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Abstract

This expository thesis bridges classical modular forms and the modern adelic
framework, focusing on its application to the arithmetic Siegel-Weil formula. Tran-
sitioning to GLp2,Aq, we explicitly construct non-holomorphic Eisenstein series and
the local Weil representation. Our primary objective is the explicit evaluation of lo-
cal Whittaker functionals for unramified binary quadratic spaces. Using Yang’s local
density formulas, we compute the central derivatives to verify an identity, providing
a complete SageMath implementation for verification.
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1

Introduction

1.1 History

It all starts with a simple question: Which numbers can be written as the sum of two
squares? With the accumulated works of Girard, Fermat, and Mersenne, and the
foundational arithmetic observation that any number theory student can make, we
know that a positive integer n can be written in the form n “ x2 ` y2 if and only if
each prime factor p ” 3 pmod 4q of n appears to an even power.

The next natural question is to ask: in how many different ways can we write an
integer as a sum of two squares? This question was answered by Jacobi. Denoting
rpnq as the number of ways to write n as a sum of two squares, we have the exact
formula

rpnq “ 4
ÿ

d|n

χpdq (1.1.1)

where χ : pZ{4Zqˆ Ñ t˘1u is the non-trivial Dirichlet character.
What makes this formula historically and mathematically significant is that it

provides the first clear connection between an analytic generating function, specifi-
cally the Jacobi theta series

θpτq “
ÿ

nPZ
qn2

, q “ exp p2πiτq (1.1.2)

and the normalized Eisenstein series

Eχ
k pτq “ 1 `

2
Lp1 ´ k, χq

ÿ

ně1

˜

ÿ

d|n

χpdqdk´1

¸

qn. (1.1.3)
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Because rpnq naturally appears as the Fourier coefficients of θ2pτq, we obtain the
correspondence θ2pτq “ Eχ

1 pτq. This stems from the fact that this Eisenstein series
is the generator of the one-dimensional space of modular forms of weight 1 and
level 4. (A detailed construction of these spaces and their dimensions is provided in
Chapter 2).

This correspondence gained tremendous importance with the work of Siegel, who
generalized the theta series to the weighted average of representation numbers of
quadratic forms, ultimately identifying them with what are now known as Siegel
Eisenstein series [15]. Briefly, let Λ be a positive definite quadratic lattice over Z of
rank m with the quadratic form Q : Λ Ñ Z. The associated bilinear form is

px, yq :“ Qpx ` yq ´ Qpxq ´ Qpyq, where Qpxq “
1
2px, xq. (1.1.4)

Define the generalized representation number rΛpT q for a positive semi-definite sym-
metric matrix T as the number of ways to represent T by the lattice Λ. Siegel’s
theta series, which acts as a generating function for these representation numbers, is
a holomorphic Siegel modular form on the Siegel upper-half plane of weight m

2 .
To provide a representation-theoretic framework for this theory, Weil introduced

the modern adelic approach. By transitioning to the adele ring A of Q and for-
malizing necessary structural decompositions, such as the Iwasawa decomposition
discussed in Chapter 3, we construct the Schrödinger model of the Weil representa-
tion on the space of Schwartz functions SpV pAqnq (Chapter 4). Under this setup,
the Siegel Eisenstein series associated to a standard Siegel-Weil section Φ of the
degenerate principal series representation is defined globally as

Epg, s,Φq “
ÿ

γPP pQqzGpQq

Φpγg, sq, g P GpAq, s P C. (1.1.5)

Specifically, the section evaluates to ωpgqφp0q| det apgq|s´s0 for a Schwartz function
φ and a base point defined by

s0 “
m ´ pn ` 1q

2 . (1.1.6)

This setup provides the foundation for the Siegel-Weil formula. Simply put, this
formula establishes a fundamental identity: the global integral of a theta function is
exactly equal to a specific value of the Siegel Eisenstein series, evaluated at s “ s0.
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1.2 The Arithmetic Siegel-Weil Formula and Lo-
cal Derivatives

There have been many modifications made to the classical Siegel-Weil formula. Sim-
ply changing the approach to writing the Eisenstein series alters its functional equa-
tion. When we lift this framework to the reductive group and compute it there, the
functional equation relates s Ø ´s. Consequently, the point of symmetry shifts to
s “ 0, which is suitably called the central point.

As we will discuss, Stephen Kudla has shown that the derivatives of the Eisenstein
series given by Equation 1.1.5 at this central point (the central derivatives) relate to
another geometric object entirely, known as the intersection multiplicities of special
cycles on Shimura varieties [13].

In our specific setting, working with quadratic forms of dimension m “ 2 and
taking n “ 1, our base evaluation point naturally aligns with the central point
s0 “ 0. Our primary goal in this thesis is to explicitly compute the local factors of
these central derivatives.

To prove the arithmetic Siegel-Weil formula and compute these global intersection
numbers, we must look at the local factors. Analytically, the T -th Fourier coefficient
of the global Eisenstein series factors into an Euler product of local Whittaker func-
tionals:

ET pg, s,Φq “
ź

vď8

WT,vpgv, s,Φvq. (1.2.1)

By the elementary product rule, taking the derivative with respect to s at the central
point s “ 0 yields a sum of terms where exactly one local Whittaker functional is
differentiated, while the others are evaluated at s “ 0:

E 1
T pg, 0,Φq “

ÿ

p

W 1
T,ppgp, 0,Φpq

ź

v‰p

WT,vpgv, 0,Φvq. (1.2.2)

Consequently, having explicit formulas for the central derivatives of local p-adic
Whittaker functionals is particularly useful in light of the Kudla program, which
seeks to connect the global arithmetic geometry of Shimura varieties to these analytic
generating functions. Using these explicit formulas developed by Yang [19], we will
see how the local representation densities approach can be used to explicitly evaluate
these derivatives.
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1.3 The Expository Goal

Although the destination of this thesis is the explicit evaluation of specific local
derivatives, its primary objective is expository. The literature surrounding the arith-
metic Siegel-Weil formula and the Kudla program which bridges the intersection
theory of arithmetic cycles on Shimura varieties with the Fourier coefficients of mod-
ular forms, heavily relies on advanced machinery from representation theory, adelic
analysis, and algebraic geometry, which can present a barrier to entry.

Therefore, the core contribution of this work is to provide a detailed bridge
from classical modular forms to this modern adelic framework. We systematically
construct the necessary background to verify the local identity from [16, Proposi-
tion 4.4(iii)] for the specific setup we establish in Chapter 5.
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2

Classical Foundations

In this chapter, we give the basic foundation for the modular group and modular
forms, mainly following the books Serre [17], Bump [3], and Diamond-Shurman [7].
However, the structure and presentation belong to us.

2.1 The Modular Group and Functions

In this section, we introduce the basic notions necessary to understand classical
modular forms. Our discussion begins with the group-theoretic framework underly-
ing their definition.

Let us consider the group

G “ SLp2,Rq “

#

g “

˜

a b

c d

¸
ˇ

ˇ

ˇ

ˇ

ˇ

a, b, c, d P R, detpgq “ ad ´ bc “ 1
+

, (2.1.1)

and let K denote its maximal compact subgroup, given by

K “ SOp2,Rq “

#

k “

˜

cos θ sin θ
´ sin θ cos θ

¸ ˇ

ˇ

ˇ

ˇ

ˇ

θ P R

+

. (2.1.2)

Our main object of interest is the two-dimensional coset spaceG{K “ SLp2,Rq{SOp2,Rq,
which can be parametrized by the upper half-plane:

H “ tz “ x ` iy | x, y P R, y ą 0u. (2.1.3)

An important property of G is that it acts transitively on H via Möbius trans-
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formations:

g ¨ z “
az ` b

cz ` d
, for g “

˜

a b

c d

¸

P G. (2.1.4)

This action preserves the upper half-plane and satisfies the identity

Impg ¨ zq “
Impzq

|cz ` d|2
. (2.1.5)

Every element g P G admits the decomposition

g “

˜

1 x

0 1

¸ ˜

y1{2 0
0 y´1{2

¸ ˜

cos θ sin θ
´ sin θ cos θ

¸

, (2.1.6)

for some x P R, y ą 0, and θ P R.
Applying this to the point i P H shows that

g ¨ i “

˜

y1{2 xy´1{2

0 y´1{2

¸ ˜

cos θ sin θ
´ sin θ cos θ

¸

¨ i “ x ` iy. (2.1.7)

Hence, every point in H lies in the orbit of i under the action of G.
Moreover, the isotropy subgroup of i is precisely K. This gives the identification

H – G{K.
The above factorization of g P G is also known as the Iwasawa decomposition of

G. It expresses each element of G as a product g “ nak, where n is unipotent upper
triangular, a is diagonal, and k P K. Let us define the subgroup

B “

#˜

a b

0 a´1

¸ ˇ

ˇ

ˇ

ˇ

ˇ

a P Rˆ, b P R

+

Ă G, (2.1.8)

consisting of upper triangular matrices. Then the Iwasawa decomposition implies
that

G “ B ¨ K. (2.1.9)

Now, let us move to the discrete subgroup Γp1q “ SLp2,Zq of G, and to certain
subgroups of it known as congruence subgroups. For each positive integer N ě 1, we
define the principal congruence subgroup of level N by

ΓpNq “

#˜

a b

c d

¸

P SLp2,Zq

ˇ

ˇ

ˇ

ˇ

ˇ

a ” d ” 1 pmod Nq, b ” c ” 0 pmod Nq

+

.

(2.1.10)
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One can observe that ΓpNq is a normal subgroup of Γp1q of finite index. Indeed,
ΓpNq is the kernel of the natural reduction map

SLp2,Zq ÝÑ SLp2,Z{NZq, (2.1.11)

given by reducing matrix entries modulo N .
Now, define the subset F of H by

F “

"

z “ x ` iy P H
ˇ

ˇ

ˇ

ˇ

|x| ď
1
2 , |z| ě 1

*

, (2.1.12)

which serves as a fundamental domain for the modular group Γp1q.
Intuitively, F contains exactly one representative from each orbit of the action

of Γp1q on H, and the images of F under Γp1q tile the upper half-plane without
overlapping interiors [17]. The boundary points correspond to equivalences induced
by elements of Γp1q. Therefore, another representation of F is given by the quotient
Γp1qzH. This fundamental domain is depicted in Figure 2.1.

Figure 2.1: Fundamental Domain

It is important to note that Γp1q acts discontinuously on H, and that F has finite
volume with respect to the measure |y|´2dx dy which is invariant under the action
of SLp2,Rq. To see this invariance, let

µpAq “

ż

A

dx dy

y2 , (2.1.13)
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where z “ x ` iy. We want to show that for any γ “

˜

a b

c d

¸

P SLp2,Rq, we have

µpγAq “

ż

γA

dx1 dy1

py1q2 “

ż

A

dx dy

y2 “ µpAq, (2.1.14)

where x1 “ ℜpγzq and y1 “ Impγzq.
We can rewrite the left-hand side of (2.1.14) as

ż

γA

dx1 dy1

py1q2 “

ż

A

ˇ

ˇ

ˇ

ˇ

Bpx1, y1q

Bpx, yq

ˇ

ˇ

ˇ

ˇ

¨
dx dy

py1q2 . (2.1.15)

Using the Cauchy-Riemann equations and the fact in (2.1.5), we compute the Jaco-
bian determinant:

ˇ

ˇ

ˇ

ˇ

Bpx1, y1q

Bpx, yq

ˇ

ˇ

ˇ

ˇ

“

∣∣∣∣∣∣
Bx1

Bx
Bx1

By
By1

Bx
By1

By

∣∣∣∣∣∣ “

ˆ

By1

Bx

˙2

`

ˆ

By1

By

˙2

“ |cz ` d|
´4. (2.1.16)

Hence, we obtain
ż

A

|cz ` d|
´4

¨
dx dy

py1q2 “

ż

A

dx dy

y2 , (2.1.17)

which confirms that the measure is indeed invariant under the action of SLp2,Rq.
Now, let us verify that the fundamental domain F has finite volume with respect

to this measure. Recalling the definition of F from equation (2.1.12), we compute
the volume as follows:

ż 1
2

´ 1
2

ż 8

?
1´x2

dy dx

y2 “

ż 1
2

´ 1
2

p1 ´ x2
q

´ 1
2dx “

ż 2π
3

π
3

dθ “
π

3 . (2.1.18)

Now, let us move on to the compactification of the fundamental domain by ad-
joining certain points to it, ultimately obtaining a compact Riemann surface. This
idea will become useful in the upcoming pages when we prove that the space of
modular forms has finite dimension.

Before we proceed, let us briefly define the topological boundary of the upper
half-plane.

Let P1pCq “ CYt8u denote the Riemann sphere. When we embed H into P1pCq,
its topological boundary is given by P1pRq “ R Y t8u.

Proposition 2.1.1. Let γ P SLp2,Rq and γ ‰ ˘I act on the Riemann sphere
P1pCq “ C Y t8u.
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1. If |trpγq| ă 2, then γ has two fixed points in P1pCq: one in H and its complex
conjugate. Such an element is called elliptic.

2. If |trpγq| ą 2, then γ has two fixed points in P1pRq and no other fixed points in
P1pCq. Such an element is called hyperbolic.

3. If |trpγq| “ 2, then γ has a single fixed point in P1pRq and no other fixed points
in P1pCq. Such an element is called parabolic.

Proof. Let γ “

˜

a b

c d

¸

P SLp2,Rq and suppose γ fixes some z P P1pCq. Then we

have
γpzq “

az ` b

cz ` d
“ z ñ cz2

` pd ´ aqz ´ b “ 0. (2.1.19)

This is a quadratic equation in z, whose discriminant is

∆ “ pd ´ aq
2

` 4bc. (2.1.20)

Since γ P SLp2,Rq, we have ad ´ bc “ 1, and the trace of γ is trpγq “ a ` d. Then
we find the relation

trpγq
2

´ 4pad ´ bcq “ trpγq
2

´ 4 “ ∆. (2.1.21)

Now, we analyze according to the sign of ∆:

1. If |trpγq| ă 2, then ∆ ă 0, so the roots are complex conjugates; one lies in H,
and the other in the lower half-plane.

2. If |trpγq| ą 2, then ∆ ą 0, and the roots are real, i.e., two fixed points in P1pRq.

3. If |trpγq| “ 2, then ∆ “ 0, giving a single repeated real root, i.e., a unique
fixed point in P1pRq.

Now we can talk about the cusps of a congruence subgroup. Informally, these
are the points where a fundamental domain for a given congruence subgroup inter-
sects the boundary of H. However, this notion admits a more general and precise
formulation:

Definition 2.1.2. Let Γ Ă SL2pRq be a subgroup acting properly discontinuously on
H, such that the quotient space ΓzH has finite volume. A point a P P1pRq “ RYt8u

9



is called a cusp if there exists a non-identity parabolic element γ P Γ such that
γpaq “ a.

Now, we can proceed to the notion of compactification. If Γ is a congruence
subgroup, let H˚ “ H Y Q Y t8u be our topological space.

To topologize H˚ (that is, to formally define its open sets), we begin by assigning
H its usual topology. Thus, a basic open neighborhood of a point z P H is simply an
open disc centered at z that is entirely contained within H.

For the cusp at infinity, z “ 8, the basic open neighborhoods are defined to be

NM “ tz P H | Impzq ą Mu Y t8u (2.1.22)

for any real number M ą 0.
For a rational cusp c P Q, we know that there exists a matrix γ P Γp1q such

that γp8q “ c. Hence, a basic open neighborhood of c is defined by translating a
neighborhood of 8 via γ, yielding sets of the form γpNM q.

The topology defined on H˚ ensures that the quotient space XpΓq “ ΓzH˚ is a
compact, connected, Hausdorff space.

Next, we define the complex charts. Because the natural projection π : H˚ Ñ

XpΓq behaves differently depending on the stabilizer of the point, we must define
three distinct types of charts. Recall that a complex chart is a pair pU, ϕq, where
U Ă XpΓq and V Ă C are open subsets, and ϕ : U Ñ V is a homeomorphism.

• If z P H has a trivial stabilizer in Γ{t˘Iu, then π is locally a homeomorphism
at z. In this case, we simply use the inverse of the projection, π´1, to map a
small open neighborhood U of πpzq directly to an open disc V Ă H Ă C.

• If z0 P H is fixed by a finite cyclic subgroup of Γ{t˘Iu of order k ą 1, then π

fails to be a homeomorphism around z0. To overcome this, we apply a Cayley
transform to map z0 to the origin, and then take the k-th power. The local
chart ϕ on XpΓq is induced by the map

ϕ̃pzq “

ˆ

z ´ z0

z ´ z̄0

˙k

. (2.1.23)

Because this function is invariant under the stabilizer of z0, it descends to a
well-defined homeomorphism ϕ on a neighborhood of πpz0q in XpΓq.

10



• For the cusp at 8, we define the local coordinate using the exponential map,

ϕ̃pzq “ e2πiz. (2.1.24)

By defining the image of the cusp itself to be 0, this map descends to a home-
omorphism ϕ mapping a neighborhood of the cusp in XpΓq to an open disc
around the origin in C.

Consider the two elements of Γp1q defined by

T “

˜

1 1
0 1

¸

, S “

˜

0 ´1
1 0

¸

. (2.1.25)

Their actions on elements of H are given by

T ¨ z “ z ` 1, S ¨ z “ ´
1
z
. (2.1.26)

Theorem 2.1.3 (3, Proposition 1.2.3). The group Γp1q is generated by the matrices
T and S.

Proof. Let γ P Γp1q. We will show that γ can be written as a product of S, T , and
T´1.

We know that H can be covered by the union of the translates γpFq for γ P Γp1q,
where F is the fundamental domain. Since H is connected, any two such translates
can be connected by a finite sequence of domains where each adjacent pair shares
an edge.

Hence, we can find a sequence of matrices γ1, . . . , γn P Γp1q such that γ1pFq “ F
(so γ1 “ ˘I), γnpFq “ γ1pFq (so γn “ ˘γ1), and for each k, the domains γkpFq and
γk`1pFq share an edge.

Observe that the only domains adjacent to F are the translates by S, T , and T´1.
Moreover, γkpFq being adjacent to γk`1pFq implies that F is adjacent to γ´1

k γk`1pFq.
Hence, the matrix γ´1

k γk`1 must be one of S, T , or T´1 (up to sign).
Therefore,

˘γ1
“ γ´1

1 γn “

n´1
ź

k“1
γ´1

k γk`1 (2.1.27)

shows that ˘γ1 is generated by S and T . Since Γp1q contains ´I “ S2, it follows
that γ1 itself is generated by S and T .

Finally, we observe that the matrices I and ´I act trivially on the upper half-
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plane H, since for all z P H, we have p´Iq ¨ z “ z. This leads us to the following
definition:

Definition 2.1.4. The group Γp1q{˘I is called the modular group. It is the image
of SLp2,Zq in PSLp2,Rq.

The modular group acts on H in the same way as Γp1q, and it is generated by
the same matrices S and T , since ´I acts trivially on H.

2.2 The Space of Modular Forms

Let k be an even nonnegative integer, and let H denote the upper half-plane.

Definition 2.2.1. Let f : H Ñ C be a function that is holomorphic on H and
satisfies fpz ` 1q “ fpzq. Due to its periodicity, f admits a Fourier expansion (or
q-expansion) of the form

fpzq “

8
ÿ

n“´8

ane
2πinz

“

8
ÿ

n“´8

anq
n, (2.2.1)

where q “ e2πiz. We classify the analytic behavior of f at the cusp 8 via these
Fourier coefficients:

1. f is meromorphic at 8 if an “ 0 for all n ! 0 (i.e., fpzq grows at most
exponentially as Impzq Ñ 8).

2. f is holomorphic at 8 if an “ 0 for all n ă 0 (i.e., fpzq remains bounded as
Impzq Ñ 8).

3. f vanishes (or is cuspidal) at 8 if an “ 0 for all n ď 0, i.e.,

lim
ImpzqÑ8

fpzq “ 0. (2.2.2)

Definition 2.2.2. Let k be an even nonnegative integer. A modular form of weight k
for SLp2,Zq is a holomorphic function f on H that satisfies

f

ˆ

az ` b

cz ` d

˙

“ pcz ` dq
kfpzq for

˜

a b

c d

¸

P Γp1q, (2.2.3)

and is holomorphic at 8.
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Definition 2.2.3. A function f is called an automorphic function for Γp1q if

f

ˆ

az ` b

cz ` d

˙

“ fpzq (2.2.4)

for all
˜

a b

c d

¸

P SL2pZq, and if f is meromorphic on H and at 8.

An automorphic function is permitted to have poles, whereas a classic modular
form is strictly required to be holomorphic.

For the full modular group Γp1q, this holomorphicity constraint is highly restric-
tive due to the geometry of the quotient space. Because the compactified modular
curve Γp1qzH˚ is a compact Riemann surface, the maximum modulus principle im-
plies that any globally holomorphic automorphic function on it must be constant.
Consequently, any modular form for Γp1q of weight 0 is necessarily a constant func-
tion.

Lemma 2.2.4. If f is a modular form, then f has expansion

fpzq “

8
ÿ

n“0
anq

n, an P C. (2.2.5)

Proof. Let (2.2.1) be the Fourier expansion of fpzq. Writing z “ x` iy, we compute

e2πinz
“ e2πinpx`iyq

“ e2πinxe´2πny. (2.2.6)

Thus, the Fourier coefficients an can be expressed as

an “

ż 1

0
e´2πinpx`iyqfpx ` iyq dx “

ż 1

0
e´2πinxe2πnyfpx ` iyq dx, (2.2.7)

which gives

ane
´2πny

“

ż 1

0
e´2πinxfpx ` iyq dx. (2.2.8)

Since f remains bounded as y Ñ 8, meaning that there exists a constant C ą 0
such that

|fpx ` iyq| ď C. (2.2.9)

Then, taking norms in equation (2.2.8), we obtain

|ane
´2πny

| “

ˇ

ˇ

ˇ

ˇ

ż 1

0
e´2πinxfpx ` iyq dx

ˇ

ˇ

ˇ

ˇ

ď

ż 1

0
|fpx ` iyq| dx ď

ż 1

0
C dx “ C. (2.2.10)

13



Hence,
|ane

´2πny
| ď C. (2.2.11)

It follows from (2.2.11) that if n ă 0, the exponential factor e´2πny grows rapidly
as y Ñ 8, contradicting the bound unless an “ 0. Therefore, we must have an “ 0
for all n ă 0.

The space of modular forms of weight k for Γp1q is denoted by MkpΓp1qq. On
the previous page, we discussed that a modular form of weight k whose constant
Fourier coefficient a0 “ 0 is called cuspidal, and such forms are known as cusp forms
of weight k. Analogously, the space of cusp forms of weight k for Γp1q is denoted by
SkpΓp1qq.

Our next goal is to show that these spaces are finite-dimensional. To do so, we
begin with the following proposition:

Proposition 2.2.5 (3, Proposition 1.3.1). Let X be a compact Riemann surface,
and let P1, . . . , Pn P X be distinct points with positive integers r1, . . . , rn. Let V be
the vector space of meromorphic functions on X that are holomorphic except possibly
at the points Pm, and which are holomorphic or have poles of order at most rm at
each Pm. Then dimV ď r1 ` ¨ ¨ ¨ ` rn ` 1.

Theorem 2.2.6 (3, Proposition 1.3.2). The space MkpΓp1qq is finite-dimensional.

Proof. Let f0 be a non-zero element of MkpΓp1qq. Because f0 is a modular form,
it has a finite number of zeroes in the fundamental domain. Let P1, . . . , Pm be the
zeroes of f0 on the compact Riemann surface XpΓp1qq, and let r1, . . . , rm be the
respective orders of vanishing of f0 at these points.

If f P MkpΓp1qq, the quotient f{f0 is a meromorphic function on XpΓp1qq. Since
f is holomorphic everywhere on H and at the cusps, the only possible poles of f{f0

occur at the zeroes of f0. Furthermore, the order of the pole at any Pj is bounded
by rj.

Therefore, the mapping f ÞÑ f{f0 defines an embedding from MkpΓp1qq into
the vector space V defined in Proposition 2.2.5. It follows that dim MkpΓp1qq ď

r1 ` ¨ ¨ ¨ ` rm ` 1.

Remark 2.2.7. Let f P MkpΓp1qq and g P MlpΓp1qq. Then fg P Mk`lpΓp1qq.

The dimension of space of cups forms is obviously finite since it is a subspace
of the space of modular forms, and by Theorem 2.2.6, we know that MkpΓp1qq is
finite-dimensional.

14



Corollary 2.2.8. The space of cusp forms, denoted by SkpΓp1qq, is finite-dimensional
with the relation

dim MkpΓp1qq “ dim SkpΓp1qq ` 1 for k ě 4. (2.2.12)

This follows from the fact that if there exists a modular form with a nonvanishing
constant term (such as an Eisenstein series), then we can subtract a suitable multiple
of it from another modular form to eliminate that constant term. This ensures the
relation in Equation (2.2.12).

Now that we have constructed the space of modular forms and discussed the
properties of both modular forms and cusp forms, we can illustrate these concepts
with an explicit example of a modular form of weight k.

2.3 Classical Eisenstein Series

Let k ě 4 be an even integer. We define

Ekpzq “
1
2

ÿ

m,nPZ
pm,nq‰p0,0q

pmz ` nq
´k (2.3.1)

to be the Eisenstein series of weight k.
To prove that Ekpzq defines a holomorphic function on H, we must verify that

this series converges absolutely and uniformly on compact subsets of H. To do so,
we first require the following absolute convergence lemma:

Lemma 2.3.1. The series

ÿ

m,nPZ
pm,nq‰p0,0q

p|m| ` |n|q
´k (2.3.2)

converges for every integer k ě 3.

Proof. We analyze the series as follows:

ÿ

m,nPZ
pm,nq‰p0,0q

1
p|m| ` |n|qk

“
ÿ

mPZ
m‰0

1
|m|k

`
ÿ

nPZ
n‰0

ÿ

mPZ

1
p|m| ` |n|qk

. (2.3.3)

The first sum converges for all integers k ě 2. It remains to show that the second
sum also converges for k ě 3.

15



We estimate:

ÿ

mPZ

1
p|m| ` |n|qk

“
1

|n|k
`

ÿ

mPZ
m‰0

1
p|m| ` |n|qk

“
1

|n|k
` 2

8
ÿ

m“1

1
pm ` |n|qk

(2.3.4)

ď
1

|n|k
` 2

ż 8

1

dx

px ` |n|qk
“

1
|n|k

`
2

pk ´ 1q|n|k´1 . (2.3.5)

Therefore,
ÿ

nPZ
n‰0

ÿ

mPZ

1
p|m| ` |n|qk

ď
ÿ

nPZ
n‰0

ˆ

1
|n|k

`
2

pk ´ 1q|n|k´1

˙

, (2.3.6)

which is convergent for k ě 3. This completes the proof.

We now use Lemma 2.3.1 to prove that the Eisenstein series Ekpzq converges
absolutely and uniformly on compact subsets of H.

Let K Ă H be an arbitrary compact subset. Because K is compact, it is bounded
and has a strictly positive distance from the real line. Thus, there exists y0 ą 0 such
that Impzq ě y0 for all z P K.

Lemma 2.3.2. There exists a positive constant CK, such that the lower bound

|mz ` n| ě CKp|m| ` |n|q (2.3.7)

holds for all z P K and all pm,nq P Z2ztp0, 0qu.

Proof. To construct this bound, let S1 “ tpu, vq P R2 : u2 ` v2 “ 1u denote the unit
circle in R2. Consider the function Ψ : K ˆ S1 Ñ R defined by

Ψpz, u, vq “ |uz ` v|. (2.3.8)

The function Ψ is continuous on the product space K ˆ S1. Because K and S1 are
both closed and bounded, K ˆ S1 is compact. Furthermore, Ψpz, u, vq is strictly
positive on this domain, hence must attain a strictly positive absolute minimum
value. Let this minimum be c0 ą 0, so that

|uz ` v| ě c0 for all z P K and pu, vq P S1. (2.3.9)

For any pair pm,nq P Z2ztp0, 0qu, we can substitute u “ m?
m2`n2 and v “ n?

m2`n2

16



into this inequality to obtain
ˇ

ˇ

ˇ

ˇ

m
?
m2 ` n2 z `

n
?
m2 ` n2

ˇ

ˇ

ˇ

ˇ

ě c0 ùñ |mz ` n| ě c0
?
m2 ` n2. (2.3.10)

Using the standard norm inequality
?
m2 ` n2 ě 1

2p|m| ` |n|q, we get

|mz ` n| ě
c0

2 p|m| ` |n|q. (2.3.11)

Setting CK “ c0
2 establishes the lower bound in Equation (2.3.7).

Taking the reciprocal and raising both sides to the power of k yields

1
|mz ` n|k

ď
1
Ck

K

1
p|m| ` |n|qk

(2.3.12)

for all z P K. Because
ř

p|m| ` |n|q´k converges by Lemma 2.3.1, the Weierstrass
M -test implies that the series defining Ekpzq converges absolutely and uniformly
on the compact set K. Since K was an arbitrary compact subset of H, Ekpzq is
holomorphic on the entire upper half-plane H.

Next, let us verify that Ekpzq is indeed a modular form of weight k for Γp1q by
showing the transformation property.

Let γ “

˜

a b

c d

¸

P Γp1q, and consider the transformation z ÞÑ γz “ az`b
cz`d

. We

compute:

Ek pγzq “ pcz ` dq
k 1
2

ÿ

pm,nqPZ2

pm,nq‰p0,0q

pmpaz ` bq ` npcz ` dqq
´k (2.3.13)

“ pcz ` dq
k 1
2

ÿ

pm,nqPZ2

pm,nq‰p0,0q

ppma ` ncqz ` pmb ` ndqq
´k (2.3.14)

“ pcz ` dq
kEkpzq. (2.3.15)

The last equality follows from the fact that gcdpc, dq “ 1 (since ad ´ bc “ 1),
which ensures the set tpm1, n1q “ pma ` nc,mb ` ndqu runs over all of Z2ztp0, 0qu

as pm,nq does. This confirms that Ekpzq transforms as a modular form of weight k
under the action of Γp1q.

The next step is to show that the Eisenstein series is analytic at infinity. To
observe this, we compute its Fourier expansion. We begin with the following lemma:
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Lemma 2.3.3. Let z P H and let k ě 2 be an integer. Then the following identity
holds:

8
ÿ

n“´8

pn ´ zq
´k

“
p2πiqk

pk ´ 1q!

8
ÿ

n“1
nk´1e2πinz. (2.3.16)

Proof. Define
fpuq “ pu ´ zq

´k (2.3.17)

for u P R. Let
f̂pvq “

ż 8

´8

pu ´ zq
´ke2πiuv du (2.3.18)

be the Fourier transform of f .
First, observe that if v “ 0, then

lim
RÑ8

ż R

´R

pu ´ zq
´k du “ lim

RÑ8

„

1
p1 ´ kqpu ´ zqk´1

ȷR

´R

“ 0. (2.3.19)

We use the residue theorem to calculate this integral for v ‰ 0. Let

gpuq “ pu ´ zq
´ke2πiuv (2.3.20)

where v P R, u P C. Observe that g has an isolated singularity at u “ z.
Take a semicircular contour of radius R centered at the origin.
Then by the Cauchy Residue Theorem, we have:

ż

C

gpuq “ 2πi ¨ resppu ´ zq
´ke2πiuv

q|u“z. (2.3.21)

Now, we analyze the behavior of the integrals depending on the sign of v.

(a) Upper half-plane contour (b) Lower half-plane contour

Figure 2.2: Semicircular Contours

For the lower half-plane contour, the integral over the whole contour is 0. It is the
sum of the integral over the arc and over the straight line. Using the M–L estimate
on the arc:

18



M “ sup
|u|“R
Imuă0

|pu ´ zq
´ke2πiuv

| ! R´k
¨ sup

|u|“R
Imuă0

|e2πiuv
| ! R´ke´2πvImu (2.3.22)

If v ą 0, M might not be bounded on the arc (e.g. at u “ ´iR). So let v ă 0.
Then

R´ke´2πvImu
“ R´ke´c

ď R´k (2.3.23)

and the arc length is L “ πR, so:

lim
RÑ8

ML “ π lim
RÑ8

R1´k
“ 0, since k ě 2. (2.3.24)

Therefore, the integral over the green arc is zero, and hence the straight line
integral must also be zero. Similarly, for v ą 0, we do the same for the upper
half-plane contour and obtain the same result.

Thus, we find:

f̂pvq “

$

&

%

2πi ¨ resppu ´ zq´ke2πiuvq|u“z if v ą 0

0 if v ď 0
(2.3.25)

To compute the residue, we expand e2πipu´zqv as a Taylor series at u “ z:

e2πizv

ˆ

pu ´ zq
´k

` ¨ ¨ ¨ `
p2πivqk´1

pk ´ 1q! pu ´ zq
´1

` ¨ ¨ ¨

˙

(2.3.26)

so the coefficient of pu ´ zq´1 gives the residue:

f̂pvq “

$

&

%

p2πiqk

pk´1q!v
k´1e2πivz if v ą 0

0 if v ď 0
(2.3.27)

Finally, by the Poisson summation formula, we obtain:

8
ÿ

n“´8

pn ´ zq
´k

“
p2πiqk

pk ´ 1q!

8
ÿ

n“1
nk´1e2πinz. (2.3.28)

Now we can compute the Fourier coefficients of Ekpzq. First thing to observe is
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if we let m “ 0, then we see that

1
2

ÿ

nPZ
n‰0

n´k
“

8
ÿ

n“1
n´k

“ ζpkq. (2.3.29)

Hence we can write Ekpzq as

Ekpzq “ ζpkq `

8
ÿ

m“1

ÿ

nPZ
pmz ` nq

´k. (2.3.30)

By replacing z with mz in Lemma 2.3.3, we get

8
ÿ

n“´8

pn ´ mzq
´k

“
p2πiqk

pk ´ 1q!

8
ÿ

n“1
nk´1e2πimnz. (2.3.31)

Since k is even and n runs over all integers, the summations over mz ` n and
´mz ` n yield the same values. Then, if we also include the summation over m, we
get

8
ÿ

m“1

8
ÿ

n“´8

pn ´ mzq
´k

“
p2πiqk

pk ´ 1q!

8
ÿ

m“1

8
ÿ

n“1
nk´1e2πimnz. (2.3.32)

Let N “ mn. Then we write
8
ÿ

m“1

8
ÿ

n“1
nk´1e2πimnz

“

8
ÿ

N“1
e2πiNz

ÿ

n|N

nk´1. (2.3.33)

By defining the divisor sum for any r P C to be

σrpnq “
ÿ

d|n

dr, (2.3.34)

we see that

Ekpzq “ ζpkq `
p2πqkp´1qk{2

pk ´ 1q!

8
ÿ

N“1
σk´1pNqqN , where q “ e2πiz. (2.3.35)

With this, we conclude that Eisenstein series are analytic at infinity. Hence Ekpzq

is a modular form of weight k for Γp1q.
Define

Gkpzq “ ζpkq
´1Ekpzq. (2.3.36)

It is known that the Fourier coefficients of Gkpzq are rational numbers (see 17, Chap-
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ter VII). This would imply that

p2πqkp´1qk{2

ζpkqpk ´ 1q! (2.3.37)

is rational.
This can be seen more clearly by recalling Euler’s explicit formula relating the

Riemann zeta function to the Bernoulli numbers (see 17, Chapter VII):

Bk “ ´
ζpkqk!

2k´1πkp´1qk{2 . (2.3.38)

It is a classical fact that Bk “ 0 when k is odd and greater than one, and that Bk P Q
for all k. Substituting this identity into our coefficient factor yields the normalized
Eisenstein series Gkpzq, whose Fourier coefficients are given by

Gkpzq “ 1 ´
2k
Bk

8
ÿ

N“1
σk´1pNqqN . (2.3.39)

2.4 Topological Invariants

To fully understand the structure of the space of modular forms and the of modular
functions, we must view them by studying the compactified modular curve XpΓq.
The following theorem establishes the topological condition needed to show that a
modular function (such as the j-invariant, which we will introduce later) induces an
isomorphism between XpΓq and the Riemann sphere.

Theorem 2.4.1. Let M be a compact Riemann surface, and let f : M Ñ C be
a meromorphic function. Assume that f has only one pole, at m P M , which is
simple. Extend f to a mapping M Ñ P1pCq by setting fpmq “ 8. Then f is a
biholomorphism of Riemann surfaces between M and P1pCq.

To prove this theorem, we will make use of another elegant result from complex
analysis:

Theorem 2.4.2 (2, Theorem 10.8). Suppose γ is a regular closed curve. If f is
meromorphic inside and on γ, and has no zeros or poles on γ, and if Z is the
number of zeros and P the number of poles of f inside γ (counted with multiplicity),
then

1
2πi

ż

γ

f 1

f
“ Z ´ P. (2.4.1)
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Proof of Theorem 2.4.1. We begin with injectivity. Observe that M can be viewed
as a union of open subsets F with a boundary. Since f is meromorphic, and the
boundary of F is a closed curve, we can apply Theorem 2.4.2 to count the difference
between the number of zeros and poles of f .

Topologically, M is obtained by gluing paired edges of the boundaries of F to-
gether, so the integral in (2.4.1) vanishes. Hence, the number of poles of f equals
the number of zeros. Since f has a single pole, it must have a single zero.

Suppose now that fpz1q “ fpz2q “ a for some z1 ‰ z2. Consider the function
f ´ a, which still has only one zero, contradicting our assumption. Thus, z1 “ z2,
and f is injective.

For surjectivity, suppose there exists α P P1pCq with α R Impfq. Consider the
function g “ 1

f´α
, which is holomorphic on M since f ´ α never vanishes. But g is

then a holomorphic function on a compact Riemann surface, so it must be constant.
This implies that f is constant, contradicting the assumption that f has a pole.
Hence, f is surjective.

Finally, define h “ f´1. Then

d

dz
rf ˝ hpzqs “ f 1

phpzqqh1
pzq “ 1 ñ h1

pzq “
1

f 1phpzqq
, (2.4.2)

showing that h is meromorphic. Therefore, f is an isomorphism of Riemann surfaces.

Let us introduce two very important modular forms:

G4pzq “ 1 ` 240
8
ÿ

n“1
σ3pnqqn, G6pzq “ 1 ´ 504

8
ÿ

n“1
σ5pnqqn. (2.4.3)

We can immediately see that both G4pzq3 and G6pzq2 are modular forms of weight
12 via Remark 2.2.7, hence we can subtract them to obtain a new modular form
G4pzq3 ´ G6pzq2.

One can easily notice that the Fourier expansion of this form has no constant
term. Moreover,

1
1728pG3

4 ´ G2
6q “ q ´ 24q2

` 252q3
´ 1472q4

` 4830q5
´ 6048q6

` . . . (2.4.4)

defines a cusp form of weight 12, called the discriminant modular form and denoted
by ∆pzq.
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Define the function j : H Ñ C by

jpzq “
G4pzq3

∆pzq
. (2.4.5)

The first thing to observe is that j is an automorphic function on Γp1q, because
both G4 and ∆ are modular forms for Γp1q, and their weights cancel out (since G3

4

has weight 12 and so does ∆). Thus, jpzq is invariant under the action of Γp1q and
is meromorphic on H.

Moreover, the j-function has the Fourier expansion

jpzq “
1
q

` 744 ` 196884q ` . . . (2.4.6)

which clearly shows that j has a pole at infinity in SLp2,ZqzH Y t8u.
As Theorem 2.4.1 states, j is a bijection of the compactified space

SLp2,ZqzH Y t8u – P1
pCq. (2.4.7)

Definition 2.4.3 ([7]). Let Γ be a congruence subgroup of SLp2,Zq. Topologically,
the compact Riemann surface XpΓq “ ΓzH˚ is a sphere with g handles for some
g P N. This g is called the genus of XpΓq.

From a more algebraic point of view, the genus of XpΓq can be determined by
computing the half-rank of the first homology group:

H1pXpΓq,Zq – Z2g. (2.4.8)

Moreover, the second homology group satisfies

H2pXpΓq,Zq – Z. (2.4.9)

This topological invariant can be useful when comparing two compact Riemann
surfaces via a holomorphic map, as it provides a way to relate their homological and
geometric structure.

If f : X Ñ Y is a holomorphic mapping between compact Riemann surfaces,
then the topological degree of f is defined to be the positive integer n such that the
map

Z – H2pX,Zq Ñ H2pY,Zq – Z (2.4.10)

induced by f is multiplication by n.
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Furthermore, if we define FX and FY to be the fields of meromorphic functions
on X and Y respectively, then f induces an injection FY ãÑ FX , and we have
rFX : FY s “ n. If we focus on a point y P Y , the fiber f´1pyq generally consists of n
points. However, if this number is strictly less than n, we say that y is ramified.

Let y P Y be a point such that f´1pyq “ tx1, . . . , xru. Let ei be the number of
points in f´1pηq near xi for a non-ramified point η P Y close to y. Then ei is called
the ramification index of xi over y, and if ei ą 1, we say that xi is ramified. Clearly,
we have

r
ÿ

i“1
ei “ n, (2.4.11)

and if ei “ 1, then xi is said to be unramified. We may denote this by ei “ epxi | yq.
The following remark describes how the genera of two compact Riemann surfaces

are related via ramification data.

Remark 2.4.4 (Hurwitz genus formula). Let gX and gY be the genera of X and Y ,
respectively. Let n be the topological degree of f , and let P1, . . . , Pu be the (finitely
many) ramification points of f in X, with Qi “ fpPiq their images in Y . Then the
genus formula asserts that

2gX ´ 2 “ np2gY ´ 2q `

u
ÿ

i“1
pepPi | Qiq ´ 1q . (2.4.12)

Before we see the Hurwitz formula in action, we first need a formula to compute
the degree n of the covering. Let us consider the canonical mapping

ΓpNqzH˚
ÝÑ SLp2,ZqzH˚, (2.4.13)

where ΓpNq is as defined in (2.1.10).
Observe that for τ P H˚, the map

ΓpNq ¨ τ ÞÝÑ SLp2,Zq ¨ τ (2.4.14)

rτ s ÞÝÑ rτ s (2.4.15)

simply sends the ΓpNq-orbit of τ to its SLp2,Zq-orbit. That is, it is the natural
projection between the quotient spaces.

The degree n of this covering will be equal to the number of ΓpNq-cosets in
SLp2,Zq, which is given by the index

n “ rSLp2,Zq : ΓpNqs. (2.4.16)
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Since ΓpNq is the kernel of the mod N reduction homomorphism (see (2.1.11)),
computing this index becomes manageable via a finite group computation. This is
equivalent to computing the cardinality of SLp2,Z{NZq, which is given by

N3
ź

p|N

ˆ

1 ´
1
p2

˙

. (2.4.17)

When N “ 2, we have I ” ´I, so this formula applies directly. However, for N ą 2,
the matrices I and ´I are no longer congruent modulo N , so we must divide the
result by 2.

To see how this formula works in practice, let us consider Γp2q, one of the simplest
congruence subgroups. Using the degree formula, we find:

n “ 23
ź

p|2

ˆ

1 ´
1
p2

˙

“ 23
ˆ

1 ´
1
22

˙

“ 8 ¨
3
4 “ 6. (2.4.18)

Since the genus of the compactified quotient SLp2,ZqzH˚ is zero, the Hurwitz
genus formula becomes:

´2 “ 6p2g ´ 2q `

u
ÿ

i“1
pepPi | Qiq ´ 1q . (2.4.19)

To compute the right-hand side, we must identify the ramified points in SLp2,ZqzH˚,
which are the cusp 8 and the elliptic points i and e2πi{3.

We begin with the cusp 8. Under the quotient map

Γp2q ¨ 8 ÝÑ SLp2,Zq ¨ 8 “ Q Y t8u, (2.4.20)

the preimages of 8 correspond to different Γp2q-equivalence classes in Q Y t8u.
Because Γp2q consists of matrices satisfying a ” d ” 1 pmod 2q and b ” c ” 0

pmod 2q, we find:
Γp2q ¨ 8 “

!a

c
: a odd, c even

)

. (2.4.21)

Using 2-adic valuation, we observe that any element of this set satisfies v2paq ´

v2pcq ă 0, so the valuation is negative.
Similarly, the other equivalence classes can be described as:

Γp2q ¨ 0 “

"

b

d
: b even, d odd

*

ùñ v2 ą 0, (2.4.22)
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Γp2q ¨ 1 “

"

a ` b

c ` d
: a ` b and c ` d odd

*

ùñ v2 “ 0. (2.4.23)

Thus, there are three distinct points in Γp2qzH˚ lying over the cusp 8.
Since the total ramification index above 8 must add up to the degree n “ 6, and

there are three such points, we conclude:

3
ÿ

i“1
pepPi | 8q ´ 1q “ 6 ´ 3 “ 3. (2.4.24)

When it comes to the elliptic points, what we are looking for are the matrix
classes in SLp2,Zq{Γp2q that fix the point under Möbius action. In particular, for
the elliptic point i, we are interested in matrices satisfying

ai ` b

ci ` d
” i pmod 2q. (2.4.25)

Recall that all elements of SLp2,Zq{Γp2q can be represented by the following six
matrices:

#˜

1 1
0 1

¸

,

˜

1 0
1 1

¸

,

˜

1 0
0 1

¸

,

˜

1 ´1
1 0

¸

,

˜

0 ´1
1 0

¸

,

˜

0 ´1
1 1

¸+

.

(2.4.26)

Among these, the only matrices that fix the point i are
˜

1 0
0 1

¸

and
˜

0 ´1
1 0

¸

. (2.4.27)

Therefore, the stabilizer of i in SLp2,Zq{Γp2q has order 2, and the number of
distinct points lying above i is 6{2 “ 3.

Hence, the contribution of the ramification over i is:

3
ÿ

i“1
pepPi | iq ´ 1q “ 6 ´ 3 “ 3. (2.4.28)

Finally, let ω “ e2πi{3 so that ω3 “ 1 and ω ‰ 1. We are now interested in matrices
in SLp2,Zq{Γp2q that fix ω under Möbius action modulo 2:

aω ` b

cω ` d
” ω pmod 2q. (2.4.29)

26



Among the six coset representatives listed previously, the ones that stabilize ω
modulo 2 are:

˜

1 0
0 1

¸

,

˜

1 ´1
1 0

¸

,

˜

0 ´1
1 1

¸

. (2.4.30)

Hence, the stabilizer of ω in SLp2,Zq{Γp2q has order 3, and the number of distinct
points lying above ω is 6{3 “ 2. Therefore, the ramification contribution over ω is

2
ÿ

i“1
pepPi | ωq ´ 1q “ 6 ´ 2 “ 4. (2.4.31)

Returning to the Hurwitz genus formula, we have:

´2 “ 12g ´ 12 ` 3 ` 3 ` 4 “ 12g ´ 2 ùñ g “ 0. (2.4.32)

Hence, the genus of Γp2qzH˚ is 0.
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3

The Adelic Framework and
Automorphic Forms

In this chapter, we introduce the algebraic framework required to compute the
Fourier coefficients of the non-holomorphic Eisenstein series, a computation we will
carry out in the final section. This machinery is necessary because, as we will see in
the third section, lifting functions from the classical upper half-plane H to algebraic
groups allows us to study them locally. Through the local-to-global principle, we
can then synthesize these local pieces to obtain global results.

3.1 Places

We begin by establishing the base fields for our local computations.

Definition 3.1.1 ([5]). A set of places is a subset

S Ă tp : prime numberu Y t8u. (3.1.1)

We will denote an individual place by v.
We perform our local computations over local fields Qv, which are the completions

of Q at the places v. The reason for this is that computing Fourier coefficients
requires integrating functions over these spaces. Integration relies on limits and
measure theory, which are only well-defined if the underlying field is complete with
respect to the chosen metric. Since Q is not complete with respect to the metric
induced by the absolute value | ¨ |v for v ď 8 (5, Proposition 4.2.2), we must pass to
its completions.
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The completion at the infinite place v “ 8 is the familiar completion of Q with
respect to the standard Euclidean absolute value:

|x|8 “

$

&

%

x, if x ě 0,

´x, if x ă 0.
(3.1.2)

This field is denoted by Q8, or more commonly, R.

Definition 3.1.2. For a fixed prime p, every rational number r ‰ 0 can be written
as

r “ pkm

n
, (3.1.3)

where m,n P Z are coprime to p. The number k is uniquely determined by r. We
define the p-adic absolute value by

|r|p “

ˇ

ˇ

ˇ
pkm

n

ˇ

ˇ

ˇ

p
:“ p´k. (3.1.4)

We complete this definition by
|0|p :“ 0. (3.1.5)

Omitting the details of the formal completion process, the completion of Q with
respect to the p-adic metric is the field of p-adic numbers, which can be explicitly
represented as the set of formal Laurent series in p:

Qp “

#

8
ÿ

j“´N

ajp
j : N P N, 0 ď aj ă p

+

. (3.1.6)

We conclude this section by stating a foundational result that will be essential
for our later computations.

Proposition 3.1.3 (5, Proposition 4.1.4). For every x P Qˆ, we have the product
formula

ź

vď8

|x|v “ 1. (3.1.7)

3.2 Strong Approximation

The product of R and the restricted product over all finite places gives us an algebraic
structure called the “adele ring.”

29



Definition 3.2.1. The ring of adeles is defined as

A “ R ˆ
y

ź

pă8

Qp (3.2.1)

“ tpx8, x2, x3, . . . q | x8 P R, xp P Zp for all but finitely many pu . (3.2.2)

As we discussed in the previous section, Qp is the p-adic completion of Q, and
Zp can be defined as

Zp “ txp P Qp : |xp|p ď 1u. (3.2.3)

Observe that if x P Q, then x P Zp for almost all p.
It is easily seen that the set of adeles naturally admits a ring structure.

Theorem 3.2.2. The adele ring can be written as

A “ R ` Q△
` pZ (3.2.4)

where Q△ is the diagonal embedding of the rationals into A and

pZ “
ź

pă8

Zp. (3.2.5)

Proof. It is clear that A Ą R ` Q△ ` pZ. Hence, we only need to show that A Ă

R ` Q△ ` pZ.
Let a “ pa8, a2, a3, . . . q be an element of A. Let

S “ tpi : api
R Zpi

u. (3.2.6)

Our claim is that we can find q P Q such that ap ´ q P Zp for all p. Suppose for a
moment that the only prime in S is 2. We know that a2 can be written as

a2 “

8
ÿ

k“´N2

b2,k2k, (3.2.7)

where N2 P Zą0 and b2,k P t0, 1u. By setting q “
ř´1

k“´N2
b2,k2k, we obtain a2´q P Z2.

Since the denominators of q are strictly powers of 2, we have |q|p ď 1 for p ‰ 2,
ensuring ap ´ q P Zp continues to hold for all other primes p. Observe that a general
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q can be found for an arbitrary finite set S by summing the principal parts:

q “
ÿ

piPS

¨

˝

´1
ÿ

k“´Npi

bpi,kp
k
i

˛

‚. (3.2.8)

Having constructed q for the finite places, we turn to the infinite place, where we
can always find an r P R such that r ` q “ a8. Hence, the equality holds.

This is a very useful theorem, known as the strong approximation of the ring of
adeles.

Definition 3.2.3. The group GLp2,Aq is a restricted direct product

GLp2,Aq “ GLp2,Rq ˆ
y

ź

pă8

GLp2,Qpq (3.2.9)

“ tpA8, A2, A3, . . . q | Ap P GLp2,Zpq for all but finitely many pu.

(3.2.10)

We see that strong approximation applies to GLp2,Aq as follows:

Theorem 3.2.4. The group GLp2,Aq can be written as follows:

GLp2,Aq “ GLp2,Rq ¨ GLp2,Qq
△

¨ pK (3.2.11)

where GLp2,Qq△ is the diagonal embedding of GLp2,Qq into GLp2,Aq and

pK “
ź

pă8

GLp2,Zpq. (3.2.12)

Proof. We will follow a similar constructive approach to that used in the proof of
Theorem 3.2.2. It is clear that the product is a subset of GLp2,Aq. Let A “

pA8, A2, A3, . . . q P GLp2,Aq. We will constructQ P GLp2,Qq such that pQX2, QX3, . . . q

where Xp P GLp2,Zpq will equal pA2, A3, . . . q for the finite places. We require
QXp “ Ap, which implies that Xp “ Q´1Ap P GLp2,Zpq. If Ap P GLp2,Zpq for
all p, then there is nothing further to show. Let

S “ tpi : Api
R GLp2,Zpi

qu, (3.2.13)

which is, by definition, a finite set. Our claim is that we can find Q P GLp2,Qq

such that Q´1Ap P GLp2,Zpq for all p. To see how the algorithm works, suppose 2
is the only prime in S. We may assume that A2 is upper triangular by applying the
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Iwasawa decomposition. By setting Q´1 as an upper triangular rational matrix, we
have

˜

q1 q2

0 q4

¸

¨

˜

b2,1 b2,2

0 b2,3

¸

“

˜

q1b2,1 q1b2,2 ` q2b2,3

0 q4b2,3

¸

. (3.2.14)

To ensure this product is in GLp2,Z2q, the matrix must have entries in Z2 and its
determinant must be a unit in Zˆ

2 . We can choose q1 “ 2´ord2pb2,1q and q4 “ 2´ord2pb2,3q.
This forces the diagonal entries q1b2,1 and q4b2,3 to be 2-adic units. Then, we can
choose a rational q2 (whose denominator is strictly a power of 2) to clear the fractional
part of q1b2,2 ` q2b2,3, guaranteeing the upper-right entry lies in Z2. Because Q´1

relies only on powers of 2 in its denominators, multiplying by Q´1 preserves the
condition Q´1Ap P GLp2,Zpq for all p ‰ 2.

Observe that a general Q´1 can be found by taking the product of all elementary
Q´1

pi
matrices that arise from systematically clearing the denominators of each Api

for pi P S.
Similar to the one-dimensional case, we can always find an R P GLp2,Rq such

that RQ “ A8 since Q is invertible. Hence, the equality holds.

3.3 Lie Algebras and Group Decompositions

In this section, our primary goal is to establish the decompositions of the local groups
Gv “ GLp2,Qvq. These decompositions, specifically the Iwasawa and Bruhat decom-
positions, are the foundational building blocks for analyzing automorphic forms and
defining local Whittaker functions.

Proposition 3.3.1. Let Gv “ GLp2,Qvq, Pv be the standard parabolic subgroup,
which is the collection of upper-triangular matrices

Pv “

#˜

a b

0 c

¸

| a, b, c P Qv

+

, (3.3.1)

and Kv be a maximal compact subgroup of Gv. Then Gv admits the Iwasawa decom-
position

Gv “ Pv ¨ Kv. (3.3.2)

If v “ 8, we will prove that K8 “ Op2q.

Theorem 3.3.2. Op2q is a maximal compact subgroup of GLp2,Rq.

Proof. We first show that Op2q is compact.

32



Consider the continuous map

m : GLp2,Rq Ñ Mp2,Rq, A ÞÑ AAT . (3.3.3)

By definition,
Op2q “ m´1

ptIuq, (3.3.4)

which is the preimage of the closed set tIu. Hence Op2q is closed in GLp2,Rq.
Next, if A P Op2q, then AAT “ I implies that each row (and column) has a

Euclidean norm of 1. Thus, the absolute value of every entry is at most 1, meaning
Op2q is bounded.

Being both closed and bounded in the finite-dimensional space Mp2,Rq, Op2q is
compact.

Now, to show maximality, suppose K is a compact subgroup of GLp2,Rq such
that

Op2q Ă K Ă GLp2,Rq. (3.3.5)

Let A P K. By the polar decomposition (see [11]), we can uniquely write

A “ R ¨ eX , (3.3.6)

where R P Op2q and X is a real symmetric matrix.
Set Y “ eX . Then Y is positive definite, so all its eigenvalues are strictly positive.

Let PJP´1 be its Jordan canonical form. If an eigenvalue λ satisfies λ ą 1, then
Y N “ PJNP´1 becomes unbounded as N Ñ 8, contradicting the compactness
of K. If λ ă 1, then Y N tends to 0, which again contradicts compactness (since
0 R GLp2,Rq). Therefore, all eigenvalues must be exactly 1.

Moreover, if J were not diagonal, then the superdiagonal entries of JN would
grow without bound, again contradicting compactness. Hence J “ I, so Y “ I.

Consequently, A “ R P Op2q, and thus K “ Op2q. We conclude that Op2q is a
maximal compact subgroup of GLp2,Rq.

Next, we proceed to analyze the decomposition G8 “ P8K8 in greater detail.
It is clear that G8 Ą P8K8. To show equality holds, all we need to prove is
G8 Ă P8K8.

Let

g “

˜

a b

c d

¸

P G8. (3.3.7)
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Then we can factorize g into the product of a matrix p P P8 and r P K8 of the forms
˜

detpgq
?

c2`d2
ac`bd?
c2`d2

0
?
c2 ` d2

¸

and
˜

d?
c2`d2

´c?
c2`d2

c?
c2`d2

d?
c2`d2

¸

, (3.3.8)

respectively, which proves g P P8 ¨ K8.
Next, we investigate the structure of Kv in the p-adic case. To simplify the

analysis, let us first consider the multiplicative group Qˆ
p . Our claim is that Zˆ

p is
the maximal compact subgroup of Qˆ

p . Since Qp is complete with respect to the
p-adic metric, the closed unit ball

Zp “ tx P Qp : |x|p ď 1u (3.3.9)

is bounded and therefore compact. Since Zˆ
p “ tx P Qp : |x|p “ 1u is a closed subset

of the compact space Zp, it is itself compact. Hence, Zˆ
p is a compact subgroup of

Qˆ
p .

Maximality follows immediately: the norm of powers of any element x R Zˆ
p

(meaning |x|p ‰ 1) would be unbounded in either the positive or negative direction,
contradicting compactness. Thus, Zˆ

p is the maximal compact subgroup of Qˆ
p .

For the general case, we will show that GLpn,Zpq is a maximal compact subgroup
of GLpn,Qpq. Establishing compactness is relatively straightforward.

Theorem 3.3.3. The group GLpn,Zpq is compact in GLpn,Qpq.

Proof. First, observe that Mpn,Zpq is compact in Mpn,Qpq since it is the unit ball
with respect to the sup-norm in the standard basis of Mpn,Qpq. The determinant
map

det : Mpn,Zpq Ñ Zp (3.3.10)

is continuous. Therefore, the preimage det´1
pZˆ

p q “ GLpn,Zpq is a closed subset
of a compact space. Hence, GLpn,Zpq is compact in Mpn,Qpq, and consequently
compact in GLpn,Qpq.

Let us introduce some useful notions before discussing maximality.

Definition 3.3.4. A lattice in Qn
p is the Zp-span of a basis of Qn

p .

What we are genuinely interested in is the set of invertible matrices that fix a
lattice.
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Definition 3.3.5. For each lattice L in Qn
p , we define the stabilizer subgroup

KL “ tg P GLpn,Qpq : gpLq “ Lu. (3.3.11)

The quintessential example of such a set is GLpn,Zpq, which is the collection of
matrices that fix the standard lattice Zn

p .

Lemma 3.3.6 (4, Theorem 3.1). Let H be a compact subgroup of GLpn,Qpq. Then
there exists a lattice M in Qn

p such that H Ă KM .

Lemma 3.3.7 (4, Theorem 3.3). Let L and L1 be two lattices in Qn
p and suppose

KL Ă KL1. Then there exists λ P Qˆ
p such that L “ λL1 and KL “ KL1.

Now, we are ready to prove maximality.

Theorem 3.3.8. The group GLpn,Zpq is a maximal compact subgroup of GLpn,Qpq.

Proof. Suppose that GLpn,Zpq Ă H, where H is a compact subgroup of GLpn,Qpq.
Then there exists a lattice M Ă Qn

p such that H Ă KM . Since KZn
p

“ GLpn,Zpq, we
have the chain of inclusions

KZn
p

Ă H Ă KM . (3.3.12)

By Lemma 3.3.7, the inclusion KZn
p

Ă KM forces KM “ KZn
p
, and hence H “

GLpn,Zpq.

It follows from the above that GLp2,Zpq is a maximal compact subgroup of
GLp2,Qpq. Therefore, we set Kp “ GLp2,Zpq for finite places.

Similar to the infinite case, it is clear that Pp ¨ Kp Ă Gp. To show the reverse

inclusion, let gp “

˜

a b

c d

¸

P Gp. If c “ 0, then gp P Pp and we are done. If c ‰ 0, we

have two cases based on the p-adic valuations: either |c{d|v ď 1 (meaning c{d P Zp),
or |d{c|v ă 1 (meaning d{c P Zp).

If |c|p ď |d|p, we can factorize gp as follows:

gp “

˜

a ´ bc
d

b

0 d

¸ ˜

1 0
c
d

1

¸

, (3.3.13)

where the first matrix is in Pp and the second is in Kp since c{d P Zp.
On the other hand, if |c|p ą |d|p, we can factorize gp as:

gp “

˜

c a

0 ´
detpgpq

c

¸ ˜

0 1
1 ´d

c

¸

. (3.3.14)
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The first matrix is upper triangular, hence in Pp. Because |d{c|p ă 1, the second
matrix has entries in Zp and its determinant is ´1 P Zˆ

p , ensuring it belongs to Kp.
This proves Gp Ă Pp ¨ Kp.

Next, we shift our focus to the Bruhat decomposition.

Proposition 3.3.9 (8, 4.1). The Bruhat decomposition of Gv “ GLp2,Qvq is

Gv “ Pv \ PvwNv, where w “

˜

0 ´1
1 0

¸

, (3.3.15)

with Pv the parabolic subgroup of Gv and Nv its unipotent radical, which is the col-
lection of matrices of the form

Nv “

#˜

1 u

0 1

¸

| u P Qv

+

. (3.3.16)

We call Pv the little cell, which consists of matrices with c “ 0, and we call PvwNv

the big cell, consisting of matrices of the form

PvwNv “

#˜

a b

c d

¸

P GLp2,Qvq | c ‰ 0
+

. (3.3.17)

Our next goal is to explicitly express the coset space PvzGv using the Bruhat
decomposition.

We claim that

PvzGv “ PvzPv Y PvzpPvwNvq – t1u Y w ¨
`

pw´1Pvw X NvqzNv

˘

– t1u Y wNv,

(3.3.18)
which asserts that wNv – PvzpPvwNvq. To formally establish this, we must construct
an isomorphism between these two sets.

Observe that we have a natural sequence of maps

wNv
j

ÝÑ PvwNv
p
ÝÑ PvzpPvwNvq (3.3.19)

where the first map, j, is the canonical inclusion (which is clearly injective), and the
second map, p, is the canonical projection (which is surjective). We want to show
that the composition p ˝ j is a bijection.

Because PvwNv is exactly the orbit of wNv under the left action of Pv, every
coset in PvzpPvwNvq contains a representative from wNv. Thus, p ˝ j is surjective.
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To show injectivity, suppose n, n1 P Nv such that ppjpwnqq “ ppjpwn1qq. This
means they lie in the same left Pv-coset:

Pvwn
1

“ Pvwn ðñ wn1
pwnq

´1
P Pv

ðñ wn1n´1w´1
P Pv

ðñ n1n´1
P w´1Pvw.

Let n1n´1 “ h. Since Nv is a subgroup, h P Nv. This implies that

h P w´1Pvw X Nv. (3.3.20)

However, the intersection w´1PvwXNv consists only of the identity matrix, because
w´1Pvw contains only lower-triangular matrices, while Nv contains strictly upper-
triangular unipotent matrices. Hence, h “ I, which forces n1 “ n. This shows
injectivity. Therefore, p ˝ j is a bijection, and the claim holds.

3.4 From Domains to Groups

We now shift our focus from domains to groups. This perspective allows us to utilize
powerful representation-theoretic tools. Let f be a function on H. By the standard
isomorphism SLp2,Rq{SOp2,Rq – H, we can transfer this function to the group
SLp2,Rq via the map gSOp2,Rq ÞÑ g ¨ i and define a function F as

F pgq “ fpg ¨ iq, g P SLp2,Rq. (3.4.1)

The function F is right SOp2,Rq-invariant, since SOp2,Rq is the isotropy sub-
group of i. Conversely, any right SOp2,Rq-invariant function on SLp2,Rq naturally
descends to a function on H.

In the first chapter, we defined holomorphic modular forms of weight k via Equa-
tion (2.2.3), which can also be rewritten as

f

ˆ

az ` b

cz ` d

˙

“ jpγ, zq
kfpzq for γ “

˜

a b

c d

¸

P Γp1q, (3.4.2)

where jpγ, zq “ cz ` d is the factor of automorphy. It satisfies the essential cocycle
condition

jpαβ, zq “ jpα, βzqjpβ, zq. (3.4.3)
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Given a modular form f : H Ñ C of weight k, we define a new complex-valued
function ϕf on SLp2,Rq by

ϕf pgq “ jpg, iq´kfpg ¨ iq, (3.4.4)

where g “

˜

a b

c d

¸

P SLp2,Rq. This lifted function satisfies the following four

fundamental properties (see 9, Chapter 2):

(i) ϕf pγgq “ ϕf pgq for all γ P Γp1q.

This left-invariance property follows directly from the cocycle condition:

ϕf pγgq “ jpγg, iq´kfpγg ¨ iq

“ jpγ, giq´kjpg, iq´kjpγ, giqkfpg ¨ iq

“ jpg, iq´kfpg ¨ iq “ ϕf pgq.

(ii) ϕf pgrpθqq “ e´ikθϕf pgq for all rpθq P K.

Here, K denotes the maximal compact subgroup SOp2,Rq of the Lie group
SLp2,Rq, and rpθq is the rotation matrix

rpθq “

˜

cos θ ´ sin θ
sin θ cos θ

¸

, (3.4.5)

which fixes the point i P H. When rpθq acts on g from the right, we evaluate
the factor of automorphy at i:

ϕf pgrpθqq “ jpgrpθq, iq´kfpgrpθq ¨ iq

“ jpg, rpθqiq´kjprpθq, iq´kfpg ¨ iq

“ e´ikθjpg, iq´kfpg ¨ iq “ e´ikθϕf pgq.

(iii) ϕf pgq is bounded if f P SkpΓq. In particular, its L2-norm is finite:
ż

Γp1qzG

|ϕf pgq|
2 dg ă 8, (3.4.6)

where G “ SLp2,Rq.

To justify this property, we invoke the following classical lemma.
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Lemma 3.4.1 (9, Lemma 1.5). Suppose f P MkpΓq. Then f P SkpΓq if and
only if yk{2|fpx ` iyq| ă M for some constant M independent of x.

Proof. Define the function

hpzq “ Impzq
k{2

|fpzq|, (3.4.7)

which is clearly Γ-invariant. Thus, it suffices to show that hpzq ă M if and
only if f vanishes at every cusp s of Γ.

Let σ P Γp1q be an element that maps 8 to s. Then,

hpσzq “ Impσzq
k{2

|fpσzq| “ Impzq
k{2

|jpσ, zq|
´k

|fpσzq|. (3.4.8)

This shows that if f P SkpΓq, then hpwq Ñ 0 as w Ñ s in the topology of the
extended upper half-plane H˚. Hence, h extends to a continuous function on
the compact space ΓzH˚, and thus must be bounded by some M .

Conversely, if hpzq ă M is bounded globally, then f must vanish at all cusps
to prevent the imaginary part of the expansion from blowing up.

Because hpg ¨ iq “ |ϕf pgq|, it immediately follows that ϕf pgq is bounded over
the fundamental domain, guaranteeing a finite L2-norm.

(iv) ϕf pgq is cuspidal; i.e., for all g P G and σ P Γp1q,

ż 1

0
ϕf

˜

σ

˜

1 xh

0 1

¸

g

¸

dx “ 0, (3.4.9)

where h P Z.

To prove this property, we parameterize g using the Iwasawa decomposition of
SLp2,Rq. Observe that since

g “

˜

1 x

0 1

¸ ˜

y1{2 0
0 y´1{2

¸ ˜

cos θ ´ sin θ
sin θ cos θ

¸

, (3.4.10)

we have the straightforward action g ¨ i “ x ` iy “ z. Hence, the integral
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becomes

ż 1

0
ϕf

˜

σ

˜

1 xh

0 1

¸

g

¸

dx “

ż 1

0
j

˜

σ

˜

1 xh

0 1

¸

g, i

¸´k

f

˜

σ

˜

1 xh

0 1

¸

g ¨ i

¸

dx

(3.4.11)

“

ż 1

0
j

˜

σ,

˜

1 xh

0 1

¸

g ¨ i

¸´k

fpσpz ` xhqq dx

(3.4.12)

“

ż 1

0
pf |kσqpz ` xhq dx. (3.4.13)

This final expression is exactly the zeroth Fourier coefficient of f at the cusp
s “ σp8q. Since all such constant terms vanish by definition, and hence the
integral is zero.

To fully appreciate the significance of the L2-norm described in property (iii), we
must briefly introduce the natural inner product on the space of classical cusp forms,
known as the Petersson inner product. For two modular forms f1, f2 P SkpΓq, it is
defined as

xf1, f2y :“
ĳ

F

f1pzqf2pzqyk dx dy

y2 , (3.4.14)

where F is the fundamental domain of ΓzH. This integral equips the space SkpΓq

with a geometric structure, allowing us to define orthogonality: two cusp forms are
called orthogonal if their Petersson inner product vanishes, meaning xf1, f2y “ 0.

Now, let us compute the general L2-inner product of two lifted functions ϕf1

and ϕf2 over the group quotient Γp1qzG. Because the lifted functions ϕf are left-
Γp1q-invariant, their pointwise product ϕf1pgqϕf2pgq is a well-defined function on the
quotient Γp1qzG. Furthermore, since G “ SLp2,Rq is unimodular, its Haar measure
dg is bi-invariant. The left-invariance of dg ensures it induces a well-defined quotient
measure on Γp1qzG.

Using the px, y, θq parameterization stemming from the Iwasawa decomposition
of g P G, the normalized Haar measure on G “ SLp2,Rq is given by dg “ 1

2π
dx dy

y2 dθ.
We can evaluate the integral over the quotient by integrating over a fundamental
domain FG for Γp1q in G. Since Γp1q acts solely on the upper half-plane component,
we can identify FG with F ˆ r0, 2πq, where F is the standard fundamental domain
for Γp1qzH.
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Expanding the integral yields:
ż

Γp1qzG

ϕf1pgqϕf2pgq dg “

ż

FG

ϕf1pgqϕf2pgq dg (3.4.15)

“
1

2π

ĳ

F

ż 2π

0

`

f1pzqyk{2e´ikθ
˘

pf2pzqyk{2e´ikθq
dx dy

y2 dθ

(3.4.16)

“
1

2π

ĳ

F

ż 2π

0
f1pzqf2pzqyk dx dy

y2 dθ (3.4.17)

“

ĳ

F

f1pzqf2pzqyk dx dy

y2 (3.4.18)

“ xf1, f2y. (3.4.19)

This evaluation is highly significant: it demonstrates that the lift f ÞÑ ϕf is
an isometric embedding from the space of cusp forms SkpΓq to the space of square-
integrable functions L2pΓp1qzGq. This provides the crucial theoretical justification for
studying modular forms via representation theory, as it guarantees that the Petersson
inner product is preserved. Consequently, orthogonal modular forms on the upper-
half plane map directly to orthogonal functions on the group.

Finally, we extend these functions from SLp2,Rq to GLp2,Rq`, the group of
real matrices with positive determinant, which also preserves the upper half-plane.
Observe that the center

ZR “

#˜

a 0
0 a

¸

: a P Rˆ

+

(3.4.20)

trivially stabilizes i, and we already know SOp2,Rq is the isotropy subgroup within
SLp2,Rq. Hence, we deduce the extended isomorphism

GLp2,Rq
`

{Z`
R SOp2,Rq – H. (3.4.21)

Thus, we can naturally extend our lift to

F pgq “ fpg ¨ iq, g P GLp2,Rq
`, (3.4.22)

which is left GLp2,Zq`-invariant, right SOp2,Rq-invariant, and ZR-invariant. To en-
sure the lift continues to satisfy the cocycle condition for matrices with arbitrary
positive determinants, we introduce a normalizing adjustment to the factor of auto-
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morphy:
jpg, zq “ pcz ` dq

k
pdet gq

´k{2. (3.4.23)

With this modification, the analogous representation-theoretic results for GLp2,Rq`

follow directly.

3.5 Non-holomorphic Eisenstein Series

We define the Eisenstein series on H as the sum

Ekps, zq “
ÿ

c,dPZ
gcdpc,dq“1

ys

pcz ` dqk|cz ` d|2s
, for z P H and ℜpsq ą 1. (3.5.1)

By invoking Equation (2.1.5), we can rewrite the Eisenstein series over the cosets
Γ8zΓ as

Ekps, zq “
ÿ

γPΓ8zΓ

pImpγzqqs

jpγ, zqk
, (3.5.2)

where Γ “ SLp2,Zq, j pp a b
c d q , zq “ cz ` d, and Γ8 “

#˜

˚ ˚

0 ˚

¸

P Γ
+

.

Observe that we can extend Ekps, zq to both the upper and lower half-planes by
substituting Impγzq with |Impγzq|, which yields

Ekps, zq “
ÿ

γPΓ8zΓ

|Impγzq|s

jpγ, zqk
, for z P H Y H, (3.5.3)

where Γ “ GLp2,Zq and Γ8 is defined as above.
Then, using (3.4.22), we can lift Ekps, zq from H Y H to GLp2,Rq by setting

Egroup
k pgq “ Ekpg ¨ iq| det g|

k
2 jpg, iq´k, for g P GLp2,Rq. (3.5.4)

To study the most general picture, let us define the following function via the

Iwasawa decomposition Gv “ PvKv for v ď 8. For gv “

˜

a b

0 d

¸

k, we define

φv

˜˜

a b

0 d

¸

k

¸

“

$

&

%

ˇ

ˇ

a
d

ˇ

ˇ

s

v
, for v ă 8,

ˇ

ˇ

a
d

ˇ

ˇ

s

8
eikθ, for v “ 8,

(3.5.5)
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where

k P Kv “

$

’

’

’

&

’

’

’

%

GLp2,Zvq, for v ă 8,

SOp2q, for v “ 8, with k “

¨

˝

cos θ sin θ

´ sin θ cos θ

˛

‚.
(3.5.6)

Clearly, a, d P Qˆ
v and b P Qv in all cases.

For simplicity, we will take k “ 0 to compute the Fourier coefficients of the
Eisenstein series. By writing Espzq “ E0ps, zq and invoking Equation (2.1.5), we can
rewrite the Eisenstein series over the cosets Γ8zΓ as

Espzq “
ÿ

γPΓ8zΓ
pImpγzqq

s, (3.5.7)

where Γ “ SLp2,Zq and Γ8 “

#˜

˚ ˚

0 ˚

¸

P Γ
+

.

If we define a global function φ on the adele group GA “ GLp2,Aq at the outset
by evaluating the product over all places of the local functions above, then for g “

pgvq P GA, we define:
φpgq “

ź

v

φvpgvq. (3.5.8)

This infinite product is well-defined because for any adele g P GA, its components
gv belong to the maximal compact subgroup Kv “ GLp2,Zvq for almost all finite
places v. By our local normalizations, φvpkvq “ 1 for all kv P Kv. Thus, the product
evaluates to 1 for almost all places, reducing it to a well-defined finite product.

Note that φ is ultimately a function on the adele group GA “ GLp2,Aq. By
the product formula, we observe that φ is left PQ-invariant. Since A,D P Qˆ, their
global adelic norm is 1, so:

φ

˜˜

A ˚

0 D

¸ ˜

a ˚

0 d

¸

k

¸

“
ź

vď8

ˇ

ˇ

ˇ

ˇ

Aa

Dd

ˇ

ˇ

ˇ

ˇ

s

v

“

ˇ

ˇ

ˇ

ˇ

A

D

ˇ

ˇ

ˇ

ˇ

s

A

ˇ

ˇ

ˇ

a

d

ˇ

ˇ

ˇ

s

A
“

ˇ

ˇ

ˇ

a

d

ˇ

ˇ

ˇ

s

A
“ φ

˜˜

a ˚

0 d

¸

k

¸

.

(3.5.9)
We will show that the following proposition holds:

Proposition 3.5.1. Let φ be the function on GLp2,Aq defined above. Then we have

Espzq “
ÿ

γPPQzGQ

φpγ ¨ pg8, 1, 1, . . . qq, (3.5.10)
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where z “ x` iy P H, and g8 P GLp2,Rq is chosen such that g8 ¨ i “ z (for example,
g8 “ p 1 x

0 1 q

´

y1{2 0
0 y´1{2

¯

). Here, pg8, 1, 1, . . . q denotes the natural embedding of the
real matrix into the adele group GA.

Moreover, we can extend this series globally to the group GA “ GLp2,Aq as

Eadele
s pgq :“

ÿ

γPPQzGQ

φpγ ¨ gq. (3.5.11)

(We note that this series converges absolutely in the right half-plane Repsq ą 1, a
standard property of Eisenstein series, which justifies this definition).

This expression defines a function that is both left GQ-invariant and ZA-invariant,
where

ZA “

#˜

a 0
0 a

¸

: a P Aˆ

+

. (3.5.12)

There are three parts that need to be proved to establish Proposition 3.5.1:
Equation (3.5.10) gives

ř

γPPZzGZ
|Impγg8 ¨iq|s, there is a bijection between the cosets

PZzGZ and PQzGQ, where GZ “ GLp2,Zq, and the summation over PQzGQ is well-
defined. The last case is obvious by Equation 3.5.9.

1. To establish the bijection between the cosets PQzGQ and PZzGZ, we use the
geometric fact that each line in Q2 can be uniquely represented by a primitive
Z-line in Z2. Specifically, if px, yq P Z2 is a primitive vector with gcdpx, yq “ 1,
then the set

L “ tpkx, kyq | k P Zu (3.5.13)

defines the associated primitive Z-line. Using this, we will show that the canon-
ical map

PZzGZ Ñ PQzGQ, (3.5.14)

PZg ÞÑ PQg

is surjective.

First, observe that GQ acts transitively on the set of lines in Q2. Moreover, PQ

is exactly the stabilizer of the base line tp0 ˚qu. Therefore, there is a natural
bijection between the cosets PQzGQ and the set of lines in Q2.

Let l be a line in Q2. Then l is the Q-span of some vector px yq P Z2 with
gcdpx, yq “ 1. The intersection of this line with Z2 gives the Z-span of px yq,
which is a free rank-one Z-module generated by the primitive vector px yq.
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Note that SLp2,Zq Ă GLp2,Zq is already transitive on primitive Z-lines. In-
deed, there exist integers b, d P Z such that

bx ` dy “ gcdpx, yq “ 1, (3.5.15)

and therefore

px yq

˜

y b

´x d

¸

“ p0 1q. (3.5.16)

The same transitivity naturally holds for GLp2,Zq.

Since

PZ “

#˜

a b

0 d

¸

: a, d P Zˆ, b P Z

+

(3.5.17)

stabilizes the Z-line spanned by p0 1q, we conclude that the map (3.5.14) is
surjective.

Injectivity follows immediately from the intersection property PZ “ GZ X PQ.
Hence, the bijection holds.

2. Observe that there is a natural injective map

jv : GLp2,Qq Ñ GLp2,Qvq, (3.5.18)

and thus we can define the natural diagonal embedding j, which identifies
GLp2,Qq with its diagonal image GLp2,Qq△:

j “
ź

v

jv : GLp2,Qq
„
ÝÑ GLp2,Qq

△
Ă

ź

v

GLp2,Qvq. (3.5.19)

We can therefore evaluate φpγ ¨ g8q component-wise as

φpγ ¨ g8q “ φ8pj8pγq ¨ g8q ¨
ź

vă8

φvpjvpγqq. (3.5.20)

Let us start with the infinite part. We want to show that

φ8pg8q “ |Impg8 ¨ iq|
s. (3.5.21)

We know that φ8 is determined by the ratio of the diagonal entries of p8 P P8

arising from the Iwasawa decomposition G8 “ P8 ¨ K8. If detpg8q “ 1, we
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obtain

φ8

˜

a b

c d

¸

“ φ8

˜

1?
c2`d2 ˚

0
?
c2 ` d2

¸

“

ˇ

ˇ

ˇ

ˇ

1
c2 ` d2

ˇ

ˇ

ˇ

ˇ

s

, (3.5.22)

which is exactly |Impg8 ¨ iq|s.

On the other hand,
φvpjvpγqq “ φvpγq “ 1, (3.5.23)

since γ P GLp2,Qq is mapped to GLp2,Zvq at all finite places v. Hence, the
product over the finite places is equal to 1.

Therefore, we obtain

ÿ

γPPZzGZ

φpγ ¨ g8q “
ÿ

γPPZzGZ

φ8pγ ¨ g8q ¨ 1 “
ÿ

γPPZzGZ

|Impγg8 ¨ iq|
s, (3.5.24)

as claimed.

With this, we demonstrated that Proposition 3.5.1 holds.

To evaluate the global Eisenstein series Espg8 ¨ iq explicitly, we must sum over
the coset space PQzGQ. By invoking the Bruhat decomposition, GQ “ PQ \PQwNQ,
the sum splits over two orbits:

Espg8 ¨ iq “
ÿ

γPPQzGQ

φpγ ¨ g8q “ φpg8q `
ÿ

γPwNQ

φpγ ¨ g8q. (3.5.25)

Since g8 ¨ i “ x ` iy, we can write the contribution from the little cell explicitly as

φppg8, 1, 1, . . . qq “ φ8pg8q ¨
ź

vă8

φvp1q “ |y|
s
8. (3.5.26)

For the contribution from the big cell, we have

ÿ

γPwNQ

φpγ ¨ g8q “
ÿ

γPwNQ

˜

φ8pγ ¨ g8q ¨
ź

vă8

φvpγq

¸

. (3.5.27)

Let us begin with the archimedean factor. Since φv is right Kv-invariant for all
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places, we evaluate the action of γ “ w

˜

1 t

0 1

¸

with t P Q to obtain

φ8

˜

w

˜

1 t

0 1

¸ ˜

1 x

0 1

¸ ˜

y 0
0 1

¸¸

“ φ8

˜˜

0 ´1
y x ` t

¸¸

. (3.5.28)

Multiplying on the right by a suitable matrix in Op2q gives

˜

0 ´1
y x ` t

¸

¨

˝

x`t?
px`tq2`y2

y?
px`tq2`y2

´y?
px`tq2`y2

x`t?
px`tq2`y2

˛

‚“

¨

˝

y?
px`tq2`y2 ˚

0
a

px ` tq2 ` y2

˛

‚. (3.5.29)

Hence,

φ8

˜

w

˜

1 t

0 1

¸ ˜

1 x

0 1

¸ ˜

y 0
0 1

¸¸

“

ˇ

ˇ

ˇ

ˇ

y

px ` tq2 ` y2

ˇ

ˇ

ˇ

ˇ

s

8

. (3.5.30)

The non-archimedean factor is computed similarly, accounting for valuation sizes.
We have

φv

˜

w

˜

1 t

0 1

¸¸

“ φv

˜˜

0 ´1
1 0

¸ ˜

1 t

0 1

¸¸

. (3.5.31)

If |t|v ď 1, then the product already lies in GLp2,Zvq, so

φv

˜

w

˜

1 t

0 1

¸¸

“ 1, for |t|v ď 1. (3.5.32)

On the other hand, if |t|v ą 1, we must multiply
˜

0 ´1
1 t

¸

“

˜

0 ´1
1 0

¸ ˜

1 t

0 1

¸

(3.5.33)

on the right by a suitable element of Kv to obtain an upper-triangular form. Indeed,
˜

0 ´1
1 t

¸ ˜

1 0
´t´1 1

¸

“

˜

t´1 ˚

0 t

¸

, (3.5.34)

because when |t|v ą 1, we have ´t´1 P Zv, ensuring
˜

1 0
´t´1 1

¸

P Kv. Therefore,
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reading the diagonal entries yields

φv

˜

w

˜

1 t

0 1

¸¸

“ |t|´2s
v , for |t|v ą 1. (3.5.35)

Combining both cases, the product across all finite places is

ź

vă8

φvpγq “
ź

vă8

$

&

%

1, if |t|v ď 1,

|t|´2s
v , if |t|v ą 1.

(3.5.36)

Thus, combining the archimedean and non-archimedean parts gives the full eval-
uation:

φ

˜

w

˜

1 t

0 1

¸ ˜

1 x

0 1

¸ ˜

y 0
0 1

¸¸

“

ˇ

ˇ

ˇ

ˇ

y

px ` tq2 ` y2

ˇ

ˇ

ˇ

ˇ

s

8

¨
ź

vă8

$

&

%

1, if |t|v ď 1,

|t|´2s
v , if |t|v ą 1,

(3.5.37)
as claimed.

Now, let t “ d{c with gcdpc, dq “ 1. Then |t|v ą 1 ðñ |d{c|v ą 1 ðñ p | c.
Hence, the product can be elegantly rewritten as

ź

vă8

$

&

%

1, if |d{c|v ď 1,

|d{c|´2s
v , if |d{c|v ą 1,

“
ź

vă8

|c|2s
v “

1
|c|2s

8

. (3.5.38)

Using (3.5.37), the global expression collapses to
ˇ

ˇ

ˇ

ˇ

y

px ` d
c
q2 ` y2

ˇ

ˇ

ˇ

ˇ

s

8

¨
1

|c|2s
8

“

ˇ

ˇ

ˇ

ˇ

y

pcx ` dq2 ` pcyq2

ˇ

ˇ

ˇ

ˇ

s

8

“
ys

|cz ` d|2s
, (3.5.39)

which is exactly the classical summand.
The next step is to use these explicit local forms to compute the constant coeffi-

cient of the Fourier expansion of Espzq.
The constant coefficient of a modular form fpx` iyq can be classically computed

via
Cfpiyq “

ż

R{Z
fpx ` iyq dx, (3.5.40)

which can be expressed over the quotient of the unipotent group as

Cfpiyq “

ż

NZzNR

fpn ¨ iyq dn (3.5.41)
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since we have the isomorphism NR » pR,`q for the unipotent group N . Note that,
using the injection R{Z ãÑ A{Q, we can rewrite NZzNR globally as

NZz

˜

NR ¨

˜

NA X
ź

vă8

Kv

¸¸

“ NQzNA, (3.5.42)

since

NQ ¨

˜

NR ¨

˜

NA X
ź

vă8

Kv

¸¸

“ NA.

To make this precise, we must establish the Haar measure dn on NA. Because
N is isomorphic to additive group, we construct this globally by first defining local
additive Haar measures dnv on each Qv. For the archimedean place, dn8 is the
standard Lebesgue measure on R. For each finite place p, we normalize the Haar
measure dnp such that the compact open subgroup Zp has a volume of 1. The global
Haar measure on NA is then the product measure:

dn “
ź

v

dnv. (3.5.43)

Under this standard normalization, the volume of the quotient space NQzNA is 1.
This follows from the fact that a fundamental domain for QzA can be chosen as
r0, 1qˆ

ś

p Zp. Taking the product measure over this domain yields 1ˆ
ś

1 “ 1. With
the measure established, we can now rewrite the classical constant term globally.

Suppose F is right-invariant under the maximal compact subgroup K “
ś

p Kp.
Because the volume of the finite unipotent subgroup Nfin X K “

ś

p Zp is 1, for
g8 P G8, n8 P N8, and nfin P Nfin, we have

CF pg8q “

ż

NZzNR

F pn8 ¨ g8q dn8 (3.5.44)

“

ż

NZzNR

ż

NAX
ś

vă8 Kv

F pn8 ¨ g8 ¨ nfinq dnfin dn8 (3.5.45)

“

ż

NZzNR

ż

NAX
ś

vă8 Kv

F pn8 ¨ nfin ¨ g8q dnfin dn8 (3.5.46)

“

ż

NQzNA

F pn ¨ g8q dn. (3.5.47)

Applying this formulation to the global adelic Eisenstein series Eadele
s pgq defined
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previously, the constant coefficient is evaluated via the integral

CEadele
s pgq “

ż

NQzNA

Eadele
s pngq dn, (3.5.48)

and by inserting the adelic summation formulation from Equation (3.5.10), we obtain
ż

NQzNA

Eadele
s pngq dn “

ż

NQzNA

ÿ

γPPQzGQ

φpγngq dn

“
ÿ

wPPQzGQ{NQ

ż

NQzNA

ÿ

γPPQzPQwNQ

φpγngq dn.

This decomposes into a single contribution from the small cell and a sum over
the large cell:

ż

NQzNA

φpngq dn `

ż

NQzNA

ÿ

γPNQ

φpwγngq dn “

ż

NQzNA

φpngq dn `

ż

NA

φpwngq dn.

(3.5.49)
Since φ is left NA-invariant, the small cell contribution trivially evaluates to

ż

NQzNA

φpngq dn “ φpgq ¨ volpNQzNAq “ φpgq, (3.5.50)

which, for g “ pg8, 1, 1 . . . q, yields exactly φpgq “ ys.
The large cell contribution factors over the places as

ż

NA

φpwngq dn “
ź

vď8

ż

Nv

φvpwngvq dnv. (3.5.51)

We now use Equation (3.5.36) to explicitly compute the large cell contribution in
the non-archimedean cases (where v “ p). Since Qp is locally compact, we normalize
the Haar measure on Qp such that the total measure of Zp is 1. Because the units
Zˆ

p “ ZpzpZp have measure 1 ´ 1
p
, it follows that the scaled shell p´lZˆ

p has measure
pl

´

1 ´ 1
p

¯

.
Thus, the integral splits as

ż

|t|pď1
1 dt `

ż

|t|pą1
|t|´2s

p dt “ 1 `

8
ÿ

l“1
|p´l

|
´2s
p

ż

p´lZˆ
p

1 dt

“ 1 `

8
ÿ

l“1
ppl

q
´2s

¨ pl

ˆ

1 ´
1
p

˙
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“ 1 `

ˆ

1 ´
1
p

˙ 8
ÿ

l“1
ppl

q
1´2s

“
1 ´ p´2s

1 ´ p1´2s
“
ζpp2s ´ 1q

ζpp2sq ,

where ζppsq “ p1´p´sq´1 denotes the pth Euler factor of the Riemann zeta function.
Recall the standard Euler product for the Riemann zeta function over all finite

primes, given by

ζpsq “

8
ÿ

n“1

1
ns

“
ź

pă8

p1 ´ p´s
q

´1
“

ź

pă8

ζppsq. (3.5.52)

Therefore, the combined contribution from the large cell across all finite places is
exactly

ź

pă8

ż

Np

φppwngpq dnp “
ź

pă8

ζpp2s ´ 1q

ζpp2sq “
ζp2s ´ 1q

ζp2sq . (3.5.53)

The archimedean case follows smoothly using Equation (3.5.30):
ż

R

ˇ

ˇ

ˇ

ˇ

y

px ` tq2 ` y2

ˇ

ˇ

ˇ

ˇ

s

8

dt “

ż

R

ys

ppx ` tq2 ` y2qs
dt

“ ys

ż

R

1
pt2 ` y2qs

dt,

where we used the translation invariance of the integral. By substituting t ÞÑ yt and
then employing the trigonometric change of variables t “ tan θ, we obtain

y1´s

ż

R

1
p1 ` t2qs

dt “ y1´s 2
ż π

2

0
pcos θq

2s´2 dθ. (3.5.54)

Recall the Euler beta function

Bps1, s2q “

ż 1

0
us1´1

p1 ´ uq
s2´1 du “

Γps1qΓps2q

Γps1 ` s2q
, (3.5.55)

which admits the trigonometric representation

Bps1, s2q “ 2
ż π

2

0
psin θq

2s1´1
pcos θq

2s2´1 dθ. (3.5.56)

Setting 2s1 ´ 1 “ 0 ðñ s1 “ 1
2 and 2s2 ´ 1 “ 2s ´ 2 ðñ s2 “ s ´ 1

2 , we
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evaluate the integral as

y1´s 2
ż π

2

0
pcos θq

2s´2 dθ “ y1´s Γps ´ 1
2qΓp1

2q

Γpsq

“ y1´s

?
π Γps ´ 1

2q

Γpsq
,

since Γp1
2q “

?
π.

Rewriting this fraction in terms of the completed archimedean zeta factors, we
find

y1´s

?
π Γps ´ 1

2q

Γpsq
“ y1´sπ

´ps´ 1
2 qΓps ´ 1

2q

π´sΓpsq
“ y1´s ζ8p2s ´ 1q

ζ8p2sq , (3.5.57)

where ζ8psq “ π´s{2Γps{2q is the special archimedean Euler factor.
Let ξpsq “ ζ8psq¨ζpsq denote the fully completed zeta function. As is standard in

the literature, this completion is special so that ξpsq admits the symmetric functional
equation ξpsq “ ξp1 ´ sq (see 3, Chapter 1). Combining Equations (3.5.50), (3.5.53),
and (3.5.57), the constant coefficient of the Eisenstein series Espzq is

CEspzq “ ys
`
ξp2s ´ 1q

ξp2sq y1´s. (3.5.58)

Definition 3.5.2. Let ψ be the standard non-trivial additive character of NQzNA –

QzA, defined on local components tv P Qv by:

ψvptvq “

$

&

%

e2πit8 , if v “ 8,

e´2πittpup , if v “ p,
(3.5.59)

where ttpup P Q denotes the fractional part of the p-adic number tp. For any m P Q,
we denote by ψm the character obtained by scaling ψ, i.e., ψmpnq “ ψpmnq, which
decomposes locally as ψm,vptvq “ ψvpmtvq.

For the global adelic non-holomorphic Eisenstein series Eadele
s pgq, them-th Fourier

coefficient is defined by the adelic integral

FmpEadele
s pgqq “

ż

NQzNA

Eadele
s pngqψmpnq dn. (3.5.60)

This adelic integral recovers the classical m-th Fourier coefficient of Espzq.
By invoking Equation (3.5.10) and the Bruhat cell decomposition once more, we
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expand the integral as

ż

NQzNA

Eadele
s pngqψmpnq dn “

ż

NQzNA

¨

˝

ÿ

γPPQzGQ

φpγngq

˛

‚ψmpnq dn

“

ż

NQzNA

φpngqψmpnq dn `

ż

NQzNA

ÿ

γPNQ

φpwγngqψmpnq dn.

The contribution of the little cell simplifies to
ż

NQzNA

φpngqψpnq dn “

ż

NQzNA

φpgqψpnq dn “ φpgq

ż

NQzNA

ψpnq dn, (3.5.61)

since φ is right NA-invariant. Because ψ is a non-trivial character, its integral over
the fundamental domain vanishes:

ż

NQzNA

ψpnq dn “ 0. (3.5.62)

Hence, the contribution of the little cell to the non-constant coefficients is strictly
zero.

Let us turn our attention to the big cell. Observe that we can apply a change
of variables by setting ñ “ γn, which means n “ γ´1ñ. Because ψm is defined as
an additive character on the quotient space NQzNA, it is trivial on NQ by definition.
Since γ P NQ, we immediately have ψmpγq “ 1. Thus, the character can be rewritten
simply as

ψmpnq “ ψmpγ´1ñq “ ψmpγqψmpñq “ ψmpñq. (3.5.63)

By standard unfolding of the integral, we can combine the sum over the discrete
subgroup NQ with the integral over the fundamental domain for NQzNA to obtain a
single integral over the entire adelic group NA. Since the integrand is a product of
local functions, this global integral factors into a product of local integrals:

ż

NQzNA

ÿ

γPNQ

φpwγngqψmpnq dn “

ż

NA

φpwñgqψmpñq dñ

“
ź

vď8

ż

NQv

φvpwñgvqψm,vpñq dñ.

Let p ă 8 be a finite prime. Recall that to recover the classical Fourier coeffi-
cients, we evaluate the adelic Eisenstein series at the specific element g “ pg8, 1, 1, . . . q P

GA. Thus, the local component gp is exactly the identity matrix 1, and the local
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integral reduces to
ż

Qp

φp

˜

w

˜

1 t

0 1

¸¸

ψm,pptq dt. (3.5.64)

Invoking the evaluations from (3.5.36), we introduce the function

maxp1, |t|pq “

$

&

%

1, if t P Zp,

|t|p, otherwise.
(3.5.65)

For a fixed m P Qˆ, let ψm,p be the character of NQp – Qp given by ψm,pptq “

ψppmtq “ e´2πitmtup .
Thus, each non-archimedean factor can be computed by splitting the domain:

ż

Qp

maxp1, |t|pq
´2se´2πitmtup dt “

ż

Zp

e´2πitmtup dt `

ż

QpzZp

|t|´2s
p e´2πitmtup dt.

Here, we introduce the p-adic Gaussian indicator:

γppmq “

$

&

%

1, if m P Zp,

0, otherwise.
(3.5.66)

By the orthogonality of characters, the integral over Zp is precisely γppmq.
The second integral over the fractional shells requires an expansion:

ż

QpzZp

|t|´2s
p e´2πitmtup dt “

8
ÿ

l“1

ż

p´lZˆ
p

|t|´2s
p e´2πitmtup dt

“

8
ÿ

l“1
p´2sl

ż

p´lZˆ
p

e´2πitmtup dt.

Assume m P Zp. Then its valuation is |m|p “ p´k for some integer k ě 0, meaning we
can write m “ pku for a unit u P Zˆ

p . Because multiplication by a unit is measure-
preserving, u can be absorbed into the Haar measure without changing the integral.
We thus have:
8
ÿ

l“1
p´2sl

ż

p´lZˆ
p

e´2πitpktup dt “

8
ÿ

l“1
pl´2sl

ż

Zˆ
p

e´2πitpk´ltup dt (3.5.67)

“

8
ÿ

l“1
pl´2sl

˜

ż

Zp

e´2πitpk´ltup dt ´ p´1
ż

Zp

e´2πitpk´l`1tup dt

¸

(3.5.68)

54



“

8
ÿ

l“1
pl´2sl

`

γpppk´l
q ´ p´1γpppk´l`1

q
˘

. (3.5.69)

There are two cases. If l ď k, both γpppk´lq “ 1 and γpppk´l`1q “ 1, yielding the
sum:

k
ÿ

l“1
pl´2sl

p1 ´ p´1
q “

p1´2s ´ ppk`1qp1´2sq

1 ´ p1´2s
p1 ´ p´1

q. (3.5.70)

If l “ k ` 1, then γpppk´lq “ 0 but γpppk´l`1q “ 1, generating the term:

´
ppk`1qp1´2sq

p
. (3.5.71)

By merging these two terms and simplifying algebraically, we obtain:

p1 ´ p´2s
q
1 ´ pp1´2sq|m|2s´1

p

1 ´ p1´2s
´ 1. (3.5.72)

Conversely, if m R Zp, its valuation is |m|p “ p´k for some k ă 0. In this case,
the sum strictly vanishes:

8
ÿ

l“1
pl´2sl

ż

Zˆ
p

e´2πitpk´ltup dt “ 0, (3.5.73)

because pk´l R Zp for all l ě 1. Hence, by summing γppmq and (3.5.72), the complete
local integral evaluates to

ż

Qp

maxp1, |t|pq
´2se´2πitmtup dt “ γppmqp1 ´ p´2s

q
1 ´ pp1´2sq|m|2s´1

p

1 ´ p1´2s
. (3.5.74)

Taking the product over all finite places isolates the Riemann zeta function factor:

ź

pă8

˜

γppmqp1 ´ p´2s
q
1 ´ pp1´2sq|m|2s´1

p

1 ´ p1´2s

¸

“ ζp2sq´1
ź

pă8

˜

γppmq
1 ´ pp1´2sq|m|2s´1

p

1 ´ p1´2s

¸

.

(3.5.75)
Observe that by the definition of γvpmq, we see that the product of this function

over all finite places is

ź

vă8

γvpmq “

$

&

%

1, if m P Z,

0, otherwise.
(3.5.76)
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Thus, the entire expression is non-zero only when m P Z. Let m “ pβ1
1 p

β2
2 . . . pβr

r .
Recall the classical divisor sum function, defined by σνpmq :“

ř

d|m d
ν . For a prime

power pβ, σ1´2sppβq is evaluated as

σ1´2sppβ
q “ 1 ` p1´2s

` p2p1´2sq
` ¨ ¨ ¨ ` pβp1´2sq

“
1 ´ pp1´2sqpβ`1q

1 ´ p1´2s
. (3.5.77)

Because σ1´2spmq is multiplicative and |m|p “ p´β, the remaining product evaluates
exactly to this divisor sum:

ź

pă8

˜

γppmq
1 ´ pp1´2sq|m|2s´1

p

1 ´ p1´2s

¸

“ σ1´2spmq. (3.5.78)

Thus, the contribution of the finite places is:

ź

pă8

ż

NQp

φppwñqψppñq dñ “
σ1´2spmq

ζp2sq . (3.5.79)

Finally, we address the archimedean factor where v “ 8:

ż

R
φ8

˜

w

˜

1 t

0 1

¸ ˜

1 x

0 1

¸ ˜

y 0
0 1

¸¸

ψ8ptq dt. (3.5.80)

Using (3.5.30) and the standard continuous additive character ψ8ptq “ e2πimt,
this integral takes the explicit form:

ż

R

ˇ

ˇ

ˇ

ˇ

y

px ` tq2 ` y2

ˇ

ˇ

ˇ

ˇ

s

e´2πimt dt. (3.5.81)

To compute this, we apply the change of variables u “ t ` x. The integral
transforms into

e2πimxys

ż

R

e´2πimu

pu2 ` y2qs
du. (3.5.82)

This Fourier transform is a well-known classical identity that yields the modified
Bessel function of the second kind, Kνpzq. Specifically, we utilize the relation (see
10, 3.771.2)

ż

R

e´2πimu

pu2 ` y2qs
du “

2πs|m|s´1{2

Γpsqys´1{2 Ks´1{2p2π|m|yq. (3.5.83)
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Substituting this evaluation back, the archimedean contribution simplifies to

e2πimx 2πs|m|s´1{2y1{2

Γpsq
Ks´1{2p2π|m|yq. (3.5.84)

Combining the archimedean and non-archimedean factors, we have the following
result:

Proposition 3.5.3. The mth Fourier coefficient of the Eisenstein series Espzq is
given by

FmpEspzqq “
2πs|m|s´1{2σ1´2spmq

Γpsqζp2sq y1{2Ks´1{2p2π|m|yqe2πimx. (3.5.85)

This explicit formula is useful because it clearly separates the arithmetic and
analytic properties of the Eisenstein series. The non-archimedean places contribute
the arithmetic data: the divisor sum σ1´2spmq and the Riemann zeta function in the
denominator. In contrast, the archimedean place provides the analytic geometry,
yielding the modified Bessel function Ks´1{2p2π|m|yq that forces the coefficients to
decay exponentially as y Ñ 8. This factorization highlights the main advantage of
the adelic approach.
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4

The Weil Representation

Beginning with this chapter, we will slowly shift our focus to local Whittaker func-
tionals. To do so, we first need to introduce the most important representation-
theoretic tool, the Schrödinger model of the local Weil representation. We will intro-
duce the basics of local quadratic spaces and Schwartz-Bruhat functions, adapting
the notation in Kudla [13] and Kudla-Yang [13]. However, the details of these sub-
jects will be limited to only what we need to cover our upcoming computations.

4.1 Local Quadratic Spaces

Definition 4.1.1 ([6]). Let V be an R-module. A quadratic form on V is a function
Q : V Ñ R which satisfies:

(i) For all r P R and x P V ,
Qpr ¨ xq “ r2

¨ Qpxq. (4.1.1)

(ii) The function B : V ˆ V Ñ R defined by

Bpx, yq “ Qpx ` yq ´ Qpxq ´ Qpyq (4.1.2)

is a bilinear form on V .

The pair pV,Qq is called a quadratic space over R.

We are mainly interested in quadratic spaces over local fields, specifically over
finite places. For a fixed place v, let pV,Qq be a quadratic space over Qv, i.e., V is
a vector space equipped with a quadratic form

Q : V Ñ Qv. (4.1.3)
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Given a quadratic form, we obtain the associated bilinear form

px, yq :“ 1
2

`

Qpx ` yq ´ Qpxq ´ Qpyq
˘

(4.1.4)

in the usual way.
Let χv : Qˆ

v Ñ t˘1u be the quadratic character defined by

χvpaq :“
`

a, p´1q
mpm´1q

2 detV
˘

v
, (4.1.5)

where p¨, ¨qv denotes the quadratic Hilbert symbol at v, defined by

pa, bqv “

$

&

%

1, if the equation ax2 ` by2 “ z2 has a nontrivial solution in Qv,

´1, otherwise.
(4.1.6)

Here, detV is defined as follows; consider the matrix

rQpxqsi,j “
1
2pxi, xjq, (4.1.7)

where x “ px1, . . . , xmq is a basis for V and Qpxq P MmpQvq denotes the correspond-
ing symmetric matrix. Thus,

detpV q :“ detQpxq P Qˆ
{pQˆ

q
2, (4.1.8)

which is independent of the choice of basis.

4.2 Schwartz-Bruhat Functions

Definition 4.2.1. Let V be a finite-dimensional vector space over Qv (where v can
be finite or infinite).

(i) For v “ 8 (so V – Rm), a function ϕ : V Ñ C is called a Schwartz function
if ϕ is infinitely differentiable and ϕ along with all its partial derivatives are
rapidly decreasing, meaning that ϕ decays at infinity faster than the inverse of
any polynomial.

(ii) For v ă 8, a function ϕ : V Ñ C is called a Schwartz-Bruhat function if it is
locally constant and compactly supported.

The vector space SpV q consisting of these functions is called the Schwartz space.
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A classical example of ϕ P SpRmq is the Gaussian

ϕpxq “ e´πpx2
1`x2

2`¨¨¨`x2
mq. (4.2.1)

For the p-adic case, we may consider

1Lpxq “

$

&

%

1, x P L,

0, otherwise,
(4.2.2)

where L Ă V is any open Zp-lattice. We call 1L the indicator function (or charac-
teristic function) of L.

Lemma 4.2.2. Let L Ă V be an open lattice and a P V . Let 1a`Lpxq denote the
characteristic function of the coset a ` L.

(i) 1a`L is an element of SpV q.

(ii) SpV q is spanned by characteristic functions of the form in part (i).

Proof. (i) We need to check that 1a`L is both compactly supported and locally
constant.

Since L is a lattice in V , it is compact. Translating it by a preserves compact-
ness, hence a ` L is compact. The support of 1a`L is exactly a ` L, so it is
compactly supported.

To show local constancy, we must show that for every x P V , there exists an
open neighborhood Ux of x such that 1a`L is constant on Ux. In the p-adic
topology, open lattices form a neighborhood basis of the identity, so we can
choose Ux “ x ` L as an open neighborhood.

Case 1: x P a ` L. Then x “ a ` l for some l P L. Let y P Ux “ x ` L. Then
y “ x ` l1 “ a ` l ` l1 P a ` L, hence 1a`Lpyq “ 1.

Case 2: x R a`L. Then x`L and a`L are distinct cosets. Since cosets of L
are either identical or disjoint, we have

px ` Lq X pa ` Lq “ H, (4.2.3)

hence 1a`Lpyq “ 0 for all y P x ` L.

In both cases, 1a`L is constant on Ux, and therefore locally constant.

We have shown that 1a`L P SpV q.

60



(ii) Let ϕ P SpV q. By definition, ϕ is locally constant and compactly supported.

Because ϕ has compact support, its local constancy is uniform. Thus, there
exists a single open lattice L Ă V such that ϕpx` yq “ ϕpxq for all x P V and
all y P L. This means that ϕ is constant on each coset a ` L.

Since ϕ has compact support, it is nonzero on only finitely many cosets a1 `

L, . . . , an `L. Let ci “ ϕpaiq for i “ 1, . . . , n. Then for all x P V , we can write

ϕpxq “

n
ÿ

i“1
ci 1ai`Lpxq, (4.2.4)

which is a finite linear combination of characteristic functions of the form in
part (i).

Hence SpV q is spanned by functions 1a`L.

4.3 The Local Weil Representation

Let v be a place of Q and pV,Qq a quadratic space over Qv as defined above. Let us
denote dimpV q by m. To define the Weil representation, we fix a non-trivial additive
character ψv of Qv. Let dy denote the self-dual Haar measure on V with respect
to ψv, and let γV,v denote the local Weil index associated to pV,Qq and ψv, which
is fundamentally an eighth root of unity that arises as a normalizing factor for the
Fourier transform on V (see 12, I.3).

The local Weil representation (in the Schrödinger model) is a representation ωV,v :
SLp2,Qvq Ñ AutpSpV qq. Since SLp2,Qvq is generated by the diagonal, unipotent,
and Weyl elements, the representation is uniquely determined by its action on these
generators. The explicit formulas are given as follows (see 12, II.4):

1. Let a P Qˆ
v . Then, for ϕ P SpV q,

«

ωV,v

˜˜

a 0
0 a´1

¸¸

ϕ

ff

pxq “ |a|
m
2

v χvpaqϕpaxq, (4.3.1)

where | ¨ |v is the v-adic absolute value.
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2. Let b P Qv. Then, for ϕ P SpV q,
«

ωV,v

˜˜

1 b

0 1

¸¸

ϕ

ff

pxq “ ψvpbQpxqqϕpxq. (4.3.2)

3. Let w “

˜

0 ´1
1 0

¸

. Then, for ϕ P SpV q,

rωV,vpwqϕspxq “ γ´1
V,v

ż

V

ψvppx, yqqϕpyq dy, (4.3.3)

where dy is the self-dual Haar measure on the vector space V .
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5

Explicit Computations with Local
Whittaker Functionals

In this chapter, we will examine the building blocks of the non-holomorphic Eisen-
stein series that we discussed in detail in the previous chapter.

5.1 Induced Representations

Definition 5.1.1. For v ď 8, let χv : Qˆ
v Ñ Cˆ be a multiplicative character. For

s P C, we define the degenerate principal series representation Ivps, χvq to be the
space of smooth functions

Φp¨, sq : SLp2,Qvq Ñ C (5.1.1)

such that

Φ
˜˜

a b

0 a´1

¸

g, s

¸

“ |a|
s`1
v χvpaqΦpg, sq (5.1.2)

for all a P Qˆ
v , b P Qv, and g P SLp2,Qvq.

Let the global induced representation Ips, χq be defined as the restricted tensor
product of the local induced representations

Ips, χq “

1
â

v

Ivps, χvq. (5.1.3)

Here,
Â1 denotes that for all but finitely many places v, the local components belong

to the family of spherical (unramified) vectors (see Definition 5.1.2).
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Definition 5.1.2. Let p be a prime integer. Let χp be an unramified character (i.e.
χppaq “ 1 for all a P Zˆ

p ). A standard section Φ0
ppsq P Ipps, χpq is called spherical (or

unramified) if it is invariant under the right action of the maximal compact subgroup
Kp. That is, Φ0

ppgk, sq “ Φ0
ppg, sq and Φ0

pp1, sq “ 1 for all g P SLp2,Qpq and k P Kp.

Definition 5.1.3. A section Φpsq is a family of vectors tΦp¨, sq | s P Cu. We say a
section is holomorphic or meromorphic if for a fixed g P GLp2,Aq, the mapping

s ÞÑ Φpg, sq (5.1.4)

is holomorphic or meromorphic.

A section is factorizable if it can be written as a product over all places v ď 8

Φpg, sq “
ź

v

Φvpgv, sq, g “ pgvq P Gp2,Aq, (5.1.5)

such that for almost all finite places v, the local section Φvp¨, sq P Ivps, χvq is spherical
section.

Definition 5.1.4. A section Φpsq P Ips, χq is called standard if its restriction to the
maximal compact subgroup K Ă GA is independent of s.

Let pV,Qq be a quadratic space of dimension m over Qv, and let χv be the
quadratic character associated with V . Define

s0 :“ m

2 ´ 1. (5.1.6)

Given the Schwartz-Bruhat space SpV q, we can construct an element in Ivps0, χvq via
the Weil representation ωv. Specifically, the standard section attached to a function
ϕ P SpV q is given at s “ s0 by

Φpg, s0q “ pωV pgqϕqp0q. (5.1.7)

To see why this naturally defines an element of Ivps0, χvq, we verify its transformation

behavior under the parabolic subgroup. Let p “

˜

a b

0 a´1

¸

P Pv. From the explicit

formulas for the Weil representation, we get

Φppg, s0q “ pωV ppqωV pgqϕqp0q “ χvpaq|a|
m{2
v pωV pgqϕqp0q. (5.1.8)
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Because we defined our base point as s0 “ m
2 ´1, the exponent is exactly s0 `1. This

yields Φppg, s0q “ χvpaq|a|s0`1
v Φpg, s0q, which is precisely the required transformation

law for the principal series representation.

Lemma 5.1.5. Fix any s0 P C and vector Φ0 P Ivps0, χvq. Then there exists a unique
standard section Φvp¨, sq such that Φvps0q “ Φ0.

Proof. We will construct a standard section Φv that satisfies Φvps0q “ Φ0. Let
f : Kv Ñ C be a smooth function satisfying

fppkq “ |a|
s`1
p χvpaqfpkq (5.1.9)

for all k P Kv and p “

˜

a b

0 a´1

¸

P Pv X Kv. By the Iwasawa decomposition, any

g P SLp2,Qvq can be written as g “

˜

a b

0 a´1

¸

kv. We define Φ̃ as

Φ̃pg, sq “ |a|
s`1
v χvpaqfpkvq. (5.1.10)

Observe that the restriction Φ̃|Kv is determined solely by the function f and is
independent of s, hence Φ̃ is a standard section.

Now, let f0pkvq “ Φ0pkvq for all kv P Kv, and construct the section

Φvpg, sq “ |a|
s`1
v χvpaqf0pkvq. (5.1.11)

By the above reasoning, Φv is a standard section. Moreover, evaluating at s “ s0,
we obtain

Φvpg, s0q “ |a|
s0`1
v χvpaqf0pkvq “ |a|

s0`1
v χvpaqΦ0pkvq “ Φ0pgq. (5.1.12)

Hence, a section satisfying Φvps0q “ Φ0 exists.
To show uniqueness, suppose Φp,1pg, sq and Φv,2pg, sq are two standard sections

such that Φv,1ps0q “ Φv,2ps0q “ Φ0. Set Ψpg, sq “ Φv,1pg, sq ´ Φv,2pg, sq, which is
again a standard section. By assumption, Ψpg, s0q “ 0 for all g. Since Ψ is a standard
section, its restriction to Kv is independent of s, which implies that Ψpkv, sq “ 0 for
all s. Because standard sections are completely determined by their values on Kv, Ψ
must be identically zero. Therefore, Φv,1pg, sq “ Φv,2pg, sq, proving uniqueness.

Definition 5.1.6. For a global standard section Φpsq P Ips, χq, we define the Eisen-
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stein series as
Epg, s,Φq :“

ÿ

γPPQzGQ

Φpγg, sq. (5.1.13)

Remark 5.1.7. The Eisenstein series given by Equation 3.5 can be recovered as
a special case of this global adelic framework. Specifically, the previous setting
corresponds to inducing from the trivial character, χ “ 1.

5.2 Whittaker Functional

In this section, we transition to the local Whittaker functional, which is the essential
ingredient for understanding the Fourier expansion of our Eisenstein series. By
computing these functionals explicitly over given quadratic spaces, we can determine
the exact local factors of the global coefficients.

Definition 5.2.1. Let Φvp¨, sq be a standard section. The local Whittaker functional
is defined as

Wm,vpg, s,Φvq :“
ż

Qv

Φvpwnpbvqgv, sqψvp´mbvq dbv, (5.2.1)

where w “

˜

0 ´1
1 0

¸

is the Weyl element, npbvq “

˜

1 bv

0 1

¸

for m, bv P Qv, and ψv

is the local additive character of Qv defined in Definition 3.5.2.

Theorem 5.2.2. For any factorizable holomorphic section Φp¨, sq “
ś

v Φvp¨, sq P

Ips, χq, the m-th Fourier coefficient of the global Eisenstein series decomposes into
a product of local Whittaker functionals over all places v ď 8 as

Empg, s,Φq “

$

&

%

ś

vď8
Wm,vpg, s,Φvq, m ‰ 0,

Φpg, sq `
ś

vď8
pMvpsqΦvqpgv, sq, m “ 0.

(5.2.2)

where g “ pgvq P Gp2,Aq and pMvpsqΦvqpgv, sq is the local intertwining operator

ź

vď8

ż

Qv

Φv

˜

w

˜

1 bv

0 1

¸

gv, s

¸

dbv. (5.2.3)

Proof. The m-th Fourier coeffcient of the Eisenstein series along N is given by the
integral

Empg, s,Φq “

ż

QzA
E

˜˜

1 b

0 1

¸

g, s,Φ
¸

ψp´mbqdb (5.2.4)
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where ψ “
ś

vď8
ψv is a non-trivial additive character A trivial on Q. Expanding

the global Eisenstein series yields

Empg, s,Φq “

ż

QzA

ÿ

γPPQzGQ

Φ
˜

γ

˜

1 b

0 1

¸

g, s

¸

ψp´mbqdb. (5.2.5)

Via applying the Bruhat decomposition we get a summation over the identity coset
and the Weyl element.

• Let m ‰ 0. Then the identity coset contribution vanishes because of the
integral of a non-trivial character ψp´mbq over QzA is zero. Unfolding the
remaining sum over the Weyl element orbit gives us the integral

Empg, s,Φq “

ż

A
Φ

˜

w

˜

1 b

0 1

¸

g, s

¸

ψp´mbqdb. (5.2.6)

Since both the global section Φ “
ś

v Φv and the measure db “
ś

v dbv are
restricted tensor products, the integral factorizes into local integrals

Empg, s,Φq “
ź

vď8

“

ż

Qv

Φvpw

˜

1 b

0 1

¸

gv, sqψvp´mbq dbv (5.2.7)

where each local integral matches exactly the definition of the local Whittaker
functional Wm,vpgv, s,Φvq.

• Let m “ 0. The identity coset contribution is

ż

QzA
Φ

˜˜

1 b

0 1

¸

g, s

¸

db “

ż

QzA
Φpg, sq db “ Φpg, sq

ż

QzA
db “ Φpg, sq

(5.2.8)
since the volume of QzA under normalized measure is 1.

The Weyl element coset contribution is

ż

A
Φ

˜

w

˜

1 b

0 1

¸

g, s

¸

db. (5.2.9)

Again, since Φ and db are factorizable, we obtain

ź

vď8

ż

Qv

Φv

˜

w

˜

1 bv

0 1

¸

gv, s

¸

dbv. (5.2.10)

67



If g is of the form g “

˜

a b

0 a´1

¸

and Φv is spherical, then we can directly use

Equation 5.1.2 to evaluate this integral explicitly. If this is not the case, we must
employ an alternative approach. To demonstrate this, let us work on a concrete
example with the following setup:

Fix a prime p ‰ 2. Let kp{Qp be an unramified quadratic extension (i.e., the
prime p remains a uniformizer in kp), and let N : kp Ñ Qp be the norm map, i.e.,

Nkp{Qppxq “ x ¨ x, (5.2.11)

for x P kp, where x denotes the Galois conjugate of x. We consider two 2-dimensional
quadratic spaces:

V1 “ pkp, Nq, V2 “ pkp, pNq. (5.2.12)

Lemma 5.2.3. Let V1 and V2 be the quadratic spaces as set up above. Then their
associated quadratic characters are equal, meaning χV1 “ χV2.

Proof. Let kp “ Qpp
?
uq where u P Zˆ

p is a non-square unit, and choose the basis
t1,

?
uu. Then the associated bilinear form is

px, yq :“ 1
2

`

Npx ` yq ´ Npxq ´ Npyq
˘

. (5.2.13)

Computing the entries:

p1, 1q “
1
2

`

Np1 ` 1q ´ Np1q ´ Np1q
˘

“
1
2p4 ´ 1 ´ 1q “ 1, (5.2.14)

p1,
?
uq “

1
2

`

Np1 `
?
uq ´ Np1q ´ Np

?
uq

˘

“
1
2

`

1 ´ u ´ 1 ´ p´uq
˘

“ 0, (5.2.15)

p
?
u,

?
uq “

1
2

`

Np2
?
uq ´ Np

?
uq ´ Np

?
uq

˘

“
1
2p´4u ´ p´uq ´ p´uqq “ ´u.

(5.2.16)

Hence the matrix of the bilinear form in this basis is
˜

1 0
0 ´u

¸

, (5.2.17)

so that the determinant is

detpV1q :“ det
˜

1 0
0 ´u

¸

“ ´u. (5.2.18)
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Therefore, the local quadratic character is given by the Hilbert symbol:

χV1,ppaq “ pa,´ detpV1qqp “ pa, uqp “

$

&

%

1, if ax2 ` uy2 “ z2 has a nontrivial solution in Qp,

´1, otherwise.
(5.2.19)

Equivalently, we can write

χV1,ppaq “ 1 if and only if a is a norm from kp. (5.2.20)

For the scaled space V2, the bilinear form is multiplied by p, so its determinant
is detpV2q “ p2p´uq “ ´up2. We observe that

χV2,ppaq “ pa,´ detpV2qqp “ pa, up2
qp. (5.2.21)

Because p2 is trivially a square in Qˆ
p , the Hilbert symbol simplifies to pa, up2qp “

pa, uqppa, p2qp “ pa, uqp. Equivalently,

χV2,ppaq “ 1 if and only if a is a norm from kp. (5.2.22)

This shows that χV1,p “ χV2,p.

Now let us consider the ring of integers Okp . This is naturally a Zp-lattice in kp.
Let φ0 be the characteristic function of Okp . Since the underlying vector spaces for
V1 and V2 are identically kp, we can view φ0 P SpV1q and φ0 P SpV2q as a Schwartz-
Bruhat function on either space. Then we obtain two standard sections

Φ1psq,Φ2psq P Ipps, χpq, χp “ χV1,p “ χV2,p, (5.2.23)

associated to the Weil representation, such that at s0 “ 0, we have

Φipg, 0q “ pωVi
pgqφ0qp0q. (5.2.24)

Lemma 5.2.4. Okp is self-dual in V1.

Proof. Let O˚
kp

be the dual of Okp , defined as

O˚
kp

“ tx P kp | px, yq P Zp for all y P Okpu. (5.2.25)

Let kp “ Qpp
?
uq, and choose the standard basis t1,

?
uu for Okp . First, we show

that O˚
kp

Ă Okp .
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Let x P O˚
kp

with x “ m`n
?
u and y P Okp with y “ α`β

?
u. Using the bilinear

form computed previously, we have

|px, yq|p “

ˇ

ˇ

ˇ

ˇ

1
2

`

Npx ` yq ´ Npxq ´ Npyq
˘

ˇ

ˇ

ˇ

ˇ

p

“ |mα ´ nβu|p ď 1. (5.2.26)

By evaluating this at our basis elements, setting y “ 1 (α “ 1, β “ 0) gives |m|p ď 1.
Similarly, setting y “

?
u (α “ 0, β “ 1) yields | ´ nu|p ď 1. Since u is a unit in Zˆ

p ,
we have |u|p “ 1, which forces |n|p ď 1. Therefore, m,n P Zp, which ensures that
x P Okp .

The reverse inclusion Okp Ă O˚
kp

is clear since the bilinear form evaluated on any
two elements of Okp inherently yields an element in Zp.

Lemma 5.2.5 (14, Lemma 4.1). Assume that p is a finite prime, and L is a uni-
modular Zp-lattice in V , i.e., L˚ “ L, where

L˚
“ tx P V | px, yq P Zp for all y P Lu. (5.2.27)

Then the standard section associated to the indicator function of L is the spherical
section Φ0

ppsq P Ipps, χpq, i.e.,

Φ0
ppgk, sq “ Φ0

ppg, sq, Φ0
pp1, sq “ 1, (5.2.28)

for any k P Kp “ SLp2,Zpq.

Observe that Lemma 5.2.4 and Lemma 5.2.5 together ensure that Φ1 is spherical.

5.3 Local Identity

Let us now compute the explicit values of these Whittaker functionals. While the
general identity connecting Whittaker functionals on non-split spaces is established
by Sankaran [16, Proposition 4.4(iii)], our specific contribution lies in making this
explicit for our chosen pair of quadratic spaces V1 and V2. Specifically, Sankaran
establishes an identity relating the derivative of a Whittaker functional on a space
Vv (which does not represent m) to the value of a Whittaker functional on the
complementary space V 1

v (which represents m).
In our setting, the pair V1 and V2 plays the role of Vv and V 1

v . Which space
fails to represent m is determined precisely by the parity of ordppmq. The following
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proposition explicitly generalizes Sankaran’s identity to our chosen sections Φ1 and
Φ2 across both parity cases.

Proposition 5.3.1. For odd ordppmq, we have

d

ds
rWm,ppe, s,Φ1q ´ Wp´2m,ppe, s,Φ1qs

ˇ

ˇ

ˇ

s“0
“ Wm,ppe, 0,Φ2q log p. (5.3.1)

On the other hand, for even ordppmq, we have

d

ds
rWm,ppe, s,Φ2q ´ Wp´2m,ppe, s,Φ2qs

ˇ

ˇ

ˇ

s“0
“ Wm,ppe, 0,Φ1q log p. (5.3.2)

For the remainder of this section, we focus on proving the case where ordppmq is
odd. We start with the left-hand side, beginning with the evaluation of

Wm,ppe, s,Φ1q “

ż

Qp

Φ1pwnpbq, sqψpp´mbq db. (5.3.3)

We evaluate this by splitting the domain of integration into two main cases:

• If b P Zp, then wnpbq P Kp. Since Φ1 is spherical, it is right-Kp-invariant, and
thus Φ1pwnpbq, sq “ Φ1pe, sq “ 1. Hence, this part of the integral yields

ż

Zp

ψpp´mbq db “

ż

Zp

e2πitmbu
“

$

&

%

1, m P Zp,

0, otherwise.
(5.3.4)

• If b R Zp, we first observe the matrix multiplication
˜

0 ´1
1 0

¸ ˜

1 b

0 1

¸

“

˜

0 ´1
1 b

¸

. (5.3.5)

To apply the transformation rule for the induced section, we utilize the right-
Kp-invariance of Φ1 by multiplying on the right by a suitable element of Kp “

SLp2,Zpq to obtain an upper triangular matrix:
˜

0 ´1
1 b

¸ ˜

1 0
´b´1 1

¸

“

˜

b´1 ´1
0 b

¸

. (5.3.6)
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Because ´b´1 P Zp, the rightmost matrix is indeed in Kp. Thus, we have

Φ1

˜˜

0 ´1
1 b

¸

, s

¸

“ Φ1

˜˜

b´1 ´1
0 b

¸

, s

¸

“ |b´1
|
s`1
p χppb´1

q. (5.3.7)

The integral over QpzZp then becomes
ż

QpzZp

|b´1
|
s`1
p χppb´1

qψpp´mbq db. (5.3.8)

We decompose the domain by writing b “ p´kv where v P Zˆ
p and k ě 1, and

dv denotes the normalized additive Haar measure on Qv restricted to Zˆ
p . Then

|b´1|p “ p´k. Noting that the Haar measure scales as db “ pkdv, the integral
becomes the sum

8
ÿ

k“1

ż

Zˆ
p

pp´k
q

s`1χpppkv´1
qe2πit´mp´kvupk dv “

8
ÿ

k“1
p´ks

ż

Zˆ
p

χppb´1
qe2πit´mbu dv.

(5.3.9)
Since χppb´1q “ pb´1, uqp and u is a non-square unit modulo p, the Hilbert
symbol simplifies to

pb´1, uqp “

ˆ

u

p

˙k

“ p´1q
k. (5.3.10)

Let m “ plw. We can rewrite the sum as

8
ÿ

k“1
p´ks

ż

Zˆ
p

p´1q
ke´2πitpl´kvwu dv. (5.3.11)

Observe that, as the same oscillatory behavior managed in Chapter 3 and
demonstrated in the proof of 14, Theorem 4.3, the integral evaluates to

ż

Zˆ
p

e´2πitpl´kvwu dv “

$

’

’

’

&

’

’

’

%

1 ´ p´1, if k ď l,

´p´1, if k “ l ` 1,

0, if k ą l ` 1.

(5.3.12)

Hence, the final sum is

8
ÿ

k“1
p´ks

p´1q
k

ż

Zˆ
p

e´2πitpl´kvwu dv “ p1´p´1
q

l
ÿ

k“1
p´1q

kp´ks
`p´1q

l`1p´spl`1q
p´p´1

q,

(5.3.13)
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which simplifies to

p1 ´ p´1
q

l
ÿ

k“1
p´1q

kp´ks
` p´1q

l`2p´spl`1q´1. (5.3.14)

By merging the two cases, we obtain

Wm,ppe, s,Φ1q “ 1 ` p1 ´ p´1
q

l
ÿ

k“1
p´1q

kp´ks
` p´1q

l`2p´spl`1q´1. (5.3.15)

Replacing m with p´2m shifts the valuation l ÞÑ l ´ 2. Thus,

Wp´2m,ppe, s,Φ1q “ 1 ` p1 ´ p´1
q

l´2
ÿ

k“1
p´1q

kp´ks
` p´1q

lp´spl´1q´1. (5.3.16)

Subtracting Equation 5.3.16 from Equation 5.3.15 gives the polynomial

Wm,ppe, s,Φ1q ´ Wp´2m,ppe, s,Φ1q (5.3.17)

“ p1 ´ p´1
q

“

p´1q
l´1p´pl´1qs

` p´1q
lp´ls

‰

` p´1q
l`2p´spl`1q´1

´ p´1q
lp´spl´1q´1.

(5.3.18)

By analyzing the parity of ordppmq “ l and computing the derivative d
ds

at s “ 0,
we obtain

d

ds
rWm,ppe, s,Φ1q´Wp´2m,ppe, s,Φ1qs

ˇ

ˇ

ˇ

s“0
“

$

&

%

p1 ` p´1q log p, if ordppmq is odd,

´p1 ` p´1q log p, if ordppmq is even.
(5.3.19)

For the right-hand side of the proposition, we compute the functional for V2.
Evaluating the section at s “ 0 yields Φ2pwnpbq, 0q “ pωV2pwnpbqqφ0qp0q. Expanding
this definition gives

Wm,ppe, 0,Φ2q “

ż

Qp

Φ2pwnpbq, 0qψpp´mbq db “

ż

Qp

ˆ
ż

V2

ψppbpNpyqqφ0pyq dy

˙

ψpp´mbq db.

(5.3.20)
By applying Fubini’s theorem to swap the integrals, we get

ż

V2

φ0pyq

˜

ż

Qp

ψppbppNpyq ´ mqq db

¸

dy. (5.3.21)

The inner integral over Qp vanishes unless pNpyq´m “ 0. Therefore, the non-zero
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contribution to the integral over V2 comes strictly from the set where pNpyq “ m.
To evaluate this, we analyze the p-adic valuation of this condition. Since kp{Qp is
an unramified quadratic extension, the valuation ordppNpyqq is always even for any
y P kˆ

p . This means ordpppNpyqq must be odd.
The inner integral can be written as

ż

Zp

ψppbppNpyq ´ mqq db `

8
ÿ

k“1

ż

p´kZˆ
p

ψppbppNpyq ´ mqq db. (5.3.22)

Substituting this back into the double integral and distributing the integration
over V2, we obtain

ż

V2

φ0pyq

˜

ż

Zp

ψppbppNpyq ´ mqq db

¸

dy`

8
ÿ

k“1

ż

V2

φ0pyq

˜

ż

p´kZˆ
p

ψppbppNpyq ´ mqq db

¸

dy.

(5.3.23)
Since φ0 is the characteristic function of Okp , we should take y P Okp for a non-zero
evaluation.

Assuming m P Zp, the term pNpyq ´ m is an element of Zp. Thus, the inner
integral over Zp evaluates to 1, and the entire first term reduces to the integral

ş

Okp
dy

where dy is a measure on the quadratic space V2. By 18, 2.1.3(a), the measure is the
standard, normalized additive Haar measure scaled by | detV2|

1
2
p . Hence, the integral

evaluates to
volpOkpq| detV2|

1
2
p “ | detV2|

1
2
p “ | ´ up2

|
1
2
p “ p´1. (5.3.24)

For the second term, let b “ p´kv where v P Zˆ
p , so the measure scales as

db “ pkdv. Then, we get

8
ÿ

k“1
pk

ż

Okp

ż

Zˆ
p

ψppp´kvppNpyq ´ mqq dv dy. (5.3.25)

We swap the order of integration after rewriting the additive character as an expo-
nential

8
ÿ

k“1
pk

ż

Zˆ
p

e´2πitp´kvmu

˜

ż

Okp

e2πitp´k`1vNpyqu dy

¸

dv. (5.3.26)

Lemma 5.3.2. For the given setup above, we evaluate
ż

Okp

e2πitp´k`1vNpyqu dy “ p´1q
k´1p´k. (5.3.27)

Proof. When k “ 1, the exponent is scaled by p0 “ 1. Since y P Okp , its norm
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Npyq P Zp. Thus, vNpyq P Zp, and its fractional part vanishes, so the integral is the
volume of the lattice, which is p´1 under the self-dual Haar measure.

For k ě 2, we have

ż

Okp

e2πitp´k`1vNpyqu dy “
ÿ

xPOkp {pk´1Okp

˜

ż

x`pk´1Okp

e2πitp´k`1vNpyqu dy

¸

(5.3.28)

Focus on the integral over a single coset x ` pk´1Okp . We perform a change of
variables by letting y “ x ` z, where z P pk´1Okp . Since the Haar measure is
translation-invariant, dy “ dz. Writing z “ pk´1w for w P Okp , we expand the norm

Npx ` zq “ Npxq ` trkp{Qppxzq ` Npzq “ Npxq ` pk´1 trkp{Qppxwq ` p2pk´1qNpwq.

(5.3.29)
Multiplying by p´k`1v, we obtain

p´k`1vNpx ` zq “ p´k`1vNpxq ` v trkp{Qppxwq ` pk´1vNpwq. (5.3.30)

Because kp{Qp is unramified, the trace of any integer is in Zp. Thus, v trkp{Qppxwq P

Zp. Since k ě 2, the term pk´1vNpwq is also in Zp. The fractional part omits these
integer terms, yielding

tp´k`1vNpx ` zqu “ tp´k`1vNpxqu. (5.3.31)

Because the integrand is constant on the coset, the integral over the coset evaluates
to the constant value multiplied by the volume of the subgroup pk´1Okp . The index
of pk´1Okp in the 2-dimensional Zp-module Okp is p2pk´1q. Thus, the coset volume is
p´1p´2pk´1q “ p´2k`1.

The total integral then reduces to a finite sum over the quotient ring

p´2k`1
ÿ

xPOkp {pk´1Okp

e2πitp´k`1vNpxqu. (5.3.32)

Since kp{Qp is an unramified quadratic extension, we can fix a basis Okp “ Zp‘Zp

?
u,

where u P Zˆ
p is a quadratic non-residue modulo p. Writing x “ x1 `x2

?
u, the norm

is Npxq “ x2
1´ux2

2. The 2-dimensional sum splits into a product of two 1-dimensional
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Gauss sums
˜

ÿ

x1 mod pk´1

e2πitp´k`1vx2
1u

¸ ˜

ÿ

x2 mod pk´1

e2πitp´k`1p´uvqx2
2u

¸

. (5.3.33)

Let c “ k ´ 1 and let
Gpa, cq “

ÿ

m mod pc

e2πitp´cam2u (5.3.34)

Using the property Gpa, cq “

´

a
p

¯c

Gp1, cq (see 1, Chapter 8.5), the product is

Gpv, cqGp´uv, cq “

ˆ

v

p

˙c ˆ

´uv

p

˙c

Gp1, cq2. (5.3.35)

By the multiplicativity of the Legendre symbol,
´

v
p

¯ ´

´uv
p

¯

“

´

´uv2

p

¯

“

´

´u
p

¯

“

´

´

´1
p

¯

. Applying 1, Exercise 8.16, we obtain

Gpv, cqGp´uv, cq “ p´1q
c

ˆ

´1
p

˙c ˆ

´1
p

˙c

pc
“ p´1q

cpc
“ p´pq

k´1. (5.3.36)

Finally, multiplying this finite sum by the coset volume factor p´2k`1, the integral
evaluates to

p´2k`1
p´pq

k´1
“ p´2k`1

p´1q
k´1pk´1

“ p´1q
k´1p´k. (5.3.37)

This completes the proof.

Substituting this into Equation 5.3.26 yields

8
ÿ

k“1
pk

ż

Zˆ
p

e´2πip´kvm
`

p´1q
k´1p´k

˘

dv “

8
ÿ

k“1
p´1q

k´1
ż

Zˆ
p

e´2πip´kvm dv. (5.3.38)

Let l “ ordppmq, so we can write m “ plw for some unit w P Zˆ
p . The integral over

Zˆ
p evaluates to

ż

Zˆ
p

e´2πipl´kvw dv “

$

’

’

’

&

’

’

’

%

1 ´ p´1, if k ď l,

´p´1, if k “ l ` 1,

0, if k ą l ` 1.

(5.3.39)
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Because the integral vanishes for k ą l ` 1, we get

p1 ´ p´1
q

l
ÿ

k“1
p´1q

k´1
` p´1q

pl`1q´1
p´p´1

q “

$

&

%

1, if l is odd,

´1
p
, if l is even.

(5.3.40)

Recall that we evaluated the first term to be 1{p, hence

Wm,ppe, 0,Φ2q “

$

&

%

1 ` 1
p
, if l is odd,

0, if l is even.
(5.3.41)

Substituting this back into the right-hand side of the identity for odd ordppmq,
we get

Wm,ppe, 0,Φ2q log p “ p1 ` p´1
q log p. (5.3.42)

This matches the derivative we computed above, verifying Equation 5.3.1.
To prove Equation 5.3.2, we will instead use the explicit formulas developed by

Kudla and Yang in Appendix A.
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6

Conclusion

6.1 Reasoning Behind the Parity Difference

To conclude, we offer some insight into why the parity of ordppmq dictates the van-
ishing of the local Whittaker functionals. Recall that if

φ P SpV q ÞÑ Φ P Ips0, χq (6.1.1)

under the Weil representation, the Whittaker functional has the integral representa-
tion

Wm,ppe, s,Φq “

ż

V

φpyq

˜

ż

Qp

ψppbpm ´ Qpyqqq db

¸

dy. (6.1.2)

If the quadratic space V does not represent m (meaning the equation Qpxq “ m

has no solutions x P V ), the inner integral over b evaluates to 0, and consequently
Wm,p “ 0.

For our unramified space V1 “ x1,´uy, any element x P V1 can be factored as
x “ plv for some unit v P Okp . Therefore, the norm is

Npxq “ p2lNpvq. (6.1.3)

Because Npvq is a unit, we have ordppNpxqq P 2Z. Thus, V1 cannot represent any m
where ordppmq is odd.

Conversely, for the scaled space V2 with the form pNpxq, the valuation is ordpppNpxqq P

1 ` 2Z. Hence, V2 cannot represent any m with an even valuation. This parity dif-
ference governs the swapping of the local functionals.

Since our global section Φ “ bvΦv is factorizable, the m-th Fourier coefficient
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of the Eisenstein series decomposes into local Whittaker functionals as given by
Theorem 5.2.2

Empg, s,Φq “
ź

vď8

Wm,vpg, s,Φvq. (6.1.4)

We evaluate these local functionals, and their derivatives, specifically at s “ 0 be-
cause it is the center of symmetry for the functional equation of the global Eisenstein
series.

Observe that if l “ ordppmq is even, then m is not represented by V2. By 16,
Proposition 2.2, this non-representation guarantees that the central value of the
functional Wm,ppe, 0,Φ2q must vanish. Conversely, if l is odd, the functional for
Φ1 vanishes at s “ 0. Because of the aforementioned symmetry, this vanishing is
expected. In these cases, it is necessary to compute the central derivative d

ds

ˇ

ˇ

s“0 to
capture the non-trivial arithmetic information hidden at the central point.

While this parity explicitly determines when the central value vanishes, a com-
plete geometric explanation as to why the derivative of the vanishing section exactly
yields the value of the alternate section lies deep within the arithmetic intersection
theory of the Kudla program, which remains beyond the scope of this thesis.

6.2 Summary

The primary objective of this thesis was to systematically bridge the gap between
classical modular forms and the modern adelic framework of automorphic represen-
tations, using the arithmetic Siegel-Weil formula as our primary motivating applica-
tion.

We began by establishing the classical theory of the holomorphic modular forms
and Eisenstein series. To make these analytic tools suitable for modern arithmetic
geometry, we transitioned to the adelic setting on GLp2,Aq. By utilizing p-adic com-
pletions and group decompositions, we explicitly constructed the non-holomorphic
Eisenstein series and the local Weil representation, which translates the algebraic
geometry of quadratic spaces into the language of automorphic forms.

With this structural foundation, the thesis culminated in the explicit computation
of local Whittaker functionals. For the specific unramified binary quadratic spaces
V1 and V2, we showed that the representation of an element m P Qp is dictated
entirely by the parity of its p-adic valuation. This parity governs the vanishing of
the local sections Φ1 and Φ2.

Using the explicit formulas for local representation densities developed by Yang,
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we computed these derivatives and verified the local identity stated in Proposi-
tion 5.3.1. Finally, we provided a complete SageMath implementation in Appendix
to algorithmically verify these theoretical formulas.
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Appendix A

Kudla-Yang Formulas

Another way to show these identities hold is to utilize 14, Theorem 4.3. Let us
introduce the necessary notation first.

Let L – Zn
p be an integral lattice with Gram matrix S “ diagp2ϵ1p

l1 , . . . , 2ϵnp
lnq,

where ϵi P Zˆ
p and li ě 0 are integers. The dual lattice is then given by L˚ “

Àn
i“1 p

´liZp.
For an element µ “ pµ1, . . . , µnq P V – Qn

p , we define the following data:

Hµ “ ti | 1 ď i ď n, µi P Zpu,

K0pµq “

$

&

%

8, if µ P L,

mintli ` ordpµi | i R Hµu, if µ R L,

Lµpkq “ ti P Hµ | li ´ k ă 0 is oddu,

lµpkq “ |Lµpkq|,

dµpkq “ k `
1
2

ÿ

iPHµ

minpli ´ k, 0q,

ϵµpkq “

ˆ

´1
p

˙tlµpkq{2u
ź

iPLµpkq

ˆ

ϵi

p

˙

,

where the modified Legendre symbol is defined as

ˆ

α

p

˙

“

$

’

&

’

%

pα, pqp, if α P Zˆ
p ,

0, otherwise.
(A.0.1)
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Finally, we define the indicator function

f1pαpa
q “

$

’

&

’

%

´1
p
, if lµpa ` 1q is even,

´

α
p

¯

1
?

p
, if lµpa ` 1q is odd.

(A.0.2)

Theorem A.0.1 (14, Theorem 4.3). Let the notation be as above and fix µ P L˚.

(i) If m R Qpµq ` Zp, then Wpps ` s0,m, µq “ 0.

(ii) If m P Qpµq ` Zp, set

tµ “ tµpmq “ m ´
ÿ

iRHµ

ϵip
liµ2

i , a “ aµpmq “ ordptµ, (A.0.3)

and let X “ p´s.

If 0 ď a ă K0, then

Wpps`s0,m, µq “ 1`

ˆ

1 ´
1
p

˙

ÿ

0ăkďa
lµpkq even

ϵµpkqpdµpkqXk
`ϵµpa`1qf1ptµqpdµpa`1qXa`1.

(A.0.4)

If a ě K0, then

Wpps ` s0,m, µq “ 1 `

ˆ

1 ´
1
p

˙

ÿ

0ăkďK0
lµpkq even

ϵµpkqpdµpkqXk. (A.0.5)

The Whittaker functionals in Theorem A.0.1 differ from our standard notation
by a scaling factor. To write them in terms of our framework, we scale them as

Wm,ppe, s,Φiq

γpViq| detpSq|
1
2
p

“ Wpps0 ` s,m, µq, (A.0.6)

where γpViq is the Weil index of the quadratic space and detpSq is the determinant
of the corresponding Gram matrix. Note that the Weil indices for both quadratic
spaces are 1.

All we have to do is determine what each of these functions evaluates to for our
specific Whittaker functionals, Wm,ppe, 0,Φ1q and Wm,ppe, s,Φ2q.

Let us test this first on Wm,ppe, 0,Φ1q. Observe that since L “ L˚ for the unram-
ified space V1, we have µ “ 0. Furthermore, the valuation of the matrix entries is
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zero, so l1 “ l2 “ 0. Evaluating the associated data for our specific case yields:

Hµ “ t1, 2u,

K0pµq “ 8,

Lµpkq “

$

’

&

’

%

t1, 2u, if k is odd,

H, otherwise,

lµpkq “

$

’

&

’

%

2, if k is odd,

0, otherwise,

dµpkq “ 0.

For the sign character ϵµpkq, recall that the determinant of the Gram matrix is
4ϵ1ϵ2 “ ´u. When k is odd, the product of the Legendre symbols simplifies as

ˆ

ϵ1

p

˙ ˆ

ϵ2

p

˙

“

ˆ

´u

p

˙

“

ˆ

´1
p

˙ ˆ

u

p

˙

“

ˆ

´1
p

˙

p´1q,

where we used the fact that u is a non-square unit, forcing pu{pq “ ´1. This
evaluation yields:

ϵµpkq “

$

’

&

’

%

´1, if k is odd,

1, if k is even.

Since lµpkq P t0, 2u is always even regardless of the parity of k, the indicator
function reduces to the constant f1 “ ´1

p
. Furthermore, since detpSq “ ´u for V1,

and u is a unit, its p-adic valuation is 0. This means | detpSq|p “ 1, making our
scaling factor exactly 1. Hence, Wm,ppe, 0,Φ1q “ Wpp0,m,0q. Evaluating the sum
gives

Wpp0,m,0q “ 1 `

ˆ

1 ´
1
p

˙ a
ÿ

k“1
p´1q

k
`

p´1qa`2

p
(A.0.7)

“

$

&

%

0, if a is odd,

1 ` 1
p
, if a is even.

(A.0.8)

The evaluation of these functions is slightly different for V2. We keep µ “ 0
because the standard section Φ2 is still associated to the characteristic function of
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the lattice L “ Okp . However, because the bilinear form on V2 is scaled by p,
the valuation of the Gram matrix entries increases by one, meaning l1 “ l2 “ 1.
Evaluating the associated data for V2 yields:

Hµ “ t1, 2u,

K0pµq “ 8,

Lµpkq “

$

’

&

’

%

H, if k is odd,

t1, 2u, if k is even,

lµpkq “

$

’

&

’

%

0, if k is odd,

2, if k is even,

dµpkq “ 1.

For the sign character ϵµpkq, recall that the determinant of the scaled Gram
matrix is 4ϵ1ϵ2p

2 “ ´up2. When k is even, Lµpkq “ t1, 2u, and the product of the
Legendre symbols simplifies as

ˆ

ϵ1

p

˙ ˆ

ϵ2

p

˙

“

ˆ

´u

p

˙

“

ˆ

´1
p

˙ ˆ

u

p

˙

“

ˆ

´1
p

˙

p´1q,

where we once again used the fact that u is a non-square unit. Multiplying this by
´

´1
p

¯tlµpkq{2u

“

´

´1
p

¯1
yields:

ϵµpkq “

$

’

&

’

%

1, if k is odd,

´1, if k is even.

Since lµpkq P t0, 2u is always even, the indicator function again reduces to
f1 “ ´1

p
. For V2, we have detpSq “ ´up2, which has a p-adic valuation of 2.

Thus, | detpSq|1{2
p “ pp´2q1{2 “ p´1, and our scaled relation is Wm,ppe, s,Φ2q “

p´1Wpps,m,0q.
For m, we obtain the polynomial

Wpps,m,0q “ 1 `

ˆ

1 ´
1
p

˙ a
ÿ

k“1
p´1q

k`1p´sk`1
` p´1q

a`3p´spa`1q, (A.0.9)
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and for the shifted argument p´2m, we have

Wpps, p´2m,0q “ 1 `

ˆ

1 ´
1
p

˙ a´2
ÿ

k“1
p´1q

k`1p´sk`1
` p´1q

a`1p´spa´1q. (A.0.10)

The difference between these evaluations is

Wpps,m,0q ´ Wpps, p´2m,0q “

ˆ

1 ´
1
p

˙

“

p´1q
ap´spa´1q`1

` p´1q
a`1p´sa`1‰

(A.0.11)

`p´1q
a`3p´spa`1q

´ p´1q
a`1p´spa´1q.

(A.0.12)

By analyzing the parity of ordppmq “ a and computing the derivative d
ds

at s “ 0,
we obtain

d

ds
rWpps,m,0q ´ Wpps, p´2m,0qs

ˇ

ˇ

ˇ

s“0
“

$

’

&

’

%

´p1 ` pq log p, if a is odd,

p1 ` pq log p, if a is even.
(A.0.13)

Multiplying by our scaling factor p´1, we get the final derivative

d

ds
rWm,ppe, s,Φ2q ´ Wp´2m,ppe, s,Φ2qs

ˇ

ˇ

ˇ

s“0
“

$

’

&

’

%

´p1 ` p´1q log p, if a is odd,

p1 ` p´1q log p, if a is even.
(A.0.14)

This confirms Equation 5.3.2.
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Appendix B

Source Code

To compute these Whittaker functionals and ultimately verify the identity by uti-
lizing 14, Theorem 4.3, we implement them in SageMath. Each function that paves
the pathway is defined and functions as follows:

• Since the code was initially written for the identity check, we begin by deter-
mining the Gram matrices for each quadratic space. We then feed the code an
odd prime p, a vector mu belonging to the dual lattice (as defined in the pre-
vious section), and the Gram matrices gram1 and gram2 for the vector spaces
V1 and V2, respectively.

• The function exponents_and_units(grm1, grm2) extracts the p-adic order
and the unit appearing in the factorization of each diagonal element of the
Gram matrices. It returns the exponent lists exp1_list and exp2_list for
the respective Gram matrices, alongside a single unit list unit_list. The
reason we obtain only one list for the units is that V2 is a scaled version of V1,
thereby yielding the identical unit list.

• The functions H_mu_func(vector), L_mu_func(k, expo), d_mu_func(k, expo),
K_0_func(vector_dual, expo), epsilon_mu_func(k, expo), and f1_func(mm, expo)
compute the functions Hµ, Lµpkq, dµpkq, K0pµq, ϵµpkq, and f1, respectively.

• The function whittaker_func(m_int, expo) computes the Whittaker func-
tional Wm,ppe, s,Φq by utilizing 14, Theorem 4.3.

• Finally, the functions local_identity_check(mmm, expo1, expo2)
and tables_are_turned(mmm, expo1, expo2) verify Proposition 5.3.1 for odd
and even ordppmq, respectively.
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1 p = 5

2 mu = [0, 0]

3 gram1 = [1, -3]

4 gram2 = [p, p*( -3)]

5

6 def exponents_and_units (grm1 , grm2):

7 exp1_list = []

8 exp2_list = []

9 unit_list = []

10 for i in grm1:

11 li = i. valuation (p)

12 exp1_list . append (li)

13 unt = Zp(p)(i). unit_part ()

14 unit_list . append (unt /2)

15 for i in grm2:

16 lj = i. valuation (p)

17 exp2_list . append (lj)

18 return exp1_list , exp2_list , unit_list

19

20 exponents1 , exponents2 , units = exponents_and_units (gram1 ,

gram2)

21

22 Zp_ring = Zp(p)

23 Qp_field = Qp(p)

24

25 def H_mu_func ( vector ):

26 index_set = []

27 for i in range(len( vector )):

28 if vector [i]. valuation (p) >= 0:

29 index_set . append (i+1)

30 return index_set

31

32 H_mu = H_mu_func (mu)

33

34 def L_mu_func (k, expo):

35 L_mu_list = []

36 for i in H_mu:

37 if (expo[i -1] - k) < 0 and (expo[i -1] - k) % 2 == 1:
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38 L_mu_list . append (i)

39 return L_mu_list

40

41 def d_mu_func (k, expo):

42 sum_part = 0

43 for i in H_mu:

44 sum_part += min(expo[i-1]-k ,0)

45 return k + ( sum_part )/2

46

47 def K_0_func ( vector_dual , expo):

48 summ = 0

49 for i in range(len( vector_dual )):

50 if vector_dual [i] in Zp_ring :

51 summ += 1

52 if summ == len( vector_dual ):

53 return oo

54 else:

55 choose_min = []

56 for i in range(len( vector_dual )):

57 if vector_dual [i] not in Zp_ring :

58 summm = expo[i] + vector_dual [i]. valuation (p)

59 choose_min . append (summm)

60 minn = min( choose_min )

61 return minn

62

63 def epsilon_mu_func (k, expo):

64 product = 1

65 for i in L_mu_func (k, expo):

66 product *= kronecker (units[i-1], p)

67 final_prod = product * kronecker (-1, p)** floor(len(

L_mu_func (k, expo))/2)

68 return final_prod

69

70 def f1_func (mm , expo):

71 if len( L_mu_func (mm. valuation (p) + 1, expo)) % 2 == 0:

72 return -1/p

73 else:

74 return kronecker (Zp(p)(mm). unit_part (), p) * 1/ sqrt(p)
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75

76 def whittaker_func (m_int , expo):

77 var(’q, s’)

78 X = q^(-s)

79 if m_int. valuation (p) < 0:

80 return 0

81 else:

82 some_sum = 0

83 for i in range (1, len(H_mu)+1):

84 if i not in H_mu:

85 some_sum += units[i -1]*p^( expo[i -1])*mu[i

-1]**2

86 t_mu = m_int - some_sum

87 a = t_mu. valuation (p)

88 if a < K_0_func (mu , expo):

89 poly1 = 0

90 for k in range (1, a+1):

91 if len( L_mu_func (k, expo)) % 2 == 0:

92 poly1 += epsilon_mu_func (k, expo)*(q**

d_mu_func (k, expo))*X**k

93 Whittaker_poly = 1 + (1- 1/q)*poly1 +

epsilon_mu_func (a+1, expo)* f1_func (t_mu , expo)

*(q** d_mu_func (a+1, expo))*X**(a+1)

94 elif a >= K_0_func (mu , expo):

95 poly2 = 0

96 for k in range (1, K_0_func (mu , expo) + 1):

97 if len( L_mu_func (k, expo)) % 2 == 0:

98 poly2 += epsilon_mu_func (k, expo)*(q**

d_mu_func (k, expo))*X**k

99 Whittaker_poly = 1 + (1 - 1/q)*poly2

100 return Whittaker_poly

101

102 def local_identity_check (mmm , expo1 , expo2):

103 sum_expo1 = 0

104 for i in expo1:

105 sum_expo1 += i

106 LHSWhit = whittaker_func (mmm , expo1) * p^(- sum_expo1 /2)

107 LHSWhit_scaled = whittaker_func (mmm*p^( -2) , expo1) * p^(-
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sum_expo1 /2)

108 sum_expo2 = 0

109 for i in expo2:

110 sum_expo2 += i

111 RHS = whittaker_func (mmm , expo2).subs(s=0) * p^(- sum_expo2

/2)

112 LHS = diff( LHSWhit - LHSWhit_scaled , s).subs(s=0)

113 check = (LHS/log(q) - RHS).subs(q=p)

114 return check

115

116 def tables_are_turned (mmm , expo1 , expo2):

117 sum_expo2 = 0

118 for i in expo2:

119 sum_expo2 += i

120 LHSWhit = whittaker_func (mmm , expo2) * p^(- sum_expo2 /2)

121 LHSWhit_scaled = whittaker_func (mmm*p^( -2) , expo2) * p^(-

sum_expo2 /2)

122 sum_expo1 = 0

123 for i in expo1:

124 sum_expo1 += i

125 RHS = whittaker_func (mmm , expo1).subs(s=0) * p^(- sum_expo1

/2)

126 LHS = diff( LHSWhit - LHSWhit_scaled , s).subs(s=0)

127 check = (LHS/log(q) - RHS).subs(q=p)

128 return check
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Appendix C

Examples

C.1 Identity Check

Now that we have the necessary codes to implement Kudla-Yang formulas, we can
showcase how they work.

The implementation begins by defining the base prime p, the lattice shift µ, and
the Gram matrices for the quadratic spaces V1 and V2. Because Proposition 5.3.1
evaluates standard sections associated to the characteristic function of the ring of
integers Okp , we work on the base lattice and fix the shift parameter as µ “ r0, 0s.

When altering the parameters to test different quadratic spaces, it is crucial to
preserve the condition that kp{Qp is an unramified quadratic extension.

For a basis t1,
?
uu, the Gram matrix of V1 takes the form diagp1,´uq, where

u P Zˆ
p . To ensure the extension does not split, u must be chosen as a quadratic

non-residue modulo p. This means we require the Legendre symbol to be
ˆ

u

p

˙

“ ´1. (C.1.1)

For example, by default we use p “ 5 and u “ 3, since 3 is a non-residue modulo 5.
Thus, our unscaled Gram matrix is r1,´3s, and the scaled matrix for V2 is r5,´15s.
If the reader wishes to test other primes, u must be adjusted accordingly:

• For p “ 3, the only non-residue is 2. Use gram1 = [1, -2].

• For p “ 7, non-residues are 3, 5, 6. Use gram1 = [1, -3].

• For p “ 11, non-residues are 2, 6, 7, 8, 10. Use gram1 = [1, -2].
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The function local_identity_check evaluates the derivative on V1 and the con-
stant term on V2 (testing the case where ordppmq is odd). The function tables_are_turned
evaluates the derivative on V2 and the constant term on V1 (testing the case where
ordppmq is even). In all cases, the functions subtract the right-hand side from the
left-hand side, returning 0 when the identity holds.

Ð Example Cases

1 # Case 1: The Odd Valuation (m = 5)

2 # Tests the standard identity where ord_p(m) = 1.

3 sage: local_identity_check (5, exponents1 , exponents2 )

4 0

5

6 # Case 2: The Even Valuation (m = 25)

7 # Proves that the roles of V_1 and V_2 swap when ord_p(m) =

2.

8 sage: tables_are_turned (25, exponents1 , exponents2 )

9 0

10

11 # Case 3: Unit Twists (m = 10, m = 15)

12 # Proves the identity relies purely on valuation , holding

for m = 2*5 and m = 3*5.

13 sage: local_identity_check (10, exponents1 , exponents2 )

14 0

15 sage: local_identity_check (15, exponents1 , exponents2 )

16 0

17

18 # Case 4: The Trivial Case (m = 1/5)

19 # Forces the algorithm into the negative valuation ,

verifying it correctly vanishes .

20 sage: local_identity_check (1/5 , exponents1 , exponents2 )

21 0

C.2 Whittaker Functionals

We can also generate Whittaker functionals in higher dimensions by increasing the
size of the Gram matrices. We still retain both Gram matrices and the vector µ, as
the functions leading to the Whittaker functional are defined based on them.
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Ð Example Cases

1 # Case 1: Dimension 2

2 sage: gram1 = [1, -3]

3 sage: gram2 = [p, p*( -3)]

4 sage: mu = [0, 0]

5 sage: print( whittaker_func (9*p^6, exponents1 ))

6 (1/q^s - 1/q^(2*s) + 1/q^(3*s) - 1/q^(4*s) + 1/q^(5*

s) - 1/q^(6*s))*(1/q - 1) + 1/7/q^(7*s) + 1

7 sage: print( whittaker_func (9*p^7, exponents2 ))

8 -(q/q^s - q/q^(2*s) + q/q^(3*s) - q/q^(4*s) + q/q

^(5*s) - q/q^(6*s) + q/q^(7*s))*(1/q - 1) + 1/7*q

/q^(8*s) + 1

9

10 # Case 2: Dimension 4

11 sage: gram1 = [2, 6, 28, p]

12 sage: gram2 = [1, 1, 1, 1]

13 sage: mu = [0, 0, 0, 0]

14 sage: print( whittaker_func (9*p^15, exponents1 ))

15 -(1/q^s - 1/(q*q^(2*s)) + 1/(q^2*q^(3*s)) - 1/(q^3*q

^(4*s)) + 1/(q^4*q^(5*s)) - 1/(q^5*q^(6*s)) + 1/(

q^6*q^(7*s)) - 1/(q^7*q^(8*s)) + 1/(q^8*q^(9*s))

- 1/(q^9*q^(10*s)) + 1/(q^10*q^(11*s)) - 1/(q^11*

q^(12*s)) + 1/(q^12*q^(13*s)) - 1/(q^13*q^(14*s))

+ 1/(q^14*q^(15*s)))*(1/q - 1) + 1/7/(q^15*q

^(16*s)) + 1

16

17 # Case 3: Dimension 5

18 sage: gram1 = [p^6, 1, -1, 5, 17]

19 sage: gram2 = [1, 1, 1, 1, 1, 1]

20 sage: mu = [1/p, 0, 0, 0, 0]

21 sage: print( whittaker_func (9*p^6, exponents1 ))

22 (1/q - 1) *(1/(q*q^s) - 1/(q^2*q^(2*s)) + 1/(q^3*q

^(3*s)) - 1/(q^4*q^(4*s))) + 1/3/(q^5*q^(5*s)) +

1

93



References

[1] Tom M. Apostol. Introduction to Analytic Number Theory. Undergraduate
Texts in Mathematics. Springer New York, 1976. ISBN 978-1-4419-2805-4 978-
1-4757-5579-4. doi: 10.1007/978-1-4757-5579-4. URL http://link.springer.
com/10.1007/978-1-4757-5579-4.

[2] Joseph Bak and Donald J. Newman. Complex Analysis. Undergraduate Texts in
Mathematics. Springer New York, 2010. ISBN 978-1-4419-7287-3 978-1-4419-
7288-0. doi: 10.1007/978-1-4419-7288-0. URL http://link.springer.com/
10.1007/978-1-4419-7288-0.

[3] Daniel Bump. Automorphic forms and representations. Number 55 in Cam-
bridge studies in advanced mathematics. Cambridge University Press, 1997.
ISBN 978-0-511-60957-2 978-0-521-55098-7 978-0-521-65818-8. doi: 10.1017/
CBO9780511609572.

[4] Keith Conrad. MAXIMAL COMPACT SUBGROUPS OF GLn(qp).
URL chrome-extension://efaidnbmnnnibpcajpcglclefindmkaj/https://
kconrad.math.uconn.edu/blurbs/gradnumthy/maxcompact.pdf.

[5] Anton Deitmar. Automorphic Forms. Universitext. Springer London, 2012.
ISBN 978-1-4471-4434-2 978-1-4471-4435-9. doi: 10.1007/978-1-4471-4435-9.
URL https://link.springer.com/10.1007/978-1-4471-4435-9.

[6] Souleymane Diallo. Quadratic spaces and orthogonal groups. URL
chrome-extension://efaidnbmnnnibpcajpcglclefindmkaj/https:
//www.math.mcgill.ca/darmon/courses/24-25/usra/diallo1.pdf.

[7] Fred Diamond and Jerry Michael Shurman. A first course in modular forms.
Graduate texts in mathematics, 228. Springer, corrected 4th printing edition,
2016. ISBN 978-0-387-23229-4 978-1-4419-2005-8.

94

http://link.springer.com/10.1007/978-1-4757-5579-4
http://link.springer.com/10.1007/978-1-4757-5579-4
http://link.springer.com/10.1007/978-1-4419-7288-0
http://link.springer.com/10.1007/978-1-4419-7288-0
chrome-extension://efaidnbmnnnibpcajpcglclefindmkaj/https://kconrad.math.uconn.edu/blurbs/gradnumthy/maxcompact.pdf
chrome-extension://efaidnbmnnnibpcajpcglclefindmkaj/https://kconrad.math.uconn.edu/blurbs/gradnumthy/maxcompact.pdf
https://link.springer.com/10.1007/978-1-4471-4435-9
chrome-extension://efaidnbmnnnibpcajpcglclefindmkaj/https://www.math.mcgill.ca/darmon/courses/24-25/usra/diallo1.pdf
chrome-extension://efaidnbmnnnibpcajpcglclefindmkaj/https://www.math.mcgill.ca/darmon/courses/24-25/usra/diallo1.pdf


[8] Paul Garrett. Transition: Eisenstein series on adele groups. 2016.
URL https://www-users.cse.umn.edu/~garrett/m/mfms/notes_2013-14/
12_2_transition_Eis.pdf.

[9] Stephen S. Gelbart. Automorphic Forms on Adele Groups: AM-83. Number 83
in Annals of Mathematics Studies. Princeton University Press, 2016. ISBN
978-0-691-08156-4 978-1-4008-8161-1. doi: 10.1515/9781400881611.

[10] Izrail S. Gradstejn, Josif M. Ryzik, Alan Jeffrey, and Daniel Zwillinger. Table of
integrals, series and products. Elsevier Acad. Press, 7 edition, 2009. ISBN 978-0-
12-373637-6. URL https://www.sciencedirect.com/book/edited-volume/
9780123849335/table-of-integrals-series-and-products.

[11] Brian C. Hall. Lie Groups, Lie Algebras, and Representations: An Elemen-
tary Introduction, volume 222 of Graduate Texts in Mathematics. Springer
International Publishing, 2015. ISBN 978-3-319-13466-6 978-3-319-13467-
3. doi: 10.1007/978-3-319-13467-3. URL https://link.springer.com/10.
1007/978-3-319-13467-3.

[12] Stephen S. Kudla. NOTES ON THE LOCAL THETA CORRESPONDENCE.
1996. URL https://www.math.utoronto.ca/skudla/castle.pdf.

[13] Stephen S. Kudla. Central derivatives of eisenstein series and height pairings.
146(3):545–646, 1997-11. ISSN 0003486X. doi: 10.2307/2952456. URL https:
//www.jstor.org/stable/2952456?origin=crossref.

[14] Stephen S. Kudla and Tonghai Yang. Eisenstein series for SL(2). 53(9):2275–
2316, 2010-09. ISSN 1674-7283, 1869-1862. doi: 10.1007/s11425-010-4097-1.
URL http://link.springer.com/10.1007/s11425-010-4097-1.

[15] Chao Li. From sum of two squares to arithmetic siegel–weil formulas. 60(3):
327–370, 2023-01-17. ISSN 1088-9485, 0273-0979. doi: 10.1090/bull/1786. URL
https://www.ams.org/bull/2023-60-03/S0273-0979-2023-01786-2/.

[16] Siddarth Sankaran. Zero-dimensional shimura varieties and central derivatives
of eisenstein series, 2022-10-28. URL http://arxiv.org/abs/2210.16218.

[17] Jean-Pierre Serre. A Course in Arithmetic, volume 7 of Graduate Texts in
Mathematics. Springer New York, 1973. ISBN 978-0-387-90041-4 978-1-4684-
9884-4. doi: 10.1007/978-1-4684-9884-4. URL http://link.springer.com/
10.1007/978-1-4684-9884-4.

95

https://www-users.cse.umn.edu/~garrett/m/mfms/notes_2013-14/12_2_transition_Eis.pdf
https://www-users.cse.umn.edu/~garrett/m/mfms/notes_2013-14/12_2_transition_Eis.pdf
https://www.sciencedirect.com/book/edited-volume/9780123849335/table-of-integrals-series-and-products
https://www.sciencedirect.com/book/edited-volume/9780123849335/table-of-integrals-series-and-products
https://link.springer.com/10.1007/978-3-319-13467-3
https://link.springer.com/10.1007/978-3-319-13467-3
https://www.math.utoronto.ca/skudla/castle.pdf
https://www.jstor.org/stable/2952456?origin=crossref
https://www.jstor.org/stable/2952456?origin=crossref
http://link.springer.com/10.1007/s11425-010-4097-1
https://www.ams.org/bull/2023-60-03/S0273-0979-2023-01786-2/
http://arxiv.org/abs/2210.16218
http://link.springer.com/10.1007/978-1-4684-9884-4
http://link.springer.com/10.1007/978-1-4684-9884-4


[18] Andre Weil. Adeles and Algebraic Groups. Birkhäuser Boston, 1982. ISBN
978-1-4684-9158-6 978-1-4684-9156-2. doi: 10.1007/978-1-4684-9156-2. URL
http://link.springer.com/10.1007/978-1-4684-9156-2.

[19] Tonghai Yang. An explicit formula for local densities of quadratic forms. 72(2):
309–356, 1998-10. ISSN 0022314X. doi: 10.1006/jnth.1998.2258. URL https:
//linkinghub.elsevier.com/retrieve/pii/S0022314X98922582.

96

http://link.springer.com/10.1007/978-1-4684-9156-2
https://linkinghub.elsevier.com/retrieve/pii/S0022314X98922582
https://linkinghub.elsevier.com/retrieve/pii/S0022314X98922582

	Abstract
	Acknowledgements
	List of Figures
	Introduction
	History
	The Arithmetic Siegel-Weil Formula and Local Derivatives
	The Expository Goal

	Classical Foundations
	The Modular Group and Functions
	The Space of Modular Forms
	Classical Eisenstein Series
	Topological Invariants

	The Adelic Framework and Automorphic Forms
	Places
	Strong Approximation
	Lie Algebras and Group Decompositions
	From Domains to Groups
	Non-holomorphic Eisenstein Series

	The Weil Representation
	Local Quadratic Spaces
	Schwartz-Bruhat Functions
	The Local Weil Representation

	Explicit Computations with Local Whittaker Functionals
	Induced Representations
	Whittaker Functional
	Local Identity

	Conclusion
	Reasoning Behind the Parity Difference
	Summary

	Appendices
	Kudla-Yang Formulas
	Source Code
	Examples
	Identity Check
	Whittaker Functionals

	References

