THE UNIVERSITY OF MANITOBA

DECcoMPOSITION IN MANY-VALUED lLoeic DESIGN
by

D.M. MILLER

A THESIS
SUBMITTED TO THE FACULTY OF GRADUATE STUDIES
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE DEGREE

OF DOCTOR OF PHILOSOPHY

DEPARTMENT OF COMPUTER SCIENCE

WINNIPEG, MANITOBA

MARCH, 1976



"DECOMPOSITION IN MANY-VALUED LOGIC DESIGN"

by
D.M. Miller

A dissertation submitted to the Faculty of Graduate Studies of
the University of Manitoba in partial fulfillment of the requircments

ol the degree of

DOCTOR OF PHILOSOPHY
© 1976

Permission has been granted to the LIBRARY OF THE UNIVER-
SITY OF MANITOBA to lend or sell copies of this dissertation, to
the NATIONAL LIBRARY OF CANADA to microfilm this
dissertation and to lend or sell copies of the film, and UNIVERSITY

MICROFILMS to publish an abstract of this dissertation.

The author reserves other publication rights, and neither the
dissertation nor extensive extracts from it may be printed or other-

wise reproduced without the author’s written permission.




TO MAUREEN



ABSTRACT

Decomposition is the reexpression of a function as a
composition of simpler functions. The application of de-
composition techniques to the logical design of many-
valued switching circuits is investigated with particular
emphasis on the development of efficient computer-oriented
synthesis algorithms.

The principal results which have appeared in the lit-
erature are examined. With this basis a theory of two-
place decompositions is developed. A technique for iden-
tifying the two-place decompositions of a many-valued func-
tion is presented. An extremely efficient identification
procedure is developed for two-valued functions. Both
these techniques apply to either total or partial functions.

The application of two-place decomposition to the

synthesis of two-valued and many-valued combinational switch-

ing circuits is considered. Algorithms are presented for
both single and multiple-output circuits. These algorithms
have been implemented on the computer and several sample
circuits produced by these algorithms are presented. These
circuits will be compared to solutions produced by alter-

native technigques.



ACKNOWLEDGEMENTS

I wish to express my gratitude to Dr.
J.C. Muzio from whom I have learned a great
deal and whose supervision was invaluable
in the preparation of this thesis. I also
wish to thank Drs. F.J. Burkowski, G. Epstein
and D.P. Kerr for their constructive crit- .
icisms which have improved this thesis.
The assistance of Mrs. B. Norman and Mrs.
A. Anderson in preparing the typed manuscript
is greatfully acknowledged. Financial
assistance was provided by the National
Research Council of Canada in the form of

a fellowship.




CHAPTER

TABLE OF CONTENTS

Introduction

Functional Decomposition

Decomposition of Many-Valued Functions

A Fast Method for Determining

the Two-Place Decompositions

of a Two~Valued Function

Synthesis of Single-Output Circuits

Synthesis of Multiple-Output Circuits

Discussion and Conclusion

References

PAGE

12

46

102

119

161

208

231




CHAPTER 1

Introduction

1. LOGIC DESIGN

The study of the circuits used in computers is a key
area of computer science. An appreciation for these cir-
cuits and the ways in which they interact with other hard-
ware components is the basis for understanding the limits
and capabilities of computers. Despite the development of
elaborate software systems which remove most users several
levels from the hardware, this area is still central to
the development of computer science. For example, paging
and segmentation, two major advances in software engineer-
ing, can only be implemented with the assistance of special
purpose hardware. In addition, the evolution of mini and
microcomputers and the subsequent return to 'hands-on'
computing, is increasing the hardware knowledge required
by programmers.

Hardware can be studied on various levels from the
electronic components to the architecture i.e. the way
in which units such as memories, central processors,
channels, etc. are combined to form a computing system.
Between these extremes is logic design. Computer hardware
is built from large numbers of a few types of primitive
building blocks. Examining the electronic implementation
of a block each time it is used would introduce too much

detail and only serve to confuse. Logic design presents



a clearer picture by treating the primitive devices in
terms of their functional or logical behaviour.

Switching circuits were first constructed of relay
contact switches, hence the name. The advent of digital
computers in the late 1940's greatly increased the need
for speed and resulted in switching circuits being con-
structed with vacuum tubes. The early 1960's brought a
change to discrete component transistor and diode circuits.
The last few years have seen incredible advances in inte-
grated circuits. The art is now to the point where a
processor can be placed on one chip and sold for less than
$200.

Logic design itself covers a broad spectrum. One can
talk of building circuits in terms of very primitive devices
such as NAND or NOR gates or of interconnecting two chips
one of which is a memory the other of which is a processing
unit. We shall use logic design to mean design at the
gate level. This is still a widely used approach on its

own, and is also the basis for integrated circuit design.

2. MANY-VALUED LOGIC DESIGN

Technological limitations have restricted computer
manufacturers to the use of two-valued devices. As a
result, computer scientists must constantly contend with
strings of 1's and 0's and their many associated problems.
There is no doubt a machine with truly decimal hardware

would be well received. Unfortunately, such a development



does not seem likely. There have, however, been many
advances in many-valued hardware implementations especially
for the case of three values. Such systems offer several
attractive possibilities.

Integrated circuit technology makes the number of
interconnections in a circuit the key factor in determining
its cost and feasibility. Many-valued devices offer the
potential of greatly reducing the number of connections.
One study [ 791 has shown that ternary parallel multipliers
require fewer than two-thirds the interconnections of
their binary counter-parts. There is a similar reduction
in the number of gates but this is offset by their higher
cost. The feasibility of integrated ternary devices has
been demonstrated by Mouftah and Jordan [ 431 and by
Etiemble and Israel [ 157.

Another attractive feature of many-valued hardware
is symetric number representation as demonstrated by designs
presented for ternary arithmetic units [ 17], [197], [ 441,
[ 62]. For example, if ternary digits are represented by
+1, 0, -1 sign conversion is trivial. Negative values are
found by simply inverting each ternary digit i.e. +1
becomes -1, -1 becomes +1 and 0 remains 0. Additions and
subtractions are carried out without regard to sign as in
the binary two's complement notation. Round-off schemes
are not required since a value is rounded to k most

significant digits by truncation of the remaining digits.




Switching circuits fall into two categories: combina-

tional where the values of the outputs depend solely on

the present inputs; and sequential where the outputs

depend both on the present inputs and the previous outputs.
Sequential circuits are implemented as a combinational
block together with memory devices or feedback loops.
Combinational design is thus a more fundamental process.
The major part of this thesis examines many-valued combin-

ational circuit design.

3. TWO-VALUED SYNTHESIS TECHNIQUES

Initially, switching circuits were constructed by the
heuristic application of ad hoc design techniques. This
approach is tedious, highly prone to error and its success
depends on the experience of the designer. In 1938,
Shannon [ 64] represented the behaviour of relay contact
networks in terms of a two-valued Boolean algebra. Since
that time, there has been a great deal of interest in
application of Boolean algebra to the synthesis problem
(ref [ 41, [ 51, [ 161, [181, [33], [351, [421,

[ 481, [ 511, [55], [56], [ 641, [65] etc.). Particular
attention has been given to the development of algorithmic
design procedures and to their implementation on the com-
puter.

The key results were presented by Quine [ 55], [ 56 ]
who developed techniques for determining a minimal disjunc-

tive normal form Boolean expression. Such an expression



is a disjunction of terms each of Which is a conjunction
of variables or their inversions e.g. abc + abé + abcd.
The expression is minimal if the number of terms plus the
number of variables in these terms is as small as possible.
These expressions correspond directly to two-level
switching circuits with minimal numbers of gates and
connections. Several authors have suggested improvements
to Quine's techniques (see reference list in preceding
paragraph). The most important are the computer implemen-
tation due to McCluskey [ 35 ] and Bartee's technique [ 4 ]
for multiple-output circuits.

Zissos and Duncan [ 83 ] have presented an alternative
technique which is computationally more efficient than the
processes based on Quine's work. It is not clear whether
this technique always produces a minimal result but the
results are typically very good and are obtained quickly.
Geometric techniques for two-level circuit design have
also appeared e.g. the map methods of Vietch [78 1 and
Karnaugh [ 28 ] and the combinatorial topology approach
due to Roth [58 ]. The latter approach was examined in
detail in [36 ].

Two-level minimization techniques for many-valued
functions have been presented by Allen and Givone [11,
Smith [ 68 ], Ostapko et al [ 501, Su and Cheung [ 701,

[ 71] and Nutter and Swartout [ 49 1. These techniques
require considerable computation and are only practical

for very small problems involving few variables.




A minimal two-level circuit may not be optimum. Often
the fan-in limit i.e. the maximum number of inputs to a
single gate, is too large for practical implementation.

In addition, there is frequently a multi-level circuit
with a lower fan-in limit, fewer gates and consequently
fewer interconnections. Design techniques for multi-level
switching circuits are thus extremely important.

One approach is to begin with a minimal two-level
circuit and to transform it to an equivalent multi-level
circuit. This procedure is often applied by hand in which
case the experience of the designer is critical. There
is also a high chance of error. Several authors [11],
121, [131, [73] have considered algorithmic procedures
involving factoring operations where large gates are
replaced by equivalent structures made up of smaller gates.
These techniques were specifically designed for computer
execution which relieves the designer from the tedium of
hand execution and lessens the chance of error.

Factoring has three principle drawbacks. The compu-
tation required to find the initial two-level solution can
be quite costly. There is no guarantee the resulting
circuit will be optimal. Finally, factoring techniques
have only been developed for vertex-type gates i.e. gates
which assume the value 0 (or 1) for exactly one input con-
dition. They exclude the use of exclusive-OR gates and
cannot be extended to many-valued problems since there is

no many-valued equivalent to vertex gates.



3. DECOMPOSITION

The most fundamental model of a switching circuit is
as a function mapping the possible input assignments onto
the values assumed by the output. Decomposition is a
reexpression of such a function as a composition of
simpler functions. This corresponds directly to realizing
the initial switching circuit as a composition of simpler
circuits. There has been considerable interest in apply-
ing decomposition techniques to the synthesis of two-valued
combinational circuits and to a lesser degree, many-valued
combinational circuits. The general approach is to
identify a sequence of decompositions which express the
circuit in terms of continually simpler subcircuits until
it is entirely in terms of primitive switching devices.

The first major study of this approach was presented
by Ashenhurst [ 2 ]. This was extended by Curtis [ 9 ]
who presented an algorithm for the synthesis of two-valued
switching circuits without any unspecified input conditions.
An alternative approach was developed by Roth and Karp [ 59 ],
Karp et al [30] and Karp [29]. This technique is compu-
tationally more viable and can be applied to circuits with
incompletely specified input conditions which arise
frequently in practice. Many-valued decomposition tech-
niques have been considered by Waliuzzaman and Vranesic [82],
Varshevsky [77 ] and by Muzio and the author [38 ]; [45 ].
To date there have been no results for multiple-output

circuits.




Decomposition techniques have several advantages over
the other approaches to design. First, decomposition algo-
rithms yield multi-level ciréuits without requiring an
initial two-level solution. 1In fact since decomposition is
a property of the function and not the notation of the
function, we are free to choose the notation based on other
constraints such as the efficiency of its representation on
the computer. Since decomposition treats gates in terms of
their functional properties and not the particular func-
tions they implement, it can be adapted to use varying
primitive devices. This is extremely important in the many-
valued case where there is no agreement as to which are the
most viable primitives. Computationally a major advantage
of decomposition techniques is that they generate relative-
ly few temporary results. This is important since this has
been a drawback to computer-assisted logic design especially
for the algebraic techniques. |

In this thesis, we examine décomposition techniques
for two-valued and many-valued functions and the applica-
tion of these techniques to the synthesis of combinational
switching circuits. Chapter 2 reviews the principal decomp-
osition results which have appeared in the literature.
Chapters 3 and 4 examine the problem of determining de-
compositions of many-valued and two;valued functions respec-—
tively. A design algorithm for single-output many or two-

valued circuits is developed in chapter 5. This is a re-




finement and extension of the algorithm presented by the

author in [36]. Multiple-output circuits are considered

in chapter 6. A general algorithm is presented, but for
reasons discussed in chapter 6, it has only been implemented
for two-valued functions. Chapters 5 and 6 contain several
sample circuits produced by our algorithms. These are

compared to circuits produced by alternative techniques.

4, NOTATION AND DEFINITIONS

The following general notation and definitions are used
throughout the thesis. More detailed notation and defin-
itions will be introduced within the text as required
where the context of the discussion will make them more
under standable.

We use capital letters as the names of sets and the
corresponding small letters with subscripts to denote their
elements. |A| will denote the cardinality of the set A
i.e. the number of elements in A. u will denote set union.

n will denote set intersection. ¢ will denote the empty

set. Small 1letters are also used as arguments of functions

and as variables. The context will determine the use.
Functions are denoted by the letters f,g,h or OrBsYroo

--+.+6. The range of a function will be denoted by R(f), the

domain will be denoted by D(f). The range and domain are

of course both sets. Functions will be specified in one

of three ways:
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i) £(A) - where A is a set of arguments,

ii) f(al,az,....,an) - where al,a ,an denote

AR
the arguments,

iii) £[x] - where x denotes an element in D(£f).

In some cases two-valued functions are represented by
expressions in Boolean algebra. The standard notation is
used [ 21 ] with + denoting disjunction, ° denoting conjunc-
tion and inverted variables represented by a bar e.g. a.
The conjunction symbol is ommitted between adjacent var-

iables.

A many-valued function is such that the function and

its arguments each may take on only a finite number of
values. The function is said to be r-valued if these values
are taken from {0,1,2,....,r-1} and the function itself

or one of its arguments takes on all r values. A two-valued

function is the case where r=2. An n-place function has

n arguments. It is said to be a true n-place function if

it .depends on all of its arguments i.e. no arguments are
redundant. A function f(a) is total if it is defined for
all possible assignments to the as i otherwise it is partial
and the assignments to the a; for which f is undefined are

termed 'don't-care' conditions.

We shall use the term switching circuit to mean a

combinational switching circuit. A two-valued switching

circuit is one composed of devices implementing two-valued

functions. The following gate symbols are used:
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b
a0 1 w01
[ p— a
_ 0|00 : > o _0lo01 bij:::>>_a
1101 P 1l11 P
AND OR
al 01 a|l 01
a1]10 P aj1l00 P
NAND NOR
b
o |0 1 a !l o
001 a:ji:::>>_ o 01 a—0—a
a31110 P 110
EXOR INVERTER

(exclusive-0OR)

A many-valued switching circuit :is one composed of

devices implementing many-valued functions. In drawing
these circuits all devices are denoted by the AND symbol
with a label identifying a truth table defining the required

function.
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" CHAPTER 2

Functional Decomposition

1. INTRODUCTION

Functional decomposition is the re-expression of
a function as a composite of functions. For example,
the two-valued function

f(a,b,c,d) ac + bc + ad + bd

may be written

f(C,b,C,d) = G(Q(alb) IB(CId))
where §(a,8) = a-8, of(a,b) = a + b, and g(c,d) = c + d.
Decompositions where each subfunction o,B,y, ..., §

can be realized by a switching function are of parti-
cular interest. Such decompositions represent multi-
level circuit realizations of the original function.

A number of authors have considered functional
decomposition and the application of decomposition tech-
nigues to the synthesis of switching circuits. The
first major study was presented by Ashenhurst [ 2 1.
Decompositions of total two-valued functions were
considered. Each function in these decompositions is
two-valued and no functions have common arguments.
Ashenhurst's work is the basis of nearly all the decom-
position results appearing in the literature.

Curtis [ 9 1 has presented the most useful general-

ization of Ashenhurst's results. Once again total two-
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valued functions are considered. In this case, each
function in the decomposition is two-valued and
functions may have common arguments.

Roth and Karp [59 ] have presented a very general
characterization of decomposition. These authors have
applied this result to the decomposition of partial two-
valued functions. It will be shown that this result
can be used to identify a large class of decompositions
of partial many-valued functions. This result is the
basis of the decomposition techniques developed in
chapters 3 and 4.

Two approaches to circuit synthesis employing
decomposition techniques have appeared. The first was
developed by Ashenhurst [ 2 ] and Curtis [ 9 1. Certain
'simple' decompositions are determined by examining
the given function. Several theoretical results are
then applied to construct a more 'complex' decomposition
from the simple decompositions. This approach is
applied iteratively until the initial function is
expressed entirely in terms of functions corresponding
to switching devices.

The results employed in the construction of
complex decompositions do not extend to partial or to
many-valued functions. The first synthesis approach
can thus not be used in these cases.

The second approach was suggested by Roth and

Karp [ 59]. As above simple decompositions are found



by examining the given function. Each of these simple
decompositions consists of a number of functions
corresponding to switching devices and at mcst one
function to be decomposed further. A circuit realization
is found by constructing a sequence of simple decom-
positions.

In this chapter the principal decomposition results
are examined. This material provides both the motivation

and the background for the development in later chapters.

2. SIMPLE DISJUNCTIVE DECOMPOSITION

A simple disjunctive decomposition is an expression

of the form
£(a) = gla(a,), Au) (1)
where AA U Au =A, A, n A, = ¢. The decomposition

A U
is termed simple sihce it involves only a single o
and disjunctive since g and o have no common arguments.
If f is partial g may be defined when f is not. When~
ever £ is defined, the equality must hold.

Ashenhurst [ 2 ] has considered the problem of
determining the simple disjunctive decompositions of
a total two-valued function. o is restricted to being
two-valued.

Let f(A) be an arbitrary total two-valued function.

The sets AK and Au are a Au-partition of A. Ashenhurst's

technique requires f(A) be represented by a partition

matrix. A partition matrix has ZIAI elements each of
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which is an entry from the truth table defining f.

The columns of the matrix are each uniquely labeled
with one of the ZIAX“assignments to the variables of
AA' The rows of the matrix are each unigquely labeled
with one of the Z{AUI assignments to the variables of
Au. These labels identify a unique assignment to the
variables of A with each position in the matrix. These
assignments in turn define the values of the elements.

Consider the function given by the truth table below.

a; - a, a, a, £ (a)
0 0 0 0 0
0 0 0 1 0
0 0 1 0 0
0 0 1 1 0
0 1 0 0 0
0 1 0 1 0
0 1 1 0 0
0 1 1 1 0
1 0 0 0 0
1 0 0 1 1
1 0 1 0 1
1 0 1 1 1
1 1 0 0 1
1 1 0 1 1
1 1 1 0 1
1 1 1 1 1
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For the partition Aﬁ =,{al, a3}, AA = {a2, a4} the

corresponding partition matrix is given below.

a,a,
o]0} 01 10 11

00 0 0 0 0

ala3 01 0] 0] 0 0
10 0 1 1 1

11 1 1 1 1

The column multiplicity of a partition matrix

F (denoted y) is the number of distinct columns in F.
The matrix above has 2 distinct columns. Ashenhurst's
criterion is a bound on Y.

Theorem 2.1 (Ashenhurst [ 2 ]) Given f a total two-

valued function, there exists a simple disjunctive
decomposition

£(2) = gla(a), a)
if, and only if, the corresponding partition matrix
has y = 2.

In the above example, there is a decomposition
£f(a) = g(a(az, a4), ajs a3)

The partition matrix is also used to explicitly’
determine o and g. Ashenhurst has shown if y < 2
the matrix contains at most four distinct rows. Each
of these is one of

i) a row containing all 1's;

ii) a row containing all 0's;



g must be 1 whenever a; = a5 = 1. Finally, g(a(az, a
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iii) a row containing both 0's and 1's;
iv) a row which is the inverse of the row in iii)
i.e. it is 1 when the row in iii) is 0 and 0
when the row in iii) is 1.
Our example contains a zero row, a one row and a
nonconstant row.
Each row of the partition matrix defines a
function of the variables of AA; If vy < 2 each of these
functions is one of |
i) the constant function 1;
ii) the constant function 0;
iii) some function B(AA)
iv)  B(a,)
o is chosen as either g or g . Once g is chosen
g is fixed. Determining g is quite straightforward.
In our example there is a single nonconstant row
which is B(az, a is 1.

g(a,, a,) = 1 when a, or a
2 4

4)'

B(az, a4) is 0 when a

2

5 = 8, = 0. Choose ¢ = B.

g(a(az, a4) al, a3) must be 0 whenever a

4

1 is O

since the first two rows of the partition matrix are 0.

3 4)’
ag a3) = a(az, a4) when a; = 1 and aj = 0. g is given
by the following truth table. g is termed the image of
the decomposition. In general, the image is the function

which results from decomposing the initial function.
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aj a, SO g
0 0 0 0
0 0 1 0
0 1 0 0
0 1 1 0
1 0 0 0
1 0 1 1
1 1 0 1
1 1 1 1

For an n-variable function there are 2" partition
matrices. Two of these represent the cases where
|2, [= 0 or |2,| = n which are of no use. A further
nbare the cases where |Akl = 1. These partitions are
only useful in determining if the function has a redun-
dant argument i.e. an argument whose value never affects
the value of the function. There are thus 2" - n - 2
partitions which can represent simple disjunctive decom-
positions.

Waliuzzaman and Vranesic [ 82 ] have extended
Ashenhurst's condition to total many-valued functions.
In this case 0 may assume as many values as f. For
a given partition Ak’ AU' a total r-valued function
f(A) has a simple disjunctive decomposition if, and only
if, the corresponding partition matrix has vy < r.

For example, the partition matrix given by
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va‘la3
00 01 02 03 10 11 12 13 20 21 22 23 30 31 32 33

o0 2 3 0 2 2 3 0 3 3 3 0 O 0 0 O

a, 11 2 3 1 2 2 3 1 3 3 3 1 1 1 1 1
212 2 3 2 2 2 3 2 3 3 3 2 2 2 2 2
33 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
has 3 distinct columns. r = 4 and thus there is a

simple disjunctive decomposition

£(a) = g(u(al, a3), a2)
where o is 3=-valued.

The rows of this matrix do not obey any convenient
pattern as they did in the two-valued case. Determining
an o is thus somewhat trickier. We shall illustrate the
method by determining an o for the matrix above.

The column labels are grouped into sets so that
labels on equal columns are in the same set. These
sets are {00, 03, 13, 23, 30, 31, 32, 33}, {o1, 10, 11}
and'{02, 12, 20, 21, 22}. TEach of these sets is
assigned a unique value between 0 and Y-=1l. o is defined
so that each assignment yields the value assigned to
the set in which it appears.

For our example one possible o is given below.

as. .
o 10 1 2 3
0 0 1 2 0
aq 1 1 1 2 0
2 2 2 2 0
3 0 0 0 0
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It is easily shown that if a given matrix has

o8 S
Y £ r, then there are ngir,possible choices for a.

Determining g is also more complex than in the

two-valued case. When a(al, a3) = 0, £f(a) = a, and
~g(o, a2) = a,. When a(al, a3) = 2, £(A) = 3 and
g(2,a2) = 3. For a(al, a3) = 1, we findg is given by

a, g(l, a,)

0 2

1 2

2 2

3 3

Finally we note that o never assumes the value 3
and these conditions are don't-cares. g is given by
0 1 2 3

0 0 2 3 -

3. SIMPLE NONDISJUNCTIVE DECOMPOSITION

Simple disjunctive decomposition is rather
restrictive since g and o must have no common arguments.
The natural extension is to allow g and a to have
common arguments. Decompositions of this type are
termed simple nondisjunctive. Curtis [ 9 ] has pre-

sented a method for determining the simple nondis-
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junctive decompositions of a total two-valued
function.

A simple nondisjunctive decomposition is an

expression of the form
£(2) = g(a(h)), A) (2)

where Ak u AU = A and A, n An z ¢. The set AA n A

A (

is termed the bound set. The set Ak —(AA n Au)is
termed the free set. |

Suppose there is a decomposition as in (2) with
£, g and o two-valued functions. Let B denote the
bound set. For each of the ZIB] assignments to the
bound variables there are functions fi’ 95 and oy such
that

£, (A - B) = g;(a, (A, - B), AU - B) (3)
and a; are found‘by substituting the assign-

£ir 94
ment to the variables B into £, g and o respectively.

The key to Curtis's result is that (3) is a simple
disjunctive decomposition which can be determined as
described above. Curtis has shown that a simple non-
disjunctive decomposition exists if, and only if, (3)
holds for each assignment to the bound variables. To
test for a simple nondisjunctive decomposition, a free
and a bound set are chosen, and each subfunction

corresponding to an assignment to the bound set is

tested for a simple disjunctive decomposition. The N
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together define aj; the_gi together define g. Curtis
has further shown that with a judicious choice of the
row and column labelings of the partition matrices
described above, the matrices to test the fi are
easily extracted submatrices.

Curtis's approach is to expand the simple nondis-
junctive case to a number of simple disjunctive decom-
positions. This expansion does not depend on the fact
that f is two-valued. It appears Waliuzzaman and

Vranesic's criterion can be extended in the same manner.

4. COMPLEX DECOMPOSITION

function as a composition of more than two functions.
Complex decompositions are determined by applying
several theoretical results to the set of simple decom-
positions of a function. Curtis [ 9 ] and Karp [ 29 ]
have presented the main results. Complex decompositions
have been characterized for total two-valued functions
and to a lesser degree for total many-valued functions.

A multiple disjunctive decomposition is an

expression of the form
£(A) = g(og(By ), ay(By ) aee 0 (B ) R (4)

u
U A U wea U Akt U AU = A, A,. n AU = ¢,

1 A2 AL
1 £4i < t, and AAi n ij = ¢, 1l<is<t, L<j<t, and

where AX

where each oy assumes no more values than £f.




23

Theorem 2.2. (Karp [29 1) Given a total function £(A)

there exists a decomposition of the form (4) if, and
only if, there exist functions hi’ 1 < i < t, such
that

f(a) = hi(A

aLr Bagr seer Op(Bygde eeen Byps By

for 1 < i < t.
A second form of complex disjunctive decomposition

is the iterative disjunctive decomposition which is

given by

ap = 0g(Ayy)

a. = o (o , ALL), 2 < < t 5

i 7 %3001 By ) )
£(a) = gla,, Au)

where Axl U sz u AXB U wea U Akt u AU = A, Aki n AU = ¢,

1 < 1

IA

t, Aki n ij = ¢, 1 <1< t, 1 < J<t, and
where no a, assumes more values than £f.

A simple decomposition

£(a) = gla(a,), Au)
is termed strict if the range of & has as few elements
as possible.

Theorem 2.3. (Karp [29 ]) Given a total function £(A)

with decompositions

E(A) = hy (o (Byqe Bypr eeen Byglo BygigecerBy Ay

t, where each decomposition except perhaps

IN

for 1 < 1
the first is strict, then for each 1 £ j < t there is a
Bj such that

oy = B0y g (B 0By gs e By g) iRy )
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A more general class of decompositions include
multiple disjunctive and iterative disjunctive decom-

positions as special cases. These disjunctive tree-

like decompositions have the form

aj = uj(Aj, Bj), 1 <3 < t,
E(B) = a1 By Biyg)
where Al, A2, c oy At+l are disjoint subsets of A which
together exhaust A and Bl’ B2, .oy Bt+l are disjoint

subsets of B = {al, YRR at} which together exhaust
B and where B, is a subset of {al, Uor wens ai—l}’
1 < i < t+l. A disjunctive treelike decomposition
has the property that no two Oy have a common argument.
The structure of a disjunctive treelike decom-
position is defined by the sets Ai, Bi’ 1 < 1 < t+1.
Karp [ 29] has presented an answer to the following
question: given the sets Ai, Bi’ 1 <1 < t+41, and
given positive integers L 1 £ i < t+1, under what
conditions is it possible to specify O 1 <1 < t+l, so
that
i) the decomposition represents a given total
function;
ii) each oL has at most rs elements in its range?
Let ej denote the variables in A on which the
value of aj depends. In the tree below, €, = {al, a4},
e, = {ag}, €5 = {a,, agl, €, ='{a5, a6}. Since the

o

value of G depends on o 51 Ogs €5 = {al, ayr Azs

l'
ayr agls eg = lag, ag, azl e, = A
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FIGURE 2.1

Let k(ei, f) denote the column multiplicity of the
partition matrix representing f whose columns are
labeled by the assignments to the variables of €

Theorem 2.4. (Karp [29 ]) Given Ai, Bi' 1 < 1 < t+1,

IN
+
+
=

and a total function £, there exist O 1 <1
with no more than r, elements in the range of ai, such
that the given decomposition represents £ if, and only
if, ry > k(ei, £f) for all 1 < i =< t+1.

The complex decompositions above are constructed
from simple disjunctive decompositions. Karp [29 ]
has presented a partial characterization of iterative
nondisjunctive decompositions of total many-valued
functions i.e. iterative decompositions constructed
from simple nondisjunctive decompositions. Except for
this isolated result nothing is known on the complex

decomposition of many-valued functions.



Curtis [ 9 1 has considered the proper complex

decomposition of total two-valued functions. A proper

complex decomposition is one composed of simple decom-

positions both disjunctive and nondisjunctive. Even

a cursory review of these results would be guite
lengthy. Since they are strictly two-valued results
and thus not directly relevant to this thesis they are

omitted.

5. DECOMPOSITIONS OF PARTIAL FUNCTIONS

In practice the function to be synthesized is
often incompletely specified. Partial functions are
also frequently encountered in constructing a sequence
of decompositions where the initial function is total
and many-valued. Such sequences are the basis of
synthesis techniques based on decomposition. Decom-
position techniques for partial functions are indis-
pensable to developing efficient design techniques.

Hight [ 22 ] has considered the extension of
Ashenhurst's criterion to partial two-valued functions
A total two-valued function has a simple disjunctive
decomposition if, and only if, the corresponding
partition matrix has at most two unique columns. In
the case where the function is partial the question
is how to interpret the don't-care conditions in the
matrix.

Two columns are compatible if each row of the

26
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matrix satisfies one of the following

i) one of the columns contains a don't-care in

this row,

ii) the two columns are idéntical in this row.
Hight has shown that a partial two-valued function has
a simple disjunctive decomposition if, and only if,
the columns of the corresponding partition matrix can
be partitioned into two sets of mutually compatible
columns. o and g are determined in a similar manner
to the one used by Waliuzzaman and Vranesic [82 ] in
the case of total many-valued function.

Hight's result is a special case of a result due
to Roth and Karp [ 59]. The latter characterizes a
large class of decompositions of a many-valued function
with or without don't-care conditions. The techniques
to be developed in chapters 3 and 4 are based on this
result.

Consider an arbitrary, possibly partial, many-
valued function £(A). Let E, X, Y, Z be finite sets
such that Z = R(f) and E = D(f) is a subset of the
Cartesian product X X Y. Suppose there exist functions
g and o such that for all e = {x, y} ¢ E,

flx, yl = glalx], yl (6)
Note that D(a) = X, R(g) 2 R(f) and D(g) is a subset of
the Cartesian product R(d) x Y.

E is the set of assignments to A for which f is

defined. Expressing E in terms of the Cartesian product



X x Y in equivalent to partitioning A into two
disjoint subsets Ay and Aﬂ if we assume A consists of
the variables of AK followed by the variables of AU
This is acceptablé since the ordering of the arguments
of a function is arbitrary. The decomposition in (6)
can be expressed as

£(a) = gla(ay), Au) (7)

The range of o is not bounded as in the decom-
positions above. In practice we are concerned with
how an r-valued function can be realized using a
number of simpler r-valued functions. Thus in (7)

when |R(a)| > |R(£f)]|, o is interpreted as a t-tuple

IA

{ag, ayr «o., oy} where [R(ai)l < IR(E)], 1 < i < t.
Expression (7) then represents the decomposition
f(a) = g(al(Ax), aZ(AX)’ “eey at(AA)’ AU)
Given T, Ak and A]J we wish to determine:
i) given o under what conditions does g exist
such that (7) holds?
ii) under what conditions do g and o exist such
that (7) holds?
An answer to 1i) will establish a criterion for the

existence of a decomposition. An answer to 1) will

aid in determining g and a.

28

A compatibility relation over X = D(a) is the basis

of these answers. Xi"Xj £ X are compatible (denoted

;™ xj) if, and only if, for all y € Y such that
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'{xi, y},’{xj, v} € E, f[xi, vyl = f[xj, y]l. Otherwise
# xj).

Compatibility is reflexive (Xi ~ Xj), symetric

X, and Xj are ‘incompatible (denoted X5

(xi ~ X, => Xj ~ Xi) but not always transitive i.e.

~ X,, X, ~ X %> X, ~x . If f is a total function,

X1 3 3 k i k

compatibility is transitive and is an equivalence
relation. To see this note that when f is total E = X x Y.

X, o~ Xj => f[xi, y] = f[xj, vyl for all v € ¥ and

X. ~ X, _ => f[xj, vl = f[xk, vyl for all y e Y. Hence

X, xj, Xj ~ Xy => f[xi, y] = f[Xk’ y] for all vy e Y

=> X~ Xy . For a partial function not every {x, vy}

pair appears in E and we can have X, 0~ Xj’ Xj ~ Xy but

f[Xi' yz] = f[xk, vyl => X, # %, so long as f[xj, vl
is undefined.

Theorem 2.5. (Roth and Karp [ 591) Given £ and o

there exists a g such that (6) holds if, and only if,
for x,, x. ¢ X

1 J

a[xi] = a[x.] => x. ~ x. (8a)
or equivalently
Proof. Let x denote an element in R(a) and let
u_l[g] =‘{xi, i=1, 2, ..., g} be the elements of
X mapped onto x. If (8a) holds for each y € Y, there
exists a z € Z such that if X, € u_l[g] and
'{xi, v} € E, flx;, yl = z. Thus we may define
g[g, vyl = z. The same process can be carried out for

each element in D(g).
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Conversely if (8a) does not hold, there exists
some'{xi, y},'{xj, v} € E such that flxg, vyl = f[xj, v1]
and d[xi] = a[xj]. Clearly thére is no consistent
assignment for‘g[§, yl. QED.

The situations in the proof are depicted below.

(8a) holds (8a) does not hold

FIGURE 2.2

Corollary 2.5.1. If k is the least integer such that

X = D(a) can be partitioned into k classes of mutually
compatible elements, then g and o exist so that (6)
holds if, and only if, |R(a)| = k.

Proof. TLet k be the least integer such that X can be

partitioned into k classes of mutually compatible

elements denoted Cl, C2, e ey Ck'
Suppose |R(a)| > k. Choose o so that a[xi] = u[xj]
<=> Xy Xj £ C2 for some 2. Clearly a[xi] = a[xj]

=> X, 0~ Xj and by theorem 2.1, g exists.
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Now suppose |[R(a)| < k. No matter how a is
chosen, there is some X. Xj such that a[xi] = a[xj]
and X # Xj' By theorem 2.5 no g exists. QED.

As an illustration of these results consider the
following function. Let X ='{xl, Xy x3}, Y ='{yl, Yoo y3}

and Z = {zl, 22}. Let £ be given by the table:

£ %q x2 x3
Y1 | - 21 2y
Yo | %1 21
Y3 | %2 2y 21
where '-' indicates a 'don't-care' condition. The set

E = {xy, vyl {xy, v3by (x5 i), (x5, vad, (x5, v71,
'{x3, yz}, {X3, y4tl.
f[x2, yl] z f[x3, yl] and z, # X3 . Similarly
f[Xl’ y3] # f[x3, y3] and Xy # X5. For all y, such
that {xl, yz}, {xz, yg} e E, f[xl, vl = £1x,, v, 1
and thus Xy Y Eye. X can be partitioned into two subsets
of mutually compatible elements {xl, XZ} and {x3}.
g and o exist if, and only if, |R(a)] 2 2.

Let R(g) = W = {wl, w2}. g exists if, and only

if, a(xi) = a(xj) => R, o~ Xj‘ Choose u(xl) = a(XZ) =W,
and a(x3) =W,. To find g simply substitute into
f[xi, yj] =_g[a[xi], yj]. For example g[wl, yl]

=_g[u[x2] = f[xz, yl] = Zq- The following table defines g.



g W Vg
Yy | %1 %3
Yo | %1 21
Y3 | % 21

The choice of o is fairly free. We could have

chosen a[xl] = a[xz] = W, and a[x3] = Wq- With a

larger range many permutations are possible. We could

increase the size of w and choose a(xl] = Wy,
u[xz] = W, and a[x3] = Ws. This is permissible but of
little use. 1In practice an o whose range is minimal

is chosen.

Theorem 2.5 and corollary 2.5.1 can be used to
determine the simple disjunctive decompositions of a
many-valued function. Simple nondisjunctive decom-
positions could be determined in a manner similar to
the one used by Curtis in the case of total two-valued
functions. Karp [29 ] has suggested the following
simpler approach.

A simple nondisjunctive decomposition is an
expression of the form

£(a) = g(a(a), A)
where AA u Aﬂ = A and AA n Aﬂ z ¢. B = Ak n AU is
termed the bound set. Let X represent the set of
assignments assumed by Ak and let Y represent the set
of assignments assumed by AU - B. The mutually com-

patible subsets of X are found as described above. 1In

32
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the disjunctive case, o must map incompatible elements
onto different images. In the nondisjunctive case this
is only required if the elements agree in the coordinates
corresponding to the bound variables.

To see this consider some X > Xj. From theorem 2.5
X and Xj must be mapped onto different images. The
point is that the image is no longer simply o but o
supplemented by the bound variables. If X, and Xj
disagree in a coordinate corresponding to a bound
variable, the distinction of the images is immediate.
If they agree in all coordinates corresponding to
bound variables the distinction must be made by a.
This approach can be applied to any total or partial
many~valued function.

Extending the complex decomposition results to
partial functions is a difficult problem as illustrated
by the following example.

The function f(al,az,aB,a4) given by

a; a, a, a, f a; a, ay a, f
0 0 0 0 0 1 0 0 0 1
0 0 0 1 - 1 0 0 1 1
0 0 1 0 1 1 0 1 0 0
0 0 1 1 1 1 0 1 1 0
0 1 0 0 - 1 1 0 0 1
0 1 0 1 1 1 1 0 1 1
0 1 1 0 1 1 1 1 0 0
0 1 1 1 1 1 1 1 1 0
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has decompositions
flay,r a5, agr a,) = g% (ay, ay), agr a,)
and f(al, ayr @y a4) =_g2(a2(a3, a4), aqr a2) as

shown by the partition matrices

a1d, 394
00 01 10 11 00 01 10 11
o0 o - 1 1 00 {0 - 1 1
aja, 01 |- 1 1 1 aja, 0L |- 1 1 1
10 |1 1 o0 0 10 |1 1 o0 o0
11 11 1 0 o0 11 {1 1 0o o

However there is no h such that
f(al, ayr azs a4) = h(ul(al, a2), a, (ag, a4)).
To see this note that al(0,0) = al(O,l) and
u2(0,0) = az(O,l). It follows that h(al(0,0),

O62(010)) = h(ul(oll)l a Oll))- f(0,0,0,0> Z f(OIlIOIl)

2(
and there is thus no consistent assignment for h.

Hight [ 22 ] has observed that the existence of a
simple decomposition of a partial function implies an
assignment to the don't-care conditions of the function.
This assignment is such that the resulting total

function exhibits the same decomposition. Two simple

decompositions are compatible if there is an assignment

to the don't-cares of the function so that the resulting
total function exhibits both decompositions. A

partial function has a complex decomposition if, and
only if, the simple decompositions comprising the

complex decomposition are mutually compatible.
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In the above example the decomposition
implies £(0,0,0,1) = 1 and £(0,1,0,0) = 0.
The decomposition

flaqg, ay, agr a,) = gy(a,(ag, a,), a7, ay)

implies £(0,0,0,1) = 0 and £(0,1,0,0) 1. There is
thus no complex decomposition involving these decom-
positions.

There is no efficient.technique for determining
if two simple decompositions are compatible. The

complex decomposition of partial functions is therefore

not viable.

6. SYNTHESIS TECHNIQUES

The relationship between the decomposition properties
of two-valued functions and the synthesis of switching
circuits was recognized early in the history of switch-
ing theory [ 2 1, [53], [631, [65]1, [661, [67].

The first major study was presented by Ashenhurst [ 2 ].
His principal result is that a total two-valued

function £ has a unique disjunctive treelike decomposition
(up to complementing of the aj) such that the aj are
two-valued, and such that all simple disjunctive decom-
positions of £ in terms of two-valued functions are
exhibited. In other words no uj has a simple disjunctive
decomposition. An algorithm for the construction of

this decomposition is given by Curtis [ 9 ].
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As defined by Ashenhurst, a function f(A) is a
disjunctive treelike decomposition of itself where
t =0, A

= A, B ¢ and o, = £f. It was shown by

1 1 1

Shannon [ 65] that very few functions exhibit simple
disjunctive decompositions. Ashenhurst's result is
thus of little practical use on its own.

Roth and Wagner [ 60 ] devised a method for
representing a total two--valued function as a
disjunction of disjunctive treelike decompositions.

All two-valued functions g such that
i) g=1-=>£f =1,
ii) g has a disjunctive treelike decomposition in
terms of a given set of two-valued functions
are determined. The given functions correspond to avail-
able hardware devices. Once these g are found f
is expressed as a disjunction of a minimal subset of
them. The selection of this minimal subset is a process
akin to prime implicant selection [ 55 ].

Roth and Wagner's method involves a significant
amount of computation. More important however is
the fact that generality is lost. Each function is
realized as a disjunction of functions. There are many
functions whose optimal realization is not of this
form.

Curtis [ 9 ] has presented a method for the
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synthesis of total two-valued functions which is based on
his theory of proper complex decomposition. This method
represents the broadest application of complex decomposi-
tion theory achieved to date. Unfortunately, since the
theory is not easily extended to partial functions and is
restricted to two-valued functions, this work sheds no
light on the synthesis of partial many-valued functions.

Because of the restricted nature of the complex
decomposition theory, a synthesis technique for partial
many-valued functions must be based solely on simple‘
decomposition. This is the approach which Roth and Karp
[59] have adopted in their method for the synthesis of
partial two-valued functions. For a given function £(A)
all possible simple decompositions are determined. One is
selected and its image g is found. The simple decomposi-
tions of g are found; one is selected; and the image is
found. This process is repeated until a sequence of simple
decompositions representing f(A) is obtained.

For example, the function f(al, ayr gy a4) given in
table 2.1 has a simple nondisjunctive decomposition

Flagr ayragray) = gpleg (@, ay) a0 ag, ay)
where ul(al, a2) = gz-az - 97 is given in table 2.2

94 has a simple disjunctive decomposition

910010 8yr a3s 3y) = 95(05(ays ag)s 0y a3)

where az(az, a4) = ayta, - 9, is given by




" TABLE 2.1
a, asz .
0 0
0 0
0 1
0 1
1 0
1 0
1 1
1 1
0 0
0 0
0 1
0 1
1 0
1 0
1 1

38



TABLE 2.2
o 1 a2 S .a_3 ‘ gl
0 0 0 0
0 0 0 0
0 0 1 1
0 0 1 1
0 1 0 0
0 1 0 0
0 1 1 1
0 1 1 0
1 0 0 -
1 0 0 -
1 0 1 -
1 0 1 -
1 1 0 1
1 1 0 1
1 1 1 1
1 1 1 1

39
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o a, a 9,
0 0 0 0
0 0 1 0
0 1 0 1
0 1 1 0
1 0 0 1
1 0 1 1
1 1 0 1
1 1 1 1

which has a simple disjunctive decomposition

gy(og, az, a,)

where a3(a3, az) = a
o G q g,
0 0 0
0 1 1
1 0 1
1 1 1

= g5laglag, ay), o)

Finally 93 is given by

which is a simple OR function. The complete decomposition

is

f(al, a

2!

3’

= g3(0(‘3(a3l Ol'z(azl a4))’0Ll(al’ a2))

where‘g3, Oqr G, and o4 are given above. This corresponds

to the circuit given in the diagram below.



a, __Jf—_—"\\ £
_

FIGURE 2.3

Roth and Karp's [59 ] algorithm potentially
generates all possible decomposition sequences and
hence all minimal circuits. This search is reduced
by avoiding the generation of several sequences repre-
senting the same circuit. In addition, a cost bound
is employed. If MIN is the cost of the minimal circuit
which has been found to some point in the search, then
any partial sequence whose cost exceeds MIN is discarded
since any circuit found by extending this partial
sequence will cost more than MIN. This use of a cost
bound is extremely important since the termination of
a partial sequence at a relatively early point prevents
the formation of a number of uneconomical solutions.

Even with these refinements the search can be
extremely time-consuming. For larger problems the

search is so long that only a partial search can be

41
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made and an approximately minimal solution accepted.
Roth and Karp [ 59 ] estimated that a minimal circuit
could be found for nearly any four variable problem
in less than ten minutes on an IBM 7090. There has
been no report on the validity of this estimate.

Karp et al [60] describe a computer program which
implements Roth and Karp's algorithm. In this imple-
mentation, only decompositions where each o4 is a

vertex function are considered. A vertex function is

one which assumes the value 0 or 1 for one input
condition and the other value for all other input
conditions. The restriction to vertex decomposition
allows the use of a decomposition test which is far
more efficient than the test required in the general
case. A number of heuristics are described which bias
the program toward the early generation of economical
circuits. In this way, nearly minimal circuits are
obtained with a very short search.

Roth and Karp's algorithm [ 591 and the imple-
mentation due to Karp et al [ 60 ] are the starting
point for the synthesis procedures developed in chapters
5 and 6 and they are discussed there in more detail.
One very interesting observation is that although both
the algorithm and the computer program are described

as permitting oy with any number of arguments, all the

examples involve only two-input gates with the

of a single three-input gate.
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7. REMARKS

The method used to identify decompositions is the
most important component in a synthesis algorithm
employing decomposition. This is the most time con-
suming process and its efficiency is critical.

Partition matrices are a useful pedagogical tool.
They are easily understood and are invaluable illustrations
of decomposition. For two-valued functions with up to
four or five variables the construction and analysis of
partition matrices is reasonable for hand computation.
As the number of arguments increases the process becomes
more and more tedious and prone to error. For many-
valued functions hand solution is impractical.

A computer can be used but this solution is not
attractive for two reasons. First, the function must
be given as a truth table. A table describing an
n-argument r-valued function has r” entries. For values
as small as r = 5, n = 4 this number is gquite large
(# = 625). Either a large amount of data must be prepared
or the computer must be used to convert a more compact
specification to a truth table.

The second problem is the work required to mani-
pulate matrices of this size. For each AA’ Au partition
the truth table must be converted to the‘corresponding
partition matrix and the columns examined to determine
vy or sets of mutually compatible columns. The analysis

of the columns is a form of pattern recognition. It is
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an easy visual task but on the computer requires
exhaustive comparison. These problems are not dis-
cussed in the literature and after considerable work
the author has found no efficient methods.

The application of Roth and Karp's results
(theorem 2.5 and corollary 2.5.1) is more suited to
the computer. The function is not required in truth
table form and is in fact accepted in a very compact
notation which is easily handled by the computer. A
major advantage is that the specification of the
function is the same for each Au-partition. This is
in contrast to the complexity of constructing the
partition matrices. The implementation of these
results is discussed in detail in the next chapter. It
is the author's experience that this approach is far
more efficient than using partition matrices.

A synthesis technique must be able to handle
partial functions. This is the case even if the given
function is total since for certain decompositions
there is no guarantee that g is total. Consider the
decompositions characterized by theorem 2.5. These
take the form

u

where AA U Au = A, AK n AU = ¢ and where each Oy

£(B) = glog (A, ay(By) . ens ag(B), A

1 < i £ t assumes no more values than f£. It is possible

er Oy to assume a subset of the possible
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configurations and hence for g to be partial.

Complex decomposition does not extend to partial
many-valued functions. The synthesis technique
developed in chapter 5 therefore employs the decom-
positions characterized by theorem 2.5 in an approach
based on the method suggested by Roth and Karp [ 59 ]
i.e. the construction of circuits by forming a sequence
of decompositions. It will also be found that this
approach results in an efficient two-valued synthesis
technique. In particular, an algorithm for the synthesis
of multiple-output two-valued switching circuits will
be presented. This problem has previously been comput-
ationally too complex to solve using decomposition

techniques.
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CHAPTER 3

Decomposition of Many-Valued Functions

1. INTRODUCTION

The application of decomposition techniques to
the synthesis of switching circuits involves three
steps; the identification of decompositions; the

assignment of the functions in the decompositions;

the construction of a sequence of decompositions
representing the desired switching circuit. In this
chapter the first two steps are considered for the case
of many-valued functions. Two-valued functions are
considered in chapter 4. The construction of sequences
of decompositions representing switching circuits is
discussed in chapters 5 and 6.

Karp [ 291 and Waliuzzaman and Vranesic [ 82 1]

have considered the identification of many-valued

decompositions. These results were examined in chapter 2.

Karp's results are concerned with the theoretical

basis for identifying various forms of complex decom-

positions. The practical implementation of these

results and the assignment problem were not considered fﬁf;nﬁ
by Karp. Waliuzzaman and Vranesic extended the partition H
matrices of Ashenhurst [ 2 ] to many values. This work

was restricted to total functions and as we have seen in

chapter 2 is not easily adapted to partial functions.
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The following discussion considers the identi-
fication and assignment of decompositions of the form

f(aA) = g(al(AA), uz(Ax),..., ut(AA)’ AU) (1)
where Ak n AU = ¢, Ak U AU = A and each oy assumes no
more values than f. £ is either total or partial.

This is important since even if the initial function is
total, partial functions are often encountered in con-
structing a sequence of decompositions representing a
switching circuit. The decompositions in (1) are a
subset of the decompositions characterized by theorem 2.5
and corollary 2.5.1. The emphasis here is the practical
implementation of these results.

We shall find that implementing these results in
their full generality is an extremely complex problem.
In particular, there is no efficient algorithm for
assigning the a,. The case where ‘AX[ = 2 and 1 < t < 2
is considered in detail. Both the identification and
assignment problems are much simpler in this case and
reasonably efficient algorithms are developed. Fortunately,
this class of decompositions is very useful in the
practical design problem.

Consider an r-valued function f(al, Bor oo an)
possibly with 'don't-care' conditions. Let E be the set
of input configurations for which f is defined. Each
element of E is an n-tuple of symbols taken from
{0, 1, ..., r-1}. Let %, a subset of {0, 1, ..., r-1}

be the values assumed by f.
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A decomposition of the form (1) involves a
partitioning of the variables ayr Any eeer @y into two
subsets A, and AU' Corresponding to this partition
is a partitioning of the elements of E written e, = (x,v)
where x is an s—tuple and y is an (n-s)-tuple. The
elements of x are the elements of ei corresponding to
variables in AA‘ The elements of y are the elements
of ei corresponding to variables in Au. Let X denote
the set of all x found in this manner. Let Y denote
the set of all y found in this manner. By applying an
appropriate permutation to the coordinates of the
elements of E, we can arrange to have E a subset of
X x Y (the Cartesian product of X and Y). If f is
total, E = X x Y.

For example, consider f(al, ay a3) given by the

following truth table:

ay a, aj £ aq a, a, £
0 0 0 0 1 0 0 0
0 0 1 0 1 0 1 1
0 1 0 0 1 1 0 0
0 1 2 1 2 1 2 2
0 2 1 1 2 2 1 2
0 2 2 2 2 2 2 2

f is a partial three-valued function. E = {000, 001, 010,
012, 021, 022, 100, 101, 110, 212, 221, 222}. Let
Ay = {al, a3} and AU = {az}. This partitions the

elements of E. For example, 000 is partitioned into x=00
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and y=0; 021 is partitioned into x=01 and y=2. 1If
this is done for each element in E we find X={00,
01, 02, 10, 11, 21, 22} and ¥Y={0, 1, 2}. If the above
table is rewritten with the arguments ordered ayr @3r a5y
E is a subset of X x Y.

We can rewrite (1) as

flx,y]l = glalx], vyl (2)
where o denotes the t-tuple {al, Gnr weey O }. Recall

t

the following definition, theorem and corollary.

Definition. X: Xj e X are compatible (denoted X~ Xj)
if, and only if, for all y € Y such that (Xi’ V),
(xj, y) € E, f[xi, v] = f[xj, yv]. Otherwise, Xs and

Xj are incompatible (denoted X # xj).

Theorem 2.5. (Roth and Karp [591) Given f and o,

there exists a g such that (2) holds if, and only if,
for all x., x. € X
1 J
a[xi] = a[xj] => %, = Xj
or equivalently

X, # xj => a[xi] # a[xj]

Corollary 2.5.1. If k is the least integer such that X

can be partitioned into k classes of mutually com-
patible elements, then g and o exist so that (2) holds
if, and only if, there are at least k elements in the

range of a.
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2. A REPRESENTATION FOR MANY-VALUED FUNCTIONS

There are a number of constraints on the notation
used to represent a many-valued function. It must be
easily understood and should create as little overhead
as possible in preparing a problem for solution on the
computer. The notation should be easy to represent
and manipulate on the computer and should be as concise
as possible. The latter constraint is concerned both
with efficient utilization of the computer memory and
with reducing the computation required to perform
operations on functions. Determining the compatible
and incompatible elements of X and the images of decom-
positions are the two steps which refer to the function
being considered. The efficiency in performing these
operations is a major consideration in choosing a
notation.

An r-valued function f(al, ay ...,an) will be
represented by a matrix F whose elements are subsets
of {0, 1, ...,r-1}. We shall write Fi to denote the
ith row of F and Fij to denote the element in the ith
row and jth column. The matrix has n+l columns
labeled a £.

a a

1’ 72" °°°" “n’
Each row Fi represents a set of assignments to

{al, Qs ey an} i.e. a subset of E. For each

assignment the value of aj is in Fij' The complete

set of assignments is found by assigning values to the

aj in all possible combinations. The function repre-
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sented by F assumes the same value for all the assign-
ments represented by Fi' This value is given by
Fi(n+1)

Consider the function given by table 3.1.

f assumes the value 0 for each of the following input

conditions:
000 020 200 220
001 021 201 221
002 022 202 222

f is thus 0 whenever ay and a, are assigned values from

{0, 2} and a., is assigned a value from {0, 1, 2}.

3

In matrix notation these twelve conditions are specified

by the single row

al a2 a3 £
{0,2} {o,2} {0,1,2} {0}.
If a, = 0, a, = 1 and a, is assigned a value from {o, 11},
f assumes the value 1. This is written as
al a2 a3 £
{0} {1} {0,1} {1} .

A complete matrix representation of f is given in
table 3.2. The brackets have been omitted for clarity.
This matrix notation is particularly suited to

the computer. Each of the sets is represented by a
bit string. A 1 in the ith position of this string
indicates the set being represented contains the ith
value while a 0 in the ith position indicates it does

th

not contain the i value. In our implementation on



a,  aj £
0 0 0
0 1 0
0 2 0
1 0 1
1 1 1
1 2 0
2 0 0
2 1 0
2 2 0
1
2
3
4
5
6
7
8
9

10

TABLE 3.1
al . a2. . a.3
1 0 0
1 0 1
1 0 2
1 1 0
1 1 1
1 1 2
1 2 0
1 2 1
1 2 2

TABLE 3.2
g1 %y 33
02 02 0I2
o 1 o1
1 1 o1
012 1 2
12 1 0
02 1 1
1 2 ol
1 02 2
1 o1 1
1 02 0

52
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an IBM 370/158 computer, functions in up to eight
values are considered and a single byte (8 bits) is
used to represent each set in the matrix. Determining
the incompatible elements of X and the images of
decompositions requires manipulation of these sets
which on the computer is accomplished using simple

bit string operations. The techniques used are dis-
cussed in detail in chapter 5.

For the designer, construction of the matrix
representation is straightforward. Design problems
are typically stated as descriptions of how the output
should behave according to conditions on the input.
For example, a problem might specify the output is 0
whenever there are two or more 0's in the input assign-
ment, otherwise the output assumes the maximum input
value. These sorts of descriptions are easily trans-
formed into matrices. For four arguments and three
values the function required in the above problem is

given by the following pair of tables:

a; a, aj a, £
0 0 012 012 0
0 012 0 012 0
0 012 012 0 0
012 0 0 012 0
012 0 012 0 0
012 012 0 0 0
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ay a, as a, £
012 12 12 12 2
12 012 12 12 2
12 12 012 12 2
12 12 12 012 2

The rows in the first table represent the six
ways of assigning 0 to two arguments. In these
cases the values of the other two arguments may be
012. The rows in the second table each assign at
most one 0 to an argument. It is easily verified
that these tables represent all possible input

assignments,

3. THE DETERMINATION OF k

Given f and a particular Au-partition the first
steps in determining if a decomposition of the form (1)
exists is to determine the compatible and incompatible
pairs of X and from these to extract the partition of
X and value k described in corollary 2.5.1. We shall
examine the problem of determining the compatible and
incompatible elements of X when f is given in the matrix
notation.

Consider Fi the ith row of F. The first n columns
of Fi represent a subset of E. Since E is a subset

of X x Y, Fi defines a subset of X and a subset of Y.
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The subset of X defined by Fi is the set of input

assignments defined by F, , F. ; eeo.s F. where
igq igq,

each a e A
g

T The subset of Y defined by Fi is the
t .

S set of input assignments defined by F, r B, e,
Sl 1d, 14,
F, where each a € AU' The following algorithm

19 g
n-s t
is used to find the compatible and incompatible elements

of X.

Algorithm 3.1

To begin all pairs of elements of X are compatible.
For each pair of rows Fi, Fj in F:

1. if F ) ignore this pair,

i(n+1l) = Fy(n+1
2. find Yi the subset of Y defined by Fi and
Yj the subset of Y defined by Fj;
3. if Yi n Yj = ¢ ignore this pair;
4, find Xi the subset of X defined by Fi and
Xj the subset of X defined by Fj;
5. record that each element in Xi is incom-
S patible with each element in Xj and go to
the next pair.
This algorithm is simply an iterative application
of the definition of compatibility. Examining all
pairs ensures that all ey, e,

J

are compared. Step 1 avoids comparing two e ej

when f[ei] = f[ej]. Consider the rows Fi, Fj and assume

e E such that f[éi] # f[ej]

Fi(n+l) = Fj(n+l)' If Y. o0 Yj # ¢ then there is a

Y ¢ Yi such that vy ¢ Yj and hence by definition each

X _ e X, is incompatible with each x ¢ X. since (x Y
p i P q j (xpr ¥y
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(xq, y) € E and f[xp, v] = f[xq, vi. If Yi n Yj = ¢
we proceed to the next pair since no assignment
specified by Fi has a common y part with any assign-
ment gpecified by Fj' This process identifies incom-
patible pairs of elements of X. All other pairs are
by definition compatible.

Consider the function defined by

ag a, a a, £
1- 0 0 0 1 0
2- 0 1 0 0 0
3- 1 01 0 1 0
4- 1 01 1 01 1
5- 1 01 0 0 1
6- 0 0l 1 01 1
7= 0 0 0 0 1
8- 0 1 01 1 1

Let A, = {al, az} and AU = {a3, a4}. The application
of algorithm 3.1 is traced in table 3.3. To simplify
this table pairs of rows agreeing in the value assigned
to £ have been omitted. The compatible and incompatible
pairs of elements of X are

00 # 01 ‘ 00 ~ 10

01 # 10 00 ~ 11

01 # 11 10 ~ 11



57

TABLE 3.3

| Yi Yj nYJ 'Xi' Xj RESULT

4 {01} {10,111} ¢ ignore this pair
5 {01} {00} ) ignore this pair
6 {01} {10,111} ¢ ignore this pair
7 {01} {00} ) ignore this pair
8 {01} {o00,01} {01} {00} {01} 00 # 01

4 {00} {10,11} ¢ ignore this pair
5 {00} {00} {00} {01}  {10,11} 01 # 10, 01 #-11
6 {00} {10,111} ¢ | ignore this pair
7 {00} {oo0} {00} {01} {00} 00 # 01

g {00} {01,11} ¢ ignore this pair
4 {01} {00} ) ignore this pair
5 {01} {00} 0 ignore this pair
6 {01} {10,111} ¢ ignore this pair
7 {01} {00} ) ignore this pair
8 {ol} {oi,11} <{o1} {10,11} {01} 01 #°'10, 01 + 11

For all other i,j

both rows.

pairs, f assumes the same value for
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This algorithm is straightforward but rather
tedious for hand execution. However, because of the
efficient representation of the matrix of sets as a
matrix of bit strings the algorithm can be implemented
very efficiently on the computer.

Once the compatible and incompatible elements of
X are known, the partition and value k described in
corollary 2.5.1 must be found.

If £ is a total function, compatibility is
transitive and partitions X into equivalence classes.

In this case the answer is immediate. In general, f may
be partial, compatibility is no longer transitive and
the problem is much more difficult. There is no
efficient method for determining if a function is total.
The general method must be applied in all cases.

Roth and Karp [ 592 ] have described a method for
determining a minimal paritition of X when f is two-
valued. This method is analogous to a state minimization
technique due to Miller [41]. The algorithm depends
solely on the compatibility relation and not on the
fact that f is two-valued. It is thus applicable to
many-valued functions.

A maximal compatible subset of X is one such that

each pair of elements in the subset is compatible, and
no element can be added without violating this property.
Roth and Karp's algorithm determines a minimal number

of these sets whose union is X. This minimal number
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is the value k in corollary 2.5.1. The required
partition of X is found by removing common elements
from all but one of the chosen maximal compatible
subsets.

Roth and Karp's algorithm is not considered in
detail since we shall show there are other problems
which make this approach to identifying decompositions

of many-valued functions impossible.

4. THE CHOICE OF o

o must be chosen so that it satisfies theorem 2.5
i.e. if o maps two elements into the same image they
must be compatible. A straightforward method of
identifying a valid o is to determine a partition of X
using Roth and Karp's algorithm and to then assign
each set in this partition an element in the range of a.
o is defined so that the elements in each set of the
partition are all mapped into the image element
associated with that set. This o satisfies theorem 2.5
since the elements mapped into a common element are
mutually compatible. An o chosen in this manner has a
minimal range.

The drawback to this approach is the number of
choices. There are often several minimal partitions
of X and for each partition there are many possible a.
o represents a t-tuple of functions {al, Cor vunes at}
where each 0, assumes no more values than £. If f is

r-valued, the minimum value of t so that theorem 2.5
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. t-1 t .
holds is r < k £ r~ where k is the number of sets
in the partition of X. For the minimum value of t

we term every o satisfyingtheorem 2.5 an assignment.

Theorem 3.1. Given maximal compatible subsets Ml’

M2, oo oy Mk whose union is X, the number of assign-
ments of ¢ when £ is r-valued is
t rt
(r)! | . n(j)
£l =k (rF-9)1
t-1 t . .
where r < k £ r and n(j) is the number of ways of

partitioning X into j nonempty sets, each being a sub-
set of some Mi'

Proof. Given a partition of X into j nonempty sets
satisfying the above condition, the number of assign-
ments such that two elements of X yield the same value
for a if, and only if, they are in the same set of

the partition is

(r%1
t1(r =) 1

i.e. (rt)! the number of ways of assigning each set
t_. 1
(r—3)!
in the partition a unique element in the range of «,

o, }

Gor weer O

divided by t! since any two orderings of {ul,

are distingquishable.

The total number of assignments is found by

sumnming (rt)! over all possible partitions of

t .
1 —5) 1
ti(r=j)! "

n(j). QED.
k '

which there are

e et

J
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This theorem is a generalization of a result due

to Karp [ 29 ] who considered the case of r=2. The
k

value of n(j) is given by z( I S(ni, mi)) where S(n, m)
i-1

denotes the Stirling numbers of the second kind [ 617,

ni is the number of elements in Mi’ and the summation
has a term for each k-tuple of positive integers
ce, M

(ml, m such that m. + m, + My + ...tm = J.

27 k) 1 2 k
To appreciate the size of the problem consider the
following example given by Curtis [10]. £ is two-

valued and the sets Mi are

Ml = {0001, 1000, 1001, 1101}, M2 = {1010, 1100},
M3 = {0111, 1011, 1110, 1111}, M4 = {0000, 0011, 0110},
M5 = {0010, 0100}, M6 = {0101}.

Here r = 2, k =6, t = 3, n(6) = 1, n(7) = 19, n(8) = 139.
The number of possible assignments is 1,065,120. This
value becomes exponentially larger as r. increases i.e.
if £ is many-valued function.

Of the possible assignments, the most interesting
are those where the range of o is minimal. This value
is given by

(rt)! n(k)
£l (rf-k) 1

where k is the number of sets in the partition. For
the example above there are

(23)1 n(e)

= 672
31(2°-6) 1

minimal assignments. This is more reasonable than
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the total number of assignments but is still quite
large.

In many instances, the minimum set of mutually
compatible elements whose union is X is not unique.
This of course compounds the problem by increasing the
number of possible assignments.

In the practical design problem we wish to choose
o so that «

o ceer O have as simple hardware

17 —2f
realizations as possible. Some subset of the possible
assignments can then be considered 'best' assignments
since they have minimal hardware cost. An algorithm

for choosing a 'best' assignment would be extremely
valuable.

Choosing a 'best' assignment is a form of local
optimization. It does not ensure that the overall
circuit will be minimal but should lead in this
direction. The large number of possible assignments
makes it impossible to search all possible decom-
position sequences. Karp [ 29 ] has studied the choice
of a 'best' assignment for the case where f is two-
valued. To the author's knowledge this is the only
study of this area.

Karp states that the problem of choosing an assign-
ment to minimize the costs of realizing ul, az, e eur ut
and g appears to be far too difficult to solve completely.
The above discussion certainly supports this view. As

a partial solution Karp considers a procedure which
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tends to reduce this cost by choosing the oy in so
far as possible from various classes of relatively
simple functions. The classes considered include
functions which are independent of certain of their
arguments, functions possessing certain simple decom-
positions, symmetric functions, unate functions and
threshold functions. The process involves two steps:
the determination of assignable functions belonging
to these classes and the selection of assignments
using these functions.

Karp's paper [29] is divided into two sections:
a discussion of the theory of decomposition and a
discussion of the application of this theory to cir-
cuit synthesis. The first section is quite general
and considers both partial and many-valued functions.
The second section which includes the results on the
assignment of the Oy is restricted to total two-valued
functions.

The partitioning of X into sets of mutually
compatible elements is fundamental to Karp's assign-
ment results. When the function being considered is
total, this partitioning is trivial since the compat-
ibility relation partitions X into equivalence classes.
In this case, a minimal number of mutually compatible
subsets of X whose union is X must be found. This
minimal partitioning is seldom unigue. The amount of

computation is greatly compounded since not only must
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all the minimal partitions be determined but the
assignments derived from each must be examined.

Karp indicates a .direction for the extension of his
results to partial two-valued functions but does not
pursue the area in any detail.

Karp does not consider the assignment of the oy
for many-valued functions. When the function being
considered is total this extension should not be
difficult. vThe range of each o, is of course larger
and this increases the computation by increasing the
number of possibilities. The analysis of each poss-
ibility should remain essentially the same. The domain
of the oy presents no problem since these are treated
as elements of the set X independent of the base of
the function.

The extension of Karp's assignment results to
partial or many-valued functions will not be attempted
in this thesis. These extensions are important to
developing the understanding of the composition of
switching functions and are in that context important
areas of research. The objective of this thesis is,
however, to develop efficient synthesis techniques
which as we mentioned earlier must be applicable to
partial functions. It is this author's opinion that
the computation resulting from extending Karp's results
to partial functions would be prohibitive in practice.

This belief is based on the fact that the determination
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of the minimal partitions of X for a partial function

is known to be an extremely complex problem which

grows exponentially with the size of X. Computationally
equivalent problems have been pursued at great length

in the literature with little success in terms of an
efficient algorithm. Two examples are prime implicant
selection and the determination of the cligues of a
graph.

Other approaches to decomposition are possible.
For example, in some applications it may be reasonable
to choose the oy from a specific set of functions,
assume a decomposition exists and then proceed to
construct the image of this decompositicn until either
the image is completely defined or until a contradic-
tion is found in which case the decomposition does not
in fact exist. Such an approach might be taken if the
designer were interested in whether or not a function
can be realized using certain primitives such as
threshold gates.

If the function to be realized is itself in a par-
ticularly tractable class of functions such as linear
or symmetric functions, the decomposition problem
may be simpler. Shannon [ 65 ] has considered the case
where the function to be realized is symmetric and
two-valued. Mukhopadhyay [ 85 ] has presented an exten-
sion of Shannon's results to three-valued symmetric

functions. In these cases an analytical solution is
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arrived at quite easily. These solutions are a reali-
zation of the function by a circuit with a predefined
form. It is not clear to what degree these solutions
are optimal.

In the discussion below, an alternative approach
is taken. The emphasis is on developing an efficient
synthesis technique applicable to both partial and many-
valued functions. The comparison of this approach to
those outlined above is beyond the scope of this thesis.

It should however be pursued in future research.

5. TWO-PLACE DECOMPOSITION

When a general problem is unsolvable it is often
rewarding to examine special cases of the problem.
For the decomposition of many-valued functions we shall
consider expressions of the form (1) where s=2 and
l<t=<2. These are termed two-place decompositions
since ay and a, are at most two-place functions. This
is the simplest nontrivial subclass of the decom-
positions in (1). Efficient algorithms for identify-
ing two-place decompositions and for assigning oy
and o, will be developed.

The two-place decomposition of two-valued functions
has been considered by Barnard and Holman [ 3 ] and
by Muzio and the author [ 36 1, [ 391, [ 40 J. This
case 1s considered in detail in the next chapter where

very simple and efficient computer oriented methods

are developed. Muzio and the author [ 38 J, [ 45 ] have
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considered the two-place decomposition of three-
valued functions. The techniques described below are
a continuation of these results.

o1 ceed an).

A two-place decomposition is an expression of the form

Consider an r-valued function f(al, a

f(alr a2l o oy an) = g(al(ai' aj)l OLz(aiI aj)l al’ a2l ° o

cr @5 g0 By eeey ay_ aj+l’ ceey an) (3)

where al and uz assume no more values than f£. The

decomposition is nontrivial if g is defined for fewer

input conditions than f. An equivalent condition is
that the mapping o denoting the 2-tuple (ul, az)
must have a range smaller than its domain.

A many-valued function f(al, Bor eeer an) is

degenerate if there exists a function g such that

f(al, a a_) = g(bl, bor weey bm) (4)

or reer @y
where bk € {al, Agr ey an}, 1 <k <mandm< n.
The degree of £, denoted 6(f), is the smallest m such
that (4) holds. If 8(f) = 0, f is a constant.

If £ is nondegenerate there are four types of
nontrivial two-place decompositions according to the
degrees of o, and o.,. Since the labelling of the inputs

1 2

of g is arbitrary we choose oy and &, SO that

6(&1) < 6(@2). The four types of decomposition are as

follows:
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TYPE § (0p) 6 (a,)
I 0 2
II 1 1
III 1 2
IV 2 2

For a given f(al, ayr o

there are often a number of nontrivial decompositions

., a and a., a. pair
7 n) ll ] p

of varying types. We shall develop techniques for
determining each of these decompositions. The
problem of choosing which of these decompositions is
of most practical use will be considered later.

The methods to be developed are based on graph
theory. Harary [20 ] has described graph theory as a
mathematical model for any system containing a binary
relation. 1In our problem the binary relation is
incompatibility. A few definitions are required to
define the model.

A graph G consists of a finite nonempty set N(G)
of p nodes together with a finite set L(G) of unordered
pairs of distinct nodes of G. Each pair & = {nl, n2}
of nodes in L(G) is a line of G, and % is said to
join n, and n We write 2 = nin, and say that ny and

1 2°

n, are adjacent; node ny and line £ are termed incident

as are n, and £. If two distinct lines are incident with

a common node they are adjacent lines. A graph is

usually represented by a diagram such as the one below.
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FIGURE 3.1

Here G has five nodes and seven lines. Nodes nl and

n, are adjacent; nodes nq and n, are not. The line %l
joins n, and n, so &l and n, and Zl and n, are incident.
21 and %2 are adjacent lines since they are incident
with nj.

Suppose for a given r-valued function
f(al, Bor eeey an) and aiaj pair the compatible and
incompatible pairs of X have been determined (recall
that X is the set of input configurations assumed by
{ai, aj}). These relations can be represented by a
graph G where N(G) has a unique node for each element
of X. The nodes are distinquished by labeling each of

them with a unique %, € X. The set L(G) is such that a

k
pair of nodes are adjacent if, and only if, these
labels, Xor Xpys are incompatible. For example given

X = {00,01,02,10,11,12,20,21,22} and the incompati-

bilities
00 # 01 02 # 12 11 # 22
00 # 12 10 # 20 20 # 21
01 »# 11 10 # 22 21 # 22

with all other pairs of X being compatible, the

corresponding graph is given by figure 3.2.
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FIGURE 3.2

Graphs constructed in this manner are termed incom-

patibility graphs.

A colouring of a graph is an assignment of colours
to the nodes so that no two adjacent nodes have the

same colour. An n-colouring of a graph uses n colours.

We shall write X(G) to denote the minimum value of n
such that G has an n-colouring. ¥ (G) is the chromatic
number of G.

Graph colouring has been extensively studied and
several algorithms for colouring graphs have been
presented. This work is of interest in the study of
two-place decomposition since the following results show
the connection between al, o, and colourings of incom-
patibility graphs.

Given a nondegenerate r-valued function
f(al, Bor s an) and an aiaj pair, let G be the incom-
patibility graph representing the incompatible elements
of X. p is the number of nodes in G i.e. the number of
elements in X. ©Note X(G) =< p.

Theorem 3.2. There exists a nontrivial two-place

decomposition



71

f(al, Bor eees an) = g(al(ai, aj), az(ai, aj), azr ---

a

ceer By gy Agaqr eeey 5-17 aj+l’ oo ey an)

if, and only if, x(G) < p.
Proof. Suppose X(G) < p. Consider a X(G) - colouring

of G and let c 0 < t < %x(G), denote the colours used.

tl
Define o so that for all Xy e X, a[xt] = s where for

the colouring being considered the node labeled X,
is coloured Cg- Since no adjacent nodes have the same
colour, a[xt] = a[xs] => Xt ~ Xs and by theorem 2.5

a decomposition exists. The decomposition is nontrivial
since the range of o is smaller than its domain.

Suppose x(G) = p. It follows that each pair of
nodes of G are adjacent and thus X, #* Xy for all Xy
Xy € X. By theorem 2.5 a decomposition exists if, and
only if, X, # X, => a[xt] # u[xs] hence o has p
elements in its range and if X(G) = p the corresponding
decompositions are trivial. QED.

The above theorem provides a necessary and sufficient
condition for the existence of a nontrivial two-place

decomposition. Given that such a decomposition exists

the following results provide conditions on its type.

6. TYPE I DECOMPOSITION

Theorem 3.3. There exists a nontrivial type I decom-

position if, and only if, x(G) < r, %(G) < p.
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Proof. Suppose ¥(G) < r and ¥(G) < p. By theorem 3.1
a nontrivial two-place decomposition exists. To show
the decomposition is type I consider a x(G) - colouring

of G and let c 0 < t < x(G), denote the colours.

tl
Define o, = 0 and for each X, € X, define uz[xt] = g

where the node labeled Xt e G is coloured cS in the

colouring being considered. 0, assumes no more than

r values since ¥ (G) < r hence the decomposition is
type T.

Suppose a nontrivial type I decomposition
exists. It follows from theorem 3.2 that x(G) < p.
Suppose o, assumes k values. By definition k < r.

2

Choose k colours c¢ 0 <t < k. For each x, ¢ X,

t’ t
colour the node labeled Xt the colour cS where az[xt] = s.
This defines a k-colouring of G since az[xt] = az[xz] =>

X, o~ Xy and the nodes labeled Xy and x, are not adjacent

in G. Since k < r, x(G) < r. QED.

7. TYPE IT DECOMPOSITIONS

The only two-valued one-place functions are the
constants, the variable and the inverse of the wvariable.
If £ is a nondegenerate two-valued function, there are
thus no nontrivial type II decompositions. However,
for more than two values there are many interesting one-
place functions. There are - r - (r!) r-valued one-place

functions whose ranges are smaller than their domains.
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For r = 3 there are 18; for r = 4 there are 228.

These are the functions to be considered in type II

decompositions. To the author's knowledge no study of
_____ decompositions involving one-place functions has
appeared in the literature.

Since f is nondegenerate, oq and o, must be
functions of different variables. A type II two-place
decomposition is an expression of the form

f(al, Bor eeer an) = g(al(ai), uz(aj), ajr dyr e

ceer By g Byqr ey aj—l’ aj+l’ ..oy an) .
There are two classes of type II decomposition. The

first is when ul(ai) = a.

5 and az(aj) is a one-place

function which is not a constant or permutation

function. A permutation function is one which simply

relabels the input value. For example, the six three-

valued permutation functions are given in the following

table -
X Pl P2 P3 1?4 P5 P6
0 0 0 1 1 2 2
1 1 2 0 2 4] 1
2 2 1 2 0 1 0

The second class of type II decomposition is when both
oq and a, are nonconstant nonpermutation functions.
The class of type II decompositions with

al(ai) = a, are expressions of the form
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f(al, COVERERY an) = g(uz(aj), ayr Ayr e
ooy aj—l' aj+l’ .oy an) .

They are thus simple disjunctive decompositions where
the set X simply consists of the values assumed by aj
in the definition of £. A variation of algorithm 3.1
could be used to find the compatible and incompatible
pairs of X. An incompatibility graph é could be con-
structed and coloured and a, determined in a manner
similar to that used in the proof of theorem 3.2. This
process can be simplified by constructing é from G as
follows.

let N(é) have one node for each value assumed
by a aj in the definition of £ and label each node
uniquely from these values. Let L(e) be such that 31,
32 > N(e) are adjacent if, and only if, there is an
2 e L(G), & = nan, such that n, and n, are labeled X

and X where X and X agree in the coordinate corres-

A
ponding to a;. n is labeled by the coordinate of N,y

1

A
corresponding to aj and n, is labeled by the coordinate

of n

4 corresponding to aj.

For example suppose G is given by figure 3.3.

22,

FIGURE 3.3
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a; corresponds to the first coordinate of these labels.
Thus 00 and 01 agree in the coordinate corresponding to
a, . 00 and 10 do not. N(é) consists of three nodes
labeled 0, 1 and 2. Constructing L(é) requires each
pair of these nodes be examined in turn.

The nodes labeled 0 and 1 are adjacent in G since
the nodes labeled 20 and 21 in G are adjacent. The
nodes labeled 1 and 2 in é are adjacent since the nodes
labeled 01 and 02 in G are adjacent. The nodes
labeled 0 and 2 in é are not adjacent since 00 is not
adjacent to 02 in G, 10 is not adjacent to 12 in G
and 20 is not adjacent to 22 in G. é is thus given by

figure 3.4. 1

FIGURE 3.4

A .
Let X be the values assumed by aj in the definition
A
of £ and let Y be the assignments assumed by
{al, COVI aj—l’ aj+l' ceoy aﬁ}ln the definition of
f. Recall that X is the set of assignments assumed by
{ai, aj} in the definition of f, while Y is the set of
assignments assumed by {al, Bor wesr @i_qr @iiqr eees
aj—l’ aj+l' ey an} in the definition of f. The
A

following theorem shows G as constructed above is the

A
incompatibility graph for X.
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A A A A
Theorem 3.4. Given G as described above, XS # Xt’ X

14

S

A

A A
X, € ﬁ, if, and only if, the nodes labeled Xg and x

t t

A
are adjacent in G.

A A
Proof. Suppose the nodes labeled X and x, are adjacent

t

A
in G. By construction, there are nodes labeled

A A
X (g, XS) and x (g, xt) which are adjacent in G,

k [
hence X # X and there is some y € Y such that

f[xk, vyl = f[xz, yvl. It follows that f[(qg, xs), vl #
f[(qr Xt)r Y] =>XS 76 Xt.

A A A A
Suppose X # Xy- There is thus some y € Y such

that f[gs’ §] 7 f[gt, §]. Let g denote the value in

§ corresponding to a, - § may be written as (q, V).,

v € Y and thus f[gs,(q, y)] = f[gt,(q, v) 1. Rewriting
we hgve £l (g, QS), vyl = £[(qg, gt)’ v]. It follows that

A A
the nodes labeled (g, x2) and (g, Xt) are adjacent in

A A
G and by construction the nodes labeled Xgr X, are

A
adjacent in G. QED.

A A
Let p be the number of nodes in G.

Theorem 3.5. There exists a nontrivial type II decom-

position of the form
f(al, Bor eeey an) = g(uz(aj), ays 8yr ene

ner 8490 B4y cees an) (5)

A
if, and only if, x(G) < p.
A A A
Proof. Suppose X(G) < p. Consider a X(G) colouring

A A
of G and let c 0 £ t < x¥(G) denote the colours. For

tl
A A A .
each X, € X define az[xt] = s where for the colouring

A
being considered the node labeled Xy is coloured Cq



77

Since no two adjacent nodes have the same colour and

since two nodes are adjacent if, and only if, there
A A

A A
labels are incompatible, az[xs] = az[xt] => X, ~ X

and by theorem 2.5 the decomposition exists. The
e decomposition is nontrivial since.the range of a,
is smaller than its domain as X(é) < p.
Suppose a decomposition of the form (5) exists

and suppose 0., assumes k values. Clearly k < p.

2

0 < t < k. For each x, ¢ X

Choose k colours c e

e t’
R colour the corresponding node of G g where az[gt] = s.
A A

=> ~
t] Xs Eer

A
labeled with compatible elemerits of X are not adjacent,

A A
Since az[xs] = az[x and since nodes
. . A K]

the above process defines a k-colouring of G and since

A A A
k < p, x(G) < p. QED.

The class of type II decompositions where both oq
and o, are nonconstant, nonpermutation functions are

expressions of the form

f(all a2l oo oy al’l) = g(@l(al), Ol'z(aj)r alr a21

ceer By_qr @iy eees aj—l' aj+l’ ceeroay

This is a special case of the multiple disjunctive
decompositions considered in chapter 2. Recall that
when f is total multiple disjunctive decompositions

can be constructed by examining the simple disjunctive
decompositions but when f is partial, this construction
breaks down. The following example shows this is true
even for the simple case where oq and a, are one-place

functions.
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Consider the function f(al, a2) given by

)
f 0 1 2
0 0 - 1
al 1 - 1 1
2 1 1 0

There exist decompositons

flay, a,) =g (a;(ay), a,)
and f(a;, a,) = g,(0,(a,), a;)
where oy and o, are given by

a o a a

1 | 2 2
0 0 0 0
1 0 1 0
2 1 2 1

There is, however, no g3 such that
£(23, ay) = gylay(a;), ay(a,))
since £(0,0) = £(1,1) but al(O) = al(l) and az(O) = a2(l).
Multiple-disjunctive type II decompositions can
not be determined directly from f but they can often be
identified as a sequence of two simple type II decom~

positions.

8. TYPE ITI DECOMPOSITIONS

Type IIT decompositions are expressions of the

form

f(alr a21 e ey an) = g(ul(ai), u2(ail aj)l all azl ..

ooy ai—l’ ai+l’ e say aj—l’ aj+l’ ey an) .

There are two classes of type III decomposition
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according as o, is a permutation function or not.

1
When oy is a permutation function, it is always
possible to choose ul(ai) = a, since any other choice

simply relabels the input assignments to g. This

results in a decomposition of the form
f(al, Bor eeey an) = g(a2(ai, aj), ayr Ayr ---

ooy aj—l’ aj+l’ « ooy an)

i which is a simple nondisjunctive decomposition.

Theorem 3.6. A type IIT decomposition with o ai) = a.

l( i

is nontrivial if, and only if, there exists some

Xs ~ Xt’ xS £ X, such that Xs and X, agree in the

coordinate corresponding to a, .
Proof. Suppose a nontrivial type III decomposition

exists with al(ai) =a;, o ig defined by the 2-tuple

(ai, az(ai, aj)). Since the decomposition is nontrivial

a has a smaller range than its domain and there is

some X x, € X such that a[xk] = a[xg]. Clearly, x

k" 7% k
and X, agree in the coordinate corresponding to a; and
X~ X
Suppose Xy~ Xy where Xy and X, agree in the coordinate

corresponding to a, - For all X, € X, k = t, assign

o xk] the value of the coordinate of X corresponding

2[

to aj. Assign az[xt] the value of the coordinate of x

S
corresponding to aj. Now O = (ai, az(ai, aj)). By
construction alx = olx => x ~ x_ and hence b

[ p] [ q] D q y
theorem 2.5 the decomposition exists. Since a[xs] =

a[xt] the range of o is smaller than its domain and
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the decomposition is nontrivial. QED.

The above result is a condition for a type IIT
decomposition with al(ai) = ay to be nontrivial. We
now describe a process for determining Oy e

Construct a graph G as follows. N(a) = N(G).
L(a) = L(G) n I where I consists of all unordered
€ N(é) such that n, and n agree

2 1 2

in the coordinate corresponding to a, - For example, if

pairs of nodes nq,n

G is given by figure 3.5 and a. corresponds to the first
coordinate of the labels of G, G is given by figure 3.6.
21

20

00

722 v 01
FIGURE 3.5 20 02
10
12e
11

FIGURE 3.6

12

Consider a X(E) colouring of G and let c 0 < t < X(a),

tl
denote the colours. For each xt € X, define uz[xt] = g

where in the colouring being considered Xy is coloured Cq

Theorem 3.7. Given o, constructed as above there exists

a decomposition
f(al, Bor ey an) = g(uz(ai,aj), ayr@nr e

.y aj—l’ aj+l' e ooy an)
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Proof. o is defined by the 2-tuple (ai, uz(ai, aj)).

X r X € X. If X and X, disagree

in the coordinate corresponding to a a[xs] # u[xt].

Consider X # X1

If Xy and X, agree in the coordinate corresponding to

as s the nodes labeled Xy and x, are adjacent in G.
This follows since X # X implies the nodes labeled
X and X, are adjacent in G and since X and X, agree
in the coordinate corresponding to a the adjacency
is carried through to G. Since the nodes labeled Xy
and x, are adjacent in G, they must have different

colours, hence az[xs] z a2[xt]. Since X # X, =>
a[xS] # a[xt] by theorem 2.5 the decomposition
exists. QED.

The second class of type IIT decompositions is
when al(ai) is a nonconstant, nonpermutation function.
In considering the identification of decompositions

from this class the guestion is whether the existence

of the decompositions

f(al, Bor eeey an) = gl(ul(ai), ayr 8y
ceer Bi_ gy Biqr ey an)
and f(al, Agr eens an) = gz(az(ai, aj), ayr Ay
e eey aj—l’ aj+l’ ee ey an)
implies the existence of a decomposition
f(al, COVERERY an) = g3(ul(ai), aZ(ai, aj), ayr 85y e
seer By g7 Biqr eeey aj—l’ aj+l' . an) .

The following example disproves this notion.
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Consider the function f(al, a a3) given by

o
81%1

00 01 02 10 11 12 20 21 22

ol o 0 0 0 0 0 1 2 1

a; 1| 2 1 2 1 1 1 2 0 2

2| 2 1 2 1 1 1 1 0 1

Examining this partition matrix results in the follow-

ing incompatibility graph G.

FIGURE 3.7

The nodes labeled 900, 01, 20 and 21 are mutually
adjacent and ¥ (G) = 4. There is thus no nontrivial

type I decomposition of £ for the partition a a,a..

3 | 172

Consider a type II decomposition with al(a = a

l) 1’

Constructing & as described above we find & is given by

figure 3.8.

g 2

FIGURE 3.8
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To see this note that the nodes labeled 00 and 01 are
adjacent in G and the nodes labeled 01 and 02 are
adjacent in G. However each pair labeled 00, 02;
10, 12; 20, 22 are not adjacent. It follows there is a
decomposition

£layr ayr a3) = gy(a(ay), ag, agy)

where o, is given by the table

2
a2 oy (ay)
0 0
1 1
2 0
When al(az) = a,. & is given by figure 3.9,
0
1 2 FIGURE 3.9

and there is no nontrivial decomposition of the form
flaj, a5, agz) = gle,(ag), a,, aj).

Now 01 ~ 11 hence there is a nontrivial type III

decomposition with al(az) = a,. Constructing G

described above we find G is given by figure 3.10.

22

FIGURE 3.10

11



x(&) > 3 since the nodes labeled 00, 10 and 20 are
mutually adjacent. One possible three-colouring is
given by the sets {00,01,11,22}, {02,110}, {12,20,21}
where two nodes have the same colour if, and only if,
their labels are in the same set. This colouring
results in a decomposition of the form

flag, ayr az) = 9,(05(85, 35), aj)

where one possible choice for o, is given below.

2
)
az 0 1 2
0 0 0 1
al 1 1 0 2
2 2 2 0

We have two decompositions
f(ayr ayr a3) = gy(ay(ay), aq, aj)
and f(a;, a,, a3) = g,(a,(ay, a5), a,)
However, there is no 953 such that
£lag, ay, a3) = g5 (0, (ay, ay) s al(az), aj)
To see this, note that £(0,0,0) = £(2,2,0). However,
al(O) = al(2) and a2(0,0) = a2(2,2) and there is no

way to assign 93 consistently.

9. TYPE IV DECOMPOSITIONS

Type IV decompositions are the case where both
o4 and 0, are true two-place functions. This is the
most complex form of two-place decomposition. Thus

for a given f(a a

ll

L AEREY an) and pair of variables a;

84
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and aj a type IV decomposition is assigned only whenv

no simpler type of decomposition is possible.

Theorem 3.2 is a condition for the existence of a non-
trivial two-place decomposition. If no type I, type IT
or type III decomposition can be assigned then a type IV
decomposition is identified as follows.

Consider a many-valued function f(al, Bor eeer an)
and pair of variables a. and aj. Suppose a nontrivial
two-place decomposition exists which is not type I, II
or ITII. Construct o in the same manner as a, was
constructed in the proof of theorem 3.2. This o has
the smallest possible range since it is determined from
a minimal colouring of the incompatibility graph. Each
element in the range of o is an integer k, 0 < k < r2.
For each X, € X, write a[xs] as a two digit base r
number and assign al[xs] the value of the first digit
and az[xz] the value of the second digit.

For example, suppose f is three-valued,

X = {00,01,10,11,12,20,22} and o is such that

a[00] = a[l1l] =0
al0l] = of22] =1
all0] = 2
a[l2] = al20] = 3
0 as a two digit base three number is 00. 1 is 01.

2 is 02. 3 is 10. Since al00] = ofll] 0,

al[OO] = al[ll] = 0 and aZ[OO] = az[ll] 0. Since

a[01] = af22] = l,al[Ol] = al[22] = 0 and uz[Ol] =
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a2[22]

1. Similarly we find ul[IO] =0, az[lO] = 0,

ul[12] = al[20] =1, a2[12] = u2[20] = 0.

10. A GRAPH COLOURING ALGORITHM

The above results establish tests for the existence
of a number of forms of two-place decompositions of a
many-valued function. Once it is known that a certain
form of decomposition exists Ayr Qoo and g must be
defined. Both the existence tests and the subsequent
definition of £he functions depend on the colouring of
graphs. Several authors [61, [ 8 1, [341, [ 81 1 have
considered this problem. The algorithms presented by
these authors are costly in terms of both storage and
execution time. The algorithm below, presented by the
author in [ 37]( is more economical in both these areas.

A path is an alternating sequence of nodes and
lines beginning and ending with a node, in which each
line is incident with the nodes immediately preceeding
and following it, and in which all the nodes are
distinct. A tree is a graph with exactly one path
between each pair of nodes. One node will be distin-
guished as the root of the tree. The leaves of the tree
are all nodes excluding the root which are incident
with one line. Following normal mathematical con-
vention, trees will be drawn with the root at the top

and the leaves at the bottom, e.g. the tree below.
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g YOOt

& @ leaves
leaves FPIGURE 3.11

The unique colourings of a graph up to renaming
of the colours can be represented by a labeled tree.

A labeled tree is one whose nodes are distingquished

by attaching a unique label to each node. A tree
representing the colourings of a graph is termed a

colouring tree.

Consider a graph G with p nodes Dgr Dyr oeeey np—l'
Let Cyr Cqpr ey Cp—l denote p unique colours. Suppose
the nodes Ngs Dys eoeyr Dy g9 t < p, have been coloured
using co, cl, seer Cyp_qv % < t. The node nt can be
coloured Cpr 0 <k < -1, if, and only if, there is no
N 0 <m < t-1, such that n. and n, are adjacent and
no is coloured Cy - In addition, n, can be coloured a

new colour c Since we are only concerned with

0
colourings up to renaming of the colours, this exhausts

all choices of colours for n, for the given colouring

of n n Beginning by assigning n, the

L0 oeeer D g
and then applying the above result repeatedly,

OI
colour S
a colouring tree can be constructed. The process is
best described by working an example.

Consider the graph G given by figure 3.12.



n n
e 0 1
n3 n2

FIGURE 3.12

The root of the colouring tree is given in figure 3.13,

e(no, co) FIGURE 3.13

where the label (no, co) indicates the node n, in
G 1s to be coloured co. For the vertex n, there are
two choices. Either n, can be coloured =h since it is

not adjacent to n, or it can be coloured a new colour

Cq- These choices are represented by the tree below.
(ny,cq)

(ny,¢q) " FIGURE 3.14

Each path from the root to a leaf in this tree

represents a colouring of the nodes n n. of G.

0" 71

Consider the left path. Since nqy is coloured Cq

the only choice is to colour n, a new colour cy- This

gives the following tree.

(nOICO)

(nl,CO) (nl,cl)

(nz,cl) FIGURE 3.15

88
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When n, is coloured ¢, and n., is coloured Cqv

0 0 1
n, may be coloured = but not c;+ D, can also be
coloured a new colour 02. Thus we have the tree:

(n ,co)

0
(nl,cl)

(n

170’ FIGURE 3.16

(nz,cl) (nz,co) (nz,cz)

In this tree there are three paths from the root
to a leaf representing three unique colouring of the
+ n., n, of G. Applying the above techniques
0 1 2

to n, the complete colouring tree, figure 3.17,is

nodes n

found.

Each path from the root to a leaf in this tree
represents a colouring of G. It is easily verified
that every unique colouring of G up to renaming of the
colours is represented. The darker paths represent
minimal colourings and indicate X(G) = 2. ©Note that
in constructing a colouring tree the lines down from a
node lead to nodes assigning colours in ascending
order from left to right.

In the above example, the leftmost path represents
a minimal colouring. This is the case for many
graphs but is not always true. Consider the graph G

given by figure 3.18.



FIGURE 3.17

90
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FIGURE 3.18

If the colouring tree is constructed, the leftmost path

is found to be as shown in figure 3.19.
root leaf

@ o

2. 2. S 2
(no,co) (nl,co) (nz,cl) (n3,cl) (n4,02) (n5,02)

FIGURE 3.19

This colouring uses three colours yet clearly x(G) = 2.

The chromatic number of a graph G can be determined
by examining the paths of the corresponding colouring
tree. The following rules examine the paths in a tree

from left to right:

i) start at the root and go down the leftmost
line;
ii) when coming down a line to a node which is not

a leaf, go down the leftmost line;
iii) when a leaf is reached, go back up the line
leading to that leaf;

iv) when coming up a line to a node, go down the
next line to the right or if there are no more
lines to the right, go up the line to the next
higher node;

v) stop after returning over the rightmost line
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leading from the root.

It is an easy matter to count the number of colours
assigned in each path. The minimum of these is y(G)

and the corresponding path defines a x(G) - colouring.

Two simple observations greatly reduce this search.

Suppose we have just reached a leaf on a path repre-
senting a colouring of G which uses k colours. We can
immediately go back up this path past the highest node

which assigns the colour c The reason for this is

k-1°
that any path containing this node represents a colour-
ing using k or more colours. Similarly, it is
unnecessary to visit any further nodes which assign a
colour Cor % =z k=1, since a path containing such a

node represents a colouring with k or more colours.

The graph G given by figure 3.20.

nq N3 FIGURE 3.20

has the colouring tree given in figure 3.21. The arrows
indicate the nodes visited in a reduced search. In
the reduced search, the last path from the root to a
leaf which is fully completed represents a minimal
colouring.

It is unnecessary to construct the colouring tree.
Instead, we need only keep track of the path from the

root to the node currently being visited. This path is
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uniquely defined by the colours currently assigned to

the nodes of G. The values YO’ Yl’ e eay Yp—l indicate
the current colouring of G. If Yy~ -1, m, is
uncoloured. If 0 < i < p-1, n. is coloured ch. wi

is one less fhan the number of colours currently used
to colour the vertices no, nl, ceer My g These

values are useful for retreating back up the path when
a colouring is found. If the colouring uses k colours,
we simply back up to the first wi such that wi < k.

At each point in the algorithm t indicates the vertex
of G currently being considered.

The sets C are termed colour sets.

0’ Cl’ .o

At each point is the execution of the algorithm, the

set Ci contains all nj such that nj is coloured cy -
The graph to be coloured is represented by the sets
AO’ Al, ooy Ap—l where Ai contains all nj such that
nj and n, are adjacent in G. The advantage of this
representation is that we can colour n, with cj if,
and only if, Ai n Cj = ¢. The representation of these
sets and the execution of this test are tasks quite
suitable to a computer.

Algorithm 3.2.

1. Yb < 0; wo < 0; t <« 1; CO <+ {no}; min < p
2. Yi <« -1, Ci < ¢, 1 i<p
3. find k the least integer such that Ye < k

wt—l + 1 and Ck n At = ¢
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4. if k 2 min go to 15
5. if Yt # =1 remove nt from Ct
6. Yt + k; add nt to Ck
7. wt <+ Max(ﬁt_l, k)
8. t <« t+1
9. if £t € p-1 go to 3
10. n, coloured ¢, 0 < i < p is a colouring of G
i
11. min < wp—l
12. t <« t-1
13. if £t = 0 stop
14. if wt < min -1 and 6t < min -2 and
dt < wt 1 9° to 3
15. remove n, from C6
t
16. 6t <~ 0
17. go to 12

For certain graphs this algorithm produces more than

one colouring. The last of these colourings is minimal.

11. ASSIGNMENT OF 0y AND o,

For a given many-valued function and a

. a. pair
i’ 3 P r

if a two-place decomposition exists it is not unigque.
There is often more than one type of decomposition

and for each of these types there are a number of
choices for oq and o, We would like to identify which
of these decompositions results in the least complexity

in the final switching circuit. This requires we

identify the decomposition involving the fewest
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arguments to g and the least amount of hardware. The
first criterion is straightforward. The second is much
more involved and is closely related to the way the
functions are to be realized in hardware.

Several many-valued hardware schemes have appeared
in the literature [ 151, [ 431, [ 80]. These schemes
employ various technologies to implement some set of
primitive operators. More complex functions are
reaiized using some number of these operators. The
two-place decomposition techniques can be used to
express a many-valued function as a composition of one
and two-place functions. We are thus concerned with
how primitive hardware devices can be used to realize
two place functions.

There are (rrz— r) true one or two-place r-valued
functions. It is impossible to keep a table of the
realizations for each of these functions. This implies
a realization must be determined each time a function
is used. If a minimal realization is sought this would
require a great deal of computing and would result in
a very hardware-dependant synthesis technique. An
alternative approach is to realize each funétion in
some predetefmined form.

For example, the condition disjunction due to
Church [ 7 ] can be generalized to r values to give a
function denoted

fa, b b

or Y17 °*°°7 r—l]
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whose value is bi when a = i, 0 £ 1 £ r-1. This
function can realize any one-place r-valued function by
applying the appropriate constants to the bi' A two-
place r-valued function can be realized as

f(al, a2) = [al, fO(aZ)’ fl(az), ooy fr—l(aZ)] (6)
where fi(aZ) is the value of f(al, a2) when a, = 1i.

1

This reduces the problem of realizing f(al, a to

,)
the problem of realizing the generalized condition
disjunction and the fi(aZ)' The realization of the
generalized condition disjunction is the same for all
r-valued functions. The fi(aZ) are one-place functions.
Certainly, for r = 3 or r = 4 and possibly for r = 5,

it would be reasonable to keep a table of realizations
of the one~place r-valued functions. A realization of
a two-place function could thus be determined fairly
easily.

Sobocinski [ 69 ] has taken the idea of a pre-
defined form further. A universal decision element is
one which can realize any one or two-place function
by an appropriate assignment to the arguments of the
element. Sobocigski considered the two-valued case
and restricted the allowed arguments to the constants
0, 1 and the variables of the function to be realized.

Loader [311, [32], Rose [57 ] and Muzio and
Miller [46 ], [47 ] have considered various many-
valued universal decision elements particularly the

three~valued case. For a number of these elements the
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allowed arguments include certain one-place functions
in addition to the constants and variables. For
example, Muzio and Miller [46 ] present a three-valued
universal decision element with seven arguments which
are allowed to be constants, variables or the Post
negations [52 ] of one of the variables.

The universal decision element has two major
advantages. First, each one or two-place function is
realized by the same hardware configuration except
possibly for operators on the inputs. This makes the
switching circuit easier to construct since the
designer can treat the universal elements as 'black
boxes' considering only their external connections.
This is much easier than constructing a unique
realization for each function.

The second advantage is that constructing the
switching circuit using universal decision elements
greatly reduces the complexity of a synthesis
algorithm based on decomposition. For a two-place
decomposition there are a number of choices for 04
and Oy If the switching circuit is realized using a
hardware scheme where a unique realization is to be
found for each function, the cost and the number of
connections may vary widely for the choices of oy
and s This would imply the choices should be examined

to determine a minimal or a nearly minimal choice.

If a universal element is used the cost and number
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of connections is the same for all choices except
possibly for operators on certain inputs. It is quite
reasonable to choose the functions arbitrarily. This
means that for each incompatibility graph only one
minimal colouring and a single assignment of aq and

0y derived from that colouring need be considered.

In a sequence of decompositions representing a
switching circuit the arguments of any one-place
nonpermutation functions must be arguments of the initial
function to be realized since arguments introduced by
decompositions i.e. the oy all have minimal ranges.
The one-place functions are all arguments to two-place
functions. If universal elements are used any one-
place functions are superfluous since they are easily
incorporated into the following two-place functions.
While this alters the two-place function the cost of
realizing it does not change. The overall circuit
is in fact simpler since the one-place function need
not be realized separately. When universal elements are
to be used decompositions involving one-place functions
other than the variable itself are ignored.

When one-place functions are ignored there are
three forms of two-place decomposition

f(al, Byr ae-y @ ) = g(az(ai, aj), ayr Ayr e.-

n

a_)

aj—l’ aj+l’ -

- a. “oe
RS T A I !

f(al, Bor ey an) = g(az(ai, aj), A1r Ay e

e ooy aj—l’ aj+l’ e eay an)
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f(al, Bor eeey an) = g(al(ai, aj), az(ai, aj), ayr ays-
ceer @5_qr Byaq7 eeey aj—l’ aj+l’ ooy an).

These are type I, type III and type IV decompositions
respectively. They are listed in order of perference. The
first employs a single true two-place function and n-1
arguments to g. The second employs a single true two-place
function and n arguments to g. The third employs two true
two-place functions and n arguments to g. Conditions for
the existence of each of these decompositions are given
by theorems 3.2, 3.6 and 3.1 respectively.

11. Hardware Realizations

Switching circuits are constructed using basic hard-
ware elements which perform relatively simple operations.
The theoretical results above assume an appropriate univer-
sal decision element is available. There is thus a gap
between our theoretical results and the practical design
problem.

One approach to solving this problem is to extend our
results to handle basic hardware elements directly. This
would require a different technique for assigning aq and
a, in a decomposition. Such a technique would have to
examine the possibilities for aq and 0, and choose those
with the simplest realization in terms of the basic hard-
ware available.

An alternative approach is to determine a realization

of the universal decision element of interest in terms of
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the basic hardware available. This is the easier of the
two solutions, since our theoretical results need not be
modified. It's practicality is questionable. It realizes
each two-place many-valued function in the same way and
will thus often waste hardware. However, with the advent
of many-valued integrated circuits [ 43 1, this regularity
of realization may in fact prove to be an advantage.

It is beyond the scope of this thesis to consider the
hardware realization problem in detail. The author is
currently examining the approaches mentioned above. The
results of this research will clearly have an effect on
the usefulness of the decomposition results as well as the

direction of future theoretical work in this area.
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" CHAPTER 4

A Fast Method for Determining

the Two-Place Decompositions of a Two-Valued Function

1. INTRODUCTION

A number of authors have considered the decom-
position of two-valued functions. Ashenhurst [ 2 ]
and Curtis [ 9 ] have developed a complete theory of
decomposition of total two-valued functions. These
results were considered in chapter 2. The techniques
are extremely time consuming and cannot be extended
to partial functions.

Roth and Karp [59 ] and Karp et al [ 60] have
presented an approach which can be used for partial
functions. The decompositions considered take the form

£(a) = g(al(AA)’ GZ(AX)"°" ut(AK)' AU)
where Ak v AU = A, AA n AU = ¢ and each ai is a vertex
function i.e. a function which is 1 or 0 for exactly
one input condition. This restriction is justified
since commonly available two-valued devices implement
one of the vertex functions AND, OR, NAND or NOR.

Karp et al [60 ] have implemented a vertex
decomposition technigue on a computer. Unfortunately,
their description is quite vague. It is impossible

to tell exactly what form of decompositions are allowed
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but it is interesting to note that in the examples given,
all but one gate have two inputs.

_ Two-place decompositions of partial two-valued
functions have been considered by Barnard and Holman
[ 3 1 and by the author [ 36]. These techniques are
much more efficient than those due to Roth and Karp
[59 ] and Karp et al [60]. Barnard and Holman present
heuristic decomposition tables which identify simple
disjunctive or nondisjunctive two-place decompositions
where o is a vertex function. The outstanding feature
of this work is that almost all the computation is
carried out in parallel for all pairs of variables.
Only very simple tests must be carried out individually
for each pair.

The method presented by the author in [ 36] allows
for the equivalence and exclusive - OR and also for
decompositions where both oy and a, are true two-place
functions. For each pair of variables the compatible
and incompatible elements of X are found as in chapter 3.
Since for a two-valued function there are at most 4
elements in X, there are 64 possible incompatibility
graphs. This figure is found by assuming input con-
figurations not appearing in X are included in the
~graph as compatible with all others. For each possible
graph, the 'best’ decomposition is kept in a table.

In determining the two-place decompositions of a
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function this table is indexed by each graph encountered.
This method has the disadvantage that the incompatibility
~graph for each pair of variables must be determined
separately.

The technique developed below combines the advant-
ages of these two approaches. Most of the required
computation is performed in parallel and the two-place
decompositions not considered by Barnard and Holman [ 3 ]
are permitted. The method is much more efficient
than those due to Roth and Karp [59 ] and Karp et al [60 ]
and is in practice just as useful since there is no
evidence the latter techniques can be applied for other
than two-place decompositions.

For the rest of this chapter, a function is two-
valued unless otherwise indicated.. Functions will be
represented in a different form from the matrix
representation introduced in chapter 3. The represent-
ation chosen is due to Roth [58 ]. It is more compact

and leads to a clearer theoretical development.

2. NOTATION AND DEFINITIONS

A cube is an n-tuple of 0's, 1's, x's and ¢'s. If
the cube contains no x's or ¢'s it is termed a vertex.
A vertex simply represents an assignment of values to

the variables a a, - A cube containing no

17 a2, a0y

¢'s is a representation of a set of vertices. The

elements of this set are found by replacing the x's
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in the cube by 0's and 1's in all possible ways.

f(al,az,...,an) is a vertex function if, and only

if, it assumes the value 0 or 1 for exactly one input
condition. This input condition is termed the dis-

tinguished vertex.

We shall use E, C, X, TO, Tl, U and V to denote

sets of cubes and shall denote their elements as

o) 1
ek, Ck’ 1! tk' tk’ uk and Vk’

subscript will be used to denote a specific coordinate
h

b4 respectively. A second

of a cube eg. c is the pth coordinate of the kt cube

kp
of C. The set of vertices represented by the cube Cp

is denoted Ic f[ck] is defined if, and only if, £

R

assumes the same value for every vertex in [ck].

We define three operators over the set {$,0,1,x}:

1o 0 1 x A 10 1 x z 10 1 x
|9 0 1 x 0 ]0 ¢ O 0 |¢ 0 O
010 0 x x 1 ¢ 1 1 1491 ¢ 1
11 x 1 x x |0 1 x x |1 0 x
X |x x x X

These operations are extended to cubes as follows

..ot

cp u cq = {Cpl U cql’ cp2 U Cq2’
cp A cq = {Cpl A cql’ sz A qur ..}
<, z Cq = {Cpl z Cq1’ Cp2 z cqz, ..5}

In addition we define

D q ¢ if sz A Cq£

cp n cq = cp A cq otherwise.

Q
o
Q

It

= ¢ for any &,
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.~ The distance between c_ and c_, denoted A(c_,c ),
— p g P g
is the number of distinct % such that c A C = ¢.
pL ak

We write Cp% < qu if, and only 1if, Cpg A cqg = Cpg
and c c ¢c_ 1f, and only if, ¢ n c_ = c_.
P — 9 P a P
Given i and j we define A(c = {c_.,c_.} and
. J efine Alcy) pi’ “pj

u(cp) = {cpl’cp2’""cpi—l’cpi+l""’cj—l’cj+l”"’cpn}'
X(cp) and u(cp) are themselves cubes and we denote
their coordinates as A(c and c . Alc and

( p)k B p)k [A( p)]

[u(cp)] are the sets of vertices represented by A(cp)

d .
an u(cp)

A function f(al,a2,...,an) is degenerate if there
exists a function g such that

f(al,az,...,an) = g(bl’bz""’bm)
where m < n, and b, ¢ {al,az,...,an}, 1 < i < m. The
degree of f, denoted S§(f), is the minimum m so that such
a g exists.

Consider an arbitrary function f(al,az,...,an).

A two-place decomposition is an expression of the form

f(allazl LI 'Ian) = g(d'l(airaj) ’az(ai'aj) Ialla21° ..
""ai—l’ai+l""'aj—l’aj+l""'an) (1)
where al and az are two-valued functions. The decom-

position is nontrivial if, and only if, g is defined
for fewer input conditions than f. We insist that g

be a nondegenerate function, hence, ul(ai,aj) # a2(ai,aj)

and at least one of a; or o, is a true two-place function.

Also o4 and o, may be interchanged as this simply results
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in a re-labeling of the inputs to g.
There are three types of nontrivial two-place
decompositions of a nondegenerate two-valued function.

Simple Disjunctive

f(al,az,...an) = g(az(ai,a ,al,az,.

j)
11734417t 13417341 03y (2)

Simple Nondisjunctive

f(al,az,...,an) = g(uz(ai,aj),al,az,...

""ai—l'ai+l""’an) (3)
Complex Disjunctive
f(al,az,...,an) = g(al(ai,aj),uz(ai,aj),al,az,...
4
""ai-l’ai+l""’aj—l’aj+l""’an) (4)

In expressions (2), (3) and (4) 0q and oy denote true
two-place functions.

In the simple disjunctive case al(ai,aj) is a
constant and is removed from g. In the simple non-
disjunctive case al(ai,aj) = aj. Since a; and aj may
be interchanged and since aj in (3) may be replaced
by 5j’ these three types exhaust all possibilities.

The complex disjunctive decompositions considered
here are not the same as those discussed in chapter 2
since al‘and Oy have the same arguments. We adopt
this term since the decomposition has two true two-

place functions and since the arguments to g and the N

are disjoint.
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3. DECOMPOSITION TESTS

Let E denote the set of all vertices for which
f(al,az,...,an) is defined. Given i and j let X
denote the set of all unigque X(ez). We restate the
definition of compatibility in the notation of this

chapter.

Definition. xp and Xq are compatible (denoted xp ~ xq)

if, and only if, for all e e such that A(eQ) = X

14

7 o)

A(em) = xq and u(eg) = u(em), f[e%] = f[em]; otherwise

x_ and x_ are incompatibl d ted x X ).
o g ncompatible (denote o 7 q)
Given al(ai,aj) and az(ai,aj) we shall say that g
exists if, and only if, expression (1) holds for every
vertex for which £ is defined. The following criterion
is a special case of theorem 2.1.
Criterion. Given ul(ai,aj) and az(ai,aj), g exists 1if,
and only if, for all Xp’ xq e X,
al[xp] = ul[xq] and az[xp] = uz[xq] = > Xp ~ xq,
or equivalently
Xp 7 xq = > ul[xp] Z ul[xq] or ql[xp] # az[xq].
Clearly, we could examine all the incompatible
pairs of elements of X and determine if g exists.
This is the approach taken by Roth and Karp [ 59 ] and
by the author in a previous study [ 36 ]. Simpler tests
can be developed if each type of decomposition is con-

sidered in turn.

We assume ul(ai,aj) and az(ai,aj) are given.
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B[Xk] will denote a vertex function with distinguished
vertex Xy . There are two for each value of k.

Simple Disjunctive

Theorem 4.1. If 6(a = 0 and O, = B[Xk], g exists

l)
if, and only if, for all Xp # Xq, p =k or g=k.

q’ p =k org=k.

Consider any £ # m such that az[xz] = uz[xm]. Clearly,

Proof. Suppose for all X, ? X

9 # k and m 2 k and therefore Xo ~ Xp and g exists.
Suppose g exists and consider any Xp # Xq. Since

S (o = 0, az[xp] z uz[xq]. 0, = B[Xk] and thus either

1)
p =k or g=%k. QED.

Theorem 4.2. If 6(@1) = 0 and a, is the equivalence

or nonequivalence, g exists if, and only if, 00 ~ 11
and 01 ~ 10.
Proof. Suppose 00 ~ 11 and 01 ~ 10. Consider any £ # m
such that d2[X£] = az[xm]. Clearly if X) € {00,111},
X € {00,11} and if x, ¢ {01,10}, x_ ¢ {01,10}. Which-
ever, X, ~ X and g exists.

Suppose g exists, az[ll] = az[OO], uz[Ol] = az[lO]
and 6(@1) = 0, hence, 00 ~ 11 and 01 ~ 10. QED.

Simple Nondisjunctive

Let y(1) = i and Yv(2) = 3.

%y (p) 17 %y(p),
pe {1,2}, g exists if, and only if, for all x, # X

Theorem 4.3. If a, = B[xk] and oy = or

2

such that Xoon = X = X

p T *mp’ Fop - “kp.
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Proof. Suppose for all XQ # x_ such that sz = X __,

m mp
x%p = ka’ Consider any X a X . If xrpz Xsp,
al[xr] z al[xs]. If xrp =-Xsp’ mz[xr] # uz[xs] as
er = Xsp and then either r = k or s = k. Consequently,
g exists.
Suppose g exists. Consider Xy # 0 such that
x%p = Xnp* It follows that az[xﬁ] = uz[xm]. Since
a, = B[xk], Xop = Xy QEQ.

Complex Disjunctive

Theorem 4.4. If o = B[xp] and o, = B[xq], g exists

if, and only if, for some %, m, X, ~ X where p, 4, %

and m are mutually distinct.

Proof. Suppose x, ~ X_. Consider r # s such that

ul[xr] = al[xs] and az[xr] = az[xs]. Clearly, p, 9,

r and s are mutually distinct as 0y = B[xp] and

o, = B[xq]. It follows that either r = £ and s = m

or ¥ = m and s = 2. Whichever, X~ Xy and g exists.
Suppose g exists. Consider r # s such that

ul[xr] = @l[xS] and az[xr] = uz[xs]. It follows that

X, o~ Xy and r, s, p and g are mutually distinct. QED.

r

It can be easily verified that if Xo ~ Xy and

sz = me then either %, ox G, 1S redundant in any
possible complex disjunctive decomposition. 00 ~ 11
and 01 ~ 10 are the only relations which lead to a

nondegenerate complex disjunctive decomposition.

Let C denote a set of cubes such that e, £ [cm]
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for all e, € E and f[ck]‘is.defined for all ¢, ¢ C.

k
We wrltelx(cz) # X(cm) if, and only if, ep # eq

for all ep > [X(cz)], e ¢ [X(cm)]. The following

g
lemmata are obvious.

Lemma 4.1. Given k, p = k or g = k for all Xp # Xq
if, and only if, for all_A(cg) o A(cm), [K(CQ)] = Xp

or [k(cm)] = X

Lemma 4.2. Given k and p, le = X, for all X, # X

such that X = X if, and only if, for all A(c.)
p mp r

%»A(cs) such that )x(cr)p A X(cs)p = 0, )\(cs)p A )\(cs)p =

ka'
The sets TO, Tl, U and V are constructed from C

as follows:

Algorithm 4.1

s o _ .1 _ _ _
1. Initially set tﬁ = tz = u, =V, = ¢ for all

1 £ & < n.
2. F 11 ’ h that £ z flc let k be
or a cp cq suc a [cp] [ q]

the smallest integer such that c = ¢ and

pk h ch

suppose with no loss of generality cpk = 1.

(1) If A(c_,c ) =1
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(i1) If A(cp,cq) = 2.

0] 0
B Pk Vv ©

1 1

ch/

\ « V U (cpz r C_,).

gl

ignore the pair.

o

(iii) If a(c_,c >
( o’ q)
The sets TO, T-, U and V have some interesting

properties.

Theorem 4.5. Given Xy s [x(cp)] = X, Or [x(cq)] = X

X

for all Afe)) # Alcy) if, and only if, Di(t; klyy =
X
k2 _
[A(tj )1 = %
b X
Proof. Suppose [X(ti kl)] = [>\(tj k2)] = X . Consider

some X(cp) # X(cq). Let s be the smallest integer

such that cpS A cqs = ¢ and suppose with no loss in

generality, cpS = 1. From the construction of 7°

1
and Tl either c_ < t% and ¢_ c t? or ¢ < t., and
p—- 1 qg-— 1 P J

c_ c t;. Whichever, it follows that either {A(cp)] = X

q_

or [A(cq)] = X .

Suppose [A(cp)] = X, Or [A(cq)] ; X for all
k1l
X(Cp) # X(cq). Further suppose [A(t, Y1l # Xy -

X X
. k1l
' cm < ti such that

There exists some Cgfiti ki
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[A(c%)].¢ X andvk(cz),ﬁ>X(Cm). Clearly, [A(cm)] = Xy

k

as ¢ . = % .. This is a contradiction. A similar
mi k1 %
k2

contradiction arises if we assume [x(tj Y1 = Xy

D:4 X

kL o ks B4 = x

] k*
Theorem 4.6. Given x and p,lx(cz)p A A(

hence, [A(ti QED.

cm)p = ka

for all,X(Cg) # xlcy ) such that_x(cz)p A A(cm)p =

if, and only if, p = 1 and u.., = X

Ji k1 O P = 2 and u . =

J

Xk2.

Proof. Consider p = 1. Suppose uji = Xpq- Consider

A(cg) = Alc ) such that x(cl)l an xle )y # ¢. From the

construction of U, CQ A Cp < uj and thus )\(cz)l

A A(cm)l < uji'

Suppose A(cﬁ)l A x(cm)l = X q for all x(cz) £

Clearly,v)\(cg)l A x(cm)l = Xpq-

x(cm) such that k(cz)l A x(cm)l z ¢. Suppose u.. z X

ji
From the construction of U there is some cr, cS such

k1°

that c_ A ¢cg ¢ uyi and A(c.)q & aeg)y = Xyqo rlel)q

N CIPERE R
This is a contradiction and it follows that

A(cg)l A x(cm)l = X4 for all A(cg) £ x(cm) such that

A(Cz)l A dle )y = ¢ implies Ugg = Epye

The proof is analogous for p = 2. QED.

Theorem 4.7. 00 # 11 if, and only if, Vig 2 1 or

v.. o 1.

Jjr —
Proof. Suppose vij > 1. Clearly there exists some
X(cp) %.A(cq) such that A(cp)l A Mcq)l = ¢ and,

assuming with no loss of generality that cpl =1,"
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A(cp)2 ;X(cq)2 = 1. From the definition of ¢,
_A(cp)2 > 1 andix(cq)z > 0. It follows that 11 ¢
{A(cp)] and 00 € [ch)] and 00 # 11. Similarly,

vji = 1 implies 00 # 11.

Suppose 11 # 00. Clearly, there exists some

Alc r(c such that 11 A(c and 00 c .
,(p)%(q) e[(p)] e[Mq)]
Let s be the smallest integer such that cps A cqs = ¢
Clearly, s = i or s = 7. »A(cp) z x(cq) - 11. It

follows from the construction of V that Vij > 1 or

vji > 1 as cp C cq S Vg- QED.
Theorem 4.8. 01 £ 10 if, and only if, vij > 0 or
v.. o 0.

Ji —

Proof. The proof is analogous to the proof of theorem 4.7.
Theorems 4.1 through 4.4 establish simple necessary

and sufficient conditions for the existence of certain

two-place decompositions of two-valued functions.

Lemmata 4.1 and 4.2 and theorems 4.5 through 4.8 show

that these conditions can be tested by examining 7%,

Tl, U and V as constructed in algorithm 4.1. The

principal advantage of this approach is that the

l, U and V reguires each pair of

construction of TO, T
cubes in the definition of f be compared once. If
the general approach developed for many-valued functions
is employed each pair of cubes must be compared for

each pair of variables.

The following table presents several decomposition
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l,vU‘and V. TFor each al and

o, indicated g exists if, and only if, the accompanying

test is true.

tests in terms of TO, T

Decomposition Tests

al . i& l' testl
6(&1) =0 Oy = B[11] t i3 = t i1 = 1
6(@1) = 0 0y = g[10] t i3 0 and t 3i
§(a ) = 0 a, = B[01] £°,. =1 and 1., =
1 2 ij ji
- _ 0 _ .0 _
6(@1) 0 o, = g[00] t ij = t 51~ 0
6(@1) =0 equivalence or Vig Y vji = ¢
nonequivalence
ul = ai or al = a; az = B[0~] uji = 0
al = ai or ul = ai qz = RB[1-] uji = 1
ul = aj or ul = aj uz = B[-0] uij =0
op = aj or ul = aj a, = Bl-1] uij = 1
al = B[00] a, = B[11] vij U vji = 1
a; = RI01] o, = R[10] vij u vji =0

Note: A dash (~-) indicates a choice of 0 or 1.

Simple nondisjunctive decompositions with o, the
equivalence or nonequivalence are not considered since
it is easily shown such a decomposition must be trivial.
For any complex decomposition other than the two
considered, there is always a simple nondisjunctive
decomposition. Since the latter use less hardware they

will be chosen in practice. We have thus only included



116

the complex decompositions which can possibly occur

as the only choice.

4. AN EXAMPLE

An example will illustrate the efficiency of
these tests. Consider the set of cubes C = {xx11,101x,
011x,11x0,00x0,xx0x} and let f(al,az,a3,a4) be such
that flxx1l] = £[101x] = £[01lx] = 1 and f[11x0] =
floox0]l = f[xx0x] = 0.

0 1

Initially we set tz = t,Q =u, = Vo

1> 148> 4. Consider c, = xx11 and cy = 11x0.

= ¢ for all

Q
>
Q

il

111¢ and A(cl,c4) = 1. From algorithm 5.1

1 4
we get
ty = ¢ ullx0 = 11x0
tﬁ = ¢ uzxxll = xx11
u, = ¢ u (xx11 A 11x0) = 1l1ll¢
vy = ¢ u (xx11 ¢ 11x0) = 0011
Now consider cqy = xx1ll and Cg = 00x0. ¢cq A Cg
= 001l¢ and A(cl’CS) = 1. From algorithm 5.1 we get
tZ = 11x0 u 00x0 = xxx0
ti = xx11 v xx11 = xx11l
U, = 111¢ u (xx1ll A 00x0) = xxl¢
Vg T 0011 v (xx11 z 00x0) = xx11l.

Proceeding through all Cp’ cq such that f[cp] #

f[cq] we finally get

7° = {0xxx,x0xx,xx0x,xxx0}
. = {1xxx,xlxx,xxlx,xx11}
U = {¢x10,x410,xx¢x,xx1¢}
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vV = {1¢xx,010x,xxlx,xx11}
Applying the decomposition tests for each aiaj
pair 1 < i <4, 1 < 3 < 4 we find g exists for the

following choices of a and o,:

1 2
i) al(al’aZ) =0 az(al,az) = equivalence or
_ nonequivalence

ii) al(al,a3) = a, or aj az(al,a3) = B[-1]
iii) al(al,a4) =a, or a, az(al,a4) = B[~-0]

iv) al(az,a3) = a; or ajg az(az,a3) = B[-1]

V) al(az,a4) =a, or a, az(az,a4) = B[-01]

vi) ul(a3,a4) = a, or aj az(a3,a4) = B[1-]

5. REMARKS

Treating two-valued functions separately has led
to a much simpler determination technique than the
general algorithm discussed in chapter 3. The repre-
sentation of cubes and the construction and examination
of TO, Tl, U and V are quite suited to a computer. A
major advantage is the minimization of the hardware
cost of realizing each decomposition. This is accom-
plished by applying the decomposition tests in order
according to the hardware elements being considered.
This is superior to the approach in chapter 3 since
universal decision elements are seldom used in two-
valued logic.

The sets TO, Tl and U correspond to the decom-

position tables due to Barnard and Holman [ 3 1.

The addition of the set V allows us to consider complex
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decompositions as well as decompositions involving the
equivalence or nonequivalence. We shall find these types
of decomposition indispensable in the practical design
environment.

An extension of the cube notation to three-valued
functions has been considered in [45]. For three values
the idea is reasonable. For four values, however, sixteen
symbols are required and the set notation of chapter 3 is
more descriptive and just as easily implemented on the
computer.

The techniques developed in this chapter are strictly
two-valued techniques. For more than two values, too much
information is required for it to be represented in a form
as compact and easily constructed as To, Tl, U and V. We
will find in the next chapter that these techniques lead
to an efficient two-valued synthesis algorithm. In
addition, they will be used to synthesize two-valued
multiple-output switching circuits, a problem which has
previously been computationally too complex for decomposi-

tion techniques.
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CHAPTER 5

Synthesis of Single-Output Circuits

1. INTRODUCTION

In chapters 3 and 4, techniques were developed for
identifying two-place decompositions of many-valued and
two-valued functions. We now consider the application
of these techniques to the synthesis of switching cir-
cuits. In this chapter, we consider single-output com-
binational circuits. Multiple-output circuits are con-
sidered in the following chapter. Sequential circuits
are considered briefly in chapter 7.

A single-output combinational circuit is one whose out-
put depends solely on the current values of its inputs. It
contains no memory or feedback loops. The behaviour of this
kind of circuit is completely defined by a single two-valued
or many-valued function. The synthesis problem is to con-
struct a switching circuit to realize a given function using
a certain set of primitive switching elements.

A synthesis algorithm based on two-place decomposition
will be developed. This algorithm constructs a sequence
of decompositions. The first of these decompositions
applies to the initial function. Each subsequent decompos-—
ition applies to the image of its predecessor. The image
of the final decomposition is a two-place function. This

sequence of decompositions specifies a realization of the
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given function as a composition of two-place functions.
These two-place functions are straightforward to implement
in hardware thus yielding an implementation of the given
function.

The algorithm is based on the algorithm due to Roth
and Karp [59] and is a continuation of the work presented
by the author in [36]. It is quite simple since it constructs
a single sequence of decompositions by the repeated applica-
tion of heuristic selection criteria which at each stage
choose the 'best' decomposition. No search techniques such
as 'back-tracking' or 'look-ahead' are employed. The
algorithm is consequently very efficient in terms of both
execution time and storage.

Implementation details are gquite different for many-
valued and two-valued functions since different techniques
are used to identify two-place decompositions and to find
the images of the chosen decompositions. The structure of
the algorithm and, in particular, the heuristic selection
criteria are the same in both cases. The algorithm has
been implemented on the computer for both cases. Several
sample problems have been solved. A number of these are
presented in this chapter and compared to solutions found
using alternative techniques. Since heuristics are used,
empirical tests are the only means of evaluating the algor-

ithm.
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2. ROTH AND KARP'S ALGORITHM

Roth and Karp's decomposition algorithm [59 ] is a
systematic procedure for the design of single-output
two-valued combinational switching circuits. The dis-
tinquishing feature of this algorithm is that it requires
no restrictive assumptions about the primitive switch-
ing elements used, their costs or the manner in which
they may be interconnected except that feedback loops
are not permitted. This flexibility is the principal
feature of synthesis techniques based on decomposition
and is in contrast with previous techniques which deal
almost exclusively with special problems such as the
design of two-level circuits. The drawback to Roth and
Karp's algorithm is the extensive computation reguired.
The algorithm developed later in the chapter retains
much of the scope and flexibility of Roth and Karp's
algorithm while greatly reducing the required computa-
tion.

Roth and Karp considered decompositions of the form

£(a) = g(OLl(AA) ’OLZ(AK)'....IOLt(AA)’AU) (1)
where AXLJAU= A, and where f,g,al,uz,....,at are all
two-valued. The sets AA and AU need not be disjoint.

The decompositions considered are restricted to those
where the o, are taken from a set of primitive functions
specified as part of the problem. In the implementation

due to Karp et al [ 60 ] these primitive functions were
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taken to be the vertex functions.

At the beginning of the synthesis procedure nothing
is known of the switching circuit to realize f and it
can only be considered as a black box with some number

of inputs and a single output.

BLACK
> £ (A)
BOX

g

FIGURE 5.1

A decomposition of the form (1) represents a replacement
of this single box by a composition of some number of
boxes each realizing a primitive function oL and another

black box implementing g.

AA “—r*’alL_Lm%

—————9g(al,a2,....,at,Au)

H FIGURE 5.2

A second decomposition can then be found by examining
the function g. The black box implementing g can then
be replaced by a composition of switching elements and
yet another black box. This procedure is repeated until

a final decomposition is found which expresses the function
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being considered at that step entirely in terms of
primitive switching elements. The result is a realiza-
tion of the initial function in terms of primitive
switching elements. This switching circuit is completely
specified by the sequence of decompositions.

The realization of a function is not unique and there
are several sequences of decompositions representing
realizations of a given function. Roth and Karp's algo-
rithm is a cost bounded search of all possible sequences
and hence all possible realizations employing the pre-
scribed set of primitive functions. The cost of a cir-
cuit is taken as the sum of the costs of the switching
elements comprising the circuits.

The search process may be viewed as an ordered tree
search. The nodes of this tree correspond to functions.
The root is the initial function to be realized. Each
of the other nodes is the image of some decomposition.
The leaves correspond to primitive switching functions.
The branches correspond to decompositions. Paths in the
tree represent sequences of decompositions each operat-
ing on the image of its predecessor. Paths from the
root to a leaf represent switching circuits implementing
the given function.

The search is carried out in a manner analogous to
the search employed in the graph colouring algorithm

described in chapter 3. Initially one path from the
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root to a leaf is traversed. This gives both an initial
realization and a first approximation to the minimal cost
of a realization. Back-tracking techniques are then
employed to examine other paths in the tree. The traver-
sal of a path is terminated when either:

a) the cost of the elements required in the partial
solution specified at any point in this path
exceeds the known minmum cost of a total reali-
zation,

or b) a leaf is reached in which case a new realiza-
tion with a lower cost has been found.

The search terminates when all possible paths have been

considered.

Two paths in the tree may specify the same sequence
of decompositions in two different orders. Techniques
are incorporated into the search so that each unique
sequence is examined only once. Techniques are also
employed to avoid decompositions resulting in cycling
a phenomenon which produces an oL identical to

a) a constant,

b) an input to a, or its complement,

c) anc%jproduced by a previous decomposition or
its complement.

It is easily shown that a circuit employing cyclic

elements is never minimal.
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As Karp et al [60 ] have observed the search can be
greatly reduced by employing selection criteria to bias
the initial path examined towards a 'good' solution.
Unfortunately, the actual criteria used were not specified.

The above approach has a number of computational
drawbacks. First, as was found in chapter 2, the ident-
ification of decompositions of the form (1) is very dif-
ficult except in highly specialized cases such as when
the o, are restricted to the vertex functions. This is
particularly true if the technigque is to be extended to
many-valued functions. For a given function of n arguments
there are 27-n-1 choices for Ay and for each of these
cholices several possible Au. It is interesting to note
that in both [ 59 ] and [ 60] the examples given employ
two-input gates except for a single three-input gate. No
indication was given whether computational problems excluded
the use of multiple-input gates or whether they simply did
not arise. The former appears more likely since many
circuits employing multiple-input gates are known.

The identification of decompositions, determining
the images of decompositions and directing the search
involve a great deal of computation. The latter process
requires keeping track of the functions in the sequence
being considered as well as their decompositions. A

great deal of this computation may be wasted. Roth and
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Karp give an example where a circuit found in a few
seconds was not improved in almost an hour of further

searching.

3. TWO-PLACE DECOMPOSITION AND THE SYNTHESIS PROBLEM

The study of the identification of decompositions
in chapters 2 and 3 led to the consideration of the
special case of two-place decompositions. Efficient tech-
niques for this special case were developed in chapters
3 and 4. We now consider how these techniques can be
employed to advantage in a synthesis procedure.

The two-place decomposition techniques could be
incorporated into Roth and Karp's algorithm. The result-
ing process would determine a minimal cost realization
constructed of two-input elements and could be applied
to both two-valued and many-valued functions. In theory,
the modified algorithm is, in the two-valued case, less
general than Roth and Karp's algorithm. In practice,
however, Roth and Karp's algorithm has only been used
to produce circuits employing two-input elements and these
elements have been restricted to those which implement
vertex functions. The two-valued two-place techniques
in chapter 4 allow the exclusive-OR function and are
much more efficient than applying Roth and Karp's general
technique to two-place decomposition. Simply incorpor-
ating the two-place techniques would thus result in an

improvement in both the scope and efficiency of Roth
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and Karp's algorithm.

Barnard and Holman [ 3 ] found that a search for a
minimal solution is prohibitive even when efficient
technigues for identifying decompositions are employed.
Using their tabular techniques, described in chapter 4,
the circuit in figure 5.3 was found in 68 seconds on a
KDF2 computer. The initial result was found in 1.6
seconds. This long execution time for a simple problem
is not promising, especially if a multiple-output algo-
rithm is to be developed where the size of the decompo-
sirion tree will grow very much larger than in the
single-output case. There is also the disadvantage that
a search algorithm is rather cbmplex to implement and
requires a large amount of storage.

Roth and Karp [ 59 ] have suggested a number of possible
solutions. A partial search could be made and a 'good'
rather than a minimal result accepted. Heuristic criteria
for directing the choice of the first circuit produced
i.e. the first path followed in the decomposition tree,
can reduce the length of the search by generating a good
initial result thereby placing a tighter bound on the
circuits considered. Roth and Karp found empirically
that a great deal of the search is often spent in mini-
mizing the realization of a function of three arguments
encountered during construction of a realization. This

could be avoided by using a table of the optimum reali-
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zations of all three argument functions. This is of
course not practical in the many-valued case.

The algorithm below takes yet another approach.
A single sequence of decompositions is constructed using
no 'back-tracking' or 'look-ahead' techniques. At each
stage the decompositions of the function being considered
are examined and a 'best' decomposition is chosen accord-
ing to a set of heuristic selection criteria. The chosen
decomposition is implemented and the process is applied
to the resulting image. A major objective of this
work was to develop a simple, very fast method which
could be extended to the multiple-output case. Empirical
test will show that the particular selection criteria
presented yield very good results which are comparable

to those produced by more complex procedures.

4. A SYNTHESIS ALGORITHM

The algorithm below applies to bhoth many-valued and
two-valued functions. We assume two-place many-valued
functions are to be realized using a universal decision
element. Recall that this assumption was also made in
chapter 3 in developing techniques for the identification
of two-place many-valued decompositions. The principal
result of this assumption is that the cost of realizing
a two-place r-valued function is fixed by r and not the
function being realized. The synthesis algorithm makes

no decision based on the particular functions encountered.
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It is anticipated that two-place two-valued functions
are to be realized by more traditional methods and not
by universal decision elements. The cost of realizing
the function in this case does depend on the function.
This cost will, however, be ignored by the synthesis
algorithm. There are a number of reasons for this. The
vast majority of two-valued switching circuits are re-
alized uSing integrated circuits. In this technology
the number of interconnections not the cost of the ele-
ments is the principal guideline for a 'good' circuit.
It is thus the number of two-place functions used in a
realization which is important, Extensive testing [36 ]
has shown that selection criteria incorporating the cost
of the two-place functions in general produce no better
results than the methods below. Finally, ignoring the
cost criteria results in a simpler and more efficient
algorithm which is easier to implement.

This synthesis algorithm constructs a sequence of
two-place decompositions. The first decomposition in
this sequence operates on the given function. FEach of
the remaining decompositions operates on the image of
its predecessor. The image of the final decomposition
in this sequence is a two-place function. At each step
the algorithm examines the two-place decompositions of
the function being considered and selects one according

to a number of heuristic rules. These rules attempt
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to reduce the number of two-place functions required to
realize the initial function as well as the number of
levels in the corresponding switching circuit.
Two-place decompositions involving one-place func-
tions are ignored since universal decision elements are
to be used in the many-valued case which, as described
in chapter 3, makes one-place functions superfluous.
One-place functions never arise in the two-valued case.
Three types of two-place decomposition are considered:

SIMPLE DISJUNCTIVE

f(al,az,....,an) = g(a(ai,aj),al,az,...

""ai—l’ai+l"°"’aj—l'aj+l"°°’an)

SIMPLE NONDISJUNCTIVE

f(al,az,....,an) = g(u(ai,aj),al,az,...

"’aj—l'aj+l,...,an)

COMPLEX DISJUNCTIVE

f(al,az,....,an) = g(al(ai,aj),az(ai,aj),al,az,...
""a'-l’ai+l""”aj—l’aj+l""'an)
When one exists a simple disjunctive decomposition
is chosen before either of the other two types. If no
simple disjunctive decompositions exist, a simple non-
disjunctive decomposition is chosen. A complex disjunc-
tive decomposition is chosen only when no other choice
is available. This order of preference choses a decompo-
sition involving the least number of true two-place

functions and the least number of arguments to the image
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of theidecomposition. Note that this order of preference
corresponds to the order of preference in assigning the
type of a two-place decomposition for a particular a

aj pair.

Often there are several decompositions of the same
type. In this case, the algorithm chooses the type as
above, and then examines the arguments of each of
the decompositions of this' type, determining for each
decomposition which argument has come through the most
levels. The decomposition for which this value is mini-
mal is selected. If two decompositions of the selected
type have the same minimal value, the first to be gener-
ated is selected. Decompositions are identified by
examining the arguments in the order (al,az),(al,aB),..

.,(al,an),(az,a3),....,(an_l,an). New arguments to
the image of the decomposition are added following a -

In implementing the algorithm, the identification
and selection processes are actually combined into a
single step and are not performed in sequence as sug- .
gested above. The three types of two-place decomposi-
tions, simple disjunctive, simple nondisjunctive and
complex disjunctive, are assigned relative costs of 1,
2, and 3. As each decomposition is found, this cost is
combined with the gating level of the decomposition
i.e. the maximum number of levels through which one of

the arguments of the decomposition has passed. The result
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figure _ level
of complexity cost x 1000 + of gating

This value combines the two selection criteria into
one. It is easily verified that the decomposition chosen
by the selection criteria described above has a minimal
figure of complexity. If two decompositions have the
minimal figure of complexity the first to be generated
is chosen. The value 1000 was chosen so that the level
of gating does not intefere with the cost. By proper
use of these figures of complexity, only two decompo-
sitions need be recorded at any one time, the decompo-
sition currently being considered and the decomposition
with the minimal figure of complexity known to date.

A flowchart of the algorithm as implemented is given

in figure 5.4,

5. THE IDENTIFICATION OF TWO-PLACE DECOMPOSITIONS

Techniques for the identification of two-place decomp-
ositions were developed in chapters 3 and 4. We now
outline how these techniques are employed in the syn-
thesis algorithm. Many-valued functions are considered
first.

For a many-valued function each pair of variables
is examined seperately. Consider an r-valued function
f(al,a

AR
3.1 is applied to find the compatible and incompatible

,an) and pair of variables ai,aj. Algorithm
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pairs of X, the set of assignments to (ai,aj) in the
definition of f. The incompatibility graph G represent-
ing these relations is formed and a minimal colouring
of G is found using the algorithm described in chapter
3. If x(G) = |X| there is no nontrivial two-place de-
composition. If x(G) <r there is a simple disjunctive
decomposition where al(ai,aj) is 0 and uz(ai,aj) is
found as in the proof of theorem 3.2. If r<y(G) <p
the colouring is stored for possible use in determining
a complex disjunctive decomposition.

If no simple disjunctive decomposition is found the
simple nondisjunctive case is examined as follows. If
X _,x%x,eX such that x_ and x, agree

t’ Ts't s t

in the coordinate corresponding to a, s there is a simple

there is some X, ~ X

nondisjunctive decomposition with ul(ai,aj) = a.. G is

~

formed from G, a minimal colouring of G is determined
and from this colouring az(ai,aj) is found. This pro-
cess is described in section 8 of chapter 3. A similar
sequence is used to determine a simple nondisjunctive
decomposition with al(aj) = aj. When simple nondisjunc-
tive decompositions exist both for al(ai,aj) = a; and
for al(ai,aj) = aj, the one for which o, has the smaller
range is chosen. If the range of Oy is the same in both
cases the decomposition with ul(ai,aj) = a, is chosen.
If no other type of decomposition is possible a

complex disjunctive decomposition is found from the

colouring of G as described in section 9 of chapter 3.
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The above procedure is not applied in full for each
pair of variables; Once a simple disjunctive decomposi-
tion has been found, no further pairs are examined for
simple nondisjunctive or complex decompositions since the
selection criteria prefer a simple disjunctive decompo-
sition. Similarly, detecting a simple nondisjunctive decomp-
osition eliminates the need to look for any further
complex decompositions. These observations will often
greatly reduce the required computation.

The two-valued case is easier, much of the computa-
tion being done in parallel for all pairs of variables.
Algorithm 4.1 is used to determine the sets TO,Tl,U and
V from a cube definition of the function being consid-
ered. This construction requires each pair of cubes
be examined once. Once TO,Tl,U and V are known, the
possible decompositions are determined by applying the
decomposition tests of section 3 of chapter 4, for each
pair of variables. These tests simply involve an exam-
ination of certain elements of TO,Tl,U and V and require
no complex computation. They are extremely fast. For
each ai,aj pair the 'best' decomposition is the one
corresponding to the satisfied test which appears highest
in the list.

As Roth and Karp noted decompositions introducing

cycling should be avoided. In two-place decomposition

cycling conditions are easily detected since the range



137

and domain of a=(al,a2) have the same number of elements.
This can only occur for simple nondisjunctive or complex
disjunctive decompositions and is easliy avoided by

comparing the range and domain of each o encountered.

6. THE IMAGE OF A TWO-PLACE DECOMPOSITION

Consider a two-place decomposition

f(al,az,....,an) = g(al(ai,aj),uz(ai,aj),al,az,...

""ai—l’ai+l”"’aj—l’aj+l""’an)'

The function g is the image of the decomposition. Once
ul and uz are chosen, the value of g is fixed for every
assignment to its arguments for which it need be defined.
g may have a number of 'don't-care' conditions. These
are simply ignored. In the two-valued case the tabular
procedure developed in [ 36 ] is used. The many-valued
case is handled as follows.

For a simple disjunctive decomposition a matrix
definition of g is found from the matrix definition of
f by a straightforward substitution process. For each
row of the matrix defining f, form a set of values
assumed by o, for the assignment to ai,aj specified by
this row. This set is added to the row and the sets
corresponding to a; and aj are removed. Applying this
process to all the rows in the matrix results in a matrix
defining g.

In the simple nondisjunctive case with a k=i or

kl

k=3, the common argument to g and o the matrix defining

2'
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f must be expanded so that each set specifying values

for ay contains a single element. Rows where this is not
the case must be split into some number of rows each
satifying this condition. This expansion is necessary

to avoid inconsistencies in the image. Once the expan-
sion is made, the matrix defining g is found as described
above except thé sets corresponding to a, are retained.
For complex disjunctive decompositions the process is

the same as for simple disjunctive decompositions except
that sets are added for both oy and Oy -

Once g is found it is useful to compress its def-
inition. This reduces the computation reguired to find
the decompositions of this function. We remove cubes
or rows which define input assignments which are defined
by one other cube or row. More elaborate procedures
are possible, but the additional computation does not, in
general,result in a significantly more compact defini-
tion. The reduction we have chosen is straightforward
and can be performed as the image of the decomposition

is found.

7. COMPUTER IMPLEMENTATION

Since the synthesis algorithm is based on heuristic
selection criteria, it must be evaluated empirically.
Two programs, one for many-valued problems and one for
two-valued problems, have been written in the FORTRAN

IV language [ 241 and implemented on an IBM 370/158
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computer [ 25] using the FORTRAN-H compiler [ 23].
Before examining the results produced by these programs
we shall consider a few of the more interesting tech-
niques used in implementing the algorithm.

Many-valued functions are represented as a matrix
of sets. 1In our implementation each of these sets is
represented by a bit string stored in one byte (8 bits).
The program will thus accomodate functions in up to 8
values. At present the matrix may have up to 100 rows
and 16 columns. The latter limits are easily modified.
Extending the program to functions in more than eight
values would require extensive reprogramming.

The synthesis algorithm requires the following oper-
ations on the sets representing a many-valued function:

a) determine if two sets intersect,

b) determine if a given value is in a set,

c) remove a value from a set.

The first operation is performed by taking the logical
AND of the bytes representing the two sets. If the
resulting byte is all zeros, the sets are disjoint,
otherwise, they intersect. The second operation is
performed by taking the logical AND of the byte repre-
senting the set with a byte containing a single one in
the bit position corresponding to the value in question.
If the resulting byte is all zeros the set does not

contain the value. The third operation is performed
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by replacing the byte representing the set by the logical
AND of that byte with a byte containing all ones except
for a zero in the position corresponding to the value
of interest. The logical AND and testing if a byte is
all zeros are basic machine language operations accessible
to FORTRAN via assembler language [ 26 ] subroutines.

A two-valued function is represented by a set of
cubes. Each cube is represented by a bit string stored
in a full word (32 bits). The symbols appearing in a
cube are each represented by a pair of bits according

to the following table:

symbol representation
¢ 0 0
0 01
1 10
X 11

Using a single word for each cube accomodates functions
in up to 15 variables since the two other bits are re-
quired to represent the value of the function for that
cube.

When applying the synthesis algorithm to two-valued
functions the operators u,A,& and n as defined in chapter
4 are required. u 1is the logical OR of the words repre-
senting the two cubes. A is the logical AND. n is
obtained from the A result by examining the bits in the

result in pairs. & is more complex requiring five logical
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operations and two shifts of one bit. Two full word
bit masks are also used. Let AND denote logical AND
and let OR denote logical OR. ILet TO0 and Tl be the
words representing the two cubes being considered and
let M1 and M2 be two 32-bit masks where

M1 = 1010....10

M2

0101....01
Let SHR denote a right shift of one bit where the right
bit is lost and the left bit becomes 0. Let SHL denote
the analogous left shift of one bit. The result of
applying & to the cubes represented by TO and Tl can
be shown to be represented by

OR (AND (M1,AND(T1,SHL(TO))) ,AND (M2 ,AND(T1,SHR(T0))).

Implementing n requires the overation of identifying
the value of a particular coordinate of a cube. This
is most easily accomplished by shifting the bit string
right the required number of positions and to then form
the logical AND of this result with the bit string
00....011. Altering the value of a coordinate is accom~
plished by removal of the old value and insertion of the
new, both of which are accomplished in a manner similar
to the methods described for the many-valued case.

The above techniques are those which are peculiar
to this problem. The rest of the implementation uses

well-known programming methods.
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8. TWO-VALUED EXAMPLES

Three criteria will be used to evaluate circuits.
They are: the number of gates in the circuit; the gating
level i.e. the maximum number of gates which a signal
must pass through between an input and the output; the
number of connections in the circuit. The majority of
two-valued switching circuits are now realized as single
integrated chips or by interconnecting some number of
chips. Each of these chips contains several gates. The
first criterion is, however still useful as an estimate
of the complexity of the circuit. The second criterion
is an estimate of the timing delay of the circuit. An
exact timing would depend on the actual hardware used.
In integrated circuit technology the number of connections
is the most important criterion with respect to the
hardware cost. 1In evaluating our circuits the number of
gate inputs will be used as the number of connections.
We will refer to this number as the cost of the circuit.
Inverters on inputs and outputs are not considered in
any of the three evaluation criteria. 1In many practical
problems, the inputs are available in both true and invert-
ed form and an inverted output is acceptable. This is
particularly true when the circuit being synthesized is
one part of a large digital system. The inputs may be
the outputs of other circuits and may be available in

true or inverted form or both. An output to be used
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in a later part of the system may be perfectly acceptable
in inverted form. There is no point in attempting to
evaluate the inputs and outputs of a circuit outside the

context within which it is to be used.

EXAMPLE 1.

The first example is a validity checker for the

'two out of five' code. The output of this circuit is
i one whenever exactly two of the inputs are one. Our re-
o sult is shown in figure 5.5. The program produced the

circuit in 1.52 seconds. Roth and Karp's solution [59 ]
is shown in figure 5.6. The circuit used in the IBM 7090
computer is shown in figure 5.7.

Figure 5.8 shows the program result modified to use
AND and OR gates. This allows it to be more closely com-
pared with Roth and Karp's result. This modification
was done by hand, but is equivalent to modifying the pro-
gram to handle these types of gates. Our result and Roth
and Karp's result are identical up to and including the
gates labeled o, B and y. From that point our result is
simpler because of the use of an EXOR gate which was not
allowed in Roth and Karp's algorithm. Figure 5.6 is the
most complex published result produced by Roth and Karp's
algorithm. Our result uses three fewer gates, two fewer
levels and has a cost of 24 as opposed to 29.

Of particular interest in this example is the number

of complex disjunctive decompositions. Barnard and Holman's
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method [ 3 ] which is restricted to simple decompositions
would not produce a circuit for this problem. Complex
disjunctive decompositions have been found to appear quite
frequently even though they are only chosen when no simple
decomposition is possible. The program result is consi-

derably simpler than the circuit used on the IBM 7090.

EXAMPLE 2.

The second example is the 'M and M' problem presented
by Karp et al [ 60]. No reason for the peculiar name was
given. Table 5.1 is a cube definition of the function to
be realized. Barnard and Holman's [ 3 ] circuit was given
in figure 5.3. To facilitate comparison this circuit is
also shown as figure 5.9. Figure 5.10is the circuit pro-
duced by the program. This circuit was obtained by deter-
mining a NAND solution for the dual problem to table 5.1.
This circuit was found in 1.31 seconds on the IBM 370/158.
Barnard and Holman's result was found in 68 seconds on a
KDF9. The program result uses one more gate, one more
level and has a cost of 21 as opposed to 20. The effi-
ciency of our algorithm certainly outweighs the slight
increase in the complexity of the circuit. The circuit
presented by Karp et al was identical to our result except
the gates labeled o and B were combined into a single

three-input gate.
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- BXAMPLE 3.

Two-level minimization techniques have received much
attention in the literature and are the most familiar
methods. The circuit in figure 5.11,which was produced
by the program in 1.00 second, is a realization of the
function with a minimal disjunctive normal form of

f(a,b,c,d,e) = abde + abce + acde + acde + bcde

+ bcde + abcd + abce + abde + abcd

The program result has 20 gates, nine levels and a cost
of 34. The two-level realization would have 11 gates,

10 four-input and one ten-input, and a cost of 50. The

program result is superior. Its only fault is the number
of levels. 1In many cases this is not critical.
EXAMPLE 4.

A two-level realization can often be trahsformed into
a more practical multi-level circuit. Dietmeyer and SU
[12 ] have presented an algorithm which takes this approach.
The two-level circuit is first drawn using NAND gates.

Factor operations of the form shown below

it
?

FIGURE 5.12
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are applied to reduce the fan-in requirements. Care 1is
taken to choose factors which can be employed in several
operations in order to reduce the number of gates in the

""" result. Fan-out problems are solved by cascades of NAND
gates. A realization of f(a,b,c,d) = ac + bc + cd + abd
found by these techniques is shown in figure 5.13. This
circuit was produced by hand by the author.

The result found by our program is shown in figure
5.14. This circuit was found in 0.46 seconds. The pro-
gram result uses two fewer gates, two fewer levels and has
a cost of 15 as opposed to 19. The principal advantage
of decomposition to factoring is the function is not re-
quired in minimal two-level form which can be extremely
costly to détermine. The decomposition algorithm can employ
subfunctions in both true and inverted form e.g. the
gate labeled o in figure 5.14. The factoring technique

only uses factors in their true form.

9. MANY-VALUED EXAMPLES

The synthesis of many-valued switching circuits is
a relatively new area of research. It is therefore not
surprising that a search of the literature did not turn
AAAAA up any examples with which to evaluate our algorithm.
The examples below are included to demonstrate the algo-

rithm and also as a basis for comparing the present ver-

sion of the algorithm with future variations or alterna-
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tive approaches which might appear.

EXAMPLE 5.

The first many-valued example is the function defined

by the following table

a; a, a, a, £
0 012 012 0 0
1 012 012 0 1
2 012 012 0 2
012 0 012 1 0
012 1 012 1 1
012 2 012 1 2
012 012 0 2 0
012 012 1 2 1
012 012 2 2 2

This is the generalized condition disjunction introduced
in chapter3. This function acts as a three position

switch. The output is equal to a a, or a, as a, is 0,

1" 72 3 4

1 or 2 respectively. The circuit produced by our program

was found in 3.00 seconds.

al |
; -

o

¢
K

FIGURE 5.15
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21 2 a3
ul. 0 1 2 az 01 2 v,a3 0 12
0 0 0
a4 1 a4 1 a4 1
2 2 0 2
2 %3
u4 012 aS 01 2
0 0 2
ul 1 a4 1 -
2 2 - 2
FIGURE 5.15 (cont.)
EXAMPLE 6.

The second many-valued example is a four-input circuit
whose output is the number of inputs which are 0. Each
input assumes a value from {0,1,2,3}. The output assumes
a value from {0,1,2,3,4}. The circuit below was found

by our program in 2.58 seconds.

2 a4 2
a; | 0123 o, | 0123 ay | 012
00111 0olo0o111 0
agl 1222 aj1f1222 ol
2 | 1222 2 11222 2 | 2
311222 31222

-
a _
4 FIGURE 5.16
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- EXAMPLE 7.

The final example is the universal decision element
defined by Muzio and the author [ 46 1. This element is

given by the table

al a2 ; a3 a4 ,a5, a6 a7 £
0 0 0 012 012 012 012 0
0 12 2 012 012 012 012 0
0 01 1 012 012 012 012 1
0 01 012 012 012 012 1
0 2 012 012 012 012 2
0 01 012 012 012 012 2
1 012 012 0 0 012 012 0
1 012 012 12 2 012 012 0
1 012 012 01 1 012 012 1
1 012 012 1 01 012 012 1
1 012 012 0 2 012 012 2
1 012 012 2 01 012 012 2
2 012 012 012 012 0 0 0
2 012 012 012 012 12 2 0
2 012 012 012 012 01 1 1
2 012 012 012 012 1 01 1
2 012 012 012 012 0 2 2
2 012 012 012 012 2 01 2

The circuit found by the program in 12.41 seconds is given by

ul 01 2 az 01 2 u3 012

0 01 2 0 0 01 2
a2 1 110 a4 1 1 a6 1
2 2 20 2 2
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1 1 l
a4 01 2 ,_uS 01 2 . q6 .01 2
0 0 0 121
oy 1 0 o, 1 o 1 122
2 0 2 1 2 120
5 6
ey 01 2 a8 01 2
0 12 0 201
u4 1 a7 1 - 2
2 2 2 - 0
1«
1 o
T
|
—_—8
a; — 7
Lo o
[ W—
L0
7 FIGURE 5.17

This is an interesting example since an implementation
of each of the two-place functions comprising this circuit
would form a realization of a universal decision element.
This would in turn be a basis for realizing future circuits

produced by our decomposition algorithm.

10.  REMARKS

This chapter has demonstrated two important facts:
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i) two-place decomposition is an efficient and powerful

tool in circuit synthesis;

ii) good circuits can be produced by an algorithm which
generates a single sequence of two-place decomposi-
tions.

Our two-valued algorithm treats a smaller class of de-
compositions than several of the previous algorithms and
is thus theoretically more restricted. In practice it is
more useful since it handles partial functions, EXOR gaﬁes
and complex decompositions. This combination has not
appeared in any previous implementation. The many-valued
algorithm is the only multi-level many-valued synthesis
procedure known to the author. Our algorithm is a prelim-
inary attempt which will no doubt be improved with further
work. The algorithm demonstrates that this approach to
many-valued synthesis is a reasonable topic to pursue.

Since the algorithm is heuristic there is no way to
determine a best set of selection criteria. Those presented
have to date been quite successful. Only future experience,
preferably in a practical design environment, will determine
if better criteria exists.

One problem peculiar to the two-valued case has been
identified. The circuits produced by our algorithm often
have high gating levels. The major reason for this is that
the algorithm only uses two-input gates. A procedure

opposite to Dietmeyer and Su's factoring process
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[13 ] can often be used to reduce the number of levels

by replacing structures of the form shown in figure 5.18

>

B

e ————;
t
1
1
t

— FIGURE 5.18

by a single gate (figure 5.19).

§

FIGURE 5.19

As an example consider figure 5.20 which is the
circuit of figure 5.11. The gates have been numbered
in the order they were produced by the computer program.
This circuit was transformed to the circuit if figure 5.21
by making all possible replacements of multi-input gates
for sequences of two-input gates. The resulting circuit
uses 8 fewer gates, 3 fewer levels and has a cost of 31 as
opposed to 34. The usefulness of this circuit is ques-
tionable since a seven-input gate has been introduced.
Clearly, the problems of fan-in, level of gating, number
of gates and cost should all be taken into account. An

algorithmic procedure for this transformation process
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would be an excellent area for future research. There are

a number of familiar gate reduction theorems for NAND
circuits which should be considered in developing such a
technique.

Extending the decomposition techniques to handle multi-
input gates during the construction of the circuit, is not
a reasonable idea. We have seen the computation involved
would be a drawback. In addition, more complex selection
criteria would be required to determine when the use of a
multi~input gate is advisable. Decisions such as whether

a single gate, figure 5.22,

a
b abc
¢ FIGURE 5.22

or the corresponding structure, figure 5.23,

- -

abc

FIGURE 5.23

should be used would have to be incorporated into the
algorithm. This would require some form of 'look-ahead'.
In the author's opinion, it is best to consider only two-
input gates in constructing the circuit. Multi-input gates

should be treated as outlined above.
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CHAPTER 6

Synthesis of Multiple-Output Circuits

1. INTRODUCTION

Switching circuits often realize more than one
output function. For example, a four-bit parallel binary
adder accepts two four-bit numbers and a carry from the
previous stage and produces a four-bit result together
with a carry to the next stage. Optimizing the design of
such a circuit requires the output functions be considered
simultaneously. Common subfunctions should be identified
so that certain hardware can be employed in the realization
of more than one output. This requirment makes the synthe-
sis of multiple-output circuits much more complex than the
single-output case.

A multiple-output circuit could be designed by synthe-
sizing the output functions seperately. While the possi-
bility of sharing gates may then be obvious, this approach
does not, in general, produce an efficient realization.
Better results are achieved if the identification of common
subfunctions is an integral part of the synthesis procedure.

Several authors [ 4 1,0501,[0721,1731,0741,[ 761
have considered the design of two-level two-valued switch-
ing circuits with multiple-outputs. The initial algorithm
presented by Bartee [ 4 ] produces a minimal result. Each

output function is realized by a circuit corresponding to a
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Boolean expression in disjunctive normal form i.e. a
disjunction of terms each of which is a product of
variables some of which may be inverted. When it is
advantageous terms are used in more than one expression.
This corresponds to the hardware implementing the term
being employed in the realization of more than one
output. A minimal result minimizes the number of terms
plus the number of variables appearing in these terms.
Terms appearing in more than one expression are counted
only once. These criteria minimize the number of con-
nections in the corresponding circuit.

Bartee's algorithm requires a large amount of com-
putation and considerable storage on the computer.
Reducing these requirements has been the principal goal
of the other authors who have considered this problem.
Considerable savings are possible if a good rather than
a minimal result is accepted.

In the single-output case it was found that a minimal
two-level realization does not necessarily represent the
best possible result. The number of connections can often
be reduced by allowing more than two levels. The decom-
position algorithm developed in chapter 5 produces a good
multi-level circuit very quickly which typically has
significantly fewer connections than a two-level result.
Similar improvements are possible if multi-level multiple-

output circuits are considered.
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Su and Nam [ 73 ] have extended the single-output
factoring technique due to Dietmeyer and Su [13 1. This
algorithm begins with a minimal or nearly minimal two-
level realization and produces a multi-level NAND circuit.
This algorithm is economical in terms of both computing
time and storacge.

Su and Nam's algorithm has the same drawbacks as the
single-output algorithm. A minimal or nearly minimal
two-level realization is required as input to the algorithm.
The technique only handles vertex gates and can not be
extended to allow the exclusive-OR or to handle many-
valued functions. Factors are only employed in their true
and not their inverted forms. Finally, factors are only
identified if a fan-in or fan-out problem exists and factors
which reduce the number of connections may be overlooked.

No multiple-output sysnthesis algorithms employing
decomposition techniques have appeared. In this chapter
the application of two-place decomposition to this problem
is considered. An efficient multiple-output symthesis
algorithm is developed for the two-valued case. Several
sample solutions are presented. The results compare quite
well to circuits produced by previous algorithms. The
extension of this algorithm to the many-valued case is

discussed.
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2. MULTIPLE-QUTPUT DECOMPOSITION

In multiple-output synthesis the principal problem
is the identification of subfunctions which can be used
in the realization of more than one output function. A
decomposition is an expression of a switching function as
a composite function. In a multiple-output problem, com-
paring the decompositions of the output functions would
seem to be a reasonable approach to identifying common
subfunctions.

Karp [ 29 ] has suggested the following approach. Let

2(A2),...., fm(Am) be the functions to be realized.

2

staly, £

At each step S a subset of {fl,f ,...,,fm} is selected. An

AX is chosen so that Angl for every f'¢S. The existence

of such an AX is a criterion for choosing S.

For each f'eS a decomposition of the form
i,iy _ i, i i i i
f (A ) - g (O('l(AX)’OLZ(A)\)’....’OLt(AX)’AU) (l)

i

n at = o , A lJAu = at and where each

A H A

i i . .
aj assumes no more values than £~ . The identification of

is found where A

decompositions of this form was discussed in chapter 2.
Such a decomposition can always be found since if no useful
decomposition exists the trivial decomposition with

t = |A and each a§ a unique variable in Ay is chosen.

N
In choosing the a; it 1s reasonable to insist that t
be as small as possible since this minimizes the number of

arguments to g . Within this restriction it is further

required that the number of distinct a§ be minimized by
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choosing functions which may be included in more than

one of the decompositions. The latter condition requires
functions which are assignable for more than one fi be
determined.

In chapter 2, the assignment of the a§ in a decomp-
osition of the form (1) was found to be extremely complex.
No solution is known. Without this solution there is no
basis for considering the identification of simultaneous
assignments for a number of functions. Karp [ 29 ] has
presented a partial characterization of the simultaneous
assignments to two total two-valued fi. Unfortunately,

this characterization does not suggest a practical solution.

3. MULTIPLE-OUTPUT TWO-PLACE TWO-VALUED DECOMPOSITION

A nontrivial two-place decomposition of a two-valued

function f(A) is an expression of the form

£(a) = glag(a)),0y(Ry),A)
where A, 0 A = ¢, Ay U A =2, IAAI =2, 0, and a, are
two-valued and at least one of o, or o, is a true two-place

1 2
function. A simple example will illustrate the problem of

identifying a multiple-output two-place two-valued decomp-
osition. B[xk] will denote a vertex function with distin-
quished vertex Xy -

Consider two two-valued functions

fl(a,b,c) = ab + ac + bc

and fz(a,b,c) abc + abc + abc + abc.

= {a,b} and al = a2 = {c}. The corresponding

Let A
A U u
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partition matrices are

a,b a,b
1. 2
£7] 00 01 10 11 £°] 00 01 10 11
c 0|0 0 01 o 0 11 1 o0
1]0 1 1 1 1] 0 0 0 1

For both of these matrices v = 4 and fl and f2 thus have

nontrivial two-place decompositions with A, = {a,b}. The
assignment problem is whether ai, ué, ai, uz can be chosen

2

so that a function is used in both decompositions.

In the above example two functions were examined
for two-place decompositions relative to the same Ax and
these decompositions were then examined for a common
assignment. In general, there will be m functions which
may or may not have common arguments. The objective is
to identify the largest subset of these functions so that
each function in this subset has a decomposition relative
to the same AA and these decompositions can be assigned

common OLi N

Consider a number of two-valued functions fl,fz,..
..,fp with two-place decompositions 61,62,....,6p relative
to the same AX' These functions are identified by con-

structing the complete list of decompositions of the func-

tions being considered. S a subset of {61,5 ...,ép}

2"

is termed a mutually assignable set if either

a)eachéies can be assigned to share a single true

two-place function,
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or b) 6keS is a complex disjunctive decomposition and
every SjeS, j#k, can be assigned to share a function
with ék.
Mutually assignable sets identify decompositions
employing common functions and hence situations where hard-
ware can be used in the realization of more than one output
function. Determining these sets is a major step in the
multiple-output synthesis algorithm presented later in the
chapter. A largest mutually assignable set is sought since
this represents the sharing of hardware by the greatest
number of functions.
The largest mutually assignable sets are constructed
by an iterative procedure. Consider a number of two-
2 £P

valued functions fl,f Feeeoy with two-place decompositions

61,62,....,6p each relative to the same A . Let
S = {{61},{62},....,{6p}}. S is a set of mutually assign-
able sets. S' is found from S as follows
1. 8' <« ¢
2. For each Si, l<i<p, and SjeS, if SieSj determine
if {Si}usj is a mutually assignable set. If it is
and it does not already appear in S', add it to S°'.
If the resulting S' # ¢, S « S' and determine S' as above.
This process is repeated until S' = ¢. At this point S
contains all the largest mutually assignable subsets of
{61,62,....,6p}.

This technique requires we determine if {éi}u ijis a
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mutually assignable set. We could form this set and then
compare the decompositions to determine if they are
mutually assignable. This would require considerable
computation. A more efficient approach is possible since
we know Sj is mutually assignable.

There are eleven types of two-place decompositions

of a two-valued function. These are listed in table 6.1.
This list corresponds to the list near the end of chapter 4.
Mutually assignable sets are classified according to the
true two-place functions required to realize the decompo-
sitions in the set. There are eleven classes. These are
listed in table 6.2.

Determining if {Si}u Sj is mutually assignable involves

a comparison of the type of 6i and the class of Sj' There
are a number of cases:

a) 6i is type 1 through type 5. {6i}u Sj is mutually
assignable if, and only if, Sj is in a class con-
taining the function required by Si.

 ;{j f‘ b) Gi is type 6 through type 9. {Gi}u Sj is mutually
assignable if, and only if, Sj is in a class con-
taining one of the true two-place functions which
can be assigned to di.

c) 6i is type 10 or type 11. {Gi}u Sj is mutually
assignable if, and only if, Sj is in a class con-

taining at least one of the functions required by

S..

1



type

10

11

(ai,a.)

constant
constant
constant
constant

constant

G.=a., Or o,=a.
1

o (ai,a.)
5=BI11]
a,=B[10]
a,=B[01]
a,=B100]
equivalence or
nonequivalence
a,=B[0-]
,=B[1-]
a,=B[-0]
a,=Bl-1]
a,=B[11]

a2=8[lO]
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TABLE 6,2
class assigned functions
1 gl11]
2 B110]
3 BL01]
4 g[00]
5 eqguivalence or
nonequivalence
6 B[00]1 or BI[01]
7 B[10] or B[11l]
8 B[00] or B[10]
9 BL01] or BI[11]
10 B[00] and B[11]

11 B[01] and BI[10]
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When'{Gi}u Sj is mutually assignable its class must
be determined. There are several cases:
a) ¢, is type 10 or type 11. {Si}u Sj is in class
10 or class 11 respectively.
b) éi is type 1 through type 5 and Sj is in class 1
through class 9. {Si}u Sj is in the same class
as S..

J

c) Gi is type 6 through type 2 and Sj is in class 1

through class 4. {éi}u Sj is in the same class

s S..

a5 25
d) Si is type 6 through type 9 and Sj is in class 6
through class 9. There are two possible results.

If 61 is type k and Sj is in class k, {6i}u Sj is
in class k. When di is type k and Sj is in class ¢
{Si}u Sj is in class 1 through 4. The correct
class depends on which function in class 2 can be
assigned to a type k decomposition.

These results are summarized in table 6.3. A blank
entry indicates {6i}u Sj is not mutually assignable. When
the resulting set is mutually assignable the value in
table 6.3 indicates its class. This table is the basis for
an efficient implementation of the procedure for determining
mutually assignable sets.

The synthesis procedure chooses one largest mutually
assignable set according to a heuristic criterion which is
described later in this chapter. Each decomposition in

this set is then applied to its corresponding output func-



type
of

10

11

TABLE 6.3

class of Sj

1 2 3 4 5 6 7 9 10 11
1 1 110
2 2 11
3 3 3 11
4 4 10
5
3 4 6 3 10 11
1 2 7 110 11
2 4 4 2 10 11
1 3 3 1 9 10 11
10 10 10 10 10 10 10
11 11 11 11 11 11 11

172
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tion. If the decomposition is type 6 through type 9, the
two-place function chosen to realize the decomposition
depends on the class of the mutually assignable set. The

proper choices are listed in table 6.4.

4. MULTIPLE-OUTPUT MANY-VALUED TWO-PLACE DECOMPOSITION

The above techniques are simple, very efficient and
easily programmed on the computer. Unfortunately, this
approach can not be extended to the many-valued case.

2
o -r’ true r-valued two-place functions. For

There are r
r = 3 this value is 19,656. It is impossible to construct
tables analogous to tables 6.1 through 6.4 for such a
large number of functions. Each time a decomposition is
to be added to a mutually assignable set, a detailed
comparison of this decomposition with the decompositions
in the set is required. This comparison employs an exten-—

sion of the assignment procedure for a single decomposition

which was developed in chapter 3.

Consider a number of r-valued functions fl,fz,...,fp
with two-place decompositions 61,62,....,6p each relative
to the same AX' Determining if {61,62,....,6p} is a

mutually assignable set is divided into two cases. First,
suppose each 6i is a simple disjunctive decomposition or

a simple nondisjunctive decomposition. Each di is realized
with a single true two-place function. When {61,62,...,6p}
is a mutually assignable set this function must be the

same for all Gi.



class
of
set

10

11
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TABLE 6.4
Bl11] Bl[11]
B[10] gl10]
B101] BL01]
B[00] B{00]
B[00] or
BI01]
BI[10] or
BI11]
B[00] or
8110]
B[01] or
Bl11]
BL00] gl11] g[00] Bl11]
gL01] BI10] B[10] BL01]
6 7 3 9
type of

decomposition
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Each.dihas an associated incompatibility graph Gi'

A function can be assigned to Gi if, and only if, it defines
a colouring of Gi' The problem is to determine a function
which defines a colouring of all the Gi°

Let G denote the union of the Gi’ G contains all
the distinct vertices taken from the Gi. Two vertices
are adjacent in G if, and only if,they are adjacent in

some G..
i

THEOREM 6.1. A given function o defines a colouring of

all the Gi if, and only if, o defines a colouring of G.
PROOF. Suppose o defines a colouring of G i.e.

a[xj] = u[xk] => Xj and x, are not adjacent in G. By the

k
construction of G, Xj and X, are not adjacent in any Gi,
hence, o defines a colouring of each Gi.

Suppose o does not define a colouring of G i.e.
there exist adjacent vertices Xj and X in G such that

a[xj] = a[xk]. By the construction of G, xj and Xy are

adjacent in at least one Gi’ hence, o does not define a

colouring of every Gi' QED.

When the Gi are simple decompositions, G the union

of the incompatibility graphs is formed and a minimal
»Qf}f ; colouring of G is determined. If x(G) > r , {61,62,..

..,dp} is a mutually assignable set where each 6i assumes

a common function. The colouring of G defines one choice

for this function. If ¥ (3) > r, {61,62,....,6p} is not

mutually assignable.
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When {61,62,....,6p} contains a complex disjunctive
decomposition a diiferent approach is taken. Each of the
Si which are simple decompositions must be assigned one
of two true two-place functions and these functions must
be used to realize the complex decomposition. If there is

more than one complex decomposition in {61,6 ...,ép}

2"

we insist they each be assigned the same pair of functions.

"

]
Let éi denote the complex decompositions and Gi the
simple decompositions in {61,62,....,6p}. A pair of func-

tions oy and a, can be assigned to a complex decomposition

if, and only if, the function o = (al,az) defines a colour-
ing of the incompatibility graph corresponding to this
decomposition. o is a single function and theorem 6.1
applies. We thus form d the union of the incompatibility

T
graphs corresponding to the 6i. oq and a, can be assigned

1
to each Gi if, and only if, a = (al,uz) defines a colouring
]
of G .
1 "
oy and a, are not determined from G . Each éi must

be assigned either a, or a,. The approach is to determine

1
oy and o, such that each 6i can be assigned one of them

and to then determine if o = (o ) defines a colouring

17%2
T
of G. This is accomplished by considering all possible
" " n
partitions of {61,62,....,6q} into two nonempty disjoint

sets. For each partition we determine if the resulting

sets are mutually assignable. This is accomplished as

described above since the Gi are simple decompositions.
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When a partition resulting in two mutually assignable

sets with functions a, and o, is found, we form

1 2
o = (ul,uz) and determine if o defines a colouring of
)
G . If it does {61'6?'“""6p} is mutually assignable

using the two functions oy and o,

This discussion does not include the case where

" " "

{61,62,....,6q} is a mutually assignable set i.e. where

all the simple decompositions are assigned a single func-

”n 1
tion oy - In this case, we define a graph G . G has the
1
same vertices as G . Two vertices labeled xiand xj are

n

1
adjacent in G 1if, and only if, they are adjacent in G

and ul[xi] = a1[xj]. We then determine if there is an

"
o, which defines a colouring of G . If such an o, exists

)

o = (al,az) represents a colouring of G . It follows
that {61,62,...,,6p} is mutually assignable using a, and
a,-
5. A MULTIPLE-OUTPUT SYNTHESTS ALGORITHM

The synthesis of a multiple-output circuit is accom=-
plished by constructing a sequence of two-place decomposi-
tions for each of the output functions. Each of these
sequences represents a switching circuit realizing the
corresponding output function. Mutually assignable sets
of decompositions are employed in the construction of these
sequences in order to use certain hardware in the realiza-
tion of more than one output. The algorithm is quite

straightforward. A single decomposition sequence is con-



178

structed for each output according to a‘set of heuristic
decision rules. No 'back-tracking' or 'look-ahead' is
employed.

The circuit to be synthesized is specified by a number
of functions fl,fz,....,fm. These functions can have
'don't-care' conditions and need not have identical argu-
ments.

The first step in the algorithm is to determine all
the two-place decompositions of fl,fz,....,fm. Decompo-
sitions representing cyclic gating are removed using the
techniques described in chapter 5. The remaining list of
decompositions is divided into sublists of decompositions
relative to the same pairs of variables. Each of these
sublists is examined and for each sublist all mutually
assignable sets are determined as described above.

The algorithm selects one of these largest mutually
asSignable sets and finds the images of the decompositions
in this set. At each step in the algorithm decompositions
are thus applied to some subset of the output functions.
The true two-place functions required to realize these
decompositions are recorded. Each image is examined for
completion of the synthesis of the corrsponding output.
Completed images are removed from the problem. For all
remaining output functions, those to which a decomposition
was applied are replaced by the images of the decomposi-

tions and the procedure is repeated from the beginning.

The algorithm terminates when all the output functions
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have been completely synthesized.

The algorithm is an obvious generalization of the
single-output synthesis procedure. The principal dif-
ference is that a set of decompositions is selected rather
than a single decomposition. This selection process and
the construction of mutually assignable sets are the only
new techniques. The determination of decompositions and
the images of decompositions is exactly the same as in the
single-output case.

The heuristic selection criteria developed in the
single-output case produce very good results. They are
used as the basis for the multiple-output criteria. The
multiple-output criteria will be chosen so that if they
are applied to a single function they yield exactly the
same result as the single-output criteria. This is
desirable since at some point in the synthesis of a
multiple~output circuit no decompositions can be assigned
common functions, and the output functions must be synthe-
sized separately. Rather than treating this as a special
case and reverting to the single-output synthesis proce-
dure, this situation is handled directly by the multiple-
output algorithm.

Simple disjunctive, simple nondisjunctive and complex
disjunctive decompositions are again assigned relative
costs of 1, 2 and 3 respectively. The cost of a mutually

assignable set is taken to be the sum of the costs of the
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decompositions in the set. This value is used to compare
mutually assignable sets of the same size. The set with
the lowest cost is most desirable. The cost of a decom-
position is a measure of its complexity. The cost of a
mutually assignable set is a measure of the total complex-
ity of the decompositions in the set. Thus for sets con-
taining the same nuber of decompositions the set with
minimal cost intorduces the least amount of complexity
into the total circuit.

As in the single-output case, the gating level of a
decomposition is taken as the larger of the numbers of
levels through which its two arguments have passed. The
gating level of a mutually assignable set is the sum of
the gating levels of the decompositions in the set. This
value is used to compare mutually assignable sets with
the same number of decompositions and the same cost. The
set with the lowest gating level is most desirable since
it introduces a minimal increase to the gating level of
the multiple-output circuit.

At each step, the multiple-output assignment algorithm
selects a largest mutually assignable set. This represents
a sharing of hardware by the greatest number of functions.
The algorithm examines all mutually assignable sets and
selects one with minimal cost and within this restriction
minimal gating level. If two sets have the same cost and
the same gating level, the first set to be generated is

chosen. The order in which the sets are generated will
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be illustrated in an example later in this section.

Suppose at some stage no decompositions can be
assigned a common function. In this case, the list of
decompositions found is also the list of mutually assignable
sets. The cost and gating level of each set are the cost
and gating level of the decomposition in the set. The
criteria above thus select a decomposition of minimum
cost and gating level. If two decomposition both have
the same cost and gating level the first one generated is
selected. The chosen decomposition applies to a single
function and is the decomposition which would be selected
if the single-output algorithm is applied to that function.

To illustrate the operation of the synthesis algo-
rithm we will describe a single step in the solution of
a problem suggested by Hurst [ 27 1. A complete solution
to this problem will be given below in example 1. In this
discussion only the generation of mutually assignable
sets and the multiple-output selection criteria are con-
sidered. The other steps in the algorithm were considered
in chapter 5.

The circuit to be synthesized is specified by the
following table. The inputs are from a keyboard used by
the British General Post Office. The keys are arranged
in four rows and three columns. Depressing a key results
in the arguments associated with the row and column of
that key assuming the value 1. The output of the circuit

is a four-bit binary number assigned to the depressed key.
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a b c W b4 y z et f2' f3 g4
1 0 0 1 0 0 0 0 0 0 1
0 1 0 1 0 0 0 0 0 1 0
0 0 1 1 0 0 0 0 0 1 1
1 0 0 0 1 0 0 0 1 0 0
0 1 0 0 1 0 0 0 1 0 1
0 0 1 0 1 0 0 0 1 1 0
1 0 0 0 0 1 0 0 1 1 1
0 1 0 0 0 1 0 1 0 0 0
0 0 1 0 0 1 0 1 0 0 1
1 0 0 0 0 0 1 1 0 1 1
0 1 0 0 0 0 1 1 0 1 0
0 0 1 0 0 0 1 1 1 0 0

The following diagram shows the layout of the key-

board.

v 7 8 9

z 11 10 12

Examining fl,fz,f3 and f4 the algorithm determines
a and w are redundant in every output function, x is redun-
dant in fl and y is redundant in f4. After removing these

variables the decompositions in table 6.5 are found. This



TABLE 6.5
function arguments . . type.
fl b ¢ 4
f2 b x 8
f3 b x 2
f4 b x 5
fl by 9
f2 v 3
f3 y 5
£l b z 8
f2 b z 4
f3 b z 4

4

£ b z 6
f2 c x 8
f3 c X 6
f4 c X 8
fl c vy 9
f2 cy 6
f3 c vy 5
fl c z 8
f2 cC z 7
f3 cC z 5
f4 C z 1

. cost
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table is arranged in sublists of decompositions relative
to the same pair of variables. Reading down the table,
the decomposition applicable to each function are in the
order described for the single-output case.

Each of these sublists is examined and for each the
maximal mutually assignable set is found as described in
section 3. These sets are listed in table 6.6. {68,69,
610,611} is the only set with four decompositions and is
thus selected. Each decomposition is assigned the function
B[00]. The choice for 68 and 611 was determined using
table 6.4. The gates required to implement these decompo-
sitions are noted and the images of the decompositions
are found.

This process is repeated until the synthesis of all
four outputs is completed. As in the single-output case

the result of applying the algorithm is a list of gates

and interconnections describing the switching circuits.

6. EXAMPLES

Since heuristic selection criteria are used, the
algorithm must be evaluated empirically. A FORTRAN IV
[ 24 1 program has been written and implemented on an
IBM 370/158 computer using the FORTRAN H compiler [ 23 1.
This implementation is restricted to two-valued functions.
The input to the program is a list of functions. The
program currently accepts up to fifteen functions each

with up to fifteen arguments. The total number of cubes
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required to specify all the functions can not exceed 500
# at any point in the algorithm. The number of functions
and the number of cubes could be increased by simply
changing declaration statements. Increasing the number
of arguments to each function would require extensive
alterations to the program.
The output of the program is a list of gates and

interconnections which comprise a realization of the given

functions. The gates whose outputs realize the given
functions are identified. The program currently produces
a circuit using NAND and EXOR gates but is easily adpated
to other types of gates.

Circuits will be evaluated using the criteria employ-
ed in the single-output case i.e. number of gates, gating
level and internal connection cost which will be referred
to as simply the cost of the circuit. The examples are

considered in detail below.

EXAMPLE 1.

The first example is the keyboard decoder described
above. The circuit produced by the program is given in
figure 6.1. This circuit was determined in 1.29 seconds.

f}ffff Hurst's solution is given in figure 6.2. This circuit
was found using synthesis techniques due to Edwards [147.
It is not known to what degree a computer was used in deter-

mining this solution. Figure 6.3 shows the program result
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modified to use NOR gates. This modification was done
by hand but is equivalent to‘altering the program to use
NOR rather than NAND gates.

The principal difference between Hurst's result and
our result is the number of gating levels. These values
are three and six respectively. If the techniques for
incorporating multiple-input gates described in chapter 5
are applied, the program result can be reduced to four
levels, figure 6.4. Both Hurst's result and our result

have costs of 28.

EXAMPLE 2.

The '8421' and 'excess 3' codes, table 6.7, are used
to represent a decimal digit as a four-bit binary number.
Figure 6.5 shows an '8421' to 'excess 3' converter pro-
duced by the program in 0.53 seconds. The inputs to the
circuit a,b,c,d are a decimal digit in '8421' code with

. s o . 4
d the least significant bit. The outputs fl,fz,f3,f~ are

the same decimal digit in 'excess 3' code with f4 the least

significant bit. The circuit in figure 6.6 performs
the conversion from 'excess 3' to '8421'. This circuit

was found in 0.64 seconds.

EXAMPLE 3.

Texas Instruments chip SN7482 [75 ] is a two-bit
full adder. This chip accepts two two-bkit binary numbers

(a ,al) and (b2,bl) and a carry-in c The output is a

2 0°
two-bit binary result (dz,dl) and a carry out c

5 The
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TABLE 6.7

decimal '8421" 'excess 3!

digit code . code
0 0000 0011
1 0001 0100
2 0010 0101
3 0011 0110
4 0100 0111
5 0101 1000
6 0110 1001
7 0111 1010
8 1000 1011

9 1001 1100
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circuit diagram of this chip is given in figure 6.7. The
circuit produced by the program is given in figure 6.8.
This circuit was determined in 1.80 seconds. The program
solution has five levels, one more than the Texas Instru-
ments chip. The program solution has a cost of 24. The

Texas Instruments chip has input cost 44.

EXAMPLE 4.

Several digital devices, calculators in particular,
use seven segment lamps for displaying decimal digits.
The decimal digit is usually stored internally in the
'8421' code. A circuit is thus required to convert the
'8421"' code to a seven-bit code to drive the lamp. Texas
Instruments chip SN7449 [ 75 ] performs this operation.

It accepts a four-bit code a,b,c,d and produces a seven=-

bit result according to the following figures:

B
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Note: The input is given as the decimal equivalent of

the four-bit '8421' input.
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SEGMENT IDENTIFICATION:

1

6 2
—

5 3
4

The chip has a fifth input z which results in a blank
display when it is 0 and has no effect when it is 1. The
circuit diagram of this chip is given in figure 6.9.

The circuit.in figure 6.10 performs the same opera-
tion as the circuit in figure 6.9. It was determined by
the program in 2.55 seconds. This circuit has a cost of
63 and eight levels. The Texas Instruments chip has a
cost of 73 and three levels. 1In this application the number
of levels is not very important since a display need only

change at visual and not electronic speed.

EXAMPLE 5.

Figures 6.11 and 6.12 illustrate a binary coded
decimal single digit full adder. This circuit accepts
two four-bit numbers a,b,c,d and w,x,y,2 which are decimal

digits in '8421' code and a carry-in c The output is

0°
. .. 4 3 .2 1 . .
a decimal digit £ ,£7,£7,f" in '8421' code and a carry-

out c2. cl,gl,gz,g3 and g4 are intermediate results. The

circuit was developed in two stages. The circuit in

figure 6.11 accepts the two decimal digits adds them pro-

ducing a decimal digit g4,g3,g2,gl and an internal carry

cl. The circuit in figure 6.12 accepts these intermediate
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results and the carry-in ¢, and produces the final result

0
f4,f3,f2,fl and carry-out cz. The two circuits were found
in 17.15 and 1.47 seconds respectively.

Figure 6.13 shows a binary coded decimal single digit
full:adder [84] of the type used in calculators. This
circuit operates in two stages. First, the two digits
are added using a serial binary adder. If the sum is less
than 10, the answer is correct. Sums of 10 through 19
must be corrected by adding 6. This is done in the second
stage. Note that for suns ¢f 10 through 15, the carry-out
must also be corrected.

The circuit produced by the program has a cost of
126 and 16 levels. The calculator circuit has a cost of
69 and 21 levels. The program solution is more costly
but will operate significantly faster. This speed is
gained since the program treats the problem of addition
as a single combinational operation rather than as a series
of operations. A binary coded decimal single digit full
adder is an excellent candidate for realization as a
single integrated circuit.chip. In this case, the addi-
tional hardware used in the program solution is insignif-
icant while the increased speed is of great benefit. In

addition the gating level could be even further reduced

by introducing multiple-input gates.
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EXAMPLE 6.

The final example is due to SU and Nam [73] and is

given by the following table:

a b ¢ 4 £t g2 3 g4
0 0 0 X 0 1 1 0
0 0 X 0 0 1 1 0
0 x 1 0 0 1 1 0
0 0 1 1 0 1 - 0
0 1 0 0 0 0 - 0
0 1 0 1 - 0 0 0
X 1 1 1 1 1 1 1
1 0 0 0 0 0 1 0
1 0 0 1 0 0 1 1
1 1 1 0 1 0 1 1
1 0 1 1 0 0 0 0
1 1 0 1 1 0 0 0
Note: A dash (-) indicates a 'don't-care' condition.

The program result is shown in figure 6.14. This
circuit was found in 0.91 seconds. The circuit given by
Su and Nam is given in figure 6.15. This result was

found by applying factoring techniques. The program
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result has a cost of 27 and five levels. Su and Nam's
result has a cost of 40 and six levels. In counting the
number of connections for Su and Nam's result, the gates
labeled o and B were ignored since these solve a fan-out
problem which our algorithm does not consider. Including

these gates would be an unfair comparison.

7. REMARKS

The above examples demonstrate that two-place decomp-
osition is a good approach to the synthesis of two-valued
multiple-output switching circuits. In particular, they
show that reasonable circuits can be found by an algorithm
which constructs a single sequence of decompositions with
no 'back-tracking' or 'look-ahead'. They also verify
that the particular heuristic criteria implemented in the
program were well chosen. The simplicity of this approach
results in the circuits being determined very efficiently.

The Texas Instuments '8421' to seven segment decoder,
figure 6.9, is a two-level realization with certain addi-
tional initial gates to incorporate the blanking input z.
The program result uses 10 fewer internal connections,
a saving of 13.7%. It however uses eight levels of gating.
This could be reduced using the techniques of chapter 5
but for this application is not worthwhile since the cir-
cuit is to drive a visual display.

The Texas Instruments two-bit full adder, figure 6.7,

has four levels but is in fact two two-level circuits
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joined together. The program result is considerably simpler.
A major factor in this simplicity is that the decomposition
algorithm makes effective use of EXOR gates. These are not
allowed in two-level minimization techniques.

The binary coded decimal single digit full adder,
figures 6.11 and 6.12, is the largest problem the program
has been given. The specificatidn for the first section,
figure 6.11, was generated on the computer and consisted
of five truth tables each with 100 rows. This accounts
for the relatively long execution time of 17.15 seconds.
This section has twelve levels. Once again this figure
could be significantly reduced using the techniques of
chapter 5. This example illustrates the very useful tech-
nique of solving a large problem by solving some number
of smaller problems. In the next chapter, this technique
is further illustrated by solving a complex problem by
breaking it into several problems some of which are solved
easily using the decomposition algorithm.

Figures 6.14 and 6.15 compare the decomposition
program to the factoring algorithm due to Su and Nam [ 73 ]
on an example presented by the latter authors. The decomp-
osition result uses 32.5% fewer internal connections and
one less level. 1In addition, the decomposition result
has the advantage that it can accept the problem in any
degree of complexity. The factoring algorithm requires the
function be in minimal or nearly minimal form. This of

course represents a marked difference in the required comp-
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utation. Unfortunately, no exact comparison can be made
since Su and Nam did not give a complete timing but only
quote the time for factoring once the functions are in
minimal form.

As in the single-output case, the major drawback
to the circuits produced by the decomposition algorithm
is the number of gating levels. Thi#s$ problem can usually
be solved using the techniques described in chapter 5.
This supports the earlier suggestion that formalizing
these techniques into a computer-oriented algorithm would
be a useful topic for future research.

Another interesting area for future work is the
extension of the multiple-output algorithm to include
many-valued functions. The identification of mutually
assignable sets of two-place decompositions of many-valued
functions was discussed in section 4. The techniques pre-
sented are the most obvious approach to identifying
these sets. They are straightforward and would be easy
to implement. Unfortunately, this approach would be ex-
tremely time-consuming. This problem should be more
thoroughly investigated before an algorithm is imple-
mented. In the single-output case, the same selection
criteria were very effective for both two~-valued and
many-valued functions. This should also be true for the
multiple-output case, since the selection criteria con=

sider the number of true two-place functions, the number
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of arguments to the image of each decomposition and the
number of levels in the circuit. None of these depend

on the number of values assumed by the function.
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CHAPTER 7

Discussion and Conclusion

The results of this thesis are the techniques for the
identification of two-place decompositions and the algo-
rithms which employ these techniques in the synthesis of
switching circuits. In this chapter we shall review these
results with particular emphasis on those points which
would benefit most from future research.

The design of switching circuits is a complex problem.
It is unlikely a single technique will be universally
applicable to all synthesis problems. A more reasonable
approach is to develop a number of efficient special pur-
pose tools which the designer can apply as each problem
dictates. Two-place decomposition is one such tool. As
a preliminary example of this approach, a complex design
problem will be solved by manually dividing it into a
number of smaller problems some of which are solved using

our decomposition algorithm.

1. IDENTIFICATION OF TWO-PLACE DECOMPOSITIONS

The approaches to the identification of decompositions
which have appeared in the literature were examined in
chapters 2 and 3. A number of computational problems were
identified. This led to the consideration of two-place

decomposition. The objective was to develop techniques
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which were both computationally efficient and useful in the
practical design problem. It was found to be advantageous
to consider two-valued and many-valued functions separately.

In the two-valued case a particularly efficient tech-
nique was developed. The major part of the required com-
putation is performed in parallel. Each pair of cubes in
the definition of the function is examined once. This is
a great improvement over Roth and Karp's [59 ] method and
a previous technique described by the author [ 36 ] where
each pair of cubes must be examined for each pair of argu-
ments. The operations required in comparing cubes are
simple to implement on a computer and are very efficient.
The computation which must be performed separately for
each pair of variables involves the application of a num-
ber of decomposition tests each of which examines at most
two cubes. The method handles partial functions with no
additional effort. Except perhaps for implementation de-
tails, this method is as efficient as possible. Unfortu-
nately, there is no generalization to two-place many-valued
decompositions.

The technique for identifving two-place many-valued
decompositions developed in chapter 3 requires more com-
putation than our two-valued method. Each pair of rows
in the matrix defining a function must be examined for
each pair of variables. The operations involved in com-

paring a pair of rows are easily implemented on the computer
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but are more complex than the operations used to compare
two cubes in the two-valued case. They must also be per-
formed many more times for each function considered. In
describing the technique, it was suggested that the incom-
patible pairs of X are found and then the compatibility
graph is constructed. In actual fact, these operations
are combined.

The major problem in the many~-valued case and certainly
the one most requiring further study is the assignment of
the G;. Conditions on the number of arguments to the oy
were established in chapter 3. The problem of explicitly
defining the 0; was only solved for the case where the
functions are to be realized using universal decision ele-
ments. This is the simplest possible case since one-place
functions need not be considered, and all two-place func-
tions have the same hardware cost. The assignment problem
was thus reduced to identifying one possible assignment
and did not require examining the possible alternatives
for a more desirable choice.

If the more traditional approach of realizing functions
as compositions of primitive switching elements is to be
used, a more complex assignment process would be required
since all assignments no longer have the same hardware
cost. Effective synthesis techniques are a major factor
in determining the practicality of a set of pPrimitive
elements. Developing alternative assignment techniques

is thus an important area for future research and may aid
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in the development of practical many-valued hardware.

The many-valued decomposition techniques require the
minimal colouring of certain graphs. A large number of
colourings must be determined during the synthesis of a
circuit and the efficiency of the graph colouring algo-
rithm is critical. The algorithm presented has been found
to be more efficient than previous algorithms which have
appeared in the literature. Tt is beyond the scope of this
discussion to give the particulars of these comparisons.

A detailed analysis can be found in | 371.

2. THE SYNTHESIS ALGORITHMS

The synthesis algorithms presented in chapters 5 and 6
are efficient and produce circuits which compare favour-
ably to circuits produced by previous techniques. The
principal result is the demonstration that good circuits
can be produced by the generation of a single sequence of
decompositions.

There are a number of interesting research topics
concerning the synthesis algorithms. In chapter 5 and 6
we found using multiple-input gates to be an effective way
to reduce the number of gates , the gating levels, and the
number of connections in the circuits produced by our two-
valued decomposition algorithm. The technique that was
used introduced multiple-input gates into the completed
decomposition result by replacing structures of the form

shown below
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To date, this process has only been carried out manually.
A computer algorithm combining this with similar reduction
operations would be a useful design tool. This topic is
currently under consideration.

In the many-valued case, the extension of the algo-
rithm to hardware schemes other than universal decision
elements and the consideration of multiple-output prob-
lems are the areas of most interest. Both these problems
centre on the assignment of decompositions. The graph
colouring approach presented in chapter 3 is effective for
universal decision elements since any minimal colouring
of the graph being considered is acceptible. Other hard-
ware schemes may require the identification of colourings

corresponding to low cost realizations in the hardware of
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interest. The drawback in the multiple-output case is the
amount of computation. Future research and practical
experience with désign problems may indicate how this can
be reduced.

Sequential circuits are those whose outputs depend
both on the current values of the inputs and the previous
values of the outputs. They thus contain feedback loops.
State table techniques for reducing a sequential design
problem to a combinational problem are well known and can
be found in any standard switching theory textbook. The
resulting combinational problem usually involves a number
of outputs. The multiple-output decomposition algorithm
of chapter 6 could thus be combined with the state table
techniques to form a synthesis algorithm for sequential
circuits.

Although the tests performed to date indicate the
selection criteria we have chosen are very effective, there
is no basis for claiming they are the best possible choice.
Further experiments with alternative criteria would be in
order. The ideal situation would be to compare the results
of applying various criteria to problems arising in a
practical design environment. A theoretical characteri-
zation of the behaviour of the selection criteria would
be useful and is currently under consideration.

In some cases producing a minimal result may be de-

sirable. This will be the case when a circuit being de=
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signed is to be used in a mass-produced hardware unit.

The increased cost of finding a minimal result would be
compensated for by the saving of hardware in each circuit
produced. For such problems our heuristic selection
criteria could be used to find a good initial circuit with
which to begin a search similar to Roth and Karp's method
[ 59]. Our techniques for identifying decompositions are
much more efficient than Roth and RKarp's techniques and
would greatly reduce the cost of a complete search for a

minimal solution.

3. THE EXISTENCE OF TWO-PLACE DECOMPOSITIONS

In developing the synthesis algorithms, the possi-
bility a function may not exhibit a nontrivial two-place
decomposition was ignored. Consider the function given

by the tables:

a b ¢ d £ a b c¢c d £
0 0 0 o0 0 1 0 0 o 0
0 0 0 1 0 1 0 o0 1 0
0 0 1 o0 0 1 0 1 o 0
0 0 1 1 1 1 o 1 1 1
0 1 o0 o 1 1 1 0 o 0
0 1 0 1 0 1 1 0 1 1
0 1 1 o 0 1 1 1 o 1
0 1 1 1 0 1 1 1 1 1
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Applying the two-valued tests for each pair of varables
we find there are no nontrivial two-place decompositions
of £. Our synthesis algorithm would thus produce no cir-
cuit for this problem. Two questions arise. How often
will this situation occur, and what procedure should be
adopted in these cases?

Shannon [ 65 ] has shown the fraction of two-valued
n-place functions with a simple disjunctive decomposition
of the form

£(2) = gla(a,),a)
goes rapidly to zero as n increases. Preliminary anal-
ysis shows the same result for the fraction of r-valued
functions with nontrivial two-place decompositions. This
analysis has not been pursued since it is based on the
assumption the functions encountered in practice will be
a random selection. This is not true. The functions
encountered in a practical design environment are simpler
than the general run of functions for two major reasons:

i) A circuit designer has considerable freedom

in the choice of functions to be realized in
a given design problem, and can often choose
fairly simple ones.

ii) Most operations required by digital systems

are of a logically simple nature. The most
important aspect of this simplicity is that a

system can often be broken into a number of
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small circuits. 1In place of a function of

a large number of variables we realize many
functions each of a small number of variables
and then perhaps some function of these func-
tions.

A theoretical analysis of the probability the algo-
rithm will work is of little interest if we assume a random
selection. Determining a probability the algorithm will
work in a practical situation is impossible since there
is no characterization of the functions that will be en-
countered.

An exhaustive search has established that our algo-
rithm works for all two-valued three-place functions.
There are too many two-valued four-place functions to
perform an exhaustive search. It is, however, sufficient
to test one function from each of the 222 egquivalence
classes presented by Harrison [ 21 ]. Functions in each
class are equivalent up to rotation of the inputs, inversion
of the inputs or inversion of the output. None of these
affect the existance of a two-place decomposition. Of
the 222 functions tested, nineteen exhibited no decompo-
sitions.

The failing functions are listed in table 7.1.
Several attempts have been made to identify any common
properties between these functions. They have been drawn

in Karnaugh map form [ 28 ], as well as in the spectral



wxz +
wxy +
wxz +
wxy +

wxy +

wx + Wyz + xyz +

wx + w§z + xyz +

wxz +
wxy +
wxy +

wxz -+

wyz

wyz
wyz
wWyz

WXy

WXZ
WYz
wyz

WX2Z

TABLE 7.1

+ WXyZ + WXyz

+ XYz + Wxyz

+ WXYZ + wxyz

+ Xyz + Xyz

+ WXz + XYz

+ wyz
+ XYz
+ xyz

+ wyz

WXYZ

WXYZ

+

+

+

+

XYz + Wxyz

WXYZ

wxyz + WXY Z

wyz

wx + %iy + w§z + @yz

WX + WXy + wyz + wyz

WXy + WXy + WxZ + wyz + Wy z

WXz +
wxy +
WXy 4+

WXy +

WXZ
WXY
WXY

WXy

+ wyz
+ wyz
+ wxz

+ wxz

-+

-+

WYZ + Wxyz

XY Z

XYZ + WRyZ

wyz + wxyz

+ WXYZ

217



218

coefficient representation generated by a Rademacher /
Walsh transform [ 14 ]. The failing cases were compared
at length to cases for which the algorithm works. No
insights have been gained. It is the author's oppinion
that some commonality must exist. Research in this area
should be pursued both to improve our decomposition algo-
rithm and to promote a deeper understanding of the syn-

thesis problem in general.

4. A DESIGN PROBLEM

The principal role of our decomposition algorithms
will not be as self-contained design methods, but as
design tools to be used by a logic designer as an aid to
solving a problem. To illustrate this point we consider
a complex problem which we solve by breaking it into a
number of smaller problems some of which are solved using
decomposition.

The problem considered is derived from the Canadian
Postal Code. This code has six characters a.n.a.n.a.n

17172727373

17 @5 and a, are letters taken from {A,B,C,E,G,H,

J,kK,L,M,N,P,R,S,T,V,W,X,Y,2} and n

where a
17 Dy and n, are decimal
digits. To allow this code to be read by an optical scan-
ner connected to the computer controlling the automatic
letter sorting equipment, it is manually translated at a
coding desk into a 27-bit code. This code is applied to

the right-hand bottom corner of the envelope using bars

of yellow phosphorescent ink to denote the positions of
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Numbering from left to right this

code has the following format:

bits

14-17

18-25

26

The a.n

11

odd parity check bit;

alnl coded as described below;

)

coded as in table 7.2;

n, coded as in table 7.2:

a3n3 coded as described below;

start bit which is always one and is used

to align

and a.n

373

the optical scanner.

fields are coded in the same format.

If the letter is L,X,M,R,J,A,H,G,S,C,B,E,Y or V the eight

bits are

as follows:

I, -

<y
|

A -

H -

where **** denotes the four bit representation of the

digit as given in table 7.2.

0010*%*%%%
001 1*%*%*%%
0100***%
0101#%*%%%
0110%*%%%
01lll***%

1000****

as 00101001.

If the letter is T,P,W,N or Z the scheme is reversed:

G — 1001****
S - 1010**%*%
C - 1011#%**%*
B - 1100*%*%*%
E - 1101*%**%*
Y - 1110*%*%%
V - 0001*%*x*%*

For example,

L2 is coded



O R S - B -

0

2 X = 9w

N

00010
00011
00100
00101
00110
00111
01000
01001
01010
01011
01100
01101
01110
10001
10100
11100
11000
10011
10110

11010

TABLE 7.2

1010
0010
1001
0011
1011
0101
0110
0111
1101

1110

220
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T - *¥%¥%¥%0100 N - **%¥%¥0001
P - *%%¥%1100 Z - **%%0000

W = **%¥%7000

For example, T9 is coded as 11100100,
If the letter is X the code is taken from the fol-

lowing list:

X0 - 00010001 X5 - 01001100
X1 - 00010100 X6 - 11000001
X2 - 00011100 X7 - 11000100
X3 - 01000001 X8 - 11001100
X4 - 01000100 X9 - 10000100

Some examples should clarify the code.

a;ng a, n, asn,
R3N ON8 - 1 01010011 10110 1010 11010001 1
E3B 5A3 - 0 11010011 01100 0101 01110011 1

S4T 7X6 - 1 10101011 10100 0111 11000001 1

The reason for this rather awkward coding scheme is
not known. It does however present an interesting design
problem. We shall design a circuit which given an eight-
bit code, determines if it is a valid a;ny (or a3n3) field
and, if it is, determines the corresponding five-bit letter
code and four-bit digit code as given in table 7.2. This

circuit would be useful as an interface between the opti-

cal scanner and the control computer. The translation
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is currently done by the software on the control computer.
Initially, we constructed an eight-argument function

which is one when its arguments represent a valid code, and

zero otherwise. This function has no nontrivial two-place

decompositions. We next examined the structure of the code

in depth.
Let bl’bz"""b8 be the bits representing the alnl
field. bl,bz,b3,b4 can represent a letter, a digit or

the beginning of an X code. Consider fl, f2 and f3 given

by

o
o'
o}
o
h
Fh
th

T = = T = T e = T = B - B < N = S = B = S < R =)
H o - H O OO0 O MO OO O
B 2 O O H M O O I =2 O O K H o O
_ O H O H O K O FH O KH O OIRF O
I e e e e e =
O H H O H K H O HMFE O O O
O O O O 0O O HOOO-RF OO B O
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2,b3,b4 used as letter

codes. f2 is one for the assignments to b

fl is one for the assignments to bl’b

17 3,b4 used

as digit codes. f3 is one for the assignments to b

b2,b
llbzl
b3,b4 which appear in X codes.

Consider f4 and f5 given by

b5 b6 b7 b8 f4 f5

0 0 0 0 0 1

0 0 0 1 0 1

0 0 1 0 1 0

0 0 1 1 1 0

0 1 0 0 0 1

0 1 0 1 1 0

0 1 1 0 1 0

0 1 1 1 1 0

1 0 0 0 0 1

1 0 0 1 1 0

1 0 1 0 1 0

1 0 1 1 1 0

1 1 0 0 0 1

1 1 0 1 1 0

1 1 1 0 1 0

1 1 1 1 0 0
f4 is one for the assignments to b5’b6’b7’b8 used as numeric
codes. f5 is one for the assignments to b5'b6’b7’b8 used
as letter codes. The assignments to b5’b6’b7’b8 used as

X codes present a problem since they are also used as letter
codes. This problem will be solved by the code translation

functions described below.
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If fl and f4 are one, the code:'is wvalid. bs,b6,b b

7’78
represent the correct digit code. bl’bz'b3’b4 must be
translated to the corresponding five-bit letter code. This
code is f6,b 'b,,b,,b, where f6 is given by

177277374
b, b. b. b £©
1 2 T3 74

0 0 1 0 0

0 0 1 1 0

0 1 0 0 0

0 1 0 1 0

0 1 1 0 0

0 1 1 1 0

1 0 0 0 0

1 0 0 1 0

1 0 1 8] 0

1 0 1 1 0

1 1 0 0 0

1 1 0 1 0

1 1 1 0 0

0 0 0 1 1

2 5 . .

If £f7 and £~ are one, the code is wvalid. bl’bz'bB’b4
represent the correct digit code. b5’b6’b7’b8 must be
translated to the corresponding five-bit letter code. This
code is 1,f7,f8,f9,0 where f7,f8 and f9 are given by

7 8 9

b5 ’b6 b7, b8 £ f £

0 1 0 0 0 1 0

1 1 0 0 1 1 0

1 0 0 0 1 0 0

0 0 0 1 0 1 1

0 0 0 0 1 0 1
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If the arguments are a valid X code, f3 and f5 are one

o

but the converse does not hold. For example, 10000001 is

not a valid X code. There are 20 assignments to b.,b

17727
3

.. rb, for which £~ and f5 are both one. Ten are valid X

8
codes. We define the functions which determine the digit
for an X code for all 20 assignments. Invalid X codes will

result in a digit code of 0000 which is invalid. For an

X code the digit code is flO,fll,flz,f13 defined as follows

flO fll f12 f13

o)
=

b2 b3 b4 b5 6 7 8

o
o
o

1
1
1
1
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

CDOOOI—-‘(DC)OOI—'CDOC:'OI--‘C)C)CDOI—l
OOOOOOOI—‘]—‘OOO!—'I—'I—‘OOE—‘OO

0 1
0 1
0 0
0 0
0 0
0 1
0 1
1 0
0 0
0 0
1 1
1 1
1 0
0 0
0 0
0 0
1 1
0 0
0 0
0 0

OHI—‘OOOI—'}—'OOO!—'I—‘OOOI—’I—‘OO
OO!—-’I—‘OOO}-—'!—-‘OOOI—’!—-‘OOOI—-’I—'O
OOOOOOOOOOOOOOOOOOOO
OOOI—'OOOI—-‘OOOOO&—'OOOI—'OI—‘

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

PR HF PR RB RSO OOCOCOOO O o o
C O OO0 O KHFHKFRHRENERMEIRLEOOOO o o
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bl’b2"""b8 represent a valid X code if f3~ f5- (flO +

fll + fl2 + fl3) = 1. The functions fl through fl3 were
given to our multiple-output program as a single problem,
The resulting circuit is given in figure 7.3. This circuit
was found in 5.81 seconds.

To complete the problem a network is required which
employs fl through f13 to determine if bl’bz"""b8 repre-
sent a valid code and to choose the correct five-bit letter
code and four-bit digit code. The network given in figure
7.4 was easily constructed by hand. The inverters on the
gl, g4 and g5 lines generate the letter code for an X code.

This example illustrates how the decomposition algo-
rithms can be employed in a complek:problem. An excelent
area for future work would be to integrate our decomposition
algorithm and other useful techniques into an interactive
circuit design system. Such a system would make efficient
use of the computer's speed and accuracy as well as the

designer's experience and intelligent analysis of the

problem.

5. CONCLUSION

We have shown two-place decomposition is a reasonable
approach to the synthesis of combinational switching cir-
cuits. In the two-valued case, algorithms were presented
for both the single and multiple-output problems. No pre-

vious multiple-output algorithm employing decomposition
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techniques has appeared. These algorithms produce circuits
which compare quite well to circuits found by alternative
techniques.

In the many-valued case, an algorithm for the synthesis
of single-output circuits composed of universal decision
elements has been presented. The importance of this algo-
rithm is that it demonstrates two-place decomposition is
a viable approach to the synthesis of many-valued combi- ﬁfﬁ?ﬁ
national switching circuits. It forms a basis for future
research into this problem. Extensions to other hardware
schemes are currently of most interest to the author.

This work‘has shewn there is merit in a unified approach
to two-valued and many-valued logic design problems.
Traditionally, these have been treated as distinct research
areas. While certain implementation details will no doubt
differ in the solutions to two-valued and many-valued prob-
lems, the underlying structure will often be the same.

This was the case for the algorithms presented in this
thesis. We found that a unified approach resulted in a
better understanding of the synthesis problem, and greatly

aided in developing a solution.
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