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ABSTRACT

This thesis presents the development of a semi-sutomatic potential

analog apparebus which employs carbon-impregnated conducting "Teledelhbos®

paper and an X-Y recorder, gives & derivation--by means of the potenbial

enalogy=--of functions which yield solutions to low-pass approximation

problems in image parameter (and insertion loss lossless filter theory)

and shows how the apparabus may be used as an aid in their practical

determination. Techniques of measurement using quarter planes are

investigated and the resulis presented., Conformal transformations (of

the complex plane) are studied in order to find some which have special

je

ractical ubility with the apparztus, and examples of recordings (using

these planes) which yielded suitable leocations for points of infinite

loss are presented and compared, These-~and a few other recordings--

show the feasibiliity of using the apparatus for that purpese as well as

others of passive filter (and other network) synthesis problems.

The feasibility of applications of the potential analog apparatus

as an aid in solving low-pass aspproximation problems of lossless filter

° o

theory is studied, and the practicability of the apparatus for this

purpose is evaluated and compared with templates and digital compuber

methods. Tt is found that the apparatus is more practical and suffiec-

iently accurate in many cases. One such case, which is emphasized in

thesis, is the determination of locations of points of infinite

o as bo give prescribed atbenvation characteristics.

Formulae for measurement of coefficlients in partiasl fracbion




iii
expansions of rational functions ﬁith single and double poles are
derived, and examples of actual measurements (performed manually)'are
presented. These {1lustrate the neéessity for the semi-automatic

snalog apparatus.




PREFACE

This thesis originated with the desire to investigate applications
of a potential analog apparatus originally built at the University of
Manitoba by Professor E, Bridges under the supervision of Professgor
R. A, Johnson and with the sponsership of the Mobional Resgearch Council
of Canada (Grant NRCOGE8L=1956)% This apparatus was not suitable for
most practical applications, so extensive modifications were underbtaken
+o make it semi-automatic, Manual measurements, presented in this
thesis, also showed the need for such an apparatus. After the development
of this apparatus had been completed, & study of the literature on
network synthesis-=especially filter theory--was undertaken in order to
find possible applications of the apparatus in sclving approximation
problems, A few of the possible applications of the poﬁentiél anzglog
apparatus are presented in this thesis, The suitability of confcermal
mappings for use with this apparatus are studiedo Actﬁal recordings
obtained with the aid of the apparatus are presented, and its use is

compared with template and compuber methods.

*g, Bridges, ™A Network-Function Simulator® (Unpublished
Master!s Thesis, The University of Manitoba, Wirmipsg, September 1558) .
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CHAPTER I

THE ATMS; THEIR VALIDATTCN, DEFINITION
OF IMPORTANT TERMS AND THE

ORGANIZATION

This thesis describes the evolution of a new semi-automatic
potential analog apparatus suitable for network and control system
synthesis applications, gives the derivation of functions suitable for
approximation of low-pass image-parameter (and, in well known ﬁaysg of
low=pass insertion attenuation) functions, and presents applicatiocns
of the potential analog apparatus as a design aid in determining these
functions. In this thesis the presentation and/or derivation, by means
of the potential analogy, of functions needed for lumped-element low=
pass image parameter (and insertion loss) lossless filter synthesis and

the use of the potential analog apparatus as a practical design aid in
this work, is given greatest emphasis,

The functions desired are functions of a complex variable, p=C+
j&s uvsually normalized to d)cmlo In chapter Vv £2 is sometimes used
instead of the normalized (J. The matter of independent complex
variables should, however, cause no trouble.

Because of the nature of the topics, the complete method of their
presentation, and their length, a historical background is not presented
here, but is given in each chapter which deals with a particular topic.
Further help in placing this work in proper perspective and relation to

that previously done, and in showing the status of the topics up until




2
the present time, is given by footnote references and validations and
comparisons presented in each chapter of this thesis. The scope of the
undertaking for each topic is also defined in the introductory section(s)
of each chapter, so extra verbiage is not presemted here, except that
the specific aims of this thesis will be stated at the end of this
chapter., These aims, when considered in relation to the historical
background and justifications of this study--presented in the intro-

ductory sections of the chapters--should give the reader an initial insight

into the importance and relations of the topics covered in this thesise.

I, REASONS FOR THE STUDY, AND ORGANIZATION

OF THE THESIS

One of the reasons for this study was the need for a potential
analog apparatus more suitable for network and control systems than any
that had been previously developed. Thus, most previous analog devices
were too inaccurate and tedious to work with, and yielded recordings or
plots which were too small to be of practical value; or were restricted,
in that only one type of conformal mapping could be used. With this need
there was the desire to investigate variocus types of measurement
techniques for potential and stream functions, and to try out the new
potential analog apparatus to be described hereiny, in order to compare
its effectiveness and practicality against point-by-point measurement
techniques, as well as %0 investigate its over-all accuracy and modes
of operation. Before the apparatus was built it was desirable to search

for those features which a semi-auvtomatic potential analog apparatus



should have in order to be most useful in the contemplated fields~=
especially network synthesis., After the apparatus was built its errors
had to be considered, its over-all accuracy assured, and further
improvements suggested,

The next three chapters are concerned with the topics of the
previcus paragraph. Chapter IT gives poinb-by-point measurements of
phase and magnitude functions on quarter planes, and discusses and
illustrates the use of various types of measurements using these quarter
planes. Chapter ITT deals with measurement of residues of rational
functions using a half plane. Equations for such measurements are
derived, and point-by-point measurements carried out. Both chapters
IT and IIT demcnstrate the tediousness and the rather mediocre accuracy
achievable with these methods. They also give a physical appreciation
of the amalog. Chapter IV deals with some of the historical background
of potential analog devices for network synthesis and analysis, a study
of desired features of such an apparatus, with the development of a new
apparatus, and with a study of its errors and over-all accuracy. Many
details of the development, the calibration, and the errors, are presented
in the appendices. Further improvements are suggested in chapter IV.

Another need seemed to be a thorough investigation of possible
practical applications of the apparatus to solving approximation problems
in filter synthesis.

The theory of the potential analogy was used in this thesis
because it leads to application of the analog apparatus, and provides

a physical concept for the rather complicated mathematics of approximation




the orye

Chapter V is devoted to the derivation of approximating functions
for image parameter filter theory by means of the potential analogy, to
the investigation of possible applications of the potential analog
apparatus as a design aid, to the actual implementation (with high
accuracy) of the new potential analog apparatus to determination of
points of infinite loss for low pass filters, to determinations and
comparisons of conformal mappings to be uséd with the apparatus for low
pass filter synthesis. Chapter VI gives a comparison of the use of the
apparatus to the use of other methods yielding the same results. Although
image-parameter filters were dealt with specifically, it is well-known
that the approximation of image attenuation is usually used as a high

quality approximation to insertion less in the stop band(s) .

II. THE DEFINITION OF THE IMPORTANT FILTER THEORY

FUNCTIONS TO BE APPROXTMATED

Before the specific aims are given, a few words should be said
about some important functions used in dealing with filter approximation
theory,

Firstly, in dealing with image parameter filter theory one en=-
counters the following functions of p, which are defined and described

in a book by'Cauersl

lwo Caner, Theory of Linear Commnication Networks, Vols. I andII
(McGraw-Hill Bock Company, IncGe, Toronto, 1958), pp.l2l=142 and 221-291,




5
1o The two-terminal-paivr-network propagation fmn@@ignglfi =4 §ﬁ§
usually abbrevisted to image propagaticn function, o< is
also abbreviated to image attenuation and ;?to image phaseQ
2, The q functions, which are defined by
Q= TN - AR vt L
where Zq1 and yll ave, respsctively, primary open- and

short=circult reactance and admittance, and 2z, and y

22 22
are the secondary open- and short=circult reactance and
admittance of a two=pordt lossless network, For symmetric
filters one obtains Iﬁ 2
q = coth ‘i% = Az®
o

&

where 2, is the impedance-normalized horizontal lattlce
reactance, and 2y is the impedancs-normalized cross=arm
‘ lattice reactance of the @quivalent latbice.
3, The q/ functions, defined by
| q’ = @@%h(gl I ;%K}
i, The image impedance functions

Y STl
ol I3 (N
for unsymmetric filters, and
% ofF
for symmetric filters,
Chapter V is largely concerned with the derivation of the above

image par@me%er functions for most lossless Filters by means of the

rotential analogy, and with their practical determination with the aid

of a potential analog apparatus.
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CHAPTER IIX

SOME METHODS OF MEASURING PHASE AND MAGNITUDE
BY USING QUARTER PLANES

I. PHASE MEASUREMENT BY USING A QUARTER COMPLEX
PLANE OR ITS LOGARITHMIC
- TRANSFORMATTON

General Theory of the Method _

There is an analogy between the total current crossing the path
of integration on a uniformly conducting sheet representing the complex
plane or its conformal mappings and the phase difi‘erence s between the
initial and final points on the path, of the rational function F(s) of
a complex variable represented on the analogols2 The odd symmetry of
sources and sinks with respect to _:short—circuited boundaries shows that
the total current crossing the short-circuited imaginary axis of a
quarter plane s between s = 0 and s =jw should be proportional to the

angle of %) s when a low-resistance return path is provided to the

infinity equipotential,3sk

1S. Dér]ington, The potential analogue method of network sJynthésis,
Bell Telephone System Monograph 1860 (September 1951), De Te '

2E, Bridges, "A Network-Function Simulator" (unpublished Master's
Thesis, The University of Manitoba, Winnipeg, September 1958), p. 6.

3George L, Matthei, "A General Method for Synthesis of Filter
Transfer Functions as Applied to L-C and R<C Filter Examples", Technical
Report Nos 39, (Electronics Research Laboratory, Stanford University,
Cﬁ{form,_ﬂugus‘c 31, 1952), pp. 31=40.

Yparlington, op. cite, ppe 16-17.




Preparation of Quarter Planes and Method of Phase Measurement

The principles of the previous section led to the preparabtion of
the quarter plane analog sheeb and its logarithmic transformation shown
respectively in Figures 2.1 and 2,3. A constant current unit, previously
built at the University of Manitoba, was used to supply the sources and
sinks and the method of measuring total current flowing between the
copper shorting bar and the infinity equipotential shown in Figures2e2
and 2.l was employed_«S This current should be proportional to the
phase, at s =Jwof the rational function F(s) set up on the analog sheet
if the copper bar from which the current is metered is in continuous
contact with the imaginary axis between s = 0 and s =Jw ., A second
shorting bar. (used with the logarithmic plane only), between the mapping
of s =Jw and the infinity equipotential shown in Figure 2.l merely en-
. sured a bebber short-circuit for the rest of the imaginary axis than
might be provided by the silver paint on the V-shaped wedges shown in
Figures 2,1 to 2.4 The quarter planes were uncorrected for the effects
of non=isotropic sheeb conductivity.é

The current was metered with the milliammeter at increments of w
equal to unity. Since thesgeale of w in the complex quarter plane was
baken as one radian = one cm, which was the spacing of the bottom's of
the cut oub Vis in Figure 2,1, this current was metered every timé the
shorting bar ha.d been moved along the jw=-axis of the quarter plane by a

one-centimeter increment, and at similar points on the mapping of

5Bridges, ope Cite, Ppe 19 and 283 £igs.2,10 - 2,1k, ppe 23-27.

6Bridges, OPo Cite, Pp. 68=69.




—— %-inch wide strip made equipctential by coating

. Wwith silver conducting paint. This represents
infinity. "

e

1.5 cm.-wide strip to right of j -axis
eut with V=shaped nicks whose apices

N\, lie at 1 cm, intervals along the

j =axis (besinning at 0.5 cm.),
Those V=shaped projections re-

maining are covered with
silver conducting paint to
short=circuit the
_ Jw=-axis,

positive imazinary axis

negative real axis

origin

Notes:=l. Apices of nicks alonz jw-axis just senarate the
V-shaped projections.

2. Coated conducting carbon=-impregnated Teledel-
tos paper type L-=U3, manufactured by Western
Union Telegraph Comnany, used as material for
above quarter plane analog sheet.

3, Method of phase measurement shown in Figure 2,2,

Do °

Scale: 3" =L cm,

FIGURE 2.1
QUARTHR COMPLEX PLANE WITH SHORT«CIRCUITED jw=AXIS USED TO MAASURE
PHASE OF RATIONAL FUNCTIONS OF A COMPLEX VARIABLE .
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2 ma. source (pole)

Ko~
Phase of Z(s) at this pointg
found proportional to

current metered with
microammeter

4 ma. gink
(zero) —=—=—0

X W ATt Th e A A"k A AT KA A A i ATL"
AT AA ¥y 7 4 J

R EF IR IR

2 ma. sink(zero)

P,
VT S Y oy Ny YV

negative real axis

2ty

Tinsley No. 97,336, Type 4237A, 100,000
ohms /volt volt-ammeter, uvsed as micro-
ammeter to meter current between

copper bar and infinity circle.

-/

Note: Poles and zeros shown are (left 1/8" thick copper bars
half plang)zaros and peoles of with brightened sur-
. face short-cir=-
2(s) = (5420) (s+10-340) (5410+340) cuiting V-shaped
(s+10-320)(s+10+320) projections
of which phase was found for s=jw. alqng .
jw-axis
Scale: 3" = L cm.

FIGURE 2,2

METHOD OF MEASURING PHASE OF RATIONAL FUNCTION OF
A COMPLEX VARIABLE USING QUARTER PLANE WITH

SHORT -CTRCUITED IMAGINARY AXIS
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the s=plane jw=-axis into the logarithmie quarter plane.

Calibration of Quarter Planes and VMea.sq_ranent of Phase of Test Function

The finction s+20 was set up on each quarter plane, using (half-
unit) current strengths of two mas, and plots obtained of degrees per
ﬁilliahpere VSeW, with the milliammeter on the one milliampere rangee7
This plot for the quartér complex plane is shown in Figure 2,5, while
that for its logarithmic mapping is shown in Figure 2 .6. Figure 2.5
also shows vthe éurves obtained using s+30 with 2 ma. and 6 ma.source and
sink, and the mean of the three calibration curves. Figure 2 o5 shows
the plots for the function s+20, sebt up in the logarithmic transforma-
tion of the quarter complex plane with current strengths of two milli-
amperes, The ten-milliampere range of the milliarmmeter was employede
The two curves in Figure 2.5 may be compared to show the effect of
changing the resistance of the milliarmeter. Figures2,5 and 2,6 thus
give the calibration curves for the quarter planes.

The test function |

= (5+20) (s+10=340) (s+10+jL0)
Z(s) (5+10-720) (+101720) (201)

was seb up on each of the quarter planes, using- unit current strengths
of four millimnperes s and the readings of total current vs,w obtained
as dgscri‘bed a]oovee8 Each reading was multiplied by the ordinate of

the proper ‘cali‘bration curve at the same value of wto obtain the phase

Tsince each decade of the logarithmic plane was 58,6 cm long,
the finite pole and zero positions in this planey; in cm, were found from
o2 1In s;, where s; are the s=plane positions. '

8P9 8.
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16
of the btest function., Figure .2@7 shows the actual phase of Z(s) and
the measured phase obtained from the quarter plane complex analogy -
while Figure 2,8 shows the actual phase, a.nd the measured phase obtained
from the logarithmic quarter plane analog.

Discussion and Conclusions

The discrepancies in the three curves plotted in Figure 2.5 were
due in large part to the use of an incorrect constant in cenverting from
the readings obtained using the ten ma.range of the meter to those
which would have been obtained on the one ma. range. 6 Readings obtained
in the two cases are different because of the different meter resistances.
Thus, a constant multiplier must be determined from simultaneous
measurements on the two scales, and used in conversion from one basis to
another, Since only one such reading was taken, this multiplier may
have been inaccurate. Furthermore, the technique of measurement had
né‘c. been too well-developed at this time; changes in the measured
current were detected when the shorting bar was held with bare hands, or
when the pressure on this bar was insufficient to give good contactj
furthermore, the constant current sources and sinks may have drifted a
little over the hour or so that measurements were taken.

In the case of the logarithmic quarter plane, the conversion
.factor from 1 ma.to 10 ma.basis was more accurately determined by
simultaneous measurement on both scales, and the technique of measure=
ment was improved. The shorting bar was handled with dry gloves,
pressure on it was maintained by means of weights and the constant

current sources and sinks were frequently checked, Hence, the measure-
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19
ments shown by Figures 2.6 and 2.8 are probably more reliable than

those of Figure 2,5 and 2.7. Figure 2.5 does indicate, however, how
mach variation can be encountered unless great care is taken with
measuremnent technigues,

Comparison of the phase responses in Figures 2.7 and 2.8 with
that phase response obtained by graphical integration of phase slope
measurements shows that the results obltainable with the methods pre-
sented here are superior9. Bridges, for example, obtained a maximmum
error of sbout 15° in the phase of the same function in the range w= 0
to wr= 55 and an error of about 5° at w= 30.

For practical phase measurement, however, the method presented
here is probably not too useful, because it is rather time-consuming.

It was also found that electronic integration of phase slope found by
measurement of potential between two moving probes was adapbable to the
semi-gutomabtic system described in Chapter IV, while the method presented
here was not. However, the method or an extension of it may be employed
in some future device,

The results that have been presented also provide a reasonable
experimental verification of this as a method of phase measurement,

according to the ideas set forth in the general theory,

IBridges, Ope Cibe, PPs 52 = 53.




20
IT. A MORE PRACTICAL METHOD OF MEASURING PHASE

BY USING QUARTER PLANES1Os 1l

A much more practical way of measuring phase than the one des-
cribed in the last section can be employed. A quarter plane with the
edge of an unbroken equipotential (that is, without the Vs of the planes
described in the last section), about one half to one inch wide, along
the real frequency axis is employed. The voltage gradient across the
strip of widbth A (physically five millimeters or less wide) with one
edge along the real frequency axis is thenmeasured at equal increments
along the real frequency axis and then swmed in the well=known fashion
to yleld phase, since this summation is proportional to the total current
flowing across the real frequency axis,

It will easily be seen that this method is particularly suitable
for use with the semi-automatic potential analogue system described in
Chapter IV, because it allows any smaller value of ot (which does not
impose the other limitations discussed in Appendices referred to in
Chapter IV) than the spacing between voltage probes, to be used, Only

one probe is needed for the phase measurement by this method. The

10g, Staffin, Network Synthesis Procedures with a Potential Ana-
log Computer, Polytechnic Institute of Brooklyn, Microwave Research
Institute, Research Report R-391-5li, PIB-32l;, June 6,195}, p. 10,

Lip .y, Tiebman, Simultaneous Gain-Phase Approximabtion with a
Potential Analog Computer, Polytechnic lnstitute of Brooklyn, Iicrowave
Eesearch Institute, Research Report R-617-57, PIB-5L5, August 22, 1957,
PPe 16=17 and 18-20,




2l

accuracy of phase measurement should be high because the phase of 'FET“((‘%

(twice the phase of F(s))is measured, and because Aet can be made small.
By recording only the differences in potential between the probe
and the equipotentialj the slope of the phase with respect to the real
frequency axis scale is obtained, For example, in the ordinary quarter
s-plane one obtains g_,g s While in the logarithmic quarter plane one

obbains & g —--o USing the s=plane analogue one thus obtains delay,
o4 logw

ITI. MAGNITUDE MEASUREMENT BY USING THE LOGARITHMIC
TRANSFORMATION OF A QUARTER PLANE WITH

OPEN-CIRCUITED REAL FREQUENCY AXIS

General Theory of the Method

There is a well=known analogy between the potential on a uniformly
conducting sheet representing the complex plane or its conformal mapping
and the logarithm of the magnitude of a rational funchion F(s) of a
complex variagble represented on the enalog12: 13, The even symmetry of
sources and sinks with respect to open-circuited boundaries shows that
the potential on the open~circuited real-frequency axis of the quarter
plane or any of its conformal mappings at s = Jjwor, respectively, its

transformed position, is proportional to the logarithm of the magnitude

l2Da:mli:ngﬁon, OPe Cites PPo 3-10.

13Bridges, op. cits, ppe L=5.
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of lF(J“’)lz = F(iw) F(~jw). 1, 15

Preparation of Logarrbhxuc Quarter Plane and Method of Magn:.’cude '

Measurement

The principles of the previous section Jed 'boythe‘ preparation of
~the 1ogar1thm10 quarter plane shown in Fn.gure 2696 'i‘he same unit was
used to prorvide constan‘b—current sources and sinks as for the phase
measuremen’t, In Tigure 2,9, the methoq o;‘ voltage measurement is also
indicatede ;o

Galibrat:.on of Logar:.thxm.c Quarter Plane and Measurement of Magnitude

. of Test Function

The function F(s) = s was set up on the plane using (half-unit
for sinks or sources on the real axis or at infinity) current strengths

of two may and the plot, shown in Figuré 2.10 swas obtained of potential

in volts vs. w ; with wplotted to a logarithmic scale. The slope of the = °

straight line obtained was the coefficient K in the equation

F(s) \

V=K7 1 @

1 Oglo\Fr—so) _ (2.2)
which relates the potential at s measured on the analog with respect to

. 16
a point sg, tp‘F(:) s From Figure 2,10, K7 = 5,33,
. ' ' : o !

Untatthes, ops cite
15Darlington, op. citse
Opridges, ope cites Pe Se
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The test function (2.1) was set up on the plane, using unit
current strengths of four milliamperes (on the real axis and at infinity
these strengths must be half-unit strength) and readings of potential vs.
wwere obtaineds From (2.1),Z(0) = 68, Using equation (2.2), a plot of
IZ(qul V8. W was obtained; it is displayed in Figure 2.11, together with
the computed curve.

Discussion and Conclusions

Excellent agreement between the measured analog plot of 'Z(jwﬂ
and the actual curve was obtained, as Figure 2,11 shows. The measured
points also lie extremely close to the straight line of Figure 2,10, A
comparison with magnitude measurements using a half logarithmic plane
shows that the results found here were even slightly better than those
found using the half logarithmic planei!

Because the potential measured on quarter planes is twice that
measured on half planes, it is preferable to use quarter planes for
measuring magnitude functions or those with quadrantal symm<—3‘t:3:'y‘}8 The
use of a quarter plane for such functions is practical. This is parti-
cularly true since quarter planes can be used with the semi-sutomatic

system described in Chapter IV,

17Bridges, S_P..o &j;'ge, PPe Sh—SSo

lBThe same result is obtained if the function F(s) F(=s) is set
up in the half plane, but this requires twice the amount of conducting
paperea
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Z{s)y = w. + ks -+ 2w, (362)

wohengtics, circuld
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enalysis and is
- 2=
In general, these

whlch would ensble determd
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coefficients in thess eypansions in terms of quantibiss that can be

messured on a circular potentisal émalc:sg% In the following, expres-
sions ave found which ensble these coefficlents to be found from
measurenents on & hali~plane analog, Oﬁe example is given of the
determination, from snalog measurements, of the residues at single
poies in expensions of the form given in; equation (3.1) and another

exsmple in which coefficients in the terms of the expansion due to a
double pole == a5 illustrated by (3.2) = were found from analog
measurements in a half plane. The measurad values are compared with
the actual; caleulated vaiuves.

The discussion of accuracy and of ervors inbtroducsd by the
point=by=point measurements (obtained manually with a voltuster or =-
when much smaller pobtential differences were to be n»éasm-ed == ith
the aid of & simple circuit3 employing a microammeber for a null
indicabor), by the use of coabted Teledsltos paper, and by other sources
of error, and the time consumed in wmaking the measurements, indlcated
that the semi-automatic gystem using unceated Teledeltos papery

described in the following chapier, should prove to be gquite useful in

2, JHe :vuui,nruja 5 5.0 Cherry, and R, Hakar, "An Elecbrolytic

Tank for the Measurement of Steady- mua’ce Response s Transient Response

and Allied P: erties of Networks", Proceedings of the I.E.T. mfltzsh)
3

—wmwwaw e ts | Vomovts | ok €h b o A

96: 169=170 and 176=177, Part 1, 19&9@

3Fige 4.2, Appendix A, p. 168,
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The function
Z3(s) = (s=5,)2 2(s) (3.16)
is defined first. | Then the relation ,
7),(sp) = (sp=sp)? 23(sp) = 4p? Z3(sp) (3417)
holds. Hence,
Arg 2),(sp) = v+ Arg Z3(sp) =77+ Arg kpoo | (3.18)
Therefore,
Arg kp2 = Arg Zh(sp) =T, (3+19)

from which the angle of kyp may be found from analog measurements as in
the case of the residue at a simple pole described in the last sections
As mentioned there, a correction oftmyrmay have to be applied to the
measured angie if there are zeros or poles to the right of the perpendi-~

cular dropped from s to the real axis, along which is performed the

p
integration to determine the phase of Zh(s)a

In order to find an expression for kpl in terms of quantities
which can be measured on a half plane analog, the following analysis is

applied. First,

2 1260 = (a-s2 EE) 4 2(eustyz (o), (3420)
One defines
Z)(s) = Rejﬁa (3.21)

Then, with the aid of the CauchynRiemann conditions, and the use of

equation (3420), one obtainsg
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IV, EXPERTMENTAL DETERMINATTON OF RESTDUES AT FIRST-ORDER
| POLES AND OF COEFFICIENTS OF TERMS OF A
PARTTAL-FRACTION EXPANSION
DUE TO DOUBLE POIESU

Preparation and Calibrabion of the Potential Analogue Sheet

- A semi-elliptical coated conducting sheet of Teledeltos paper,
obtained by correction of a semi-circular sheet for the effects of non=-
isotropysalong real and imaginary axes, was used as the analog  sheet.

Since the complex potential function

B(s) = v(s) +i¥ () (3.2L)
and a rational function F(s) of the complex varisble,s,are related by
B(s) = V(s) +i¥ (s) = K, + K1 1n F(s), (3 .25)
T(s) = Ko + 2,303 K1 logio | F(s)| (3.25a)
and
Y (s) = Ky Arg F(s). (3.+25b)

Hence; it was sufficient to perform a calibration of magnitude only, to

obtain Kq.

The Functions for which Residues and Coefficients were Determined
The calibrated sheet was used to determine, according to the

theory presented in sections IT and III of this chapter, the residues

hDetails about the preparation and calibration of the plane, and
‘the measurement techniques, are presented in Appendix A, Ppe 165-17).
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given in the last two sections of this chapter,

Comparison of Measured and Calculated Coefficients of Terms of a

Partial Fraction Expansion Due to Double Poles

The partial fraction expansion of Z'(s) given by equation (3.27)

was calculated as

Zi(s) = 2L5 + 5 + 16L0/-004330 , 1640/1,0,330
s+10-320 S+10+320

. 20200 4-71;9950 . 20200 ?h.95°°
(s+10-320 Y (s+10+320 )2

In addition, for

7),(s) = RelP = (5+20)(s+10-j10) (5+10+3L0) (s+30~130) (5+30+]30) ,

the values
=1 d(tan @)= 0,0668 radians per radian,
dw  sec+p Sw
-%% = 126000 ohms per radian,

R = 32,3%106 ohms,
and

@ = 1,7505 radians
for s = =10+j20

were calculated, for the sake of comparison with the measured values of
these quantities, The calculated quantities were,incidentally, substi-
tubed into equation (3.23), and a check obtained for the calculated
value of koj. Table I presents the measured and calculabed quantities
for comparison.

From Table I, and from the description and graphs of the
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previous sections, it is clear that measurement of the coefficients in
partial fraction expensionsof rational functions with double poles was
not too accurate as well as time-consuming, when done Ey this manual

procedure,

TABLE I
COMPARISON BETWEEN MEASURED AND CAICULATED QUANTITIES
OBTAINED IN DETERMINATION OF COEFFICIENTS OF
PARTTAT, FRACTION EXPANSION OF RATTIONAL |
FUNCTION WITH DOUBLE COMPLEX POLES

Quantity Measured Value Calculated Value
koo 23365 /=72,50 20200 /=Tl 95°
koq 2050 /=10,75° 1640 /=}40.33°
R(~10+j20) 3705 X 106 ohms | 3243%106 ohms
B(=10+320) 1.877 radians 1,7505 radians

gﬂ, for s= =10+j20  0oO07hl radians per radian 0.0668 radians per radian
) .

g%, for s=-=10+j20
Ve DISCUSSION OF ACCURACY AND
SOURCES OF ERROR

The fact that there were a large number of quentities entering
into the expression (3.23) for finding kyq 5 made kpy particularly sub-
Jject to error. Accurate determination oi‘g%’ using the gbove manual

methods of measurement was extremely difficult. The msthod of finding

0,145%10% ohms per radian 0,126X106 ohms per radian
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phase slopes (and phase) was time-consumings it also was inaccurate
because the data was only sampled by this means of measurement,

Considersble variations are to be observed among the curves of
phasé vs.w shown in Figure A.3 and. among the curves of Zu(-10+jw) VS
w shown in Figure A.5. The conditions under which the data for each
curve was taken are also showm in the Figurese It has also been pre-
viously noted that one of the current sources was feeding the upper
limit of 8 ma., and, although the milliammeter metering this current was
closely watched, there were some variations in this current.

The cause of the variations among the curves of Figure A.3 and
among the curves of Figure A.5, and the cause of errors in all other
measurements weres

I. Most important of all the sources of error and probably the

cause of most of the variations among the curves was the
.fact that Teledeltos paper with a non-conducting coating
was used for the analog, The reasons for this deduction
ares

A. A change in pressure on a voltage=measuring probe, or &
change in the material beneath the Teledeltos papef
often resulted in considerable change in a reading.

B Albhough no proof is presented here, it seems plausible
that leakage of charge over the high=resistance path
between lead and conducting papery as well as the
effect of the potential of the Teledeltos paper would

cause some of the rather erratic readings and movements
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of indicating instrument needles that were observeds

C. When coated Teledeltos paper was used later in obtaining
recordings on a brush oscillograph and =-- finally ==
on an X=Y recorder, the surface irregulariﬁies of the
coated Teledeltos paper resulied in extremely
irreguiar' recordings until a great many recordings had
been made, and the coating worn away. BEven after many
"runs" some irregularities persisted. When the un-
coated Teledeltos paper was used with the semi -avtomatic
system, no irregularities were ever obtained in the
recordings,

The variation in a current source operating at maximum
current. This variation may have been great enough to
cause noticeable, important fluctuztions in measurements,
although it is barely noticesble on the milliammeter used
for metering it, By using two sources, each feeding half
the original current, such variations may be made negligibly
small,

The effect of a finite "infinity ring".

The use of sampled data for plotting curves or for
integration,

The time involved in making measurements; over such extended
periods the po’ssibility of variations increases.

Noise due to power cables, etcCe

Non=isotropy of the Teledeltos paper.
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In sunmary, the main sources of error were probably due to the

use of coated Teledeltos paper, the use of sampled (rather than conti-
nuous) data, the time involved in making measurements, stray noise,
the finite "infinity", and instability of current sources and sinks

operating at too high a current level.

VI, TIMPROVING SPEED AND ACCURACY
OF MEASUREMENTS

A potential analog system is described in the following
chapter which, when employing uncoated Teledeltos paper; yielded such
excellent results in measurement of magnitude and phase, that there is
no doubt the determination of the residues and céefficients' according to
the theory in the preceding material of this chapter would be speedily
and accurately accomplished by itz use., Uncoated Teledeltos paper
proved to be far superior to the coated paper, as explained in the pre=
vious section. Plots were obtained quickly and semi-automatically on
an X-Y recorder from continuous data by using the systemy thus
minimizing effects of possible instability of current sources and sinks 9
noise and other possible fluctuations. It is to be noted that current
sources and sinks were always, in later work, kept within optimum
operating ranges by using two or more sources or sinks to feed one probe
if a high single current was required. Finally, by using conformal
mappings to eliminate or minimize the effect of a finite "infinityh,
the resulting plots obtained by using this system proved to be highly

accurate, conveniently calibrated and speedily executeds
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As this. chapter and the one pfeceding it illustrate, malcng the
potential analog:  semi=aubomatic. was eséehbial; this potential analog
sﬁstem finally enables the accurate, practical, speedy application of
the potential analogy to solving problems such as finding partial frace
tion expansions of rational functions, If a more highly isotropic |
conducting paper or other material were found, the accuracy obtained by
using this system would be more than sufficient for even exacting
fequirements.
| In conclusion, the measurement of residues and coefficients in
partial fraction expansions by using a potential ar;alog is inaccurate,
tedious and slow if coated Teledeltos paper and the manual methods of
this chapter are usedj more accurate, less tedious and still quite slow
if uncoated Teledeltos paper and the same’ manual methods were employeds
and probably quite accurate and speedy if the semi=-axitomatic potential
analogue system described in the next chapter were employed. Only the

last method would make such measurements prea.c:t:i.cablea6

6M, L, Morgan, "Algebraic Function Calculations Using Pobential
Analog Pairs," Proceedings of the IRE, 9: 276«282, Jamuary, 1961, The
ESIAC (trade name) potential analog computer described in this article
is extremely practical for functions readily and accurately treated on
the logarithmic plane. It works on a rather novel principle, different
from the one described in this thesis.




CHAPTER IV

A PRACTTCAT, SEMI<AUTOMATIC GATN-FHASE
POTENTTIAL ANAT.OG '

I, INTRODUCTION

The existing poléwzero machine at the University of Manitoba was
not completely suitable for practical, speedy solution of problems% In
this Qhapter are presented the functions and desired practical. perfor-
mance,: of a gainephase potential analog machine envisioned afiter a few
mon’ohé‘_ study of the exisﬁing and other gainw=phase ﬁotential analog
machines and their possible applications to electrical problems, partie
culari;s? in the fields of electric circuit theory and synthesis, and
autongatic control, systemso, The extensive modiﬁcations of the original
pole-zero maghine are Briei‘ly mentioned, and reference is made to a
detaifii«ed treatment in an Appendix of the limitations of this original
" machine and of the modifications which, consequently, had to be made to
ite ‘A description of the general construction, calibration and oper.atién -

of the new potential analog system is presented% Details of the dry

J—Y

:E"Em Pridges, "A Network-Function Simulator", (unpublished Masters
Thesis, The University of Manitoba, Winnipeg, September 1958), ppe 2-40¢

2The new potentisl snalog machine connected with a commeraial
YV necorder is referred to as "the potential analog system", or simply
g Fihe system,
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electrolytic tank, of the construction of new electrical circuits and
mechanical apparatus which were added to the portion of the original
pole=zero machine still left inbtact, and of the calibration and operation
of the system, are relegated to the Appendices, An outline of the
sources of error in the system and the means by which they may be mini-
mized 5:3 presentedg this outline is again enlarged upon in an Appendix.
The overall accuracy of the potential analog system is discussed,
By means of discussion and examples, some Justification is provided that
the system meets the requirements originally envisioned for a practical
gain-phase potential analog machine, that the system is flexible, con=
venient and accurate,and that problems can be solved quickly by its
use == in short, that the system works well, Further proof is provided
by the examples of the ensuing Chapter, Finally, some possible modifi-
cations and additions are suggested which might improve the new potential

analog system,
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I, THE REQUIREMENTS ON A PRACTICAL GATN-PHASE POTENTTAL ANALOG
MACHINE EMPLOYING AN ISOTROPIC RESISTIVE MATERTAL
FOR, REPRESENTATTON OF THE COMPLEX PLANE
OR ITS CONFORMAL MAPPINGS>

For a gain-phase potentiel enalog machine which could be used
with facility f.q solve prcblamé in electrio .qimuits and sﬁnthesisg in
avbomatic con’oz;él systems and in many applications in which electric
field problems arise, the following characteristics were deemed desirable:

1, The ma,‘chine gshould use a résiative material such as Teledeltos
paper, rather than an electrolytic solution.

This conclusion wiaa reached after a study of literature relating
to the building énd use of both web=electrolyte potential analog machines
and those employing isotropic (or nearly so) resistive paper. A study
and comparison of many potential analog machinas can be made by referring
to the extensive literature given in the blbliographies of an excellent
historical survey by Higgins dealing with applications of the potential
analogy and. in a sumardzing paper by Cher’ry)*sg@ Moore also gives some

30nly two~dimensional field analogs are considered, although wet-
electrolyte tanks have been built and used for investigation of three=-
dimensional problems,

lypyomas J, Higgins, "Electroanalogic Methods", Applied Mechanics
RWiGWS% VOlp : 93 NOQ . 13 J&nu@y, 19569

5E, Go Cherry, "Application of the Electrolytic Tank Techniques
to Network Synthesis", Proceedings of Symposia on Modern Network Synthesis,
l: 1,40"’160 9 Aprilg 1952Q v ' . .
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this coating produced recordings which were bumpy or Jagged when moving
probes were used, Use of the uncoated ﬁaper resulted in smooth curves
on recordings,

3¢ Such a machine would be most useful and effective 1L two
closely=spaced moving probes which could be carried at constant speed
in continuous contact with the peper's surface were used (rather than
the many fixed probes or needles employed in some of the previous designs)
for the detection of potentials along lines on ‘the paper

Two closely-spaced probes are nacessary to enable the differemnce
of potential (or its integral, which is a measure of total current flow),
approximating current flow at a point, to be determined on half planes.
Although a quarter plane with an equipotential strip along the real
frequency axis requires the use of only one volbtage wiper (probe) for
measurement of phase or ite derivéive,and although this measurement in
& quarter plane is more acourate, magnitude functions cannot be measured
on the same quarter plane. Since it is convenlent to be able to measure
phase or its derivative,and magnitude, on one plane == which is especially
true if a number of measurements of phase opr its derivative and of mag-
nitude must be made ==, two probes should be provided, for one can still
effect measurements on quarter planes by using only one of the probes,
Furthermore, with two probes there is the possibllity of simultaneous

display of phase, or its derivative, and magnitude. Thus, the voltage

is coated with a non-conducting surface. Howeveré the uncoated paper
can be obtained from the Sunshine Scientific Instrument Co., 1810 Graut
Aveoy Pniladelphia, Pa,
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on each probe would be summed to obtain twice the average voltage on the
two probes, and the difference of the two voltages would be integrabed
to obtain phase (ss in this potential analog system). A dual-beam scope,
or dusl-input X-¥ recorder could then be used to obtain simultaneous
gainsphése displays}3 The system described in this thesis is flexible
in that it allows either half or quarter planes to be used, and would
(with the addition of an amplifier) allow for simulteneous gain-phase
display if degired. Scott shows, however, that the use of the average
voltage on the two prébes is not accurate if the probes are spaced rather
far apart compared to the distance of a pole or zero from the probes,
and snalyzes the errorth Thus, the machine described in this thesis
permits more accurate measurement of megnitude by using one probe tra-

~velling elong the real frequency axis.
Gpnstaht speed of probe travel 1s required so that a recorder
with ite own linear time base may be usedy end so that an integration
of the potential between the two moving probes with respect to time may be
performed to yield, for example, the phase of a rational function.
Probes in continuous contact with the paper would provide conti-
mous information, as compared with the sampling obtainable with fixed=

probe systems,

P g

1,3L:iebmans Ope cite, PPe 18=21, TIiebman compares the use of two
quarter planes with the use of one half plane for simultaneous gain-
phase display, and concludes that a half plane employing a double volte
age probe is most practical.

:U—!-Scottg ggq 32':2@9 PPe 1&3")41-5-@
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The use of only two moving probes, ra’oﬁer than a large number of
fixed probes, eliminates the need for a great deal of equipment, some of
which is difficult to conas’mr'uc’o:l'5 935 Using suéh extra equipment may
also result in loss of information,

e In order to permit expansion or contraction of desired regions
of the comnlex plane, to allow raising potentials or current flow to
greater magnitudes (thus resulting in sreater accuracy of measurerment),
or to allow choice of the mapping on which a problem may be most effec=
tively solved, the system should permit the facile use of conformal
mappingse

5, Tor accurate representations of network functions, it should
be possible to employ large sheets of resistive paper == pbssibly three
to four feet to a side,

6¢ DC constant-current sources or sinks should be used if an

. Xe¥ recorder is to be employed, Since highiy steblc dec amplifiers can
be built or bought ‘conmmercially, the additionalicircui'l;ry is very simply
constructed, On ’ohé other hand, if ac were used the ac would have to be
converted to de == with possible loss of accuracy == in order for an Nl
recorder to be used,

7. Because the speed of movement of the probes would be relatively

slow, the voltages picked off the conducting paper would have to be

3'5Tbid ‘o L

16pridges, Loc.cibe
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increased by direct current anmlifiers%7

8, In order to measure the current flow function or its deriva-
tive, means must be provided for integrating, with respect to time, the
difference between the voltages picked up by the probes as they move at
constent velocity across the resistive paper while in continuous cone=
tact with ite I ouarter planes were used, the potential between one
probe and the equipotential along the real frequency axis would be
integrated.

9, It must be possible to sufficiently amplify the voltages
picked off the paper, their difference,or the integral of their difference,
so that a recording device can be actuated and calibrated with a convenlent
scale, | |

10, The recordings of potential, potential difference or its
integral should be large and easily calibrated in convenient units, such
asg respectively, db, milliseconds or degrees,.

11, Recordings should be made quickly and easily, Calibration
should not take longe There should be means for checking and adjusting
calibrations periodically while a problem is being solvede

12, The recording scheme should allow a curve Lo be drawm by
nand on a sheet of the recording papery, and then approximated during
successive trials by adjusting the complex potential field over the
conducting resistive paper,

13, . The overall system must have sufficient accuracy for a wide

range of practical problems; it must be a working, practical apparatus,

1Tixtremely stable dec emplifiers with very high (over 50,000)
open~loop gains are commercially available,
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suitable for day-to-day use, .
A‘.l'bhoughk the above has been written under the inevitable influence
of hindsight, it is a summary of the functions that a practical machine,
having wide and flexible possibilities of application to the fields thab
have been previcusly mentioned, should perform == and, to a certain

extent, how it should perform these functions.

IIY, GENFRAL CONSTRUCTICN AND OPERATION OF THE
NEW POTENTIAL ANALOG SYSTEM

Modifications to an Farlier Pole=Zero Machine

The pole-zero machine built by =~ Bridges at the University
of Manitoba had certain limitations which restricted its use for practical
problem-solving in the areas of circuit theory, network synthesis, con-
trol syétems and field theory, These limitations were compared to the
required functions and mode of operation listed in part II of this
Chapter. Thié comparison brought forth the Mtations and the consequent
items for improvement or replacement which_. are listed and discussed in an
‘tlppe;nd:i.zc%8 A cansideration of the points presented therey and the many
frustrating experiments performed with the earlier apparatus as work
proceeded on improving it, finally resulted in a large nurber of modifi-
cations being made to the earlier machine, The details of these modifi-
cations 'and short general descriptionsof the new apparatus providing the

similar function, with which the 0ld apparatus was replaced, are presented

18 pppendix B~1, pp. 175-178.
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in an Appendix%'9 These new modifications and additlons, together with
the original constanmb-current supply and distribution uwnit, resulted in
the desired potentieal analog machine, which had to a high degree the
desired functions, accuracy and other characteristics originally envisioned
&3 desglrable.
Generel Physical Description of the New Potentia) Analog Machine

A photograph Qf the equipment layout for the new potential analog
system is shoim in Figure Lel, A description of the apparatus shown
there is presented nestt, References are made %o Appendices for details
of various parts of the system.

At the right is a work table to which steel blocks are tightly
clamped, The steel blocks support z'i.gidiy between them two parallel
steel bars three-quarters of an inch in diameter, whose centers are tio
and one-quarter inches apart, At one end of the bars, bolted to a small
wooden platform == which, in turn, is bolted with U-bolts to the steel
bars == is a émall, electric motor which, through a speed-reducing gear
system, drives the large (three and one-half inches in diameter) sheave
at the same end, At the other end a amall idler sheave is mounted,

Over the two sheaves runs & fine-stranded copper cable covered with
nylon cloth. Tension in the cable is maintained by a fairly stiff spring
in the upper loop. This pulley cable is attached in its lower loop to a
carriage which is supported on the parallel steel bars by four brass

blocks deeply notched on thelr under-side.so as to travel upon, and be

=Y

1appendix B-1, ppe 175-178.
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guided by, these two parallel bars, This carriage carries (below and
between the bars) two curved 360° potentiometer wipers which are spring-
loaded %o main’oa:l.n continuous gontaot with the Taledel'ooa paper, Two
wires, one i‘rom each wiper, lead to a supporting hook upon the wall, and
thence to the amplifier inputs20

The Teledeltos paper is laid smoothly over a large sheet of bake-
lite or similar hard, smooth=surfaced material, and taped to this surface
and the table at its edges, Weights are placed on insulating sheets on
top of the Teledeltos papei t0 keep it motionless while the wipers are
travell:l.ng over. ite ' |

For the moving~probe system the coated Teledeltos type L=l car-
bon=impregnated, conducting paper fomerly used was found unsvitable,
The insulating coating on this paper caused irregularities in the record=-
ings, Furthermore, removal of this éoat with acg?bone affected adversely
its isotropic and linear properties, Thus, mcoé%ed- paper was used for
the dry electrolytic tank of this system; its usé: resulted in smooth
recordings§1’22 It wes also found that one shee'i;," could be used for at

‘
1

20netails of the moving probes, their mounting, and of the carriage
and carriage pulley system == i.e.; of the apparatus which has been des-
cribed in this paragraph == may be found in the descriptions and Figures
of Appendix B-24 pp. 179-18l.

2’Ll‘he black uncoated paper was purchased i‘-}om the Sunshine Instru-
ment Co,, 1810 Grant Ave., Philadelphia, Pennsylvania,

22The shape of the tank depended upon the conformal mapping used.
Correction for nop-isotropy (done only in the s-plane) resulted in an
elliptical tank, :
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least one hundred runs without becoming exceasively worn by the wiperse.

On the table, at the far right of Figure l,l, rest a 50,000 = ohm
potentiometer and two dry cells for adjusting the reference level of the
floating ground of the dec amplifier unit with respect to the potential
of a point on the Teledeltos peper.

A current distribution uniy, shown in the Figure, is used to plug
In the various movable probes which are used as point sources and sinks..
Four of these sources and sinks are visible in Figure h,1%3

On the tall portable rack in the Figure are mounted the electronic
units, The top deck in the rack holds the three Heath Co, dc amplifiers
which_, with the aid of associated passive circuits and switches, are
used for amplii‘:’.cation; inversion or integration of signals from the
moiring probesgl‘ At the right of this deck is a meter for zeroing the
amplifierse The amplifier output is fed through a twinstee resistance-
capacitance clrcuit rejecting sixty cycles per second, and through a
shielded cable, to the input of an X~Y recorder. The Heath Co, power
supply for the amplifiers is in the second deck frpm the bottom of the
racke |

The second deck from the top in the rack contains the original

constant~current pole-zero supply, which operated very satisfactorily,

23Bridges, ope Cltes Pe 195 Fige 2.9, Do 225 and Fige 21k, Do 276

QuDetailed functional, electrical and physical descriptions of

9
the dc amplifier unit, together with a block diagram and a circuit dia-
gram, are given in Appendix B=3, pp. 184-193.
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and hence was left unchanged from that employed in the original polee
Zero ma.clrxzi.nez.5

The third deck from the top and the bottom deck are no longer
useds they are remmants of the older mac_hine which have been left in
place for the sake of appearance,

On the floor, to the left of the rack, is a constant=voltage
transformer through which the mains voltage is supplied to the electronic
unibs,e | ‘

A Moseley X=Y recorder stands on the table at the left of the
F:'Lgure%6 The Y=input to this recorder is fed from the output of the

amplifier unit in the top deck of the rack,

General Description of Potential Analog and Recording System Operation

General description of system dperation, Figure lio2 shows a

functional block diagram of the potential analog systeme The pole=zero
constant=current unit feeds the point sources on the uniformly conducte

ing resistance paper. A4 potential field is thus set up over thJ.s papers

A small electric motor turns the driving sheave,which méves(at consbant = = = -

speed)the carriage carrying “the potentiometer wipers in constant contact
with the paper, The signals from the two wipers are fed into the de

amplifier unit%'r A rotary ceramic wafer switch is used to select the

25Bridges, op. cibes PPe 19 and 283 Figures 2,10 = 2,13,ppe 2326,
26Mode1 25 Moseley Aubograph,
2TDetailed functional, electrical and physical descriptions of the

de amplifier unit, including block and circuit diagramg, are given in
Appendix B=3, pp,18L-193. |
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desired potential == voltage from one wiper, difference between voltages
at the wipers, or integrated difference between wiper voltages == to be
recorded, If only the voltage from one probe (analogous, for example, to
the logarithm of the magnitude of a rational function of a complex varie
able) is desired, the inverter and integrator are not used when the pro-
'per function is selected with the rotary switchg8 The signal from the
one moving probe is multiplied by a constant (which is selected by a
rotary switch) by the adder amplifier, This signal then passes through
a resistance-capacitance twin-tee network rejecting liz}e frequency noise,
via a shielded cable, to the input of the X=Y recorder, If the diffe=
rence between the voltages on the probes (corresponding in a half plane,
for example, to phase slope of a rational function of a complex variable)
is desired, one of the probe voltages is passed through an inverter, and
then ’po the adder amplifier input, while the other goes directly to the
adder, This is effected by a rotary switche The output of the adder
then feeds the Y=-input of theVX};-Y recorder, just as in the previous case,
If the integral, with respect tc; time, of the difference in potential R
between the two probes (corresponding in a half plane, for example, to

3

phase of a rational function of a complex variable) is desiredy the

output of the adder in the last case (that is, the difference in potens=

»

tial between the probesgmulbiplied by a real constant) is fed to the

281f it is desired to measure phase derivative (with respect to
‘the mspping varisble) on a quarter plane, with an equipotential along the
real frequency axis, only one probe and only the adder amplifier are useéd,
and the equipotential is placed at the potential of the floating grounds
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input of the :fntegra‘bcr2¢9 Tﬂis selection is effected by means of a
rotary switche The outpub of the integrator i_.s then fed, via the twine
tee network, to the input of the X=Y recorders

The reference level of a recording of magnitude may be changed by
adjusting the reference level biasing unit to fix the pobtential of the
conduching sheet at a small voltage above or below the floating ground
potentiale

This completes the general description of the potential analog
systemfs operation, A few words will next be written about the recording
system, which was essential to making the potential analog system-

practicale

The recording Systeme The most convenient, speedy. and flexible

way to use the new potential analog machine was to employ a Moseley X=X
recorder to plot the output of the dc amplifier unit on sixteen and one-
half by ten inch sheets of squared paper%o

Thé XY recorder's pen moves in the X-direction at constant
velocity by means of the recorderts own time base, while the probes are
driven across the conducting sheet at constant velocity by the small
electric motor, The X=Y recorder!s pen moves in the Y=direction in pro=

portion to the voltage outpub of the de amplifier unite Larges accurate

i
\

291f a quarter plane with equipotential real frequency axis is
used for phase measurement, the inverter is not usedy and the volbtage on
one probe (close to the edge of the equipotential) is fed to the adder,
with the equipotential at floating ground potential. The adder outpub
is then integrated to obtain phase, :

30Model. 28 Moseley autograph,
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plots of magnitude, delay and phase were obtained. These were easily
calibrated to a suitable scale according to the procedures described in
great detall in the Appendices§1932’33 The simplicity and accuracy of
the calibrating procedures, and the convenience of the vertical scales
established during this procedure are the oustanding features of this
potentidl analog systems these are features contributing greatly to the
speed and comvenience of its use, and to its practicability., The use of
the X~Y recorder enabled the new potential analog machine to be used as
a.pra¢ti§%§ tool for studies in network synthesis, control systems and
electric'field theorye, In this work the potential analog machine and

X=Y recorder are referred to as the "potential analog system!,

IV, SOURCES OF ERROR, THEIR RELATTVE TMPORTANCE

AND THEIR MINIMIZATION

Errors Due to the Physical Analog

The sources of error due to the limitations in setting up an exact
physical analog were:

le Non=linearity and non=isotropy of sheet conductivity,

31calibration and operation to obtain plots of functions analogous
to potentisl (usually referred to as "logarithm of magnitude of a rational
function® in electric network synthesis), Appendix Beliy section IV, ppe 200-202.

, 3%Calibration and operation to obtain plobs of Ffunchions analogous
to the derivative of the function which is the conjugate harmonic to the
potential (referred to as "delay" in nebtwork synthesis), Appendix B=l,
secbion V, ppe 203-205,

33Calibration and operation to obtain plots of functions analogous
to the conjugate har@onic of the potential function (referred to as Fphasel,
in network synthesis), Appendix Bel, section VI, ppe 205-207.
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2¢ The‘ agg:pximate physical representation of the infinite come
'.? plex plahei' or a conformal mapping of it, by a finite sheet
of conducting paper with appropriate boundary conditionse
3, Fluctuations in the strengths of sourée and sink currentse
llo The change in sheet conductivity due to current densitye
5, Tinite size of probes used for current sources and sinks,
finite size of voltageemeasuring wipers, and effect of holes
left in the paper by the current probes.
6, Finite width and imperfect conductivity of silver paint strips
used to represent equipotentialse
Detailed discussion of these errors is presented in the Appendix%b'
That discussion shows:
1, There appears to be some conflict among those who have studied
the non=linear and non=istropic properties of the Teledeltos papers
Bridges and the author of this thesis have found the sheets 1o be
non=isotropic in the direction of rolling and the perpendicular direction.
The average resistance perpendicular to the direction of rolling is ten to
twelve percent grea‘berés Bridges derives formulae for correction of this
non=isotropy for circular, semi=circular or quarter=circle s=plane sheetse
Unfortunately, this compensation is not generally desireble when conformal
mappings of the complex plane are usedy, because of the inconveniently

curved coordinate systems introduced by compensation, On the other hand,

3bgppendix B=5, ppe 208-218,

3531“16@659 OPe 2?:-369 PPo 66=67,
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the advantages of mappings which eliminate error due to representation

of an infinite complex plane by a finite one, as well as other advantages
of mappings;, generally outweigh those resulting from facility in compen=
sating for nonoisotropy.

Bridges and the author also found variations of the order of eight
to fifteen percent in conductivities of 1ll-inch squares of Teledeltos
paper in the same direction, and a conductivity change of ten percent in
a thirty-three inch sheet3®

Scott and Lehr's measurements, on the other hand, indicate much
greater wniformity in sheet conductivity37938 Scott found less than
one=tenth percent change of resistivity in fifty-five inches, based on
measurements of thirty-five samples taken in succession from a single
roll, The results of measurements of random variations in conductivity
by Scott would indicate a maximum error of voltage of 3.7 percent bet=
ween the voltage wipers of the machine described in this thesis, ILehr's
measuremnents indi;cated variations less than 0.l percent in non=linearity.

The results obtained when employing the ordinary s—piane showed
that significant increase in accuracy was atfained by using sheét.s cope=
rected for non-=isotropy.

However, results obtained using conformal mappings uncorrected for

%gsridges, Opo Cites PPe 149=53,
37-Scot“b, OPo Cibes PPe 33=35.
381:811!’9 OPe. 9_;:—_’209 Be 8e
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ﬁ)—noisotropy or non=linearity have often been accurate to within one
percent%9 Graduate students using the new potential analog system were
also able to obtain better than two percent accuracy in magnitude and
phase measurements of fourth-order Butterworth and Chebyshev functions
in a half seplane corrected for non-isotropys these results indicate
that the effect of non=linearity and "finite infinity" must have fortui-
tously compensated or that their effects were fairly small,

The evidence seems to cast doubt on the measurements by Bridges
and the author as valid indications of accuracy to be expected from the
analog when used in solving problem-s‘.:o‘ In this matter, Scott's and
Lehr's measurements seem to be much more likely -eriteria. The author's
experience with uncorrected elliptic and logarithmic planes shows that
conformal mappings may decrease the effects of the non=linearity and
none=isotropy, Finally, it is proposed that a more satisfactory way be
found for measuring and correlating the effects of sheet non=linearity
and non=isotropy with the experimental results of magnitude and other
measurements or that sufficient data for the latter be obtained seo that
the limits of the new potential analog system will be thoroughly knowm,

2, The second source of error may be made negligible or come
pletely eliminated (or it can be caleculated) == with other advantages,
such as a more suitable scale, often resulting == by means of conformal

mappings. Although one is generally no longer conveniently able to

39Figux°e 2,11, Do 263 Figures Lio3 and lol, ppe67 and 68 3 various
iFigures in Chapter V.

i
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torrect for non-isotropy in mappings'of the s-plane, the advantages of |
eliminating "infinity" error and the imbroduction of particularily useful
scales usually far outweigh the desirability of correcting for non=-isotropy.
If the number (gounbing multiplicities) of poles and zeros in the interior
of the plane are equal, boundary conditions are probably not important.

3. The error due to the finite size of probes used fOr current
sources and sinks is negligible except very near such points, where it is
not important.

lio The other sources of error are negligibly small, or can be
made small by simple precautions, as explained in Appendix B=5,

Se A1l the above errors were small enough to yield results for
phase and magnitude that were in error by two percent or less at most
points, as long as infinity error was made negligible by conformal mapp-
ing,

In summary, the only sources of errors of any practical importance
(if the precautions explained in the Appendices have been observed) which
are due to the limitations of the physical analog, and which cannot be
eliminated or minimized, are the non-linearity and non=isotropy of the
conducting paper, if conformal mapping has been used (as is usually de=

sirable) to correct for the second source of error in the above list,

 Brrors Due to the Methods of Measwrement and the Recording System

These errors are those occurring in the rest of the system, They
are due to:
1, Tinite spacing and positioning of the voltage-measuring wip%rs

L

(probes) transported by the carriage, The former error



6l
occurs, of course, only when phase slope or phase is being
measuredo

2o None=linear amplification, drift and other errors in the de

amplifier unit,

3¢ The X=Y recorder,

Detailed discussion of these errors is presented in the Appendixé‘o
The gist of that discussion is:

ls Error in phasev derivative or phase due to finite spacing of
volbage=measuring wipers cannot be eliminated, but can generally be made
quite smell by using a short spacing between them or by achieving the
same result by the use of quarter planes, Greater error is introduced
when singnlarities or zeros are very close 4o the line of probe travel,
Nearly perfect results have been obtained by graduate students at the
University of Manitoba for phase measurements of Butterworth, Chebyshev
and other functions in half planes corrected for non=isotropy, when a
probe spacing of gbout seven millimeters was used . (and the function .
%%%ﬂ set up)e

2, The dec amplifier unit introduces no detectable error due to |
non=linear amplification., The integrator will integrate accurately over
periods of time as long as five minutes, Phase or delay measurements are
affected by a small amount of drift, This drift makes certain adjustments

during phase measurements somewhat sensitive, and may introduce error in

l*,QAppendix B=5, Pp. 218-22l,
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‘this measurement, The possibility that such an error has occurred may !
be checked immediately after a recording has been taken, and subsequent
recordings may be taken, if necessary, which indicate that this error
has not occurred, In this way, and by using adder gains less than or
equal to u.ﬁity9 the error due to drift can be made negligibly small,

3, The X=Y recorder introduced negligibly small errorse These
were of such an order of smallness that they could not be detected on
the recordings, The recorder was admirably suited for use in the new

potential analog systemo

V. ACCURACY OF THE OVERALL POTENTTIAL

ANATOG SYSTEM

Just as one interested in the use of apparatus for solving pro=
blems need not concern himself with the non-linearities and accuracy of
every single circuit of that apparatus, as long as the overall system

works . well in its applications, and produces accurate results, one

need not be too concerned with data on the accuracy of various parts of
the potential analog system, as ‘long as one is aware of them, and takes
steps to minimize them while using the systeme The real proof of the
value of the system lies in the fact that it works accurately and
flexibly on practical problems, when the parts of it are used in an
intelligent manner, based upon a knowledge of what causes the errors and
how they are minimized,

An example of a magnitude measurement of the function

i 7Z(s) = (s+20) (s+10=3140) (s+10+3hO0)
(s+10=320) (s+10+320)
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(this is the function given by equation(2.1),made in an uncorrected half
s=plane. using the potential analog systemy, is shown by the recording of
Figure Le3, and an example of phase measurement is shown in Figure L.l by
the recording of the phasé of the same function. The actual magnitude
and phase of Z(s) are also plotted on Figures Lie3 and Loh, respectively,
for the sake of comparison, Comparlson with the results obtained by
Bridges, using poin'tnby-pgint manual measurements, shows that the results
obtained by using the semi-aubtomatic system are superior%‘l Furthermore,
they were obtained quickly, were easily calibrated ﬁith'convenient scales;
and were automatically traced on a large sheet of papers

Further proof of the flexibility, speed; convenience. and accuracy

of the system is provided by the examples of the following chapter,
VI, SUGGESTED IMPROVEMENTS AND MODIFICATIONS

Although the new péterrbial analog machine is fully operational,
and is a practical, convenient tool, it was built from the cheapest poss=
ible componentse Higher quality components and certain refinements ﬁould
improve performance even further,

‘le The carriage and its guides could be made more streamlined,

2o The voltage wipers could be spaced more closely, or a varisble
spacing devic;e provided, Their mountings could also be made
more elegant, ‘

3o A reversing motor should be provided tc ensble automatic

returning of the carriage. Microswitches actuated by the

LQ‘Bridgesg OPe E}Eeg PPe 49 and 52,
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carriage at each end of its run could be used to reverse
and stop the motor.

The carriage motor and X=Y recorder should start simule
taneously, This would ensble using exactly the same origin
for all plotse a ‘

Consideration should be given to calibrating the X-Y recorderls
Y=gain control accurately in db, degrees and suitable delay
units,

A more rigid gear system should be built to link the motor
shaft to the driving pulley sheave,

A still more stable current spurce and sink supply unit could
be built, Constant-current supplies which are accurate to
within ¢ 0,1% are commercially available

Chopper-stabilized direct current amplifiers (and their
required power supply) should replace the Heath Co, ampli~-
fiers and their power supplye. This would eliminate all
problems with drift and permit meking plots of phase more
easilye

Consideration bshould be given to obtaining simultaneous
plots of magnitude and phase by using half-planes, A dual
Y=input X-Y recorder would be required, or two single
Y=input X=Y recorders could be used,

An extra amplifier and simple changes in circuitry
and switching would be required to find the sum of the

two wiper inpubts (proportional, to a good degree of
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approximabion-, to the logarithm of the magnitude halfway
between the wipers), Although this method of magnitude
measurement is not accurate when poles or zerbs lie close
to the axis of measurement, it suffices in many cases%,"2
Tor more accurate measurement of magnitude, provision should
be left for using only one wiper travelling .exac’oly along
the desired axise

10, TFinally, consideration should be given to construction of a
real-part potential analog machine or to a combined gaine
phase and real=part potential analog such as mentioned by
Scotﬂ:.%3 Such an analog would enable one to obtain plots
of gain, phase, real part, imaginary part and impulse res-~

jeleratsl-

h2SCO’b'b9 092 Gi’bog PPe hBéhho

b3R,E, Scott » "Potential Analogs in Network Synthesis", IRE Con-
vention Record, Part 2, Gircuit Theory, 2-8, 1955,




CHAPTER V

THEORY AND APPLICATIONS OF THE FOTENTIAL ANALOG APPARATUS
IN THE SOLUTION OF APPROXIMATION PROBLEMS
OF TMAGR PARAMETER FILTER DESIGN

I, INTRODUCTION

This chapter deals with the theory and appii@ati@mg of the
'po%ential analog gpparatus in the solution of approxima%i@n rroblems
cceurring in image parameter lossless filter design., The &ppraxim@%i@m
of specifications for the image parameters only is tveateds that ig, as
is uswal in this method of deéigns it iz sssumed thab ailwwan@@$ have
been made for the effects of reflsction and interachion fa@%QEQOIQBQB
It is also assumed, as is usual, that ths effects of dissipabion have
been considered in advance and are caloulated after the loseless design

}495 96 3?

has been completed. After these allowances have been mads, the

Ly, Caver, Theoxy of Linsar Commnication Networks, Vol, I
(MeGraw-Hill Book Company, 1nGe, TOTONGD, 1950), Dhe LI0oih? and 248253,

23, H, Mole, Filter Design Data for Commumisaibion Engineers
(B. & Fo No Spon Lide, 1ondon,i952), pho 5706,

_ 3itold Beleviitch, "Blements in the Design of Conventional
Filters," Electrical Commnication, March, 1949, pp. 8L=98,

lyote, opo Cikoy Pro 140=160,
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problem remains to approximate the specifications on the image parameters.

One may wonder why the image parameter problem should be consid-
ered at all in view of the growing use of insertion loss theory. A just-
ification of this is given in the following secsticn.

The solution of the approximation problems for the low pass filter
is sufficient for the treatment, through reactance and bilinear trans-
formations, of most high and low pass, band stop, symmetrical band pass

8,9,10 Hence, the approximation

and some other band pass filter problems.
problems for low pass filters are presented, suitable potential analogies
derived, and some examples given of such filters whose image attenuation
requirements were approximated by using the potential analog apparatus.
Frequency-asymmetrical band pass filter approximation problems are not
treated in this thesis, although the author has derived all the pertinent
functions by means of the potential analogy in his report, and shown

that the potential analog apparatus may be used to solve the approx-

11

imation problems in a practical way. The theory for the miltiple~-band

SCaueI‘, 9‘20 _(ﬁ-jiog PP. 333‘”3)400

6J° Bohse, "Die Verlustdampfung im Durchlaﬁbereich von Wellen=-
filtern bei unterschiedlicher Spulengiite,® Frequenz, Bd. 12; Nr. 12,
1958, pp. 380-383,

Ty ars-0lof Nordmark, “Template Methods for Studying the Influence
of Losses on the Image Parameters of Reactance Fourpoles," The Royal
Tnstitute of Technology, Stockholm 70, Sweden, Department of F Telegraphy-
Telephony, Report No., 28, August 16, 1962. The potential analogy is
used here to develop the templates.

Bcaver, op. cit., pp. 296-332.

9Ernst A, Guillemin, Communication Networks; Vol. Il. (John Wiley
& Sons, Tnc., Toronto, 1935), pp. 300-3%,
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problem is also presented in the report.

Whether or not a solution to the approximation problems can be
effected with the potential analog apparatus depends upon whether or
not a conformal transformation which will result in sufficient accuracy
can be found. With this in mind several mappings were applied to some
low pass filter problems so that recordings could be compared. The

results showed that the mappings defined by

2
p. . % -1
W, 2%
and
::E = Sn(z3k)

Wo

were suitable for use on most conceivable low pass filter prohlems.
After sultable bilinear transformations have first been applied, these
mappings may also be used when solving asymmetrical band pass filter
problems. Many conformal transformations exist, of course, which have

12 Those

not yet been applied to the problems presented in this chapter.
who use the results of this work may discover more suitable transform-
ations for at least some of them.

Examples are not given of all the analogies derived in this

10y, Piloty, "Beitrige zur Berechnung von Wellenfiltern," Elek-
trische Nachrichtentechnik, Bd. 15, H. 2, 1958, pp. L5-Sh.

. 11y, v, Brandt, ¥Ein einheitliches System der Dimensionierung von
Bandpassen nach Zobel und Laurent," Frequenz, Bd.7, Nr.6, 1955, p.167.

12y, Kober, Dictionary of Conformal Repreéentations (Londons
Admiralty Computing Service, British Admiralty, 19L5).
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chapter, but those that are presented should be sufficient to point the
way towards the application of the cther analogies. The "tricks of the
trade,® which are sometimes applied by those who have spent years in the
field, are not ﬁonsidered°1331h Tn certain cases such "tricks?® enable a
designer to dispense with an element, or shape a network characteristics
while still meebing specifications.

A trly satisfactory experimental golution to the problsm of
approximating prescribed phase has not been found, though a trial- and-
error solution based on Bode's and Dietzold's paper is possibleolsﬁlé
Tn general, the approximating procedures presented below are based on
trial and error. Hence, rapid convergence to a solution is possible
(for reasonably complex functions) only when sources and/or sinks lie
along fixed lines such as the real frequency axis. This still allows
one to solve the simpler general filtering problems (1;369 including

phase specifications) and the (most important) problems of finding

13Vi1helm Peterson, Matching of Image Parameter Filters and
Associated Problems, Transmission Dept., Telefonaktiebolaget IM
Rricsson, Stocknoilms circa 1959,

1l

Mole, loce cito

lsHo W. Bode and R. L. Dietzold, uTdeal Wave Filters,® Bell
System Technical Journals Vol. 1L (April, 1935)5 ppe 215-252,

ié(}uillemiﬂg ‘Q_E:o Ci-t 3] ppo h12@1l220
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filters whose image attenuation and image impedance meet prescribed
specifications., Thus, the practical aspects of approximating the most
general specifications by using the potential analog apparatus are far

from complete,

On the other hand, included in this chapter are nearly all
analogies for low pass, lossless image parameter functions to be found

in works of Zobel, Cauer, Bode and others, as well as those functions

obtained, after suitable transformation, for frequency asymmetrical

] 17,18,19,20,21,22,23
band pass filters, Analogies are given for ail of
Cauer'!s ¢ and "admissible" g functionsyand his q' functions, as well as

2l

the image attenuation and phase functions corresponding o these,

170, g, Zobel, "Extensions to the Theory and Design of Electric
Wave Filters®, Bell System Technical Journal, ¥ol. 10, 1931 s 2,
bPo 28)—'-”31!-10 .

180auer9 ope citey Ppo 221=3L0,

19H, W, Bode, A General Theory of Electric Wave Filters, Bell
Telephone System Monograph B=8L3 . 193l o

20Guilleming ope Cite, PPo 299-U59.
2lgrandt, Ope Cites, PPo 167180,

22Jo Oswald, “Flltre% en Echclle Eléhentalres” Cables EE
Transmission, 7€ Ann@eg Noo Ly 1953, ppo 325-358,

23J, E, Colin, "Gendralisation des Filtres en Echelle du Genre
Zobel", Cables et Transm¢so10ﬂ9 12¢ Année, Noo. 3, 1958, pp. 185-205,

QhGauers@ggo cit.
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(The image impedance is, of course, a g function).

It shall be noted that the use of the potential analogy to derive
image parameter theory can be generalized and used as an aid in under-
sténding a most general insertion loss filter theory presented in a
recent paper by Watanabe, and to the use of the pole~zero apparatus as
an aid in solving approximation problems accerding to this insertion

25,2
5526 Applications to insertion loss filter theory

loss filter theory,
are not presented here although the author has submitted a concurrent
report to the National Research Council of Canada which gives an
exhaustive treatment of\these topics°27
In summary, this chapter covers the following pointss
1. Reasons for treating the image parameter theory and the
corresponding potential analogies.
2o The approximation problems of image parameter theory
(especially for the low pass case).

3. The potential analogies for the low pass(reactanc@ image

atbenuation and phase. These include the image attermation

2560 Darlington, “Synthesis of Reactance li~Poles which Produce
Prescribed Insertion Loss Characteristics,® Journal of Mathematics and
Physics, Tol. 18 (Sept. 1939), pp.312-320,

Z6Hitoshi Watanabe, ®Approximation Theory for Filter Networks,
IRE Transactions on Circuit Theory, Vol. CT-9, No. 3, September, 1961,
Ppo3ll=356,

2

“7This thesis is only a part of the report entitled "The Devel-

cpment of a Semi-Automatic Potentizl Analog Apparatus, an Integrated
Approximation Theory for Filters Derived by Means of the Potential
Analogy, and the Application of the Apparatus as an Aid in their
Practical Implementation", August, 1963, NRC Grant Noo A738.
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and phase corresponding to Cauer's g, admissible g, and qf
functionse.

Ilo Implementation of the pole-zerc apparatus for approximation
of the low pass image attenuation and phase of 3.

5, Approximation of constant image impedance for low=pass bands
by means of the potential analogye.

6. The potential analogies for q, admissible g, and q’ functions
for reactance low pass filters,

7o Some examples of simple ladder symmetric and antimetbric
filters synthesized with the aid of the potential analog
system, using various conformal representations.

8. A comparison of the suitability of the various mappings used
in this chapter for application to solution of filter

problems with the aid of the potential analog apparatus,

IT. REASONS FOR TREATING THE IMAGE PARAMETER FILTER
THEORY AND DESIGN, AND THE CORRESPONDING

POTENTTAYL, ANATOGIES

Although the modern insertion loss method of synthesis is now
used widely, particularly where digital computing facilities are avail-
able, there are reasons for the treatment of filter design according to
the computationally simpler image parameter method. These ares

1. The unavailability of digital computation facilities to all

filter designers.

2., The lack of, or waiting period for, digital computer time,
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coupled with the fact that many practical requiremerics may
be satisfied with an image-parameter design at little or
no extra cost in components above that necessary for the
insertion-loss design meeting the requirements,28’29’30
The relationships between these and similar factors may
well result in an image-parameter design being employed.

3, No study has been made to show that certain filter problems
are not better solved by using image parameter methods
pather than insertion loss methods. For example, no com-
parative study has been made to show that Bode's and
Dietzold's method of parameter determination to obtain a
linear-phase filter yields a more or less economical design

than the insertion loss methods of Bennett, Beletskiy and

others¢.31’32’33 As another example, the works of Herzog,

28Johannes B, Fischer, vifber elektrische Wellenfilter mit vor-
gegeben Betriebseigenschaften,® Archiv der Elektrischen Ubertragung,
Band 1k, Heft 7, Juli, 1960, pp. 203-29C.

29Viktor Fetzer, ®Vergleich von Filtern nach der Wellenparamet-
ertheorie mit den Filtern der Betriebsparametertheorie und die neubz~
eitlichen Methoden der Filterberechnung,® Archiv der Elektrischen Uber-
tragung, Band 10, Heft 6, Juni, 1956, DPpo 225=210%

3OHenry Simon, “Comparative Investigation of Image and Insertion
Parameter Filters,® K. Tekn. Hogsk. Handl. (Sweden), #156, 1960,

31y, W. Bode and R. L. Dietzold, loc. cite

32Byroan. Bennett, "Linear Phase Electric Filters;" Technical
Report No, L3 (Electronics Research Laboratory, Stanford University,
February 1l 1952), pp. 73-16kLe

BBA, F. Beletskiy, "Synthesis of Filters with Linear Phase Char-

acteristics,® Telecommnications, No. L, April, 1961 , ppo 39-L8.
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Idjoudjian, and Poschenrieder lead one to suspect that many
crystal filters may best be designed on the image-parameter
v, 42 35536,3T |
e A knowledge of image-parameter theory and design has often
contributed to the solution of cutstanding problems in
insertion-loss theory938339’ho’hl
5. The potential analog approach has also led to fruitful
results. One outstandingly practical example is the

L2

work due to Bennett.

3hWérner Herzog, Siebschaltungen mit Schwingkristallen (Brauns-
chweiz, Germanys Friedr. Vieweg und Sohn, 1962).

3590 Idjoudjian, Les Filtres a Cristaux Piézoéléctriques (Paris:
Gauthier-Villars, 1953).

6

W. Poschenrieder, ®Steile Quarzfilter grofer Bandbreite in
Abzweigschaltung, " Nachrichtentechnik Zeitschrift (N.T.2.), Heft 12,
9 Jg. (Dezember, 1956), pp. 561-565,

37Leo Storch, D. B. Pike, and D,I. Kosowsky, ®Crystal Filter Design
Viewed from the Perspective of the Filter Design Literature,® by Storch,
and the two following replies by Pike and Kosowsky: IRE Transactions
on Circuit Theory, Volo CI-7, No. 1, March, 1960, pp. 67-69,

38

Darlington, Ope. cit., pp. 312-320.
39081181” Q_Ea Ei—;b:eg Pbo 5}48”5600
hDAoRo Boothroyd, "Design of Electric Wave Filters with the Aid

of the Electrolytic Tank," Proc. I.E.E. (British), pte kL, Vols. 90-100,
1951~53, Also Monograph #8, Radio Sectiomn.

' thc Rubini, "Graphical Procedures for Solving the Approximation
Problem of Electrical Filters," Alta Frequenza, Vol. 30, 1961, pp. 198-215.

thyron J. Bennett, "Synthesis of Electrical Filters with Arbitrary
Phase Characteristics,® IRE National Convention Record, Pt 5. Circuit
Theory, 1953, pp. 19-26.
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Two related approximation problems arise in connection with the
symmetric low pass filter when only attemuation specifications are

designed for. Cauer states these problems as

Zo = ,;!zbza & ] for 0< §2 < 1 (5.1)
and
—
g= [-2& =1 for §2 > 1, (5.2)

A Zb
where 52 is the normalized radian frequency, z, is the normalized

series (horizontal) lattice reactance, z, is the normalized cross-arm
lattice reactance, 2z o is the normalized image impedance and q is the
g function, related to the two-~terminal-pair-network propagation function,

Ilg by GOth(.;?A:) = d o (5'@3)
2 1,8

These relations are discussed in detail in Cauer's work.

For unsymmetrical filters the relations between attenuation

functions F S
qZ = gobh 1 = A ’leyll = , ’222y22 (Seh)
and left= and right-side image impedances

257 = %11 ang Byy = 220 (5.5)
y11 Yoo

(where the notations for image impedances are changed from Wy and Wy

49,50

in Cauer's work) are assumed to be known., Cauer has shown, for

m‘lI),F, Tuttle, An Introduction to Network Synthesis, Unpublished
text for Stanford University course 237, 1951,

L5

Bode, _];9(_3_0 g’é:;t;o b’éCauerg SP. 9}:-303 VOlo Te
h'?Guilleming SP_° Citog PPo 279“’h—600
hsCauer, Opo iboesppe 121-1L2, and 221-2118,

h9Ibidag PP.12L=126 and 264-283,
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Three approximation problems present themselves for filter

problems. These ares

le Approximation of prescribed stop-band attenuation specific—
ations, For ideal stopping, ot—socoand g 2 1 in the stop
bands. For ideal aymmetric filters the condition g2l
should hold.

2., Approximation of prescribed phasestg s in the pass bands.
Coupled with this there may also be a requirement on stop-
band attenuaticnoge For ideal filtering the pass-band
phasegﬁg , is linear, pass~band atbenuation, K, zZero, and
stop~band attenuation, oX, infiniteOSB In this work,
potential analogies for 1?; (or m@l) are found, bub only
approximation of ¢ in the low pass case is considered in
detail.

3. Approximation of resistive herminations by the image imped-
ances, in the pass band. That is, 254 £ 71 and 240 21 in
the pass-band range. The approximations of unity by a5 9,
and qy functions are treated below as separate bub (part-
ioularly for g and 9, functions) complementary problems.

The potential analogies nscessary for the solution of the

52Bcde and Dietzold, loc. cit,

SBStrictly speaking this is to hold for operating gconditions,
although these approximations for the image parameters result in reas-
onably good approximations to operabting conditions as long as the
terminations are approximated by the imags impedances.
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o< and f? may be approximated by using the new potential analog
system. Band pass attenuation specifications of many types may be
satisfied by using appropriate frequency transformations, as noted in

the introduction.

Approximaticn of‘I; USipg Attenuation Poles abt Infinity Only

A part of what is found below has been treated by Tuttle.S7 By

means of the mapping
p=+jW = sinhw= sinh (a * jv ) (5.11)

whose properties are described by Tuttle in great detail; a conducting
plate along the pass band in the p=plane, imposing the constraint &X= 0
in this region, is mapped into the whole w-plane Vwaxisosa By placing
positive charge Q at infinity (and an equal negative charge on the
plate) on each one of the two sheets (of each of which there is an in-
finite number) of each pair joined through the branch cut along the
pass band, and mapping each sheet, with its positive charges, into a
strip in the right half of the w-plane, the potential in the latter

becomes

57Tu’bt169 '9__20 2:1-20 9 Ppo h17wh250

SBDO F, Tuttle, Network Synthesis, Vol. I (John Wiley & Sons,
Inc., New York, 1958), pp. 861-890,
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W o= =Qu, u>»0, (5.12)
With equation (5.11), the ﬁpotential in the p-plane is found to be
W= =@Qsioh tp | (5.13)
= =@ Iln gp + p2 % 1% . (5.104)
Hence, |
coth % - 1+ p° (5.15)
b

where Ii =O<*jp = W,
With

Q=-N, (5.16)
where §. is an integer, the functions cothri become "admissible gq =
funcbions®™ with one-points only at infinity059 With Q = =1 one has the
simplest admissible g-function, with a double one=point only at infinity,

j—onD
. (5.17)

- By ecomposition according to the equation
2 Ry
i{m ® (5018) '
2 Qg
where gy, is the admissible g function (5.17) or any other such function

derived from it by repeated usecof equation (5.18), all admissible ¢ functions

59Cauer5 Opo ¢itey DPo 27127k,
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for low-pass filters, with one-points only at infinity, can be derived.

In the potential analogy this clearly corresponds to addition of integral
chargesAat infinity. In the pass band the following relations are easily
found to holds

B=usintw, o= 0, (519)

In the upper stop band, W 1,
1

I] e+ j8=N cosh™ e+ § N T (5.20)
2
In the lower stop band, G,
E = o % jﬁ = N cosh™le) =3 N I, (5.21)
> .

W has thus been found analogous to E ‘e One finds I; using
“he potential analog system by painting a highlymconducting strip‘ of
silvér paint along the pass band in the p-==p1ané or one of its conformal
nappings. Unit current, corresponding to N=l, may be assigned anci then
injected at the point at Infinity and ’w‘ithdrawn from the pass band stripe
Calibration is pérformed by adjusting the scaie'of the sheet on the X=X
recorder according to equation (5.21), usué.lly’wit.h a db s’cale'e Multiples
of the unit current may be used in orde:r“bo meet specifications on ef
which is found by recording the voltage. ﬂ vmay be f01:1nd by recording
current flow perpendicular to the conducting pass band strip. A record=
ing of c< found for N=Z by using the potential analog system,, and the
elliptic sime mapping of Figure 5919 is shown in Figure 5.2, together
with the computed curve.

i
A potential analogy suitable for representation of I; , related
~ 2
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Mapping: =j £ = sn(z,k)s p = o+ ju, 7 = x + iy
(o]

D
- . \
Kem X j,[(l-p2)<1~k2p2>

"a y T K:a
o e
Pass Band K

Transition Band X7

;Tﬁrinﬁtién Band

w o l 7 .
i dn (K =y, k’) ., %
1025 ,
K= 2.9268 5
K’=1.5%029
ey
Bl € Bl .
m e~ :: u £ g
e |8 1d o
S 3b >3]
mn ] ,g i |
s
[»
Real Axis ‘ +
e 13,37 Qmw————————éanlﬂg__l cm,

Uncoated GarbonaTmpregnated Teledeltos Paper Used For
Quarter Plane

FIGURE 5,1

BLLIPTIC SINE OUARTER PLANE MAPPING WITH FORMULAF AND CALCULATIONS AND DIMENSIONS

USED FOR % 1,025
(o]
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t0 Cauer'’s g functions for a symmetric low=pass filter by

I—‘ = = % .
com 13 wan [T (5.22)

is found by considering that when all attenuation poles are at infinity

the simplest such mnbtions are given by

coth E = W1+ p2 (5.23)
p

2

or

coth E = P o (50.21)
2 ,\h‘, & pz:

The first of these has been ’ca:*’ea’oed.,60 Tlie second yields the same ;é_iﬂ
as the first, but the phase _ﬁm at p = 0 is =T, while it is 0
at p = jlo The same analogy may be used, theref‘o?'e » as for equation
5023, except that the reference for phase, Q/Zé, is fixed at the value
=TJ( at p =0 on the recordings. This holds for all g=functions with
a z?ero at zero.

For the functions ;Em + J ‘Ximg related to Cauer's qf functions

2
for antimetric filters by

af = tanh’ (H 3 30.) = coth (Em 3 I Y (5.25)
2 I 2 L |

a potential analog representatj’.onl for the case when all one=points of

@With simple replacement ofE by H in the previous casee
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g! are at infinity is obtained by using the analog  developed above,
but by plaging odd multiples of half unit charges at infinity, and add-
ing T 1o géig ab p = 0061
L 2

Approximation of-rz Using Attenuation Poles at Finite Real Frequencies

and Extension of the Results to Arbitrary Complex Poles

Tuttles'!s solution for the potential due to two conjugate positive
gharges, each of value @, above and below the pass band, and a conduct-
ing plate with charge of opposite sign along the pass band, is sum=
marized in the following. The potential analog representation of W
(analpgous to :[1 ) in the p=plane can be mapped to the w=plane (p =
sinh w ), resulting in the potential problem depicted in Figure 5.3. By
application of the method of images, the conductor may be removed if the
positive charges in the left half-plane are replaced by negative chargese.
Then the new potential problem of Figure 5.4 is solved and the right
half=plane solution retained and transformed into the p=-planee, The
complex potential in Figure 5.U is

+eo - -

W=Q> 1n |1-. W

M=

s

L =a+j'321(1+2m)

. GO = =
ainEI In {1 = W (5026)
N=~eo / . _ ©
L a+ 3 I0 (1+2m)
2

N

*fﬁGauery OPo Sites PPo 284-288,
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Justification of convergence is not attempted; the final solution is

proof enough from an "engineering" standpoint. By association of conju=

gate charges one obtains

+00 1+ w * a J 2
W=Q), In 7 @+ e
m=o
- 2
14 ___a
TT (1 + 2m)
100 14w - a | 2 ]
) (1 + 2m) |
mQZ In % = .,, (5027>
m=0 N - 2 N\
14 =
JL @+ 2m)
-.2 o

Hence,

& = axp g@h’l cosh (w*+2) - @ln cosh (W = a) %

cosh a cosh (=a)
= , cosh (w# a) ? (5.28)
cosh (w = a) 9
and
W,
@@ = cosh (w+ a) ;, U0, ) (5.29)

cosh (w=a)
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For we= 0" 4 jv,

% = 0432 tan™t [(tanh a) (’uanv)] . (5030)

which shows that flux increases with increasing v .

For v =u< JT[ s 1e€ey a mapping of the real frequency axis
2

above the paés band,

gl sih G*u) L5y, 0€uca (3.30)
' sinh (a2 = u )

=Iln sigh (u*a) o & ugeo. (5.32)
sinh (y=a )

In the p=plane, withﬂ = W in anticipation of the analogy,

W
ol = , (5.33)

where (5,;_).;;} :
so thatb

sinh & = 1 . (5e35)

1= me

and

cosha= _ 1 . (5036)
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Withp = ju and € 1.,

I?‘a o + jﬁ? =0+3j2Qtan™ me) (5637)
1 =02
For w>»l,
@ = cosh 4 . ) (5.38)

Then the frequency of infinite loss is

()= cosh a. - (5439)
Hehceg
Who= 1 , (5.L0)
1= m2

& sketch of e¢t and 5 for real positive ¢J is shown in Figure 5.5
The following is a collection of formulae expressing the complex

potential in various wayse

cosh E. B 14 (140 ) PE o (5.41)
? 1+ (1= n® ) p2

sinh Fl = 2 mp 1% p° . (5+42)
3 -

14 (1=n?)p?

bank I - 2 o W1+ p2 (5.43)

¢

L+ (1#+nf)po

e (5ulk)
np
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coth (@9@) e X )

“So that with Q = %3, one obtains the admissible g function of equation
$o-l?}, With Q = 3, equation (5.LL) becomes an admissible q function
with simple one=points at conjugate values of p on the imaginary axis.
With @ = 1,

cotn 11 = _J1rg?, (5.16)

== ,
mp:

and W is analogous to H with double attenuation poles (double one-
points of coth F 1), along the real frequency axise On the other hand
W may be made analogoﬁé to E_ESQ in which case Q = 4, and the ¢

function has simple finite one-points on the realifrequency axise By

subtracting T{  from the phase of Fl in coth E = Jl + Doy
2 2 2 p
the analogy for E in coth I- 1 = mp (5.47)
2 2

14 p?
is obtained.
Now that the potential analogies for E corresponding to admis=
sible g functions,, w;_ljlé corresponding to ordinary q functions, and

E 2

ez J Eg corresponding to

27
gt = ;Sz*l or E;Qalg = 152
cotramtmaenen & Fod
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for poles at infinity in all three cases, and for finite poles in the
first two cases, has been found, the analogy when there are any number
of finite real frequency poles is easily found by superposition. This
corresponds to composition of q-functions, admissible q-functions or
qt functions according to the rules given by Caueroéz‘& more involved
method of obtaining the same result is to solve the potential problem
as above,

Although points of infinite loss in the complex plane (i.e., off
the imaginary axis) are not generally used when the attenuation is of
prime concern, the potential analogy is easily extended to this cases.
The admissible attenuation functions have one-points of even mﬁltiplicity
off the imaginary axis. Thus, corresponding to one-points at real p,

one has

qy = cothEﬂm et p? *Ql/(l + mzﬁ_s (56l18)
2 D épz 4+ 1

for the generating function, while for conjugate complex (not imaginary)

one=points one has

9 = cothI = (1 + m2) p* + (1 + 222n2) p? # a2 (S.19)

2mop(p? + a2 ) ,’p2 # 1

62auery ope Cite, PPo 237-2U3, ppe 271-27L and pp. 285-286
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as the generating functionoé?’- Hence, one places charges of Q=l at real
p and conjugate complex p (not imaginary), in the analogy for I]—_‘ o
Since the generating functions for ordinary q functions with

real and conjugate complex (not imaginary) one-points are

qQ=_mn _p (5650)
AlP? + 1
and
q = my(p? + a?) (5450a)
p AP? +1
respectively, charges of Q=% are placed at these points in the analogy

for ﬁ ®
2

Since the @' functions are fommed bj composition of
A q*vsﬂﬂﬂbl or ’ﬂ-’l
' L. 1 Q,.g.i 1

e ST a1
q = p_*1

mp .

with

corresponding to simple one-points at imaginary or real Ps and

q =m, (p? + a?)

p 132 + 1

63(3auer_, Ops Citos PP 2),2=2)i3 and p. 27le The symbols my, and
a are constants explained here,
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corresponding to conjugate complex (not imaginary) simple one-points,
cherges of @ = % are placed at 21l points, including infinity, in the

i

S "é 3
analogy for —= = 32%; "
{',‘ 1]

Implementation of the New Potential Analog System for Approximation of

ijy 2t and 3;; - J ;E; Corresponding Respectively to Cauer's
< 2
dps G and ' Functions

One begins with a suitable Quarter plane (rarely the p=-plane
representation) which is a suitable conformal mapping of the p-plane,
and paints a highly conducting strip of silver paint (usually about one~
half to one cm. wide) along the mapping of the normalized low-pass
band, where O{= 0., The elliptic sine or elliptic tangent mapping
has been found useful for the low-pass problem, especially when an
equal-ripple stop band approximétion is to be found. These mappings
have the advantage that the scale is suitably expanded and that infinity
6L

is mapped to a finite point. = Unit current is determined by injecting
a current, usually at infinity (or any other point, if desired),and
Withdrawing it from the pass band (or injecting it at the pass band and

withdrawing it at infinity, if the plot is to be inverted),and then

6LLBocthroyd, K.Rey; "Design of Electric Wave Filters with the
Aid of the Electrolytic Tank," Proc. I.E.E.(British), pt. L, Vols. 90~
100, 1951-53, Also Monograph #8, Radio Sections
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adjusting the scale on the recording sheet to read the correet number
of db above the pass band value &%= Oyat a point in the stop bande The
details about how one sets the reference level on the recording, adjusts
_the scale, and takes a recording (if desired) of the calibrating function,
are given in Appendix B-lL,ppe 200-202 o Once the system is calibrated
for attenuation measurements the unit current is taken to be a multiple,
usually one, of the current injected-at infinity,and the attenuation
specification in the stop band is mét by using the appropriate number
and positiéns of current probes. (&in equal current is, of coufse,
always withdrawn from the pass band ). This is quickly done by making a
sequence of recordings .for differeﬁt trial probe positions. In order
to arrive at reactance ladder networks without mutual coupling the
poles of attenuation must be along the real frequency axise. This also
results in the most efficient‘approximation.to attenuation specificationsg
although it is not suitable for approximation of linear phase (constant .
delay)o The values of current that were appropriate for the various
possible positions of attenuation poles for the three different functions
representable on the analog have been discusseds One must consider only
half these cuerents, of course, if the probes are along edges of quarter
planes, at positions corresponding to finite points on the real or
imaginary axis of the p=plane, and one-quarter of the current each at
zero and infinity, and reeall that the calibration is done by using current
injected at infinity in the quarter plane. The details are so obvious

+that these points meed no further comment, An example is probably of
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more helpe

Figure 506 shows an attenuation curve recording found by using
the potentisl analog system, the attenuation specifications that it meets
and a ladder network having the calchlated attenuation., The elliptie
sine mapping of Fig. 5.1, page 88 was used to obtain a quarter plane,
Calibration was performed by placing one current probe at infinity and
one of opposite type in the pass band, and adjusiing these currents to
2 ma, The reference level was set by moving the A wiper onto the pass
‘band and using the potentiometer. Then the A wiper was moved to a
point in the stop band, and the gain on the X=Y recorder adjusted to
obtain the suitable db scales Currents of 2 ma were then moved about
along the stop band until the curve shown in Figqre 5e¢'6 was obtainede
The finite poles transformed to the p=plane are at Wny = 1,07011 and
@yo = 1,19859, This attenuationyet, corresponds to a q function given
(according to composition of such functions from those with ;nly a pair

of simple conjugate one=points each) by

q = coth H p3 * 0,906700905p

(92 # 0.410731282) ,j

The details of* calibration for phase are found in Appendix B-l,

Ppe 205-207 ¢ Again a simple function is'used° The phase is recorded

along the pass band strip and the special considerations for g functions
with zeros at zero,and gf funotionsg;discussed in the previous sectiong
are appliedes For 1inearrphase in‘the pass band one must use attenuation

poles offbﬁhe imaginary amise It is to be remembered that linear phase
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as 2, has poles or vice versa, at the pass band edge only one of z, and
2y, has a zero or pole, while in the stop band z, and 2, have the same
poles and the same zeros., Exactly the same statements may be made about
(5.52) if %9 and ﬁ%i replace z, and zyin the last statemento66 Hence,
Zgs 201 and zgy, are purely resistive in the pass band and purely reactive
in the stop band, with a branch point of order % at the theoretical pass-
band 1limit., This shows that it is sufficient to treat only the problem
of approximating 20967

Tuttle has obtained the first two (simplest) classes of 2z,
functions (or their inverses) with all one-points on the imaginary axis
only, by using the potential analogy, and has indicated how one may use
this analogy to derive Z5 functions of higher order with all one-points

68

along p = j) o It will be easy to see how the latbter case, as well
as the practically much less important case when all one-points are not
at real frequencies, can be determined experimentally using the potential

analog system, after Tuttle's solutions for the two simplest cases are

summarized.

66H°W; Bode, "A General Theory of Electric Wave Filters,® Bell
Telephone System Monograph B-8l43, November, 193L, pp. 28=l6.

67It is to be recalled that zg5ys Zg and g, for unsymmetrical
filters are specially related., However, t%is relationship is not
needed here. The zp, Zg] and zgyp are all q functions, as defined by
Cauery; Opo Cite., Do 232,

68p.F. Tuttle, ﬁg'Introduction to Network Synthesis, Unpublished
text for Stanford University course 2375 €ol951, ‘
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Approximation of z, by Use of the Potential Analogy

Tuttle shows (as can be seen easily from a consideration of the
properties of g functions) that for the complex potential W=V + | ¥,
which is analoguous to 1n z.,

I. At cutoff (p = #j 1) | has a discontinuity of * g o

. Therefore, there can be .énly half unit charges'at the pass:
. band edgese
2s In the stop band W may have discontinuities.of e There=
fore, there can be only unit charges at points in the stop
bande
30 In the pass band there can be no discontinuities im ¥
Therefore, there can be nov éharges in the pass band.

h. Between the above discontinui’oies.y/ is constant (except in

the pass band, of course).

For the simplest z, function the analogy is obtained by placing

charges- Q,, of the same sign, at p= f;j 1, Then the complex potential is

W =g In (PP + 1) (5053)
Because of thé first property above @ = f-al-, S0 ‘
w=%3m (p*+1), (55L)

and
o= (WpZ +1 )2, (5.55)
Since a constant J3o only changes the 1éve1, the simplest image impedancess

are

3o = Z 41 (5656)

1
Mo
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or = Mo _ . (5657)

Because of the alternation of poles and zeros of Zg: the charge
following the branch point charge must be of opposite sign to the latter,
By mapping the p-plane potential problems,when there is only one charge
in addition to that at the branch point, to the w plane, where p= sinh w,
oﬁe obtains the w-plane potential problems shown in Figure 5.7(&) or
5;7(b), since the wrplané unit charges.occur at the mapping of the p=
plane branch points, at which there are half-unit charges. The expon-

ential potential for the first case (Figure 5.7(a)) is

M = (cosh w) . cosh @ cosh (=a) (5.58)
‘ cosh (w+ a) cosh (w = a)

With p= sinh w, cosh w= 1 +p% and
a .
m € tanh ay (5659)

and the introduction of the real constant M.y (5¢58) becomes

o= A2+ 1 , (5.60)
po [2# (2 =u2) 5]

Solution of the potential problem of Figure 5.7(b) results in the in-

verse of (5.60)s Hence, the analogy for the z,, function of second-order

i

complexity has been p;z'ovene,é'9

%6auer, OPe Cites Pe 2326
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The extension to z, functions of any order of complexity is easily’
effected by placing additional charges, all of alternating sign, along
the imaginary axis of the p-plane. For the most efficient approximation,
it is desirable to position these charges so as to obtain Chebyshev
.approximation to unity in the pass band. Then all one=points of zy will
be in the pass bande To facilitate obtaining such an approximation it
is most desirable to use a guarter elliptic sine conformal mapping. with
pass band, transition baﬂd and stop band each mapping to three different

sides of the sheea’co':ZQ

In this plane it is evident from physical con=
siderations of symmetry (and the fact that all charges are of unit
magnitude) that the desired charge positionss are equally spaced along
the mapping of the stop band. A unit charge of either sign must be
present at both the mapping of the branch point and at infinity.

With these ideas it is easy to see how the potentiai‘ana&og )
_ apparatus may be implemented to obtain desired approximations to a coné
stant unity image impedance in the pass band, even in the (rare) case:
where one=points of zb are not imaginarye

It is interesting to note that the deviation,,s, of:an image

impedance from unity in the pass bandsis related to the attenuation

7Qj'Sfuch & plane is also useful for the least complicated functions
oe
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‘PunCtion &, in the stop band, attained with the q function obtained by

'replacing pby 1 inasz o function of the same degree, by
b

s = coth A7 = 1, "' (5461)
3

:wﬁere. the relation holds at frequencies inverse with respect to the
cutofs frequency. Equation (5.61) also holds for admissible q functions,
with A{L replaced by 4y. These idess folliow easily from the fact that

| 1

Zg an?l q»»functidns are obtained from each other by replacing p DY ase
Equation (5 96]1) thus provides a way of measuring s by means of a i
measurement of f_fl_ or A‘l according to the analogies and methods
developed for &2 andr .o This may be useful if s maxs 1S very small,
and difficult £02measure accurately,

The above has shown the analogy betwsen % o and the exponential
complex potential, and provided 2 method of obtaining the most general
possible function,, éa, for the lowspass reactance filter by means of
rapid measurements with the new pole-zero apparatus. Since g functions
are related to zq functions by the transformation Pyl it is
evidently possible to represent @ functions and Q- funct?.ons by the
potential analog methode Furthermore s @ functions for antimetric low-
pass filters.gan be represented on the aﬁavlog, The following seetion

treats the representation of g, admissible g, and g/ functions by the

potential analog method.
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VI.. THE POTENTIAL ANALOGIES FOR q, ADMISSIBIE q
AND o7 FUNCTIONS FOR REAGTANCE
10W-PASS FILTERS

From the fact that q functions are obtained from z, functions
by replacing p by % in the latter, it is easy to see that the potential
analogy for both q and admissible q functions is- obtained by‘ placing
one-~half unit charges at the branch poinﬁs in the p--plané and alternating
unit charges along the passy band, including zero frequency, The
admissible q functions have a pole a%t zero frequgncy, while ordinary
q functions may have either a pole or zero there, Alyso, the charges in
the pass band represent coinéideiﬂ; poles and Zems of zy, and _;;; (or Zg
and %—5) in the case of ordinary q functions, while they represent coin-
cident poleé and zeros of 299 and Y77 for the admissible g functions,

Fof measurement of q and admissible q functions it is usually
most convenient to use a conformal répresentation such as the quartér
elliptic sine mapping, It is clear that the real potential is propor-
tional to Injq|, unless an antilogarithmic amplifier is used.

q’ functions are représented in the é.nalogy by plading half-unit
charges of oppoéite sign at the two branch points and unmit chargés of
'o‘ppoéi’ce gnd alternating s:.gn on the jd)-axis, -symmetrically located
about p=0., For measurement using the potential analog system it is

probably most convenient to use a half plane such as an elliptic sine

mappings
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VII. SOME EXAMPIES OF SIMPLE LADDER REAGTANCE
FILTRRS SYNTHESIZED WITH THE ATD
OF THE POTENTTAL ANAIOG
SYSTEM

) Thé example gi_.j_(en by Storer was done by using 'I;»hieypéi\;eiﬁtigl
‘analog sys‘ms»m@?:~L Figure 5.8 shows the image loss ; o<, recorded by
using the potential analog system, the caleulated image loss and the
].oséléss filter schematic, The ordinary p half plaﬁe deseribed on
Figure 5.8 was used for obtaining the reeordinga Orié‘ notes thatthe '
scale near thé stop band edge was not sufficiently ‘expanded to pemmit
accurate recording in this region.

Figuré 5.9 shows the same problehi ddne by using the 5’ éplane,

2 . oo
P =41 ' 5.62
D i’“‘??' . ( )

( The attenuation for the full conmstant-k section and one of the others

where

is also recorded). The transi‘bion-mgién is gi'eai],v expénded now and
the point p =00 maps into a point.
Figure 5,10, recorded for the same problem, shows that the w-

plane, where

AN (5.63)

T3 Js Ea Storer. s Passive Network 3ynthe31s (Torento» McGraw-
'H:Lll Book Goey InCes 1957) 5 pPe m?-iﬁ? .
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is not suitable for this problem because of the contracted mapping in
the vicinity of the stop<band edge.

Figure 5.1l shows Storert!s filter problem done on an elliptic
sine quarter plane described in the Figure. Evidently one pole occurs
on a side of this plane along which the potential was not recorded.
Otherwise, this plane is perfectly suitable. :

Figure 5.12 shows the final mapping and recording for this
probleme The elliptic sine quarter plane of Figure 5.1, page 88 , was
completely suitable, although the transition band is not recorded as
in Figure 5.9, The network resulting from denormalization to an ideal
cutoff frequency of K000 cps and terminations of 600 ohms, which the
image impedance matches in a Chebyshev fashion in the pass band, is
also shown in Figure 5.126 Chebyshev matching of the image impedance

results if the limit of this matching is at

2
fc = fm]_ 2 = (foo:]_)

5

and the relative deviation, 8, of Z, from unity is found fronm
2
£
e - 1)
: £,

A\ 2
2 (f001”) - 1
o

as is easily shown from equation (5.60), or found in various books.
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720auer, OPe Ciltoes Po 361, Design procedures and formulae for
element values may be found in Appendix 2, pp. 357=38lL.
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The operating loss of the lossless network is also plotted in Figure
5,12,

Figures 5,13 and 5,1l show recorded and calculated image atten-
uation for a more complicated example., The same %; plane as in Figure
5.9 was used for Figure 5.13, while the same elliptic sine plane as in
Tigure 5,11 was used for Figure 5.1lLi, Figure 5.15 (for the same example)
also shows the network denormalized to an ideal cut-off frequency of
10 kc and Chebyshev-matched terminations of 135 ohms, The operating
loss of the lossless network is also plotted.

Figure 5,16 shows recorded and calculated image attenuation, the
denormalized network, and its;0perating loss, for an antimetric low-pass
filter of class 7/2 with experimentally determined Chebyshev behavior
h

of stop band image abttenuation. The terminations were again

determined to match the image impedance in a Chebyshev manner. The
&

image impedance at the generator end of the network is of class ﬁ?

75

and the right side image impedance is of class/? ° The network
elements were obtained with the aild of the Appendix in Cauer's book
(Footnote 72). It is interesting, incidentally, to note the effect of

the reflection losses in increasing the %strength" of the finite pole

3For a definition of operating loss one may consult Cauer, ibid.,

Ppo 130=131,

7hThe classification is due to Cauer, ibid., p. 283,

7SIbid°9 p. 282, The image impedances could have been studied
by using an analog of section ¥ of this chapter to obtain a suitable
recording,.
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used in the mabtching sections.

Tn the above examples it has been assumed that the reader is
sufficiently familiar with the design methods to cbviate the necessity
for more debailed explanations.

The calculated image attermations were all found with the aid of
a Bendix G=15 Digital Computer by using the pole positions found from
the analog, The operating loss of each filter was found by using an
TBM 1620 Digital Computer.

From the reccrdings it is evident that the gjmplane and the
elliptic planes are very suitable for the golution of the approximation

problems for mest low-pass filter specifications cccurring in practice,
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This new apparatus was designed around the original constant—current
unit built by Bridges, and incorporated the most desirable features
which, according to the studied reasons presented in chapter IV, such
an apparatus should have in order to be most useful for network and
control system analysis and synthesis especially network synthesis°2
(This apparatus is also suitable for solution of other problems
involving, basically, Laplace's equation in two dimensions). The main
features of the new apparatus which contributed to its flexibility,
accuracy and speedy, practical operation weres

1. The use of uncoated Teledeltos paper.

2, The voltage pick-off system, which used %wo wipers travelling

at constant speed ‘in continuous contact with the papers

3. Facile use of fairiy large conformal mappings.
li. Reasonably stable amplifiers for the voltages picked off the
Teledeltos sheet, | -
5, The use of an X=Y recorder yielding large recordings.
The use of the voltage wipers; and the particular combihation
of equipment for this potentiéi analog épparatus seems to0 be new.
Thé over-all accuracy of the apparatus in measuring magnitude

(attenuation) was found to be high, often (Chapter V) within one per

1z, Bridges, A Network-Function Simulator® (Unpublished Mastefé,
Thesis, The University of Manitoba, Winhipeg, September; 1958), pp. 6263,

2Tbid.s pp. 19=27,
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cent. Similar accuracy has been achieved; in certain cases, for phase
measurement, but this may not be possible if singularities are close
to the wipers. The use of still more stable (probably choppermstabilized)
dc amplifiers would improve and facilitate phase and delay measurements.

Once the potential analog apparatus had been developed and its
practicability shown, a comprehensive study of literature on image
parameter and insertion loss filter theory=-including applications of
the poﬁential analogy and potential analog devices in these areas=-= was
under=taken, the necessary derivations of equations in terms of the
potential analogy carried out, and some of the applications of the
new potential analog apparatus as a design aid were pointed out.

Although time, circumstances and space prevented the use of the
apparatus on examples of all these applications those that were done
definitely proved its accuracy and practicability in at least those
problems involving only attenuation (gain, magnitude) measurements.
With these examples on hand it was easy enough to show that the apparatus
could be used in a practical way on other--often related=-problems.
Extensive applications to measurement of phase and delay have not been
performed and; although some excellent results of phase measurements
have been made by graduate students, only one curve of phase (taken on
an uncorrected half pmplane) is given in this thesis; and no curves
of delay. It is suggested £hat future work might be done in applying
the analog apparatus to problems‘suggested by this thesis which involve

obtaining recordings of phase and/or delay; this would establish the




128
extent of the apparatus' value in such problems. -

In Chapter V the reasons for treating image parameter theory
and design, especialiy according to the potential analog method, were
first presented. Then the aﬁproximation problems of lossless image
parameter filter theory were presented.

The potential analogies were then workeé out for all the low-
pass image parameter functions, with a view to applying the potential
analog apparatus as an aid in determining and studying them. The low-
pass image parameter functions included are all those normally found
in the image parameter filter literature; for example, the material
by Cauer, Bode and OtheP8939h

Tt was found that the potential analog apparatus was especially
suitable for solution of the low-pass approximation problems occurring
when]i;-had attenuation poles only along the real frequency axis and/
or the real axis. The case of poles occurring only at real frequencies
is the most common in practice-=that is, when attenuation only is of
prime concern. Several examples of low-pass symmetric and antimetric
filters which were synthesized with the aid of the potential analog
apparatus to meet specified stop band atbenuation characteristics were

presented, Actual tracings of transition and stop~-band attenuation

W, Cauer, Theory of Linear Communication Networks, Vol. I
(McGraw-Hill Book Company; Inc., lLoronto, 1958).

LlHe W. Bode, A General Theory of Electric Whve-Filtersg Bell
Telephone System Monograph B = OL3 (193L).
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were admirably suited for practical solution of the low pass problems,

the asymmetrical band-pass problems after transformation to the special

low-pass type problem, and the double pass-band problem., For multiple
pass-band problems the hyper-elliptic mappings should be well suited.
The workers in this field should investigate other mappings, of which
many are known and catalogued.

Because of the symmetries involved, one may use quarter sheets
in studying all [jl functions, all g functions and all 2z, functions;
but for studying q/ functions one must use half planes.

After application of bilinear transformations and/or reactance
transformations, high-pass, band-stop and symmetrical and other band-
pass problems are transformed to equivalent low-pass problems, and
so are treated as in the low-pass case above.5 In order to obtain
minimum inductance bandepass frequency-symmetrical filters the
transformations due to Laurent may be used on antimetric low-pass
filterso6 This transformation has been given in a more recent article

by Saal and Ulbricho7

SCauerg op. cite, DP. 296=332.

6T, Laurent, "Le Filtre Zig=Zag", Ericsson Tech., Yole Ly
January, 1936, pp. 3-28.

7R° Sasl and E. Ulbrich, "On the Design of Filters by
Synthesis", IRE Transactions on Circuit Theory, Vol. CT=5, Noe lLs
December 19585 ppe. 300-=301.




i3l
The idea that the potential analog apparatus can be used as a
practical tool, of sufficient accuracy for many filter problems, and
that this apparatus might serve to replace the template methods of
Rumpeit in both low-pass and asymmetrical band-pass cases seems not to
have been generally accepted previocusly, or even greatly considered.
This chapter shows, with illustrative examples of low-pass symmetric
and antimetric filters, that such a replacement is feasible and would
probably result in greater speed of agpplication than Rumpelt's template
methods. Furthermore, the potential analog gpparatus may be used o
find the contributions due to real-axis and complex poles.
Recently, there has been considerable activity in techniques using

9510 These methods

digital computers to arrive at optimum pole positions.
have been limited to low-pass and band-pass filters and to poles lying
along the real frequency axis. rthermore, one cannot easily build
Wiudgment® into these digital oomputér programs; that is, one cannot
change pole positions to allow for greater tolerances at desired placesall

One can, on the other hand; easily use the analog apparatus to obtain

desired results in such cases., TFinally, the analog apparalus can be

SE, Rumpelt, "Schablonenverfahren fur den Entwurf elektrischer
Wellenfilter auf der Grundlage der Wellenparameter,® Telegraphen-
Fernsprech- Wunk- und Ferngeh~Technik, 31 Jahrgang, Heft gg fugusc,
1942, pp. 2L3=210,

97, Fujisawa, ﬁOptimization of:LowaPass Attenuation Character-
istics by a Digital Computer,® Paper presented at the Midwest Sympo:ium
on Circuit Theory, Mav, 1963,
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used more cheaply for the determination of pole positions than can

a digital computer, besides being immediately applicable to arbitrary
distributions of these poles-=and for the many other purposes not dis-
cussed in this thesis.

Finally, it is usual in theses to deal with possible future
investigations. In order to point out where future investigations might
lie, it is necessary to refer the reader to the author's complete
w0rk012 Limitations on size and scope of this thesis have not permitted
the inclusion of that material hereo

Tn his report the author has obtained all the functions for
image-parameter asymmetrical band-pass filters, using the potential
analogy, and shown that the mappings used succeséfully in this thesis,

plus another, can be employed with the potential analog apparatus

105, R, Smith and Go C. Temes, "An Tterative Procedure for the
kutomatic Synthesis of General Parameter Lowpass and Bandpass Filters,™
Northern Electric Research and Development Laboratories Technical
Memorandum TM813L4=63-2, July 2, 1963,

1llprivate discussion with J. Do Macdonald, Northern Electric
Research and Development Laboratories, Auge 6, 1963.

12M° Sablatash, "The Development of a Semi-Automatic Potential
Analog Apparatus, an Integrated Epproximation Theory for Filters
Derived by Means of the Potential Analogy, and the Application of the
Apparatus as an Aid in its Practical Implementation,® Augrst, 1963,
A& concurrent report to the National Research Council of Canada, under
NRC Grant No. A738. Copies of the report may also be obtained from the
author who is presently employed by Northern Electric Co, Research and
Development Laboratories, Ottawa, Canada, and from the library of his
employer. Although other publications are forthcoming, this report
will give the reader the most thorough treatment.



133

(after a previous transformation) to solve the image-parameter
approximation problems. Linear-phase image-parameter filter approx-=
imation problems are treated and possible practical uses of the
potential analog apparatus are presented, The theory is then generalized
to multi-band filters, and a general image propagation function is
giver. This function is a sum of hyperelliptic integrals'and, in
potential analogy terms, 1s a complex potential. The residues of the
integrand of this integral are jusb the positive charge multiplicities.
& similar integral form is given to describe the complex potential
when there are no point charges, but only conducting plates with
positive or negative charge along the imaginary axiso.

The sixth chapter of the author's report first presents a
historical development of the insertion loss‘theory for filters, with
relationships between the works. A general insertion loss theory for
filters with Chebyshev pass-band behaviour is then presented; using
the potential analogy. The theory parallels, to a great extent, that
derived by Watanabe in a strictly mathematical way°13 However, the
potential analogy gives easy visualization of the mathematics of
approximation. The ideal transmission function without poles is just
the complex potential function for the case given in the previous

paragraph. That for the ideal transmission function with poles is the

lBHitoshi Watanabe, "Apprbximation Theory for Filter Networks,"
IRE Transactions on Circuit Theory, Vol. CT=9, No. 3, September;
19815 pp. 3L1-356,




13L

complex potentiél problem for the corresponding image parameter
problem, except that positive and negative charges are permitted
in the insertion loss theory. Watanabe's integrals around branch
cuts correspond to encirclement of charge and cutting of flux. The
potential analog apparatus may be used to approximate the stopband
operating (transducer) loss through use of the formulg
A(p) 8,686/l = 6,02-Apy (in db),

where Jo¢| is the real part of the ideal transmission function. This
is set up on the analog apparatus in exactly the same way (except that
now negative charges are also permitted) as shown in this thesis.

In the above way all possible insertion-loss functions with
Chebyshev pass band behaviour are ineluded, The author's report shows
how all the previous known such functions are special cases and
relates them to the image parameter theory usually used for the

derivation, Limiting cases of the theory are given by compressing

plates to point charges; this vields all previous maximally flat cases.

Most other insertion-loss filters,including linear-phase filters are
treated and related to the general theory in order to obtain an in-
tegrated result.

The approximation theory is also described for RC filters,
one=port functions, constant=phase=difference networks, distributed
networks and (very briefly) amplifiers and automatic control systems.
This theory is related and integrated with the whole,

Tn all the above the possible applications of the potential
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analog apparatus are constantly noted and described,

An exhaustive study of the literature has been done on all topics
in the report, and related to the material given there,

Now that the reader has been shown how to get knowledge ab frontiers
of the field, suggestions for future investigation (given also in the
author's report) can be presented. These ares

1, Conformal mappings for the various problems, other than those
used in this thesis Might be found and tried.

2, One might present more thorough physical pictures of the
Riemann surfaces defined by the complex potential functions
used in the report in the thorough manner, perhaps, that
is presented by Tuttle in his treatment of one-port approx-
imation problemsolh There really is hardly room for such
explanations even in the agthor's complete work.

3, To be very thorough one should experimentally apply the
potential analog apparatus to all the filter types considered
in the report. All sorts of selectivities should be tried,
and the limits of accuracy for the apparatus more exactly
established, Thus, one should find out whether all filters
that can be built with present-day components can also be

Gesigned with the aid of the analog apparatus. In particular,

1hDo F, Tuttle, Jr., Network Synthesis Vol. I (New Yorks John
Wiley &'. SODS;, In(joy 1958)3 ppo 832 o= 10500
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the designs for Chebyshev pass band double pass band filters

should be tried, especially those for which the analog app=
aratus must be used to experimentally solve the transcendental
equation containing an elliptic integral of the third kind.
The use of double pass band filters should result in a
considerable saving in components from that necessary when
paralleling Band-pass filters to obtain band separation or
mixing,
i One should try to apply the general insertion loss theory of
this chapter to the design of crystal filters. The special
forms of characteristic functions of Nth degree whiph are
suitable for realization of filters with EEE coils and
those of odd degree, as well as others for which both
positive and negative charges are employed in the complex
potential problem analogous to the ideal transmission
function, might prove to be useful for crystal filter designe
5, As mentioned in Watanabe's papers it may also be possible to
design comb-filters, and filters with negative as well as
positive resistances, besides L and Co15
6. The use of hyper-elliptic mappings for filters with a greater
number of bands should be investigated. This involves

finding suitable ways of calculating such mappings, and

lSWétanabeg op. cit., Po 348,
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their experimental use in finding malti~band filters.
Thus, experimental quantization would have to be used
to find the zeros of the chérécteristic functions. One
should be able to use a bilinear transformation to effectively
reduce the number of bands that have to be‘considereds and
£o obbtzin formulae for design from the general theory of this
chapter,
antilogarithmic amplifier might be added to the potentiél,
analog system in order to obtain direct plots of magnitudes
of characteristic functions and voltage ratios; although

this is merely a luxury, not a necessitye

The properties of the Abelian integrals should be thoroughly

investigated, and calculabing procedures found for those

of higher order.

Explicit design formulae for the numerous filter types

evolving from the general theory should be worked out in

detail.

There seems to be a conflict between Mattheits contention

that positive and negative point charges give rise to non-
Chebyshev pass band behaviour, and the statement by
Watanabe to the contrary, as is mentioned in section

16,

IT of Chapter VI. of the author's report. 7 This

conflict should be resolved,
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11, An attempt should be made to solve the problem of designing
filters with given pass band (especially flat) delay and
Chebyshev pass and sﬁop band attenuation characteristics.
The potential analogy ideas of the author's complete work
should be useful in this connection.

12, One might attempt to treat narrow=band approximation problems
with the aid of Baum's theory. For this purpose a
prototype "low pass' problem involving complex coefficients
is to be considered

13. Application of the analog apparatus; according to principles
developed by the author, and their extensions, to the
design of practical networks, amplifiers.and control
systems of all types: those thoroughly considered in his
work and those only briefly discussed.

1y, Investigation of the economic feasibility of using the
potential analog apparatus to obtain initial approximations
to be improved upon by iterative methods employing digital 1];;;;{
computers.

Applicatiors and numerous other topics for further investigation

are presented in the author's report. The above seem to be the most

important.

léGeorge L. Matthei; 4 General Method for Svnthe31s of Filter
Transfer Functions as Agglled to I=C and R=C Filter Examplesg Technical
Report No. 39 (Stanford Rlectronics Research Laboratory, Aug. 31, 1951,pp. 61-67

17

Sablatash, loc, cib.
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APPENDIX A

EXPERTMENTAL DETERMINATION OF RESIDUES AT FIRST=ORDER
POLES AND OF COEFFICIENTS OF TFRMS OF A
PARTTAL FRACTION EXPANSION

DUE TO DOUBLE POLES

Preparation and Calibration of the Potentisl Analog Sheet

4 For the corrected semi-elliptical conducting sheet the ratio of
real to imaginary axis scale was ~% = ,61.12 (where oy, was the
conductivity in the direction of rolling, which was made the X=axis,

and efr,(was the conductivity perpendicular to this direction)lt, The
dimensiong of the semi-elliptical analog sheet, measured from the
inside ediges of the silver paint around the periphery, were 177 em.
along the major axis and 83,5 cm along the minor semi=-axis, The
correchted f;lnite pole and zero positions of the calibrating and tést
functions wére marked on the sheét with non-conducting penc,ila-2
As shown in chapter III, section IV, it was sufficient to cali-

brate quf ma.gnitude onZ_Ly,3 To this end, a pole was placed at s = O

and a zero on the infinity equipotential, each with half-unit current

ir, Bridges, "A Network-Function Simulator" (unpublished Mastert's
Thesis, The University of Manitoba, Winnipeg, September 1958) ppe L1l and
65=69, An example is given on ppe 65=67 of typical measurements showing
the non-igotropic properties of the Teledeltos paper. On ppe 67-69, the
derivation is presented of the correction to be applied to the semi-
circular analog sheet, ' -

 Ppridges, ibide, Do Ul
3pe 3he
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strengths of two ma, The plot of voltage vs. w shown in Figure A.1
was obtained, and X, determined from the siope of the straight 1ine.l¥

This gave Ky = 1,17k

: Measurement of Magnrbude and Phe.se of the Residue at a Single Complex

Pole

The test i‘\mctién giveh by equation (261) was set up on the -
sheet,m".th its finite poles and zefos at the corrected positionse. A .
unit currén‘b of hAma. was used, The finite pole was moved to the
infinity equipotential and the potential at its original position, ‘
with respect to the potential at s = 0, was found to be =0,175 voltse

Since K7 = Lel7hy ee= <10, p = 20 and Z(o) = 68, equation (3.7) yielded

k =850 1n 1V(sg) = 732,

To measure the angle, 62, of k2'on the analog, the circuit in
Figu;'e A2 wés used to measure voltage gradient at right angles to the
p@ppgnd;‘gcular drawn from sp to the real axis. From the readings,

;Ezféiiizyua—if\ﬁ = 1,332l
since Aw—AOII = 1 cm, so that

arg Zp(sp) = 57428 5 7 = 65%°
. Ky 1 i

Equa’oion 3 ,.11) then y:z.elded
, Arg kp = 650=900 _...250

LLThe scale on the analog sheet along the real i‘requency axis
was 1 em.= 1 radian,.

S,Drldges 9 OPe Cites PPe 6 and 98,
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Potentiometer set at
about B0O0O ohms

To probes spaced 1 cm,
apart, on conducting
sheet,

+

l,_bbv,jf':."‘-;w

‘ 'ébfy cell

R2 = 550 ohms

Note 1: VIVM was General Radio Type No. 1800-A, oﬁ 0,5v range.
Note 2¢ Detector was either General Electric TypeiD0m7l microammeter,
or Honeywell Detector,
FTIGURE A.2
APPARATUS FOR METERING VOLTAGE GRADIENT6

Measurement of Coefficients of Terms of a Partial Fraction Expansion

Due to Double Poles

The rational function

Zt (s) = (s+20) (s+10=31,0) (5+10+3Li0) (s+30~330) (5+30+J 30) (Ao1)
4 (s+10=320)2 (s+10+320)2 »

was set up on the sheet with the poles and zeros at the corrected posie-
tions marked on it. A unit current of ! ma.was used for the finite
complex zeros, 8 ma. for the finite, double complex pole and 2 ma, each

for the real zero and pole at infinity. The problem was to find k,, and

pridges, ggg cite, Figse U35 pa 50,
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k> as sIven by ’che partial fraction expansion (3627) ¢
E’i‘r:st , measuranents were made o determine kop. To this end,
the pole a;o sp = ~104j20 (corrected position «10,6+j20) was removed and
placed on the iafinity arcs this resulted in the ansalog representation
of 2),(s) s according 4o equation (3.13)s The potential, with respect to
the origin, at the original finite position of this pole was then
measured using a vacuum=tube voitmeter. This potential was V), = =0,583
voltse Equation (3,15), with et = =10, =20, 2(0) = 2L5 and Kq = Lo17h
then yielded | ' |
' lkaal = 23,300,

Another me;asurement gave V), = =0,576 volts, so thab

2 phans of ke, bhe angle of Zh(—lO-FjQO) was found in

exactly the sons sanner 25 oescribed for finding the phase of the
residue ab & single cmn;;l<zm:: polee Five sets of readings were baken be=
cause of some di.’;'ficul*ties in measurement due to the poor contact caused
by the thin non;conducting coating of the Teledeltos paper (which
probéb_ly caused the detector variations when pfessui'e was applied to
the w}:ol’ca.ge-measuring probes), and possible current source fluctuations
(pfobabi& due to the use of one current source abt its maximun rating of
8 ma.). Plots of Zh(~10+j;c)) obtained from each of the five sets of
measurements are given iﬂ Figure Ae3, in which the conditions under
which data for each curve was obtained are also showﬁ, The mean angle
@ = Arg 7),(-10+ §) is plotted versus w in Figure AJie From this

Figure the o?dinate at ‘W= 20 was read and, with the aid of equation
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(3.19),
Arg ko = Arg 2) (=10+j20)-T0= 72,50
was found., Thus,
koo = 23365 /=72,59,

where the mean of the two measured magnitudes was used,

In order to deﬁermine knq from equation (3.23), the quantities
9P, R and QR had to be obtained. The first, gﬁ, was easily obtained

)

W e
as the slope of the curve in Tigure A.l at w= 20, Hence,

%g = 0,074 radians/radian.

To obtain the voltage gradientéyi, readings of potential with
w
respect to the origin were taken along the line g = =10+jw, and values of

‘Zh(w10+ju$| were calculated at each point of measurement, using

2)y (=10+jw)
Z(o

with X3 = 1e17hs The circuit of Figure A.2 was used for making the

V), = XK1 In

8

measurements, Difficulty was again encountered in obtaining the
measurements., As discussed in the second last section of this chapler,
the probable cause of the trouble was the use of coated Telcdeltos
paper (in later work the uncoated variety yielded much better results)
and the use of a current source (pole) operating at too high a current
level, »

Three sets of data were used for the curves of Izh(m10+ju$‘ s, W
shown in Figure A.5, in which are also shown the conditions of measures
ment for the data from which each curve was obtained, The lowest curve

in this Figure was not used for finding OR because of the lack of
Sw
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sufficient data in the vicinity of w= 20, the uncertainty of the data
and the high value of g.g compared to that found from the other two
curves. The measured value ofg_% at w= 20, taken as the mean of the

values from the two top curves of Figure A.5, was then,

QR . 0,145 X 10° ohms/radien.
Sw

With a small weight given to the lowest curve in Figure A.5; the
measured value of

R = 2)(=10+j20) = 37.5 X 106 ohns,
Eouabion (le23), with

6

R = 2)(=10+j20) = 37,5 X 10° ohms,

@ = 1,877 radiansg
%g = 0,07hl1 radians per radian,
IR 0,145 X 106 ohms/radian,
w
B= 20,
and

Z3(=10%§20) = kpp = 23365/=72,50 = 7020-322230,
yields

Kpq = 2050/-40,759,

from measurenents on the potential analog,
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APPENDIX B=l

THE MODIFICATIONS TO THE EARLIER

POLE=ZERO MACHINEL

A comparison of the original pole=zero machine with a machine
meeting the requirements described in section IT, chapter IV, brought
forth the following limitations to, difficulbties encountered with, and
items for improvement of, this original machine:

le The oscilloscope on the early pole=zero machine was too
small to provide practical, accurate recordings, and its controls inter=
acted rather badly. Hence, it was decided -~ after some experimenting e
to use some other means for recording, (A brush oscillograph gave traces
with a maximum ordinate of one and one=half inches). An X=Y recorder
proved ideal for the final version of the system,2

2o The integrator was not functioming, so that recordings of
integrated current flow across lines on the sheet could not be obtained,,3
Thus, for example, the phase of rational functions of a complex varisble
could not be obtained by automatic recording, bubt only by slow and tee
dious measurements with a voltmetero Hencey, an integrator with a long
time constant had to be bullt,

3o The rotary motor=driven break-before-~make switch used to pick
i

ix, Bridges, "A Network-Function Simulator" (unpublished Masterts
Thesis, The University of Manitoba, Winnipeg, Septs. 1958), pp. 2=h0,

2Model 29 Moseley Autograph,

BBridgeS,, Q’Eo 9;‘3_:203 Po 326
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up the voltages on the fixed voltage probes resting on the Teledelbos
paper introduced a great deal of "chatter" as the robating wiper passed
from one, switch contacht to the nexto! So much "chatter’ was introduced
by the sw;i.tch that phase or delay measurements could not be made at all,
and magnitude measurements could be made only on the inadequate brush
oscillograms.by using the envelope of the recorded waveform, The wave=
form showed every make and break of switch contact by jumping to the
envelope of the curvey, and then back to zero again, All attempbts at
filtering for obtaining smooth curves by using this rotary switch were
unsucceésm in producing an undistorted, smooth curve on the brush oscil-
10g35'am. The X~Y recorder, furthermore, could not even follow the rapid
voltage variations introduced by the rotary switch, These difficulties
with the rotary switch resulted in consideration being given to replacing
this part of the appératus with either a commubator=type mechanism or
moving probes, continuously,in contact with the Teldeltos papér, for
picking off the voltagess?027+8s9

)*iBridges, Ope Ciltes Pe 326

5]3, Bridges, who suggested that moving voltage probes such as
deseribed in Germain's article (footnote 9) might be usede

5R° BEe Scotby An Analog Device for Solving the Approximation Pro-
blem of Network Synthesis, Massachusetts Institute of Technology, Research
Taboratory of Electromics, Technical Report 137, June, 1950, ppe 1920,
A commubabor was used to pick off voltages on consecutive, fixed, closely-
spaced voltage probes,

7Sta.nley Lehr, Solution of the Approximation Problem of Network
Synthesis With an Analog Computer, Polytechnic Institute of Brooklyn,
Microwave Research Institubte, Research Report R=327=53, PIB~263, June 18,
1953, PPe 6=Ts A rolling volbtage probe atbached to 2 moving carriage was
used in the potential analog machine described here.
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lie The chassis with fixed probes on ity the rotary switch and all
the associaté;i wiring were cwnbersome°10

56 The‘ fixed=probe system did not permit all possible information
from the sheet to be obtained, because of the finite spacing of the probes
in each rows

6o There was a possibility that an X=Y recorder would work with
the moving=probe system, This would enable large, easily=calibrated
recordings with the most convenient scales to be made semi-aubomatically.

The above considerations, and the many frustrating experiments
performed with the earlier apparatus as work on improving it proceeded,
finally resulted in the following modifications being made to the earlier
machine:

1, The oscilloscope unit was removed, An X-Y recorder was

finally employed for the recordings,ll

2? The probe chassis, transposition frame, rotary switch and its

motor, manual selector switch and all associated connecting

8Paul M, Liebman, Simultaneous Gain-Phase Approximation with a
Potential Analog Compuber, Polytechnic Institute of Brooklyn, Microwave
Research Institute, Research Report R=617-57, PIB=5L5, August 22, 1957,
Po 23s A double=roller volbtage probe attached to a moving carriage was
used in the potential analog machine. This was a modification of the
one described by Lehr (previous footnote),

9P, Germain, YElectric Analog Methods for the Study of Problems
related to the Laplace Equation", (in French), La Revue HoFos 259, 195k
A moving probe was usede

‘ 10Bridgesg OPo gi;b:os PPe =19,

1lModel 25 Moseley Autograph,
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wires were removed, and replaced by apparatus employing two
closely=spaced probesy, driven at constant speed, and in
continuous combact with the paper, to pick the voltages off
the Teledeltos paper,.

3e The dc amplifier unit and its regulated power supply were
removed, and replaced by a dc amplifier unit consisting of
ﬁhree Heath Co, Model ES«201 dc amplifiers and their
assoclated Heath Co, power supply. Circults were bullt,
suitable multiple=pole wafer switches used, and the ampli-
. fiers associated with these passive components in such a
mamner as to give an adder, inverter and integrator which
could be used to obtain potentizl between two probes or the
time integral of the latter, with suitable amplification.

lis The moving voltage probes (wipers) were connected to the new
amplifier unit by two shielded cables which were rather
loosely suspended from a point on the wall above the moving
carriage. The oubput of the amplifier unit was fed to the
Y-input of the X=Y recorder, via an R-C twin-tee filter

rejecting line frequency,
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APPENDIX B=2

THE MOVING PROBES, THEIR MOUNTING, THE CARRIAGE

AND THE CARRTAGE PULLEY SYSTEM

The moving=probe system was one of the important improvements over
the existing potential analog machine at the University of Manitoba, and
one of the main reasons for the success of the new potential anelog machine.
This idea of using potentiometer wipers on a carriage as voltage probes
eliminated the need for the cumbersome and hard-to-construct probe chassis,
for switches or commubtators, for the many wires leading from the probes
to switch sections or commubator bars, and for filters to exclude switch
or commutator "hash®, It also increased accuracy because it resulted in
maximom information transmission from the sheet to the amplifiers, and it also
made possible large, smooth recordings on an X=Y recorder fed from the out-
puts of the amplif:?.ers,

In Figure lLel, page 52, one may see the carriage in position on its
steel guiding ‘ba:c-s:;‘;2 These steel bars are 3/L" in diameter and Lt 1/L"
long, their cemters 2 1/L" aparty, and 1 11/16" above 'Ehe table surface,
The ends of the steel bars are inserted in holes drilled in end blocks which

are 3/L4" thick, 2 7/8" high and 5" long (as they rest on the table), and

O]

the steel bars are kept in position by l/h” set screws tapped through ver-
tical holes in the end blocks, In Figure liel one can see that two plates

(flat sides facing the viewer) are fastened to the ends of the steel end

12The steel bars are greased with vaseline to keep them smooth and
shiny, and to aid easy movement of the carriage.
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blocks, 50 as to be abt right angles to theme These plates are of steel
and are 1/L" thick, 3 3/8" high and 2 1/2" wide, They are fastened to
the end blocks by means of countersunk screwse To the plates are fastened
mountings which hold the shaft for the driving sheave at one end of the
steel bars and for the idler sheave at the other end. The mountings are
of white metal, but there are bearing surfaces for the shaf’os:.':3 A small
(sbout 1" diameter) aluminum sheave with concav%ly rounded edge was used
for the idlers,

To the driving sheave, which is 3 1/2” in diameter, is bolted
securely. a concentric (on the same shaft as the driving sheave) aluminum
gear tooth with 159 ‘eee’ch:lflL This gear tooth is 2 1/2“ in diameter. It
is driven by a gear made out of aluminum which has 2L teeth and is 3/8"
in diameter., The latter gear (together with an unused larger One == that
can be seen in Figure Lol == with which it was integrally cast) was
fastened 4o the electric motor shaft. This gear system resulted in a
speed reduction of 6,625, and a carriage speed of about 3 fte in 20 se-
condse

The small electric motoy which can be seen in Figure li,1 at the
left end of the steel bars, was manufactured by the Emerson Electric

COes Sto Louis, Missouri, and had the following data on its nameplates

LMore sturdy and dursble mountings probably should be useds

p narder mebal should have been used for the gears, Lt would
be best to have a new gear assenbly mamufactured from steel.
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Frame F 32 GF HP 2 oz, 5, Cye 60
Style 301 RPM 1700/69
Volts 115 Amps. O.h

This motor is bolted to a plywood platform (part of which is visible in
Figure liol, protruding past the right of the steel side plate at the left
end of the steel bars) which has dimensions of 3/h* X L 1/h* X 8 7/8%,
The dimensién of 8 7/8" is perpendicular to the steel barse The plywood
platform is fastened to the steel bars.by means of four Usbolts 3/16"
in diameter (two of these may be seen in Figure li,1 protruding through
the top of the plywood), A switch for turning the electric motor on and
off is mounted on the end of the plywood board, This may be seen in
Figure LL;,J., to the right and below the motor, The switch is turned off
by a spring steel arm mounted on the carriage, when the latter gets near
the end of its travel, |
Over the V-notched driving sheave runs a cloth=covered, stranded
copper cabley; as can be seen in Figure L.l It is kept taught by a
fairly stiff spring in its upper loop., In its lower loop it is attached
to the carriage, Provision for tig‘htening the cable was provided by
looping it back onto itself after it Wé.s passed around the hbok on the
carriages A Marr connector was passed over this "doubledwup" cable,
leaving a small loop to abbach 0 the hbok on the cafriage. The Mzrr
connector has a small screw in its (eylindrical) wall, ’When the cable
must be tightened this small screw may be loosened, more of the cable
end pulled through the Marr connector and the screw tightened againe

The underside of the carriage, and the details of the wipers
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(voltage prébes) are shown in Figure B=Zsle The four Vegrooved brass
blocks were machined from LM cubes of brass, They are tapped and bolbed
to a piece of Permali 5/16" X 3 1/4" X L*, where the L=inch dimension is
parallel to the stesl barse The projecting plywood centreplece, which
holds the mountings for the two probes, is fastened to the Permall by
means of two righteangled pilsces of alumirom,

Each wiper and its holder, as well as the short shaft through the
two wiper holdersgwere taken from a type RVZ potentiometer manufactured
by Technology Instrument Corpe.s Acton, Massachusebts, The wiper holders
are mounted == insulated from each other == rigidly on the shafb, and
this assembly is prevented from rotating by means of a nail driven through
the plywood upright just sbove the shaft, and bent ground the top of one
of the holders, as can be seen in Figure B-2,le The two wipers themselves,
as can be seen in Figure B=2,1l, are rounded, and are soldered near thelr
tips to keep them from splitting. They are welded to flaty springy
copper strips, A line between the points of conbact of the wipers when
they are on the Teledeltos paper is at vright angles to the dirsction of
travel, parallel to the steel bars » and the distance bebween them is about
7 millimeters, The carriage may be moved in bobth directions along the
steel bars without catehing the wipers on the Teledeltos paper, becauss
of the curvabure at their ends, when they have the proper pressure (not
critical) against the papere

At ons leading corner of the carriage (as shown at the lefb of
Figure Be=2,1) & right-angled piece of slumirwm is bolbed to the Permazli,

A thin piece of blue spring steel is bolbed to this plece of aluminum,
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This serves to turn off the switch for the electric motor withoub
cansing undue suddeﬁ‘ stress on the gears and other parts of the carriage
and pulley sysbem,

With a little time and money the moving=carriage system which has
beén described above may be improved, Some way may be found to space
the wipers more closelye The carriage may be streamlined, A reversing
motor might be used for returning the carriage. A much more finely

machined system could be designede
~ APPENDIX B=3
DETATIS OF THE DC AMPLIFIER UNIT

The block circuit diagram of the amplifier unit is given by
Figure B=3,l, the detailed circuit diagram (in which the Heath Go.
amplifier units, however, are indicated by appropriate blocks) of the
dc amplifier unit and reference biasing circuit by Figure B=3.2; and
photographs of the front, back and bottom (wi’c.h details of wiring eXe
posed) of the unit are shown in Figures B=3,3(a)=(c) , respectivelys .
A functional physical and electrical description of the de amplifier
unit is presented next,

Each signal from the two wipers is carried by a shielded audio
cable to a double banana plug under the word WINPUTS" shown in Figure

Be=363 (a)"f;S The upper of the two cables is referred to as the A inpub

15The two audio cables are the lightecoloured leads coming over
the top of the right side of the amplifier unit in Figure B=3,3(a)e
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FIGURE B-3.3 (a)

FRONT OF DC AMPLIFIER UNIT

FIGURE B-3.3 (b)

BACK OF DC AMPLIFIER UNIT
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and the lower one as the B input, The outside shielding of each audio
cable is tied to the floating ground through one of the plugs of its
double banana pluge

A black cable may be seen in Figure B=3,3(a) leading froém
the floating ground terminal of the A banana plug (which is electrically
connected to the ground terminsl of the B double bansma plug), to which
the shields of the audio cables are tiedy over the top of the middle of
the dc amplifier unit, The obher end of this cable leads to one end or
to the middle tap of a potentiometer (usually 50,000 ohms or theresbouts,
so as not to drain the battery) across which is placed a constant de
battery of a few volts, One of the other potentiometer taps (depending
on the desired polarity) is then connected to a convenient point
{usually a strip of silver paint, though any other point which will not
interfere with the travel of the carriage is suitable) on the sheet of
conducting paper, By this means.the inpub signal from one wiper may be
adjusted to any desired dc level gbove or below the floating ground, The
potentiometer can be usedy, therefore, to set the Y-position of the X=Y
recorder pen to a desired initial value, if only one wiper signal is used=-
as in recording only the logarithm of the magnitude of an immittance func-
.’oic»n;ﬁav

Mnother black cable, shown in Figure Be3.3 (2) leading to the lower
left from the floating ground on the inpubt double banana plugs, goes to
the shielding on the dc amplifier power cables, as may be seen in Figure
B=3,3(bJe

Three cheap Heath Co, dc amplifiers were used in the dc amplifier
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unit%é These are clearly seen from the front in Figure B=3,3(a) and firom
the back in Figure B=3,3(b)o From left to right in Figure Be3«3(a), the
amplifiers were used with simple and well=known passive circultry == ag
shown in the circuit schematic of Figure B=3,2 == to accomplish addition
(and multiplication by constants Cely leOp 560 or 10,0, as seen marked
on the front of the unit in Figure B=3,3{a), above the adder gain control
and below the adder amplifier); inversion (that is, multiplication by =1)
and integration, respectively.

The function selector switch knob shown in Figure Be3.3(a) is used
6 turn a ceramlic wafer switch which makes verious connections (as may
be seen from the circult schematic of Figure B=3,2) between the circult
componentse When the function selector is turned to zerv, the inputs of
all the amplifiers are comected to the floating grounde Each of the
amplifiers may then be zeroed by selecting the proper amplifiers the selec-
tion is dene ﬁth the amplifier selector switeh shown under the left side
of the Simpson microammeter in Figure B=3.3(a). When this last switch |
is turned to #OFF#, one side of the microammeter is connected to ground,
while the other side is left open, When one of the amplifiers is selected
with this switch (by turning it to MADDY, "INVe", or WINT.", as desired),
the microammeber is connected; through & resistance (which is selected by
the SENS, switch under the microammeter in Figure B=3,3 (a));, to the amplie
Pler oubpube Ixcept for a minor interaction between the adder and imrerter
amplifiers (dus to the 500 K resistor connected between the inverter oute

. pub and adder input), each amplifier is zeroed separately. by using its

18y1eath Model ES=201 do Amplifierse
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zero controle This zero control is located just sbove the three tubes
on each amplifier, as can be seen in Figure B=3.3(a)e

When the function selector is ‘burhed to “MAG" (magnitude), the A
input is comnectedy through a 500 K series input resistor, to the input
of the adder amplifiers The inpubs to the other two amplifiers remain
grounded through one-megohm resistorses.

When the function selector is turned to "PHeSL." (phase slope),
the & input cable remains connected to the adder amplifler in the same
way as when the sélector was turned to UMAG", and the B input is also
cpnnected to .the inverter m@lifiw in this waye The output of the ine
verter amplifier is connected, through a 500 K resistof, to the input of
the adder amplifier, Hence, the adder amplifier subbracts the A signel
from the B signale The integrator amplifier remains grounded through a
one-megohm resistore

When the function selector switch is set to "FH." (phase), the
input connections to the adder and inverter remain unchanged from those
when it was set to HPH oSfho However:, the output of the adder is comected
0 the input of the integrator through a 500 K series resistor, and the
oubput of the integrator amplifier is connected to one side of a capae:’n_.-
tor (which is normally shorted, bub caﬁ be opened by pressing the ¥CAP,
SHORT® button shown in Figure B=3.3 (a)). whose other side is permsnently
eornected to the input of the inbegrator amplifier, Thus, the integra=-
tor is used for integration of the difference between the A and B inpub
signalse -

The output of any one of the three amplifiers may be selected by
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means of the output selector switch which can be seen in Figure B=3,3 (a)
under the integrator amplifier, This switch is used to commect the oub=
put signal of the desired amplifier to the input of a twinetee RC filter
rejecting line frequency, whose other side is permanently connected to =
double banana jack shown just above "OUTPUT" in Figure B=3.3 (a)e A
shielded cable, with its shield tied to the floating ground connection of
the outpub banana jack, feeds the output signal to the Y input of the X=Y
recorders

Shielded cable was employed in almost all wiring, as is evident
in Figure B=3,3(a) = (¢), in order to eliminate problems of noise and
amplifier oscillation, All of the wiring, except the obviously very short
wiring, and the wiring that did not affect the operation of the unit
(for example, the connections to the zeroing meter) was done with shielded
cable, Figure Be3o,3(c) also shows the use of a shield between the power
cables and the rest of the associated circult wiringe It was found that
the amplifier tended to oscillate if the power cables were not properly
shielded from the rest of the amplifier wiringe It was also necessary to
use separate cables for the filament and dc leads from the power supplys
The amplifier unit power supply is the specified one available from the
Heath Co, Comtrols for adjusting the power supply voltages are on the front
panel of the second rack from the bottom in Figure lLel, page 52, The vol=
tages may be measured ab the jacks shown at the back of the amplifier unit
in Figure B=3s3(b)s Switches for turming the power supply off and on are

on the front panel of the power supply unibe
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A11 the power from the mains to the amplifier unit power supply,
as well as to the pole-zero power supply, is fed through the Sola Co,
constant voltage regulating transformer shown in Figure lel, page 52, on
the floor to the left of the tall racke The use of this transformer was
found to effect an improvement in zero stability of the dc amplifiers and

the pole=zero constant-current sources and sinkse
APPENDIX B-ly

DETATIED CALIBRATION AND OPERATION OF THE POTENTIAL

ANAT.OG MACHINE USED WITH AN X=Y RECORDER

I, Some General Points on Maintenance and Operation

1l To keep the steel bars from rusting and the carriage ruming
smoothly, the steel bars should be greased with vaseline,

2, The electric motor and gear system should be oiledeccasionally.
Care should be taken, however, not to get oil on the pulley cable or driv-
ing sheave,

36 A small lead weight of about three to five cubic inches should
be placed on the carriage to keep it firmly on the steel bars, thus mini-
mizing varisble contact pressure of the wipers with the conducting sheet.
A large weight should not be placed on the carriage, since such a welght
might cause inconstaney in its velociby, particularly during the first
few seconds after the electric mobor has been turned one

lie Care should be taken to ensure that voltages of the power
supply for the dc amplifier unit are at their correct values, It is nob

sufficient o measure them with a vacuumstube voltmeter. A good way to
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messure them is to find the exach voltages of each of four LSevolt bab=
teries on the 50-volt scale of a reliabls, highequality mebtere, One of
the best batteries is then used as a standard to measure the volbage of
the obther three in series, by means of a Tinsley fe’centiome'ber, The
three batteries are then connected in series with the power supply with
such a polarity as to reduce the voltage of the batieries in series with
the power supply from that of the power supply voltage, The Tinsley
Potentiometer is then seb to such a value thaty, with the accurately mea=
sured battery used as a standard (measured with the voltmeber while it
is in the circuit), the value of the voltage across the potentiometer ise .
equal to the nominal voltage of the power supply minus the voltage of the
three batteries in series, The power supply is then adjusted to obtain
a null on the potentiometer, |

5o A glossy=finished sheet of bakelite, glass, or other similar
material, about O.1 inch thick,and larger in all other dimensions than
any conducting sheebs which are to be used, is laid underneath the steel
bars and carriage so all conducting sheets can be laid on top of the
glossy surface, The glossily-surfaced sheet is fastened firmly to the
table by using masking tape at its edges, weights or other means,

6o A warm=up period of at least one hour should be allowed the
pobential analog machine and X=Y recorder.

IL. Preparation of the Conducting Analog Sheet

1o & conformal mapping is selected which emphasizes the regions
of the complex plane which are of interest, and also (if possible)

eliminatesthe "infinity erroe® by mapping infinity into a point, or makes
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it negligibly small in some other fashion., The sheeb may, for certain
mappings only, be corrected for the effects of non=isotropy. Naturally,
if the carriage is to be used, only those mappings and corrections are
permitted which leave the axes of interest as straight lines, Otherwise,
magnitude or phase slope measurements can be made by using one probe or
two closely spaced (Coli = 0,7 cm) metal voltage probes, respectively, and
reading the valves of magnitude or delay ab various points along the
desired curved lines of measurement on the conducting sheet, from the
verbical secale along the left edge of 'bhé graph papér on the X=Y recorder,
which has been calibrabed according to procedures given in the following
two sechtionse These values may then be plotbted manually on the recording
papers

%, The largest possible sheet of Teledeltos paper is selectede
Three or four inches should be allowed between the point at which the
wipers first begin their movement at the beginming of a run and the point .
at which they first contact the conducting sheeb, and the last point of
sinterest on the sheet should be recorded before the spring arm on the
carriage contacts the switch to turn off the electric motore

3o The desired sheet is cut out of the uncoated Teledelbos paper,
and strips of silver paint are painted on the sheet wherever equipotentials
are desired, If these strips are at edges of the sheeb they should be
about one=half inch wide to ensure a good equipotential, If they are ab
other positions, they may have to be made thinner, but more heavily painted
if, for example, they are to represent equipotential linese On the other

hand, other equipotentials are needed if an equipotential object is
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z;epresentede

o Some valuss of the simple function which will be used o
calibrate the sysbem are worked out and recorded for a few points along
the desired line of measurement, The points are chosen so as to fall
within the region of the plane which is of greatest usefulness, They
will be used when calibrating the recording sheets.

5, The points of the last step are marked with non~conducting
red pencilsbeside the desired line(s) of measurement, with the value of
the frequency (or other independent complex v_ariable) at each pointe
The last point of inberest along the line of wiper travel on the cone=
dueting sheet is also marked, These points will be used in fixing the
Wescale on the recordings, BExpected or known positions of all finite
poles and zeros should also be marked on the conducting sheet, Care
should be taken not to place the non=conduchbing markings (except for the
first and last points) along the line of travel of the probesy so as to
prevent loss of contact at these markings,

6o The prepared conducting sheet is placed under the carriage
and steel bars, with the initial point on the line of measurement aboub
three or four inches from the starting point of the probe movement,

Tf the magnitude is to be measured, the conducting sheet is
moved into such a position that the wiper (connected to the A input)
which will pick the volbage off the conducting sheeb will travel along
the emtire line of messurement on this sheete This is accomplished by
placing some small weights on the shest and moving it gbout until the

carriage can be moved manually (by stretching the spring in the top loop



197
of the driving cable, and pulling the carriage with it as the cable slips
over its sheaves) so that the desived wiper travels between the initial
and final points on the line of measuremente

I% phase slope or phase is to be measured, on & half plane, the
line of measurement is n'a‘_dway.be'bween the two wiperse

If phase slope or phase is ‘c;e be measured on a quarter plane, the
1ine of (one) probe travel is as close to the equipotential strip ==
whose edge is the real frequency axis «= as possible without introducing
undesirable noise due to wiper combact pressure fluchuation, or signal
Tevels which would result in amplifier drift problems and insufficient ¥
gain on the X=Y recorders

Care must be btaken that the last point of interest marked on the
sheet is conbacted by the wiper(s) before the spring arm on the carriage
touches the switch shutting off the electric motore

The sheet is then smoothly fastened to the glossily=-surfaced
sheet with masking tapey, and a few small lead weights placed on small
squares of insulating paper seb on the conducting sheet, to prevent the
conducting sheet from rising before the wipers when they are in motione

7o A piece of smoothy nonconducting paper with ab least one
straight edge is taped down to the conducting sheet with its straight
edge intersecting, facing, and perperdicular to, the line of measurement,
at the final point marked on this line, The tape should be placed on
either side of, and close to the line of measurement,so as to keep the
edge of the nonconducting sheet dowm firmly, yet so as not to interfere

with the wiperse
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8, The carriage is moved to its initial position (where the
wipers are not in contact with the conducting paper) o
ITT, Readying the X=Y Recorder for Calibration, Zeroing the Amplifiers,

and Setting up the Simple Calibrabing Functi ont7

1, A sheet of squared recording paper (11" X 16 1/2" size) is
placed roughly in position on the X=Y recorder, but the vacuum pump of
the recorder is not turned one The stylus of the recorder is made to .
travel automatically in the ¥=direction, and the paper moved until the
point of the stylus exactly follows a horizontal line on the squared
paper, The initial X=position of the stylus is then adjusted so that
the stylus point is just above the leftmost vertical line on the graph
paper, or a little to the left of it, When the recording paper has been
adjusted, the vacuum pump of the recorder is turned on, and the recording
paper smoothed so that it is firmly held on the recorder.

5, The X-Y recorder is set to operate the X-axls sweep from its
own time basee

3, The poles and zeros of the simple calibrating function are
plugged into the distribution unit and placed at the marked positions on
the conducting sheeb, The switches on the distribubion unit for these
poles and zeros are burned one

lis The currents for the poles and zeros are adjusted so that the

greatest current from any one pole or zero for the functions that would

1714 is assumed that the output jack on the dc amplifier unit has
been cormected o the Y=input of the ¥=Y recorder, with the recorder
ground tied to the floating ground.e
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be measured using the calibration would not exceed six to eight milli=
amperes when the current sbtrength per pole or zero used for the calibra=
tion was chosen as the unit strength, (It must be remembered, however,
that more than one source or sink may be used to feed a probe requiring
high eurrent). Similar remarks apply to the least permissible currend
strength (1.5 milliamperes per source or sink)e

5, The function selector switch is set to WZERO", the amplifier
selector switch set to "OFF® and the amplifier sensitivity set to "LO"'-.';8
After this. the adder and inverter amplifiers are zeroed if mgﬁitude or
phase slope are to be obtained, and all three amplifiers zeroed if inte=-
gration is desired == except that the inverter amplifier is treated
according to footnote 19, below , if quarter planes are usedes The rea-
son for zercing both adder and inverter amplifiers when only magnitude
is desired, is that there is a small interaction between adder and
inverter amplifiers%g The desired amplifier for zeroing is selected by
using the amplifier zero selector swi‘bch%o As the null point is approached,
the amplifier zero sensitivity comtrol is turned towards VHI." After
geroing, the amplifier zero selector should be set to ¥OFF" and the ampli-
fier sensitivity control set to #LO®,

6, The pole and zero current strengths are checked, and readjusted

18Efigure B=3,3(a)g po 187. _

191 magnitude on any plane, or phase (or its derivative) on a
quarter plane is measured, the inverter amplifier is not needed,so its
output may be shorted to the input B banana jack during such measurements.
Then it may be ignored during zeroing, A still better scheme would be to
open the connection from inverter outpub to adder inpube

20pigure B=3,3(a)s Do 187s
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if they are not exactly at the correct values. Normally, the currents
remain gquite stable over long periods of time, and recuire only occasionmal

smell adjustments,

IV, Celibration and Operation o Obtain Plots of Magnitude

1, The steps oublined in sections I - III ef this Appendix (B=h)
are ﬁerfomaeda

2, The carriage is moved mamually so that the wiper connected to
the A inpub jack ‘just touches the conduchbing sheet at the first point of
the desired line of measurement, the fanction selector set to "MAG", and
the eﬁtput selector set o ”?ADDf?o The pétentiometer of the referencev
potential biasing circuit is then turned so as o move the stylus of the
%Y recorder to a desired position for the Y zero line, (Gonsideration
should be given, at this point, to the expected vertical range of the
functions which are to be plotted on the ecalibrated recording sheets.).
Then the carriage is moved manually so that the A wiper is abt one of the
marked positions bebween the initial and final positions along the line
of measurement, at which the calibrating function has been calculateds
The value of the simple function ab this point being known, the vertical
movement of the stylus from the Y zero line can be set to a value that
resulbs in a convenient vertical sesle == such as one db per inch, ome
neper per two inches » Oor one volt per inch, depending on the field from
which the problem was taken —= by using the vertical gain controls of the
X<Y recordery and the proper adder gain, (To avoid amplifier drift, it

is best to use the lowest possible adder gain). This calibration should
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be checked and, perhaps, slightly adjusted after moving the A wipérs 40 obther
marked points along the line of travel of the carriage, where the simple
calibrating function has been calculated, and checking that the proper
value of the simple function is obtained at these pointsy using the scale
seb by the calibration at the preceding points., Naturally, one does nob
csrry the calibration to points on the sheet at which infinity error or
other inaccuracy may oceur, If some discrepancies occur in the values of
the simple calibrabing function, it might be wise to seb the calibration

at their mean, Normslly, however, there are no cbservable discrepancies

in the readings gt different points, from the calculated valves.

3. For practical use. complete calibrabting curves need not be run
when magnitude is to be measureds, The gbove simple calibration is usually
sufficient for setbting the verbical scales the values at the other points
usuglly check exactly. However, a cﬁmplete curve may be run, if desired,
by starbing the electric motor after the carriage has been placed at its
initisl position (three or four inches from the conducting paper ), and
starbing the X-Y recorder's horizontal sweep before the wiper conbachs the
conduching papere The probe will be lifted off the conducting paper by
the piece of non=gonducting pazper on its path near the end of its btravel,
giving & jump in the recording, Since the point at which the probe first
touched the conducting paper may &lso be idemtified on the recording, the
horizontal scale of the recording can be found from the knowledge of the
confornal mapping used for obtaiming the conducbing sheet, The achual
negnitude of the simple calibrating funcbticn may be manwally plotted on

the recording sheet, and compared with the recording. The ordinates eof
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curves traced by the XY recorder may then be multiplied

the actual to measured calibrabing curves ab the corvere

e

[

o

o A new recording shest is placed on the I-¥ recorder o properly

fPonebion whose magonibude

calibration, Thls scale calibration s extremely stable, and veecslibras

periodicaily be checksd, however, The vertissl scale is marked slong the

1elh edge of the recording papsr,

o

T arriage is moved to its dmitial position (wiith the wipsrs

'3
)
&
G

A

thres or four inches from the conducting paper), the electric mobtor switch

burned ong and the X sweep of the X=Y recorder started just before the

wiper touch the conduchbing paper, A recording of the magnitude funcbion

set up on the

fixed Ifrem the knowledge of the intlal and finsd poluts on the recording

oinbs of the 1ine of measwemsnd

and the conformad mapping uwsed, I the magnituds

]

urve, this curve is plobted on the recording
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Ve Calibrabion and Opersbion to Obbain Plobs of Phase Slope (Delay

in the s=Plane)

le The steps oublined in sections I = IIT of this Appendiz (B=h)
are carried oube

2e If phase slope (with respect to the Yescale of ths conformal
mapping) :Ln 2 half plawe or full plane is desired, the carriage is moved
manually so thab both of ibs probes jusht touch the conducting paper ab
the first points on each side of the desired lime of measurement, the
fungbion selechor seb to gg.PE’L,SJ“_,‘,‘% and the oubpub selector set to ¥ADDY,
If a quarter plane is used, the potential bebween one probe and ground
is desiredy so this probe volbage is fed o the adder amplifier (& inpub),
the inverter oubpub is shorbted to the B inpub jack, the function selector
set o "MAGY and the oubpub selector seb to ¥ADD", A bebber scheme than
sherting the inverter subput bo the B inpubt jack is bo open the connection
be’tﬁem the inverter oubpul and adder inpubes The adder and recorder
gains are adjusted s6 that a reasonasble vertical deflsction of the sbylus
iz obtained ab the first peint and the obher marked poiwbs along the
desired line of measurement, In the case of a half-plane measurement, if
the deflecbion is in the wrong dirvechbion to that indicabted by s:alcﬂﬂaﬁi:ng
the simple function ab the variovs marked points, the A and B banana plugs
% bhe emplifiaf impubs are inberchanged, The adder gain and regerder
Iegain controls ave adjusted to give the desired scale to the phase slope ==
for example, the side of one large squars on the recording paper equal o
ong willisecond, when the s-plane is used, (To aveld amplifisr deift . one

shouvld use the low est possible adder gain). Caublon should be exercised
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in m,hoc::sing tha szca“e for phase slope go bthat the expecbed phase slope
from f‘m’vc“olcms i:«@ be measured later will yield recordings nob too large
for the ¥=Y recorder, yeb with a convenieut Yescale for these functionse
For practical use, the pobtenblal ansglog sysbem is suitably calibrated ab
this pointe

3¢ If a more elaborate calibration is desired, a complete re=
cording of the phase slope f}:f." the simple calibrabing function may be
obtained, The carriage is pulled manually to its initial position, whers
the wipers are three or four inches from the first point on the line of
measurement, the electric mobtor started and the Xe=sweep of the X-Y
recorder begun Jush before the wipers contact the conduching papere The
regording stylus will Jump when the wipers first btouch Bhe conduching
sheet and when they are 1ifted off this sheet, Since the X-scale on the
rocording bebween these two points is proportional b0 the scale of the
conformal mapping used for the conduchting sheeb, this X=scale may be
marked on the remr&ﬁng and the achuzl phase slope of the simple galis
broving funcblion plobtted on the recording sheet 0 the vertical seals
found in the last stepe. Ordinabes of other phase slope curves traced by
the X=Y recorder may then be multiplied by the rabtic of actual to measured
calibrabing fupction ordinabes to find the phase slops.

Lo Steps h awd 5 in secbion IV of this Appendix are execubed,

except that the words "phase slope® ave to be subshbibubed for the word
magmibude” in shbep Be
5e Step 6 of section IV of this Appendixz is executed, excaph

that the reference potenbiszl bias cireult is nob used, and the desirved
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T nero position ig seb with the T zero conbrol on the recordér, and the
word Ymagnitudes? ig replaced by Pphase slopes.?
6o Shep 7 of sesblon IV of this Appendix is execubed, except that
the word Ywiper® is replaced by the word Ywipsrs? snd the word "magnibude®

by the word “phase slopei,

Vi, Calibrgbion and Operabicn to Gb‘ba:m Plobs of Phass-

1o The steps oublined in sections I = IIT of this Appendiz (B=h)
are swecubeds

2o The carriage is moved manually o its initisl position (where
its wipers are nobt in conbacht with the conduching paper), the funchien
selecbor seb o YPHo%, and the cubtpubt selactor seb to ¥INT." If a quarber
plane is used, however, the inverter is treabed according o footuobe 19,
page 19%

3s The T zgero posibion of the sbylus is szeb so thab expescbed
plots of phagse will use the largest possible p@zﬁ;ién of the racording,
The outpub selechtor is seb to VINTY and the ¥CAP, SHORT® bubbon is depressed,
shorbing the inpub and oubpub of the inbegraber amplifier, and then released,
leaving the capacitor open bebween amplifier inpub and oubpub, . I there is
any verblcal mobion of the vecorder stylus afber the bubtton is released,
the inbegrabor amplifier is nobt quite balanced, In thabt case, the inbegra-
bor amplifierts balancing combrel is tuwrned wnbll there is wo vertical
mobion of the stylus, If there is some dLfTiculty in obiaining this condi-
tlon, the adder and inverber amplifiers should be zerced sgaing and fuve

bher abbenpbs made %0 achieve this conditi 0'::321 Az soon as the stylus

N

i

j‘fhe inverber amplifier iz nob operationsl

planes sre useds

Hs
Q
.
[£)]
w
It
M
@
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shows no verblcal motion, the functieca selector is set to YPHeH, the
glectric mobor sbarted and the X-gweep of the X=Y recorder begun jusb
before the wipers conbact the conducting paper, and a plot of the phase
of the calibrating funetion is thus obtained, The recording will jusmp
very slightly when the wipers first touch the conduchting sheeb and when
they are 1ifted off the sheeb, If there is an excessive vertical nove=
ment of the stylus after the wipers have come to rest s oub of conbach with
the conducting sheet, the amplifiers are zerced again (for some imbalance
of the amplifiers is indicated by the movement of the stylus), the inbe=
grator amplifier checked and adjusted so that, as befure, no vertical
motion of the stylus oceurs (with the oubpubt selechtor seb o PINT %) g and
the recording is taken sgain, A rough value of the phase ab varlous
abscissse on the recordings is caleulated, If this indicstes the Yegozle
for phase to be obviously unsuitzble ¢ the Y=gain on the XY recorder is
adjusted to obbain a betler scale, The adder gain should be kept as low
a8 possible to eliminate inbegration of dvdfbe in adder snd inverter

amplifiers, The balancing procedurss are repeated and recordings teken

has been atbained, IF desired, more recordings of the phase of the sime
ple function are takem, and the vertical scale adjusted so thabt a conveniant
scale such as two degreses per division has been exactly attained, However,
this usually requires ’50@ mach édjustms&ai; ¢ and is not practical unless
many plots of phase are desired, Generally, it is more practical te use

a scale based on a recording when the yertical scale ~e whebher or nob b

is slmply expressible in terms of basic divisions of the recording paper -—-
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is suitable for the phase of the simple calibrating function and the
expecbed phase of functions 10 be recorded later. The known phase of the
calibrating function is plotted on the recording papers using the same
X-scale and origin as the recording, to such a scale that the actual eali-~
brating function mabeches the recorded phase along portions of the latter
curve where errors due to the limitations of the conformal mapping (such
as finite infinity equipotentizl of the ordinary complex plane) are known
t0o be smail.» The vertical scale for phase recoi'dings is thus determined,
Although it is not ofbten necessary in practice (because of the close
match between the two curves over a wide range of the X-scale), the
recorded phase of other curves may be mulbiplied by the ratio of the actual
to recorded phase of the simple ealibrating function at the corresponding
abscissaes to obtain the correct phases

ho Steps l and 5 in section IV of this Appendix are executed,
except bthat the word '"phase" is to be substituted for the word "magnitude"
in step 5.

5. Step 6 of section IV of this Appendix is executed, except that
the pefétence potantial bias circuit is not used, a desirved Y zero line
is set m‘.th the Y zero control on the recorder, and the word "magnitudes®
in replaced by "phases',

6s Recordings of phase are obtaineg, just as recordings of the
phase of the calibrating function have already been obtained, If the
vhase is to approximabe a desired curvey this curve is plotted on the re-
cording paper and the poles and zeres are moved about until an approxie

mating phase eurve has been cbiained,
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APPENDIX Be=b

DETAILED DISCUSSION OF SOURCES OF ERROR

AND OF THEIR MINIMIZATION

Errors Due to the Physical Analog

1. Non~linearity and non=isotropy of sheet conductivitye The
non=linearity and non-isctropy of Teledelbos paper have been measuredy
and are discussed in some detail in the literabture.

Karplus has tabulabed the properties of various cor;ducting
materials and given precautions to be used with each mart:e:c'xiail..22 Bridges
has measured an average non=isotropy in sheet conductivity in the direction
of rolling and the perpendicular directiong and found the average resis-
tance perpendicular to the direction of rolling to be aboub 12% greater,ZB
Bridges derives formmlae for correction of this non=isotropy for circular,
semi-circular or quarter-cirele s-plane sheels by changing the shape to
that of an ellipse, semi-ellipse or quarter=ellipse, respectiv#ély, and
applying a real shift to the positions of poles and zeros. In the course
of making measurements of non-isotropy, he found variations of the order
of 8 to 15% in sheel conductivities of ll=inch squares in one direction,
Measurements of linearity of sheet conductivity also showed a conductivity

change of 10% in a 33=inch long sheet.,ml No correction was proposed for

22y ,J. Karplusy Analog Simulation (Toronto: McGraw = Hill Book
Company Inces 1958),

ZBBI‘idgESQ 9@2@ Ej;éo’ pp@ 66 had 670
2UThide, pPe 70 = T2



the last effect because the change in Iinearity ov

#ul area would be less than 5%, and bscause such &

vather imvolvede

i)

Scott measursd gradual changes sush as

spacing of rollers while the paper was belng

resistivity such as those caused by fmpurities end iz

ma’nefia}_.,gg In 35 55=inch long samples taken in

e

roll he found less than 1,/10 percent change of »s

Using a sheeb To55 inches wide Ted with a w

which should have givem rise to straight

maximom devigtion in egquipotentisl lines

wie plane is used for magnitude messurements by se

{or a quarter plane is mtsed)fB the errors can swligs

equipotentigl lines slong the frequency sxise, Acc

Seott avpives ab a constams error of 085 percent im

a given potential occcurs, With a spacing of 7 wmi.

the pobentigl smalog machine of this thesls,

ment of veltage bebwesn probes would be 3,7 percent, ac

mebhod of caleulsbion used by Scotbe Because

rhase would probably be lasse

Lahr sbabes bhab his measuremends

resisbance of 1800 chms per squeare?

Cent?e 26

e

23Seotty Ope Glbes DPe 33 = 35.

26Lehr, Loc,cite




210

Bridges and the author of this thesis indicated randow v

#r as 15 percent in the resistivity of the Teledelbos papery

the non=isotropys the experimental resulbs for phase and maglinde

measurements obbtained using planes for which infiniby erwor wes

or non=sxistent and non=isotropy was not corrected for, showed

o

sccuracy (often within 1%) that doubt is cast on the latter =

measurenents as indicative of performance to be expected when 4

mapping has been usede On the other hand, the results obbels

employing the ordinary s-plane- showed that significant incr

was attained by using sheets corrected for non=1sotropys &8 f
Bridgess

Thus, the effects of non-isotropy and non=linearity

important in certain mappings than in otherse Pracbical expe:

that much higher accﬁra@y is sttainsble than Bridge's and the aut

measuranents of non=linearity and non-isotdopy would indicabe

measurements of sheeb properties seem to be in greater agreancud ¥

5,

excellent accuracy in magnitude and phase curves obbained with bh

2o The approxinate physa_c al representabtion of the in

plane or a conformsl mapping of it by a finite sheeb ol com

with appropriate boundary conditionse

Haznsen and Imndstrom have derived fortnlas and given o

iR,

debermination of errvors in measuremenbs of gain and phase in I
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with circular equipotential boundaries, representing the ordinary s«==p1a.ne§7
Using Hansen and Iundstrom!s results, Moore gives the maximum error in
potential along the real frequency axis of such a circular tank as aboub
__%2_,, where a is the usable fraction of tank radius, and the portion of the
tank which must be used to yield an allowable error of one percent as one-
seventh of the tank radiusgB Bridges calculates the error in measuring,

ab 3_%, the magnitude function \F(s)" = siR set up in a circular plane of

2
radius R, as 2.86 percent.2,9 Scott has analyzed, using a procedure simie

lar to that of Hanmsen and Iundstrom, the error due to finlte size of a
circular sheet and shown how to apply his results to conformal meppings

of the s~plane§o931 He has also verified his results by actual measurements.
These results show that if a conformal mapping represents an s-plane of
radius seven times that of the closest finite zero or pole, the error in
voltage measurement in the plane is nowhere greater than one percénta

Thus, a logarithmic mapping with errors from this source of less than one

percent can easily be used for th® potential analog machine described in

_ 27W° Wo Hansen and O, C. Imndstrom, "Experimental Determination of .
. Impedance Functions by the Use of an Electrolybtic Tank", Proceedings of
© the IRE, 33:529-533, August, 1945,

284, D, Moore, "The Potential Analogy in Network Analysis," (un=
published Master!s Thesis, Queen's University, Kingston, Ontario,
Septerber 1949), po 18,

29Bridges, ope cite PP. 88 = 89.
30Hansen and Iundstrom, loc, cite

,’:318001';{/3 QEo Eéﬁos PPe 35 = 38°
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this thesise If an elliptic function is used in the conformal meppings,
the error due to finite boundaries disappears, since infinity is mapped
into a pointe On the other hand, as discussed in the following paragraph,
there are functions which are insensitive to boundary conditions,

Tntuitively, it seems that the lines of force due to an equal
nunber of finite positive and negative charges, when there are none ab
infinity, should mostly cancel each other at the boundaries of a finite
tank, Hence, the boundary conditions on a finite sheet should not greatly
affect the measuremnents of all-pass functions or others with no poles or
zeros at infinity., ILiebman provides a reasonable experimental verification
of this idea, and uses it in some examples to obtain very good results
with the representation of the complex plane by a rectangular sheet.B,2

Farr and Keen have investigabed the use of conformal transformation
to improve accuracy of analogs, and have thus been able to solve problems
in electrostatics which were previously intrac'bable%B

The often impractical scales that have to be used with the ordinary
complex s=plane,and the errors due to its fini’ge size, usually make it
extremely desirsble to use a conformal mappinge However, due to the
sntroduction of non-linear scales by the mappings non=isobropy can no
Ionger be corrected by simple changes in the shape of the sheet, Further-

more, such changes of shape would generally distort the straight-line.

'323“\Liebmm,, Opo Cilbes PPe 56 = T3.

334, K. Farr and We Ae Keen, Jro., "Improving Field Analogs through
Conformal Mapping”, Commmicabions and FElechbronicsy AcleBoeFay Phbo Iy
395 = 3999 J'U:Lya 19530




N
‘.,J
(R

crrors due te non=isot

=
@

b
3

errors are Pros

ccuracy in future, they

will wrovide the most impertant »rool of the accuracys, and indicate

and sink currents,

that a recording was

for accuracy in mebering.

crmore, adjustment on only one scale range is probably

cqowan to be accurate.

ot

hour, cccasional checking and

adsustment of currenbs is advisable., Adjustment of currents should be

of the variable re-=

ey
zmong the

This is indicated by the scales

adjustment

ions when




21k

lio Change in sheet conductivity with change in current density,
Seott has found the allowdble current density in the Teledeltos paper to
be 9 ma for no heating and 110 ma for burning%h (Hence, the diameters of
the curremt probes cannot be toc small or the paper will burn.). Scott
used current probes 0,025 inch in dismeter and a current strength of 0,835
mzo, He has found that this is sbout the maximum that can be vsed withoub
running into nonlinesy effects in the vicinity of the probe, although
values greater than this can be used without introducing errors of signi-=
ficance except in the neighbourhowod of the probes%g

Harries has found that current flow through Teledeltos paper should
be kept below about one milliiampere through areas of a few square inches
having minimum path lengths of the order of a cenbimeter, in order to keep
nonlinear resistance effects sma11§6

Bridges has made measurements to determine the effect of current
density on sheet conductivity§7 He has found that the conductivity onee-
quarbter inch from a probe carrying four ma is only one percent greater
than in a region of low current density,

These investigations indicate that the effect of current density

due to probes carrying six or less milliamperes can be considered negligible

3hSGOtt9 E‘E,o ﬁog PPe 15 e 160

3545 Scoth states, the current is not changed by a change of sure
face resistance adjacent %o the probe,

363, He O Harries,; “The Rubber Membrane and Resistance Paper
Analogies"; Proceedings of the IRE, lilis 25, February, 1956,

37Bridgesg CRo gj;;bwog PPe 73 = 760
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at distances greater than about one=quarter inch from the probes.
Furthermore, high accuracy near these probes 1s seldom requirede The
results of previous investigattrs were borne out by examples (given in
the following chapter) in which the attenuation very close to the line
of measurement was recorded, The accuracy :{'emained high except very
close to the poles, where it was not needed,

Conformal mappings can be used to expand the sca;le in the vigie
nity of poles or zeros where high accuracy is required, Elliptic m@ppings 9
for example, greabtly expand the scale near the edges of filter pass bands,
near which both poles and zeros are generally situated? Thus, the impor-
tance of using conformal mappings is again to be noted,

5o Finite sizes of probes used for current sources and sinks,
finite size of voltage-measuring wipers, amd effect of holes left in the
plane by the current probese

Scott has analyzed these errors "l:,ho:c°ou.ghl:y%8 The errors due to
the current probes are:

(i) The effect of conformal mapping (Scott treats only the
logarithmic mapping although similar analysis applies to
others).

(ii) Their finite size.
(iii) The holes they sometimes burn in the papers
The voltage wipers also introduce an error because of their finite sizee

Scott shows that a circle in the s-plane maps into a circle.din the

BBSGOttg gge cit09 Ppe 38 b }.].20
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logarithmic plane whose radius in the latter 1s the radius, r, in the
s=plane, divided by its distance, R, from the origin of the s=plane,
provided %»?’100 Conversely, a circle of constant size in the logari-
thmic plane maps into a circle of the s=plane which decreases in radius
in proportion to the distance from the origin. Hence, the percentage
error due to the probe size is consbant everywhere in the logarithmic
planee Fozsﬁgpher conformal mappings a similar analysis could easily be
performed, Since the probes have diameters of less than onee-sixteenth
of an inch where they conb act the paper, the errors introduced by these
probes can generally be considered neglibly small at short distances
 from these probes, Clearly, the error decreases if the conformal mapping
has expanded a region of the s=plane, for the probe diameters are of
constant sizes

Due to their Ffinite sizes, the current and voltage probes distort
the field in their immediate vicinity., The same is true of holes left
in the paper, Scottis analysis, valid for any conformal traﬁsformation
which maps small circles into clrcles and makes the effects of finite
boundaries negligible, shows that ab a radius of ten times the probe
radivs the error in the field dune to the finite current-probe size or of
holes in the paper is of the order of one=tenth percent and the error
due to the effect of finite voltage probe size is of the order of one
percent, Thus, these errors are all negligible unless voltages are
measured very close to current probes or holes, There ig also a small
errer due to the Finite size of the voltage-measuring wiper. Since sach

of these wipers probsbly has a conbact area with the paper of less than
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half tha'l; of a current probeg 'bhis error must be negligibly smalle

6o Finite width and imperfect conductivity of silver paint
strips used to simulate equipotentialse

In certain problems equipotential conducting strips, lines or
(other) shapes must be used for simulation, If an "equipotential stript
is used for an equipotentisl as a boundary of a sheeb == as, for example,
the equipotential around the curved periphery of semiwcircular sheets ==
the strip may be made as much as an inch widey, if desired, The inside edge
of the strip should smoothly and accurately follow the prescribed arc or
line of the boundary. This may be quite important in cases where the
boundary is, theoretically, supposed to be a liney although it does not
greatly matter, for example, when zero and infinity are represented by
the strips at each end of a logarithmic plane. The former case (i.e.y a
boundary is to be a line equipotential) occurs, for example, when problems
in image parameber theory are dealt with, for the image proga gation
attenuation function is zero in the pass band of filterss GCare must be
taken in such cases not to cover the part of the sheet which represents
the desired mapping, with the conducting paint. However, since the edge
a2t which the strip of silver conducting paint meets the sheet has impers=
fectipns s the strips of paint should overlap the plane by about a millie
meter, In both cases discussed so far, the strip should be wide enough
to ensure an equipotential if current is to be fed into or withdrawm abt

these equipotentials, Several probes should be distributed along them
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and the required current divided equally among them?,9

If line equipotentials inside the sheet boundaries are to be
represented, the silver paint conducting sbtrips must be as thin as
possible, yet heavily painted, and current probes, if any, must be dis=-
tributed as in the previous cases.

Other equipotential shapes should be accurately painted on the
conduching sheets, A nunber of current probes (if any are needed) ,

distributed over the shape, should be used.

Errors Due to the Methods of Measurement and the Recording System

1, Finite spacing and positioning of the voltage-measuring
wipers (probes) carried by the carriage.

When measuring magnitude, a wiper is positioned so as to travel
exactly along a lines, The wiper travel has extremely small deviations
from a straight line, and the paper can be set up so the wiper travels
(as well as can be observed by eye) exactly along the required line.
According o analysis such as Scottts, the errors due to positioning of
wipers are negligibly small{’;o‘ '

The finite spacing (7 mm,) of the wipers affects phase and phase

slope measurements because the spacing of the wipers is not the infinite- '

simally small distance required for ideal measurement, An exact analysis

of the error for simple cases can easily be performed by using field

™

395cothy, dibides Do L3e

10scott, 4bide s PPo U3 = llie The analysis here applies to
9 1D1ld.
error introduced By measuring magnitude as the mean of voltages measured
with probes at equal distances on each side of the axis, but a similar

analysis can be applied to phase slope measurement, .

i
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.’cheorylél Tt is clesr, however, such errors can be rabther high 1f sources
or sinks lie near the wipers? line of travel,

Measﬁrements (by graduste students at the University of Manitoba)
of phage of Butterworth and Chebyshev pass band functions of fourth
order in a half s=plane corrected for non-isotropy have ylélded nearly
perfect resulbse The function "%‘"% was seb up for making these measuve-
ments, The phase recording shown on page 68 also shows good accuracye
Therefore, high or sufficiently high accuracy can be obtained in many

cagebe

One method by means of which the aceuracy in phase and delay

measurement can be improved is by setting up the function ggﬁg) in half
planes or using a quarter plane with a shorb-circuited real frequency
axis, In the labter case, one probe travels parallel to,and close to the
edge of the conducting strip;, while the other probe travels on the cone
ducting strip. Thus, the spacing bebween probes is no longer a problem
when measurements are made in such a quarter plane,

Another method of improving accuracy would be to decrease the
spacing between the wiperse A4s mentioned in the concluding sentence 0@’
the last paragraph, this is not necessary if the quarter plane is useds
It is to be noted, however, that if this spacing were very small, higher
adder gain may have to be used, causing a variable drift in the inpub
to the integrator amplifiere The integrabor would also be difficulb to
adjust so as to eliminabe vertical motion of the recorder stylus, with

A s

m‘Scotty ibid &5 PPo U3 = llie The analysis here applies to
error introduced by measuring magnitude as the mean of volbtages measured
with probes at equal distances on each side of the axis, but a similar
analysis can be applied to phase slope measurement,
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9

the amplifierts feedback capacitor open, just before taking the recording,

The adder drift would #lso cause an error in delay measurements, If the
probe spacing were very small, there would alse be fluctuabtions in the
recording of phase sicpe, because the slighbt variations in pressurs of the
probes against the conducting paper during carrisge travel would cause
varisble voltags differences between them, These différences are smoobhed
cub during integration, tub they may still cause an error in phuse, In
the case of phase siope, however, there would probably be fluctuations
which the recordsr could not even follow, Another effect is the distore
tion in the field caused by the finite area of contact of the two probes
with the paper, This effect would be greater if the probes were very
close together,

The probe spasing of seven millimebers resulted in high sccwracy
in many provlems solved in & helf-plane, In others, the acsuracy would
be high enough for practical purposes. Higher accuracy mey be obbained
by using & quarter plane with sn equipotential strip slong the rezl
frequency axis, and running one wiper as close to the edge of the strip
as the Limitations discussed above will permite

2o Non=linear amplification, drift and other errors in the de
anplifier unit.

Crmrod has analyzed the low frequency response of the Heath amplifiers

used In the do slectronic waltd™ He.has discusséd the special considerations

k2g, e Crmrod, "Operationzl Amplifiers®, (unpublished Bachelorts
Thesis, The Ul vem_ﬁcy of Manitcba, Wirnipeg, 195%), Pho 3 = To
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in the design of these dc amplifiers for cdmpu*ber use%3 He has analyzed
the errors which the amplifiers have when they are used for multiplica-
tion by a constanby, addition and :"L’ntegratj.cnélL Finally, he has proposed
a system similar to the one used in the d¢ electronic unit’%g Ormrod

experimentally verified the accuracy of his adder circuit and his intee

grabor circuibs

Using Ormrodis work it can be shown == neglecting, for the moment,

the effects of drift e= that the adder and inverter unit are accurate to
less than one~half of one percent, By integrating a constant voltage
for a period of five minutes and taking simultaneous readings of outpub
voltage and time during this period, he found that the .measur'ed slope
of the plot of outpubt voltage versus time wés within three percent of the
cdloulated value, and that all but the last two final readings did
lie on a straight line, The three percén‘b difference between calc_aulated
and expezﬁmentél resulbts was within the experimental error since all
ceﬁponenté were one percent andk the full scale error of the meter was
three percents The f£inal outputwvoltagé_ of the integrator was 23 o5
voltse ‘ |
Particularly when the adder gain is greater than unity, phase or

phase slope measurements can be no’oiceably affected by the small amounts

b3Thides DPo 8 = 156
WiThides ppe 16 = 21.
U5 Thidey Dho 22 = 2o
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of drifbe This drif% shows up a little when the adder and Inwe

‘l

amplifiers are being zeroed with the adder gain greaber than uwnlbye
Greater difficulty with drift is experienced, however, when edjnsting
the integrabtor amplifier balance so that no vertical motlon of the =¥
recorder stylus results when the cgpacitor across the inbegrator is open,
prior bo making a recording of phase, The amplifier drift cmn make this
adjustment quite difficult if the adder gain is over um.m}oé

The adder amplifier does not introduce significant evror when
magnitude only is being measured, In this case the inmpub signsl level
to the adder amplifier is high enough to make the effects of dvift nege
1igibly smalle, The adder gain in this case may also be made gresber than
unity if desireds However 3 the higher signal level permits use of the
X=Y recorder Y gain control, and this is always preferable to increasing
the adder gaine

To minimize the error during phase measu:cemenns g the T dvift of
the recorder stylus, before the recording is taken, must be stopped by
using the inbegrator amplifier zero conbrol, and the ¥ dwiit of the sty=
lus at the end of the recording (with the voltage wipers nob conbacsting
the conducting paper) should be doserved, If the labber dwifh is

excessivey the recording should be taken againe

To minimize the error from drift in all cases, the sdier smplifie
gain control should be kept as low as possible and the ¥ gain control of

the X«Z recordsr usede

R TR

lLé’Fortunatelyg it was found thabt the X=Y recorder Y galn was sule
f:.c:.en’oly greaty so that the adder gain could be left ab uulty during
phase measurements,
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The amplifier drift has been kept as low as possible by using the
proper Heath power supply for the Heath ES=201 amplifiers, by accmrately
adjusting the voltages of this power supply (as described in Section 1.k
of Appendix Bel), and by feeding the power supply with the voltage from
a constapt voltage regulating transformer to eliminate line voltage fluce
tuationse

The problem of amplifier drift could be entirely eliminated by
using more expensive chopper-stabilized dc amplifierse

3¢ The X=Y recorder.

The accuracy of the X=Y recorder is exactly described in the litera=
ture supplied with it by the manufacturer, Briefly, it can be said oh the
basis of considersble experience, that the X=Y recorder was admirably suited
for use with the potential analog system. With the speed of travel used for
the carriage, no difficulty was encountered in the speed of response of the
XY recordere In the immediate vicinity of singularities near the line of
probe travel, the response may not have been perfectly accurabe, bub an
exact knowledge near such singularities was never desired, The magnitude
response may not have been perfectly accurate at the start of the recording,
when the voltage wiper first touched the conducting paper, if the first
‘point was not at ground potential, This occurred, for example, whenever
the response along the6gtop band sidggof an elliptic function mapping was
taken, There was almost no detectable oscillation of the X=Y recorderts
stylus if the proper settings of recorder sensitivity were usede

The recordings (after the initial jump in many atbtenuation responses)

were smooth, except for occasional slight roughnesses due to the probe'!s
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passing over the surface of the conducting sheet, The roughness was
not present in recordings of phasej this showed that it was not due to
the X=Y recorders

The stylus could easily be positioned to within the width of the
fine inked line,

The calibrations and operabing procedures == and the pertinent
errors == are described and discussed in Appendix B=lj, Scales established
by using simple calibrating functions often remained.stable over periods
as long as three or :;‘our hourse Periodic checks ensured accurate cali=
bration at all times,

In conclusiony the X=Y recorder introduced no error of any
practical importance, and was remarkgbly appropriate for use with the

potential analog machine,



