Bayesian method improves the estimation of the Hurst statistic.

Chapter seven shows applications of the procedure for specific stations. In the procedure,
the Bayesian updated Hurst statistic and the bias corrected lag-one autocorrelation coefficient are
utilized.

Chapter eight presents conclusions and recommendations for the future studies.



CHAPTER 2.
CORRELATION STRUCTURE OF ANNUAL PEAK

FLOW SERIES FOR CANADIAN RIVERS

2.1. INTRODUCTION

In conventional flood frequency analysis, the correlation structure of the data has no effect
on risk analysis since it has no effect on the frequency curve derived from the data. It is true
that textbooks caution against the use of frequency curves when there is serial correlation in the
data, but they seldom say what to do instead. In flood risk analysis, this did not appear to be
a major problem. Conventional tests confirmed that for annual peak flows, the first order
correlation is negligible. Any occasional departure was therefore (probably correctly) attributed
to chance except for rivers with unusual amounts of basin storage. Engineers have thus
traditionally paid little attention to correlation structure of the data. Nevertheless, the correlation
structure can be quite important for engineering design because correlation increases the variance
of the sample statistics. This means that there is a much greater uncertainty in parameter
estimates. One can also put it this way that the correlation decreases the information content
of the record. Long term serial correlation is especially important for parameter variability.
Mandelbrot and Wallis (1969 c) showed that the variance of the sample mean is a function of

the Hurst statistic:



Var(X) = o2 n™? (2-1)
where ©,” is the true variance of X and h is Hurst coefficient; n is the sample length. With a
sample of 50 independent data, the variance of the sample mean is ©,%50 since h=0.5 for
independent data. With a Hurst coefficient of h = 0.7, which is about average for many
Canadian rivers, the variance of the sample mean is increased by a factor 4.78. Parameter
uncertainty is rather important in design since it increases the total flood risk the designer must
provide for to attain adequate safety against flooding. Put simply one can write:

Variance in predicted peak = variance calculated from the accepted model

+ variance due to model uncertainty

In this chapter, the correlation structure of annual peak flow data of 209 rivers across
Canada is examined. The method for estimating the autocorrelation function given by Jenkins
and Watts (1968) and Box and Jenkins (1970) is used to obtain the autocorrelation function of
each peak flow series. The results are listed and are also shown graphically. Anderson’s test
was used to determine significant departures from zero first order correlation. After this, the long
term serial correlation as measured by the Hurst statistic K is used and described. It will be

shown that for most Canadian rivers, the peak flow series show the Hurst phenomenon to a very

significant degree.

2.2. GENERAL DESCRIPTION OF DATA
A set of annual peak flow data from more than 200 rivers in Canada were obtained from
Dr. L.M. Lye from Memorial University at St. John’s, Newfoundland. The data were selected

on the basis of sample length ( at least 30 years) and the absence of river flow regulation. The
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selection covers almost all provinces of Canada and includes big rivers as well as small creeks.
The shortest annual peak flow series is 30 years and the longest one is 100 years. The average
length of these series is 43 years. Details of these data are listed Table 2-1. Figure 2-1 shows

the distribution of the sample length.



Table 2-1. Canadian Rivers and Their Short and Long Term Persistence

Name of River Years H(g10) K X' R(1) RC1)!
1.Adams River Near Squilax 42 0.5639 | 0.6604 0.2282 | 0.2785
2.Ashnola River at Athabasca 42 0.5725 0.5919 -.3399 - . 3494
3.Athabasca River at Athabasca 47 0.5800 0.5595 -.2022 -. 1964
4.Ausable River near Springbank 43 0.4971 0.5640 -.101 -.0857
5.8adger Creek Near Cartwright 30 0.8892 0.7183 -.1298 -.1113
6.Battle River Near Unwin 36 0.5335 0.6053 .09263 0.1355
7.Bear River East Branch at Bear River 35 0.5118 | 0.6674 0.3418 | 0.4182
8.Beaverbank River Near Kinsac &7 0.7675 0.7189 -.0868 -.0765
9.Berens River at OQutlet of Long Lake 31 0.6391 0.6436 -.0332 -.0010
10.Birdtail Creek Near Birtle 35 0.6645 0.4315 -.0051 0.0265
11.8oundary Creek Near Porthill 41 0.7989 0.7543 0.1820 0.2123
12.8owrcn River Near Wells 33 0.7482 0.6600 0.0251 0.0630
13.8ulkley River at Quick 58 0.6770 0.46385 0.1993 0.2326
14.Cariboo River Below Kangaroo Creek 31 0.7924 0.7150 0.1965 0.2624
15.Carrot River Near Armley 34 0.4573 0.5274 .01835 0.0541
16.Cascade River Near Sanff 30 1.1118 | 0.7550 0.2484 | 0.3251
17.Castor River at Russell 41 0.7905 | 0.7229 0.2921 0.3507
18.Chilko River at Outlet of\ChiLko Lake 50 0.8277 | 0.7384 -.0347 | -.0193
19.Arrow River Near Arrow River 30 0.6927 | 0.6150 -.1332 -.1152
20.Athabasca River 3elow Mcmurray 31 0.7267 | 0.6779 -.0886 -.0647
21.Atlin River Near Atlin 39 0.5389 | 0.6393 .01063 | 0.0404
22.8abine River at Babine 41 0.6375 0.7002 09777 | 0.1354
23.Barnes Creek Near Needles 38 0.8807 | 0.7446 . 1896 0.2413
24.Beaver River at Cold Lake Reserve 33 0.6087 | 0.6926 0.2173 | 0.2818
25.8eaurivage(Riviere) A Saint Etienne 3? 0.8466 0.7905 0.2070 0.2624
26.8ell (Riviere) A Senneterre-2 36 0.3507 | 0.5124 -.1848 -0.1767
27.81g Sheep Creek Near Rosslard 40 0.5993 0.6320 .06092 0.0955
28.8lack River Near Washago 73 0.7231 0.7284 .07516 | 0.0940
29.8ow River at 8anftf 80 0.6825 | 0.63%90 -.1306 |-0.1469
30.Broken Head River Near Beausejour 46 0.7931 0?6963 0.1124 $.1243
31.Campbell River,Outlet of Cambell Lake 38 0.617% 0.6955 -.0580 -.0354
32.Carrick Creek Near Carlsrume 35 0.9613 0.7361 0.0572 0.0968
33.Carrot River Near Smoky Burn 34 0.4143 0.5066 -.0540 -.0279
34.Castle River Near Beaver Mines 44 0.8109 | 0.7140 .04381 0.0732
35.chilliwalk River at Vedder Crossing 32 8.7975 0.6581 -.0401 -.0101




Name of River Years H(g10) K K' R(1) RC1)!
36.Chilliwalk River at Qutlet Chilltiwalk Lake 32 0.5270 0.6256 -.0317 | -.0005
37.Clam Harbour River Near Sirchtown 31 0.3934 0.6276 -.0317 | 0.0007
38.Clearwater River Abave Limestone Creek 30 0.9644 0.7985 .2685 .3483
39.Clearwater River Near Rocky Mountain House 32 0.7240 0.6983 0.1169 . 1693
40.Clearwater River at Outlet of Clearlake 38 (.8685 0.8022 . 2999 3646
41.Clearwater River Near Clearwater Station 39 0.5839 0.6330 0.0748 0.1119
42.Columbia River at Nicholson 77 0.9682 0.7498 -.0484 -.0373
43.Columbia River Near Faimont Hot Springs 43 0.8190 0.6828 -.27%90 -.2820
44.Columbia River at Donald 44 0.7797 0.7012 -.2858 -.2894
45.Conjuring Creek Near Russell 30 0.4206 0.5600 -.2106 | -.2045
46.Cooks Creek Near East Selkirk 32 0.7324 0.6186 -.1070 -.0866
47.Cottonwood River Near Cinema 34 0.6425 0.6313 .06415 0.1060
48.Crow River at Frank 39 0.9721 0.7845 0.1463 0.1916
49.Cypress Creek Near Clearwater 36 0.5044 0.5481 -.2938 -.3005
50.Dease River at Mcdame 30 0.5163 0.5382 -.3205 -.3313
51.Deer Creek at Deer Park 30 0.9536 0.7456 -.1115 -.0%902
52.0rywood Creek Near Twin Butte 52 0.7835 0.7268 0.0780 ! 0.1053
53.0uncan River Near Howser 33 1.0938 0.81%9¢4 0.1944 | 0.2557
54.East River at St.Margarets Bay 63 0.7261 0.6757 -.1112 -.1018
S5.East Prairie River Near £nilda 30 0.6806 0.7427 0.1644 .2282
56.East Humber River Near Pine Grove 35 1.1215 0.7795 0.0047 | 0.0376
57.E{bow River at Bragg Creek 54 0.7214 0.6738 0.0293 0.0516
58.Elbow River above Glenmore dam 44 0.5852 0.6609 0.0329 | 0.0612
59.English River at Umfreville &7 0.7618 0.7258 -.0176 | -.0028
60.English River Near Sioux Lookout 40 0.7426 0.7733 0.1364 | 0.1640
61.Etomami River Near Bertwell 34 0.6875 0.6240 0.0590 | 0.1002
62.Fish Creek Near Priddis 33 1.0790 0.8035 0.1819 | 0.2415
63.Fish Creek Near Propect Hill 37 0.4988 0.7178 0.0685 3.1071
&4.Flathead River at Flathead 40 0.8359 0.7789 0.1973 | 0.2293
65.St.Francis River at Outlet Glasier Lake 37 0.8835 0.7677 0.1623 | 0.2123
b6.Fraser River at Hansard 36 0.7025 0.6685 -.1257 -.1102
&7.Fraser River at Shelley 39 0.8054 0.6762 -.1259 - 1117
68.Fraser River at Mcbride 36 0.8774 0.6989 -.0702 | -.0477
70.Grander River at Big Chute 39 0.7137 0.6331 -.0052 0.0228




Name Of River Years | H(q10Q) K K! R(1) AU

71.Garnish River Near Garnish 30 0.7239 | 0.5185 0.2657 | 0.3450
72.Ghost River Near Black Rocky Mountain 40 0.6572 | 0.6821 0.2540 | 0.3100
73.Gods River Below Allen Rapids 39 0.6055 | 0.6931 0.2699 | 0.3260
74.Grand River at Loch Lomond 58 0.8109 | 0.7048 -.0489 | -.0363
75.Grass River at Wekusko Falls 31 0.6185 | 0.6272 0.1645 | 0.2259
76.Green River Near Pemberzo 38 0.5879 | 0.4727 .06643 | 0.1037
77.Hall(Riviere)Press D'East Hereford 40 1.0108 | 0.7248 -.0989 | -.0821
78.Harricana(Riviere) A Amos 56 0.3985 | 0.5258 -.1505 | -.1428
79.Harrison River Near Harrison Hot Springs 38 0.3879 | 0.5947 .00817 | 0.0343
80.Highwood River at Diebel's Ranch 38 0.8852 | 0.7180 -.0215 | 0.0054
81.Homathko River at the Mouth 32 0.8555 | 0.7839 .0702 0.1160
82.Horse Creek at International Boundary 43 0.7181 | 0.6571 -.0036 | 0.0216
83.1celandic River Near Riverton 30 0.5131 | 0.5293 =.2676 | -.2473
84.Incomacpleux River Near Beaton 37 0.6914 | 0.5567 .04873 .0849
85.1Indian Brook at Indian Falls 34 0.3807 | 0.6571 0.2186 | .2811
86.1skut River Below Johnson River 30 0.5348 | 0.5785 -.0367 | -.0039
87.1sland Lake River Near Island Lake 32 0.7501 | 0.7021 -.0520 | -.0237
88.Kabinakagami River at Highway No.11 38 0.5071 0.5519 - 1717 -.1619
89.Kettle River Near Ferry 40 0.7633 | 0.7527 0.1983 | .2303
90.Kettle River Near Laurier 59 0.7313 | 0.7220 0.1098 | .136
91.Kinojevis En Aval Du Lac Preissac 33 0.5395 0.5843 -.0936 -.0720
92.Kluane River at Cutlet Kluane Lake 35 0.7005 | 0.4800 -.1872 | -.17%4
93.Kootenay River at Kootenay Crossing 41 0.4748 | 0.5534 -.0995 -.0832
94 .Kootenay River at Newgate 42 0.9720 | 0.7584 .04978 .0813
95.Kootenay River Near Skookumchuck 39 0.5147 | 0.5817 -.2436 | -,2029
96.Lahave River at West Northfield 73 0.7942 | 0.7140 -.0210 | -.0077
97.Lardeau River at Marblehead 43 0.6527 | 0.6466 -.2206 | -.2146
98.Mcleod River Above Embarras River 34 0.3267 | 0.5153 -.0828 | -.0605
99.Lepreau River at Lepreau 72 0.5265 | 0.5692 .00535 | 0.0204
100.Liard River at Lower Crossing 42 0.6184 | 0.46%90 L1743 0.2190
101.Lilloocet River Near Pemberton 43 0.4526 | 0.4158 .1032 0.1271
102.Lindeman Creek Near Bennett 34 0.7379 | 0.6518 -.1570 | -.1446
103.Little Saskatchewan River,Minnedosa 30 0.7543 | 0.6715 0.1449 | 0.2057
104.Little Southwest Miramachi River at 37 0.5654 | 0.6749 0.1385 | 0.1856
Lyttleton .
105.Lobstick River Near Styal 32 0.8577 | 0.7344 0.0576 | 0.1015

10



Name of River Years H(g1Q) K X' R(D ¢
106.Lodge Creek at Intermaticnal Boundary 35 0.5349 L6562 0.2210 0.2818
107.Lodge Creek,Alberta Boundary 38 0.8884 .7225 .05767 0.0939
108.Manyberries Creek,8rodin's Farm 45 0.4785 6794 L0044 0.0292
109.Northeast Margaree River,Margaree Vally 72 0.7331 L7516 0.1291 0.1514
110.Southwest Margaree River ,Upper Margaree 70 0.8125 . 7495 0.1360 0.15%94
111.St.Mary River at Wycliffe 43 0.6276 6772 -.0206 0.0030
112.Mceachern Creek at International Boundary 53 0.5952 L6448 -.0789 -.0649
113.Mckinnon Creek Near Mccreary 30 0.7579 | .6983 0.1738 0.2390
114.Middle 8rook Near Gambo 30 0.6463 .6914 0.0642 0.1125
115.Mille Iles En Aval Du Lac Des Duex Montagnes 35 0.4971 .6210 -.2037 -.1977
116.Mink Creek Near Ethelbert 34 0.5709 | .6937 .0663 0.1085
117.Missinaibi River at Mattice 69 0.8351 L7712 0.1887 0.2157
118.Mistaya River Near Saskatchewan Crossing 33 0.4971 .6598 L0133 0.0443
119.Mcose River Near Red Pass 34 0.8151 L7127 v-.0075 0.0249
120.Moyie River at Eastport 59 1.0197 | .8409 0.1353 0.1633
121.Nagayami River at Highway No.11 33 0.4075 L5377 -.0407 -.0161
122.Namakan River at Qutlet of lac Lacroix 66 0.7046 7171 0.2492 0.2814
123.Nass River Above Shumal Creek 32 0.6238 .6018 -.2679 -.2705
124.Petite Naticn ,Pres De Cote-saint-pierre 43 0.6133 8372 .03753 0.0670
125.Neebing River Near Thundérbay v 35 0.9802 .8005 0.2478 0.3120
126 .Nith River at New Hamburg 38 0.8503 L7199 .00853 0.0389
127 .Nith River Near Canning 42 0.7410 .6548 -.0589 -.0388
128.Northeast Pond River at Northeast Pond 35 0.8106 | .7017 .08063 0.1233
129.North Magnetawan River Near Burk's Fall 73 0.5391 .5837 -.0597 -.0486
130.Nottawasaga River.Near Baxter 40 0.8800 L6472 0.1030 0.1422
131.North Pine River Near Pine River 35 0.7269 .7036 0.2463 0.3103
132.East Oakville Creek Near Omagh 32 0.6930 .6829 -.0805 -.0563
133.0ldman River Near Waldron's Corner 39 0.9004 L7482 -.0775 -.0578
134 .0verflowing River at Qverflowing River 33 0.7787 .7003 0.1562 0.2122
135.Pembina River at Janie 31 0.7175 6467 -. 1347 -. 1176
136.Pembina River Near Entwistle 34 0.3956 5792 -.1152 -.0972
137.Pembira River Below Paddy Creek 33 0.3942 .5678 -.0476 -.0197
138.Petite Nation a Portage-de-la-nation 46 0.7562 6849 .09022 0.1226
139.Pigeon River at OQutlet of Round Lake 31 0.7551 .6684 -.0659 -.0385
140.Pigeon River at Middle Falls 85 0.6838 .6812 .0170 0.0345
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Name of River Years H(g10) X X! R(1) R(1!
141.Pine Creek Near Pine Creek Station 30 0.7998 .6801 -.0455 -.0140
142.Pipers Hole River at Mother's B8rook 36 0.9610 .8146 0.3354 0.4086
143.Poplar River at [nternaticnal Boundary 56 0.5626 .6685 -.1574 -.1503
164 .Prairie Creek Near Rocky Moutain House 37 0.5804 .6310 0.1459 0.1939
145.Quesnel River at Likely &4 0.8453 L7243 0.1848 0.2138
146.Quesnel River Near Quesnel 50 0.8127 L7378 0.1724 0.2091
147 .Red Deer River Near The Mouth 33 0.6652 .6659 0.1673 0.2249
148.Chilko River Near Red Stone &2 0.5764 | *.6054 -.1595 -.1533
149.Richelieu(Riviere) A Saint-Jean 36 0.6868 .6351 -.1066 -.0887
150.Richelieu(Riviere) Aux Rapides Fryers 51 0.6%900 L6479 0.1974 0.2355
151.Roaring River Near Minitonas 30 0.6838 .7052 0.1043 0.1588
152.Rock Creek below Horse Creek Near Int.Bound. 32 0.8416 L7562 -.0258 0.0063
153.Rocky River Near Colinet 39 0.5450 .5980 -.2251 -.2213
154.Rolph Creek Near Kimball 53 0.8103 L7965 0.2027 0.2397
155.Roseau River Near Dominion City 49 0.4725 .5546 02324 0.0475
156.Rodeau River Near Earibou 67 0.6820 6694 0.1826 0.2101
157.Roseway River at Lower Ohio 71 0.8918 L7327 07736 0.0969
158.Saint John River at Fort Kent 62 0.8569 L7374 0.2014 0.2325
159.Salmon River Near Prince George 36 0.7581 L7027 -.0022 0.0288
160.Salmo River Near Salmon 40 0.4230 .6076 0.1234 0.1649
161.Saugeen River Near Walkerton 74 0.6198 6364 0.1237 0.1451
162.Saugeen River Near Port Elgin 74 0.5806 .6187 0.0062 0.0208
163.Seal River Below Great Island 31 0.3510 L5743 .0156 0.0549
164 .Shekak River at Highway No.11 37 0.5812 .6366 -.0786 -.0579
165.Shell River Near Inglis 38 0.9097 .7856 0.2539 0.3132
166.Shogomoc Stream Near Trans Canada Highway 45 0.55M1 .6526 07212 0.1035
167.Sikanni Chief River Near Fort Nelson 44 0.3531 L4962 -.0570 -.0377
168.Similkameen River at Princeton 44 0.7095 .7003 .07097 0.1031
169.Skeené River at U § K 41 0.7935 L6456 -.2528 -.2531
170.Skootamatta River Near Actinolite 30 1.0142 . 7801 .04956 .0956
171.Slocan River Near Crescent Vally 64 0.8164 L7274 0.1289 0.1542
172.South Thomoson River at Chase 48 0.6202 L6957 0.1690 0.2071
173.Southwest Margaree River Near upper Margaree 70 0.8089 L7495 0.1346 0.1579
174.South Nation River at Spencerville 41 0.6441 6416 .06859 0.1030
175.Sprague Creek Near Sprague 43 0.7109 | .6883 0.2268 0.2757
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Name  of River Years H(g10) K K! R(1) R(!
176.St.Mary River Near Marysville 41 0.5471 6109 -.0858 -.0681
177.Stellako River at Glenannan 39 3.9911 8293 0.2139 0.2669
178.Stikine River at Telegrach Creek 34 0.7809 7007 -.0530 -.0268
179.St.Mary River at Stillwater 73 0.5662 6637 -.0165 -.0030
180.Stony Creek Near Neepawa 30 0.8888 .6813 -.0862 -.0610
181.Stuart River Near Fort St.James 56 0.8111 .7505 0.2457 0.2838
182.Sturgeon River Near Barwick 35 0.6754 L6930 0.3589 0.4375
183.Sturgeon River Near Fort Saskatchewan 54 0.5847 '} .6102 -.1451 -.1367
184 .Swiftcurrent Creek at Many Glacier 54 0.6259 6139 .03356 0.0562
185.8wiftcurrent Creek Below Rock Creek 34 0.8621 L6915 -.0936 -.0727
186.Sydenham River Near Alvinston 40 0.8438 6897 -.0190 0.0067
187.Sydenham River Near Qwen Sound 43 0.7576 .5943 -.0319 -9.00%5
188.Teslin River Near Telsin 41 0.6869 .6453 -. 1369 -, 1247
189.Tetagouche River Near West Bathurst 37 0.7163 6598 -.04693 -.0250
190.North Thomoson River at Mclure 30 0.5275 6482 0.1830 0.2496
191.North Thomoson River Near Sarriere 44 0.8778 7409 04448 0.0739
192.Thompson River Near Spences Bridge 37 0.7392 7412 0.2600 0.3218
193.Torrent River at 8ristol's Pool 30 0.5500 L6047 -.0465 -.0152
194.Turtle River Near Mine Centre 58 0.6817 ..7051 .0783 0.1025
195.Turtle River Near Laurier 40 0.56544 6383 .0650 0.1000
196.Twenty Miles Crezek at Balls Falls 32 0.4056 5278 -.1438 -.1286
197 .Ucper Humber River Near Reidville 40 0.5651 6462 0.1725 0.2027
198.Upsalquith River at Upsalcuitch 45 0.6417 6569 .07145 0.1028
199.Waterhen River Near Waterhen 34 0.8230 .7846 0.5991 0.7123
200.Waterhen River Near Waterton Park 41 0.7510 6867 L0943 0.1315
201.Whitemouth River Near Whitemouth 42 0.8578 L6761 -.0074 0.0181
202.4Whitewater Creek Near International Boundary 53 0.4874 5840 .0492 0.0736
20$.uilson River Near Dauphin 31 0.8419 7103 .0188 0.0586
204.Wolf Creek at Highway No.16A 34 0.8340 7236 -.1358 -.1206
205 .Woody River Near Bowsman 35 0.8092 L7316 .2062 0.2651
206.York(Riviere) A Sunny Bank 36 0.7543 .7581 .2382 0.2992
207.Yukon River Above Frank Creek 36 0.6211 .6450 -.2139 -,20946
208.Yukon River at Carmacks 37 0.6174 6530 .0393 0.0744
209.Red River at Emerson 98 0.8321 .7630 0.1225 0.1384




@
0
. - 50
ELJ 02 - T - 4()

— - 30
5 01 -20
~ - 10
% | _—l_!—r—fj i
T 20 3% 5 68 84 100
[
L N

Figure 2-1. Distribution of Sample Size of the data set
. - 60
< 0207 e - 50
@ 020 - 7 XX L 40
[Z) 0.16 1 - 30
E 0.10 - 20
% 0.06 - \m - 10
o | — — |
-04 02 08 1.4
R1

Figure 2-2. Distribution of Lag-one Autocorrelation of the data set ( no bias correction)
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23  ESTIMATION OF THE LAG-ONE AUTOCORRELATION FOR THE DATA SET

The autocorrelation function measures the degree of linear self-dependence of a time
series. The autocorrelation function is very important in stochastic hydrology since it shows both
short term and long term correlation. The estimation of the correlation coefficient for different
values of the lag presents a problem the estimators commonly used show considerable bias.

The most commonly recommended formula for estimating the lag k autocorrelation 1, for

a record of length n is given by:

n-k n-k n-k
XX (n 'k)]z X2 ik
- i=1 i=1 i=1 (2_2)

k n-k

n-k n-k n-k
[ Y 8- Ua-BE 2 15 1Y 5, -1a-B 5,0 15
i=1 i=1 i=1

i=1
Jenkins and Watts (1968) and Box and Jenkins (1970) suggested that a more efficient estimator

is given by:

n-k n n
[xi“(lln)z x,‘] [xi+k_(1/n)z x,']
i=1 i=1

_ =l

(2-3)

Tx

n n

Y b-(UmY x )

i=1 i=1
In this study, equation 2-3 was used to estimate the lag-one autocorrelation coefficient for each
peak flow series in the data set. The results r' are listed in Table 2-1. Apparently the
correlation coefficients range from -0.3399 for the Ashnola River at Athabasca to the 0.5991 for
the Waterhen River near Waterhen. The distribution of the lag-one autocorrelation coefficient

is presented in Figure 2-2. The mean value is 0.039 and the standard deviation is about 0.16.

It-can be seen that most rivers have lag-one autocorrelation between -0.3 and 0.4.
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2.4. BIAS CORRECTION OF THE CORRELATION ESTIMATE FOR

SHORT MEMORY MODELS

It can be shown that both equation 2-2 and 2-3 underestimate the true correlation
coefficients because of bias especially when the true correlation is relatively large. A bias
correction formula should therefore be used to get better estimates of the parameter.

According to Wallis(1972), Kendall derived a bias correction to order n based on
the definition of p, given in equation (2-3). For the first order Markov process, this

correction was expressed as

YR SR 5 R YA 2-4
E(r) P = {pr(l o +2kph (2-4)
When k=1,
Er) = p~(—=)(1+3 p) 2-5)
n-1

Kendall also derived a correction of p, based on circular definition of a time series for the

same lag-one Markov process

E(r) = Pk—%[%%(l—p")ﬂkpk—kp"‘k] (2-6)

when k=1

E(r) - p—(%)(m 0) @-7)

The adequacy of bias correction given by (2-5) and (2-7) was demonstrated by Wallis

(1972) for series generated by the AR(1) Markov model. The adequacy of the bias
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correction was verified in this study from samples generated with AR(1) and AR(2) process.
The.results are shown in Table (2-2),(2-3),(2-4) and (2-5). It can be seen that the bias correction
gives very good results for the synthetic series. It was therefore used for the calculation of the
bias corrected lag-one correlation for the Canadian rivers. Corrected values R(1)” for all rivers
are’shown in Table (2-1). It was found that the mean lag-one autocorrelation of these rivers
is 0.070 and the standard deviation is 0.1792. The distribution of the bias-corrected correlation

coefficient for the data set can be seen in Figure (2-3).
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Figure 2-3. Bias Corrected Lag-one Autocorrelation of the Data Set



Table 2-2. Value of (p, - r; ) obtained before correction
data generated by AR(1) model

n=25 n=50 n=75 n=100 n=125 n=150 n=175 n=200 n=225 n=250
-0.9 -0.100 -0.050 -0.036 -0.029 -0.024 -0.020 -0.016 -0.014 -0.013 -0.012
-0.5 -0.040 -0.027 -0.018 -0.017 -0.018 -0.015 -0.010 -0.008 -0.008 -0.008
‘-0.1 0.015 0.004 0.002 0.000 -0.006 -0.006 -0.001 -0.002 -0.002 -0.002
0.1 0.043 0.020 0.012 0.009 0.001 0.001 0.001 0.003 0.002 0.002
0.5 0.104 0.054 0.033 0.029 0.018 0.015 0.014 0.011 0.009 0.007
0.9 0.206 0.106 0.066 0.048 0.038 0.033 0.026 0.024 0.019 0.017
each entry is based on 200 sequences

Table 2-3. Value of (p, - r; ) obtained after correction

data generated by AR(1) model

n=25 n=50 n=75 10n=100 n=125 n=150 n=175 n=200 n=225 n=250
-0.9 0.005 0.002 -0.001 -0.003 -0.003 -0.003 -0.001 -0.001 -0.002 -0.002
-0.5 0.000 -0.007 -0.005 -0.007 -0.010 -0.009 -0.004 -0.003 -0.003 -0.004
-0.1 -0.010 -0.008 -0.007 -0.007 -0.011 -0.010 -0.005 -0.005 -0.005 -0.005
0.1 -0.015 -0.008 -0.007 -0.005 —0;010 -0.009 -0.005 -0.005 -0.005 -0.005
0.5 -0.019 -0.007 -0.007 -0.001 -0.006 -0.005 -0.003 -0.004 -0.004 -0.005
0.9 0.027 0.015 0.005 0.002 0.001 0.002 0.000 0.002 -0.001 -0.002

each entry is based on 200 sequences



Table 2-4. Value of (p, - r, ) obtained before correction

data generated by AR(2) model

n=25 n=50 n=75 n=100 n=125 pn=150 n=175 n=200 n=225 n=250
-0.9 -0.087 -0.049 -0.034 -0.025 -0.018 -0.015 -0.014 -0.012 0.012 0.012
-0.5 -0.029 -0.018 -0.017 -0.013 -0.006 -0.005 -0.005 -0.005 -0.005 -0.005
02 0.056 0.032 0011 0.008 0.009 0007 0.005 0.004 0.003  0.002
0.5 0.089 0.052 0.027 0.020 0.017 0.013 0.010 0.008 0.007 0.005
0.9 0.190 0.104 0.065 0.049 0.037 0.033 0.025 0.021 0.020 0.017
—;:ach entry is based on 200 sequences .

Table 2-5. Value of (p, - ;) obtained after correction
data generated by AR(2) model

n=25 n=50 n=75 =100 n=125 0=150 n=175 =200 n=225 n=250
-0.9 0.020 0.003 0.001 0.001 0.003 0.002 0.001 0.001 0.000 0.001
-0.5 0.014 0.002 -0.004 -0.003 0.002 0.001 0.001 0.000 -0.001 -0.001
0.2 -0.019 -0.005 -0.013 -0.010 -0.006 -0.006 -0.005 -0.004 -0.005 -0.006
0.5-0.036 -0.009 -0.014 -0.011 -0.007 -0.007 -0.008 -0.007 -0.006 -0.007
0.9 0.007 0.013 0.004 0.003 0.000 0.002 -0.001 -0.002 -0.001 -0.001

each entry is based on 200 sequences
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2.5. ANDERSON’S TEST

Anderson’s Test ( J.D. Salas, 1980 ) is one of the many available tests used to determine
the significance of observed correlation coefficients. It is easy to use and preferred by many
researchers like Salas, Delleur, Yevjevich and Lane (1980). The confidence limits at the 95%
level for the null hypothesis of zero correlation are

, _ 1 + 1.96/N-k-1 (2-8)
k9s) N-k

where N‘ is the sample size and k is the lag.

The correlation coefficients of the data set have been calculated and the lag-one
autocorrelations coefficient are listed in Table 2-1. Applying Anderson test, we can generally
not reject the null hypothesis of no correlation for the single river, so that these rivers would be
regarded as time independent series on the basis of this test. Figure 2-5-1 to 2-5-6 present some
results of Anderson’s test for typical Canadian rivers.

It should be noted, however, that the first order correlations may be small so that they will
not be distinguished from zero by Anderson’s test. To check this, a t-test was performed in the
mean of the first order correlation of the observed set, which is 0.039. The standard deviation
of the lag-one correlation is 0.16. At the significance level of o, the hypothesis of no
autocorrelation can be rejected if

abs(X) > t,,(n-1) -j%

At the significance level of 1% and 5%, the hypothesis -of zero mean is rejected. It may be
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.concluded that at least some of the data series have significant first order correlation. This point
is important because the assumption of a long term serial correlation structure is not compatible

with the assumption of zero first order correlation.
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Figure 2-5-1. ACF of Adams River Annual Peak Flow Near Squilax
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Figure 2-5-2. ACF of Ashnola River Annual Peak Flow at Athabasca
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Figure 2-5-3. ACF of Athabasca River Annual Peak Flow at Athabasca
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Figure 2-5-4. ACF of Beaverbank River Annual Peak Flow Near Kinsac
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2.6. ESTIMATION OF THE HURST PARAMETER USING K AND H

In the study of long term reservoir storage for the river Nile in its large equatorial lakes,
H. E. Hurst (1951) defined a parameter h which is a measure of long term serial correlation.
He also introduced an estimator of h, the so called Hurst statistic K. Hurst found that for many
hydrological series, K is about 0.72, which is significantly larger than the value of 0.5 which
one would expect from long data series with no correlation or only short term correlation. Later
studies showed that K is a biased estimator so that even for independent data one would obtain
a K value of about 0.6. Moreover K was shown to be dependent on the length of the series and
the first order serial correlation. Nevertheless, the observed values of K for many natural series
indicated a grouping of high and low values of flows that cannot be attributed to chance. This
grouping , which is not cyclic but irregular, is called the Hurst phenomenon.

The coefficient K was originally defined by Hurst as follows:
Let X be a time series. The range R of the accumulated departures from the sample mean
of X during N years is a variable which increases with the sample length N. Dividing this range
by the sample standard deviation s, one obtains the rescaled range R/s. Hurst showed
mathematically that the mean rescaled range is proportional to the square root of the length of
the series if the data are independent. He suggested equation 2-9 for the estimation of this

exponent for actual time series.

E(Ris) = (g)" 2-9)

He found, that for many natural phenomena, K is significantly larger than 0.5. While this was

at first attributed to correlation and short records, later studies confirmed that the so-called Hurst
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phenomenon is indicative of a long term correlation structure that is fundamentally different from
short term correlation structure such as the low order autoregressive or moving average series.
The formula Hurst used was criticized since he used only a one parameter fit, which
means that the lines relating R and N are straight lines on logarithmic paper and are forced to
pass all through the point R/s=1 and N=2.
In the discussion of Hurst’s paper, V.T. Chow (1951) proposed a two parameter
approximation of the relation between the rescaled range and the series length, which can be

written as

E(R/s)=CN*" (2-10)
where C is a constant. The parameter h became known as the Hurst h. To estimate the
parameter h from a sample, one divides the series of length N into subseries of the length n
in order to determine the mean rescaled range as a function of sample length n. The estimator
H, called Hurst’s statistic H, is determined by linear regression after taking the logarithm.
Following Chow’s study, Wallis and Matalas (1970) explored several ways of subdividing
time series. They adopted two procedures for calculating H called F-Hurst and G-Hurst.

To use the F-Hurst procedure, a time series of length N may be divided into (N-n+1)
subseries for a given n. Each subseries produces a point for the regression analysis of the
relationship. This operation allows (N-n+1) of the N time points to serve as the starting time
of a subseries of length n. With the length taking integer from 5 to N, the total number of
subseries is (N-3)(N-4)/2. Thus to determine the Hurst statistic by means of this procedure,
an enormous amount of computation is needed.

To use the G-Hurst procedure, a much smaller number of series are used. In this
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procedure, uniformly spaced starting points are chosen with n taking minimum value of 10. The
relatively larger sample variance makes this sample fraction quite acceptable. In this study, the
G-Hurst procedure was used with less than 15 regression points.

The Hurst coefficient K and the statistic H of the basic data set were estimated and their
distributions arev presented in Figure 2-6 and 2-7. The mean of H for the set is 0.70 and the
standard deviation is 0.1649. The mean of the Hurst K is 0.6756 and the standard deviation is
0.07256. Both K and H would thus seem to indicate that Canadian rivers have significant Hurst
phenomenon (K>0.5, H>0.5). The conclusion that the rivers show a significant Hurst
phenomenon may be premature, however, because there is considerable bias in the estimation
of the parameters in that even for independent series values of H and K in excess of 0.5 are
obtained. It was also found that the Hurst H has about 5 times as much variance as the Hurst
K. Since K and H are both biased estimators of Hurst statistic and K has less variance and is
easier to calculate, K is preferred to measure the Hurst phenomenon.

To demonstrate that the set of Canadian rivers has a significant Hurst phenomenon, the
values of K obtained for them were compared with those obtained for 2090 independent series
with the same sample size as the data set. This procedure was followed because the bias of the
estimates is dependent on the length of the series so that the mean of K for a set of independent
data with varying length is not known in advance. The sample distribution of the calculated
Hurst K is graphically shown in Figure 2-8. The mean of K is equal to 0.6365 and the standard
deviation is equal to 0.07647. As we can see from Figure 2-9, evidently, the distribution of K
from the independent series is different from that basic data set. A t-test was performed,

assuming as the null hypothesis that these samples have the same mean of K. This hypothesis:
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was rejected at the 0.1% significant level. It may be concluded that the peak flows in the data
set are generally not time independent series even though their lag-one serial correlations are
very low.

Since the observed distribution of K for the data set is incompatible with the assumption
that the series are independent, it was decided to investigate whether the distribution is
compatible with another assumed value of the Hurst parameter. To do this, a mixed noise model
was employed to generate 2090 series with h = 0.6 and h = 0.8. The results are shown in Figure
2-11 which suggests that the observations are quite consistent with the assumption that
for all rivers, h is equal to 0.6. In fact, the assumption that h varies for different rivers would
seem to be contradicted by the fact that the variance for the 2090 series with h=0.6 is somewhat
larger than the variance of the observed series.  This conclusion, however, cannot be
substantiated because of the inherent variability of the sample variance. The sample variance
of K is probably much more important than the difference of K between different series. For
this reason, it is important to use additional information to reduce the uncertainty in the
estimation of K.

In order to investigate the variance of K, a mixed noise model was also used to generate
2090 synthetic series. Some results are shown in Table 2-6. The F-test was used to test the null
hypothesis that there is no difference in the variance between the independent series and the
Canadian river peak flows. The null hypothesis cannot be rejected at the significant level of 5%.
So the variance of the Hurst K for different cases may be seen as from the same process. But
due to its variability, we did not get exactly the same value.

Comparing the distribution of the Hurst K obtained from the data set and the one
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generated by the mixed noise model with h equal to 0.6 suggests that the mean of the model

Hurst of the data set is approximate 0.6.
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Figure 2-6. Hurst K Distribution of Annual Peak Flows of the Data Set
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Table 2-6. Comparison of K between Generated series and Canadian Flows

Sample Series Mean of K Standard Deviation
Peak Flows of the Data Set 0.6756 0.07256
2090 Independent Series 0.6365 0.07647
2090 Series Generated by Mixed 0.6735 0.07740
Noise Model with h = 0.60
2090 Series Generated by Mixed 0.7579 0.07793
Noise Model with h = 0.80

2.7. CONCLUSION

On the basis of Anderson’s test, the null hypothesis that annual peak flow series are time
independent can not be rejected for most Canadian rivers. However, the values of the Hurst K
showed significant long term persistence for many rivers. This contradiction arises because
Anderson’s test is not sensitive enough to show small correlation in relatively short series. The
null hypothesis was rejected for the data series "on average' by means of a t-test. The Hurst
statistic, on the other hand, measures the long term correlation only. When the short and the long
term correlations are considered simultaneously, the conclusion is that one may expect a
significant correlation structure.

Comparing the sample distributions of the Hurst coefficient K from historical data,
independent series and series generated by the mixed noise model with different values of the
Hurst parameter h shows the need for a better estimation procedure for h since K for individual
rivers is a biased estimator and its sample variance is large. The first order correlation is

certainly much smaller than the value assumed ‘in the fractional noise models or their
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approximations.

The information contained in the data set can be used as a prior distribution and Bayesian
estimation procedures can be applied to update this prior with the sample information for a given
river. This requires a suitable simulation procedure (a) to remove the bias from the estimation
of the serial correlation and the Hurst statistic , (b) to develop suitable prior distribution of K,
and (c) to develop the likelihood functions for the Bayesian estimation. Developing such a

procedure is the topic of the next chapter.
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CHAPTER 3. SIMULATION MODELS FOR ANNUAL PEAK FLOWS

3.1 INTRODUCTION

A simulation model for annual peak flows must preserve the observed short term serial
correlation as well as to the main features of the long term serial correlation structure. In this
review, we will begin with a discussion of the autoregressive (AR and ARMA) models although
these are basically short memory models. The AR and ARMA models are based on intuitive
types of time dependence and they are the basis of more sophisticated models that can more
adequately represent long term serial correlation. Next, the fractional gaussian noise model
(FGN) is discussed, which was the first model that could adequately reproduce the Hurst
phenomenon. Attempts to reduce the excessive amount of computer time needed and to obtain
more realistic short term correlation for FGN led to the development of the fast fractional
gaussian noise generator, broken line process, ARMA-Markov process and the mixed noise

model. These models will also be discussed.

3.2. AUTOREGRESSIVE MODELS (AR)

Autoregressive (AR) models have been extensively used in hydrology and water
resources since the early 1960’s for modelling annual and periodic hydrologic time series. The
application of these models has been attractive in hydrology mainly because

(1) the autoregressive form has an intuitive type of time dependence ( the value of a
variable at present time depends on the values at previous times);

(2) they are the simplest models to use.
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The historical development of AR models in hydrology may be divided into two periods, which
are that of the 1960 decade initiated mainly by the work of Thomas and Fiering (1962) and
Yevijevich (1963), and the 1970 decade motivated by the publication of the book of Box and
Jenkins (1970). During the first period, the estimation of parameters was based on the method
of moments and the test of goodness of fit of the models was based on the correlogram analysis.
Since 1970, researchers in hydrology have used more refined methodologies suggested by Box
and Jenkins and others, especially for improving the estimates of parameters of the model, for
verifying the conditions to be met by those parameters, for verifying or checking the assumptions
of the model and for selecting among competing models.

AR models may have constant parameters or parameters varying with time. Constant
parameters apply to annual values and others may be applied for time series of intervals that are
a fraction of a year.

For a stationary time series y,, which is normally distributed with mean p and variance
o and has an autoregressive (Markovian) correlation ( or time dependence structure) with
constant parameters, the autoregressive model of order p, denoted by AR(p), can be written as:

Y=p+¢, (Y -P)+ ceenes +0, (Yep-0)+8 3-1)
where €, is the time independent ( not correlated ) series which is independent of Y,, and it is
also normally distributed with mean O and variance o.2. The coefficients ¢y, ...... ¢, are called
the autoregression coefficients. Parameters to be estimated are (1, % Oy veeee by o).

Although various forms of AR models have been used in the field of stochastic hydrology
(. D. Salas et al, 1980), They are actually the same model. The use of one form or another

depends mainly on personal performance and convenience. When p is set as one, we get
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3-2
Yt=p’+¢1(Yt_1_p')+8t ( )

This model is called the first-order autoregressive or first order Markov model. The variable
Y at time t is a function of the variable Y at time t—1 plus a random part. Similarly, the

AR(2) model can be expressed as

Y;= K +¢1(Y,_1 ~I) +¢2(Yt_2 -1) +E, (3-3)
Properties of AR models with constant parameters can be presented as follows:

The expected value and variance are

E(Y,)=p (3-4)
E(g)=0 (3-5)
Var(Y,) = o (3-6)
Var(g, ) =02 (3-7)

When they are estimated from historical data, the variance of o® and o, are related by

0 2=0"[1 —zp: 9, p;l (3-8)
j=1
where ¢, is the j* autoregression coefficient and p; is the lag-j autocorrelation coefficient of
variable Y,.
The autocorrelation function of the variable Y, is obtained by multiplying both sides of

the model form by Y, and taking the expectation term by term.

P1=P1Pp 1+ PP gt +¢pP k-p (3-9)

Where k>0
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For AR(1) model

0,=0,* (3-10)

For AR(2) model

Pk=¢1pk_1+d)2pk_2 (3-11)

33. AUTOREGRESSIVE-MOVING AVERAGE MODELS (ARMA)

Some hydrological series can be modeled by autoregressive-moving average models,
which are mixed autoregressive and moving average processes. By applying this model, in
some cases, we use the least number of parameters. As the parameters are estimated from
historical data, the idea of parsimony in the number of parameters is particularly attractive.

It is assumed that the hydrologic time series, to be modeled by an ARMA process,
is stationary and approximately normal. Otherwise, the appropriate transformation of the
original variable is firstly performed. Let’s consider the values of a hydrologic time series
Yo Yo Yego oo at equally spaced time t, t+1, t+2, ......, and let the deviation from the
mean be Z, =Y -u 3.12)
The series Z, may be represented as an infinite weighted sum of independent random

variables €, €,4, €. «werer

Z, =€+ ¢ €+ b €5 o (3.13)
If we make Z, as a finite weighted sum of €, €., ... €. then
Z,= €, -0 €40, €, @ € (3.14)

and this is usually called the MA(q) model.
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An autoregressive model of order p and a moving average model of order ¢ may be
combiﬁed to obtain the "mixed autoregressive-moving average" (ARMA) model of order (p,q),
it is defined by

Zo=€ + Oy Loy + Oy Ly +evernet @y Ly, = O €4 0, € =eenem@ € (3.15)
The parameters of the model are p, 6.2, ¢y, «..e.0p, O, ......0,. A total of p+q+2 parameters must
be evaluated from data.

O’Connell (1971,1974) proposed ARMA(1,1) model as an approximation to fractional

gaussian noise (FGN). The autocorrelation function of the process is given by

L= ¢-6) ”d)e) (3-16)
1-2¢0+62
For k> 2
p,=bp, , (3-17)

This autocorrelation coefficient decays exponentially from lag-one autocorrelation at a rate
controlled by ¢.

O’Connell (1974) showed that with 0.8< ¢ <0.99 and 0.5 < © <0.95, the ARMA(1,1)
was in certain instances able to model long term serial correlation. When the Hurst coefficient
h is asymptotically equal to 0.5 for the ARMA(1,1) process, careful choice of ¢ and © will
produce values of h substantially greater than 0.5.

This model generally has two principal advantages. First, it contains 2 parameters,
secondly, it uses less computing time than FFGN and BL process. The disadvantage of this
model is that the Hurst statistic h is not explicitly used in generating mechanism and no

equivalence has been found between this model’s parameters and the Hurst statistic h



(Lettenmaier and Burges, 1977a; Lye, 1983).

34. FRACTIONAL GAUSSIAN NOISE MODEL (FGN)

To explain the Hurst phenomenon, Mandelbrot (1965) first used a self-similar stochastic
process which was called fractional gaussian noise to successfully reproduce the so called long
term persistence. The properties of this model were published by Mandelbrot and Van Ness
(1968) where the terminology of fractional brownian motion and fractional gaussian noise (FGN)
was introduced to the hydrological community. (Mandelbrot et al, 1968, Mandelbrot and Wallis,
1969 a, b, ¢, d, e and Lawrence and Kottegoda, 1977).

FGN employs an autocorrelation function which is independent of any observed
correlogram but will automatically reproduce the desired Hurst coefficient h. Fractional gaussian
noises with zero mean and unit variance are defined as Gaussian random processes X(t, H)

which have the following covariance

C(s,H)=0.5[ |s+1[?#-2 |s|*+]s-1[>] (3-18)

where H is a single parameter in the model, normalized to vary from O to 1, called the model
Hurst H.

By definition, FGN are continuous parameter processes with "infinite memories', which
means the correlation between successive values may be small, large lag autocorrelations are even

smaller but are such that their accumulative effect is non-negligible. Notably the rescaled range
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R/s is proportional to s with H not equal to 0.5. For the definition and a discussion of R/s, see
Hurst (1951), Mandelbrot and Wallis (1969 a, b, ¢). If long run dependence is above H=0.5
(Feller, 1951), construction of a sample function of FGN would unfortunately involve an infinite
number of operations, and approximations are needed. The discrete-time fractional noise can

be deduced from a Brownian motion B(u) by the formula

8B (1) =B(t)-By(t-1)= [ K, (t-w)dB@) (3-19)

with the ’kernel function’ K,(u) given by

forO<u<1, Kyu)=u®" (3-20)
foru>1, Ky(u) = [ 0™ - (u-1)¥%° ] (3-21)
The integral in equation (3-19), which defines By(t)-By(t-1), cannot be evaluated exactly on a
computer. Its numerical evaluation necessarily involves three approximations:

1. The span -0 <u <t must be replaced by finite span -M+t < u < t. This introduces
a low frequency error term. Its most striking consequence is to make the asymptotic behaviour
of R(t,s)/s(t,s) follow an Vs law rather than the s" law;

2. A discrete grid € must be selected for the variable of integration u; in particular, the
infinite small dB(u) must be replaced by a finite difference B(u+¢)-B(u). This introduces a high
frequency error term,

3. Once the grid € > 0 is selected, there is little point in computing the kernel Ky
exactly. Simplification of the analytic form of K;; need not introduce major additional errors;

4. Finally, another discrete grid must be selected for K(t-u)[B(u+¢e)-B(u)], the values of

this integrand being computed to a finite number of decimals.
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Two typical approximations to By(t) were mentioned in Mandelbrot and Wallis’ paper
(Mandelbrot and Wallis 1969), which were called type 1 and type 2 approximations. They are
finite weighted moving average in which the number of Gaussian variables to average is roughly

proportional to the size T of the desired sample.

Type 1 Approximation ( FN1)

In type 1 apbroximation, grid € is taken as 0.10 and continually varying Kernel Ky (u) is
replaéed by a step.wise varying Kernel K,(w/H,M) as follows:

when u>M, K,wWHM)=0

when u <M and uis an exact multiple of 1/10, K;w/H,M) = Ky(u)

when u <M and u is not an exact multiple of 1/10, and if w is the smallest multiple of
1/10 whose value exceeds u, then

K,(wWHM) = Kyz(w)

So, type 1 approximation of fractional noise can be written as

10¢-1

= K.(t-1- n (2-22)
F(¢/H,M) n=1§(;_m 1@ 1OIH,M)G( 10)

where M is a very large number and G(n/10) represents independent Gaussian process with zero

mean and variance 1/10.

Type 2 Approximation ( FN2 )
Quite extensive computation is needed when we choose €=0.1 in type 1 approximation.

To simplify them, one could select a rougher grid, say € equal to 1. For 0.5 < H< 1, type 2
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approximating Kernel K,(w/H,M) is selected as follows:

when u>M,  K@HM) =0;

when u<M and u is an integer, K,(wHM) = (H-0.5) u"®?,

when u <M and u is not an integer, and if w is the smaller integer whose value exceeds
u, K,(wHM) is the function of (H-0.5) w"®".

The discrete time average corresponding to this Kernel takes the form:

t-1
F(t{HM)=(H-0.5) ¥ (- Gw) (2-23)

u=t-m

Type 1 and type 2 functions share essentially identical very low frequency properties but have
different high frequency properties. So, type 1 approximation may be expected to be best when
high frequency effects are slight, that is when H is near 1.0. From the discussion in
Mandelbrot’s paper, we know that the two approximations indeed differ little for H=0.9. When
however, H reaches 0.5, the kernel K, vanishes except for u<1.0, whereas K, remains non-zero
throughout u<M. The two approximation therefore differ greatly for H=0.5, and the
approximation K, is of limited scope. Its usefulness is due to its formal simplicity combined
with the fact that empirical values of H are often near 1. For 0< H <0.5, high-frequency effects
are very strong, type 2 approximation is a bit more complicated to implement. In writing the
approximate Kernel K,, one must ensure that summation of K,(uw/H,M) from u=0 to infinite either

vanishes or is very close to zero.

3.5. FAST FRACTIONAL GAUSSIAN NOISE GENERATOR (FFGN)

Since type 1 and type 2 approximations to fractional gaussian noise presented practical
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and psychological drawbacks, Mandelbrot developed a new approximation to be designated
- X(t,H) and called it fast fractional gaussian noise (FFGN). To construct a sample of FFGN
X(t,H), one needs H and two additional convenience parameters, the base B>1 and the quality
factor Q. A sample of T values of X (t,H), normalized to have zero mean and unit variance, is
then constructed as the sum of a high frequency Markov-Gauss term and a low frequency that
is the weighted sum of a number of N(t) of independent Markov-Gauss processes.

The low frequency term X, (t,H) can be defined as

ND
X,(t.H)=Y W X(@r,/MG) (3-24)
n=1

where X(t,r/MG) is the Markov-Gauss process of variance 1 and covariance r,° with r=exp(-B™).

The weight given to X (t,r,/MG) is W with

2. HH-D@B ™ -B™) 5 o (3-25)
" [(3-2H)

I" being the gamma function. Thus each term depends on B and H. The number of terms
satisfies
N(T) = || Log(QT)/LogB | (3-26)

which also depends on the desired sample size T; || X || designates the smallest integer larger than
X. The base B and the quality factor (or relative memory) Q together determine the quality of
this approximation.

To generate X(t,r/MG), one needs to generate a sequence of Gaussian variables of zero
mean and unit variance G,(t)

X(1,5/MG) = G(1)



X(2,r/MG) =r, X(1,r/MG) + (1-1,)°° G,(2)

X(t,r/MG) = 1, X(t-1,r/MG) + (1-1,)°° G(t)
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We can see that each operation needs the latest value of X(t-1,r/MG) and a gaussian random

variable which is independent of any values used before. When B— 1 and Q— oo, the function

N(T) increases and the quality of the low frequency approximation improves.

It was

recommended in Mandelbrot’s paper to take B equal to 2, 3, or 4, and let the value of Q depends

on H and two further convenience parameter th2 and th3 as shown in Table 3-1. The role

TQ plays here is analogous to that of M in type 1 and type 2 approximations of fractional

gaussian noise ( Mandelbrot and Wallis, 1969 a).

Table 3-1. Values of Quality Factor Q for Various Thresholds th and values of H

H=.55 0.60 | 065 | 070 | 0.75 | 0.80 | 0.85 [ 0.90 | 0.95
th2=0.1 0.5 1.0 1.7 | 24 3.2 4.0 4.7 5.4 6.0
th3=0.1
th2=0.05 0.5 1.1 19 | 3.0 4.5 6.1 7.9 9.6 11.1
th3=0.1
th2=0.1 1.0 2.0 3.1 | 42 5.1 59 6.6 7.1 7.5
th3=0.05
th2=0.05 1.0 23 40 | 6.1 8.2 102 | 12.0 13.5 11.5
th3=0.05

The generation of short run, high frequency terms X;(t,H) is independent of T and can

be selected to fit either the data or the discrete fractional gaussian noise model (DFGN)

optimally. The term X,(t,h) will usually be a Markov-Gauss process, but for H near 1 it is
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sufficient to seitle for an independent gaussian term that fits DFGN best; Its variance depends

on H and B as follows:

_B-U-BHoH-
Variance = 1-B HQ@H-1) (3-27)

T'(3-2H)

If one takes for X,(t,H) the recommended Markov-Gauss process, its variance should be as

described above and its correlation of lag-one should be

N(D ~A-B
22H—1 -1+ Z Wn(l _rn) _ B H(2H 1) (3-28)
=t I'(3-2H)

3.6. BROKEN LINE PROCESS (BL)

The broken line procesé (BL) was firstly introduced by Ditlevsen (1969) and was
developed by Mejia (1971), Rodriguez-Iturbe et al (1972), Mejia et al (1972 a b), and Gareia
(1972). Their purpose had been to show that hydrology and turbulence theory could take account
of long-run effects without using the fractional noise. Also, since fractional gaussian noise
needs extensive computing resources, BL is one of the alternative processes to reproduce the
Hurst phenomenon ( Meljia et al, 1972, 1974).

The BL model consists of a sum of series of simple BL processes, each of which
results from linear interpolation between equally-spaced normally and independently distributed
(NID) variables with random displacement of the starting point of the series in order to make

it stationary. The simple BL can be stated as
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E@H=E{t'-ca)=Y [nj+M(t/_ja)] It) (3-29)
i a

where 1 = independent and identically distributed random variables with zero mean and
variance 0%
= a random variable uniformly distributed over the interval (0,1);
a = time distance between the 1;, also referred to as the memory parameter and
I(t)y=1 J, £ (+a
It) =0 otherwise

The mean of this process is 0 and its variance is 2/3 o”. The autocorrelation function of the

process is
p, = 1-0.75 (s/a)’ [ 2- 2/a] 0<s<a
p,=025[2-s/a] a<s<2a
p;=0 2a<s (2-30)

The BL process is obtained from a weighted summation of NT simple BL process. This
procedure is similar to that in FFGN. It is found that only a quarter of time required for

FFGN is needed for BL model.

3.7. ARMA-MARKOV MODEL (AM)

While the ARMA model does give a low-cost alternative to FFGN model, the
unsuccessfulness to preserve a given population Hurst coefficient as an explicit model parameter
may prove to be a drawback in operational applications. The FFGN model, which uses the

Hurst coefficient as an explicit input -parameter, is relatively expensive to run, especially for
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H > 0.8, where we need a large number of Markov terms which must be summed to give an
adequate approximation of infinite memory.

In the ARMA(1,1) model, the decay rate of the autocorrelation function is not dependent
on the lag-one correlation coefficient, therefore, if an ARMA(1,1) process is used as one of
several independent additive processes, large lag persistence may be achieved by either the lag-
one correlation coefficient or the ARMA variance contribution. After some experimentation,
Lettenmaier et al found a lag-one Markov process could give an acceptable high frequency fit.
~ The combinaﬁon of the high frequency lag-one Markov and low frequency ARMA(],1) process
constitutes the ARMA-Markov model. This model has 5 parameters which are the Markov and
ARMA variance fractions, the ARMA and Markov lag-one correlation coefficients, and ¢. The
second parameter ®, © of the ARMA process, is uniquely defined by ¢ and the lag-one
correlation coefficient of the ARMA process, Nays ( When T,y is substituted for 1n(1) and
n(2) ) if the invertibility condition ( Box and Jenkins, 1970 ) ‘@I < 1 is imposed. The
generating equation for a standard ARMA-Markov process which has zero mean and unit

variance is

X,=p MXt—l(M)+8t(m+¢Xt-l(AM)—est—l(AM)+8t(AM) (2-31)
where ¢™ and ™ are independent processes having variance C,(1-p,) and
C,[(1-¢%)/(1+©*-20¢)] respectively.

For the standard process the autocorrelation function is fitted to the theoretical FGN
autocorrelation function at three lags. Lag-one correlation coefficient may be arbitrarily

specified. The parameters of this model can be obtained by solving the following equations:
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C,+C,=1 (3-32)

0,=C,01+CoP 1 (3-33)
pAKH)=C,py, " +Cyp @ (3-34)
pAK,.H)=C, PM|K2| + 2PAM¢IK2!_1 (3-35)
PAK;H)=C, pM'KSI +Cop gued ol (3-36)

where C,, C,, Py Pan @0d ¢ are all constrained to lie between zero and one, p, is the desired

lag-one correlation coefficient, p; is the correlation function of FGN defined by

p AKH)=0.5[(|K|+1)*"-2 |K 2 +(|K|-1)?#]1=HQH-1)|K |**~* (3-37)
Py and py are the autocorrelation coefficients of the Markov and ARMA processes respectively,
and K, K, and K, are the arbitrary lags at which the theoretical FGN autocorrelation function
matches that of the ARMA-Markov process. Lettenmaier and Burges (1977a ) suggest to take K,
K, and K, to be approximately L/8, L/2 and L, where L is the length of the time series being
generated. The above equations can be solved by means of Newton’s method for a given p(1)
and H. The second ARMA parameter © is obtained from

P = (1 —‘be)(d’_e) (3-38)
1+62-20¢

where only the value of ® which makes|®|< 1 is taken. According to Srikanthan (1979)

and Lye (1988), though ARMA-Markov model is able to reproduce Hurst statistic as FFGN and

BL, it has the following disadvantages:
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(a) It does not preserve the mean like FFGN or BL;

(b) It considerably underestimates the first serial correlation coefficient. Both FFGN and
BL give better results;

©) 'It is not possible to obtain parameter estimates for series with negative first serial
correlation;

(d) Parameters are difficult to estimate and the small sample biases of parameters are
.unknown.
However, the ARMA-Markov model can save a lot of computer time comparing to FFGN and

BL. It explicitly uses H and p(1) in their parameter derivation.

3.8. THE MIXED NOISE MODEL (MN)

The mixed noise model (MN) ( Booy and Lye 1987,1989) is the sum of three or four
AR(1) processes with weights and correlation coefficients that are calculated to produce the
correlation structure corresponding to a given value of h and a given first order correlation. The
model can accurately reproduce the autocorrelation function of FGN within any specified lag
interval by a proper choice of the weighted processes. In MN, both the Hurst coefficient h and
p(1) are explicitly used to derive model parameters. At lag one, the model correlation
coefficient can be made to correspond with the observed first order correlation coefficient p(1)
and at high lags, the correlogram on log-log graph paper follows the straight line typical of fast
fractional gaussian noise with appropriate Hurst coefficient (Booy and Lye, 1989). The first
AR(1) process models the high frequency effects, the second and third process model

intermediate or medium frequency effects and the fourth AR(1) process models the very low
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frequency effects in the time series.

For the zero mean, unit variance process, the generating function can be written as:

(3-39)
X,= Wa(ant-l(a) +€t(a)) W ACR l(b) +€t(b)) W cht—l(C) +€t(0)) + Wd(det—l(d) +€t(d))

~ where £®, £®, £, and £ are normal independent processes having variance (1-p.2), (1-py),
(1-p.2), and (1-ps’) 'respectively. 0., Pw Po, and py are first order partial autocorrelations of four
AR(1) models. W,, W,, W,, and W, are weights of these four AR(1) models.

The autocorrelation function of a mixed noise model is

pMN(k)=Wa2pak+Wb2pbk+Wczpck+Wd2pdk (3-40)
where W2, W2, W2, and W, are variance fractions which sum to unity.

The eight parameters are obtained by solving the following equations:

(@  W2W2W W 2=1

®) Wazpa+Wb2pb+Wczpc+Wd2pd=P(1)

(©  Wrp2+Wlp2+W2p2+Wlp 2=p(3,h)

(7)) Wazpas * szpbs +Wczpc8 + Wd2pd8= p(8,h)
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D) W 25+W pzs szc"5+W2 25—p(25,h) ...... (3-41)

(f) W2p 70+W 2p 70+W2 70+W2 70_p(70 h)

@  W2p20W,2p, 20+ W2p M0+ W p [P=p(200,1)

(h) W2p 201+W2 201+W2p0201+W2 201__p(201 h)

where p(n,h) is the theoretical correlation coefficient of the fractional noise given by equation
(3-37‘).

Since the autocorrelation function of an AR(1) process diminishes very rapidly with
increasing lag, the above equations can be solved sequentially starting from the low frequency
(high lag ) end. From (g) and (h), and assuming the terms with p,, p,, and p, to be negligible

beyond lag 200, then one gets

2., 201
Wibs  _ p (20L,h) (3-42)
W2 ®  p00%)
Solving this equation, we get
i p(201,h) (3_43)
p(200,7)

For a given h, the right hand side of equation can be easily calculated, so p; can be calculated.

Substituting p, into equation (g) or (h) and neglecting the term with p,, py, and p,, W, can be



obtained.
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From (e) and (f), assuming the terms with p,, p, to be negligible beyond lag 25, then

we get

W22 = p@5h)-Wie,”

WCZ p ¢;70

p(70.8)-W 2p [°

Solving equation (3-44) and (3-45), we get

(3-46)

_ (P70 Wie) 5
(p(25.m)- Wdzpdzs

[

(3-44)

(3-45)

where the right hand side is known. Substituting p, into equation (3-44) or (3-45), W2 is

obtained.

Similarly, from (c) and (d) and assuming the terms containing p, to be negligible

beyond lag 3, one gets

p(3,h) _WCZPC3 - d2 P¢13

it

WbZ p b3

2.8
Wypy

p(8.h) - Wczpcs - Wdz pds
Then we obtain

1
=1 (p(8.n) _Wczpcs_WdedS) ]g
(PGB -W2p2-Wip

(3-47)

(3-48)

(349

where all terms on the right hand side of equation are defined. Then substituting p, into
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" equation (3-47) or (3-48), W,? is obtained.

Finally, from (a), W, can be calculated

W?2=1-W2-W2-W} (3-50)
From (b), p, can be defined
- p(l)—szpb—Wczpc—Wdzpd (3-51)
a W b)

It is mentioned in Booy and Lye’s paper (1989) that " It’s possible that for some
combinations of p(1) and h, p, may be negative. For these cases, p, may be set equal to
zero". According to their opinions, alternatively, we could adjust the correlation coefficient of
the first AR(1) component to match any observed p(1) in the correlogram. In actual time series,
the sample values of p(1) and h are both quite variable, so that low p(1) values with high
value of h may be encountered. To match the p(1) may then result in strangely shaped

correlogram. The compatibility of combination of p(1) and h requires further study.

3.9. CONCLUSIONS

In this chapter, several mathematical models which are capable of reproducing
hydrological short or long term persistence were reviewed. AR and ARMA models are basically
intuitive types of the time dependent models and they are the bases of the more sophisticated
models that can adequately reproduce the long term serial correlation. However, an AR model
itself can not reproduce the long term correlation of the historical series very well, even using

large number of parameters. But the proper combination of a- few AR(1) processes can
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" successfully reproduce the observed long term correlation structure. ARMA(1,1) model is in
certain instance able to model the long term serial correlation. This model only contains two
parameters and uses less computing time than the fractional noise model and the broken line
process. The disadvantage of this model is that the Hurst h is not explicitly used in generating
rﬁechanism and no equivalence is found between the model parameters and the Hurst h. The
ARMA-Markov model is a successful approximation of the fractional noise with less computation
time. But it has several disadvantages: this model does not preserve the mean and it
considerably underestimates the first order serial correlation. The parameters of this model are
difﬁcult to estimate and the small sample biases of parameters are unknown. The fractional
gaussian noise can adequately reproduce the long term correlation. However, it needs an
enormous amount of computation and generally it generates a much larger first order
autocorrelation than the observed value. As an approximation of fractional gaussian noise, the
broken line process needs less computing time, but the model parameters are not easy to derive.
The fast fractional gaussian noise model as an approximation of fractional gaussian noise saves
a lot of computer resources, and it is very easy to run. Unfortunately, this model inherits the
disadvantage of the fractional gaussian noise model, which is the serious overestimation of the
first order autocorrelation. Some of those models as mentioned above can reproduce hydrological
long term correlation structure, however, don’t use Hurst coefficient explicitly in the generating
function.

The mixed noise model seems to be the most appropriate for modelling peak flows.
Firstly, it is easy to calculate the model parameters; secondly, it uses least computer time;

thirdly, the lag-one autocorrelation and the Hurst coefficient of sample series are used explicitly
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as the basic inputs of the generating functions. For these reasons, this model was selected to

model annual peak flows in the following study.
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CHAPTER 4. BIAS CORRECTION OF THE HURST K

4.1. GENERAL

In the previous chapter, simulation models for annual peak flows were discussed. The
ﬁixed noise model was selected as a suitable model for the further simulation of peak flows for
Canadian rivers. To use this model, one needs the Hurst statistic h as well as the lag-one
autocorrelation coefficient. However, the available methods for the estimation of these
parameters have serious bias. It can be shown that the bias of the ACF is dependent on the
Hurst statistic, but the bias of the Hurst statistic is relatively independent of the ACF. Since for
the derivation of the unbiased ACF one needs the unbiased Hurst statistic, the bias correction
of the Hurst K will first be discussed in this chapter.

Wallis and Matalas (1971) showed that the formulas for the computation of both K
and H produce biased estimates of the Hurst statistic. The bias is significant even for very
long sarhple lengths. The set of annual peak flows of Canadian rivers used in this study have
a mean length of only 43 years. It is therefore necessary to derive a bias correction procedure.
The Monte Carlo method was used to derive it. Long memory models including FFGN and
MN were used for generating synthetic series. Since FFGN and MN are not valid for a model

Hurst less than 0.5, type 1 approximation of Fractional Noise was used for these values.
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4.2 MONTE CARLO SIMULATION

The Monte Carlo simulation was performed for twenty Hurst h values equally spaced over
the range from O to 1.0. The sample size used for each type of time series was 43 years,
which is the average length of the annual peak flows of Canadian rivers. The number of
replications for each time series was 500. FFGN and MN were used to generate series for the
model Hurst h larger than 0.5. When the model Hurst h is less than 0.5, FFGN and MN
are no longer valid; for these cases FN1 was used. The Hurst K as well as H(gl0) were
estimated for each series, after which the mean and the standard deviation of H and K were
calculated. Histograms showing the results of the simulation are shown in Figures 4-1 A to 4-1
O. These results are also listed in Table 4-1. Figures 4-2 and 4-3 show the mean response of
K and H as a function of the model Hurst h. It is evident that both K and H have serious bias.
In fact, K even has more bias than H, but K has less variance than Hurst H. When the model
Hurst h is larger than 0.725, the Hurst K underestimates h, otherwise it overestimates it. The
~ cross-over value for H is 0.765. Most simulation results show a symmetric distribution for K
and H unless h is close to 0 or 1.0.

K has the advantage that we never get its estimate that is greater than 1.0. This does not
hold for the Hurst H. When the model Hurst is near 1.0, we may get H estimates that are
greater than 1.0. This is one reason why we prefer to use the Hurst K instead of H for the
remainder of this study. The other reasons are the smaller variance of K, the much simpler and
faster computation and the fact that the computation procedure is not to a degree arbitrary as it

is for H.



Table 4-1. Mean Responses of H and K for Different Model Hurst h

Model Hurst Model Mean Response of H STD of H Mean Response of K STD of K
0.975 FFGN 0.9545 0.1529 0.8677 0.06967

.0.925 FFGN 0.8712 0.1704 0.8217 0.07162
0.900 MN 0.7892
0.875 FFGN 0.8186 0.1717 0.7875 0.07326
0.825 FFGN 0.7905 0.1760 0.7642 0.07801
0.800 MN 0.75222
0.775 FFGN 0.7674 0.1901 0.7412 0.08292
0.725 FFGN 0.7415 0.1781 0.7242 0.07761
0.700 MN 0.7095
0.675 FFGN 0.7217 0.1834 0.7084 0.08144
0.625 FFGN 0.6817 0.1718 0.6823 0.07875
0.600 MN 0.6689
0.575 FFGN 0.6534 0.1697 0.6639 0.07684
0.525 FFGN 0.6203 0.1616 0.6413 0.07338
0.475 FN1 0.5844 0.1726 0.6154 0.07463
0.425 FN1 0.5748 0.1423 0.6030 0.07720
0.325 EN1 0.5618 0.08030
0.225 FN1 0.5300 0.06955
0.100 FN1 0.4943 0.06490
0.025 FN1 0.4677 0.05850
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4.3. BIAS CORRECTION OF THE HURST K ESTIMATOR OF h

Wallis and Matalas (1970) discussed the bias of K of small sample size N. It was
found that with the increase of N, the bias decreased albeit rather slowly. Since a bias
correction of K is needed for the data set of Canadian peak flows, the average sample size 43
was selected for the simulation process. After Monte Carlo simulation, the mean values of K
and H for various model Hurst h versus h were plotted in Figure 4-4. To derive a bias
correction formula, regression lines were chosen to approach mean response curve of K in
this figure. Having tried various functions, two simple regression lines, one linear and one
quadratic were chosen.

Linear Function: K =0.4135* h + 0.4287 (4-1)

Quadratic Function: K=0.4699 + 0.2435 * h +0.1455 * 1’ (4-2)

Since this linear regression line did not give a good fit at very low and extremely high

K, the quadratic line was preferred to derive the final bias correction formula, which is

log(g)

S _0.368094 -0.8370

log(%)

4-3)

h=2.6218*

After the bias correction, the estimated Hurst parameter h turns out to have a variance of 0.0256
which is larger than the variance of K which was found to be 0.0049. We should mention here
that a bias correction was also derived for the estimator H. But after bias correction, the
estimated Hurst parameter h had a variance of 0.0675, which is about three times the variance
of the parameter as estimated from the K. This is a good reason for using K instead of H for

estimation of h.
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4.4. VERIFICATION OF THE PROPOSED BIAS CORRECTION

The above mentioned quadratic bias correction formula for K was checked by using
both FFGN and MN to generate synthetic series. The results turned out to be satisfactory
especially for values of h close to or at 0.60 which is an average values for the observed
flow peak series. The estimates are listed in Table 4-2. They show that using K without
bias correction can lead to serious misunderstanding of long term serial correlation of
these rivers. Although this bias correction formula was based on simulation series of 43
year data, it gives quite good results for series from 30 to 100 years. This was verified by
changing the sample size from 30 to 100, and letting model h equal to 0.6. The results are

shown in Table 4-3.




Table 4-2. Verification of the Proposed Bias Correction
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Model Hurst Model Type Length of Series Observed h
0.85 FFGN 43 0.8271
0.825 FFGN 43 0.8042
0.775 FFGN 43 0.7610
0.725 FFGN 43 0.7170
0.70 FFGN 43 0.6961
0.675 FFGN 43 0.6813
0.625 FFGN 43 0.6241
0.6 FFGN 43 0.6017
0.575 FFGN 43 0.5815
0.525 FFGN 43 0.5279
0.85 MN 43 0.8211
0.70 MN 43 0.6860
0.60 MN 43 0.5937

Table 4-3. Verification of the Bias Correction for Different Sample Size

Model Hurst Model Type Length of Series Observed h
0.60 FFGN 30 0.6045
0.60 FFGN 43 0.6017
0.60 FFGN 50 0.6018
0.60 FFGN 60 0.5901
0.60 FFGN 70 0.5949
0.60 FFGN 80 0.5828
0.60 FFGN 920 0.5771
0.60 FFGN 100 0.5930
0.60 MN 43 0.5937
0.60 MN 100 0.5850




80
CHAPTER 5.

BIAS CORRECTION OF THE ACF FOR LONG

MEMORY MODELS

S5.1. GENERAL

Chapter 2 presented the bias correction formula (equation 2-7) for the autocorrelation
function (ACF) proposed by Kendall and showed that the correction is quite adequate if the
series is generated by short memory models like the AR(1), the AR(2) or the Lag-one Markov
model. It was shown in Chapter 2 that the Canadian rivers that were analyzed show the Hurst
phenomenon to a significant degree, so that the bias correction formula mentioned in Chapter
2 may not be valid for these rivers. This was shown to be true when FFGN or MN was
used to generate synthetic series, after which equation (2-7) was used to get a bias corrected
ACF. Comparing the corrected ACF with theoretical ACF, it was found that this formula is
indeed quite inadequate for h > 0.5. This shows that the Hurst statistic will affect the
estimation of ACF from the sample. A bias correction procedure is needed that takes h into

account.

5.2, MONTE CARLO SIMULATION USING FFGN AND MN

In this section, the fast fractional gaussian noise model (FFGN) and the mixed noise
model (MN) were applied to generate synthetic series for different model Hurst values. After
that, equation (2-3) was used to get estimates of autocorrelation coefficients of these series. For

each model Hurst value 500 series were generated. The mean ACF of 500 series was



81

calculated for both models and plotted. The curves were compared with the theoretical ACF

of the fractional gaussian noise. The latter can be written as

Pk = 05[(k+1)2h—2 *k2h+(k_1)2h] (5-1)

where h is the model Hurst and k is the number of lags. To make the MN model comparable
with the fractional noise model, which does not choose p, separately, the p, of the MN was made
the same as the p, of the fractional noise or chosen as an arbitrary value r,. At high lags, the
ACF of MN is practically identical with the theoretical ACF of FFGN.

Figure 5-1 to 5-5 showed some simulation results using these two models. It was found
that there was no big difference of observed sample ACF between FFGN and MN except
lag-one autocorrelation coefficient, which might be due to the different approximation of
fractional gaussian noise by FFGN and MN. It is evident however that bias correction is needed
for both. The amount of bias was calculated by subtracting the observed sample ACF from the
theoretical curve. Some results from obtained different h values are shown in Figure 5-6. For
the relatively low Hurst values 0.6, 0.7, the bias curves are evidently close to a straight line with
a maximum value at the lag one. For relatively high values of Hurst, the bias has a maximum
value near lag-five; when the lag is larger than five, with the increase of lag, the bias decreases
at a constant rate; when the lag is smaller than five, with the increase of lag, the bias increases.

The influence of lag-one autocorrelation on the bias of p, was also investigated by
changing the input value of R(1) in MN keeping the Hurst h the same. Some simulation results
are presented in Table 5-1 which shows the bias in r, for different values of the model R(1) but

the same Hurst h. Fortunately, this change only had a slight influence on the bias of lag-one
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autocorrelation; with the increase of the lag, this influence gradually became negligible. So, in
the derivation of the bias correction formula, the assumption that the ACF bias only depends

on long memory persistence and sample size was made.

Table 5-1 Influence of Model Lag-one Autocorrelation on Bias of ACF

Model R(1) Model Hurst Observed r, Bias of r,
0.6545 0.9 0.3260 0.3285
0.7000 0.9 0.3824 0.3176
0.7411 0.9 0.4484 0.2927
0.4000 0.8 0.2212 0.1788
0.4500 0.8 0.2659 0.1841
0.5152 0.8 0.3383 0.1769

Since most of Canadian rivers analyzed have relatively short historical records, in the
simulation, the sample size was chosen as 43 years which is identical with the average length of

209 rivers.

5.3. BIAS CORRECTION OF THE ACF
Having tried various functions to approach the bias curves, the following were chosen
to correct the ACF bias :

For high lag ( k = 6):
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R,=r,-0.01286k(k-0.5) +3.35438[2-0.5]*>+0.002224 (5-2)
where k is the lag;
R is the bias corrected autocorrelation coefficient;
r is the sample estimate of autocorrelation coefficient;
h is the model Hurst.

In addition to the above function, it was recommended that for h<0.65, the following function

be used:
R, =r,+(h-0.5)(0.67436-0.01436 +k) (5-3)
For low lags (k< 5):
R, =r,+0.001512275¢>878188 -4
R,=r,+0.02+0.2615[3%-2x2%+1] (5-5)
R,=r;+0.02+0.3370[4% -2 x3%*+27%] (5-6)
R,=r,+0.02+0.3916[5%" -2 x4 +3%] (5-7)

R =r;+0.02+0.4348[67 -2 5% +47%] (5-8)
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The bias correction formulas mentioned above were verified. Some results are presented
n Figurps 5-7, 5-8, 5-9, 5-10, 5-11. It is evident that after bias correction the estimated ACF
is very close to the theoretical curve. For the lag-one autocorrelation coefficient, the maximum
errbr is 0.05. After the bias correction, with few exceptions all autocorrelation coefficients
tended to have positive values. This makes sense since one would believe that all
autocorrelation coefficients of the historical records should be positive. Negative values are
likely due to a systematic estimating bias or to parameter variability. It will be shown in Chapter

7 that this bias correction also gives very good results for historical records.
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CHAPTER 6.

BAYESIAN UPDATING OF THE HURST STATISTIC

6.1. GENERAL

In the previous chapter, we have discussed simulation models that can preserve the
appropriate long term correlation structure and we also completed the work necessary to obtain
unbiased estimates of the parameters of these simulation models from the corresponding sample
statistics. The elimination of the bias, however, does not reduce the uncertainty in the
parameter estimation. This is especially a problem in the estimation of the Hurst parameter,
which is quite variable for the typical sample length of the peak flow series under investigation.
The difference in the observed values of K for the different drainage basins of the basic data set
reflects the sample errors as well as the varying precipitation-runoff characteristics of the basins.
One would expect, therefore, that the set of true values of K has less variance than the set of
observed values of K. Similarly, the distribution of the corresponding Hurst parameters h can
be expected to be more concentrated for the true value than for the "observed" values obtained
from the previously discussed bias corrections. This, in turn, implies that an h value that
corresponds to a relatively large observed K, is likely over-estimated, while a small observed
K is likely to produce an under-estimated value of h.

To obtain estimates of h that reflect this tendency, we note there are two sources of
information about h for a particular basin. Firstly, we have the general information of the values
of K one can expect for rivers similar to those included in the data set. Secondly, we have a

sample of a particular river peak flow series from which K can be estimated. Each of the two
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sources of information gives probabilistic information about h. This means that Bayes’ theorem
can be used to combine the information from the two sources so as to reduce the uncertainty in
h.

In this chapter, the principle of Bayesian updating from a continuous prior distribution
will be first discussed. Next, the procedure when the information is discretized, which is
usually the case for practical computer applications, will be described. Finally, two examples

of a Bayesian updating of the Hurst h for rivers belonging to the data set will be showed.

6.2. BAYES’ THEOREM

This theorem is named after Reverend Thomas Bayes ( 1702-1761). It can be written

in the form of

pO/e) ple) (6-1)
PO)

p(ely)=
where p(a/y) represents the conditional probability of o given the occurrence of event y;
p(y/a) represents the conditional probability of y given the occurrence of event

p(a) represents the probability that o occurs;

p(y) represents the probability that y occurs.

Alternatively, this can be written as

plefy) = N pGle) p(a) 6-2)
where N is called normalizing factor. The theorem can be used to update the estimate of the
probability that o occurs when we know that y has occurred (P(o/y)), provided that we know

the prior probability of o ( P(ct)) and the likelihood function of o ( P(y/c) ). It can also be
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expressed as

plafy) =« l(a) p(a) (6-3)

where 1(a) represents the likelihood of a. If we call p(e/y) the posterior probability, then

Posterior « likelihood * Prior (6-4)

This theorem can be used to revise probability estimates in the light of additional evidence.
6.3. BAYESIAN PARAMETER ESTIMATION

When Bayes formula is used to update a parameter estimate then the magnitude of
the parameter is subject to a probability assessment and additional information is used to
obtain revised probability statements about the parameter which reflects a gain in
knowledge or a reduction in the uncertainty about the magnitude. This makes it possible
to sequentially use newly available information to update the "prior" probability distribution
of the parameter. For a normal prior distribution and likelihood function, this procedure
can be stated as follows:

If his assumed to be normally distributed with mean p and variance o2

h-N(p, o?) (6-5)
This means
Fh) =21 02) 05 -05G-p)0?) (6-6)

Suppose that we have the unknown parameter h for which the prior probability distribution

can be expressed as:

h~N(pg05) (6-7)
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Suppose also that we have an observation x that is normally distributed with mean

equal to the parameter of interest, that is

X~N(h,6?) (6-8)

where ug, 0y and o are known. If these assumptions are valid,

Sy =@ 0 2y 09O weTIed) (69)

ﬂX/h) =(27'E 0.2) —O.Se(—O,S(X—p.)2/02) (6-10)

f(h/X) can be written as the function of P(h) P(X/h)

fHX)=2n 0(2)) -05, (-0.5(h-pp)Ylag) «(27 02) -0.5 5 (-0.5(X~hy*/o?) (6-11)

That means f(h/X) is proportional to

. (-0.5h2%((05) ™ (0D Y +h(pyfr+X]o?) (6-12)

Regarding f(h/x) as a function of h , it is now convenient to write:

FHIX)=(2m 67y 03¢ COSh-wlew (6-13)
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Ly (6-14)
p1=012(_“% +_J%)=M (6-15)
Oy © 00"2+0'2
the posterior probability density is
F(hx) ~ N(p,,0,) (6-16)

Often there is insufficient information to ensure that the parameter concerned has a normal or
other standard continuous distributions. In that case, it is convenient to use a discrete probability
distribution as an approximation. This discretization of the prior and likelihood also makes
the procedure simpler and easier on a computer. For a single parameter case, the procedure is
as follows:

Let it be assumed that the probabilities of the condition h(i) have been determined in the
form of an array P(i) for all value of i. This array is called the prior probability distribution of
the parameter h since it has been established prior to or independent of the new information. Let
it be further assumed that an event A has been observed and the conditional probabilities of each
condition P(A/h(i)) have been determined. This array is called the likelihood of A given the
corresponding condition. The observation of event A will change the probability assessment
for all conditions in a way that makes the occurrence of A more likely. Bayes’ theorem for
a one parameter problem can be written in the following form:

P(h())/A)=N * P(A/h(i)) * P(i) i=1,2,3......... m (6-17)
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This formula expresses that the posterior or updated probability distribution of the parameter h
is by definition, the conditional distribution of the parameter h given the observation of A; it
is designated P(h(i)/A) for all values of i. Each value in this probability array is calculated as
the product of the likelihood of A given the corresponding condition h(i), designated P(A/h(i)),
the prior probability of that condition, namely P(i) and a normalizing factor N, which must

ensure that the sum of the posterior probability for all conditions adds up to unity.

6.4. BAYESIAN UPDATING OF THE HURST h

In principle, the estimation of Hurst h for a specific drainage basin proceeds in three
steps.

First, the prior probability distribution of h is adopted apart from any experimental
information about the magnitude of h.

Secondly, this distribution is updated with the information about Hurst h that can be
deduced from the set of values of K observed for the basic data set. This would give the
probability distribution of h for a specific drainage basin if we know nothing more about it than
that the basin is of a Canadian river similar to the rivers in the basic data set.

The distribution obtained in this manner is then updated with the sample information for
K obtained from the peak flows for the particular basin under consideration. From the final or
posterior distribution of h one can then select a typical value, for example, the mode, or the most
likely value as the "best" estimate. Alternatively, depending on the use one wants to make of
the estimated parameter, one could choose the mean as the most appropriate estimate.

It can be shown that the estimate of h obtained in this way has a smaller variance than
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the estimate obtained from the sample alone or from the basic data set alone.

in detail, the estimation procedure is as follows:

First, the possible range of h was divided into m intervals and each interval was
represented by its middle value. Supposing the probabilities of condition h, had been determined
in the form of an array P(h=h,) for all value of i. This array is called the prior ( a priori )
probability distribution of parameters since it had been established prior to or independent of
the new available information. To establish the prior distribution is the most difficult part of
this problem. Also, it was assumed that event A had been observed and the probability of
A occurrence given each condition h, could be determined, which was written as P(A/h,).
This array is called the likelihood of A given the corresponding condition, which was
sometimes expressed as 1(x). So the observation of event A would change the probability
assessment for all conditions in such a way that makes A occurring more likely. The Bayes’s

theorem for parameter h can be written in the following:

P(h/A)=N~*P(A[h) «P(h=h) (6-18)

P(h/A)------- the posterior or updated probability of parameter h;

N------- a normalizing factor which must ensure that the sum of the posterior probability
for all conditions adds up to unity.
To initiate the updating, the assumption was made that the model Hurst parameter h has a

uniform distribution between 0.5 and 1, which really means we did not have any knowledge
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about the distribution of model Hurst except the range. Since there is no physical meaning for
h less than 0.5, the range from 0.5 to 1 instead of O to 1 was selected. Based on this
assumption, we determined the conditional distribution of K, denoted P(k/h;), by means of the
Monte Carlo method. We use the data set of the annual peak flows of Canadian rivers as an
observed realization or a sample distribution of K, denoted P(k;). This allows the determination
of the posterior distribution of the Hurst h given this observation and the conditional distribution

of K.
13

P(h=h)=NY_ P(k)*P(k/h) (6-19)
j=1

The results are shown in Figure 6-1 and 6-2. This posterior distribution of the model h for a
Canadian river in general can be used as the prior distribution of h for a specific Canadian river

for which K was observed as B.

P(h=h/B)=N'P(h=h)P(B/h) (6-20)

Two examples of the updating procedures will be discussed next. One has a relatively

low Hurst K and another has a relatively high Hurst K.
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Table 6-1A. Probability Distribution of K Response for Various Model Hursts

Based on Monte Carlo Simulation

Response Model Model Model Model Model Model
of K Hurst Hurst Hurst Hurst Hurst Hurst
0.975 0.925 0.875 0.825 0.775 0.725
<0.40 0.000 0.000 0.000 0.000 0.000 0.000
0.4-0.45 0.000 0.000 0.000 0.000 0.000 0.000
0.45-0.50 0.000 0.000 0.000 0.002 0.002 0.006
0.50-0.55 0.000 0.000 0.000 0.006 0.006 0.012
0.55-0.60 0.002 0.002 0.010 0.022 0.034 0.050
0.60-0.65 0.008 0.012 0.046 0.052 0.092 0.116
0.65-0.70 0.020 0.042 0.084 0.116 0.162 0.154
0.70-0.75 0.050 0.130 0.152 0.208 0.176 0.260
0.75-0.80 0.072 0.178 0.240 0.230 0.244 0.244
0.80-0.85 0.158 0.228 0.248 0.224 0.184 0.132
0.85-0.90 0.302 0.284 0.194 0.130 0.092 0.024
0.90-0.95 0.324 0.120 0.026 0.010 0.008 0.002
0.95-1.00 0.064 0.004 0.000 0.000 0.000 0.000
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Table 6-1B. Probability Distribution of K Response for Various Model Hursts

Based on Monte Carlo Simulation

Response Model Model Model Model Model Model
of K Hurst Hurst Hurst Hurst Hurst Hurst
0.675 0.625 0.575 0.525 0.475 0.425
<0.40 0.000 0.000 0.000 0.000 0.000 0.000
0.40-0.45 0.000 0.000 0.000 0.000 0.000 0.000
0.45-0.50 0.012 0.008 0.018 0.030 0.080 0.120
0.50-0.55 0.022 0.042 0.044 0.080 0.100 0.100
0.55-0.60 0.070 0.118 0.146 0.184 0.250 0.280
0.60-0.65 0.134 0.180 0.236 0.242 0.200 0.180
0.65-0.70 0.186 0.224 0.228 0.244 0.230 0.220
0.70-0.75 0.234 0.232 0.200 0.146 0.110 0.060
0.75-0.80 0.212 0.114 0.084 0.066 0.030 0.040
0.80-0.85 0.114 0.070 0.038 0.008 0.000 0.000
0.85-0.90 0.016 0.012 0.006 0.000 0.000 0.000
0.90-0.95 0.000 0.000 0.000 0.000 0.000 0.000
0.95-1.0 0.000 0.000 0.000 0.000 0.000 0.000
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Table 6-1C. Probability Distribution of K Response for Various Model Hursts

Based on Monte Carlo Simulation

Response Model Model Model Model
of K Hurst Hurst Hurst Hurst
0.325 0.225 0.100 0.025
<0.40 0.020 0.020 0.060 0.090
0.40-0.45 0.060 0.140 0.200 0.330
0.45-0.50 0.060 0.160 0.200 0.330
0.50-0.55 0.280 0.260 0.380 0.180
0.55-0.60 0.240 0.260 0.140 0.030
0.60-0.65 0.200 0.100 0.020 0.030
0.65-0.70 0.100 0.060 0.000 0.010
0.70-0.75 0.020 0.000 0.000 0.000
0.75-0.80 0.020 0.000 0.000 0.000
0.80-0.85 0.000 0.000 0.000 0.000
0.85-0.90 0.000 0.000 0.000 0.000
0.90-0.95 0.000 0.000 0.000 0.000
0.95-1.00 0.000 0.000 0.000 0.000




Table 6-2. Probability Distribution of Hurst K for the Basic Data Set
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Hurst K Values Frequency of 209 Rivers Probability
<0.4 0 0.000000
-0.40-0.45 0 0.000000
0.45-0.50 1 0.004785
0.50-0.55 10 0.047847
0.55-0.60 19 0.090909
0.60-0.65 44 0.210526
0.65-0.70 56 0.267943
0.70-0.75 49 0.234450
0.75-0.80 22 0.105263
0.80-0.85 07 0.033493
0.85-0.90 0 0.000000
0.90-0.95 1 0.004785
0.95-1.00 0 0.000000
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Example A: The Pipers Hole River at Mother’s Brook has 36 year annual peak flow data.
Using unbiased estimator we estimated its lag-one autocorrelation coefficient at 0.3354, and the
Hurst K to be 0.8146. As prior we used distribution of Hurst h based on the information from
the data set, which is shown in Figure 6-1 and 6-2. The likelihood of obtaining the observation
K=0.8146 was determined for the range of values of h by simulation. Finally, the posterior
distribution of Hurst h was calculated by Bayes’ theorem, which is shown in Figure 6-3 and
Table 6-3. The most likely value of h for this river turned out to be 0.77. But the distribution
is rather flat in the range between 0.75 and 0.85. Based on the sample alone, the Hurst h would

have been estimated as 0.91.

Table 6-3. Bayes Updating of h for Pipers Hole River at Mother’s Brook

h; Prior P(h=h)) Likelihood Normalizing Posterior
P(B/h,) Factor N P(h=h,/B)

0.50-0.55 0.133095 0.020064 7.6643 0.020467
0.55-0.60 0.136657 0.047568 0.049822
0.60-0.65 0.133809 0.079152 0.081175
0.65-0.70 0.124182 0.134384 0.127902
0.70-0.75 0.120742 0.155296 0.143712
0.75-0.80 0.103893 0.196480 0.156450
0.80-0.85 0.093110 0.225248 0.160742
0.85-0.90 0.076389 0.246336 0.144222
0.90-0.95 0.053238 0.217600 0.088788
0.95-1.00 0.024885 0.140112 0.026723
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Figure 6-3. Bayesian Updating of the Hurst h for the Pipers Hole River (Observed K = 0.8146)
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Example B: the Southwest Margaree River Near Upper Margaree has 70 year annual peak
flow data. The lag-one autocorrelation coefficient was estimated at 0.1346, and the Hurst K was
-.~estimated as 0.7495. Using the formula mentioned in this section, the likelihood of h for K
equals 0.7495 was calculated which is shown in Table 6-4. By means of Bayes’ theorem, the
. posterior distribution of h for this river was obtained which is also listed in Table 6-4. The most
likely value of h for this river is obtained as 0.71. The results are shown in a bar graph in

Figure 6-4. Based on the sample alone, Hurst h would have been estimated as 0.78.

Table 6-4. Bayesian Updating of h for Southwest Margaree River Near Upper Margaree

h, Prior P(h=h,) Likelihood Normalizing Posterior

P(B/h,) Factor N P(h=h/B)
0.50-0.55 0.133095 0.106 5.51 0.0778
0.55-0.60 0.136657 0.142 0.1069
0.60-0.65 0.133809 0.173 0.1276
0.65-0.70 0.124182 0.223 0.1526
0.70-0.75 0.120742 0.252 0.1677
0.75-0.80 0.103893 0.210 0.1202
0.80-0.85 0.093110 0.219 0.1123
0.85-0.90 0.076389 0.196 0.0825
0.90-0.95 0.053238 0.154 0.0452
0.95-1.00 0.024885 0.061 0.0069
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Bayesian Updating of the Hurst h for the Southwest Margaree River Near Upper
Margaree (observed Hurst K=0.75)
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CHAPTER 7.

MODELLING OF ANNUAL PEAK FLOW SERIES

7.1.  GENERAL

In the previous chapters, the bias correction formulas for the Hurst statistic and the ACF
were derived. A Bayesian updating procedure of the Hurst h was also proposed. Now we
have reached the point where we can use all the available information for the estimation of the
parameters that are required for the simulation of annual peak flow series.

In hydrological modelling, the model is should be designed to preserve as much as
possible the historical mean, the variance, the skewness, the autocorrelation function and the
Hurst statistic. Reproducing the mean and the variance is no problem but almost all short
memory models fail to reproduce historical long term characteristics, while most long memory
models do not preserve the lag-one correlation or do not use the Hurst statistic explicitly. The
exception is the mixed noise model (MN), which not only preserves long term persistence but
also preserves the short term persistence characteristics ( Booy and Lye, 1989). It attempts to
reproduce the ACF fractional noise at high lags while correcting it for the first order
autocorrelation at low lags. A problem that is occasionally encountered is an incompatibility
of the lag-one autocorrelation and the model Hurst h, which results in an unlikely ACF.
There are two types of parameter incompatibility. Sometimes one observes a high Hurst statistic
with a relatively low lag-one autocorrelation. At other times, one may observe a negative lag-
one autocorrelation which seems unrealistic for peak flow series. Both will cause negative

partial autocorrelations of one of four AR(1) components. It was suggested by Booy and Lye
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( 1989 ) that zero value be assigned to this partial autocorrelation when calculated value was
negative. This means that the observed short term correlation is not preserved here. One should
keep in mind, however, that parameter incompatibility observed in practice is often caused by
using a biased estimator for p,. In addition, both p, and h are random variables, so that due
to chance, one may get a rather unlikely combination. This occurrence is somewhat reduced
by using Bayesian updated values of p, and h.

In this chapter, the annual peak flow series of Canadian rivers will be simulated.
Autocorrelation functions will be derived and the results will be compared with those from

observed series and with the average autocorrelation function of all 209 available series.

7.2.  PARAMETERS USED IN THE MIXED NOISE MODEL

In order to show the entire simulation process, the mixed noise model was applied to the
peak flow series of Southwest Margaree River. The observed flow data series is listed in Table
7-1 and shown graphically in Figure 7-1. The uncorrected autocorrelation function of this river
was estimated by means of equation (2-3), which is shown in Figure 7-2. As it can be seen
from Table 2-1, the uncorrected value for Hurst K is 0.7495 and the lag-one autocorrelation
coefficient is 0.1346.

The mixed noise model was also used to reproduce the average ACF of rivers in the data
set. From Chapter two, we knew that the average of the lag-one autocorrelation coefficient is
0.039 and the average of the Hurst K is 0.6756. Values of the lag-one to the lag-forty

autocorrelation coefficient are listed in Table 7-2.
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Table 7-1. Annual Peak Flow Data of Southwest Margaree River
Near Upper Margaree
Year 1 2 3 4 5 6 7 8 0 10 1 12
Peak Flow 255 | 425 | 375 | 425 | 484 | 320 | 408 | 527 |612 | 204 | 555 | 49
Year 3 |14 |15 |16 |17 18 19 20 21 2 23 24
Peak Flow 345 | 309 | 348 | 416 | 462 | 425 | 391 22 | 34 399 | 328 | 276
Year 25 |26 |27 |28 |2 30 31 32 33 34 35 36
Peak Flow 323 | 256 | 354 | 328 | 453 | 385 | 428 |337 |282 | 405 | 408 | 328
Year 37 [38 |30 |4 |au ) 43 44 45 46 47 48
Peak Flow 317 | 425 [ 399 |32 | 286 | 275 | 304 365 |377 | 328 |317 | 232
Year 49 |so |51 |52 |53 54 55 56 57 58 59 60
Peak Flow 445 | 304 | 405 | 328 | 43 532 | 33.1 286 | 405 | 343 | 328 | 413
Year 61 |62 |63 |64 |65 66 67 68 69 70 71 72
Peak Flow 396 | 537 | 417 | 607 | 421 | 205 | 364 | 523 | 368 | 472
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Figure 7-1. Annual Peak Flow of Southwest Margaree River near Upper Margaree
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Figure 7-2. Autocorrelation Function of Southwest Margaree River near Upper Margaree

Table 7-2. Mean ACF of Annual Peak Flows of the Data Set

Lag 1 2 3 4 5 6 7 8 9 10
ACF 0.039158 0.007733 0.037505 0.018429 0.01139 -0.02344 -0.01085 -0.02491 -0.03321 -0.05752
Lag 11 12 13 14 15 16 17 18 19 20
ACF -0.00952 -0.0206 -0.03687 -0.0169 -0.0155 -0.03383 -0.01072 -0.02052 -0.00926 -0.01495
Lag 21 22 23 24 25 26 27 28 29 30
ACF -0.0379 -0.00598 -0.03123 -0.02439 -0.01671 -0.00196 -0.01008 -0.00464 -0.02057 -0.00919
Lag 31 32 33 34 35 36 37 38 39 40
ACF -0.01275 -0.0074 -0.01436 -0.01228 -0.0139 0.005354 -0.01164 -0.00193 -0.00283 -0.02511
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The difference between this study and others ( Lye,1988 ) is that we use the Bayesian
updated Hurst statistic h, which could be obtained by means of the procedure discussed in
Chapter Six, as well as a bias corrected lag-one autocorrelation coefficient calculated by the
process introduced in Chapter 5, which used the updated h and observed ACF. Parameters
used are listed in Table 7-3. These two parameters then were used to calculate eight basic

parameters of mixed noise model for each simulation.

Table 7-3. Updated and Bias Corrected Parameters Used in MN

Parameters Southwest Margaree River All Canadian Rivers
Hurst h 0.7131 0.6011

Lag-one 0.2864 0.1053
Autocorrelation

It may be noted that after bias correction, most of autocorrelation coefficients tend to have
positive values. This makes sense as it is believed that all historical data have positive
autocorrelations and negative autocorrelations are caused by systematic estimating bias or

variability of autocorrelation. These are shown in Figure 7-4 and 7-5.

7.3.  DEMONSTRATION OF THE TECHNIQUES

First, Hurst h and lag-one autocorrelation coefficients listed in Table 7-3 were used
to calculate eight model parameters of the mixed noise model, which are w,, w,, W_, Wy, P,,Pp»
P> Pg- Then, five hundred series with identical length equal to the sample size of the Southwest

Margaree River were generated. After this, equation (2-3) was used to estimate the sample
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ACEF of each of these 500 series. Finally, the average ACF of 500 was calculated and the

bias correction formulas were applied to get the bias corrected ACF. This ACF was compared
with the theoretical ACF of the mixed noise model. This technique was also demonstrated for
the average autocorrelation of Canadian rivers. Some results are shown in Figure 7-6 and 7-7.

Evidently after bias correction, the generated ACF is very close to the theoretical ACF.

Estimated ACF of Canadian Rivers
Statistical Results of 209 Rivers
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Figure 7-3. Mean ACF of Annual Peak Flows of the Data Set
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Southwest Margaree River
Near Upper Margaree
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Figure 7-4. Bias Corrected ACF of Southwest Margaree River Near Upper Margaree
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Southwest Margaree River
Near Upper Margaree
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ACF of Canadian Rivers
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- 74. COMPARISON BETWEEN THE GENERATED AND THE SAMPLE ACF

Since it was very difficult to demonstrate the advantage of this procedure based on a
single river, the average ACF of 209 Canadian rivers was used. Five hundred series were
generated and their ACF were estimated. This generated ACF was compared with the
observed ACF from rﬁore than 200 rivers. These are shown in Figure 7-8 and 7-9. It is
evident that on average, with the use of updated and bias corrected parameters, the mixed noise

model can reproduce the correlogram of historical annual peak flows.

7.5.  COMPARISON BETWEEN THIS TECHNIQUE AND LYE’S METHOD

The difference between this technique and Dr. Lye’s method (L.M.Lye, 1989) is the
updated h and bias corrected lag-one autocorrelation were used in this study. One would expect
some improvement. To show the improvement using the bias corrected and updated
parameters, two procedures were used simultaneously, one with the use of updated and bias
corrected parameters and the other with observed K and lag-one autocorrelation coefficient.
These procedures were applied to the average correlogram of Canadian rivers. Simulation
results are shown in Figure 7-10. Generally, it is hard to find a big difference when one looks
at the ACF curve. But when one looks at the lag-one autocorrelation, it is easy to find that
results from this study are closer to the sample observations. In addition, the generated average
value of Hurst K of 500 series by this technique is about 0.675, it turns out to be 0.71 by Lye’s
method. Comparing these two procedures, we can find that better simulation results were

obtained with the use of updated h and lag-one autocorrelation.
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ACF of Canadian Rivers
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CHAPTER 8.

CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDIES

8.1. CONCLUSIONS

1. Annual peak flow series obtained from Canadian rivers show a strong Hurst phenomenon
and a very low lag-one autocorrelation. Although Anderson’s test suggests that hypothesis of
time independent can not be rejected, these rivers cannot be seen as time independent because
of the long term persistence. Only the models which can preserve short term as well as long
term autocorrelation characteristics should be used for accurate modelling of peak flow series;

2. The Hurst estimation K given by H.E.Hurst has serious bias. This is partly caused
by forcing N equal to 2 and rescaled range R/s equal to 1 simultaneously. By removing this
constraint, a bias correction formula is derived based on Monte Carlo simulation;

3. The method given by Kendall (1954) for bias correction of autocorrelation
coefficients of time series is not valid when the long term persistence is significant, that is
when h > 0.5. The bias can be corrected by the formula given in chapter five, which contains
h;

4. The sample observation of Hurst statistic is a random variable, which can be updated
by means of Bayes’ theorem when regional information becomes available. The updated h
has less variability and is more reliable;

5. By using bias corrected and updated parameters in the mixed noise model, some

incompatibilities between lag-one autocorrelation and model Hurst h can be eliminated. When
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the mixed noise model is applied for modelling annual peak flows of Canadian rivers with these

more reliable parameter combinations, better simulation results can be obtained.

8.2. RECOMMENDATIONS FOR FURTHER STUDIES

1. After bias correction of the ACF, we still occasionally observe negative lag-one
autocorrelations or low lag-one autocorrelations with relatively high model Hurst, which is due
to the variability of ACF and Hurst. Further studies may be required to investigate the
uncertainty of ACF for observed time series.

2. Bayesian updating may also be used to better estimate the lag-one autocorrelation
coefficient if information on this parameter can be obtained for a region, in which there are
number of stations or rivers;

3. The ACF could possibly be estimated by means of regression line techniques. The
parameters of the line could then replaced the model Hurst h and the lag-one autcorrelation

coefficient. This regression line could use the following function

ACF() = a * k? (8-1)

where k represents the lag.
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