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Abstract

This expository thesis bridges classical modular forms and the modern adelic
framework, focusing on its application to the arithmetic Siegel-Weil formula. Tran-
sitioning to GL(2, A), we explicitly construct non-holomorphic Eisenstein series and
the local Weil representation. Our primary objective is the explicit evaluation of lo-
cal Whittaker functionals for unramified binary quadratic spaces. Using Yang'’s local
density formulas, we compute the central derivatives to verify an identity, providing

a complete SageMath implementation for verification.
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Introduction

1.1 History

It all starts with a simple question: Which numbers can be written as the sum of two
squares? With the accumulated works of Girard, Fermat, and Mersenne, and the
foundational arithmetic observation that any number theory student can make, we
know that a positive integer n can be written in the form n = 22 + y? if and only if
each prime factor p =3 (mod 4) of n appears to an even power.

The next natural question is to ask: in how many different ways can we write an
integer as a sum of two squares? This question was answered by Jacobi. Denoting
r(n) as the number of ways to write n as a sum of two squares, we have the exact

formula

n)=4> x(d) (1.1.1)

dln

where x : (Z/47)* — {+1} is the non-trivial Dirichlet character.
What makes this formula historically and mathematically significant is that it
provides the first clear connection between an analytic generating function, specifi-

cally the Jacobi theta series

= Z q", q=exp(2mir) (1.1.2)

neZ

and the normalized Eisenstein series

EX(T) =1+ m Z (Zx d)d*~ 1) (1.1.3)



Because 7(n) naturally appears as the Fourier coefficients of (1), we obtain the
correspondence 6%(7) = E¥(7). This stems from the fact that this Eisenstein series
is the generator of the one-dimensional space of modular forms of weight 1 and
level 4. (A detailed construction of these spaces and their dimensions is provided in
Chapter 2).

This correspondence gained tremendous importance with the work of Siegel, who
generalized the theta series to the weighted average of representation numbers of
quadratic forms, ultimately identifying them with what are now known as Siegel
Eisenstein series [I5]. Briefly, let A be a positive definite quadratic lattice over Z of

rank m with the quadratic form @) : A — Z. The associated bilinear form is

(0,9) = QU +y) - Q@) ~ Q). where Q) = (wa).  (LLA)

Define the generalized representation number r,(T') for a positive semi-definite sym-
metric matrix 7' as the number of ways to represent 1" by the lattice A. Siegel’s
theta series, which acts as a generating function for these representation numbers, is
a holomorphic Siegel modular form on the Siegel upper-half plane of weight 7.

To provide a representation-theoretic framework for this theory, Weil introduced
the modern adelic approach. By transitioning to the adele ring A of Q and for-
malizing necessary structural decompositions, such as the Iwasawa decomposition
discussed in Chapter [3| we construct the Schrédinger model of the Weil representa-
tion on the space of Schwartz functions S(V(A)") (Chapter 4. Under this setup,
the Siegel Eisenstein series associated to a standard Siegel-Weil section ® of the

degenerate principal series representation is defined globally as

E(g,5,®)= ). ®(yg,5), geG(A), seC. (1.1.5)
¥eP(Q\G(Q)

Specifically, the section evaluates to w(g)p(0)|deta(g)[*~* for a Schwartz function
v and a base point defined by
m—(n+1)

S0= g (1.1.6)

This setup provides the foundation for the Siegel-Weil formula. Simply put, this
formula establishes a fundamental identity: the global integral of a theta function is

exactly equal to a specific value of the Siegel Eisenstein series, evaluated at s = s.



1.2 The Arithmetic Siegel-Weil Formula and Lo-

cal Derivatives

There have been many modifications made to the classical Siegel-Weil formula. Sim-
ply changing the approach to writing the Eisenstein series alters its functional equa-
tion. When we lift this framework to the reductive group and compute it there, the
functional equation relates s <> —s. Consequently, the point of symmetry shifts to
s = 0, which is suitably called the central point.

As we will discuss, Stephen Kudla has shown that the derivatives of the Eisenstein
series given by Equation at this central point (the central derivatives) relate to
another geometric object entirely, known as the intersection multiplicities of special
cycles on Shimura varieties [13].

In our specific setting, working with quadratic forms of dimension m = 2 and
taking n = 1, our base evaluation point naturally aligns with the central point
sop = 0. Our primary goal in this thesis is to explicitly compute the local factors of
these central derivatives.

To prove the arithmetic Siegel-Weil formula and compute these global intersection
numbers, we must look at the local factors. Analytically, the T-th Fourier coefficient
of the global Eisenstein series factors into an Euler product of local Whittaker func-

tionals:

ET(ga‘g?q)) = 1_[ WT,v(ng,q}v)- (121)

VK00
By the elementary product rule, taking the derivative with respect to s at the central
point s = 0 yields a sum of terms where exactly one local Whittaker functional is

differentiated, while the others are evaluated at s = 0:

Efp(g,0,®) = > Wi (95,0, 2,) [ [ Wru(g0, 0, ). (1.2.2)
p

VED
Consequently, having explicit formulas for the central derivatives of local p-adic
Whittaker functionals is particularly useful in light of the Kudla program, which
seeks to connect the global arithmetic geometry of Shimura varieties to these analytic
generating functions. Using these explicit formulas developed by Yang [19], we will

see how the local representation densities approach can be used to explicitly evaluate

these derivatives.



1.3 The Expository (Goal

Although the destination of this thesis is the explicit evaluation of specific local
derivatives, its primary objective is expository. The literature surrounding the arith-
metic Siegel-Weil formula and the Kudla program which bridges the intersection
theory of arithmetic cycles on Shimura varieties with the Fourier coefficients of mod-
ular forms, heavily relies on advanced machinery from representation theory, adelic
analysis, and algebraic geometry, which can present a barrier to entry.

Therefore, the core contribution of this work is to provide a detailed bridge
from classical modular forms to this modern adelic framework. We systematically
construct the necessary background to verify the local identity from [I6, Proposi-
tion 4.4(iii)] for the specific setup we establish in Chapter [f]



2
Classical Foundations

In this chapter, we give the basic foundation for the modular group and modular
forms, mainly following the books Serre [17], Bump [3], and Diamond-Shurman [7].

However, the structure and presentation belong to us.

2.1 The Modular Group and Functions

In this section, we introduce the basic notions necessary to understand classical
modular forms. Our discussion begins with the group-theoretic framework underly-
ing their definition.

Let us consider the group

G = SL(2,R) = {g - (a Z)

and let K denote its maximal compact subgroup, given by

a,b,c,d e R, det(g) = ad — bc = 1}, (2.1.1)

cosf sind
—sinf cosf

K =SO(2,R) = {k: ( GGR}. (2.1.2)

Our main object of interest is the two-dimensional coset space G/K = SL(2,R)/SO(2,R),
which can be parametrized by the upper half-plane:

H={z=z+iy|z,yeR, y> 0} (2.1.3)

An important property of GG is that it acts transitively on H via Mo6bius trans-



formations:

az +b a b
cy = 27 — G. 2.1.4
g-z=—— forg (C d)é (2.1.4)
This action preserves the upper half-plane and satisfies the identity
Im(2)
I cZ) = 2.1.5
mlg-9) = (21.5)

Every element g € G admits the decomposition

1 z\ (y"* 0 cosf sind
g = : (2.1.6)
0 1 0 gy 2 —sinf cosf

for some z € R, y > 0, and 0 € R.
Applying this to the point ¢ € H shows that

1/2 -1/2 0 iné
, Y2 xy cosf sin , ,
1= 1= +1y. 2.1.7
g ( 0 y_l/Q) (— sin 0 cos&) Y ( )

Hence, every point in H lies in the orbit of ¢ under the action of G.

Moreover, the isotropy subgroup of ¢ is precisely K. This gives the identification
H=G/K.

The above factorization of g € G is also known as the lwasawa decomposition of
G. Tt expresses each element of GG as a product g = nak, where n is unipotent upper

triangular, a is diagonal, and k € K. Let us define the subgroup

46 )

consisting of upper triangular matrices. Then the Iwasawa decomposition implies
that

aeR* be ]R} c G, (2.1.8)

G=B-K. (2.1.9)

Now, let us move to the discrete subgroup I'(1) = SL(2,7Z) of G, and to certain
subgroups of it known as congruence subgroups. For each positive integer N > 1, we
define the principal congruence subgroup of level N by

[(N) = {(Z Z) e SL(2,Z)

a=d=1 (mod N), b=c=0 (modN) ;.

(2.1.10)



One can observe that I'(N) is a normal subgroup of I'(1) of finite index. Indeed,
['(N) is the kernel of the natural reduction map

SL(2,Z) — SL(2,Z/NTZ), (2.1.11)

given by reducing matrix entries modulo N.

Now, define the subset F of H by

]:z{zza:—i—z'yeH

1
o < 35, Jel 1}, (2.1.12)

which serves as a fundamental domain for the modular group I'(1).

Intuitively, F contains exactly one representative from each orbit of the action
of T'(1) on H, and the images of F under I'(1) tile the upper half-plane without
overlapping interiors [I7]. The boundary points correspond to equivalences induced
by elements of I'(1). Therefore, another representation of F is given by the quotient
[(1)\H. This fundamental domain is depicted in Figure

2.0 1

1.5 1

0.5 A

T T T T T T
-1.5 -1.0 -0.5 0.5 1.0 15

Figure 2.1: Fundamental Domain

It is important to note that I'(1) acts discontinuously on H, and that F has finite
volume with respect to the measure |y|~2dx dy which is invariant under the action
of SL(2,R). To see this invariance, let

u(A) = L d”;fy, (2.1.13)




b
where z = x + iy. We want to show that for any v = <a d> € SL(2,R), we have
c

B de'dy’  ( dedy
u(rA) - j ! (2.114)

where 2’ = R(vz) and ¢y = Im(yz).
We can rewrite the left-hand side of (2.1.14)) as

J dz’" dy _J
A (y)? A

Using the Cauchy-Riemann equations and the fact in (2.1.5)), we compute the Jaco-

(', y)
Az, y)

dx dy
()

(2.1.15)

bian determinant:

oo y)| 1% Sl (N, (N 4
= | = = - = d—*. 2.1.16
‘6(9:,@/) @~ \ar) Tlay) Tl —
Hence, we obtain
4 dxdy dx dy
4
JA|cz+d| W) =JA R (2.1.17)

which confirms that the measure is indeed invariant under the action of SL(2, R).

Now, let us verify that the fundamental domain F has finite volume with respect
to this measure. Recalling the definition of F from equation , we compute
the volume as follows:

27

(1—a?) 3de = f " dh = g (2.1.18)

L]
i VP -

1 1
2 2 3

™

Now, let us move on to the compactification of the fundamental domain by ad-
joining certain points to it, ultimately obtaining a compact Riemann surface. This
idea will become useful in the upcoming pages when we prove that the space of
modular forms has finite dimension.

Before we proceed, let us briefly define the topological boundary of the upper
half-plane.

Let P!(C) = Cu {0} denote the Riemann sphere. When we embed H into P!(C),
its topological boundary is given by P}(R) = R u {oo}.

Proposition 2.1.1. Let v € SL(2,R) and v # +I act on the Riemann sphere
P}(C) = C u {0}.



1. If |tr(y)] < 2, then v has two fized points in P'(C): one in H and its complex

conjugate. Such an element is called elliptic.

2. If [tr()| > 2, then 7y has two fized points in P*(R) and no other fived points in
PY(C). Such an element is called hyperbolic.

3. If|tr(y)| = 2, then v has a single fived point in P1(R) and no other fized points

in P1(C). Such an element is called parabolic.
b
Proof. Let v = (a d) € SL(2,R) and suppose v fixes some z € P}(C). Then we
c
have

az—i—b_
cz+d

v(z) = z = 2+ (d-a)z—b=0. (2.1.19)

This is a quadratic equation in z, whose discriminant is
A = (d—a)® + dbc. (2.1.20)

Since v € SL(2,R), we have ad — bc = 1, and the trace of 7 is tr(y) = a + d. Then

we find the relation
tr(y)* — 4(ad — bc) = tr(y)* — 4 = A. (2.1.21)

Now, we analyze according to the sign of A:

L. If |tr(y)] < 2, then A < 0, so the roots are complex conjugates; one lies in H,

and the other in the lower half-plane.
2. If [tr(y)| > 2, then A > 0, and the roots are real, i.e., two fixed points in P*(R).

3. If |tr(v)| = 2, then A = 0, giving a single repeated real root, i.e., a unique
fixed point in P'(R).

]

Now we can talk about the cusps of a congruence subgroup. Informally, these
are the points where a fundamental domain for a given congruence subgroup inter-
sects the boundary of H. However, this notion admits a more general and precise

formulation:

Definition 2.1.2. Let I' © SLy(R) be a subgroup acting properly discontinuously on
H, such that the quotient space I'\H has finite volume. A point a € P}(R) = Ru {0}



is called a cusp if there exists a non-identity parabolic element v € I' such that

~v(a) = a.

Now, we can proceed to the notion of compactification. If T' is a congruence
subgroup, let H* = H u Q U {00} be our topological space.

To topologize H* (that is, to formally define its open sets), we begin by assigning
H its usual topology. Thus, a basic open neighborhood of a point z € H is simply an
open disc centered at z that is entirely contained within H.

For the cusp at infinity, z = oo, the basic open neighborhoods are defined to be
Ny ={zeH |Im(z) > M} u {0} (2.1.22)

for any real number M > 0.

For a rational cusp ¢ € Q, we know that there exists a matrix v € I'(1) such
that y(c0) = c¢. Hence, a basic open neighborhood of ¢ is defined by translating a
neighborhood of o via +, yielding sets of the form ~(Ny).

The topology defined on H* ensures that the quotient space X(I') = I'\H* is a
compact, connected, Hausdorff space.

Next, we define the complex charts. Because the natural projection 7 : H* —
X(I') behaves differently depending on the stabilizer of the point, we must define
three distinct types of charts. Recall that a complex chart is a pair (U, ¢), where
U c X(I') and V < C are open subsets, and ¢ : U — V is a homeomorphism.

o If z € H has a trivial stabilizer in I'/{£I}, then 7 is locally a homeomorphism
at z. In this case, we simply use the inverse of the projection, 7=!, to map a

small open neighborhood U of 7(z) directly to an open disc V < H < C.

o If z5 € H is fixed by a finite cyclic subgroup of I'/{£I} of order k > 1, then 7
fails to be a homeomorphism around z,. To overcome this, we apply a Cayley
transform to map 2y to the origin, and then take the k-th power. The local
chart ¢ on X (I') is induced by the map

o(z) = (Z_Zo)k. (2.1.23)

Z—EO

Because this function is invariant under the stabilizer of zy, it descends to a

well-defined homeomorphism ¢ on a neighborhood of 7(zp) in X(I').

10



o For the cusp at oo, we define the local coordinate using the exponential map,
o(z) = ™2, (2.1.24)

By defining the image of the cusp itself to be 0, this map descends to a home-
omorphism ¢ mapping a neighborhood of the cusp in X(I') to an open disc

around the origin in C.

Consider the two elements of I'(1) defined by

T = (1 1), S = (0 _1>. (2.1.25)
0 1 1 0

Their actions on elements of H are given by

1
T -z=2z+1, S-z=—. (2.1.26)

z

Theorem 2.1.3 (3, Proposition 1.2.3). The group I'(1) is generated by the matrices
T and S.

Proof. Let v € T'(1). We will show that v can be written as a product of S, T', and
T

We know that H can be covered by the union of the translates v(F) for v € I'(1),
where F is the fundamental domain. Since H is connected, any two such translates
can be connected by a finite sequence of domains where each adjacent pair shares
an edge.

Hence, we can find a sequence of matrices 71, ..., v, € ['(1) such that v, (F) = F
(so 71 = £1I), Y (F) =7 (F) (so v, = £7'), and for each k, the domains ~;(F) and
Vit 1(F) share an edge.

Observe that the only domains adjacent to F are the translates by S, T', and 7.
Moreover, v;(F) being adjacent to v, 1(F) implies that F is adjacent to v ' yes1(F).
Hence, the matrix v, 'y441 must be one of S, T, or T~ (up to sign).

Therefore,

n—1
7 =7 = | [ e (2.1.27)
k=1

shows that +7/ is generated by S and T. Since I'(1) contains —I = S?, it follows
that ~/ itself is generated by S and T m

Finally, we observe that the matrices I and —I act trivially on the upper half-

11



plane H, since for all z € H, we have (—I) -z = z. This leads us to the following

definition:

Definition 2.1.4. The group I'(1)/+1 is called the modular group. It is the image
of SL(2,Z) in PSL(2, R).

The modular group acts on H in the same way as I'(1), and it is generated by

the same matrices S and 7', since —I acts trivially on H.

2.2 The Space of Modular Forms

Let k£ be an even nonnegative integer, and let H denote the upper half-plane.

Definition 2.2.1. Let f : H — C be a function that is holomorphic on H and
satisfies f(z + 1) = f(z). Due to its periodicity, f admits a Fourier expansion (or

g-expansion) of the form

f(z) = Z ane*™"* = Z anq", (2.2.1)

n=—0o n=—au0

where ¢ = e?™*. We classify the analytic behavior of f at the cusp oo via these

Fourier coefficients:

1. f is meromorphic at o if a, = 0 for all n « 0 (i.e., f(z) grows at most

exponentially as Im(z) — o).

2. f is holomorphic at o if a,, = 0 for all n < 0 (i.e., f(z) remains bounded as

Im(z) — o0).

3. f vanishes (or is cuspidal) at oo if a,, = 0 for all n <0, i.e.,

lim f(z) = 0. (2.2.2)

Im(z)—>o

Definition 2.2.2. Let k be an even nonnegative integer. A modular form of weight k
for SL(2,Z) is a holomorphic function f on H that satisfies

f (“”b) — (cz +d)*f(z) for (“ Z) e (1), (2.2.3)

cz+d c

and is holomorphic at oo.

12



Definition 2.2.3. A function f is called an automorphic function for T'(1) if

f (“Z”’) — #(2) (2.2.4)

cz+d

b
for all <a d) € SLy(Z), and if f is meromorphic on H and at co.
c

An automorphic function is permitted to have poles, whereas a classic modular
form is strictly required to be holomorphic.

For the full modular group I'(1), this holomorphicity constraint is highly restric-
tive due to the geometry of the quotient space. Because the compactified modular
curve ['(1)\H* is a compact Riemann surface, the maximum modulus principle im-
plies that any globally holomorphic automorphic function on it must be constant.
Consequently, any modular form for I'(1) of weight 0 is necessarily a constant func-

tion.

Lemma 2.2.4. If f is a modular form, then f has expansion

o0

f(z) = Z aq", a,¢€C. (2.2.5)

n=0
Proof. Let (2.2.1]) be the Fourier expansion of f(z). Writing z = x + iy, we compute

€2mnz _ 6271'm(:z+zy) _ 627rmxe—27rny' (226)

Thus, the Fourier coefficients a,, can be expressed as

1 1
ap, = J e~ M@t W) £ (1 4 jy) da = f e ImInT AT f (1 4 gy dx, (2.2.7)
0 0

which gives
1
ape ™ = J e 2T f (1 4 iy) du. (2.2.8)
0
Since f remains bounded as y — o0, meaning that there exists a constant C' > 0
such that
f (z +iy)| < C. (2.2.9)

Then, taking norms in equation ([2.2.8)), we obtain

|an€727my| _

1 1 1
| erme s s i del < | U@ iplde < | cdo=c @20
0 0

0

13



Hence,
la,e ™| < C. (2.2.11)

It follows from ([2.2.11]) that if n < 0, the exponential factor e=2™¥ grows rapidly
as y — oo, contradicting the bound unless a,, = 0. Therefore, we must have a,, = 0
for all n < 0. O]

The space of modular forms of weight &k for I'(1) is denoted by My (T'(1)). On
the previous page, we discussed that a modular form of weight & whose constant
Fourier coefficient ag = 0 is called cuspidal, and such forms are known as cusp forms
of weight k. Analogously, the space of cusp forms of weight k for I'(1) is denoted by
Si(I(1)).

Our next goal is to show that these spaces are finite-dimensional. To do so, we

begin with the following proposition:

Proposition 2.2.5 (3, Proposition 1.3.1). Let X be a compact Riemann surface,
and let Py, ..., P, € X be distinct points with positive integers ry,...,r,. Let V be
the vector space of meromorphic functions on X that are holomorphic except possibly
at the points P,,, and which are holomorphic or have poles of order at most ry, at

each P,,. ThendimV <ri+---+r, + 1.
Theorem 2.2.6 (3, Proposition 1.3.2). The space M(T'(1)) is finite-dimensional.

Proof. Let fy be a non-zero element of My(I'(1)). Because fy is a modular form,
it has a finite number of zeroes in the fundamental domain. Let Pi,..., P, be the
zeroes of fy on the compact Riemann surface X (I'(1)), and let ry,...,7r, be the
respective orders of vanishing of f, at these points.

If fe Mg(I'(1)), the quotient f/fy is a meromorphic function on X (I'(1)). Since
f is holomorphic everywhere on H and at the cusps, the only possible poles of f/fy
occur at the zeroes of fy. Furthermore, the order of the pole at any F; is bounded
by r;.

Therefore, the mapping f — f/fo defines an embedding from M (I'(1)) into
the vector space V' defined in Proposition It follows that dim M(I'(1)) <
rit+rm L []

Remark 2.2.7. Let f € M(T'(1)) and g € M;(T’(1)). Then fg e My (T'(1)).

The dimension of space of cups forms is obviously finite since it is a subspace
of the space of modular forms, and by Theorem [2.2.6{ we know that M (I'(1)) is

finite-dimensional.

14



Corollary 2.2.8. The space of cusp forms, denoted by Sx(I'(1)), is finite-dimensional

with the relation
dim Mg (I'(1)) = dim Si(I'(1)) + 1 for k > 4. (2.2.12)

This follows from the fact that if there exists a modular form with a nonvanishing
constant term (such as an Eisenstein series), then we can subtract a suitable multiple
of it from another modular form to eliminate that constant term. This ensures the
relation in Equation (2.2.12)).

Now that we have constructed the space of modular forms and discussed the
properties of both modular forms and cusp forms, we can illustrate these concepts

with an explicit example of a modular form of weight k.

2.3 Classical Eisenstein Series

Let k£ > 4 be an even integer. We define

1
Ei(z) = 5 Z (mz +n)~" (2.3.1)
m,nez
(m,n)#(0,0)

to be the Fisenstein series of weight k.
To prove that Fj(z) defines a holomorphic function on H, we must verify that
this series converges absolutely and uniformly on compact subsets of H. To do so,

we first require the following absolute convergence lemma:

Lemma 2.3.1. The series

Do (Iml + [nf) 7 (2.3.2)

m,ne’
(m,n)#(0,0)

converges for every integer k = 3.

Proof. We analyze the series as follows:

1
Z (|m] + In])* |n| ZO Im Z %WW" (2.3.3)

m,nez
(m,n)#(0,0)

The first sum converges for all integers k£ > 2. It remains to show that the second

sum also converges for k > 3.
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We estimate:

1 1 1 1 e 1
2 G+ ol ToF * 2 Gl vl P 2 e 23

meZ meZ 1
m#0
1 © dx 1 2
ST +2 = + ) 2.3.5
o G G 499
Therefore,
1 2 )
+ , (2.3.6)
én% (|m| + \n| Té <|n]k (k — 1)[n[F1
n#0 n#0
which is convergent for k > 3. This completes the proof. O

We now use Lemma to prove that the Eisenstein series Fj(z) converges
absolutely and uniformly on compact subsets of H.

Let K < H be an arbitrary compact subset. Because K is compact, it is bounded
and has a strictly positive distance from the real line. Thus, there exists yy > 0 such
that Im(z) > yo for all z € K.

Lemma 2.3.2. There exists a positive constant C'x, such that the lower bound
|mz + n| = Ck(m| + |n|) (2.3.7)

holds for all z € K and all (m,n) € Z*\{(0,0)}.

Proof. To construct this bound, let S = {(u,v) € R? : v? + v? = 1} denote the unit
circle in R?. Consider the function ¥ : K x ST — R defined by

U(z,u,v) = |uz + ). (2.3.8)

The function V¥ is continuous on the product space K x S!. Because K and S are
both closed and bounded, K x S! is compact. Furthermore, ¥(z,u,v) is strictly
positive on this domain, hence must attain a strictly positive absolute minimum

value. Let this minimum be ¢y > 0, so that
luz +v| = ¢y forall z e K and (u,v) € S*. (2.3.9)

m

For any pair (m,n) € Z*\{(0,0)}, we can substitute u = Tz and v =

n
m2+n2
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into this inequality to obtain

m n
z+ >cy = |mz+n| = covVm?2 + n2. 2.3.10
vm?2 +n? vm? + n? 0 | | 0 ( )

Using the standard norm inequality v/m? + n? = 1(|/m| + |n|), we get

mz +n| > C2—O(|m| + |n|). (2.3.11)
Setting Cx = ' establishes the lower bound in Equation ({2.3.7). m

Taking the reciprocal and raising both sides to the power of k£ yields

1 1 1

—_— (2.3.12)
Imz +nlf  Ck (Im] + [n))¥

for all z € K. Because >.(|m| + |n|)™* converges by Lemma the Weierstrass
M-test implies that the series defining Fj(z) converges absolutely and uniformly
on the compact set K. Since K was an arbitrary compact subset of H, Fj(z) is
holomorphic on the entire upper half-plane H.

Next, let us verify that Ej(z) is indeed a modular form of weight & for I'(1) by

showing the transformation property.

a b
Let v = < J e I'(1), and consider the transformation z > vz = 22t We
c

cz+d’
compute:
1
By (vz) = (cz + d)’f5 Y (m(az +b) +n(cz+d) " (2.3.13)
(m,n)eZ?
(m,n)#(0,0)
1
= (cz + d)k§ Z ((ma + nc)z + (mb + nd))~* (2.3.14)
(m,n)eZ?
(m,n)#(0,0)
= (cz + d)*Ep(2). (2.3.15)

The last equality follows from the fact that ged(c,d) = 1 (since ad — bc = 1),
which ensures the set {(m’,n’) = (ma + nc,mb + nd)} runs over all of Z*\{(0,0)}
as (m,n) does. This confirms that Fj(z) transforms as a modular form of weight &
under the action of I'(1).

The next step is to show that the Eisenstein series is analytic at infinity. To

observe this, we compute its Fourier expansion. We begin with the following lemma:

17



Lemma 2.3.3. Let z € H and let k = 2 be an integer. Then the following identity
holds:

o0

Z (n—2)"F= (fil)l)' Z nk-te?ming, (2.3.16)

n=—0o

Proof. Define

flu) = (u—2)7" (2.3.17)
for u e R. Let o
f(v) = J_ (u— Z)_kezmuv du (2.3.18)

be the Fourier transform of f.
First, observe that if v = 0, then

R 1 R
. Nk BT _
]%1_{%0 _R(u 2) " du ]%1_1?30 l(l D=1, 0. (2.3.19)

We use the residue theorem to calculate this integral for v # 0. Let

g(u) = (u — z)Femmw (2.3.20)

where v € R, u € C. Observe that g has an isolated singularity at v = z.
Take a semicircular contour of radius R centered at the origin.

Then by the Cauchy Residue Theorem, we have:
J g(u) = 2mi - vos((u — 2)~Fe2mimy| (2.3.21)
c

Now, we analyze the behavior of the integrals depending on the sign of v.

-R

(a) Upper half-plane contour (b) Lower half-plane contour

Figure 2.2: Semicircular Contours

For the lower half-plane contour, the integral over the whole contour is 0. It is the
sum of the integral over the arc and over the straight line. Using the M—L estimate

on the arc:

18



M = sup |(u—2)"Fe®™| « R7™%. sup |e*™"’| « R™Fe 2mvimu (2.3.22)
u|l=R ul|=R
I|m|u<0 I‘m‘u<0
If v > 0, M might not be bounded on the arc (e.g. at u = —iR). So let v < 0.
Then

R ke 2mvlmu — p=ke—c < Rk (2.3.23)

and the arc length is L = 7R, so:

lim ML =7 lim R"* =0, since k > 2. (2.3.24)

R—00 R—0

Therefore, the integral over the green arc is zero, and hence the straight line
integral must also be zero. Similarly, for v > 0, we do the same for the upper
half-plane contour and obtain the same result.

Thus, we find:

. 2mi - res((u — 2) " Fe?™ )|, if v >0
flv) = (2.3.25)
0 itv<0

To compute the residue, we expand e (=2 as a Taylor series at u = 2:

627rizv ((u . Z)ik IS %(u _ 2)71 + .. ) (2326)

so the coefficient of (u — 2)~! gives the residue:

. ((ziil);vk_le%wz ifv>0
flv) = . : 0 (2.3.27)
if v <

Finally, by the Poisson summation formula, we obtain:

0

Z (n—2)F= (EfQT)l)' Z nk-te?min, (2.3.28)

n=—0oo

]

Now we can compute the Fourier coefficients of Fj(z). First thing to observe is
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if we let m = 0, then we see that

- Z Z — ((k). (2.3.29)

nEZ n=
n#0

Hence we can write Ei(z) as

Ep(z) = C(k) + > Y i(mz +n)™" (2.3.30)

(2.3.31)

Since k is even and n runs over all integers, the summations over mz + n and

—mz + n yield the same values. Then, if we also include the summation over m, we

k—1 2mimnz
Z Z n—mgz) (k—l)! Z Zn e . (2.3.32)
m=1n=—o0 m=1n=1
Let N = mn. Then we write
SR -1 27sznz o - 2miNz k—1
2 2 = Z e Zn . (2.3.33)
m=1n=1 N=1 n‘N

By defining the divisor sum for any r € C to be
n)=>.d, (2.3.34)
dln
we see that

om)k(—1)k2 & ,
((;){;(_1))! > oka(N)g",  where g = ¥, (2.3.35)

N=1

Ei(2) = C(k) +

With this, we conclude that Eisenstein series are analytic at infinity. Hence Ej(2)
is a modular form of weight k for I'(1).
Define
Gr(z) = (k) Ey(2). (2.3.36)

It is known that the Fourier coefficients of G (z) are rational numbers (see 17, Chap-
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ter VII). This would imply that

(2 (1)1

=T (2.3.37)

is rational.
This can be seen more clearly by recalling Euler’s explicit formula relating the

Riemann zeta function to the Bernoulli numbers (see [17, Chapter VII):

C(k)k!

By = — b —Lh(—1)k2"

(2.3.38)
It is a classical fact that B, = 0 when £ is odd and greater than one, and that By € Q
for all k. Substituting this identity into our coefficient factor yields the normalized
Eisenstein series G (z), whose Fourier coefficients are given by

2k <

Gr(2)=1—"% op i (N)gY. (2.3.39)
By =,

2.4 Topological Invariants

To fully understand the structure of the space of modular forms and the of modular
functions, we must view them by studying the compactified modular curve X (I').
The following theorem establishes the topological condition needed to show that a
modular function (such as the j-invariant, which we will introduce later) induces an

isomorphism between X (I') and the Riemann sphere.

Theorem 2.4.1. Let M be a compact Riemann surface, and let f : M — C be
a meromorphic function. Assume that f has only one pole, at m € M, which is
simple. Extend f to a mapping M — PY(C) by setting f(m) = . Then f is a

biholomorphism of Riemann surfaces between M and P'(C).

To prove this theorem, we will make use of another elegant result from complex

analysis:

Theorem 2.4.2 (2, Theorem 10.8). Suppose 7 is a reqular closed curve. If f is
meromorphic inside and on v, and has no zeros or poles on 7, and if Z is the
number of zeros and P the number of poles of f inside y (counted with multiplicity),
then

[
MLf_Z—P. (2.4.1)
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Proof of Theorem [2.4.1. We begin with injectivity. Observe that M can be viewed
as a union of open subsets F with a boundary. Since f is meromorphic, and the
boundary of F is a closed curve, we can apply Theorem [2.4.2] to count the difference
between the number of zeros and poles of f.

Topologically, M is obtained by gluing paired edges of the boundaries of F to-
gether, so the integral in (2.4.1)) vanishes. Hence, the number of poles of f equals
the number of zeros. Since f has a single pole, it must have a single zero.

Suppose now that f(z;) = f(22) = a for some z; # 2. Consider the function
f — a, which still has only one zero, contradicting our assumption. Thus, z; = 29,
and f is injective.

For surjectivity, suppose there exists a € P1(C) with a ¢ Im(f). Consider the

function g = which is holomorphic on M since f — a never vanishes. But g is

1
f-a’
then a holomorphic function on a compact Riemann surface, so it must be constant.
This implies that f is constant, contradicting the assumption that f has a pole.
Hence, f is surjective.

Finally, define h = f~!. Then

d 1

— h = f'(h(2))h'(z) =1 W (z) = ——— 24.2
SUeRE) = FREME =1 = K@= a0 (242
showing that A is meromorphic. Therefore, f is an isomorphism of Riemann surfaces.
O
Let us introduce two very important modular forms:

ee] a0
Gi(z) =1+ 240 Y 03(n)q", Go(z) = 1—504 ) a5(n)q". (2.4.3)

n=1 n=1

We can immediately see that both G4(2)? and G(2)? are modular forms of weight
12 via Remark [2.2.7] hence we can subtract them to obtain a new modular form
Gu(2)% — Ge(2)%

One can easily notice that the Fourier expansion of this form has no constant

term. Moreover,

1
@(Gi — G2) = q— 24q¢ + 252¢° — 1472¢" + 4830¢° — 6048¢° + ...  (2.4.4)

defines a cusp form of weight 12, called the discriminant modular form and denoted

by A(z).
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Define the function j : H — C by

j(z) = : (2.4.5)

The first thing to observe is that j is an automorphic function on I'(1), because
both G4 and A are modular forms for T'(1), and their weights cancel out (since G%
has weight 12 and so does A). Thus, j(z) is invariant under the action of I'(1) and
is meromorphic on HI.

Moreover, the j-function has the Fourier expansion

1
j(z) = = 4 744 + 196884q + ... (2.4.6)
q

which clearly shows that j has a pole at infinity in SL(2,Z)\H u {o0}.

As Theorem [2.4.1] states, j is a bijection of the compactified space
SL(2,Z)\H U {0} = P*(C). (2.4.7)

Definition 2.4.3 ([7]). Let I" be a congruence subgroup of SL(2,Z). Topologically,
the compact Riemann surface X (I') = I'\H* is a sphere with g handles for some
g € N. This g is called the genus of X(T).

From a more algebraic point of view, the genus of X (I') can be determined by
computing the half-rank of the first homology group:
H\(X(T),Z) = 7%. (2.4.8)
Moreover, the second homology group satisfies

Hy(X(T),Z) =~ Z. (2.4.9)

This topological invariant can be useful when comparing two compact Riemann
surfaces via a holomorphic map, as it provides a way to relate their homological and
geometric structure.

If f: X — Y is a holomorphic mapping between compact Riemann surfaces,
then the topological degree of f is defined to be the positive integer n such that the
map

7~ Hy(X,7) > Hy(Y,Z) = 7 (2.4.10)

induced by f is multiplication by n.
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Furthermore, if we define Fxy and Fy to be the fields of meromorphic functions
on X and Y respectively, then f induces an injection Fy <— Fx, and we have
[Fx : Fy] = n. If we focus on a point y € Y, the fiber f~!(y) generally consists of n
points. However, if this number is strictly less than n, we say that y is ramified.

Let y € Y be a point such that f~'(y) = {z1,...,2,}. Let ¢; be the number of
points in f~*(n) near z; for a non-ramified point n € Y close to y. Then e; is called
the ramification index of x; over y, and if e; > 1, we say that x; is ramified. Clearly,

we have
T

dlei=n, (2.4.11)

i=1
and if e; = 1, then z; is said to be unramified. We may denote this by e; = e(z; | y).
The following remark describes how the genera of two compact Riemann surfaces

are related via ramification data.

Remark 2.4.4 (Hurwitz genus formula). Let gx and gy be the genera of X and Y,
respectively. Let n be the topological degree of f, and let P, ..., P, be the (finitely
many) ramification points of f in X, with ); = f(F;) their images in Y. Then the

genus formula asserts that
2gx — 2 =n(2gy —2) + > (e(P | Qi) — 1). (2.4.12)

=1

Before we see the Hurwitz formula in action, we first need a formula to compute

the degree n of the covering. Let us consider the canonical mapping
['(N)\H* — SL(2,Z)\H", (2.4.13)

where I'(V) is as defined in (2.1.10)).
Observe that for 7 € H*, the map

I'(N)-7—SL(2,Z) - T (2.4.14)
[T] — [7] (2.4.15)

simply sends the I'(N)-orbit of 7 to its SL(2,Z)-orbit. That is, it is the natural
projection between the quotient spaces.

The degree n of this covering will be equal to the number of T'(N)-cosets in
SL(2,7Z), which is given by the index

n = [SL(2,Z) : T'(N)]. (2.4.16)
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Since I'(IV) is the kernel of the mod N reduction homomorphism (see (2.1.11))),
computing this index becomes manageable via a finite group computation. This is

equivalent to computing the cardinality of SL(2,Z/NZ), which is given by

N <1 — ) (2.4.17)

pIN

When N = 2, we have [ = —1I, so this formula applies directly. However, for N > 2,
the matrices I/ and —/ are no longer congruent modulo N, so we must divide the
result by 2.

To see how this formula works in practice, let us consider I'(2), one of the simplest

congruence subgroups. Using the degree formula, we find:
1 1 3
_ 93 [ TS 3 AT S S B
n=2 | | (1_p2> =2 (1 22) = 4—6. (2.4.18)

Since the genus of the compactified quotient SL(2,Z)\H* is zero, the Hurwitz

genus formula becomes:
—2=06(29—2) + Z (P [ Qi) —1). (2.4.19)

To compute the right-hand side, we must identify the ramified points in SL(2, Z)\H*,
which are the cusp oo and the elliptic points i and e?™%/3.

We begin with the cusp co. Under the quotient map
['(2) 00— SL(2,Z) -0 = Q u {0}, (2.4.20)

the preimages of oo correspond to different I'(2)-equivalence classes in Q U {0}.
Because I'(2) consists of matrices satisfying a = d = 1 (mod 2) and b=c=0
(mod 2), we find:
['(2) 0= {2 a odd, ¢ even} : (2.4.21)

c
Using 2-adic valuation, we observe that any element of this set satisfies vo(a) —
ve(c) < 0, so the valuation is negative.

Similarly, the other equivalence classes can be described as:

b
['2)-0= {d : b even, d odd} — vy >0, (2.4.22)
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b
re-1= {aid:a—kbandc—kdodd} = vy = 0. (2.4.23)
c

Thus, there are three distinct points in I'(2)\H* lying over the cusp oo.
Since the total ramification index above co must add up to the degree n = 6, and

there are three such points, we conclude:

(e(P, | o0) —1) =6 —3 =3, (2.4.24)

I\Mw

When it comes to the elliptic points, what we are looking for are the matrix
classes in SL(2,7)/T'(2) that fix the point under Mébius action. In particular, for

the elliptic point i, we are interested in matrices satisfying

ai +b
ci+d

Il

i (mod 2). (2.4.25)

Recall that all elements of SL(2,Z)/I'(2) can be represented by the following six

matrices:

{0 A O O o A o

Among these, the only matrices that fix the point ¢ are

10 0 -1
() w0 i

Therefore, the stabilizer of 7 in SL(2,7Z)/I'(2) has order 2, and the number of
distinct points lying above i is 6/2 = 3.

Hence, the contribution of the ramification over 7 is:
3
D i(e(P|i)~1)=6-3=3. (2.4.28)
i=1

2mi/3

Finally, let w = e so that w3 = 1 and w # 1. We are now interested in matrices

in SL(2,7Z)/T'(2) that fix w under Mébius action modulo 2:

aw + b
cw +d

=w (mod 2). (2.4.29)
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Among the six coset representatives listed previously, the ones that stabilize w

(1 O), (1 _1>, (O _1>. (2.4.30)
0 1 1 0 11

Hence, the stabilizer of w in SL(2,Z)/I'(2) has order 3, and the number of distinct

points lying above w is 6/3 = 2. Therefore, the ramification contribution over w is

modulo 2 are:

i (e(P|w)—1)=6—2=4. (2.4.31)

Returning to the Hurwitz genus formula, we have:
—2=129-12+34+3+4=129—-2 — g=0. (2.4.32)

Hence, the genus of I'(2)\H* is 0.
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3

The Adelic Framework and

Automorphic Forms

In this chapter, we introduce the algebraic framework required to compute the
Fourier coefficients of the non-holomorphic Eisenstein series, a computation we will
carry out in the final section. This machinery is necessary because, as we will see in
the third section, lifting functions from the classical upper half-plane H to algebraic
groups allows us to study them locally. Through the local-to-global principle, we

can then synthesize these local pieces to obtain global results.

3.1 Places

We begin by establishing the base fields for our local computations.

Definition 3.1.1 ([5]). A set of places is a subset
S < {p : prime number} U {0}. (3.1.1)

We will denote an individual place by v.

We perform our local computations over local fields QQ,,, which are the completions
of Q at the places v. The reason for this is that computing Fourier coefficients
requires integrating functions over these spaces. Integration relies on limits and
measure theory, which are only well-defined if the underlying field is complete with
respect to the chosen metric. Since Q is not complete with respect to the metric
induced by the absolute value |- |, for v < oo (5, Proposition 4.2.2), we must pass to

its completions.
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The completion at the infinite place v = o is the familiar completion of Q with

respect to the standard Euclidean absolute value:

x, if x >0,
[z]o = (3.1.2)
-, if v <0.

This field is denoted by Q, or more commonly, R.

Definition 3.1.2. For a fixed prime p, every rational number r # 0 can be written

as
= .
r=mp — (3.1.3)

where m,n € Z are coprime to p. The number k is uniquely determined by r. We

define the p-adic absolute value by

=p* (3.1.4)

p

B
rlp = [

We complete this definition by
0], := 0. (3.1.5)

Omitting the details of the formal completion process, the completion of Q with
respect to the p-adic metric is the field of p-adic numbers, which can be explicitly

represented as the set of formal Laurent series in p:
w .
sz{Zajp]:NeN,0<aj<p}. (3.1.6)
j=—N

We conclude this section by stating a foundational result that will be essential

for our later computations.

Proposition 3.1.3 (5, Proposition 4.1.4). For every x € Q*, we have the product

formula

[Tzl =1. (3.1.7)

VK00

3.2 Strong Approximation

The product of R and the restricted product over all finite places gives us an algebraic

structure called the “adele ring.”
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Definition 3.2.1. The ring of adeles is defined as

A=Rx]]Q, (3.2.1)
P<0
= {(%0, x2,73,...) | Tx € R, x,, € Z, for all but finitely many p}. (3.2.2)

As we discussed in the previous section, Q, is the p-adic completion of @, and
Z,, can be defined as
Ly = {xp € Qp: |Tplp < 1} (3.2.3)

Observe that if x € Q, then x € Z, for almost all p.

It is easily seen that the set of adeles naturally admits a ring structure.

Theorem 3.2.2. The adele ring can be written as
A=R+Q*+1Z (3.2.4)

where Q® is the diagonal embedding of the rationals into A and

Z=1]z, (3.2.5)

P<0

Proof. 1t is clear that A > R + Q* + 7. Hence, we only need to show that A <
R+ Q% + Z.

Let a = (ay, a2, as,...) be an element of A. Let
S ={pi:ay, ¢ Zp,} (3.2.6)

Our claim is that we can find ¢ € Q such that a, — ¢ € Z, for all p. Suppose for a

moment that the only prime in S is 2. We know that a; can be written as
e}
ay = Y byi2", (3.2.7)
k=—N.

where Ny € Z7% and by, € {0, 1}. By setting ¢ = Z;

Since the denominators of ¢ are strictly powers of 2, we have |q|, < 1 for p # 2,

No b27k2k, we obtain as—q € Zs.

ensuring a, — q € Z, continues to hold for all other primes p. Observe that a general
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q can be found for an arbitrary finite set S by summing the principal parts:

g=> 1 D bart ] (3.2.8)

Having constructed ¢ for the finite places, we turn to the infinite place, where we

can always find an r € R such that » + ¢ = a,. Hence, the equality holds. O

This is a very useful theorem, known as the strong approximation of the ring of

adeles.

Definition 3.2.3. The group GL(2, A) is a restricted direct product

GL(2,A) = GL(2,R) x | [GL(2, @) (3.2.9)
p<o0
= {(Ay, Az, As,...) | A, € GL(2,Z,) for all but finitely many p}.
(3.2.10)

We see that strong approximation applies to GL(2, A) as follows:

Theorem 3.2.4. The group GL(2,A) can be written as follows:
GL(2,A) = GL(2,R) - GL(2,Q)* - K (3.2.11)
where GL(2,Q)% is the diagonal embedding of GL(2,Q) into GL(2,A) and

K =[] GL2.2,). (3.2.12)

p<o0

Proof. We will follow a similar constructive approach to that used in the proof of
Theorem [3.2.2] It is clear that the product is a subset of GL(2,A). Let A =
(Ag, Az, As, ... ) € GL(2,A). We will construct @ € GL(2, Q) such that (QX», Q X, ...
where X, € GL(2,Z,) will equal (As, As,...) for the finite places. We require
QX, = A,, which implies that X, = Q7 '4, € GL(2,Z,). If A, € GL(2,Z,) for
all p, then there is nothing further to show. Let

S ={pi: Ay, ¢ GL(2,Z,,)}, (3.2.13)

which is, by definition, a finite set. Our claim is that we can find @ € GL(2,Q)
such that Q7 'A4, € GL(2,Z,) for all p. To see how the algorithm works, suppose 2
is the only prime in S. We may assume that As is upper triangular by applying the
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Iwasawa decomposition. By setting Q~! as an upper triangular rational matrix, we

QoG b1 bao _ @ib21 qibap + q2ba3 _ (3.2.14)
0 q 0 b273 0 Q462,3

To ensure this product is in GL(2,Z,), the matrix must have entries in Zy and its

have

determinant must be a unit in Z5. We can choose ¢; = 27°"92(b21) and ¢, = 27°1d2(b23)
This forces the diagonal entries g1by; and giba3 to be 2-adic units. Then, we can
choose a rational ¢, (whose denominator is strictly a power of 2) to clear the fractional
part of qibys + goba3, guaranteeing the upper-right entry lies in Z,. Because Q'
relies only on powers of 2 in its denominators, multiplying by Q~! preserves the
condition Q7' A, € GL(2,Z,) for all p # 2.

Observe that a general Q! can be found by taking the product of all elementary
@, ! matrices that arise from systematically clearing the denominators of each A,,
for p; € S.

Similar to the one-dimensional case, we can always find an R € GL(2,R) such
that RQ) = A, since () is invertible. Hence, the equality holds. O

3.3 Lie Algebras and Group Decompositions

In this section, our primary goal is to establish the decompositions of the local groups
G, = GL(2,Q,). These decompositions, specifically the Iwasawa and Bruhat decom-
positions, are the foundational building blocks for analyzing automorphic forms and

defining local Whittaker functions.

Proposition 3.3.1. Let G, = GL(2,Q,), P, be the standard parabolic subgroup,

which is the collection of upper-triangular matrices

P, — {(a b) |a,b,c€@v}, (3.3.1)
0 c

and K, be a maximal compact subgroup of G,. Then G, admits the Iwasawa decom-
position
G,=PF, K,. (3.3.2)

If v = oo, we will prove that K,, = O(2).
Theorem 3.3.2. O(2) is a mazimal compact subgroup of GL(2,R).

Proof. We first show that O(2) is compact.
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Consider the continuous map
m: GL(2,R) - M(2,R), A~ AAT. (3.3.3)

By definition,
0(2) = m'({I}), (3.3.4)

which is the preimage of the closed set {I}. Hence O(2) is closed in GL(2,R).

Next, if A € O(2), then AAT = I implies that each row (and column) has a
Euclidean norm of 1. Thus, the absolute value of every entry is at most 1, meaning
0O(2) is bounded.

Being both closed and bounded in the finite-dimensional space M (2,R), O(2) is
compact.

Now, to show maximality, suppose K is a compact subgroup of GL(2,R) such
that

O(2) ¢ K < GL(2,R). (3.3.5)

Let A € K. By the polar decomposition (see [11]), we can uniquely write
A=R-e¥, (3.3.6)

where R € O(2) and X is a real symmetric matrix.

Set Y = eX. Then Y is positive definite, so all its eigenvalues are strictly positive.
Let PJP~! be its Jordan canonical form. If an eigenvalue \ satisfies A > 1, then
YN = PJNP~! becomes unbounded as N — o0, contradicting the compactness
of K. If A < 1, then Y¥ tends to 0, which again contradicts compactness (since
0 ¢ GL(2,R)). Therefore, all eigenvalues must be exactly 1.

Moreover, if J were not diagonal, then the superdiagonal entries of J» would
grow without bound, again contradicting compactness. Hence J = I, s0 Y = I.

Consequently, A = R € O(2), and thus K = O(2). We conclude that O(2) is a
maximal compact subgroup of GL(2,R). O]

Next, we proceed to analyze the decomposition G, = P,K, in greater detail.

It is clear that G, o P,K,. To show equality holds, all we need to prove is

Gy € PpKy.
Let
a b
g = ( ) € Gy. (3.3.7)
c d
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Then we can factorize g into the product of a matrix p € Py, and r € K, of the forms

det(g) ac+bd 7 d 7 —c
Ve2+d? V2 +d? c2+d? c2+d?
0 e and p , (3.3.8)

C
Vert+d? Ve +d?

respectively, which proves g € Py, - K.

Next, we investigate the structure of K, in the p-adic case. To simplify the
analysis, let us first consider the multiplicative group Q. Our claim is that Z is
the maximal compact subgroup of Q). Since Q, is complete with respect to the

p-adic metric, the closed unit ball
Zy,={xeQ,: |z, <1} (3.3.9)

is bounded and therefore compact. Since Z) = {rx € Q, : [z], = 1} is a closed subset
of the compact space Z,, it is itself compact. Hence, Z, is a compact subgroup of
Q;.

Maximality follows immediately: the norm of powers of any element z ¢ Z;
(meaning |z|, # 1) would be unbounded in either the positive or negative direction,
contradicting compactness. Thus, Z is the maximal compact subgroup of Q.

For the general case, we will show that GL(n,Z,) is a maximal compact subgroup

of GL(n,Q,). Establishing compactness is relatively straightforward.
Theorem 3.3.3. The group GL(n,Z,) is compact in GL(n,Q,).

Proof. First, observe that M (n,Z,) is compact in M (n,Q,) since it is the unit ball
with respect to the sup-norm in the standard basis of M(n,Q,). The determinant
map

det : M(n,Z,) — Z, (3.3.10)

is continuous. Therefore, the preimage det_l(Z;) = GL(n,Z,) is a closed subset
of a compact space. Hence, GL(n,Z,) is compact in M (n,Q,), and consequently
compact in GL(n,Q,). O

Let us introduce some useful notions before discussing maximality.
Definition 3.3.4. A lattice in Qj is the Z,-span of a basis of Qj.

What we are genuinely interested in is the set of invertible matrices that fix a

lattice.
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Definition 3.3.5. For each lattice L in Q}, we define the stabilizer subgroup
Kp ={g€GL(n,Q,) : g(L) = L}. (3.3.11)

The quintessential example of such a set is GL(n,Z,), which is the collection of
matrices that fix the standard lattice Z;.

Lemma 3.3.6 (4, Theorem 3.1). Let H be a compact subgroup of GL(n,Q,). Then
there exists a lattice M in Q) such that H < K.

Lemma 3.3.7 (4, Theorem 3.3). Let L and L' be two lattices in Q) and suppose
K; < K. Then there exists A € Q; such that L = \L' and K = K.

Now, we are ready to prove maximality.
Theorem 3.3.8. The group GL(n,Z,) is a mazimal compact subgroup of GL(n,Q,).

Proof. Suppose that GL(n,Z,) < H, where H is a compact subgroup of GL(n,Q,).
Then there exists a lattice M < Qj such that H = Ky Since Kz = GL(n,Z,), we
have the chain of inclusions

Kzy © H < Ky, (3.3.12)

By Lemma , the inclusion KZ;L c K, forces K = KZ;L, and hence H =
GL(n,Z,). O

It follows from the above that GL(2,Z,) is a maximal compact subgroup of
GL(2,Q,). Therefore, we set K, = GL(2,Z,) for finite places.
Similar to the infinite case, it is clear that P, - K, < G,. To show the reverse
b
inclusion, let g, = ¢ J € G)p. If ¢ =0, then g, € P, and we are done. If ¢ # 0, we

c
have two cases based on the p-adic valuations: either |c/d|, < 1 (meaning c¢/d € Z,),

or |d/c|, < 1 (meaning d/c € Z,).

If ||, < |d|,, we can factorize g, as follows:

a—% p\ (1 0
— d , 3.3.13
9p ( 0 d g 1 ( )

where the first matrix is in P, and the second is in K, since ¢/d € Z,,.

On the other hand, if |¢|, > |d|,, we can factorize g, as:

c a 0 1
9p = (0 _det((:gp)> (1 _g) . (3314)
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The first matrix is upper triangular, hence in P,. Because |d/c|, < 1, the second
matrix has entries in Z, and its determinant is —1 € Z7, ensuring it belongs to K.
This proves G, < P, - K,,.

Next, we shift our focus to the Bruhat decomposition.

Proposition 3.3.9 (8, 4.1). The Bruhat decomposition of G, = GL(2,Q,) is

0 —1
G, = P, P,wN,, wherew = <1 0 ) , (3.3.15)

with P, the parabolic subgroup of G, and N, its unipotent radical, which is the col-

lection of matrices of the form

1 u
v {(t ) 1weal i

We call P, the little cell, which consists of matrices with ¢ = 0, and we call P,wN,

the big cell, consisting of matrices of the form

PywN, = { <a Z) e GL(2,Q,) | ¢ # o} . (3.3.17)

C

Our next goal is to explicitly express the coset space P,\G, using the Bruhat
decomposition.
We claim that

P\G, = P\P, v P\(P,wN,) = {1} vw- ((w ' Pwn N,)\N,) = {1} UwN,,
(3.3.18)
which asserts that wN, =~ P,\(P,wN,). To formally establish this, we must construct
an isomorphism between these two sets.

Observe that we have a natural sequence of maps
wN, &> PwN, & P,\(P,wN,) (3.3.19)

where the first map, j, is the canonical inclusion (which is clearly injective), and the
second map, p, is the canonical projection (which is surjective). We want to show
that the composition p o j is a bijection.

Because P,wN, is exactly the orbit of wN, under the left action of P,, every

coset in P,\(P,wN,) contains a representative from wN,. Thus, p o j is surjective.
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To show injectivity, suppose n,n’ € N, such that p(j(wn)) = p(j(wn')). This

means they lie in the same left P,-coset:

Pywn' = Pyun <= wn'(wn) '€ P,
— wn'nwlteP,

— n'ntew 'Puw.

1

Let n'n=" = h. Since N, is a subgroup, h € N,. This implies that

hew 'Paw n N,. (3.3.20)

However, the intersection w=!P,w n N, consists only of the identity matrix, because
w™tP,w contains only lower-triangular matrices, while N, contains strictly upper-
triangular unipotent matrices. Hence, h = I, which forces n’ = n. This shows

injectivity. Therefore, p o j is a bijection, and the claim holds.

3.4 From Domains to Groups

We now shift our focus from domains to groups. This perspective allows us to utilize
powerful representation-theoretic tools. Let f be a function on H. By the standard
isomorphism SL(2,R)/SO(2,R) =~ H, we can transfer this function to the group
SL(2,R) via the map gSO(2,R) — g - ¢ and define a function F' as

F(g) = f(g-i), geSL(2,R). (3.4.1)

The function F' is right SO(2, R)-invariant, since SO(2,R) is the isotropy sub-
group of 7. Conversely, any right SO(2, R)-invariant function on SL(2,R) naturally
descends to a function on H.

In the first chapter, we defined holomorphic modular forms of weight k via Equa-

tion ([2.2.3)), which can also be rewritten as

F <az i b) — j(v,2)Ff(2) for y = (a b) e (1), (3.4.2)

cz+d c d

where j(7, 2) = cz + d is the factor of automorphy. Tt satisfies the essential cocycle

condition
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Given a modular form f : H — C of weight k, we define a new complex-valued
function ¢, on SL(2,R) by

or(9) = j(g,1) " f(g 1), (3.4.4)

b
where g = ¢ J e SL(2,R). This lifted function satisfies the following four
c

fundamental properties (see [0, Chapter 2):

(i) ¢s(vg) = ¢s(g) for all v e I'(1).

This left-invariance property follows directly from the cocycle condition:

Or(v9) = j(vg.1) * f(vg - i)
= 3(v, 98" 5(g,0) i (v, 90)" f g - 0)
=j(g,9) " f(g-i) = &4(g).

(ii) ¢;(gr(0)) = e *0¢p¢(g) for all 7(0) € K.
Here, K denotes the maximal compact subgroup SO(2,R) of the Lie group
SL(2,R), and r(#) is the rotation matrix

r(0) <0089 —sin 0) 7 (3.4.5)

sinf cos®

which fixes the point i € H. When () acts on g from the right, we evaluate

the factor of automorphy at ¢:

op(gr(0)) = j(gr(8),) " f(gr(0) - i)
= j(g,7(0)1)~*j(r(6),7) " f(g - 1)
=e (g, )" fg-i) = e Mos(g).

(iii) ¢4(g) is bounded if f € S¢(T"). In particular, its L*-norm is finite:

J |65(9)|* dg < o0, (3.4.6)
T(\G

where G = SL(2, R).

To justify this property, we invoke the following classical lemma.
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Lemma 3.4.1 (9, Lemma 1.5). Suppose f € My(I'). Then f € S(I') if and
only if y*2|f(x + iy)| < M for some constant M independent of x.

Proof. Define the function
h(z) = Tm(2)"2|f(2)], (3.4.7)

which is clearly I'-invariant. Thus, it suffices to show that h(z) < M if and

only if f vanishes at every cusp s of T'.

Let 0 € I'(1) be an element that maps oo to s. Then,
ho2) = Im(02)2]f(02)] = Tm()"2]j(0, 2)| ¥ f(02)]. (3.48)

This shows that if f € S,(I'), then h(w) — 0 as w — s in the topology of the
extended upper half-plane H*. Hence, h extends to a continuous function on

the compact space I'\H*, and thus must be bounded by some M.

Conversely, if h(z) < M is bounded globally, then f must vanish at all cusps

to prevent the imaginary part of the expansion from blowing up. O

Because h(g - i) = |¢;(g)|, it immediately follows that ¢((g) is bounded over

the fundamental domain, guaranteeing a finite L?-norm.

(iv) ¢¢(g) is cuspidal; i.e., for all g € G and o € I'(1),
! 1 zh
orlo g | dx =0, (3.4.9)
0 0 1

To prove this property, we parameterize g using the Iwasawa decomposition of
SL(2,R). Observe that since

g = L z\ (42 0 cosf) —sin6 | (3.4.10)
0 1 0 y Y2) \sinf cosé

we have the straightforward action g -7 = = + iy = z. Hence, the integral

where h € Z.
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becomes

[ o ( (3 xlh) g) e = fa‘(" (3 mlh) g’i>_kf ( (3 xlh)g'i> .

(3.4.11)

—L j ( , (é xlh) g'@') flo(z +xh))d
(3.4.12)
= L (flko)(z + xh) dz. (3.4.13)

This final expression is exactly the zeroth Fourier coefficient of f at the cusp
s = o(o0). Since all such constant terms vanish by definition, and hence the

integral is zero.

To fully appreciate the significance of the L*norm described in property (iii), we
must briefly introduce the natural inner product on the space of classical cusp forms,

known as the Petersson inner product. For two modular forms fi, fo € Si(I), it is

defined as d p
z dy
(frs f2) - —J fi(2) fa(2) 2 (3.4.14)

where F is the fundamental domain of I'\H. This integral equips the space Si(I)
with a geometric structure, allowing us to define orthogonality: two cusp forms are
called orthogonal if their Petersson inner product vanishes, meaning {f1, fo) = 0.

Now, let us compute the general L?-inner product of two lifted functions ¢y,
and ¢y, over the group quotient I'(1)\G. Because the lifted functions ¢ are left-
['(1)-invariant, their pointwise product ¢y, (¢)¢y,(g) is a well-defined function on the
quotient I'(1)\G. Furthermore, since G = SL(2,R) is unimodular, its Haar measure
dg is bi-invariant. The left-invariance of dg ensures it induces a well-defined quotient
measure on I'(1)\G.

Using the (x,y,0) parameterization stemming from the Iwasawa decomposition

of g € G, the normalized Haar measure on G = SL(2,R) is given by dg = idzfy do.
We can evaluate the integral over the quotient by integrating over a fundamental
domain Fg for I'(1) in G. Since I'(1) acts solely on the upper half-plane component,
we can identify Fg with F x [0, 27), where F is the standard fundamental domain
for T'(1)\H.
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Expanding the integral yields:

L 1o 00050 A = | 01005 (0)ds (3.4.15)

:i u 2\ F2 k0 2\ k/2—ik0 M
Qg (R ) e ™ 8 4

(3.4.16)
= Jff fi(2) fa(2) dx dy d (3.4.17)
= J fi(2) fa(2) dx dy (3.4.18)
= (fi, fo)- (3.4.19)

This evaluation is highly significant: it demonstrates that the lift f — ¢; is
an isometric embedding from the space of cusp forms Si(I") to the space of square-
integrable functions L*(I'(1)\G). This provides the crucial theoretical justification for
studying modular forms via representation theory, as it guarantees that the Petersson
inner product is preserved. Consequently, orthogonal modular forms on the upper-
half plane map directly to orthogonal functions on the group.

Finally, we extend these functions from SL(2,R) to GL(2,R)*, the group of

real matrices with positive determinant, which also preserves the upper half-plane.

Observe that the center
0
Ty = {(a ) ‘ae RX} (3.4.20)
0 a

trivially stabilizes 7, and we already know SO(2,R) is the isotropy subgroup within
SL(2,R). Hence, we deduce the extended isomorphism

GL(2,R)"/Z#SO(2,R) ~ H. (3.4.21)
Thus, we can naturally extend our lift to
F(g) = f(g-i), geGLE2R)", (3.4.22)

which is left GL(2, Z)*-invariant, right SO(2, R)-invariant, and Zg-invariant. To en-
sure the lift continues to satisfy the cocycle condition for matrices with arbitrary

positive determinants, we introduce a normalizing adjustment to the factor of auto-
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morphy:
7(g,2) = (cz + d)*(det g) /2. (3.4.23)

With this modification, the analogous representation-theoretic results for GL(2,R)*

follow directly.

3.5 Non-holomorphic Eisenstein Series

We define the Eisenstein series on H as the sum

Ex(s,2) = Z Y

o (cz + d)F|ex + dPsT
gcd{c,d):l

s

for z € H and R(s) > 1. (3.5.1)

By invoking Equation ([2.1.5)), we can rewrite the Eisenstein series over the cosets
I\ as

Bi(s,2) = ). M, (3.5.2)

’YEFOC\F j(77 Z)k

whereF=SL(QaZ)aj(($g)’Z):Cz+d’ and I'y, = 8 * =t

*

Observe that we can extend Fk(s, z) to both the upper and lower half-planes by
substituting Im(yz) with [Im(~z)|, which yields

I s _
E(s,2) = . M for » e H U H, (3.5.3)
e J(12)

where I' = GL(2,Z) and I'y, is defined as above.
Then, using (3.4.22), we can lift Ej(s, z) from H u H to GL(2,R) by setting

EF(g) = Bi(g - i)| det g|2j(g,1)™, for g € GL(2,R). (3.5.4)

To study the most general picture, let us define the following function via the

b
Iwasawa decomposition G, = P, K, for v < o. For g, = (g d) k, we define
a b ’%‘ , for v < oo,
Dy k| = ;’ ' (3.5.5)
0 d ’%‘ et for v = o0,
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where

GL(2,Z,), for v < o0,

ke K, = ' cosf sinf (3.5.6)
SO(2), for v = oo, with k = :
—sinf cosf

Clearly, a,d € Q) and b e QQ, in all cases.
For simplicity, we will take £ = 0 to compute the Fourier coefficients of the
Eisenstein series. By writing F(z) = Ey(s, z) and invoking Equation (2.1.5)), we can

rewrite the Eisenstein series over the cosets ', \I" as

E(z) = ), (Im(2))", (3:5.7)

Y€l \I'

where I' = SL(2,Z) and T'y, = 0 ) e r}.

If we define a global function ¢ on the adele group G5 = GL(2,A) at the outset
by evaluating the product over all places of the local functions above, then for g =

(g9v) € Ga, we define:
o(9) =] [ eulgv)- (3.5.8)

This infinite product is well-defined because for any adele g € G,, its components
g, belong to the maximal compact subgroup K, = GL(2,Z,) for almost all finite
places v. By our local normalizations, ¢,(k,) = 1 for all k, € K,. Thus, the product
evaluates to 1 for almost all places, reducing it to a well-defined finite product.
Note that ¢ is ultimately a function on the adele group Gy = GL(2,A). By

the product formula, we observe that ¢ is left FPg-invariant. Since A, D € Q*, their
global adelic norm is 1, so:

(3 5) o) -l - o -la -+ ()%

(3.5.9)
We will show that the following proposition holds:

Aldla d

Proposition 3.5.1. Let ¢ be the function on GL(2, A) defined above. Then we have
Ei(z)= >, o(v: (9, 1,1,...)), (3.5.10)

¥EPp\Gq
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where z = x +1iy € H, and g4 € GL(2,R) is chosen such that gy -i = z (for example,
g = (1) (yg/2 y_O1/2>)- Here, (9o, 1,1,...) denotes the natural embedding of the

real matrix into the adele group Gy .

Moreover, we can extend this series globally to the group G, = GL(2,A) as

Erdele(g) 1= Z o(v - q). (3.5.11)

¥€Pp\Gq

(We note that this series converges absolutely in the right half-plane Re(s) > 1, a
standard property of Eisenstein series, which justifies this definition).

This expression defines a function that is both left Gg-invariant and Z,-invariant,

a 0 y
ZA:{(O a):aeA } (3.5.12)

There are three parts that need to be proved to establish Proposition [3.5.1f
Equation gives X pq, Tm(7gx0-4)[*, there is a bijection between the cosets
P;\G7z and Py\Gg, where Gz = GL(2,Z), and the summation over Py\Gg is well-
defined. The last case is obvious by Equation [3.5.9

where

1. To establish the bijection between the cosets Py\Gq and P;\Gz, we use the
geometric fact that each line in Q? can be uniquely represented by a primitive
Z-line in Z2. Specifically, if (z,y) € Z?* is a primitive vector with ged(z,y) = 1,
then the set

L = {(kx,ky) | keZ} (3.5.13)
defines the associated primitive Z-line. Using this, we will show that the canon-
ical map

P;\Gz — Py\Go, (3.5.14)
Prg — Fog

is surjective.

First, observe that Gg acts transitively on the set of lines in Q2. Moreover, Py
is exactly the stabilizer of the base line {(0 *)}. Therefore, there is a natural

bijection between the cosets Pp\Gg and the set of lines in Q2.

Let [ be a line in Q2. Then [ is the Q-span of some vector (z y) € Z* with
ged(z,y) = 1. The intersection of this line with Z? gives the Z-span of (z y),

which is a free rank-one Z-module generated by the primitive vector (x y).
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Note that SL(2,Z) < GL(2,Z) is already transitive on primitive Z-lines. In-
deed, there exist integers b, d € Z such that

bx + dy = ged(z,y) = 1, (3.5.15)

and therefore

(z y) < / Z) = (0 1). (3.5.16)

—X

The same transitivity naturally holds for GL(2,Z).

b
Py = {(g d) ca,de Z*, beZ} (3.5.17)

stabilizes the Z-line spanned by (0 1), we conclude that the map (3.5.14)) is

surjective.

Since

Injectivity follows immediately from the intersection property Pz = Gz n Fy.

Hence, the bijection holds.

. Observe that there is a natural injective map
Jv : GL(2,Q) — GL(2,Q,), (3.5.18)

and thus we can define the natural diagonal embedding j, which identifies
GL(2,Q) with its diagonal image GL(2, Q)*:

i=]]d:CGLE2Q = GLE2,Q)" = [ [GL(2, Q). (3.5.19)
We can therefore evaluate ¢(7y - go) component-wise as

@(’Y : goo) = <Poo(joo(7) 'goo> ) H @v(jv(V))' (3'5'20)

V<00

Let us start with the infinite part. We want to show that

Pon(gon) = Tm(goo - 4)[". (3.5.21)

We know that (., is determined by the ratio of the diagonal entries of p,, € Py

arising from the Iwasawa decomposition Gy, = P - K. If det(gy) = 1, we
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obtain

S

a b L * 1
= ver = |l5—= 3.5.22
%<c d) %( 0 \/02+—d2> ErE| (3:5:22)
which is exactly |Tm(go - )[*.
On the other hand,
eu(Ju(7)) = pu(7) = 1, (3.5.23)

since v € GL(2,Q) is mapped to GL(2,Z,) at all finite places v. Hence, the

product over the finite places is equal to 1.

Therefore, we obtain

Dloelroge) = D, @u(voge) 1= D [Imlyge i),  (35.24)

’yEPz\GZ ’yEPz;\GZ ’yepz\GZ
as claimed.

With this, we demonstrated that Proposition holds.

To evaluate the global Eisenstein series F(gy - 7) explicitly, we must sum over
the coset space FPy\Gg. By invoking the Bruhat decomposition, Gy = Py 1 PowNg,

the sum splits over two orbits:

Eudgo-i)= D, ©(v-90) = @lg) + Do @(v- g). (3.5.25)

v€Py\Gyo vewNg

Since gy - @ = x + 1y, we can write the contribution from the little cell explicitly as

P((gor 1,1, ) = @oolge) - | | (1) = Iyl (3.5.26)

V<0

For the contribution from the big cell, we have

Doelvge) = D <sooo(7-goo)-l_[sov(7)>- (3.5.27)

yewNg YewNg V<00

Let us begin with the archimedean factor. Since ¢, is right K ,-invariant for all
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1 ¢
places, we evaluate the action of v = w <O 1) with ¢t € Q to obtain

CEIEIED 2 e

Multiplying on the right by a suitable matrix in O(2) gives

x+t Y y
<0 —1 > \/(x+t)2+y2 \/(x+t)2+y2 _ (z+t)2+y2 * <3 5 29)
—y x+t T
y v+t V(@2 4y /()2 +y2 0 V(@ +1)% +y?
Hence,

66 DY)

The non-archimedean factor is computed similarly, accounting for valuation sizes.

B ) (e [ )

If |t|, < 1, then the product already lies in GL(2,%Z,), so

1 ¢
Do (w <0 1)) =1, for|t|, <L (3.5.32)

On the other hand, if |t|, > 1, we must multiply

(0 —1) _ <0 —1) (1 t> (3539
1t 1 0)\0 1

on the right by a suitable element of K, to obtain an upper-triangular form. Indeed,

(O _1>< 1_1 0) - (tl ) (3.5.34)
1t ) \=t1 1 0 ¢

1 0
because when |t|, > 1, we have —t~! € Z,, ensuring ( 1 1) € K,. Therefore,

(x + )% + y?

0
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reading the diagonal entries yields

1 1
Lo (w (O 1)) = |t|, %, for |t], > 1. (3.5.35)

Combining both cases, the product across all finite places is

1, if |t], < 1,

[Tesn=1] (3.5.36)

V<00 V<00 |t‘;28, if ‘t’v > 1.

Thus, combining the archimedean and non-archimedean parts gives the full eval-

uation:
1 t\ (1 2\ [y O ° 1, if |t], < 1,
plw L2 a2 H
0 1)\o 1) \0 1 @02+ 02 o | 2, i |ty > 1,
(3.5.37)
as claimed.

Now, let t = d/c with ged(e,d) = 1. Then |t|, > 1 < |d/c|, >1 < p|c

Hence, the product can be elegantly rewritten as

1, if |d/cl, <1, 1
1] 4/c! =[]l = =5 (3.5.38)

o< | |d/cl32, if |d/cl, > 1, o< |cl%

Using (3.5.37]), the global expression collapses to

s s

_ )
o ez 4 d?s

*o1

el

y
(x+€)?2+y

Yy
(cx + d)? + (cy)?

(3.5.39)

ee]

which is exactly the classical summand.
The next step is to use these explicit local forms to compute the constant coeffi-
cient of the Fourier expansion of Fg(z).
The constant coefficient of a modular form f(x +iy) can be classically computed
via
Cfliy) = / f(zx + 1y) dz, (3.5.40)
R/Z

which can be expressed over the quotient of the unipotent group as

Cfliy) = J f(n-iy)dn (3.5.41)

Nz\Nr
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since we have the isomorphism Ng ~ (R, +) for the unipotent group N. Note that,
using the injection R/Z < A/Q, we can rewrite Nz\Nr globally as

Nz\ (NR : (NA n]] K)) = Ng\Na, (3.5.42)

V<00

Ng - (NR- <NA mvl;IOKv)> — N,.

To make this precise, we must establish the Haar measure dn on N,. Because

since

N is isomorphic to additive group, we construct this globally by first defining local
additive Haar measures dn, on each Q,. For the archimedean place, dn. is the
standard Lebesgue measure on R. For each finite place p, we normalize the Haar
measure dn,, such that the compact open subgroup Z, has a volume of 1. The global

Haar measure on N is then the product measure:

dn = [ [ dn,. (3.5.43)

Under this standard normalization, the volume of the quotient space Ng\Ny is 1.
This follows from the fact that a fundamental domain for Q\A can be chosen as
[0,1)x] ], Zp. Taking the product measure over this domain yields 1x[[1 = 1. With
the measure established, we can now rewrite the classical constant term globally.
Suppose F' is right-invariant under the maximal compact subgroup K = Hp K,.
Because the volume of the finite unipotent subgroup Nz, N K = Hp Zy, is 1, for

Joo € G, Ny € Ny, and ng, € Ng,, we have

r

CF(gw) = F(nw * o) dne (3.5.44)
JNz\N]R
r
= J F(noo * oo * Mfin) dngin dngs (3.5.45)
IN\Ng INLATT, - Ko
r
= J F(no - Nin * Goo) dnigin dngs (3.5.46)
INZ\Ng INoAN[ T e o0 Ko
-
= F(n-gy)dn. (3.5.47)
JNQ\NA

Applying this formulation to the global adelic Eisenstein series E2¢(g) defined
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previously, the constant coefficient is evaluated via the integral
CE(g) = J £ (ng) dn, (3.5.48)
No\Na

and by inserting the adelic summation formulation from Equation (3.5.10]), we obtain

| Eemgan= [ S smg)n
NQ\NA

NQ\NA ’yEP@\GQ

- > f Y. wlyng)dn.

wePy\Gg/Ng Y No\NVa e Py\ PywNg

This decomposes into a single contribution from the small cell and a sum over

the large cell:

fN@\NA ¢(ng) dn+f > (wyng) dn = JNQ\NA o(ng) dn +J H(wng) dn.

No\Na YeNg Na
(3.5.49)

Since ¢ is left Ny-invariant, the small cell contribution trivially evaluates to
| etngydn = ¢lg) - vol(Ne\N) = (), (3.5.50)
No\Na

which, for g = (g, 1,1...), yields exactly ¢(g) = y°.

The large cell contribution factors over the places as

JNA p(wng)dn = [ | J U oo(wng,) dn,. (3.5.51)

VK00

We now use Equation (3.5.36)) to explicitly compute the large cell contribution in
the non-archimedean cases (where v = p). Since Q, is locally compact, we normalize
the Haar measure on Q, such that the total measure of Z, is 1. Because the units

7y = Z,\pZ, have measure 1 — %, it follows that the scaled shell p~'Z* has measure

P (1—}0).

Thus, the integral splits as

f 1dt+f ], 2 dt =1+
[tlp<1 [tlp>1 l

—1+

18

]p*l\fs J 1dt
1 Pz

(") -p (1 — ;)

18

l

Il
—



“1+ (1 - ;) 2(#)“8

1—p % B G(2s—1)
1—pl=2s - Cp(23) )

where (,(s) = (1—p~*)~! denotes the pth Euler factor of the Riemann zeta function.
Recall the standard Euler product for the Riemann zeta function over all finite

primes, given by
31
=2, =1la-p"=]]G0). (3.5.52)
n=1 n p<© p<0

Therefore, the combined contribution from the large cell across all finite places is

exactly

Gp(2s—1)  ((2s—1)
pl;[of p(wng,) dn, = pl:olo o25) ERGCOE (3.5.53)

The archimedean case follows smoothly using Equation (3.5.30)):

J

I
(x + 1)+ y?

S ys
dt = f dt
o @y

—y | ———dt
e

where we used the translation invariance of the integral. By substituting ¢t — yt and

—_

then employing the trigonometric change of variables ¢ = tan , we obtain

1 3
s | = gt — %9 0)252 4p. 3.5.54
y JR Eear dt =y Jo (cosd) ( )

Recall the Euler beta function

! ['(s1)I'(s2)
B = | v l-w?du =, 3.5.55
(sr0s0) = [ w0 — et - (35.59)
which admits the trigonometric representation
%
B(s1, $2) = QJ (sin §)*'~*(cos )% df. (3.5.56)
0
Setting 251 — 1 =0 < zéandQSQ—l =25—2 < 5y zs—%, we

o1



evaluate the integral as

H ['(s = 3I'(3)
1—s 2f 9 25—2 de _ 1—s 2 2
y ) (cos 6) y Is)
_ ylfs\/%]'—‘(s B %)
I'(s)

since ['(3) = /7.
Rewriting this fraction in terms of the completed archimedean zeta factors, we
find

O O e

where (. (s) = 77%/?T'(s/2) is the special archimedean Euler factor.

Let £(s) = (($)-((s) denote the fully completed zeta function. As is standard in

the literature, this completion is special so that £(s) admits the symmetric functional

equation £(s) = (1 — s) (seel3l Chapter 1). Combining Equations (3.5.50)), (3.5.53)),
and (3.5.57), the constant coefficient of the Eisenstein series Ey(z) is

VAL —3) o TIT(s - ) _ s 1) (3.5.57)

5(28_ ]‘) 1—s
£2s) 7

Definition 3.5.2. Let ¢ be the standard non-trivial additive character of Ng\Ngy =
Q\A, defined on local components ¢, € Q, by:

CE,(z) =y + (3.5.58)

" e2itor if v = o0, (3.5.59)
v\tv 6727'ri{tp}p’ lf v=Dp, h

where {t,}, € Q denotes the fractional part of the p-adic number ¢,. For any m € Q,
we denote by v, the character obtained by scaling v, i.e., ¥,,(n) = 1(mn), which
decomposes locally as 1, ,(t,) = ¥,(mt,).

For the global adelic non-holomorphic Eisenstein series E24¢¢(g), the m-th Fourier

coefficient is defined by the adelic integral
F (B (g)) = J B (g )m(n) . (3.5.60)
Ng\Na

This adelic integral recovers the classical m-th Fourier coefficient of F(z).

By invoking Equation (3.5.10)) and the Bruhat cell decomposition once more, we
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expand the integral as

f B (ng) G
Ng\Na

~—

dn:f > (yng) |tm(n) dn
NQ\NA ’yEPQ\GQ

= JN . o(ng)ty,(n) dn + JN Z (wyng)Ym(n) dn.

\NA ’YGNQ

The contribution of the little cell simplifies to

f p(ng)y(n) dn = J w(g)Y(n)dn = SO(Q)J ¢(n)dn,  (3.5.61)
No\Ny No\Ny No\Na

since ¢ is right Nj-invariant. Because 1 is a non-trivial character, its integral over

the fundamental domain vanishes:
J w(n)dn = 0. (3.5.62)
No\Na

Hence, the contribution of the little cell to the non-constant coefficients is strictly
Zero.

Let us turn our attention to the big cell. Observe that we can apply a change
of variables by setting 7 = yn, which means n = v~ '7i. Because v, is defined as
an additive character on the quotient space Ng\Vy, it is trivial on Ng by definition.
Since v € Ng, we immediately have v,,,(~) = 1. Thus, the character can be rewritten

simply as

wm(n) = wm(’yilﬁ) = wm(7>wm(ﬁ) = wM(ﬁ) (3'5'63)

By standard unfolding of the integral, we can combine the sum over the discrete
subgroup Ng with the integral over the fundamental domain for Ng\N, to obtain a
single integral over the entire adelic group N,. Since the integrand is a product of

local functions, this global integral factors into a product of local integrals:

JN . > plwyng)dm(n) dn = JN p(witg) (1) dit

=11 JN o (WG, ) Vim0 (N) AT

VK00

Let p < o be a finite prime. Recall that to recover the classical Fourier coeffi-
cients, we evaluate the adelic Eisenstein series at the specific element g = (g4, 1,1,...) €

Ga. Thus, the local component g, is exactly the identity matrix 1, and the local
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integral reduces to

1ty —n
f,, ©p (w (0 1)) Vmp(t) dt. (3.5.64)

Invoking the evaluations from (|3.5.36]), we introduce the function

B 1, if t € Zy,
max(1, [t],) = (3.5.65)

|t]p, otherwise.

For a fixed m € Q*, let vy,, be the character of Ng, = Q, given by ¥y, ,(t) =
@Z)p(mt) _ 6727ri{mt}p'

Thus, each non-archimedean factor can be computed by splitting the domain:

max (1, [t],) "X e Mt gt = J

6—27ri{mt}p dt +J |t’;256—27ri{mt}p dt.
Zyp

Qp Qp\Zyp

Here, we introduce the p-adic Gaussian indicator:

1, it m e Z,,
Yp(m) = (3.5.66)
0, otherwise.

By the orthogonality of characters, the integral over Z, is precisely 7,(m).

The second integral over the fractional shells requires an expansion:

)
J |t‘;2se—27ri{mt}p dt = ZJ ’t|p—256—27ri{mt}p dt
Qp\Zp 1=1Yp7'Zy

o0
_ p—ZSl f e—27rz{mt}p dt.
=1 p'zy

Assume m € Z,. Then its valuation is |m|, = p~* for some integer & > 0, meaning we
can write m = p*u for a unit u € Z, . Because multiplication by a unit is measure-
preserving, u can be absorbed into the Haar measure without changing the integral.
We thus have:

0
Zp—Qsl f 6—27ri{pkt}p dt = Zpl—Qlev 6—27ri{pk*lt}p dt (3567)
=1 p'Zy -1 /s
o 1—2sl —2mi{pFt}, -1 —2mi{ph—l+1t},
= ZP 2 dt —p e dt
=1 Zp Zp
(3.5.68)
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=207 (") = p ) (3.5.69)

=1

There are two cases. If [ < k, both 7,(p*™!) = 1 and ~,(p* ') = 1, yielding the

sum:
k 1-2s (k+1)(1-2s)

o N ey -
Sy P e s

If | = k + 1, then v,(p"") = 0 but 7, (p"*1) = 1, generating the term:

(k+1)(1—2s)

P
- 3.5.71
p ( )
By merging these two terms and simplifying algebraically, we obtain:
1— (1—2s) m|?s—1
(- p2o i m T (3.5.72)

1— p1—23

Conversely, if m ¢ Z,, its valuation is |m|, = p™ for some k < 0. In this case,

the sum strictly vanishes:

w
Zpl—Qslf e~ 2mi{P* M gy 0, (3.5.73)
z

X
=1 p

because p*~! ¢ Z, for all [ > 1. Hence, by summing 7,(m) and (3.5.72)), the complete

local integral evaluates to

‘ 1— (1-2s) m 2s5—1
max(1, [t],) 220 g — oy () (1 — p-2y 2 E ™

3.5.74
@ 1— pl—Qs ( )

Taking the product over all finite places isolates the Riemann zeta function factor:

_ (1=28) | 251 _ p(1-25) 251
TI<%“”“—p””1 — >=<9@4I1<%om1 - )

_ mnl—2s _ ml—2s
<ot l—p <0 l—p

(3.5.75)
Observe that by the definition of 7,(m), we see that the product of this function

over all finite places is

1, if meZ,
[]r(m) = (3.5.76)

V<0 0, otherwise.
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Thus, the entire expression is non-zero only when m € Z. Let m = pf ! p§2 P
Recall the classical divisor sum function, defined by o, (m) := Y] djm @°- For a prime

power p°, o1_o4(p?) is evaluated as

1 — pi=25)(5+1)
1— p1—25

1—2s

o1_0s(pP) = 1+ p' 72 4 p2172) o 072 (3.5.77)
Because 01_(m) is multiplicative and |m|, = p~, the remaining product evaluates

exactly to this divisor sum:

_ o (1-2¢) m 2s—1
] (%(m)1 Pl )zal_gs(m). (3.5.78)

__ ml—2s
oo l1—p

Thus, the contribution of the finite places is:

I1 f o (i) G i = T=2e(M). (3.5.79)
Finally, we address the archimedean factor where v = oo:

1 ¢ 1 x y 0 -
J;&SOOO (w (O 1) (0 1) (O 1)>@Doo(t)dt. (3.5.80)

Using ([3.5.30)) and the standard continuous additive character ., (t) = e?™mt

this integral takes the explicit form:

J

To compute this, we apply the change of variables u = t + z. The integral

S

J e=2mimt gy (3.5.81)

(x + )% + y?

transforms into

—2mimu
omi €
TS | ———— du. 3.5.82
‘ Y JR (u? + y?)s ! ( )

This Fourier transform is a well-known classical identity that yields the modified

Bessel function of the second kind, K, (z). Specifically, we utilize the relation (see
10, 3.771.2)

e—27rimu 2718 m, s—1/2
| _ 2 e a(2nlmly). (3.5.83)
R

(2 g2 T Ty
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Substituting this evaluation back, the archimedean contribution simplifies to

s—1/2,,1/2

278 |m)|

I'(s)

Y

2mimax

KS_1/2(27r|m|y). (3584)

Combining the archimedean and non-archimedean factors, we have the following

result:

Proposition 3.5.3. The mth Fourier coefficient of the FEisenstein series Fg(z) is

given by

s—l/20.1_25 (m)

I'(s)¢(2s)

_27%m)|

Fo(Ey(2)) = Y P K, (27 mly)e?mime. (3.5.85)

This explicit formula is useful because it clearly separates the arithmetic and
analytic properties of the Eisenstein series. The non-archimedean places contribute
the arithmetic data: the divisor sum o7_s5(m) and the Riemann zeta function in the
denominator. In contrast, the archimedean place provides the analytic geometry,
yielding the modified Bessel function K,_;/,(27|mly) that forces the coefficients to
decay exponentially as y — oco. This factorization highlights the main advantage of

the adelic approach.
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4
The Weil Representation

Beginning with this chapter, we will slowly shift our focus to local Whittaker func-
tionals. To do so, we first need to introduce the most important representation-
theoretic tool, the Schrodinger model of the local Weil representation. We will intro-
duce the basics of local quadratic spaces and Schwartz-Bruhat functions, adapting
the notation in Kudla [I3] and Kudla-Yang [13]. However, the details of these sub-

jects will be limited to only what we need to cover our upcoming computations.

4.1 Local Quadratic Spaces

Definition 4.1.1 ([6]). Let V be an R-module. A quadratic form on V is a function
Q@ : V — R which satisfies:
(i) Forallre Rand z €V,
Q(r-z)=r"-Q(x). (4.1.1)

(ii) The function B : V x V' — R defined by

B(r,y) = Q(z +y) — Q(r) — Qy) (4.1.2)

is a bilinear form on V.
The pair (V, Q) is called a quadratic space over R.

We are mainly interested in quadratic spaces over local fields, specifically over
finite places. For a fixed place v, let (V, Q) be a quadratic space over Q,, i.e., V is

a vector space equipped with a quadratic form

Q:V - Q,. (4.1.3)
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Given a quadratic form, we obtain the associated bilinear form

(r.9) = 5 (Qr +) ~ Q) - Q) (41.4)

in the usual way.
Let x, : QX — {£1} be the quadratic character defined by

Xola) == (a, (1) det V) | (4.1.5)
where (-, ), denotes the quadratic Hilbert symbol at v, defined by
(.b) 1, if the equation ax? + by? = 22 has a nontrivial solution in Q,,
a,0)y =
-1, otherwise.
(4.1.6)
Here, det V' is defined as follows; consider the matrix
1
[Q(x)]i; = 5(%,%), (4.1.7)
where x = (z1,...,x,,) is a basis for V and Q(x) € M,,(Q,) denotes the correspond-
ing symmetric matrix. Thus,
det(V) := det Q(x) € Q*/(Q*)?, (4.1.8)

which is independent of the choice of basis.

4.2 Schwartz-Bruhat Functions

Definition 4.2.1. Let V' be a finite-dimensional vector space over Q, (where v can

be finite or infinite).

(i) For v = 0 (so V = R™), a function ¢ : V — C is called a Schwartz function
if ¢ is infinitely differentiable and ¢ along with all its partial derivatives are
rapidly decreasing, meaning that ¢ decays at infinity faster than the inverse of

any polynomial.

(ii) For v < o0, a function ¢ : V' — C is called a Schwartz-Bruhat function if it is

locally constant and compactly supported.

The vector space S(V') consisting of these functions is called the Schwartz space.
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A classical example of ¢ € S(R™) is the Gaussian
Bx) = e TR ), (4.2.1)
For the p-adic case, we may consider

1, r €L,
1.(x) = (4.2.2)
0, otherwise,

where L < V' is any open Z,-lattice. We call 1, the indicator function (or charac-

teristic function) of L.

Lemma 4.2.2. Let L < V be an open lattice and a € V. Let 1,,1(x) denote the

characteristic function of the coset a + L.
(i) 1oir is an element of S(V').
(i1) S(V') is spanned by characteristic functions of the form in part (7).
Proof. (i) We need to check that 1, is both compactly supported and locally

constant.

Since L is a lattice in V, it is compact. Translating it by a preserves compact-
ness, hence a + L is compact. The support of 1., is exactly a + L, so it is

compactly supported.

To show local constancy, we must show that for every x € V', there exists an
open neighborhood U, of x such that 1., is constant on U,. In the p-adic
topology, open lattices form a neighborhood basis of the identity, so we can

choose U, = x + L as an open neighborhood.

Case 1: zea+ L. Then x =a+ 1 for somel e L. Let ye U, = x + L. Then
y=x+U'=a+1+1"€a+ L, hence 1,,7(y) = 1.

Case 2: x ¢ a+ L. Then x + L and a + L are distinct cosets. Since cosets of L

are either identical or disjoint, we have
(x+L)n(a+ L) =, (4.2.3)

hence 1,,.(y) =0 for all y € x + L.
In both cases, 1, is constant on U,, and therefore locally constant.

We have shown that 1,,, € S(V).
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(ii) Let ¢ € S(V'). By definition, ¢ is locally constant and compactly supported.

Because ¢ has compact support, its local constancy is uniform. Thus, there
exists a single open lattice L < V such that ¢(z + y) = ¢(x) for all z € V and

all y € L. This means that ¢ is constant on each coset a + L.

Since ¢ has compact support, it is nonzero on only finitely many cosets a; +

L,...,a,+ L. Let ¢; = ¢(a;) fori =1,...,n. Then for all z € V| we can write

O(x) = 3 i Larr (), (4.2.4)

which is a finite linear combination of characteristic functions of the form in
part (i).
Hence S(V) is spanned by functions 1,4 .

4.3 The Local Weil Representation

Let v be a place of Q and (V, Q) a quadratic space over Q, as defined above. Let us
denote dim(V') by m. To define the Weil representation, we fix a non-trivial additive
character ¢, of Q,. Let dy denote the self-dual Haar measure on V' with respect
to 1, and let 4y, denote the local Weil index associated to (V, Q) and v,, which
is fundamentally an eighth root of unity that arises as a normalizing factor for the
Fourier transform on V' (see 12} 1.3).

The local Weil representation (in the Schrodinger model) is a representation wy,, :
SL(2,Q,) — Aut(S(V)). Since SL(2,Q,) is generated by the diagonal, unipotent,
and Weyl elements, the representation is uniquely determined by its action on these

generators. The explicit formulas are given as follows (see [12], I1.4):

1. Let a € Q. Then, for ¢ € S(V),

[wv,v ((g a01>> ¢] (z) = |al yo(a)d(az), (4.3.1)

where | - |, is the v-adic absolute value.
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2. Let b e Q,. Then, for ¢ € S(V),

1 b
[WV;U ((0 1)) 925] (z) = ¥ (bQ(2)) P ().

0 -1
3. Let w = (1 0 ) Then, for ¢ € S(V),

[WVU - /YVyf wv x y dya

where dy is the self-dual Haar measure on the vector space V.
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5]

Explicit Computations with Local
Whittaker Functionals

In this chapter, we will examine the building blocks of the non-holomorphic Eisen-

stein series that we discussed in detail in the previous chapter.

5.1 Induced Representations

Definition 5.1.1. For v < o0, let y, : Q) — C* be a multiplicative character. For
s € C, we define the degenerate principal series representation 1,(s,x,) to be the

space of smooth functions

o(-,s): SL(2,Q,) — C (5.1.1)

@ <<G abl) g,s) = Jaf;" v (@) (g, ) (5.1.2)

for all a € QF, b e Q,, and g € SL(2,Q,).

such that

Let the global induced representation I(s,y) be defined as the restricted tensor

product of the local induced representations

I(s,x) = ®Iv(s,xv). (5.1.3)

Here, X denotes that for all but finitely many places v, the local components belong
to the family of spherical (unramified) vectors (see Definition [5.1.2]).

63



Definition 5.1.2. Let p be a prime integer. Let x, be an unramified character (i.e.
Xp(a) = 1 forall a € Z)). A standard section ®)(s) € I,(s, x,) is called spherical (or
unramified) if it is invariant under the right action of the maximal compact subgroup
K. That is, ®)(gk,s) = ®)(g,s) and ®)(1,s) = 1 for all g € SL(2,Q,) and k € K,,.

Definition 5.1.3. A section ®(s) is a family of vectors {®(-,s) | s € C}. We say a
section is holomorphic or meromorphic if for a fixed g € GL(2, A), the mapping

s — B(g, s) (5.1.4)

is holomorphic or meromorphic.

A section is factorizable if it can be written as a product over all places v <
®(g,5) = [ [ ®olg0:5), 9= (90) € G(2,4), (5.1.5)

such that for almost all finite places v, the local section ®,(-, s) € I, (s, x») is spherical

section.

Definition 5.1.4. A section ®(s) € I(s, x) is called standard if its restriction to the

maximal compact subgroup K < G, is independent of s.

Let (V,Q) be a quadratic space of dimension m over Q,, and let x, be the

quadratic character associated with V. Define

S0 1= % ~1. (5.1.6)

Given the Schwartz-Bruhat space S(V'), we can construct an element in I, (sq, x,) via
the Weil representation w,. Specifically, the standard section attached to a function

¢ e S(V) is given at s = 59 by

®(g, s0) = (wv(9)9)(0). (5.1.7)

To see why this naturally defines an element of I,(s, x.), we verify its transformation

behavior under the parabolic subgroup. Let p = € P,. From the explicit

0 a!
formulas for the Weil representation, we get

®(pg, 50) = (wr(p)wr(9)9)(0) = xu(a)|aly’(wy(9)$)(0). (5.1.8)
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Because we defined our base point as sy = % — 1, the exponent is exactly so+ 1. This
yields ®(pg, so) = xo(a)|a|?T1®(g, so), which is precisely the required transformation

law for the principal series representation.

Lemma 5.1.5. Fiz any so € C and vector @y € 1,(so, X»). Then there exists a unique
standard section ®,(-, s) such that ®,(sg) = Po.

Proof. We will construct a standard section &, that satisfies ®,(sg) = Po. Let
f : K, — C be a smooth function satisfying

F(pk) = laly" xo(a) £ (k) (5.1.9)

a b

for all k € K, and p =
0 a!

> € P, n K,. By the Iwasawa decomposition, any

b

-1

g € SL(2,Q,) can be written as g = (g ) k,. We define ® as
a

(g, 5) = laly ™ xo(@) f (k). (5.1.10)

Observe that the restriction (i| k, is determined solely by the function f and is
independent of s, hence @ is a standard section.
Now, let fo(k,) = ®o(k,) for all k, € K,,, and construct the section

®,(g,5) = laly" xo(a) folky)- (5.1.11)

By the above reasoning, ®, is a standard section. Moreover, evaluating at s = s,

we obtain

4 (9, 50) = laly" xo(@) fo(ko) = lalyxu(@)Po(ky) = Po(g). (5.1.12)

Hence, a section satisfying ®,(sg) = ®q exists.

To show uniqueness, suppose ®,1(g,s) and @, (g, s) are two standard sections
such that ®,1(sg) = Py2(s0) = Po. Set V(g,s) = ®,1(g,5) — Py2(g,s), which is
again a standard section. By assumption, ¥(g, sq) = 0 for all g. Since W is a standard
section, its restriction to K, is independent of s, which implies that ¥(k,,s) = 0 for
all s. Because standard sections are completely determined by their values on K,, ¥

must be identically zero. Therefore, ®,1(g,s) = ®,2(g, s), proving uniqueness. [

Definition 5.1.6. For a global standard section ®(s) € I(s, x), we define the Eisen-

65



stein series as

E(g,s,®) := Z P (vg, s). (5.1.13)

'yEPQ\GQ
Remark 5.1.7. The Eisenstein series given by Equation can be recovered as
a special case of this global adelic framework. Specifically, the previous setting

corresponds to inducing from the trivial character, x = 1.

5.2 Whittaker Functional

In this section, we transition to the local Whittaker functional, which is the essential
ingredient for understanding the Fourier expansion of our Eisenstein series. By
computing these functionals explicitly over given quadratic spaces, we can determine

the exact local factors of the global coefficients.

Definition 5.2.1. Let ®,(-, s) be a standard section. The local Whittaker functional

is defined as

W@w%&¢mzzj B, (wn(by) g, $)tbu (—mby) db,, (5.2.1)

v

-1\ . 1 b,
where w = Lo is the Weyl element, n(b,) =

for m, b, € Q,, and v,
is the local additive character of Q, defined in Definition [3.5.2]

Theorem 5.2.2. For any factorizable holomorphic section ®(-,s) = [, Pu(-,5) €
I(s,x), the m-th Fourier coefficient of the global Fisenstein series decomposes into

a product of local Whittaker functionals over all places v < o as

vaoo Wmﬂ)(g787q)v)7 m ;é 07

E.n(g,s,®) =
! 0(9,5) + [yen (Mo(5)0) (g0 5), 10 =0,

(5.2.2)

where g = (g,) € G(2,A) and (M,(s)®,)(gv, s) is the local intertwining operator

H J D, (w (; bf) gv,s) db,. (5.2.3)

Proof. The m-th Fourier coeffcient of the Eisenstein series along N is given by the

1 b
En(g,s,®) = J@\AE <(0 1) g,s,@) (—mb)db (5.2.4)
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where ¢ =[], <o v 18 @ non-trivial additive character A trivial on Q. Expanding

the global Eisenstein series yields

En(g,s,®) = f@\ Z o (7 ((1) l;) g,s) (—mb)db. (5.2.5)
A yePy\Go

Via applying the Bruhat decomposition we get a summation over the identity coset

and the Weyl element.

o Let m # 0. Then the identity coset contribution vanishes because of the
integral of a non-trivial character 1)(—mb) over Q\A is zero. Unfolding the

remaining sum over the Weyl element orbit gives us the integral

E.(g,s,®) = JACD (w ((1) i) g, s) (—mb)db. (5.2.6)

Since both the global section ® = [[, @, and the measure db = | [, db, are

restricted tensor products, the integral factorizes into local integrals

Enlos,®) =[] = | @utw (1 ’j) gors)u(—mb)db,  (5:27)

VK00 0

where each local integral matches exactly the definition of the local Whittaker

functional W, ,(gu, s, ®y).

e Let m = 0. The identity coset contribution is

1 b
J@\A o ((O 1) g, 3) db = J@\A ®(g,s)db = (g, s) J@\A db = ®(g, s)

since the volume of Q\A under normalized measure is 1.

The Weyl element coset contribution is

L@ (w (é i) g,s) db. (5.2.9)

Again, since ® and db are factorizable, we obtain

1 b
o, | w " gu, s | db,. 5.2.10
Lo () o2
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[]

a

If g is of the form g = and @, is spherical, then we can directly use

a1
Equation to evaluate this integral explicitly. If this is not the case, we must
employ an alternative approach. To demonstrate this, let us work on a concrete
example with the following setup:

Fix a prime p # 2. Let k,/Q, be an unramified quadratic extension (i.e., the

prime p remains a uniformizer in k,), and let N : k, — @Q, be the norm map, i.e.,
Nkp/(@p(x) =X, (5211)

for x € k,, where T denotes the Galois conjugate of z. We consider two 2-dimensional

quadratic spaces:
Vi = (kp,N), Va=(kp,pN). (5.2.12)

Lemma 5.2.3. Let V; and V5 be the quadratic spaces as set up above. Then their

associated quadratic characters are equal, meaning xv, = Xv,-

Proof. Let k, = Q,(y/u) where u € Z) is a non-square unit, and choose the basis
{1,4y/u}. Then the associated bilinear form is

(z,y) = ;(N(x 1y)— N(z) — N(y). (5.2.13)

Computing the entries:

(1,1) = ;(N(1 +1) = N(1) = N(1)) = ;(4 —1-1) =1, (5.2.14)
(1, /) — ;(Nu V) - N(1) - N(va)) = ;(1 w1 (—u) =0, (5.2.15)
(Vi Vi) = 5 (N(2v) = N(vie) = N(vVa) = 5(—4u— (=) — (~u)) = .

Hence the matrix of the bilinear form in this basis is

1 0
(0 _u)7 (5.2.17)

det(V]) := det (é _O ) = —u. (5.2.18)

so that the determinant is
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Therefore, the local quadratic character is given by the Hilbert symbol:

1, if az® + uy? = 2% has a nontrivial solution in @,
Xvip(a) = (a, —det(V1)), = (a,u), =
-1, otherwise.
(5.2.19)
Equivalently, we can write
Xvip(a) =1 if and only if @ is a norm from k,,. (5.2.20)

For the scaled space V5, the bilinear form is multiplied by p, so its determinant
is det(V3) = p?(—u) = —up?. We observe that

Xvap(a) = (a, — det(V2)), = (a,up®),,. (5.2.21)

Because p? is trivially a square in Q,’, the Hilbert symbol simplifies to (a, up?), =

(a,u),(a,p?), = (a,u),. Equivalently,
Xvap(a) =1 if and only if @ is a norm from £, (5.2.22)

This shows that xv, , = Xvsp- ]

Now let us consider the ring of integers O,. This is naturally a Z,-lattice in k.
Let ¢o be the characteristic function of O,. Since the underlying vector spaces for
Vi and V5 are identically k,, we can view ¢y € S(V;) and ¢ € S(V2) as a Schwartz-

Bruhat function on either space. Then we obtain two standard sections
DQ1(s), Pa(s) € 1y(S, Xp)s  Xp = Xvip = XVarps (5.2.23)
associated to the Weil representation, such that at so = 0, we have
®i(g,0) = (wv;(9)0)(0)- (5.2.24)

Lemma 5.2.4. Oy, is self-dual in V.
Proof. Let Oy be the dual of Oy, defined as

O, ={r ek, | (z,y) € Z, for all y € O, }. (5.2.25)

Let k, = Qp(y/u), and choose the standard basis {1,+/u} for Oy,. First, we show
that O} < O,
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Let z € O} with x = m+n/u and y € O, with y = a+ 8/u. Using the bilinear

form computed previously, we have

)l = |5 (V@ )~ N(@) = N(w)| = [ma—nful, <1 (5.2.26)
P
By evaluating this at our basis elements, setting y = 1 (o = 1, 5 = 0) gives |m|, < 1.
Similarly, setting y = v/u (o = 0, 8 = 1) yields | — nu|, < 1. Since u is a unit in Z5,
we have |u|, = 1, which forces |n|, < 1. Therefore, m,n € Z,, which ensures that
r € O,.
The reverse inclusion O, < Oy is clear since the bilinear form evaluated on any

two elements of Oy, inherently yields an element in Z,. O

Lemma 5.2.5 (14, Lemma 4.1). Assume that p is a finite prime, and L is a uni-

modular Z,-lattice in 'V, i.e., L* = L, where
L* ={x eV |(x,y) € Z, for all y € L}. (5.2.27)

Then the standard section associated to the indicator function of L is the spherical

section ®)(s) € I,(s, xp), i-e.,
D (gh, ) = B(g. ), D(L,s) = 1 (52.98)

for any k € K, = SL(2,Z,).

Observe that Lemma [5.2.4)and Lemma together ensure that @ is spherical.

5.3 Local Identity

Let us now compute the explicit values of these Whittaker functionals. While the
general identity connecting Whittaker functionals on non-split spaces is established
by Sankaran [16, Proposition 4.4(iii)], our specific contribution lies in making this
explicit for our chosen pair of quadratic spaces Vi and V5. Specifically, Sankaran
establishes an identity relating the derivative of a Whittaker functional on a space
V, (which does not represent m) to the value of a Whittaker functional on the
complementary space V! (which represents m).

In our setting, the pair Vi and V, plays the role of V, and V. Which space

fails to represent m is determined precisely by the parity of ord,(m). The following
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proposition explicitly generalizes Sankaran’s identity to our chosen sections ®; and

®, across both parity cases.
Proposition 5.3.1. For odd ord,(m), we have

d

g[Wmm(e, s, P1) — Wy2pm (e, s, P1)] e Wi (e, 0, ®2) log p. (5.3.1)
On the other hand, for even ord,(m), we have

d

%[me(e, s, Po) — Wy—2p (e, 5, P2)] T Winp(e, 0, ®1) log p. (5.3.2)

For the remainder of this section, we focus on proving the case where ord,(m) is
odd. We start with the left-hand side, beginning with the evaluation of

Wip(ess,D1) = f By (wn(b), ), (—mb) db. (5.3.3)

We evaluate this by splitting the domain of integration into two main cases:

o If beZ,, then wn(b) € K,,. Since ®; is spherical, it is right- K,-invariant, and
thus ®;(wn(b),s) = (e, s) = 1. Hence, this part of the integral yields

1, m € Ly,

) Y, (—mb) db = L e?mitmb} (5.3.4)

0, otherwise.
o If b ¢ Z,, we first observe the matrix multiplication
0 -1 10 0 —1
= : (5.3.5)
1 0 01 1 b
To apply the transformation rule for the induced section, we utilize the right-

K,-invariance of ®; by multiplying on the right by a suitable element of K, =

SL(2,Z,) to obtain an upper triangular matrix:

(0 —1)( 1 0) (bl —1)
] - . (5.3.6)
1 b ) \=p1 1 0 b
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Because —b~! € Z,, the rightmost matrix is indeed in Kj,. Thus, we have

0 —1 bt 1 —1ys+1 -1
@(ﬁ_b>ﬁ):@<(o b)ﬁ>:w@ WY, (5.3.7)

The integral over Q,\Z, then becomes
J‘ 075 xp (D7 )by (—mb) db. (5.3.8)
p\ZP

We decompose the domain by writing b = p~*v where v € Z, and k > 1, and
dv denotes the normalized additive Haar measure on Q, restricted to Z; . Then
b=, = p~*. Noting that the Haar measure scales as db = p"dv, the integral

becomes the sum

o0]
E:Jx@*f+ﬁm@“75¥”“m’“}“%-‘§h> J (b1 g,
k=1 P

(5.3.9)

Since x,(b71) = (b7',u), and w is a non-square unit modulo p, the Hilbert

symbol simplifies to

p

@—Eu%::<“)k=(—1ﬁ. (5.3.10)

Let m = p'w. We can rewrite the sum as

ee}
}: t[ 1)ke2mile " ewl gy, (5.3.11)

Observe that, as the same oscillatory behavior managed in Chapter 3| and

demonstrated in the proof of 14, Theorem 4.3, the integral evaluates to

1—pt, if k<,
f e 2mil el gy — 81 if k=1+1, (5.3.12)
0, if k>1+1.

Hence, the final sum is

0 !

—ks —2mi{pt~Fow — —ks —s —
p k(lflfxe T dy = (1-p™h) Y (=D (1) (7,

k=1 D k=1
(5.3.13)
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which simplifies to
!
Z k: —ks 1)l+2p—s(l+1)—1. (5314)
By merging the two cases, we obtain
!
Wp(e, s, @) = Z 1)kp= 4 (—1)F2psl+D-1, (5.3.15)
Replacing m with p~2m shifts the valuation [ — [ — 2. Thus,

Wy 2mp(e,s,®1) =1+ ( Z )R 4 (—1)lpe DL, (5.3.16)

Subtracting Equation [5.3.16[ from Equation [5.3.15| gives the polynomial

mep(e,s,q)l) — Wp—2m7p(€,87q)1) (5317)

_ (1 _p—l) [(_1)1—1p—(l—1)s + (_1)lp—ls] + (_1)l+2p—s(l+1)—1 _ (_l)lp—

(5.3.18)

By analyzing the parity of ord,(m) = [ and computing the derivative & at s = 0,

we obtain

d 1+ p 1 logp, if ord,(m) is odd,

—[Wip(e,s, ®1)—Wy-2p (e, s, P1)] = (L+p)logp p(m)

ds s=0 —(1+p~Y)logp, if ord,(m) is even.
(5.3.19)

For the right-hand side of the proposition, we compute the functional for V5.
Evaluating the section at s = 0 yields ®o(wn(b),0) = (wy, (wn(b))eo)(0). Expanding

this definition gives

Wil 0.92) = [ alun@) 00yt b = [ ([ wytoN )ty ) (-
’ ’ (5.3.20)
By applying Fubini’s theorem to swap the integrals, we get
f o(y) (f Up(b(pN () —m))db> dy. (5.3.21)
Vo Qp

The inner integral over Q,, vanishes unless pN (y)—m = 0. Therefore, the non-zero
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contribution to the integral over V5 comes strictly from the set where pN(y) = m.
To evaluate this, we analyze the p-adic valuation of this condition. Since k,/Q, is
an unramified quadratic extension, the valuation ord,(N(y)) is always even for any
y € k. This means ord,(pN(y)) must be odd.

The inner integral can be written as

|| N @ —m s+ 3| (e —m) db (5.3.22)

Substituting this back into the double integral and distributing the integration

over V5, we obtain

| et ( BN ()~ m) db) Y [ o) (f Uy (b(pN (y) —m) db) dy.
o n (5.3.23)

Since (g is the characteristic function of Oy,, we should take y € O, for a non-zero
evaluation.

Assuming m € Z,, the term pN(y) —m is an element of Z,. Thus, the inner
integral over Z, evaluates to 1, and the entire first term reduces to the integral SOkP dy
where dy is a measure on the quadratic space V5. By I8, 2.1.3(a), the measure is the
standard, normalized additive Haar measure scaled by | det V2|;§ Hence, the integral
evaluates to

vol(Oy, )| det Va|2 = |det Va|g = | —up®|z =p~". (5.3.24)

X

»» SO the measure scales as

For the second term, let b = p~*v where v € Z
db = p*dv. Then, we get

k=1 P

ipk Lk . bp(p~ 0 (pN (y) —m)) dv dy. (5.3.25)

We swap the order of integration after rewriting the additive character as an expo-

o0
Z pkf 6—27ri{p’kvm} (J
k=1 YZp o

Lemma 5.3.2. For the given setup above, we evaluate

nential

627ri{p7k+1UN(y)} dy) dv. (5326)

kp

J e27ri{p_k+1UN(y)} dy = <_1)k_1p_k‘ (5327)
Oy,

Proof. When k = 1, the exponent is scaled by p” = 1. Since y € Oy, its norm
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N(y) € Z,. Thus, vN(y) € Z,, and its fractional part vanishes, so the integral is the
volume of the lattice, which is p~! under the self-dual Haar measure.

For k = 2, we have

J 2t ON W)Y gy > J 2 TN} gy (5.3.28)
o z+pk=10,

Ep :ve(’)kp/p’“—l(’)kp

Focus on the integral over a single coset = + pk’lOkp. We perform a change of
variables by letting y = z + z, where z € pF~'O),. Since the Haar measure is

translation-invariant, dy = dz. Writing z = p*~'w for w € O,, we expand the norm

N(z + z) = N(x) + try, jg, (#%) + N(2) = N(z) + p" ' try, s, (20) + P?EF YN (w).
(5.3.29)
Multiplying by p~**1v, we obtain

p N (z + 2) = p TN (2) + vty g, (20) + pFTON (w). (5.3.30)

Because k,/Q, is unramified, the trace of any integer is in Z,. Thus, vty q, (W) €
Z,. Since k = 2, the term p*'vN(w) is also in Z,. The fractional part omits these

integer terms, yielding
{p "N (z + 2)} = {p T oN (1)} (5.3.31)

Because the integrand is constant on the coset, the integral over the coset evaluates
to the constant value multiplied by the volume of the subgroup pk_l(’)kp. The index

2(k—1)

of pk_lOkp in the 2-dimensional Z,-module Oy, is p . Thus, the coset volume is

p71p72(k71) — p2k+l,

The total integral then reduces to a finite sum over the quotient ring

p 2k Z e2rifp™F T uN ()} (5.3.32)

2€0k, /PP~ O,

Since k,/Q,, is an unramified quadratic extension, we can fix a basis Oy, = Z,®Z,+/u,
where u € Z is a quadratic non-residue modulo p. Writing z = z; + Tor/u, the norm

is N(x) = 22 —ux3. The 2-dimensional sum splits into a product of two 1-dimensional
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Gauss sums

( Z e27ri{pk+1vx%}> < Z eQni{pk+1(uv)x%}> . (5333)

21 mod pk—1 22 mod pk—1

Let ¢ =k — 1 and let
G(a,c) = Z e2rity”cam?} (5.3.34)

m mod p°

Using the property G(a,c) = <%> G(1,c¢) (seelll Chapter 8.5), the product is

(% —Uuv

G(v,e)G(~uv,c) = () <)CG(1,6)2. (5.3.35)

p p

By the multiplicativity of the Legendre symbol, (%) (i“’) = (iﬂz) = <%> =

P

- (%) Applying [I, Exercise 8.16, we obtain

G(v,¢)G(—uv,c) = (—1)° (_pl> (_pl)cpc = (=1)%p° = (=p)* L. (5.3.36)

Finally, multiplying this finite sum by the coset volume factor p~2**1  the integral
evaluates to
p72k+1<_p)k71 _ p72k+1(_1)k71pk71 _ (_1>k71p7k' (5337)

This completes the proof. O

Substituting this into Equation [5.3.26| yields

X o~k = L —k

Zpkj e—2mip~Fom ((_1)k—lp—kz) dv = Z(_l)k—lf e~ 2mip~Fom . (5338)
k=1 JZp k=1 Z

Let [ = ord,(m), so we can write m = p'w for some unit w € ZX. The integral over

Z; evaluates to

1—pt it k<,
f o= 2mip vw g p ifh=1+1, (5.3.39)
Zy
0, iftk>1[1+1.
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Because the integral vanishes for k& > [ + 1, we get

l 1, if [ is odd,
(1—pH) Z(_l)k—l + (=)D (—phy = (5.3.40)
k=1

-1 if [ is even.
p

Recall that we evaluated the first term to be 1/p, hence

1—1—%, if [ is odd,

Winp(e, 0, ®y) = (5.3.41)

0, if [ is even.

Substituting this back into the right-hand side of the identity for odd ord,(m),
we get
Wi p(e,0,®9)logp = (14 p ) logp. (5.3.42)

This matches the derivative we computed above, verifying Equation [5.3.1].
To prove Equation [5.3.2] we will instead use the explicit formulas developed by
Kudla and Yang in Appendix A.
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6

Conclusion

6.1 Reasoning Behind the Parity Difference

To conclude, we offer some insight into why the parity of ord,(m) dictates the van-
ishing of the local Whittaker functionals. Recall that if

peS(V)— del(so,x) (6.1.1)

under the Weil representation, the Whittaker functional has the integral representa-

tion

Wosle:s.®) = | o) (j@ bylblm — Q) db) dy. (6.1.2)

If the quadratic space V' does not represent m (meaning the equation Q(z) = m
has no solutions = € V'), the inner integral over b evaluates to 0, and consequently
Wip = 0.

For our unramified space Vi = (1, —u), any element x € V; can be factored as

r = plv for some unit v € Oy, . Therefore, the norm is
N(z) = p*N(v). (6.1.3)

Because N (v) is a unit, we have ord,(N(x)) € 2Z. Thus, V; cannot represent any m
where ord,(m) is odd.

Conversely, for the scaled space V, with the form pN (x), the valuation is ord,(pN(z)) €
1+ 2Z. Hence, V5, cannot represent any m with an even valuation. This parity dif-
ference governs the swapping of the local functionals.

Since our global section ® = ®,®, is factorizable, the m-th Fourier coefficient
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of the Eisenstein series decomposes into local Whittaker functionals as given by

Theorem [5.2.2]
Em(g,S, (I)) = H Wm,v(975;q)v>~ (614)

v<0
We evaluate these local functionals, and their derivatives, specifically at s = 0 be-
cause it is the center of symmetry for the functional equation of the global Eisenstein
series.

Observe that if | = ord,(m) is even, then m is not represented by V2. By [16,
Proposition 2.2, this non-representation guarantees that the central value of the
functional W, ,(e, 0, ®2) must vanish. Conversely, if [ is odd, the functional for
®; vanishes at s = 0. Because of the aforementioned symmetry, this vanishing is
expected. In these cases, it is necessary to compute the central derivative % o O
capture the non-trivial arithmetic information hidden at the central point.

While this parity explicitly determines when the central value vanishes, a com-
plete geometric explanation as to why the derivative of the vanishing section exactly
yields the value of the alternate section lies deep within the arithmetic intersection

theory of the Kudla program, which remains beyond the scope of this thesis.

6.2 Summary

The primary objective of this thesis was to systematically bridge the gap between
classical modular forms and the modern adelic framework of automorphic represen-
tations, using the arithmetic Siegel-Weil formula as our primary motivating applica-
tion.

We began by establishing the classical theory of the holomorphic modular forms
and Eisenstein series. To make these analytic tools suitable for modern arithmetic
geometry, we transitioned to the adelic setting on GL(2, A). By utilizing p-adic com-
pletions and group decompositions, we explicitly constructed the non-holomorphic
Eisenstein series and the local Weil representation, which translates the algebraic
geometry of quadratic spaces into the language of automorphic forms.

With this structural foundation, the thesis culminated in the explicit computation
of local Whittaker functionals. For the specific unramified binary quadratic spaces
Vi and V,, we showed that the representation of an element m € Q, is dictated
entirely by the parity of its p-adic valuation. This parity governs the vanishing of
the local sections ®; and P,.

Using the explicit formulas for local representation densities developed by Yang,
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we computed these derivatives and verified the local identity stated in Proposi-
tion [5.3.1] Finally, we provided a complete SageMath implementation in Appendix

to algorithmically verify these theoretical formulas.
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Appendix A

Kudla-Yang Formulas

Another way to show these identities hold is to utilize [14], Theorem 4.3. Let us
introduce the necessary notation first.

Let L =~ Z; be an integral lattice with Gram matrix S = diag(2e1p", ..., 2e,pM),
where €; € Z; and [; > 0 are integers. The dual lattice is then given by L* =
D1 p Ly

For an element y1 = (1, ..., p,) € V = Qp, we define the following data:

H,={i|1<i<n, peZ,},

o) 0, if uel,
ol) =
min{l; + ord,pu; | ¢ ¢ H,}, if pe L,

L,k)={ieH,|l;—k <0is odd},

L2 .
sw=(5)" ILEG)
' p z‘egk) p

where the modified Legendre symbol is defined as

(o, p)p, ifaeZ”,
(O‘) - ' Y (A.0.1)
p 0, otherwise.
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Finally, we define the indicator function

*%, if I,,(a + 1) is even,

filap®) = (A.0.2)

<%> %, if ,,(a + 1) is odd.
Theorem A.0.1 (14, Theorem 4.3). Let the notation be as above and fix € L*.
(i) If m ¢ Q(un) + Z,, then W,(s + sg,m, ) = 0.

(it) If m e Q(pn) + Z,, set

ty =t (m)=m— Z ep'ini, a=a,(m)=ordyt,, (A.0.3)

and let X = p~°.
If 0 < a < Ky, then

1
Wp(s—l—so,m, u) =1+ (1 — ) Z Eu(k)pd“(k)Xk—l—eu(a—&-1)f1(tu)pd“(a+1)XaH.

p . O(Z)k<a
(A.0.4)
If a = Ky, then
1
W,(s + so,m, ) = 1+ (1 — ) D eu(k)pn I X*, (A.0.5)
i
lu(k) even

The Whittaker functionals in Theorem [A.0.1] differ from our standard notation
by a scaling factor. To write them in terms of our framework, we scale them as

Wm ’ 7q)i
pl:8 )1 = W,(so + s, m, i), (A.0.6)

7(Vi)| det(S)]3

where (V) is the Weil index of the quadratic space and det(S) is the determinant
of the corresponding Gram matrix. Note that the Weil indices for both quadratic
spaces are 1.

All we have to do is determine what each of these functions evaluates to for our
specific Whittaker functionals, W, ,(e, 0, ®,) and W, ,(e, s, P2).

Let us test this first on W, ,(e, 0, ®1). Observe that since L = L* for the unram-

ified space Vi, we have u = 0. Furthermore, the valuation of the matrix entries is
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zero, so l; = Iy = 0. Evaluating the associated data for our specific case yields:

H# = {17 2}7
Ko(p) = oo,
(
{1,2}, if k& is odd,
Lu(@ = 9
| , otherwise,
.
2, if k is odd,
(k) = <
| 0, otherwise,
d,(k)=0

For the sign character €,(k), recall that the determinant of the Gram matrix is

4de1€65 = —u. When k is odd, the product of the Legendre symbols simplifies as

6-6)-()0-G)e

where we used the fact that w is a non-square unit, forcing (u/p) = —1. This
evaluation yields:

-1, if £ is odd,
eu(k) =
1, if £ is even.

Since 1,(k) € {0,2} is always even regardless of the parity of k, the indicator
function reduces to the constant f; = —%. Furthermore, since det(S) = —u for V7,
and w is a unit, its p-adic valuation is 0. This means |det(S)|, = 1, making our

scaling factor exactly 1. Hence, W, ,(e,0,®;) = W,(0,m,0). Evaluating the sum

gives
1 a ) (_1)a+2
Wy(0,m,0) =1+ (1—=) Y (~1)F + (A.0.7)
p) & p
0, if a is odd,
_ (A.0.8)
1+ %, if a is even.

The evaluation of these functions is slightly different for V,. We keep p = 0

because the standard section @, is still associated to the characteristic function of
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the lattice L = Oy,. However, because the bilinear form on V5 is scaled by p,
the valuation of the Gram matrix entries increases by one, meaning Iy = [, = 1.

Evaluating the associated data for V5 yields:

H, = {1,2},
KO(/’L) = 0,
(
A, if k is odd,
L,(k) =1

{1,2}, if k is even,
\

-

0, if k is odd,

2, if k is even,

For the sign character €,(k), recall that the determinant of the scaled Gram
matrix is 4ejeop? = —up?. When k is even, L, (k) = {1,2}, and the product of the

Legendre symbols simplifies as

€1 €9 —Uu —1 U —1
) G)-G)-G)6)-G)en
p p p p p p
where we once again used the fact that u is a non-square unit. Multiplying this by

_p\ lu(®)/2] )L
<—> = <—> yields:
P P

1, if k is odd,
eu(k) =
-1, if k is even.

Since [,(k) € {0,2} is always even, the indicator function again reduces to

fi = —%. For Vs, we have det(S) = —up?, which has a p-adic valuation of 2.
Thus, |det(S)|Y? = (p~2)* = p~!, and our scaled relation is Wy, (e, s, ®2) =
pilwp(&mao)'

For m, we obtain the polynomial

1 a
Wy(s,m,0) =1+ (1 — p) Z(—l)ka_SkH + (=1)at3p st (A.0.9)
k=1
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and for the shifted argument p~2m, we have

1 a—2
W,(s,p?m,0) =1+ (1 — p) D=1 g (—1)e et (AL0.10)
k=1

The difference between these evaluations is

1
W,(s,m,0) — W,(s,p">m,0) = <1 — p) [(_1)ap*8(a*1)+1 +(=1)ettpsat]
(A.0.11)

+<_1)a+3pfs(a+1) . (_1)a+1p75(a71)'
(A.0.12)

By analyzing the parity of ord,(m) = a and computing the derivative % at s =0,

we obtain

d L —(1+ p)logp, if a is odd,
£[Wp(s,m, 0) — W,(s,p "m,0)] = (A.0.13)
. (1 + p)logp, if a is even.

Multiplying by our scaling factor p~*, we get the final derivative

d —(1+p1)logp, if a is odd,
d—[Wmm(e, s, Po) — Wy-2p (e, 5, @2)] T
N = (1+p~Y)logp, if a is even.
(A.0.14)

This confirms Equation [5.3.2]

85



Appendix B

Source Code

To compute these Whittaker functionals and ultimately verify the identity by uti-
lizing (14, Theorem 4.3, we implement them in SageMath. Each function that paves

the pathway is defined and functions as follows:

» Since the code was initially written for the identity check, we begin by deter-
mining the Gram matrices for each quadratic space. We then feed the code an
odd prime p, a vector mu belonging to the dual lattice (as defined in the pre-
vious section), and the Gram matrices graml and gram2 for the vector spaces

V1 and V5, respectively.

o The function exponents_and_units(grml, grm2) extracts the p-adic order
and the unit appearing in the factorization of each diagonal element of the
Gram matrices. It returns the exponent lists expl_list and exp2_list for
the respective Gram matrices, alongside a single unit list unit_1ist. The
reason we obtain only one list for the units is that V5 is a scaled version of V7,

thereby yielding the identical unit list.

o The functions H_mu_func(vector),L_mu_func(k, expo),d_mu_func(k, expo),
K_0_func(vector_dual, expo),epsilon mu_func(k, expo),and f1_func(mm, expo)
compute the functions H,,, L,(k), d.(k), Ko(r), €,(k), and fi, respectively.

e The function whittaker func(m_int, expo) computes the Whittaker func-
tional W,, ,(e, s, ®) by utilizing [14, Theorem 4.3.

o Finally, the functions local_identity_check(mmm, expol, expo2)
and tables_are_turned(mmm, expol, expo2) verify Proposition for odd

and even ord,(m), respectively.
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1 p =5

2 mu = [0, O]

[1, -3]

p, p*x(-3)]

3 graml

4 gram?2

¢ def exponents_and_units(grml, grm2):

7 expl_list = []

8 exp2_list = []

9 unit_list = []

10 for i in grmil:

1 1i = i.valuation(p)

12 expl_list.append(1li)

13 unt = Zp(p) (i) .unit_part ()

14 unit_list.append (unt/2)

15 for i in grm2:

16 1j = i.valuation(p)

17 exp2_list.append(1lj)

18 return expl_list, exp2_list, unit_list

19

20 exponentsl, exponents2, units = exponents_and_units(graml,
gram?2)

21
22 Zp_ring = Zp(p)
23 Qp_field = Qp(p)
24

25 def H mu_func(vector):

26 index_set = []

27 for i in range(len(vector)):

28 if vector[i].valuation(p) >= O0:
29 index_set.append (i+1)

30 return index_set

31

32 H_mu = H_mu_func (mu)

33

3a def L_mu_func(k, expo):

35 L mu_list = []
36 for i in H_mu:
37 if (expol[i-1] - k) < 0 and (expoli-1] - k) % 2 ==
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38

39

40

41

42

43

44

45

46

47

48

49

50

51

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

def

def

def

def

L_mu_list.append (i)

return L_mu_1list

d_mu_func(k, expo):
sum_part = O
for i in H_mu:
sum_part += min(expo[i-1]-k,0)

return k + (sum_part)/2

K_O_func(vector_dual, expo):
summ = O
for i in range(len(vector_dual)):
if vector_dual[i] in Zp_ring:
summ += 1
if summ == len(vector_dual):
return oo
else:
choose_min = []
for i in range(len(vector_dual)):
if vector_dual[i] not in Zp_ring:
summm = expol[i] + vector_dual[i].valuation(p)
choose_min.append (summm)
minn = min(choose_min)

return minn

epsilon_mu_func(k, expo):
product = 1
for i in L_mu_func(k, expo):
product *= kronecker (units[i-1], p)
final_prod = product * kronecker (-1, p)**floor(len(
L_mu_func(k, expo))/2)

return final_prod

f1_func(mm, expo):

if len(L_mu_func(mm.valuation(p) + 1, expo)) % 2 == 0:
return -1/p

else:

return kronecker (Zp(p) (mm) .unit_part (), p) * 1/sqrt(p)
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75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

104

105

107

def whittaker_func(m_int, expo):
var ( )
X = q°(-s)
if m_int.valuation(p) < O:
return O
else:
some_sum = 0
for i in range(1l,len(H_mu)+1):
if i not in H_mu:

some_sum += units[i-1]*p~ (expo[i-1])*muli

1] **2
t_mu = m_int - some_sum
a = t_mu.valuation(p)

if a < K_O_func(mu, expo):
polyl = 0
for k¥ in range(l, a+1):
if len(L_mu_func(k, expo)) % 2 == 0:
polyl += epsilon_mu_func(k, expo)*(qx**
d_mu_func(k, expo))*X*xk
Whittaker_poly = 1 + (1- 1/q)*polyl +
epsilon_mu_func(a+l, expo)*fl_func(t_mu, expo)
*(gq**d_mu_func (a+l, expo))*X*x*x(a+1l)
elif a >= K_O_func(mu, expo):
poly2 = 0
for k in range (1, K_O_func(mu, expo) + 1):
if len(L_mu_func(k, expo)) % 2 == 0:
poly2 += epsilon_mu_func(k, expo)*(qgx*
d_mu_func(k, expo))*X*xk
Whittaker_poly = 1 + (1 - 1/q)*poly?2
return Whittaker_poly

def local_identity_check (mmm, expol, expo2):
sum_expol = 0
for i in expol:
sum_expol += i
LHSWhit = whittaker_func(mmm, expol) * p~(-sum_expol/2)
LHSWhit_scaled = whittaker_func (mmm*p~(-2), expol) * p~(-
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108

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

def

sum_expol/2)
sum_expo2 = 0
for i in expo2:
sum_expo2 += i

RHS = whittaker_func(mmm, expo2).subs(s=0) * p~(-sum_expo?2

LHS = diff (LHSWhit - LHSWhit_scaled, s).subs(s=0)
check = (LHS/log(q) - RHS).subs(q=p)

return check

tables_are_turned (mmm, expol, expo2):
sum_expo2 = 0
for i in expo2:
sum_expo2 += i
LHSWhit = whittaker_func (mmm, expo2) * p~(-sum_expo2/2)
LHSWhit_scaled = whittaker_func (mmm*p~(-2), expo2) * p~(-
sum_expo2/2)
sum_expol = 0
for i in expol:
sum_expol += i
RHS = whittaker_func(mmm, expol).subs(s=0) * p~(-sum_expol
/2)
LHS = diff (LHSWhit - LHSWhit_scaled, s).subs(s=0)
check = (LHS/log(q) - RHS).subs(q=p)

return check
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Appendix C

Examples

C.1 Identity Check

Now that we have the necessary codes to implement Kudla-Yang formulas, we can
showcase how they work.

The implementation begins by defining the base prime p, the lattice shift u, and
the Gram matrices for the quadratic spaces V; and V,. Because Proposition [5.3.1]
evaluates standard sections associated to the characteristic function of the ring of
integers Oy,, we work on the base lattice and fix the shift parameter as pu = [0, 0].

When altering the parameters to test different quadratic spaces, it is crucial to
preserve the condition that k,/Q, is an unramified quadratic extension.

For a basis {1,+/u}, the Gram matrix of V; takes the form diag(1, —u), where
u € Z,. 'To ensure the extension does not split, u must be chosen as a quadratic

non-residue modulo p. This means we require the Legendre symbol to be

(Z) — 1 (C.1.1)

For example, by default we use p = 5 and v = 3, since 3 is a non-residue modulo 5.
Thus, our unscaled Gram matrix is [1, —3], and the scaled matrix for V3 is [5, —15].

If the reader wishes to test other primes, u must be adjusted accordingly:
o For p = 3, the only non-residue is 2. Use gram1 = [1, -2].
o For p = 7, non-residues are 3,5,6. Use graml = [1, -3].

e For p = 11, non-residues are 2,6,7,8,10. Use gram1 = [1, -2].
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The function local_identity_check evaluates the derivative on V) and the con-
stant term on V5 (testing the case where ord,(m) is odd). The function tables_are_turned
evaluates the derivative on V5 and the constant term on V) (testing the case where

ord,(m) is even). In all cases, the functions subtract the right-hand side from the

1

10

11

12

13

14

15

16

17

18

19

20

21

left-hand side, returning 0 when the identity holds.

<[> Example Cases

# Case 1: The 0dd Valuation (m = 5)

# Tests the standard identity where ord_p(m) = 1.

sage: local_identity_check(5, exponentsl, exponents2)

0

# Case 2: The Even Valuation (m = 25)

# Proves that the roles of V_1 and V_2 swap when ord_p(m)

2.

sage: tables_are_turned (25, exponentsil,

0

# Case 3: Unit Twists (m = 10, m = 15)

exponents?2)

# Proves the identity relies purely on valuation, holding

for m = 2x5 and m = 3%5.

sage: local_identity_check (10, exponentsl, exponents?2)

0

sage: local_identity_check (15, exponentsl, exponents2)

0

# Case 4: The Trivial Case (m = 1/5)

# Forces the algorithm into the negative valuation,

verifying it correctly vanishes.

sage: local_identity_check(1/5, exponentsl, exponents2)

0

C.2 Whittaker Functionals

We can also generate Whittaker functionals in higher dimensions by increasing the

size of the Gram matrices. We still retain both Gram matrices and the vector pu, as

the functions leading to the Whittaker functional are defined based on them.
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10

11

12

13

14

15

16

17

18

19

20

21

22

<[> Example Cases

# Case 1: Dimension 2

[1, -3]

p, p*(-3)]
sage: mu = [0, O]

sage: graml

sage: gram2

sage: print(whittaker_func (9*p~6, exponentsl))

(1/q97s - 1/q9q~(2%s) + 1/q~(3*s) - 1/q~(4xs) + 1/q~ (5%
s) - 1/q7(6%xs))*(1/q - 1) + 1/7/q " (7*s) + 1

sage: print(whittaker_func (9*p~7, exponents2))

-(q/9”s - q/q~(2*s) + q/q~(3*s) - q/q~(4xs) + q/q
“(b*s) - q/q~(6*s) + q/q " (7*s))*x(1/q - 1) + 1/7xq
/q~(8xs) + 1

# Case 2: Dimension 4

sage: graml = [2, 6, 28, pl

sage: gram2 = [1, 1, 1, 1]

sage: mu = [0, O, 0, O]

sage: print(whittaker_func(9*p~15, exponentsl))

-(1/9”s - 1/(g*q~(2*s)) + 1/(q~2*q~(3*s)) - 1/(q~3*q
“(4xs)) + 1/(q~4xq~(6xs)) - 1/(q~5xq~(6xs)) + 1/(
q~6*xq~(7xs)) - 1/(q"7*q~(8*xs)) + 1/(q~8xq~(9%*s))
- 1/(q79*%q~(10*s)) + 1/(q~10*xq~ (11*xs)) - 1/(g~11%
q~(12%s)) + 1/(q~12xq~(13%*s)) - 1/(q~13*xq~(14%*s))
+ 1/(q~14%xq~ (15%s)))*x(1/q - 1) + 1/7/(q~15*q
“(16xs)) + 1

# Case 3: Dimension 5

sage: graml = [p~"6, 1, -1, 5, 17]

(1, 1, 1, 1, 1, 1]

sage: mu = [1/p, O, O, O, O]

sage: print(whittaker_func (9*p~6, exponentsl))

(1/q - 1) *x(1/(g*xq”s) - 1/(q~2xq~(2*s)) + 1/(gq~3%*q
“(3%s)) - 1/(q~4*xq~(4*s))) + 1/3/(q~5*xq~(5*xs)) +
1

sage: gram2
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