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ABSTRACT

A correlogram analysis was performed on annual peak flows of more than two

hundred unregulated rivers in Canada. These rivers showed a very low lag-one

autocorrelation but a significant Hurst phenomenon. Though Anderson's test indicates

that the null hypothesis of time independence can not be rejected, these series are

certainly time dependent because of their significant long term persistence. This

demonstrates that in stochastic modelling of annual peak flow series, the Hurst phenomenon

should not be disregarded.

To improve the estimation of the parameters for such modelling, the bias in

estimating the Hurst parameter by standard methods was discussed. A bias correction

formula was derived by means of Monte Carlo simulation. It was also found that

conventional methods of correcting for bias in the autocorrelation function are quite

inadequate when the series shows a significant long term persistence. This required bias

correction was found to be a function of the Hurst parameter.

To reduce the sample variance in the estimation of the Hurst parameter, the

information obtained from basic data set was used in the Bayesian updating of the estimate

for a single river. This technique is demonstrated for two rivers.

Finally, the bias correction and the updating were tested by developing several

stochastic models with the mixed noise model. It was shown that on average better

simulation results can be obtained. It was also shown that the bias correction eliminates the

incompatibility between the observed lag-one autocorrelation coefficient and the observed

Hurst statistic, which is sometimes a problem in mixed noise models.
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CHAPTER 1 INTRODUCTION

IJ PROBLEMS AND RESEARCH OBJECTIVES

This study deals with flood risk or more precisely, with its mathematical expression in

the form of flood frequency distributions or flood frequency curves. The determination of these

flood frequency curves is of course a standard engineering practice. But there are several

engineering problems associated with frequency curves for which a satisfactory solution has not

been found. Two of them are addressed in this thesis.

The first concems the confidence one can have in the flood frequency distribution with

its estimated parameters. This is important if design decisions are to be based on these

estimates.

The other is how to make better use of all available statistical infonnation for parameter

estimation, rather than basing the estimation solely on a single record of annual floods. One

approach is regional flood frequency studies, the other is making use of additional information

through Bayesian statistics. Here the latter approach is taken.

When the flood frequency curve is well defined by the available data then the probable

error involved in the risk analysis itself is small compared to the stochastic uncertainty and has

little or no influence on design decisions. This is the case when there is a record of reasonable

length and no serial correlation in the data series, which is the standard engineering assumption.

It has been shown (Booy and Lye; 1989) that long term serial correlation exists in several

annual flood series of Canadian rivers and that this may lead to a substantial probable error in

the risk assessment which ought to be taken into account in the design. They also showed that
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many ¿ìnnual flood series show significant long term persistence, though the first order serial

correlation is not significantly different from zero.

Mathematical confidence limits can be established for relatively simple distributions if one

assumes no serial correlation or a very simple correlation structure. If the distribution is more

complicated or the correlation structure is complex, then one needs simulation to establish

confidence limits on risk assessments and on the total risk that a flood protection structure will

fail within the planning horizon.

Simulation is also necessary for the parameter estimation. Formulas for the estimation

of the correlation parameters have a large bias which depends on the serial correlation structure.

Adequate bias correction factors have been established for first order correlation assuming a first

order Markov model but not for higher order coefficients when a more complicated correlation

structures exists.

Finally, simulation is necessary to establish appropriate likelihood functions for a Bayesian

approach to the estimation of the parameter that describes the long term correlation structure, for

which the Hurst coefficient K was chosen in this study.

It can thus be said that the development of adequate simulation techniques is essential

for the solution of the two problems that were identified above; this will therefore be a main

topic in this thesis.

In simulation, both the choice of the model and the parameter estimation are crucial. The

approach taken in this study will be :

A. to examine the correlation structure of a large number of annual flood series of Canadian

rivers;
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B. to review available time series models and to select an appropriate model type;

C. to estimate the model parameters that govern short and long term correlation;

D, to apply the simulation to flood series of selected rivers;

E. to compare the observed autocorrelation function (ACF) of the rivers with the ACF

obtained by simulation.

In connection with the parameter estimation, it should be noted that there is substantial

bias in the formulas for the calculation of the Hurst statistic and the ACF. Correction for this

bias is therefore the subject of two separate chapters.

OUTLINE OF THESIS

The study begins in the second chapter with the analysis of the correlation structure of

more than 200 data series obtained from unregulated rivers in Canada. In this chapter, the

autocorrelation function (ACF) and the Hurst statistic are calculated and the serial correlation

structure is examined.

Chapter three deals with the selection of a suitable stochastic model for simulation.

Different stochastic models including the autoregressive model (AR), the autoregressive moving

average model (ARMA), the fractional gaussian noise model (FGN), the fast fractional gaussian

noise generator (FFGN), the broken line process (BL), the ARMA-Markov Model (AM), and the

mixed noise model (MN) are reviewed. It is argued that the fast fractional noise model and the

mixed noise model are the most suitable for use in this study.

Chapter four deals with the estimation of the Hurst statistic for relatively short time series.

The Hurst statistic K as well as the Hurst coeffîcient H are briefly discussed and bias
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colrection formulas for K are derived from simulation. Finally, this forrrula is verified.

Chapter five deals with bias correction formulas for the autocoruelation coefficients based

on so called long memory models. Monte Carlo simulation results are used for the derivation

of valid bias correction formulas that can be used for canadian rivers.

In chapter six, Bayes' theorem is used in the development of a methodology of updating

the Hurst statistic for a single Canadian river while incorporating in the analysis the information

of all rivers. This Bayesian method improves the estimation of the Hurst statistic.

Chapter seven shows applications of the procedure for specific stations. In the procedure,

the Bayesian updated Hurst statistic and the bias corrected lag-one autocorrelation coefficient are

utilized.

Chapter eight presents conclusions and recommendations for the future studies.



CHAPTER 2.

CORRELATION STRUCTURE OF ANNUAL PEAK

FLOW SERIES FOR CANADIAN RIVERS

2.I. INTRODUCTION

In conventional flood frequency analysis, the correlation structure of the data has no effect

on risk analysis since it has no effect on the frequency curve derived from the data. It is true

that textbooks caution against the use of frequency curves when there is serial correlation in the

data, but they seldom say what to do instead. In flood risk analysis, this did not appear to be

a major problem. Conventional tests confirmed that for annual peak flows, the first order

correlation is negligible. Any occasional departure was therefore (probably correctly) attributed

to chance except for rivers with unusual amounts of basin storage. Engineers have thus

traditionally paid little attention to correlation structure of the data. Nevertheless, the correlation

structure can be quite important for engineering design because correlation increases the variance

of the sample statistics. This means that there is a much greater uncertainty in parameter

estimates. One can also put it this way that the correlation decreases the information content

of the record. Long term serial correlation is especially important for parameter variability.

Mandelbrot and Wallis (1969 c) showed that the variance of the sample mean is a function of

the Hurst statistic:
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Var(T¡ = a] n2h-2 (2-r)

where o*' is the true variance of X and h is Hurst coeffîcient; n is the sample length. With a

sample of 50 independent data, the variance of the sample mean is o.2/50 since h:0.5 for

independent data. With a Hurst coefficient of h : 0.7, which is about average for many

Canadian rivers, the variance of the sample mean is increased by a factor 4.78. Parameter

uncertainty is rather important in design since it increases the total flood risk the designer must

provide for to attain adequate safety against flooding. Put simply one can write:

Variance in predicted peak : variance calculated from the accepted model

+ variance due to model uncertainty

In this chapter, the correlation structure of annual peak flow data of 209 rivers across

Canada is examined. The method for estimating the autocorelation function given by Jenkins

and V/atts (1968) and Box and Jenkins (1970) is used to obtain the autocorrelation function of

each peak flow series. The results are listed and are also shown graphically. Anderson's test

was used to determine significant departures from zero first order correlation. After this, the long

term serial correlation as measured by the Hurst statistic K is used and described. It will be

shown that for most Canadian rivers, the peak flow series show the Hurst phenomenon to a very

significant degree.

2.2. GENERAL DESCRIPTION OF DATA

A set of annual peak flow data from more than 200 rivers in Canada were obtained from

Dr. L.M. Lye from Memorial University at St. John's, Newfoundland. The data were selected

on the basis of ,unrpt" length ( at least 30 years) and the absence of river flow regulation. The
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selection covers almost all provinces of Canada and includes big rivers as well as small creeks.

The shortest annual peak flow series is 30 years and the longest one is 100 years. The average

length of these series is 43 years. Details of these data are listed Table 2-I. Figure 2-1 shows

the distribution of the sample length.



Table 2- l. Canadian Rivers and Their Short and Long Tenn Persistence

Name of River Yea rs H(q'10) K Kr R(1) R(1)

l.Adams River Near Squi(ax l+2 0.5ó39 0.6601 0.228? 0.2785

2.Ashnota River at Athabasca lr¿ 0.5725 0.591 9 .3399 .349t,

3.Athabasca River at Arhabasca 47 0.5800 0.5595 .2022 .196/.

¿..Ausabte River nea¡ Springbank 13 0 -4971 0 .5ó40 101 .0857

5.3adger Creek Near CartHright l0 0 .8892 0. 71 83 1298 1113

ó.Battie River Nea¡ Unr¡in Jô 0.5335 0. ó053 .09263 u. ¡ J))
7.Bear River East Aranch at Bear River 35 0 .51 18 0.6671 0 .3¿.18 0.t,18z

S.Beaverbank River Hear Kinsac 67 0.76n 0.7189 .08ó8 .0765

9.Eerens River at Outtet of Long Lake l1 0.ó391 0.6136 .0332 .001 0

10.8írdtai I C¡eek Near Birtte 35 0.6615 0.ó315 .0051 0. 02ó5

'l1.8oundary C¡eek Ne¿r PorthitI 61 o.7989 0.7563 0.1820 0.2123

l2.Bowron Ríven Near Uet is 33 0.7182 0.6ó00 0.025 1 0.0ó30

l3.8utkLey River ar Quick 58 0.ó71 0 0. ó38s 0.1993 0.¿326

l4.Cariboo Rfver Setor Kãnqaroo Creek 51 0.792t 0.71 50 0.19ó5 0.2626

15.Cacrot River I'leer ArmIey 31 0.t 573 0-5271 .01835 0-0541

ló.CascaCe River l{ear Sanff 30 1 f 118 0. 7550 0.2181 0 .325 1

'lT.Caston River at RussetI 4t 0. 7905 0.7??9 0.2921 0.i507

18.Chi Lko River a! Outtet of Chí Lko Lake ó0 0.3277 0-7384 .0317 .0193

19.Arroìr River l,lear Arrow River 30 0 -6927 0.ó150 1332 1152

20.Ath¿basca River 3etori I'lcrn¡rray JI 0.7267 0 -6779 .088ó .06t+7

21.Atl.in River Near Attin 39 0.5389 0 . ó393 . 01 0ó3 0 .0404

22.9abine River ar Babine 11 0. ó375 0. 7002 .097-17 ^ 
aac t

23.Barnes Creek Hear Needtes 38 0.8807 0.76t 6 . r8çó 0.2113

2/r.Beaven River at Cotd Lake Reserve 53 0. ó087 0.6926 0-2173 0 .281 I
25.Beaurivage(Riviere) A SainC Etienne 37 0.84óó 0. 7905 0.2070 0-2621

2ó.Seil. (Ríviere) A Senneterre-Z JÔ 0.3507 0.5 124 1 8¿8 -0.1767

27.Big Sheep Creek Near Rossland 40 0 .5993 0. ó320 .0ó092 0.0955

28.Btack River Hear Uashago 73 0 -7231 0.728t .075 1ó 0.0940

29.BoH River at Banff 80 0 . ó825 0 . ó390 .1306 -0.14ó9
30.Broken Head River Hear Beauseiour 46 0.79s1 0. ó9ó3 0.112t I -1213

31.CamobeLt River,outtet of CêmbeLL Lake 38 0.61n 0. ó955 0580 0354

32.Ca¡¡'ick Creek Hear Cartsru¡e 35 0.9ór3 0.7361 0.05æ 0.09ó8

33.Carrot River Near Smoky Burn 3t 0.t 1L3 0.50óó .0510 .0279

34. Cas¡ L e ,Q i ver llear Beaver H i nes LL 0.81 09 0.71 10 .04381 0.0732
35.ChiLtiHatk River ar Vedder Crossing 32 0.7975 0. ó581 .0401 .01 01



Name of River Years H(s10) K Kr R( 1) R( 1)

3ó.ChitLír.ratk River ar Ourter Chil.tir¡al,k Lake 3¿ 0.5270 0 -625o 0317 0005

57.CIam i{arbour River Hear Sirchtoirn JI 0 .39i4 0.6276 .0317 0 .0007

38.Ctearç¿ater River Above Limestone Creek 30 o -96L1 0. 7985 .2685 .3¿83

S9.CtearHater River llear Rocky l'{ountain House 32 0 -7210 0. ó983 0.11ó9 1ó93

¿.0.Ctear.¡ater River at Outtet of Cteartake 38 0 - 8685 0.80?? .2999 .36t 6

6l.ClearHater- River Near Ctearrarer Station 39 0 .5839 0 . ó3i0 0.0748 0. 1 119

42.Col.umbia River at Níchoison 77 0 -9682 0.7498 .018t .0373

43.Columbia River l,lear Faimont Hot Soríngs 13 0.81 90 .0.ó828 .2790 .2820

44.Cotumbia River at DonaId t/, 0.n97 0.7012 .2858 .289t

45.Conjurins Creek Near Russet I 30 0.4206 0.5ó00 .2106 .20/.5

¿'ó.Cooks Creek Neac East Setkirk 32 0.732t' 0.ó186 1 070 .08óó

4T.CottonHood River Nean Cinena 31 0.61¿5 0.ó313 .0ó415 0.10ó0

48.Crow River at Frank 39 0.9721 0.78,15 0.1163 0. r9ró

49.Cypress Creek I'lea¡ Ctear!.racer 30 0 -50Lt, 0.5481 .2938 .3005

50.Oease R i ver at l'lcCame 30 0.51ó3 0.5362 .3205 .JJ ¡J

5l.Oeer Creek at Dee¡ Park 30 0 .953ó 0 -7456 1115 .0902

52.Ðryçood Creek Near IHin Bur:e ,2 0.7835 0.7268 0.0780 0. 1 053

53 . Duncan R i ver l,lea¡ Hoçser 33 1 .0938 0 .81 94 0 .191t, 0.?557

54.East Riven at St.l{argareES 8ay 63 0.7261 0 -6757 1112 1018

55.East Prairie Riven Near Enr'Ida 30 0 . ó80ó 0.7t 27 0.1611 2282

5ó.East Humbe¡ Rivef. tlear Pine Grove 35 1 .1215 0.n95 0.0017 0.0t7ó

57.Etbor¡ River at Brags Creek 51 0.7?.11 0.6738 0.0293 0.051ó

58.Etbo¡r River above Gtenmoce dam U1 0 .5852 0. óó09 0 - 0329 0.0ó12

59.Ensl. ísh River at Umfrevi t Ie 67 0.7ó18 0.72t8 .01 7ó .0028

ó0.Éngtish River Near Sioux Lookout ó0 0 -7t 26 0.7733 0.13ó¿ 0.1ó40

ól.Etomami River Hear EertuetI 31 0 . ó875 0 . ó240 0. 0590 0. 1 002

ó2.Fish Creek Near Priddis 33 1 .0790 0.8035 0. 1819 0 -2115

ó3.Fish Creek Neac Propect Hi I t 37 0 . ó988 u-t ttó 0. 0ó85 0. 1 071

ó4.Ftathead Riven ar Ftathead ó0 0 .8359 0.7789 0.1973 0.2293

ó5.Sc.Francis River at outtet GLasier Lake 37 0 .8835 0.7677 0.1623 0 -2123

óó.Fraser River at Hansacd Jô 0.7025 0 . óó85 .1257 1102

ó7.Fraser River at Shettey 39 0 .8054 0.676¿ .1?59 1117

ó8.Fraser River at l{cbride 3ó 0.8771 0.ó989 .0702 .0677

T0.Grander River ar Big Chute 39 0.7137 0. ó33 1 .0052 0.0228



r0

llame Of R ivec I y.u., H(q10)l K I K, R( 1) R(1)¡
Tl.Gannish River Neac Garnish 30 0.7239 0 . 5185 0 -2637 0.3450
Z2.chost River Near gl.ack Rocky l,tounrain a0 0.6572 0.6821 0.25/.0 0 .3100
E.Gods River Bet.ow t![en Raoids 39 0.ó055 0. ó93 1 0-2699 0 . i2ó0
71 .Grand River at Loch Lor¡rcnd ó8 0.8109 0.70t 8 .01,89 .03ó3
75.Grass River ac Uekusko Fa[l's 3t 0.ó185 o-6272 0.16L5 o.2259
7ó.Green River Hear pember:o

0 .5879 0.6727 .066t 3 0. 1 037
zz.HaI t (Riviere)Press Ð'East Hereford

78.H¿r¡icana(Rîvie¡e) Â Amos

LO

5ó

1.0108 0.7268 .0989 .0821

0 .3985 0.5258 I 505 .1128
T9.Harrison River Hear Harnison Hot Springs 38 0.3879 0.5917 00617 0.0363
80.tighwood River ar Oíebet's Ranch 38 I o.easz 0.7180 0215 0.0054
81.Homat]rko River ar the Hourh 5¿ 0.8555 0.7839 0702 0.11ó0
82.Horse Creek at lnternationaI Boundary IJ 0.7181 0 -6571 .003ó 0.0216
SLIcetandíc River Near Riverton 30 u.) tJ I 0. 5293 .2176 I - .2(.73
34.lncomacoleux River Near Beaton 37 0 -691t, 0.5567 .01873 0849
85.lndian Brook at fndían Fail 3t, 0.3807 0.6s71 0.21 8ó .281 1

8ó.tskut River BetoH Johnson Rive¡ 30 0.5348 0.5785 .0367 .0059
87.lstand Lake River Near Istand Lake 32 0.7501 0.7021 .05u0 .0237
SS.Kabinakagami River ar HiqhHav No-11 i6 0 .5071 0.5519 1717 r ó19
89.Ket¡[e Rive! Near Ferry 60 0.7ó33 0.n27 0.1983 .2303
90.KettIe Riven Hear Laurier 59 0. ß13 0.7220 0.1098
9l.Kinojevis En Åva( Du Lac preissac i3 0.5395 0.5843 .093ó .0720
92.Ktuane River a! Outter Ktuane Lake 36 0.7005 0 . ó300 1872 1791
93.Kootenay River at Kootenay Crossinq 4l 0.17,8 0.5534 .0995 .08t2
94.Kootenêy River at ¡leHgare L2 0.9720 0. 759/. .0¿.978 .0813
95.Kootenay River Near Skookr.snchuck JY 0.51t 7 0.5817 '.2!,36 .¿129
9ó.Lahave River- at Hest [orthfietd t5 0.7912 0.7110 .0?10 | -.0077
9T.LarCeau River ar ltarbLehead L3 0.65¿7 0.6/.6ó .??06 .?.116
98-l'lcteod Rivef Above Embarras River 3L 0.3267 0.5153 .0828 .0ó05
99.Lepreau River at Lepreau 72 0.526s 0.5692 .00535 0.0201
100.Liard River at LoHer Crossing 12 0. ó 184 0. óó90 1713 0.¿190
101.Li L l.ooet River Mear pemberton

-

102.Lindeman Creek Near Bennert

ó3 0 -1526 0.ó158 r 032 0.1271

34 0.7379 0.ó5 18 1570 ¡{.4ô
103.1i ttIe Saskatchei.an River,Hinnedosa l0 0.7513 0.6715 0-1t L9 0.2057
l04.Lirtte Southrest Hiramachi River at
Lytt t ercn

37 0 .5ó54 0.6719 0.1385 0.185ó

105.Lobsrick River. Near StyaI 32 0.8577 0.73t,t 0.057ó 0.r015
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Name of River Yeers H(q10) K Kr R(1) R(1)

10ó.Lodge Creek at InternaríonaI Boundary 35 0.53¿.9 -6562 0 -2210 0 .281 8

107. Lodge Creek,Âtberta Boundary 38 0 .8884 7225 .05767 0 .0939

l0S.Hanyberries Creek.Srodin¡s Farm L5 0 -6785 -6796 -00t L o-0292

l09.Northeast Hargaree River.Hargaree Val Iy 72 0.7531 .7516 0. 1 291 0. 1514

Il0.Southnest Harçar.ee River ,Uocer Hargaree 70 0.8125 7t 95 0.13ó0 0.1594

111.St.Hary River a! tJycLiffe L3 0.6276 .6772 .020ó 0.0030

ll2.ilceachern Creek at InternationaI Boundacy 53 0.5952 6tt8 .0789 .061,9

l13.Hckinnon Creek Near Hccreary 30 0.7579 . ó983 0 . 1738 0 .2390

l14.HiddLe Brook Near Gambo 30 0 -6L63 .òvt4 0.0ó/.2 0. 1 125

115.HiLte Iles En Avat Ou Lac Des Duex I'lontagnes 35 0.1971 .6210 -2037 1977

11ó.Hink Creek Nea¡ Ethetbect 3t, 0.5709 .6937 .0663 0.1085

l17.Missinaibí Riven ar l.lartice 69 0.835 1 .v12 0-1887 0.2157

118.Histaya Ríver Near Saskatcheuan Crossing 0 -1971 5598 .0133 0.0(,1,3

119.l'loose River Near Red Pass J4 0.81 5 r .7127 .0075 0.0249

120,|'lovie River at Eastcort 59 1.0197 .8409 0. 1353 u. lôJl

121.Hagayami River at Highray No.11 38 0.1075 53n .0t 07 .01ó 1

f22.Namakan River at Outtet of Iac Lacroix 6 0.7016 -7171 0.2192 0.2811

123.Nass River Above ShumaI Creek 32 0 . ó238 .ó018 .2679 .2705

124.PetiEe Nation ,Pres De Co!e-saint-oierre ¿3 0.ór3i .6372 03753 0.0ó70

125.Neebing River NeaF lhunderbay 35 0.9602 8005 0.2178 0.3120

t Zó. N i th R i ver at l,leH Hêmburq 38 0.8503 7199 .00853 0.0389

'l27.Ni th Ríve¡ l,lear Canning 12 0.7t,10 .65t 8 .0589 .0388

128.Northeast Pond River at Northeast pond ,35 0.810ó .7017 080ó3 0.1233

129.North HagnetaHan River Near Burk's Fa[t T3 0.5591 .5837 .0597 .048ó

l30.Nottauasaga River. Near Eexter 40 0 . ó800 .6472 0. 1 030 0 -1t 22

13l.North Pine River Hear Pine River 35 0.7269 .7036 0.21ó3 0 .3103

132.East 0akvitte Cteek Near 0mach 32 0 . ó930 .6829 .0805 .05ó3

133.0tdman River Hear lJatCron¡s Corner 39 0 .9004 .7L82 .0775 .0578

134.Overfiouing Ri,rer at Overfto!,inc River 33 0.7787 .7003 0.1562 0.2122

l35.Pembina River at Janie JI 0.7175 .6167 13t 7 1176

13ó.Pembina River ¡¡ear Eno¡iscte J4 0 .395ó .5792 1152 .0972

l37.Pembi¡.s River Eeto¡.r PaCdy Creek 33 0.39t 2 .5678 .0176 .0197

l38.Peti te Nation a Portaqe-de- [a-nation Ló 0.7562 .681,9 .09022 0 -12?6

139.Pigeon River at Outter of Round Lake 31 0.255 1 .6681 .0ó59 .0385

140.Pigeon River at HiddLe FatIs ó5 0 . ó838 .6812 .01 70 0.0345
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Name of River Years H(q'10) K R(1) î('l¡r

141.Pine Creek Llear Pine Creek Station 30 0 -7998 .6801 .01,55 .0140

142.Pipers Hote River at Hother¡s Brook 3ó 0.9ó10 .8116 0.3354 0. 108ó

'143.PopLar River aE InternationaI Boundary 56 0.5626 .óó85 157t, 1 503

164.Prairie Creek Near Rocky Houtain House 37 0.5804 . ó310 0. f/.59 0.1939

145.0uesneI River at Líkely 6/, 0 .8453 T2L3 0.1848 0.2138

14ó.OuesneI River Near QuesneI 50 0.8127 .7i78 0.1721 0.2091

147.Red Deer River Near The Houth 33 0.6652 .6659 0.1673 0.2?t 9

1¿.8.Chitko River Near Red Stone 62 0.576/, .605t+ 1 595 1 533

149.Richet ieu(Riviere) A Saint-Jean 3ó 0 . ó8ó8 .ó351 .106ó .0887

l50.Richel, íeu(Riviere) Aux RaoiCes Fryers 5r 0 . ó900 .6479 0.1971 0.2355

'151.Roarinq Riven Near Hinitonas 30 0 . ó838 -7052 0.1043 0. 1 588

152.Rock Creek betor¡ Horse Creek llear lnt.Eound. 32 0 .8416 7562 .0258 0.00ó3

153.Rocky Rive¡ Near Cotiner 39 0 .5450 .5980 .¿?51 .2213

154.RoLph Creek Hear Kimbatt 53 0 .81 03 7965 0.2027 0.2397

l55.Roseau Ríver Near Oominion Cíty L9 0.1725 5516 .023?1 0.0175

15ó.Rodeau River Near Êaribou 67 0 .6820 .6694 0.1826 0 .21 01

157.Roseray River ac Lower 0hio 71 0 .891 8 .7327 .077i6 0.09ó9

158.Saint John River at Forr Kent 62 0 .85ó9 7371 0.2014 0 -2325

159.Satmon Ríver Near Prince GeorEe 3ó 0. 758 1 .7027 0022 0.0238

1ó0.Satmo River Near Salmon LO 0.1230 6076 0.123t 0. tó49

ló1.Saugeen River Near t¡atkerron 76 0.ó198 .636r, 0.1237 0.145 1

ló2.Saugeen Rìver Near Port Etcin 0. 580ó .6187 0.00ó2 0.0208

1ó3.Seal. River Betor G¡'eat fstard 31 0.3510 .57t 3 .01 5ó 0.0549

1ó4.Shekak Rivec at HiqhHav No-11 37 0 .581 2 6366 .0786 .0579

ló5.ShetI River Near IngIis 38 0 .9097 .7856 0 .2539 0 .3132

1óó.Shogomoc StFeam Near Irans Canada Hiqhway 45 0.5511 .6526 .07212 0. 1 035

lóT.Sikanni Chief River Near FoFt ¡leIson LI, 0 .353 1 .1962 .0570 .0377

fó8.Simi Ikameen River ar P¡inceton 1/, 0 -7095 .7003 .07097 0.1031

ló9.Skeena Riven at U S K ql 0.7933 .6L56 .2528 .2531

lT0.Skootamatta River Near- Acrinot ite 30 1.0112 780 1 .0195ó .095ó

171.Stocan River Hear Crescent VaIty 6L 0 . 81ó1 7?74 0. 1 289 0.15t 2

172.South Thomoson River ãt Chase 18 0.6202 .6957 0.1ó90 0.?071

lZ3.Southwest Hargaree River llear upper Hargaree 70 0 .8089 7195 0.13¿ó 0.1579

174.South Hation River at Soencervilte 11 0.6111 .&16 .0ó859 0.1030

l75.Sprague Creek Near Sprague 13 0 -7109 .ó883 0 -2268 0.?757
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Name of Rivec Years H(g10) K Kr R(1) R(1)

17ó.St.Uary River llear Harysvi I te 0.5/.71 .ó109 .0858 .0ó81

1Zl.Stel.tako River at Glenannan JY 0.991 1 .8293 0 . 2139 0 -2669

178.Stìkìne Ríver at Tetegrach Creek l¿. 0.7809 .7007 .0530 .0268

'l79.St..Yary River ar Sti [ [r¡arer 73 0.5162 .6637 .01ó5 .0030

180.Stony Creek lear ¡leepaHa 30 0 .8888 .ó813 .08ó¿ .0ó 10

lSl.Stuart River Heal. FoFt St-James )ô 0.8111 .7505 0.2(,57 0.2838

182.Sturqeon River I'lean Bart¡ick 35 0.6751 . ó950 0 .5589 0 -t 375

183.S¡urgeon River llear Fort SaskatcheHan 5¿, 0.5817 .6102 t45 1 1367

lS4.Swiftcurrent Creek at l'{anv Gtacier at 0.6259 .ó139 .0335ó 0.0562

lS5.SHiftcurrent Creek Eetox Rock Creek 31 0.8ó21 .ó915 - 09ió .0727

18ó.Sydenham River llear Atvínston ó0 0 .8138 -6897 . 0190 0 .00ó7

lST.Sydenham River Near OHen Sound 0.7576 .59!,3 -.0319 -0.0095

188.Iesl, in Rive¡ Near Ietsin 11 0 . ó8ó9 .6453 1 3ó9 1217

lS9.Tetagouche River Near tJesr Bathurst 37 0.7163 . ó598 .0493 .0250

190.North lhomoson River at I'lciure 30 0.3275 .6/.8¿ 0.1830 0.2196

191.North Thornoson River Near garriere LL 0.8778 7409 .0t+LL8 0.0739

192.Thcmoson River Hear Soences Bridge )t 0.7392 .7112 0 .2ó00 0.3218

l9S.Iorrent River at Eristot's PooI 30 0 .5500 .6017 04ó5 .0152

194.Iurtte Ríver l'lear t{ine Centre 58 0.ó817 7051 0783 0- 102ó

l95.Turtte River lear Laurier 40 0.6511 . ó383 0ó50 0. i000

19ó,frenty Hites Creek at Bê[ts Fatts 32 0.105ó 5278 1 638 1236

197.Ucper Hu¡nber River Near Reidvitte ó0 0. 5ó5 1 .6162 0 -1725 0.2027

l98.Uosatqui th River at UÞsatcui rch L5 0.6117 .6569 .07145 0.1028

199.lJaterhen River tteaF Uaterhen 31 0 .8230 .78t 6 0.5991 0.7123

200.lJaterhen River Near Uatenton Par.k 11 0.75 10 6867 .0913 0- 1315

20l.Uhitemouth River Near lJhi remouth lr2 0 .8578 ,67t 1 - .0074 0.01 81

202.uhitexater Creek Near In!ernationaI Eoundary 53 0.1871 .5810 .019¿ O.OrJó

203.Uítson River [ear Dauphin 31 0.8419 .7103 0188 0 .058ó

204.'Jotf Creek a! Hiqhi.¿ay No. !óA 31 0 .8340 .7236 1358 1206

205 .tJoody R i ver Near- Boçsman l5 0 .8092 .7316 2062 0.2ó5 1

20ó.Yo¡k(Riviere) A Sunny Bank 3ó 0.75t 3 .7581 .2382 0.29e2

207.Yukon River Above Frank Creek 3ó 0.ó21 1 .6¿,50 .2139 .209L

208.Yukon River at Canmacks 37 0 -6171 . ó530 .0393 0.07t L

209.Red River at Emer-son 98 0 .832 1 .7630 0. 1 225 0.1384
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2.3 ESTIMATION OF THE LAG-ONE AUTOCORRELATION FOR THE DATA SET

The autocorrelation function measures the degree of linear self-dependence of a time

series. The autocorrelation function is very important in stochastic hydrology since it shows both

short term and long term correlation. The estimation of the correlation coefficient for different

values of the lag presents a problem the estimators commonly used show considerable bias.

The most commonly recommended formula for estimating the lag k autocorrelation ru for

a record of length n is given by:

n-k

i=1
E tl,.o-[tl(n-k)]l *,8 *,*o

n-k n-k

i=7 i=llk= (2-2)
n-k n-k n-k

llx,2-t¡(n-k)(E x)2 f5 f E*,.f -Ll(n-k)(l)ci*k)2 )o.s
j=l i=l j=1 i=l

n-k

Jenkins and Watts (1968) and Box and Jenkins (1970) suggested that a more efficient esrimator

is given by:

rk=

n-knn

|[x,-(Un) rJ lx,.o-Qln)l x,l
i=l i=1 i=l (2-3)

llx,-(rln)E *J'
i=I i=1

In this study, equation 2-3 was used to estimate the lag-one autocorrelation coefficient for each

peak flow series in the data set. The results rt are listed in Table 2-1. Apparently the

correlation coefficients range from -0.3399 for the Ashnola River at Athabasca to the 0.5991 for

the Waterhen River near Waterhen. The distribution of the lag-one autocorrelation coefficient

is presented in Figure 2-2. The mean value is 0.039 and the standard deviation is about 0.16.

It'can be seen that most rivers have lag-one autocorrelation between -0.3 and 0.4.
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2.4, BIAS CORRECTION OF THE CORRELATION ESTIMATE FOR

SHORT MEMORY MODELS

It can be shown that both equation 2-2 and 2-3 underestimate the true correlation

coefficients because of bias especially when the true correlation is relatively large. A bias

correction formula should therefore be used to get better estimates of the parameter.

According to Wallis( lg72), Kendall derived a bias correction to order n-1 based on

the definition of pu given in equation (2-3). For the first order Markov process, this

correction was expressed as

E(r¡) = pr-å tfrcr -p\*Zkpkl (2-4)

When k=1,

E(rr) = o -(-llCt *3 p) (2-s)

Kendall also derived a correction of p* based on circular definition of a time series for the

same lag-one Markov process

Elro) = o--*t#(l-pf +3k pk-kp"-\

when k= 1

(2-6)

(2-7\E(rr) = p-(1)(1*4 p)

The adequacy of bias correction given by (2-5) and (2-7) was demonstrated by Wallis

(Lg72) for series generated by the AR(1) Markov model. The adequacy of the bias
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coffection was verified in this study from samples generated with AR(l) and AR(2) process.

The results are shown in Table (2-2),(2-3),Q-$ and (2-5). It can be seen that the bias correction

gives very good results for the synthetic series. It was therefore used for the calculation of the

bias corrected lag-one correlation for the Canadian rivers. Corrected values R(l)'for all rivers

are shown in Table (2-t). It was found that the mean lag-one autocorrelation of these rivers

is 0.070 and the standard deviation is 0.1792. The distribution of the bias-corrected correlation

coefficient for the data set can be seen in Figure (2-3).
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Figure 2-3. Bias Corrected Lag-one Autocorrelation of the Data Set
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Table 2-2. Value of (p, - r, )
data generated

obtained before correction
by AR(l) model

n:50 n:75 n:100 n:125 n:150 n:175 n:200 n:225 n:250

-0.9 -0.100 -0.050

-0.5 -0.040 -0.027

-0.1 0.015 0.004

0.1 0.043 0.020

0.5 0.104 0.054

0.9 0.206 0.106

-0.036 -0.029 -0.024

-0.018 -0.017 -0.018

0.002 0.000 -0.006

0.012 0.009 0.001

0.033 0.029 0.018

0.066 0.048 0.038

-0.020 -0.016

-0.015 -0.010

-0.006 -0.001

0.001 0.001

0.015 0.014

0.033 0.026

-0.014 -0.013 -0.012

-0.008 -0.008 -0.008

-0.002 -0.002 -0.002

0.003 0.002 0.002

0.011 0.009 0.007

0.024 0.019 0.017

each entry is based on 200 sequences

Table 2-3. Value of (p, - r, ) obtained after correction
data generated by AR(1) model

n:25 n:50 n:75 n:100 n:125 n:150 n:175 n:200 n:225 n:250

-0.9 0.005

-0.5 0.000

-0.1 -0.010

0.1 -0.015

0.5 -0.019

0.9 0.027

0.002 -0.001

-0.007 -0.005

-0.008 -0.007

-0.008 -0.007

-0.007 -0.007

0.015 0.005

-0.003 -0.003

-0.007 -0.010

-0.007 -0.011

-0.005 -0.010

-0.001 -0.006

0.002 0.001

-0.003

-0.009

-0.010

-0.009

-0.005

0.002

-0.001 -0.001 -0.002

-0.004 -0.003 -0.003

-0.005 -0.005 -0.005

-0.005 -0.005 -0.005

-0.003 -0.004 -0.004

0.000 0.002 -0.001

-0.002

-0.004

-0.005

-0.005

-0.005

-0.002

each entry is based on 200 sequences
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Table 2-4. Value of (pr
data generated

- r, ) obtained before correction
by AR(2) model

n:25 n:50 n:75 n:100 n:125 n:150 n:llí n:200 n:225 n:250

-0.9 -0.087 -0.049

-0.5 -0.029 -0.018

0.2 0.056 0.032

0.5 0.089 0.052

0.9 0.190 0.104

-0.034 -0.025

-0.017 -0.013

0.011 0.008

0.027 0.020

0.065 0.049

-0.018 -0.015

-0.006 -0.005

0.009 0.007

0.017 0.013

0.037 0.033

-0.014 -0.012

-0.005 -0.005

0.005 0.004

0.010 0.008

0.025 0.021

0.012 0.012

-0.005 -0.005

0.003 0.002

0.007 0.005

0.020 0.017

each entry is based on 200 sequences .

"Iable 2-5. Value of (pr - r,) obtained after correction
data generated by AR(2) model

n:25 n:50 n:75 n:100 n:125 n:150 n:175 n:200 n:225 n:250

-0.9 0.020

-0.5 0.014

0.2 -0.019

0.5 -0.036

0.9 0.007

0.003 0.001

0.002 -0.004

-0.005 -0.013

-0.009 -0.014

0.013 0.004

0.001

-0.003

-0.010

-0.011

0.003

0.003

0.002

-0.006

-0.007

0.000

0.002 0.001 0.001 0.000 0.001

0.001 0.001 0.000 -0.001 -0.001

-0.006 -0.005 -0.004 -0.005 -0.006

-0.007 -0.008 -0.007 -0.006 -0.007

0.002 -0.001 -0.002 -0.001 -0.001

each entry is based on 200 sequences
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2.5. ANDERSON'S TEST

Anderson's Test ( J.D. Salas, 1980 ) is one of the many available tests used to determine

the significance of observed correlation coefficients. It is easy to use and preferred by many

researchers like Salas, Delleur, Yevjevich and Lane (1980). The confidence limits atthe 957o

level for the null hypothesis of zerc correlation are

-1 a 1.96,1y-[i (2-8)r,=ß(.9Ð N-k

where N is the sample size and k is the lag.

The correlation coefficients of the data set have been calculated and the lag-one

autocorrelations coefficient are listed in Table 2-1. Applying Anderson test, we can generally

not reject the null hypothesis of no correlation for the single river, so that these rivers would be

regarded as time independent series on the basis of this test. Figure 2-5-I to 2-5-6 present some

results of Anderson's test for typical Canadian rivers.

It should be noted, however, that the first order correlations may be small so that they will

not be distinguished from zero by Anderson's test. To check this, a t-test was performed in the

mean of the first order correlation of the observed set, which is 0.039. The standard deviation

of the lag-one correlation is 0.16. At the significance level of ü,, the hypothesis of no

autocorrelation can be rejected if

abs(X) > to,r(n-l) .s

,fi

At the significance level of I7o and 57o, the hypothesis 'of zero mean is rejected. It may be



2t

concluded that at least some of the data series have significant frst order correlation. This point

is important because the assumption of a long term serial correlation structure is not compatible

with the assumption of zero flrst order correlation.
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ACF of Adanns River
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Figure 2-5-I. ACF of Adams River Annual Peak Flow Near Squilax
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Figure 2-5-2. ACF of Ashnola River Annual Peak Flow at Athabasca
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Figure 2-5-3. ACF of Athabasca River Annual Peak Flow at Athabasca
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Figure 2-5-4. ACF of Beaverbank River Annual Peak Flow Near Kinsac
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2.6. ESTIMATION OF THE HURST PARAMETER USING K AND H

In the study of long term reservoir storage for the river Nile in its large equatorial lakes,

H. E. Hurst (1951) defined a parameter h which is a measure of long term serial correlation.

He also introduced an estimator of h, the so called Hurst statistic K. Hurst found that for many

hydrological series, K is about 0.72, which is significantly larger than the value of 0.5 which

one would expect from long data series with no corelation or only short term correlation. Later

studies showed that K is a biased estimator so that even for independent data one would obtain

a K value of about 0.6. Moreover K was shown to be dependent on the length of the series and

the first order serial correlation. Nevertheless, the observed values of K for many natural series

indicated a grouping of high and low values of flows that cannot be attributed to chance. This

grouping , which is not cyclic but irregular, is called the Hurst phenomenon.

The coefficient K was originally defined by Hurst as follows:

Let X be a time series. The range R of the accumulated departures from the sample mean

of X during N years is a variable which increases with the sample length N. Dividing this range

by the sample standard deviation s, one obtains the rescaled range R/s. Hurst showed

mathematically that the mean rescaled range is proportional to the square root of the length of

the series if the data are independent. He suggested equation 2-9 for the estimation of this

exponent for actual time series.

E(Nsr=rþr* (2-e)

He found, that for many natural phenomena, K is significantly larger than 0.5. While this was

at first attributed to correlation and short records, later studies confirmed that the so-called Hurst
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phenomenon is indicative of a long term correlation structure that is fundamentally different from

short term correlation strucfure such as the low order autoregressive or moving average series.

The formula Hurst used was criticized since he used only a one parameter fit, which

means that the lines relating R and N are straight lines on logarithmic paper and are forced to

pass all through the point R/s:l and N:2.

In the discussion of Hurst's paper, V.T. Chow (1951) proposed a two parameter

approximation of the relation between the rescaled range and the series lengttr, which can be

written as

E(&s)=CNh (2-10)

where C is a constant. The parameter h became known as the Hurst h. To estimate the

parameter h from a sample, one divides the series of length N into subseries of the length n

in order to determine the mean rescaled range as a function of sample length n. The estimator

H, called Hurst's statistic H, is determined by linear regression after taking the logarithm.

Following Chow's study, Wallis and Matalas (1970) explored several ways of subdividing

time series. They adopted two procedures for calculating H called F-Hurst and G-Hurst.

To use the F-Hurst procedure, a time series of length N may be divided into (N-n+l)

subseries for a given n. Each subseries produces a point for the regression analysis of the

relationship. This operation allows (N-n+l) of the N time points to serve as the starting time

of a subseries of length n. With the length taking integer from 5 to N, the total number of

subseries is (N-3XN-4y2. Thus to detennine the Hurst statistic by means of this procedure,

an enonnous amount of computation is needed.

To use the G-Hurst procedure, a much smaller number of series are used. In this
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procedure, uniformly spaced starting points are chosen with n taking minimum value of 10. The

relatively larger sample variance makes this sample fraction quite acceptable. In this study, the

G-Hurst procedure was used with less than 15 regression points.

The Hurst coefficient K and the statistic H of the basic data set were estimated and their

distributions are presented in Figure 2-6 and 2-7. The mean of H for the set is 0.70 and the

standard deviation is 0.1649. The mean of the Hurst K is 0.6756 and the standard deviation is

0.07256. Both K and H would thus seem to indicate that Canadian rivers have significant Hurst

phenomenon (K>0.5, H>0.5). The conclusion that the rivers show a signifîcant Hurst

phenomenon may be premature, however, because there is considerable bias in the estimation

of the parameters in that even for independent series values of H and K in excess of 0.5 are

obtained. It was also found that the Hurst H has about 5 times as much variance as the Hurst

K. Since K and H are both biased estimators of Hurst statistic and K has less variance and is

easier to calculate, K is preferred to measure the Hurst phenomenon.

To demonstrate that the set of Canadian rivers has a significant Hurst phenomenon, the

values of K obtained for them were compared with those obtained for 2090 independent series

with the same sample size as the data set. This procedure was followed because the bias of the

estimates is dependent on the length of the series so that the mean of K for a set of independent

data with varying length is not known in advance. The sample distribution of the calculated

Hurst K is graphically shown in Figure 2-8. The mean of K is equal to 0.6365 and the standard

deviation is equal to 0.07647. As we can see from Figure 2-9, evidently, the dishibution of K

from the independent series is different from that basic data set. A t-test was performed,

assuming as the null hypothesis that these samples have the same mean of K. This hypothesis-
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was rejected at the 0.17o significant level. It may be concluded that the peak flows in the data

set are generally not time independent series even though their lag-one serial correlations are

very low.

Since the observed distribution of K for the data set is incompatible with the assumption

that the series are independent, it was decided to investigate whether the distribution is

compatible with another assumed value of the Hurst parameter. To do this, a mixed noise model

was employed to generate 2090 series with h: 0.6 and h : 0.8. The results are shown in Figure

2-ll which suggests that the observations are quite consistent with the assumption that

for all rivers, h is equal to 0.6. In fact, the assumption that h varies for different rivers would

seem to be connadicted by the fact that the variance for the 2090 series with h:0.6 is somewhat

larger than the variance of the observed series. This conclusion, however, cannot be

substantiated because of the inherent variability of the sample variance. The sample variance

of K is probably much more important than the difference of K between different series. For

this reason, it is important to use additional information to reduce the uncertainty in the

estimation of K.

In order to investigate the variance of K, a mixed noise model was also used to generate

2090 synthetic series. Some results are shown in Table 2-6. The F-test was used to test the null

hypothesis that there is no difference in the variance between the independent series and the

Canadian river peak flows. The null hypothesis cannot be rejected at the significant level of 57o.

So the variance of the Hurst K for different cases may be seen as from the same process. But

due to its variability, we did not get exactly the same value.

Comparing the distribution of the Hurst K obtained from the data set and the one



generated by the mixed noise model with h equal to 0.6

Hurst of the data set is approximate 0.6.
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Sample Series Mean of K Standard Deviation

Peak Flows of the Data Set 0.6756 0.07256

2090 Independent Series 0.6365 0.07647

2090 Series Generated by Mixed
Noise Model with h: 0.60

0.6735 0.07740

2090 Series Generated by Mixed
Noise Model with h:0.80

0.7519 0.07793
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Table 2-6. Comparison of K between Generated series and Canadian Flows

2.7. CONCLUSION

On the basis of Anderson's test, the null hypothesis that annual peak flow series are time

independent can not be rejected for most Canadian rivers. However, the values of the Hurst K

showed significant long term persistence for many rivers. This contradiction arises because

Anderson's test is not sensitive enough to show small correlation in relatively short series. The

null hypothesis was rejected for the data series "on average" by means of a t-test. The Hurst

statistic, on the other hand, measures the long term correlation only. When the short and the long

term correlations are considered simultaneously, the conclusion is that one may expect a

significant correlation structure.

Comparing the sample distributions of the Hurst coefficient K from historical data,

independent series and series generated by the mixed noise model with different values of the

Hurst parameter h shows the need for a better estimation procedure for h since K for individual

rivers is a biased estimator and its sample variance is large. The first order correlation is

certainly much smaller than the value assumed 'in the fractional noise models or their
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approximations.

The information contained in the data set can be used as a prior dishibution and Bayesian

estimation procedures can be applied to update this prior with the sample information for a given

river. This requires a suitable simulation procedure (a) to remove the bias from the estimation

of the serial correlation and the Hurst statistic , (b) to develop suitable prior distribution of K,

and (c) to develop the likelihood functions for the Bayesian estimation. Developing such a

procedure is the topic of the next chapter.
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CTIAPTER 3. SIMULATION MODELS FOR ANNUAL PEAK FLO\ryS

INTRODUCTION

A simulation model for annual peak flows must preserve the observed short term serial

correlation as well as to the main features of the long term serial correlation structure. In this

review, we will begin with a discussion of the autoregressive (AR and ARMA) models although

these are basically short memory models. The AR and ARMA models are based on intuitive

types of time dependence and they are the basis of more sophisticated models that can more

adequately represent long term serial correlation. Next, the fractional gaussian noise model

(FGN) is discussed, which was the first model that could adequately reproduce the Hurst

phenomenon. Attempts to reduce the excessive amount of computer time needed and to obtain

more realistic short term conelation for FGN led to the development of the fast fractional

gaussian noise generator, broken line process, ARMA-Markov process and the mixed noise

model. These models will also be discussed.

3.2. AUTOREGRESSTVE MODELS (AR)

Autoregressive (AR) models have been extensively used in hydrology and water

resources since the early 1960's for modelling annual and periodic hydrologic time series. The

application of these models has been atúactive in hydrology mainly because

(1) the autoregressive form has an intuitive type of time dependence ( the value of a

variable at present time depends on the values at previous times);

(2) they are the simplest models tò use.
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The historical development of AR models in hydrology may be divided into two periods, which

are that of the 1960 decade initiated mainly by the work of Thomas and Fiering (1962) and

yevjevich (1963), and the 1970 decade motivated by the publication of the book of Box and

Jenkins (1970). During the first period, the estimation of parameters was based on the method

of moments and the test of goodness of fit of the models was based on the correlogram analysis.

Since 1970, researchers in hydrology have used more refined methodologies suggested by Box

and Jenkins and others, especially for improving the estimates of parameters of the model, for

verifying the conditions to be met by those parameters, for verifying or checking the assumptions

of the model and for selecting among competing models.

AR models may have constant parameters or parameters varying with time. Constant

parameters apply to annual values and others may be applied for time series of intervals that are

a fraction of a year.

For a stationary time series y,, which is normally distributed with mean P and variance

& and has an autoregressive (Markovian) correlation ( or time dependence structure) with

constant parameters, the autoregressive model of order p, denoted by AR(p), can be written as:

Yt= p + Q, ( Yu, - F ) + ...... + 0n ( Yt-p - p ) + et

where e, is the time independent ( not correlated ) series which is independent of Y,, and it is

also normally distributed with mean 0 and variance o,'. The coefficients Q,, ...... Qo are called

the autoregression coefficients. Parameters to be estimated are ( P, d, 0r, ...... 00, o"').

Although various forms of AR models have been used in the field of stochastic hydrology

(J.D. Salas et al, 1980), They are actually the same model. The use of one form or another

depends mainly on personal performance and convenience. When p is set as one, we get

(3-1)



yr=¡t +Þ1(yr_r - p) +e,

This model is called the first-order autoregressive or first order Markov model.

Y at time t is a function of the variable Y at time t-l plus a random part.

AR(2) model can be expressed as

Yr= r +ôr (fr-, - F) +þ"(Y r-r- ¡t) + e,

Properties of AR models with constant parameters can be presented as follows:

The expected value and variance are

E(Y,)=p Q-4)

E(e,)=6 (3-5)

Var(\)=of (3-6)

Var( e, ) = o"' (3-7)

When they are estimated from historical data, the variance of d and o! are related by

p

o !=o'ÍL-Ð þ¡ p¡l
i=r

where Q, is the jù autoregression coefficient aod p: is the lag-j autocorrelation coefficient of

variable Y,.

The autocorrelation function of the variable Y, is obtained by multiplying both sides of

the model form by Y,-o and taking the expectation term by term.
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( 3-2)

The variable

Similarly, the

(3-3)

(3-8)

Where k>0

P¿=0r P¿-r + þzP t -z*...... 
*þoP o-o

(3-e)
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For AR(1) model

Pt=Ôt¡

For AR(z) model

Z, = êt * 0r €t-r + 0z eí2 +,..,,,

If we make Z, as a finite weighted sum of €¡, €1-1, """ €t-e, then

Zr= €, - @r €t-r '@z €r'z -"""-@n €,-q

and this is usually called the MA(q) model.

Pt=ÔrP¿-r +QzP çz

3.3. AUTOREGRESSM-MOVINGAVERAGE MODELS (ARMA)

Some hydrological series can be modeled by autoregressive-moving average models,

which are mixed autoregfessive and moving averageprocesses. By applying this model, in

some cases, we use the least number of parameters. As the parameters are estimated from

historical data, the idea of parsimony in the number of parameters is particularly attractive'

It is assumed that the hydrologic time series, to be modeled by an ARMA process'

is stationary and approximately normal. Otherwise, the appropriate transformation of the

original variable is firstly performed. Let's consider the values of a hydrologic time series

Y,, Y,*r, Y,*r, ...... at equally spaced time t, t+ 1,, l+2,......, and let the deviation from the

mean be Zt = Y¡'þ (3.L2)

The series z, may be represented as an infinite weighted sum of independent random

variables €¡e €¡-1t €t-2, ......

(3.13)

(3-10)

(3-11)

(3.14)
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An autoregressive model of order p and a moving average model of order q may be

combined to obtain the "mixed autoregressive-moving average" (ARMA) model of order (p,q),

it is defined by

Zr= Er+ þtZr-t+ QrZrr*......+Qn Zr-o'@, Ê,-r -@, Ê,-, -"""-@o er-o (3.1s)

The parameters of the model are p, oJ, Qr,......0n, Ol, ......@q. A total of p+q+2 parameters must

be evaluated from data.

O'Connell (197I,1974) proposed ARMA(l,1) model as an approximation to fractional

gaussian noise (FGN). The autocorrelation function of the process is given by

(ô-0x1-ô0) (3-10Pt=
l-2þO+02

For k> 2

p*=þpt -t Q'17)

This autocorrelation coefficient decays exponentially from lag-one autocorrelation at a rate

controlled by Q.

O'Connell (1974) showed that with 0.8< 0 <0.99 and 0.5 < @ <0.95, the ARMA(l,l)

was in certain instances able to model long term serial correlation. When the Hurst coefficient

h is asymptotically equal to 0.5 for the ARMA(l,l) process, careful choice of Q and @ will

produce values of h substantially greater than 0.5.

This model generally has two principal advantages. First, it contains 2 parameters,

secondly, it uses less computing time than FFGN and BL process. The disadvantage of this

model is that the Hurst statistic h is not explicitly used in generating mechanism and no

equivalence has been found between this model's parameters and the Hurst statistic h
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(Lettenmaier and Burges, 1977a; Lye, 1988).

3.4. FRACTTONAL GAUSSIAN NOISE MODEL (FGl9

To explain the Hurst phenomenon, Mandelbrot (1965) first used a self-similar stochastic

process which was called fractional gaussian noise to successfully reproduce the so called long

term persistence. The properties of this model were published by Mandelbrot and Van Ness

(1968) where the terminology of fractional brownian motion and fractional gaussian noise (FGN)

was introduced to the hydrological community. (Mandelbrot et al, 1968, Mandelbrot and Wallis,

T969 a, b, c, d, e and Lawrence and Kottegoda, t977).

FGN employs an autocorrelation function which is independent of any observed

correlogram but will automatically reproduce the desired Hurst coefficient h. Fractional gaussian

noises with zero mean and unit variance are defined as Gaussian random processes Xo(t, H)

which have the following covariance

C(s,I/¡ =6.5lls+Ilzv -21" l'"* l"-1 l"l (3-18)

where H is a single parameter in the model, normalized to vary from 0 to 1, called the model

Hurst H.

By definition, FGN are continuous parameter processes with "infinite memories", which

means the correlation between successive values may be small, large lag autocorrelations are even

smaller but are such that their accumulative effect is non-negligible. Notably the rescaled range
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R/s is proportional to sH with H not equal to 0.5. For the definition and a discussion of R./s, see

Hurst (1951), Mandelbrot and Wallis (1969 a, b, c). If long run dependence is above H:0.5

@eller, 1951), construction of a sample function of FGN would unfortunately involve an infinite

number of operations, and approximations are needed. The discrete-time fractional noise can

be deduced from a Brownian motion B(u) by the formula

^B HQ) =B H(t) - B HQ - L) = [ x ¡t - 
"¡dB(u)

with the 'kernel function' K"(u) given by

for 0 < u < 1, Krr(u) - u(Ir'os)

foru> 1, K"(u)= [¡H-o's- (u-l)t'o't]

(3-1e)

(3-20)

(3-21)

The integral in equation (3-19), which defines BH(Ð-BH(t-1), cannot be evaluated exactly on a

computer. Its numerical evaluation necessarily involves three approximations:

1. The span -co <u < t mustbereplacedby finite span -M+t<u < t. This introduces

a low frequency error term. Its most striking consequence is to make the asymptotic behaviour

of R(t,s)/s(t,s) follow an y's law rather than the s" law;

2. A discrete grid e must be selected for the variable of integration u; in particular, the

infinite small dB(u) must be replaced by a finite difference B(u+e)-B(u). This introduces a high

frequency error term;

3. Once the grid e > 0 is selected, there is little point in computing the kemel K"

exactly. Simplification of the analytic form of K" need not introduce major additional errors;

4. Finally, another discrete grid must be selected for K(t-uXB(u+e)-B(u)1, the values of

this integrand being computed to a finite number of decimals.
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Two typical approximations to B"(t) were mentioned in Mandelbrot and Wallis' paper

(Mandelbrot and wallis 1969), which were called type 1 and type 2 approximations. They are

finite weighted moving average in which the number of Gaussian variables to average is roughly

proportional to the size T of the desired sample.

Type I Approximation ( FNI )

In type I approximation, gnd e is taken as 0.10 and continually varying Kemel K"(u) is

replaced by a stepwise varying Kernel Kr(u/H,M) as follows:

when u)M, Kr(u/H,M):0

when u < M and u is an exact multiple of 1/10, K,(u/H,M) : Kt(u)

when u < M and u is not an exact multiple of 1/10, and if w is the smallest multiple of

1/10 whose value exceeds u, then

K,(u/H,M) : Kr(w)

So, type 1 approximation of fractional noise can be written as

Lot-l

Fr(ttH,M)=,==E ,xft-fttn,wc(#) 
(2-22)

where M is a very large number and G(r/10) represents independent Gaussian process with zero

mean and variance 1/10.

Type 2 Approximation ( FN2 )

euite extensive computation is needed when we choose e:0.1 in type 1 approximation.

To simplify them, one could select a rougher grid, say e equal to 1. For 0'5 < H < l, type 2
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approximating Kernel Ç(u/H,M) is selected as follows:

when u)M, IÇ(u/H,M):0;

when u < M and u is an integer, Kr(u/H,M) : (H-0.5) u"ts;

when u < M and u is not an integer, and if w is the smaller integer whose value exceeds

u, Kr(u/H,M) is the function of (H-0.5) wH-o's.

The discrete time average corresponding to this Kernel takes the form:

t-l
F r(t I H,tvÐ =(t/-0.5) | (t -u)H -t's G(u)

¿=t-m

Type 1 and type 2 functions share essentially identical very low frequency properties but have

different high frequency properties. So, type 1 approximation may be expected to be best when

high frequency effects are slight, that is when H is near 1.0. From the discussion in

Mandelbrot's paper, we know that the two approximations indeed differ little for H:0.9. When

however, H reaches 0.5, the kernel K, vanishes except for u<1.0, whereas K, remains non-zero

throughout u<M. The two approximation therefore differ greatly for H:0.5, and the

approximation Ç is of limited scope. Its usefulness is due to its formal simplicity combined

with the fact that empirical values of H are often near 1. For 0< H <0.5, high-frequency effects

are very strong, type 2 approximation is a bit more complicated to implement. In writing the

approximate Kernel Ç, one must ensure that summation of Kr(u/H,M) from u:0 to infinite either

vanishes or is very close to zero.

FAST FRACTIONAL GAUSSIAN NOISE GENERATOR (FFGN)

Since type 1 and type 2 approximations to fractional gaussian noise presented practical

(2-23')

3.5.
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and psychological drawbacks, Mandelbrot developed a new approximation to be designated

Xr(t,H) and called it fast fractional gaussian noise (FFGN). To construct a sample of FFGN

Xr(t,H), one needs H and two additional convenience parameters, the base B>1 and the quality

factor Q. A sample of T values of Xr(t,H), normalized to have zero mean and unit variance, is

then constructed as the sum of a high fiequency Markov-Gauss term and a low frequency that

is the weighted sum of a number of N(t) of independent Markov-Gauss processes.

The low frequency term Xr(t,H) can be defined as

iv(?)

xLQ'IÐ=E W/(t,rJMG1

__ H(zH - l)(81 - H 
- B -r. \ 3 -2(r - rÐn

ry3-2rÐ

(3-24)

n=l

where X(t,rolMG) is the Markov-Gauss process of variance 1 and covariance r,'with r:exp(-B-').

The weight given to Xr(t,r,r/MG) is W, with

W: (3-2s)

I- being the gamma function. Thus each term depends on B and H. The number of terms

satisfies

N(r) = ll toe(Qr/LogB ll
(3-26)

which also depends on the desired sample size T; ll X ll desiguates the smallest integer larger than

X. The base B and the quality factor (or relative memory) Q together determine the quality of

this approximation.

To generate X(t,ro/MG), one needs to generate a sequence of Gaussian variables of zero

mean and unit variance G"(t)

X(1,r1MG): G,(1)
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X(Z,I,/MG) :r,' X(l,r1MG) + (l-r,,2)ot G"(2)

X(t,r1MG) : rn X(t-l,rolMG) + (t-r,2)05 C,'(t)

We can see that each operation needs the latest value of X(t-l,ro/MG) and a gaussian random

variable which is independent of any values used before. When B+ 1 and Q-+ - , the function

N(T) increases and the quality of the low frequency approximation improves. It was

recommended in Mandelbrot's paper to take B equal to 2,3, or 4, and let the value of Q depends

on H and two further convenience parameter th2 and th3 as shown in Table 3-1. The role

TQ plays here is analogous to that of M in type 1 and type 2 approximations of fractional

gaussian noise ( Mandelbrot and Wallis, 1969 a).

Table 3-1. Values of Quality Factor Q for Various Thresholds th and values of H

H:.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95

th2:0.1
th3:0.1

0.5 1.0 t.7 2.4 3.2 4.0 4.7 5.4 6.0

rh2:0.05
th3:0.1

0.5 t.1 t.9 3.0 4.5 6.r 1.9 9.6 t 1.l

th2:0.1
rh3:0.05

1.0 2.0 3.r 4.2 5.1 5.9 6.6 7.1 7.5

th2:0.05
rh3:0.05

1.0 2.3 4.0 6.r 8.2 r0.2 12.0 13.5 11.5

The

be selected

optimally.

generation of short run, high frequency terms Xn(t,H) is independent of T and can

to f,rt either the data or the discrete fractional gaussian noise model (DFGN)

The term Xh(t,h) will usually be a Markov-Gauss process, but for H near I it is
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sufficient to settle for an independent gaussian term that fits DFGN best; Its variance depends

on H and B as follows:

Variance --
I -B-G-IÐHQH-I)

r(3 -21Ð

(3-27)

its variance should be asIf one takes for Xn(t,H) the recommended Markov-Gauss process'

described above and its correlation of lag-one should be

(3-28)

3.6. BROKEN LINE PROCESS (BL)

The broken line process (BL) was firstly introduced by Ditlevsen (1969) and was

developed by Mejia (lg7I), Rodriguez-Iturbe et al (1972), Mejia et al (1972 a b), and Gareia

(Ig7Z). Their purpose had been to show that hydrology and turbulence theory could take account

of long-run effects without using the fractional noise. Also, since fractional gaussian noise

needs extensive computing resources, BL is one of the alternative processes to reproduce the

Hurst phenomenon ( Meljia et al, 1972, 1974).

The BL model consists of a sum of series of simple BL processes, each of which

results from linear interpolation between equally-spaced normally and independently distributed

(NID) variables with random displacement of the starting point of the series in order to make

it stationary. The simple BL can be stated as

iv(Ð , 3_Q_tÐ¡772H_l)2zn-r_1*lW,G_r_)_- ^^.-:1- -
¿=r n' 

ry3-21Ð



47

Ee)=EQt-ca)=E tnj.!.# ( -ia))t(t)
j4

(3-2e)

where q : independent and identically distributed random variables with zero mean and

variance d;

c: 3. random variable uniformly distributed over the interval (0,1);

a : time distance between ü" tl¡, also referred to as the memory parameter and

I(t'):1 J"St'((+1)a

I(t') : 0 otherwise

The mean of this process is 0 and its variance is 213 d. The autocorrelation function of the

process is

p. = 1-0.75 (Yaf t 2- 2lal

0" = 0.25 Í2'slal3

Pr=0

0<s(a

a1s12a

2a 1s (2-30)

The BL process is obtained from a weighted summation of NT simple BL process. This

procedure is similar to that in FFGN. It is found that only a quarter of time required for

FFGN is needed for BL model.

3.7. ARMA-MARKOV MODEL (AM)

While the ARMA model does give a low-cost alternative to FFGN model, the

unsuccessfutness to preserve a given population Hurst coefficient as an explicit model parameter

may prove to be a drawback in operational applications. The FFGN model, which uses the

Hurst coefficient as an explicit input -parameter, is relatively expensive to run, especially for
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H > 0.8, where we need a large number of Markov terms which must be summed to give an

adequate approximation of infinite memory.

In the ARMA(I,1) model, the decay rate of the autocorrelation function is not dependent

on the lag-one correlation coefficient, therefore, if an ARMA(1,l) process is used as one of

several independent additive processes, large lag persistence may be achieved by either the lag-

one correlation coefficient or the ARMA variance contribution. After some experimentation,

Lettenmaier et al found a lag-one Markov process could give an acceptable high frequency fit.

The combination of the high frequency lag-one Markov and low frequency ARMA(I,1) process

constitutes the ARMA-Markov model. This model has 5 parameters which are the Markov and

ARMA variance fractions, the ARMA and Markov lag-one correlation coeffircients, and Q. The

second parameter @, @ of the ARMA process, is uniquely defined by Q and the lag-one

correlation coefficient of the ARMA process' l'ìnv,, ( when Îoo¿ is substituted for r'¡(1) and

n(2) ) if rhe inverribility condition ( Box and Jenkins, 1970 I lOl . 1 is imposed. The

generating equation for a standard ARMA-Markov process which has zero mean and unit

variance is

X r= p,rë, -r(Ð+ e r(4 +$X, -,,* -0 " r-r(M *, fû

where ejÐ and e,(M are independent processes having variance Cr(l-p*') and

(2-3r)

Crt(1 -Q'?y( i +@'z-2@0)l respectively.

For the standard process the autoconelation function is fitted to the theoretical FGN

autocorrelation function at three lags. Lag-one correlation coefficient may be arbitrarily

specified. The parameters of this model can be obtained by solving the following equations:
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(3-32)

(3-33)

(3-34)

(3-3s)

(3-36)

the desired

p fK yIÐ = c rp *l*'l + C rp *QlK'l 
-r

p fK2,IÐ =C rp *lkl * C ro n&''' 
-'

p fK3,IÐ =C rp rlql + C zp A#l&l 
-L

where C1, C2, Pr,¡, Pev and Q are all constrained to lie between zerc and one, pl is

lag-one correlation coefficient, p¡ is the correlation function of FGN defined by

p lK JÐ =o.5 t( l,K I + t)2 H -2 I 
K l" * (l K | - D2 

Hl 
= H(zH - t) | 

x 7 
n -z (3-37)

pu md pAlr are the autocorrelation coefficients of the Markov and ARMA processes respectively,

and K1, K, and K, are the arbitrary lags at which the theoretical FGN autocorrelation function

matches that of the ARMA-Markov process. Lettenmaier and Burges (I977a ) suggest to take K,,

K, and K, to be approximately Ll8, Ll2 and L, where L is the length of the time series being

generated. The above equations can be solved by means of Newton's method for a given p(1)

and H. The second ARMA parameter @ is obtained from

p.,,_ 
(1-öoX0-0) (3-3s)'AM l+oz-zoü

where only the value of @ which makes I O I . 1 is taken. According to Srikanthan (1979)

and Lye (1988), though ARMA-Markov model is able to reproduce Hurst statistic as FFGN and

BL, it has the following disadvantages:
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(a) It does not preserve the mean like FFGN or BL;

(b) It considerably underestimates the first serial correlation coeffîcient. Both FFGN and

BL give better results;

(c) It is not possible to obtain parameter estimates for series with negative first serial

correlation;

(d) Parameters are difficult to estimate and the small sample biases of parameters are

unknown.

However, the ARMA-Markov model can save a lot of computer time comparing to FFGN and

BL. It explicitly uses H and p(1) in their parameter derivation.

3.8. THE MIXED NOrSE MODEL (MN)

The mixed noise model (MN) ( Booy and Lye 1987,1989) is the sum of three or four

AR(l) processes with weights and correlation coefficients that are calculated to produce the

correlation structure corresponding to a given value of h and a given flrst order correlation. The

model can accurately reproduce the autocorrelation function of FGN within any specified lag

interval by a proper choice of the weighted processes. tn MN, both the Hurst coefficient h and

p(1) are explicitly used to derive model parameters. At lag one, the model correlation

coefficient can be made to coffespond with the observed first order correlation coefficient p(1)

and at high lags, the correlogram on log-1og graph paper follows the straight line typical of fast

fractional gaussian noise with appropriate Hurst coeffrcient (Booy and Lye, 1989). The first

AR(l) process models the high frequency effects, the second and third process model

intermediate or medium frequency effects and the fourth AR(1) process models the very low
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frequency effects in the time series.

For the zero mean, unit variance process, the generating function can be written as:

xr--wo(poxr r(o)*"r(o))* w6(poxr-r(b) *er{b)¡*w"(p"xr-r(') *el'>¡*wfelr-r{at *e[ò)
(3,3e)

where e,(u), e,(o), e,("), and e,(d) are normal independent processes having variance (1-p"'), (1-p01,

(l-p"'), and (1-po2) respectively. pu, pu, p", and p¿ ile first order partial autocorrelations of four

AR(1) models. 'W", Vy'6, W", and Wo are weights of these four AR(l) models.

The autocorrelation function of a mixed noise model is

pMolk)=W:pok*Wf puk*Wlp"k*Wlpoo (3-40)

where'Wu2, Vy'02, W"2, and Wo2 are variance fractions which sum to unity.

The eight parameters are obtained by solving the following equations:

(a) wj *wf *W! +Wf =1

(b) Wlp"*Wlpo*Wlp"*Wleo=e(!)

(c) wlpj+wf pf +W!r"s*wf pf =p(3,h)

(d) Wlp"8*WfpoE*w!p"8*Wfpf;=p(8,h)
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(e) w"2p]s *wf plt *wjp"'s *wleis=pQí,h) (3-41)

rú) w ] p lo *w f p lo *w ! p lo *w ] o Jo = PQo,h)

G) wjpf*wfpi**w!p2tr.wÍpi*=p(20o,h)

(h) wlpf' *wfpf' *w?p?' *wfpft=pQot,h)

where p(n,h) is the theoretical conelation coefficient of the fractional noise given by equation

(3-37).

Since the autocorrelation function of an AR(1) process diminishes very rapidly with

increasing lag, the above equations can be solved sequentially starting from the low frequency

(high lag ) end. From (g) and (h), and assuming the terms with p", P¡, and p" to be negligible

beyond lag 200, then one gets

Solving this equation, we get

wipo^t 
=

wlpÎ*
p QOL,h)

PQ00.,h)

(3-42)

(3-43)

can be calculated.

ffid p", Wo can be

^ _pQ0I,h)
'o- pecf,',h)

For a given h, the right hand side of equation can be easily calculated, so po

Substituting po into equation (g) or (h) and neglecting the term with pu, Pu,
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obtained.

From (e) and (f), assuming the terms with pu, pu to be negligible beyond lag 25, then

we get

w"'p!t = p(25,h)-wÍpo" G'44)

w""plo = PQo,h)-wlPlo (3-4s)

Solving equation (3-44) and (3-45), we get

(3-46) o"=rffir*
where the right hand side is known. Substituting p" into equation (3-44) or (3-45), W"2 is

obtained.

Similarly, from (c) and (d) and assuming the terms containing p^ to be negligible

beyond lag 3, one gets

Then we obtain

wipf = p(3,h)-w:pj -wipf

wlpf = p(8,å) -w?p"'-wipf

(3-47)

.,

(3-48)

(34e). (p (8,þ -w I 0,8 -w o2 o o\,1Po=L6t

where all terms on the right hand side of equation are defined. Then substituting po into
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equation (3-41) or (3-48), Wo2 is obtained.

Finally, from (a), W"'can be calculated

w: = FW;-w:-w: (3-s0)

From (b), p" can be defined

Po=
plr)-W62pr-Wlo"-Wlo¿ (3-s1)

It is mentioned in Booy and Lye's paper (1989) that " It's possible that for some

combinations of p(1) and h, p" may be negative. For these cases, pu may be set equal to

zero". According to their opinions, alternatively, we could adjust the correlation coefficient of

the first AR(l) component to match any observed p(1) in the correlogram. In actual time series,

the sample values of p(1) and h are both quite variable, so that low p(1) values with high

value of h may be encountered. To match the p(1) may then result in strangely shaped

correlogram. The compatibility of combination of p(1) and h requires further study.

3.9. CONCLUSIONS

In this chapter, several mathematical models which are capable of reproducing

hydrological short or long term persistence were reviewed. AR and ARMA models are basically

intuitive types of the time dependent models and they are the bases of the more sophisticated

models that can adequately reproduce the long term serial correlation. However, an AR model

itself can not reproduce the long term correlation of the historical series very well, even using

large number of parameters. But the proper combination of a'few AR(1) processes can

W:
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successfully reproduce the observed long term correlation structure' ARMA(l,l) model is in

certain instance able to model the long term serial conelation. This model only contains two

parameters and uses less computing time than the fractional noise model and the broken line

process. The disadvantage of this model is that the Hurst h is not explicitly used in generating

mechanism and no equivalence is found between the model parameters and the Hurst h. The

ARMA-Markov model is a successful approximation of the fractional noise with less computation

time. But it has several disadvantages: this model does not preserve the mean and it

considerably underestimates the first order serial correlation. The parameters of this model are

difficult to estimate and the small sample biases of parameters are unknown. The fractional

gaussian noise can adequately reproduce the long term correlation. However, it needs an

enonnous amount of computation and generally it generates a much larger fîrst order

autocorrelation than the observed value. As an approximation of fractional gaussian noise, the

broken line process needs less computing time, but the model parameters are not easy to derive.

The fast fractional gaussian noise model as an approximation of fractional gaussian noise saves

a lot of computer resources, and it is very easy to run. Unfortunately, this model inherits the

disadvantage of the fractional gaussian noise model, which is the serious overestimation of the

first order autocorrelation. Some of those models as mentioned above can reproduce hydrological

long term correlation structure, however, don't use Hurst coefficient explicitly in the generating

function.

The mixed noise model seems to be the most appropriate for modelling peak flows.

Firstly, it is easy to calculate the model parameters; secondly, it uses least computer time;

thirdly, the lag-one autocorrelation and the Hurst coefficient of sample series are used explicitly
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as the basic inputs of the generating functions. For these reasons, this model was selected to

model annual peak flows in the following study.
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CHAPTER 4. BIAS CORRECTION OF THE HURST K

4.I. GENERAL

In the previous chapter, simulation models for annual peak flows were discussed. The

mixed noise model was selected as a suitable model for the further simulation of peak flows for

Canadian rivers. To use this model, one needs the Hurst statistic h as well as the lag-one

autocorrelation coefficient. However, the available methods for the estimation of these

parameters have serious bias. It can be shown that the bias of the ACF is dependent on the

Hurst statistic, but the bias of the Hurst statistic is relatively independent of the ACF. Since for

the derivation of the unbiased ACF one needs the unbiased Hurst statistic, the bias correction

of the Hurst K will first be discussed in this chapter'

Wallis and Matalas (1971) showed that the formulas for the computation of both K

and H produce biased estimates of the Hurst statistic. The bias is significant even for very

long sample lengths. The set of annual peak flows of canadian rivers used in this study have

a mean length of only 43 years. It is therefore necessary to derive a bias correction procedure.

The Monte Carlo method was used to derive it. Long memory models including FFGN and

MN were used for generating synthetic series. Since FFGN and MN are not valid for a model

Hurst less than 0.5, type 1 approximation of Fractional Noise was used for these values'
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4.2. MONTE CARLO SIMULATION

The Monte Carlo simulation was performed for twenty Hurst h values equally spaced over

the range from 0 to 1.0. The sample size used for each type of time series was 43 years,

which is the averafle length of the annual peak flows of Canadian rivers. The number of

replications for each time series was 500. f'f'GN and MN were used to generate series for the

model Hurst h larger than 0.5. When the model Hurst h is less than 0.5, FFGN and MN

are no longer valid; for these cases FNl was used. The Hurst K as well as H(g10) were

estimated for each series, after which the mean and the standard deviation of H and K were

calculated. Histograms showing the results of the simulation are shown in Figures +l 
^ 

to 4-r

O. These results are also listed in Table 4-1. Figures 42 and 4-3 show the mean response of

K and H as a function of the model Hurst h. It is evident that both K and H have serious bias.

In fact, K even has more bias than H, but K has less variance than Hurst H. When the model

Hurst h is larger than 0.725, the Hurst K underestimates h, otherwise it overestimates it. The

cross-over value for H is 0.765. Most simulation results show a symmetric distribution for K

and H unless h is close to 0 or 1.0-

K has the advantage that we never get its estimate that is greater than 1.0. This does not

hold for the Hurst H. When the model Hurst is near 1.0, we may get H estimates that are

greater than 1.0. This is one reason why we prefer to use the Hurst K instead of H for the

remainder of this study. The other reasons are the smaller variance of K, the much simpler and

faster computation and the fact that the computation procedure is not to a degree arbitrary as it

is for H.
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Table 4-1. Mean Responses of H and K for Different Model Hurst h

Model Hurst Model Mean Response of H STD of H Mean Response of K STD of K

0.97s FFGN 0.954s o.r529 o.8677 0.06967

o.925 FFGN 0.87t2 o.1704 o.8217 o.o7t62

0.900 MN o.7892

0.875 FFGN 0.8186 0.1717 0.787s 0.o7326

0.825 FFGN o.7905 0.1760 o.7642 0.0780r

0.800 MN o.75222

o.775 FFGN o.7674 0.1901 o.74r2 0.08292

o.7?5 FFGN 0.74t5 o.1781 0.7242 o.o776t

0.700 MN 0.7095

o.675 rTGN o.7217 0.r834 0.7084 0.08144

o.625 FFGN 0.6817 o.1718 o.6823 0.07875

0.600 MN 0.6689

o.575 FFGN 0.6534 o.r697 0.6639 0.07684

o.525 FFGN o.6203 0.1616 o.64t3 0.07338

0.475 FN1 0.58¿14 o.1726 0.6154 o.o7463

o.425 FNl 0.5748 o.t423 o.6030 o.07720

0.325 FNl 0.5618 0.08030

o.225 FNl 0.5300 0.0695s

0.100 FNl o.4943 0.06490

0.025 FN1 o.4677 0.05850
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4.3. BIAS CORRECTION OF THE IIURST K ESTIMATOR OF h

Wallis and Matalas (1970) discussed the bias of K of small sample size N. It was

found that with the increase of N, the bias decreased albeit rather slowly. Since a bias

correction of K is needed for the data set of Canadian peak flows, the average sample size 43

was selected for the simulation process. After Monte Carlo simulation, the mean values of K

and H for various model Hurst h versus h were plotted in Figare Ç4. To derive a bias

correction formula, regression lines were chosen to approach mean response curye of K in

this figure. Having tried various functions, two simple regression lines, one linear and one

quadratic were chosen.

Lineør Function: K=0.4135* h+0.4287 (4-1)

(4-2)Quadrafic Function: K=0,4699 + 0.2435 * h +0.1455 * h2

Since this linear regression line did not give a good fit at very low and extremely high

K, the quadratic line was preferred to derive the final bias correction formula, which is

h=2.62L8x -0.8370
(4-3)

After the bias correction, the estimated Hurst parameter h tums out to have a variance of 0.0256

which is larger than the variance of K which was found to be 0.0049. We should mention here

that a bias correction was also derived for the estimator H. But after bias correction, the

estimated Hurst parameter h had a variance of 0.0675, which is about three times the variance

of the parameter as estimated from the K. This is a good reason for using K instead of H for

estimation of h.

roeC4ls 
-0.368094

:.srl)
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4,4. VERIFICATION OF THE PROPOSED BIAS CORRECTION

The above mentioned quadratic bias correction formula for K was checked by using

both FFGN and MN to generate synthetic series. The results turned out to be satisfactory

especially for values of h close to or at 0.60 which is an average values for the observed

flow peak series. The estimates are listed in"lable 4-2. They show that using K without

bias correction can lead to serious misunderstanding of long term serial correlation of

these rivers. Although this bias correction formula was based on simulation series of 43

year data, it gives quite good results for series from 30 to 100 years. This was verified by

changing the sample size from 30 to 100, and letting model h equal to 0.6. The results are

shown in Table 4-3.
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Table 4-2. Yerification of the Proposed Bias Correction

Model Hurst Model Type Length of Series Observed h

0.85 FFGN 43 0.827t

0.825 FFGN 43 0.8042

0.775 FFGN 43 0.761,0

0.725 FFGN 43 0.7170

0.70 FFGN 43 0.6961

0.615 FFGN 43 0.6813

0.625 FFGN 43 0.6241

0.6 FFGN 43 0.6017

0.515 FFGN 43 0.5815

0.525 FFGN 43 0.5279

0.85 MN 43 0.8211

0.70 MN 43 0.6860

0.60 MN 43 0.5937

Table 4-3. Verification of the Bias Correction for Different Sample Size

Model- Hurst Model Tvpe Length of Series Observed h
0. 60 FFGN 30 0.6045
o. 60 FFGN 43 o .601,7

0. 60 FFGN 50 0. 601-8

0. 60 FFGN 60 0.5901-

0. 60 FFGN 70 o.5949
o. 60 FFGN 80 0.5828
o. 60 FFGN 90 o .5771,

0. 60 FFGN 100 0.5930
0. 60 MN 43 o .5937
0. 60 MN 100 0.58s0



80

CHAPTER 5.

BIAS CORRECTION OF THE ACF FOR LONG

MEMORY MODELS

5.1. GENERAL

Chapter 2 presented the bias correction formula (equation 2-7) for the autocorrelation

function (ACF) proposed by Kendall and showed that the correction is quite adequate if the

series is generated by short memory models like the AR(l), the AR(2) or the Lag-one Markov

model. It was shown in Chapter 2 that the Canadian rivers that were analyzed. show the Hurst

phenomenon to a significant degree, so that the bias correction formula mentioned in Chapter

2 may not be valid for these rivers. This was shown to be true when FFGN or MN was

used to generate synthetic series, after which equation (2-7) was used to get a bias corrected

ACF. Comparing the corrected ACF with theoretical ACF, it was found that this formula is

indeed quite inadequate for h > 0.5. This shows that the Hurst statistic will affect the

estimation of ACF from the sample. A bias correction procedure is needed that takes h into

account.

5.2. MONTE CARLO SIMULATION USING FFGN AND MN

In this section, the fast fractional gaussian noise model (FFGN) and the mixed noise

model (MN) were applied to generate synthetic series for different model Hurst values. After

that, equation (2-3) was used to get estimates of autocorrelation coefficients of these series. For

each model Hurst value 500 series were generated. The mean ACF of 500 series was



calculated for both models and plotted. The curves were compared with

of the fractional gaussian noise. The latter can be written as

81

the theoretical ACF

(s-1)
p¿ = 0.5[( k+l)2h -2 *k2n *1k-l)2hl

where h is the model Hurst and k is the number of lags. To make the MN model comparable

with the fractional noise model, which does not choose pl separately, the p, of the MN was made

the same as the p, of the fractional noise or chosen as an arbitrary value r,. At high lags, the

ACF of MN is practically identical with the theoretical ACF of FFGN.

Figure 5-1 to 5-5 showed some simulation results using these two models. It was found

that there was no big difference of observed sample ACF between FFGN and MN except

lag-one autocorrelation coefficient, which might be due to the different approximation of

fractional gaussian noise by FFGN and MN. It is evident however that bias correction is needed

for both. The amount of bias was calculated by subtracting the observed sample ACF from the

theoretical curve. Some results from obtained different h values are shown in Figure 5-6. For

the relatively low Hurst values 0.6,0.7, the bias curves are evidently close to a straight line with

a maximum value at the lag one. For relatively high values of Hurst, the bias has a maximum

value near lag-five; when the lag is larger than five, with the increase of lag, the bias decreases

at a constant rate; when the lag is smaller than five, with the increase of lag, the bias increases.

The influence of lag-one autocorrelation on the bias of pr was also investigated by

changing the input value of R(1) in MN keeping the Hurst h the same. Some simulation results

are presented in Table 5-1 which shows the bias in r, for different values of the model R(1) but

the same Hurst h. Fortunately, this change only had a slight influence on the bias of lag-one
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autoconelation; with the increase of the lag, this influence gradually became negligible. So, in

the derivation of the bias correction formula, the assumption that the ACF bias only depends

on long memory persistence and sample size was made.

Table 5-1 Influence of Model Lag-one Autocorrelation on Bias of ACF

Model R(1) Model Hurst Observed r, Bias of r,
0.6545 0.9 0.3260 0.3285

0.7000 0.9 0.3824 0.3176

0.74rr 0.9 0.4484 0.2927

0.4000 0.8 0.2212 0.1788

0.4500 0.8 0.2659 0.1841

0.5r52 0.8 0.3383 0.r769

Since most of Canadian rivers analyzed have relatively short historical records, in the

simulation, the sample size was chosen as 43 years which is identical with the average length of

209 rivers.

5.3. BIAS CORRECTION OF THE ACF

Having tried various functions to approach the bias curves, the following were chosen

to correct the ACF bias :

Forhighlag(k>6):



where

In addition

be used:

Rr =r¿ -0.0 1 2S6k(h - O.5) +3 .35 4381h -O.512 +O.A02224

k is the lag;

R is the bias corrected autocorrelation coefficient;

r is the sample estimate of autocorrelation coefficient;

h is the model Hurst.

to the above function, it was recommended that for h<0.65, the following

R t =r t + (h -0.5) (0.67 436 -O.01436 * k)
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(s-2)

function

Forlowlags(k(5):

(s-3)

(s-4)

(s-s)

(s-6)

(s-7)

R, =r, +O.QQ 15 1227 5 es'E781 
88å

\= r z 
* 0.02 +O.26 L5 Í32h -2 x 22h * 17

&=r z 
*0.O2 +0.337 0142h -2 *3zh *2/h1

R+=r ++0.02+0. 39 1 6 [52 
h -2 x 4zh *32n,

Rs=r 
s 
+0.02 +0.43 48162h -2 * 5zh * 4zh7 (s-8)
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The bias correction formulas mentioned above were verified. Some results are presented

in Figures 5-7,5-8,5-9, 5-10, 5-11. It is evident that after bias correction the estimated ACF

is very close to the theoretical curve. For the lag-one autocorrelation coefficient, the maximum

error is 0.05. After the bias correction, with few exceptions all autocorrelation coefficients

tended to have positive values. This makes sense since one would believe that all

autocorrelation coefficients of the historical records should be positive. Negative values are

likely due to a systematic estimating bias or to parameter variability. It will be shown in Chapter

7 that this bias correction also gives very good results for historical records.
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CHAPTER 6.

BAYESIAN UPDATING OF THE HURST STATISTIC

6.1. GENERAL

In the previous chapter, we have discussed simulation models that can preserve the

appropriate long term correlation structure and we also completed the work necessary to obtain

unbiased estimates of the parameters of these simulation models from the corresponding sample

statistics. The elimination of the bias, however, does not reduce the uncertainty in the

parameter estimation. This is especially a problem in the estimation of the Hurst parameter,

which is quite variable for the typical sample length of the peak flow series under investigation.

The difference in the observed values of K for the different drainage basins of the basic data set

reflects the sample errors as well as the varying precipitation-runoff characteristics of the basins.

One would expect, therefore, that the set of true values of K has less variance than the set of

observed values of K. Similarly, the distribution of the corresponding Hurst parameters h can

be expected to be more concentrated for the true value than for the "observed" values obtained

from the previously discussed bias corrections. This, in tum, implies that an h value that

corresponds to a relatively large observed K, is likely over-estimated, while a small observed

K is likely to produce an under-estimated value of h.

To obtain estimates of h that reflect this tendency, we note there are two sources of

information about h for a particular basin. Firstly, we have the general information of the values

of K one can expect for rivers similar to those included in the data set. Secondly, we have a

sample of a particular river peak flow series from which K can be estimated. Each of the two
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sources of information gives probabilistic infonnation about h. This means that Bayes' theorem

can be used to combine the information from the two sources so as to reduce the uncertainty in

h.

In this chapter, the principle of Bayesian updating from a continuous prior disnibution

will be first discussed. Next, the procedure when the information is discretized, which is

usually the case for practical computer applications, will be described. Finally, two examples

of a Bayesian updating of the Hurst h for rivers belonging to the data set will be showed.

6.2. BAYES' THEOREM

This theorem is named after Reverend Thomas Bayes ( 1702-1761 ). It can be written

form ofin the

ot",r>=nþftd@ (6-1)

where p(o/y) represents the conditional probability of cr given the occurrence of event y;

p(y/cr) represents the conditional probability of y given the occurrence of event cr;

p(cr) represents the probability that ü, occurs;

p(V) represents the probability that y occurs.

Alternatively, this can be written as

p(aly)=Nprsla)p(a) (6-2)

where N is called normalizing factor. The theorem can be used to update the estimate of the

probability that c occurs when we know that y has occurred (P(o/y)), provided that we know

the prior probability of o ( P(cr)) and the likelihood function of o ( P(y/cr) ). It can also be
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expressed as

p(alÐ * I(a) p(u) (6-3)

wherel(o) representsthelikelihoodof a. If wecallp("/y) theposterior probability,then

Posterior d lil<zlihood x Prior (6-4)

This theorem can be used to revise probability estimates in the light of additional evidence.

6,3. BAYESIAN PARAMETER ESTIMATION

When Bayes formula is used to update a parameter estimate then the magnitude of

the parameter is subject to a probability assessment and additional information is used to

obtain revised probability statements about the parameter which reflects a gain in

knowledge or a reduction in the uncertainty about the magnitude. This makes it possible

to sequentially use newly available information to update the "prior" probability distribution

of the parameter. For a normal prior distribution and liketihood function, this procedure

can be stated as follows:

If h is assumed to be normally distributed with mean p and variance o2:

h-N(p,, o2) (6-s)

This means

flh) =Qn o2)-o's ecos(h-þ)2102) (6-6)

Suppose that we have the unknown parameter h for which the prior probability distribution

can be expressed as:

h-N(¡t"o,of,) (6-7)
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Suppose also that we have an observation x that is normally distributed with mean p

equal to the parameter of interest, that is

x-N(h,o2) (6-8)

where þ0, oo and ø are known. If these assumptions are valid,

flh) = (2 n o ]¡t-o's) "t 
-0's( p - p/2/oo2) (6-e)

flX I h) = (2 n o2)-0's e Gos (x - Ð2 I sz) (6-10)

(h/X) can be writren as the funcrion of p(h) p(X/h)

flhlÐ=12nof,)-oseîos(h-Ito)zt'þ *(2noz¡-o's"(-0's(x-h)zloz) (6-11)

That means f(h/X) is proportional to

"<-o.snzqaþ-t,1o2¡-1¡*h1p,¿o2o.xlo2)) 
(6-12)

Regarding f(h/x) as a function of h , it is now convenient to write:

fih | þ = (2 n ol¡ - o's 

"< 

- o's (h - P t)z t ob (6-13)
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(6-14)

(6-1s)

-t -too -*o -

pl =or2(+ *L¡= lLoo o-z 
*xo-2

o{ o" ,o-'*o-'

the posterior probability density is

f(hlx) - N(p'o,2) (6-16)

Often there is insufficient information to ensure that the parameter concerned has a normal or

other standard continuous distributions. In that case, it is convenient to use a discrete probability

distribution as an approximation. This discretization of the prior and likelihood also makes

the procedure simpler and easier on a computer. For a single parameter case, the procedure is

as follows:

Let it be assumed that the probabilities of the condition h(i) have been determined in the

form of an array P(i) for all value of i. This array is called the prior probability distribution of

the parameter h since it has been established prior to or independent of the new information. Let

it be further assumed that an event A has been observed and the conditional probabilities of each

condition P(A/h(Ð) have been determined. This array is called the likelihood of A given the

corresponding condition. The observation of event A will change the probability assessment

for all conditions in a way that makes the occurrence of A more likely. Bayes' theorem for

a one parameter problem can be written in the following form:

P(h(Ð/A)=N * P(Nh(i)) * P(í) i=7,2,3........,m (6-17)
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This formula expresses that the posterior or updated probability distribution of the parameter h

is by definition, the conditional distribution of the parameter h given the observation of A; it

is designated P(h(i)/A) for all values of i. Each value in this probability array is calculated as

the product of the likelihood of A given the corresponding condition h(i), designated P(A/h(i)),

the prior probability of that condition, namely P(i) and a normalizing factor N, which must

ensure that the sum of the posterior probability for all conditions adds up to unity.

6.4. BAYESIAN UPDATING OF THE HT]RST h

In principle, the estimation of Hurst h for a specific drainage basin proceeds in three

steps.

First, the prior probability distribution of h is adopted apart from any experimental

information about the magnitude of h.

Secondly, this distribution is updated with the information about Hurst h that can be

deduced from the set of values of K observed for the basic data set. This would give the

probability distribution of h for a specific drainage basin if we know nothing more about it than

that the basin is of a Canadian river similar to the rivers in the basic data set.

The distribution obtained in this manner is then updated with the sample information for

K obtained from the peak flows for the particular basin under consideration. From the final or

posterior distribution of h one can then select a typical value, for example, the mode, or the most

likely value as the "best" estimate. Alternatively, depending on the use one wants to make of

the estimated parameter, one could choose the mean as the most appropriate estimate.

It can be shown that the estimate of h obtained in this way has a smaller variance than
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the estimate obtained from the sample alone or from the basic data set alone.

In detail, the estimation procedure is as follows:

First, the possible range of h was divided into m intervals and each interval was

represented by its middle value. Supposing the probabilities of condition h, had been determined

in the form of an alray P(h:ht) for all value of i. This anay is called the prior ( a priori )

probability distribution of parameters since it had been established prior to or independent of

the new available information. To establish the prior distribution is the most difficult part of

this problem. Also, it was assumed that event A had been observed and the probability of

A occurrence given each condition h, could be determined, which was written as P(A/h,).

This array is called the likelihood of A given the corresponding condition, which was

sometimes expressed as l(x). So the observation of event A would change the probability

assessment for all conditíons in such a way that makes A occurring more likely. The Bayes's

theorem for parameter h can be written in the following:

P (h t A) = N x P (A I h ) x P (h = h ¡)
(6-18)

i:|,2,3......m

where

P(h/A)------- the posterior or updated probability of parameter h;

N------- a normalizing factor which must ensure that the sum of the posterior probability

for all conditions adds up to unity.

To initiate the updating, the assumption was made that the model Hurst parameter h has a

uniform distribution between 0.5 and l, which really me¿ms we did not have any knowledge
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about the distribution of model Hurst except the range. Since there is no physical meaning for

h less than 0.5, the range from 0.5 to 1 instead of 0 to 1 was selected. Based on this

assumption, we determined the conditional distribution of K, denoted P(k/h), by means of the

Monte Carlo method. We use the data set of the annual peak flows of Canadian rivers as an

observed realization or a sample distribution of K, denoted P(\). This allows the determination

of the posterior distribution of the Hurst h given this observation and the conditional distribution

of K.

13

P (h =h i) = NE P &,) x P(k/ h )
j=r

(6-1e)

The results are shown in Figure 6-l and 6-2. This posterior distribution of the model h for a

Canadian river in general can be used as the prior distribution of h for a specific Canadian river

for which K was observed as B.

P (h =h,l B) = N I P (h = h ) P (B I h i)
(6-20)

Two examples of the updating procedures will be discussed next. One has a relatively

low Hurst K and another has a relatively high Hurst K.
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Table 6-14. Probability Distribution of K Response for Various Model Hursts

Based on Monte Carlo Simulation

Response
ofK

Model
Hurst
0.915

Model
Hurst
0.925

Model
Hurst
0.875

Model
Hurst
0.825

Model
Hurst
0.175

Model
Hurst
0.725

<0.40 0.000 0.000 0.000 0.000 0.000 0.000

0.+0.45 0.000 0.000 0.000 0.000 0.000 0.000

0.45-0.50 0.000 0.000 0.000 0.002 0.002 0.006

0.s0-0.55 0.000 0.000 0.000 0.006 0.006 0.0r2

0.5s-0.60 0.002 0.002 0.010 0.022 0.034 0.050

0.60-0.65 0.008 0.0t2 0.046 0.052 0.092 0.116

0.65-0.70 0.020 0.042 0.084 0.116 0.162 0.r54

0.70-0.15 0.050 0.130 0.r52 0.208 0.t76 0.260

0.75-0.80 0.o72 0.178 0.240 0.230 0.244 0.244

0.80-0.85 0.158 0.228 0.248 0.224 0.184 0.r32

0.85-0.90 0.302 0.284 0.t94 0.130 0.092 0.024

0.90-0.95 0324 0.t20 0.026 0.010 0.008 0.002

0.95-1.00 0.064 0.004 0.000 0.000 0.000 0.000
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Table 6-18. Probability Distribution of K Response for Various Model Hursts

Based on Monte Carlo Simulation

Response
ofK

Model
Hurst
0.675

Model
Hurst
0.625

Model
Hurst
o.575

Model
Hurst
0.525

Model
Hurst
0.475

Model
Hurst
0.425

<0.40 0.000 0.000 0.000 0.000 0.000 0.000

0.40-0.45 0.000 0.000 0.000 0.000 0.000 0.000

0.45-0.50 o.0t2 0.008 0.018 0.030 0.080 o.r20

0.50-0.55 0.022 0.042 o.044 0.080 0.100 0.100

0.55-0.60 0.070 0.118 0.146 0.184 0.250 0.280

0.60-0.65 0.t34 0.180 0.236 0.242 0.200 0.180

0.65-0.70 0.186 0.224 0.228 o.244 0.230 0.220

0.70-0.75 0.234 0.232 0.200 0.r46 0.110 0.060

0.75-0.80 0.2t2 0.114 0.084 0.066 0.030 0.040

0.80-0.85 0.rt4 0.070 0.038 0.008 0.000 0.000

0.85-0.90 0.0i6 0.0r2 0.006 0.000 0.000 0.000

0.90-0.95 0.000 0.000 0.000 0.000 0.000 0.000

0.95-1.0 0.000 0.000 0.000 0.000 0.000 0.000
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Table 6-IC. Probability Distribution of K Response for Various Model Hursts

Based on Monte Carlo Simulation

Response
ofK

Model
Hurst
0.325

Model
Hurst
0.225

Model
Hurst
0.100

Model
Hurst
0.025

<0.40 0.020 0.020 0.060 0.090

0.40-0.45 0.060 0.140 0.200 0.330

0.45-0.50 0.060 0.160 0.200 0.330

0.50-0.55 0.280 0.260 0.380 0.180

0.55-0.60 0.240 0.260 0.140 0.030

0.60-0.65 0.200 0.100 0.020 0.030

0.65-0.70 0.100 0.060 0.000 0.010

0.70-0.75 0.020 0.000 0.000 0.000

0.75-0.80 0.020 0.000 0.000 0.000

0.80-0.85 0.000 0.000 0.000 0.000

0.85-0.90 0.000 0.000 0.000 0.000

0.90-0.95 0.000 0.000 0.000 0.000

0.95-1.00 0.000 0.000 0.000 0.000
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Table 6-2. Probability Distribution of Hurst K for the Basic Data Ser

Hurst K Values Frequency of 209 Rivers Probability

<0.4 0 0.000000

0.40-0.45 0 0.000000

0.45-0.50 1 0.004785

0.50-0.55 t0 0.047847

0.55-0.60 I9 0.090909

0.60-0.65 M 0.210526

0.65-0.70 56 0.267943

0.70-0.75 49 0.234450

0.75-0.80 22 0.t05263

0.80-0.85 07 0.033493

0.85-0.90 0 0.000000

0.90-0.95 I 0.004785

0.95-1.00 0 0.000000
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Example A: The Pipers Hole River at Mother's Brook has 36 year annual peak flow data.

Using unbiased estimator we estimated its lag-one autocorrelation coefficient at 0.3354, and the

Hurst K to be 0.8t46. As prior we used distribution of Hurst h based on the information from

the data set, which is shown in Figure 6-l and 6-2. The likelihood of obtaining the observation

K:0.8146 was determined for the range of values of h by simulation. Finally, the posterior

distribution of Hurst h was calculated by Bayes' theorem, which is shown in Figure 6-3 and

Table 6-3. The most likely value of h for this river tumed out to be 0.77. But the distribution

is rather flat in the range between 0.75 and 0.85. Based on the sample alone, the Hurst h would

have been estimated as 0.91.

Table 6-3. Bayes Updating of h for Pipers Hole River at Mother's Brook

hi Prior P(h:h,) Likelihood
P(B/ht)

Normalizing
Factor N

Posterior
P(h:h/B)

0.50-0.55 0.133095 0.020064 7.6643 0.020467

0.55-0.60 0.136651 0.047568 0.049822

0.60-0.65 0.133809 0.o79r52 0.081175

0.65-0.70 0.124182 o.134384 0.rn902

0.70-0.75 0.120742 0.155296 0.t437t2

0.7s-0.80 0.103893 0.196480 0.156450

0.80-0.85 0.0931 10 0.225248 0.t60742

0.85-0.90 0.076389 0.246336 0.r44222

0.90-0.95 0.053238 0.217600 0.088788

0.95-1.00 0.024885 0.r40rt2 0.026723
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Example B: the Southwest Margaree River Near Upper Margaree has 70 year annual peak

flow data. The lag-one autocorrelation coefficient was estimated at 0.1346, and the Hurst K was

estimated as 0.7495. Using the formula mentioned in this section, the likelihood of h for K

equals 0.1495 was calculated which is shown in Table 6-4. By means of Bayes' theorem, the

posterior distribution of h for this river was obtained which is also listed in Table 6-4. The most

likely value of h for this river is obtained as 0.71. The results are shown in a bar graph in

Figure 6-4. Based on the sample alone, Hurst h would have been estimated as 0.78.

Table 6-4. Bayesian Updating of h for Southwest Margaree River Near Upper Margaree

h Prior P(h:h,) Likelihood
P(B/h)

Normalizing
Factor N

Posterior
P(h:h,/B)

0.50-0.55 0.133095 0.106 5.51 0.0778

0.55-0.60 0.136651 0.r42 0.1069

0.60-0.65 0.133809 0.r73 0.r276

0.65-0.70 0.r24r82 0.223 0.T526

0.70-o.75 0.120742 0.252 0.1677

0.75-0.80 0.103893 0.2r0 o.1202

0.80-0.85 0.093110 0.2r9 0.1r23

0.85-0.90 0.076389 0.196 0.0825

0.90-0.95 0.053238 0.154 0.0452

0.95-1.00 0.024885 0.061 0.0069
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CHAPTER 7.

MODELLING OF ANNUAL PEAK FLOW SERIES

7.I. GENERAL

In the previous chapters, the bias conection formulas for the Hurst statistic and the ACF

were derived. A Bayesian updating procedure of the Hurst h was also proposed. Now we

have reached the point where we can use all the available information for the estimation of the

parameters that are required for the simulation of annual peak flow series.

In hydrological modelling, the model is should be designed to preserve as much as

possible the historical mean, the variance, the skewness, the autocorrelation function and the

Hurst statistic. Reproducing the mean and the variance is no problem but almost all short

memory models fail to reproduce historical long term characteristics, while most long memory

models do not preserve the lag-one correlation or do not use the Hurst statistic explicitly. The

exception is the mixed noise model (MN), which not only preserves long term persistence but

also preserves the short term persistence characteristics ( Booy and Lye, 1989). It attempts to

reproduce the ACF fractional noise at high lags while correcting it for the first order

autocorrelation at low lags. A problem that is occasionally encountered is an incompatibility

of the lag-one autocorrelation and the model Hurst h, which results in an unlikely ACF.

There are two types of parameter incompatibility. Sometimes one observes a high Hurst statistic

with a relatively low lag-one autocorrelation. At other times, one may observe a negative lag-

one autocorrelation which seems unrealistic for peak flow series. Both will cause negative

partial autocorrelations of one of four AR(l) components. It was suggested by Booy and Lye
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( 1989 ) that zerovalue be assigned to this partial autocoffelation when calculated value was

negative. This means that the observed short term correlation is not preserved here. One should

keep in mind, however, that parameter incompatibility observed in practice is often caused by

using a biased estimator for p,. In addition, both p, and h are random variables, so that due

to chance, one may get a rather unlikely combination. This occurrence is somewhat reduced

by using Bayesian updated values of p, and h.

In this chapter, the annual peak flow series of Canadian rivers will be simulated.

Autocorrelation functions will be derived and the results will be compared with those from

observed series and with the average autocorrelation function of all 209 available series.

7.2. PARAMETERS USED IN THE MIXED NOISE MODEL

In order to show the entire simulation process, the mixed noise model was applied to the

peak flow series of Southwest Margaree River. The observed flow data series is listed in Table

7 -I and shown graphically in Figure 7- 1 . The uncorected autocorrelation function of this river

was estimated by means of equation (2-3), which is shown in Figure 7-2. As it can be seen

from Table 2-1, the uncorrected value for Hurst K is 0.7495 and the lag-one autocorrelation

coefficient is 0.1346.

The mixed noise model was also used to reproduce the average ACF of rivers in the data

set. From Chapter two, we knew that the average of the lag-one autocorrelation coefficient is

0.039 and the average of the Hurst K is 0.6756. Values of the lag-one to the lag-forty

autocorrelation coefficient are listed n Table 7 -2.
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Table 7-1. Annual Peak Flow Data of Southwest Margaree River

Near Upper Margaree
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65
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55

50
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20 30

Yeor
60 70504010o

Yea¡ 2 J 4 5 6 7 8 9 t0 1l t2

Peak Flow 25.5 42.5 37.5 42.5 48.4 32.O 40.8 52.7 61.2 29.4 55.5 49

Yea¡ l3 T4 15 t6 17 t8 l9 20 2l 22 23 24

Peak Flow 34.5 39.9 34.8 41.6 6.2 42.5 39.1 42.2 34 39.9 32.8 n.6

Yea¡ 25 26 n 28 29 30 3l 32 -1-1 34 35 36

Peak Flow at a, 25.6 35.4 32.8 45.3 38.5 42.8 55-I 28.2 &.5 40.8 32.8

Yea¡ 5t 38 ?o 4 4t 42 43 44 45 46 4'1 48

Peak Flow 3t;7 42.5 39.9 32 28.6 27.5 39.4 36.5 37.7 32.8 3r.7 23.2

Year 49 50 51 52 53 54 55 56 57 58 59 60

Peak Flow M.5 39.4 40.5 32.8 43 53.2 33.1 28.6 40.5 34.3 32.8 4t.3

Year 6l 62 63 64 65 66 67 68 69 70 7t 72

Peak Flow 39.6 53.7 41.7 60-7 42.1 29.5 36.4 52.3 36.8 47.2

Figure 7-1. Annual Peak Flow of Southwest Margaree River near Upper Margaree
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Table 7-2. Mean ACF of Annual Peak Flows of the Data Set
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Lag I 2 3 4 5 6 7 8 9 10
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Lag 1t t2 I3 t4 15 T6 T7 18 t9 20
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ACF -0.0t275 -o.0t74 -0.01436 -o.ot22a -0.0139 0.005354 -0.01 164 -0.00193 -0.00283 -0.0251 I
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The difference between this study and others ( Lye,1988 ) is that we use the Bayesian

updated Hurst statistic h, which could be obtained by means of the procedure discussed in

Chapter Six, as well as a bias corrected lag-one autocorrelation coefficient calculated by the

process introduced in Chapter 5, which used the updated h and observed ACF. Parameters

used are listed in Table 7-3. These two parameters then were used to calculate eight basic

parameters of mixed noise model for each simulation.

Table 7-3. Updated and Bias Corrected Parameters Used in MN

It may be noted that after bias correction, most of autocorrelation coefficients tend to have

positive values. This makes sense as it is believed that all historical data have positive

autocorrelations and negative autocorrelations are caused by systematic estimating bias or

variability of autocorrelation. These are shown in Figure 7-4 andT-S.

7.3. DEMONSTRATTON OF THE TECHNIQUES

First, Hurst h and lag-one autocorrelation coefficients listed in Table 7-3 were used

to calculate eight model parameters of the mixed noise model, which âro w¿, w6, wç, w¿, pu,pu,

P", P¿. Then, five hundred series with identical length equal to the sample size of the Southwest

Margaree River were generated. After this, equation (2-3) was used to estimate the sample

Parameters Southwest Margaree River All Canadian Rivers

Hurst h 0.7r31 0.6011

Lag-one
Autocorrelation

0.2864 0.1053
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ACF of each of these 500 series. Finally, the average ACF of 500 was calculated and the

bias conection formulas were applied to get the bias corrected ACF. This ACF was compared

with the theoretical ACF of the mixed noise model. This technique was also demonstrated for

the average autocorrelation of Canadian rivers. Some results are shown in Figure 7-6 and7-7.

Evidently after bias correction, the generated ACF is very close to the theoretical ACF.

Estimcrted ACF of Cqnqdion Rivers
Slolísficol Results of 2Og Rivers
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Figure 7-3. Mean ACF of Annual Peak Flows of the Data Set
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ACF of Ccnodion Rivers
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ACF of Canodian Rivers
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7.4. COMPARISON BETWEEN THE GENERATED AND TIIE SAMPLE ACF

Since it was very difficult to demonstrate the advantage of this procedure based on a

single river, the average ACF of 209 Canadian rivers was used. Five hundred series were

generated and their ACF were estimated. This generated ACF was compared with the

observed ACF from more than 200 rivers. These are shown in Figure 7-8 and,7-9. It is

evident that on average, with the use of updated and bias corrected parameters, the mixed noise

model can reproduce the correlogram of historical annual peak flows.

7.5. COMPARISON BETWEEN THIS TECHNIQUE AND LYE'S METHOD

The difference between this technique and Dr. Lye's method (L.M.Lye, 1989) is the

updated h and bias corrected lag-one autocorrelation were used in this study. One would expect

some improvement. To show the improvement using the bias corrected and updated

parameters, two procedures were used simultaneously, one with the use of updated and bias

corrected parameters and the other with observed K and lag-one autocorrelation coefficient.

These procedures were applied to the average correlogram of Canadian rivers. Simulation

results are shown in Figure 7-10. Generally, it is hard to find a big difference when one looks

at the ACF curve. But when one looks at the lag-one autocorrelation, it is easy to find that

results from this study are closer to the sample observations. In addition, the generated average

value of Hurst K of 500 series by this technique is about 0.615, it turns out to be 0.71 by Lye's

method. Comparing these two procedurcs, we can find that better simulation results were

obtained with the use of updated h and lag-one autocorrelation.
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Figure 7-8. Comparison Between the Generated and Sample ACF of the Data Set
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ACF of Ccnodion Rivers
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Figure 7-9. Comparison Between the Generated and Sample ACF, Bias Conected.
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ACF of Canodion Rivers
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CHAPTER 8.

CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDIES

8.1. CONCLUSIONS

l. Annual peak flow series obtained from Canadian rivers show a strong Hurst phenomenon

and a very low lag-one autocorrelation. Although Anderson's test suggests that hypothesis of

time independent can not be rejected, these rivers cannot be seen as time independent because

of the long term persistence. Only the models which can preserve short term as well as long

term autocorrelation characteristics should be used for accurate modelling of peak flow series;

2. The Hurst estimation K given by H.E.Hurst has serious bias. This is partly caused

by forcing N equal to 2 and rescaled range R/s equal to 1 simultaneously. By removing this

constraint, a bias correction fonnula is derived based on Monte Carlo simulation;

3. The method given by Kendall (1954) for bias correction of autocorrelation

coefficients of time series is not valid when the long term persistence is significant, that is

when h > 0.5. The bias can be conected by the formula given in chapter five, which contains

h;

4. The sample observation of Hurst statistic is a random variable, which can be updated

by means of Bayes' theorem when regional information becomes available. The updated h

has less variability and is more reliable;

5. By using bias corrected and updated parameters in the mixed noise model, some

incompatibilities between lag-one autocorrelation and model Hurst h can be eliminated. When
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the mixed noise model is applied for modelling annual peak flows of Canadian rivers with these

more reliable parameter combinations, better simulation results can be obtained.

8.2. RECOMMENDATIONS FOR FURTHER STUDIES

1. After bias correction of the ACF, we still occasionally observe negative lag-one

autocorrelations or low lag-one autocorrelations with relatively high model Hurst, which is due

to the variability of ACF and Hurst. Further studies may be required to investigate the

uncertainty of ACF for observed time series.

2. Bayesian updating may also be used to better estimate the lag-one autocorrelation

coefficient if information on this parameter can be obtained for a region, in which there are

number of stations or rivers;

3. The ACF could possibly be estimated by means of regression line techniques. The

parameters of the line could then replaced the model Hurst h and the lag-one autcorrelation

coefficient. This regression line could use the following function

ACF(k)=axkb (8-r)

where k represents the lag.
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