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ABSTRACT

This thesÍs presents t,he developmenÈ of a semi-autonptic polenì:Íaì-

a:naJ-og appara.ùus which erq:lclys carbon-.!.npregna.ted eondu.ctj-r:g erTe1edelùosn

paper and an X-T recorder", gires a d.eriveèÍon-*by meãns of 'ch.e pobentÍal

areÏogy--of f-¿itctir:ns which yieLd solutione to lorø-pass appro,-riraa.bion

probl-ems in iniage paz"ameter (and insertion loss lossLess fiiten t,heory)

ar:d shows hor¡ the apparatus may be used as an aid in their praetical

determinatÍoR" Teclrniques of ¡neasurernent using quarter planes are

investigated and 'bhe resulf;s presented. ConforrnaL transformaf;ions (of

the complex pLane) are str:.died in order to fj:rd some r¡híeh have speeial

practical. utíI-ity r,rith the apparatus, arrtJ. examples of reeoydings (usång

'bhese planes) which yielded stitable Loeations for points of i¡:finite
loss are presented arrd comparedo These--and a few other recordings--

siroi,r the feasibüity of using the apparatus for that purpose as ræ1.1.. as

oihers of passive filter (and other network) s¡rnthesis p:.oblems"

The feasibility of applicatj-ons of 'r,he potential analog apparatus

ari ån aid in s,rlving lorv-pass approxirnation probl-ems of lossless filter
theo::3- is studiecl, and l:he prac-bfeabiiity of the appar"atus for ttris
purpcc e is evaluated and *onrpared rrith templates and digitaJ- cernq:uter

methods, ït, is found that the apparaius is rnoc"e practieal and suffi-c-

ieirtly aeeuqate in marry'cases" One such case, whir:h is emphasizeri in

tltis thesis, is the determina""i-on of loeaticns of poÍrits of ånfi:lite

loss so a.s to gi"re prescribed attenuation eharacteråstÍcrs"

F,i:z'irnrlae for measurenrent of eoefficients 'r.n par/cial- fractÍon



ALL

expansions of rational functions with single and dor¡.ble poles are

derived, and examples of actual measurements (performed manualLy)'are

presented" These illustrate the necessity for the senrï-automatic

a.nrl).og apparatus 
"



PREFÂCE

Thís thesÍ.s origÍnated with the desire tr: investigate applÍ-cat'ions

of a. potential anålog apparatus originaiiy built, ai the urríversity of

Manítoba by Professor E' Bridges under the su;:ervts:lon of Prcfesscr

Bo Ao Johnson and with the sponsÕrship of the lúationa3- fteeeaÏ'eh Con::reiL

of Cana4a (Grant NRCGSBI+-1156)\ This apparatus was not sui-i;able for

most praet'ica1 applÍ'cations, sc exterrsirre nodifieaticr:'s were underi'aken

to make it Semi-automatÍe' Manual- neåsur"ements, p:'esented in thås

thesis, al-so shor,red the need for such. an appa::atu.so After t?re develurpnrent'

of this apparatus hacl been eCImpleted, a study of the li'te¡:a'ture on

network synthesis--especially fSJ.ter theory'---was undçrbaken in '¡rder to

find possible applicatÍons of the apparatus in se¡h"j-ng a'pproxÍmation

problemso A fer,r of the possible applications of tlie potenùial anal-og

apparatus are presented in this thesis" The stitability of r:onJcrmai

mappings for use wíth this apparatus ar:e st'udied" ÅCItuaL recordings

obtained -urith the aid of the appø.ratu.s are presented, and it's use is

compared tri-th template and compuüer niethods "

XE" Bridg"u, mÄ Network-lunctio,n ^Stntc,latorw 
(Unpuhrii-stred

Masterls lbesisu The University of }fani'bt¡ba, Wårrr:åpeg, $eptenbe:: 1958)"
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üI{APTER ï

THE ¡,tMS, THETR VALIDATTON, DEFTNITIoN

OF T'TPORTAIfI TEM4S A]\D TI{E

ORGANTZATTON

fhis thesis describes the evolution of a ne'û,r semi-automatic

potential analog apparatus suitable for network and control system

s¡mthesis applicati-ons, gives the derivation of firnetions suitable for
approximation of Iow-pass image-parameter (and, in r,¡e1l known ?üans¡ of

1ow-pass inser"tion attenuation) functions, anc prese.nts applications

of the potential analog apparatus as a design aid in deternrining these

functir¡nso fn thÍs thesis the presentation andr/or derivation, by meå,ns

of the potent'ia1- anaJ-ogy, of funetions needed for lumped-element lov¡-

pass ímage parameter (and i-nsert,ion lcss) lossless filter synthesis and

the use c¡f the potential analog apparatus as a practical desígn aid in
this work, is given greatest emphasis,

The funciions desj-red are functions of a complex varia.bLen p=€+

jú.)p usually normalized. \o @"*L" In chapter V ,J) is sometirnes used

ínstead of the normalized úù " The matter of independent complex

variables should, however, eause no trouble"

Because of the nature of the topics, the eomplete method of their
presentation, and their l-ength, a hist,orical background is not presenteC

here.u but is given in each ehapter r.¡hich deals with a partS.cular topic.

Further help in placing this wort< ín proper perspeet,ive a.nd rela'bion to

that previously doneu and in shor^ring the sùatu.s of the topics up until
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the present time, ís gíven by footnote references and validations and

comparisons presented in each chapter of this thesis. The scope of the

undertaking for each topic is also defineri j¡r the jntroductory section(s)

of each chapter, so extra verbiage is not presenüed here, except' t'hat

the specific aims of thÍs thesis i^ril-I be stated at the end of this

chapter" These aims, when considered in relation to the historicaL.

baekg:.ound arrd justifications of this study--presented in the intro-

ductory sections of the chapters-*should give the reader an initial insight

into the import"ance and rel-ations of the topics covered in t'his thesiso

r" REASoNS FoR THE STIr0Ye Á.ND oRGANIZITToN

OF THE rI{ffiTS

One of the reasons for this study rras the need for a potential

analog apparatus more suitable for network and control systems than any

that had been previously developedo Thus, rnost previous analog devices

nere too i¡aceurate and tedious to work with, and yie)-ded recordings or

p3-ots which were too small to be of praetieal value, or r{ere rest.rÍctedo

in that onþ one ty.pe of conformal mapping could be usedo lfÍth this need

there was the desire to investigate r¡ar"ious types of measurenent

techniques for pot,ential and stream functions, and to try out the new

potential analog apparatus to be described hereÍne ín order to eompare

its effeetiveness and praetieaLity against point-by-point measurement,

techniqrese âs welJ- as to investigate its over-alL accuracy and modes

of operationo Before the apparatus was buÌlt it was desirable 'Lo seareh

for those features which a sem:i-automatic potential analog apparatus
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shouLd have i-rr order to be most useful in the contemplated fields--

especially network synthesis, After the apparatus was built its errors

had to be eonsidered, its over-all accuracy assuredr and furbher

improvements suggestedo

The next three chapters are concerned with the topics of the

previous paragraph, thapter TI gives poi-nt-by-point measurements of

phase and magnitude functíons on quarber planese and diseusses and

illustrates the use of various types of measurements usilg these quarter

planeso Chapter III deals r^rith measurement of residues of rational

functions using a half planeu Equations for such measurements are

derived, and point-by-poinb measurements carried out" Both clrapters

IT and ITI demonstrate the tediousness and the rather mediocre aecuracy

achievabl-e with these methods" They also gíve a physical appreeiation

of the analog" Chapter IV deaï.s with some of the historical background

of potential analog devices for network synthesis and anaLysise a study

of desired features of such an apparat'us, with the development of a nevr

apparatuse and with a study of its errors and over-a]I accuracyo Many

detaÍJ-s of the development, the calibration, and the errorsr are presented

in the appendices. Furbher Ímprovements are suggested in chapter ÏV.

Another need seemed to be a thorough investigation of possible

praetÍcal applieations of the apparatus to solvÍng approtrÍ.nati-on problems

in filter synthesis'

The theory of the potential ana}ogy was used in this thesjs

beeause it leads to applícation of the analog apparatus, and provådes

a physical concept for the rather complicated mathematics of a¡¡proximatíon
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theory"

Chapter V is devoted to the derir¡ation of approxJmating functions

for i-rnage parameter fil-ter theory by means of the potential analogy, to

the investigation of possible applÍcations of the potential analog

apparatus as a desígn aid, to the actual implementation (with high

aceuracy) of the new potential analog apparatus to determi¡at,ion of

points of infinite loss for low pass filters, to deternrinatj-ons and

comparisorrs of conformal nappings to be usdd rcith the apparatus for 1ow

pass filter synthesis" Chapter VI gives a comparison of the use of the

apparatus to the use of other methods yielding the same results, A,lthough

image-parameter filters were dealt ürith specificallye it is røelI-known

that the approxination of image attenuatiø: is usual3-y used as a high

quality approximation to inserbion Loss in the stop band(s)"

TT" THE DEFTtrITTTON OF TIIE ]MPORTAIfI flTTTEB TTIEORY

FTINTTIONS TO BE APPROXIMATED

Before the speeifie aínrs are given, a few words shoul"d be sald

about some lmporbant functions used Ín dealing srith fiJ-ter approximation

theoryo

Firstly, in dealing rrith image parameter filter theory one en-

counters the foJ-lowing funct,ions of p, which are defined and descrilred

in a book by Cauer:l

W" Cauert Theory of Li¡rear Conr,¡¡nieation
G@-nyîrffiffoFffito,TÐBË

Networks, Vols, f andfÏ
ffiT1+2 and 22I-29L"(l4cGraw-Hi]-L Boak



3.o T6e tiso-teami.nalt-palæ-nesrscrk propagaùå.onr fi.unet$.one flu **" $F,

r.esua]-]¡r ab"orev$"ated to Srnage prcpagat$"an fixÏleitåono e4 üs

al-so ab'brevi-ated 'bo åmage atüenuatåon and € W årnege phase"

2o ?he q flrneùåonse whS"eh are def,lned by

q Es dffivm E Wae = eoth fr. ,
where 

"l-1" 
ud f*n **, respetfiveþ, pæ5"mary open- e,rùd

short-ei.ratlåt^ reaetence and ad¡rd"tt&r'eero **d u*A nt*d ff'p

are 'bhe seeondary open- ar¡d shorù-,e$"re;t¡.'¿t, reaetanee and

adm$-t1banee of a g¡p-¡rort' ll"ossl"esg ne'blüorko For s¡nnrnetrd.e

fi.L&ers one obtP$-ns T-! W
Ç- = ce¡'bh åÅ = nlçå Ð- 'à ! "'bì

whene up i"s the 5"mpedåffir0e-@nflal"[øed hori-zon$a]- l"at't$"ce

reaetanee, and øu Ss the $"mped&T1o€-Rorm&låøed (onoss-aflIt

LattS-ee reaetanse of t^he equ$'va3-enü Latùåce.

3o The E/ firne&Í'ons, àef5-ned bY
/Tr -\e'=eor,h(þ E JEU$"\ â -f+ !

l+" The $"mage funpedariee fTrneùåonsw[Ç
%or" = 4ffi- and %*a - düf

for uns¡nmrmetri"e fi-3"tensn and

u* = 4@-ø5
for s¡mrnetud.c f$"l"tens o

Cliapger V $.s S"argeÏy eoneerned wi"th the derd"vaib{o¡u r¡f t}m abover

$"mage paremeter frineùfuns for most, lLossltess f,ål-tens by meauus of the

pten&åa3" analogy, arad w5"tÌr the$"r p,raeùÍ"eall detemn$"naù$"on voüflÌr ùhe a$-d

of a potential analog aPParatus,



6

.-1circu3;r clÊp'úet V C.:¿ri-s ,.:..ih t,;,:::,.r:li:'ra-ticn cf -i g¡;-.pasg irnags-

,.rla:,-.j'a,ur: iu-::c-iio¡i¡, a:1i Che L;:;] -.câ.'ü'ì a,:. iÍ -,,ire rteTÍ Þo'benti¿1 aif¿iog

*.':.a.:..-," út ¿':'l-'C::-l ..ar''':.1 3. _...-'r:.-i::-,: -* -..'.'";:.--l'.-:C:: S::i"-:iCl-;-C::S, .;rl3:g

e:'c ''l ilj:'il,llirl i¿1¿'L:üí.1,: J; ùr:ir:-ri, ',,:i'ì,: 'r,i.¿i,.:y' ilnd -î:':,¿er"biol 1¿-: 'ûi,Corlo

ii:,:se iJ'r: noi üc-rrgj'¿r. :n ;r'r;: i-,,:,e ¡is e::.r¿c-b Íc:: a fe=r¡ *..i-ù:où;c-ca:y

t'i:ì;-i,ù;::ar:::'i,s , il ::bcLii 'rc ::c't,: j-, ::cÌ,iû't'él', t,h:¡; ';.i¿ j'¿ccj"llir¿s cr irnage

::"tei-ir-'-"r-;jot: e,:l:'l;; 'Li ¿:-,':,:¿-:-.,,:-;-i o.,-l oj- s:,:r;*ba:id i:¿¡'¿tiLg -t ¿55 ¿(p)¡

-i:..-'o*,;-'- ';-'.¿ ¡'.:-l:;.;..: -.i:) L: Û-ó3ó io:, - j"A'¿ - ---r.., (r:: Co),

i'r'lêi:e å.-.is the i'e-i;ai:"j-r :crJ,:j -i .t ¡nJ pa:;i b.:.;:i"
: ii:

Tbe 'ini,eÏe;'¿eci .:'c:.i¿.- :¿lt -'-:ni ¿ i,-ü-'-j¡ co;.-;:ene::sive, in-ieg:'a-teC

¿:.41 ói;1ei¿:]. -;iea';ir:ofi', ûÍ ";:re ap1:l',::tiir.-¡ici: O:c'5-ie;;u iÍ i;iia3e* and ir.:eli;ion-

ic:s :-'i r'üc:' -c¡.ec,;"r, c¿L'ivc:. 'or¡ Ì':c:,]'n¡ cf li; poi:en:'ia-: a:raiogy, ]--f ¿ cc:1.-

c;ï'l:'en'ú r'e;¡':ll'ci: r¿oc¡'i-, ùrr;ii¡"ù,i¿;ì .;o -ih..: :rj¡l'';-i onal- Resee¡'ch Counci-l- oÍ

i*rac:Í t.--:.i -'-:-:': r-'ir:.-. :-a-';--l;';:--. l :o-;en-i:-:::--log d.e:":-'v-a-i,io:r
':l

..,ri ci;'úcnsic:. ¡f ,,,;oi,i cue -Lc lì.:¿'¡,:r¡:abei rc'i¿¡õJ Ì.þ-ban:ibet,: wol"<-;c

,.,-rgc.-;a:f'¿,.:¿'b¿- Ti!¿j"y ¿S :i;:.i ¡,, c;.-"::. .:¿'::::i on j-i]SeI"úîOn*].OSS 1:hecfy,

li:.-i g'': 'u'¿5 adCit:-c:':a-i- i'laie:¿':'ial- c¡l :;oiui",ion of e.¡ri:r'ox:-ri:ia'bion p¡'cibl-eras of

pi.;s:',te ¿ad aci:'lve ng'úI,;oIk ¿i-üi: .:;i-1 i1cìtai,"l c c¡¡:brc1 UyS-i,efa SyniheSis"

'/
ìi.Sa'1¡1¿-l'..'rsn" t¡fhe !s:,"¿l;;¡;i,3n'¡ i,,' : Sc¡r-*i-*i;u'bcila-bi c Poi;en-i:iaL

,l;r¿l-cg .i:jipai'¿:'l,".::.. "':n Ïn-3e3r:¿L,:j:: )'!tþi"c:l'-i--:i::;ic:: ii-e.:r;' icr' iril-ter."s Derived
by irie¿_¡,1; ci tne ï:b-lüial_ Ân:'.1¡rì¡,; a¡i'j i;ie.rlfilíca'r,icn oi ì;he,Àp,:arai:as
eJ ¿n :,i-c -tn !t-,1 ?¡ac'uì ca-l -jii!i-eiíièiìi-,å-i;'; o;ret: it-:g.-r-s-b, itóf . .^. ¡'epor-b sc.b-
ll:.:-ù¡ed cûnci.i.i'i¿:=:-;-r;r ¡ç -bhe l'l'atro:-ral- iì.e.se¿::'ci: Cc¿ircil of Üanadq ulìd-ez'
jr:.riC Gr"e.nt iio" .iiJE. ûo-cies cf i;Ii., ïi:D,:.r:b i-iia)r a1so be oi:'¿ained fi'orn -bf.re

.:i.¿-úi1oÍe p;=esei:;l-y eíírpl-û;\ied -5;,i 
ir: c,r';he¡n El-.ect:"ic Co" iiesearch ei:C Dev'-

eiopneür L¡ibor¿ic.iÍ-es, Oi-ba';'ia., i;:-.:iad'*., and f::cäi the fj-br'¿iry D! r::e seíte
=.^.-/.¿-..^ ^^.__:r.-.-, . ___,^a r _..__.. .. I _ t -,;,. _, _: 

¿._:.irp- _,-,h.1:¡:. .ii ¡¿ìi.¡cS f.fidel d.iS¡_uvr..JG-f / ú j v__ u1r9v:,:JiÉ r/úJl:vc. L !.--_-, ..:;: ä_.

ei,t.i¡1¿i-ì:ion -i:c scieni;:s-';; and É,1rír,._.¿-s" Tnis fep,jï; (lhe nrate::{al_ of
ilhicl:. cai: o-:J-y be pai",;iai1;r znc]r:rded in il:.is tnesis dr-re to l-imi-b¿ri;icns
i;: scoos ailC slze) shc...-.: -le :'.,-.,r jo.=:'''J-i appi'ccia-licn cf -ihc-: s;bjec'3"
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C}Í,ATTER TT

SOME METHODS OF I,ÍEAST'RTNG PTiÁ.58 AIüD T\T,A,GTTTTUDE

BY USÏTIG QUARTER PTANES

r" PI{ASE MEÀSIIREPMM BT USING A qUARTER COMPTÐ(

PI,AIIE OR IIS IOGÁNTTHMIC

TRANSFC'M4ATTON

Oe3eral theorfr of the- Me.tåoj

There is an analogy between the total current crossing the path

of integratlon on a rrniformly conductlng sheet- representing the complerc

plane or its conforraaL nrappings and the phase difference, between the

initial and final polnts on the patb, of the rationaL firnction F(s) of
a coroplæc variabLe representod on the analog"Lr? The odd synunetry of
sources and sj¡lcs mith respect to shorb-circuited boundaries shows that
the totaL current crossi-ng the short-cÍrcuited frnagjnary axÍs of a
quarter plane, beti^¡een s = 0 and s =iq¡ should. be proportionaL to the
angle or rf¡;r¡ì ., when a low-resistance return path is provided. to theF(-Jut)

infin:ity equipotential, 3 ¡h

trS. oa"tiogton, The potential analogue- nethod qf network sylrlhes:þ,Bellretephones¡æÈemMõñõst6mrõGr+:ffi eñFfi)ip;ï:
. '9, Brid'ges, rtA Networlc-Frrr¡ction SlmrLatorrr (unpublished Master¡sThesis, The university of lvla¡ritoba, ruinnipeg, septeribei iøgi; p,-6;--

^ 
3o.9ors9 Ln Matthei, "A General Method. for synthesls of RilterTransfer l\urctions as Appiied to L4 and R4 ît1tei.nxa*õies", Technical

ãtr#g;,4d31 "ilî "üiå ri ï Ïiifl or at o rv, s t anf ord uniúudff '

l+p¿¡.'ltngtØ, gp,o g!!,, pp. L6-U,
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q"-B-gqF.gl'qåQqqrteq-kså*#".lle!p-1åq-1l_hel9_,1'þequ.Lq:oçe!

The prj nciples of 'bhe previous sec'bion led to the preparation of

the q.rarter plane analog sheeb and its logarithniic transformation shor^rn

respectiveþ in Figr:-res 2o7- and 2.3, A consi;ant cument urtte previously

bui-lt at the uuiversity of Manit'oba, was used to supply -r,he sor:rces and.

sinks and the niethod of ¡neasuring total current flolring betlreen the

copper shorting bar and 'bhe infinity eqrripotential shoLnr in Figr:res2ø2

and 2uh rvas employ"d"5 This curyent should be proportional to the

phase, at s =Jtopf 'bhe rationar fi:nction F(s) set up on the analog sheeì;

if the copper bar from which the crurent ís metered. is in contj:ruou-s

contact rrith the Íma¿inary axis betrreen s = 0 and s =JcD " A second

shorti-ng bar- (used w:ith the logaritluni.c plane only), betneeo'r the mappÍng

o;f s =¡ur and the infiníty equ-lpotential- shoi.rn in Figure 2ui+ merely en-

sured a bet'ter short*circuit for the rest of the Í-naginary a:cis than

raight be provided by the silrre:' paint on the V-shaped nedges shor.nr i¡r

Figures 2oL to 2'hu The quarter planes rtrere ir.ncomec-bed for the effects

of non-isotropie sheet conductivityo6

The current was metered with the m:il]:iammeier at increinents of ar

equal to unity, since ,lhescale of crr i¡ tìre complex quarter plane was

'balcen as one rad.ian = one cm, r^rhrictr r¡râs th€ spacing of the bottomrs of

tlre cut out Vls ín Figr::re Z,Ls this curren.t was metered eirery time the

short5rg bas had been moved along the ¡or-æris of the quer:ter plane by a

one-centimeter increirent, and at sínrilar poirrts on the mapping of

2Bridgesr €c- gi!.e"s þp" 19 and 28; fígs"z*lO - Z"il+s pp" Zj-27,
oeridges, gg*- ci&r pp, 68-69.
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t3

the sçlane jcd*arcls into the logarJ.thnie quarber planeo

ça:+Ufa¿ion gf SuTten Plpreg and Me+sqr,qnent,gf I'l}eFq of les.t l-\¿nction

The f\urction s+2O was set up on each qgarter plane, using (haff"

unit) cunent strengths of two Ín3 åTrd pLoto obtalned of degrees per

miLllalrpere vseq.l, r,rith t,he mi]1ìa¡rnneter on the one niLlisÍlpere range'?

This plot for the quarter comploc plarre is sho'!ún in Figure 2 'J, wtrlLe

that for its Logarithmic napping is shown in Figrre 2 "6' Figure 2,5

also shons the cu¡¡es obta:ined usÍng s+JO with 2 ma"and. 6 ma, source and

sink, ar¡d the mear¡ of the three calibration curves' Fígure 2r5 shor,rs

the plots for the firnctÍon s¡+20e set up 1n the logarithmic transfor"Tna*

tíon of the qr:arter comple:r plane u'rth cument strengths of two milli-

aflq)eres@ The ten-mil]larnpere range of the nrì.lLia¡uneter was ernpl-oyed'

The t-wo cìJrves in Rig¡rre 2'5 rnay be compared to shols the effeCt, of

changing the resista¡rce of the railltaruneter, Figr¡ræ2"5 and 2'6 thus

gíve the caltbration curves for the qrrarter planes@

The test fur¡rctlon

(2,1)

'r,ras get up on eaeh of, the quarter planesc usíng unft crrment strengths

of four ¡rriIlåe¡nperesu and the reaûings of total current vseô¡.¡ obtafned

aF d.escrÍbqd abwer8 Each rea*ing was nnrltlplied by the ordj-nate of

the proper caLfbration cunre at the sa¡re vaf.ue of ¡¿l to obtaln the phase

Tsince each d.ecade of the logarltlrn-tc plane was 58 "6 cm longe
the,fir::ite pole ar¡d zoro positions in thls planee in cm, were found from

#Ë l¡r sj-, whex'e si are the s-plane posít:'-ons,

Bpn B.

z (s ) * fp+eo),.(.s+L0-ibo) (sirlOtiho)
(s+Lo-i2o) (s+to+¡29¡
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L6

of the test funetionø Figr.ire 2"? sholts the actual phase of Z(s) a¡d

the measured phase obtained. froln the qrarter plane complex anal-og : "

wltle Figure 2"8 shor,rs the actua-1 phase, and. the measured phase obtained

from the logarÍthnric quarter plane ånaLog,;

Ðiseussi.on and Conclusions

The úiscrepancÍes Ín the three curves plotted in Figure 2"5 were

due ln Large part to the use of an j¡rcorrect constar¡t l¡r converti¡lg fbom

the readi¡rgs obtained using the ten ma"rånge of the meter to those

rdrieh would have beer¡ obtai¡led on the one ma, råflg€o , Readíngs obtained

in the two cases are different because of the different meter resistãnces"

Thus, a const,ant multíplíer must be deterrntned fþom sj-raultaneous

measurdnstts on the two scalese and used in converslon from one ba,Èis to

another, SÍnce only one sueh reaili-ng '¡'¡as taken, thì.s rnultip1:ler rnay

have been ånaceurate, llrrthermore, the t,echn:lque of measurement had

not been too itell*developed at th-is time; changes i¡ the measured

curzrent were det,ected whea the shorti¡rg t¡ar was held w'ith bare handsu or

wÏren 'bhe pressure on this bar iras insufficient to give good contactå

ff:rthermore, the const¿r¡t cument' sources and sjid(s may have drifted a

Little srer the hour or so that measurements were taken"

In the case of the logarítturÉc quarter planee the conversíon

factor from 1 ma.to 10 ma,basis llas nore accurately deternrined by

si¡rultar¡eous measurement on both seales, and the tecrrnique of measure*

ment, was i:nproved" The shorti:rg bar was handled w:ith dry glovesu

pressure on åt rrras maånt,ained by means of weighis and the constant

current, Sources and sinks Ì.Iere fþequently checkedu Hence, the measure*
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aôL7

ments shor.m by Figures 2"6 and 2.8 are probably more reljable than

those of Figure 2.5 and 2,7, Figure !.J does ildicate, hor,rever, how

rmrch variati-on cari be encounrlered unless ereat ca-:r'e is taken t,¡:i-th

measurement techniques,

Comparison of the phase responses in Figr:res 2 ,7 and A "B lrith

thaì; phase response obtained by grapld-caI integration of phase slope

measuremeir.ts shor¡s that the results obtainable Lrith the methods pre-

sented here are superior9, Bricl-ges, for example, obtained. a marirmrm

error of about 15o in the phase of the same function in the range u.t = O

to ¿¿r= $$ and ât'L error of about 50 at t¡.l= 30.

For practical phase measurement, Lrowever, the inethod presented.

here Ís probably not too useful, because it is rather time-consuming,

Tt was al.so found that electron:ic integra'bion of phase slope found by

measurqnen'b of poiential bett¡een tno movi::g probes was adaptable to 'bhe

sern-i-aut'omatic s¡rstem described in Chapter TV, whí1e the nrethod presented

here was noto However, the method or an e"ybension of it may be e:nployed

in sorne futire deviee"

The results that have been presei:ted also provide a reasonable

experimental verification of th:-s as a method of phase measurement,

according to the id.eas set foz'th in the general theory.

9eridges, ogg giis., pp" 52 * 53,



ïï, A. lvlonE PiL{CTlC.q-L tlETHoD 0F I.IEASURING PHÀSE

BY USIi\iG QUARTER PT,ANESIO, l-1

A nuch more practieal way of meâ.suring phase than the one des-

cnibed in the last seetion can be empl-oyedo A quarter plane r,,rith the

edge of ar¡ unbroken equ-ipotentiaL (tfrat is, withoui the Vts of the planes

described i¡r the ].ast section), about one half to one inch wide, along

the real frequency axis is employedu The voltage gradient across the

strip of r.¡:idth ¿\.< (physically five ¡:-i-11i¡reters or less r¿ide) witb one

eclge along the real frequency arcis is thenmeasur.ed at equal j¡rcrements

along the real freqrreney axis and then srmed j¡r the l¡eIl-hro'i.m fashion

to yield phasee sj-nce tkris surmnatj-on Ís proportional to 'bhe total current

flor.ring across the reaf,. frequency a:cls"

Ït i,ù:i11 easily be seen that th:is method is pariicularly suitabLe

for use t¡ith the serri-automatic potentiaL analogue s¡rst;en descz.ibed jrr

Chapter IV, because it allows arry snra3-I-er vafue of o< (wiricfr does not

i-inpose the other U¡-ltations discussed jsl Appendices referred to i-n
cirapter rv) tnan the spacing between voltage probes, to be useda Only

one probe is needed for the phase measurement by th:i-s method, The

th" st*r|jo, $gWE irytlg;ig Eqo-gçguqe€ gl!þ a potenriel= Ána:
l-gg C qmputer, Polybectm-tc Ï¡rsEi-tuilã-oE
ïnstitute, Research Report n-3gL-!Ue PIB-321+, June 6r195h¡ Þ, 10.

llp"r[u Líebman, girnqsgn,e-oufl gg*gjE?€9 .åpp-ro]*+qrrgg pr4 g
Xolef !å 31 analog c_o4put çg iFo B'ûãõnlc îiffitäõTTr ffi ,E cr ornrav e;
.tì,3s€ârch ïnstitute, Research Report R4.U-5Tc prB-ílrïe August Zze rgST*
w, ]:6-]t7 and 18-20"



2t

aceuraey of phase neasu-?ement should be hi-gh becarr-se the phase of {þ-I-- FTæT
(twice the phase of F(s))ís neasured, and. because Ao¿ can be mad.e smalln

By recording orr-ly the diffei'ences in potential beti,reen the probe

and the equipotential¡ the sJ-ope of 'bhe phase r,rith respec'b to the real

frequency a;cis scale is obtai-ned* For example, in the ordinary quarter

s-plane one obtai", a$, r'ilriIe in the logarithmíc quarber plane one
¡¡l

ob'bai¡rs *#_.'==, using the s-pIane analogue one thus ob'r,ai:rs delay.
d) Iog(t)

ÏÏÏ. I'TA,GNTTUDE }MASIIREI'MNT BY USTNG Ti{E IOGARTTIIFIIC

TRANSFORIYATION OF ]I. QUARTER PLAJ\M I'rJTH

OPN\T4TRCIJTTED REAT T1ìEOJIENCÏ ATTS

Qe¡ete]-_ "L}]gçfy _o! tle lqelhop

There is a r¡ell-kno¡¡n a:ralogy betr¡een the potential on a r:niformly

conduc'bing sheet representing the comple:r plarre or j.ts conforr.nal mapping

and the logarithm of the magnitude of a. raticnal fr¡:nction F(s) of a

cornple>c variable represented on the analo g;12 t 13. The even sJÃruîtetry of

sources and sjnks with respect to open-circu,ited boundaries shows that

the potential on the open-circr.rlted- real-frequency a;<is of the qirarter

plane or any of its conformal mappings at s =j<rror, respectively, its
transformed positiono is proportional to th.e logari-bhm of the magn-itude

l2Ðartington, qB,* "j!þ, pp. 3-10.

l3Br"ioaes¡ 9&. cit", pp* h-5.
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Prepar.ationr_,of Lo$.q,rittunic Quart,er. Pfang a¡rd Mgtho_d of Magnit'ude

Measurement

The principles of the prevÍous section-led to the preparatior of

the S.ogaritÞnic quarter pLane shol'¡n in Figure 2"9' The same unÍt was

used. to prouid.e const,ant-current sources and sj:rks as for the phase

rneasr¡rement. In fignre 2n9s the method of voltage measurement is aLso
,':

in&tcatedn

Ca]-lbratioi of tr ogarithnic Quar.ler. Pla¡re q4 Mejr,sru'enent oJ Magnit'ude
,ì

of Test, Rlrctlon j

The f\¡nctic¡r F(s) = s was set up on the plane usÍ-ng (halfq¡rit

for sl-nks or soul.ces on the real a:cis cjr at infinÍty) current strengths

of two ilra3 and the p3-ot, shor¡n 1n Figure 2olOrwas obtai:red of potentiaS.

in volts vso (¿,re rrith ¿¿rplotted to a Logarithmì.c scal-e" I'he s3-ope of the

straight U¡e obtained was the coefficient K1 in the equation

v = Kr r.osrolË{*,| (2,2)

r,¡hich relates the potentlal at s meâ^sured on the anaS-og with respect to

a point 
"o, tçlåj***6 From Figure 2n1o, Ka = 5,33o

lr \so4

.rl.r{'latthel, &. cít.
l5narrþetonp ggc cíte

lol¡pÈoeçre gp.e. ctt¿r pu 5"



-+
{ 

F
*-

 
'p

ge
, 
Z

on
, 

l<
- 

Z
 e

¡n
,

lf 
Ìr

=
rr

 
ll

st
rlp

 r
ep

ne
se

nt
-

. 
lg

t 
de

ca
de

h 
m

a.
 s

ou
rc

e
T

T

58
"6

H
ea

ttr
td

.t 
M

od
eL

 V
-7

4 
(n

ot
 t

o
s 

ca
-L

e)
 v

ae
ur

m
."

tr
:b

e 
vo

ltn
et

eæ
us

ed
 to

 m
ea

su
pe

 p
ot

en
tia

S
. 

be
tn

em
po

in
ts

 o
n 

V
i$

{.
re

at
 f

re
qu

en
cy

)
ax

ås
 ä

rd
 *

*(
ôa

e)
 s

tr
Íp

"

2 
rw

.

Q
U

A
R

T
E

R
 T

T
T

A
R

T
T

H
M

T
C

 
P

T
d,

N
E

 T
^J

T
T

II

F
C

N
 F

T
N

D
T

N
G

 }
ÍA

G
}J

T
T

U
D

B

(p
o1

e)

si
gr

k 
(ø

æ
o)

2n
d 

de
ca

de

-.
'+

#
nå

, 
sl

nl
e 

e+
-

N
ot

es
c 

1*
 P

ol
es

.a
nd

 z
er

os
 s

hm
m

 æ
e 

th
os

e 
fn

 th
e 

Le
fb

 h
al

f 
e-

pl
an

ee
 o

f 
z(

s)
 *

 (s
Í2

0)
ß

o1
0-

jh
0)

(s
*r

yÐ
W

58
',6

¿
, ' 

m
ap

pe
d 

i-n
to

 lo
ga

rå
th

m
ic

 q
r:

ar
te

r 
pl

an
e,

 M
ag

ni
tu

de
 o

f
Z

(s
) 

w
as

 f
or

¡a
d 

fo
r 

so
jé

at
"

2,
 

C
on

st
an

t 
cr

ur
re

nt
 p

ol
e.

*e
ro

 s
up

pl
y 

r¡
se

d 
fo

r 
so

ur
ee

s
an

d 
si

nk
s

3.
 

C
oa

te
d 

eo
nd

uc
tín

g 
ca

rb
sn

*l
-:

¡r
pr

eg
na

te
d 

T
el

ed
el

to
e

pa
pe

r 
us

ed
 fo

r 
sh

ee
t"2 
na

 s
ou

rc
e

F
ÏG

U
R

E
 2

69
O

P
M

I4
T

R
C

III
T

B
D

 R
E

A
L 

F
R

T
|Q

U
E

}I
C

Y
 

Ä
X

T
S

 A
I\I

D
 }

{E
T

H
O

D
 I

'S
E

D
O

F
 R

A
T

ÏO
N

À
L 

F
IJ

IJ
C

T
T

O
T

ü 
O

F
 A

 C
O

}[
P

T
,E

,T
 V

A
JI

T
.A

S
I,E

E
qr

rt
po

te
nt

ía
-L

(p
ol

e)

re
pr

es
en

tÍ.
ng

."

--
E

- î I I d e) o. I I {' Í

al
e 

f-
r¡

 *
\^

)



IO L> 14 r3 7?

ut +
) Ë
rr

Þ F
{ d fi1

0
.a

) Ë q) -{
, o Ê
+

9

': 
I 7 t

F
T

G
U

P
"E

 2
 "1

0
C

Â
LI

B
R

A
T

Io
N

 
cu

R
V

E
 F

C
R

 D
E

T
E

¡t
rt

\q
ry

C
 c

oE
rr

Ic
I-

E
N

I 
rr

-r
a-

n 
a!

A
&

IE
R

 "
!O

9S
R

IT
H

M
IC

 
P

l'A
llE

 lü
lÍ'

s
oP

E
N

-O
IR

cf
T

T
E

D
T

1"
1A

sj
l.[

A
R

Y
Á

X
T

5,
-T

õ.
.B

E
-U

S
E

D
rö

nu
¿

ct
'ti

tu
pn

t¿
IE

ns
U

R
E

M
E

N
T

S
:

7B
9r

o
õ-

qo
-r

óc



25

The test fi:nct'ion (2.1) r¡as set up on the planeu usi:rg un:it

current strengths of for.lr ni]]iarnperes (on the real axis and. at infinity
these strengths niust be half-r'ryuit strength) a¡d. reaclings of potential vs*

tD l.rere obi;ained" From (2,1)rZ(o) = 68, Using equation (Z,Z), a plot of
| _ -l

lZ(ft)l vs. (Ðl¡ras obtained; ít is displ-ayed in Figr:re zn:l]-', together r,,rj-th

the conrputed cur¡e.

Dis gussi_on _a44 C onclusicr:.s

Excellent agreemant between the measured, arialog plot of lrfirll
and the actuaJ- curve tras obi:aíned, as Figure 2"11 shor,rs" The measured

points also Lie exLremely close to tire straight }i:re of Fígure 2*10. A

comparison i,cith rnagnitude measurement,s usi-:ag a hal.f logarÍthruic plane

shows that the results found here r,¡ere even sl-ightly better than those

found using the half logarithrnic plane*7

Because the potential measured on qrarter planes j-s twice that

measured on half planes, ít is preferal:le to use quarter planes for
measuring magrrltude firnctions or those T,irith qua.drantal syr'mretryl8 The

use of a quarter plane for such functions is practical, TLr:is is parti-
cularly true since quarter planes can be used ¡,¡ith the senri-automatic

s¡'stem descri-bed in Chapter I\["

10rrBrÍdges¡ B" 9.i!., þP" 5lt_55"

l8firu sarne result Ís obta-i:rect if
1lp irr the hal.f planee but this requires
paperê

the function F(s) ¡'(-s) is set
t'¡clce the amorurt of cond.ucti¡:.e
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îl-:,:'l"ilil.l,.i --,'iji.í;.'..,::.:, Û1 :." ûi-'-::.r:.ll': ij¡-i::1-l-i-BÏit

!?Oli j':,'t:5tl;il.',; :iÍS :l-i,t j: I-j'.iJ' l'Ur\rtl

:. ,i!:,"Û-ÙJút:Cii
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-:::1" ;:tieirp¡ -bo i|e¡'ivÉ Õ--,íilj:cssiü-::ì; '.i'hj-ún ld'o-c-ó eiÌeble dei;c:'inj-*
nsJb-ì cn c-.' cccifi cier-i:s i;: p¿r*Li::-l î¡::c-i*s:: e::Êansicns by u.Ëirrg oeeli*oî*
sLot''J c:i.":'e';¿'Ueá c¡ua:-i;er piaires 1;:i 'b¡ the congLusioa -bha'o such pia.r:es
ccu] i ¡::o'b ire i-rssd fc:' '¿his r:-cu'-r,J;:c,
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eoeff5cåeni,s i.r¿ these e4:ansåons 5:t tevmE of qa*.rit'i"ti.es thE¿{i *>-il ?¡e

mea.sured on a cj¡ciiü.ar potential anaiog2, ln i,he follcl'd.i'rgs eJltrires-

sior¿s are founõ- -r¿hictr enable tlzese coeffåei-en"cs 'hcl be founcÌ fro:tl

meäsurêaents oir a ha}f-plarte ena]-og" One gjlsitpLe j-s gíve:r Û.f 'r'he

d.e-berriÍi:¿tion, fY.Oin a::a1ûg nieå.Surements, of th.e resíáu'es aL sit-i¿;l"e

po{u" ín æqra¡sions of b}re foi,n gårrea in eqi.rabí.rn (3"å) ¡r-t2'3 ¿tilo'i;fier

æ:s*ip-I-e fui 'r¡nich ccleffi-eients ín the rlerrir¡s of fhe expan:";Íon due to ¿

double püJ-e ** es il1us'i;rated' b¡' (3'2) -'*'"cer"e fou¡¡d fl:Ûiít analo¿

mea$l3-eÌnënt* j-n a haJ.f p3.ane- The me¿sur"ed values ¿lå'e o,fi14l:lJlerl I'rith

the actual, caJ-cu3atecI vai'¿e$¿

Tha üiscussion of aûeuvae)' and. gf erros's inNriid-ir'¿ect 'b;r the

p,:Írrt4;r*poin'b measurenents (obtai:red lrrainra}l"y t¡ii;h a vol.tineLer 01" --

when mueh¡ sma]Ier po"bentíal- díf"ferencËs were to be füess',rî'ed *- with

the æ.d of a si,.qrle cirsuÍt3 errrployi:rg a rn-icr',lair:rnetec" fbr a tlulJ-

incLåeater)rby the use of eoated Tel-edeltas på,pere arrcÏ by o'Lher sou-lrces

of errcr, ærd the tine consurned in rnaliing the meå.sure.nen-bs, indicated.

that the serìlå-aut,Õmatic sp.Stern usiug uncoaÌie'S Tel-ec1eÏ-Ue$ pæere

clescribed. i:r -Lhe¡ follo'mi-ng chapì;er, shcuJ-d provú to b+; c¡i:i.ie usef\ú in

24""i;:u 13octÌri:'oyci, li"{le 0hûìÍïj'p a;id iìu üa.lcrr,
Tant; fcr 'c?le l'ieasur,gneni; of Steady-Stat'e lìesponse,
arrct lttlied. It"cperties of iüe|rrarlcs'r, P:loceetlings ef
96z r6g*L*10 a¿rã lr76*L77s Paå-b }s 19¿+9;*

3F"ig* ;Iu,2e Â¡:penclfu Ao p" 168"

r! Á,n Jl-¿ ci,r'o1;'i-bi c
TrEnsien-b lìesponrie,
'the T.E 

" 
il * (R::i¿:-sir),
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.rrts) = (s*so) {s"-s^") z(s} = ¡s-:,râ(-) zr (s) , (j,g.)

Zr(::.|) = ?¿,¿!: z,l(s,.), (j"g¿,\

ii'iî _l

(3,i.c¡

ilc:rce ,

Ç1; =. :,_-., ZZ$r') -"lr:ri (3 "ff ;
:i'ircl'e-iore, o¡ is i''c,.,:tcì,b',¡ nc,:..::'i.:-.:r,1 ./...¡i z"(s.p)o ?ìris r,.r¿ì.s done bi¡

i'c:;;.cl.ri.r¡:; '"1:o 1;oie i,'ú S.r;.r::cì:r:;.:,,:.,;i,":.,b;1¿ .;c::rp-i;ire vo_ì-tage gi"a.d:t,en.¿ ¿rL

i-i¡iìi-c i:ril¡:¡-¡¡ru -i:c 'Liie pe::'Dr:l:,.i-i,:;i-r.i..:-:- í.i:í,,:,;jl)c,j- :l:.c:n s¡, .cc 'Li:.c r.(li¡j. ¿i_¡:1s , -l.i

v¡:¿;'C ¿if'; ZcjrOS Ci. pOiCS -¿,¡ 'i,li,':- ::j.,,iri, lf i;iiiS iinC, ,-ì1. (rl.Crì.jtr:tt;a¡¡r ¡¡i¡3,..*

tìj-;: sj,.';i:;,i i":,¿a¿ 2''î( iiÌ:!st, LrJ :,, r:! : ar:Í:-1..r_.il.ri_L¡,. l"cLc.L:ii o-r sub.';racte:ci i,,or. e:¿¡.ch

r,:i:--,--i;-ip3-íc.'.-Ly or .j::air oÍ 'Ll-ir;¡::... jì'o;:" re.,i_-i- z¿r.c;| o::. polcs -rile lasi; s.i:aì;o.-

lriCí:ï ¿ìLÐr),1-i-eS r.;i.-;h 'a'îtc 2-ii !.¡J.ì1-¿.,-c,;c.;), i,t.,i.:1,,

'i-n 'cjre l:!iì-rí.irl ÐT'r)seriüûaì. ¡j,..c'uc 'bile :,:1,.;:ì_iues ai a1l- si,np'] e Þo]cs

lìi31.r þ" iii¿e.¡u¡eci 'u:si-jrg -bi:e cr;,,ri.ciic.:..ì_¿:' r,ei::i.esen.latìon ci tjre co:irprex

pl-ere ci i'¿s cûnfclr.,:.,1 L,-:-);*;i1. ii;i-';ir, of cciisca e:Dpropïì-a-,¿e rra¡rs-flor-

llni:'-c::s of lincs useci :,cr. i:Ì.,r¿i)jÌi.ï'ct.!i:-[t'ru !:L îiir,: gç¡n131ex piere)o



3-r

r'iü îülii: Üj.j :...,.",-i:r' j,;.ac!i:aii rll?iJilsÏ0'1.É lI;

Tû tlü¡tl ;J:,lfi i:.i :i i;'J-irt irïIil î!I1 ::¿,ù

!¡i1l: PLiü

the pr'c,big:n isp s1:eciÍ",-cú1y, -bc Ji-nd ';hc e:rpwrsion

z(t) -;,i.å + -,-,,:-,,Ê.,, , " -}i.:i!..' o ,-.,ti,1. .,o, * R, (3.::)
$-op (,ir-;l.pr:* !-'-- ,":,: \.'¿"Jo-'' i4

2:. Ì,.n-,-c]: l¿ is ¿:::æ¿*i*der fur,:¡i-r-o -i. -bl:c dcr¡ie'goLc a-ir s- ín -t&e

:-,..-! "--.-.:.o ':: :..;vei 'i;o i::i:.-:-'-;-'a -Ji:.J -::-:rrì:-L-:

Z !rt', - {---.r)¿ ;,,*, 1-;i) 
'' I ,:- 

', - :; .- _1,-- -. ', ,-,-:.r':-;2 -, --r=is*:oll-)2

.:.: ¡ .J. , iir :.. z ,,, 
:.-.1? ¡r_=j^1,2¡. (l.i¡)' -::* i'--i')J ¡"1*J;'r "- -'l.rl. 1J*--;;* ': .:"-;'l j* ¡i"5¿l jì'

ij r'(;i'j'ûsen-i;ec on 'u1he úcrl.il:l \r:iì i:.'J p--:-- e*:;Íc3 sh.e;';, :Í -rl:e ref:-ec-

'i,ionÊ ûr;,t$s -i"he ::eei i:xis aie c,:nsid.e:"ed.o Év'alua-bicr¿ of (Jri3) aù

s-s..^ =.'<-i.-l ; :'esul-';s i-n

zi, (s).,,,. '- '4.2 
i :t^.ri , (3"i\)

1-:c r:i3:^.ì-;ud.c oÍ !;'^r'";-;:r. rj:e:'c-Jï'ë, ;; c':-;e::'.cc.'Jy rneasuring tlre
/\r.'*llïi.;- vi,(5/ *, "1"" :::;-: r'es;::;;'b: iL:r'-r c;l):ïu'*¡:-eai; poin'bo Ï:l this

pcin-i; -j-; chosen as s=ô, i .,',-,, i ii:ay be ;;u::i. ilo:'r,
i J'-'

l" .."¿, i

r/'. (¡ ) - li-, ,n l,:.. '-.;.-:.tr.r.-*---i, (3.i5)Li .L 
1 i-,2., ..._ ¡'e ki i

ïi:e r,:;,-- cí i':-a ü,:y bc 'ou:;d LccÕtc':.':-:; '¡i:..; tesufits derj-veC !:'birc- . ./

foJ*] uir1::g si:o¡'b a::eåyxis o
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The fbnction

zr(s) . (s-so)z z(s) (3'16)

Ís clefï.ned fÍrst" Then the reLation

z¡(sp) = çsn-sfr)z z3(so) = JF2 z3(sp) (3,1?)

holds" Hencee

Arg z¡(sp) =rr+ Árg z3(sp) '= 1r+ Arg kpl" (3"18)

Thereforeu

bB kpe = .Arg z¡(sn) *Trn (3,Lt)

from which the angle of þe may be found fbom analog measurements as j-:e

the case of the residue at a sÍnç3-e pole described Ín the last section'

lì.s mentioned theree a correction of*Elrmay have to be applíed t,o t he

mea.sured angle if there are zeros or poles t,o the right of the perpendi-

eular dropped from sn to the reaL axis, along wfrich ís performed the

fntegration to cleterrn:ine the phase of Z¡(s),

In order to find an elcpression for \f fu terms of q.rantities

whích ca¡ be measured on a ha3.f plane ana1.ogu the following analysis ís

applteci, First,

$ rz¡t")l = (s-sÐ2 dz3äf") + e(s-sfi)4b). (3"2o)

One clefínes

z¡(s) - R.iØ. (3 "er)
Thenu with the aid of the Cauchy-flienrann conditions, and the use of

equation (3*e0)e one obtains



i-j::* cc. rt , t¿i ::: il'; ,- j (îi1 t-:, f - #co,:, l)

_r!.-_vvj

\j oaaJ

(3 "æ)
n

':--i * Zr(,s.^) ,
-'- ) J

-:::, tl-.. -a,,1 
',--., ! ar,cil- c.r Ì:e cb-i;ainec i:cin anal-og ;ic::s'uie,i:en-bs,

J.-i Ç,''

i1;- rra.;r ì.le d,¡-"i.e:','. -r ---;1. i:,'.t .'.E () -:-. ) , !:ie ¿lr:o.it tt. cal cu-,;r'bi ca ::-eqcti:'ed

'¿; i:-:u Ìr.oi Í-';-;i'3iii: eq-.taúio:':., t:iz-:g'it'e f-lve c$¿r"br-l;ies rneesw-ed. oi-.l

';he r::-.ic¿, ì ¡ :¿---.';: "',,Íe:-I i:-.-:..: r

Si-in:Liaq c.e:"ivaiions i.;íiuic, e¡.¿'òie the coefiT-cie;:'bs i:l 'bhe e;:íÐär:t-

s'a;.is cÍ :"e-i,-lcn¿ù funct:üî$ ti¿-ù,h -','¿¿';pl-e i:ol-es of or<ler" gr.eate:' i;ha:r

'Li.'; 'bc ,;e fcrl'lC Í.'c:r .:i';¿-':-J--¿:- .-'-::-og -'.:ii-i'¿:cgtl,len-üËo i{o:revc:", th,:

cl::-*:eþi-:-úf:s betci:,:e qu:';: ,J;-.,ll-ril;.rcì, a:C '¿hc accu:-,acy in ri::åir"g the

.:'¿;:.Cc:c', ¡r:d- c'chc:r ccefjíl:.cl:',,s dccrcasesü l¡u:-the::no-ce2 oîLe does no¡

J-;on c--¡owl;e:: , -lri t:';c:i=t;:- -.:i;-- i-:.p-i g 1;o:;s cf ordez" g:ei;e: "¡,hen tr-;o"
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TVU Ð(FJ.RIMEIÙTAÍ, DETERT,IINATTON OF RTSTDUES .åT FIRST.OPðER,

PO],ES AI{D OF COEF'F'ICIE}TTS OF TERMS OF A

PART TAJ,-FRACTTO}ü ÐCPAIüSTON

DUE TO DOUBLE POi,ESh

Preparat_ioq an4 Ca^Libr4lon of the Pots¡rtíai- AnaLogue Shegþ

A serrl-el3-iptical coated conducting sheet of Teledeltos paper,

obtainecl by correcti-on of a ssni-circular sheet for the effects of non-

isotropyeaS.ong real and Ímagfnarï¡ axes, was used as the analog sheet,

Since the complerc potential- fhnction

Ø(u) - v(s) +jP(") (3"4h)

and a ratlonal flrnetion F(s) of the complerc variablersrare related. by

Ø(") = v(s) +iV (s) = Ko + K1 tn F(s), (j,25)

v(s) = Ko + 2.303 K1 rogls lrf"ll , ( j.25a)

ar¡d

llence,

obtain

it

K1

Y (") = Kl .Ars F(s)" 0,25b)

was suff,ícient to perform a calibration of magnitude only, to

used to deterrnine, according to the

and Iïï of tÌÉs chapter, the resj.dues

The l\:nctlons for whlch Resldues and Coefflcients were Deterrcined

The calibrated sheet was

theory presented Ln ssctj-ons IT

l+nut*its about the preparation and calibr.ation of the plane, arrrl
the measuranent technuiclueg are presented Ín Appen*ix Ap pp" ¡a61-¡¡1t+.
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äird. -3r¿ calcïústed. :"esidues"

Z(s) - óE -¡ s

Tiå3 €Ji¡3Jìiced iri par''b-i ai f:.ac'tions to

Tiús c¿jc'u-l-¡;bion ¡'iel-ded

.," *1,; ..-: Í-,Jtil-_ -.- 6W.,1r.7c.::; 
"s-i--ri -..:'j ËFft){'zú--

,' 
V 32!-'i:-5!*d-e';e:::nj-iieci fro:ir the a-iralog

consiae:'"i;:.g -11:e :'ather crude method

i:ire Í¿c'; 1;h:-i, tl¡ere iratr have been

'i:o -¿..,; jl--l:'úê l:csibion of 'Uhe eciuj-po-

it :;¡:e co;ì:pl-e-be ciscuss-ion oÍ ei.ro::s

cou-ld '5e used, -io i¡rprove 'bh.e årcuraclr

.:c-be-:';iel ::-:ei.og rûeåsìjieneïl.ts ís



of Measured and CaLcuLated Coefficienbs

ln

given ån the last t'wo sections of this chaptere

PartiaL F-faction ücpa¡rsion Ðqg to ÐoubLe Poles

The partial- fractÍon e:çpansion of Zr (s) gÍven by equation (3'2?)

was calcul¿,ted a,s

2r(s) -zi+i + s * 161+ol-Loe3lo " 
raho/Sl:33o

Sffo=íã"Ö-- srTõ+-j2f

20200 /-7l!*950 2t200n\,.950
- GfTo- " -ÇI0+¡

In addítion, for

z¡(s) = ssiØ = (s+20) (s+ro*jho) (s+10+ jl¡o) (s+lo-!o) (s+3o+ilo),

the values

# = r"b A#J)= 0"0668 radia's per radian,

= 126000 ohns per rad:ian,

R = 32.3XL06 ohms,

and

Ø = I"75Q5 radiaris

for s = -1O+j20

were calcuJated., for the sake of coltparÍson r,¡ith the rneasured values of

these qga¡tities" The calculated quantities uererincidentallyr substí-

tuted into eq¿atíon (3 ,23) s and a check obtained for the caLculated

vafue of k21. Table I presents the measured and calcul-ated qr¡antities

for comparison"

ô&
êø

Fron Table I, and from the description and gÞaphs of the
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pre\rious sectj-ons, åt is clear that neasurement of the coefficier¡ts j¡r

partial. fbactlon e4pansiorsof ratÍonal fï¡rctions rúith double poles was

not too accurate as weLl as üirne-consuni:rg, when done by this manual

procedure"

TABIE T

CODÍPARTSOI\I BSI'I'JEEN MEASURED A¡{D C AT¡UI,ATED QUAT!'TÏTIES

OBTATIüED TN DETER}ITNATION OF COEF'FTCTETITS OF

P.ARTÏAL IA,ACTTON EKPANSTON OF RATTONff,

T'IJNCTTON WTTH DOUBT,E CCI{PI,EN POT.F"q

QrantitY

k'zz

ket

R(-10+j20)

Ø(-ro+jzo)

&.!-, ø, s- -Io+jZO&ø'

ðR
&ø'

Cal-culated VaLue

?3.365

2o5o

37,5 X 106 ohms

1.877 radj.ans

0.071+l+ ra*ians

2ææ

r.6ho
2

32'ï(10o ohns

1,7505 raÅians

per ra.dian 0.0668 ra.di ans per radian

for s. -10+j20 0.:.'l+5XtO6 ohms per rad.ian O"L26XtO6 ohns per radia¡r

ÐffiCUSSÏON OF âCCIIRACY ATID

SOU&CES OF ENROB

The fact that 'bhere ?Íqre a J.arge nwrber of quantf.tieo entenfng

into ùhe el"prression (3"23) for flnètttg hfu rnade k21 particuLælt sub-

Ject to êriloro Acer.irate detenninaü1on of,*r*t* tFre above nanual

net'Ïtods of rneaswenørt was erbremrely dtfftcultu The nethod of ftndtng

Vo

Measwed Value
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phase sS.opes (and phase) was tjme-consutaing; it al-so was jvtaccurate

because the data was only sampled by this means of measurernent'

Considerable variations are to be obsen¡ed aJnong the curves of

phase vs.c¡rshom in Plgr:re 4.3 and among the curves of Z¡*(-fO+jro) vs"

u¡ sho¡rn in Figure A"l" The conûitiions under r¡hich the data for each

cur\re was taken are also sho¡¡n in the Figures* It has also been pre-

rriously noted that one of the current sources was feeding the upper

Urrit of B ma,s Ðdp a^Lthough the nilliammeter rnetering th:is current, r^ras

closeþ watched, there Ìüere some variations jn thj-s surrentu

The cause of the variations arnong the cuwes of Figure 4,3 avld

among the crxves of I'igrre AuSs and the cause of errors Ín all other

measurements rfereg

Í., lÍost' Ínqrorta:rt of aIL the sowces of error ancl probabþ the

cause of most of ühe varj-at'j-ons alnong the cuwes lvas the

facÈ thab Telecleltos paper i.¡'Íth a non-tonducting coati-ng

was used for the ana3-og" The reasons for this deduction

ares

A* A charrge in pressr:re on a voltage+'reasr-lri-ng probe, or a

change in the nratenial beneath the Teledel-tos paper

often resuf"'r,ed in considerable change in a readlng,

Bo .A*lthough no proof ís presented here, it seems plausible

that leakage of charge over the lúgh*resistance path

betrseen leart and conducting pa¡lers as weJ-I as the

effect of the potential of the TeledeLtos paper ruould.

cause some of the rather erratic reaùings and movements
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of fnùlcating instruner¡t neeùLes that were obse¡:ved"

C" 'When coaüeci TeLodeltos paper rsas used later in obtaÍnfurg

recordings on a bnrsh oscillograph and -- finaLlt --

on an x{ record.er, the su¡¡.face lrregularitj-es of the

coated TeLedeltos pairer resuli;ed In erbroneþ

irregul,ar recordf.ngs untLL a great nEEÌy recordings had

been made¡ â¡rd the coatfng l¡orn aTray" svefl afber mafly

, rrrunsrt some irregularities persisted" ïlhen the un-

coated Telodeltos p4ter was used with the selnf-automatic

s¡,steme no f.rreguLaríties ?¡ere êver obtained i¡ the

record:Í.ngs"

IJ The variatíon in a crrrrent soutrce operatilng at nærl¡nln

cu$ent" This varj.ation rnay have been groat enough to

cause noticeab].e, lmporta¡rt f,Luotuâtlons in neasureürcntse

although tt is bareþ notlceable on the rnj.llla¡runeter used

for neÙsrLng itø By usj.ng two eources¡ each feedtng half

the original cwronte suclr varLatLons lriåy bE rnade neglJ.gibJy

smail-lo

III' The effect of a flnite 'rinflnity rlngrrø

Il¡" The r:se of sampLed data for p3-otting crrrrres or for

integration'

V" The tine involved ín naking measlrrelrnntsS over such erbended

periods the possibility of varlations fncr€å,seso

VIn Noise due to pol¡er cablese etc'

VII' Non-isotropy of the TeledeLt'os papero
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ïn sunrnaqr, the main sources of error r+ere pnobabþ d,ue to the

use of coated Tel"edeltos papere the use of sampJ.ed (rather than contÍ-

nuous) data, the ti-rne involved in maki.ng measurenents, stray noise,

the ftnite trÍnfi:ritytt, and instabirity of current sources and sinks

operatS-ng at too irlgh a eurresrü levelo

Vï" f4PROVfi'lc SPIIED Al[Ð A0CURACT

0F I'{EA,5UREI\EI,ITS

A potentiar analog' system is d.escnibed 1n the foLS.onlng

chapter whiche t'ii'ren employing uncoated Tel-ecleLtos p4ere yield,e¿ such

excelLent results 1n measurernent of rnagnitude and phase, that there is
no doubt the deternr-ì¡ation of the residues and, coeffüclents accoriting to
the theory l¡r the precedlng materiaL of, this chapter r,uouLd be speed,iþ

and accurately acconplished by itø use, uncoated'reLedeltos pÐer

proved to bo far supenior to the coated paper, as øqpJ.ained, in the pre-

våous section' Plots were obtaíned quickly and serni-autornaticalþ on

an x{ reeorder fro¡n contånuous data by usfng the systeme thus

ruinÍmÍzíng effects of possibLe insi;abilÍty of cument sources and sinks,

noise and othe¡r possible flLuctuationsn It is to be noted that cr:rrent

sourees and si:rlcs were always, in Later work, kept with.i.n optÍmum

operating rar¡ges by using trso or more sources or si¡rks to feed. one probe

i"f a hígh sÍng]"e cwrent was required. Finall¡,, by using conformaL

mappÍ-:cgs to elinÍnate or tn:irr.i:nize the effect of a filuite rfinfin:Ít5rrr 
u

the resulting pJ-ots obtained. by using ttr:is syst;em prove¿ to be tr1ghly

accurate, convenÍently calibrated and spee*iry ocecuted,
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As ttris chapter and, the one preceùing 1t illustrate, rnaking the

potentíaL afialog.' senri-autmatLc wast ess.enü1aL; this potenbiaL anal.og

system ftnaLly enabLes the accr¡rate, H3i93l, speedy application of

the potentiaL a¡raLogy to sokî¡g problerns such as ftndir:g partial flac-

tion expansíons of rationaL fi¡ncülonso If a nore highïr isotropÍc

eonducti-ng pæer or other material were founde the accuracy obtained by

usJ::g this s¡rstør r¡ouLct be more than sr:fficient for even ocacting

reqtrirements"

In conclusÍone the meazureinent of residues and coefflcients 1n

partíaJ- fraction ex¡lansions by using a potential a1a-log is inaecurate,

tedious and sLov,¡ if coatecl Teled.eltos pE)er and the marrual- methods of

tluls chapter are usedg more accurate, less tedious and still quite slow

if uncoated TeLedeltos paper and the sane mar¡ual rnethods were enpLoyedg

and. probably quite acc,¡rate and. speedy if 'bhe semj.-autornatic potentlal

analogue s}Étem described in the necb chapter were enpLoyed" onþ the

ïast method. wouLd, make such measurenrents practicabloo6

6Mu Ln Morgan, rrÀlgebratc Fr¡nctfon CaLcuLatlons Usl¡g Potential
Analqg_Palrsert Egcee4ines of the rRE, l¡lr 216-282s 

"Iarnraryn 
lg6L. The

ESIAC (trade n e¡. descri'oed in itris ar.i¡ÍcLe
1¡ alcbreuneþ practical for f\r¡rctions reaÀtl;y and accrrrateþ treated on
the Logarithmfc p1ane. It ¡¡orks on a rathen noveL prfnciple, diffenent
fþøn the one descrC.bed 1n this thesLs"

p**-<-
yffrvcnstrr\.
6 ur**u*J;\,
K*,oo*o.,,'1',ÞÞ,-_.r



OHAPTER TV

A, PP'A,CTIC/ü SWT*AIITCM-$IC GATN*PHÀSE

POItrTITTAI AIÌATOG

:

IE IMRODUCTÏON

The øclstÍ.ng poJ-e.ue¡.o rûactrine at the Uníversity of Mar¡ttoba Ì'¡as

net coïp}etely su|tabLe fOr practi-ca}p speedy solutlon of probl"ems* In

this chapter are presented the f\nctions and cLesired practlcal Perfotr*

Íräf,rce,, Of a galn,pplpse potentlaL analog maehine envisioned afber a ferq

I

monthsl study of the exfsting and other gain*phase potentlal. anal'og

machines arrd their posslble appl,fcatlons to eLectricaL pnobLemsr part'l*

cuLarl.y 1n the fle[ds of electrlc circuit tbeogy and synttresf'se a$d

autor,xatic cantr.ol systems" The øctenBÍve rnoùifÏ-catíons of the o¡dgfnal

po].eqpero ¡açh{.nq are brieflLy mentloned¡ md reference is nade to e

d.etaried treatment in an AppendJx of the Li:ru{.tatl-ons of this orígi-nal

maçl¡"i.ne and of the nOdiflcationg whiehe consequently¡ hd to be nsde tO

it, A desorfptlon of the general constructÍon, calibration Pnd oBeratl"gn

of ttie new potentiaL analçg systern is presented? Ðefulls of the d$r

, ltu Bridgesu trÀ lletworic*Function SÍmu3.a'bor't, (utpPliPhed MaÆter's

Ilhes:i,su The Untverlity of l'{arÉtoba, l^iínnf.pege Septernber 1958)¡ PPo 2*l+0.

ZTfte ner.r potentieJ- anaS-og roaclÉne connqcted rcith a eorrmerôlR}
X*y riecorcler" is referred. to as ittho potentiaL anal"og systerû[ e ort õ*WJ-y
.,. li"liîtê $yStemll s
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eJ.ectnolrytic tank, of the constructlon sf now eJ.ectrical cincrrits and

¡nechan"icaL apparatus rrrhlch ¡rere artded to the porrbion of the origi¡al
po3.e-zero rnachi¡e stÍLl Left intaot, and of the calJbratiçn and opera!Íon

of the s¡ætem, ane relegated to the Appendiees, An qutl.fne of the

sou^rces of error jn the systdn ar¡d the means by whlch they rnay be ¡nlrui-

nlzed 1s presented¡ this outline 1s agatrr enLarged upon fn an Appendix,

The ouer¡JL acçutracy of the potential anal,og syoten ls dfecussed,

By means of discusgÍon and exanples, sone JugtLflcation 1e provided that

the s¡rsten rneets the reqrrirements originally er¡rleioned føn a practical

gain-ph¿se potentlal. analog naohfne, ühat the s¡ætenr is f,lexiblee con-

venient a¡rd accuratee and that probl"ems cær be solved quiclcly by Íts
ïlste -@ fn shorte that the systern works wellø l\rther proof is provided

by the ocarpLes of the ensuÍ.ng Chapter" Finally, some possible nodifÍ-

cat'ions and additÍons are zuggested wÏ¡.ich nÉght lmprorre the ners potentåaI.

anal.og s¡rstem"
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TT, THE REqITNM{E}TTS ON å MAOTTCAI GATN*H{ASE FÛTE}üTTAÍ, ,4¡TÁTÐC

¡{åCHn{E WPIP]ÍNG AiV TSOÜROF'IC AESTSTT\TE }4ATERT4J,

lw REm$SENTATIoN 0F THÐ Ç0¡4FLEX FtÁlüa

0R Iit$ CONF@{&I, MAPFÐ{C"93

For a Se$nghese pote¡$J.a3" meå"og maEh$ne wh"lch cquld be used

wlth faotlity tq soXve ppob&erns f,n eleatæfc q*rcu$tE end ø¡m$heoise f.n

autønatÍe controJ" systerns and ln neny êppl,Sqatlsme *n wh*eh e[ectr"lo

fteld problerns arlnep tlre foltø'rtng oharaotertptåeE vsere deerned deslrâbl-es

1ø The machl,ne Ehould uÊq a resÍsgåvç materåal çueh as Tetedeltos

pepgre rather tlar¡ an eT-eotrolyt{a so}ut$on"

Thls omelwlon ¡,rqe reaohed af,ler a study qf, Lits"atwe trelatjs¡g

to the bulldüre end uEe of beth wet*e1eetroffie potentåa} enalog machj.nes

and ühose emplo¡ring lsotropfo (or nçarly pe) resåstlve papere A study

and conparlson of, many pots¡tfa1 analog rnachåneç can be rnadç bl referring

to the çnrtenslve llteratwg gtveo *n the bibliographtes pf ar¡ ExceLJ,ent

T¡lstorieal surrrey by Higgfns deaXlng w*th e.pplåcat'fons oS the potential

ana,1ory ar¡d fn a fl¡nm4rfzfng paper by Oherrlåe5* Moore aï.so gfves some

3ellü two*ùtnrenslonaL field analogs aæe consfdered, al.though wet-
el,eotrolybe tar¡ks heve been bullt and usod for frn¡estÍgation of tlree-
4llnenslonal problsng o

lqhott 
" Je Illggf,nga rfElçctroarr+1ogta Methodstr, sR}Lgå sggþar.¡ieg

Bg4. ge Vol''9e Noe le .Ianuarys L956,

5,g, Ce'Cherrrye frAppJ*çaöion of the ELectrolybie Tarrk Techniqrres
to Netwqrk Syntheslsfie Prooeedlngs of $¡roggåe oe Uqqge N9!9.9gs ffi,
l.¡ lho-L60, Ãprite rpl¿l- æ @ * æ
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lhås eoatlng produc*d vççepùårse çshåeh w@Fe br*ruY or $agged t*ben mov*-ng

probes were ueed. Use of the r¡nqoated pqler resulted tn smooth clÀrves

on recorùlngs"

3" Such a maelråne would, þe nuest usef\¡-l and offeetl¡re lf two

olosely*spaced nrov'Jng probee whÍch could be carrled at oonstant speed

fn ggnFpuo*s, contaet w'tth ühe pryer¡ s surf,ace rüere used (rather than

the rnany fixed Frobee ps. needleCI empt"oyed Í.n eone of the prevåous desÍgns)

for t?re detectlon of potertf,aXe al"ong illnes on the PQ6re

l\co cloeely*gpaeed pnobeo Ere neqÉssary to enable the dåfferance

oS potent1al (or lte fntegre"lp dúeh Í"s a neasusç of tota3 sr¡erent flew),

approd.mati-ng Wrreü$ flw at e potntp to be deterrained on b¡al"f pla:res*

ååthpWh E q1¡^arber plege srflth an egulpot'entåaI stråp along t'he real

freqrrency axlç requtree the use of, opLtr ong vaLtage tråper (pro'be) for

nrcasurerqer¡t of, phase or tte deråv&lverand altåtough tlrtc mea^eu.renent j¡r

a guartæ plane is more ecewatep rragnitude fl¡ncbions can¡¡ot be measured

on the same quarten plwreø S*nqe lt l"s oornr'enJ.er¡t to be able t'o measure

phase or its d,erlvatlvêeand rnagrrftuderon gr-rg pXene ** wÌ¡-tch ås eopecla-1ly

trtre 1f a number of nea.surqnente of, phase or *tp deråvatlve and of, mag*

nj.tr¡de ¡mrst be mad,e **p tr¡o prEbee ehouLd be prorådedp for one can stlLL

effeeT measurqîênts qn qrrarÛer pleneS by usln6 onþ one of the probesu

fi¡rthermoree wåth two proboe there le the possibåÏity of sf¡nrltaneous

ðtsp3.ay of phasee or åts denlvatåvee and magnåtude, Thræe tho voltage

ås coated w:ith a non*eenduetång surfaceø ÏÍowevere the rmcoaüe$ peper
ean be obtained fþoro the Sunehine Scl"entåflc lnet'n¡n€nt Co"e l"Bl0 Granü
Âvere Flt$J.adelplrlae Pae
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on each probe '$üaul"d be stmrned tA obtafn tw'l"cc the enrerage voltage on the

two probes, and ttre dlff,ereneç of, the t¡vs voltages ¡souXd be Íntegraled

to obtaf¡r phase (as i,n ttr*s potenüJ"al anasçg s¡æten)u A dual*beam scopee

or dual*i.npn*t X*Y recorden oouJd then be qsed to obtatn sf¡mrlta¡reou's

gafnçhçe dtçplayp&3 The aystem described Sn this thesís i.s flwible

in that tt al,].o¡¡s elthe¡" half or qrra¡ter plenes tq be usedp es¡d would

(wåth the edditlon of an q¡lpltfl.er) aUonr fon Eåmultaneous gain-pha^se

dfsplay i-f deçlred, Scotù ahowes howevere that the use qf the average

vol.ta6e on the tw probes fs not accurate if, the probes atre spacÊd rather

fa:r apanl colpared to the dÍctsnce of, a pole or ãetro fþonr the probesu

and analryzes the ffiroråh, Thw, the rqachino descrlbed ín thfs thesís

pennits mere accunate meaçr¡trqnent of ma{lnftude by usÍag one probe tra*

vel,l.ång plong the rçaL f,re$tenoy aäls"

Cpnstant speed of, prçbe travel Xs regufred so that a trecorder

r'rlth lts $m l-1neer tÍ¡ne hasç may be usedp and so that an åntegration

of the potentfa1 bet¡rem the tllp trtonrång probes wåth respect to t5.ne may be

perf,anned to yleldp for enerryLee the phase of, a ratÍonal fi¡nction"

Probes in continuoræ oontaqt wlth the paper would prcnrfde conti*

nuous lnfor.natlone es compæed lf,th the samplång obtalnab].e wÍth fi¡red*

probe s¡ætems"

Ðf¿"U*trc epe cltnp pp, XB-23,u Ltebman eonpares the use of two
quart,er pl-anes witF-the-ruse of one ha3.f plane for sínnrltar¿eous gai-n.-
phase dispLayp and conc}rdes that a haLf plane employittg a double volt'-
age probe ís nost practlca3,"

ll$cotts g* guLeo PP, h3*[d+,
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The use of only tr,¡o nrovíng probes, rather tiran a large nunber of

fixed probes, elinuinates the nee<l for a great, cleal of equipment, some of

r¡i¡lch is dtfficult to construct\5 ¡a ïJslng such extra eqlrtpment rnay

also resuLt fn loss of !¡formai:ionø

Ltn In order to permit eoçensÍ-on of oontraction of clesired reglons

of the conrplex planee to allorv raislng potentla3.s or current :flLow 'bo

greaber nagnitudes (thus resultfng 1n greater accuracy of measurenent),

or to allow ehoice of the rnapping on tihtch a problem rnay bs most eJlfec*

tlveþ solveci., ùhe systern should ponnit Ùhe facile use of corrfortnal

rnappingsø

5u For accwate representations of netrvorli flmctÍons, ft shouLd

be possibLe to eÍtploy large sheets of reslstlve papor -- posslbly three

to forr¡ feet to a sfde,

6o DC constar¡t-curent sources or slnks should be used if an

X-T record,er fs to be ernployecl" SLnce higtuü stablo dc ampl.lfiers can

he built or borrght co¡nnærclalþe ùhe addLtlonal circui'bry is verJ'. Etmpl+'

constructedo 0n the other hsnd, J.f ac r,rere rrsed the ac t'¡ouLcì. harre to be

comrerted. to dc -- lrith possfble loss of accuracy -- ln orcieu for an )i-l'i

recorder to be uged"

T o Because the speed of movenent of the proìres r,¡ouLd be reLativel¡r

slor+, the voL'bages picked off the conductlng paper r¡ouLd have to be

1.5Í¡ia.

l6griclges, }gc. cito
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increased by cürect current ampLifie-:cs*?

8u In orrler to rneasure the cunent flLo¡u function or lts cleriva-

tivee neans must be provided. for 1¡tegrating, r'rith respect to hirno, the

clifference betrsec¡r the voltages plcked up by the probes as they nrcnre at'

constant velocit¡r across the resistÍve paper r¡lú1c in contlntroüs colÌ*

tact, rríth itn If qr.1grtrgr planes were used, the potential. bettleen one

probe and the equipotential along the leaJ. f?ecirrency arris rqould' be

lntegrated.

9, It rrnrst be possible to sgfflclently' amplif)' the vo3-bages

plclcecì. off the papere thelr clifferenceror the lntegra-l of their cì.ffference,

so grat a recortllng device can be actuateci ancL calibrated rrj.'bh a conveuj-enÙ

sca1e"

10, The recorttùngs of potentiaL, potentj-al dÍfference or its;

integral should be large and easily calibrated i¡l corwenic:nt wrj-tse suclt

asr respecti'¡ely¡ db, mí11ìseconds or degrees'

LLo Recorrlings should. be made quickly and easíly' cali-bration

shorrLrl. not take longø There shoul-d. be means for checlcing and adiu^çbing

calibrations periodicalJy r,¡þil-e a problem ís being solved"

12. The recording scheme shoul-cl allow a cruï/e to be drawa by

hand on a sheet of the recorcl.ing papere and then approrimated cluring

successive triaLs by e.C.jtrsti:lg the conçrlax potential field over tlre

conducting resistive PêPer@

13". The otreral-1. systøn rmrst have zufficient accurac;r for a r,'ritle

range of practica] problems; ít must be a r,rorki-rg, practical apparatus,

l?Extr'*mely stable dc enpliflers wíth ver1"' lLgh (over !0r00O)
open-Ioop g¿ì:irls are colnrnercia.ll¡r avaiLableo
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suitabLe for dry-tro*daY råsee

Al-though the abgv'e has been r¡¡.citten r¡nder th,e iJreuiÈahle influence

of, hindsighto ft 1s a oumer"¡r of the f\mctions that a practical mactr-ine,

having vride ard flecibl.e posslbi3.lties pf apLication to thç fåelds i;hat

hçn¡e been prev:icrtrsþ mentioned, shotrld perf,orn e* âïtds to a certain

erbente ho¡r ft qhouJd perferqt theoe ft¡nctlonsø

ITTN GEN}.NAT., CONSTRUCTIOIT A¡{D OPERÆTTON OF THE

NETü FSTE}ITTAI A}üAÍ,0G STSTEM

¡tog$äcqtdo,gs to ep*4Pr¡{ep P.,oåe-Ue,ro Mecl*ge

The Pols-zero machfne built bY Br"idges at, the Unfvorsåty

of Manitoba had cert'atn lJld.tatlons wluiph restrfcted lts use f,or practlcal

p,Fgblon-solvlng fn the areas of clrcuit theoryu netvropk s¡mtheslse con-

t¡"ol syBtens and fleld theory. These lånltatÍons werg conpared to thç

required, fr¡notíons arrd node of operatlon 1ísted in part- II of ttrfç

Cltepterø This comparison brougfrt forth the lùnl.tat$or-m and thE conseguent

Ite¡ns fon üryrore¡nent or rep3acener¡t which are lJsted and dísçussed l¡r an

Appen¿i¡*B A consLderation of the points presented there, and the nåny

flrustratfng e:qperirnenbs pæfæmed with the earLier apparatus as work

proceedpd on imprcmÍ¡g Ít, flnaLþ resulted in a J-arge nwber of moùifl:

catåons being nade to the earlier mach.ine* The detai"ls of t'hese modifí*

çatåons a¡d st¡orb genera1 descriptio¡æof the nen apparatus pronrid.iæg the

sÍr,Élar function, wLth wt¡-ich the old apparatus was replaced, are preseirted

.9Q
r€Àpper¡dix B*ll, pp" l75*l-78.



J.n an AppenA¡æå9 Theee new mcd,Sff.qeb$.orc# end eddj.H"oxtcn 'bogethw vnith

the ori.ginaX oonstaJrè*çr¡erest gråpp:tr nnd d.{etrüt¡u*ton unj"t' repulted 1n

the desårod poÈwrt*aå aneJ"s6 rreoh3.nep ?¡hå@Fl had to a td8b dogree the

deeåred fr¡nctåonse eaÇu¡pe,ei¡ end ot!¡er çharaEÈer*efiåae er&g*naJ.ly erwl,såoned

eg desJ.reblee

Geureral FhrreicaJ" Deserlptssn of the Iùøv Potentlal AnaLog Maclui.¡rç.-æ

A photograph o$ the øry$pmæt lafout f,sr the new potentåal ar¡a3og
i

syffitffi åe shsmÊ fn Ffgr¡go he1" Å deqcrfptíon of f,he apparatus çhor¡n

there is presanted næct* Feferçnçes are madç to Appendices for details

øf t¡aråous.parts of the s}¡atçn"

At the rleht *s a vrork table to whletr stçe} bloçks are tíghtþ
oS.ampedø Thg steeX þloqke eupporb rfgldltr botween thern tsro parallel

gteeS bars three*quartetre of m Snch ln dienreter, whose centers are tr'ro

and one*quarter Ínehes aparte .Àt onq end cf the bars, boLted t,o a e¡nalJ,

wooden platform ** whlchr {p turap i,s bol,ted wåth U-bol-ts tq the steeL

bars -* fs a snall electrle notor nhichu through a speed-reù¡Çing gear

syotecne drùves the lerge (tnree and one*half, lnches ln dia¡neter) sheavo

at the same end' At the other end a sTlall Idler gheave ls ¡notrnted"

Oyer thq t¡so sheaves rur¡E a fl¡¡e-Etrmded copper aable covered with

qylon cloth. Tenslon i,n tbe c&le fe msintalned by a fairly stfff spning

ln the upper Xoop. Thås pu]*ley cab].e Ís attached. ån its Lor¡er Loop t'o a

cerrlage v¡&rich 1s sr¡pported on the parallel st'eel, bars by fow brass

bLocks deepþ notched on thelr urder*sLde.so a.s tq travel- upone and be

l9¿pp"ofix B*le pp" L71-LTB,
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guåded þyp these t¡¡s pssÊ3&e5. bere* Thls earrd.n€e eamles (beLew arid

bet¡ueen tbe bars) t¡re g¡sved 36O0 petentloneügr gfpæe $fufçh are sprJ.ng-

Loaded to ¡naLrrtaj¡r eontÍnuoræ qanteot wlth tùre Tçlçdeltog paperø ftFo

ïråresu one f-ron eech wlperp J"ead to a supportfirg'book upon the waJlu and

thence to the a¡np]lfler Lnputs?o

The Tel"edeltos pqpqr Íq l.aid sngothly ovff a large sheet of bake*

lJte or sJrnflar htrdå snogtb*sr¡rfa,ced rnaterC.a3.u arud taped to ttrfs surface

and the table at its edgese Iüeiglrts are plaoed on l¡srrLeù1ng sheets on

top of the TeJ.edeLtoE pqper to keop ût notlor¡1ess,- while the w'åpers etre

traveJJing wer lte

For the nry.fr€*probe s¡rstem the coated Tel.edeltoa t¡4pe L*hB ear*

bon-fmpregnated, conductfng paper formerl4r used qes found uneuåtablo*

Ehe lnsulatlng coatfng qr thls psper cauEed frreetrl.arltfes Jn t'he record*

l4gs* I\rthemcfee FeÍtwajl of this coat rs'åth acçtono affected adverse y

Ite fEotroplc arrd lånear pnoperttes' Thusu r¡ncoåted pqper was used for

tÏre dry eleetrolytÍc tar¡lt of thLs s¡rstetnf fts use: resulted ln snpoth

recordJrrg a¿lszz It wes a-1.ss fou¡¡d thas one sheet cor¡ld. be used for at

2betaiLs of the nørtng pf,obes, their nntmting, and of the carrÍage,
ar¿d car,rÍage pulley systør -* Íese, of the apparatus whieh has been des-
crfbed i¡¡ this paragraph ** rttêf be forx¡d in the descriptJ.ons arìd Figures
of Append5rc B-2e pp" L79-LB\.

zhnu black rnooated, paper was pwchased fþom the Srxrshine ïnstmr*
ment 0ors LBLO Grant Av€ep Ph-iladeXphlau Pennsylvarri.a,

?2fne ehape of the tar{c depended upon tkre cor¡-forrna} rnappJng used*
Correction for nop.-fsotropy (oone only Ín the s4lane) resultàa ¡-n a¡r
e3-Llptical tar¡ku
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least çne hundred rr:ns wlthout becoming scessJ-r¡ely worn by the r'rlpersu

O¡r the tablep at the far right of Flgrre l+*le rest a 50pOO0 * olïîl

poterntloneter agrd two d*ry ce1].e fon adJr:stfng the referenoe J.evel, of the

flLoaülng ground of, the do qrçU,fi.er urrlt l¡'lth nespect to the potential

of a point on tlre Telecleltos p4ero

A cwrent dtetrfhutl.on wrtte shown ryi tlrq frlgurep Íg used to p1ttg

J,n the varlorrs nOvable PrObeç whloh ere used ao poÍnt eou1.ces and sl¡ks"

Fow pf these sou?aes and çlntrE are vi.slble fn Flgr:re l+r1?3

Qr the taJJ portable naok 1n the Ffuure ape mounted the electronfc

rrlrits* The top deck fn the nack hold.s the thoree lleath Co" dc anrpli-fiers

whiche u'lth the aåd of a,ssocfated passive cfncuits and çlrltches, are

used for anplifi.cat{on, inversfon or fntegratlon of signaS.s florn the

rnovl¡g proues?l+ At tfte rl"ght of, tld.s deok !.s a meter for zeroír,rg the

eBtl¡Iif,Lers, Tho anpljfler outzut i.s fed tJrrough a trnrin-toe resfsta¡¡ce-

capacj.tar¡ce clrcult reJeotlr¡g sfxty oycl"es per secondp and ttrrough a

sftlel.ded cebl.ep to the lnput of aB I*l recordero The Heath Coø por,rer

suppLy for the a¡r¡pltfLers le fn the second deck fþon the bottorn of ühe

raclço

The second deek fÞom the top tn the rack pontalns the original

const,ant*c"urrent pole-zero oupplye whlch operated very satfsfactorlþ,

23grl.lgesp g¿" g!þ"e pe 19$ ftLg" 2,9p p, 223 and, Fign 2oLhe p" 27,

2ho"toU."d functlonale electrical. and. physical descniptlons of
the dc amplífler unlts togethæ with a block dfagran ancl. a cl¡crÉt dia*
Brmp aro given 1n Appendix B-3p pp. 1BL-193.
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and hence r^ras Lef,t' unchanged. fbon that employed l¡ the onigjnal poLe*

zuro *r.!ri¡'e2*5

The third deck fþom the top and. the bottom d.eck are ao Longer

usedg they are rerorants of the older mactrlne r,rh-Lch har¡e been Left in
place for the sake of app€ârâBcêo

on the floor, to the left of the racku is a constant.rrroltage

transfortner thror:gh r¡hich the mains voltage is supplied to the elecùror¡ie

unitse

.4. Moseley x-Y reeorder stands on the t,able at the lefb of the
a?

Figureáo The T-l¡rput to this recorder is fed fþom the output of the

amplifier ur¡tt in the top d.eck of the rack,

Figure l+"2 sho¡os a

firnctional- bLock diagram of, the potentiaS. analog system6 The po3.e-zero

constarrt-cu¡rent r:¡li.t feeds the point sources on the uniformly conduct-

fng resistance pâper6 .A, potentía1 fleld is thus set up orer tå:is papê:ro

A smaLL eLectric motor turns the drir¡:ing shearrqrniht.ch'möqaó,(ái.,cúlsþantr,,-,¡:i,

speed)the carråage carrxring the potentíoineter r,ripers.Ín constant contact

wåth the paperø The sígnaLs fbom the two w:ipers are fed into the d.c

an4p1$.*l€w ì¡nftÇ? A rotar¡r ceranric wafer switch is used to select the

25gtiag"r¡.g8" g5L,, pp" 19 and 28; Figures 2ø]Io - 2r13¡pp, 2346"
zfuo¿ef ZS MoseLey.Autogr4ho .

27n.taiLe$ funclionale electrlcal and ph¡æieaL descniptions of thedc anqplifier unit" jncLudlng-blook and circuii diagrårßdr arã lfven :nAþpendf:c B-1, pp"18h-193,
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desÍred, potential * voltage from one wÍpere &lfference bet¡reen voltages

at the wipersu or íntegrated difference between wiper voltages * to be

recordedc Tf only tJre voltage from one probe (analogousu for exampLe, to

the loganithn of the rnagnitude of a ratÍonaL function of a compS.eui varÍ-
able) is deslred* the inverter and integrator are nob used r¿hen the pro-

per function is sel-ected. with the rotar¡r srnitcfrS8 The signal fþora the

one noÌrl:rg probe is rmrltiplieË by a cons'üant (nhich Ís seLected by a

rotary sr^ritch) by the add.er anpL:ifier, This signa1. then passes throrgh

a resfstar¡ce-capacita¡rce tr"rin-tee nebwork rejectÍng Line freqæncy noisee

vía a shielded cable" to the inprrt of the X-Y recorderp If the èiffe-
rence betr,reen the voltages on the probes (corresponding in a hal-f pLanee

for erampAeu to phase slope of a raticana-L functíon of a complex variabLe)

Ís desireds one of the probe voltages fs passed through an inverter¡ and

then to the adden amplifier inputr while the other goes d:irectly to the

adderø This ís effected. by a rot_ar¡r s¡ritcho The output of the add.er

then feeds the T-inprrt of the X-l recordeno Just as in the prerioüB câs€e
:If the integraLu r,*ith respect to timer of the dífference in potential

bettreen the two probes (corresponding in a haLf planee for oranpLee to
phase of a rsbíonal f\rnctÍon of , a complex variabLe) is desired.e the 

I

output of the adde¡r in the 1¡st case (t¡at íse the diffenence in poten-

tiaL betweesr tlre p:p¡es$rnuri;ipï-ed by a real constant) is fed- to the

28tf tt is d.esired to, rÞasure phase derivatÍve (rcith respect, to
the_mpping variable) on a qnarber planeo r^rith an eqnipotential along the
re+ _f?equency ærlsr_on1y one probe and only the adder amplifier are used,u
and the eqripotentíal is pI-aced at the potentíal of the flloa,ting ground.* -



input of the :ntegrator?9 Tdis seLeetion 1s effected by means of a
i

rotary switch, The output of the íntegrator is then fed.e via the twLn*

tee network, to the input of the lß.Y recordero

The reference f.e¡veL of a recorèing of rnagnítude nay be clulnged by

adjusting the reference leveL biasi-r:g r¡nit to fÍx the potential of the

cond.ucti.:ng sheet at a sma]-l voltage above or beLow the fLoatlng ground

potentialo

This compl-etes the generaL deseriptlon of the potentiaL anaS-og

systemes operationu A few r,vords rcilJ. ne'rb be rr¡:ritten about the recording

systerne whlch r¡as essentíal t,o making the potentia-L anaLog s¡rstem' :

practicala

Tþg,.æggxqllg !g" The most com.eniente speedy, and fløclble

way to 1¡5e the nøc potentiaL anaLog mach:ine r¡as to empLoy a MoseS.ey X*Y

recorden to pLot the output of the dc amplifier r¡nit on sixtees,t end one-

hert:f by ten ineh sheeb of squarea paperão

The X-Y recorderl s pen mones ín the Xdirecti-on at' consbarrt

velocity by means of the recordenls swn tj:ne base,. whÍLe the probes are

driven across the conductÍng sheet at consta¡rt velocity by the smalJ

eleetric motoro The X-T fecordert s pen mûves i-n the Tdireation ln Pro-

portion to the voLtage output of the do arrplifier r¡n:it* Largeu accurat,e

29tt , quarter plane with ewipotentiaL reaS- frequency axis is
used for phase measurelnente the Írnrerter is not usede and the voLt'age on

ã"ã erot" (cios" to the ea[e of the equipotential) is fed to-the addefe
T^rith the eq¿ipotentíal at iloati-ng ground. potentía3.u The adder output
ís then integrated.'to obtain phasee

3QødeL. 2s Mosel-ey arrtograph,
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pLots of magnitudeu delay and phase were obtafned.* These were easåþ

caJ:ibrat'ed to a sr:ritabLe scale according to the procedures described Ín
great detalL in the A¡rpenùices2Ls32t33 The símp1-icity and accuraey of
the calibrating procedures, and. the convenience of the ver"t,ical scaLes

establtshed during th:is procedure are the oustanding featrres of tihis
potentidl" analog systemg these are feabures contributÍng greatly to the

speied arid conren-lence of its use, and. to its practicability" The use of
the X-Y recorder enabled the new potential ana1og machine to be used as

a ¡iractÍcali tool for studies in network synthesise control systerns and

electrÍc fiel"d theory, Tn t&ris work the potentiaL ana]-og mach:ine and

x-Y recorder are referred to as the rrpotentíaL analog s¡rstemrro

ïv" SOURCES 0F mRoRe TI{Elr, RELATnE IMPORTÁNCE

AND T]]EIR MTNTMTZATION

the sowces of erros due to the tj¡rit,ations in setting up ill exact,

physical ana.Log lrere:

I' Non-linearity and non-isotropy of sheet conductivity"

3lcatiUration and. opæation to obtairr plots of functions anal,:gous
!o n9lentÍal- (u.suaI"ly referred. to as r'LogarÍ-t-hm of magritud.e of a rdlonalf\rr:ctionrt in electríc network sy:rthesis)l ¿ppe"o,ix ej[u ""-it"" ffis FÞ" zoo-2o2"

!* ¿1- ?'g*rlration and operat.ion to obtain plots of f\:nctíons analogoustÜ tjle derivatj-ve of the fÏncticn uhich is the conjugate harmonie to {frepcitentiaS (referred lg *u trdelayn in networrc syntrtäsã;j; Àpp;t fu B-j¿ssection Vs pF" 203-205"

S3calibration and. operation to obtai-r¿ p1-ots of functioss anal-ogous
bo th.e conjugate hasmoaic of the potentåa3. f\rnctÍon' (referred,- to as ,,Fhåse,r 

uín netv,rork s¡mthesís)s .Aæpenûix g-[, section VIu pþø ZO5_2OT"
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2n The apprp:dnate ph¡rsical representation of the infinife com-
Ð -'.

' ' plelc p1anel or a conformaS. mappi¡rg of it, by a fi:rite sheet

of conducting paper with aPF'rotrri¿te bor:ndary corditfonso

3o Fluctuations j¡r the strengths of, source and sl¡k gl]l'rentso

I+. The change in sheet conductÍvity due to current density'

5" Firrite síze of probes used for current sources and sinkst

fi-:rj-te size of voltâge-roeasuring wiperse and effect of hOf.es

l.efb i-n the paper by the cunent trrobesø

6u Finite 1^r:i.dth and inperfeet conductlvity of silver paínt strips

used to represent equipotentials6

Detailed discussion of these errors is presented, in tne RppenCU-x3*b

That diseussion sho'rss

Io There appe¿trs to be some corxflLict a¡ìior¡g those who harre studied

the non-Iinear and non-istropíc properbies of the Tel-edeLtos pape"o

Bridges and the author of this thesis har¡e found the sheets to be

non-ísotropÍc 1n the direction of rolJ-ing and the perpenèicuJ.ar directíon,

The average resi"stance perpenòiatLar to the dj¡ection of roLling is tea to

twelve percent g*.^tu*25 Bridges derives forrmrLae for eonectíon of thi-s

non-isotropy for ":r"ufrru 
serai-cireuLar or Çuarter;.circle s-p3.ane sheetsø

Unfortr.inatel¡6thís compensation is not,general3-y desÍraHle when conformal

mappings of the compLex plane are usede becanse of the inconrren:iently

eurged. coordi¡rate systems introduced. by conpensatÍono Ûn the other hand'u

3happ*¿i* B-5g pp* 2o8-2t-8,

35nriae"ss .S.. g13o, w" 6647 "
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the advantages of mappfr,rgs luirich e$minate eïror due to representàt'ion

of an inflinite compLex ptane by a finite oneg as r,reI-l as other advantages

of m4pings" generaì-Iy outwelgh those resuS.tÍng fþom facÍ3J-ty in Goñpen-

satíng for non-Ísotropyo

Bridges and the author a1-so found variations of the order of elght

to fifbeen percent ín conductivíties of 1L-inch sqüares of Teledeltos

paper i^n the same directionu and a conductiv:ity ehange of ten percent irr

a thirty-tbree inch sfreetå6

Scott and T,elrrts measurementse on the other ha$de i:rdicate much

greater uniformity j¡ sheet conductivityf?o38 Scott found Less than

one-t,enth peercent change of resistirnity Ín fifùy-fíve inchese based on

measuremerrts of t?uÍrty-five sanples taken l:r succession fbom a síngle

ro11" The results of measrrrements of random varÍations An conduativity

by Scott r¡ould j.ndicate a maximum elror of voltage of 3o? percent bet-

weer¡ the voltage wipers of the machine described in this thesisa tehrts

meâsurements jndicated. variations less than Orl+ percerrt, j¡¡ non-Jinearity"

The results obtained when eapLoying the ordlnarXr s-pLane shoi,red,

that significant j-ncrease in accuracy rras attained. by usíng sheets cor-

rected for non-isotropye

Howeverg results obtai¡ed using conformaL rnappÍ.ngs uncor"reeted. for

16ri¿eesp gl,, È!.n pp, l+9-53,

l?scotts lpo cÍ!"e PP" 33-35"

38Ï,enrp 9go Éou Éa B"
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Fn-isotropy or non-linearity have oþten been accurate to within one 
,

p"r""nt]g Graduate students using the new potential analog system were

also able to obtain better than tr^lo percent accuracy in magnitude and

phase measurements of fourth-order Butterworth and Chebyshev functions

in a half sa>lane corrected for non-isotropy; these results indicate

that the effect of non-Linearity and trfinite infinity[ must have fortui-

tously compensated or that their effects were fairl-y sma11"

The evid.ence seems to cast doubt on the measurements by Bridges

and. the author as val:ld. j¡rd:ications of accuracy to be erçected from the

ana1og r¿hen used in solvi¡g probLemso Ïn this matter, Scottls and.

Letrrss measurdnents seem to be rmrch more likely CrÍtería" The author¡s

øçerience with uncorrected elliptic and logarithmic planes shows that

conf'ormaL mapp5-:ags may d.ecrease the effects of the non-linearity and

non-isotropyo Ïinallyu it is proposed. 1..hat, a more satisfactory way be

found. for measuríng and correLatjng the effects of sheet' non-linearity

and non-isotro¡¡¡ with the æperimental results of nagn:itude and other

nÞasure,nents g that sufficient data for the latter be obtained so that

the linrits of the new potential anal-og system r^rill be thoroughly knownn

2o The second source of error may be made negligibl"e or eom-

pletely elinrinated (or it can be calculated) * T'rith other advantagesu

such as a mgre suitable scal-eo often resulting - by means of conformaL

mappi:'rgso Although one is generally no Longer conveniently able to

39¡'ig1ou ?"11u po 26 Ti;gp¿".es lr,3 and l+,l+s pp"67 and 68 ¡ various
Tigr:res in Chapter V"
r-
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borrect for non-isotropy ín mappingslof the s-plane, the advantages of=i

eljminating ttinfinitytr error and the inbroduction of part'icularily useful

scales usually far outweigh the desirability of colrectÍng for non-isotropy,

Tf the number (coturting multiplicities) of poles ard zeros in the interior

of the plane are equaL, boundary conditions are probably not important"

3o The error due to the finite size of probes used fbr current

sources and sinks is negligible occept very near such pointsu where it is

not irportant"

l+, The other sources of error are negligibly smaI].e or can be

made small by simple precautionsu as explained in Appendix B-!.

5" A1l- the above errors were smal1 enough to yield results for

phase and magnitude that were in error by two percent or less at most

points, as long as infirrtty error was made negligible by confornal- mapp-

:in$ o

Tn summary, the only sor:rces of errors of any practícaL importance

(if tfre precautÍons er-plained ín the Appendices have been observed) r'¡hich

are due to the i-inuitations of the physicaL analog, and which cannot be

eU¡rd¡rated. or m:inimized, are the non-linearity and non-isotropy of t'he

conducting paperr if conformal napplng has been used (as is usuaAly de-

sirable) to correet for the second source of error in the above tri-st"

ErygËÐ_Ðue_Lo_þhq Ue!þcds of Measæsleq!_gnd thg Rege4Ung St¡stem

Th€se effors are thosr. occurring in the rest of t'he system" Thegr

are due t'os

1o Fj:r:ite spacing and positioning of the voltage+neasuring wipers
L_ .i

(probes) transported by the carriageo The former error
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occurse of cowseu only when phase slope or phase ís being

measurgd.

Non*ï.:rear amplificatíona drif.b and other errors in the dc

amplifier u:ai-to

The X-Y recordero

Detailed discussion of these errors is presented in trre lppenùixþO

The gist of that discussion isc

l-ô Error ín phase d.erivative or phase due to fi-nite spacing of

voltage-measuri-ng wipers carnot be eliminatedu but can generally be made

quite small by using a short spacing between them or by achieving the

same result by the use of quarter planeso Greater error is introduced.

when singularities or zeros are very close to the lj:re of probe travelo

Nearly perfect results have been obtained by graduate students at the

University of Marritoba for phase measurements of Butterworthu Chebysher

and other functions j¡ half planes coryected. for non-isotropyu when a

probe spaci¡g of about seven ¡elllineters T¡ras used. (and the function
F(s) ¡ \
F"ËT set up/o

2, The dc amplifier r:n:it introd.uces no, detectable effor due to
non-linear anrplificationo the integrator will i:rtegrate accigately over

periods of time as 3-ong as five mi¡rutes, Phase or delay measurenents are

affected by a sne]] amouat of drift, Thís drifb makes certain adjustments

during phase measursnents somenrhat sensitivep and may introduce error in

2o

3"

hO¿pp*rra* B4a Fp, zL}-zilr,.
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'th:ls measutrement" The possibil5ty that such an error has occurred nray I

be cürecked. imre'*Íately afber a recordi.ng has been takene and subsequent

recordings may be takene if necessary, r^rhich indlcabe that ttt-is erro:r

has not occurredo I:n this way, and by usÍng adder gaÍ-ns less than or

equa-L to uirity, the error due to drift cari be made negligibly small"

3o The X-T recorder introduced negligibly sn¿,lJ- enrorso These

were of such an order of smal-l:ress that they could not be detected on

the recordings. The recorder was adnr:irably suited for use itì the nõIr

potentia3 analog systemo

V" ACCUBACY OF TI{E OVERAIL POTEIVIÏAI

ANAT,OG SYSTEM

Just as one interested j¡r the use of apparatus for ss}rlng pro-

blems need not concern hinself with the non-linearities and aecuracy of

every singl-e circuit of that apparatuse as long as the or¡eraLl system

ffi weLL L:r its applications, and produces accurate resultsp one

need. not be too concerned with data on the aceltracy of various pæts of

the potentiaL analog system, as long as one is aware of themn and takes

steps to rninjmize them wtrile using the system' The real proof of the

value of the system Lies in the fact that it works accwately and

flexibly on practícal- problemsu when the parts of it are used j-n an

Íntelligent mar¡rern based. upon a icrowledge of what caüses the errors and

how they are rni¡ri-nrized"

Án æcample of a magn-itude measureirent of the function
I

i_



66

ièhís ís the fuaction gfven by eqraÌ;ion(4,L)rmade in an uncorrected haLf

5*p1ane using the potential analog system, is shor¡nr by the recordÍng of

tågtee ì+"3e and an example of phase measu.reaÊïrt is shown in Figure l+.1+ by

the recoriting of the phase of the sarne fi¡nction* The actuaL rnagnitude

and phase of z(s) are al-so plotted. on Figr:res h"3 ar¡d. h"ba respecti-velye

for the sake cf comparisoa* Comparlson with the results obtained by
'Eyjttg*nu usíng point-by*poånt nrarrual measurementsu sfroi,rs thab the results

obt'a:i-::ed. by trsir:g the seïri*automatic systenr ãre slq)erio*äl Fwthermore,

th.e-y trere obtaired. quickly" were easiþ cal.ibrated lcith convenient sca]es¡

and $ere autoraatÍcally traced on a 1æge sheet of paperE

Furbher proof of the flteü{ibíLtt¡ru sped., convenience. ar,rd aceltraey

of the system is provid.ed by the æamples of the foLLo,níng chaptere

Vï* SÛC,GE$TED ïMPROVEMEII'IS At\ïD MODïFïC.&TïONS

Although the new potential" analog machine ís firlþ opæationalu

and is a practieaT.e comrenient tooLe it roas buílt fborn the cheapesÈ poss-

ib]-e componentso I{igher quality compor-rents and certein refinemerrts would

improve perforrnance eren further"

L" The earriage and its girides could be made rnore stre¡m'lined,

2" The voltage wipers could be spaced more eloselyu or a variabLe

spacing derriee pnorided* Their rnourrbings could, aLso be made

more eLegarrto

3o A revensång mobor should be provided to enabLe eutonatic

retwuing of the camiage" MicrosT,fitehes actuated by the

l*hriag*"s g* gi-b,e pF* b9 ând 54"
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carriage at each end of íts n¡n eould be used to reverse

and stop the motore

hu The carriage mobor and X-T recorder shoü:.d starb slnnrL-

taneouslyo Thís wouLd enabLe using ercactly t'he sane origin

for àLI plot$o

5o Consíd.erati-on should be given to cabbratÍ:rg the T-Y reeord'erïs

Y-gafn control acci:rately in dbe degrees and suitable delay

u:rits"

6o À more ri$id gear s¡ætem should be built to Link the motor

shaft to the driving pu11ey sheave"

7 n A stÍll mcre stabLe current spltrce and sink supply rm:it could

be builto Gonstarrt-curent suppl.ies whích åre accurate to

withi¡ ! O.V" ar"e coîfitercia3.ly availableo

Bu Chopper-stabilized dÍrect cutrent ampl-ifiers (and their

required. pol^rer supply) should replace the Heath Cou am¡lLi-

fiers and thejr poTrer supply' Th-is would elirninate aLL

problems T{r:ith drifb and perniit making p3-ots of phase rnore

easilyo

9o Consideration should be given to obtaining sÍrmrltar,reous

pLots of magn:itude and phase by using half-pLanes" A dual

T-input X-T recorder would be requírede or two single

Y-i-nput X-Y recorders could be usedo

An exbra ampli.fier and símple ehanges in cÍrcuitry

and. switching would be required to find the sutn of the

tr,ro wiper inputs (proporbionaS-n to a gogit degree of
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approxinecbion, to the logarÍthm of the magnitude halftray

between the wipers), Although this method of rnagnitude

measurement, is not aecurate when poLes or zeros lie cLose

to the arils of measurenent, it suffíces in marry 
""""ub2

For more accurate measurenent of magrritudeo provision should

be lefb for using only one wtper travell:iflg exactly alor€

the desjred ariso

lOo Finalþe consideration should be given t'o construction of a

reaL-part potential anaLog machi¡re or to a combined gain-

phase ar:d real--part potentiaL anaLog such as mentioned by

)'?Scottä' Such an anaS-og r^¡ou].d enable one to obtai¡ p]-ots

of gain, phasee yea! Parts ÍmagiJ1ary part and impulse l¡ês-

ponsÇo

l-ôAzscott,s oÞo @cs ppo h3-hh,

h3R"E. Scott,e nPotentiaf- Analogs in-Networli S¡mtheslsfle ]l.E C-ono

ve-ntion Eg!, Pari' 2, cirsuit Theory, 2Ås L955.
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TÎTEORY ¡,IfD AfFLTCATTO¡üS üF TI{E ruTMü"fTAT, ÂI.TåTÆG AreARATLTS

TN THE SSTUTOI{ CIF AFPROXTMATÍON PMBTÆ{S

OF il4AGE P'A.R.q}MT'ER FT&TER DESTGN

ÏO TNTRSDUfrTTOTf

Thrås ehapter deal"s 'wåth +;lte theory and eçprl$",ea.fuÍarns oi .bhe

potent5"a3" anaSog appamtus jn the srolru,ti.rc;:¡ri rrf, apprroxårnati,on pmohrJ.enis

cceurx"S"ng $"n åmage patemeiner ïo,sslless ilå:L'ber Ces$.gno lhe ap-pspxllnraÈùEnr

of spee$.f$.eati"ons foa" $f¿e Smage par,arnetem o:n'Jly 5"s 'Þ,nsaÈedt that $"e, as

i.s usuaL i-n t'his mothod of desågnu å't, 5.s assumed fir.at, ai-r"orwa¿rre;es ha,rre

been made for the effeets of ræ:É"l"eie"b:ü"oia and iri{berqå¡etion faetærpsuJ'e?oi'{

It ås al"so assumed, as 5"s ttsrlaS.e that tlre effere'h:q cll då.ssùpabi"on have

been eonsidezed in advance and are ,eaJ-eu.1ta'ted after the i¡osrelesr¡; desii"ssr
r,(Á3

lrae been eompletedo*ÐuÐ"Ð ' Aften these ajlnowaner*s .ïr,ave been made,üre

¿f¡f" Cauer, Theouy of' T,åvlear 0orroruLùnåeat$.on Netrcsrtrs n Vo-i-. I
(He craw -Hå1,1 Bo o ü ffiffi:qvlrì- offi-ffiTfr furei:¡*a á:r*- a h B -zS 3 "

1J" H" MoLen F5"l"ter
(8" & F" tü. sgon r,1þdïîffi,

srgn Data fnr 0smrnunå,ca,tj.on Engj"neems¡_sì{F'Ã,cF: :+) iÍ]çr---_--_.-_= é:
t:'Yr¿),q FPo þ I-D{3o

3V¿tol"d BeLevS"ùeh.o ttpl.eneint$ ,in the Ðesågn cf Cc¡nr¿entåor¡aL
Filtersrtt glgggggqq_]- _(Þrr*ryE4qq.t*gge Manrch, l"9hgp pp" 8J+-98"

I+}tolu, So e:!þ.0 pp. Lfuo-160.
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problem remains to approximate the specifications on the image parameterso

One may wonder why the lmage parameter problem should be consj-d-

ered at all in vielu of the growing use of inserbion loss theory" A just-

ification of this is given in the fol-l-owl:lg secb.i.on"

The solut,ion of the approxi-mation problems for the low pass filter

is sufficient for the treatment, through reactance and bili¡lear trans-

formations, of most h:igh and lolv pass, band stop, symmetrical band pass

and some other band pass filter problenr,soB'9'10 Hurr"", the approximation

problems for 1ow pass filters are presented, suitable potential analogies

derivedg and some examples given of such filters whose image attenuation

requirements were approximated by us5-ng the potential analog apparatus.

Frequency-asymmetrícal band pass filter approximation problems are not

treated i¡r this thesis, although the author has derived all the pertinent

funetions by means of the potential analogy in his reporb, and shor,¡n

that the potential analog apparatus may be used to solve the approx-

imation problems in a practical 
""y.11 

The theory for the narltiple-band

Sc^o"*, go Ë", pp" 333-3L0.

6J. Boh"", nÐíe Verlustdämpfung im D¡rchlaþbereich von lrlellen-
filtezn bei unterschiedlicher Spuleng'ritertt gÏgE¿ggae Bdo 12r Nro 12,
LSSBa pp, 3Bo-383,

7l¿rs-01of Nordmarke nTemplate Methods for Studying the fnfluence
of Losses on the Image Parameters of Reactance lourpoles,tt re Ro)¡al
Tnstitute of Teehnology, ;Stockholm 70, Sweden, Department of Telegraphy-
TeffinyrTefõ}ffiõ- 8, August 1.6, 1962. The potential analogy is
used here to develop the templateso

Bc"o"*, gB" Ë", pp, 296-332,

9grnst A. GuilLemin, Comrm:nication Networks-, Volo IIo (.lonn Wiiey
& sons, rncoe Toronto, 1g3i);?æFÍ9Ï"-
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problem is also presented i¡r the reporb,

\lhether or not a solution to the approximation problems can be

effected wit,h the potential analog apparatus depends upon litrether or

not a conformal transformation r,¡hich wil-1 result in sufficient, accuracy

can be found" lìFith this in mi¡d several- mappingslvere applied to some

low pass filter prob1ems so that recordings could be cornpared" The

results shor¡ed that the mappÍngs defined by
I

P- = f -L
uJo ztr

q¡tq

=jp - sn(zrk)
ú)o

were suitable for use on most conceivable low pass filt,er prohlems,

After suitable bil.i¡ear transformations have first been applíed, these

mappings may also be used r¡hen solving asymmetrícal band pass filt,er
problenso Many conformal- transformations erist, of course, which have

not yet been applied to the problems presented in this chapü*r"l2 those

who use the results of this work may discover more suit,able transforrn-

ations for at least some of theno

Þcanples are not given of all the analogies derived in this

10H" Piloty, nBeiträge zur Berechm¡ng von'Ilrlellen.filtern, It Elek-
trische Nachrichtenteehnike Bdn Iíe H. 2, L958, pp. L5-5b"

11¡. r¡" Brandt, ttEin einheitliches S¡rstem der Dimensionierung von
Bandpässen nach zober und f,aurentr', flegugnA, Bd.7¡ Nro6, 1955g p,!67"

12H. Kob"r, Díctionary of Conformal Representations (Londone
Adnriralty computingffi nñtffilffiiFaïty, ïÐitT, *
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chapuer, but those that, are presentecl shoul"d be suffÍcient to point t'he

way tor,,rards t?re applicai;ion of bhe ather analogies " The lrt'ricks of t'he

tradeulr whieh ar"e sometÍmes applied by those t¡tro have spent';years in t'he

t :i ï 1,

fiel.ti-n ar€¡ ï]ot, considere.ìo*-"'"'Ir'r er*rtain eå.ses such tltrieksÌr enable a

ü+:signer" t,o dirpense l¡'ith an element¡ or .shape a network slharaci;erist'ie,

whiie $ti1.l- neeting specifications o

A t,ruly satisfactory elcperiniental solution to the prÛbl-em of

approxima'bing pr"escribed phase has not been found, tholgh a trial- and-

erlror solut.ion base,l on Boders and Dielmordts paper is possib1".15'16

Tn gener"al.o the approxirna'bing proaeo.ures present,ed below are based Õvt

trial and et"roro Hence, rapüi convergence t,o a soluf ion i's possible

(for" reasonably eomplex fï:rrctic,ns) onLy i,¡herr sourees and/or sinks líe

flJ.úng fixed lines 6uch as the reaL frequency'axis. This still' aLlows

r.¡ne to solve the siflPler gsneral fÌlterirrg problems (ioeu¡ Í::c1u'ding

phase speci-fieations) and 'bhe (most important) probl-ems of findj¡g

Ï3yii¡uL* peterson, IHkþine cf rirøge ?arameter Fili;ers and

.å. s s oc iai: e d pr ob lems r t rans mffiffieffi 
" f,ËreTFn*áffiîõoTag e ¡t 

._:
.:..'.-.F

Er'icssono StotKhorm; cl-rca LY2Y "
r i,-*Mr1e.o 

}_og" gi!"
T5H" rr,i" Bode and R" L" Dieùzold, t¡Ideal lr.¡ave FiltuÏq.1n F9&1-
Teehnica]. Journal; vol.. th (Apríl, L935)¡ PPo 2:L5-252"

"\AtoGoill-**in, gp. -ci&., pp" L12-)122"

Ð'_vsliet
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fitters uihose image attenuation and image impedance nLeet preseribed

ppecificationso Thus, the practical aspects of approxirnating the rnost'

general specificatíons by using the potential analog apparatus are far

from complete'

On the other hand-o included in this cha.pter are nearly all

analogies for low passj iossles.s image parameter functions to be found

in works of Zobetr-, Gauer, Bode and others, as welL as those functions

obtained, after suitable transfor'mation, for frequenûy asJ¡lrunetrical

banc. pass filters "L7sLBeL9e20e?-re22s23 Analogies are given for ail- of,

Cauerss q andttadmi-ssible" q. functionsuand his eû funetionsr a.s weLl as

the í:nage attenuation and phase functioris coffespondj-ng to ih*"*"2h

UO" J. Zobel.u rrExtensions to the Theory and Design of Electr"ie
r,rlave Filterstru BeJ& Þ¿stgp- legþn:þel -{91åry?1,, ÌloL" L0 t ]-93l- z 2u

Ânl ^l r
PPo Zo4-J4ao

l8cro"*, e!.o si!,p pp. 223--3)+0"

19H' t¡I" Bode, å g.-rag rhqgry É4 &g!gg @9 åSSråB Bei-l
Telephone System Monograph B-8h3 1934 "

ZoGuil1"toinr, gp" gi!., pp" 2?9-b59.

zlBrand.t, .gp" gå-t,."B Fpo Ï6?-1"80.

22J, Ou*rLde ,'-Filtres en uicne:-te ntdmentairesr0o ggþJgg gl
Ife lie¡ågg, Ve'Lnr,€e" Noo lJÐ 1953, pp" 325-358"

23J" E" Co1in, 'lGdndralisation des Filtres en n/cnef:-e du Genre
Zobei*ttu, ggÞ198 S!. lqe4guåEeè.tg, l2e Annde, Noo 3g J95B' pp. LB5-205'

ol, ^Ê+UaUef.JóGo CLT.cù&
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(tfre image impedance is, of course c a e function) 
"

ït, shall be noted that the use of the pot,ential analogy to derive

image parameter theory can be generalized and used. as an aid in under-

st,anding a ¡nost general insertion loss filter theory presented in a

recent paper by tr{atanabe, and to the use of the pole-zero apparatus as

an aid in solving approximation problems according to this inser*bion

1r¡ss filter theory .25s26 Applications to i-nserbion loss fiJ-ter -Lheory

are not presented here although the author has subrnitted a concurrent

report to the National Research council of canada utrieh gives a.n

exhaustive treatment of these t,opi"s,27

ïn sumnary, thi.s chapter covers the fc¡llowing pointse

l-" Reasons for treating the image parameter theory and the

eûrrespondi-ng potentíaI analogies"

2o The approximation probJ_ems of image parameter theory

(especialiy for the Low pass case)"

3" The potenti-al analogies for the 1ow pass (reactanc$ image

attenuaf,ion s.nd phaseo These inelude the irnage attenuation

25S" Darlingi.on, Ì0syxrthesis of Reaetance l+-Poi-es which produce
Prescrj-bed Insertion T,oss Chara.cteristiesrtr Journal of llathematics and
lþvgrq* vol' 18 (sept" r%9), pp,312-320.

?'/aoHj-toshj- trIatanabe, ltApproximatj-on Theo ry f or Fi1ter Networks, ¡n

fRE Transactions on tireuit Theoga VoI. CT-9p Noo 3e September, Lg6í,pñ3rffitr
c'7-'This thesis is only a parb of the report entitled ÌlThe Devel-

cpment, of a senii--Au.tomatic Potenti-a1 Anarog Apparatus, an rntegrated
ApproxÍmation Theory for Filters Derived by Means or tne po.bentiat
Analogy, and the .A.pplieatÍon of the Apparatus as an .Aid in their
Practical Tmplementationrrr August, lfit* NRC Grant No" A738"
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and phase corresponding to Cauerts q, admissible q, and q/

funct,ions,

h. Implementation of the pole-zero apparatus for approxj-mation

of the low pass i-mage attenuatj-on and phase of 3"

5" Âpproximatåon of consi:ant image impedance for low-pass bands

by means of the potential analogY.

. 6, The potential analogies for q, admissible qe and q/ functÍons

for reactance low pass filterso

7, Some exarr4pJ-es of simple ladder symmetric and antimetric

fílters synt'hesized with the aid of the potential analog

system, using varisus conformal representations"

Bu Â comparison of the suitability of the r¡arious nøppings used

j-n this chapter for appl"ication to solution of fii-ter

problems ¡ríth the aid of the potential analog apparatus'

ÏÏ" REASONS T'OR TREATING THE ]MAGE PARAMETER FII,TER

TIJEORY AITD DESIG\T' AND THE CORRF^9PONDÏNG

POTENTTAL ANAI,OGIES

Although +¿he moderm. inserti-on loss method of synthesis is nor¡r

'r:sed r,ridely, parbicularly where digital eomputing faeilities are airaÍI-

ab1e, there are reasons for the treatment of filter design aceording to

the computationally simpler image paramet,en method" These aret

1. The unavailabílity of digital computation fa.cilitÍes to all

filter designers"

2o The lack of, or waitíng period for, digital computer time,
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coupled r,lith the fact that mâny practicaL requiremen'r,s may

be satisfied with an image-parameter design at little or

no ertra cost ín components above that necessary for the

insertion-loss desígn meetÍng the requirement's "28e29 
e3o

The relationships between these and similar factors nay

well result fu an image-parameter design being employedo

3, No study has been made to show that cerbain filter probl-ems

are not, better solved by usirag image parameter methods

rather than i:rsertion loss methods" For example, no com-

parative study has been made to show that Boders and

Ðietzol-dÎs method of parameter determÍ¡ation to obtain a

linear-phase fjlter yields a nore or Less eeonomical design

than the i¡sertion l-oss methods of Bennett5 Belet'skiy and

others "31t32t33 ¡" another example, the works of Herzog,

28Johtr,rr"s B" Físcher, ttÚber elektrische l{eI.lenfilter mit vor-
gegeben Betriebseigenschaften, n A.rchiv der Elektrischen Ubertragung,
Ë;;ã ii, trert 7,-rõi, ig6o, in"ãT-'2r87 

-

29oiLto" Fel,zer, ttyergleieh von Filtern nach der Wellenparamet-
ertheorie mit den FÍ1têrn ¿ei Betriebsparametertheorie und die neutz-
eitlichen Methoden der Fllte"uerããr,".tnþ, u Arctriv áer Elekbrischen tib"t-
trqgung, Band 10, T{eft 6, Juni, fg56t pp.22i-21û"

3onurro Simono ngorparative Irnrestigation o! Imag.g and.ïnsertion
Parameter rilíersrìt k. tekn" @8. Hand1"-($weden)¡ lfL56u f;9&"

31H. tü" Bode and Ro 1," Dietzold, ]g' É'
32B.,oon J. Bennette nlinear Ptrase Electríc Filtersr_R-Technical

Report *oi'i]"(bLectronics Research I¿boratory, stanford únive
ffirflrtlF:rgSz)¡ PP. 73-L6\"

33u. ," Beletskiye rts¡m.thesis of Filters with Linear Phase Char-
hu.&pril, 19ó1 s PPo 39-ll8"acteristicse Br TelecoIilm¡nicationq, No.
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TdJotidjian, and Posshenried.er l-ead one to suspect tha.t many

crystal filters may best be designed on the image-parameter

"l' 15r 36u37basis ot*t t

h, Â. ki:owledge of irnage-parameter t'heory and design has often

sclntribubed to the solutÍon of ørtst'anding prob3-ems in

ins ertion-loss theory'38' 39' h0' J'rI

5, The potential anaLog approach has aLso l-ed to fn¡Ítfirl

results. One outstandingly practical example is the

worlc due to Bennett"h2

(Brauns-

Filtres a Cri-staux Ytézoé|.:écüriques ( Paris e

3hÌ,I"*"t Herzog, Figb¡glgl.Þqlggg l+9 gcr"rqinehris-tauen
chweiz, Germanya Friedr. ffi-eweg und Sohn, 4962) 

"

35o. ,o¡oudjian, ï,es
Gauthier-lli1lars, 1953) "-

36*" ,or"henrieders ttsteile Q,uarzfilter groper Bandb¡:eite in
schaltunso tr Nachriôhtentechnik Zeitschrift (l¡"t"2.), Heft 12,Ab zwei gs chaltun g e 

tt l¡e!þgightq_tp!þLik
9 Jg, (Dezembert tW

37T,"o Storch, D. B" Pike, and D"I. Kosowsky, n0rystal Filter Ðesign
Viewed from the Ferspective of the Filter Design T,iterature¡n by Storch,
and the two follorniÍng replies by Pike and Kosowsþs I_FQ Tretis¿tc-Þions
on gå!-qgp Theor)', v;1. -cT-7, N;. 1, March, 3:9&e ppffiZõ'-_---

aR
'"Ðarlington, gp." git-", pp. 31-'2-320"

39c*o*=', gg" 9i!", pp" 5h8-5óo.
I 'Íl4'A.Ro Boothroyd, t¡Design of El-eetric l¡lave Filters with the Aid

of the ElectrolyLic Tànkrn Proõ. t"_&8" (Sritish)B pto h, Vols" 90-100e
r9'r-fio .&lso @iõEcticnr'

)*1n. Rubini, reGraplr-ical Procedures for Solving the "{pproxiroation
Frobl-em of Elec'oriãaf Fiftersr¡rA1ta Frequewlae llol-. 30¡ l96Le pp" 198-2t5.

I+2gyrot J, Berrnett, rtsynthesis of El-ectrical Filters with Årbif'rary
Phase Characteristicsrrt fRE National Convenl,ion EgloqÊ., P'r" 5¡ Circuit
Theory, r953e pp" 19-2ó"* 

-

I LÜV V¿ U,
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6o f re .1:cin"b oÍ vic:i' ¿,.i¿:¿ec i'r';l'c -.s -bhaJo an i¡'¡e ij:'ai:¿d :çno;;*

ieuge of ::ei'::ro¡Ì; c',ryr-überii; is scun¿ a¡:d desiz"ebLeo Ït i¡

hoi:ed ";hai net+ { ns:'jh';s i'ilay be p:'o''¡:Cci 'cy ihe ap.ili-r-cataoir

of -bnc pi:,'i:ct-ii;'ì.:1. ::r.1.:'..-¡s31r 'þo i:ir's ¡ciu''oicn o:i -i:h'¡ i-r.ir11i".â;iiin-

ai:icn p:cblci,: c:- ir:::.ge Da:'¿n:e-be1'so A \arger, r:tcaü coiilp*

:'ehe¡:sive -r:c¡i; i¿¿ 'io i;he ¿-iii:o:' si'jcÌ'is how this rn-';egra-iicn

io:c.. 'vû i:: j::;u-'il':,ü-1dí::5 ;; ¿':1 àûv':lùec genez'al irsertion-

icss fil'úe3. -b'i:cr'rl', anc. nori -¿he poten{riel- analog a'opar'aius

n"a;r be useC as ¿i:: a-;d j-.l: cesigning Íilì;ers accorcli::¿ tc
Lil

tjris inseriion*,cs;: -tìrec.::y"

iif" Trrll .r.i'?i:C-rr-i.t'il"Tïüìi ?iiOBLI'"iS 0I

}G t'E* i=::, iìi:ivi E:r' LP, F I iT EP'

THEOIÏ

ir ¡'i:is sectíûi-.r -¿l:e basis for ":;l::e 'i¡'i;::oduction of ihe vav'ious

r-':r'c::i:.:-oic:r probl-ê'r,; a;-i:::-I3 .t iil--3i*p;:':iî:,r-ter i;heor7- are referrei

"i ¡ ¡nrì 'nr^ialr'ì", ,,',1¡¡'¡pn'ailt.€:().-. a;'rc -i-,he va::'ic'us åpixrôxime'bion p¡'obj-ei:rs areu v ê;i* r.t- Lv! -LJ t b¡¡:r+i iJvq !

slaùeio T,.þ2.1ç done by Tuti;l-e í; iva¡.¡n utron i¡r i:his arrd ÍoiJ-c':'rr-ng sections,
)')'

ai-though ihe r;¡.eatinent he;'e js ¡iuch nioz'e ccnciseo** Ii; is a,ssì:med heîs

tha'b r;he .::e¿dez. is fairúl-iat ¿:-L ;easi- vith 'b¡ie irrege-pararnete:' theory ::s
l,( t,Á l,?

ex,olained b;r Bocie, Cauei and Guiilemin rjr 'cheii' well knornn iíorks aLt¿2qve+l

*31t, sn¡iatasli, i-r'aJ,, ;í'j,- i, ¡



{zrrrrr = nlzz2Yzz

I-r, oo "*'(+) = e"

fimctions f-
Qu = cothl:L =

and left- and right-side image

BL

Two relateci approximation problems arise in connection with the

syrnmetric low pass fil-ter when only atternration specifications are

designed for" Cauer states these problems as

zo= {Çz^*t foro< ç¿< 1 (5"r)
and

w--
s = i-e. ¿ I for 5¿ > le $"2)

where # i" ,n. ,roro,,lÏ-ll*a "*aian 
frequeney, z6 is the normalized

series (horizontal) lattice reactance, z" is the nornølized cross-arm

Lattice reactancer zo is the normalized image impedance and q is the

q funetion, related to the two-terminal-*pair-network propagation funct,ion,

These relations are discussed in detaiL in Cauerts work' l¿B

For unsymmetrical filt,ers. t'he rel.ations between attenuaticn

zor = and zO, =

for image inpedances are

assumed. to be knor.ni"l+9'50

I:--
I"LL

d"* ^W'vy22

'HD"F" Tuttle, Aq I4tqduct,ion to Network Synthesis., Unpublíshed
text for stanford univelËilffiÐ7;Lw

,rh--Bode, J.oco cit, I,Aa"Cauer, 3. É", Volo ïu

)r7coitt*rinp gp.o eiå,B pp, 279-\60"
l.Q4tcauer, É" g*,rpp, 12I-3-h2, and 22lJ*2\8"
l.ôa7Ïlrid,., pp.12l+-126 and 26\-283,

$.3)

(5"1+)

Ímpedances

(where the nota.tions

in Cauerts wcrk) are

G"5)

cl..anged from ir, and w,

tauer has shor,n:, fcr



r :'i,--i:: ='i.1':t a: 1 af'.|: -l *: -'l r"t-, :,

izeC -i 
or,l

.: ; .. .: r- '^.1Ja,: u u jle p3Õþ- a--:;

f-

:::, Í11-t,c: a:¿2-
ú

*Ur
¿':'.,d

'f*t
-. a).-'¡ l --.vvu!tr -"- ,- -t

ailct

:i,atr, lt !, ^, .-/ i^..-. -í
V\JU\J'ic:.

tr¿: \: ,] \' -i
J{- ¡' :o

.íJ r,¡ ìr., ;

¡i"',

+{'ì':" -,--,
.|!rç:,

coii: i,:r

r.ihe:: â'i = Q,

/)

\2"1J

/ r' A\\2qu,/

\)oY )

\-/ e¿vcJ

\ÞoJ-Uc7

-: .j -üsÍìh +( ;¿n,l

,*-<-,::_-. .---,,,,.--

I vÇ:::.,,

,t

Tôe p:':.ss bands are definei. ¿s"¡l:e ba¡liu or Ì::'eqt:eilc-ìe{s in r';hi-icir o( = 0
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. lJ - \ l¿ ^\ ì /.J ^\¡o (5.-)r (5"2) âno (5"3) Íc=' îÍr€ s)rr,1si;r'ic fil-'¿e:'s" 't'Iii;h -i:hese basic

facis in raind lhe approxil'r¿:ricn Ðr'obieì'n:j and jJhe po'centíal ar.a-t-ogies

,-:'n l¡ : nn¡cì r]+'a=,i

lv\-s ÐJçet LJ_Jú
)Ln^,-,-n ^' r--i+ .n 9Al.vÇsË¿i v.Jo u-u9, ;JçLvvp



Three approximation problems present themselves for filt'er

nroblems o These aree

1o Åpprcxj¡ration of prescribeO st,op-band aftenuat'io¡ speci'fic-

atior:s o For ideal- stoppingu o-* co and gu I L in the stop

'banrls. FoÍ, Ídeal ffJ,rnmetri* fil-term the concliti.cn q 3 I

shoul-d Ïroiti.

2o .4.pproximai:ion of prescråbe,} pirase, p e in ihe pass bands'

ccupleci with this there may aLso be a requirement cn suop:
Ë.,

band attenuatigrr,r' FÐr ideal. fiJ-teri¡g the pass-bancl

n
phase, ff , is lineaz"u pass-band attenuatione o( e nerne and

dâ

stop-band atterrua.t,j-on, o(e infiniteo" 1,' this trork,
r-r

pntentiai. analcgies for t- f "* $t) are found', butr o:rly

approximation of o{ i-n the }ow pass case is eonsidered in

dei:aiJ-,

3o Appr"oxirnation of res is bive

å.nces, in the Pass band.

t,errninaüior:s bY the irruage

Thaè is, 
"0L 

€ 1 and z.n

irnped..

* .!- J¿¡

the pass-band range" The appl"oxjmations of 'Lrnüy by q, {Lã

and ,¿/ f'rn:r:L,ions are treateci ì:elow as separs'te but (pari-

ieuJ_arly fc:: q and. c¡. funetions) eomplementary prcr'blems"

The potential analogies neeessary .for the solut'ion of tir.e

52rcd.e anc Diet,zol-d, i!lg. _q.!{:"

53st*i*tiy speaking i,his is t,c ho].d for operating conditir:ns,
althoi:.gh these aþprãxÍraa'l;lons for t,h,e å,mage pae"ameters result in reaF;-

onably gooa apprãiimatierns to oper"atizig con<!.i'bians as long as 'c,he

termination-s aT.e approxinatod by the imag* intpedances,
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tscc';ii-::o;rd and Tuttl-e ha-v'¿ -'úi'ça';eci inis i:¡'o-rl:.,, (rr,sirig '¿l:e ¡o'cen-
¡ i, i(.

¿i¿l- ¿n¿.icg.1,r) aichcugh fi'clr ,:rci::;Ì...ìjì3'L ii'ii'fg::'ênr, Ðo-i .,s o! v::e';,t")1t22

?i.¿ wol'li liÍ:í'e -,,J'{ü b'¿ sc:r-rer.È¿-j ii:c:'e ct;;i:r:e'itj, j-n i'hat al-: Oo;rì¡ie -io'.,.'-'

ji:Js ploi3a¿a-L-ì orr ai¡e;rll::1jig¡l fl:i.cúio;:¡ riiii be de:'ived usi-ng;'v!.¿'þc'sç::L.-'

"3,-: ¿i a¡ralogyo :il--l ti:.e i)lc'¡:r:,r.-ii¡:: f'r-lnctions i:re:;ed by Cauet' by neairs

oÍ. q Í:ilc;ior:e, !ladi'¿ig¡-ì 3i: q t.r:tctior:s* f or ,í: r)r;¡.--3''-ic fiite=s, and

c1l iu-i.c',:i c:is -c¡ aoi,Lli.e'ö!'",c ij:1 "¿e;'s , a:e i::cj-uC¿úo56 lrr-rh-îs section

-1h.,:: po-:n-bs of i:ri'i;:üe ¿;-ce¡ir¿.-3icn ei'ë å-., ri:'¡'o res-b.ric-u1-ed to i,he rea-,

Í:eqUs,:r;;r û.r,.-i,!While pyov-;r:3 ;;-e a.':a-ic,,3y'iat sí'n.ole C"í!a7ge dis-u:'ibui;ioi-.r-.o

(*..-so, ¡iLe rncs-b efficien'i, aì:l:i-o:iiiie-bic¡., cf c;< res'ul-'bs fron suci: ¿.

ics'.r::ic:,ic¡r) " The charges ¿rr ¡nen ail-cirec to -b:ùe -i;he rûosi general-

u:.-Jl-iÐ¿úi,r e:lo i:h:, z'esuii;i:rg .;oi-,r:ie:.: ;c¡e::'lia: ioi.r:d by supe::csition

cí -i;he sÍir'¡ìe: sclul,ior-rs" l:i is Íoun.i -tha-i; the coraÞiex pctential is
i- , a-- *-anel-ogo'.is toj l_ 

( oz' j-: f oi' sy,-*:rre':ric and a¡tirr,et::ic fi] ters) so t'ha-b

ãir* , /¿ ã.)-lBoobìir'o)-i¡ oÐo c''-r..,':j_i" 55*?'r,

lir.o"r.,u, 
9p ";;rr, iiiû*]-,29.

'"Ctuer', oÞ" cl-b .;':';s"22-, -?9L"

i--j
I

'/
-:"'-
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o< and F may be approxj_mated by using the new potential analog

systemo Band pass attenuation specifications of many types may be

sati-sfied by usíng appropriate frequency transforrnations, as noted in

the íntroduction.

Approxï¡ration of E U"irrn Attenuation Poles at Infin:ity ûn-1y

A part of what is found below has been treated. by Tuttle "57 By

means of the mapping

þ =d + j&) Ë sinh ro = sinh ( u + jv )s, (5.ff¡

whose properties are described by Tuttle in great detail, a conductÍng

plate along the pass band in the p-plane, Írnposing the constraint o( = 0

in this regÍon, is mapped. into the lshole w-plane "-"ti""58 
By pIàcing

positj-ve charge Q at infinity (and. an equal negative charge on the

plate) on each one of the two sheets (of each of which there is an in-

finite number) of each pair joined th:rough the branch cut along the

pass þand, and mapping each sheet, idrith its positive chargesu into a

strip in the right half of the w-plane, the potentíal in the latter

becomes

5?tuttle, gp." gå!..B ppo \17-)125"

5fu" p" Tuttle, Netr,rork srutbegåq,
Inco, Neu York, L95B)", ffi

- 
f - -Vol. I (John Wiley & Sons,



1.1. - f>-- "- < 
^[v * - \{ryr', \L lvo

'I

lfftk! equation (5,ft¡, the potential in the p-plane is found to be
"l

!ü = -,Q: sj-rùr *' p

B6

(5":r2¡

\Þ"LJ)

(5,r1+)

$ "t5)

(5"16¡

=-8 ln {n"JF.4.
Hence,

coth Ã * JEE-
-q"t

vrhere E =a'*aF ohlo

i',fith

8=-Np

where Nr is an integeru the functions cothÇ become t¡admissible q'=

(5.:"e )

y'ñ
:i'unctionsr¿r !ù-ibh one-points only at infinj-Ly"27 With ,Q = -1 one has the

sj-mplest admissible q-funciion, with a double one-point only at infinity,

-l- ov o ô

, ^-.r^1î F;ãqu = corn rt E /é . p- , (5"17)
p

.By aomposition according to the equation

2^QZz* 9lo*¿ 
s

2 4Lø

trhere elz is the admissible q frrnction (5"17) or an5í other such function

clerived from it by repeated useof quation (5,18), all ad¡iissible Q functions

É9tra."u ep-" sÊ!"B, pp" 27!-27\"
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for J.ow-pass fil-ters, with one*points only at infinity, can be dprivedo

In the potential analogy this clearly correspond's to addition of integral

charges at infinity" In the pass band the followj-ng relations are easily

found to holdc

É = iu sÍn-}{rJ, ô{ = o"

3n the upper st,oP band s {ìà Lo

't

Il *d + åp= N cosh--N + i N g-.
2

In the lower stoP bandr @)€ÞÏ,

Ç * o<+ jÉ = N eosh:l¿r) -j N,E,
2

Iil has thus been found. analogous to Ç '. 
gne fi-nds Ç usÍng

the potentiaL analog system by paintÍng a hiqhly-conducting strip of

sifver paint, along the pass ba.nd. ín the p-plane or oneiof its conformal

nrappingso Unit cument, corresponding to N=J-, may be assigned' and' then

injeoted at the point at infiirity and withdraw'n f,rom i:Lre pass band strip'

CaLibration ís perforr,æd by adjusting the scale of the sheet on t'Lre )L-T

recorder accorùing to equaticn (5"2t), usually with a db scale" MuSSipJes

of tlre unít, current may be used in order to meet specåfications is77'ç{ ,

r.ihich is found. 'by reeording the voltage , P may be for¡nd by recording

curren'b fJ-ow perpend.i.cuLar to the eond'ucti-ng pa6s'band stri'p" 'At reeord-

ång of d. found for N4 by usång the potenti.al analog systøne' and tJ:e

elliptíc sine mappíng of Figure 5'L, is shown in Fi-gure 5'2' together

wåth the comPuted cür'llêo

(5"rP)

(5"2o¡

(5"2L)

A. potential analogy suitabde for representat,ion of 
=þ, 

related
2
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ís found by considerÍng that when all attenuation poles are at infinity

the simplest such fl-rnctions are given by

(5,23)

or

coth (5"2b)

For the functions

for anti:netrÍe filters by

=^æ

90

to Cauer¡s q functions for a synrnetric low-pass filter by

T--tcottr:LL*qe l_? " 
(i"zz)

2 4%b

ns=tanlr (Ii È j:ffi_\=corhfE FS m V ß-zS)-2 l+ 2 b'
a potential analog representation for the case l,rhen all one-points of

Añ ïlwwitrr simþIe zeplaeement of J1 by + in the previous Gå.sêe

¿.

ñ
I

coth t" I
ô¿

T-r
11 s

2

i

The first of these has been treated"& fhe second yields the same òÉ

as the first, but the phase
2

at p * 0 is * TT-, while it is 0
2

aib p: = jlo The same analogy may be used, thereforer., as for equation

5,23, except that the reference for phase, @/ru is fi-xed at, the value

*Æ_ at p = 0 on the recordd"ngsu This holds for all q*functions wÍth

a %eTO a,b zeJfot

."qræ
3 i X-, related to Cauerrs qB functimrs

I
tf

L
2

t'-iIA

2
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q! åre a-t infinity is obtained by usi-ng the analog developed abovç,

but by plaaing odd multiples of hai-f unii charges at infinity, and add-

ing -E- to -€- at p, = 9o61
l+2

Approximation of If. Using A,btenuation Poles at Finite Real Frequencies

and Extension of tbe Re to A,rüitra¡y Oomplex Poles

Tuttles¡s solution for the potential due to two conjugate posltive

charges, each of value Q, a.bove and below the pass band, and a conduct-

ing pl"ate wi-th charge of opposite sign along the pass bande ís sum-

nørj:zed. in the following, The potential analog representation of lü

(analogous to 11 ) in the p-p1ane can be napped to the ¡n¡-plane (p =

sÍnh w ), resultíng in the potential problem depicted i-n Figure 5,3" By

application of the method of images, the conductor may be removed i-f the

positive charges ín the left half-p1ane are replaced by negative chargeso

Then the new potential problem of Figure 5,J+ is solved and the right

haTJ-plane solutåon retained and t,ransformed into Èhe p-pIane" The

complex potential in Figure 5"h is

+@

-!
W=q¿ ln

¡1?.Ebe€

.+æ
-i q2., 1r¿

1ß---eo

__*__3r._=* _ I
-a+ j4t¡,+2m) _j

2

In
le
I
IL

F

lr
Li

a
I
Its
I
T

.J

$"20¡
a+jE

ô¿
(1 + Aî)

'611aaeru.9p" gå!,, pp" z8l¡*e88"
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ergence j-s not atùempted; the final solution is
rEengineeringtl standpoint,o By association of conju-

ins

]'

ì
&
Ã
q
lf 'ø

)
Å

fftl!
2

(t + zzrt

t
I
f
I
E

-EJ-n Þì
{

fl

H

n
tr

h
s

+€o
\-/,-

mæo

\
{If

$"28)

^!ú

lw + a

L# (r u z*).

fa!-
ff,u+2m)

)

)

2m

2m

+

+

I

ìr

&ø

{
II

{
n

I
ut\

Justi-fåcation of conv

proof enough from an

gate charges one obta

+@
Yl

w = Q2- In
m=o

$"2.7)

$"zg)

-?2

I

I

cosh (w - ¿)
cosh (-a)

- @In
***æ { O* errþlw.sg)

( cosh a

s 
Çnn"ne**"1 )e
(cosh(w-a) Åu

Heneeu

and

ïd,

eQ* cosh ( w+ a) rr ÂJ J 9 v 4tg+

cosh (w-'a,)

I
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For Tüe o++jvp

g = o + .i 2 tan-I [(trorr r) (tanv)J aU " L "J

which shows, t'hat flux increases with inereasing v,.

For w ='u # tæ e, íu.êoe a mapping of the
2

above the pass band,

(5"¡o)

r"eal frequency ¡¡r-'i 5

$"&\

$ "3g.)

$"33)

ø"31+J

\2 o)Ð l

$ "iß)

$=u uiT !".tl ì +jW, o *€u4a
sarulta-u/

=Lrr gintr !p+g ì s a {îr(eêo
sinh (u- a¡ )

In the p-planee, withffi = t0 i^zr antícipation of the analogy,

hT

€q¿ =

ã
eõ 'fñ? +mp

F@"?q!.
dl+p¿ -mp

metahha e

sirda a; =

¡.nqh s. æ T4@O

where

¡-o that

and

¿_ffi
¿dÅ - m*



I¡¡åthp= ju and ed€ l,s
A

E = A " tØ = 0 4 j 2 Q tan4 ---e--Qå-- .r_*--
Jr -.n2

For rà ? Ls

@=eoshuo

Then the frequency of infinite loss is

6q)*o* Gosh alo

I*ffi
"Íl - m-

$"x)

(5"¡a )

$"39)

$"tp)

$"ll+)

Heneeu

@æ* (5"1+o)

A sketch of æ and, P for real positíve eJ is shorn¡n in Fj-grre 5"5"

The following is a coll-ecÌ;ion of formulae e:rpressing the complex

poùential in various waÐr$*

ra
cosh Å1 à l+ Y+r& (5"1+1)

a,

rnsinh e I-3*

tr+ (I-mz

t+ (li-r#),pz

$ )+3)

tl.h (r*r#)p2
F:-^-

-dJl-pf- "
mp

æ e. mp, J.L,Ep? 
"

t"tg. fl =
a

f\-l ,\
cothf,*1/6þ =

\*ã?
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For ru = 3-s

ffi
a{L + p4

t1

so that wåth Q = $" one obtains the adrnissible q function of equation

Ë"fÈ ïfith Q = åe equation (5,¡t¿ becomes an admissible q function

wd-th simple one-points at conjugate values of p on the imaginary ¡xls,

lfith Q. = Ie

coth $À6)
mpì

and W is anaJ.ogous to fr *itit double attenuation poles (double one-
T=r .points of coth J 1) along the real frequency a:cls" 0n the other hand

m
W may be made analogous to :!f p in which case Q = $u and the g

2
function has s5mpIe finite one-points on the real frequency axls* By

.,rh (rys) æ (5")$)

dT* oe..

mtrÌ

(5"ù7)

æ
Jr¿o'F+1 Ë

T

subtracting K from the phase of ^-åi in eoth
22

the analogy for TT.5À in
ffil

coth J1 =.:.+Þ
,ñ
¿.

T-vJ"1 E

3

Ís obtained"

Now that the potential analogies for fi *oo"uponding t,o admis-
fl

si-ble q functi-ons, _åÄ eomesponding to ordi-nary q functions, and.

F2
-*A ï jE coïrrespondingto

^1,--æ¿b

' (n" in)ffi
ü åLê ¿dffi

q,s *
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for poles at infinity in all three cases, and for finite poles in the

first two cases, has been found, the analogy when there are any number

of finite real frequency poles is easily found by superposition" This

corresponds t,o composition of q-functions, admissible q-functions or

eE functions according to the rules given by Cauer,6' 
^ 

*ot" i-nvolved.

method of obtain-ing the same result is to solve the potential problem

as aboveo

Although points of lnfinite loss in the complex p]ane. (i"e", off

the imaginary axis ) "*" not generally used rnihen the attenuation is of

prime concerrLs the potential analogy is easily extended to t'his câseo

The admissíbLe attenuation functions have one*points of even multip}lcity

off the inraginary axis" Thus, correspond.ing to one-poi-nts at real p,

one has

8s = cothffi * m+ (5"1+B)

¿

for the generating function, while for

one-points one has;

(not imagittrly)

q- = cothÇ * (t +,oo2) # + (r + zahrsz) p2 *u4to2
;¿t.-r€.

$"1$)

62

zrooo(d + *2j

tauore gp.o gå!.p PP" Ð7-2b3r-pp" 27l*271+ and pp" z85-z86

p2 +1"



as the generating function"63 Hence, one

p and conjugate complex p (not imaginary)u

Since the generating functions for

reaL and conjugate cornplex (not in'raginary)

and

respectively,
Tffi

for ¿1 ø
ñ
¿.

Sinee functions are formed

q.{ * l5d,+f or
t^

^l 
)&- :-

the qr

vùìith

cors'esponding to

lìlûrtauero opo sit"B
a are constants explained

pp. 2lÊ*21+3 an¿ pu ZlL
heres

The syrirbols lllO G¡¡u

e, = lr^ 62 + a2)- __v-::_--____:_-t

p

charges of Q.=å

nræ

simple one-points at i.maginary or real p-r

e=flo b2*r?)

^W
are placed a"t these poi-nts jn the

99

places charges of 8:1 at real

in the analog¡r ro* Ç '
ordinary q functions urj-th

one-points are

$"5o)

$ "5oa)

analogy

by compobi-tion of

.fr -:"
ft* r

and



corresponding t,o

cha.:'EesofS**
t'

atreS.og:y :il*r ===å
7:

t-00

conjugate complex (not inra.ginary) simple one*poilts,

are p1-a.ced at aII poÍntsu íncI-udi:rg infinity, in the
o" iff-- *- tl

Jxr-lggngþeþ-',p!" j{ gþååFrL Ë-slq'e}
ï-'E 'fa T-
i r, -+-t and *å ': J g* -cgeep:sq¿ps -segp-qçËsql-v*ls Säu-qql-g22*h-,
gz ¡ - "g-"å{*q..*$¡pg!åg!å

One begins wit,h a suftabl-e quarter plane (rarely the p-plane

representatíon) whích is a suítable conformal mapping of the p*p1ane,

and palnts a highl"y cond'uct,ing strip of si-lver palnt (usualJ-y about one*

hal"f t,o Õne cm@ wide) along the rnapping of the nolrmalized 16ç-påsË

band, where O(= 0n Tlre e1liptlc slne or ellÍpt,1c tangent, mappíng

has been found useful- for ths l"ow*pass problerne especiall,y when an

egual-ríppJ.e stop band approxirnation ís to be found" These rnappings

have the advanbage that the scale is suitably erçanded and that infiníty
ls mapped to a finite point*6L Unft current fs determined by ínjecting

a eurrent,, usually aù infinity (or any other point, j:fl desired)rand

wíthdrawing it from the pass band (or Ínjecting ít at the pass band and

wíthdrawing ít at Ínfirnity, j-f the plot is to be inverted)rand then

6hBoothroyd2 
"A.,Roe tDDesign of Electric ïlave Filters wlth the

Aid of the Elecürolybie Tarikett Eqqs, L"!rE,(British), pt* l+e vors " 90^
L00e L95L-53",41so l.'Tonograph #Bl-na¿ffiction,
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ad.justing the scale on the reeording sheet to read the correet number

of db above the pass band value@æ Orat a point in the st'op'band" The

d.etails about how one sets the reference leve1 on the recording, adjusts

.__-tþe sca1e, and takes a reeord.ing (ff.desired) of the caAibratj-ng function,

are given in Appendix 3.-)+rpp. 2OO-2O2 o Once the system is calibræbed

for attenuation measurements the unit curent is taken to be a multiple,

usually one, of the current injeeted,''at infinityrand the attenuation

specification in the stop band is met by using the appropriate nr:¡ltber

and positions of current probes" (An equal current i-s, of course,

always r,irithd.rar,rn from the pass band )" ltris is quickly done by making a

sequence of recordings for different trial probe positions" In order

to arrive at reactanee ladd.er networks without mutual coupling the

poles of aÈtenuation must be along the real frequency axiso This also

results in the most efficj-ent aþþr:oximation to attenuation specifícationsn

although Ít is not suitable for approxinøtion 
'of linear phase (constant

deby)" The values of current that were appropriate for the various

possible positions of attenuati-on poles for the three different fr-mctions

representable on the analog have been discussed[' One must consider only

half these cuærents, of coì¡rseþ if the probes are along edges of qi:art'er

p]anes, at positigns corresponding to finj-te points on the real or

imaginary axis of the p-plane, and one-quarter of the current each at

nera and. infinity, and reeall that the calibration is done by using cutTent

injected- at infinity in the quarber plane' fhe details are so obvious

thaù .i:hese ooints need no fur+,her" eornment" Arr exarnpLe is probably cf
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mor"e helpô

Figure 5"6 shows an attenuaùÍon curve recording found by using

the potentia;L analog system, the attenuation specifications that it meets

and a ladder network havj-ng the ealculated attenuationo The elliptior

sÍne mapping of Fig, !"1, page BB was, used to obtain a quarter plane.

Calibration !,ras perforned. by placing one current probe at infinity and

one of opposite typê in the pass band, and adjusting these currents to

Lynao The reference leve] was set by moving the A wiper onto the parss

basld and usi:rg the potentiometeru Then the A wíper was moved to æ

point in the stop band, and the gain on the X=Y reeorder adjusted to

obtai¡n the suitable db scaleo Currents of Z.rrra. were then moved about

along the stop band until the curve shown in Figure 5" 6 was obtaíned"

The finite poles .t,ransformed. to the p-pJane are aL üma æ ["Q/Q]L and

{ùnp * L"1;9859, 1rhis attenuatior}eo<e eorresponds to a q function .given

(according to eomposition of such funetions from those with only a pair

of simple conjugate one-poinis each) by

q * coth
fr
IÅ*d+0g906?00995 _ "

¿
(pz * o*hl+07312 82) íF *u

The details of'ealibration for phase are found in Append:ix B-h,

pp, 2gj-2}7 e Again a si:nple function is used, The phase is recorded

ail-ong the pass band strip and the special consj-derations for q functj-ons

r,rith zeros at' zerarand qs functions, discussed' in the previous seetiont

are applied" For linear phase i1, the pass band. one must use attenuation

poles off the i:naginary axis. It is to be zemerrbere+ that linear phase



6.

-i-
 

'8
t 

,to

I I

l+
i I

: I I I i6

5q
l

4u
il

14
1

4+
l

4E
l

+
qf 5q

l
€g

J-
54

{l I

5q

.!.
,'r

rl :;:
f I

, 
'ï

-:
¡-

.' 
-1

 '-
..

i:|
r.

. 
i 

.,
lri

,-
:-

"i

a{
àm

di
lJ

g 
t5

9

,'c
4

: 
66

i

ÍÍì
a=

 0
.5

51
m

d'
O

35
O

4 
i

"I
l x

 (
c*

j

:i 
ìG

:
. 
- 

-.
o

. 
i'- s

--
,d

ì5
d

.L

iq
¡

'/,
-

.'.
 

f'.
,S ,. 

ih

-.
--

-d
-

il ] I
..,

...
.,.

 
f 

:

v t

';
<

-:
*-

7O
 ,

S
8 

eG
 6

4 
r6

e 
60

 5
8 

s6
 5

4 
.5

a.
 5

0 
48

 4
6'

+
q 

qA
 +

o 
ig

e 
g6



:-C.l

¡,t :lÍo :i't:;i: -, iíj;, r]l1..,,r:.,.,,,

?jij-:i S.',*i:.a.,:i, :i.::ì i: C.í.-..i.-r,ti::,, iit-r'j, r-l:r., .:::::i:'-C':::i oi' íli.r,'i:I:g Í¡'-r i.;r.,å,j,j,!.tÉr,;:

i.rl:::.ge 'j:i¿,:,i,r.:i':e:, ÍC:i' )i ü'.li,r-IriÉ ,,1":.r.; .:,:, ;:.jv,.,-r',.,, r,:,"j-:.; LriiL'- i..åSjS í-e.¿aì i:iii;e

i'': j..'ie::.g ;'.i*ij f-.h:ì,l iiti¿ :itì:)i:,)ai¿;í:f.':í:; .j, lÉ-:;,.,,;,..:.,-.:i.:.1 ÌJ.niiy j-n ïí:e ,:.1;:iS bå:r:tc

S,.,"]::e ¿ C¡je ,f,J:,ìíje ir ¿jli:rj',i;ra::"ir;i-.:-,Jl'.: i:r; ;:.1,., j;r'.': ì;,: Ii,U)i.j'ú gÍÍ: t-;.-..,:i:r";," ':l:ri;. "yp.Ì

O: a-fi:i:CX::ir.:.i':ì:ilj11. i.ì:: p¿,1:.':.:.,.-,r.-..,..;. :-.,:' -.i:ûr.:.:;"'i-,sljr::,, ,¡i.l;hiiU,gli O ifiel, ':.\rilc; r

r,r¡r;,:t'k,,,.i.-.;1" :j.;¿i,'.'Llj;'u.je:C le.r;;.ì,:-..;;,r:. c-.. r.la)t,tj.:-:.:,,:1,:,.1.'-,h:.l.iEf vì{L3ïi ij1:,j-,i: û-i'i:Ciff}.,,

,irl;.i-et.'ilSl ¿nd Í;-¡C;.:'r;^1-:ir:..Ër,;, lti::,..--.-,-.i1...¿::*..ìlÉ.:,;, t;.::-',:.C;'t-;t;iTfi,) aii+ if.;SSi.br.;l" Th.*

;,t:tb:.e-:':ii: ara,t.:ti.c.t'r -'ã.tr: o ";,¡ìeÍl ,) .å.:,tÉ; :.:-a. t.r-,: _..--.....,..-,;-.-.û:_i. pfü,L,j.ejri

¿^ ,' ,^rir,"- 
" ... i: :.- -: O-'. .j- <r. .i. i|,,>,'l ;: -.

-ia r1, ii:i tì,i,:i:r'i,.;:.,: ;:,'l:;-,;;itSS i]-* l.;r, :l::,.. r.i. -{ i-r,llri i::.tr'j_.i.r.",:::lilÍii;,..úi.,lr:11 Þt'a,'l ie;:ir:l

i:--'--" - ¡" ". 
-'- -

i,:.'., j.!
i .t...i,, 9 .,; ! .l'-. :t 

"!.^,,i t' l":--^}:::::. ù .1., g:..ci i . = ., | .,,,.=::.,--. i:: .t. j'O:: C¡{: ¿;_t .i L. {5"5:: ;i.i.: ,\i i' ,,.i ::,-r.. tli ;ì,;;-1,

í;S
.i-r:t aS;,;'ii'li+'::,::";,,'l -r.j'i;r-,Ðj-Ji.: i'.i..-'tr,.-:-:'r.,, 1",.ì .i,t:; ,;r;;S,l/ 'C* iJÉr*, j.':l;t;ii: ,::j:¡.e;

î-t-iüIi{: ï"i:.ürl o:. q -,:: ¡.:.'rij il r l:.'Êij p i..i;":ir-, :.i'- 'ï,;1:j l;.r.,:i,:, båi:C Z,-. ld¡;¡- tlîr,:r iiåiì:r.i: i1È.r:.û-i

ó5üu,l"="., 
Íg" .,4--i"p ljp. Z!r:, "rìir.ì 2ôi-,'¿6. 

"



1:o5

as za has pol-es or viee versa, at the pass band edge æly one of z, and

z6 has a zerlo or pole, while j¡ the stop band z. and z¡ tr,ave the same

poles and the same zeroso Exactly the same statements måy be made about

$.52) iJ zft ana 
ft 

replace z^ and z¡i-n the last stat"*"nto66 llence¡

zO, zO! and zg2 are purely resistive in the pass band and purely reactive

in the stop band, r^r'ith a braneh poi-nt of order I at the theoretical pass-

band Iimit. This shows that it is sufficient to treat only the problem

of approximatÍng 10"67

TuttLe has obtained the first two (simplest) elasses of zO

functions (or thejr inverses) with all one-points on the imaginary axis

onlye by usÍng the potential analogy, and has indicated how one nny use

tÏ¡-is analogy to derive zO funetions of higher order ¡,rith al.l one-points
LA

along p = jA) "oo ft lrill be easy to see how the latter case, as well

as the practically m¡eh less inporbant case ¡shen all one-points are not

aü real freguencies, can be determíned experimentally using the potential

analog system, after Tuttlels solutions for the two sitrplest cases are

summari.zedo

66{"U. Bode, r¡A General Theory of Electric trfave FíJ-tersrtt
Tel-_e¿hgne ,$ystem YôIoerap_h k8lr3.r November, L93\c pp. 2B-h6.

67tt i" to be recalled that z¡1 s zõe and go for uns¡rmrnetrical
filters are specially related. HoweüËr, ihis relãt,ionship is not,
need.ed hereo The 26, ug1 and %g2 ane all q functions, as defined by
Cauer, gg, g33", p. 232"

6BD"F" futtle, 4l r"t""d"ction to Netr,rork syltþgelq, unpublished
terb for Stanford tuivFs@37îeîãf,

Be11
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.Approximation of z^ by Use of tåe PotenliF,I An+-loFf

Tuttle shows (as can be seen easÍly from a consid.eration of the

properbies cf qi functions) tfrat for the conplex potential lüi=V + j V,
which is analoguous to Jn 26r

I' At cutoff (n = $ 1) W has a d:lscontinuity of + Æ -

. Therefore, there can,be,Önly t¡al:f ùn5.t chargeer",t ífr" pãrss,

band edges*

E@ In the stop bandYmay have discontinuities.of 3?[, There-

for"e, the:ie can be only r:nit charges at points in the stop

band"

3" In the pass band there can be no diseontinuities in W,

Therefore, therre can be no charges in the pass band..

h. Betr,reen the above discontinuities fl Ís eonstant (except in
the pass band, of course)"

For the sinrplest zo function the anarogy is obtained by pJacing

charges'Qo, of the sane sigrir, d p = 3j l. Then the complex potential is

æd

$"5i)

$"5tù.

$,55)
the leveI, the simplest image Ímpedances

Eo= Lil'F[

W=4l,, fuP +Llu

Because of the first property above Q.= få, s
w=Èåu, (pz +L)r,

"w; 
(^f;G-r )91 o

Silnce a constant po onþ changes

are

þo
$,56)
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$"57)

^[ffi
Because of the alternat'ion of poLes and zeros of 26, the charge

fo1lor,o-i-ng the branch point charge must be of opposite sign to the latter,

By napping the p-plane potential problemsrwhen therne is only one charge

in addition to that at the branch poÍnt, to the w'plåne, where p= si-nh rüe,

one obtains the w-plane potential problens shown in Figure 5'7(a) or

5"1$), since the w'.-plane unit charges-occur at the nrapping of the p-

plane branch points, at which there are half-unit charges* The expon-

ential potentiarl for the first case (Figure 5"7(a)) is

zo

s$ * (sosh T,ù-) ,- c'osL æ.--. 
-eThJ-aLoOSJI túF + æ/ COSI]' tIÍ - A

Tfüth p= sinh w, cosh wr 
^ffi 

a'nd,

r ê t.rrl, ao

and the introduction of the real constant Êop (5*58) beoones

J= n[Tt 
"p"b + ( l-*zln{

Solution of the potential problem of Figure 5.7(b) results in the in-

verse af (5"60)' Hence, the analogr,for the zo function of second,-order

conplexity has b""r, p¡oo"o,69

69a^o.*r.9p" g*," p* 232,"

$"58)

$ "59)

$"eo1
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The extension to zo funetions of arqr order of complexity 1s easily

effected by placing additional chargese all of alternating signe, along

the i:naginary axis of the p-planeø For the nost effio.i.ent apprecj-matÍ-on,

it is desirable to position these charges so asì to obtain Cheb¡rshev

approxinration to unity in the pass band.o lhen all one-poÍnts of z6 r^riLX,

be in the pass band. To facilitate obtainíng such an approximatLon ít,

is most desirable to use a quarber elljptic síne oonformaL rna¡pÍng" r,clth

pass band, transition band. and stop band each mapping to three d.ífferent

sides of the sheet*'7o In this plane it is evident fron physical con*

siderations of synunetry (and the fact that alLI charges ere of r¡r,rlt

rnagaitude) tf¡at the desired charge p-ositions are equd.ly spaæed along

the rnapping of the stop band, A unit charge of either sign must be

present aS both the napping of the branch point and at infini-ty"

Wi.tlr these ídeas it is easy to see how the potentiarl ana[og

4parratr:s nay be irnplenented to obtain desired, appro>cixations to a con*

s;bant rurity irnage i:rpedance in t'he ¡xrss band, even in the (ra;ne) case:

where one-points of ø,o are not írnaginarly

It is interesting to note that ttre deviationr-sp.ofian i-uage

inrped.ance from unity in the pass bandeis rrelated. to the attenuation

?o'l$ueh æ pilane is also useful for the least complicated, functions
%ou
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Ïurlction Af in the stop band, attaj¡ed l¡ith the q function obtained, by

replacing p by _1 ín a z funotion of the same degrrees þypo

s ¡" Coth AL - 1¡
â
¿

$"6t¡,

¡rhe:¡e the rel¿tíon holds at frequencies j¡rverse wittr respect to the

eutoff fÍrequency" F4J¡æbj- on (5"6I) also hoId.s for ad¡nissible q fìrnctionse

H:ith l*1.,' r"epJ-arced by A1" these id.eæ folllow easiJy from the fact that
2z"- arrã q--functions are obtained. froa eæh other by replacing p ¡y *.

p'
Eq*ation (5 161,1 thus provides a way of measuring s by means of ¿¡;

measurement of A't or A.' according to the analogies and. method.s..F¿
ï-¡ - T-r

developed. for Å 1 and I -¡.n ThÍs may be useful if s *o* is verxr smal].,

-'Land dj-fficult to measure accurately.

The above has shorm the analogy between u o and. the ex¡ponential

complex potentÍal, and provid.ed a method. of obtaining the most general

possible function2 zes for the 1ow-Irass reactance filter by means of

rapid measurements with the new pole-zero apparatus" Since q..functions

are related. to zo' functi-ons by the transformation F._¡ þ, it is
evident]y possible to represent q..functions and g¿ . g,mctlons by the

potential analog nethod.. Furthermorer ed functions for antirnetríe 1or,¡-

pass filters"qan be represented. on the analog" The follow'ing seetion

treats the representation of q,e adrnissible qo and. q/ functions by the

potentiatr analog method" 
¡ '
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VI". ?IlE POmn¡"IIAt At{AfáGIË FpR q, ADMISSIBLE q

AN¡ q/ FttNcrro¡6 F-oR REA.cTANffi

Ï¡üT-PASS FTL1EË

From the fact that q frrnctlons are obtained fron zu fnnctions
1by replacíng p by f, rn the latter, it is easy to see that the potential

analory for both q and admissible q functiors ís' obtained by placing

one-half unit charges at the brranch poÍnts in the p pJane and alternating

unÍt charges along the pass band, includÍng ze:o fnequetrcf,o The

admissible q functions Ìrar¡e a pol-e at ze¡o frequency" wlrfJ-e ordinarXr

q functÍons may have either" a pole or zerc thereo Alsou the charges fn

the pass band represent coíncÍdent pores and zeros of z6 and | (or z.
.'l .gaand fo) in the case of ordinarXr q flrnctíons" while they represent coiR-

cident poles and ze¡¡os of zo and F11 for the admissible q functfons,

For neasurement of q and admissible q functÍons it is usually

nost eonvenient to use a conformal representation such as the quarter

elliptic Èine nrappíng" rt is c1eär that the rear potentLal is propor-

tibr,pl to lnlgle unless an antilogarÉ.ttrnfc amprifier is usedo

ql functions are represented in ttre anarogy by pJacing half-uníü

charges of opposite sign at the two branch points and unit charges of
opposíte and aLternating sign on the j&)-a:ris, s¡nrmetnicarJ-y located

about p=0. For measurement using the potential analog s¡retem ít is

pncbabþ most convenient to usd a half prane such as an erliptÍc slne

mapping,
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VTT. SOI{E ÐOMPIffi OF STMPT,E TJ,DDM AEA6Tå,Næ

ETT.,TEË SY¡ITIffiTZED TüITH IgE ATD

OF TI{E P0TENTIILÉ .ê,Ì'lAf0G

sï51EFr

The egnpLe given by Storer was done by using the potentlaL
77

analog s¡rstem. tt Figu"e ln8 shows the image lossn o(e reoorded by

usirag the potentiaL analog system, the calcuLated Í.mage' Loss ànd the

loseless fitter scherptic. lÌæ ordinary p half plane described oa

Fígure 5"8 r¡as used for obtaÍning the recording" One notes that the

scale near the stop band edge roas not sufficiently e:çanded to perrnit

accurate recordíng in this region"

Fígure 5"9 shor¿s the sane problen done by using tne ä -plane,

where

þ=
Q)o

(5 "621

( ffre at,tenuatíon for the full corætant-k iectÍon and one of the otherc

is also recorded)o The transition negÍon is greatly eqranded now and

the poínt Þ =oo maps Ínto a pointo

Figure 5"10, recorded for the satne probLem, shotus that the r¡-

plarre, where

!{= . -}
(5"63,

.n1
'tJo E, Store¡ ¡ P.assüre l{etço_{k $ynthesis ,(Torontoa MeGrals-

IfÌLI B6ok.Co*-e Inco.e 1957)¡ pP" lO5-107"
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is not suitable for this problem because of the cont,racted niappi-ng in

the vícinity of the stop-'band edge*

Figure 5,11 shor^rs Storerrs filter problem done on an elliptic

sine quarter plane described in the Figure" Evidently one pole occurs

on a side of this plane along whidr the potential was not record.ed."

Otherr¿ise, this plane is perfectly suitable"

Figure 5.12 shcn¡s the final mapping and recording for tiris

problem" The elliptic sine quarter plane of Figure 5"1, page BB , was

completely suj-tabIe, although the transitioa band is not recorded as

in Figure 5,9, The network resulting from denorualization to an j-deal

cutoff frequency of l+000 cps and terminations of 600 ohms, wh:ich the

i:nage impedance matches in a Chebyshev fashion in the pass band, is

also shown in Figure 5"L2o Chebyshev matching of the image i:irpedance

results i-f the limit of this natching j-s at

re - ræ1

and the relatíve deviation, 9., unity is found from

8?^

in various books.72

of z;o from

( t *rl'
\% /

(r=)

72FCauer, gp" cit", p" 36I. Design procedures and formulae for
element val-ues may UãTound j.n Appendix 2., ppo 357-3UJ"
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The operating loss of the l-ossl-ess network is also plotted in Figure

5 "!2 o't

Figures 5,13 and 5"11+ show recorded and calculated image atten-

uation for a nore compl-Ícated example. The "t*" ã plane as j¡r Figure

5"9 was used for Figure 5"A3a while the same elliptic sine plane as in

ligure 5"11 was used for Figure 5.11+, Figure 5"t5 (for the same example)

also shows the network denormalized t'o an ideal cut-off frequency of

L0 kc and Chebyshev-matehed terminations of L35 ohmso The operating

loss of the lossless network is also plotted.

FÍgure 5"16 shows recorded and calculated image attenuation, the

denornralized network, and its' operating loss, for an antimetric lor'l-pass

filter of class 7/Z wttn erçerimentally determined Chebyshev behavj-or

of stop band image attenuatio.,,Th The terminations were agai:t

determi¡red to match the image impedance in a Chebyshev mannerô The

image impedanee at the generator end of the netr,rork is of "trr" f*Ot(
and the right, side image irapedanee is of classp ot2 The network

elements were obtained with the aid of the Appendix in Cauerts book

(Footnote J2) " It is interestÍng, Íncidentallp to note the effect of

the reflection losses in increasing the ttstrengthtt of the finite pole

73Fo* a defi¡ition of operating loss one may consult Cauer, iÞid"¡
pp"- 130-L31,

7hfr" elassification is due to Cauer, ibid.r p. 283"

-l/)Ibid,p p" 282, The image impedances could have been studied
by using ffinalog of seetion V of this chapter to obtain a suitable
recording o
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used irr the match'5-ng sect,ions"

In ti're above exanples Ít has been assumed t'hat åhe reader is

sufficiently familiar with the design methods to o'bviat'e the neeessity

for more deÍ:ail-erl u+xplanat,íons "

The ealc"ulat,ed image attenuations were aiL found with the aid of

a Bendix G-I5 Dígital Computer by using the pole posit,ions found from

the analogo Tile operat'ing loss cìf eaeh fi-1tes" was fo'rird by using an

fBM L620 Digi.tal- cûmputer"o 
þ

Froni the recci:dåtrgr:r it is evídenfl that the å -plarre and the

et-i-ipt'it: pJ-a.nes al"e re:.5/ suitlable for ti'ie sotru.t'ion of the approxÈmation

p:roblems for. mc,st, I,cw-pass filter specifåeations occur"ring ín pracì:ice"

Th¡e other two plaries tried e.re obt¡j-:.tlsLy l'rtl-t suit¿b"i.eo



f;ûii -!.1,:: .,,.:iíIii....3ïr 1i-il..,3 i-ìü

,r l''lU i i.i'i{¡j'itI ,- ü::.f iOiri5

S.,-jcesgÍul- poini*i:J/,'-r')ú:i-:r.; ne¿s rr'e ìür,ris cf ìoilase 1:Jeïe pelfor.¡ned

:¡. u:l:g -i;c-l;al- curren-b í'-i cr; ¡rc::c;s :he lloilndar'y of a shor'¡;*circuited

("Lta--;ví'Flane as ine analoz t,c;lhase" ¡lncì,her nlethod by t':hic'h ì:his

ccul-c oe e.cco:tlplj-sii ed usiag sL.rcL.. quai'iei' planes 't.i¿ìs consi deied 
"

SuccessÍul- 1;orni-by*po-n'; ir,¿å¡.-rj'c)'l'r€nis cf a rlagnituie funcLion i'Iere

;iSo ca:':-ed cuo on ail olJn*c:j.J.lit:C C,*lÍ-.:=Í i:*-o-Lane and ils loga;'iih'-,ic

i;r'ansÍornation" i'lel.r eqìra'¿iois i'or= ,-'le:surcnent, ín a l:alí' p-rane,

cf ¡es-;ciues oÍ re.lioital- iJ.irc;lors l¡:-¿h s1ücie a::i doubl-e poies i+ere

der'v';i, and reasonabi;r sìÌcc.'rssiili- pcin;'-by-poirrt measurements of

such :.esioues iüere carrieC ou-i, cn Teleiel-ios sheets. Lil t,hese Ðoilrl-

i;ç--nc 't'i, reasu:lemcnís" ihor:'r. s-1cce:siu-l -"o at feas'l ü. reesonable

deg;e., s]:oiled ii-re.i; Nhe inaccu::a:;'-e beir ousness end 'üir"ße invol-veci !r,

ri":.ii-i;r.3 i,hern necessiiaùeci lhe cu.rstr'uc-bion of a serni*au-b,ornatic -ilotel^ril-;al

,t
pnâ-l oì-. ¡r¡nrrâ'i-,r)s in orCer" ì:o .-.:-;;ai-;i., rhe solulion of approxin:.iÍon

^-¡ ^+ì^,-* ^-^^l^1 ,-ì n¡.-r-.-nl =rrqi_¿r¡ .ì^a.i a¡ ¡Ttl^a ^lq¡iu vurrçr ir. -r+uììîS i:ì l:el1"tO:'.: .^:-* e vv-,r çr9ÞrÈ;¡ro r¿¡g aJOVe,

poini-by-point nea:;;ú::3:li: :, l:c ga:'e e socd :nysical- appreciar;ion

o'l i.h¡r >n.¿1 C,c,--¡ c^, 1.-r'u¡-v G:¡clv¿i e ùd:u:vüi Ì ; us - Uvl;G¡ uÐ 
-_'ver

?oiior.tiirg suages-i:ioes dile to B;'rcEese a î€w serni-¿utornatic

poiential- analog ep.pà:a;ì;J ::;pic;rin.3 an ]-'Y i'ecorder was 'Ceveloped"1
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This ner¿ apparatus was designed around bhe original constant-current

unit buil-t by Bridges, and incorporated the most desirable features

which, according to bhe studied reasons presented in chapter IVt such

an apparaius should have in order to be most useful for network and

cont,rol system analysis and s¡rn!þssis especially net'work synthesis"2

(tfris apparatus is also suitable for solution of other problems

involving, basically.u Laplacels equation i¡r two dimensions)" The main

features of the ner/r apparatus which contributed to its flexibilityp

accuracy and speedye practical operation weree

1o The use of uncoated Teledeltos paper"

2" The voltage pick-off system, which used fwo wipers travelling

at constant speed :j¡1 contj¡ruogq contag! with the papero

3, Facile use of fairly large conformal mappings"

lr" Reasonabl¡r stable amplifiers for the vol-tages picked off the

Teledeltos sheeto

5" The use of an X-T recorder yielding large recordings"

The use of the voltage wipers, and the parbicular combination

of equipment for this potential analog apparatus seems to be newo

The over-all accuracy of the apparatus in measuling magnitude'

(att,enuation) was for:nd to be high, often (Chapter V) ï,rithin one per

trE. Bridg"u, ilA Network-ltnction Simulatorn (unpubliql:d
Thesise The 1lnileráity of Manitoba, lnlinnipeg, September, 1958)¡

2tbid", pp. 19-27"

Mas+,erts
pp, 62*63'
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eent. Similar accuracy has been achieved, in cerbail câs€s¡ for phase

measurement, but this may not be possible if singularities are close

to the Ìripers. The ræe of stil1 rnore stable (probably chopper-stabilized)

dc anplifiers would imtrrrove and facilitate phase and delay measurements"

Once the potential analog apparatus had been developed and its

practi"cability shonrnu a comprehensive study of literature on image

parameter and insertion loss filter theory--including applications of

the pol,ential analogy and potentía1 analog devices in these areas-- !üas

urrder-takene the necessary derivations of equations í¡r terms of t'he

potential analogy carried out, and some of the applications of the

new poLentíal anaLog apparabus as a design aíd were pointed out'

although time, circumstances and space prevented the use of the

apparatus on examples of all these applications those that' were done

definitely proved its accuracy and practicability in at least those

problems involving only attenuation (gain, magnitude) measurementso

It¡lith these examples on hand it was easy enor.lgh to show that the apparatus

could be used in a practieal- way on other--often rela'bed--problems'

Exfensive applieations to measurement of phase and delay have not been

performed and, although some excellent results of phase measuiements

have been made by graduate students, only one cì¡rve of phase (taken on

an uncorrected half p-pltrr") i" given in this thesis, and no cu-1res

of del-ay. It is suggested that future lfork might be done in applying

the analog apparatus to problems suggested by this thesis which involve

obtaining recordings of phase and/or delayg this would establish ¡he



12B

extent of the apparatusl value in such problemso -

In Chapter v the reasons for treating image parameter theory

and design, especially according to the potential analog method, were

first presentedo Then the approximation problems of lossless image

pararneter filter theory rliere presented

The potential analogies were then worked out for aIL the low-

pass irnage parameber functions, with a view to applying the potential

analog apparatus as an aid in de-bermining and sbudying them. The low-

pass image parameter functions included are all those normalJy found

in bhe irnage parameter filter literature; for example, the mat,erial
nl

b), Cauers Bode and o'uhers,Jt4

It was found that, the potential analog apparatus lras especially

suitable for solution of the low-pass approxirnation problems occurring
r-1

when I i h"¿ atbenuation poles on1¡r ¿16¡9 the real frequency axis and,/

or the real axis. The case of poles occur:ring only at real freguencies

is the most common in praei:ice--that is, when attenuation only is of

prime concern" Several examples of low-pass symmetric and antímetric

filters which ¡rere slmthesized with the aid of the po-t,emtial analog

apparatus to meet specified stop band atbenuati-on characteristics wêre

presented" Actual tracings of transition and stop-band a'btenuation

3W" C"o"r" Theorïy' of Linear Communic4ti-on Ngli€IEq, VoI. I
( u" c*"*-tt irr 

- 
soo k mffiäy;rññToffit-o iTffi

l+H" Ìü. Bodee ,a General lþeorr of glg.glr}g @rg ffi, gett
Telephone Systern uänõ"gfl -STlÏ'rÐl+Tî--
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;'li;ai,]ec '¡.1, rr,i¡fen.tni¿'ii:,:: o--' -:,1t, poÚê:-rf ia'l analog appa'i"aius, using

'.ral.ic;:; coníortial- rc.l.ppin3s ci '-':t¿ quar-tei |*;olane, l^Jere pl-eSenled, and

cotïrpeî€:i i.¡itn Ca]CUl-ated c\7'!n.r" The egi'eei:ie:'-;';''laS ofteri t";ithi¡: lio'¡lneti

¡- sui';;ìvig c oní'oir'i::i ,rcli-ti':',, "' ':t l: '+n'V-:'ci'¡iz<1 "

Tne s!mU.--¿aí,eo;lË aÐ;lll".:r-;:l¡iiion of ¡laSe and a-uienUation in ihe

ioi-¡ tass case is no'l as si''r,i:'ì ''i :Ííecieo ';t'l;n 'bhe 'noienbial- al-raicg

a-lrcai¿-r,us becaLls¿-lhe ooie o:s:,libuticn u,;.tllìci be calc;:ia¿ei and'r cannct be

,,ccaledl eticËo-! 'c;;r iri1i ¿:.d e¡ror' *"- a 'r¡r¡;¡31 ]¡r ir-lpcssfble süuai:ion

e::cept, i-n si,n.olej' cå.SeS -:nvciv'j,n¿ a Íair'-i y l-ol+-order nejli'Íoi"Ii"
,r_,

Bjr us-ln¡; '¿he salrre n¿'ùíjlÈ as ícr i '.' one cotil-d also s'i;udy the

.,'rage i:efiec i,i cn fuLnc'¡j-on il lre pass i:and "

B;¡ e;:O-l-o;;ring ol¡el*,úll-cùi-ieC sheeis r:he po'Ùential ar'alog a.opa:'a-cus

ruy be i.ised to s;i1dy q, c,' ani it,tage inçedance (zo) functions' l\=o

e;ranpies a;.e gi.ren sj¡ce rhe ap.oiica'i;icn is evideni: frorn-uhe discussj-ons.

1hrcu3hou-b i;his 'rhesis (and ihe auf,!:orts ccraple'be repo:'t)

conío:.iul -úlåÌ^rsf orma't ì ons Servc eS e po\'Je::ful i;heoreiical- and

pr-aclical 'úoolo They ar"e neceseåry ií' desired accuracy is io be

ai'ba:-ned v¡iih ihe poì;eniia-j- anaicg ap,.;ar.a¡us " It r"¡as f or:nd l'hat the

*,.i !^
or"dinary Ð piåne and tne :'ra;op-; ¡13 tt= -111.-,. yielded impracticai

p .j- j¿"jo

scal-es for íili;ell prcbieas. !lo,;ever, -c'he mappings

-) ,- Ez -7.'lJ , *Tî

and

-i.P =sn(zek)
__ i)
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were admirably suited for practical solution of the low pass problems,

the asymmetrical band-pass problems after transformation to the special

low-pass type problem, and the double pass-band problem" For multiple

pass-band problems the hyper-elliptic mappings shorld be well suited"

The r,¡orkers in this field should investigate other mappingsr of which

many are knorrm and cataloguedo

Because of the syrnmetries involved, one may use quarier sheets

r-ì
in studying all I 1 tunctions, all q functions and all zo functions,

but for studying q/ f'nctions one must use half p1-aneso

After application of bilinear t,ransformat,ions and/ox react'ance

transforrnations, high-pa.ss, band-stop and synmetrical and other band-

pass problems are transformed to equivalent Iow-pass problems, and
¿

so are treated as ín the low-pass case above.2 In order to obtain

minimum induetance band-pass frequency-sly'mmetrical filters the

transformations due to laurent may be used on anti¡retric low-pass

A
filters"o This transformation has been given in a more recent article

7
by Saal and llLbrich"'

5c"uer, op.. !r!:-, PP" 29G332"

6I. Laurent, ttT,e Fil-tre Zig-Zagtt, s@ Techos \Io1" he

January, 1936s pp' 3-28.

7R" SaaI and Eo Ïllbriche t10n the Design of Filters. by
syrnthesisïlÆ i;;*¡å"!^i9;t .oä -circuit 3n9:g¿, voL" cr-5' No' l+e

December ï95ös PP. JOU-JUI"
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The idea i:hat the potential analog apparatu,s can be used as a

practical tooi"" of sufficient" accuracy for many filter problemse and

that this apparatus might serve to replace the tempJ-ate methods of

Rurrtp*J.f in both low-pass anci as¡rrnmetrical- band-pass cases seems not to

have been generally aecepted pr"eviousL.y, or even greatly eonsidered"B

This chapter shows, wi'bh ilïustrat.ive examples of low-pass s¡,rmmetr"ic

and antj-metric filbersu that such a repLacement is feasible and would

probably result in greater speed of applicatíon than Rumpeltqs template

methods" Furthermore, the potential analog åppaï'åtus rnay be usecl iio

find the contríbutions due to real-axis and complex po1es.

Recent,ly, there has been considerabl-e aci:i'uitiy in techniques usirìg

digital- eomputers tc, ar:'ive at o,otimum po3^e positions "9sLA These rnethods

have been ]ímited bo loir-pass and band-pass filtez"s and to poles lying

aLong the real fregueney axis " trou:'ihermore, one cannot easily buil.d

rljudgmenttr into these dÍgi'bal computer plrograms; lhat is, one cannot,

change pole positiot'ts to all-ow for greatsr. 'holerances at desired places 
"

One can, on the other hand, easÍIy use the analog apparatus to obtain

desired results in such cases, Final,lyn the analog apparatÌrs can be

88" hrmpel.t, rrschablonerlverfahren fur d.en Entwurf ele*kt,rischer
l¡.IellenfÌlter auf der Gruridl-age der 'lnb3-lenparameterrto 

t9]g.Braphel¡-
{qryrfl¡r:ecþ *_,mk'-- trr9 Felnsgh-Technik, 31 Jahrgang, HefL ue *4uguso,
L9142, ÞP" 2LJ*2'19"

9T" ïo5i".r", *i0pt,imiza'cion of T,orv-Pass,{tt,enuation Character-,
istics by a Digital Con,puterrtr Paper presenbed at the Midr¡est Synpoeium
on Cireuit Theory, Ma;r, -L963"

11
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usedmorecheaplyforthedeterrrrinationofpolepositionsthancan

adigitalcomput'errbesidesbei:rgimmediatelyapplicabletoarbitrary

dist,ributions of these poles--and for the rnany other pulposes not dis-

cussed ix this thesis "

Finallygitisusualinthesestodealwithpossiblefuture

investigations, Ïn order to point out r^¡here future investigations might

lie, it is necessarlr to refer the reader to the author¡s complete

"o"k"12 
f,imitations on size and scope of this thesis have not permitted

the inclusion of that rnaterial here'

In his report the author has obtaj¡ed a]I the f\mctions for

image-parameter as¡rmmetrical band-pass filters, using the potential

analogy, and shor,¡n that the mappi:rgs used suecessful-ly in this thesis,

plus another, can be employed with the potential analog apparatus

108. R" Smith and Go C" Temese tlAn fLerative Proeedure for the

Automatic Synthesis of General Parameter lor'rpass and Bandpass -Filterse 
rt'

Northern Electric Research and Development Laboratories Technical-

Memorandum TMBl3l+-63-2, J:uIy 2, 1963"

llPrivate discussion with J" Do Macdonald, -Northern Elect'ric
Research and Development Laboratoriese Augo 6e L963"

12M. S"bhtash, rtThe Development of a Semi-Âutomatic Potenti¿I
Analog Âpparatus, an Íntegrated Ji,pþroxirnation'.Theory for Filters
Derived by Means'of the PõtentialAnalogy, and the Application-of the

Apparatus as an Aid in its Praciicaf fnõiämentationrir-¿u$'s¿e 1963'

Â concurr"nt repo.U tá trre National Resèarch touncil of danada, under

NRC Grant Wo, gi¡6" Copies of the report may_also be obtained from the

author who is presently erçloyed by Nãrthern-Elecbric Coo Research and

Development Laboratoríäse 
-Ottãwa, 

ôanada, and from the library of his
ã,optoy"". Aftfrough othei publicãtions are forthcoming, this reporü

riff äio" the reaãer the most thorough treatment"
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(after a previous transformation) to solve the image-parameter

approximation problems. Linear-phase image-parameter filter approx-

imation problems are treated and possible practical uses of t'he

potential analog apparatus are presented" The theory is then generalized

to muLti-band filters, and a general image propagation function is

given ^ This function is a sum of hyperelliptic iniegrals and, in i

potential analogy terms, is a complex poten'bial. The residues of the

integrand of this integral are just 'Lhe positive charge multiplicities"

.& similar inbegral form is given to describe the complex potential

when there are no poínt charges, but only conducting plates with

positive or negative charge along the imaginary axis "

The sjx.bh chapter of the authorr s report first presents a

historical development of the inserbion loss theory for filters, with

relatj-onships between the workso A general insertion loss theory for

fi-lters with Chebyshev pass-band behaviour is then presentedt using

the pofential analogy. The theory paraIlels, to a great exten-bu that

derived by'rdät,anabe in a strictl-;r mathemati""l ttyol3 Ho""t'""' the

potential analogy gives easy visualization of the nrathemafics of

approximation. The ideal transmission function without poles is just

the complex potential fu.nction for the case given in the previous

paragraph" That for fhe ideal transmission function with poles is the

l3itito"fri I'üat,anabee ttÂpproximation Theory for Filter Networksu¡l

TRE Transactions on Circr-iit Ttrò-oqy, Vol" CT-9e Noo J, Septembert

:ru;-;îry '-Y6:-
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complex pobential problem for the corresponding image parameter

problem,exceptthatpositiveandnegativechargesarepermitted

in the insertion loss theor.y. T,rlatanabers i-l1tegrals around branch

cuts correspond t,o encirclement of charge a¡d cuti,ing of flux. The

potential analog apparatus may be used to approximate the stopband

operating (transducer) loss through use of the formula

s(p) ã8"686lx! - 6"02-.å.* (in au)'

r¡here lo<f is the real part of bhe ideal transmission function' This

is set up on the anal-og apparatus in exactly the same way (except that

now negative charges are also permitted) as shor,rn in this thesis"

In the a'oove way a]L possible j:rsertion-}oss functÍons wit,h

chebyshev pass band behaviour are included. The authorls report shows

how all the previous lcroi^rn such functions are special eases and

relat,esthemtotheimageparameùertheoryusualfirusedforthe

derivation. Lirniting cases of the theory are given b]t compressing

plates to poÍnt charges3 this yields all previous maximall¡r flat cases"

Most o:bher insertion-loss filters, including linear-phase filters are

treated and related to the general theory in order to obtain an in-

tegrated result.

TheapproximationiheoryisalsodescribedforRcfiltersg

orls-port functionse constant-phase-difference networks, distributed

networks and (very briefl:¡) amplifiers ancl automatic control- systemso

This theory is related and integrat,ed r.rith the whole"

Ina}ltheabovet,hepossibleapplicationsofLhepotential
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analog apparatus are constantly noted and described"

An exhaustive study of the literabure has been done on all topics

i¡ the reportu and related to the material given there"

Now fhat, the reader has been shown how to get knowtedge ab frontiers

of the field, suggestions for future investigation (gíven also in the

authorrs report) can be presented" These areg

l" r0onformal rnappings for bhe various problemse o'bher than those

used in this thesis might be found and bried"

2" One might, present more thorough ph¡rsical pictures of the

Riemann surfaces defined by the conplex potential functions

usedin|hereportinthebhoror.rghmanneTgperhaps,that

ìs nresenf.ed hrr Tuttle in his treatment of one-port approx-
+u ìJ¿vevr]vvv vrl

irnation problems.ü There rea11y is hardly rooi¡r f or sirch

explanations even in the authors s completê work"

3. To be very thorough one should experÍmentally apply the

pobential analog apparatus to all the filter types considered

in the report" All sorts of selectivities should be tried,

ancl the limits of accuracy for the apparatus more exactly

establishedoThusroneshouldfindoutwhethera]-lfilbers

tha.,, can be built wi-th present-day components can also be

ciesigned with the aid of the analog apparabus" fn particular,

ü0" F"
Wiley & Sonst

Tuttle, Jr",
Inc"r 1958),

Networlc S-rrnthesis Vol. f (New Yorke John
pp" ð32 - 1050.
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the designs for Chebyshev pass band double pass band filters

shou]dbetried,especiallythoseforwhichtheanalogapp-

aratusmustbeusedtoexperimentallysolvethetranscendental

equation cont,aining an elliptic integral of the third kind'

The use of double pass band filters should result in a

considerable saving in components from that necessary when

parallelilg band-pass filters to obtain band separation or

rni-xing"

One should try to apply the general insertion l-oss theory of

thischaptertothedesignofcrystalfilters"Thespecial

forms of characteristic frrnctions of Nt'h degree which are

N-2
suitable for realization of filters with þ seifs and

those of odd degreee as well as others for which both

positive and negat'ive charges are employed in the complex

poient,ial problem analogous to the ideal tratrsmission

function, might prove to be useful for crystal filter design"

As mentioned in I¡Iatanaber s papert it may å].so be possible to

design comb-filterse and filters lvith negative as trell as

r(
positive resistances, besides L and Co*'

The use of hyper-elliptic mappings for filters with a greater

numberofbandsshouldbeinvestigated"Thisinvolves

findingsuitablewaysofcalculatingsuchmappingsgand

2o

l5Ï.'I"t"rrtbe¡ &. cit", P' 3LB'
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their experlmental use in finding nrulti-band filters.

Thus¡erperirnentalquantizati.onwouldhavetobeused
.bo find the zeros of che charàcteristic functionso gne

should be able t,o use a bilinear transformation to effectively

reduce the number of bands that have to be considered, and

to obtain formulae for design from the gen-eral theory of this

chapter"

7, An antilogarithmic amplifier might be added to the potential

ana}ogsysteminordertoob|aindjrectplotsofrragnitudes

of characteristic f¿nctions and volbage ratiost although

this is merely a h:xury, not a necnessity"

B. The properties of the Abelian integrals should be thoroughly

investigated,andca].culatingproceduresfoundforthose

,, of higher order"

9 " Explicit design formulae for the numerous filter t¡rpes

evolvingfromthegeneraltheoryshouldbeworkedoutin

detaíl.

loo There seems to be a eonflict between Mattheils contention

thatpositiveandnegativepointchargesgiverisetonon-

Chebyshevpassbandbehaviour¡andthestatementby

]datanabetothecontrary,asismentionedinsectj.on
11 1.7

ïf of Chapter Vf" of the authorts reporto'"e-' This

conflict should be resolved"
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Ll, .å.n attempt should be made to solve the problern of designing

filters with given pass band (especially flat) delay and

Chebysherr pass and stop band attenuation characteristics.

The potential analogy ideas of the atrthorts complete work

should be useful i¡ this connection"

!2" çne might attempt to t,reat narrow-band approximation problems

r,¡'ith the aicl of Baumt s theorXr. For this purpose a

prototype ttlow passtt problem involving complex coefficients

is to be considered

13, Application of the analog apparatuss according to principles

developecl b;r the author, and their extensions, to the

design of practicaL networks, amplifiers arrd control

syst,ems of all typese those thoroughl-y considered in his

'work and those only briefly discussedo

1l+, fnvestigation of the economic feasibility of using t'he

potential analog apparatus to obtain initial approximations

to be improved upon by iterative methods employing digital

computers o

ItpplicatÍorsand numerous other topics for further investigatlon

are presenbed in the authorls reporto The above seem to be bhe most

imnortant"

1Af,oceorge l " I,{atthei, A General lþthod for åYnthes¿q g[ Filteï
lqansfer Funct,icjgg as êpæg to kq egg þC Eillgf EXagplee¿ Technical
fElo;Effrf'orf L-ã6orator'y; Tus; 3\ LgSttpp " 6t-67

"F7*' Sablatash, 199s_ rè!.
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APPEIÍÐïX 3.

ÐCPffi,IÏ'ÍþINIA.L DEfERI'{INATïON OF RESïÐUBS Af FÏFST-ORDER

POI.ES A}üD OF COEFFTCIMNS OF T]1H[4S OF A

P¡RTTAI, IRACTTON Ð(PA}TSTON

DUE TO DOIJBT,E POT,ES

heparallo¡ and caAibratíon of the Pote,rÉ_!al.,44el9g.*Êþ9gl
L æ.ry

For the corrected serai-s]'lìptical conducting sheet the ratio of

reaL to fmag:jnary arsis scaLe l¡as t* = Jæ (rvhene {.,. rcas the
r'rc>YY

conductir¡:ity in the directlon of ro1-ling, which was made tho X-axi.sc

and {rrwas the conductivity perrpeniLicr:-Lar to t}ris direction)l' The

dimensions of the serni-elliptical ana3.og sheete measured fron the
:

inside edges of the silver patnt around the peripherye r¡ere 177 cm'"

al-ong the major axis and B3uó cm along the nrinor se¡ní-axis' The

corrected finite pole and. zero posi-ùions of the calibrating and. test

fi¡nctions were marked, on the sheet with non-conducting pencJ.Ioz

As shor¡m in chapter III, section fVe it was zuffícÍent to cali-

brate forr magni.tude onlyu3 To ttÉs endu a poLe was placed at s * O

and a zero on the Jnfl"nity eqrrÍpotenttaLr each with half-r:nit current

LBu Bridges¡ nA Network-I\rnctj.on Si:mrLatorr! (nnpublished lhster¡ s
Thesíss The Univeråity of Marritoba, hilruuipeg, September lrgíB) pp, hl and
65e69à- An example is gLven on ppo 65rt7 of typical tneasuremenÙs shovring
dre nön-¿çotropLc propertfes ot the teledeltos pâpef ø On pp" 6?*69, tfre
denivaùiqn ls presentod of the correctlon to be appSåed to t'he semi*
circular'arlalog shoet"

2B"idg"r, !þ$þ, pn l+1,

3p, 3h"



JOO

strengths of t-lro ma* Th-e plot of voltagê vso c^, shorplr¡ in FÍgrrre A'L

was o'btained,, and, K1 deterrnined fþom the slope of the straight lj¡e'h

This gave Ih = 1.171+,

MqqFqleyrgnt_¡f-{agni3-uds and Phasg of the Residue at a SineLe Cgmele*

PoLe

The test f\urction given by equation (2rI) was set up on the

sheet !ùlth its finite poLes and. zeros at the corrected posJ.tionsn A

r¡ruit current of h rna, was used' The fÍnite pole wa*s moved to the

infinity eqqipoterrtlal and the potential at its origi¡ra3- posùti-on,

with respect to the potentiaL at s = O.r was for:nd. to be 4"375 volts*
.

Sínce KL = 1,1?he oc= -1Os 9 = 2O and Z(o) = 6Bs equation (l"Z) ¡ielCed

k2 = B5o lr,:]g!gd. = lJTu-T1
To rneasr:re the angl-ee O2, of 12 ot the a¡raLogr the circult jn

Figufe Au2 l¡as used to measure voltage gradi.ent at right angles to the

pÇfpg.nd.ic.uLarr drav¡n fbom s2 to the real arcj-s, From the readingse

si¡lce

Eqrratfon (3rff) then ¡nie3.d,ed
I

i Arg k¿ a 65o'fro =-25o u

, hfre'scaIe on the analog sheet aLong the reaL fbequency æcis
ryas J. cm. '= 1 ra*ian.

S 4Yj ¿"ri=ãV = !.33?-\t
*A*i - i
liuy Aori = 1 cm, so that

Are zz(se) . W.>U= 65a"5
K1 r

5n"idfî"r, op* cit,e ppo ó and 98.
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Potentioineter set at
about 8Oo0 ohms

To probes
apart, on
sht¡et"

168

spaced I cm"
cori<ìricting

1 ((., 

-
Le))væ

'€l: - | Dry ceIl

I
o

ìñ
tl

C\J
,a-a

llote

Note

1¡

2c

Detector

VTVI{ 'r+as General Radio T¡pe Noø 1BOO-A, ofi 0"5v range@

Detector r^ras eítrrer GeneraL Electric T;rpe Do*Jl microamnetere

or HoneyueJ-} Detector,

FÏûUAE A,2
/

APP.A&{TUS FOR ]'ÍI¡,TER.TI\IG VOLTAGE GRAÐTEI\ITO

Iteas.

Ilue to Double Poles

The rationa]- f\mction

z ¡ ( s ) = (e"?!Ð1e"19:ilrelG"10"i L0 ) (s +39:J 3o)iegelDo) (¿"r)

vras set up on the sheet with the poles and zeros at the correctecL posl-

tions ¡narked on it" A unit cument of l+ ma, was used for the finite
conrpJ-ex zerose B ¡na, for the fÍnite, double corç1erc pole and 2 ma, each

for the real zero a,nd pole at, infinity" The problen was to fi¡d k22 artd

foridg;esr 9S" c"rl,, Fig" l+"3s pu 50,



-l Áq

k21 as È.rVF.n by thc partíal fþactlon erpansion (3"2?)"

F:r¡tlneas..Irgnentswerernadetod.eterminelc22..Iot'hisend'

.i:he pcl-s at s2 = -Lo+J2o (corrected positfon -10.6+j20) was reinoved and

i:Iacec. on the lnfin:iiiy arc; tkris resultecl in the analog representat'íon

of U¡(s)e accorèln$ to eqnatùon (3"t3)' The potentiaLt ?ü'it'h respect t'cr

bhe origine at the orlgj¡al- finite posÍtion of thùs pol"e was t'hen

measured uslng a vacull¡ri-tt¡be voltmeter" Thls potan'þia} ruas V¡ ' -0'$8]

voJ.t'se Equatlon (3"L5)e withoa' -10r P^ 20à Z(o) ' 2h5 and 1(1 ' 1"17¡

than ]aielded
It
ItoZZl o 23 ¡300o

Another me-asuronent gave V¡, * *0*5?6 r'cl1ts, so t'hat

!ntul -' ':': "irj')E

To Í.:.liil' ;;'ir':l l.rii";;.i¡iìrj; {'j''i"t'''t;, l;l:r'iì iurgltl of Z¡*(-J"0+t20) ruas for¡¡rd' ln

æcactly tlrrì :ìi*,irlÈ iii¡*rriï+r- i!$ o...:'ri,?f:i.bed for f''fndl]lg the phase of tho

resi{.ue ¿.+.î; a. r:|ng}e cüiÏ!}Ir:ld '¡rr:'J.Q. !T-Ve seùs Of reaÀtngs were t'aken be-

ceuse of some difficttltíes |n measurement due to the poor contact caused

by the tt¡.in non-conductlng coatíng of the Teledeltos paper (wh:ì'ch

probablry caused the detector variations Ìthen pressure was appl.leci to

the voltageqneasuring probes), æd possùb}e current source flLuc'buatlons

(probably due to the use of one cuffent source at lts maximr¡t rati$g of

8ma")"P].otsofZ¡(-Ior.ic¿)obtalnedfYorneachofthefivesetsof

mea¡su¡rements are glven in l¡igure A*3s h which tlre cond:ttions uncl'er

whi-ch daba for each currre was obtained' are aLso shown" The mean angLe

Ø = ArC Z¡*(-|O+ ¡ro) is pS.otted versus ø in Figurs A"h' lìron tlris

Fig:r:¡e the orùinate at '0 = 20 r¡as read ande with tbe aíd of eEration
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ß "19),

¿rg ke = Arg z¡(-to+jz0)-rr= -72"50

was foixrd, Thus,

kzz = 23365 1-72,50,
l,rhere the nean of the two lneasured magnÍtudes r4ras usêdo

ïn orcler to d.etermine k21 frorn eqtration (3,23), the quantitÍes

AJ!, R and eR ha.d to be obtained " The first c aj, r.ras easily obtatned
ç)q) olc¿ 6¿
as tlre slope of the curve in trtig:ure A,h at t<)* ZO, Hence,

arÅ

lÅ = o"o?hl+ radi.ans/rarLian,

To obtain the voltage gra.d:ient 
$r reaninss of potentiaL r,rj-th

respect to the origin irere tal<en along the line s = -l-CJq.jar, and val-ues of

lz¡{-roo3t¡l ¡¡ere calculated. at each point of measureinent,, using

vh = Kr * l:offF¿l ,

with K1 = 1'171r" The circu:it of Figure 4"2 ruas usecl for malcing the

measurements. Difficult6r ï¡as again encountered in obtaining the

measurenents. As cliscuosed in the second. last section of this ôhapter,

the pro'babLe cause of the troubLe was the use of coated. ,Ielcdel.bos

paper (in later work the uncoated variety yieldeci nruch better results)
and the use of a cument source (pofe) operating at too irigh a c¿i.rent

l"eveL"

Three sets of data were used for the curves os lz¡(-Itr.iur) I ou" *
shomr ln Fígure 4"5, in which are also shor,nr the conditions of measure-

¡-nent for the data fþo¡n which each curve was obtainecl" The 1owest cur-¿e

in this Figure was not used. for fmding €& b"culrse of the lack of
o?ø
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ITlr

suffieient data Ín the vi-clnity of tÐo ZOs the u:rcertarnty of the data

eard the high value of áJ coropared to that fotrnd frorn the other two
õrlr)

Grrvêss The meazured value of 4 at, a = 20p taken as the rnearr of Ùhe
&ë

vaLues fron the trro top clt:'\¡es of FÍgure Au5, was then,

îD / .qi: = o.1l+5 x Loo ohms/radian.
vw

Î,^tritìr a snrall neight given to the lowest ctlrve in Figure /.tu5e th,s

rneasr:ued value of

f{ = Z,(-IO+¡ZO) = 3T "5 X l"06 ohìrs,

Equation (h"a3 ), r,¡:itir
t

ft æ Z¡(-lO+jAg) * jT,$ X 1O'' ohins'

Ø ^ l^877 raclians"

- 0.07hh radians per radiarr,

= 0"il+5 X i.o6 ohns/rad:ian,

P- Zop

a¡¡d

73çt0+Í3a) = kzz - Ð365þi?é2- J0?0*i??.23Qi

¡d.e.i.ri"s

kzt * 2a5o/:\o"7*,

fYoin measurønents on the poterrti,al- arta1.og"

ÊE
&¿u

€r
8at
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APrENlllC B-l-

T}M MODÏFÏCATTONS TO THE EARITER

POI,E-ZENO MACHINE1

A comparison of the original. pole-zero machj-ne w'Íth a machine

meetíng the requirements described in section IIu chapter TVe brought

forth the fbl-3-olcing li¡r:itations to, difficultíes encountered wÍthp and

itens for lmprove,nent of, thls originaï- machine:

I". The oscilloscope on the early po3"e-zero machine was too

smal.L to províde practicaL, accurate reeorùi:rgso and its controls inter*

acted rather badl-y" Hencee it was decided -- after some e:rperimentíng *
to use some other mearr$ for recordingo (A brush oscillograph gave traces

with a ma:<imum ordin"ate of one and one-half inches) " an x-T recorder

proved. ideal for the ffnal version of the systera,z

2ø The integrator was not functior:-ingo so thab recordings of

integrated current ff-ow across ljnes on the sheet could. not be obtained."3

Thus, for exarnpleu the phase of rationaL firnctions of a complex variabLe

could not be obtained by automatic recordinge but only by sLow and te-
diou.s measurements wit'h a voltmeter, Hencee azr integrator ni-th a long

tl-rne eonstært had to be buÍlt"

3" The rotary motor-driven break-before-make switch used to píck

lE* B*idgeso r¡A Network4unction Simul-atorrt
Thesis, The University of Manitoba, lnlirui:ipeg, Sept,

ZModeL 25 Moseley Autographo

.JBridgesp opo citoe þo 3Zo

(unpublished Masterts
i-958)p ppo 2-h0"



l-76

up the voltages on the fixed. voLtage probes restfng on the Teledeltos - !

pap€r i.:etroduced a great deal of nchattertt a"s the rotating wiper passed'

fbom one-scitch contact to the next,h So mrch ttcha'b'bertt wa"s Íntrod.r¡ced

by the suitch that phase or deLay measurements could not be nade at alJt

and. nagrritude rÞaslrrements could. be made only on the i.:nadequate brush

oscil-lograns^by usi-ng the emrelope of the recorded waveform' The Ìüave'e

fomt shoned every makg and break of switch eontact by iumpi¡ig to t'he

ernrelope of the ctrrrree and then back to zeto aga5:n' A1-3. attempts at

filtering&,r obtaining smooth cr¡¡nres by using t'his rotary switch were

unsuccessftr.1" in producing torted.u snooth fitItrre on the brush oscil-

lograrno The X-T recorders f\rthe:rnoree couLd not even foJ-1.ow the reqlåd.

voltage varÍations lntroduced by the rotary srj-tch' these d:ifficulties

r¿ith the ?o+,ary swit,ch resulted. i"n consÍderatíon belng given to replacfng

this part of the apÉaratus wiüh eithêr a commrtaÈor-t)4¡e mechanísm ot

rnovlng probes, conti-nuousSy in contaot wlth the TeldeLtos papere f,on

pickine off the vottagesã s6sT eB sg

líg"idg"u, !p,. Ë., þ" 32n
fÞ8, grídges" who suggested that moving voltage probes such as

desoribed i-n Germaínr s artiõle (footnote g) mieht be usedo

6R. E" scotte ,An Ána].og Device f.or solyinF @, aeploxPatiog Prg- 
.

bLern of Nefu{ork SyntfreEf@slãõñusett-s-fnstftrr-te of Technologyr_lesearch
ffi-o'tro@! tect¡rica-ì. Reporb I-JJ' J¿ne s 3-95}s PPe 19-20*
À conumrtalor r¡ras used t,o lict off voltages on consecuÈívee fi:x€dr c1-ose1y-
spaced, voltage probest

?St*L.y T,ehre Solution of the Approrj¡nalion frgtLerl g[ N=elwork

Synthesís 'tfitti an Analoe Coffiputere-Polybechn:ic Institute of Brookl¡m, _^
ffiã ñe-ealõtffitffi-séaret,l Repor"b R-327-5is Pß-263, .Iune l8u
1#3s ppo 6-7, .4. rolU:rg voitage probe attached to a movirg camiage T^Ías

used-Ín the pøbentia3. anaLog mach:ine described here'
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l+r the chassís with fixed probes on ito the rotary swÍtch and all-

the associated wining were cumb"""o*"u10

5, The fixed-probe systanr d:id not pernrtt aL3- possible inforrnation

fron the sheet to be obtaínede because of the finite spaeÍng of the probes

in each rowo

6" There rüas a possibility that an X-Y recorder nould work r^rith

the morring-probe systemo This would enable large, easíly-s¿ibrated

recordi-:rgs with the most corn¡enient scales to be made semi-automatically*

The above considerati-ons, and the many fþustrating experiments

performed r,nith the ear ner apparatus as work on imprwing it proceeded,

finaLly resul-ted in the follow"ing modificat,ions being made to the earlier

machine:

1' The oscilloscope unit was removed" Arr X-f recorder r'ras

finally employed for the recorûingsoll

2o The probe chassise transposition framee rotary switch and its

motoru manual selector svritch and al.l associated connecting

ôoPauL M" Liebman, Þiryllgngggq Q.er,t-Phase ApproË_4aÞioq !tr!4 g
Potential Analog Comput,er, Polybechntc fnstitute of Brooklynr Micronrave
n ch Report H4A717p PIB-5h5u August 22e 1-957s

Þ, 23" A double-roller voltage probe attached to a moving camiage T¡ras

used i¡r the potential" analog machine, This Tdas a modification of the
one described. by T,ehr (previous footnote)o

9P" Germain, ttElectric Analog Methods for the Study of Problems
related tcr the Laplace Equationrtu (in Frenctr), tgE.pqre. EnI", 2s9p L95Lv"
A moving probe was useda

iQBrídEes ññ aìà nn th-t9". ' uL ¿\r.6vpt Ylio Y*yot j,j,o

lluo¿eL 25 Moseley Autographo
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r,¡.jres T¡rere rernoved.e and. replaced, by apparatus emplo¡ri:rg two

c]-osely*spaced pnobesu dríven at constant speede and i:r

contjnuous contact r¿ith the papere to pick the voltages off

the Tel-edel-tos paperr

The dc amplifier u¡-it a¡d its regulated power supply were

removed" and replaeed by a dc ampl-:ifier unit consi-sting of

ttree Heath Co, Model ES-20L dc ampLífíers and their

associated Heath Co" power supply, Circuits were bu5-1te

su:itabl-e muatíple-pole wafer switches usedu and the ampli-

fiers associated o:ith these passive components in such a

Ítanner as to give an addere Í¡rverter and Íntegrator whieh

could be used to obtai.n potential- between two probes or the

tine i:rtegraL of the J.atteru with suitable ampï-ficationø

The møring voltage probes (r^ripers) 'were connected to the nernr

ampli-fi.er unit by two shielded cables which were rat'her

l.oosely suspended from a point on the wal-L above the ncrurjng

camiage* The output of the amplifier unit, was fed to the

T-ínput of the X-T recordere vía an R4 twin-tee filter

rejeetirg IÍ:re freqr€ncf,o

h"
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APPENDTX B-2

TÏü MC'VING FA.OBES9 THE]R MOÜ\TITNG9 TI{E CARRTAGE

A}ÏD TIfi CÁRRIAGE PUTT,NY STSTF,}.[

The mouing-probe system Ì^ras oTle of the Ímportant imprørements over

the existíng potentiaL analog machine at the University of Manitobau and

one of the main reasons for the success of the new potentiaf- anaLog mach-ine"

Th-ls fdea of usÍng potentJ.ometer wÍpers on a carriage as voltage probes

eliminated the need for the cu¡rbersome and hard-to-construct probe chassis,

for sr,'ritches or conmutators" for the many wÍres leaùing from tlre probes

to writch sections or cornmutator barsø æd for filters to occlude switch

or eorumrtator rthashrrø It also j:rcreased accuracy because it resulted jn

rn¿nci¡m¡m information transrn:ission froni the sheet to the arnplj-fi-ersu and, it also

made possibS-e large, smooth recordings on a¡ X*l recorder fed fbom the out-

puts of the amplifi-erso

In Figure h"1e page t2', one may see the carriage in positi-on on lts
steeL guiiLing ¡ars12 These steel bars are 3/h,, in diarneter ¿¡1fl [t 1ftrr

longs their cenbers 2 l-'flan aparte and L Ll/l-:6n above the table surfaceo

The ends of the si;eeL bars are irs erted in holes dril-l-ed i¡. end blocks which

are 3/lf thi-ck, 2 7/Bu hj.gh and !n long (as they rest on the table), *d
the steeL bars are kept in position by Ih*. set screws tapped. through vêr*

ticaL holes in the end bLocks, Tn Figu,re hrl one calr. see that two plates

(ftat sides facing the viewer) ar" fastened to the ends of the steeJ. end

l2The steeL bars are greased r.,rith vaseline to keep thenr smooth and
shiny, and to aid easy movement of the carriage*
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blockse so as to be at ríght angles to theme These plates are of s'LeeL

and are ú+u tnieks 3 3/B' high wñ. 2 t/Zn rnae* They are fastened to

the end. blocks by means of cou-ntersu¡lc scrernrs, To the plates are fastened

mo¿ntings wh-ich hold the shaft for the driving sheave at one end of the

steel bars and. for the Íd.ler sheave at the other endo The mountíngs are

of white metale but there are bearing sr:rfaces for ttre shafts*3 A smal-l-

(about l-tt diameter) aluminum sheave r,rith concav$fy rounded edge was used

for the idler,

To the drivÍng sheaveu wÏ¡:ich is 3 tfTn ín díameter, is bolted

securely a concentric (on the same shaft as the d.rivíng sheave) alunrinum

gear tooth r^rith 159 teetnlh Tkr-is gear tooth is 2 l/Zn in d:iametero It

is driven by a gear made out of alunrinum wlrlch has 2h teeth and is 3/Btt

in åiameter" The latter gear (together with an 'unused I-arger one -- that

can be seen in Figr:re h"I -- with which it was integrally cast) was

fastened. to the electric motor shaft. This gear system resulted in a

speed reduction of 6"625, and a cagiage speed of about 3 ft" in 20 se-

conds o

The small electric motoq which can be seen in Figure h'l at the

left end. of the steeL barse was manufactured by the Emerson Electric

Co"" Stu Louise Missouri, and. had. the fol1-owing data on its nameplates

13More sturdy and durabl-e mor:nti-ngs probably should be used'

1l+l nar¿er metal- should. have been used for the gears, It would
be best to have a ne'ûr gear assanbly manufactured- from steel"
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Fþame F 32 GF

Style J01

Volts 115

HP 2 ozo fto Gy" 60

aHu zlo0/69

Amps, 0ol¡

TÏ¡-is nrotor is bolted to a plywood platform (part of wh:ich is visibLe ln

Figr:re b"Ie protruåing past the right of the steel side plate at the lefb

end of the steeLbars) whj.sh has di:nensions of 3fit" Xb]..¡¡" X.8 T/Bn'

The ùimensLon of B ]/gn is perlpenùicul^ar to the steeL barso The plyruood.

platforrn ís fastened to the steel bars "by means of four U-bolts 3/t6"

ín diameter (two of these nay be seen in Fígure l+,1 protruding thrsugh

the top of the plyruood)@ A sl'ritch for trxming the eleetrie motor on and

off ís mounted on the end of the pIytrood board" ThÍs may be seen in

Figr:re l+".le t'o the right and. beLow the motoro The switch is turrred off

by a spring steeL arn mounted. on the camiagee when the latter gets near

the end, of i-ts travel¿

Over the V-notched. driving sheave runs a cLoth-coverefu stranded

copper eable, as can be seen ln Figure h"1, Tt is kept taught by a

fairly stíff spring in its 1æper loop" In its l-orrer Loop it is attached

to the carriage6 Frsvisíon for tightening the cable was provided by

looping i-t baek onto itseLf after it l'ras passed around the höok on.the

camiage" A Marr connestoælras passed wer this rrdoubled*uptr ,cabì-q,,

leavfng a smaLl l-oop to attach to thÞ,,hþok on the carr!âgê* The Marrr

connector has a srnall 6crel^r in íts (cy1:Índrical) hråJ.t* Ilhen the cabl-e

nnrst be tishtene4 th-is srnaÏL screw rnay be loosened" more of the cable

end pul-led through the Maru corurector and the screbr tÍghtened agaln,

The underside of the camiage" and the detaiLs of the wipers
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(voltage pæobes) *re shourn f-:r Figure B-2u1e The four V'*groaved. brass

blocks r¡rere machined. from f-tt cirbes of brass, They ere t'apped ai:d bolj-,ed.

to a piece or' Pezmsä 5/rcu X 3 ViJu li L'! s 'uihere the )i-jrrch d:imension is

paratLeL to the steei bars" The projecting p1¡n'rood cerit,repíecee r,rhicli

hc,lds the mo'untings for the twc probesu is fastened tc the Perma1Í by

means of ì;wo rÍ-ght-angLed pieces of a1'urn:in'um"

Each r,riper and ít,s holder, as wel-I as the shorå shaf't th:"ough the

trrro v,r.iper holdersgwere taicen from a i;ype RV2 pote:rtiorneter ¡ianu-fac'oured

by Technolog-y Instrument Gorp," Act,on, Massachusetts, Th.e wiper hoiders

are mountefl * i¡¡suLated fz"sm each c¡i;her -- rigi-cl1y on the shafte and

this asse¡rb1y is preveni;ed from rotating by means +f a na:i"å drir¡en througli

the plywood upright just above the shaf'b, and bent, arauvrd the top of r¡ne

of the holderse as can be seen jn Figure B-2n1" The 'owo wipers tkremselvese

a,s can be seen in Figr:re B-?u3- s are rorutderiu and åre soldererl near thel-r

tips to keep them from sp15.tting" They are welded to fSatr spr:ílgy

copper strips* A 3-Ìne between the points r:f cont'act of 'che i'rÍpers whe-r

they are on the Teledeltos paper is at right angles i;o the direction of

traveLu par'¡.1leL to the steeL barsg and the d.:istans.e betrreen then is about

7 nrilJ*imeters, The camiage may be moved in bot'h dårections along the

steeL bars without eateTr.ir.:g i;he rnripers on the TeLedef.r,*s påpere t'ecause

cf the curra'bure at i;heir endsu '¡,ihen they have i;he propep pr"essr.Lre (rrot

cz"itical-) against the paperø

At one l.eaåi-ng c-araér of the ca:*ri.age (as shorm at the lerfL of

Fígure B*Zoli-) a right-ang1ed. piece of a1',¡r,rir-r'i:sn ís bol-'bed t,o i;he Pea-¡naL:to

i, tfxin piece of blue spr{:rg steel is i:c-Lte.å tc this pieee of all.r¡nin-';ra"
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Th:ís senres to tr:rn off the swít'ch for the eLectric motor wÍthout

causÍng undue sudden stress on the gears and other parts of the camiage

and puJ.ley s¡rstemn

rüíth a bttLe time and' money the movingÊcårriage s¡rstem wh-ich has

been described. a,bove may be improved6 Some way may be found to space

the wi-pers more cS.oseJ-yn The carriage may be streamlined' A reversing

motor nright be used for returning the carriage" A' much more fÍneIy

machíned system could be designed"

APTENDXC B-3

DETATT.S OF TTM ÐC A]'IPTTFTER, UNIT

The block circuit d:iagraro of the anplifier r¡nit is given by

Figure B-3r1s the detailed clrcuit ùiagram (in r,¡:icn the Heath Go"

amplifier un:its" howevere are Índicated by appropriate bloeks) of the

dc amplif,ier u¡rit and reference biasing clrcuit by Figure 3-3"2u and'

photographs of the fbont, back and bottcnn (r,aitn details of wiring ex-

posed.) ,of the un:it are sholnnr Ín Figrres B-3*3(4-(c), rçpect'ivèf-yo- 
^

A f\mctional physical- and eLectrÍcaL description of the dc amplífier

rrnit is presented nexbo

Each signa]- from the two wipers is cæried by a shíelded audio

cabl-e to a double basana plug under the wo:rd EINPüISI| shornm in Figure

B-3.3(*)15 The irppen of the two cables is referred to a.s the A ínput

L5tfre two aud:ì-o cables are the light-coloured leads coming.over
the top of the right side of the arnplifiér u¡:it Ín Figr:re B-3"3(a)o
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FTGIJRE B-3.3 (a)

FRONT OF DC AI'{PLIFIER UNIT

FrcunE B-3,3 (b)

BACK OF DC A}{PTTFIER UNIT
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a¡d the l"ower one as the B frwuto The outside shietrùing of each auúio

cabl"e Ís tied to the flLoatirg ground throqh one of the plugs of íts

d.ouble banana pfug'

A bLack cabLe may be seen in Figr:re B-3o3(a) leadi:U from

the floating gpormd temn-i¡raL of the A banana plue (Ì{h:ich is electrica1þ

eor:neoted to the ground. terruinaL of the B doubLe banana plug) e to which

the siuields of the alxùio cables are t'id., over the top of the nl:idûLe of

the dc anplifier ulrit" the other end of th:is cable leads to one end or

to the míddLe tap of a potentiometer (usua3.ty 501000 ohn¡s or thereaboutso

so as not to dbain the battery) across rù-ich is placed a eonsta¡nt dc

battery of a few voLts" One sf the other pot,entíometer taps (depenôing

on the desj-red poLa¡{ty) is then eonnected to a convenient point

(usua-l-ly a strip of silver painte though arry other poínt wh-ich wilL not

interfere r^rith the traveL of the carriage j-s suitable) on the sheet of

conducting paperô By this means,,tl:e input sígnall- from one wiper niay be

adjusted to any desired dc level- abi¡re or below the floatÍng ground" The

potentiometer can be usede thereforeu to set the Y-ptsition of the X-ï

recorder pen to a desired írr.itiåL value, if only one "¡"iper signaL Ís used--

as in recorðJlg only the l"ogarithm of the nagnitude of an imrlittanee fi:nc-

t,ion .a

Áhother bl-ack cabLeu shom:. in Figr:re F.*å"3(a) leading to the lower

l"eft fron the fLoatirig ground on the input double banana plugss goes to

the shield:ing on the dc amplifier poi,\Ter eabJ"es" ås fliay be seen in Figure

B-3 
"3 

(b) 
"

Three cheap Heath Coo dc amplifiers T.xere used in the dc ampllfïe,r
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"ilttt6 Thesa are clearly seen fþorn the front tn Ftgune B-3'3(a) and fnom

the back f.n Elgwe B*3'3(b)' F:nom lefb to ni.eht 1n Rþrrre 8go3"3(g)r tfre

arpl3*[em ru,are r¡sed. with sfraple a¡rd we]"l-lmø¡*a passfve clrcutt'4¡ €sð ås

shor¡n ln the clreu.l"t sehffiåtf.e of Figure B-3.2 * to acoorrrpT:tsh additfosl

(end mútåplteatfon by eorstants OrXo I'0r 5"O or 10o0e a,s seên rn¿rked

on the front of tho untt f.n Flgtrre g-3"3(s) er åbwe the edd.er gafn control

and, beSow the addæ anpllfLer)e fnver.ston (ttrat lse uru"ltf.plLoatfon by -1)

erd. Sntegr.atf.one reepecfíveþø

The functlon sel€otor swÅtoh haob sholnù tn Ftgr¡¡re B-3,3(e) ls uËêd

to tr¡.rm a eæe¡rlfe wafer swlteh l'frfoÏ¿ makes vs¡rlous oonneotfons (as rney

be seer¡ fþom the ofrcnlt eoh€img,tfc of Ffurrre B-3r2) between tha olrcrdt

oorqronecrtss Îiúiren the funotLon seLector åe træned to zæoe the fnptrt's of

+11 tùe ampllf,lerÐ a^rê cormeoted to the fS.oatfng graurd.6 Eaoh of the

anpl"Lffers måõr then be zeroed by selectfng the proper anpl5fier"3 ths selec-

tf.on le dme wtth the arylJ.flæ eeleot'on swlteh eho!ùn under the left sfde

sf the Sltlrpson nlcnowmet,eip Ln frlgure B-3"3 (a) " When thås ]"ast slrttc}r

fe turned to 800Ïry'$a one sLde of the d.æoe¡meter tË conneeted to grounde

r,sfil"le the other eld.e ls lefb openo }lhen onE of the amplifllers Ls eeLeoted

!'¡åth thfs sr^rltoh (by tura{ng lt to rr.AÐÐllo trTl\Itlotrr 6¡ ttffi"rte &B deef.red)e

the mLeroar¿neter ls connectedp tTrrough a resLstarÀoe (t*rfof¡ {s seLeeted by

tho SfiNS" wrltch und.er the rd.c¡roarmet,er f"n Ffuure B-3o3(a)}oto tln amplJ.-

*Læ output,o E¡roept for a rd"nor Lnteraotùon betwem, the adder snd ffiverter

amplåfåers (due to the 500 T{ resietor oor,rnected bet¡reær the fm¡ert'er ont-

pLt and ad,der lnput)e eaeh anpSåfter Ls zenoed, serparat'eþ , by usfng lts

X4teatir Mod,eL ES-201 d,e "Ampltfierso
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øero contml@ Tfris zero eontrol ås loosLed Just aboue the tÌ¡ree tubee

m each eqlåfteæe âe Gêrt be seeor fn ftlgure B*3"3(a)"

!üher¡ the f\¡nction seleotor is tr¡rned, to ttMÂGrf (lr¡agnùtude), the A

fnp,ot 1s connected.e througfr a 500 K series lnpt¡t resistore to the input

of the adder amplffieuo ThE fnputs to tÌ€ other tluo anplff,Lers remafui

groruded through one-megcihn resiÈtðFsr"

ülhen the fiir¡otLon selector fs tì¡rri€d, to ttPIIoSIu[ (phase slope)e

the lt fnput eable rørÉ.irùe connected, to the addæ e¡¡pllfler l.r,t the sa¡ne

!fiey as w?¡er,r the séLector ¡Eas tus,red to ilMAGtrp ard' the B lr,rput ÍE aleo

co¡mected, to the l-wertæ anplifier ln thLo wayo The outptrt of t'he ln*

ve¡rber anpltfler Le corurestede through s. 500 K resiEtcrp to the faput sf

the eddæ ampl,tfiers llencee the addæ açlåfler subùreots' the A stgnal

f,rom tbe B stgnelo the integrator arrpJåflæ nenains gronnded through a

oræ -raeg clfm ree{stor o

Tftræ the fi¡nctlm seleetor ewitoh f.s set !6 tfpt{.tr (phase), the

f¡prrt connecü1ôü¡o to tTra adder and lnverter renrain unchanged. from those

wl¡en åt was set to nPllo$oil Howerrere the output of the add€r 1s oorneoted'

to the lnprü of, the f.ntegrator through a 5@ K serles resistore arrd the

outpnt of, the Jrrtegrator anp3.ifler Ls corurected to one side of a capacl-

èor (whicïr ls aomaL3y shorted" but can be opened by pæesslng the sCIPo

SHOR$n brúton sho¡,sa 1n Figuæe.B-3r3(a)),' wtrose ot\r si.de is perrnanentþ

eonnected to tbe lnpr¡t of the lntegrator anplJ.*Ler" Thü$o the Lntegra*

tor Ls used, for fntegration of the ôlffereincs between thÊ A end. B fnput

signaXso

The ø$put of ar,qr one of the til¡ree umplSflers ¡nêy be selested by
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]ileans of the output selector switch w}::icb can be seen in FÍgrre B-3r3(a)

r:nder the integrator aurplifLere This slcitch 1s wed to connect the ouf-

putsígnalofthed'esiredanplifiertotheinptutofatr'siri-teeFCfilter

rejecting Line fbequencls whose other side is pe:manentþ cormected to a

d.ouble banana jack sholrn just aboge EOUTPüftt in Figlre B*3'3(a)u A

shåeld.ed cablee uith its shield. tied to the fLoati¡re ground connectíon of

the output, banana Jack, feeds the output signat to the Y input of the X-Ï

recordenø

Shfeld.ed cable was er,tployed in alrnost all wirir€s æ is erident

in Figr:re B-3r3(a) - (s)e ¿n order to e}iminabe problems of noise and,

an¡llífier oscål1-ationo AtL of the wirings except the obviousþ very short

wirings and the wiring that did not affect the opæation of the unit

(for examp3-ee the connections to the zeroi:rg rneter) r¡as done ï¡:ith shielded

cable. Figure B-3"3(c) also shows the use of a sluield between the power

cabLes and the rest of ttæ assocíated circuit wjring* Tt was for¡nd that

the anrptífier tended to oscilLate if the polrêr cabLes lrere not properþ

sirieLd.ed from the rest of the amplifier wirÍngr It was aLso necessæy to

lrse sÊparate cabLes for the filament and de leads fbom the pouer suppþe

The amptifier untt poTríer supply is Èhe specified. one availabLe fron the

I{eath Coo Controls for adjusting the power suppl-y voltages a.re on the f,ront

tr)afrel of the second, rack from the botto,n in Figure h'1s pa€e 52' The voL*

tages may be measured. at the jaclçs shomna at the back of the arrplifíen unit

ín Fig¡ire B-3r3(b), Switches for tr¡mring the poT're¡p supply off and on are

on the front paneL of the po&rer suppqr unit6
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AlL the potirer from the m¿rins to the arnp1:ifÍer r.:nit power supplye

as weLl as to the pole-zero po'trer supplyo is fed through the Sola Co"

constarrt, voltage regulatjng transforrner shoun i.:o Figr.:re h*3-e page lzu on

the fLoor to the left, of the tall rack" The use of this t'ransformer was

found. to effect an improvement in zero stabili-ty of the dc amplifiers and

the pole-zero constarrt-fltruent sources and sínkst

APTENDB B-TI

DETA]TF'Tì C.AJ,TBRATION AND OPERATTON OF TTTE POTE}üTTAL

AT\TATOG MACHINE USED h].ITH AN X-Y RECOBDER

In Some General Pgigbs on Maigtenance and Operation

1ô To keep the steeL bars from rrrsting and the carriage rumÍng

smoothly, the steel b,ars should be greased with vaseLj::e'

2o The electric motor and gear system shoul-d be oíledoccasÍonal-1y'

Care should be takene honevere not to get oiJ- on the puJ-ley cable or drív-

ing sheave"

3o A sma].l }ea.d weight of about three to fi-ve cubíc j:lches should

be placed on the earriage to keep it firmly on the steeL bars" thus rri:ri-

nLizing variabl"e contact pressure of the wipers r^rith the conducting sheet"

A large weight should. not be pI-aced on the carriagee sínce such a weight

might cause j:rconstaney in its veLocityu pa:rtieularly dr:ring the first

feûr seconds after the electric motor has been turned ono

l+, Gare shou1d be taken to g1sure that voltages of the power

supply for the dc amplifief, unit ate at' t,heir correct valuesr It is not

suf,fícient to measure theni with a vacuum-tlÌbe .rroltmetere A good way to
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niräsll¿:è then is io fi:rd. the exac'* voitages of each of four h5""v''olt bat-

teries c,n the !0"'vo1t, scale of a s'eliablee high-quality meter" One of

trre best batteries ís the:r uEed. as a standa¡'d to measure the voltage of

the sther three i.n seztes , by 'means of a Tínsl-ey Potentj-omet'er" The

three batteries are 'bhen connected in series T,û:ith the power supply Ïdth

such a polarrity as to reduce the vcltage of the batteries i¡ series with

the pcrwer supply fþom that, of tlte poT^Ier supply yoltage' The Tínsl@y

Poterrtir¡meter is then set to zuch a value thato with the accurateþ mea@

sured batte-ry used. as a standard (rneasured urith the voltmeter whíle it

ås ín the cireuít), tfre value of the voltage across the potentiometer is.

equä] to the nordnaL voltage of the po'ûre" $rpp1y minus the voltage of the

three batteries in series, fhe power supply is. then adjusted to obtai-n

a nuLL on the potentiometerø

5u A g1-ossy-fin:ished sheet of bakel-ite, gJ-ass, or other si¡rilas

materiale about OrL inch thiblca and larger in a]-L other di¡rensions than

argr conductÍrrg sheets wi¡:ich are t,o be used.e Ís laid. underneath the steeL

bars and camiage so aLL conducting sheets ean be La:id on top of the

glossy si:rface, The gLosså1y-sr:rfaced sheet is fastened firmly to the

tabl-e by using masking tape at its edgese wei-ghts or other ilÊârìso

6u A wartn-up period of at least one ho'ur should. be .slloïüed the

potential euralog rnachine a;rrd X-T recorder,

l:Io Preparati-on of tife--c-o@g!¿!g- i4elos. Ë¡€9!

1" -A conformaL roappir¡g is seleeted .odrich emphasizes the regions

of the comploc pl-ane whieh are of intereste and also (if possibk)

eÏ¡:ínatæt&re !?i:rfíni.ty ercorll by malFing Ílfinity into a point, or mekes
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it neglig1biy snralJ" i:r seme other fashion' The sheet may, for eætal¡i

n'rappings onl.yc be correcied fæ the effects of non-isÕtropy@ Natural-Iye

if the carriage ís to be usedu only those m¿ppi¡rgs and corrections åre

permÍtted which leave the a¡ces of interesb as straight lineso Othe::t'rise,

magnltude on phase slope InÊasurelnents can be m¿de by usÍlg one probe or

two closely spaced (û"1+ - 0.7 cü) metaL vol-tage probesu respeetivelye and

reaùing the values of nragnitude or delay at væious points al-ong the

d.esíred. cu::yed 1ir¡es of measurenerrt orr the conùrcting sheete from the

verbicaf- scale aLong the left edge of the graph paper on the X-T recorderc

wkieh has beegr cal-:ibrated accordÍng to procedures given in the folJ-owing

tfio sectionsø These values may'bhen be plotted nranualþ on the record:i-ng

papero

2ø The Largest possihLe sheet of Teledeltos paper is sel-ected'

Three or for:r inches shorrld. þs ¡Il oT^red between the poi:rt at which the

wÍpers first begin their motrement at the begiruring of a run and the point

at wh:ieh thry first contact the conductÍng sheete ard the last point of

intenest on the sheet should be recorded before the spring êsm on the

carriage contacts the switeh to turn off t'tre electrie motoro

3u The desired sl:eet, ís er¡i: out of the g¡rg9g.!94 Tel-edeltos papere

and. strips of silver paint are pa5:rted on the sheet wherenrer equipotentÍal-s

are desired., If these strips are at edges of the sheet they should be

about, $nê-hal"-f i-nch wid.e to e'rsu-re a good, equipotential-" Tf they are at

othgrr posi-ti,rnsu t?rey may have to be made tiriru:er, but, more heaviþ painted

ife fcr eccamp-Lee they are to represe,nt eqrripotentiaL U-nes" 0n the other

haßl.rothæ eqr:ipotentials are neded if an eqwipotential- object is
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represented"

l+, Some values of the símple f\urction wh:ich wiLl" be used to

eaaibrat,e the system are worked. out and recorded for a felr point,s al-ong

the desired, ï":ne of meas'.:rsr¡ento The pai-nts åre ehosen so ås to fàLL

1ü:ithj-ri the reglon ef the plane wh-ich is of greatest r¡sefirf-nessr They

will be used whdn caalbratÍng the recer&irg sheets"

5" The poÍnts of the Last step are merlaed T,ü"ith non-solduetíng

red. penciLybeside the desjr"ed line(s) of measr.:rement, with the value of

the freq:ency (or other indeper¡dent compløe vafiabLe) at each point"

The Last point, of j:aterest aLong the LÍne of 'wÍper traveL on the con*

duetilg sheet is aJ.so markedo These poÍ-nts wilL be used in fÍld-ng the

Sì*s6¿]s on the record:íngs* Enpeeted or knornrn positlons of all flinLte

prlËs and ueros shorrl-d aLso be firarked on the eonductlng sheeb" Care

should be taken not, to place the non-eonduetÍng mark5-ngs (except for the

fi-rst and last poinis) along the li-ne of traveL of the probes¡so as to

prevent loss of contact at ttrese markj-r¡gs"

6n The prepared. conducting sheeå is plaeed under the carriage

and steel barse with the inltiãL poÍnt on the L;ine of measurenent about

three sr fou.r inehes fþom the stætÍng point of the probe mcnrsnent'o

Tf the nagnitude ís to be measurede the conductlng sheet is

mcrved j-nto such a position that tJre wiper (connected to the A. input)

which mlli- pick the voltage off the conduetÍ::g sheet r^ril-L travel aI-ong

the entíre line of measurenqrt on this sheet' Th:is Ís aecon'plished by

pl-acing some srnal-1 weights on the sheet and mør5-ng it about untiL the

carriage can be moved manuaS-1y (by stret(tLÉng the spring in the top Loop
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of the drirring eabSee and, puI1ång the öårriäg€'iid-th ít as the cabLe slíps

cnrer lts sheayes) so that tlie desJ-r"ed i,riper traveJ-s betareen the i-Tritiall

ar¡d fína3- points on the iine of mea'suremerrt"

TSphase sLope orplrase is to be measurËd,. on a half pLa:ret the

Line sf measursnent, is nrÌ-dway between the t¡rro wiperso

If phase s]-ope oæ phase is to be measu¡ed. on a qnanter plane, t'he

Line cf (one) pr"obe trar¡el is as close to the eqirlpotent'iaL strip *

wl:ose edge is the real freguency axis -- as possíbLe w'ithout jrtrod'ucíng

ruylesj-rabLe noíse due to wlper conbaet pyessure fluctuatione 03. signaL

Ievels r,nhieh r,nould re$r}t in arnplifiæ drift ¡noblens and i¡rsufficient Ï

ga:ïn on the X-f recørderg

Care n¡rst be taken that the last poi:rt of l¡terest narked on the

sheet is contaeted by the wiper(s) ¡efore the spring arm on the camiage

touches the switch shuttÍng off the electric mot'oro

The sheet is then srnoothly fastened to the g}ossily-surfaced

shee'b T,rith maski:eg tapee and a few smaLl lead weights placed on smaf'L

squares of i¡rsuf-ating paper set, on the cond.ucting sheetu to prevent the

conducting sheet fþom risjng before the wipers when they are j.:n motion"

7, A piece of smoothu noncondueting paper Ïrith at l-east one

straight edge i.s taped do¡nr to tJre conducting sheet lflith its straight

edge interseetÍIgu facing, and perperd.icul-ar to, the tine of measi:rement,

at the finaL poirrt mårted on this lineo The tape shoul-d. be p1-aced on

eíther side of, and cLose ùo the }ine of reasi:rement" so ¿ts to keep the

edge cf the nonconductÍ.ng sheet dcru'rn firmlys Xet sÕ as not to Ínterfere

uitir the r.utperso
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B, The carriage ís moved to its i-rritiaL position (where the

wipers are not j-n contact rrrith the cond'ucting PaPæ)"

rrT^ Rêsrtrring the X-Y Recs_rd.er for 9a1i- ral,j.qgu--Zergl¡rg-[4e- Amp-lifiers.
J.ù+O ¡!::=.rj--Þ _- _ __ ___

and- S-etti-ng- up- the Sir,Ple Calibret-i=ng J'unctÍonl?

1"" A sheet of squæed recwd.ing påper (11rr x 16 l/zn size) is

placed. rougþly i-n position on the T-T recorder, but the vacuum punp of

the recorder is not turned. on, The stylus of the recorder is made to'

travel aut,omatlca]]y Ín the x-direction, and the paper moved r:nt1l the

point of the stylus æcactly foLLows a horizontaL lÍne on the squared

paperô The initi*1 X-position of the stylus is then adjusted so that

the stylus point, is just above the lefbmost vertical Llne on t'he graph

papere or a littLe to the left of itr TrÍhen the reccrding papæ has been

adjusted., the vacuum pulrp of the recæder is turned. on, and the recordlng

pqper smoothed. so that it is fTrmly heLd on the recorden"

2. The X-Y recorder íS Set tO operate the x-arcis sT¡reep from its

wm time base"

3o The poles and zeros of the simpLe ca-TÍbrati:lg fi¡nction are

plugged jsto the clistribution un:it a¡1d placed at the rnarked posítions on

the conducting sheeto The switches on the distribution unit for these

poles and zeros are turned one

l+o The cqrrents for the poles and zeros are adjusted so that the

greatest su1"¡fent from arry one pole oT ze1o for the f\rnctions that trould

I?tt is assumed that the output jaek on the dc ampÏ-fj-er un:it has

been cor¡aecte¿ tã-ihe l-input of thè lC-.Y recorder, with the recorder
ground tíed to the flLoating ground"
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be measured, using the calibration wou1d. not exceed. six to eight rniLli*

amperes when the cument strength per pole or zero used for the cal-ibra-

tion was chosen as the unit strengtho (lt mrst be rernenberede howenrern

that more than one source or sirrlc may be used to feed a probe requiring

h:igh current ) " Similar remarks apply to the least pernrissible currenf

strength (1"5 ûd"lliamperes per soux"ce or sink) "

5, The function selector sl^ritch is set to nZERO¡fe the arnplifier

sel-eetor switeh set to ttOtrT,'t and the anpl-ifier sensitivity set to trI0nl8

After this. the adder and i¡ryerter amplifiers are zeroed lf magnÍtude or

phase s3"ope are to be obta:ined,e a.nd. all- three amplSfiers zeroed íf fnte-

gration ís desired. -- Glccêpt that the inverter ampli-fier is treated.

accord:ing to footnotre ]j9g below e if quarber planes are r¡sedt the rea-

son for zeroÍng þgt¡ adden and inverter anplifiers when only magnitude

fs desired, ís that there is a smalL inberaction between adder and

ínverben ampfifiers*9 The desj-red. amplifier for zeroing ís sel-eeted by

using the waplifi er zero sef"ector sr,nitch?o As the nul-L point is approached.e

the amplifier zæo sensi-tivity conbrol- is turr¡ed towards ttHÏon After

øeroi-ng, the amplifier zero seLector should be set to t¡OIryltt and' the ampli-

fier sensitiui-ty controL set to nlOn.

6o The poLe an¿ zero current strengths are checkede and readJusted'

l8rig** 84"3(a)s p, 187"

19rt *"gnåtude on any p].aneu or phase (or its derivative) on a
qrarter plane ls *"rs,oeao ifre ínve^ter ainplifier is not neededoso its
output tnay O" shorted to [fre lnput B banana jack during such measurements"

tfreä tt mäy be ignored duri:rg zãroing" A stil-i- better scheme would be to
open the cônnection fro'm j¡rverter output to adder inpu'to

Zogigçre ¡.4"3(a)ø p" 187"
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f.f they are nøt exactþ at the eorrect values* I$crma3iys the cu¡ræts

rem¿rì¡r çuite ståbT.e wer l-ong pæieds of time" and reqaire only occasíona-l-

ffiãI1- a{Jrastmenüsa

IV", Ga,J.ltretåen-and Operation to Ståin Htctg-gf Ï,{agnj.t'udg

Ï.n The strys crubli"ned lr,r sectLons I - TIf of this .A}ryerrdix (B-{r)

aø,!e peffoflredo

2, fhe carniage ís moyed. marnrall¡¡ so that the wiper oonnestd. to

the Á. inpuÈ Jack Just touehes the cond.ucüf¡rg sheat at the first' point of

the desired l"íne of easufenleinte the fsnetion seleeüor set to üÎ{.A.GfiE and

'

the output seleotor set to Î¡AnBË" The potentíoroeter of the reference

p.øtecræ.åú. blasfng circuit is then turned so as to nrsre Èhe süyhls of the

X-recsrqder te a d,esired posítion for the Y zero Szsa' (Cønsidæatíon

should be gívene at thj.s pointe to the ercpected vert'åeaf- rãnge of the

functiøns ætrich are to be plotted, on the eaHbrated recæd:ing sheeüs.).

Then the ea¡rriage ís mcred rnanually so that the A trfper is at one ef tåre

mæked posÍtions between the i-nitiaS æd fìåaL posítåons along the Ï-ne

'Éf measrørænt¡ at ¡rhich the eaaibratÌ-ng flmctisn has been eaSeulaÈed'

The vaSrre of the sí¡ryLe fr¡action at this poi.:rat beÍ"ug knumrn the verùicaL

mover¡er,rb of the stylus fþn tJre Y zero li:re can be set te a val$.e that,

results i:r a eomrer¡íent verttcal see.l-e *¡. suchr as one dlb per ineh" øae

neper per two inehese ør one vo'Lt pe,r inchn depending sn the f5;eLd fþon

arhíeh the poblanr wa,s taf,cen * by usìng the vertíca3. gain cøutroLs of the

X-T reec'nders, anrd, the pro,per add,er gain* (Tt av'oid arcplifåer dråfbs it

ås best to, raee the 1.CI'çreså possible adder gaÍ-a). This ealibration shor¡Ld
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b* ehecked and, per'rrapse sJ-ightiy adjusted afb,er mo'ri.r.g 'ti:e Á. lr3ç+r to other

marked points alcrng the line of tra:rre1 of the carriage" where ihe sÍrçle

calibrating f"r:nction has been calcu-l-atede and. checking that the prÐPel"

value of the sfxrple funetien ís ebtaj:red at these pointso using *he sea3e

set by the ea3åbratÍon ab the precedtng poånts' NaturalJyr one dr¡es not

etrry the catibration to points on the sheet at whieh furfinity errtr ûr

other Í.naeeuracy maür rccur" If some discrepaneíes oeeus ín the våJ,ü.es öf

the si¡aple cal-ibrati:ag funetionn it d"ght be wise te set the eal-íbratfoa

at their ¡¿eä1xo Noimrallyu Tlmreveru t?rere æe rxt obse::vahLe discrepancíes

in the readings ai dÍfferent poÍrrtss fbom'bhe caf-ci:úat'ed'çråå'¿es"

3, Far practical use complete calibratis:rg^ c'ur"v'es need. not be :nin

-rihen magnitud,e is to be measured, Ttre abev"e simp1e ca1*ibratian ís usuaÏ"ly

suffåcient for settíng the ver*icaJ- scaleg the va,Iu-ee at' the other poínts

usuaJJy checic e*raetþ, Ho'r,,rev'er, a corçJ-ete culfìre may be ririn if desiredE

by stat+irig the electríe rnotor after the carria¿.e has been placed a't it,s

ånitiaj. positi*n (tfø.ee or fc¡ur inehes from the certduc."bislg paperi u and

starbi:rg the X-T recordepts hcriseyn'ba3. s"weep befr¡rc the Liiper cc''ntact$ 'bhe

condueting papero The prebe lril3 be lifted off the conducti:lg paper by

the piece of r:.on**ondueting papÈr cn its path near the end of íts travele

gír¡iftg a j'arç i:e 'she reeordingo Since ihe poi.rrt at r¡hieh t'he prnbe first

t,ouehed the eondiicting paper may aSso be ider:i;ifIed, on'bhe reeø'dirrgu the

hozdzonta]. sca]-e of the record:irng can be folurrl l"rom the knor'rledge t>f the

cl.*:afE¡i"rnq1 rr¡åppirrg used feir obtairdng í'he eonduei:Í:rg sheeto The *:,etl''43

magnS.t'r:.de *f the sinçle caJ.íbratirrg fur:.eti.Gn rlay be manna'Ily pJ-otte'1 on

tÏ¿e recsråtng sheetp ffid con'ryared. iorith t'he reeordinge The t¡rd:ï-r:i¿ltes of
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-itiLeT rråg:li.i.lde 't'ulq.rëíl tt"gced 'by' t"he ){,o.ll r.,eeorde= may" the;:r be nirilLiplied

i;y i'he :,'¿.¿',i+ ¿f flLe aclt,åai to measurså caübrat:i:rg curv'es a"b t'!re ûür.11ës-

ponc*ing y;*åi'tlËs c,f the absc*ss¿e, 'b* cibtaÌn ihe meas*r,"ect nragni,r,,ucieso

lio A neir¡' i"e*c.::djng sheat ås pla.ced. o*: i;h.e ¡¡-!' y6crerlO,+r, p:rcperly

É,ositi.c,n:C .;:¿*p'¡ l;o¿" bkre i.o+:iåon ¡¡f the T' zere ]""i"neo

.í" .i:ne i.esir'*c{ pu.les g;i;¡ r:çy-.ç;; o,1' uh.e f'uctt,ti,sn 'wh.ose irragriibu,J.* is
'L.l be nie¿"sured. an:e s*'b op oi] *,;ire c,:r:duc*:j'3-rt sheetg ,*,Ír-ig ':.,rre p,rrper," :..uf?Ê:1i

s3:,=ngth.s haseC- ¿r'r btr¡: .::r,å'f; ist¡.e:¿gtrr tised. f-,;y" sajj.o:r.¿i:i_{;no

6o The Y ze?:.e, Ll.rÀ,J i.$ z'eset^ 'ny i;l>:itg bhe refer..en*e j;ct;errb:i,eL bias

*3i:c,ur,t, as beicc'eo lThj-s does r¡ot, afflect tlia verti.eal. scg"i.e set dw,,irrg

*a.Ii.i:rr.'af:it-'vi.o Thi,s sc:aie eali.by.'atårlr.r is extrcx'lely stab]"e, arr.C r+-c:aL,i-*hya-

t:i-on need- ricæirraiiSr lr¿t ir* perrcnned. ,:r'i'e:" perí od.-E ,of six hcur:rs oE" rno::e íf

magnå.tu,des z'equi,rlng 'd1úy one se.ei,e are m.eas'ured.o T?re cali'brat:i.ori shotúd.

peri,rå1.ca-iJy"ti= ':he*ke+rt., Lrohiërrero The veybioåL scs3,e Ls manlæd e;i,*rrg tlLe

i*Í.b eCge ot" the :"e{ror'ù"rng Fåp€ro

'in The c¿r:¡'iage 5.s mcrv"ed tc) i'bs i,:r"iit:!"al posi.'bion il,r.i.ti.:'Lhe u'-i.per"s

th*ee o:r {"e'::r in*hes fþor¿'l,he cr:riductÍn-g paper) , t,he ei,ectr,åe m.o-tor sr,:li'beh

'bu-tned on, and, '0h.e x srîreep of i,he T-T recrr:rder staeted. ju.s'b 'beflera the

-"ripe:' tc¿ci:eri th,e c¿ørdtictirEg påpero A. reqordftig of "blrÊ rø.grritud,e flun.erb:lö:cÌ

set, 'up on th* cordi-rc'ri5:g sheet i,n 'L,hus ob'bainecl.¿ The hori,zo::.tr,al- seale i-s

å'ixeä. it"ou¿ the.; kl'rc'wiedgre ofi tTre j.yitj"ai and. fåy:aL poÍ"rLts ori the pÈLrù:*djmg

(c,c,:':r'espord"iri.g i,¡:'l,ne åni,r:åäJ" e$-x(:l tl4r,Éil no:i:","l:e nf the 3i,ne ofl mes,sur.årr¡ent

'nn -1,h¡+ c¿vrd-uc;'ii,lg -ç'a¡es") :r¿c the cyrnf'ornr:¿l nøppi:ig r.xedo ,,fl lhe nragiritude

i¡- t¿ apprux,i¡'rabe a des:i::ed. *urvee thj-ir *'LLíwe Ì.s plot't,ed. cn th,r: r.euordj,::¡g

päpe3 ¿n$ t,h+, Ë;'.1-es s,¡-tT, aÈ,rOB a;r"e lruovedl. abOub 'U¡:til= st1 s.ppre:rfurai;ågfg

rag::il-..;rc'''e ü.r.î'ü"È 1,.u.*'bcen e,btråncd,
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vê Ër*l$þ.sa-b-{qa erçl -Qpeqqt'WË tq*oþ-þ-#-rcs-*q..4: -qþ+Ës- -s-åpnq*F*e-l4y

l"n tire s-Plane)

J-ø The stqls outlíned in sectÍans I * TTI of thÍs AppendAx (E-iri

are sâff1Æd outo

2,n Tf phase sLope (intttz respect to the X-scale of the eociforïnåå

nrappi:¡g) 3æ e h$-f pl.ane or f\rl.L pl:¡ne fs desi-eÊd,u tbe eæetage is ms'",red

rupc¡:eÊfy s# thaä b*tli of, its proloes just toush ttre eonductS.:ng papæ at

the fårst' points on eaoh slde of the desj-red l:ine qrf measurementu the

f\:natior¡ seleeter set to Nsn'ToStôE, and the outprrt, seLeetcr sei; to ÊIAJìD${@

ïf a quarber p1ana is used.e the potentiaL beti¡reerå sne probe and ground

Ís desived." se this probe voltage i-s fed. te the add.er arapS-ífier (A mgnrt)u

'bhe innreE*er ouÈput ås shorted te¡ the B i:rlrrrb jacku the funetion sef.eetor

serb to îT{,AGÍ¡ and the outpu'o seLeetor set to r?Annit" Ä better seherne tham.

uhortleg the j.rlverÉcer eut'pat ts àhe B f.rrpuÈ Jaek is te oSlen t"Lre cr¡n¡:.eetisn

betzreen the innrertee oe'otrlut, ar¡¿Ì adder ir,rprtø The addes' and recsrd.er"

ga:ins æe adjusted. so that a yeasonabLe vdåca3" deflectísn sf the styius

is r¡bt'ained at the ffu"sb peirCc end {ihÊ o-bher marked 3:oírir5s along the

desived line of meaelrsner¿à" Tsr åhe aase cf a izaSf-ytïææ measr:reræÈu if
tÏle deflleetÍon ås i$. the wrtng d:isectJ-on i;ø tha'a 1núîeabed by ea3eoSatirrg

tbe sSmp3.e fr:r¡etioæ. eb the various mariced, pointsn, the A a:rd. B banama plugs

at' Èhe amplifiæ in¡nrts are ånterehangedo The addæ ga5:r and. :,e6e:rd,et

lqaån contrsLs are affusted Scl glve the desÍs'ed seale to the 3:hase slope *

for e:eænpleu the sidc *f one 3.arge Ëqlläre or¿ thæ reu*i*úi-ng påFer ery.a3- to

one -mi'T-1Íseeonde t¡her,c 'bþ¿e s-plar:e is nsed,ø (Tc ærci,rT. ançï.åfi*r dflí"fi}.., onë

shtluLd, use the 3ow est possåb3.e ad.der ge¿n).. tauti.en shouAd be æel"cisd
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fut chooe4*mg the Y-seaåe fe'r phase e1rye ss that Èhe æepeeted pt*aæe sTupø

fuott funetåcns t"e be weasured later wlLL yield recorel{ngs :ee$ 'bøa 3.ægæ

fçr the tr*f s"ssffi4wp ï* wåth a ee¡nvmie:s* l-sea3.e for tl:¡"ese fuc¿cLlo:?,s*

For practical use" the paùentfa3- ar,ra-1"og sysfem is suitabþ eaJ:ibrate¡å at

Èh:is poínt*

3* If a nore eLaberate eaSibration fs desíred, a eampS-ete rê*

eording of Èhe phase slope cf the sfuq.ole catlbratår¡g fir$etåon rna¡r be

obtained,s The eai:rååge fs pulled uærrua-L1y to i'i;s inii;lå-L pasitiern" w}¿ere

'ohe rnripers are three or four i-nc1¡es frorn the ffrst peint on the l:ir.re ef

mea"surernerrtr the eSeetråe motor started and the X*ssÍeep of the X-T

recarder begun jusb beferre the i,ripers esntaet, tÏ¡e ceadueti:rg papÊF6 T1:e

recorcling stylrrs T,,r:il.l. jtmç mü.en the røåpers ftrst t"oueh "shie eonducting

s}¿eob and urhen the¡r ane l5'fbed off this sheeta Since the X-scale an i;he

recoråfæg betrnreen these two poiets ís properi;ionaL te the seaf-e c¡f the

conformaS m¿ppång used fer the eonducÈing sheeùs this X-sca3e may T;e

'merked sn the reeor"d:Ì:rg and the aetu"aS phase slcrpe of the sÍsrpl-e t;a,3:3.-

bz"atfu1g flrnc't¡1on plotted on the reeord:ing sheeb to the verblca3 sea3.e

foi::ttl in the last steglr Ord5.:rates of $tfrer phase s3.erye euffie$ traced by

ÈTre lC-T reeord.er ma¡r thez be rm:Atitrr]led. by the raÈíCI of aetuaL to r¿eas'¿rred

eialibratf:ag fu¡¿etioa orclÍ-siat,es fu firtd ÈÌre phase sf.o1:ç*

I+" Steps b ee* 5 i:a sectíon TV of "bhin !,ppend:lx ar-e øyeeu'oed,

enicept" thaa; d;h.e wcmd*s ßgrhase slope3 are i;ç be subsåftuted for th.e m'rrd

r?'eieg:r:itirderr ln s'oep $*

5* S'i;ep 6 af çea45-cn Iü af Èhis Appeilrlfx ås rxee"írtd.s etfrcept,

i;1iat 'thc referenee potentåal" bias çåreuåÈ Ls noå u-sedr, æ¿d åhe dcsired.
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T uæo glositåon fs se6 qTL*h ål¿e ï serr¡ eo¡cbro:- e¡n the recard,tru a:rd, the

r.rcel nmagnj-åudesn ås rqllaeed by î?phase sS.oposorr

6, Såep ? of sesbiea IV''of this Appencl'j"x ås eceeclrtede exøøpt that

the ¡uo#, tlilåB€Ë¡rr 1s rep-laeed bf "bhe i,rurd 4rrÌ"3:ersF s¡¿d åh.æ aro.ed, ttnragn5-ta.r*,esl

by the wurd trph.ase sloperto

\¡1, GeJ.ibra"bioir åffid ûfrerq;bío$ te Cht-s-i-ïi På.,)'bs of -PhasË

1o The ste,ps CIurl]ilned Ln seetions T - ïIT of thj.s Appendix (B-l+)

är'e er-cecu'rbed*

È, The camiage is nrcn¡ed, marrualþ to its i.nltåã¡- pasiÌ;Í-,;n (';+irr*e

å1,s wipere ere nct irr eonta*y"' rdth -bhe condircting paper") , tlne f¡nct:L*:-r

seJ.eetc¡r sd ts trPHoss aitd the o'utput selactor se'b tcl irîi\TF,s l.f a c¿uevbæ

plane is usede hmrorere the i^nvertey is treated aeeording'i;a foo'bnøbs 7-9ø

Þage 199o

3u The Y zero posítÍmr of t'he styl-us ís set so tha*' enrpected,

plots ef phase r.rilL use the largest possib3-e pori;ion urf the neccrd:ingo

'fhe ou'i;put seLee't"or i.s set tð rrÏNlr! ard- 'the ¡rGAFo SI-IORTI! butåem f-s de3iressede

shor*Í:rg the input end out¡¡n*'e CIf the 5::tegra:bcr arrçLifier"u and 'ohm rel-easedu

Leavå.ng the capacitor opeil betrceæ¡ æ,rplifier ínput ætd o'rtputn , If the:re l$

any verbíeaå meÈioæ af the recorder stSrkls aftes the brtt¡¡n is releasraÌe

the integrator anplifier is n*t qnåte bafåneed.* le that ca.sêe the int'egra-

tor. arrç35fierîs baSanci-ug corrtrol- is rli:inter.* un{:i3. -bheee 5.s no 'treri;ieaf,.

:uotion of the s'1,¡rlus6 If tiasse ås sr-¡¡ne dåffÏ-c,"a1ty Ín ,:bt,aÍr¡:ing Èl:is c*rzdi*

tåernu 'ohe adder arrd. j¿rrr.erbæ amp33figes r:houl-d'h¡e zeroed aga5:tu er^ärå f"'o¡r-

ther atternpts raad.e tei achåeve this ccndit:t oyro2l -0,5 s¿ron es the siylr:s

Ëfufo* ínroerbe:: ar4rlåfiæ ie nob operationaSu of rÌûul's€e åf quør'øer"
planes ilre used'
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shffirs 'åt vetrbåcal" mr¡tåon* the fr*ee'båe'* seJ.ector is set ¿* rpgrmu tire

electråc mo't,ær sgarted and, the X-sweep cf the X-T recorder begu:a j.ursi;

befc¡re the wipers centaet the eonduci,ing p4pei*e ar:d. a plot of the ¡:hase

of the ealibratlng funeticn Ís thus obtai:red" T1:e reeorûi-ng ïü:i.l"L j@.rp

Ìrery sliglttly whea the wipers f:irst touch the esndu"ct"ång shee/o and.t¡hen

thqr are lifbed' off the sheete Tf there is ¿n ecçcessíve verbfea-L mfftre-

ment of the s$¡rlus after the wipers have eome to res"be oub r¡f eontaaå ruå.tfi

th,e eonducting sheetn tlre ainp'Iifiers are zersed again (fæ" some irirt,a3anee

of the anr¡:Lifiere is i¡d:ieated. by the nrovement of the stylus) e t¡re j-z:.tc-

grator amplifíeu" eheeked. and a{lusted so thatu as befme, n* .rm*bj_ca].

motion of -bhe si;ylus oeçus's (rrittr the outpilt selectsr set to reïNTo¡r)p ern¡,g

the r"ecord:furg 1s taken againo A rcugtt ¡ralue of the phase at rrsrio-us

abseissa.e on tlie reeorrúi-r-:ge is eaLsuS.ated" Tf this inciLi.eates èke Tæ*ale
for phase t'in be obviously unsrrlåableu the Y-gafui or¿ the X-y recryrd.er is
adjusted to obtaau a better scp.ileo The add-æ ga,i:l should be kepi; as l-enn¡

as possible "bo elimÌn¿ite integratiCIn sf dt"åt'bs in adden:" and invec"Ler

arrçlifiers' fhe baSaneing praeedures æe repeated. and, reeerdjngs tekæ.

witir near values of T-gain i¡nÈiL ä, eltrve with a reasCInable vertíee3 smaf,-c

has been at$¿¡:Íned" Tf d.esj-t,edu nore recordings of the phase of .bhe si¡¿-

ple funetion are taken:u and. the ves-bÍea-3. seaSe adJusted, sn that a c**gve:riørt

scale sucir as two degrees pêv djuråsion has bem eneactSy attsånelø Ho-6reveru

È'h5.s usuaÅly reqn-lres t,oo mueh adJustm*a,oB æd is nst praeticaS. u::f_ess

mejly plots of, p?tase ere d.esired' Gener"aLlyn i-i; is ïrrrre pl"ari;iea1 tq1 us,e

a sex-3e 'based tn a rectr*ing whæ the nrprtieel, scaie * j¡fuEtþer sr nclt å-b

f-s s*:rç3y mcpressÍhLe i¡¡ terws af bas:lu diiriså*ns of tire re*crd:î"ng pwer =-
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is s¿itabLe for the phase of the sÍmple ea3-ibratÍ-qg f\mction and the

æpected phase of flrnctior¿s to be reeorded. l-ater' The lmorilxr phase of the

caJ-ibrating fi¡netion ís plotted on the recordi.ng paper' usjng the same

X-eca3e and, origín as tjre recor<ÈÍr,rg¡ to such a sa¿Ie that the actus3 sallì-

bratir,rg funetion raatehes the record.ed phase along portior,rs of the latter

curÌre wtrere êarors due Èo the lind.taåions of the eonfo:snal aeep'pir€ (sueh

as fi¡rite iãfSnity eçipotential of the orùinar'¡¡ eonpT.ex pLane) are Imøorn

to be sma-lI' The verticaL scal€ for phase recordings is thus deteminedo

nlthough 1t is not often aecesaerTr 5:a practiee (beeause of the elose

matah betweer¿ the two erwes a{rer a lride rãnge of the X-eca1e)u tha

reeo:¡ded phase of other curres may be ruItíplfed by the ratio of the aetuaL

to recorded phase of the simple ealibratír¡g fi¡netÍon at the coirrespond:ing

abscissae, t'o obtain the correct phases

l+o. Steps fu ar¡d I i-n section IV of this Apper¿di-x are exeeuted,

except that the word ttphasert is to be substituted. for the rnrord. rlmagnitudetf

in sterp 5'

5" Step 6 of section IV of this Appenèix ís executed, øccetrlt that

ühe þfràrcnàe"StåøAi.at bfas eiroaÌ-t is not u"sede a d.esined T zero lSne

ís set vrifh tÏ,le Y ø,æo controll on the reeordero and the woEd nma€nítudestr

i-n replaced by ÎþhasesrÌo

6u Recordings of phase are obtainede jæt as recorùi:rgs of the

phase of the calibratÍr.rg ftnctiora have alreaSr beea obtaíneda If tÌ¿e

phase is to 4proximate a desired cunre, th:is cr¡we is pS.otted on the re-

cord:ing påp€r and the poles ar.rd zeros are msred, aboub until- anr approrci-

matÌng phase eur,l¡e has beer,r obtainedo
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ÁppENDTx B=5

DET"LTËED DISCÜSSTON OF SOUBCES OF ERROE

ÁND OF TI{ETR MINTMTZATTON

EJrroqq Due to ùhe Ph)¡ffica.1 AnaLså

1' Ntn*.Lj:lËarÍty and. non;isotropy ðf she€ù eonductiviåy" Ttrre

non*:llneårity and non-,isotr€py of leledeltes paper have been rieasureds

and are d:iscussed ín some det'alL l¡a the Alteratr¡reo

Karplus has tabulated the properties of varíous eonducting

materÍal-s and givæ precautions to be used with each ¡raterfal*Zz Bridges

has measured an average nonoÍsotropy irr sheet conductivlty in the direction

of ro11Í:rg and. the perpend:icuLar direetLonr and fou¡rd the average resis-

tance perpenùicnlar to the dÍrection of rolling to be about L2/" greaher"23

Bridges derives fonnuLae for correctj.on of this non-j-sotropy for cÍrcu1are

sewri-circular or quarteræircle sç3-ane sheets by changÍng the shape to

that of an elAlpse" sermL-el-1:ipse or quarter-ellipse, respeetive1yu and

applying a reaf. shift to the positions of poles and zeros' In the csurse

of naldng measurements of non-isotropSru he foursd variatíons of t'he order

of B to L5% ln sheet eonducti'rnities of ÏL-inch sqûares j-n one directio:l,

Measureme::rts of Linearity of sheet conductívity aLso showed a eonductivity

charr.ge af AúÅ in a 33-inch 1.ong sheet,2h No correetien was preiposeú for

ãtIñ,J" Karpruq.Analog s.'qEla-[kg (Torontot McGraw - HilL Book
Gompany Tnca" 195-8)"

Z3gri¿gesg *" gê&*u pp' 66 - 67 "
2LÏ-båd"u pp" 70 - 7Zo
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'bhe La.st eff*ot 'becauge th.e eher¡ge ín liq:,eeríty cve;:i" "T:.1¡.* ,*;i:i'eirt',;i."',;"*1;'-':':s,:t-

tb3. area trorfld be l"esg tUæ¡ ít/"s and be*guse sr.ch {j, nfi.ìr.*''ir*iìir^ì-":l.i'r;i':'¡;ili.'j i,,(ù

rat'her íßrolvedø

Seubå measurgtl greduåf. ehariges s'çtÏ¿ s.s th+g* ri:isl l3'l ;.Ì ¿:ìi'it-,ri,i;i[ji: :Ì.]¡.

spacÍ.:tg of y'oLlers rrhiie t"he papeilturas b*ilg ll:r*e" it:::i'i:!:xi.i.t.'itî¿ i-ih.::.tr;g'rl,i ji.r,

resistivåt"y such, as those *aused, by im¡runties s¡¡:'l i'-'.þi,i:r.,'rgc.,',¡j'-t;:i.r:i$ :?¡.r'¿1,.n¡

^fwaLetiaLr¿2 In 3, ff=f:nc"n 3-ong sampies taker¡ í::l st*,:**,1#i-i:-::i Í.-,'"í,r,;:r. l.: u:".i-ç,1,i*

rùlL he for¡nd Less than Ï,y'i,1 pereent eSiu::ge of :r,s.s:i.st":]-vi-i:+ 3.:t:. )i :Ì::.i(:h.eí.io

Using e, sheet 7'55:nr,nes't;4de fed rri'bh a rx.'lfr,nErr, *r.3r''.r"{:J-rr"ri i.:1.:rt':i'ii,,r.;ri,å::}r.;:.9

nrh:ieh should have givær rise to str"a:igh'a linrr r,¡:-:!"1-';lrtiünl;3ui,iru i:,',: :i'r.;ilivå ,*

riæcfumm dw-åation 3-n eqi::lpotentiaL Lt-nes r:f ú,[;]f j::i;]:o .I-f -i;,i:+ l?¡ä¡'tr."-'r.i;j.;-

nrit; 3:l"erne f s ased for raegruitude measiir'erns¡rts tr;;- s,::'{-;t;Í-ng .ry fis} I'f-¡ij

ior a a¡rurten plane is used.)" ùhe er-r'Õss Ba:i ¿r¡:,j.sli.; i:r:riðr:[:?ì:ili?- a el;:i,:,]h,;;:il

equipotentiaS Lines along th+ frequency ætis* -A.ui-:l.ri*,:15Jr*q 'i;r.r -1,Li":r ::,r.rr,r';i'l.':*;:ge

Seott arrives at a constant egyor of Õ"85 pe::'cr.*r'o ili -lJ:ir,r l'.'i'li,+i.ri;::¿:l^l ä';i: 'illJ:isfi

a given potentÍ.al Õrcrrriic Wil,h a spacÍ:rg of ? iir::1, i.rii'i,di! i:"1-',.î ùi.r.,,-: ;_:r.r;',.:,[¡',¡¡i ritf

the poterrtåa3 aea?-og n'raehÍ::e cf '¿Ïd"s bhesåsu tj:i¿ slEârÈr;t,'o'',l. *3;r'-r,,ir,rit :i:i;,: ;:r*;*,:"ri;i',e-'

nÊn'b ûf trcltage bet''weeia probes wouLd. be 3"7 pe.*c*i:'bu i:*r,:r-r¡:¡l-i;i-1,ç "t'"rJ 
'l'.\::.t:)

methcd of ca'3"elr:-doLçtt u-sed by Scottø Becäiise i:;i- ¡i¡¿";l,ri;.ì.-rJ:r¿, 'l:';ii:: ìì:i.;::'i:Ì::ù iiíji

ph.*,se wou3d. 'finobably be less"

Ï'ehr gtate tl'iat ?ri-s me#.su-remtnts sh{r"i{.}'l ''¿i:l¿il 'h'Í.ü'l 
,lrËil;rri::: l:li.-rii å

resistance of tlLBOG olur*s T]Ër.sEu.Írireî? r.¡i'",1,1 vei:du."i;:i"r;r¡.::"íi; r.::l.l litlii,l {tl'..¡:Ì:r. r-i"l:i. ¡r*."-

cerr'gr26

G#bte ff" 9-1-t--"u T.ri:r. 33 - 35"

1oc"cåt'26Lehre
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Á.lthough meas-rremerrts perfornaed at the Uirirrec'så{iir Ór'iuizr:"i'i'l'dria' '1;;p-'

Ënidges and. the aflthon of this thesis isd:i.catød. ra:id*r.r¿ "ç"a:r"åe;';:l'¡:"r"",: i-):f í:r;,r

ffi@ as 35 percent in the resÍstirríty of the Teied,eltcrs petilc{r'e ,Ír'íri -iii'3:--1. i'i-1i

the non",¡isotropy* the øryer5-mentaS results f,er phase ro'ld :ru45,1å'bu,i'e

measurements ebtained usÍ:lg p]-anes for drieb inf3r'dtg ersD:r z/cr: IÌr:-å-l"1gl:11'.|*

ff l1o'1-êtf,igtæ'rt a¡rd. nOn-isttrtpy waS not' correctes fcru shi:ru'ed s'ii*3i i':'f-'g¡::r

åcüJrãey (often ïrithj-n 1&) \hât' doubt j-s east sn the 3'atte'r r'"*iiisi:l':Æ'-li"':'

rneasurements as indi-cative of performance t* be expected. a:'L:eii ljrir::ilil{itr'.¡;¡å

mapping has been usedo on the other hand., the vesuits *bt¿;j:*çJ' r'i.r;"'

enploying the ordinary s-p1ane..shoaied. that sígrrificar:t' ir-{:.í'Ù8ÏsiÌ) :i,l;,'" :,1,i.r'l:r^''-r:":'':ii¡

was atta:ined by using sheets eorrected fÛr no'$.-isotropyg as 'it;sr''r;i"rl'¡¡':i "r:-

Bridges"

Thuse the effects of nonoisotropy and non-Li'neaf'Í-t';r :iza;ir ii* ir'{'''r)

Ímporbant i¡r certai-n rnappS:gg than in others* Fsacti.eal'er:p*:t'å''lr-'''í'r rli t'i:

that, nn:.ch h:igher acelrï.aey is attai.nabl-e tlian Bridgets a¡ld the ¿ijf,-til:r*riif Íì

n.eåsurements of non-1;inearity and. non-Ísotrery tro'Lt.íS- í-ïì-*icut*o Sil;'iïi:'s $

measurements Of sheet prOp*tie$ SëÊ18 t'* be iX grea'Aee ågl"r?$tnt':;:iå 'r¡'¡;"i';i¡ 'l'.1 
'¡:

excel1*lÈ acGüråEF 5n magnitude pn¡d ph.ase clrt*ì/es eirtaine¡d. i^;¡ibÏi ti?:re *ì]lì.í:ì-':.''riiü

Z@ The approxiraate plrysieaL representa'bisn of ùhe å;:J1u¿:i:i's r;]r:ÌrIr-?-;iï

pLane oy a confor¡raI mappåsg r¡f ít by a finite sheet æf c*.*';Clrc'h:i;,¿;. i'"'i'"'::

with appropr{ate bornrdarlr eonúi-t'isns ø

I{ansen and. I,ur,;d,rtron have d'eri'v'ed fcl-rcülil'aÆ an"d' g:i;'i*i1 $Ti'"rrfr"(i i'¿r'';'i'i'l'r'.3

dese:sn:i:ration of ert:ilrs in neasrirerrler,¿ts of gai-n ar:.tll ph'ese ål;t t':-i-ii|.-l'¿ ii::t,r¡.'::':
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w'ith circular equi-potential boundariese representing the ord,inary s-plrrre?7

Using Hansen and Lr:¡d.stromts resultsu Moore gives the maximm error i¡n

potentia^l along the reaL f?egrrency ancis of such a ci-rcular tank as about

)f-" rnihere a is the usable fraction of tank radiusu and the portion of the
2'

tank which must be used to yÍel-d an al-J-or¡able error of one percent as ofre-

seventh of the tank ra¿ius?B Bridges calcuJ-ates the error 5-n measurS-nge

at $$s the rnagn:itude fi¡rcttonlf(tl =,#i set, up in a cjrcuS.ar pLane of

rul
radius Rs as 2uB6 percent?9 Scott has anaS"yzed, usÍ:rg a procedure sj¡ni-

lar to that of Hansen and. Lundstrom, the error due to finite size sf a

cjrcuLar sheet, and shown how to apply Ï¡:is results to conformaf. mappings

of the ,-oL*"?0u31 He has also verÍfied. his result,s by actuaS- measurements"

These resulis show that if a conformal- mappfng represents an s-pIane of

radius seven tj¡res that of the closest' fj¡:ite uero or polee the error i¡a

voltage rneasurement irr the pl-ane is nc,inrhere greater than one percent,o

Thuse a logaríthmic mapping r,ñtth errors frora tÌÉs source of less than one

percent can easily be used. for tÏ@ potentíal- anaS-og machj¡re described ln

2hÍ" 'üü" Hansen and 0" C. Lundstromu rtEx¡rerj¡rentaf- Ðetermination of
Irrrpedancel\rnetionsbytheUseofarrE1ectro1ybieTan]ct'u@.q!
the rr$, 33252943Ju August e r9l+5"

2BA. D" Mooree 'tThe Potentiat Analogy in Network Ana.lysÍsurt (r:n-
publ-ished. Masterl s Thesisn Qaeent s Universityu Kingstone Ontariou
September f9l+9)e po 1Bo

29Sriagess .g," eíj, pp" BB - Bg"

3OHansen and. Lundstromu ]._oc," c!L"

3*Scott¡ 98" sa!", pp" 35 - 38,
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this thesíse If an eI]-:iptie functj-on ís used. 5:l the conformal mæpfngse

the error due to finite boundaríes d,ísappearsu since infinity is mapped

Ínto a pointo On the other hand, as d:iscussed. in the folIow5ng paragrapht

there are functions which are ínsensitive to bor:ndæy conåitionso

Intuitíve1yu it seg?¡1s that the LÌnes of force due to an equaL

number of finite positive and negative chargesu when there are none at

Snfiuityu should. rnostly cancef. each other at the bou::daries of a fínite

tank, Ilencee the boundary conditions on a finite sheet slaould not greatly

affect the measrrsnents of a1l--Pass f\rnctions or others with no po3'es or

:¿eTos at infSnity" I;íebman provides a reasonable euçerimental- verifieation

of this i-deae and uses it in some e]çãmples to obtain very good results

r,rith the representatj.on of the complex p1-a3e by a rectenT gular sf'eet?2

Fa1a" a¡d. Keesr have innrestfgated the use of confsrmaf' transformetion

to improge accuracy of æal-ogse and' have thúS been able to solva problems

in electrostatics which were previogsly Í¡atractable?3

The often impracticaL soales that have to be used with the ordi-nary

complex s-plæterand the errors due to its finite slzes usrral"þ make ft

ærtreraely desirabl-e to use a conforrnaf. rnaPPj¡rg' Howevere due to the

íntroduction of non-1ínear scales by the maPPj-ngp non-Ísotropy can n0

S.onger be corrected. by sinrpl-e ehanges i3 the shape of the sheeto Fr:rÔher-

moree sach changes of d:ape woul-d Senersllly distort the straight-line'

3?*¿eUmano gpo, cft"-c pp" 56 - 73"

33T{* K. Farr and. trf, A, Keenu Jro, Î¡Tmprov-ing l'19$ 4"'19Fu through

Confor¡oaL Mappf:rg"u Corymïriggþ:þns qnc! Éleclrgqlcs¡ Agl"P:å'-e Pt'" Ïe
lig - 399s Jrflyr':rÖ 

-
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ajcl:l '.:'-: ¿:- - -: .-'-'ïe-.---1..1 ele rec:-ùiaÙli ;iletlrr:3 r-';

caJri¿-ge" ïl,-:s, tle cl';'c-¡s due tc no:'-:so-t'!'cpY

discussed ancve, hc::ev.:, i:hese er?oîs ar'e pr'Û*

Resul't,s usi-ng icga:':--tr:iili-c a-nd sl] -ìþiic ;leppì-ngs

shot^rr eJ"i'oîs of l-ess 'tha¡: one per ccn-b i¡i bo',,h nagniíud'e end' phase

measui"ê$en-bsü IÍ ÒLiver.se e:ca¡,Lc1es i::cic¿'ie suci: accu-racy in fui;';i'e, ihey

triiJ "::o;rLde -i;he mosz L'npc::'bert pl'ooi of in e acuJiecfc æd inðicate

-r:,l.'-i,;cions oÍ i;he po-berrbi¿]- e¡diog s1'æf 'ci::"

3, Flucì;ua-i;ions in -Ciie s-bi'eng-;hs of so'Jrce and sink cur'::'en-i;so

T¡rese ve:.e íou:r<Ì neg:igiro-iy srraii. ove:'i;ne i::le -b::¿-b a recorcj::g wås

'i¿y.e::, as iong as c-U:"¡'e;¡iS. i¿:' ri.t1v!dï-a: pro-beS d-id. nO-r' exceei' ¿bOu-i'

sijt ¡liü-¿ïæsï'e3 o:c gc beic;t ¿"¡oui one a¡C c::e-:r¿.-i :''óI-j'ìa''per'eso

Â" i¿:"ge ¡tiiiiæ.eie:. scst.le is esse:-rtiai ior' åctì]]]acy in rae-leri-ng.'

c';.rrerttso Fr.:.r'thet!íc ¡et ad.j-us-bnenl or onl-¡r oire scaie rã)ge is p::obabiy

i.;,ise-. -¿niess -bhe shtu:-bs Íc¡'ihe ld-:--r i::¡re'be¡'a¡: jcrlc''^r¡:. to be ecÛuf'ateo

Ou*er per"iod.s oÍ as long äs dr, horir', cccasionai checlcinE ãìcl

ad.jus-;nent of cur'::enis is acvisai:ie" Äi-jus-bnen-b of curuen'bs shoulc be

celeî.,'l iy d.one so as r:o sec'ruû eq-ia1 d.is-trr-¡uiion of ì:he vari¿bie z'e-

sisì;,-,-:ces e.Ìrong'¡lie sci;r'ces enå s"r-nltso '-fh:-s is i;:cücai,ed by -bhe scaJ-es

¿:- l'::e pc'i;eniio::G-.ë-'S or ¡he Í::'¡:-:.-.- or ihe -;:-rcl r i'i-'h ìlf,ope:' adjUSi'neni:

l':;e cJrl,enis -UenC to s'l;ábrl:ze .JaCh oùhe:i' e::o Í'iuctuai;ion'S becolne

::e;1 -;ibiY s:':a-i]-o

'i.!..urùie Ì;roribie -fJas ejæÉl-,e:.ced, l.ii."bn cu.rreni l'fi':.ciuai;ions r.inen

ine ¿jcov¿ ¡-¡'eceuiio:ls ';;eie -¿attoio
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h." Change in sheet conductivity with change in qrr.rent densítyo

Scott has fou-r¿tl" the a.llowable eurrenb density in the Teiedeltos paper to

be g r¿a for no heabing and. l+0 ma for bur:ruingfl+ (Hence" the d:i.ameters of

thc current probes cannrrt be too smal-l on the paper wilL burn.), Scott

used. eurrent probes 0"025 j-nch in d:ì-ameter and a cur"rent strengÈh of 0o835

'.tg,o He he.s found. that th:is is about the maximum that can be used r,rithout,

running into nonlinea¡' effects in the vicin:i'by of the probe" although

valu.es greater than this can be usd withoub introducing errors of sigtri-

fÍcance except fn the neighbourhood of ttre profeså5

Harries has found that cu.rrent flow through Tel-edeltos paper shouf-d

be kept belc,w about one mfLl.iarq)ere through areas of a few square ínches

havång nri-ni;rnlrn path 3-engths of the order of a centÍmetere in order to keep

nonLl-near resistance effects 
"ro*t1ã6

Bridges has made measurements to deternrine the effect of cument,

d.ens5-'by on sheet conductivity|T He has found that the eond.uctívíty one-

quarter i.nch froir¿ a probe oårryj-Tlg four rn¿ ís onJ-y one pereent greater

thran in a regÍc,n of l"ow current densÍtyo

These investågations írd.icate that the effect of cr:rrent density

due t'o probes carr¡nlng six or Less milliamperes can be considered, negligible

3hseotts gg" _e!.t.op ppo 15 - a6,

35¿s Scott stateso the c'urrent is not changed by a change of sur-
face resåstance adjacenb to the probeo

36J" H" 0o Harriesu ttThe Rubber Membrane and. Resístanee Papen
.Aria3"ogåes,tu lqgggeËåålq_ o-Í: !þg .IEE' hl+r 2b5u f'etruary, 1956"

3?Bridgesc ep-o ÉLt*op pp' 73 - 76"
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at distances greater than about 6ns-euarLer inch frqrl the probes*

f'rrrthez:nroreu high acclrracy near these probes ís seldom reqirired" The

results of previous irn¡estigatËæs !üere borne out by examples (giv€t'I ir:

the followi-:og chapter) Ín which the attenuatíon very cLose to the li::e

of measurement' was recordedo The aceuracy remained high except very

cLose to the poles, where it was not needed"

Conforma.L mapp5::gs can be used to elçand the sca,Le Ín the vici-

nity of poles or zeros deene hígh accuraey is requiredu 811íptÍc mappings,

for examptree greably oçand the scale near the edges of filter pass bandsu

near wtrich both poLes arrd zetros æe generaf.ly situaùedo Thusu the Ímpor-

t,ance of using conformaf" mappings is again to be noted.'

5r,. Rinite sizes of pnobes used. for er¡rrent sources and, sinkse

fi:rite sÍze of voltage.+neasuring wipersu ard effect of hoLes Lefb i¡r the

plane by the current probes6

Scott has anal3rzed these errors thor"oughl¡t8 Tfr" errors due to

the cwrent, probes æe:

(i) The effeet of confo:rnaT" mappins (Scott treats onþ the

I"ogarithnric m4pÍng a3-though similar analysÍs applies to

ottrers) 
"

/.. \(ii) Theír finite size"

(íii) The holes they sometimes bu:rr in t'he paÐero

The voltage w'ipers also introduce an error beca:.se of their finite size"

Seott shows that a circle i-n the s-plane maps into a circLe,.ån the

3Sscottu gB, gi!"u pp" 38 - I+2,



2L6

T"ogarithmic p}ane whose raðLus jn the La,öter is the ra.ðir¡'se re in the

s-pLane, ùivided by its d.istance, R" from the origi-n of the s-pLanet

prurided þ t OO" Converselyu a cÍrcLe of constant size in t'he logarí-

thnric pfr¡1u maps into a circl-e of the s-p3-are r,¡hj-ch decreases i-a raùLus

in proporbion to the distance from the orÍgln" Hencen the percentage

emor due to the probe size is constant evæ¡rwhere i:: the Logarithnie

planee For-alher conforrna]. mappíngs a similar anaaysis could easily be

performedo Sir:ce the probes have d.iameters of less than one-sj:rbeent'h

of an inch where they csnbact the papen, the el-r"ors introduced by these

trrobes can generalþ be considered neglibþ snaJ-L at short distances

from these probeso Clear3yu tfre error decreases if the conforriål mappÍng

has expand,ed a regÍon of t6" s*p3.anee for the probe diameters are of

constant' sizeo

Due to their finite sizese the currerÉ and voLtage probes dístorb

the field in thejr i:rnnediate vicÍnÍty" The same is true of hoLes Left

in the pElefo Scottts ana-I-ysiso vaaid. for arry conformaf- transformation

Irhich maps smaì-L clrcl-es j:rto cireles ard. makes the effects of fi'nite

boundaries negligibJ-eu shows that at a radius of ten tjmes the probe

ra.,åius the error in the fiel"d ôre to the finite current-pn"obe size or of

holes in the pape1" is of the order of one-tenth percent and the error

due to the effect of finite voltage probe size is of the order of one

percento Thus, these ellrors are al3. neglígible r:¡f-ess voltages are

meas-ored. very c3.ose to eurrent prcrbes or holesc There fs a1'so a srnal"l"

err$r due to the finite sj-ze of the voltage-measr:ring r,riperø Since eaeh

of these wipers probably has a contact, area with the paper of less than
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half that of a eurrent probeu this error must be negligibþ smaaLø

6u Finíte width and 5-uperfect conductivity of silver paínt

strÍps used, to sfrmrLate equlpotenti-ã1so

In eerbq5n problems eqaípotentia-L conductf.ng stnipsu lines on

(other) shapes mrrst be used. for sÍrmrlatåono Tf an ttequ-ipot,entfal str'lptt

ls used fo¡r an eqdpotentiaL as a boundarry of a sheet * ssu for eucatry3-ee

åhe eqrlpotentíal. around the crm¡ed periphery of.ser¡d-cfreuLar sþs6{'E *

the sbríp rnay be made as much as a¡r inch Wådec if deslredo The lneide edge

of the strip should snoothl¿r and accurately foLLow the pr"escnibed erc qr

]jne of the bouldaqy" Ttr"is raay be quite Í-mportant in cases where the

boundary isg theoretícaIIye supposed to be a J-inee aXtlrough it does not,

greatþ mattere for example, when zero ar¿d infinlty are represented by

the stríps aÈ each end of a logarÍ.thmie plane' The former ease (ioe"u a

boundary is to be a Iirle equipotentia-L) oceurs, for ecample" when probletns

in image parameter theory are dealt withr for the i:nage propagation

attenuation function i-s zero i¡r the pass band of filters" Care rmrst be

taken in sueh cases not to cover the parb of the sheet which represents

the desired. nappÍ:rgs T,!íth the conductfug paint" Howevero sÍ:ace the edge

at rnrhich the strip of silver conducting paint meets the sheet has i¡per-

fectionsn the stríps of paint should overLap the plane by about a nÉ1li-

metero Tn both eases discussed so fare the stríp shouLd be r,¡-Íde eaou€h

tc ensure an eqripotentiaL if current is to be fed j::to or wiùhdrawr at

these equipotentia-1so Serreral- probes should be distributed along thert
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and the required curuent divid.ed. equal-ly among t'f'*'?9

If Line equipotentia}s i¡side the sheet boundaries are to be

representedu the silver paint, conducting sùrÍps must be as lihin as

possib}eo yet, hearily paintedo and current probes, if any, must be ðis-

tributed as in the previotls câsêso

gthe¡r eqrripotentiaJ- shalpes should be accurately painted on thc

condueting sheetso A mrrber of su.ruent probes (if any are neded)u

úistrÍbuted over the shapeu shouLd be used"

FïÞx"çrrs Due_ to tþe Methods of -MeåËgr"e-men"b gEd the Recordfulg Sys'bem

L" Finite spacÍ.:og ard positioning of the voltage-*neas#ing

wåpers (probes) carríed, by the carriage'

T¡lhen measuring magnitud.eu a r,riper is positioned so as to traveL

exactly along a linee The wíper travel has oçtremely smaS"L deviatior:¡s

from a straíght linee and tjre paper cån be set up so the wiper tvaveLs

(as weL3- as can be obsenred. by eye) exactJ"y aLong the required lfne'

Accorùing to anaTysís such ae Scott¡so the etrors due to positioning of

n:ipens are neg3.:igibly "*ffb0
The finit,e spacing (? ton') sf the wipers affects phase and phase

slope measqremerrts because the spacÍ.:rg of the wÍpers is not t'?re infinite-

sÍmally sma1l d:istance required. for id.ea1 measuremento An epcact analysis

cf the enror for simpLe cases can easily be performed by usSng field

39scott¡ iþ-ligrt, .p. h3,
'l+Oscr¡ttp ibid, e ppo L: - )+h, The analysis here app1íes to

epor introduceO O]*ñ-easrrrÍng magnitude as the mean of voltages measured

with probes at eqoäf distancés oã each side of the axisu birt a sÍm:iLsr
analyàis cari be applied to phase slope measurement' 

r
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l-r
theorträ.J Tt is clearu howevere such errors cårl be rather high if sources

or si"nks lie near the r,,riperst 1ine of tra:øe1"

Measurements (by graduate. students at the University of Man:itoba)

of phase of Bu-bterr^rorth and Chebyshæ pass band firnctions of foustih

order ín a half s-.plane corrected for non*isotropy krave yielded nea.::þ

perfect y'esultsø The frrnction $$. '¡ças set, up for making these mea6ure-
F(-s)

ment,s' The phase recordi:rg shcrum on page 68 aJ.so shor¡rs good accuracyo

Therefores high or sufficientþ hígh accrracy ean be obtaí¡ed j¡: many

CâSêS ø

O¡re method by nre*rs of r^*rich the acsuracy in phase and delay

measirrement, can be imprcnred is by settíng up the funetj-on SÞI- in half
!'t -s /

p]anes or usíng a qr:arter plane with a short*circi-:-lted rea1 frequeney

axis, Tn tåe l-abt,er easee one probe traveLs paraLlel torand cl-ose tøthe

edge of the conductÍng strip, wh:iLe the other probe traveLs on the con-

ducting strÍp, Thus, the spaci:rg between probes is no longer a probì-em

when rneasursnents are made jn such a quarter p1-ane6

Another method of improving accuracy woul-d be to decrease i:he

spacing between the r.råperso As mentioned in the concluding sentence of

the Last paragraphu th-is is not necessaslr íf the qrarter pl-ane is usede

ft is to be notede howevere th.¿t if this spaci:rg were very snaLl-" higher

ad.der gain may han¡e to be usede causíng a va¡"iabl"e dsj-fb jn the irrput'

to fÍ:e i-ntegrator ampLifiere The Ínt,egrat,or would also be diffieuL,t t*

adjust sÕ as to eli¡Ínate verbicaf- nr:tion of the recerder stylus, wi..th

l+lScottp ibtg .-e ppo h3 * hh" The analysis here appliies tt
error introduced.'õfleasuri.:ag magnitude as tÀe næan of voltages measured
r,rith probes at equal- distances on each side of the exis, but a si-:nil-as
anerlysis ean be aplied to phase slope measurement'u
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tha an',pijfl-erls ÍleeCback eai*acj.tos' ûpene jus'b before 'Laicirg the :.eesrdíng"

Th.e adde:" át'i.f'b l;rould. ¿].so cau.sÐ år. erroz' 5n de]-ay rireasurementso if ihe

probe spa*ing hre.re verT/ smalÏ-o there vrouåd also be fluctuatj-ons in th¡.e

recor:di-ng of phase slcpe, becau-se the sJ:ighÌ; varåatåons ån pressur.,e o:f the

prc',bee agai'::lsÈ" t'he ccnduct'5.:ng pe¿per during camiage tr,ar'ËL wcu.l"d cause

variebie t¡oltage dåffæenees 'L,etween. themo These di.fferen"ee,s ¿trË sn¿i:otÌred

e,'ub duri¡:g i"nt,egrat9,ono tut l"hey rnuy ståL.l cärsë ån eriîör i.n pharseo In

the case cf phase siope, hotuever, there wcuid pr."obably be fluutu.ations

tuhích the ree*irdeï" ccuid not even foll-owo -A¡.either effect Ís tl:e distor-
'bior:- i.n the f:ie3,tl" caused by ùhe finå'be area of conùact ,rf the two probes

'truÛh the påpÇl:r This effec'G't'¡'{¡t''l .l }-rc cr'a.rto' ìf t}re'probes T^IÊre r/er1r

q:icse tcgel,he:r'"

The prc't'e spa*ing of seven rn:iitÍmeåerg resulted. in hÍgh accurracy

Í.n many prÐbiett.ïs sol.ved. j"n a hal$ 'pJ-eneo Tn otherse the aecïrrac,Jr l^roi:Id

be hí.gh enough for pr:actÍca3- purposeso lT'igher accuracy maybe obÈained,

by-u.si.ng a quarber pI-ane wibh an equipotentiaL str"ip a.J-orrg the reaS-

Í*eguency axis, and ::un:ring one wiper as el-ose ta¡ the edge of the strip

as tJ:e limíta'L,ions dLscussed abov'e 'wiil" pernLit,"

'ä" Nc¡n-fårrear a:r.plificatíon, drifb and other errors in the dc

ar,plifået' urri.Lo

Û¡r¡r'od has ariaJyxed tlre iornr fþequency response of the Heath un'rp1i:fliers

urred" in tkre d.c ei.e*'*rc,rcl,s i::*î-^bP ,Fte h.as cÍis,3ussed. the sSrecåaL cn'rLsi-dsratíons

h2üo H" ûr"mr"Õd,, 'rûperatåonåt Ampl-ifiers?c, (unpubl-ish.eci Bae,hel.nr"ss
Thesi*p TÌ:e U¡d;versÈty of Manitebae lrvi:m:i"pegs -"\.gígJp FÞ" j - "i"



in the desígn of these d.c amrplifliers for comprrter *uþ3

the errors which t'he anrplifi-ers have wlren they are used

tf-on by a constant,e addi-tlon and. Íntegrationþ Final-lye

a s¡rsten si¡ril"ar to the pne used l-n the dc electronic ur¡itk5 0 n¡nod

enrperi:nentalþ verif.ì.ed the accrtracy of h:iE adder circrrit' errd his inte';

grator cirsuit'o

Using Ormrod.ts work it san be shor,n'r -.b neglec'bing¡ for the rnoment,p

the ef:fects of drÍft ¿- that the adder and i-rrvæter unit are aecurate to

Less than one-half of one pereento By íntegrating a constant voltage

for a peri-od of five mi-nutes and taking si¡rult,aneo'ns readflgs of output

voltage and time during this period,a he found that the rneazured slope

of the plot of output voLtage versus time was r,nithi.n three perçenf of the

catsulated va,luee and that aLL but the last tr¡ro fi-nail reaÅings did'

lie on a straight ]åne5, The three percent difference between cal-cul¿ted

and elçeri:nental results was within the e:cpælnm.taL er"ror since alJ-

components 'lüere one percent and. the fuLL sca-Le error of the meter was

tirree percent,o The fi:raL output voltage of ttre integrator yas Z)ul

vol-tst

Parbicul-arlly when the adder gain is greater than unitysr Phase o:r

phase slope measurements can be noticeably affected by the smaf,3 amounts

l+3fUig"c ppo B *L|o
Iti+fUij"u pp. 16 - 23.

22]-

He has anal¡æed

for rnultípllea-

he has p-roposed

l+5&¿e,o ppn EZ * Zl+,
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of drlf"co Tluis drifb shor¡rs up a littLe r'úren tj:e adder ¿ir:C i;i:ti'erbet'

aq:lifiers are beÍng zeroed with the adder galæ greater t',|:.¿'i'-:" 'a.rúi;;'""

Greater dífficuJ-ty r,rith dnift Ís erçeriencede hotuevex'u 'w1t*i: aJiirsti.r,g

the integrator ampl:i$er balanee so that no vertíea3 motj.ci¡r of tl:.e Ï-Ï

recorder stylus results when the capacitor across the int,eg:rs.{ioi" i,s opent

prior to mdclng a recorèing of ph4se, The ampllfier drifli cect¿ ma^ke 'f,Ïils

\.t"
adjr:stment çuite difficult 1f the adder ga:1n ís over un:it;':3-

The addæ arnplifier does nst introduce sfgni-f,Lcan'b €t*sr" ldhesl

magnitude only ís being measuredo In this ease the iaput s5,gna3. 3"sire1

t,o the adder anrplifier ís high e'rough to rnake the effects üf o:i'if'o :reg-

ligibly smalL* The adder gain ín thís ease may aLso be n¿xl-e g:'ea;;be";' tÌ:ieu..i

urity if desired, Hoi^reverg the higher signaS- Level" pernrils ''::,se of t1¡.e

X-T reeordæ T ga:'n controLn and this i-s alwa¡rs preferabS.e bo i::er+:es5ng

ùhe adder Bain,

To niin:i¡rize t"lne enror during phase measuremen'bse tn'* ,f ri:ríllì; oll

the reeorder styluso before tfre recorû1ng is t'akenu mu-st i¡e sto¡;4:ex1 h;r

usÍ-ng the íntegrator anrpl5fier zero eontrole ar¿d th.e T clrd-i:b c,r 'if::.tl s$i-

lus at the end of the reoord:ing (wíth the vcltage w'ípers ns't co¡:¿h:,r,,-;tå:,¿;

the ccnrdirctíng paper) shor:-1d be &sei¡¡ed' Tf the latter icg":i.fT; ås

æccessíver the recordÍ:tg should be talcen again"

To nrini:níze the e:z.or from dríft i:r all- cäsese tbe a.tj;j.¡:'r.'a:äry'J-i.i"Ìier

gai.n control should be kept as Low as possible and. the T ga:i:¡r e'¡êb:roL cf

the X-l reeorder usedo

É..

fícíently greatr so that
phase measurementsø

t.t49Fort'unateþe ít was for¡nd that the X-Y recorder T ga;i.:r 'n,r,;: s'lrf'-
the adder gaÍn could be le ft el t:',:'-i.y 'lu:'5r:g
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fhe amplifíer drift has been kept as Lor¡ as possíbl-e by usÍ:rg the

prE)er Heath power gllppL¡r for the Heath ES-2OL amplifiersp by acorrately

adjustirg the voltages of thfs porrrer suppþ (as described Ín Seetíon L"l+

of Appendir( B-l+)¡ ffid by feeù{.r¡g t}re poner supply with the voltage fborn

a constant voltage reguS.atlng transformer to elirrrì.:nate line voltage fluc-

tuationso

T5e probLem of amplifier drlfb couLd. be entirely elirainated by

using more expensÍve chopper-stabilized dc amplifiers"

3. The X-T recorder.

The accqraey of the X-Y reccnder is eccactly described in the.litera-

ture suppliÊd T.rith it by the manufacturer' Brieflye it can be sald on the

basls of consid.erabJ.e er¡leriencee that the X-Y recorder r¡ras adr,rirablry stuited

for use rrríth the potentíal analog syst,etu" I¡Ilth the speed of travel used for

the carria,gee no difflLculty'hras errcorlr¿bered. in the speed of response of the

X*T recorder, Tn the imnnediate vicinlty of sÍngut-aritíes near the 1:ine of

probe trarreS-, the response måy nob have been perfectly accrrrateu but an

exact lcrowl-edge near such singu1aråties was never desired" The rnagrútude

response may not, hanre been perfeetly accurate at the start of the recorùing,

when the voltage wÍper first touched the conductÍng papere if t'he first

point was not at ground. potential" This occu:rede for exampS-e, whenevæ

the response a3.ong tf,e6åtop band sid#of an elJ:iptic firnction mappfrt8 wa.s

taken" There was almost no d.etectabl-e osciLJ.ation of t'he X-T recorder¡$

stylus if, the pnoper settfngs of recorder sensitivity were used"

The record:ings (after the initÍaf. jump in raany att,enuation responses)

Trere smoÕth" except for oceasional slight roughnesses due to ttre probelsr
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paSsing sr¡er the surface of the conductÍ-ng sheetø The roughness was

not present ila recorcli:?gs of phaseg this shornied. that Ít r.¡as not due to

the X-T recorderø

The stylus couJd easily be positioned to within the wí.dth of the

fine inked l-ineø

The calibrations and operatÍng procedures æ ¿¡d the pertínent

e1"¡.ors -* atre d.escråbed and discrrssed. ån Appenclì:c Bd" ScaLes established

by using sÍ:np3-e caaibratÍng ftnctions often rernained stabLe over periods

as long as three or four hours6 PerloùLa checks ensured acsurat'e call-

bration at all- tirneso

In conclusione the X-Y recorder introduced no error of ar:y

practical- importancee æ9 T,üas rernårkdb y appropriate for use t¡'ith t'he

potential- analog machi:re6


