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Abstract 

Dynamic analysis of non-uniform beams with tapered geometry and functionally 

graded material properties to achieve a better design for stability enhancement and 

energy harvesting applications is the main interest and focus of this thesis. 

A powerful and reliable theoretical model to derive the vibration response of 

nonlinearly tapered beams with axially functionally graded material properties 

within the framework of classical Euler–Bernoulli beam theory is developed and 

presented. The effect of geometry and material properties variation for different 

nonlinear profiles is comprehensively studied. 

It is demonstrated that piezoelectric layers and their coupling effect in addition 

to the non-uniform geometry, significantly enhance the stability of the smart non-

uniform beam. The effects of compressive follower force, geometry taper ratio, 

boundary condition, and external piezoelectric voltage on flutter and buckling 

capacities of the non-uniform beam are examined. 

In addition, the model is also employed to present an analytical approach for 

development of a non-uniform piezoelectric energy harvester. It is applied to 

surface bonded piezoelectric beams with non-uniform geometry and material 

variation profiles to derive the dynamic response of the structure to external 

environmental excitations and efficiently harvest the subsequent mechanical 

vibration energy. It is proved that the non-uniform configuration improves the 
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electromechanical outputs. Additionally, an array of non-uniform harvesters is 

deployed to design a wideband piezoelectric energy harvesting system. It is shown 

that with the proposed formation, the system can optimally function over a wide 

frequency domain. 

Lastly, two new energy harvester configurations by using piezoelectric stacks 

are analytically developed. By benefiting from in-plane piezoelectric polarization, 

electrical outputs compared to a conventional harvester are considerably improved. 

At the end, an initial optimization model by using simulation-based optimization 

technique and machine learning algorithms is presented. 
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Chapter 1 

 

1 Introduction 

Dynamic behavior of geometrically and materially non-uniform engineering 

structures because of capability to optimize weight and strength has numerous 

applications in various engineering and industrial fields such as mechanical, 

electrical, civil, aerospace, and marine. This research aims to provide a reliable 

analytical model capable of solving the governing dynamic equation of a 

nonlinearly tapered beam with axially functionally graded material (FGM) 

properties. Moreover, by coupling piezoelectric materials to the non-uniform 

structure, substantial improvement in stability behavior and also energy harvesting 

properties compared to the uniform smart beam can be achieved. For stability 

enhancement, the piezoelectric material is used as an actuator which induces local 

strain in the smart structure. As an energy harvester, the piezoelectric material acts 

like a sensor converting mechanical vibration into electrical energy. 

In view of the above, this research presents a theoretical model to investigate the 

dynamic characteristics of non-uniform engineering structures with stability 

enhancement and vibration energy harvesting applications. 
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1.1 Thesis Objectives and Contributions 

This thesis reports a reliable theoretical model for the free and forced vibration 

analysis of nonlinearly tapered piezoelectric coupled beams with axially FGM 

properties and general boundary conditions based on Euler–Bernoulli beam theory 

valid for any slender beam that allows ignoring shear deformation and rotatory 

inertia. First, the general non-uniform beam vibration model is used to study the 

flutter and buckling of a piezoelectric coupled beam with non-uniform geometry 

subjected to a compressive follower force. It is demonstrated that nonlinear tapered 

geometry along with the localized strain produced by embedded piezoelectric 

actuators, significantly improve the stability of the smart structure. The model is 

also employed to present an analytical approach for development of a non-uniform 

piezoelectric energy harvester. It is applied to surface bonded piezoelectric beams 

with nonlinear geometry and material variation profiles to derive the dynamic 

response of the smart structure and harvest the subsequent vibration energy. It is 

proved that the non-uniform pattern considerably increases the electromechanical 

outputs. Following the same idea and design philosophy, a group of non-uniform 

harvesters is suggested to design a wideband piezoelectric energy harvesting 

system. The proposed system can be generalized to different beam quantities and 

conversion principles to cover particular frequency ranges. Another design idea to 

increase the electrical outputs of conventional energy harvesters is to utilize 
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piezoelectric stacks. Higher electrical voltage/charge output can be achieved from 

the in-plane polarization of piezoelectric elements. In addition, the suggested 

composite harvester with embedded piezoelectric stacks is more desirable for 

power harvesting from large forces. Based on the same idea, an optimized design 

of a piezoelectric energy harvester platform with piezoelectric stacks embedded in 

the base by using neural network and genetic algorithm is presented. 

The main novelty of the research work is development of a mechanical model 

which has included non-uniform geometry and accounted for the variable material 

properties of the structure rather than a uniform and homogeneous configuration. 

The presented method is capable of delivering the analytical vibration mode shape 

functions and natural frequencies of a non-uniform piezoelectric coupled beam. 

For the first time in the literature, it is showed that nonlinear geometry coupled 

with the embedded piezoelectric actuators enhances the flutter and buckling 

capacities and hence improves the stability behavior of the structure. Moreover, 

once the non-uniform design coupled with piezoelectric sensors is used as an 

energy harvester, it can substantially increase the electromechanical outputs in a 

wide frequency domain. Lastly, two innovative energy harvester configurations by 

using piezoelectric stacks are developed and presented. 

 



4 

1.2 Thesis Organization 

The thesis is organized to provide a brief review of the background and problem 

description, theoretical analysis and modeling process, design considerations, 

simulations and discussion, and lastly, the final outputs and results of the research. 

Chapter 1 introduces the initial idea behind this research and also the objective 

of this work. Chapter 2 reviews the background and current practices related to the 

subjects of this study. Chapter 3 is about the basic mathematical model used and 

developed to efficiently solve the governing partial differential equation. Chapter 4 

provides the theoretical free and forced vibration analysis of Euler-Bernoulli beam 

with nonlinearly tapered geometry and axially FGM properties. Chapter 5 presents 

the analytical stability analysis of a piezoelectric coupled beam with non-uniform 

geometry. Chapter 6 provides the comprehensive theoretical development of four 

different piezoelectric energy harvesting systems. First, the electromechanical 

solution of a non-uniform energy harvester is analytically presented. Then the 

model is used to design a broadband piezoelectric energy harvesting system 

capable of generating high electrical outputs over a wide frequency domain. To 

end the chapter 6, two new composite energy harvester configurations by using 

piezoelectric stacks are theoretically developed and presented. Finally, chapter 7 

summarizes the report and briefly talks about the areas for future improvement. 
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Chapter 2 

 

2 Backgrounds and Literature Review 

In this chapter, first a brief review about vibration analysis of non-uniform 

engineering structures with a special emphasis on beams is provided. Then FGMs 

are thoroughly introduced and their background, mechanical properties, and 

applications are investigated. The concept of piezoelectric materials and their 

controllable effect on dynamic behavior of engineering structures is discussed. 

Next, research works on flutter and buckling analysis of non-uniform beams and 

columns are reviewed. Next, a broad survey on piezoelectric energy harvesting 

from ambient sources and various vibrational energy harvesters is presented. 

Lastly, existing constraints and issues are highlighted and the motivations behind 

this research work are explained. 

 

2.1 Non-uniform Engineering Structures 

Engineering structures with variable cross-sectional profile have abundant 

engineering and industrial applications due to weight and strength optimization 

capability. Therefore, vibration analysis of non-uniform beams with nonlinear 

tapered geometry and FGM properties in an effort to achieve a better design is of 

interest to many researchers [1]. The literature on the dynamic response of general 
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non-uniform structures is limited. The review of previous works under two main 

categories of geometrically non-uniform beams and beams with FGM properties is 

followed. 

 

2.1.1 Geometrically Non-uniform Beams 

This section of the thesis is reproduced with some modifications from [A. 

Keshmiri, N. Wu, Q. Wang “Vibration analysis of a nonlinearly tapered cone beam 

using Adomian decomposition method”, International Journal of Structural 

Stability and Dynamics, 18(7), 1850101, 2018] with permission from the “World 

Scientific Publishing Co Pte Ltd”. 

Modeling of non-uniform beams has been an interest to many researchers. For 

the very first time, a general solution for some cases of variable cross-section 

beams was presented where the depth and width are of the power function form 

[2]. Then the lateral vibration of bars with uniform and variable sectional area 

using integral method was investigated [3]. Later, an analytical solution for the 

motion differential equation of beams with constant depth and the width that varies 

in an exponential manner was obtained [4]. 

In the study of transverse vibration of cantilever non-uniform bars, upper and 

lower bounds for natural frequencies were introduced [5]. Bessel functions were 

also employed to find the solution for vibration of beams with different cross-
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sections and some specific tapering functions [6]. Mabie and Rogers did some 

work on the vibrational analysis of linearly tapered beams. They also solved the 

governing differential equation in terms of Bessel functions [7]. Klein presented a 

new method based on finite element method (FEM) and Rayleigh-Ritz analysis for 

free vibration analysis of beams with non-uniform characteristics. She estimated 

the continuous non-uniformity function by a step function for each substructure 

[8]. By using differential transform method and Hamilton’s principle, the 

differential equation of motion for a linearly tapered rotary beam by coupling 

between bending and torsional vibration was obtained and solved [9]. For a 

linearly tapered beam element with various sectional shapes, Gupta derived 

displacement functions from the equation of motion and calculated stiffness and 

mass matrices [10]. Lee et al. presented an integral form solution for the dynamic 

response of a linearly tapered beam by using the Green function in Laplace 

transform domain [11]. Similarly but based on Frobenius method, a direct solution 

to the mode shape function of Euler-Bernoulli beam with wedge and cone 

geometry was found [12]. Furthermore, general elastic ends were introduced to the 

vibration problem and it was solved with differential transformation method [13]. 

In addition, vibration analysis of an exponentially tapered beam along the width 

with constant thickness was investigated by defining an upper bound for bending 

natural frequencies [14] and introducing the tip mass effect [15]. Recently, the 
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eigenvalue problem of a non-uniform beam using collocation technique based on 

Bernstein pseudospectral approach was solved [16] and also a size-dependent 

formulation for beams with nonlinear geometry variation was developed based on 

the second strain theory [17]. In summary, dynamic response of linearly non-

uniform beams has been investigated using many different numerical methods. 

However, most of them like Klein’s approach [8] need domain discretization and 

dealing with bulky systems of equations [11]. 

An important problem to deal with in the vibration analysis is the physically 

correct solution of a nonlinear system modeled by ordinary or partial differential 

equations [1]. The mathematical model used and developed in this research is 

based on Adomian decomposition method (ADM). ADM is intended to solve 

partial differential equations avoiding the restrictive assumptions or linearization to 

allow solutions of more realistic models [18]. A few researchers utilized the same 

methodology to derive the vibration response of beams. Lately, Adomian modified 

decomposition method (AMDM) was used for the vibration analysis of a linearly 

tapered Euler-Bernoulli beam [19]. Furthermore, solutions to eigenvalue vibration 

problem of a uniform beam under various end conditions [20] and a multi-stepped 

beam [21] based on ADM were proposed. 

From the above review, it is clear that different models and methods were 

proposed to study the vibration response of tapered beams with simple geometrical 
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variations. However, non-uniform beams with a general geometry variation 

function are not analytically investigated [1]. 

 

2.1.2 Functionally Graded Materials 

This section of the thesis is reproduced with some modifications from [A. 

Keshmiri, N. Wu, Q. Wang “Vibration analysis of non-uniform tapered beams with 

nonlinear FGM properties”, Journal of Mechanical Science and Technology, 

32(11), 5325-5337, 2018] with permission from the “Springer Nature”. 

FGM is a relatively new type of material characterized by continuous variation 

of material properties along desired spatial directions which are designed to 

achieve an effective functional performance. FGM structures due to their capability 

to optimize weight, strength, and stability have significant applications in various 

engineering fields [22]. 

Japanese scientists endeavour in order to find thermal barrier materials led to 

FGMs in 1984 [23]. Due to the smooth variation of mechanical properties in one or 

more directions, FGMs allow preserving high specific stiffness and avoiding the 

main disadvantages of composite laminates like delamination caused by strain 

singularity between two totally different materials [22]. Because of many 

advantages over the classical composites, FGMs have attracted huge attentions in 

modern industries [24]. Typically, they are a combination of ceramics and different 
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metals [25]. Although there are many research studies on elasticity theory of plates 

and shells with FGM properties, the literature on the vibration analysis of FGM 

beams is quite limited [26]. 

For axially FGM beams with uniform geometry, a few studies working on free 

vibration analysis [27] and stability analysis [28] of exponentially graded beams 

exist. By expanding the mode shape function as a power series, a closed-form 

vibration solution for uniform beams with axially polynomial inhomogeneity in 

density and elasticity [29] and a new approach by using Fredholm integral 

equations to analyze linearly tapered and axially FGM beams [30] were 

introduced. Additionally, vibration response of axially FGM and linearly tapered 

beams by using FEM [31], [32] and differential transform method [33] was studied 

and presented. Recently, Fang and Zhou used Chebyshev polynomials as the 

admissible functions in the Ritz method and studied the free vibration of linearly 

tapered and axially FGM rotating beams [34]. 

Previous studies in the literature clearly indicate the importance of vibration 

analysis of structures with variable geometry and material properties. Although a 

few studies on the vibration behavior of axially FGM beams with uniform and 

linearly tapered geometries were conducted, no analytical model was introduced to 

obtain the vibration response of nonlinearly tapered beams with FGM properties. 

Here, axially material properties variation is also added to the governing equation. 
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2.2 Piezoelectric Materials 

The crystalline structure of piezoelectric materials allows them to convert 

external mechanical strain into electrical polarization (direct piezoelectric effect) 

and conversely transform an applied electrical polarization into mechanical strain 

(reverse piezoelectric effect). Piezoelectric crystals are composed of positive and 

negative ions in an alternating fashion. For instance, in the case of Quartz, Oxygen 

atom is a little bit negatively charged and Silicon atom is a little bit positively 

charged. The average of all the positive and negative charges is in the middle 

(center of charge). When the crystal is unstressed, the charges cancel each other 

out. However, by applying tension or compression, positive and negative charges 

will shift in opposite directions. As a result, the electric potential is generated. 

Intensive research on piezoelectric materials has led to great amount of 

industrial and manufacturing applications for both direct and reverse piezoelectric 

effects. Different kind of sensors, detection tools, contact microphones, and 

microbalances are only a few examples of direct piezoelectric effect. Additionally, 

the direct piezoelectric effect provides the opportunity to harvest ambient 

mechanical energy and convert it into usable electrical energy to supply electronic 

devices. On the other hand, some examples of reverse piezoelectric effect are piezo 

motors, loudspeakers, scanning microscopes, and ultra-exact positioning systems. 
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Piezoelectric materials can be categorized to four groups: single crystals, 

ceramics, polymers, and composites. Generally, single crystals and ceramics have 

superior piezoelectric properties. In contrast, piezoelectric polymers exhibit more 

flexibility and wider applications. Last but not the least, piezoelectric composite 

materials possess a combination of ceramics and polymers electromechanical 

properties [35]. 

 

2.2.1 Conventional Piezoelectric Materials 

Currently, the most common piezoelectric material used in energy harvesting is 

a piezoceramic called lead zirconate titanate, also known as PZT. Normally, 

piezoceramics have large electromechanical coupling coefficients with high energy 

conversion rate. However, they are extremely brittle with limited applications. 

Another well-known piezoelectric material is polyvinylidene fluoride known as 

PVDF. It is a piezoelectric polymer with substantial flexibility compared to PZT 

[36]. Piezopolymers have smaller electromechanical coupling coefficients than 

piezoceramics but they are lighter and more flexible which makes them resilient to 

large structural deformation, mechanical impact, and shock. Flexible piezoelectric 

materials are appealing for energy harvesting applications due to large strain 

capacity that provides more mechanical energy available for conversion to 

electrical energy. 
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Typically, piezoceramics are used as actuators and piezopolymers act as sensing 

materials [37]. But in the case of self-sensing actuators, it is likely to use 

piezoceramics as well [38], [39]. On the other hand, piezoelectric single crystals 

like lead magnesium niobate-lead titanate (PMN-PT) due to highly ordered 

positive and negative ions arrangement have superior piezoelectric characteristics. 

However, crystal-based energy harvesters are still not very popular because of high 

cost and brittle structure [35]. 

 

2.2.2 Piezoelectric Composite Materials 

Normally, a uniform piezoelectric material with an electrode pattern and polling 

direction toward its thickness (perpendicular to strain axis) is used for energy 

harvesting. As mentioned, conventional piezoelectric ceramics are extremely 

brittle. Furthermore, when the actuation and polling directions are aligned, 

piezoelectric material performs much better. These two major limitations of 

uniform piezoceramic materials can be eliminated by employing piezoceramic 

fibers inserted in a polymer matrix. Piezoelectric composites consist of 

piezoceramic materials in the shape of particles, fibers, and rods embedded in 

polymer matrix. These new piezoelectric materials are called piezofiber 

composites and are being developed to overcome many practical restrictions of 

conventional piezoelectric devices [40], [41], [42]. Piezofiber composites can be 
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fabricated with aligned strain and polling directions and also they have significant 

flexibility and damage robustness [43]. 

 

2.2.3 Constitutive Relations 

The constitutive relations for piezoelectric materials are formulated as, 

𝐷𝑖 = 𝑒𝑖𝑗
𝜎𝐸𝑒𝑗

+ 𝑑𝑖𝑚
𝑑 𝜎𝑚, (2-1) 

𝜀𝑘 = 𝑑𝑗𝑘
𝑐 𝐸𝑒𝑗

+ 𝑠𝑘𝑚
𝐸 𝜎𝑚, (2-2) 

where D is the electric displacement vector (Coulomb/m2), e𝜎 is the dielectric 

permittivity tensor at constant stress (Farad/m), dd and dc are direct and converse 

piezoelectric coefficient tensors (Coulomb/N or m/V), 𝜎 is the stress vector (N/m2), 

𝜀 is the strain vector (dimensionless), Ee is the external electric field vector (V/m), 

and sE is the elastic compliance tensor (m2/N) [37], [44]. 

Eq. (2-1) is the sensor equation resulted from direct piezoelectric effect. The 

piezoelectric sensor under a mechanical stress filed, generates electrical charge. 

Eq. (2-1) without the coupling term is just the dielectric equation. On the other 

hand, Eq. (2-2) is the actuator relation based on the reverse piezoelectric effect. 

Similarly, by neglecting the coupling term, Eq. (2-2) is simply the Hook’s law. 

Generally, the elastic compliance matrix is like, 
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𝑆𝐸 =

[
 
 
 
 
 
𝑆11 𝑆12 𝑆13

𝑆21 𝑆22 𝑆23

𝑆31

0
0
0

𝑆32

0
0
0

𝑆33

0
0
0

0 0 0
0 0 0
0

𝑆44

0
0

0
0

𝑆55

0

0
0
0

𝑆66]
 
 
 
 
 

. (2-3) 

The dielectric permittivity matrix is of the form, 

𝑒𝜎 = [

𝑒11
𝜎 0 0

0 𝑒22
𝜎 0

0 0 𝑒33
𝜎

]. (2-4) 

And the stress vector is like, 

𝜎 =

[
 
 
 
 
 
𝜎11

𝜎22
𝜎33

𝜎23
𝜎31

𝜎12]
 
 
 
 
 

=

[
 
 
 
 
 
𝜎1

𝜎2
𝜎3

𝜎4
𝜎5

𝜎6]
 
 
 
 
 

. (2-5) 

For a piezoelectric sheet, the polling direction is along the thickness which is 

symbolized by 3-axis and also 1 and 2 axes are in the plane of the sheet. The 

piezoelectric coefficient tensor is presented as, 

𝑑 =

[
 
 
 
 
 

0 0 𝑑31

0 0 𝑑32

0
0

𝑑15

0

0
𝑑24

0
0

𝑑33

0
0
0 ]

 
 
 
 
 

. (2-6) 

This work focuses on two different applications of piezoelectric materials in 

stability enhancement and energy harvesting. For stability enhancement, the 

piezoelectric material functions as an actuator which exhibits mechanical 

deformation when an external electrical field is applied. Bonding or embedding 
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segmented piezoelectric elements in a structure allows the application of localized 

strain through which the deformation of the whole structure can be controlled [45]. 

On the other hand, the direct piezoelectric effect is employed for harvesting the 

ambient mechanical vibration energy and transforming it into electrical energy to 

supply smart integrated systems [46]. 

 

2.3 Structural Stability Enhancement 

This section of the thesis is reproduced with some modifications from [A. 

Keshmiri, N. Wu “Structural stability enhancement by nonlinear geometry design 

and piezoelectric layers”, Journal of Vibration and Control, 25(3) 695–710, 2019] 

with permission from the “SAGE Publications”. 

In the theory of elastic stability, which was initiated by Euler, it is assumed that 

for small axial loads applied on an elastic body, the equilibrium is stable. The 

whole system is in stability condition up to the point of bifurcation. Subsequently, 

the primary form of equilibrium turns into an unstable situation [47]. Flutter and 

buckling are the two leading forms of instability in beam and column structures. 

Flutter instability corresponds to the limitless increasing of vibrational amplitude 

occurring beyond a critical airflow speed and causing negative system damping 

[48] because of interaction of two modes in the system [49]. On the other hand, 

buckling is a sudden lateral deflection which may occur at a certain critical 
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compressive force even though the stresses in the structure are well below the 

failure strength of the material [50]. 

Flutter and buckling analysis of beams or columns has been of interest in the 

literature of structural mechanics for a large amount of time. Flutter is immense 

aeroelastic instability for aircraft, wing, and missile structures [48] and same as 

buckling could result in a catastrophic failure of aeronautical, mechanical, and civil 

structures [50]. Stability analysis of a uniform column subjected to a follower 

(tangential) force has attracted much attention as a classical applied mechanics 

problem. For the very first time, the stability of a cantilever uniform column under 

a follower compressive force at the free end was investigated [47]. Additionally, 

some studies considered the structural stability of tapered or stepped members. 

Non-uniform beams and columns are extensively used in many engineering 

applications to reach an optimal strength and weight distribution and also to fulfil 

architectural and functional design desires [50]. 

Early researches on stability of non-uniform members are mainly focused on 

linearly tapered beams and columns [50]. As one of the early works in the area, the 

parametric instability of a beam with linearly variable cross-sectional thickness 

was studied theoretically and experimentally [51]. Moreover, a numerical method 

by using energy approach was developed to approximate a lower bound buckling 

load [52] and then a semi-analytical method based on numerical integration for 
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linearly tapered Beck’s columns was introduced [53]. Following these research 

works, stability of multi-step columns subjected to concentrated and distributed 

forces was resolved using transfer matrix method [54]. 

Recently, buckling analysis of linearly web tapered I-beams has been of interest 

to many researchers by using power series method [55], Ayrton–Perry formulation 

[56], and FEM [57], [58]. Based on FEM, stability analysis of linearly tapered 

beams along thickness and width by using various methodologies were also 

presented [59], [60], [61]. Furthermore, stability analysis of linearly tapered 

Timoshenko beams is formulated based on transfer matrix and numerical 

approaches [62], Forbenius method [63], and iterative variational Rayleigh–Ritz 

method [64]. 

Smart materials such as piezoelectrics and shape memory alloys have abundant 

stability enhancement applications. Piezoelectric materials because of active 

electromechanical characteristics have received more attention and been used 

tremendously [50]. As an early works in this field, stability analysis of 

piezoelectric bounded columns by using difference method was formulated to 

study the flutter and buckling capacity enhancement [49] and crack effect on 

stability of beams [65]. In order to repair a delaminated vibrating beam, the 

electromechanical properties of piezoelectric materials were employed to produce 

a local shear force above the delamination area via an external voltage [66]. Wang 
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and Wu have done a comprehensive review on structural enhancement and repair 

approaches by piezoelectric materials and shape memory alloys [67]. 

The literature review shows that there is a few published material in the 

literature related to the stability problem of non-uniform beams under tangential 

axial force. However, no analytical consideration is given to beams with nonlinear 

variable cross-section and attached piezoelectric layers. With the non-uniform 

geometry and the piezoelectric materials actuation effect, the stability of the smart 

structure can be considerably enhanced [50]. 

 

2.4 Piezoelectric Energy Harvesting 

Over the past few decades, the advancement of electronic devices has led to 

increase in power usage and decrease in battery life that restricts the functionality 

of electronic devices. In order to extend the electronics life, many researches are 

being conducted to acquire the needed electrical energy from the environment. 

Therefore, alternative new, safe, inexpensive, efficient, and green energy sources 

are essential. 

Power harvesting is the fundamental step toward self-powered systems in the 

current electronics marketplace. Recently, development of micro energy harvesting 

technologies as an alternative for the conventional batteries has attracted great 

amount of attention. This micro energy harvesting technology is benefiting from 
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mechanical vibration, mechanical and thermal stress or strain, sun or room light, 

and human body motion that can generate µW to mW power levels [68]. Some of 

these energy harvesters are designed to convert the environmental energy sources 

into usable power form to supply small electronic systems throughout the device 

lifetime [46]. Although the electrical power generated by these portable energy 

harvesting devices are still small, the idea gives a new and alternative direction to 

collect renewable energy from the environment in an easier and more cost-

effective way. Great number of such devices can provide considerable power 

supply for certain needs. 

Conversion of ambient energy into electrical energy is accomplished through 

electromagnetic induction, electrostatic generation, and piezoelectricity [36]. 

Several studies comparing the performance of these energy conversion methods 

are published investigating the most efficient energy generation approaches [69], 

[70], [71], [72]. Despite the fact that the mentioned methods can deliver valuable 

amount of energy, piezoelectric materials because of small size, custom shape 

fabrication ability, ease of system integration, and high-power conversion potential 

have received the most attention [38], [73]. In addition, piezoelectric energy 

harvesters require no voltage source [69], produce high voltage and low current 

[74], can harvest energy for all size systems [70], and yield a high electrical power 

density [71]. 
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2.4.1 Vibration-Based Energy Harvesting 

This section of the thesis is reproduced with some modifications from [A. 

Keshmiri, N. Wu, Q. Wang “A new nonlinearly tapered FGM piezoelectric energy 

harvester”, Engineering Structures, 173, 52-60, 2018] with permission from the 

“Elsevier B.V.”. 

As mentioned earlier, energy harvesting from the ambient energy sources has 

become a dynamic research field and received so much attention in recent years. 

With decreasing electrical power requirements in wireless electronics and 

increasing utilization of sensors in different structures, energy harvesting to power 

sensors at the location without batteries limitations is appealing for various 

engineering automation and monitoring systems during the sensor lifetime [46]. 

Alternatively, vibration-based energy scavenging is becoming more attractive 

due to the fact that vibrational energy unlike other energies could be continuously 

harnessed beyond time and place limitations [46]. Conversion of mechanical 

vibration energy into electrical energy can be achieved through three conversion 

mechanisms: electrostatic, electromagnetic, and piezoelectric [75]. Although 

electrostatic approach is good for micro electromechanical systems (MEMS), 

power output level is not efficiently high. Additionally, electromagnetic 

transduction is not a good choice for small smart systems because of the coils [76]. 
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In opposition, piezoelectric materials have several advantages for vibration 

power harvesting and are frequently utilized in smart structures as sensors and/or 

actuators [38]. The direct piezoelectric effect is suitable for harvesting ambient 

vibration energy and converting it into electrical energy form to power smart 

integrated systems [77]. Furthermore, even a small external excitation leads to 

considerable amount of generated voltage without requiring any low-efficient 

initiation mechanical mechanism [78]. 

There is huge number of research and review papers that investigated vibration-

based piezoelectric energy harvesting from various points of views [35], [36], [79], 

[80]. Piezoelectric energy harvesters have numerous variable properties that can be 

controlled and changed to produce electrical energy from the environmental 

vibration. Most of current research works are focused on efficiency improvement 

through physical and geometrical configuration, circuitry design, and energy 

removal techniques. The problem that still needs to be studied and solved is 

generating sufficient energy to efficiently power the electronic devices. 

 

2.4.2 Energy Harvester Configurations 

This section of the thesis is reproduced with some modifications from [A. 

Keshmiri, X. Deng, N. Wu “New energy harvester with embedded piezoelectric 
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stacks”, Composites Part B: Engineering, 163, 303-313, 2019] with permission 

from the “Elsevier B.V.”. 

Piezoelectric materials can be configured in many various shapes advantageous 

for energy harvesting [81]. The composite configuration is the most common and 

well-known one. A composite structure is an arrangement made from two or more 

constituent materials with significantly different physical and/or chemical 

properties. The combination yields a material with characteristics different from 

the individual components with various specific assets. 

A large portion of conventional energy harvester designs are unimorph or 

bimorph composite structures. A unimorph energy harvester consists of a single 

piezoelectric layer mounted on a metallic structure. On the other hand, two 

piezoelectric films with a metallic layer sandwiched between them create a 

bimorph energy harvester [81]. These two piezoelectric composite energy 

harvesters operate in the bending mode where the strain direction is perpendicular 

to the piezoelectric element polling direction using the piezoelectric coefficient d31. 

There is also another well-known composite piezoelectric design with the stack 

configuration where strain and piezoelectric polling directions coincide using the 

piezoelectric coefficient d33 that is normally larger than d31 [81]. 

As one of the primary research in this area, Umeda et al. [82] studied the 

fundamentals of piezoelectric generators and suggested a system that converts 



24 

mechanical impact into electrical energy through a piezoelectric vibrator. It was 

demonstrated that the energy efficiency increases with higher mechanical quality 

factor, bigger electromechanical coupling coefficient, and lower dielectric loss. 

Then, a device was proposed that generated electricity when exposed to a vibrating 

environment [83]. Their generator consisted of a mass, damper, and spring which 

the theoretical model was based on the single degree of freedom (SDOF) approach. 

Later, many different energy harvester configurations were developed to 

effectively improve the efficiency and power generation. A uniform cantilever 

beam with surface bonded piezoelectric elements transversely vibrating is the most 

common harvester design. A cantilever energy harvester has a simple structure and 

provides large strain distribution over the piezoelectric layers. In the beginning, to 

simply obtain the electrical outputs and simplify the optimization process, SDOF 

model was used [84], [85], [86]. However, based on Erturk and Inman [87], the 

prediction error of the relative motion at the tip of the beam as well as the electrical 

power output is high. It is even worse for higher vibration modes. Consequently, 

SDOF method requires a correction factor. 

As a result, in order to precisely and efficiently model the electromechanical 

outputs of piezoelectric energy harvesters, it is necessary to use more accurate 

models that also help to prevent charge cancellation phenomenon [87]. 
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2.4.3 Unimorph Energy Harvester 

Many piezoelectric energy harvesters consist of a single piezoelectric layer 

attached to a host structure, referred to as a unimorph. Johnson et al. [88] presented 

the design methodology of a unimorph piezoelectric cantilever harvester for 

transforming machine vibration into electrical energy in order to supply electronic 

devices with small power requirements. Afterward, a unimorph cantilever energy 

harvester was fabricated and also an FEM model for low frequency (5-10Hz) 

energy harvesting applications was developed [89]. The measurements correlated 

with the finite element results within 12% for resonant frequency and 2% for the 

output voltage. Furthermore, a unimorph cantilever piezoelectric harvester with 

different piezoelectric and non-piezoelectric sizes was theoretically examined [90]. 

They showed that when non-piezoelectric to piezoelectric size ratio is larger than 

one, maximum open circuit induced voltage could be achieved. On the other hand, 

the maximum electric power happened at equal non-piezoelectric and piezoelectric 

lengths. 

Later, a small size hybrid vibration-based energy harvester for the human 

walking motion was designed and presented [91]. Their harvester consisted of a 

unimorph cantilever and two permanent magnets which transforms the low 

frequency human movement to high frequency resonance vibration of the 

harvester. Finally, the mechanical energy provided through human walking is 
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converted to the electric energy. Recently, an interdigitated electrode unimorph 

piezoelectric cantilever generator is fabricated [92]. Their energy harvester is a 

laminated structure composed of ten PZT sheets with double and multiple-layer 

interdigitated electrodes working in the longitudinal vibration mode. The final 

results implied that embedding more interdigitated electrode layers in the PZT 

laminate could enhance the energy harvesting performance. 

 

2.4.4 Bimorph Energy Harvester 

Another common piezoelectric configuration is bimorph which includes a 

metallic layer sandwiched between two piezoelectric films. Bimorph piezoelectric 

cantilevers are often used because they can double the energy output without a 

major device volume growth [35]. 

Sodano et al. [93] presented a model investigating a piezoelectric bimorph 

cantilever beam in bending. The bimorph energy harvester subjected to base 

excitation estimated the power output accurately. Moreover, a self-powered 

piezoelectric sensor under vibration was developed [94]. They compared three 

common types of bending piezoelectric energy harvesters: unimorph, bimorph with 

series triple layers, and bimorph with parallel triple layers. The comparison of the 

results indicated higher power generation of unimorph harvester at low excitation 

frequencies and series triple layers at high excitation frequencies. After that, a 
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bimorph harvester with proof mass working in the flexural mode was analytically 

studied and energy conversion performance was evaluated [95]. Their numerical 

results illustrated better power generation with particular physical and geometrical 

adjustments. 

Erturk and Inman presented a closed-form analytical solution for a bimorph 

cantilever energy harvester with series and parallel connections of piezoceramic 

elements [96]. They experimentally validated the analytical model of the bimorph 

structure with a tip mass. Bimorph piezoelectric harvesters have huge applications 

in energy harvesting field and have attracted great amount of attention in recent 

years. Various mathematical models for bimorph piezoelectric harvesters are being 

reported to accurately derive the electromechanical outputs of the structure. 

Energy harvesting from ambient fluid flows has also drawn considerable 

attention. One traditional energy source is wind flow which has been harvested for 

many years by windmills. But wind flow energy harvesting by piezoelectric 

materials is a new concept. Inspired by windmill structure, a piezoelectric windmill 

for electrical energy generation from wind by using bimorph harvesters was 

suggested [97]. Under a regular wind flow and vibration frequency of 6Hz, power 

level of 10.2mW was reported. Moreover, a piezoelectric bimorph cantilever 

attached to a flow disturbing object was analytically modelled in which the driving 

force for the oscillation is generated by von-Karman vortex street [98]. For the 
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airflow of 35m/s, maximum voltage output of 0.83V and power output of 0.1mW 

was achieved. 

Water flow is another source of energy provided by the environment. In order to 

effectively harvest the flowing water energy, a piezoelectric bimorph to transform 

the oceans and rivers flow energy into electrical power was presented [99]. Their 

piezoelectric bimorph used vortex shedding phenomenon and the generated voltage 

for a water velocity of 0.5m/s was reported 3V. A numerical model which can be 

used as a piezoelectric polymer wave energy generator was also presented [100]. 

The interaction of fluid and structure was coupled with piezoelectric materials. The 

vibration of the bimorph structure fixed at the ocean ground was achieved through 

wave motion and pressure difference. 

A rectangular cantilever beam with surface bounded piezoelectric layers is the 

most common structure for piezoelectric energy harvesters. Although cantilever 

energy harvesters have demonstrated effective and efficient power harvesting 

applications, many other composite configurations have also been investigated to 

further improve the efficiency. Roundy et al. [101] indicated that a trapezoidal 

profile can distribute the strain evenly such that maximum strain is obtained at 

every point in the piezoelectric energy harvester. They have stated that a harvester 

with trapezoidal geometry can generate more than twice energy than a harvester 

with rectangular shape [46]. Moreover, Mateu and Moll [102] analytically 
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compared different rectangular and triangular shaped cantilever bimorph energy 

harvesters to generate electrical power from walking type excitation. By doing 

experimental tests, it was determined that an energy harvester with trapezoidal 

geometry can produce 30% more power compared to the rectangular one [103]. 

This research aims to design an optimally efficient and cost-effective non-uniform 

energy harvester that maximizes the generated electrical energy from ambient 

mechanical vibration [46]. 

 

2.4.5 Stack Energy Harvester 

This section of the thesis is reproduced with some modifications from [A. 

Keshmiri, X. Deng, N. Wu “New energy harvester with embedded piezoelectric 

stacks”, Composites Part B: Engineering, 163, 303-313, 2019] with permission 

from the “Elsevier B.V.”. 

All the above energy harvesters are using the structural bending to enlarge the 

strain generated in piezoelectric materials. However, the strain induced by bending 

is perpendicular to the polling direction of piezoelectric layers and the harvester 

uses out-of-plane piezoelectric coefficients to generate the electrical energy. It 

should be noted that d31 is usually the lowest piezoelectric coefficient in the 

constitutive equation of most piezoelectric materials, which limits the energy 

harvesting efficiency of such harvesters. In addition, the reciprocating bending 
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moment generates both tensile and compressive stresses in the piezoelectric 

material. As discussed earlier, piezoelectric ceramics with high piezoelectric 

coefficients are brittle and handle low tensile stress although their compressive 

strength is very high. In this case, the low durability of traditional harvester designs 

can be a serious problem with relatively large vibration amplitudes that is expected 

to obtain high power output. 

In order to overcome the first drawback, there is another energy harvester design 

with the stack configuration, where strain and piezoelectric polling directions are 

aligned making good use of the in-plane piezoelectric coefficients [81]. Goldfarb 

and Jones [104] presented one of the primary works in this area and analyzed the 

electric energy generation efficiency of the piezoelectric stack configuration. They 

showed that maximum efficiency happens at low frequency, high amplitude, and 

large load resistance. Then, a theoretical analysis of power generation for PZT 

wafers stacked in series was presented and the model was verified with simulation 

and compression tests [105]. An application of the analysis was presented by 

energy generation inside a knee implant prototype. They concluded that the stack 

configuration makes it easier to manage the voltage output and resistive load. A 

stochastic approach using stack configuration for energy harvesting under 

broadband random excitations was also proposed [106]. They analytically analyzed 

two cases, harvesting electrical circuit with and without inductor. To maximize the 
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harvested power, they proved that the mechanical damping in the harvester should 

be minimized and the electromechanical coupling should be as large as possible. 

Recently, a piezoelectric stack harvester with a curved force amplification frame 

and negative tilting angle to convert walking force into electricity was presented 

[107]. The proposed design can reduce manufacturing complexity, buckling risk, 

and a large potential energy loss. Compared to an individual piezoelectric stack, 

their experiments indicated 8 times larger voltage and 112 times larger power 

outputs. Following the complex harvesters design trend, a flex-compressive 

piezoelectric energy harvester cell for compressive forces with high load carrying 

capability was proposed [108]. Their design can be used for large load 

environments such as highways and railways. Finally, a multilayered stack design 

that converts the distributed low frequency mechanical excitation energy into 

electrical energy was lately investigated [109]. Their model allowed accurate 

estimation of the limiting performance of PZT stack harvesters at various operating 

conditions. 

By stacking a large number of thin piezoceramics together, the structure is more 

robust and can benefit from the higher coupling coefficient, d33. The stack 

configuration is suitable for power harvesting from large forces. However, it also 

has some drawbacks. Typically, the stack configuration has high mechanical 

stiffness which makes straining of the material a challenge. The commonly used 
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stack configurations are with either less stress/strain generated on piezoelectric 

elements or complex structure design to gain large stress/strain and power output. 

A new design combining structural bending and stack piezoelectric element can 

help to easily realize the large strain, high power output, and good structural 

reliability as an advanced piezoelectric energy harvester [81]. 

As can be seen, there is huge number of piezoelectric energy harvester designs 

to transform the vibrating or moving objects mechanical energy to electrical energy 

required for small electronic devices. There has been a huge focus on refining the 

energy harvesters’ efficiency by physical and geometrical modifications. 

 

2.5 Discussion, Motivation, and Objectives 

From the literature review and to the best knowledge of the author, non-uniform 

beams with arbitrary nonlinear functions describing the variation of width, 

thickness, elasticity modulus, and density of the beam along axial direction has not 

been analytically investigated. Unlike the traditional methods and numerical 

techniques with linearization, perturbation, approximation, and discretization 

which all of them lead to huge numerical computations, presented model based on 

ADM provides the closed-form series solution of vibration mode shapes. 

Moreover, for simplification of the calculation procedure, a modification in the 

mathematical process is suggested and applied. This proposed alteration in the 
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ADM calculation procedure, makes it much more efficient computationally. 

Compared with earlier models, the main importance of this research can be 

justified by its generality for beam design and its computational simplicity. 

For the stability enhancement purpose, the literature review shows no analytical 

consideration given to the beams with a nonlinear variable profile. The proposed 

non-uniform configuration shows stability improvement effects. Furthermore, by 

attaching piezoelectric materials onto the beam and applying an external electric 

voltage, stability of the smart structure can be further enhanced due to the local 

strain induced by piezoelectric layers. 

The analytical development of efficient piezoelectric energy harvesters is 

another objective of this research. The work presented here challenges former 

energy harvesters and fabricates an advanced energy harvester configuration that 

functions optimally and effectively on ambient vibration sources. The developed 

model includes non-uniform geometry and accounts for the FGM property of the 

energy harvester. When the non-uniform design coupled with piezoelectric sensors 

is used as an energy harvester, it increases the system electromechanical outputs in 

a wide frequency domain. Lastly, piezoelectric stacks are deployed to design more 

robust and effective energy harvesting systems. 

The main objectives of this research can be summarized and listed as: 
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• Development of a mathematical method capable of solving partial differential 

equations with nonlinear variable coefficients. 

• Analytical vibration analysis of nonlinearly tapered and axially FGM beams. 

• Stability analysis of nonlinearly tapered piezoelectric coupled beams. 

• Design of a piezoelectric energy harvester with nonlinear geometry and FGM. 

• Design of a wideband energy harvester by multiple non-uniform bimorphs. 

• Design of a composite energy harvester with embedded piezoelectric stacks. 

• Optimum design of a new energy harvester platform with piezoelectric stacks. 

• Introducing a basic optimization model by using simulation-based optimization 

technique and machine learning algorithms. 
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Chapter 3 

 

3 Mathematical Framework 

The ADM is an operative mathematical technique for analytical solution of 

broad class of dynamic systems without linearization or weak nonlinearity 

assumptions, closure approximations, perturbation theory, or limiting assumptions 

on stochasticitiy [18]. The main advantage of the decomposition method is that 

unlike other methodologies and their restrictive assumptions, it does not require 

massive numerical computations and is physically more accurate and realistic. The 

solution delivered by ADM is also an approximation, but it does not change the 

nature of the system [110]. 

 

3.1 Adomian Decomposition Method 

The solution obtained by ADM is an infinite series, an n-term approximation 

which serves as a practical and acceptable solution. An accurate solution is often 

obtained with very small values of n [110]. For numerical purposes, the solution 

can be enhanced by considering more terms and the response would be the exact 

solution of the problem if it exists [1], [111]. 

Additionally, there are some modifications using ‘noise terms’ to accelerate the 

rapid convergence of the series and therefore provides a major progress [112], 



36 

[113]. For a general explanation of the method, the Adomian [18] approach has 

been followed here. 

Suppose the governing equation has the general form, 

𝑂𝑢 + 𝑅𝑢 + 𝑁𝑢 = 𝑔, (3-1) 

where u is the response function, O is the highest order derivative operator, R 

includes derivatives of less order than O, Nu shows nonlinear terms, and g 

represents inhomogeneous external terms. 

Knowing that O is an invertible nth order differential operator, O-1 is basically 

an n-fold integral. O-1 is an n-fold definite integral operator for initial value 

problems. On the other hand, O-1 will be an n-fold indefinite integral for boundary 

value problems which unknowns can be evaluated from boundary conditions. 

Applying the inverse operator O-1 to both sides of the Eq. (3-1) leads to, 

𝑢 = 𝑓 + 𝑂−1[𝑔] − 𝑂−1[𝑅𝑢] − 𝑂−1[𝑁𝑢], (3-2) 

where f represents the terms arising from integration and given conditions. 

Based on standard ADM, u is decomposed into ∑ 𝑢𝑛
∞
𝑛=0  and the nonlinear term 

Nu is replaced by ∑ 𝐴𝑛
∞
𝑛=0 , where An are Adomian polynomials. Additionally, u0 is 

identified as 𝑓 + 𝑂−1[𝑔]. Thus, Eq. (3-2) is rewritten as, 

∑ 𝑢𝑛
∞
𝑛=0 = 𝑢0 − 𝑂−1[𝑅 ∑ 𝑢𝑛

∞
𝑛=0 ] − 𝑂−1[∑ 𝐴𝑛

∞
𝑛=0 ]. (3-3) 

Finally, the components can be determined recursively, 
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𝑢0 = 𝑓 + 𝑂−1[𝑔], 

(3-4) 

𝑢𝑘+1 = 𝑢0 − 𝑂−1[𝑅𝑢𝑘] − 𝑂−1[𝐴𝑘],   𝑘 ≥ 0. 

 

3.2 Adomian Polynomials 

The polynomial terms An are generated for each nonlinearity [18] and all of un 

components are calculable. If the series converge, the n-term partial sum 𝑈𝑛 =

∑ 𝑢𝑖
𝑛−1
𝑖=0  will be the approximate solution [110]. Since there is no linearization or 

weak nonlinearity assumptions, the presented solution will be much more accurate 

from the physical point of view. 

Two formulations for the An polynomials are developed and presented [110]. By 

assuming 𝑁𝑢 ≡ ℎ(𝑢), the more convenient format is presented as, 

𝐴0 = ℎ(𝑢0), 

(3-5) 

𝐴1 = 𝑢1
𝑑

𝑑𝑢0
ℎ(𝑢0), 

𝐴2 = 𝑢2
𝑑

𝑑𝑢0
ℎ(𝑢0) +

𝑢1
2

2!

𝑑2

𝑑𝑢0
2 ℎ(𝑢0), 

𝐴3 = 𝑢3
𝑑

𝑑𝑢0
ℎ(𝑢0) + 𝑢1𝑢2

𝑑2

𝑑𝑢0
2 ℎ(𝑢0) +

𝑢1
3

3!

𝑑3

𝑑𝑢0
3 ℎ(𝑢0), 

……. 

 

The final solution provided by ADM is continuous, analytical, and requires no 

discretization or linearization. As a result, the solution is physically realistic and 
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precise. The decomposition method is even more desirable when the problem 

includes variable coefficients, independent variables, and nonlinearities.  

As a result, ADM is a powerful mathematical technique to provide the analytical 

solution of various vibrational systems. Although the solution obtained by ADM is 

an infinite series, an n-term approximation usually serves as a practical and 

acceptable solution [1]. 
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Chapter 4 

 

4 Vibration Analysis of Non-uniform Beams 

In this chapter, vibration analysis of geometrically and materially non-uniform 

beams with general boundary conditions is comprehensively investigated. 

Numerical examples are provided to show the validity and accuracy of the model. 

Vibration mode shapes and natural frequencies of nonlinearly tapered cantilever 

beams with and without axially FGM properties are analytically derived and 

presented. Finally, nonlinear geometry and FGM effects are examined. 

This chapter of the thesis is reproduced with some modifications from [A. 

Keshmiri, N. Wu, Q. Wang “Vibration analysis of a nonlinearly tapered cone beam 

using Adomian decomposition method”, International Journal of Structural 

Stability and Dynamics, 18(7), 1850101, 2018] with permission from the “World 

Scientific Publishing Co Pte Ltd” and [A. Keshmiri, N. Wu, Q. Wang “Vibration 

analysis of non-uniform tapered beams with nonlinear FGM properties”, Journal of 

Mechanical Science and Technology, 32(11), 5325-5337, 2018] with permission 

from the “Springer Nature”. 
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4.1 Theoretical Model 

The dynamic governing differential equation for the lateral vibration of a non-

uniform Euler-Bernoulli beam applicable to slender beams by neglecting shear 

deformation and rotatory inertia effects, can be expressed by, 

𝜌(𝑥)𝐴(𝑥)
∂2𝑤(𝑥,𝑡)

∂𝑡2
+

∂2

∂𝑥2
[𝐸(𝑥)𝐼(𝑥)

∂2𝑤(𝑥,𝑡)

∂𝑥2
] = 𝑓(𝑥, 𝑡), (4-1) 

where x is the position variable along length of the beam, t is the time variable, 

𝜌(x) is the mass density, A(x) is the cross-sectional area, w(x,t) is the deflection 

function, E(x) is the Young’s elasticity modulus, I(x) is the second moment of area, 

and f(x,t) is the external forcing function [22]. 

By using torsional KT and linear KL springs, general boundary conditions of the 

beam are defined as, 

[±𝐸(𝑥)𝐼(𝑥)
∂2𝑤(𝑥,𝑡)

∂𝑥2 + 𝐾𝑇
∂𝑤(𝑥,𝑡)

∂𝑥
]
𝑥=0 𝑜𝑟 𝐿

= 0, 

(4-2) 

[±
∂

∂𝑥
(𝐸(𝑥)𝐼(𝑥)

∂2𝑤(𝑥,𝑡)

∂𝑥2 ) + 𝐾𝐿𝑤(𝑥, 𝑡)]
𝑥=0 𝑜𝑟 𝐿

= 0, 

where L is the length of the beam. 

Eq. (4-1) can be expanded as, 

𝜌(𝑥)𝐴(𝑥)
∂2𝑤(𝑥,𝑡)

∂𝑡2 + 𝐸(𝑥)𝐼(𝑥)
∂4𝑤(𝑥,𝑡)

∂𝑥4 + 2 [𝐸(𝑥)
∂𝐼(𝑥)

∂𝑥
+ 𝐼(𝑥)

∂𝐸(𝑥)

∂𝑥
]

𝜕3𝑤(𝑥,𝑡)

𝜕𝑥3 +

[𝐸(𝑥)
𝜕2𝐼(𝑥)

𝜕𝑥2 + 𝐼(𝑥)
𝜕2𝐸(𝑥)

𝜕𝑥2 + 2
∂𝐸(𝑥)

∂𝑥

∂𝐼(𝑥)

∂𝑥
]

∂2𝑤(𝑥,𝑡)

∂𝑥2 = 𝑓(𝑥, 𝑡). 

(4-3) 

Using the normal mode approach, the solution of Eq. (4-3) is assumed to be a 

linear combination of the normal modes of the beam expressed by, 



41 

𝑤(𝑥, 𝑡) = ∑ 𝑋𝑖(𝑥)𝑇𝑖(𝑡)
∞
𝑖=1 , (4-4) 

where Xi(x) is the ith mass-normalized eigenfunction and Ti(t) is the ith modal 

participation coefficient [46]. Clearly, the mass-normalized eigenfunctions satisfy 

the orthogonality conditions, 

∫ 𝜌(𝑥)𝐴(𝑥)𝑋𝑖(𝑥)𝑋𝑗(𝑥)d𝑥 = {
1 → 𝑖 = 𝑗
0 → 𝑖 ≠ 𝑗

𝐿

𝑥=0
, 

(4-5) 

∫ 𝑋𝑗(𝑥)
d2

d𝑥2
[𝐸(𝑥)𝐼(𝑥)

d2𝑋𝑖(𝑥)

d𝑥2
] d𝑥 = {

𝜔𝑖
2 → 𝑖 = 𝑗

0 → 𝑖 ≠ 𝑗

𝐿

𝑥=0
. 

Consequently, by substituting Eq. (4-4) into Eq. (4-3), two ordinary differential 

equations are obtained as, 

𝐸(𝑥)𝐼(𝑥)
d4𝑋𝑖(𝑥)

d𝑥4 + 2 [𝐸(𝑥)
d𝐼(𝑥)

d𝑥
+ 𝐼(𝑥)

d𝐸(𝑥)

d𝑥
]

d3𝑋𝑖(𝑥)

d𝑥3 + [𝐸(𝑥)
d2𝐼(𝑥)

d𝑥2 + 𝐼(𝑥)
d2𝐸(𝑥)

d𝑥2 +

2
d𝐸(𝑥)

d𝑥

d𝐼(𝑥)

d𝑥
]

d2𝑋𝑖(𝑥)

d𝑥2 − 𝜌(𝑥)𝐴(𝑥)𝜔𝑖
2𝑋𝑖(𝑥) = 0, 

(4-6) 

d2𝑇𝑖(𝑡)

d𝑡2 + 𝜔𝑖
2𝑇𝑖(𝑡) =

1

𝜔𝑖
∫ 𝑋𝑖(𝑥)𝑓(𝑥, 𝑡)d𝑥

𝐿

0
, (4-7) 

where ωi is the ith natural frequency of the structure. 

The final solution of the Eq. (4-7) using Duhamel integral can be expressed by, 

𝑇𝑖(𝑡) = 𝐴𝑖 cos𝜔𝑖𝑡 +𝐵𝑖 sin 𝜔𝑖𝑡 +
1

𝜔𝑖
∫ ∫ 𝑋𝑖(𝑥)𝑓(𝑥, 𝑡)d𝑥

𝐿

0
sin𝜔𝑖(𝑡 − 𝜏) d𝜏

𝑡

0
, (4-8) 

where Ai and Bi are constants that can be evaluated from initial conditions. 

On the contrary, Eq. (4-6) is an ordinary differential equation with variable 

coefficients which requires an advanced mathematical tool to be solved. To derive 
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the vibration mode shapes, the ADM is used. First, Eq. (4-6) is rewritten in an 

operator form, 

𝑂𝑥[𝑋(𝑥)] = 

−2(
d𝐼(𝑥)

d𝑥

𝐼(𝑥)
+

d𝐸(𝑥)

d𝑥

𝐸(𝑥)
)

d3𝑋(𝑥)

d𝑥3 − (
d2𝐼(𝑥)

d𝑥2

𝐼(𝑥)
+

d2𝐸(𝑥)

d𝑥2

𝐸(𝑥)
+ 2

d𝐼(𝑥)

d𝑥

𝐼(𝑥)

d𝐸(𝑥)

d𝑥

𝐸(𝑥)
)

d2𝑋(𝑥)

d𝑥2 + 𝜔2 𝜌(𝑥)𝐴(𝑥)

𝐸(𝑥)𝐼(𝑥)
𝑋(𝑥), 

(4-9) 

where 𝑂𝑥 =
d4

d𝑥4 is a fourth order differential operator and the inverse operator 𝐿𝑥
−1 

will be a fourfold integration [1]. 

Applying 𝑂𝑥
−1 on both sides of the Eq. (4-9) yields, 

𝑋(𝑥) = 𝐶1 + 𝐶2𝑥 + 𝐶3
𝑥2

2!
+ 𝐶4

𝑥3

3!
− 𝑂𝑥

−1 [2 (
d𝐼(𝑥)

d𝑥

𝐼(𝑥)
+

d𝐸(𝑥)

d𝑥

𝐸(𝑥)
)

d3𝑋(𝑥)

d𝑥3 + (
d2𝐼(𝑥)

d𝑥2

𝐼(𝑥)
+

d2𝐸(𝑥)

d𝑥2

𝐸(𝑥)
+

2
d𝐼(𝑥)

d𝑥

𝐼(𝑥)

d𝐸(𝑥)

d𝑥

𝐸(𝑥)
)

d2𝑋(𝑥)

d𝑥2 − 𝜔2 𝜌(𝑥)𝐴(𝑥)

𝐸(𝑥)𝐼(𝑥)
𝑋(𝑥)], 

(4-10) 

where C1 to C4 are constants that can be calculated from boundary conditions. 

By equating the normal eigenfunction with its decomposition form, 𝑋(𝑥) =

∑ 𝑋𝑗(𝑥)∞
𝑗=0 , vibration mode shape functions in the recurrence format is, 

𝑋0(𝑥) = 𝐶1 + 𝐶2𝑥 + 𝐶3
𝑥2

2!
+ 𝐶4

𝑥3

3!
, 

(4-11) 
𝑋𝑘+1(𝑥) = −𝑂𝑥

−1 [2 (
d𝐼(𝑥)

d𝑥

𝐼(𝑥)
+

d𝐸(𝑥)

d𝑥

𝐸(𝑥)
)

d3𝑋𝑘(𝑥)

d𝑥3 + (
d2𝐼(𝑥)

d𝑥2

𝐼(𝑥)
+

d2𝐸(𝑥)

d𝑥2

𝐸(𝑥)
+

2
d𝐼(𝑥)

d𝑥

𝐼(𝑥)

d𝐸(𝑥)

d𝑥

𝐸(𝑥)
)

d2𝑋𝑘(𝑥)

d𝑥2 − 𝜔2 𝜌(𝑥)𝐴(𝑥)

𝐸(𝑥)𝐼(𝑥)
𝑋𝑘(𝑥)]    𝑘 ≥ 0. 

Therefore, all Xk components are evaluated for a specific mode shape. It should 

be mentioned that as many terms as required can be considered to obtain a more 
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accurate mode shape function [22]. The n-term summation will be the approximate 

closed-form solution of the differential equation when the series converges [110]. 

Although the ADM methodology claims that it can handle any kind of variable 

coefficients in the differential equation, the calculation process can get very heavy 

due to computation complexity and sometimes impossible to solve because of 

some singularities in the functions. Therefore, for the transverse vibration of a 

beam with non-uniformity where A(x), I(x), E(x), and 𝜌(x) are nonlinear functions, 

the fourfold integration process in Eq. (4-10) can be intensive and impossible to 

deal with. In order to make the mathematical integration process possible and 

much more efficient, nonlinear coefficients of 
d3𝑋(𝑥)

d𝑥3 , 
d2𝑋(𝑥)

d𝑥2 , and 𝑋(𝑥) in the Eq. (4-

10) should be replaced by simpler functions. In order to do that, Taylor series 

representations of those nonlinear functions as an infinite summation of terms 

calculated from the function derivatives values at a particular single point are 

employed [50]. For a real function y(x) which is infinitely differentiable at a real 

point a, the Taylor series is the power series presented in Eq. (4-12), where y(m)(a) 

represents the mth derivative of y(x) evaluated at point a, 

𝑦(𝑥) ≅ ∑
𝑦(𝑚)(𝑎)

𝑚!
(𝑥 − 𝑎)𝑚∞

𝑚=0 . (4-12) 
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Hence, 
d𝐼(𝑥)

d𝑥

𝐼(𝑥)
, 

d𝐸(𝑥)

d𝑥

𝐸(𝑥)
, 

d2𝐼(𝑥)

d𝑥2

𝐼(𝑥)
, 

d2𝐸(𝑥)

d𝑥2

𝐸(𝑥)
, and 

𝜌(𝑥)𝐴(𝑥)

𝐸(𝑥)𝐼(𝑥)
 functions are replaced by the proper 

Maclaurin series (Taylor series at point zero) representation of them. This simple 

modification greatly reduces the calculation intensity. 

By substituting the mode shape functions into the four boundary conditions of 

the beam, a system of four equations with unknown constants is given, 

𝐻𝑗1
𝑛 (𝜔𝑖)𝐶1 + 𝐻𝑗2

𝑛 (𝜔𝑖)𝐶2 + 𝐻𝑗3
𝑛 (𝜔𝑖)𝐶3 + 𝐻𝑗4

𝑛 (𝜔𝑖)𝐶4 = 0   (𝑗 = 1,2,3,4), (4-13) 

where 𝐻𝑗1
𝑛 (𝜔𝑖), 𝐻𝑗2

𝑛 (𝜔𝑖), 𝐻𝑗3
𝑛 (𝜔𝑖), and 𝐻𝑗4

𝑛 (𝜔𝑖) are coefficients of unknown constants 

C1 to C4 corresponding to the n-term solution series as a function of ith natural 

frequency 𝜔i [1], [22]. 

For the nontrivial solution, determinant of the coefficients must be zero giving 

the eigenvalue problem, 

|
𝐻11

𝑛 (𝜔𝑖) ⋯ 𝐻14
𝑛 (𝜔𝑖)

⋮ ⋱ ⋮
𝐻41

𝑛 (𝜔𝑖) ⋯ 𝐻44
𝑛 (𝜔𝑖)

| = 0. (4-14) 

Consequently, 𝜔𝑖
𝑛 which is the ith eigenvalue and natural frequency of the beam 

corresponding to the n-term solution series is evaluated. Substituting 𝜔𝑖
𝑛 into Eq. 

(4-14) and choosing an arbitrary constant, other three unknowns will be evaluated. 

Then Eq. (4-11) yields the ith mode shape function [22]. 

Finally, normal mode eigenfunctions are given by Eq. (4-11) and modal 

participation coefficients obtained by Eq. (4-8) can be substituted into Eq. (4-4) to 

represent the steady-state dynamic response of the non-uniform structure, 
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𝑤(𝑥, 𝑡) = ∑ ∑ 𝑋𝑘𝑖
(𝑥)𝑛

𝑘=0 [
1

𝜔𝑖
∫ ∫ 𝑋𝑖(𝑥)𝑓(𝑥, 𝑡)d𝑥

𝐿

0
sin𝜔𝑖(𝑡 − 𝜏) d𝜏

𝑡

0
]∞

𝑖=1 . (4-15) 

 

4.2 Free Vibration Simulation and Discussion 

To provide a clear overview of the modeling process and validate the proposed 

analytical model, several sample cases are chosen. Firstly, natural frequencies of 

homogeneous beams with uniform, linearly tapered, and exponentially tapered 

geometries are compared with published results in the literature. Next, beams with 

uniform and linearly tapered geometries and FGM properties are analyzed and 

their natural frequencies are evaluated and compared with the published data. 

Since the data comparison has only been done for three first natural frequencies, no 

statistical data analysis was performed. Finally, first three natural frequencies and 

vibration mode shapes of exponentially and trigonometrically tapered beams with 

and without nonlinear FGM considering different geometry and material taper 

ratios [22] are studied and presented. Natural frequencies are reported in non-

dimensional forms, where the non-dimensional frequency of the beam is defined 

as, 𝜆4 = 𝜔2 𝜌0𝐴0𝐿4

𝐸0𝐼0
 in which ρ0, A0, E0, and I0 are defined at the fixed end of the beam. 

First three non-dimensional natural frequencies of a uniform cantilever beam are 

compared with results from reference [6] in Table 4-1. By using only 7 terms of 

the mode shape function series, accurate values are calculated which proves the 

high convergence rate of the methodology [1]. 
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Table 4-1 Non-dimensional first three natural frequencies of a uniform cantilever beam [1]. 

 𝜆1
0.25

 𝜆2
0.25 𝜆3

0.25 

[6] 1.875 4.694 7.855 

present method 1.875 4.694 7.855 

 

For the linearly tapered geometry, width 𝑏(𝑥) = 𝑏0 (1 − 𝑛𝑏
𝑥

𝑙
) and thickness ℎ(𝑥) =

ℎ0 (1 − 𝑛ℎ
𝑥

𝑙
) of the beam can vary linearly where b0 and h0 are width and thickness 

at the fixed end and nb and nh are taper ratios in those directions, respectively. By 

assuming the same taper ratio m in both directions, the variable cross-sectional area 

and second moment of area functions are 𝐴(𝑥) = 𝐴0 (1 − 𝑚
𝑥

𝑙
)
2

 and 𝐼(𝑥) =

𝐼0 (1 − 𝑚
𝑥

𝑙
)
4

, where 𝐴0 = 𝑏0ℎ0 and 𝐼0 =
1

12
𝑏0ℎ0

3 are defined as the cross-sectional area 

and the second moment of area of the beam at its fixed boundary. Besides, 30 

terms of Taylor series are used to represent the functions in the fourfold integration 

process. First three non-dimensional natural frequencies of a linearly tapered 

cantilever beam with different taper ratios are given in Table 4-2. These values are 

determined using 17 terms of the mode shape function series. The good agreement 

of the reported results compared to the published results from other methodologies 

proves the effectiveness of the proposed model [1]. 

Finally, for an exponentially tapered beam along width, thickness of the beam is 

assumed to be constant ℎ(𝑥) = ℎ0  and width varies exponentially 𝑏(𝑥) = 𝑏0e
−𝑚

𝑥

𝑙  

where m is the taper ratio in width direction. Hence, cross-sectional area and 

second moment of area functions are 𝐴(𝑥) = 𝐴0e
−𝑚

𝑥

𝑙  and 𝐼(𝑥) = 𝐼0e
−𝑚

𝑥

𝑙 . Following 
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the same mathematical process, vibration mode shape functions and natural 

frequencies of a cantilever beam exponentially tapered along width can be 

calculated. Table 4-3 shows the first three non-dimensional natural frequencies of 

the beam by using 12 terms of the mode shape function series. By comparing to 

other published results, great agreement and precision can be seen [1]. 

Table 4-2 Non-dimensional first three natural frequencies for a linearly tapered cantilever beam 

[1]. 

 𝜆1
0.5

 𝜆2
0.5

 𝜆3
0.5

 

m [12] [19] [114] 
present 

method 
[12] [19] [114] 

present 

method 
[12] [19] [114] 

present 

method 

0.1 --- 3.673 --- 3.674 --- 21.550 --- 21.550 --- 59.189 --- 59.189 

0.2 --- 3.855 3.831 3.855 --- 21.057 21.082 21.057 --- 56.630 56.641 56.630 

0.3 4.067 4.067 --- 4.067 20.555 20.555 --- 20.555 --- 54.015 --- 54.015 

0.4 4.319 4.319 4.322 4.319 20.05 20.05 20.113 20.050 51.334 51.335 51.351 51.334 

0.5 4.625 4.625 4.631 4.625 19.548 19.548 19.548 19.550 48.579 48.579 48.588 48.563 

 

Table 4-3 Non-dimensional first three natural frequencies for an exponentially tapered cantilever 

beam along width [1]. 

 𝜆1
0.5 𝜆2

0.5 𝜆3
0.5 

[6] 4.735 24.202 63.850 

[115] 4.735 24.200 63.861 

[116] 4.723 24.202 63.864 

present method 4.735 24.202 63.861 

 

For beams with axially FGM properties, special polynomials for material non-

homogeneity presented by [29] are used. Non-dimensional first two natural 

frequencies for a uniform cantilever beam with polynomial material variation 

function are presented in Table 4-4. By using only 13 terms of the mode shape 

function series, accurate values are evaluated [22]. 
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Table 4-4 Non-dimensional first two natural frequencies for a uniform cantilever beam with 

polynomial material property variation function [22]. 

𝜌(𝑥) = ∑𝑎𝑗(
𝑥

𝑙
)𝑗

𝐽

𝑗=0

 𝐸(𝑥) = ∑ 𝑏𝐽ℎ(
𝑥

𝑙
)ℎ

𝐻

ℎ=0

 

𝜆1 𝜆1 

[30] 
present 

method 
[30] 

present 

method 

1  

26  321.42 321.42 12623.84 12623.49 

26 + 16 (
𝑥

𝑙
)  357.20 357.20 15615.45 15615.42 

26 + 16 (
𝑥

𝑙
) + 6 (

𝑥

𝑙
)

2

  360.78 360.78 16174.13 16174.25 

26 + 16 (
𝑥

𝑙
) + 6 (

𝑥

𝑙
)

2

− 4(
𝑥

𝑙
)

3

  359.90 359.89 15962.74 15962.51 

26 + 16 (
𝑥

𝑙
) + 6 (

𝑥

𝑙
)

2

− 4(
𝑥

𝑙
)

3

+ (
𝑥

𝑙
)

4

  360.00 360.07 15994.99 15997.55 

1 +
𝑥

𝑙
  

64.8  443.35 443.35 19861.39 19860.84 

64.8 + 42.8 (
𝑥

𝑙
)  497.23 497.22 25081.87 25080.96 

64.8 + 42.8 (
𝑥

𝑙
) + 20.8 (

𝑥

𝑙
)

2

  504.24 504.24 26363.87 26363.46 

64.8 + 42.8 (
𝑥

𝑙
) + 20.8 (

𝑥

𝑙
)

2

− 1.2 (
𝑥

𝑙
)

3

  504.09 504.09 26321.93 26321.46 

64.8 + 42.8 (
𝑥

𝑙
) + 20.8 (

𝑥

𝑙
)

2

− 1.2 (
𝑥

𝑙
)

3

− 2.2 (
𝑥

𝑙
)

4

  503.97 503.97 26274.88 26274.65 

1.5954 + 0.04 (
𝑥

𝑙
) +

(
𝑥

𝑙
)
2
  

109.94475  590.22 590.22 26503.05 26502.90 

109.94475 + 72.87061 (
𝑥

𝑙
)  662.40 662.38 33454.66 33454.13 

109.94475 + 72.87061 (
𝑥

𝑙
) + 35.79648(

𝑥

𝑙
)

2

  671.91 671.91 35176.27 35176.54 

109.94475 + 72.87061 (
𝑥

𝑙
) + 35.79648(

𝑥

𝑙
)

2

−

1.27765(
𝑥

𝑙
)

3

  

671.79 671.78 35141.46 35141.69 

109.94475 + 72.87061 (
𝑥

𝑙
) + 35.79648(

𝑥

𝑙
)

2

−

1.27765(
𝑥

𝑙
)

3

+ 0.36325(
𝑥

𝑙
)

4

  

672.06 671.80 35246.03 35147.71 

 

As the second FGM case study, a uniform beam with 𝐸(𝑥) = 1 + 𝛾 cos(𝜋
𝑥

𝑙
) and 

𝜌(𝑥) = 1 + 𝛼 cos(𝜋
𝑥

𝑙
) material property variation functions is analyzed where γ and 

𝛼 are rigidity and density taper parameters, respectively. Table 4-5 shows the non-

dimensional first three natural frequencies. Only 6 terms of the mode shape 

function series are considered for this case which proves the high convergence rate 

of the method. Additionally, natural frequencies are compared with results from 

reference [30] showing an excellent agreement [22]. 
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Table 4-5 Non-dimensional first three natural frequencies for a uniform cantilever beam with 

trigonometric material property variation function [22]. 

𝛼 =  𝛾 
𝜆1

0.5
 𝜆2

0.5
 𝜆3

0.5 

[30] present method [30] present method [30] present method 

0 3.516 3.516 22.034 22.034 61.715 61.806 

0.1 3.785 3.785 22.444 22.442 61.976 63.267 

0.15 3.928 3.928 22.653 22.641 62.119 65.151 

0.2 4.076 4.078 22.867 22.896 62.274 66.649 

 

Now, linearly tapered cantilever beams with axially variable density and 

elasticity modulus are considered. First example is a beam with linearly tapered 

geometry and polynomial material property variation function. This means 𝐴(𝑥) =

(1 − 𝑚
𝑥

𝑙
)
2

 and 𝐼(𝑥) = (1 − 𝑚
𝑥

𝑙
)
4

 which m is the geometrical taper ratio. Also, 

𝐸(𝑥) = 1 +
𝑥

𝑙
 and 𝜌(𝑥) = 1 +

𝑥

𝑙
+ (

𝑥

𝑙
)2  are elasticity and density variation functions, 

respectively. Non-dimensional first three natural frequencies for such a beam are 

presented in Table 4-6. Results are evaluated using 11 terms of the mode shape 

function series. The difference and small errors comparing with results from 

reference [33] for taper ratios higher than 0.6 are because of the elasticity linear 

function. Generally, the residual error in approximating linear functions with 

Taylor polynomial series might be high without considering a great number of 

terms. Replacing the linear functions with an appropriate Taylor polynomial series 

needs considering so many terms that could result in an intensive calculation 

process. Moreover, for higher natural frequencies of the structure, more terms of 

mode shape function series are required. Considering all of these factors requires 
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more computational power and memory capacitance. Here, 30 terms of Taylor 

polynomial series are used to replace the linear function. For second and third 

natural frequencies of the beam with 0.8 taper ratio, no values by using 11 terms of 

the mode shape function series are evaluated. Clearly, more terms should be 

considered using the proposed method [22]. 

Table 4-6 Non-dimensional first three natural frequencies of a linearly tapered cantilever beam 

with polynomial material property variation function [22]. 

m 
𝜆1

0.5
 𝜆2

0.5
 𝜆3

0.5 

[33] present method [33] present method [33] present method 

0 2.426 2.273 18.604 17.814 55.180 53.370 

0.2 2.686 2.536 17.750 17.016 50.393 48.747 

0.4 3.049 2.908 16.857 16.203 45.400 43.948 

0.6 3.598 3.443 15.962 17.056 40.130 32.138 

0.8 4.569 4.636 15.296 --- 34.552 --- 

 

The second beam possesses constant width and linearly variable thickness with 

𝐴(𝑥) = (1 − 𝑚
𝑥

𝑙
) and 𝐼(𝑥) = (1 − 𝑚

𝑥

𝑙
)
3

, where m is the taper ratio. Here in this case, 

elasticity modulus 𝐸(𝑥) = 𝑒
𝑥

𝑙  and density 𝜌(𝑥) = 𝑒
𝑥

𝑙  vary exponentially. Table 4-7 

provides the non-dimensional first two natural frequencies for a linearly tapered 

cantilever beam along its thickness with exponential material property variation. 

Results are compared with ones from references [117] and [118]. Non-dimensional 

natural frequencies of taper ratio 0.1, 0.3, 0.5, and 0.8 are evaluated using 14, 14, 

15, and 20 terms of the mode shape function series, respectively [22]. 
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Table 4-7 Non-dimensional first two natural frequencies for a linearly tapered along thickness 

cantilever beam with exponential material property variation function [22]. 

m 
𝜆1

0.5
 𝜆2

0.5
 

[118] [117] present method [118] [117] present method 

0.1 2.606 2.606 2.606 19.413 19.410 19.412 

0.3 2.708 2.709 2.708 18.100 18.101 18.100 

0.5 2.856 2.857 2.856 16.688 16.692 16.688 

0.8 3.292 3.293 3.294 14.362 14.371 14.380 

 

For a homogeneous beam with nonlinear geometry, three cases are selected. The 

first one is an experimental validation of the model by studying an exponentially 

tapered beam with homogeneous material properties. First two natural frequencies 

of an exponentially tapered cantilever beam with a circular cross-section are 

experimentally measured and test results are compared with values obtained by the 

theoretical model. The variable profile for the radius of the beam cross-section is 

defined as 𝑅(𝑥) = 𝑅0 (e𝑚
𝑥

𝑙) where m is geometry taper ratio and R0 is the radius at 

the fixed end of the beam [22], [50]. The geometric dimensions and material 

properties of the beam are listed in Table 4-8. 

Table 4-8 Geometry and material properties of the exponentially tapered cantilever beam [22]. 

L (m) R0 (m) m E (Pa) 𝜌 (kg/m3) 
0.1625 0.00275 0.8 68.9*1010 2700 

 

Here, 10 terms of Taylor series are used to represent the nonlinear taper 

function. Fig. 4-1(a) shows the testing setup used for the experiment and Fig. 4-

1(b) presents the LMS test frequency spectral with two peaks for the first and 

second natural frequencies of the non-uniform structure. The first two natural 

frequencies evaluated from the experimental tests are 96.13Hz and 1055.41Hz, 
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respectively. By using the theoretical model, these two values are calculated as 

99.09Hz and 1075.76Hz. The comparison of results proves the accuracy and 

validity of the method. As long as accurate mode shape functions and natural 

frequencies of different tapered structures can be obtained, the precise dynamic 

analysis can be done. It is noted that Euler-Bernoulli beam model ignores shear 

strain/stress in the beam cross-sections that leads to higher stiffness of the beam 

and natural frequencies compared with the practical problem. Therefore, the 

eigenvalues or natural frequencies of the free vibration analysis based on the 

presented model are a bit higher than the experiment results [22]. 

 
(a) 

 
(b) 

Fig. 4-1 Free vibration test of an exponentially tapered and homogeneous cantilever beam. (a) 

Experimental setup [22]. (b) Spectral frequency response in LMS. 
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Secondly, a convergence study on the second non-dimensional natural frequency 

of an exponentially tapered cantilever beam with homogeneous material properties 

for various geometrical taper ratios is presented in Fig. 4-2. As can be seen, the 

presented model has very high measurement resolution and rapid convergence rate 

with small nonlinearity (m<=0.3) even by a few numbers of ADM series terms 

(n<=7). On the other hand, for higher taper ratios (m=>0.4), the convergence rate 

is slower and high measurement resolution can be obtained by considering more 

series terms (n>10). It is noted that the occurrence of divergence in the model can 

be the result of several parameters such as: residual error incurred in 

approximating geometry and FGM functions by Taylor polynomials, insufficient 

number of series in the mode shape functions, and possible issues coming from the 

mathematical solving process of eigenvalue problem [22]. 

 
Fig. 4-2 The convergence study on the second non-dimensional natural frequency of an 

exponentially tapered cantilever beam with homogeneous material properties with various 

geometrical taper ratios [22]. 
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The second case depicted in Fig. 4-3(a) is an exponentially tapered cantilever 

beam which its width and thickness variation functions are expressed by 𝑏(𝑥) =

𝑏0 (e−𝑛𝑏
𝑥

𝑙)  and ℎ(𝑥) = ℎ0 (e−𝑛ℎ
𝑥

𝑙) . By assuming the same taper ratio m in both 

directions, cross-sectional area and second moment of area functions are defined as 

𝐴(𝑥) = 𝐴0 (e−𝑚
𝑥

𝑙)
2

 and 𝐼(𝑥) = 𝐼0 (e−𝑚
𝑥

𝑙)
4

 [1]. 

 
(a) 

 
(b) 

Fig. 4-3 Non-uniform cantilever tapered cone beams with cross-sectional view [1]. (a) 

Exponentially decaying. (b) Trigonometrically decaying. 

 

By following the same computation procedure, the vibration mode shape 

functions and non-dimensional natural frequencies of an exponentially tapered 

beam can be obtained. Besides, 10 terms of Taylor series are used to represent the 

nonlinear functions in the fourfold integration. Table 4-9 represents the 
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convergence study of the non-dimensional first three natural frequencies for 

various taper ratios. As can be seen, the model gives the natural frequencies for 

lower taper ratios (m<=0.5) with very high measurement resolution and rapid 

convergence rate even with small values of n (n<=10) for the mode shape function 

series. For higher taper ratios of the nonlinearly tapered beam (m>0.5), analytical 

approximation for the vibration characteristics with good accuracy can be obtained 

considering more mode shape function series terms (n>12). Similar to linearly 

tapered beams, increasing the taper ratio results in higher first natural frequency 

and lower second and third natural frequencies for the beam with exponentially 

decaying geometry. Moreover, four vibration mode shapes of the exponentially 

decaying configuration with taper ratio of m=0.3 are given in Fig. 4-4 [1]. 

 
Fig. 4-4 First four vibration mode shapes of an exponentially decaying tapered cantilever beam 

with taper ratio of m=0.3 [1]. 
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For the second homogeneous beam with nonlinear geometry, a trigonometrically 

tapered cone beam is chosen in which the cross-section varies according to a 

cosine function, Fig. 4-3(b). By assuming the same taper ratio m in width and 

thickness directions, cross-sectional area and second moment of area variation 

functions are defined as 𝐴(𝑥) = 𝐴0 (cos (
𝑚𝜋𝑥

2𝑙
))

2

 and 𝐼(𝑥) = 𝐼0 (cos (
𝑚𝜋𝑥

2𝑙
))

4

. Only 20 

terms of Taylor series are used to represent the nonlinear functions in the fourfold 

integration. Table 4-10 shows the convergence study of the non-dimensional first 

three natural frequencies of a trigonometrically tapered cantilever beam with 

various taper ratios. In the same way, accurate natural frequencies for lower taper 

ratios can be found even with very small values of n for the mode shape function 

series. Increasing the taper ratio results in higher first natural frequency and lower 

second and third natural frequencies. This is the same trend for the beams with 

similar structural geometries, i.e., linearly and exponentially decaying profile. 

Finally, Fig. 4-5 depicts the first four vibration mode shapes of the 

trigonometrically tapered beam with taper ratio of m=0.3 [1]. 
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Fig. 4-5 First four vibration mode shapes of a cosine function tapered cantilever beam with taper 

ratio of m=0.3 [1]. 

 

For a beam with nonlinear geometry and material properties, three cases are 

studied. Firstly, an exponentially tapered cantilever with exponential density and 

elasticity modulus variation functions is considered. This means 𝐴(𝑥) = (𝑒−𝑚
𝑥

𝑙)
2

, 

𝐼(𝑥) = (𝑒−𝑚
𝑥

𝑙)
4

, 𝐸(𝑥) = 𝑒−𝛽
𝑥

𝑙 , and 𝜌(𝑥) = 𝑒−𝛼
𝑥

𝑙 , where m, 𝛽, and 𝛼 are geometry, 

rigidity, and density taper ratios, respectively. Table 4-11 shows the convergence 

study for the non-dimensional first three natural frequencies of an exponentially 

tapered cone cantilever beam with exponential FGM properties. As can be seen, 

the presented model gives the natural frequencies for different geometry and 

material taper ratios with high measurement resolution and rapid convergence rate. 

For lower geometrical and material taper ratios, the convergence rate is much 

higher. For instance, when m=𝛼=𝛽=0.1, only 6 terms of the mode shape function 
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series provide very accurate values of first three natural frequencies. The analytical 

approximation of the vibration characteristics for higher taper ratios can be 

achieved with good accuracy by considering more terms of the mode shape 

function series. Lastly, the first four vibration mode shapes of the beam are given 

in Fig. 4-6 with the geometry, density, and elasticity taper ratios of m=0.1, 𝛼=0.3, 

and 𝛽=0.5 [22]. 

 
Fig. 4-6 First four vibration mode shapes for an exponentially tapered cantilever beam with 

exponential material property variation function (m=0.1, 𝛼=0.3, 𝛽=0.5) [22]. 

 

Secondly, exponentially tapered geometry and cosine function variation for 

elasticity modulus and density are considered. This means 𝐴(𝑥) = (𝑒−𝑚
𝑥

𝑙)
2

, 𝐼(𝑥) =

(𝑒−𝑚
𝑥

𝑙)
4

, 𝐸(𝑥) = (cos
𝛽𝜋𝑥

2𝑙
) , and 𝜌(𝑥) = (cos

𝛼𝜋𝑥

2𝑙
) . The convergence study for non-

dimensional first three natural frequencies of such a beam can be seen in Table 4-

12. Similarly, the convergence rate is very high for the beam structure with lower 
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values of geometrical and material taper ratios. And the solution for a structure 

with higher taper ratios can be improved by considering more terms of the mode 

shape function series. Additionally, Fig. 4-7 depicts the first four vibration mode 

shapes of an exponentially tapered cantilever beam with cosine function FGM 

properties with the geometry, density, and elasticity taper ratios of m=0.1, 𝛼=0.3, 

and 𝛽=0.5, respectively [22]. 

 
Fig. 4-7 First four vibration mode shapes for an exponentially tapered cantilever beam with 

cosine material property variation function (m=0.1, 𝛼=0.3, 𝛽=0.5) [22]. 

 

Finally, a trigonometrically tapered cantilever beam with exponential elasticity 

modulus and density variation functions is considered. Thus,  𝐴(𝑥) = (cos
𝑚𝜋𝑥

2𝑙
)
2

 , 

𝐼(𝑥) = (cos
𝑚𝜋𝑥

2𝑙
)
4

, 𝐸(𝑥) = 𝑒−𝛽
𝑥

𝑙 , and 𝜌(𝑥) = 𝑒−𝛼
𝑥

𝑙 . Table 4-13 displays the 

convergence study for non-dimensional first three natural frequencies of a cosine 

tapered cantilever beam with exponential FGM properties. The proposed model 
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based on ADM provides the natural frequencies for different geometry and 

material taper ratios with very high measurement resolution and rapid convergence 

rate even with small values of n for the mode shape function series. For lower taper 

ratios, the convergence rate is higher. Likewise, more accurate natural frequencies 

and mode shapes for higher taper ratios can be obtained with more terms of the 

mode shape series. The first four vibration mode shapes of the beam are depicted 

in Fig. 4-8 with the geometry, density, and elasticity taper ratios of m=0.1, 𝛼=0.3, 

and 𝛽=0.5, respectively [22]. 

 
Fig. 4-8 First four vibration mode shapes for a trigonometrically tapered cantilever beam with 

exponential material property variation function (m=0.1, 𝛼=0.3, 𝛽=0.5) [22]. 

 

Last of all, Figs. 4-9 to 4-11 show first three non-dimensional natural 

frequencies variation with respect to geometry, density, and elasticity taper ratios 

for three kinds of geometrically and materially nonlinear beams discussed here. As 

it is shown in the figures, increasing the geometry taper ratio results in higher first 
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natural frequency and smaller second and third natural frequencies regardless of 

the material taper ratio effect. Furthermore, an overall decline in the natural 

frequencies occurs by increasing the elasticity taper ratio. This can be the result of 

higher rigidity of the structure. In contrast, a considerable growth in natural 

frequencies of the beam can be seen as density taper ratio increases. For instance, a 

beam with m=0.5, 𝛼=0.5, and 𝛽=0.1 and a beam with m=0.1, 𝛼=0.1, and 𝛽=0.5 

have the highest and lowest values for the first natural frequency, respectively. On 

the other hand, a beam with m=0.1, 𝛼=0.5, and 𝛽=0.1 and a beam with m=0.5, 

𝛼=0.1, and 𝛽=0.5 have the highest and lowest values for the second and third 

natural frequencies, respectively. Regarding the structural requirements and 

applications, one can find and choose the most efficient mechanical and vibrational 

design of the non-uniform beam or column [22]. 
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Table 4-9 Convergence study of non-dimensional first three natural frequencies of a 

homogeneous and exponentially decaying tapered cantilever beam [1]. 

m 𝑋 = 𝑋0 + ⋯+ 𝑋𝑖  𝜆1
0.5 𝜆2

0.5 𝜆3
0.5 

0.1 

i = 14 3.663135777 21.55454395 59.25992606 

i = 13 3.663135777 21.55454397 59.25992500 

i = 12 3.663135777 21.55454397 59.25992498 

i = 11 3.663135773 21.55454394 59.25992801 

i = 10 3.663135773 21.55454399 59.25992763 

0.2 

i = 14 3.808838427 21.07440885 56.91704897 

i = 13 3.808838423 21.07440881 56.91704847 

i = 12 3.808838384 21.07440900 56.91704378 

i = 11 3.808838052 21.07441170 56.91697096 

i = 10 3.808835605 21.07443281 56.91636879 

0.3 

i = 14 3.952201378 20.59548305 54.66483242 

i = 13 3.952200738 20.59548748 54.66476310 

i = 12 3.952197048 20.59551398 54.66430321 

i = 11 3.952177414 20.59566190 54.66150274 

i = 10 3.952081402 20.59642435 54.64592563 

0.4 

i = 14 4.092245712 20.11907362 52.49942475 

i = 13 4.092229978 20.11919037 52.49796724 

i = 12 4.092162283 20.11970947 52.49084690 

i = 11 4.091892957 20.12185258 52.45855502 

i = 10 4.090909057 20.13002623 52.32541669 

0.5 

i = 14 4.227912834 19.64669954 50.41420582 

i = 13 4.227766743 19.64797336 50.40045099 

i = 12 4.227264394 19.65245986 50.34712722 

i = 11 4.225668012 19.66713544 50.15776994 

i = 10 4.221017779 19.71148844 49.56486763 

0.6 

i = 14 4.357984808 19.18173000 48.38666140 

i = 13 4.357298414 19.18959741 48.30872694 

i = 12 4.355322792 19.21251277 48.06343243 

i = 11 4.350073952 19.27460442 47.37844453 

i = 10 4.337324416 19.43104879 45.77896297 

0.7 

i = 14 4.481229077 18.73434703 46.34043141 

i = 13 4.479486291 18.76693042 46.03944329 

i = 12 4.475075216 18.84804450 45.27531802 

i = 11 4.464788152 19.03737683 43.63208966 

i = 10 4.442925291 19.45681787 40.74131636 

0.8 

i = 14 4.598024476 18.33072215 44.08286266 

i = 13 4.596592349 18.43137169 43.24804108 

i = 12 4.592559524 18.65271907 41.57348136 

i = 11 4.582599496 19.11975879 38.76061297 

i = 10 4.560964125 20.11475708 34.65149439 

0.9 

i = 14 4.715568903 18.02340999 41.29220819 

i = 13 4.722487269 18.27473642 39.59314114 

i = 12 4.731027505 18.78625837 36.84932579 

i = 11 4.737401846 19.85783855 32.88763279 

i = 10 4.733591552 23.49765062 25.98954423 
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Table 4-10 Convergence study of non-dimensional first three natural frequencies of a 

homogeneous and cosine function tapered cantilever beam [1]. 

m 𝑋 = 𝑋0 + ⋯+ 𝑋𝑖  𝜆1
0.5 𝜆2

0.5 𝜆3
0.5 

0.1 

i = 14 3.540075583 22.02441139 61.52196908 

i = 13 3.540075583 22.02441139 61.52196908 

i = 12 3.540075583 22.02441147 61.52196309 

i = 11 3.540075583 22.02441139 61.52196914 

i = 10 3.540075583 22.02441148 61.52196649 

0.2 

i = 14 3.613910966 21.99458243 60.99588388 

i = 13 3.613910966 21.99458243 60.99588388 

i = 12 3.613910966 21.99458235 60.99588883 

i = 11 3.613910966 21.99458244 60.99588224 

i = 10 3.613910966 21.99458245 60.99588327 

0.3 

i = 14 3.742770822 21.94662737 60.11806782 

i = 13 3.742770822 21.94662737 60.11806762 

i = 12 3.742770826 21.94662736 60.11806657 

i = 11 3.742770830 21.94662734 60.11806750 

i = 10 3.742770869 21.94662684 60.11816314 

0.4 

i = 14 3.936456355 21.88482633 58.88737649 

i = 13 3.936456406 21.88482601 58.88739034 

i = 12 3.936456724 21.88482388 58.88750131 

i = 11 3.936458986 21.88480741 58.88840035 

i = 10 3.936473370 21.88469116 58.89513106 

0.5 

i = 14 4.211298961 21.81969349 57.30423493 

i = 13 4.211315760 21.81963668 57.30596097 

i = 12 4.211392064 21.81935547 57.31502004 

i = 11 4.211709113 21.81807082 57.35915679 

i = 10 4.212904113 21.81269055 57.55957882 

0.6 

i = 14 4.594772066 21.77550953 55.41106834 

i = 13 4.596688416 21.77151430 55.51066246 

i = 12 4.602177036 21.75903776 55.85270659 

i = 11 4.616444652 21.72326243 57.03341384 

i = 10 4.649610477 21.63053360 63.80459073 

0.7 

i = 14 5.197141968 21.74427641 55.35250717 

i = 13 5.272768742 21.64486638 63.40492017 

i = 12 5.405092458 21.45585009 --- 

i = 11 5.606592266 21.13994153 --- 

i = 10 5.865454839 20.68642251 --- 

0.8 

i = 14 7.555630609 21.16532353 --- 

i = 13 7.928422186 20.91500853 --- 

i = 12 8.154676971 20.72240051 --- 

i = 11 8.191927289 20.59871065 --- 

i = 10 8.049618282 20.52660505 --- 

0.9 

i = 14 9.563494814 24.33144205 --- 

i = 13 9.155603472 24.34129036 --- 

i = 12 8.787684625 24.27214951 --- 

i = 11 8.475096130 24.11906315 --- 

i = 10 8.222903984 23.87618238 --- 
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Table 4-11 Non-dimensional first three natural frequencies of an exponentially tapered 

cantilever beam with exponential material property variation function [22]. 

m 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5 

𝛼 𝛽 n 𝜆1
0.5

 𝜆2
0.5 𝜆3

0.5 

0.1 

0.1 

10 3.774807695 4.067949377 4.337213788 21.75779577 20.79139281 19.92915467 59.46120158 54.82834794 49.41581682 

11 3.774807723 4.068143059 4.343666592 21.75779543 20.78985279 19.86458501 59.46120580 54.85756630 50.22423507 

12 3.774807730 4.068186021 4.345994791 21.75779523 20.78952742 19.84211264 59.46121233 54.86326081 50.50181950 

0.3 

10 3.697515147 3.976321239 4.224448006 20.87772468 19.93742838 19.17903891 56.71925318 52.19883848 46.19996609 

11 3.697515809 3.976905112 4.234493729 20.87771875 19.93267116 19.06446756 56.71944372 52.28107888 47.47786187 

12 3.697515886 3.977054772 4.238457953 20.87771795 19.93150593 19.02083923 56.71947012 52.29965745 47.98482596 

0.5 

10 3.619758168 3.883610232 4.110578890 20.02437096 19.11689913 18.50295995 54.08182281 49.58665199 42.82219131 

11 3.619765010 3.885029875 4.124377181 20.02431395 19.10475685 18.31512383 54.08336058 49.78018497 44.63402941 

12 3.619766060 3.885442817 4.130262853 20.02430559 19.10137031 18.23778852 54.08357357 49.83028673 45.46656601 

0.3 

0.1 

10 4.089327929 4.405613347 4.696051132 23.09405259 22.08758096 21.19502381 62.73822382 57.91292479 52.22541732 

11 4.089327958 4.405828027 4.703310464 23.09405244 22.08587953 21.12309346 62.73822672 57.94391158 53.09553917 

12 4.089327962 4.405875683 4.705935045 23.09405242 22.08551914 21.09800501 62.73822707 57.94998637 53.39590245 

0.3 

10 4.006319354 4.307298451 4.574717445 22.16972544 21.18990813 20.41091982 59.87325869 55.15978157 48.82740849 

11 4.006320082 4.307947454 4.586089930 22.16971864 21.18463791 20.28304130 59.87346718 55.24755873 50.20386301 

12 4.006320163 4.308113965 4.590590916 22.16971807 21.18334354 20.23425368 59.87348610 55.26749301 50.75304371 

0.5 

10 3.922799628 4.207764588 4.451915622 21.27295768 20.32726667 19.70772255 57.11587260 52.42046456 45.24897872 

11 3.922807178 4.209347774 4.467671149 21.27289517 20.31378612 19.49760721 57.11747571 52.62786697 47.20079372 

12 3.922808331 4.209808809 4.474422331 21.27288603 20.31001747 19.41097721 57.11769479 52.68181883 48.10294300 

0.5 

0.1 

10 4.427668506 4.768671219 5.081696407 24.50132857 23.45420760 22.53180409 66.17040802 61.14750898 55.17234916 

11 4.427668544 4.768909148 5.089861582 24.50132813 23.45232755 22.45168775 66.17041918 61.18036587 56.10885687 

12 4.427668548 4.768962013 5.092819853 24.50132797 23.45192813 22.42368220 66.17042581 61.18686686 56.43395687 

0.3 

10 4.338601584 4.663281351 4.951250236 23.53107571 22.51113031 21.71310362 63.17826476 58.26615643 51.58214740 

11 4.338602384 4.664002713 4.964120448 23.53106839 22.50529254 21.57038700 63.17846629 58.35983036 53.06481939 

12 4.338602476 4.664187977 4.969229241 23.53106769 22.50385538 21.51583522 63.17848743 58.38120476 53.65986062 

0.5 

10 4.248972688 4.556523487 4.818916435 22.58922467 21.60477009 20.98298716 60.29680000 55.39466571 47.79124630 

11 4.248981012 4.558289020 4.836894732 22.58915582 21.58980682 20.74795158 60.29846285 55.61688195 49.89396579 

12 4.248982290 4.558803774 4.844632918 22.58914625 21.58561283 20.65091464 60.29868767 55.67499614 50.87174436 
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Table 4-12 Non-dimensional first three natural frequencies of an exponentially tapered 

cantilever beam with trigonometric material property variation function [22]. 

m 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5 

𝛼 𝛽 n 𝜆1
0.5

 𝜆2
0.5 𝜆3

0.5 

0.1 

0.1 

8 3.676879978 3.964207322 4.192931563 21.57962715 20.64077731 20.19718216 59.28480525 54.23978335 44.89485370 

9 3.676880519 3.966057465 4.222929949 21.57961969 20.62427486 19.86696360 59.28452282 54.58631929 47.98140004 

10 3.676880557 3.966523047 4.235721433 21.57961896 20.62036976 19.73786085 59.28451890 54.66853694 49.55199534 

0.3 

8 3.664670858 3.947087574 4.160167488 21.32948707 20.40510749 20.12464674 58.39750179 53.20870761 43.18053891 

9 3.664673902 3.950202992 4.197029167 21.32945921 20.37795002 19.69630484 58.39557545 53.68714812 46.57990714 

10 3.664674227 3.951058050 4.213660716 21.32945625 20.37088135 19.52081161 58.39546220 53.81356538 48.45398276 

0.5 

8 3.639257355 3.907576152 4.083082209 20.80827864 19.94804090 20.19509324 56.56333114 50.81859560 39.19215038 

9 3.639297264 3.915700006 4.136732211 20.80805402 19.87694467 19.45228053 56.53904439 51.69495763 43.24642643 

10 3.639303532 3.918351965 4.164023204 20.80801460 19.85460767 19.12272688 56.53637759 51.98623828 45.83541746 

0.3 

0.1 

8 3.804191279 4.100457368 4.335269838 22.04239650 21.09507792 20.66985421 60.39187033 55.28127651 45.71175839 

9 3.804191840 4.102398748 4.366974240 22.04238949 21.07776311 20.32111583 60.39151593 55.63626949 48.89132280 

10 3.804191883 4.102887674 4.380520972 22.04238853 21.07365709 20.18467384 60.39151828 55.72086408 50.51602942 

0.3 

8 3.791704949 4.082916908 4.301237112 21.78958894 20.85730947 20.60492779 59.49608549 54.23634354 43.95553025 

9 3.791708123 4.086188038 4.340231860 21.78956059 20.82880166 20.15209340 59.49393733 54.72639853 47.45783057 

10 3.791708462 4.087086687 4.357869578 21.78955742 20.82136582 19.96651008 59.49380914 54.85649195 49.39627994 

0.5 

8 3.765720307 4.042325598 4.220816805 21.26289703 20.39770353 20.70650293 57.64635201 51.81191609 39.86055993 

9 3.765761777 4.050868445 4.277680656 21.26267571 20.32305343 19.91857424 57.61980846 52.70859692 44.04204169 

10 3.765768305 4.053661117 4.306714672 21.26263600 20.29954698 19.56953748 57.61687890 53.00831154 46.71906034 

0.5 

0.1 

8 4.091465481 4.407501808 4.655359894 23.06678266 22.10267409 21.72639019 62.82518287 57.57127996 47.47717596 

9 4.091466096 4.409657942 4.691129386 23.06677440 22.08339050 21.33223832 62.82471671 57.94674920 50.87755255 

10 4.091466140 4.410201938 4.706483139 23.06677381 22.07879702 21.17787373 62.82470703 58.03713700 52.63258670 

0.3 

8 4.078397165 4.389061725 4.618412314 22.80836361 21.86070293 21.68131418 61.91166943 56.49560355 45.62316237 

9 4.078400631 4.392699833 4.662495599 22.80833391 21.82892452 21.16821317 61.90898215 57.01363533 49.36961854 

10 4.078400994 4.393701472 4.682545365 22.80833063 21.82059676 20.95795275 61.90880908 57.15273842 51.46268467 

0.5 

8 4.051216142 4.346114258 4.530238129 22.27017076 21.39679096 21.86312530 60.03022176 53.99421814 41.27695390 

9 4.051261172 4.355647342 4.594781236 22.26995852 21.31353497 20.96268029 59.99806923 54.93955938 45.76157276 

10 4.051268313 4.358773669 4.628009455 22.26991847 21.28719302 20.56575448 59.99444217 55.25972580 48.64898529 
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Table 4-13 Non-dimensional first three natural frequencies of a cosine tapered cantilever beam 

with exponential material property variation function [22]. 

m 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5 

𝛼 𝛽 n 𝜆1
0.5

 𝜆2
0.5 𝜆3

0.5 

0.1 

0.1 

7 3.649748214 3.857009579 4.386596820 22.23247164 22.15107687 21.73358335 61.72498047 60.57454527 --- 

8 3.649748214 3.856953376 4.355312415 22.23247206 22.15256203 21.92565881 61.72374165 60.35051970 --- 

9 3.649748214 3.856945662 4.342090107 22.23247209 22.15273613 21.99392380 61.72370639 60.32530078 58.90897462 

0.3 

7 3.578102389 3.779834305 4.288040165 21.34177214 21.25295273 20.98229283 58.90085318 57.95378911 --- 

8 3.578103962 3.779914460 4.265308116 21.34175569 21.25386365 21.06865676 58.89261085 57.58869320 --- 

9 3.578104084 3.779928758 4.253559118 21.34175448 21.25393910 21.09547200 58.89216588 57.53903060 56.35781706 

0.5 

7 3.505948605 3.701104920 4.174565323 20.47792498 20.39142445 20.41308583 56.17474902 55.27742134 --- 

8 3.505988956 3.702113400 4.167672462 20.47745272 20.38447850 20.32380318 56.16846900 54.90900937 --- 

9 3.505994079 3.702342551 4.161701609 20.47739581 20.38273838 20.26393946 56.16881771 54.85704337 53.47666985 

0.3 

0.1 

7 3.954307029 4.176370516 4.744507964 23.58898170 23.51251015 23.05298428 65.09557529 63.94495280 --- 

8 3.954307029 4.176305824 4.709741772 23.58898227 23.51428409 23.28278870 65.09417529 63.68951658 --- 

9 3.954307029 4.176296995 4.695121463 23.58898222 23.51449336 23.36539068 65.09413723 63.66058774 62.42325731 

0.3 

7 3.877325943 4.093555102 4.638642026 22.65393618 22.56897319 22.26362513 62.14768290 61.23434907 --- 

8 3.877327640 4.093634717 4.613325854 22.65392078 22.57036466 22.38111068 62.13791551 60.80791929 --- 

9 3.877327778 4.093649224 4.600372879 22.65391914 22.57050935 22.42021940 62.13739749 60.74952971 59.81752643 

0.5 

7 3.799789172 4.009035313 4.516086970 21.74657926 21.66357528 21.67247058 59.30303870 58.47170208 --- 

8 3.799833234 4.010128327 4.508344610 21.74608384 21.65675371 21.60101937 59.29200966 58.01301316 --- 

9 3.799838844 4.010378083 4.501875550 21.74602290 21.65499165 21.54674092 59.29196572 57.94636255 56.83673631 

0.5 

0.1 

7 4.281996278 4.519682294 5.128769125 25.01688285 24.94642790 24.43774316 68.62385227 67.47890542 --- 

8 4.281996278 4.519607677 5.090065723 25.01688340 24.94854193 24.71152719 68.62228358 67.18756419 --- 

9 4.281996278 4.519597558 5.073873520 25.01688351 24.94879283 24.81105022 68.62222725 67.15438486 66.14539974 

0.3 

7 4.199355536 4.430897173 5.015181840 24.03585333 23.95570256 23.60809599 65.54830372 64.68049296 --- 

8 4.199357372 4.430974194 4.986897591 24.03583948 23.95768733 23.76291307 65.53678655 64.18296291 --- 

9 4.199357515 4.430988617 4.972578212 24.03583826 23.95791934 23.81707234 65.53613879 64.11441511 63.50235877 

0.5 

7 4.116107354 4.340244718 4.882929535 23.08334673 23.00468255 22.99405625 62.58169822 61.83604662 --- 

8 4.116155409 4.341426136 4.874123480 23.08282954 22.99813878 22.94608988 62.56508161 61.27022321 --- 

9 4.116161544 4.341697722 4.867063949 23.08276559 22.99638011 22.89989960 62.56453413 61.18617397 60.43339131 
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Fig. 4-9 First three non-dimensional natural frequencies variation with respect to geometry, 

density, and elasticity taper ratios for an exponentially tapered cantilever beam with exponential 

material property variation function [22]. 
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Fig. 4-10 First three non-dimensional natural frequencies variation with respect to geometry, 

density, and elasticity taper ratios for an exponentially tapered cantilever beam with cosine 

material property variation function [22]. 
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Fig. 4-11 First three non-dimensional natural frequencies variation with respect to geometry, 

density, and elasticity taper ratios for a trigonometrically tapered cantilever beam with 

exponential material property variation function [22]. 
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4.3 Summary and Conclusions 

The literature on the dynamic solution of non-uniform structures is limited. The 

objective of this section of the thesis was to present a unified theoretical approach 

to derive and analyze the vibration response of the nonlinearly tapered beams with 

axially FGM properties within the framework of Euler–Bernoulli beam theory. 

A new mathematical model based on ADM was introduced to find the closed-

form series solution. For non-uniform beams with different geometrical and 

material taper ratios, natural frequencies and corresponding mode shape functions 

were calculated. The efficiency and effectiveness of the method were validated by 

experimental test and comparison with existing numerical results. Perfect 

agreement with previously published and test results demonstrated the accuracy 

and rapid convergence of the proposed technique. It should be noted that the 

residual error in approximating a function by its nth degree Taylor polynomial 

could be high. This approximation error can be reduced by considering more terms 

of the polynomials for most of the functions. However, considering more terms 

leads to greater mathematical calculation intensity and decreases the computational 

efficiency of the model. On the other hand, the final vibration solution can be 

enhanced by considering more terms of the mode shape function series in ADM. In 

order to effectively suggest the number of required functions, the convergence 
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study corresponding to the non-uniformity functions of the considered structure 

should be done [1], [22]. 

Finally, nonlinearly tapered cone beams with nonlinear FGM properties were 

investigated and presented for the first time. The proposed approach is capable of 

solving the vibration response of a beam with general nonlinear geometry profile, 

axially gradient material properties, and boundary conditions. Based on this 

analytical model, ideal non-uniform structural design can be attained for stability 

enhancement, energy harvesting, and many other engineering applications [22]. 
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Chapter 5 

 

5 Flutter and Buckling Enhancement 

In this chapter, the proposed vibration model is applied to nonlinearly tapered 

beams with perfectly surface bonded piezoelectric layers subjected to a 

compressive follower force. Natural frequencies and mode shape functions are 

analytically derived and then flutter and buckling capacities are calculated. 

Furthermore, from the optimum structural design perspective, effects of follower 

force, tapering ratio, boundary condition, and voltage applied to the piezoelectric 

layer on the structural stability are thoroughly studied and presented. 

This chapter of the thesis is reproduced with some modifications from [A. 

Keshmiri, N. Wu “Structural stability enhancement by nonlinear geometry design 

and piezoelectric layers”, Journal of Vibration and Control, 25(3) 695–710, 2019] 

with permission from the “SAGE Publications”. 

 

5.1 Stability Analysis of Non-uniform Smart Beams 

The problem under consideration is a nonlinearly tapered beam of length L 

having one fixed end at x=0 and constrained transversely by a spring with stiffness 

K at x=L, as shown in Fig. 5-1. Additionally, a pair of piezoelectric actuator is 

mounted on both sides of the beam with poling direction oriented in the transverse 
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direction [50]. By applying the external voltage V to both piezoelectric layers, a 

tensile stress will be induced in the structure, which can be used to enhance the 

flutter and buckling capacities [119]. It is noted that the model analyzes global 

buckling of the structure, which leads to structural failure and eventually results in 

zero loading capacity and natural frequency. Here, there is no consideration of the 

local buckling issue. This can be an important future work in this area. 

 
(a) 

 
(b) 

 
(c) 

Fig. 5-1 Piezoelectric coupled beam of length L having one fixed end at x=0 and constrained 

transversely by a spring with stiffness K at x=L [50]. (a) Uniform. (b) Exponentially tapered. 

(c) Trigonometrically tapered. 
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Based on [119] and [120], the stress generated in perfectly surface bonded 

piezoelectric patches considering the electromechanical effect is defined as, 

𝜎𝑥 = −𝐸𝑝𝑧
∂2𝑤(𝑥,𝑡)

∂𝑥2
− 𝑒31𝐸𝑒, (5-1) 

where Ep is the elasticity modulus of piezoelectric material, z is distance from 

neutral axis in transverse direction, w(x,t) is displacement in transverse direction, 

e31 is piezoelectric coefficient, and Ee is the external electric field applied to the 

piezoelectric layers [50]. 

The first term represents the contribution of piezoelectric stiffness and the 

second term induces a uniform load Fp between actuators and the host structure 

which is expressed by, 

𝐹𝑝(𝑥) = −2𝑏(𝑥)ℎ𝑝𝐸𝑒𝑒31 = −2𝑏(𝑥)𝑒31𝑉, (5-2) 

where b(x) is width of the beam, hp is thickness of the piezoelectric layer, and 

for a uniform electric field 𝐸𝑒 = 𝑉 ℎ𝑝⁄  [50]. 

It should be noted that due to variable geometry profile, the induced tensile force 

by actuators has two variable horizontal and vertical components along the axial 

direction of the beam, Fig. 5-2. The horizontal component generates the uniform 

tensile load in the host beam with certain electrical voltage applied to the 

piezoelectric layers. On the other hand, the vertical components get canceled by 

the same amount of load on the other piezoelectric bonded surface of the structure 
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[50]. Consequently, the effective component of the induced force by actuators in 

stability enhancement can be calculated as, 

𝐹𝑝
𝑥(𝑥) = 𝐹𝑝(𝑥) cos(𝜃(𝑥)) = 𝐹𝑝(𝑥) {1 + [tan(𝜃(𝑥))]

2
}
−1 2⁄

= 𝐹𝑝(𝑥) [1 +

(
𝑑

𝑑𝑥
ℎ(𝑥))

2

]
−1 2⁄

, 

(5-3) 

where θ(x) is the variable tangential angle shown in Fig. 5-2 and h(x) is the 

thickness geometry variation function [50]. 

 
Fig. 5-2 A piezoelectric element bonded to the surface of a non-uniform structure under external 

voltage with two horizontal and vertical induced tensile force components [50]. 

 

The differential equation governing the elastic equilibrium of a homogeneous 

non-uniform smart beam subjected to a follower force P is expressed by, 

(𝜌𝐴(𝑥) + 𝜌𝑝𝐴𝑝(𝑥))
∂2𝑤(𝑥,𝑡)

∂𝑡2
+

∂2

∂𝑥2
[(𝐸𝐼(𝑥) + 𝐸𝑝𝐼𝑝(𝑥))

∂2𝑤(𝑥,𝑡)

∂𝑥2
] + (𝑃 −

𝐹𝑝
𝑥(𝑥))

∂2𝑤(𝑥,𝑡)

∂𝑥2 = 0, 

(5-4) 

where 𝜌 is mass density of the beam, A(x)=b(x)h(x) is cross-sectional area of the 

host beam, 𝜌p is mass density of the piezoelectric patch, Ap(x)=hpb(x) is cross-
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sectional area of the piezoelectric patch, E is elasticity modulus of the beam, 𝐼(𝑥) =

1

12
𝑏(𝑥)ℎ(𝑥)3 is the second moment of area of the beam, Ep is elasticity modulus of 

the piezoelectric patch, and 𝐼𝑝(𝑥) =
1

12
𝑏(𝑥)ℎ𝑝

3 + 𝐴𝑝(𝑥) (
ℎ(𝑥)+ℎ𝑝

2
)
2

 is the second 

moment of area of the piezoelectric layers [50]. 

Moreover, boundary conditions are defined as, 

[𝑤(𝑥, 𝑡)]𝑥=0 = [
∂𝑤(𝑥,𝑡)

∂𝑥
]
𝑥=0

= 0, 

(5-5) 

[
∂2𝑤(𝑥,𝑡)

∂𝑥2 ]
𝑥=𝐿

= [
∂3𝑤(𝑥,𝑡)

∂𝑥3 −
𝐾

𝐸𝐼𝑒𝑛𝑑
𝑤(𝑥, 𝑡)]

𝑥=𝐿
= 0, 

where Iend is the second moment of area at x=L [50]. 

Following the same analytical process from Eq. (4-4) to Eq. (4-10), vibration 

mode shape functions in the recurrence format can be expressed as, 

𝑋0(𝑥) = 𝐶1 + 𝐶2𝑥 + 𝐶3
𝑥2

2!
+ 𝐶4

𝑥3

3!
, 

(5-6) 
𝑋𝑘+1(𝑥) = −𝑂𝑥

−1 [2 (
𝐸

𝑑𝐼(𝑥)

𝑑𝑥
+𝐸𝑝

𝑑𝐼𝑝(𝑥)

𝑑𝑥

𝐸𝐼(𝑥)+𝐸𝑝𝐼𝑝(𝑥)
)

d3𝑋𝑘(𝑥)

d𝑥3 + (
𝐸

𝑑2𝐼(𝑥)

𝑑𝑥2 +𝐸𝑝
𝑑2𝐼𝑝(𝑥)

𝑑𝑥2 +𝑃−𝐹𝑝
𝑥(𝑥)

𝐸𝐼(𝑥)+𝐸𝑝𝐼𝑝(𝑥)
)

d2𝑋𝑘(𝑥)

d𝑥2 −

𝜔2 (
𝜌𝐴(𝑥)+𝜌𝑝𝐴𝑝(𝑥)

𝐸𝐼(𝑥)+𝐸𝑝𝐼𝑝(𝑥)
)𝑋𝑘(𝑥)]    𝑘 ≥ 0. 

As a result, all Xk components are evaluated for a specific mode shape. 

Similarly, to simplify the recurrent fourfold integration process, functions related 

to the geometry and material property of the host beam and piezoelectric layers 

will be substituted by the appropriate Taylor series representation. Additionally, 

with constant external electrical voltage/field, small mass relative to the total mass, 
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and greater natural frequencies than frequencies of concern, piezoelectric layers 

will perform quasi-statically compared to the dynamic response of the host beam 

[119]. Thus, the dynamics of piezoelectric layers can be ignored and replaced by 

the static model plus the generalized force. This can also reduce the severity of 

mathematical process [50]. 

In the same way, by applying four boundary conditions of the beam, a system of 

four equations with unknown constants is given. For the nontrivial solution, the 

determinant of the coefficients must be zero giving the eigenvalue problem. If 

there is no external axial load P, the frequency equation gives the ith eigenvalue 

related to the ith natural frequency of the beam. As the follower force increases, 

the two smallest roots of the eigenvalue problem which are the first two natural 

frequencies move closer to each other and then at some value of P, they become 

equal. This value of P corresponds to the flutter capacity of the non-uniform 

structure. On the other hand, the axial load at which the first natural frequency 

becomes zero is correspondent to the buckling load of the beam. Besides, by 

applying the external voltage to piezoelectric layers, a local tensile load will be 

generated in the structure that enhances the structural flutter and buckling 

capacities [50]. 
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5.2 Stability Simulations and Discussion 

So far, a theoretical method to analyze the stability of a nonlinearly tapered and 

piezoelectric coupled beam is formulated. Numerical examples are presented to 

demonstrate the effectiveness of the proposed methodology and study the flutter 

and buckling loads of different non-uniform smart beams with various taper ratios, 

boundary conditions, and actuator voltages. Here, results are presented in non-

dimensional forms where non-dimensional frequency, non-dimensional follower 

force, and non-dimensional spring stiffness are defined as 𝛽 = 𝜔2 𝜌𝐴0

𝐸𝐼0
, 𝑃̅ =

𝑃𝐿2

𝜋2𝐸𝐼0
, and 

𝑘 =
𝐾𝐿3

𝐸𝐼𝑒𝑛𝑑
, respectively [50]. 

Firstly, a uniform and homogeneous cantilever piezoelectric coupled beam with 

its free end constrained transversely by a spring with stiffness k is considered, Fig. 

5-1(a). The loading capacity results are presented in non-dimensional forms in 

Table 5-1 and are compared to the results from [49], denoting that no piezoelectric 

actuator is attached to the beam. Good agreement can be seen which proves the 

efficiency, accuracy, and robustness of the proposed model. For k≤36, first two 

natural frequencies meet each other first, while the axial load increases, showing 

the flutter case. In contrast, higher values of k correspond to the buckling 

phenomenon, where the first natural frequency approaches zero earlier with the 

increment of the axial load. The value of P at which two first natural frequencies 
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approach each other and the first natural frequency becomes zero first, are the 

flutter and buckling capacities of the structure, respectively [50]. 

Table 5-1 Non-dimensional flutter and buckling capacities for a homogeneous uniform beam 

with respect to different values of the non-dimensional spring support coefficient [50]. 

 k 
𝑃̅ 

[49] present method 

Flutter 

0 2.035 2.032 

10 2.456 2.454 

20 3.025 3.028 

30 3.635 3.629 

Buckling 

50 2.511 2.581 

65 2.361 2.416 

80 2.298 2.332 

120 2.187 2.225 

 

Secondly, a homogeneous and exponentially tapered cantilever beam with its 

free end constrained transversely is considered, Fig. 5-1(b). In this case, variable 

thickness and width of the beam are defined as ℎ(𝑥) = ℎ0𝑒
−𝑚

𝑥

𝐿  and 𝑏(𝑥) = 𝑏0𝑒
−𝑚

𝑥

𝐿 

where m, h0, and b0 are geometry taper ratio and thickness and width at the fixed 

end, respectively. It is worth mentioning that taper ratios along thickness and width 

of the beam are considered to be the same. In order to make reasonable stability 

comparison among beams with different tapering ratios, all of them are assumed to 

have equal length, volume, and mass. This means that h0 and b0 will be different 

for each geometrical taper ratio [50]. 

In non-dimensional forms, Fig. 5-3 illustrates the variation of non-dimensional 

natural frequency of an exponentially tapered beam with taper ratio of m=0.3 

under different compressive follower forces for various spring stiffness values 

without piezoelectric effect [50]. 
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(a) 

 
(b) 

Fig. 5-3 Non-dimensional frequency versus non-dimensional follower force for an 

exponentially tapered beam with m=0.3 taper ratio and various non-dimensional spring 

coefficient [50]. (a) Non-dimensional flutter capacity. (b) Non-dimensional buckling capacity. 

 

In Fig. 5-3(a) for k<83, beam flutter happens first. The first two natural 

frequencies are getting close to each other with the increment of the axial follower 

force before the first natural frequency reaches zero. However, increasing the axial 
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follower force leads to lower first natural frequency until it becomes zero, Fig. 5-

3(b) for k≥83. This means that the structure buckles first. Same phenomenon from 

the uniform beam was seen that increasing the non-dimensional spring coefficient 

results in lesser tendency to flutter in the structure, which is rational because of the 

restrictions at the beam boundary. For the same reason, stiffer boundary condition 

also results in less buckling capacity of the structure and definitely more instable 

behavior [50]. 

Fig. 5-4 shows the non-dimensional frequency versus non-dimensional follower 

force for an exponentially tapered beam with free end non-dimensional spring 

coefficient fixed as k=0 and k=300, zero external voltage, and various taper ratios. 

Based on Fig. 5-4(a) for the cantilever case (k=0), the structure flutters but does 

not buckle. By increasing the taper ratio from 0.1 to 0.7, non-dimensional flutter 

capacity of the beam drops from 20.3008 to 17.1523 which is the result of steep 

nonlinearity in the geometry. As discussed before, enlarging the non-dimensional 

stiffness coefficient of the beam free end spring triggers the buckling in the 

structure. For a certain boundary condition (k=300), non-dimensional buckling 

capacity also decreases from 20.9355 to 19.5525 by shifting the taper ratio from 

0.1 to 0.7. This means that sharper nonlinear geometry or higher taper ratio makes 

the beam more susceptible to the buckling phenomenon, Fig. 5-4(b). Additionally, 
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the nonlinear beam with taper ratio of m=0.8 still will not buckle under this level 

of constraint [50]. 

 
(a) 

 
(b) 

Fig. 5-4 Non-dimensional frequency versus non-dimensional follower force for an exponentially 

tapered beam with k=0 and k=300 non-dimensional spring coefficient and various taper ratio 

[50]. (a) Non-dimensional flutter capacity. (b) Non-dimensional buckling capacity. 
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Fig. 5-5 depicts the non-dimensional flutter and buckling capacities versus non-

dimensional spring coefficient for an exponentially tapered beam with various 

taper ratios and zero external voltage. It is shown that a uniform beam has higher 

stability and flutter capacity only for very low values of the non-dimensional 

spring coefficient (k≤36). After the transition value from flutter instability to 

buckling with more rigid edge conditions, even very small nonlinearity in the 

geometry of the beam can significantly enhance the flutter and buckling capacities. 

For instance, non-dimensional buckling capacity of a uniform beam is increased 

from 22.358 to 25.593 for an exponentially m=0.3 tapered beam with the same 

volume/mass and boundary condition (k=100). This clearly shows 14.47% 

buckling capacity enhancement in the structure. The non-uniform geometrical 

profile can help to considerably improve the stability of structures with the same 

mass/weight or reduce the weight of the structure with required stability loading 

capacity. As a result, for a specified boundary condition imposed by external 

factors, the most stable and efficient geometrical design of the structure can be 

easily found. In addition, the nonlinear taper ratio of the beam affects the critical 

non-dimensional spring support stiffness value for the instability mode transition 

between flutter and buckling. When the taper ratio is changing from 0 to 0.8, the 

critical non-dimensional spring support stiffness varies from 33 to 310 [50]. 
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Fig. 5-5 Non-dimensional flutter and buckling capacities versus non-dimensional spring 

coefficient for an exponentially tapered beam with various taper ratios [50]. 

 

For the case where piezoelectric actuators are mounted on both sides of the 

beam, flutter and buckling capacities of the structure with various nonlinear 

geometrical taper ratios and degrees of restraint under different applied external 

voltages are plotted in Fig. 5-6. Here, width of the beam at the fixed end is 

assumed to be 0.08m and the piezoelectric coefficient is e31=-9.29C/m2. As 

depicted in the Fig. 5-6, increasing the actuator external voltage results in better 

stability of the beam with higher loading capacity. For instance, by applying 

V=30v, roughly 14% and 26% enhancement in flutter and buckling capacities of 

the non-uniform piezoelectric coupled beam with taper ratio of m=0.3 can be seen. 

Moreover, by comparing the plain uniform and nonlinear smart designs, even with 

small geometrical taper ratio m=0.3 and applied external voltage V=30v on 
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piezoelectric layers, up to 20% structural stability improvement can be attained 

[50]. 

 
Fig. 5-6 Non-dimensional flutter and buckling capacities versus non-dimensional spring 

coefficient for an exponentially tapered beam with various taper ratio and applied actuation 

voltage [50]. 

 

Next, a homogeneous and cosine tapered cantilever beam with its free end 

constrained transversely is considered, Fig. 5-1(c). Here, variable thickness and 

width of the beam are defined as ℎ(𝑥) = ℎ0 𝑐𝑜𝑠
𝑚𝜋𝑥

2𝐿
 and 𝑏(𝑥) = 𝑏0 𝑐𝑜𝑠

𝑚𝜋𝑥

2𝐿
. Similar to 

the previous section, all of beams with different designs have identical length, 

volume, and mass. Stability analysis results are presented in Figs. 5-7 to 5-10 [50]. 

The variation of the first two non-dimensional natural frequencies with respect 

to non-dimensional follower force for the tapered beam with taper ratio of m=0.3 

and no piezoelectric layers attached is represented in Fig. 5-7 [50]. 
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(a) 

 
(b) 

Fig. 5-7 Non-dimensional frequency versus non-dimensional follower force for a 

trigonometrically tapered beam with m=0.3 taper ratio and various non-dimensional spring 

coefficient [50]. (a) Non-dimensional flutter capacity. (b) Non-dimensional buckling capacity. 

 

In Fig. 5-7(a) for k<53, first two natural frequencies approaches each other 

without passing zero which shows that the beam flutters. But for k≥53, first natural 

frequency passes through zero first and the structure buckles as shown in Fig. 5-
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7(b). As discussed before, this logical trend is due to the variation of the spring 

support stiffness at the free end of the beam. Same incident from the last case study 

was seen that growing the non-dimensional spring stiffness caused higher flutter 

and less buckling capacities due to the constraints at the beam tip [50]. 

Fig. 5-8 presents the non-dimensional natural frequency versus non-dimensional 

follower force for a cosine tapered beam with non-dimensional spring coefficients 

k=0 and k=300, zero external voltage, and various taper ratios. For the cantilever 

beam (k=0), the structure flutters regardless of the geometry variation as seen in 

Fig. 5-8(a). In addition, it is noted that non-dimensional flutter capacity varies from 

22.358 to 25.593 while the taper ratio increases from 0 to 0.7. Higher taper ratio 

results in a greater flutter capacity. Following the same idea, for a certain boundary 

condition rigidity (k=300), higher taper ratio makes the beam more resistant to the 

buckling, Fig. 5-8(b). Besides, very close geometry of the uniform and m=0.1 

tapered beams leads to almost the same stability behavior [50]. 

The non-dimensional flutter and buckling capacities versus non-dimensional 

spring coefficient for a cosine tapered beam with various taper ratios and zero 

actuation voltage is displayed in Fig. 5-9. As mentioned before, a uniform beam 

has higher stability and flutter capacity only for very low values of the non-

dimensional spring coefficient (k≤36). For relatively stiffer spring support and 

boundary conditions (55≤k≤250), nonlinearly tapered beam with different taper 
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ratios (0.3≤m≤0.6) can provide up to 20.16% axial loading capacity enhancement 

[50]. 

 
(a) 

 
(b) 

Fig. 5-8 Non-dimensional frequency versus non-dimensional follower force for a 

trigonometrically tapered homogeneous beam with k=0 and k=300 non-dimensional spring 

coefficient and various taper ratio [50]. (a) Non-dimensional flutter capacity. (b) Non-

dimensional buckling capacity. 
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Fig. 5-9 Non-dimensional flutter and buckling capacities versus non-dimensional spring 

coefficient for a trigonometrically tapered beam with various taper ratios [50]. 

 

It can be concluded that for certain boundary conditions, nonlinear design of the 

beam can be efficiently optimized by considering either higher stability for specific 

mass value or lighter structure for certain loading capacity. With non-uniform 

beam design, the equivalent stiffness of the beam close to the fixed end is higher 

due to larger beam area which avoids further deformation induced by the higher 

moment. This can help to further improve the stiffness increment effect close to the 

beam fixed end. It is noted that with different boundary conditions of the beam, the 

nonlinear design would have different stability enhancement effects. Thus, various 

nonlinear functions should be employed to reach the best results which can be 

studied and determined by the analytical model proposed in this research [50]. 
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Lastly, when piezoelectric actuators are attached to the structure, flutter and 

buckling capacities under different external voltages with various taper ratios and 

degrees of restraint are plotted in Fig. 5-10. Again as expected, increasing the 

actuation voltage leads to stability enhancement. For example, up to 18% and 45% 

growth in flutter and buckling capacities for the nonlinear design m=0.5 under 

V=30v actuation voltage can be achieved, respectively [50]. 

 
Fig. 5-10 Non-dimensional flutter and buckling capacities versus non-dimensional spring 

coefficient for a trigonometrically tapered beam with various taper ratios and applied actuation 

voltage [50]. 
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5.3 Summary and Conclusions 

This part of the research provided a new mathematical method to study the 

stability of nonlinearly tapered piezoelectric coupled beams under axial loads. 

Natural frequencies in addition to flutter and buckling loads of a non-uniform 

cantilever piezoelectric coupled beam with elastically restrained free tip were 

calculated theoretically and the results with various beam configurations were 

investigated. The current theoretical solution provides a good understanding of the 

physics of the problem for arbitrary non-uniform beams. 

In summary, it is demonstrated that nonlinear geometry of the smart structure 

not only satisfies architectural and functional design requirements, but also 

considerably improves the stability of the system. Optimum structural design can 

be effectively achieved based on enhancement of flutter and buckling capacities by 

studying the effects of follower compressive load, non-uniform geometry, 

boundary condition, and actuation voltage. According to the numerical studies and 

by considering the same beam length, volume, and mass, the non-uniform design 

can show up to 45% higher flutter or buckling capacity for various degrees of 

restraint at the boundary. In other words, with similar buckling and flutter 

capacities, a non-uniform smart beam can be much lighter than the uniform one. 

Since tapered beams are widely used in modern structures, this superior stability 

behavior will be advantageous to many engineering applications [50].  
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Chapter 6 

 

6 Piezoelectric Energy Harvester 

This chapter of the thesis provides the theoretical development of four different 

piezoelectric energy harvesting systems. First, the electromechanical solution of a 

non-uniform FGM cantilever energy harvester is analytically presented. Then the 

model is used to design a broadband piezoelectric energy harvesting system 

capable of operating efficiently with high electrical outputs over a wide frequency 

domain. Next, a new design and analytical model for a composite energy harvester 

with embedded piezoelectric stacks by using in-plane polarization is investigated. 

Lastly, the optimum design of an energy harvesting platform by stacking up 

piezoelectric rings in the boundary of a non-uniform beam is presented. 

 

6.1 Non-uniform Piezoelectric Energy Harvester 

This section presents an analytical model for development of a piezoelectric 

energy harvester with nonlinear geometry and FGM properties based on the 

proposed theoretical methodology. The model is applied to geometrically and 

materially non-uniform beams with structural strain rate damping and surface 

bonded piezoelectric layers to derive the dynamic response of the smart structure 

to base motion excitation and efficiently harvest the subsequent vibrational energy. 
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Firstly, the steady state vibration response of the smart non-uniform beam 

subjected to a harmonic base motion is obtained and then electromechanical 

outputs of the piezoelectric patches are analytically derived. Furthermore, a 

comprehensive parametric study for bimorph piezoelectric energy harvesters is 

done. It is demonstrated that the novel non-uniform design can significantly 

increase the electromechanical output of the harvester [46]. 

This section of the thesis is reproduced with some modifications from [A. 

Keshmiri, N. Wu, Q. Wang “A new nonlinearly tapered FGM piezoelectric energy 

harvester”, Engineering Structures, 173, 52-60, 2018] with permission from the 

“Elsevier B.V.” and [A. Keshmiri, N. Wu “A wideband piezoelectric energy 

harvester design by using multiple non-uniform bimorphs”, Vibration, 1(1), 93-

104, 2018] with permission from the “MDPI”. 

 

6.1.1 Theoretical Model 

The proposed piezoelectric energy harvester configuration consists of a 

nonlinearly tapered and FGM host cantilever beam and piezoelectric patches 

bonded on the top and bottom surfaces. The geometry of the structure is described 

by L length of the beam, 2b0 width of the beam at the fixed end, 2h0 thickness of 

the beam at the fixed end, and lp and hp length and thickness of the piezoelectric 

patch, respectively. The energy harvesting efficiency of the piezoelectric coupled 
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cantilever beam is investigated by setting a harmonic base motion excitation [46]. 

Therefore, the mechanical vibration input for the system is achieved through 𝑦(𝑡) =

−𝑌𝑒𝑗𝜑𝑡 , where Y is the amplitude of the base displacement, φ is the angular 

frequency of the harmonic excitation, and j is the unit imaginary number [121]. 

The differential equation that describes the forced lateral vibration of a smart 

beam with structural strain rate damping, non-uniform geometry, and axially FGM 

properties is expressed by, 

𝜌(𝑥)𝐴(𝑥)
∂2𝑤(𝑥,𝑡)

∂𝑡2 +
∂2

∂𝑥2 [𝐸(𝑥)𝐼(𝑥)
∂2𝑤(𝑥,𝑡)

∂𝑥2 + 𝐶𝑠(𝑥)𝐼(𝑥)
𝜕3𝑤(𝑥,𝑡)

𝜕𝑥2𝜕𝑡
] =

−𝜌(𝑥)𝐴(𝑥)𝜑2𝑌𝑒𝑗𝜑𝑡, 

(6-1) 

where x is the position variable along length of the beam, t is the time variable, 

𝜌(x) is the mass density, A(x) is the cross-sectional area, w(x,t) is the deflection 

function, E(x) is the elasticity modulus, I(x) is the second moment of area, and 

Cs(x) is the strain rate damping coefficient [46]. 

Since the system is proportionally damped, the eigenfunctions are the 

normalized eigenfunctions of the corresponding undamped free vibration problem 

[122], [123], [124]. As a result, boundary conditions are defined as, 

[𝑤(𝑥, 𝑡)]𝑥=0 = [
∂𝑤(𝑥,𝑡)

∂𝑥
]
𝑥=0

= 0, 

(6-2) 

[𝐸(𝑥)𝐼(𝑥)
∂2𝑤(𝑥,𝑡)

∂𝑥2
]
𝑥=𝐿

= [
∂

∂𝑥
(𝐸(𝑥)𝐼(𝑥)

∂2𝑤(𝑥,𝑡)

∂𝑥2
)]

𝑥=𝐿
= 0. 

Following the same analytical process from Eq. (4-4) to Eq. (4-10), vibration 

mode shape functions in the recurrence format are derived as, 
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𝑋0(𝑥) = 𝐶1 + 𝐶2𝑥 + 𝐶3
𝑥2

2!
+ 𝐶4

𝑥3

3!
, 

(6-3) 
𝑋𝑘+1(𝑥) = −𝑂𝑥

−1 [2 (
𝑑𝐼(𝑥)

𝑑𝑥

𝐼(𝑥)
+

𝑑𝐸(𝑥)

𝑑𝑥

𝐸(𝑥)
)

d3𝑋𝑘(𝑥)

d𝑥3 + (
𝑑2𝐼(𝑥)

𝑑𝑥2

𝐼(𝑥)
+

𝑑2𝐸(𝑥)

𝑑𝑥2

𝐸(𝑥)
+ 2

𝑑𝐼(𝑥)

𝑑𝑥

𝐼(𝑥)

𝑑𝐸(𝑥)

𝑑𝑥

𝐸(𝑥)
)

d2𝑋𝑘(𝑥)

d𝑥2 −

𝜔2 (
𝜌(𝑥)𝐴(𝑥)

𝐸(𝑥)𝐼(𝑥)
)𝑋𝑘(𝑥)]    𝑘 ≥ 0. 

Therefore, all Xk components are evaluated for a specific mode shape. Similarly, 

to simplify the recurrent fourfold integration process, functions related to the 

geometry and material property will be substituted by the appropriate Taylor series 

representation. Correspondingly, by applying four boundary conditions, a system 

of four equations with unknown constants is given. For the nontrivial solution, the 

determinant of the coefficients must be zero giving the eigenvalue problem [1], 

[22]. Consequently, the ith eigenvalue and natural frequency of the structure 

considering n-term mode shape function approximation is evaluated [46]. 

Obviously, mass normalized normal mode eigenfunctions satisfy the 

orthogonality conditions, Eq. (4-5). Since in general, the damping function does 

not possess the orthogonality property [125], it is assumed that the structural 

damping is in the form of Cs(x)=𝛼E(x) where 𝛼 is a constant. Consequently, the 

modal participation coefficients Ti(t) are the solution of the ordinary differential 

equation, 

d2𝑇𝑖(𝑡)

d𝑡2 + 2𝜉𝑖𝜔𝑖
𝑑𝑇𝑖(𝑡)

𝑑𝑡
+ 𝜔𝑖

2𝑇𝑖(𝑡) = −𝜑2𝑌 (∫ 𝑋𝑖(𝑥)𝜌(𝑥)𝐴(𝑥)d𝑥
𝐿

0
) 𝑒𝑗𝜑𝑡, (6-4) 
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where 2ξi𝜔i=𝛼𝜔i
2 and ξi is the structural strain rate damping ratio corresponding 

to the ith vibration mode [46]. 

The final solution of the Eq. (6-4) by Duhamel integral can be expressed as, 

𝑇𝑖(𝑡) =
−𝜑2𝑌

𝜔𝑑𝑖
∫ [(∫ 𝑋𝑖(𝑥)𝜌(𝑥)𝐴(𝑥)d𝑥

𝐿

0
) 𝑒𝑗𝜑𝜏] 𝑒−𝜉𝑖𝜔𝑖(𝑡−𝜏) 𝑠𝑖𝑛 𝜔𝑑𝑖

(𝑡 − 𝜏) 𝑑𝜏
𝑡

0
, (6-5) 

where 𝜔𝑑𝑖
= 𝜔𝑖√1 − 𝜉𝑖

2  is the damped frequency corresponding to the ith 

vibration mode [46]. 

The steady state solution of Eq. (6-5) is expressed by, 

𝑇𝑖(𝑡) =
𝜑2𝑌 ∫ 𝑋𝑖(𝑥)𝜌(𝑥)𝐴(𝑥)𝑑𝑥

𝐿
0

𝜔𝑖
2−𝜑2+𝑗2𝜉𝑖𝜔𝑖𝜑

𝑒𝑗𝜑𝑡. (6-6) 

As a result, normal mode eigenfunctions in Eq. (6-3) and modal participation 

coefficients in Eq. (6-6) are used to derive the dynamic steady state response of the 

non-uniform structure relative to its base as, 

𝑤(𝑥, 𝑡) = ∑ 𝑋𝑖(𝑥)𝑇𝑖(𝑡)
∞
𝑖=1 = ∑ 𝑋𝑖(𝑥)

𝜑2𝑌 ∫ 𝑋𝑖(𝑥)𝜌(𝑥)𝐴(𝑥)𝑑𝑥
𝐿
0

𝜔𝑖
2−𝜑2+𝑗2𝜉𝑖𝜔𝑖𝜑

𝑒𝑗𝜑𝑡∞
𝑖=1 . (6-7) 

This was the transverse vibration response resulted from the base excitation. 

Next, the procedure of deriving the electromechanical outputs of a non-uniform 

piezoelectric energy harvester is considered. The Erturk and Inman [87] approach 

in open circuit condition is followed. 

The piezoelectric layer is subjected to an external stress field and generates 

electrical charge in response [46]. Hence, the sensor relation is rewritten as, 
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𝐷3(𝑥, 𝑡) = 𝑑31𝜎1(𝑥, 𝑡) + 𝑒33
𝜎 𝐸3(𝑡), (6-8) 

where D3 is the electrical displacement, d31 is the piezoelectric coefficient with 

polarization in direction 3 due to the external stress in direction 1, 𝜎1 is the axial 

stress along 1-axis, e33
𝜎 is the permittivity at constant stress, and E3 is the electrical 

field along 3-axis. It should be noted that 1, 2, and 3 directions are aligned with x, y 

and z axes, respectively [121]. 

By replacing the axial stress 𝜎1 with bending strain 𝜀1, changing the component 

permittivity at constant stress into constant strain by using the relation 𝑒33
𝜀 = 𝑒33

𝜎 −

𝑑31
2 𝐸𝑝 [44], and knowing that due to assumed uniform electric field 𝐸3(𝑡) =

𝑉(𝑡)

ℎ𝑝
, Eq. 

(6-8) is revised as, 

𝐷3(𝑥, 𝑡) = 𝑑31𝐸𝑝𝜀1(𝑥, 𝑡) − 𝑒33
𝜀 𝑉(𝑡)

ℎ𝑝
, (6-9) 

where Ep is the piezoelectric elasticity modulus and V(t) is the electric voltage 

over the piezoelectric area [121]. 

The longitudinal bending strain 𝜀1(x,t) in the structure can be calculated as, 

𝜀1(𝑥, 𝑡) = −ℎ𝑐
𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
= −(ℎ(𝑥) +

ℎ𝑝

2
)

𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2
, (6-10) 

where hc is the distance between the center of the piezoelectric layer and the 

beam neutral axis and 
∂2𝑤(𝑥,𝑡)

∂𝑥2
 is the curvature of the structure [121]. 

Consequently, the electric displacement function becomes, 
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𝐷3(𝑥, 𝑡) = −(ℎ(𝑥) +
ℎ𝑝

2
) 𝑑31𝐸𝑝

∂2𝑤(𝑥,𝑡)

∂𝑥2
− 𝑒33

𝜀 𝑉(𝑡)

ℎ𝑝
. (6-11) 

The electric displacement D3(x,t) is related to the generated electric charge q(t) 

by integration over the electrode area defined as, 

𝑞(𝑡) = ∬[0 0 𝐷3] [

𝑑𝐴1

𝑑𝐴2

𝑑𝐴3

] = −∫ [𝑑31𝐸𝑝 (ℎ(𝑥) +
ℎ𝑝

2
)

𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2 + 𝑒33
𝜀 𝑉(𝑡)

ℎ𝑝
] 𝑏(𝑥)𝑑𝑥

𝐿

𝑥=0
, (6-12) 

where dA1, dA2, and dA3 are components of the electrode area in the 2-3, 1-3, 

and 1-2 planes, respectively and b(x) is the width variation function [121]. 

According to Eq. (6-12), the generated charge is only dependent on the normal 

component of the electrode area to the electric displacement. Additionally, it is 

assumed that the electrode area is covering the entire surface of the beam. Since 

the vibration mode of the energy harvester is not restricted to the first mode, 

segmented piezoelectric patches and electrodes are utilized to avoid the charge 

offset happening at higher vibration modes of the beam [46]. This is due to the fact 

that using continuous electrodes results in phase difference in the strain distribution 

and leads to the charge cancellation [87]. Therefore, Eq. (6-12) is rephrased in the 

segmented format as, 

𝑞(𝑡) = −∑ {∫ [𝑑31𝐸𝑝 (ℎ(𝑥) +
ℎ𝑝

2
)

∂2𝑤(𝑥,𝑡)

∂𝑥2
+ 𝑒33

𝜀 𝑉(𝑡)

ℎ𝑝
] 𝑏(𝑥)

𝑢𝐿𝑝

(𝑢−1)𝐿𝑝
d𝑥}

𝑁𝑝

𝑢=1 , (6-13) 

where Np is the total number of piezoelectric patches bonded to the surface of 

the host beam and obviously Nplp=L [121]. 
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Considering each piezoelectric patch as an individual harvester, absolute charge 

values from each piezoelectric patch are added together to build the total charge 

generated by the harvester [121]. 

The objective of this research is to estimate the open circuit voltage across the 

piezoelectric layers. Hence, the backward coupling in the relations is ignored 

[121]. Moreover, the term ∫
𝑒33

𝜀

ℎ𝑝
𝑏(𝑥)d𝑥

𝐿

𝑥=0
 is defined as the capacitance of the 

piezoelectric layer and is represented by Cp [126]. Finally, the generated voltage 

V(t) can be derived as, 

𝑉(𝑡) = −
𝑑31𝐸𝑝

𝐶𝑝
∑ [∫ 𝑏(𝑥) (ℎ(𝑥) +

ℎ𝑝

2
)

𝑢𝐿𝑝

(𝑢−1)𝐿𝑝

𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2 d𝑥]
𝑁𝑝

𝑢=1 . (6-14) 

In order to provide a more general form of steady state response, frequency 

response functions (FRFs) of the electromechanical outputs are obtained and 

presented. Firstly, the voltage FRF is defined as the ratio of the steady state voltage 

output to the base displacement [121]. Hence, voltage FRF is described as, 

𝑉(𝑡)

−𝑌𝑒𝑗𝜑𝑡 =
𝜑2𝑑31𝐸𝑝

𝐶𝑝
∑ {∑ [∫ 𝑏(𝑥) (ℎ(𝑥) +

ℎ𝑝

2
)

𝑢𝐿𝑝

(𝑢−1)𝐿𝑝

d2𝑋𝑖(𝑥)

d𝑥2 d𝑥]
𝑁𝑝

𝑢=1

∫ 𝑋𝑖(𝑥)𝜌(𝑥)𝐴(𝑥)d𝑥
𝐿
0

𝜔𝑖
2−𝜑2+𝑗2𝜉𝑖𝜔𝑖𝜑

}∞
𝑖=1 . (6-15) 

Eq. (6-15) is the modified version of an equation analytically derived and 

experimentally validated by Erturk and Inman [96]. They have proved that the 

FRFs from the analytical solution can precisely predict the voltage output of a 

uniform bimorph [121]. 
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Secondly, the relative tip motion FRF is presented as the ratio of the beam tip 

movement to the base displacement. It is noted that the presented model is not 

limited to the motion at the tip and can be applied to any point along the beam 

[121]. The tip motion FRF is defined as, 

𝑤(𝐿,𝑡)

−𝑌𝑒𝑗𝜑𝑡 = 𝜑2 ∑ 𝑋𝑖(𝐿)
∫ 𝑋𝑖(𝑥)𝜌(𝑥)𝐴(𝑥)d𝑥

𝐿
0

𝜔𝑖
2−𝜑2+𝑗2𝜉𝑖𝜔𝑖𝜑

∞
𝑖=1 . (6-16) 

 

6.1.2 Simulations and Discussion 

Based on the developed model, the electromechanical outputs of a nonlinearly 

tapered and FGM energy harvester are analytically obtained. Now, numerical 

examples are presented to demonstrate the validity and efficiency of the proposed 

model. Various non-uniform configurations are investigated in order to examine 

the effect of different design parameters and subsequently harvest the maximum 

electrical energy from the ambient mechanical vibration [46]. 

A uniform beam with piezoelectric sensors bonded on its surface is considered 

with geometric dimensions, material properties, and electromechanical coefficients 

listed in Table 6-1. The excitation of the piezoelectric energy harvester is due to 

the harmonic base translation and the steady state dynamic response of the system 

is of interest. Furthermore, structural strain rate damping ratios for the first two 

vibration modes are assumed to be ξ1=0.03 and ξ2=0.039. Finally, two steady state 

frequency responses, voltage output and beam tip motion, are studied. Based on the 
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convergence study for vibration analysis of non-uniform beams, 20 terms of the 

mode shape function series (n=20) are used to accurately present the final mode 

shape function [46]. 

Table 6-1 Geometry and material properties of a uniform piezoelectric energy harvester [46]. 

Host beam PZT4 

𝐿 

(m) 

ℎ0 

(m) 

𝑏0 

(m) 

𝐸0 

(N/m2) 

𝜌0 

(kg/m3) 

ℎ𝑝 

(m) 

𝐸𝑝 

(N/m2) 

𝜌 

(kg/m3) 

𝑑31 

(m/V) 

𝑒33 

(F/m) 

0.3 0.005 0.05 210*109 7800 0.0004 66*109 7800 -190*10-12 15.93*10-9 

 

First of all, to verify the effectiveness and accuracy of the proposed method, the 

power output for a uniform cantilever beam subjected to a low frequency harmonic 

point force was obtained by Xie et al. [127] to be 0.002W. By using the proposed 

model here, the power output can be evaluated as 0.00195W under the same 

working condition. This demonstrates the accuracy and validity of the model [46]. 

Although the geometry or material property variation function in the presented 

model is not limited to any specific type of function and can be a general 

definition, three different nonlinear variation functions are considered as the case 

studies. They are ‘exponentially decaying’ in which the variation function is 

defined as 𝑔(𝑥) = 𝑔0𝑒
−𝑚

𝑥

𝐿 , ‘trigonometrically decaying’ in which the variation 

function is defined as 𝑔(𝑥) = 𝑔0 cos (
𝑚𝜋𝑥

2𝐿
), and lastly ‘exponentially increasing’ in 

which the variation function is defined as 𝑔(𝑥) = 𝑔0𝑒
𝑚

𝑥

𝐿 where g0 is the initial value, 

m is the tapering ratio, and 0≤x≤L [46]. 
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All taper/variation functions are defined from fixed to free end of the cantilever 

beam. To further clarify, Fig. 6-1(a) illustrates the three nonlinear geometry and 

material property variation functions and Fig. 6-1(b) shows an exponentially 

decaying tapered cantilever beam with piezoelectric patches mounted on its surface 

with possible FGM properties. For the effective electromechanical outputs 

comparison, all of the beams with different designs have identical length, volume, 

and mass [46]. 

 
(a) 

 
(b) 

Fig. 6-1 Non-uniform configurations [46]. (a) Three nonlinear geometry and material property 

variation functions. (b) An exponentially decaying tapered cantilever beam with piezoelectric 

patches mounted on its surface, side and front views. 
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Fig. 6-2(a) displays the nonlinear geometry effect on the voltage output FRF for 

an exponentially decaying energy harvester like the structure in Fig. 6-1(b). As can 

be seen, higher nonlinearity in geometry of the harvester results in substantial 

increase of the voltage amplitude. To further clarify, by increasing the geometry 

taper ratio from 0 to 0.8, the peak voltage outputs for the first and second vibration 

modes show 1.71 and 1.32 times higher values, respectively, compared with the 

traditional uniform design. Furthermore, the decaying nonlinear geometry 

increases the natural frequencies of the structure. As a result, for excitation 

frequencies between the first and second natural frequencies of the uniform 

harvester (290rad/s≤φ≤1830rad/s), non-uniform piezoelectric energy harvester 

with the same volume and material properties but with 0.8 geometrical taper ratio 

can generate up to 15.46 times larger voltage output, Fig. 6-2(a). Additionally, Fig. 

6-2(b) illustrates the nonlinear geometry effect on the tip motion displacement. The 

trapezoidal profile of the harvester has led into larger distribution of strain along 

the length of the structure. Clearly, the lateral displacement amplitude drastically 

increases when the excitation frequency is close to the natural frequencies of the 

harvester. As depicted in the Fig. 6-2, exponentially decaying geometry of the 

piezoelectric energy harvester has significant positive effect on the output values 

[46]. 
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(a) 

 
(b) 

Fig. 6-2 Voltage output and tip displacement frequency responses for an exponentially decaying 

tapered piezoelectric energy harvester with different geometrical taper ratios [46]. (a) Voltage 

output. (b) Tip displacement. 
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Fig. 6-3. By comparing Figs. 6-2 and 6-3, similar trend of results for both decaying 

geometries can be realized. The voltage output in Fig. 6-3(a) and tip displacement 

in Fig. 6-3(b) show the constructive effect of non-uniform configuration. Based on 

Fig. 6-3(a), the peak voltage outputs for the first two vibration modes can be 

enhanced 1.90 and 1.41 times when taper ratio changes from 0 to 0.8. Moreover, 

for ambient vibration frequencies between the first and second natural frequencies 

of the uniform harvester (290rad/s≤φ≤1830rad/s), up to 14.70 times larger voltage 

output can be obtained by using a non-uniform harvester with the same volume and 

0.8 geometrical taper ratio. Likewise, increasing the nonlinearity in the geometry 

of the harvester leads to greater natural frequencies and tip motion amplitude [46]. 

Fig 6-4 illustrates the electrical and mechanical FRFs for an exponentially 

increasing piezoelectric energy harvester. Although the voltage and tip motion 

amplitudes at resonant condition significantly decrease for the non-uninform 

configuration compared with the uniform one, increasing the taper ratio reduces 

the natural frequencies of the structure. For energy harvesting from environmental 

vibration signals with very low frequencies like HVAC systems, this property can 

be useful. For instance, the voltage output for the exponentially increasing tapered 

harvester with taper ratio of 0.4 is up to 13.45 times higher than the uniform one 

with the same volume and material properties for the excitation frequency of 

φ=194rad/s, Fig. 4(a). Furthermore, the relative tip displacement for various 
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geometrical taper ratios is shown in Fig. 6-4(b). Higher geometrical nonlinearity 

leads to smaller natural frequencies and tip displacement amplitude [46]. 

 
(a) 

 
(b) 

Fig. 6-3 Voltage output and tip displacement frequency responses for a trigonometrically 

decaying tapered piezoelectric energy harvester with different geometrical taper ratios [46]. (a) 

Voltage output. (b) Tip displacement. 
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(a) 

 
(b) 

Fig. 6-4 Voltage output and tip displacement frequency responses for an exponentially 

increasing tapered piezoelectric energy harvester with different geometrical taper ratios [46]. (a) 

Voltage output. (b) Tip displacement. 
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In order to study the effect of axially FGM properties on the electromechanical 

outputs with different excitation frequencies, the exponential FGM variation 

profile is employed. Thus, the decaying and increasing exponential functions are 

representing the material property variation along the length of the beam. It should 

be noted that for the effective comparison of the results, all of the beams with 

different designs have the same volume and length. Therefore, a uniform cantilever 

energy harvester with axially variable FGM properties 𝐸(𝑥) = 𝐸0𝑒
−𝑎

𝑥

𝐿  and  𝜌(𝑥) =

𝜌0𝑒
−𝑏

𝑥

𝐿  is considered where a and b are elasticity and density taper ratios. The 

values of a and b will be positive for the decaying FGM profile from fixed to free 

end of the beam, while they are negative for the increasing FGM profile. 

Additionally, E0 and ρ0 are elastic modulus and density of the homogenous beam, 

respectively. For the non-uniform structure, E0 and ρ0 values are defined at the 

fixed end for the decaying FGM profile and at the free end for the increasing FGM 

profile. In this case, elastic modulus and density of the non-uniform harvesters 

with the FGM design are smaller than the homogenous harvester resulting in 

lighter and more flexible structures but with the same volume and length [46]. 

Fig. 6-5 graphically indicates the relationship between axially FGM and voltage 

output in the frequency domain for various taper ratios. Fig. 6-5(a) shows the 

functionally graded elasticity effect and Fig. 6-5(b) illustrates the functionally 

graded density impact on the voltage output of the harvester. According to Fig. 6-
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5(a), axially decaying elasticity profile (positive taper ratios) decreases the natural 

frequencies of the structure by reducing its elasticity which can be beneficial in 

harvesting power from low level vibration frequencies. Additionally, considerable 

increase in the peak voltage output corresponding to the resonance can be seen. As 

an illustration, at excitation frequencies close to 270rad/s and 1570rad/s, the 

harvester with elasticity taper ratio a=+0.75 can generate 2.94 and 4.33 times 

higher voltage compared to the homogeneous structure, Fig. 6-5(a). In addition, 

although the increasing variation profile (negative taper ratios) does not lead to 

higher peak voltage output, it still can be a superior design at some lower 

excitation frequencies. For example, an energy harvester with elasticity taper ratio 

a=-0.75 can produce up to 11.09 times higher voltage compared to the 

homogeneous one at excitation frequency of 210rad/s, which is lower than the first 

resonant frequency of the homogeneous beam, Fig. 6-5(a). On the other hand, 

density variation effect on voltage output is depicted in Fig. 6-5(b). It should be 

noted that harvesters with the defined axially variable density here are much lighter 

than the homogeneous one. As can be seen in Fig. 6-5(b), nonlinear density profile 

results in higher natural frequencies of the harvester. Better voltage outputs can be 

seen at excitation frequencies higher than resonance frequencies of the 

homogeneous harvester for the decaying density profile. For instance, a harvester 

with exponential density variation profile at b=+0.75 taper ratio can generate up to 
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7.48 times larger voltage output compared to a homogeneous harvester at 

excitation frequencies around 395rad/s despite the fact that it is 30% lighter [46]. 

 
(a) 

 
(b) 

Fig. 6-5 Voltage output frequency response for uniform piezoelectric energy harvester with 

various exponential FGM properties (with the enlarged view of the first mode resonance) [46]. 

(a) Axially variable elasticity (constant density). (b) Axially variable density (constant elasticity). 
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Fig. 6-6 displays the voltage output and tip motion FRFs for a uniform harvester 

with axially exponential functionally graded elasticity and density profiles, 

simultaneously. Graphs are drawn just for higher taper ratios to effectively 

compare the results for various combinations of decaying and increasing profiles. 

Based on Fig. 6-6(a), for very low ambient vibration frequencies much smaller 

than the first resonance of the uniform harvester (φ<254rad/s), a nonhomogeneous 

piezoelectric energy harvester with the same volume, smaller mass, and increasing 

FGM profile (a=b=-0.75) can generate higher voltage up to 9.44 times larger than 

the homogeneous one. On the other hand, for excitation frequencies higher than the 

first resonance of the homogeneous harvester (φ≥295rad/s), the nonhomogeneous 

configuration with the same volume, smaller mass, and decaying FGM profile 

(a=b=0.75) can produce up to 7.10 times larger voltage output compared to the 

homogeneous one. In Fig. 6-6(b) the relative tip displacement against excitation 

frequency is presented which shows an analogous variation around the resonance 

frequencies [46]. 
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(a) 

 
(b) 

Fig. 6-6 Voltage output and tip displacement frequency responses for uniform piezoelectric 

energy harvester with various exponential FGM properties [46]. (a) Voltage output. (b) Tip 

displacement. 
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It has been demonstrated that the best structural design for a bimorph cantilever 

energy harvester to optimally harvest the environment vibration energy depends on 

several parameters including size, material, geometry and material properties 

variation profiles, the nonlinearity tapering rates, and the excitation frequency [46]. 

Fig. 6-7 depicts a comparison between electromechanical outputs of three 

bimorph piezoelectric energy harvesters. The first non-uniform harvester has 

exponentially decaying geometry (m=0.8) and FGM profile (a=b=0.75) and the 

other one has exponentially decaying geometry (m=0.8) with axially decaying 

elasticity but increasing density profile (-a=b=0.75). Compared to the traditional 

uniform harvester, the peak voltages for the first and second vibration modes of the 

non-uniform tapered FGM design can be enhanced up to 2.27 and 1.38 times, 

respectively. Furthermore, for excitation frequencies higher than the first natural 

frequency of the uniform harvester (φ≥295rad/s), the proposed non-uniform 

harvesters with tapered geometry and FGM design can generate up to 19.76 times 

larger voltage output compared to the uniform one, Fig. 6-7(a). The superior 

electromechanical features of the non-uniform energy harvesters are shown in Figs. 

6-7(a) and 6-7(b) [46]. 
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(a) 

 
(b) 

Fig. 6-7 Voltage output and tip displacement frequency responses for three piezoelectric 

harvester designs with the same volume and length, uniform with homogeneous material and 

exponentially tapered with exponential FGM property [46]. (a) Voltage output. (b) Tip 

displacement. 
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6.1.3 Conclusion 

In this section, a new non-uniform piezoelectric energy harvester design was 

presented to enhance the energy harvesting efficiency and voltage output compared 

with the traditional uniform bimorph harvesters. The electromechanical solution of 

a nonlinearly tapered and axially FGM cantilever piezoelectric energy harvester 

subjected to harmonic base motion was analytically presented. The steady state 

vibration response of the smart structure was obtained and closed-form expressions 

for the voltage output in open circuit condition and tip displacement of the 

harvester were derived. Based on the parametric study, effects of nonlinear 

geometry and FGM variation functions as well as the excitation frequency on the 

voltage output and beam tip displacement were investigated and presented [46]. 

In summary, the presented model is applicable to any non-uniform energy 

harvester with general nonlinear geometry and axially FGM properties. For 

numerical study, three different nonlinear functions were selected. Following 

results were concluded [46]: 

1. The decaying geometry increases the natural frequencies and electromechanical 

outputs. Compared to the traditional uniform design, up to 15.46 times higher 

voltage output can be harvested in relatively high frequency domains. In addition, 

the decaying FGM profile demonstrated up to 7.10 times better electromechanical 

outputs compared to the uniform one. 
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2. The geometry or FGM increasing profiles can generate up to 13.45 times larger 

voltage output at relatively low excitation frequencies compared to the uniform 

configuration with the same length and volume. 

3. Based on the environment peak power frequency range, the non-uniform beam 

can be efficiently designed to harvest the maximum possible amount of energy. For 

low ambient vibration frequencies, increasing geometrical and FGM profile 

obtains more energy. In contrast, for higher excitation frequencies larger than the 

resonance frequency of the uniform structure, the harvester with decaying 

geometry and FGM profile generates more power. 

4. The piezoelectric energy harvester combining the decaying nonlinearly tapered 

geometry and FGM design can generate more than 19.76 times higher voltage 

output compared to the one with traditional uniform homogeneous design in 

relatively high frequency domains. 
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6.2 Wideband Energy Harvesting System 

This section investigates development of a wideband piezoelectric energy 

harvesting system with efficient electromechanical outputs. This work endeavors 

to challenge earlier energy harvesting designs and engineer a novel and advanced 

energy harvesting system with adequate bandwidth in the range of ambient 

vibration frequencies by considering nonlinear geometry design. The wideband 

harvester is proposed by combining several non-uniform piezoelectric coupled 

cantilevers with identical volume and length but different taper ratios. The 

theoretical model is based on what was presented in section 6.1 of this thesis. 

Furthermore, model is numerically tested with two sample structures made of 20 

and 10 non-uniform piezoelectric coupled cantilevers with different geometries. 

However, it can be generalized to various numbers of beams and different 

conversion principles. It is demonstrated that with the suggested non-uniform 

design, the broadband energy harvesting design can function effectively with high 

voltage output over a wide frequency range. Therefore, optimum structural design 

for the required operational frequency range can be achieved [121]. 

This section of the thesis is reproduced with some modifications from [A. 

Keshmiri, N. Wu “A wideband piezoelectric energy harvester design by using 

multiple non-uniform bimorphs”, Vibration, 1(1), 93-104, 2018] with permission 

from the “MDPI”. 
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6.2.1 Theoretical Model 

The proposed bimorph piezoelectric energy harvester includes beams with 

nonlinear geometry profile, homogeneous material properties, and surface bonded 

piezoelectric patches, Fig. 6.1(b). First, a uniform beam with piezoelectric sensors 

bonded to its surface is considered with the geometrical dimensions, material 

properties, and electromechanical coefficients listed in Table 6-2. The piezoelectric 

energy harvester is excited by a harmonic base translation and the steady state 

dynamic response of the system is of interest. Moreover, structural strain rate 

damping ratios for the first two vibration modes are assumed to be ξ1=ξ2=0.01 

[121]. It is noted that here no FGM properties is considered. Following the same 

analytical process from Eq. (6-1) to Eq. (6-16), voltage output and tip displacement 

FRFs are derived as, 

𝑉(𝑡)

−𝑌𝑒𝑗𝜑𝑡 =
𝜑2𝜌𝑑31𝐸𝑝

𝐶𝑝
∑ {∑ [∫ 𝑏(𝑥) (ℎ(𝑥) +

ℎ𝑝

2
)

𝑢𝐿𝑝

(𝑢−1)𝐿𝑝

d2𝑋𝑖(𝑥)

d𝑥2 d𝑥]
𝑁𝑝

𝑢=1

∫ 𝑋𝑖(𝑥)𝐴(𝑥)d𝑥
𝐿
0

𝜔𝑖
2−𝜑2+𝑗2𝜉𝑖𝜔𝑖𝜑

}∞
𝑖=1 , (6-17) 

𝑤(𝐿,𝑡)

−𝑌𝑒𝑗𝜑𝑡 = 𝜌𝜑2 ∑ 𝑋𝑖(𝐿)
∫ 𝑋𝑖(𝑥)𝐴(𝑥)d𝑥

𝐿
0

𝜔𝑖
2−𝜑2+𝑗2𝜉𝑖𝜔𝑖𝜑

∞
𝑖=1 . (6-18) 

Here, the probability of designing a wideband energy harvesting system from an 

array of non-uniform cantilever bimorphs is investigated [121]. The basic idea of 

an ensemble of the beam mass structure is borrowed from [128] and has been 

further developed. 
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An energy harvesting system including several nonlinearly tapered piezoelectric 

coupled cantilever beams, each of which has the same volume and length but 

different taper ratios and hence different resonance frequencies, is considered. A 

schematic illustration of the proposed wideband energy harvester configuration is 

shown in Fig. 6-8 [121]. 

 
Fig. 6-8 A schematic illustration of a wideband piezoelectric energy harvesting system. An array 

of nonlinearly tapered cantilever piezoelectric coupled beams mounted on a transversely 

vibrating base [121]. 
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As shown in section 6.1, the electromechanical outputs have a local maximum at 

the resonance frequencies of the harvester. It was proved that a tapered structure 

has different natural frequencies and possibly higher peak voltage output compared 

to the traditional uniform design with the same length and volume. The nonlinear 

profile makes the natural frequencies of a harvester with the same size and weight 

tunable by adjusting the geometrical taper ratios. In addition, for a certain desired 

voltage output, the non-uniform design can help to reduce the weight of the 

harvester. Here, the geometrical variation function is the exponential one defined 

as g(x)=g0e
-mx/L where g0 is the initial value, m is the taper ratio, and 0≤x≤L [121]. 

By combining single bimorph piezoelectric cantilevers with different taper ratios 

on a vibrating base as shown in Fig. 6-8, wide resonance frequency range can be 

obtained. Additionally, it is very critical to place bimorph natural frequencies 

sufficiently close to have a steady and continuous bandwidth for the wideband 

operation. The assembled system has a wide-ranging operational frequency, which 

can automatically choose one harvester to resonate at one particular ambient 

vibration frequency. As a result, the whole system can work as a wideband 

piezoelectric energy harvester [121]. 

Table 6.2 Geometry and material properties of the piezoelectric energy harvester [121]. 

L (m) 
b0 

(m) 

h0 

(m) 

hp 

(m) 

E 

(GPa) 
𝜌 (kg/m3) 

Ep 

(GPa) 
𝜌p (kg/m3) d31 (pm/V) e33

𝜀 (nF/m) 

0.2 0.02 0.005 0.004 100 7165 66 7800 -190 15.93 
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6.2.2 Wideband Harvester with Decaying Profile 

In this design, the geometrical variation function is the decaying exponential 

which means positive values for taper ratios. The geometrical taper ratio changes 

from 0 to 1 with the increment of 0.05. The voltage output of a wideband energy 

harvesting system including 20 non-uniform bimorph cantilevers with the same 

length and volume are presented in Fig. 6-9. As depicted, a slight difference in the 

geometry of the non-uniform harvester can lead to a considerable alteration in the 

natural frequencies and electromechanical outputs. In fact, steeper nonlinearity in 

the geometry of the structure results in higher natural frequencies and peak voltage 

outputs. Fig. 6-9 shows the estimated voltage output of the wideband energy 

harvesting system within an input excitation range of [𝜔min-𝜔max]=[475-

965]rad/s≈[75-155]Hz. The bottom plots show the individual output of each 

harvester whereas the top plot displays the superimposed overall voltage. As 

shown in Fig. 6-9, high peak voltage outputs (>10V) at resonance can be obtained 

in a wide frequency range from 500rad/s to 950rad/s by employing 20 nonlinearly 

tapered cantilever harvesters. Increasing the excitation frequency leads to higher 

peak voltage output (10V to 22V) due to the higher natural frequencies of the 

bimorph cantilevers with greater taper ratios [121]. 
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Fig. 6-9 Voltage output frequency response corresponding to the wideband energy harvesting 

system, 20 harvesters with nonlinear decaying geometry profiles, 0≤taper ratios<1 [121]. 

 

It should be noted that all piezoelectric harvesters with decaying tapered 

geometry have higher natural frequencies than the uniform cantilever with the 

same length and volume. This limits the application of the wideband harvester 

under excitations at the low frequency range. Therefore, the growing tapered 

design leading to lower natural frequencies is discussed in the following section 

[121]. 

 

6.2.3 Wideband Harvester with Growing Profile 

For the second proposed design, the geometrical variation function is the 
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ratio changes from -0.5 to 0 with the increment of 0.05. By employing 10 non-

uniform bimorph energy harvesters with the same length and volume, the voltage 

output of a wideband energy harvester is obtained and presented in Fig. 6-10. In 

contrast to the decaying geometry, the growing profile decreases the natural 

frequencies of the cantilever structure which is definitely beneficial for energy 

harvesting from environmental vibration signals with very low frequencies like 

HVAC systems. The overall voltage output of the wideband energy harvester 

within an input excitation range of [𝜔min-𝜔max]=[300-475]rad/s≈[45-75]Hz changes 

from 4.5V to 8V as shown in Fig. 6-10. The bottom plots show the individual 

output of each harvester whereas the top plot displays the superimposed voltage 

output [121]. 

 
Fig. 6-10 Voltage output frequency response corresponding to the wideband energy harvesting 

system, 10 harvesters with nonlinear growing geometry profiles, 0≤taper ratios<0.5 [121]. 
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In summary, a wideband harvester comprising two non-uniform configurations 

can be designed to effectively cover a large bandwidth based on the ambient 

vibration peak power frequency range covering both low and high frequencies. For 

the cases in sections 6.2.2 and 6.2.3, a wideband piezoelectric energy harvester 

consisting 30 nonlinearly tapered beams (-0.5<m<1) with similar length and 

volume/mass can efficiently function over a wide frequency range which roughly 

covers [45-155]Hz with voltage output changes from 5.5V to 23.4V. In addition to 

the wideband frequency coverage, it is demonstrated that the peak voltage output 

for the wideband harvester is roughly 5 times higher than the traditional uniform 

bimorph design (m=0) [121]. 

 

6.2.4 Conclusion 

In this section, an analytic model for a wideband energy harvesting system 

combining several nonlinearly tapered cantilevers was presented. By using the 

developed dynamic model, the steady state response of the smart structure with 

non-uniform geometry and structural strain rate damping under harmonic motion 

was obtained and the closed-form expressions for the electrical output FRFs were 

derived. A wideband piezoelectric energy harvester comprising a group of 

nonlinearly tapered bimorph cantilevers, each of which has different geometrical 

taper ratios and hence different resonance frequencies, was studied [121]. 
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A new approach to realize efficient energy harvesting from ambient vibration 

with variable frequency by widening the bandwidth of the harvester was developed 

and presented. This is achieved by combining an array of cantilever non-uniform 

piezoelectric harvesters with different taper ratios and resonance frequencies. The 

new wideband energy harvesting system can increase the electromechanical 

outputs compared with the traditional single bimorphs through a combination of 

multiple nonlinearly tapered beams with the same volume and length. This 

research challenges previous energy harvesting designs and formulates an 

innovative wideband energy harvesting configuration, which functions efficiently 

in a wide range of ambient excitation frequencies [121].  
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6.3 Energy Harvester with Embedded Piezoelectric Stacks 

This section presents a new design and analytical model for a composite energy 

harvester by using embedded piezoelectric stacks. The in-plane polarization of the 

piezoelectric elements is used to maximize the electrical voltage/charge output. 

The presented model is applicable to composite beams with structural strain rate 

damping and embedded piezoelectric stacks. In the same way, the steady state 

vibration response of the composite harvester subjected to a harmonic base motion 

is obtained and electrical outputs are analytically derived. Moreover, a parametric 

study for the composite energy harvester with different embedded piezoelectric 

stacks number, length, and thickness in a wide frequency domain is done. Finally, 

the new design is compared to a conventional unimorph harvester with identical 

geometrical and material properties. The comparison of results demonstrated better 

electrical outputs by the proposed new harvester [81]. 

Piezoelectric materials can be configured in many various shapes advantageous 

for energy harvesting. A large portion of conventional energy harvester designs are 

unimorph or bimorph structures. These two configurations use the piezoelectric 

out-of-plane polarization (piezoelectric coefficient d31). On the other hand, by 

using the stack configuration where strain and piezoelectric polling directions 

coincide, the in-plane polarization is employed (piezoelectric coefficient d33). For 

piezoelectric materials, the d33 piezoelectric coefficient is usually much larger than 
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the d31 coefficient. Therefore, it is more desirable for an energy harvester to 

operate in the in-plane polarization mode when the electric field and the strain 

direction coincide. Based on [129], the voltage sensitivity can be also increased by 

using suitable electrode systems for pure d33 mode operation. Thus, a novel 

analytical model for a composite energy harvester with embedded piezoelectric 

stacks using the pure in-plane polarization is presented [81]. 

This section of the thesis is reproduced with some modifications from [A. 

Keshmiri, X. Deng, N. Wu “New energy harvester with embedded piezoelectric 

stacks”, Composites Part B: Engineering, 163, 303-313, 2019] with permission 

from the “Elsevier B.V.”. 

 

6.3.1 Theoretical Model 

The proposed piezoelectric energy harvester configuration consists of a uniform 

composite beam with two different sections along the length. The first section 

includes piezoelectric layers perfectly bonded to the substructure layer acting as 

the core material and the second part is the host beam itself, Fig. 6-11(a). The 

geometry of the composite structure is described by Lc length of the composite 

part, Ls length of the homogeneous part, b width of the structure, hp thickness of 

the piezoelectric patch, and hs thickness of the core material in the composite 

section [81]. 
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It is assumed that the electrode layer is made of a Polyvinylidene thin film 

(CuNi, Au, etc.) by sputtering a thin metal alloy layer on the piezoelectric stack. 

Therefore, the thickness is negligible [130]. Since the piezoelectric polarization 

direction is along the bending stress in z direction, piezoelectric stacks are working 

by d33 mode. On the other hand, Fig. 6-11(b) depicts a conventional unimorph 

piezoelectric energy harvester with identical geometrical and material properties. 

The electromechanical outputs of these two energy harvesters will be analytically 

derived and compared [81]. 

 
(a) 

 
(b) 

Fig. 6-11 Two piezoelectric energy harvester configurations [81]. (a) Composite cantilever 

energy harvester with embedded piezoelectric stacks (piezoelectric poling is along z direction). 

(b) Unimorph cantilever energy harvester with surface bonded piezoelectric patches 

(piezoelectric poling is along x direction in traditional unimorph design). 
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As illustrated in Fig. 6-12, two sets of connections for piezoelectric stacks can 

be expected. According to Fig. 6-12(a), piezoelectric stacks are attached 

mechanically in series but electrically in parallel with electrodes covering their 

surface in xy plane. Although the parallel connection does not increase the output 

voltage, a multilayer stack design can offer much larger electrode area, higher 

electric current, and lower impedance to better match the impedance of the 

electrical device [131]. On the other hand, piezoelectric stacks can be linked 

mechanically and electrically in series with electrodes covering their surface in xy 

plane, Fig. 6-12(b). Generally, stacking piezoelectric elements mechanically in 

series and electrically in parallel (same voltage and additive charge) has the effect 

of stepping down peak voltage and stepping up the effective capacitance compared 

to the mechanically and electrically in series system. Assuming identical material 

and geometry, both configurations produce the same power into matched loads. 

However, the electrically parallel stack configuration is desired due to lower 

matching electrical load required. It decreases the output voltage to a reasonable 

size and also the higher capacitance is important for energy transfer [105]. As a 

result, the piezoelectric stacks connected mechanically in series but electrically in 

parallel are used in the remainder of this section of the thesis [81]. 

The energy harvesting efficiency of the composite piezoelectric energy harvester 

can be investigated by harmonically moving its base in the x direction. Therefore, 
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the mechanical vibration input for the system is achieved through wb(t)=Yejφt 

where Y is the amplitude of the base displacement, φ is the angular frequency of 

the vibration, and j is the unit imaginary number [81]. 

 
(a) 

 
(b) 

Fig. 6-12 Piezoelectric stacks electrical connections with electrodes covering the stack surface in 

xy plane [81]. (a) Piezoelectric stacks in parallel. (b) Piezoelectric stacks in series. 

 

The differential equation governing the forced lateral vibration of a composite 

beam with structural strain rate damping can be expressed by, 
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𝑚
∂2𝑤(𝑧,𝑡)

∂𝑡2
+

∂2

∂𝑧2
[
∂2𝑀(𝑧,𝑡)

∂𝑧2
+ 𝐶𝑠𝐼

𝜕3𝑤(𝑧,𝑡)

𝜕𝑧2𝜕𝑡
] = −𝑚

∂2𝑤𝑏(𝑡)

∂𝑡2
, (6-19) 

where z is the position variable along the length, t is the time variable, m is the 

mass per unit length of the beam, w(z,t) is the deflection function, M(z,t) is the 

internal bending moment function, Cs is the strain rate damping coefficient, and I is 

the second moment of area [81]. 

Following Erturk and Inman approach [126], the internal bending moment can 

be calculated by integrating the moment of stress distribution at the beam cross-

section. Consequently, it can be written as, 

{
𝑀(𝑧, 𝑡) = −∫ 𝜎𝑧

𝑠𝑏𝑥d𝑥
ℎ2

ℎ1
− ∫ 𝜎𝑧

𝑝𝑏𝑥d𝑥
ℎ2+ℎ𝑝

ℎ2
   0 ≤ 𝑧 ≤ 𝐿𝑐

𝑀(𝑧, 𝑡) = −2∫ 𝜎𝑧
𝑠𝑏𝑥d𝑥

ℎ𝑠+ℎ𝑝

2
0

                           𝐿𝑐 ≤ 𝑧 ≤ 𝐿𝑠

, (6-20) 

where 𝜎𝑧
𝑠 and 𝜎𝑧

𝑝 are stresses in the host and piezoelectric structures along the z 

direction, respectively [81]. 

It is noted that in the bending situation, one set of piezoelectric stacks sustain 

tensile stresses and the other set are under compressive stresses. Since the stack 

configuration cannot withstand tensile load, the structure acts like a unimorph 

system [81]. Additionally, h1 is the distance between host structure’s bottom and 

neutral axis of the composite section and h2 is the distance between piezoelectric 

layer’s bottom and neutral axis of the composite section expressed as, 

ℎ1 = −
ℎ𝑝

2+2ℎ𝑝ℎ𝑠+
𝐸𝑠
𝐸𝑝

ℎ𝑝
2

2(ℎ𝑝+
𝐸𝑠
𝐸𝑝

ℎ𝑠)
, (6-21) 
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ℎ2 =
ℎ𝑝

2+2
𝐸𝑠
𝐸𝑝

ℎ𝑝ℎ𝑠+
𝐸𝑠
𝐸𝑝

ℎ𝑝
2

2(ℎ𝑝+
𝐸𝑠
𝐸𝑝

ℎ𝑠)
− ℎ𝑝. (6-22) 

Stresses in Eq. (6-20) can be obtained as, 

𝜎𝑧
𝑠 = 𝐸𝑠𝜀𝑧

𝑠, (6-23) 

𝜎𝑧
𝑝 = 𝐸𝑝(𝜀𝑧

𝑝 − 𝑑33𝐸3), (6-24) 

where 𝜀z is the strain, Es is the host structure elasticity modulus, Ep is the 

piezoelectric elasticity modulus, d33 is the piezoelectric coefficient, and E3 is the 

electric field all along the 3 or z direction. It should be noted that 1, 2 and 3 

directions are aligned with x, y, and z axes, respectively. Additionally, 

subscript/superscript s and p stand for host structure and piezoelectric stack [81]. 

Eq. (6-24) is obtained from the piezoelectric constitutive relation where 𝜀3 =

𝑑33𝐸3 + 𝑠33
𝐸 𝜎3 in which 𝑠33

𝐸  is the elastic compliance and reciprocal of Ep. However 

in this case, the piezoelectric layer is only subjected to an external stress field and 

generates electrical charge in response. Since there is no external electric field on 

the piezoelectric patch (E3=0), the sensor constitutive relation reduces to 𝜀3 = 𝑠33
𝐸 𝜎3. 

It is worth mentioning that the direction of axial strain and polarization are the 

same for piezoelectric patches [81]. Finally, internal moment by expressing the 

strains in terms of radius of curvature 𝜀𝑧 = −𝑥
∂2𝑤(𝑧,𝑡)

∂𝑧2  is defined as, 

{
𝑀(𝑧, 𝑡) = ∫ 𝐸𝑠𝑏

∂2𝑤(𝑧,𝑡)

∂𝑧2
𝑥2d𝑥

ℎ2

ℎ1
+ ∫ 𝐸𝑝𝑏

∂2𝑤(𝑧,𝑡)

∂𝑧2
𝑥2d𝑥

ℎ2+ℎ𝑝

ℎ2
  0 ≤ 𝑧 ≤ 𝐿𝑐

𝑀(𝑧, 𝑡) = 2∫ 𝐸𝑠𝑏
∂2𝑤(𝑧,𝑡)

∂𝑧2 𝑥2d𝑥
ℎ𝑠+ℎ𝑝

2
0

                                          𝐿𝑐 ≤ 𝑧 ≤ 𝐿𝑠

. (6-25) 
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Eq. (6-25) can be rewritten as, 

{
𝑀(𝑧, 𝑡) = (𝐸𝑠𝐼𝑠 + 𝐸𝑝𝐼𝑝)

𝜕2𝑤(𝑧,𝑡)

𝜕𝑧2    0 ≤ 𝑧 ≤ 𝐿𝑐

𝑀(𝑧, 𝑡) = 𝐸𝑠𝐼𝑠
′ 𝜕2𝑤(𝑧,𝑡)

𝜕𝑧2                    𝐿𝑐 ≤ 𝑧 ≤ 𝐿𝑠

, (6-26) 

where Is, Ip, and Is
’ are defined as, 

𝐼𝑠 = ∫ 𝑏𝑥2d𝑥
ℎ2

ℎ1
=

1

3
𝐸𝑠𝑏(ℎ2

3 − ℎ1
3), (6-27) 

𝐼𝑝 = ∫ 𝑏𝑥2d𝑥
ℎ2+ℎ𝑝

ℎ2
=

1

3
𝐸𝑝𝑏 ((ℎ2 + ℎ𝑝)

3
− ℎ2

3), (6-28) 

𝐼𝑠
′ = 2∫ 𝐸𝑠𝑏𝑥2d𝑥

ℎ𝑠+ℎ𝑝

2
0

=
2

3
𝐸𝑠𝑏 (

ℎ𝑠+ℎ𝑝

2
)
3

. (6-29) 

Inserting Eq. (6-26) into Eq. (6-19) yields the mechanical governing equation of 

the lateral motion for a composite energy harvester with embedded piezoelectric 

stacks written as, 

(𝐸𝑠𝐼𝑠 + 𝐸𝑝𝐼𝑝)
∂4𝑤(𝑧,𝑡)

∂𝑧4 + 𝐶𝑠𝐼𝑠
𝜕5𝑤(𝑧,𝑡)

𝜕𝑧4𝜕𝑡
+ 𝑚𝑐

∂2𝑤(𝑧,𝑡)

∂𝑡2 = −𝑚𝑐
∂2𝑤𝑏(𝑡)

∂𝑡2    0 ≤ 𝑧 ≤ 𝐿𝑐, (6-30) 

𝐸𝑠𝐼𝑠
′ ∂4𝑤(𝑧,𝑡)

∂𝑧4 + 𝐶𝑠𝐼𝑠
′ 𝜕5𝑤(𝑧,𝑡)

𝜕𝑧4𝜕𝑡
+ 𝑚𝑠

∂2𝑤(𝑧,𝑡)

∂𝑡2 = −𝑚𝑠
∂2𝑤𝑏(𝑡)

∂𝑡2    𝐿𝑐 ≤ 𝑧 ≤ 𝐿𝑠, (6-31) 

where mc=ρsAs+2ρpAp and ms=ρs(As+2Ap) are masses per unit length for two 

sections. In addition, As=bhs and Ap=bhp are cross-sectional areas [81]. 

The lateral vibration motion of the composite structure can be represented by a 

linear combination of the normal modes of the beam defined as 𝑤(𝑧, 𝑡) =

∑ 𝑍𝑖(𝑧)𝑇𝑖(𝑡)
∞
𝑖=1 , where Zi(z) is normal mode and Ti(t) is modal participation 

coefficient for the ith vibration mode. The eigenfunctions represented by Zi(z) are 

mass normalized modes of the corresponding free vibration problem given by, 
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𝑍𝑖
𝑐(𝑧) = ∑ 𝑍𝑛

𝑐(𝑧)∞
𝑛=0 = {

𝑍0
𝑐 = 𝐴1 + 𝐴2𝑧 + 𝐴3

𝑧2

2!
+ 𝐴4

𝑧3

3!

𝑍𝑘+1
𝑐 = −𝑂𝑧

−1 [−𝜔𝑖
2 𝑚𝑐𝐿𝑐

4

𝐸𝐼𝑐
𝑍𝑘

𝑐]    𝑘 ≥ 0
   0 ≤ 𝑧 ≤ 𝐿𝑐, (6-32) 

𝑍𝑖
𝑠(𝑧) = ∑ 𝑍𝑛

𝑠(𝑧)∞
𝑛=0 = {

𝑍0
𝑠 = 𝐴5 + 𝐴6𝑧 + 𝐴7

𝑧2

2!
+ 𝐴8

𝑧3

3!

𝑍𝑘+1
𝑠 = −𝑂𝑧

−1 [−𝜔𝑖
2 𝑚𝑠𝐿𝑠

4

𝐸𝐼𝑠
𝑍𝑘

𝑠]    𝑘 ≥ 0
  𝐿𝑐 ≤ 𝑧 ≤ 𝐿𝑠, (6-33) 

where normal mode functions are determined by the same methodology 

comprehensively described in section 4.1 of this thesis. Similarly, 𝜔i is the ith 

undamped natural frequency. Furthermore, A1 to A8 are unknown parameters that 

should be evaluated using boundary and continuity conditions [81] given as, 

𝑧 = 0 → {
𝑍𝑐(𝑧) = 0
d𝑍𝑐(𝑧)

d𝑧
= 0

,    𝑧 = 𝐿𝑐 + 𝐿𝑠 → {
𝐸𝑠𝐼𝑠

′ d2𝑍𝑠(𝑧)

d𝑧2 = 0

d

d𝑧
(𝐸𝑠𝐼𝑠

′ d2𝑍𝑠(𝑧)

d𝑧2 ) = 0
, (6-34) 

𝑧 = 𝐿𝑐 → {
𝑍𝑐(𝑧) = 𝑍𝑠(𝑧)
d𝑍𝑐(𝑧)

d𝑧
=

d𝑍𝑠(𝑧)

d𝑧

, {
 (𝐸𝑠𝐼𝑠 + 𝐸𝑝𝐼𝑝)

d2𝑍𝑐(𝑧)

d𝑧2 = 𝐸𝑠𝐼𝑠
′ d2𝑍𝑠(𝑧)

d𝑧2

(𝐸𝑠𝐼𝑠 + 𝐸𝑝𝐼𝑝)
d3𝑍𝑐(𝑧)

d𝑧3 = 𝐸𝑠𝐼𝑠
′ d3𝑍𝑠(𝑧)

d𝑧3

. (6-35) 

Therefore, all Zk components are evaluated. By applying four boundary and four 

continuity conditions, a system of eight equations with eight unknown constants A1 

to A8 is derived. For the nontrivial solution, the determinant of the coefficients 

must be zero which gives the eigenvalue problem. Therefore, 𝜔𝑖
𝑛 which is the ith 

eigenvalue and undamped natural frequency of the beam considering n-term mode 

shape function is calculated [81]. 

Since damping function does not possess the orthogonality property, it is 

assumed that the structural damping is in the form of CsIs=(EsIs+EpIp) for the 
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composite section where 𝛼 and is a constant [46]. Clearly, normal mode 

eigenfunctions satisfy the orthogonality conditions, Eq. (4-5). As a result, the 

modal participation coefficients Ti(t) are the solution of the ordinary differential 

equation, 

d2𝑇𝑖
𝑐(𝑡)

d𝑡2 + 2𝜉𝑖𝜔𝑖
d𝑇𝑖

𝑐(𝑡)

d𝑡
+ 𝜔𝑖

2𝑇𝑖
𝑐(𝑡) = 𝑚𝑐

∂2𝑤𝑏(𝑡)

∂𝑡2 ∫ 𝑍𝑖
𝑐(𝑧)d𝑧

𝐿𝑐

0
, (6-36) 

where 2ξi𝜔i=𝛼𝜔i
2 and ξi is the structural strain rate damping ratio corresponding 

to the ith vibration mode [121]. 

In the case of harmonic base motion, the steady state solution of the Eq. (6-36) 

can be obtained as, 

𝑇𝑖
𝑐(𝑡) =

𝑚𝑐𝜑
2𝑌 ∫ 𝑍𝑖

𝑐(𝑧)d𝑧
𝐿𝑐
0

𝜔𝑖
2−𝜑2+𝑗2𝜉𝑖𝜔𝑖𝜑

𝑒𝑗𝜑𝑡. (6-37) 

Finally, the analytical steady state response of the piezoelectric coupled section 

of the structure relative to its base is derived as, 

𝑤(𝑧, 𝑡) = ∑ 𝑍𝑖(𝑧)𝑇𝑖(𝑡)
∞
𝑖=1 = ∑ 𝑍𝑖

𝑐(𝑧)
𝑚𝑐𝜑

2𝑌 ∫ 𝑍𝑖
𝑐(𝑧)d𝑧

𝐿𝑐
0

𝜔𝑖
2−𝜑2+𝑗2𝜉𝑖𝜔𝑖𝜑

𝑒𝑗𝜑𝑡∞
𝑖=1 0 ≤ 𝑧 ≤ 𝐿𝑐. (6-38) 

To obtain the electrical outputs of the piezoelectric coupled structure in open 

circuit condition, similar approach to what was described in section 6.1.1 is 

followed. Here, the piezoelectric layer is subjected to an external stress field and 

generates electrical charge in response. It should be noted that the backward 

coupling in the mechanical domain is not considered [46], [121]. 
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Since the piezoelectric stacks work in the 33 mode and the axial stress is only 

along 3 or z axis [81], the sensor equation becomes, 

𝐷3(𝑧, 𝑡) = 𝑑33𝜎3(𝑧, 𝑡). (6-39) 

The axial stress 𝜎3 can be calculated in terms of longitudinal bending strain 

𝜀3(z,t) in the structure as, 

𝜎3(𝑧, 𝑡) = 𝐸𝑝𝜀3(𝑧, 𝑡) = −𝐸𝑝ℎ𝑝𝑐
∂2𝑤(𝑧,𝑡)

∂𝑧2 , (6-39) 

where hpc is the distance between composite beam neutral axis and center of the 

piezoelectric layer [81] defined as, 

ℎ𝑝𝑐 =

𝐸𝑠
𝐸𝑝

ℎ𝑠(ℎ𝑝+ℎ𝑠)

2(ℎ𝑝+
𝐸𝑠
𝐸𝑝

ℎ𝑠)
 . (6-40) 

The strain varies along the length of the beam and generates various amounts of 

charge in each piezoelectric stack, which sums up to produce the total charge 

output of the energy harvester [81]. By doing the integration of electric 

displacement D3(z,t) over the electrode surface, electric charge is calculated as, 

𝑞(𝑡) = ∬[0 0 𝐷3] [

𝑑𝐴1

𝑑𝐴2

𝑑𝐴3

] = 𝑑33𝐸𝑝ℎ𝑝𝑐𝑏ℎ𝑝 ∑
𝜕2𝑤(𝑧,𝑡)

𝜕𝑧2 │
𝑧=

(𝑘−1)𝐿𝑝+𝑘𝐿𝑝

2

𝑁𝑝

𝑘=0 , (6-41) 

where dA1, dA2, and dA3 are components of the electrode area in the 2-3, 1-3, 

and 1-2 planes, respectively. Additionally, Np is the number of piezoelectric stacks 

and obviously NpLp=Lc [81]. 



137 

According to Eq. (6-41), the generated charge is only dependent on curvature 

distribution over the piezoelectric coupled part of the composite harvester. 

Furthermore, it has been assumed that the electrode area is covering the entire 

surface of each stack and they are connected in parallel, Fig. 6-12(a) [81]. Hence, 

for the open circuit case, the generated voltage V(t) can be calculated by dividing 

the produced electric charge to the capacitance of the piezoelectric stacks Cp, 

𝑉(𝑡) =
𝑞(𝑡)

𝐶𝑝
=

𝑑33𝐸𝑝ℎ𝑝𝑐𝑏ℎ𝑝

𝐶𝑝
∑

∂2𝑤(𝑧,𝑡)

∂𝑧2 │
𝑧=

(𝑘−1)𝐿𝑝+𝑘𝐿𝑝

2

𝑁𝑝

𝑘=0 , (6-42) 

where piezoelectric capacitance can be defined as Cp=Np𝜀33bhp/Lp and 𝜀33 is the 

permittivity component [81]. 

In the case of harmonic base motion where wb(t)=Yejφt, the steady state electric 

charge and voltage output can be obtained. In order to provide a more general form 

of steady state responses, FRFs are obtained and presented [81]. Electrical charge 

and voltage output FRFs are defined as the ratio of the steady state charge/voltage 

to the translational base displacement as, 

𝑞(𝑡)

−𝑌𝑒𝑗𝜑𝑡 = 𝑑33𝐸𝑝ℎ𝑝𝑐𝑏ℎ𝑝𝑚𝑐 ∑ (
𝜑2 ∫ 𝑍𝑖

𝑐(𝑧)𝑑𝑧
𝐿𝑐
0

𝜔𝑖
2−𝜑2+𝑗2𝜉𝑖𝜔𝑖𝜑

∑
𝑑2𝑍𝑖

𝑐(𝑧)

𝑑𝑧2 │
𝑧=

(𝑘−1)𝐿𝑝+𝑘𝐿𝑝

2

𝑁𝑝

𝑘=0 )∞
𝑖=1 , (6-43) 

𝑣(𝑡)

−𝑌𝑒𝑗𝜑𝑡
=

𝑑33𝐸𝑝ℎ𝑝𝑐𝐿𝑝𝑚𝑐

𝑁𝑝𝜀33
∑ (

𝜑2 ∫ 𝑍𝑖
𝑐(𝑧)𝑑𝑧

𝐿𝑐
0

𝜔𝑖
2−𝜑2+𝑗2𝜉𝑖𝜔𝑖𝜑

∑
𝑑2𝑍𝑖

𝑐(𝑧)

𝑑𝑧2
│

𝑧=
(𝑘−1)𝐿𝑝+𝑘𝐿𝑝

2

𝑁𝑝

𝑘=0 )∞
𝑖=1 . (6-44) 

The presented method can accurately model the coupled system dynamics for 

various excitation frequencies. Therefore, Eqs. (6-43) and (6-44) are the multi-

mode FRFs since all vibration modes are included [81]. 
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6.3.2 Simulations and Discussion 

Based on the developed model, electrical outputs of the composite piezoelectric 

energy harvester can be analytically obtained. Numerical examples are presented to 

demonstrate the validity and efficiency of the proposed model [81]. 

As an illustration, a beam like Fig. 6-11(a) with PIC252 (modified Lead 

Zirconate-Lead Titanate) piezoelectric stack is considered with the geometric 

dimensions, material properties, and electromechanical coefficients listed in Table 

6-3 [81]. Considering the manufacturing feasibility, the minimum thickness and 

height of the single piezoelectric patch are restricted to be larger than 2mm and 

0.5mm based on the piezoceramics available in the market [130]. 

Table 6-3 Geometry and material properties of a uniform composite energy harvester [81]. 

𝐿𝑠 

(m) 

𝐿𝑐 

(m) 

𝑏 

(m) 

ℎ𝑠 

(m) 

ℎ𝑝 

(m) 

𝐸𝑠 

(GPa) 
𝑆11

𝐸  

(m2/N) 

𝑆33
𝐸  

(m2/N) 
𝜌𝑠 

(kg/m3) 
𝜌𝑝 

(kg/m3) 

𝑑31 

(pm/V) 

𝑑33 

(pm/V) 

𝜀33  

(nF/m) 

0.4 0.4 0.05 0.01 0.002 68.9 16.1*10-12 20.7*10-12 2700 7800 -180 400 15.494 

 

The excitation of the piezoelectric energy harvester is due to the harmonic base 

translation and the steady state dynamic response of the system is of interest. 

Moreover, structural strain rate damping ratios for the first two vibration modes are 

assumed to be ξ1=ξ2=0.01. Finally, two steady state FRFs, electric charge and 

voltage output, are studied. Based on the convergence study for vibration analysis 

of non-uniform beams, 10 terms of mode shape function series (n=10) are used to 

accurately present the first and second vibration modes [81]. 
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Fig. 6-13 displays the electric charge and voltage output FRFs for the composite 

energy harvester with different numbers of piezoelectric stacks embedded in a 

constant length Lc, as shown in Fig. 6-11(a). As can be seen in Fig. 6-13(a), 

increasing the number of piezoelectric stacks embedded in the structure leads to 

larger electric charge output. In other words, embedding thinner piezoelectric 

stacks results in higher produced charge. This is due to the fact that more 

piezoelectric stacks mean larger electrode area, which finally produces more 

electric charge. On the other hand, thicker piezoelectric stacks are favorable for 

larger voltage outputs because of the smaller piezoelectric capacitance, Fig. 6-

13(b) [81]. 

Fig. 6-14 graphically indicates the relationship between the electrical FRFs and 

length of the embedded piezoelectric part, Lc. Based on Figs. 6-14(a) and 6-14(b), 

increasing the length of the piezoelectric embedded section results in lower first 

natural frequencies of the system which is definitely favorable in low frequency 

energy harvesting applications. According to Eq. (6-41), the produced electric 

charge is only dependent on the curvature distribution over the piezoelectric 

coupled part of the composite harvester. Due to high mechanical stiffness of the 

stack configuration, increasing the composite section length does not lead to higher 

generated charge. This issue will not happen in higher mode shapes because of 

larger curvature distribution. As can be seen in Fig. 6-14(a), up to 1.94 times 
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higher peak electric charge for the second vibration mode is achieved by increasing 

the Lc from 0.3m to 0.5m. According to Fig. 6-14(b), the lower mode electrical 

output problem for the voltage is not reported. This is due to the fact that equal 

numbers of piezoelectric stacks are used in all of the simulations. As a result, the 

composite harvester with larger Lc is benefiting from piezoelectric stacks with 

larger length and consequently lower capacitance. Thus, greater voltage output is 

achieved by using a longer piezoelectric embedded part for all of the mode shapes. 

As shown in Fig. 6-14(b), up to 3.50 times higher peak voltage by increasing the Lc 

from 0.3m to 0.5m is reported [81]. 

The effect of piezoelectric stacks size (hp) on the electric FRFs is examined in 

Fig. 6-15. According to Fig. 6-15(a), bigger piezoelectric stack means larger 

electric charge which is certainly achieved through greater electrode area. On the 

contrary, piezoelectric stack cross-sectional area does not affect the voltage output. 

Hence, larger hp leads to lower hpc which causes the destructive effect on the 

generated voltage, Fig. 6-15(b). Lastly, the large size effect is in favor of low 

frequency energy harvesting. As shown in Fig. 6-15, increasing piezoelectric stack 

size results in lower natural frequency of the harvester [81]. 
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(a) 

 
(b) 

Fig. 6-13 Electric charge and voltage output FRFs for the composite energy harvester with 

different numbers of piezoelectric stacks [81]. (a) Electric charge FRF. (b) Voltage output FRF. 
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(a) 

 
(b) 

Fig. 6-14 Electric charge and voltage output FRFs for the composite energy harvester with 

different length of the embedded section [81]. (a) Electric charge FRF. (b) Voltage output FRF. 
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(a) 

 
(b) 

Fig. 6-15 Electric charge and voltage output FRFs for the composite energy harvester with 

different piezoelectric stacks size [81]. (a) Electric charge FRF. (b) Voltage output FRF. 
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The electrical outputs of the stack design with various configurations are 

compared to that of a conventional unimorph harvester with identical geometrical 

and material properties in Fig. 6-16. As shown in Fig. 6-16(a), the peak electric 

charge for the stack design can be up to 3.18 and 1.82 times higher than the 

unimorph for the first and second natural frequencies even by using relatively thick 

(Lp=2mm, N=200) piezoelectric stacks. This positive effect can be significantly 

strengthened by using thinner stacks as demonstrated in Fig. 6-13(a). It should be 

noted that the superior electric charge generation behavior of the unimorph 

harvester in the higher modes is due to benefiting from the larger strain distribution 

along the length of the beam. However, this problem can be easily solved by using 

thinner piezoelectric stacks. On the contrary, significantly superior voltage 

generation behavior for the stack design compared to the unimoprh can be seen in 

Fig. 6-16(b). As shown, the peak output voltage for relatively thick (N=200) stack 

configurations can be up to 5.59 and 4.48 times higher for first and second 

vibration modes, compared with the unimorph harvester. As previously mentioned, 

thicker piezoelectric stacks are favorable for larger voltage outputs [81]. 

It is noted that the analytical model tries to theoretically investigate a new 

possible design for generating more electrical outputs. It does not necessarily lead 

to higher power generation in all of the possible cases. In fact, depending on the 

electrical requirements on the other side of the circuit, higher electric charge or 
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voltage can be generated by deploying the proposed design compared to the 

unimorph harvester with identical geometrical and material properties [81]. 

 
(a) 

 
(b) 

Fig. 6-16 Electric charge and voltage output FRFs for the composite energy harvester with 

different configurations compared to the electrical outputs of the identical unimorph harvester 

design [81]. (a) Electric charge FRF. (b) Voltage output FRF. 
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6.3.3 Conclusion 

This section of the thesis presented a new analytical model for a composite 

energy harvester with embedded piezoelectric stacks using the pure in-plane 

polarization. Depending on the electrical requirements, higher electric charge or 

voltage can be generated by deploying the proposed design [81]. 

Based on the parametric study, effects of piezoelectric stacks number, length and 

size as well as the excitation frequency on the electric charge and output voltage 

are comprehensively investigated and the following results are concluded [81]: 

• Embedding thinner piezoelectric stacks in the structure results in higher 

produced electric charge due to larger electrode area. Conversely, thicker 

piezoelectric stacks are more favorable for higher voltage outputs because of 

the smaller piezoelectric capacitance. 

• Increasing the length of the piezoelectric embedded section leads to higher 

charge and voltage outputs, especially for higher vibration modes. 

• Higher piezoelectric size means larger electric charge which is achieved 

through greater electrode area. On the contrary, larger piezoelectric size leads to 

lower neutral axis distance and results in lower generated voltage. 

• The electrical charge and voltage outputs of the new composite design show 

great improvement compared to that of a conventional unimorph harvester with 

identical geometrical and material properties. 
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• By using the stack configuration where strain and piezoelectric polling 

directions coincide, the in-plane polarization is employed. For piezoelectric 

materials, the in-plane piezoelectric coefficient is usually larger than the out-of-

plane coefficient. Therefore, it is more desirable for an energy harvester to 

operate in the in-plane polarization mode when the electric field and the strain 

direction coincide. 

• The embedded stack design decreases the natural frequencies of the energy 

harvester. This is greatly useful for low frequency energy harvesting. 
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6.4 Energy Harvesting Platform with Piezoelectric Stacks Boundary 

This section presents another new design and analytical model for energy 

harvesting applications. In addition, simulation-based optimization method is 

utilized to find the optimum mechanical design. It is noted that this is just a 

preliminary introduction to the simulation-based optimization technique by using 

machine learning models for the design of piezoelectric energy harvesters. This 

introductory idea could pave the way for more advanced optimization models and 

studies in the future. This initial study proves that the proposed optimization model 

and procedure works efficiently for relatively simple systems with few design 

variables. As a result, it can be used and tested for more complex systems with 

more variable parameters. 

The in-plane polarization of the piezoelectric stacks is employed to maximize 

the electrical power output. In the same way, the steady state vibration response of 

the harvester platform subjected to harmonic base motion is obtained and electrical 

outputs are analytically derived. Furthermore, a comprehensive parametric study 

for the proposed energy harvester with various design parameters is done. Finally, 

simulation-based optimization technique helps to find the optimum structural 

design with maximum efficiency. To solve the optimization problem, an artificial 

neural network (ANN) is first trained to replace the simulation model and then a 

genetic algorithm (GA) is employed to find the optimized design variables. 
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This section of the thesis is reproduced with some modifications from [A. 

Keshmiri, S. Bagheri, N. Wu “Simulation-Based Optimization of a Non-Uniform 

Piezoelectric Energy Harvester with Stack Boundary”, in preparation]. This section 

includes material that is the result of joint research with Shahriar Bagheri in the 

Sound & Vibrations Lab at the University of Manitoba. 

 

6.4.1 Theoretical Model 

The proposed piezoelectric energy harvester platform includes a nonlinearly 

tapered beam of length L having one free end at x=L. The other end of the non-

uniform beam at x=0 is attached to a piezoelectric stack fixture embedded in a 

solid platform. Since the piezoelectric polarization direction is along the bending 

stress in the axial direction, piezoelectric stacks are using in-plane polarization 

with higher piezoelectric coefficient [81]. The structure is transversely fixed and 

the piezoelectric stacks connection at the beam joint acts as a torsional spring, like 

shown in Fig. 6-17. 

The non-uniform geometry of the structure is described by an exponential 

function R0e
mx/L where R0 is the radius of the circular cross-section of the beam at 

x=0, m is the geometry taper ratio, and L is the length. Moreover, ro, ri, and hp are 

outer radius, inner radius, and thickness of the piezoelectric ring, respectively. 

Lastly, it is presumed that the electrode layer is made of a Polyvinylidene thin film 
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(CuNi, Au, etc.) that means the electrode thickness is negligible [130]. It is noted 

that the model does not consider the mechanical effect of thin electrode layer. 

 
Fig. 6-17 Piezoelectric energy harvester platform with piezoelectric stacks. 

 

The energy harvesting efficiency of the harvester can be investigated by setting 

the mechanical vibration input for the system in the form of 𝑦(𝑡) = 𝑌 sinφ𝑡, where 

Y is the amplitude of the base displacement and φ is the angular frequency of the 

harmonic excitation. Hence, the forced lateral vibration of the non-uniform 

structure can be expressed by, 

𝜌𝑠𝐴(𝑥)
∂2𝑤(𝑥,𝑡)

∂𝑡2
+

∂2

∂𝑥2
[𝐸𝑠𝐼(𝑥)

∂2𝑤(𝑥,𝑡)

∂𝑥2
] = −𝜌𝑠𝐴(𝑥)𝜑2𝑌 sin𝜑𝑡, (6-45) 

where x is the position variable along length of the beam, t is the time variable, 

𝜌s is the density of the beam, A(x) is the cross-sectional area, w(x,t) is the 
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deflection function, Es is the elasticity modulus of the beam, and I(x) is the second 

moment of area [46]. 

In this case, boundary conditions for the non-uniform beam are defined as, 

[𝑤(𝑥, 𝑡)]𝑥=0 = [𝐸𝑠𝐼(𝑥)
∂2𝑤(𝑥,𝑡)

∂𝑥2 − 𝐾𝑇
∂𝑤(𝑥,𝑡)

∂x
]
𝑥=0

= 0, 

(6-46) 

[𝐸𝑠𝐼(𝑥)
∂2𝑤(𝑥,𝑡)

∂𝑥2 ]
𝑥=𝐿

= [
∂

∂𝑥
(𝐸𝑠𝐼(𝑥)

∂2𝑤(𝑥,𝑡)

∂𝑥2 )]
𝑥=𝐿

= 0, 

where KT is the equivalent torsional stiffness of the piezoelectric stack rings. By 

considering the rotation of the ring cross-section in its plane, the equivalent 

torsional stiffness of the stack can be expressed as KT=[EI/ro]ring [132]. 

Following the same analytical process from Eq. (4-4) to Eq. (4-10), mass 

normalized normal mode eigenfunctions in the recurrence format are derived as, 

𝑋0(𝑥) = 𝐶1 + 𝐶2𝑥 + 𝐶3
𝑥2

2!
+ 𝐶4

𝑥3

3!
, 

(6-47) 

𝑋𝑘+1(𝑥) = −𝑂𝑥
−1 [2 (

𝑑𝐼(𝑥)

𝑑𝑥

𝐼(𝑥)
)

d3𝑋𝑘(𝑥)

d𝑥3 + (
𝑑2𝐼(𝑥)

𝑑𝑥2

𝐼(𝑥)
)

d2𝑋𝑘(𝑥)

d𝑥2 − 𝜔2 (
𝜌𝑠𝐴(𝑥)

𝐸𝑠𝐼(𝑥)
)𝑋𝑘(𝑥)]    𝑘 ≥ 0. 

Then, the modal participation coefficients Ti(t) are the solution of the ordinary 

differential equation, 

d2𝑇𝑖(𝑡)

d𝑡2
+ 𝜔𝑖

2𝑇𝑖(𝑡) = −𝜌𝑠𝜑
2𝑌 (∫ 𝑋𝑖(𝑥)𝐴(𝑥)d𝑥

𝐿

0
) sin𝜑𝑡. (6-48) 

The steady state solution of Eq. (6-48) can be expressed by, 

𝑇𝑖(𝑡) =
𝜌𝑠𝜑

2𝑌(∫ 𝑋𝑖(𝑥)𝐴(𝑥)d𝑥
𝐿
0 )

𝜔𝑖
2−𝜑2 sin𝜑𝑡. (6-49) 
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As a result, normal mode eigenfunctions in Eq. (6-47) and modal participation 

coefficients in Eq. (6-49) are used to derive the dynamic steady state response of 

the non-uniform structure relative to its base as, 

𝑤(𝑥, 𝑡) = ∑ 𝑋𝑖(𝑥)𝑇𝑖(𝑡)
∞
𝑖=1 = ∑ 𝑋𝑖(𝑥)

𝜌𝑠𝜑
2𝑌(∫ 𝑋𝑖(𝑥)𝐴(𝑥)d𝑥

𝐿
0 )

𝜔𝑖
2−𝜑2 sin 𝜑𝑡∞

𝑖=1 . (6-50) 

At that point, the piezoelectric base is subjected to an external stress field and 

generates electrical charge in response [46]. Following the distributed model 

presented by Erturk and Inman [126], the sensor constitutive relation reduces to, 

𝐷3(𝑥, 𝑡) = 𝑑33𝜎3(𝑥, 𝑡) + 𝜀33
𝜎 𝐸3, (6-51) 

where D3 is the electrical displacement, d33 is the in-plane piezoelectric 

coefficient, 𝜎3 is the stress acted on the piezoelectric stacks, e33
𝜎 is the permittivity 

at constant stress, and E3 is the electrical field along 3-axis. It is noted that 3-axis 

for piezoelectric patches is aligned with x direction along the length of the beam, 

Fig. 6-17. 

The axial stress acting on the piezoelectric stacks along their thickness direction 

can be expressed in terms of bending strain at the root of the beam. Therefore, the 

electrical displacement in Eq. (6-51) can be rewritten as, 

𝐷3(𝑡) = 𝑑33𝐸𝑠
𝑟𝑜+𝑟𝑖

2
(
∂2𝑤(𝑥,𝑡)

∂𝑥2 │𝑥=0) − 𝜀33
𝑉(𝑡)

𝑁𝑝ℎ𝑝
, (6-52) 
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where Np is the number of piezoelectric stacks, hp is the piezoelectric stack 

thickness, 𝜀33 is the permittivity component at constant strain, and V(t) is the 

voltage across the piezoelectric rings. 

It is assumed that the piezoelectric rings are thin which means the cross-section 

dimensions are small compared with the radius [132]. Furthermore, the electrode 

area covers the surface of each stack and they are connected in series, Fig. 6-17. 

Consequently, the total electric charge on the electrode of piezoelectric rings 

considering only half of the area that is under the compression load can be 

estimated as, 

𝑞(𝑡) = 𝑑33𝐸𝑠
𝑟𝑜+𝑟𝑖

2

𝜋(𝑟𝑜
2−𝑟𝑖

2)

2
(

∂2𝑤(𝑥,𝑡)

∂𝑥2 │𝑥=0) − 𝜀33
𝑉(𝑡)

𝑁𝑝ℎ𝑝
. (6-53) 

Then, the generated electric current can be expressed as, 

𝑖(𝑡) =
𝑑𝑞(𝑡)

𝑑𝑡
= 𝑑33𝐸𝑠

𝑟𝑜+𝑟𝑖

2

𝜋(𝑟𝑜
2−𝑟𝑖

2)

2
[

𝑑

𝑑𝑡
(
∂2𝑤(𝑥,𝑡)

∂𝑥2 │𝑥=0)] −
𝜀33𝜋(𝑟𝑜

2−𝑟𝑖
2)

2𝑁𝑝ℎ𝑝

𝑑𝑉(𝑡)

𝑑𝑡
. (6-54) 

Based on Erturk and Inman [126], the calculated electric current in Eq. (6-54) is 

a function of the non-uniform beam vibration and the voltage across piezoelectric 

rings. As shown in Fig. 6-17, the piezoelectric rings with the capacitance of 

𝜀33𝜋(𝑟𝑜
2−𝑟𝑖

2)

2𝑁𝑝ℎ𝑝
 are directly connected to the resistive load RL as a current source. 

Therefore, the generated voltage across the resistive load is given by, 

𝑉(𝑡) = 𝑅𝐿𝑖(𝑡) = 𝑅𝐿𝑑33𝐸𝑠
𝑟𝑜+𝑟𝑖

2

𝜋(𝑟𝑜
2−𝑟𝑖

2)

2
[

𝑑

𝑑𝑡
(
∂2𝑤(𝑥,𝑡)

∂𝑥2 │𝑥=0)] −
𝑅𝐿𝜀33𝜋(𝑟𝑜

2−𝑟𝑖
2)

2𝑁𝑝ℎ𝑝

𝑑𝑉(𝑡)

𝑑𝑡
. (6-55) 

In other words, the electrical differential equation can be rewritten as, 
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𝑅𝐿𝜀33𝜋(𝑟𝑜
2−𝑟𝑖

2)

2𝑁𝑝ℎ𝑝

𝑑

𝑑𝑡
𝑉(𝑡) +

1

𝑅𝐿
𝑉(𝑡) = 𝑑33𝐸𝑠

𝑟𝑜+𝑟𝑖

2

𝜋(𝑟𝑜
2−𝑟𝑖

2)

2
[

𝑑

𝑑𝑡
(
∂2𝑤(𝑥,𝑡)

∂𝑥2 │𝑥=0)]. (6-56) 

By using Eq. (6-50) in Eq. (6-56) and solving the first order differential equation 

of the electrical circuit, the steady state voltage and then electric current can be 

found. Lastly, the output electrical power of the energy harvester is calculated as 

the multiplication of output voltage and charge. 

The presented analytical model can be easily used for parametric study to find 

the effects of various parameters on the efficiency of the energy harvesting system. 

Here, the efficiency factor 𝜂 is defined in Eq. (6-57) as the ratio of the root mean 

square (RMS) of the output electrical power Prms
e to the RMS of the input 

mechanical power Prms
m when the piezoelectric capacitor is charged for the period 

of T. 

𝜂 =
𝑃𝑟𝑚𝑠

𝑒

𝑃𝑟𝑚𝑠
𝑚 =

√
1

𝑇
∫ [𝑉(𝑡)𝑖(𝑡)]2𝑑𝑡

𝑇
0

√1

𝑇
∫ {[∫ 𝜌𝑠𝐴(𝑥)𝑑𝑥

𝐿
0 ]𝜑3𝑌2 sin𝜑𝑡 cos𝜑𝑡}

2
𝑑𝑡

𝑇
0

. (6-57) 

According to Eq. (6-57), the efficiency factor is dependent on so many 

parameters including the vibrational and electromechanical properties of the 

piezoelectric rings and the non-uniform beam, the resistive load, and also the base 

excitation amplitude and frequency. 
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6.4.2 Optimization Model 

Depending on the design requirements, certain objectives and parameters should 

be carefully considered in the optimization process of a mechanical design. The 

optimization procedure for a mechanical system can result in a complex objective 

function with a large number of design parameters. 

During the past decades, the optimum values of an engineering objective 

function have been calculated by applying analytical or numerical methods. These 

classical approaches perform well in some situations, but they mostly fail in 

practical complex design cases due to large number of design parameters and their 

nonlinear effect. Thus, advanced optimization algorithms are employed to evaluate 

the optimization solution within a feasible time and computational cost [133]. 

In order to offer the optimized design of the proposed harvester, simulation-

based optimization technique is used. Here, simulation model is the mathematical 

model of the electromechanical response of the harvesting system under base 

motion. One way to find the optimized design is to run the simulation for all 

possible input parameters. Generally, this approach is not practical in the case of 

complex simulation models or timely and computationally expensive ones. 

Therefore, it is more effective to find optimal values for the inputs instead of trying 

all probable cases. This process without explicitly calculating all of the 

possibilities is called simulation-based optimization [134]. In order to efficiently 
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find the optimal solution, the mathematical model is resolved by iterative methods 

that generate sequences of progressively improved approximations, which 

eventually satisfies the optimal condition [135]. 

For the presented harvester design, the simulation model running process is 

timely and computationally complex and expensive. So, it is not reasonable and 

efficient to use the physical simulation model to find the optimized configuration. 

Therefore, a small dataset is produced by the simulation model and used to train 

the ANN, which replaces the simulation model during optimization process. 

First, a small database of the design parameters is produced, randomly shuffled, 

and loaded to train the ANN. Then, the properly trained neural network that is far 

more computationally efficient compared with the physical simulation model is 

used to evaluate the objective function during the optimization process. Last of all, 

GA solves the optimization problem and delivers the optimal design parameters. 

 

6.4.2.1 Artificial Neural Network 

Inspired by biological neural networks in the brain, ANN is presented as a 

computational model to process information [136]. It was noticed that the 

biological neuron in human brain can conceptualize and learn from large amount 

of data. This characteristic was used and modelled in machines to create identical 

capability [137]. 
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Therefore, the neuron was abstracted into a model of inputs, weights, and 

outputs [137]. The neurons receive input from a dataset they have been given and 

compute the outputs. To initiate the learning process, initial weights are chosen 

randomly. Then, the network iteratively updates each of input weights and 

gradually approximates the primary relationship in the dataset [137]. The errors 

from each classification of record are returned to the network and used to revise 

the algorithm for the next round and so on for several iterations [138]. Once the 

neural network is properly trained, it can be used to generate new accurate dataset. 

Here in this model, a dataset of variable design parameters and energy 

harvesting efficiency is loaded and randomly shuffled to prevent any biased 

conclusions based on the order of the samples. In order to train the neural network, 

the steps represented in Fig. 6.18 are followed. 

 
Fig. 6-18 The training steps of the ANN structure. 
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6.4.2.2 Genetic Algorithm 

GA is a type of optimization and search technique based on the principles of 

genetics and natural selection. According to the indicated selection rules, a 

population of numerous individuals evolves to maximize the fitness or objective 

function [139]. The historical information is efficiently investigated to find new 

search points with expected improved performance [140]. 

In order to solve an optimization problem with GA and maximize the objective 

function, several steps should be followed. First, initial set of points generates the 

initial population. Then, the objective function is evaluated. Based on this 

evaluation, a new population is created. The second population is created from the 

initial one by certain operations called mutation. The goal is to create a new 

population with higher objective function value. The entire procedure is iteratively 

repeated and new populations are generated until the benchmark or certain number 

of iterations is reached and termination criterion is met [141]. Based on the 

procedure perfectly defined by [142], the optimization process by using GAs 

includes the steps represented in Fig. 6.19. 
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Fig. 6-19 The optimization procedure by using the GA. 

 

6.4.3 Simulations, Optimization, and Discussion 

Based on the developed model, the energy efficiency factor of the energy 

harvester is analytically obtained to examine the effect of various parameters. As 

an illustration, a beam like Fig. 6-17 with PIC252 piezoelectric stacks embedded in 

the base is considered with geometric dimensions, material properties, and 

electromechanical coefficients listed in Table 6-4. Additionally, the upper and 

lower bounds for each optimization parameter is defined. 

The excitation of the piezoelectric energy harvester is due to the harmonic base 

translation and the steady state dynamic response of the system is of interest. 

Based on the convergence study for vibration analysis of non-uniform beams, 20 

terms of mode shape function series (n=20) are used to accurately present the final 

vibration mode shape function for the first three vibration modes [1], [22]. 
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Table 6-4 Geometry and material properties of the energy harvester platform. 

Non-uniform beam 

Taper ratio Length (m) Radius (mm) Elasticity (GPa) Density (kg/m3) 

0 ≤ m ≤ 0.6 0.45 ≤ L ≤ 0.55 3 ≤ R0 ≤ 5 Es = 68.9 ρs = 2700 

Piezoelectric stack ring 

Inner radius 

(mm) 

Outer radius 

(mm) 

Thickness 

(mm) 
Number 

Elasticity 

(GPa) 

Density 

(kg/m3) 

Piezoelectric 

coefficient 

(pm/V) 

Permittivity 

coefficient 

(nF/m) 

1 ≤ ri ≤ 2 3 ≤ ro ≤ 5 hp = 0.1 N = 4 Ep = 48.3 ρp = 7800 d33 = 400 𝜀33 = 15.494 

External load Excitation 

Electrical resistance (kΩ) Amplitude (m) Frequency (rad/s) 

RL = 10 Y = 0.001 φ1 = 100 φ2 = 200 

 

For instance, Fig. 6-20 shows the electrical power output for various beam taper 

ratios (0≤m≤0.6), beam lengths (0.45m≤L≤0.55m), and two excitation frequencies 

(φ=100rad/s and 200rad/s) by considering other optimization parameters to be 

constant. In this particular case, ri=1mm, ro=5mm, and T=0.1s. It is noted that all 

the beams have equal volume and mass. 

As can be seen in Table 6-4 and Fig. 6-20, there is a huge number of possible 

combinations for optimization parameters to find the most efficient design. The 

output electrical power depends on many different parameters and factors that their 

effect should be measured and studied carefully. Due to large number of design 

variables and their impact on the objective function, the simulation model running 

procedure is complicated and expensive in terms of time and computation power. 

Thus, it is not practical to use the simulation-based optimization methods to find 
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the optimized design. In order to remedy this problem, an ANN replaces the 

simulation model. The ANN is used during the optimization process instead of the 

original timely and computationally expensive simulation model. Then, the genetic 

algorithm solves the optimization problem. The objective function here in this 

design is the efficiency factor 𝜂 in Eq. (6-57). 

 
Fig. 6-20 The electrical power output for the platform energy harvester with various beam taper 

ratios, lengths, and excitation frequencies. 

 

The first and simplest kind of ANNs, feedforward backpropagation architecture, 

is used here. A typical feedforward backpropagation neural network consists of 

one input layer, at least one hidden layer, and one output layer. Although the 

hidden layers are not theoretically limited, they usually are one or two [138]. For 

the current model, one input layer with four nodes corresponding to four design 

parameters, two hidden layers, and one output layer with one node corresponding 

to the efficiency of the harvester is chosen. Additionally, the machine-learning 
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technique used for designing the ANN is the regression model. Regression models 

define the relationship among a set of inputs and an output [143]. 

First, a small dataset of the input parameters and the corresponding efficiency 

output is produced, randomly shuffled, and loaded to train the ANN. A training set 

is defined which contains 75% of the dataset and is used to train the ANN. The 

remained 25% of the dataset is used as the test set. The test set evaluates the 

precision and accuracy of the trained neural network. The measure for performance 

evaluation of the ANN regression model is calculated by R2 which is defined as, 

𝑅2 = 1 −
∑ 𝑒𝑖

2𝑛
𝑖=1

∑ (𝑦𝑖−𝑦̅)2𝑛
𝑖=1

. (6-58) 

where 𝑒𝑖 = 𝑦𝑖 − 𝑦̂𝑖 is the residual prediction error, 𝑦𝑖 is the test set output obtained 

from the physical simulation model, 𝑦̂𝑖 is the predicted output by ANN, n is total 

number of test data, and 𝑦̅ is the mean of the test data outputs. 

It is noted that the ANN performance and accuracy totally depends on the 

number of the training data points. Enlarging the initial dataset increases the ANN 

performance, which eventually results in a more accurate optimization results. On 

the other hand, generating a large initial dataset is timely and computationally long 

and expensive. As can be seen, the optimization process could be challenging 

when the level of electromechanical complexity increases in the harvester design. 

Additionally, the optimization procedure can get mathematically more complicated 

by considering more variable design parameters. 
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Finally, the successfully trained neural network replaces the simulation model. 

Fig. 6-21 depicts the neural network structure and also shows the design 

parameters considered for the training and optimization process. 

 
Fig. 6-21 The ANN structure with input and output variables. 

 

Figs. 6-22 and 6-23 show the ANN training regression with two hidden layers 

and ten neurons for the model with base excitation frequencies φ1=100rad/s and 

φ2=200rad/s. Four plots represent the training, validation, testing, and global data. 

The dashed lines in the plots show the target result. The solid lines show the best 

fit linear regression line between output and target. Moreover, R is an indication 

value that expresses the relationship between output and target. When there is an 

exact linear relationship between output and target, the indication value is one. On 

the other hand, there is no linear relationship when R is close to zero. 
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As shown in Figs. 6-22 and 6-23, the training data shows a very good fit. In 

addition, the validation and test results indicate close to one R values. 

 
Fig. 6-22 The ANN training regression with base excitation frequency φ1=100rad/s. 

 

Fig. 6-24 displays the performance functions during ANN training process. The 

train, validation, and test curves are very close which indicates that the ANN is 

successfully trained for two design cases. 
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Fig. 6-23 The ANN training regression with base excitation frequency φ2=200rad/s. 

 

Lastly, the performance comparison between ANN predictions and numerical 

simulation results is represented in Fig. 6-25. As can be seen, the neural network 

perfectly predicts the test set simulation outputs for two design cases. 
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(a) 

 
(b) 

Fig. 6-24 Performance functions during ANN training. (a) Base excitation frequency 

φ1=100rad/s. (b) Base excitation frequency φ2=200rad/s. 

 

As a conclusion for the ANN training part, four approaches can be followed to 

improve the training results [143]. 

1. Initializing the network and the training again. In a feedforward network, 

parameters are different each time and might generate different output. 

2. Increasing the number of hidden neurons. Generally, more neurons in the 

hidden layer give more flexibility to the ANN because it has more parameters to 

optimize. 
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3. Trying a different training function. 

4. Providing additional training data. 

 
(a) 

 
(b) 

Fig. 6-25 ANN and numerical simulation performance comparison. (a) Base excitation 

frequency φ1=100rad/s. (b) Base excitation frequency φ2=200rad/s. 

 

Once the ANN is successfully trained, it replaces the simulation model in the 

GA optimization procedure. This simulation model substitution simply changes the 

optimization running time from weeks to seconds. In addition, there is no doubt 

that the required computational power is much less too. 
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Based on [142] and as shown in Fig. 6-19, the first step is the coding of 

optimization parameters into genes and chromosomes. Generally, this step deals 

with arrangement of optimization parameters or chromosomes in a systematic way. 

For the optimization problem here, four optimization parameters consisting of 

beam taper ratio, beam length, piezoelectric ring inner radius, and piezoelectric 

ring outer radius are considered. These parameters are chosen because they have 

considerably greater influence on the energy harvester performance. Besides, 

ambient vibration parameters such as vibration amplitude and frequency are not 

involved in the optimization problem because the designer cannot control these 

environmental parameters. 

The next step is creating the initial population from huge number of 

chromosomes. The objective function is then evaluated for each chromosome. The 

outputs and the corresponding chromosome are ranked and the best candidates are 

chosen through natural selection. Here, natural selection rate of 50% is selected. It 

means that at each iteration, half of the chromosomes with the highest efficiencies 

are nominated to continue to the next step. It is noted that better performance 

means higher ANN efficiency outputs. Due to the large random quantity of the 

dataset, the chance of finding the global extremum is high. Obviously, larger initial 

population has better chance of finding the optimization solution. 
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As the GA process continues, pairing, mating, and mutation happens and the 

population decreases. In order to prevent the convergence to a local solution, a 5% 

portion of the population is mutated to search new traits. Finally, at some point, the 

objective function satisfies the stopping criteria and the GA gives the optimized 

variables. The GA convergence graph toward a global solution is plotted in Fig. 6-

26 for two design cases. 

 
(a) 

 
(b) 

Fig. 6-26 GA convergence graph. (a) Base excitation frequency φ1=100rad/s. (b) Base excitation 

frequency φ2=200rad/s. 
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The optimized design parameters evaluated from the GA for two optimization 

cases are tabulated in Table 6-5. As can be seen, the reported optimized values for 

taper ratio, beam length, and piezoelectric ring size are completely dependent on 

the ambient vibration frequency. For lower excitation frequencies (φ≈100rad/s), 

higher nonlinearity in the design delivers better energy harvesting efficiency. The 

higher geometrical non-uniformity and length of the beam lowers the structure 

natural frequency and generates larger bending moment that directly applies to the 

piezoelectric stacks and produces higher power output. In contrast, for higher 

excitation frequencies (φ≈200rad/s), a structure with smaller nonlinearity generates 

more electrical power. The lower geometrical non-uniformity and smaller length of 

the beam increases the structure natural frequency to match the ambient frequency. 

Last of all, radius of the beam cross-section was not considered as an independent 

parameter in the design since the volume of the structure was set to be a constant 

value in all possible configurations. By considering the constant piezoelectric 

material volume used for the energy generation, the power density generated from 

the optimized piezoelectric patch is 576.179W/m3 or 0.074W/kg. 
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Table 6-5 GA optimization setting and results. 

Excitation frequency φ1=100rad/s 

Artificial neural network parameters Genetic algorithm parameters 

Dataset Hidden layers Neurons R2 Initial population Mutation rate 
Maximum 

iteration 

100 2 10 0.9081 1000 5% 50 

Optimized design values 

Taper ratio Length (m) Inner radius (m) Outer radius (m) Power RMS (μW) Efficiency 

0.3 0.55 0.002 0.005 4.8395 0.000072 

Excitation frequency φ2=200rad/s 

Artificial neural network parameters Genetic algorithm parameters 

Dataset Hidden layers Neurons R2 Initial population Mutation rate 
Maximum 

iteration 

100 2 10 0.9854 1000 5% 50 

Optimized design values 

Taper ratio Length (m) Inner radius (m) Outer radius (m) Power RMS (μW) Efficiency 

0.1 0.45 0.002 0.005 15.1973 0.000023 

 

6.4.4 Conclusion 

This section of the thesis presented the analytical model and optimized design of 

a new energy harvesting system. The steady state vibration response of the 

harvester platform subjected to a harmonic base motion was obtained and electrical 

outputs were analytically derived. Moreover, the in-plane polarization of the 

piezoelectric materials was used to maximize the energy harvesting efficiency. 

Finally, machine-learning models were developed to find the optimum mechanical 

design following the simulation-based optimization technique. 
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Since the running procedure of the presented simulation model was very 

complex and expensive in terms of time and computation power, a properly trained 

feedforward backpropagation ANN replaced the simulation model. A training set 

was generated, randomly shuffled, and loaded to train the neural network. Then, a 

test set was used to evaluate the performance of the trained ANN. As the final 

point, the properly trained neural network replaced the physical simulation model. 

Finally, the GA was employed to find the global optimized design parameters. 

For the proposed energy harvesting platform optimization problem, beam taper 

ratio, beam length, and piezoelectric ring size were selected as the optimization 

parameters. These parameters were chosen because they have significantly 

superior effect on the energy harvester performance. Moreover, ambient vibration 

parameters such as vibration amplitude and frequency are not involved in the 

optimization problem because the designer cannot control these environmental 

parameters. It was demonstrated that the optimal values of the design parameters 

completely depends on the ambient vibration parameters. Considering a specific 

ambient vibration characteristics, the presented model can deliver the optimum 

design of the piezoelectric energy harvester platform to generate the highest 

possible electrical power. 
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6.5 Summary and Conclusion 

This chapter of the thesis presented the theoretical development of four different 

piezoelectric energy harvesting systems. First, the electromechanical solution of a 

nonlinearly tapered FGM cantilever energy harvester was analytically presented. It 

was demonstrated that the new non-uniform configuration of the piezoelectric 

harvester results in higher electrical outputs compared to the conventional uniform 

ones. Then the non-uniform harvester concept was used to configure a wideband 

energy harvesting system. This novel wideband harvesting system was the 

combination of multiple non-uniform bimorphs with identical mass, volume, and 

length that significantly increased the electrical outputs. Afterward, a composite 

energy harvester with embedded piezoelectric stacks was investigated to benefit 

from the more desirable in-plane piezoelectric polarization mode. Depending on 

the electrical requirements, greater electric charge or voltage can be produced by 

using the recommended configuration. Lastly, the optimum design of an energy 

harvesting platform system by stacking up piezoelectric rings in the boundary of a 

non-uniform beam with machine-learning models was presented. The piezoelectric 

stack design inside the platform can help to realize the larger strain values and 

subsequently harvest more electrical power. 
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Chapter 7 

 

7 Conclusions and Future Works 

Dynamic analysis of non-uniform structures in an effort to achieve a superior 

design and optimize weight and strength has been of interest for many years and is 

still receiving attention. To model and derive the dynamic response of such a 

design, a powerful mathematical method is required. Once the mathematical 

method is developed and the dynamic behavior is accurately modeled, it can be 

used to study the vibration and stability of non-uniform piezoelectric coupled 

structures. 

In this research, an analytical model to solve the vibration of non-uniform 

slender beams with general geometry and FGM variation profiles is presented for 

the first time in the literature. Then, this effective methodology is employed to 

study the stability enhancement and energy harvesting of piezoelectric coupled 

non-uniform structures. It has been demonstrated that non-uniform piezoelectric 

coupled geometry of the beam not only fulfils architectural and functional design 

requirements, but also significantly increases the system stability. On the other 

hand, the new non-uniform configuration has proved to be capable of considerably 

increasing the electromechanical outputs of the piezoelectric energy harvester in a 

wide frequency domain. 
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7.1 Thesis Summary and Conclusions 

In this thesis, an analytical model for the vibration analysis of nonlinearly 

tapered beams with axially FGM properties subjected to general boundary 

conditions within the Euler–Bernoulli beam theory framework valid for any 

slender beam was provided. The effects of geometry and material properties 

variation were comprehensively investigated. For various non-uniform beams, 

natural frequencies and corresponding vibration mode shape functions were 

calculated. Furthermore, efficiency and effectiveness of the methodology were 

confirmed by experimental test and comparison with existing numerical results. It 

is noted that due to some technical limitations and lack of necessary equipment, it 

was not possible to experimentally validate the vibration mode shapes of the 

nonlinearly tapered beam. However, the very small error (less than 3%) comparing 

the first two natural frequencies calculated from experiment and theory clearly 

demonstrates the accuracy and precision of the presented model. 

Next, it was demonstrated that piezoelectric layers and their coupling effect in 

addition to the non-uniform geometry, significantly enhance the stability of the 

structure. Effects of compressive follower force, geometry taper ratio, boundary 

condition, and external piezoelectric voltage on flutter and buckling capacities of 

non-uniform piezoelectric coupled beams were thoroughly examined. According to 

the presented numerical studies, the non-uniform design could have higher flutter 
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and buckling capacities for different restraint degrees at the boundary. In other 

words, a non-uniform piezoelectric coupled beam with lighter mass can deliver 

identical flutter and buckling capacities to that of a uniform one. It is noted that the 

presented model is applicable to beams with continuous profile variation. As a 

result, local damage or buckling in the structure cannot be modelled and analyzed. 

The model was also used to analytically develop a non-uniform piezoelectric 

energy harvester. It was applied to surface bonded piezoelectric beams with non-

uniform geometry and material variation profiles to derive the dynamic response of 

the structure to external environmental excitations and harvest the subsequent 

mechanical vibration energy. Based on the parametric study, effects of non-

uniform geometry, FGM variation profile, and excitation frequency on the voltage 

output and beam tip displacement FRFs were studied. It was proved that the new 

non-uniform configuration increases the electromechanical outputs. 

Moreover, a group of non-uniform harvesters was used to configure a wideband 

piezoelectric energy harvesting system. It was demonstrated that with the proposed 

combination of multiple nonlinearly tapered beams with slight variation in the 

geometry profile but the same volume, mass, and length, the system could 

effectively and optimally function over a wide frequency range and also increase 

the electrical outputs. 



177 

Then, a new composite energy harvester with embedded piezoelectric stacks was 

presented. In order to increase the electrical outputs, the in-plane polarization of 

the piezoelectric elements was used. The steady state vibration response of the 

composite harvester subjected to a harmonic base motion was obtained and 

electrical outputs were analytically derived. Effects of embedded piezoelectric 

stacks number, length, and thickness in a wide frequency domain were studied. 

The comparison of results proved better electrical outputs of the proposed design. 

Lastly, the optimum design of an energy harvesting platform by stacking up 

piezoelectric rings in the boundary of a non-uniform beam was presented. By using 

the in-plane polarization, the piezoelectric stack design inside the platform can 

help to realize larger strain values and subsequently generate higher electrical 

power. The optimization process was performed by using ANN and GA. It is noted 

that the precision of the optimization results completely depends on the number of 

the training data points collected. Enlarging the initial dataset improves the ANN 

performance that ultimately results in a more accurate optimization outputs. On the 

other hand, producing a big enough primary dataset is timely and computationally 

expensive. Therefore, the optimization process could be challenging when the level 

of electromechanical complexity increases in the design. Moreover, optimization 

procedure can get mathematically more difficult by considering more variable 

design parameters. 
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One last important thing to consider is the manufacturing process. Obviously, 

producing beams with variable cross-sectional profile has some manufacturing 

challenges. However, it was proved that a non-uniform beam/column with lighter 

mass can deliver identical flutter and buckling capacities to that of a uniform one. 

Moreover, in the case of piezoelectric energy harvesting, improved power density 

for the proposed non-uniform configurations was shown. Still, attaching 

piezoelectric patches on surface of the beam’s variable profile could be puzzling. 

One easy way to solve this problem could be using small piezoelectric elements 

with higher flexibility. 

 

7.2 Future Works 

This thesis presented a very powerful mathematical model to solve partial 

differential equations with nonlinear variable coefficients. The model was used to 

derive the dynamic response of non-uniform beams within the framework of 

Euler–Bernoulli theory. Undoubtedly, the mathematical approach can be further 

developed for advanced beam theories such as Timoshenko beams and even more 

complex engineering structures such as plates and shells. Therefore, more 

theoretical and mathematical improvements can be made in order to optimize and 

further advance the analytical model presented in this thesis. 
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The proposed non-uniform configuration coupled with piezoelectric materials 

demonstrated better characteristics compared to a conventional uniform design in 

terms of stability and energy harvesting. For different geometries, material 

properties, loading patterns, boundary conditions, and engineering applications, 

various machine learning techniques and approaches can be utilized to find the 

optimized configuration in order to considerably enhance the structural stability or 

increase the energy harvesting efficiency. 

In addition, the effect of non-uniform design on the local damage and buckling 

issues can be modelled and investigated by using the method of discrete beam 

sections. Future studies on this subject can help to further examine impact or high 

frequency dynamic axial direction loading scenarios. 

For the sake of simplicity in the optimization process of the proposed multi-

stacked energy harvester platform, only four design parameters were selected. 

Several other variable design parameters such as layer number and thickness in 

addition to ambient vibration parameters could also be involved in the optimization 

problem. Moreover, the power efficiency factor can be replaced by other objective 

functions such as energy density. Last but not least, other training methods and 

optimization models can be employed to study the problem and compare the 

optimized output results. 
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Lastly, the transient charging process, storage units, and harvesting circuits can 

be modelled and designed to complete the harvesting system and make use of the 

regenerated energy. Additionally, further experimental studies can be performed to 

evaluate the designed non-uniform harvesters and assess system manufacturing, 

assembly, and integration. 
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