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Abstract

Many real world optimization problems involve multiple conflicting objectives,

constraints and parameters. Multi-objective optimization (MOO) techniques are used

to solve these problems. The goal of MOO is to find a set of optimal solutions, or

the Pareto optimal front. Multi-objective evolutionary algorithms are heuristics that

evolve a population of candidate solutions to find the Pareto optimal front in a single

run. The selection criterion used to select individuals in the population play an im-

portant role in determining the quality of the solutions. Pareto-based algorithms use

the Pareto selection criterion to evolve different parts of the solution space introducing

diverse solutions, but converge slowly to the optimal front. On the other hand, non-

Pareto selection Criterion (NPC) algorithms converge faster to the Pareto front, but

in the process eliminate other diverse solutions. To compensate for the strengths and

weaknesses of PC and NPC, hybrid frameworks such as BCE (bi-criterion evolution-

ary) have been proposed. In BCE, the PC and NPC algorithms evolve separately, but

also co-operate by exchanging information to explore and exploit the objective space.

In the literature, two well-known evolutionary algorithms, Non-dominated Sorting

Genetic Algorithm II (NSGA-II) (PC) and Multi-objective Evolutionary Algorithm

based on Decomposition (MOEA/D) (NPC) have been used as a case study in the

BCE framework. However, the individual algorithms are computationally expensive.
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Abstract iii

In this thesis, we study the parallelization of the BCE framework. NSGA-II is

highly data parallel, and is well suited for single instruction multiple data architec-

tures. MOEA/D is non-data parallel with some parts of the algorithm being sequen-

tial. Therefore, we design the parallel NSGA-II algorithm on the GPU multi-core

accelerator and parallel MOEA/D algorithm on multi-core CPU machines using an

island model. Using the travelling salesperson benchmark data sets we analyze the

performance of the parallel hybrid algorithm quantitatively and qualitatively using

metrics such as IGD scores, scalability, and speedup.
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Chapter 1

Introduction

1.1 Overview

Many real-world applications can be represented as networks. Com-

mon examples include transportation, biological, social or epidemiolog-

ical networks. A network consists of entities that is divided into a set

of objects called nodes and a set of relationships between the nodes

called links. Nodes and links are then projected onto an abstract math-

ematical geometric graph formation as vertices and edges, respectively.

Graphs are useful data structures to model networks. The network is

usually represented as a weighted graph. Real-world applications can be

formulated as an optimization problem [42]. That is, optimize (max-

imize or minimize) an objective function with some constraints. For

example, in a transportation network, the goal of the routing algorithm

2



1.1 Overview 3

is to minimize the travelling distance between source and destination.

Here the the nodes represent the intersections and edges the roads. An-

other example, in business network application, the nodes may repre-

sent the portfolios and the edges between the portfolios. The problem is

then to cluster the portfolios that maximize profit. Problems targeting

a single solution with the goal of optimizing a single objective function

are termed as single-objective optimization problems (SOPs). The aim

of such modelling is to find an (or a set of) optimal solution(s) to the

given problem.

In many real world applications, however, the optimization problem

translates to finding optimal solutions by considering more than one

objective at the same time. And the objectives are often conflicting with

each other. For example, in vehicle routing problem, the goal is to find a

route between two points that will minimize both the travelling time and

travelling distance. Another example with competing objectives can be

found in the process of designing aircrafts within aerospace industries,

where the goal is to increase the robustness of the aircrafts (i.e., a

maximization problem) but also to keep the manufacturing costs as low

as possible (i.e., a minimization problem). Such problems are termed

as multi-objective optimization problems (MOPs) and are increasingly
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popular in a wide range of disciplines.

Multi-objective optimization problems (MOP) formulate optimiza-

tion problems as either minimization or maximization problems with

one or more conflicting objectives. The quality of the solution is de-

termined by performing a test called the dominance test. This can be

defined as follows. Given two solutions, x1 and x2, solution x1 domi-

nates solution x2 if:

• Solution x1 is not worse than solution x2 in all objectives, and

• Solution x1 is strictly better than solution x2 in at least one objec-

tive.

If the above conditions hold, we say solution x1 dominates solution

x2. Or in other words, solution x2 is dominated by solution x1. The

non-dominated solution set is a set of all the solutions that are not dom-

inated by any other member of the solution set, and the non-dominated

set of the entire feasible decision space is termed as the Pareto-optimal

set (PS). We use the set of all points mapped from the Pareto optimal

set in the objective space to define the boundary, which is called the

Pareto optimal front (PF). The goal of an algorithm in solving MOPs

is to find the PS from decision space such that the PF in the objective

space can be best projected. When assessing a MOP algorithm, we
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focus on the optimality and diversity of its solution. Optimality means

that each solution in the set is a well representation of an optimal com-

bination of the competing objectives. Diversity means that the points

on PF mapped from the solutions in the set are evenly distributed [45].

Finding diverse optimal solutions for most multi-objective optimization

problems is an NP-Hard problem. There is no polynomial time algo-

rithm and heuristics are used to solve MOP [42]. In this thesis, we

consider evolutionary multi-objective optimization (EMO) heuristics.

EMO heuristics evolve a population of candidate solutions to find

the Pareto optimal front in a single run. The selection criterion [32]

used to select individuals in the population play an important role in

determining the quality of the solutions. Pareto-based algorithms use

the Pareto selection criterion to evolve different parts of the solution

space introducing diverse solutions, but converge slowly to the optimal

front. On the other hand, non-Pareto selection Criterion (NPC) algo-

rithms converge faster to the Pareto front, but in the process eliminate

other diverse solutions. To compensate for the strengths and weak-

nesses of PC and NPC, hybrid frameworks such as BCE (bi-criterion

evolutionary) have been proposed.

In BCE, the PC and NPC algorithms evolve separately, but also
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co-operate by exchanging information to explore and exploit the objec-

tive space. In the literature, two well-known evolutionary algorithms,

Non-dominated Sorting Genetic Algorithm II (NSGA-II) (PC) [17]

and Multi-objective Evolutionary Algorithm based on Decomposition

(MOEA/D) (NPC) [56] have been used as a case study in the BCE

framework [32]. MOEA/D decomposes a MOP into a set of scalar op-

timization sub-problems, and solves them simultaneously to provide an

aggregation as the final solution to the MOP.

One variation of MOEA/D with respect to parallelization is pro-

posed in [38]. In this work, an island model is used for solving each

subproblem simultaneously after decomposition. In other words, af-

ter applying decomposition, each subproblem is represented by a single

island. Neighbourhood is then defined for each island. And islands

evolve independently in parallel, with periodical exchanges of informa-

tion between an island and its neighbouring islands. More specifically,

good solutions from an island’s neighbouring islands are used to replace

the island’s bad solutions. In [38], islands exchange solutions asyn-

chronously. In this thesis, we develop a variation of parallel MOEA/D

with island model, with different update mechanism and synchrounous

communication.
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The individual algorithms, however, are computationally expensive.

In this thesis, we study the parallelization of the BCE framework.

The sequential BCE framework proposed by Liu et al. [37] is

used as the basis of the proposed parallel design and implementation.

NSGA-II is highly data parallel, and is well suited for single instruc-

tion multiple data architectures. MOEA/D is non-data parallel with

some parts of the algorithm being sequential. Therefore, we design the

parallel NSGA-II algorithm on the GPU multi-core accelerator and par-

allel MOEA/D algorithm on multi-threaded multi-core CPU machines.

Each of the sub-problems are executed in parallel, exchanging infor-

mation at the end of each generation. Using the travelling salesperson

benchmark data sets we analyze the performance of the parallel hybrid

algorithm quantitatively and qualitatively.

The rest of the thesis is organized as follows. Chapter 2 and Chap-

ter 3 provide a brief background on what is required in understanding

this thesis. Chapter 4 presents the literature review on evolutionary

algorithms. Our proposed parallel approach is described in Chapter 5.

Experiments and results are presented in Chapter 6. Chapter 7 sum-

marizes the thesis and discusses potential future work.
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1.2 Contribution

The contribution of this thesis is to study the parallelization of the

hybrid algorithm for solving MOP problems. We choose the multi-

core architecture that best suits the individual algorithms for increased

performance. We test the parallel algorithm against the sequential al-

gorithm for the correctness of the results using benchmarks from multi-

objective travelling salesperson problem data sets and provide perfor-

mance analysis using standard parallel computing metrics.



Chapter 2

Background on Multi-Objective

Evolutionary Algorithms

Evolutionary algorithms (EA) are inspired by the Darwinian prin-

ciple: selection of the fittest. Genetic algorithm (GA) is an example

of EA. GA maintains a population and using crossover and mutation,

evolves new population of candidate solutions in each generation. EAs

are promising heuristics for solving optimization problems. They are

highly adaptive to uncertainties in complex problems, simple to under-

stand and can be flexibly applied to real world problems. Moreover,

population-based techniques such as GA they are easily parallelizable.

Over the past few years, evolutionary algorithms have been studied

to solve MOP. These algorithms are categorized into evolutionary multi-

objective optimization algorithms.

9
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2.1 Evolutionary Multi-objective Optimization Al-

gorithms

An evolutionary multi-objective optimization algorithm (EMO) al-

gorithm manipulates a population of solutions in every iteration and is

therefore naturally suited for finding a set of non-dominated solutions

in MOPs. Although an EMO algorithm does not guarantee to find the

Pareto optimal solutions as it is only a heuristic, it tries to find sub-

optimal solutions through repeated improvements to non-dominated so-

lutions. Therefore, when solving practical problems, an EMO algorithm

finds solutions based on two principles [18]:

• Find the non-dominated solutions with sufficiently good optimality

and high diversity.

• Decide on a final solution by using higher-level information.

An important advantage of using an EMO algorithm compared to tra-

ditional posteriori techniques for solving MOP is that the algorithm

can return multiple candidate solutions (i.e., multiple non-dominated

points) which indicate different trade-off within a single simulation run

[18]. The good solutions (closer to Pareto front) are inserted into the

population pool to force the algorithm to explore the area that produces
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the good solution. Through reproduction operators, the algorithm in-

troduces new solutions directed towards the Pareto front.

EMO algorithms can be categorized into two categories based on

their evolution process and selection criterion: Pareto dominance EMO,

or referred to as Pareto Criterion (PC) evolution, and Non-Pareto Cri-

terion (NPC) evolution [37].

PC Evolution: PC evolution techniques emphasize Pareto dominance

when selecting offspring in each generation. A vector is used to store

the fitness scores of each individual in the population and the individ-

uals are ranked based on their Pareto dominance. In a MOP, the final

solution is a set Pareto non-dominated solutions. Therefore, it seems

reasonable the individual selection is based on Pareto dominance. How-

ever, the drawback of only focusing on Pareto dominance when selecting

individuals is that it may fail to distinguish between individuals when

each of the individual solutions have their own advantage in different

objectives [32]. In general, PC evolution techniques suffer from slow

convergence to optimal front [48], lack of indication and interpretation

on the quantitative difference between the two individuals for different

objectives [12], and performance being less satisfactory if the Pareto set

has complex characteristics (i.e., if the MOP involves multiple trade-off,
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non-linear dependencies, or conflicting objectives) [31]. In this thesis,

NSGA-II is used as the algorithm for prompting PC evolution.

NPC Evolution: Methods in NPC evolution categories are based on de-

composition techniques in solving a MOP. An NPC method decomposes

a given MOP into a number of scalar, optimizing sub-problems. Each

sub-problem has its own population maintained for its own evolution. A

real value representing the fitness score is assigned to each individual in

this population, and individuals are ranked by this score when selecting

the fittest one as the final optimal solution to this specific sub-problem.

An aggregation of all the optimal solutions from each sub-problem is

the final output to the MOP. By using decomposition strategy, NPC

evolution prompts higher selection pressure towards the Pareto front

and thus faster convergence [27]. Although it is not being used in this

proposed work, another advantage of NPC evolution is the possibility

of embedding local search techniques to further facilitate search of good

solution for each sub-problem [12] [31]. The idea of pushing higher se-

lection pressure towards optimal front has it’s own disadvantages. The

final solutions may not be distributed uniformly along the Pareto front

as different parts of the Pareto front may be treated differently and

some Pareto optimal solutions may be dropped during the evolution
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process depending on the criterion used [32]. Another challenge faced

by NPC evolution is how to maintain the uniformity of points of the

Pareto front [32]. Ideally, the points should be evenly distributed along

the Pareto front when the set of non-dominated solutions shows good

diversity. These techniques are fast at convergence but do not produce

diverse solutions.

In this thesis, MOEA/D technique is used to lead the NPC evolution

process.

2.2 Non-dominated Sorting Genetic Algorithm II

(NSGA-II)

Being one of the widely used EAs to solve MOPs, non-dominated

sorting genetic algorithm II (NSGA-II), proposed by Deb et al. [17]

stimulates the natural selection inspired by the Darwinian theory. NSGA-

II becomes to the PC evolution category. As mentioned above Pareto

dominance techniques fail to distinguish between individuals when each

of the individual solutions have their own advantage in different objec-

tives [32]. Therefore to alleviate this, density information around each

individual in the population are used to further rank the individuals.

NSGA-II [17] represents one such algorithm. Figure 2.1 gives a high
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level overview of NSGA-II.

Figure 2.1: NSGA-II Overview

NSGA-II emphasis is on elitism (survival of the fittest), diversity

preservation and non-dominated solutions to find multiple Pareto so-

lutions. As the algorithm is based on non-dominated solutions, (recall

Chapter 1) these solutions form the Pareto front. Given two or more

conflicting objectives, non-dominated solutions provide the solutions

that best fits the objectives. This implies, a solution x is compared
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with every other solution in the population to determine its domi-

nance. If none of the solutions dominate it, then solution x is a non-

dominated solution and is selected by the NSGA-II. This solution will

be one of the solutions in the Pareto set to form the Pareto optimal

solutions. Mathematically, given a set of objectives, fi, i = 1, ..., n, and

two feasible solutions, x1 and x2, solution x1 dominates solution x2 if:

∀i ∈ 1, 2, ..., n, fi(x1) ≤ fi(x2) and ∃i ∈ 1, 2, ..., nfi(x1) < fi(x2).

In this thesis, we will use NSGA-II as our algorithm to drive PC

evolution process. NSGA-II follows the following steps when evolving

the solutions set [17] [37]. Figure 2.2 illustrates the details:

Figure 2.2: NSGA-II Algorithm Steps

1. Create Initial Population: An initial parent population Pt will be

created, filled with solutions which are generated randomly. Each
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solution in the population is termed as an individual to represent

chromosomes from real world biological behaviours. Since each

individual in the population is represented by a chromosome, it

contains a string of genes. In the context of NSGA-II, our the genes

will be representing the values of the decision variables. In order

to determine which chromosomes (i.e., individuals in the current

population) are the fittest to survive, we use objective functions to

calculate a fitness value and assign it to each individual. Since we

are dealing with MOPs, the fitness score for each individual will

be in the form of a vector instead of a single value as in SOPs.

And the size of the fitness vector will be equal to the number of

objectives in the given problem.

2. Breeding (Reproduction): An offspring population Qt will be cre-

ated from parent population by a series of genetic operations.

The common genetic operations include crossover and mutation.

Crossover takes sections from individuals in the parent population

and recombines them to form a new individual. Mutation tweaks

an element (or a couple of elements, depends on the program set-

ting) of an individual to another element and this happens with a

predefined probability.
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3. Whole Population: With NSGA-II, the parent and offspring pop-

ulations (Pt + Qt) are combined to form a whole population. The

size of the whole population is 2N .

4. Non-dominated Sorting: Non-dominated sorting is applied to this

Pt+1 by ranking and classifying all the individuals into different

fronts based on their fitness vectors. In other words, the individuals

are sorted according to an ascending level of non-domination. A

new population is then formed by filling in with individuals based

on their front rankings. The first front (PF1)is completely non-

dominant set from the current population. The second front (PF2)

being dominated by the individuals in the first front only and the

front goes so on. Rank (fitness) is assigned to each individual in

each front depending on which front they belong to. Individuals in

the first front are assigned fitness 1, the individuals in the second

front are assigned fitness 2, and so. Note that the individuals from

the smallest rank (rank 1) are chosen first, then from rank 2, and

so on, such that they do not exceed size N . This process introduces

elitism.

In Figure 2.2, F1 and F2 will have a place in the new population,

Pt+1. F4 and F5 will be discarded by their lower ranks front. F3
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front is taken partially. Crowding distance selection (next step)

will be applied to individuals in that front to choose which ones

will be included in the new population. This is done to keep the

size of the new population consistent.

5. Crowding distance Selection: This process ensures diversity. Cal-

culate the crowding distance of each individual in the same rank.

It is applied to the least optimal Pareto front (from previous step)

to choose solutions with largest crowding distance to be included

in the new population. In Figure 2.2, this front is front F3. The

crowding distance is a measure of how close the individual is to

their neighbours. Large crowding distance results in better diver-

sity. Individuals from different ranks are selected according to rank

order. The newly created population will be the parent population

for the next generation. That is, solutions in F1, F2 and selected

solutions from F3 will be the new population Pt + 1 in the next

generation. At the end this step, there are N individuals in the

population.

6. Check for Termination: If the terminating condition (eg., user de-

fined number of generations) is satisfied, go to Step 6. Otherwise,

go back to Step 2 and continue the process. Set Pt = Pt+1.
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7. Termination: Program will stop and the final Pareto front will be

returned as the output of the algorithm.

2.3 Multi-objective Evolutionary Algorithm based

on Decomposition (MOEA/D)

Another well-known EA for solving MOPs is the multi-objective

evolutionary algorithms with decomposition (MOEA/D), proposed by

Zhang et al. [56]. MOEA/D technique belongs to the NPC evolution

category. A high level description of MOEA/D is provided in Figure 2.3.
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Figure 2.3: MOEA/D Overview

Unlike NSGA-II that uses Pareto dominance as the selection criteria,

MOEA/D uses the decomposition strategy.

Decomposition Strategy: Rather than treating the multiple objectives

as one single MOP, MOEA/D decomposes one MOP into a number of

scalar optimization sub-problems explicitly. Each scalar sub-problem

works on its own to find one optimal solution to its assigned objective

function by using a predefined search heuristic, and only information

obtained from its neighbouring sub-problems in the current generation
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is used during the optimizing process. A population of best solutions

found so far is maintained and updated by each sub-problem. This

gives MOEA/D the capability of optimizing each solution from all sub-

problems simultaneously. Finally, the global solution (i.e., the final

output solution to the single MOP) is an aggregation of all partial

results returned by each sub-problem.

Neighbourhood Concept: Another concept used in MOEA/D is the

defining a neighbourhood for each sub-problem [56]. A neighbourhood

with a predefined size is assigned to each sub-problem based on the

closest pair-wise Euclidean distance between the sub-problem’s weight

vector and other sub-problems’ weight vectors. Only the current so-

lutions of its neighbouring sub-problems are involved when optimizing

each sub-problem. This allows effective and efficient local exploitation

when solving MOP.

MOEA/D - Decomposition methods: By decomposing one MOP into a

number of scalar optimization sub-problems, the approximation of the

Pareto front (PF) is also decomposed and is distributed among all sub-

problems. Research shows that a reasonably large number of evenly

distributed weight vectors can usually lead to a set of Pareto optimal
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vectors. Although the resulting Pareto optimal vectors may not spread

evenly, the PF will still be very well approximated [56].

Number of methods exist to construct aggregation functions for do-

ing decomposition. Among them, the weighted sum approach and

Tchebycheff approach are the most popular ones. In this thesis, we

will use the weighted sum approach as the decomposition technique for

MOEA/D implementation.

Weighted sum approach [40]: Let λ be a weight vector such that λ =

(λ1, ..., λm) with
∑m

i=1 λi = 1 and λi ≥ 0 for all i = 1, ...,m. The

decomposed sub-problems are then defined as:

Minimize orMaximize g(x|λ) =
m∑
i=1

λifi(x) (2.1)

The optimal solutions to these sub optimization problems are Pareto

optimal to the MOP if the PF is convex. More precisely, g(x|λ) is used

to emphasize that λ is a weight vector in that objective function, m

is the number of objectives in the problem, x is the variable to be

optimized or in other words it is a solution in the decision space, λ ≥ 0

is the elements of the weight vector λi for the ith subproblem, λifi(x)

is the ith objective value for solution x.
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The MOEA/D algorithm is described below [56]:

1. Initialization: Decompose the MOP into N sub-problems. Let Pk

where k = 1, 2, .., N denote population kept by each sub-problem.

Initially, each population Pk randomly selects a set of solutions.

Let i denote an individual that represents a solution to the ith sub-

problem. A neighbourhood, denoted by Bi, is then assigned to

each individual ith sub-problem. The size of each neighbourhood

denoted by T , T < N is defined by the user. For each sub-problem

k, we define its T neighbours by calculating the pair-wise Euclidean

distance between its weight vector and the weight vectors of other

sub-problems. The T sub-problems that have the closest Euclidean

distance are then said to be the neighbourhood of ith sub-problem.

Note for each ith sub-problem, it will include itself in its neighbour-

hood. The algorithm then compute and store the objective value

for each of the N sub-problem.

EP , called the external population, stores the non-dominated so-

lutions from all sub-problems selected during the search process.

Initially, EP = ∅.

2. Reproduction: For each sub-problem, i, we select two other sub-

problems from its neighbourhood (i.e., Bi) to be the parents of the
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new solution generated by sub-problem i. Let y denote the new

solution generated by performing genetic operations on the parents

from Bi for sub-problem i. This process is applied to each of the

N sub-problems. By the end of reproduction stage, he size of the

offspring population will be the same as the parent population.

3. Improvement: To improve each newly generated child solution y,

a problem-specific improvement heuristic might be applied to y to

create y′. This is an optional step in the overall process. (Note: in

the case of MTSP, the 2-opt local search can be applied to improve

a child solution [37]. But we do not consider any improvement

heuristics in this thesis as it is not efficient to use any in terms

of parallelization. The use of improvement heuristics might be

considered as a potential improvement for this thesis in the future

works.)

4. Update Neighbourhood: Since we do not apply any improvement

heuristics to our child solution y, we will use y directly in this

step. (Note: If an improvement is being made from previous step,

we will use the improved solution y′ in this step.) In this step,

solution y from sub-problem i is evaluated by i’s neighbouring sub-

problems based on their weight vectors. And the current solution
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of i’s each neighbouring sub-problem will be replaced by solution y

if the resulting cost produced by computing neighbour’s objective

function on y is strictly better. One of the advantages of comparing

the objective costs between neighbouring sub-problems instead of

Pareto optimality is that the computational costs is significantly

lower, and it is more efficient to compute for larger number of

objectives [37].

5. Update EP: Recall that EP stores all the non-dominated solutions

from all subproblems selected during the search process. In this

step, y is used to compare with all the solutions in EP . Solutions

in EP will be removed if they are dominated by y. And y will be

added to EP if none of the solutions in EP dominates it.

6. Check for Termination: If the terminating condition is met, algo-

rithm stops and returns EP as final output to the MOP. Else, go

to Step 2 to continue the process.
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2.4 Hybrid Algorithm: Bi-Criterion Evolution (BCE)

Framework

As one of the PC evolution techniques, NSGA-II achieves a higher

diversity for the final set of solution. However, the convergence speed is

slow compared to MOEA/D, which represents the NPC evolution pro-

cess but scores a lower diversity in final result. Recall that in this work,

we will use NSGA-II for PC evolution and MOEA/D for NPC evolu-

tion, and Figure 2.4 summarizes the major advantage and disadvantage

for these.

Figure 2.4: Major Advantage and Disadvantage for PC and NPC Evolutions

To take strength of both PC and NPC evolution’s and to compensate

for their weaknesses, the Bi-Criterion Evolution (BCE) framework [32]

separates the populations and reproductive processes into two main

evolution processes, and utilizes PC and NPC evolution’s for each of the

two processes. By allowing these tow techniques work collaboratively,

BCE produces results with high diversity at a faster speed.

Figure 2.5 shows the basic concept of the BCE framework, the two
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main boxes show the separate evolution process for each PC and NPC

process, and the arrows in-between indicate the collaboration between

them [32]. In other words, by dividing the whole process into two

separate parts and letting PC and NPC evolution each be responsible

for one part, the slow convergence of PC evolution is compromised by

NPC evolution and the loss of diversity resulted from NPC evolution is

compensated by PC evolution.

Figure 2.5: PC and NPC Processes in Original BCE Framework [32]

From Figure 2.5, we can see the BCE framework consists of two

parts. From the original work in [32], the NPC evolution can take in
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any non-Pareto based algorithm to drive the PC evolution forward to

the optimal front. And the PC evolution performs two operations:(i)

population maintenance and (ii) individual exploration.

Population maintenance maintains a set of representative non-dominated

individuals and individual exploration explores potential good areas

that are not yet being examined in NPC evolution. The idea of work-

ing collaboratively is an important concept in this framework, as to

facilitate each other’s evolution, information will be exchanged at a

certain frequency between PC and NPC evolution. More specifically,

each evolution will keeps a population for its own process. PC popula-

tion will be responsible for higher diversity. NPC population drives the

search towards optimal front at faster pace. After one population finds

good individuals, the other population will get to use them in its own

process by receiving them from the communication. In this framework,

the authors kept the choice of algorithm for NPC evolution open and

proposed a new PC evolution strategy based on individual exploration

with a novel population maintenance strategy.
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2.4.1 A Cooperative, Concurrent, Coevolutionary Multi-objective

Optimization (CO3MO)

Extended from the BCE framework [32], Co3MO proposed by Liu

et al. [37] is a novel hybrid framework that combines NSGA-II and

MOEA/D for solving MTSP. It uses NSGA-II for PC evolution and

MOEA/D for NPC evolution. The two algorithms compute indepen-

dently when finding optimal individuals and coevolve by exchanging

information frequently. More specifically, when updating the popula-

tion for one evolution, both the current candidate solutions of itself and

of the other evolution will be considered. The final output produced

by the framework will be an aggregation of the two populations from

both evolution’s. From experiments performed on a bi-objective MTSP

benchmark data set randomAB100, Liu et al. [37] found that NSGA-II

can produce an evenly distributed Pareto front, but the extreme points

were being neglected; on the other hand MOEA/D was able to lead

the search direction towards the extreme points, but the population

diversity was less desirable compared to NSGA-II. Then Liu et al. [37]

combined NSGA-II and MOEA/D into Co3MO and performed experi-

ments on the same data set. The results indicated that both evolution

processes were improved by cooperation through exchange of good so-
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lutions. Figure 2.6 shows a high level program flow for Co3MO.

Figure 2.6: High Level Co3MO Program Flow
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Figure 2.7: Co3MO Program Steps [37]

There are four major steps in Co3MO framework as shown in Fig-

ure 2.7 [37]:

• Initialization: NSGA-II population POP2 and MOEA/D popula-

tion POP1 are both initialized randomly. n random weight vectors

λ are generated. For MOEA/D, n decomposition cost matrices are

generated; n neighbourhoods B1 each of size T is also generated.

To identify individuals for each neighbourhood population, pair-
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wise Euclidean distances are calculated and compared between

weight vectors. The single objective distance matrices (i.e., one

for each decomposed scalar subproblem) are calculated based on

the multi-objective distance matrix and λ using the weighted sum

decomposition technique.

• Offspring Production: Different update mechanisms are used for

each of PC and NPC evolution’s:

– For PC Evolution: For each individual in PC population POP2,

a child c2 is created by using a recombination operator and is

then added to PC population POP2. In Co3MO, a random

number generator is used to select one of the hybrid operators

(OX or IO) to generate the new child. OX stands for order

crossover, which is an operator used for permutation problems.

IO stands for inver-over, which is a combination of crossover

and mutation. The mating pool for this recombination in PC

evolution includes both PC population POP2 (to preserve so-

lution diversity) and MOEA/D population POP1 (to further

aid exploration and lead to convergence).

– For NPC Evolution: MOEA/D uses a population set yPOP (a

local archive which is an empty set initially) to temporarily
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store the set of good solutions in this current generation. For

each sub-problem, the mating pool includes both the MOEA/D

neighbourhood B1 and the NSGA-II neighbourhood B2. Simi-

lar to the benefits gained by mixing both populations in mating

pool as in PC evolution, this cooperation helps to diversify so-

lution distribution and increase the exploration of entire search

space. NSGA-II neighbourhood B2 is calculated by finding T

individuals from NSGA-II population POP2 that are the clos-

est ones to individual from MOEA/D population POP1. The

same hybrid operator used in PC evolution will be used to

generate the new child c1.

• Neighbourhood Update: For every NSGA-II neighbour in PC neigh-

bourhood B2, if the new child c1 dominates it, replace it with the

new child c1. For every MOEA/D neighbour in NPC neighbour-

hood B1, use the cost matrix to evaluate both that neighbour and

the new child c1; if the new child c1 has a better fitness score, re-

place that neighbour with the new child c1 and add the new child

c1 into the local archive population yPOP kept by NPC evolution.

• Population Maintenance: Recall from MOEA/D, there is an ex-

ternal archive population (EP ) which holds the global best solu-
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tions in all generation for MOEA/D. For the PC evolution, both

NSGA-II population POP2 and EP go through the non-dominated

sorting and crowding distance selection. For the NPC evolution,

EP is updated by using the current solutions stored in its local

archive population yPOP and the solutions in NSGA-II population

POP2. If an old solution in EP is dominated by any of the new

solutions, it will be removed from EP ; and if a new solution is not

dominated by any old solution in EP , it will be added to EP .

In [37], the algorithm is modified to adapt to changes in the Pareto

front and Pareto set for solving MOP in dynamic problems. In this

thesis, we will consider static MOP only the static Co3MO framework

is used as the basis for parallelization.
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Background on Parallel Computers

3.1 Graphic Processing Units

The graphic processing unit is an accelerator. It is designed for

computationally intensive, data-parallel applications to achieve greater

concurrency and performance. Data parallel computations are embar-

rassingly parallel computations that can be executed by each GPU code

independently, concurrently, but synchronously. For example, if there

are N cores, given two vectors, A and B of size N , the summation

computation of each element i in the vectors (A[i] + B[i], i = 1, ..., N)

can be computed independently on N cores. This is because there is no

dependencies between vector elements i and j in the summation oper-

ation. Each thread accesses it’s own elements in A and B. The GPU

provides provides large number of simple cores for exploiting embar-

35
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rassingly parallel algorithms that exhibit no dependencies. As they are

simple cores, there is operating system. Also, conditional statements

cannot be executed in parallel. The GPU follows a single instruction

multiple data (SIMD) model that exists in the early 1990’s. Nvidia

calls their GPU architecture with CUDA as single instruction multiple

thread (SIMT) model.

As originally designed for accelerating graphic rendering applica-

tions, the modern GPU hardware is specialized in executing large num-

ber of threads simultaneously to achieve higher throughput. Modern

GPUs provide greater flexibility with respect to the architecture and

software for general purpose computations. Due to the large number of

cores in the system, compute intensive computations can be off-loaded

to the GPU and have become more attractive than CPU-based ma-

chines. The GPU has therefore, become extremely popular in executing

machine learning algorithms that are compute intensive and easily par-

allelizable. Each layer in a deep learning neural network for example,

can be executed in parallel. The computations are simple, repetitive

and independent.
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3.2 CUDA

CUDA is the programming software introduced by Nvidia in 2006

for designing general purpose applications on their GPUs [9]. A GPU

executes kernels. Kernels are nothing but a function consisting of a

series of instructions. A kernel is similar to a method in other standard

programming languages. When a kernel is called, it will be executed by

a number of different CUDA threads in parallel. And a thread refers to

a basic unit of execution that performs a specific task on a GPU. There

are two ways to launch a kernel function on GPU: (i) it can be called

from the CPU, or (ii) it can be called from another kernel function on

GPU.

In CUDA, kernel threads are organized into blocks, and threads of

a block are executed in sets of 32 threads called warps. The current

limit on number of threads in a block is 1024 [9]. Despite this limit,

a kernel function can be executed by multiple thread blocks simulta-

neously, which gives the total number of used threads equals to the

number of threads per block times number of blocks used [9]. More-

over, thread blocks are organized into grid [9]. Figure 3.1 [9] illustrate

this structure.
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Figure 3.1: Thread, Thread blocks, and Grid in CUDA [9]

Further, thread blocks can also be grouped into clusters, and thread

blocks in the same cluster are guaranteed to be co-scheduled just as

threads in the same thread block do [9]. Figure 3.2 [9] illustrate this

structure.

Figure 3.2: CUDA Grid with Cluster [9]

As Nvidia’s GPUs follow a Single Instruction Multiple Thread (SIMT)
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architecture [9], threads belonging to the same warp get to execute the

same instruction at the same time. Programs with conditional state-

ments (if and else statements in C programming language) will not

allow this. A thread in one warp may execute the if statement while

another thread in another warp may execute the else statement. This

is not allowed in CUDA. In such circumstances, the conditional state-

ments are executed sequentially. All threads will execute the if state-

ment followed by the else statement. This puts the threads at a dis-

advantage, decreasing performance. Therefore, it is imperative not to

have conditional statements in the program when executed on a GPU.

CUDA also allows asynchronous operations. By allowing asynchronous

operations in the context of SIMT, the CUDA program can continue

its operations without waiting for the asynchronous task to complete.

In other words, when an asynchronous task is initiated by a CUDA

thread, it does not necessarily block the execution as that thread is not

required to be included in the synchronizing threads [9].

In CUDA, each thread has its own private local memory. And each

thread block has a shared memory that is accessible to all the threads

of that block. Between thread blocks in a thread block cluster, read,

write, and atomic operations can be performed on each other’s shared
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memory. Further, a global memory is accessible by all threads in a grid.

Figure 3.3 [9] shows the memory hierarchy in CUDA.

Figure 3.3: CUDA Memory [9]

To accelerate applications by running the computational intensive

parts on GPUs, CUDA Toolkit developed by NVIDIA provides oppor-

tunities for researchers to develop, optimize and deploy their applica-

tions on GPU-accelerated embedded systems, HPC supercomputers,

etc. GPU-accelerated libraries, debugging and optimization tools, a

C/C++ compiler, and a runtime library to deploy the application are

included in this toolkit [4]. Since C++ compiles the code for a program

directly into machine code without intermediate translation at runtime,
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programs written in C++ tend to have a faster execution time compared

to the same programs in other interpreted programming languages like

Python or Java. In this thesis we will use CUDA Toolkit for C.++ to

parallelize part of the NSGA-II algorithm in the BCE framework Details

are provided in Chapter 5.

3.3 CPU Multi-threading for Parallel Computing

CPU machines can be categorized as either distributed memory ma-

chines or shared memory machines. The difference between the two cat-

egories is how the processors communicate. Processors in distributed

memory machines communicate by message passing; in shared memory,

processors communicate through shared variables. The standard paral-

lel programming languages used are Message Passing Interface (MPI)

and OpenMP in distributed and shared memory machines, respectively.

In shared memory machines, similar to a GPU architecture, threads can

be created and executed on processors, providing multithreading.

CPU machines are more versatile than GPU machines. They follow a

Single program Multiple Data (SPMD) model. There is no restrictions

on the type of programs being executed on these machines. Programs

can be executed asynchronously even with conditional statements. The
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operating system runs on these machines providing a versatile and in-

terface between the programmer, software and hardware supporting

multithreading. In general, not all applications can be run on a GPU.

The high complexity of developing non-data parallel algorithms on these

machines over weighs the potential speedups that can be achieved. Al-

gorithms that run on a GPU can be run on a CPU. The CPU is well

optimized to run data-parallel algorithms. The main advantage of a

GPU is that there is no operating interference and number of cores

is large. But, if the algorithm is communication intensive then these

machines are not suitable since accessing global memory is expensive

degrading performance. And frequent transfers of data between CPUs

and GPUs will also decrease performance.

MOEA/D is not completely data-parallel. The algorithm is more

suitable for CPU based machines. We use multithreading within a

shared memory environment to design, develop, and implement a par-

allel MOEA/D algorithm. A thread in a multithreaded architecture

is responsible for each of the concurrent parts of a program, with its

own path of execution [3]. Threads are lightweight processes within a

process.

There are multiple benefits that can be gained from using C++
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multi-threading for parallelizing a program:

• Significant improvement in terms of program overall performance,

especially for compute and communication intensive applications.

• Potential for higher scalability for more powerful computing device.

• Better utilization of CPU usage.

• Complex computation can be further divided into smaller subparts,

which can then be executed concurrently to improve performance

and make each computation simpler.

• Can also be utilized in distributed computing.

Chapter 5 describes how we utilize this in our parallel MOEA/D model.

To further distinguish between the 2 types of CPU machines [1] [7]

[8]:

1. Distributed Memory Machines - In general, since the members in

a distributed memory system communicate by message passing,

a high speed network is usually provided to interconnect the set

of processing nodes. Each processing node consists of a processor

and a local memory. If a given distributed memory machine has

non-shared policy, each processor can only access its own local

memory. To obtain information from other processors, messages
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in the form of request/response will be sent over the network to

the destined processors. In this way, data is moved and shared

between the processors. Master-slave is a common paradigm when

doing parallel computing with distributed memory machines. In

this paradigm, a master computing node is in charge of distributing

sub tasks to a set of worker nodes for fulfilling each sub task in

parallel. The workers usually receive the same set of instructions

but with different parts of the distributed data.

2. Shared Memory Machines - In contrast, shared memory machines

allow processors to access the system memory directly without

sending requests for permissions as they are built to connect to

the same piece of memory. In other words, each processor has

same access privilege to data that is created or used by any other

processors. Despite the easiness in data access, shared memory

architectures limits the memory capacity of a single machine and

also the memory access speed as the processors are now needed to

be put into a queue for data access.

Originally, the island model developed back in the year 1973 [30] was

used to analyze the population differentiation in the study of the major

racial groups of man and other species, where the number of groups
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may be small and migration rates are low. Later, it has been adopted

with modifications to study how to distribute genetic algorithms over

multiple processors for solving optimization problems more efficiently in

a parallel way [26]. Since each island can be responsible for a sub part

of the problem, island model with multiple islands is well suited to be

parallelized across a number of threads/processes in the CPU machines,

as each thread/process can handle the computations for each island. In

our work, we parallelized islands’ computation in thread-level since the

costs of initiating new processes are much higher and the overhead is

much more significant compared to the benefit.



Chapter 4

Literature Review: Parallel EMO

As the thesis will hybridize NSGA-II and MOEA/D [37], two algo-

rithms to drive PC and NPC evolution in the parallelized hybrid BCE

framework, this chapter introduces existing works on parallel NSGA-II,

MOEA/D and BCE frameworks.

4.1 Parallel NSGA-II

In the earlier years, there was lots of work done on genetic algo-

rithm [2]. Genetic algorithms have been been studied for optimizing

robot task scheduling problems [55], breast cancer diagnosis [13], re-

source scheduling on cloud [50], to name a few. Genetic algorithm has

also been hybridized with other techniques [28, 51] techniques and for

parameter tuning in machine learning [39, 46] models. The algorithm

46
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is easily parallelizable [14,24,44]. The robustness and versatility of the

algorithm, inspired the authors [18] to produce a software for solving

optimization problems. In recent years, with the increased amount of

computing power, and instinctive capability and effectiveness of NSGA-

II, this algorithm has been considered for parallelization on many core

architectures [25, 33]. There are works that have been done in the lit-

erature to develop parallel NSGA-II framework and utilize it to solve

problems in MOP for various applications [21].

In general, there are two major compute intensive, time consuming

parts in NSGA-II evolution process that is of most interest to be par-

allelized. The first part is the offspring evaluation process, where the

objective functions for each individual is being calculated. The second

part is the non-dominated sorting, where all the solutions are being

sorted based on their dominance. Since the performance of both parts

are largely dependant on the size of the population, effective paral-

lelization means reduced overall computation time. The first part can

be performed in parallel simply by distributing the fitness calculations

across multiple computing units and collecting results back when fin-

ished, hence many efforts in the literature are focusing on parallelizing

this part with different methods such as message passing based master-



48 4.1 Parallel NSGA-II

slave model. The non-dominated sorting on the other hand is more

complex when parallelizing compared to offspring evaluation since both

the parent and child populations are needed when perform the sorting

for classified fronts. In the literature, researchers solve this problem by

partitioning the population and distributing them to multiple proces-

sors using either a fine-grained or coarse-grained approach.

In [19], three master-slave based approaches have been proposed for

parallel NSGA-II, with the use of different synchronization mechanisms

between the slave processors. In this work, the authors choose to par-

allelize the offspring evaluation step in the NSGA-II process, which is

intuitive as the calculation for the cost of each individual in the off-

spring population can be computed independently and simultaneously.

Among the three approaches, the synchronous version, which the au-

thors referred to as the synchronous generational NSGA-II, allow the

master process oversee the entire NSGA-II process. When the offspring

need to be evaluated, the master process assigns each worker process an

individual and let the worker calculate the value of the objective func-

tion for its assigned individual; after all the results have been sent back

to master, a new offspring population is formed by selected individuals

based on their evaluated fitness scores. In this approach, the number of
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available worker processors is crucial to overall program performance.

And since the size of the population is known apriori, there will be

no extra benefit gained if the number of available worker processors is

larger than the population size (as each worker processor will be respon-

sible for one individual during the process). The other two proposed

approaches follow an asynchronous pattern instead of the synchronous

one. In one of them, all the available worker processors is used regard-

less of the population size. And for idled workers, new individuals are

created by the master and sent to them for evaluation. This approach

is being referred as asynchronous generational NSGA-II. Further, the

master process need not wait for all the workers to return their results

before moving on to the next generation; as in fact now the individuals

generated in a later time can actually be inserted into the evolution

process before the individuals that are generated earlier depend on the

worker processors.

Asynchronous steady state NSGA-II is another approach based on

asynchronous behaviour. In this approach, all available worker pro-

cessors will be utilized in the same way as in previous approach; the

difference is the use of steady state scheme in this version. The idea is

that only one population is used in the entire evolution process, which
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contains both parents and offspring. When new individuals are gener-

ated, they will be evaluated and compared to see if they are qualified

to be incorporated in this population, if so, they will be included im-

mediately.

Another work that tries to parallelize NSGA-II based on the classic

Message Passing Interface (MPI) master-slave paradigm is by [52].

Similar to [19], the offspring evaluation step is the part that the authors

parallelize in the NSGA-II evolution process. The main idea is to let

the worker processors calculate the objective functions in parallel and

let the master processor take control of the program flow and do the

rest of the work. In this work, the goal is to solve multi-objective

optimal power flow (OPF) problem by using the proposed MPI parallel

NSGA-II.

In [10], two parallel NSGA-II implementations have been investi-

gated for designing optimal water distribution networks. The authors

referred to the first proposed model as the global model. Similar to [52],

the master slave approach is adopted in this model where the objective

functions are evaluated in parallel and computation time is therefore

reduced. The second proposed model is based on the coarse-grained

multiple population approach. The authors referred to it as the is-
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land model, where the population is divided into a few sub populations

called islands. The islands are evolved serially and independently with

occasional migration between them where some of the solutions are ex-

changed. In this model, the search space is expected to be explored

widely as the multiple sub population can evolve towards different di-

rections. Convergence speed is also considered, as migration introduces

diversity into each island and therefore helps in a faster evolution for

each of them. In addition, the authors also claim better scalability for

this model as the islands have low communication overhead between

them. Despite such advantages, the island model for parallel NSGA-II

needs to be tuned carefully for maximum performance in terms of solu-

tion quality and overall efficiency. The settings on island size, migration

frequency, number of solutions for migration and migrating destined is-

lands are crucial for this [10]. In this last model, the authors combine

the global model with the island model in a way such that each island

utilizes several worker processes to perform the solution evaluations

simultaneously. In other words, each island now follows the master-

slave model for its own evolution process, where the master process is

responsible for collecting results from worker processes and communi-

cating with other islands and the worker processes are responsible for
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calculating the solution costs within each island.

As genetic algorithm is compute intensive very data parallel, GPU

machines have been considered for parallelization. In [23], the non-

dominated sorting and crowding distance selection NSGA-II have been

parallelized on GPU. In non-dominated sorting, fronts are identified by

launching a kernel on GPU, in an iterative manner. In this kernel, each

individual is checked on its dominance against every other individual

that has not been assigned a front yet. If the domination count for this

individual is 0, then the front is assigned to this individual and its in-

dex is stored in a GPU array (which contains indexes of all individuals

with domination count 0 for this current front). This array is used to

update the front information at the end of each iteration by another

kernel function, in other words one front is identified in each iteration.

This process continues until all individuals have been assigned a front.

For crowding distance selection, two arrays are defined on GPU, one

for storing crowding distance for different individuals and another for

storing the indices of each individual before the sorting (to keep the

information on the original position of each individual). A kernel func-

tion is launched to update the crowding distance for an objective. This

process is done for each objective in the MOP.
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In [43], the authors proposed a GPU based parallel NSGA-II imple-

mentation to reduce the program execution time. In this work, multiple

NSGA-II steps are executed on GPU but not all in parallel. The first

parallelized step is the fitness evaluation, where each GPU thread is

responsible for evaluating the objective functions for one individual.

Again, this is intuitive to be performed in parallel as there is no need

for communication between individuals in the evaluation process, since

each thread only calculates the values of objective functions for the in-

dividual assigned to it. Another parallelized part is the non-dominated

sorting step. In this work, the non-dominated sorting is divided into

two stages, the first stage is to find the first front, and then the second

stage is to find remaining fronts. The first stage is further divided into

two parts. The first part determines the domination count for each

individual and finds the individuals that are dominated by it. A kernel

function is responsible for this procedure. The second part finds indi-

viduals that are not dominated by any other individual to become the

first front. The second stage of non-dominated sorting in this work finds

the remaining fronts by executing a kernel that computes one front at

a time.

In [15], a parallel NSGA-II has been implemented on GPU for solv-
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ing energy dispatch problems for hydroelectric power plants. Similar to

previous works, objective function calculations, non-dominated sorting

and crowding distance selection are the three parts that was paral-

lelized.

In [34], fitness evaluation step of NSGA-II was implemented in par-

allel on GPU. In our work, we parallelize the fitness evaluation step and

non-dominated sorting step on the GPU.

4.2 Parallel MOEA/D

A thread-based parallel MOEA/D was designed for multi-core pro-

cessors in [41]. The idea is to distribute a portion of the population

to a number of concurrent threads, and let each thread be responsible

for the portion that is assigned to. Similar to the work proposed in

[20] the authors partition the the whole population, with each partition

composed of a number of different subproblems and is being evaluated

and evolved in parallel. The difference from [41] lies in how the neigh-

bourhood is defined for each subproblem. In [41], the neighbourhood

is defined similar to the original MOEA/D algorithm, where the whole

population is considered when defining neighbours for a subproblem.

Therefore, the neighbourhoods can appear across different partitions.
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Whereas in [20] the neighbourhood for each subproblem is defined by

only considering the subproblems from the same partition. In [20],

possible concurrent access to the same solution by different processors

is also avoided compared to [41].

PaDe is another parallel algorithm based on MOEA/D and the island

model [38]. The authors decompose a MOP into multiple subproblems

based on MOEA/D. Each subproblem is assigned to an island with a

predefined population size (i.e., the size of the island). And then each

subproblem (island) is solved in a separate computational unit using the

island model [49] to exchange good solutions between the subproblems

(islands). In PaDe, islands evolve independently and simultaneously.

Neighbouring islands are defined for each island. At certain intervals,

the worst individuals of each island is replaced by the best individuals

from each of its neighbouring islands. This exchange of information

happens in an asynchronous manner, allowing island to receive immi-

grants at any time and send good solutions to its neighbours whenever

it is ready. Finally the union of the best individuals from each island is

returned as the final output population to the MOP. In this thesis, we

develop a parallel version of MOEA/D that is based on the island model

but with synchronous communication between the islands. Experiments
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show that our version of parallel MOEA/D performs better in terms of

both solution quality and execution time compared to sequential one.

Besides shared memory, work has also been done to parallelize a vari-

ation of MOEA/D with message passing clusters on distributed mem-

ory machines [53]. Another parallel MOEA/D implementation focuses

on a virtual overlapping zone between partitions, and individuals are

selected for mating and migration based on evaluation of individual

populations in a certain area using the weight vectors of adjacent parti-

tions [47]. MOEA/D has also been hybridized with other evolutionary

algorithms, such as ant colony optimization, MOEA/D-ACO for solving

MOPs [29]. The idea is to use any decomposition technique to divide

a MOP into multiple single objective optimizing subproblems and also

divide the ants into several ant groups for neighbouring purposes. Then

let each ant work on one of the subproblems simultaneously. Since the

communication is minimum between ant groups, it is also possible to

parallelize as in [16], where the ACO part has been implemented using

kernel functions on GPU.

Other related works include [35] where master-slave model and is-

land model are considered for parallelizing MOEA/D for feature selec-

tion, and [54] where a GPU based parallel MOEA/D is proposed with
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new task decomposition and scalarizaion methods.

4.3 Parallel BCE

In [22], a parallel hybrid algorithm is proposed for solving the com-

plicated industrial chemical problem. The proposed algorithm is con-

sists of two parts: the NSGA-II and the Successive Quadratic Pro-

gramming (SQP). As one of the effective methods used for non-linearly

constrained optimization problems, SQP approximates problem at each

iteration with a local model that is represented by a simpler quadratic

programming technique [11]. In this proposed framework, NSGA-II

and SQP are executed independently, with periodic exchanges of infor-

mation to improve their own results. Similar to the motivation behind

Co3MO by [37], this model allows the NSGA-II find evenly distributed

Pareto points and use SQP to drive the convergence towards the real

Pareto curve. By conducting a thorough literature review, we concluded

there is lack of work in parallelizing the BCE framework. Therefore,

in this thesis we will focus on the parallelization of BCE based on the

work proposed by Liu et al. [37]. More precisely, we will implement a

parallel version of NSGA-II on GPU and a parallel version of MOEA/D

with multi-threading for a hybrid BCE framework.



Chapter 5

Hybrid Parallel BCE

In this chapter, we provide the design, implementation and evalua-

tion of the parallelization of the hybrid sequential BCE framework [37].

The parallel BCE framework is composed of two processes, namely the

PC evolution and the NPC evolution. Each evolution works indepen-

dently to optimize its own solutions. At certain iterations, information

in the form of solutions are exchanged between the two processes to

help each other in the optimization progress. For NPC evolution, this

would be to maintain and explore the search space more evenly and for

PC evolution this would be to explore diverse points.

58
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5.1 Parallel PC Evolution - NSGA-II

NSGA-II is chosen as the representative algorithm for driving PC

evolution in our framework. Recall the major steps of NSGA-II can be

summarized as follows (details are provided in Chapter 2 ):

1. Create Initial Population.

2. Breeding (Reproduction).

3. Combine Parent and Child Population.

4. Non-dominated Sorting.

5. Crowding Distance Selection.

6. Check for Termination.

7. Termination.

Figure 5.1 provides a visual walk through for the algorithm flow.
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Figure 5.1: NSGA-II Algorithm Flow Chart

By studying the sequential algorithm, performing experiments, and

reading the literature, we found that two of the above steps are very

computationally intensive and dominate the overall execution time in

the NSGA-II algorithm. The two steps are fitness evaluation and non-

dominated sorting:

• Fitness Evaluation: After combining the parent and child popula-

tion to form a new combined population, the fitness is evaluated

on each individual in this new combined population. Let m denote

the number of objectives in a given MOP, then the fitness evalu-
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ation calculates the value from each of the m objective functions,

for each individual in the combined population. Using Figure 5.1

as an example, costs of the m objective functions will be calculated

for every individual in the combined population P+Q.

• Non-dominated Sorting: Individuals in the combined population

will then be sorted according to their level of dominance compared

to other solutions in the population. Let F denote the front. Then

F = (F1, F2, ... ) are all non-dominated fronts after sorting is

applied.

The values of the objective functions for each of the individuals can be

calculated independently. Therefore, this is easily parallelizable. The

fitness procedure can be done in parallel. Non-dominated sorting on

the other hand involves comparisons of fitness scores between each in-

dividual and other individuals to identify each individual’s front. These

comparisons can be done in parallel and therefore the non-dominated

sorting procedure can be parallelized. Figure 5.2 highlights the two

function that are being parallelized in this work.
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Figure 5.2: The Two Parallel Parts in Our NSGA-II Implementation

The following subsections 5.1.1 and 5.1.2 give details on how we

parallelize each of the function on GPU using CUDA.

5.1.1 Parallel Fitness Evaluation

In using the GPU machine, it is important that we keep the cores

busy by executing the threads on these cores. We assign GPU thread for

calculating the costs of m objective functions for one single individual

solution in the population. For example as shown in Figure 5.1, we

will use P+Q GPU threads for a population of size P+Q. All data
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needed for calculating the fitness scores are first transferred from the

host machine, CPU, to the device, GPU global memory. The GPU has

a separate global that is accessible by all the threads for faster access.

Data transfer is always the first step in working with GPU. All kernels

(programming functions to be executed on the GPU) is called from the

CPU. There are 4 steps in computing the parallel fitness evaluation:

1. Data Transfer: Data needed for calculating the fitness scores are

transferred from CPU to GPU, and are stored in GPU’s global

memory for threads to access. More precisely, the following infor-

mation is sent from CPU to GPU:

• population P+Q

• m cost matrices (in this work, we focus on solving bi-objective

TSP used in the benchmark dataset, so m = 2 in this case)

• graph rank

• population size P+Q

• an empty output matrix (for allowing the GPU to fill in the

calculated costs)

2. Kernel function: A kernel function for calculating the fitness scores

defined on the CPU. The kernel is defined using global declaration
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specifier and the number of CUDA threads (N) for a given kernel

call is specified using a new <<< ... >>> . The kernel is initiated

by the CPU call and is executed on the GPU.

3. Fitness score computations: The actual code for the computations

of the fitness score is written in the kernel function mentioned in

point 2 above. Fitness scores for all individuals are calculated

in parallel on the GPU. That is, the kernel is called by each of

the N threads specified in the call and executed by the streaming

multiprocessors on the GPU.The empty output matrix are filled in

with the costs.

4. Data transfer: GPU sends the results back to the CPU. That is,

the filled in output matrix is sent back to CPU.

Pseudo code for describing the parallel fitness evaluation can be found

in figure 5.3.
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Figure 5.3: Pseudo Code for Parallel Fitness Evaluation

5.1.2 Parallel Non-dominated Sorting

For non-dominated sorting, the goal is to classify all the individuals

in the combined population into different fronts based on the level of

dominance of each individual. After applying non-dominated sorting,

crowding distance selection will also be applied to the last partially

filled front (if there is one) to further select individuals in that front to

be included in the new population. One thing to note is that the size of

the population will be reduced after selection. For example, in Figure

5.1, let N denote the size of P. We have a combined population P+Q

with size N+N before applying non-dominated sorting. After applying
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the sorting and selection, the new population we have is of size N.

And this new population will either be the new parent population for

generating a new child population in the next iteration of the program

or be the final population as the output to the program, depending on

the terminating condition (Section 2.2).

As explained earlier, the number of individuals that require crowding

distance selection is relatively small. After performing experiments on

the crowding distance selection procedure, we realized that initiating

a kernel call for the this function on the GPU is slow. As a result,

crowding distance selection procedure is not parallelized.

The implementations details for non-dominated sorting is as follows.

We let each GPU thread be responsible for checking if one tour is a

non-dominated solution for the current rank of the Pareto front. All

ranks of Pareto fronts (i.e., F1, F2, ..., Fi, ..., Fn) will be identified

in an iterative manner. More specifically, this is performed within a

loop. The loop is executed on the CPU. Every front Fi is filled with

individuals until the size of the set of Pareto fronts is equal to or larger

than the size of the initial population P (i.e., if the size of current Pareto

fronts is less than the size of P). The iterative procedure within a loop

consists of the following:
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• Preparation of the data to be sent to the GPU.

• Call the CUDA kernel function on GPU for identifying individuals

who are non-dominant from the current unselected individuals in

this current front Fi.

• Send the results back to the CPU. There is synchronization be-

tween the time the kernel is called and the time the results are

received by the CPU.

• CPU adds the newly identified members for this front into the

Pareto fronts.

• Check on the size of the current Pareto fronts is performed. If the

size exceeds the size of initial population (i.e., size of P, which is

N ), crowding distance selection will be applied to select individuals

from the last front Fn to be included in the new population of size

N. Otherwise the loop continues to a new iteration if the condition

met.

The implementation for each i-th iteration of the loop is given below

in more detail:

1. Data Transfer: Data needed for sorting the individuals for the

current front are sent and stored in GPU’s global memory. These
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include:

• fitness scores of unselected individuals up to this current itera-

tion in the population P+Q. In other words, these individuals

are not being included in any front yet.

• an output array filled with 1’s. This array is used by the

GPU to mark the dominated individuals for this current iter-

ation/front.

2. CPU calls GPU kernel function: This is the non-dominated sorting

function. It is called using the global declaration specifier and the

of number of CUDA threads.

3. The function is executed by each of the threads and executed on

the streaming multiprocessor. The threads checks whether each

unselected individual is non-dominant or not, compared to other

unselected individuals. Front Fi is identified by marking individu-

als that are not non-dominant with 0’s. In other words, the original

array received from CPU (filled with 1’s) is now being modified to

include 0’s for representing individuals that are not being selected

for this current front (i.e., Fi).

4. Data Transfer from GPU to CPU: Results are sent back to CPU:
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The updated array filled with 1’s (representing selected individuals

for this front Fi) and 0’s (representing unselected individuals for

this front Fi) is sent back to CPU.

5. On CPU, one process then checks if the size of Fi + the size of all

previous fronts F1 to Fi−1 is less than the size of P ; if so, it means

all individuals in front Fi could be included into Pareto fronts

without applying crowding distance selection. In this case, we will

add Fi to the final set of Pareto fronts, and remove individuals

in Fi from the unselected population (which will be used as input

in the next iteration). Otherwise, if the size of Fi + the size of

all previous fronts F1 to Fi−1 is larger than the size of P, then we

have too many individuals in the last front Fi. Therefore, crowding

distance selection (on CPU) is applied on the last front Fi to select

a portion of individuals to be included in the final Pareto fronts

set.

Figure 5.4 provides pseudo code for our parallel non-dominated sorting

implementation.
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Figure 5.4: Pseudo Code for Parallel Non-dominated Sorting

5.2 Parallel NPC Evolution - MOEA/D

For NPC evolution, we will use a variation of the original MOEA/D

algorithm. Recall the major steps of MOEA/D are the following (details

are provided in Chapter 2 ):

1. Initialization and Decomposition

2. Reproduction

3. Improvement (optional).
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4. Update Neighbourhood

5. Update External Population (EP)

6. Check for Termination

Also recall from Chapter 4, MOEA/D was proposed by [38] to be used

with an island model for parallel execution with asynchronous commu-

nication between the islands. In our work, we will use a similar model

based on the island prototype for our parallel MOEA/D implementa-

tion. The major difference between islands in our model and islands in

[38] is that our islands follow a synchronous communication pattern in-

stead of asynchronous information exchanged. This ensures that every

island evolves at the same pace, and information exchanged between an

island and its neighbours are always up-to-date. Otherwise exchange

of stale information has a risk of leading the optimizing direction of

an island towards sub optimal regions and is therefore a waste of over-

all efficiency. Figure 5.5 illustrates the idea of our parallel MOEA/D

implementation with the incorporation of synchronous island model.
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Figure 5.5: Our Parallel MOEA/D with Island Model

The following explains our model with respect to Figure 5.5:

• Initialization and Decomposition: To begin with, let m denote the

number of weight vectors which is also the number of subproblems.
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To find m, a control parameter H will be used as in the original

MOEA/D. Equation 5.1 shows how to find the value of m based

on H, as each weight component takes a value from 0
H , 1

H , ..., H
H

and λ1, ..., λm are all the m weight vectors.

m =

(
num(objective)− 1

H + num(objective)− 1

)
(5.1)

Since we are focusing on the bi-objective TSPs, the dimension of

m will be 2, which means for each scalar optimization subprob-

lem, we have 2 weighted components, one for each objective in the

objective function. Then by using the weighted sum approach, we

decompose the bi-objective TSP into m single objective subprob-

lems.

• Assign Subproblem to Island: Each subproblem will be assigned

to a single island for finding optimal solutions specific to that sub-

problem. In other words, each island will have its own evolution

process towards its best solutions. In this way, islands are well-

suited for evolving in parallel. For each island, a neighbourhood

of islands of size T is defined. The value of T is chosen to be a

smaller number compared tom. And the size of population on each

island is set to be T+1, since in the later stage the worst T solu-
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tions in an island will be replaced by the good solutions from its

T neighbouring islands. Similar to the concept of neighbourhood

in MOEA/D, the neighbours of an island are assigned based on

the closest pair-wise Euclidean distances between weight vectors

of itself and each of the other islands.

• Islands Self Evolving: Each island then undergoes the following

steps for a predefined number of iterations (user-defined):

– Reproduction: Similar to generic breeding method, two in-

dividuals in the population (recall, this population contains

the island itself and the current best solutions from each of

its neighbours) within each island are selected for undergoing

genetic operations.

– Improvement (optional): Not considered in this work. And

from experiments, despite not having any improvement tech-

niques such as local search, the results returned by our parallel

MOEA/D model are still comparably good in terms of both

execution time and solution quality.

– Update Neighbourhood: Once a new child is produced, it is

compared to the worst solution in the island’s current neigh-

bourhood. If the new child has better score, the worst solution
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in the island’s neighbourhood will be replaced by this new child

(i.e., the neighbourhood is updated); else the new child will not

be stored (i.e., the neighbourhood will not be updated).

• Islands Communication: Communication in our implementation is

performed in the form of population updating instead of exchang-

ing solutions directly between the neighbouring islands. With syn-

chronous updating, the MOEA/D population will be updated once

all islands complete their self-evolution for this current iteration,

this is marked as Update MOEA/D Population step in figure 5.5.

During the Update MOEA/D Population step, each island sends

its current best solution to the MOEA/D population. The updated

MOEA/D population is used as input population in the next round

of iterations for islands’ self-evolution, otherwise terminate.

• Update External Population (EP): Update EP by comparing cur-

rent solutions in EP to the solutions in updated MOEA/D popu-

lation based on dominance.

• Terminate: If terminating condition is met, output final EP as

final result.

Figure 5.6 describes the procedures for our parallel MOEA/D with



76 5.2 Parallel NPC Evolution - MOEA/D

islands incorporation in the form of pseudo code.

Figure 5.6: Pseudo Code for Parallel MOEA/D with Island Model
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5.3 Parallel BCE - PC and NPC Communication

Recall from Chapter 2, the goal of any BCE framework is to take

advantage of both PC and NPC evolution. To do so, sharing of useful

information is needed between the two evolution algorithms. Based on

[37], for each algorithm, the following describes how it utilizes the other

algorithm’s information to facilitate its own optimization process in our

implementation:

1. Framework start

2. Initialize parallel NSGA-II and parallel MOEA/D.

3. If not terminate, NSGA-II and MOEA/D will run in a sequential

order. When running, each of them will perform parallel computa-

tions separately. This step is executed iteratively until terminating

condition is met.

• For NSGA-II evolution process, good solutions from MOEA/D

is used in helping the search direction to not miss the extreme

points:

– MOEA/D population is used when producing new offspring

in the offspring reproduction step.
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– MOEA/D external population is used together with cur-

rent NSGA-II population in the non-dominated sorting

step to determine new Pareto fronts and update NSGA-

II population based on this.

• For MOEA/D evolution process, it uses NSGA-II’s good solu-

tions to avoid losing the even distribution for the population:

– NSGA-II neighbourhood from NSGA-II population is used

when producing new offspring in the offspring reproduc-

tion step. To clarify, NSGA-II neighbourhood is defined

for MOEA/D computation, and is selected by closest pair-

wise Euclidean distances on the fitness scores between each

MOEA/D island to the solutions in NSGA-II population.

– NSGA-II population is used together with current best so-

lutions of MOEA/D when updating the external popula-

tion of MOEA/D.

4. If terminate, combine NSGA-II population and MOEA/D external

population. Compute and return Pareto front of this new set as

final result.

By combining our parallel NSGA-II and parallel MOEA/D evolutions,

pseudo code in figure 5.7 shows the overall program procedures of our
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parallel BCE framework.

Figure 5.7: Pseudo Code for Parallel BCE

In the next chapter, the parallel algorithm experimental results are

compared to sequential results using benchmark datasets, efficiency,
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computation and communication overheads, etc. are discussed.



Chapter 6

Experiments and Results

Recall the main benefit gained from parallelizing any sequential al-

gorithm is to better utilize available resources and therefore achieve a

faster program execution time. In other words, parallel implementa-

tion should give us better efficiency in terms of program execution time

without sacrificing solution quality. In this thesis, we have checked the

quality of final solutions produced by our parallel framework through

metrics such as Inverted Generational Distance (IGD) scores, and it is

compared to the final results provided in the sequential implementation

from [37]. By setting the configuration of all variables and parame-

ters to be the same as the sequential algorithm in [37] and conducting

set of experiments on various data sets, we have confirmed our parallel

framework has achieved better performance in terms of both execution

time and solution quality.

81
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In terms of better solution quality, we find that our modified version

of MOEA/D with island model contributes the most to the significant

improvement in IGD scores as it drives the BCE framework towards

better fronts, as shown in Figure 6.14. All datasets and best known

results used in this thesis are obtained from Biobjective TSP online open

resource [6]. We performed our experiments on 3 of these benchmark

datasets: euclidAB100, euclidAB300 and euclidAB500 for data size of

100, 300 and 500. Each file provides the Euclidean coordinates for each

node.

For genetic operator used in offspring production (i.e., Reproduction)

step, we choose to use cross mutation for all our experiments. We have

applied several genetic operators including ordered crossover, inver over,

and cross mutation. Among them we found cross mutation produced

final results with best IGD scores in our experiments. Therefore, this

operator is chosen in this thesis.

NVIDIA GeForce RTX 3090 is used for running all GPU related

tasks in this work. CPU processor used is Intel i5-10400F. All programs

for this thesis are written in C++. The sequential implementation in

Python is obtained from our IDEAS Laboratory, PhD thesis by Ying

Ying Liu [36] at the University of Manitoba. Note the differences be-
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tween C++ and Python in terms of performance is not included in the

analysis for the scope of our work. Details of experiments and visual-

ization of results can be found below.

6.1 Execution Time

To better evaluate the speedup of our parallelization, we first analyze

and evaluate the execution time for each component (NSGA-II and

MOEA/D) separately, and then evaluate the overall framework.

6.1.1 Parallel NSGA-II Speedup

First, we look at the speedup for our parallel NSGA-II implemen-

tation. This has been further divided into 3 parts: 1. the parallel

fitness evaluation part, 2. the non-dominated sorting part, 3. the over-

all NSGA-II execution time. In this work, we use the definition from

[5] to define speedup. According to [5], speedup is a measure that

captures the relative benefit of solving a problem in parallel compared

to the sequential version. More specifically, in our work it is expressed

as the ratio of the execution time of the sequential implementation to

the execution time of the parallel implementation.
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Parallel Fitness Evaluation Speedup

For our parallel fitness evaluation on GPU, we performed experi-

ments on euclidAB100, euclidAB300 and euclidAB500, with various

size of BCE population. The number of iterations is set to 50. Figure

6.1 shows the execution time for both the parallel and the sequential

fitness evaluation function on different runs of experiments. As from

the Speedup column, we can see the benefits gained by using GPUs is

especially obvious when the size of the population increases, and this

advantage is even more significant when the dataset is large. From

this observation, we verified that GPU is very suitable for parallelizing

compute intensive applications, and this is especially true for larger size

dataset as the GPU resources are better being utilized. On the other

hand, for small dataset, not performance is gained and the GPU archi-

tecture may not be beneficial. The GPU resources are not well utilized

and therefore are wasted. The data transfer time between the CPU and

GPU may outweigh the overall performance for smaller dataset. The

data transfer is the most costly operation in using the accelerator and

although the transfer time cannot be reduced, it would be tolerated if

there are other kernels that can be executed in parallel on the CPU. In

our algorithm, this is not the case.
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Figure 6.1: Comparison of Execution Time for Parallel NSGA-II Fitness Evaluation

and Sequential NSGA-II Fitness Evaluation

Further, Figure 6.2 shows the execution time for different popula-

tion sizes for the 3 data sets on GPU. As expected, the execution time is

increases for larger population size. However, we can see from Popula-

tion size = 500 and beyond, the execution time stops growing linearly,

unlike for Population size less than 500. For larger population sizes,

the number of blocks (threads) increases. The blocks are distributed

in terms of warps by the scheduler and the resources of the GPU are

well utilized. More than two warps maybe assigned to a GPU core. As

the threads are performing the same computations concurrently, the

efficiency of the GPU increases.
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Figure 6.2: Parallel NSGA-II Fitness Evaluation - Execution Time for Various Pop-

ulation Size

Parallel Non-dominated Sorting Speedup

Next, for our parallel non-dominated sorting on GPU, we performed

similar experiments on euclidAB100, euclidAB300 and euclidAB500,

with various sizes of BCE population. The number of iterations is

again set to 50. Figure 6.3 shows the execution time for both the

parallel and the sequential non-dominated sorting function on different

runs of experiments. And Figure 6.4 visualizes the execution time for

different population sizes for the 3 data sets on GPU. The average exe-

cution time for non-dominated sorting is longer than the time for fitness

evaluation as a result of more complex computations (i.e., comparisons
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and more conditional branching statements instead of simple calcula-

tions) required to mark the dominance of individual solutions. Note,

that the accelerator performance is greatest when the computations

are data parallel. When a thread encounters a conditional statement,

the threads execute the instructions sequentially. Also, the conditional

statements provide options to the threads as to which statements to

execute (“if” or “else”). In this case, some threads executing the “if”

maybe active, while other threads idle and vice versa. Therefore, it is

important that conditional branch statements are not executed on the

GPU as these machines do not have a branch predictor like the CPU.

For the algorithm under consideration the resulting speedup is still con-

siderably better given that the CPU computation is very slow for large

population sizes.
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Figure 6.3: Comparison of Execution Time for Parallel NSGA-II Non-dominated

Sorting and Sequential NSGA-II Non-dominated Sorting

Figure 6.4: Parallel NSGA-II Non-dominated Sorting - Execution Time for Various

Population Size
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Parallel NSGA-II Overall Speedup

Lastly, we look at the overall execution time for parallel NSGA-II

with above two parts being parallelized on GPU. Figure 6.5 provides

specifications on speedup and Figure 6.6 visualizes the growth curve

of the execution time for increased population size.

Figure 6.5: Comparison of Overall Execution Time for Parallel NSGA-II and Sequen-

tial NSGA-II
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Figure 6.6: Parallel NSGA-II - Overall Execution Time for Various Population Size

The growth curve for overall NSGA-II execution time is similar to

the growth curve for non-dominated sorting time. Compared to fitness

evaluation algorithm, non-dominated sorting algorithm contributes to

much more portions in the overall NSGA-II computation time in the

implementation. Also, besides the two parallelized parts, there are

other computations being performed on CPU, such as reproduction

process and crowding distance selection. These non-parallelized parts

also contribute much more to the increased execution time as population

size becomes larger. Despite the large portions of non-parallelized parts,

our parallel implementation still shows significant reduction in NSGA-

II overall execution time without degrading of final solution quality.
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Section 6.2 provides details on this.

Parallel NSGA-II Run Time Complexity

To analyze the speedup of our parallel NSGA-II implementation in

terms of algorithm complexity, we analyze the run time complexity for

both sequential and parallel portions of NSGA-II summarized in Figure

6.7. Since we only parallelized fitness evaluation and non-dominated

sorting parts in this work, the run time complexity analysis only in-

cludes times for those two parts. As other portions of NSGA-II algo-

rithm remain sequential in our implementation, they do not contribute

to the overall speedup (i.e., they have the similar complexity as the

sequential ones, despite some potential differences between the actual

implementation of our work and the sequential work in [37]. As the

differences are subtle, we are not including these parts in our analysis).

Figure 6.7: Run Time Complexity for Sequential and Parallel NSGA-II

To clarify, let the size of NSGA-II population P = N, size of offspring

Q = N, graph rank = k, number of iterations taken to find all Pareto
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fronts = M. For sequential fitness evaluation, each of the N individuals

will find the objective cost for each of the k nodes. For sequential non-

dominated sorting, we perform the sorting on a combined population of

P and Q, so the size will be 2N. We ignored 2 because it is a constant

number. Since we assumed it takes M iterations to find all Pareto front,

and in each iteration, each solution in the set of solutions of size N will

be compared to every other solutions in the same set. So the pair wise

comparisons takes a time of N*N. For our parallel fitness evaluation,

N (recall N is from 2N by ignoring the 2) individuals will perform

fitness scores calculation in parallel by N threads, so we only consider

the time taken for one thread to do the calculation. Again, the graph

size is k, so it takes a thread k times to find all fitness scores for each

of the node in the graph. For parallel non-dominated sorting, we use

N GPU threads to do the pair wise comparisons simultaneously. In

other words, N individuals now perform the comparisons at the same

time, which takes a total time of N for all N individuals to finish the

comparison. Since we assumed we use M iterations to define all Pareto

fronts, so the total time is M*N, as in each iteration the number of

unselected individuals undergoes comparisons is N at maximal. With

parallel NSGA-II, we now have a cost of communication time when
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transfer data between CPU and GPU. For fitness evaluation, we have

N individuals in population, each has a solution of size k (as it travels

all nodes of graph). To compute fitness scores, we need to know the

solution of each N individuals. So we use N*k complexity to do this

transfer. We also send 2 cost matrices (one for each objective, in our

work we focus on bi-objective problems) from CPU to GPU which store

the pair wise costs between nodes on the graph. The size of each cost

matrix is k*k. And we again ignore the constant number 2. For parallel

non-dominated sorting, we transfer an unselected population of size

maximum of N, and this is done for each of the M iterations to compute

all fronts. Therefore the communication cost is M*N.

From the two equations in Figure 6.7, we can see the two parallelized

parts are faster than the sequential version by an order of magnitude

despite of some data transfer overhead incurred when sending/receiving

data between CPU and GPU.

6.1.2 Parallel MOEA/D Speedup

For our parallel MOEA/D, Figures 6.8 and 6.9 show the exper-

imental results obtained by experimenting with the three benchmark

dataset, with different population sizes and an iteration number 50.
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Figure 6.8: Comparison of Execution Time for Parallel MOEA/D and Sequential

MOEA/D

Figure 6.9: Parallel MOEA/D - Execution Time for Various Population Size

Recall that there are two parts being implemented in parallel for

MOEA/D: breeding and update of external population. Each part is

executed in parallel for all subproblems by a number of CPU threads.

The run time complexity for these two parallelized parts and their

sequential versions are summarized in Figure 6.10. Within parallel
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MOEA/D, there is no internal communication time. In other words,

since we used shared memory for thread-level parallelization, each is-

land (i.e., a worker thread) can access the data it needs directly without

transfer of information.

Figure 6.10: Run Time Complexity for Sequential and Parallel MOEA/D

Again, N denotes the size of the population P. For breeding in se-

quential MOEA/D, the time to perform all genetic operations is con-

stant, and is applied to each of the N individuals in the population. So

the total time for breeding is N. To update EP in sequential MOEA/D,

since there will be a maximum number of N good solutions returned in

each iteration, and the size of EP is always less than or equal to N, so

we perform a maximum of N*N comparisons to update the EP. In our

parallel breeding, the time for applying genetic operations to each indi-

vidual is still constant. But now we have N CPU threads to do breeding

for all N individuals simultaneously. So the total time for breeding is

constant. In parallel MOEA/D, we use same logics to update EP, so
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the time complexity is the same as sequential one.

6.1.3 Combined BCE Speedup

For the combined BCE framework with both evolution parties being

parallelized, Figure 6.11 and 6.12 show the resulting execution time

obtained by running both our framework and the sequential version of

BCE. For each of the benchmark dataset, our parallel framework again

achieves good result in terms of speedup. When looking at the trend

in the increased execution time as a result of increased population size,

our parallel BCE shows a relatively steady growth rate for running time

when increasing the size of population (figure 6.12).

Figure 6.11: Comparison of Execution Time for Parallel BCE and Sequential BCE
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Figure 6.12: Parallel BCE - Execution Time for Various Population Size

The run time complexity for our parallel BCE framework and the

sequential one is provided in Figure 6.13. For communication time be-

tween NSGA-II and MOEA/D for both sequential and parallel versions

(i.e., this is when each evolution part uses good solutions from other

evolution partner), it is being neglected in the overall run time as it is

minimal.

Figure 6.13: Run Time Complexity for Sequential and Parallel BCE
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6.2 Solution Quality

6.2.1 Methods for Checking Solution Quality

In this work, we check the quality of solutions produced by our pro-

posed framework in two ways:

1. Step-by-step Inspection - To ensure the results produced by each

step in our framework is reasonable, we first check the results step-

by-step manually with debugging mode of our IDE. In other words,

we look at the results returned in each stage of the algorithm for

each of the parallel NSGA-II, parallel MOEA/D and hybrid BCE

implementations.

2. IGD Score Comparisons - Inverted Generational Distance (IGD)

scores is a performance indicator that is commonly used when

evaluating the performance of multi-objective optimization algo-

rithms in terms of solution quality. Recall when dealing with

multi-objective optimizations, we get a set of solutions instead of

a single best one. One way to analyze the solution quality in

multi-objective scenarios is to calculate IGD scores, in which we

do an estimation on how far the distance is between the points

in Pareto front produced by our algorithm and the points in true
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Pareto front of the given problem. Smaller IGD scores indicate

better Pareto front produced by solutions of the algorithm. More

formally, IGD is defined by equation 6.1 [37] , where S is the

approximated Pareto front produced by the MOP algorithm, P is

the optimal Pareto front, d(x,y) is the Euclidean distance between

the points x and y, the average minimum distance between S and

P is calculated [37].

IGD(S, P ) =

∑
x∈P miny∈S(d(x, y))

|P |
(6.1)

In our work, we use the known best solutions and its Pareto front

obtained from the same open-source bi-objective TSP benchmark

library (i.e., [6]) to compute IGD scores for Pareto front produced

by our own solutions. We further compare our IGD scores to the

scores obtained from sequential BCE framework from [37], and

this experiment is conducted for different program configurations.

6.2.2 Experiments and Results

First, we compare the IGD scores produced by the following 6 al-

gorithms: sequential NSGA-II, MOEA/D and BCE; parallel NSGA-II,

MOEA/D and BCE. Population size is set to 50 and number of itera-
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tions is set to 200. Figure 6.14 shows the results obtained by running

experiments on euclidAB100 dataset (i.e., input dataset size of 100

cities).

Figure 6.14: IGD Scores for EuclidAB100 with Population Size = 50 and 200 Itera-

tions

From the graph in Figure 6.14, we can see that among the 6 tested

algorithms, the parallel MOEA/D and parallel BCE produce the best

IGD scores over the same number of iterations under same program

settings. The parallel NSGA-II is less optimal because of the random-

ness involved in the algorithm when it optimizes its solutions set to

approach the Pareto front.
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6.3 Solution Stability

Once we checked the solution correctness and achieved speedup of

our implementation, we looked at the time taken for our proposed imple-

mentation to reach solution stability in terms of IGD scores. The bench-

mark dataset used is euclidAB100 bi-objective TSP dataset. First, we

set the number of iterations to 500, with the population size 50. Result

is shown in Figure 6.15 .

Figure 6.15: IGD Scores for EuclidAB100 with Population Size = 50 over 500 Itera-

tions

From the above graph (Figure 6.15), we can conclude the IGD scores

gradually become more stable after 200-250 iterations, with a value

smaller than 50,000. Although it is still getting better scores after
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200-250 iterations, the curve becomes more stabilized. In contrast, the

IGD scores produced in the first 200 iterations are change drastically.

The stabilization in better IGD scores occurring in the later iterations

we attribute to the search directions becoming more mature due to

contributions from both PC and NPC evolutions.

Further, we look at the impact of increasing the population size

with a constant number of iterations on resulting IGD scores for a fixed

size of input dataset. With euclidAB100 as the input data, we run

200 iterations and record the IGD scores and execution time for each

number of iteration. The population sizes used are 50, 100, 200 and 300.

Figures 6.16 and 6.17 give details on IGD scores produced by parallel

BCE in each iteration with different population sizes. Run time for

each number of iterations is also shown. The IGD score between 50,000

and 51,000 and the execution time for each population with different

size to reach it are marked in red.
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Figure 6.16: IGD Scores with Increasing Population Size Part 1
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Figure 6.17: IGD Scores with Increasing Population Size Part 2

From the table (Figure 6.16 and 6.17), we can see it takes less

number of iterations for population with larger sizes to obtain the same

IGD scores compared to small-sized population, but the execution time
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is increased. Figure 6.18 and 6.19 shows this property.

Figure 6.18: Number of Iterations for Different Sized Population to Reach IGD of

50,000

Figure 6.19: Execution Time for Different Sized Population to Reach IGD of 50,000

Despite the increased execution time as population size grows, our
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proposed framework is still faster in getting to the same IGD scores

compared to the sequential BCE as shown in section 6.1, as parts of

each evolution are now being executed in parallel.

6.4 Efficiency and Scalability

Recall for each parallelized part (parallel fitness evaluation and non-

dominate sorting algorithms) of NSGA-II, we utilize GPU threads to

distribute the workload. More precisely, for a population of size N, the

number of GPU threads we used in our computation is 2N (since for

NSGA-II algorithm, for each population of size N, an offspring popu-

lation also of size N is created and involved in evolution process. And

we use 1 GPU thread to handle calculations for 1 individual in overall

population). Therefore, the number of GPU threads we used each time

is as twice the number as the population size. For example, when pop-

ulation size is 500, we used 1000 GPU threads. Note, that on our GPU

device used in this work, the maximum number of threads per block

is 1024. Therefore in case of population size of 500, 1 GPU block is

used. For population size of 1000, we used 2000 GPU threads, which is

2 GPU blocks on our device. Since the maximum number of threads in

each block is 1024 in our machine, and 2 blocks has 2048 threads. For



6.4 Efficiency and Scalability 107

a population size of 1000, 2000 threads is used across 2 blocks. But 48

threads in the second block are wasted. And when population is 500,

we use 1000 threads, with 24 threads being wasted. When comparing

the execution time between 500 population and 1000 population, the

time increase is as expected, but with a lower growth rate as the work-

load are spread over 2 blocks than 1. Figure 6.20 shows this. The

busier we keep the GPU the more stable is the growth rate. The larger

the population size, the more blocks are needed and scheduled on the

cores. However, there is a limitation on how much we can increase the

population size on a single GPU machine.

Figure 6.20: Steady Growth Curve for Execution Time with 2 GPU blocks when

Population Size Larger than 500

We hypothesize that if we have had more than one GPU, we could
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experiment with larger population sizes and increase the efficiency of

the parallel implementation and thereby increase scalability.

For parallel MOEA/D, since we are using CPU threads to achieve

parallelism, the scalability of our program is bounded by available

threads in the computing device. For experiments performed on our

CPU device, only 12 threads can run simultaneously. This limits the

size of the population. To increase scalability, we need more CPU cores

and shared memory to handle larger problem sizes.
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Conclusion and Future Works

7.1 Conclusion

In this thesis, we developed, implemented and analyzed a paral-

lelized hybrid algorithm for solving MOPs based on the sequential BCE

framework [37]. The framework is composed of two parallel evolution-

ary processes: PC evolution and NPC evolution. Each component fol-

lows its own evolutionary process with individuals in each population

evolving simultaneously. NSGA-II is chosen as the PC evolutionary

algorithm while MOEA/D, the NPC evolutionary algorithm. Each al-

gorithm has its own strength and weaknesses. The hybrid algorithm

using a collaborative and co-evolutionary approach, uses the strengths

of these algorithms to produce a fast, convergent and diverse solutions.

As the hybrid algorithm is compute intensive, we parallelized the hy-

109
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brid algorithm taking into consideration the suitability of the architec-

ture for the algorithm. While some of the modules in NSGA-II are

data parallel and suitable for accelerating on the GPU, the modules in

MOEA/D are compute and communication intensive, making it suitable

for shared memory CPU-based machines. However, to allow for more

scalability, we considered an island model, where each island executes

the MOEA/D algorithm. The islands exchange information to provide

more diverse solutions. The solutions in MOEA/D and NSGA-II are

exchanged periodically to move towards a better solution. Experiments

were conducted on the algorithms individually and hybrid on bench-

mark dataset. Using the IGD scores, we evaluated the parallel algo-

rithm against the sequential algorithm. The scores indicate the hybrid

parallel algorithm and parallel MOEA/D performs better than the other

four tested algorithms (NSGA-II, MOEA/D, BCE; parallel NSGA-II)

giving it a more efficient algorithm. The GPU architecture is a fine

grained architecture and therefore, the more fine-grained computations

are executed on the machine, the better the performance. However,

if the threads encountered conditional statements, such as in the non-

dominating sorting algorithm, the performance degrades. Overall the

parallel hybrid algorithm produces better performance compared to a
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sequential algorithm.

7.2 Future Work

In this work, we only considered NSGA-II for PC evolution and

MOEA/D for NPC evolution. There are other EAs for MOPs that

can also be considered in the hybrid framework. Further, we only used

IGD metrics when looking at the quality of our solutions. It confirms

the good performance with an emphasis on convergence. Other metrics

can be considered for evaluating the diversity of the results. The de-

composition strategy for MOEA/D used in this thesis is the weighted

sum approach. In the future, any other decomposition strategy can

be tested. The parallelization is on one GPU machine. This can be

extended to multiple GPU machines for more scalability. Furthermore,

the island model topology for MOEA/D can be investigated. Some

topologies may behave better than others (centralized star versus dis-

tributed ring). Lastly, the BCE framework can be applied to dynamic

optimization problems. It is not clear how the parallel algorithm would

affect dynamic scenarios. This would be interesting to study in the

future.
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