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ABSTRACT

This thesis ls concerned rqith the problem of predLcting the

subharmonic oscilLatl_ons in a comÞensated extra-hfgh-voltage extra-long_-

distance Ëransmísslon line. A rnathernaËl-cal analysis and an analogue computer

simulation are descrfbed. Under switching and unbalanced fault conditions,

the results obÈal-ned by the anaLogue computer 1ll-ustrate the hazard of

subharmonic oscil-laËfons fn extra-high-voltage extra-1-ong-distance (uttV Eln)

transmfssfon lineÊr where both serles and shunt compensations are consÍdered.
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INTRODUCTION

i,,t 

t

' '-;'-::.r:

Èransfer, reliabllity and stabl-llty 1n extra-hfgh-voltage extra-long-dlstance
*

(EHV ELD) transmfssion linesresults in a non-Linear cÍrcuit wlth the inherent

.'1ineresiStanceand1ine1nductance,whl.chgfvesrisetoabnorma1over-
vol-tages. The difficultÍes encountered in any attempË to analyse mathe- 

:::::'

..:_-:.

':: matically the behaviour of this non-l-Ínear circuiÈ arise from the fact that ' : :

superpositfon is no longer valid in analysing the differential equaÈion of a

' non-linear circuiË. The reason for Ëhls fs that Ín lfnear clrcuits the

translent dies out as Èime goes on, so that, after sufficienÈ tlme has elapsed,

I only the steady state remaÍns as the sole solution for the dffferential

equation of Èhe linear circuft. However, in non-linear clrcuits, the transl-ent

--Jll

The purpose of this study fs to fntroduce effectfve techniques
L
- : -:.:-:: ..:

' aüafLable for the anaLysfs of subharmonfc oscll-lations and to ansvrer the ':i"1;:

l-:'

. foll-owing questions:
' (a) !ühat are the subharmonic oscillatfons and how do they occur?

(b) Is high series compensaEfon level more suscept rbl-e to subharmonic

.: oscf llations? -.t:.,::

See Appendfx A. Page 63.

See Chapter IV, Mathernatical AnalysLs.
*:t



(c) I,Ihat is the rnagnitude of the J-ine current and cdpacÍtor volt,age aÈ

subharmonic resonance?

(d) How can these subharmonic osciLlatlons be controlled or ellrnlnated?



CHAPTER I

ANALYSIS OF CIRCUIT ELEMENTS A}TD TIYSTERESIS

The introduction of a non-linear element fn conJunction with
other llnear elements in the cfrcuit may elininate the possibfllty of a sfnple
anal-ysfs for the system. In order to analyse the nonLfnear response, it fs
necessary Ëo become farnflLar r"¡ith the non-l1near element or elements fn
the cfrcuiË under study. The equival-ent círcult of the EHV ELD transmissfon .

line thaË is of particular interest to the author, conEains line resistance,
líne fnductance, series capacitance and non-llnear inductance. (See Figure

4.1(a), Page 33). The fnvestfgations are as follows:

I.1 Línear ELements.

The l-fnear elements in the cl.rcuÍt, und.er study are: line resfstance,
lfne fnductance and serles capacitance.

I.1.1 ResLstance.

A c;erman physfcist, George sinon ohm, found that Èhe current was

directly proportlonal to the voltage for a gÍven naterial. The proportfonalfty
constanË h/as a functÍon of the partfcular materfal- and geometric sample

The mathemaËÍcal expression is:

V ocIrr

V =trRrr

(1.1)

that is:

(1.2)
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r,rhere R ls a constant and ís defined as a resistance

I_ is the current through the resístancer
V is the voltage across the resisÈance.r

, Equation (1.2) is knor,rn as Ohmts Larv. If the characterlstic of a resisÈance

obeys Ohmrs law, ít is a linear resistance. If Ohmts lav¡ does not apply ít

is a.non-linear resistance. The characteristícs of the línear and non-linear

resistances are shor*'n in Fíg. 1.1

I.L,2 Inductance

The tíme rate of change of flux linkages produced as a result of

the movement of a coÍl rvith respect to a mag-netíc field . causes an induced

voltage Vt according Ëo the equation:

. - (.'.:.':.:,'

Jrlrvi=äË

where ú is the total fluj< linkages expressed in rvebers.

(1. 3)

(1.s)

._ .,: _ : ì :: :_.:_::r':.-.-

, to particular, if the flux linkages are produced by a current f-lowing through . ::..' :.4...t.....

:ì.:.;:: .:::- : 
1'i - thê coiJ-, Equatio.n (1 .3) can be wrítten as: 

:,,.,,,, ,,.

(1.4)v, = å*'å+

If the flux linkâges are linearly proportional to the current, then:

dì, 
'll+=:=1.

cl_ t_

v¡here L is a constant and deflned as the_ írrductance of the coil, expressed

in henrys



FIGURE

(a) LLnear

1.1 CharacterLstÍcs of Resfstances.

(a) Llnear

Characterlstlcs of Inductances

(b) Nonrlfnear

FIGURE 1.2

(a) Lfnear

CharacterLstLcs of

(b) Non-lLnear

FIGURE 1.3 Capacitances.

(b) Non-lf.near



The fnduced vol-tage expressed Ín EquaËÍon (1.6) is valid if the inductance
/o^^ ñJ ------ a õ\l-s rlnear. lSee Figure 1.2)

I.1.3 Cdpacitance

Mathematícally, r,¡e may express the relätíónshÍp for a linear

' capacf.Èance as:

(1. 7)

SubstituËing Equation (1.5) into EquaÈíon (1.4) yields:

u,=tåi

c=+
c

c=F
c

u6

(1.6)

(1. B)

where V^ is the voltage across the capacr'tor- --r

, Q ís the charge on the capacítor expressecl í.n coul_ombs

C is -a cons^tant and is deflned as the capacftance expressed ín farads.

rn acldiríon to equatíon (1.7), capacitance can also be expressecl as:

where A Ls Che area of the capacftor

d ^ Ís Ëhe spacing between the trvo plates of the capacitor---- --l

fs the permittivíty of the llnear dielectric of the capacitor.
' Nelther'Equatíon (1.7) nor Equation (f.S) is valid if the capacitance is

non-línear. The characterístics of the línear and non-línear capacitances are

shor^m ín Fíg. 1.3



I.2 Non-linear element.

The shunt reactor is the only non-lfnear elernent 1n the circuft

under study. Due to the propertles of the magnetic material the inductance

of a shunt reactor is non-linear.

I,2.I Non-lfnear inductance.'

The permeabiltty of magneÈLc materl.als such as iron, steel, and

nl.cke1.Íronvar1esrtliththef1uxdensity.Atypica1i-{,characterist1c''.]
: '." .'. ' 

-:.:-. . 
:.

curve is shor.¡n in Fig ; 1.2 -':: :;r:rì:.:

A study of the f - t|, non-lLnear characteristlc curve reveals that i',...'-:',''.r':
. j:':i:-;.::: 1..:

the fl-ux llnkages are no longer llnearly proportf.onal to the current.

Equation(r.0)lsnotva1idfnexpressf'ngnon-1inearinductancesince

å* = r(tr (1. e)

where L(f) fs the non-linear Lnductance whLch varfes wfth the current

Substitutfng Equatfon (1.9) into Equation (1.4) yields:

vf = L(i) å+ (1.10)

In the analysis of the nonlinear response lt has been found that it 1s more

. convenfent t,o express the non-lfnear induced volt,age as fn Equatlon (ú.3)

: 
rather than Equation (1.10)

- It should be noted. however, that the characteristic curve of a

magnetíc materiaL is not a single curve but a whol-e famfly of curves. The

r neutral curve and the number of closed hvsteresis loops of low and medf.um



B
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FIGURE 1.4 llysteresis Curves of

medium saturations

neuÈral (normal) curve

low saÈurations

H
(i)

Low and MedLum Saturations.
B

(ú)
I

H
(1)

FIGURE 1.5 Hysteresis Curve of Hfgh SaturatLon.



saturatlons are shol^tn tn Fig. 1.4. The closed hysteresis loOp of high

saturation Ls shown in Fig. L.5.

I.3 Hysteresís.

The area enclosed by the hysteresis loop as shown ln Ftg. 1.4

: 
represents the amount of energy loss fn the form of heat and noise. The

, 
tttt.r the area' the higher tvill be the energy loss. Therefore, J.t is

for digltal computer storage purposes.
**

The naËhenatfcal- expression for the hysteresis lossl ls:

P. = k.V .f .BXnom (1.11)

rvhere PL Ls the hysteresis lossn

V_ is the volume of the magnetic circuLt

f. is the appl-ied voI-tage frequency

B_ is the maxLmum flux density
m

k is a hysteresis constanË

x ls the Stefnmetz expónent..

For modern iron commonly used, x ls between 1.6 to 2; and k fs snall,

ço the hysteresis loss fs low,"

tFinzf- has shor^'n that if Èhe iron core fs energlzed wlth alternatlng

current, only a small amount of hysteresLs.loss is present. À typlcal

*
I'fagnetic saturations of a farnil-y of closed hysteresis loops may be classfffed
lnto1or¡saturation,mediumsaturaÈionandhighsaturation.

** Superscript lndícates reference ín bfbllography.
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high-saturation hysteresis loop of a wound-core transformer energized with

60 cycle alternatírlg voltage.ís shorun in Fig. 1.5. A study of the high-

saturation hysteresÍs loop reveals that the hysteresis loop fs very narrolt.

Fortunately, subharmonic oscíl-latíons occur only when the core fs highly

saturaÈed. At high saturation, the hysteresis loss is negligibly srnall,

so it is reasonable to neglect the hysteresis ín analysíng the subharmonfc

response

T.4 The MagneEic Characterístíc'Curve of a Shunt Reactor.

Theoretlcally, t.he most simple forrn of a reactor is a ring core

closely surrounded by the rvíndíngs. Províded that the ratío of the outer

to ínner raclius of the core ís a lítt1e greater than 1, a current through'

the core rvindings will induce .a flux of approxímately the same unifogrnity

in the core and only a negliglble flux outside the core. The Êotal flux

. lfnkages of a reacËor is:

where

úr=0"+úg : ___(L.rz)

qrT is the total flux l-inkages of the reactor

ü" is the flux linkages of the core

tþL is the flux línkages of.the leakage path of the core.

ís negligibly sma1l, equation (1.L2) can be trriËÈen as:Since tüU

rl' - rhYr- tc

to the j-nfluence of Ëhe air gaps present

10

(1.13)

But in practice, due ín the core
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of the reactor used for shunt cqmpensatlon fn transmfssLon lines, the flux

llnkages of the leakage path \)L is considerable in comparlson wlth the

fLux lfnkages of the core ü"i as a resul-t the reactor does not have such

a simple "ideal" form as described above in Equation (1.13).

Figure 1.6 shows the magneÈlc characteristic curve of a shunt

reactor constructed from the ideal core curve, air-gap lf.ne and the lfne

of the flux ltnkages of the leakage path. If we refer to Flgure 4.1 1n

Appendl-x A, page 64, we may use the facÈ thaÈ the flux llnkages in the

gap are cêrtsed by a current flowing through the air-gap fnductance, L

I{e may then say that at any t,ime, t, the current through L" 1" I"

I,rre may also use a sfmiLar approach for the core inductance, L"; and

at the same instant of time, t, we w111 have a current, I", passlng

through L". The total- current, IT, will then be equal to I" * I", and

this current flows through the shunt reactor. Hence, âtry point on the locus

of I, * I" may be obtained as shown in Figure 1-.6. IÈ then remalns to

determine the úT component in the i - {, plane. Now at the same instanE

of time, t, sínce the total flux linkages, ìlr' are equal to ü" + Úg,

hre may obtaln the value of q/T as the ordinate of the polnt, P, on the

I- + I^ locus as shown. If the same procedure is foll-or,red for severalac
points, the real magnetic characteristic curve of the shunt, reactor rnay be

const,ructed as shor¿n in the diagrarn.

In Figure 1-.6, the lorver portion of the magnetfc characterlstic

curve ls called the linear porLion of the magnetfc characterlstic curve.

The pofnt, p', where the transístion beglns from t.he linear porÈion Eo

Ëhe non-linear portion is called the "knee" of the magnet,ic characteristic

cufve. The uppef portfon which is above the point p' is termed the

air-

a

so



L2

non-llnear portlon of the magnetLc characterfstfc curve. Obvlously, the

presence of Èhe afr gaps 1n the core is able to extend the range of the

linear portÍon of the magnetic characÈeristic curve of the shunt reactor.

rl,

r-gap
I
n

Itttt
v

ai lf.ne

'T+
a

(
t/
(

I" locus

real magnetizatLon curve
(air and core magnetfzatfon curve)

ideal core curve

t+t, I
I

-lhÞY

FIGURE L.6 ConstructÍon of a ReaI- MagnetLc Characterlstfc Curve
of a Shunt Reactor.



CHÀPTER II

ASPECTS OF EXTRA-HIGH-VOLTAGE

EXTRA-LONG-DTSTANCE TRANSMISSION LINES

There are. four basic Darameters in a transmLsslon lLne. Lfne

resistance and line reactance make up the l-l-ne seríes impedance.

LLne suscepÈance and l-lne conductance determl.ne the shunË admLttance.

But, the conductance'is very snal-l in comparison r,¡ith the llne susceptance at

poner frequency and thus ft can be neglected. If representfng a long

transmisslon l-ine by an equivalen cLrcuit, suitable Lfne correctLon

factors for line resistance, Ifne reactance and lLne susceptance are

requlred.

The fncreasingly large demand of electrlc power focuses attentfon

onto the use of exÈra-high-voltage for transferrfng bulk power from the

remote po$rer p!.ant to the l-oad centre, Thus, not only are the old problems

intensifLed, but al-so new problems are created.

II.1 Power Transfer.

An object whtch

the amount of oower which

attracts the attentlon of

can be transferred to the

line desLgn engÍneers fs

load center. Ftg. 2.L

Er

FIGURE 2.1 A Sing1e-line Diagram of a Power Transmlsslon System.
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shoers a sfngle-lfne dlagram of a povter transmission system. Under steady-

state condltfons, the power transfer equatlons from sendfng end Èo recefvfng

.rrd tt.3,

(2.2)

(2.3)

where P Ls the power transferred or received,

' tt J^
^r .u the pure ll-ne reactance frorn sendlng end to recefving end

t)

in the case under sËudY. :

lr^1. In-l lrl lr*12
Pr = -iBfj- cos (ß-0) -þi cos (ß-q) (z.r)

lr^lls-l l¡llr^12
P" = - :ff "o" 

(ß{€) cos (ßr)

': where P- ls the povter received by the system' . ,,r
P is the pornrer del-ivered to the system,

s

E- fs the sending end line to line volËage ln rms value, '
S

E- l-s the recefvfng end llne to lLne voltage Ln rms value,r
l , is the torque angle between the sendfng end and recefving end

voltages,

. 
A, B and D are the generalLzed l-ine constants of a four terrnlnal -'

j

network with their resPectf.ve phase angles cl' ß, and y.

, In praetÍce, 1t 1s accurate enough to estLmate Ëhe poÌìIer transfer by assurnlng

, : ' lLne resfstance and shunt admlttance to be zeto. Then the amount of power '""''

. Ëransf erred f s equal tq the amount of porver received. That ls: -,", 
' ,

EE
p =p =p=#sfngsr\



llne length

FIGTRE 2.2 LLne Reactance as a FuncËfon of Lfne Length.
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FIGURE 2.3 Mld-polnt Overvoltage as-a Function of Llne Length.

E (p. u. )

3r/4

FIGUFü 2.4 Recelvlng End Overvoltage as'a Functfon of Lfne Length.

lfne
length
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Ffgure 2.2 shows the line reactance, \, as a function of line

length. The line reactance lncreases r^rLth lncreasLng line length. It

approaches the maxfmum vaLue r"rhen the line length reaches a quarter rrrave

length which ls approxlrnately equal to 750 mlles at 60 Hz frequency. A study

of equatfon (2.3) reveals that Èhe power transfer, P, will be the lorsest

rvhen the llne length fs equal to a quarter wave length, if no series eompen-

sation is provided.

Ffgure 2.3* shows the rnid-point overvoltage as a functÍon of line

length, wl'rile the sending end and receiving end voltages are kept constant.

The severíty of the overvoltage at the rnfd-pofnt of a transmfsslon line

fncreases wfth the Lncrease of the l-Lne length lf no shunt compensation is

provided.

Figure 2.4* indicates the open-cfrcult overvoltage at the receivlng

end as a funcÈfon of line l-ength after load rejectlon. The recelving end

overvoltage theoretícally approaches infinLty for a lossless transmlssl-on llne

at a quarter wave length

1I.2 Transmfsslon Líne SectlonalizaËLon.

Sectionalizatfon is an artifLcial means of breakLng a very long

transmlsslon line into several short lfnes. Each lLne sectLon ls terminated
:

wfth a swftching'Ètation as shown fn Fig. 2.5. Obviously, sectionallzatfon

not only can fncrease the rellabll-tty of the transmlsslori system, but also

can increase its stabilfty limits

----:----
Thd overvoltages at the mid-point and recefving end shown,are expressed fn per

unft quanÈiti.es in terms of sending end vol-tage.



FIGI]RX 2.5

(b)

Sectionalf zaEion of ELD Transmission ,î,ines.
(a) Before sectionalÍzatLon.
(b) After sectlonalfzatlon"

II.3 Series and Shunt Compensatíons..

A study of equatÍ-on (2.3) tnclicates that the líne reactance,

X, , must. be reduced in order to increase the- povrer Ëransfer. The use
L'

of a bundle conductor to reduce \ fs noÈ too effectíve, and the íncrease

of the number of circuit lines is not economical-. The most effectíve and

economical rneÈhod ruhich attracts the attentÍon of the line desÍgn e-1q_ineers

is the use of series capaeitors. To reduce the mid-point overvoltage and

the serious overvoltages caused by faults or l-oacl rejection, shunt compen-

satíon is required. Figure 2.6 shorvs.a.n.equ.ivaLent circuit of a section of

a transmission lÍne comnensated with seríes capacítors and shunt reacÈors.

series compensatfon

FIGI]F"E 2"6

L7

An EquivalenÊ CÍrcuit of a Line Section"
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ÌT.

TT.4 Overvoltages C.aused Þ¿ Switching, Load.ReJection and Slngle-Line-to-

Ground Fault at No Load.

Though the transmission line may be properly compensated, the

. overvol-Èages caused by swftching_ Ëransients, load rejection and singJ-

to-ground fault at -no troad are stftt of speclal lnterest. These overvoltages

may "shock" the system to gÍve rise to sustaÍned subharmonic osclllatíons.

(See Chapter III)

II.4.1 Switching transfents:

In energiztng an extra-high-voltage extra-Long-distance (EHV ELD)

transmisslon line, cÍrcuft breakers are closed. Hence, the switchlng

transients shoron in Figure 2.7 are introduced.. Due to the influence of the

magnetic characterfstic of the shunt reactor, both the amplitude and frequency

of the service voltage are affected. Fortunately,.the transienÈ overvoLÈages

dle out as time goes on.

TT.4,Z O"gf"o1trg.". caused by load rejectlon and stngle-llne-to-ground

fault at no load

The overvoltage caused by load rejection or open circuiË at the

receiving end will not be as severe as in Fígure 2,4: Lf the lfne is

compensated; but l-t is still quite conslderable. AË no load wlth single-

lfne-to-ground fault, overvoltages w111 result on the two heal-thy phases.

Due to the presence of the positfve, negative and zero sequence, impedances,

the overvoltages on the two healthy phases wlll not be.equal. Ttre over¡

vol-Eages resulting frorn load reJection and sf-ngle-lfne-to-ground fault at no

load are shor+n in Figure 2.8.
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FIGURE 2.7 Swltchfng lransfents
LLne.

100 ns

Ln Compensated EIIV ELD TransmÍssLon

2

I

vp.llo

Lfne length

Line length

Overvoltages as a Functfoo

(a) Load reJectlon
(b) Sfngle-lfns-f,e-ground

of Line Length.

fault at no load.

prUo

FIGI'RE 2.8



CUAPTER III

AI{ALYSIS OF SUBHARMONIC OSCILI.ATIONS

Under a relatlvely lfnited conditlon, the applled sfnusoLdal

volÈage to a non-linear system glves rise to susËained subharnonlc oscLll-

at,l-ons. The response of subharmonic oscLllatlons fs a hfgh-rnagnftude, low-

frequency type osclllaËlon, whose frequency l-s a fractlon (i.e. * , where

¡= 21 31 4, ...) of the applled voJ-tage frequency. The subharnonic 1s

of the order tr, f.e.,when the applied voltage completes one cycJ.e che

subharmonic completes * cycJ.e. The presence of abnormally high current

and hlgh volt,age resulting from the subharnonic response, not only causes

int,erference t,o the system, but also endangers the llfe of Èhe serLes

capaciÈors. c

III.L Subharmonlc Occurrence.

The use of shunt reactors Ln conJunctLon wfth capacltors Ín a

transmissLon line results in a non-linear circuLt. Under sultable

condiËlons, subharmonic oscillatLons wLll occur only lf a rrshock" or a

rrtransLenttr is Lnt,roduced.

The equivalent circuit, representlng the transntsel.on Line with

series and shunt conpensatÍons Ís shown in Figure 3.1. The llne resÍsÈance

and line lnductance are retalned to represent the actual sysÈem. Ìlost of

the prevlous author"4'5'6 included the Llne inductance v¡lth that of the

shunt reacËor. GlavitschT .*r.n negJ.ected bbth the line Lnductance and the
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FIGURE 3.1 I'lodlfied Circuit of an

R = Line resistance
C = Serles capacitance

EHV ELD TransmLssfon Line. 
,

L = llne fnductance
Ú = Flux lfnkages of the shunt reactor.

FIGURE 3.2 i - ú Relationshlp.
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lÍne resistance ín Ëhe anålysis of the subharmonic osciLlaËions. The lfnear-

ized magnetic characteristfc cur:\¡e of the shunt reactor used in this study

is shor¡n ín Figure 3.2, where hysteresis is neglected. The inductance of

the reactor ís rrery hÍgh before saturatior,, rna is very low after saturaticn.*

As mentioned previously, subharnronÍc oscillaÊÍons only occur under

llurited conditions. If these oscillations do,not exisË afËer the I'shock'r

the system will operate at the service voltage frequency either in Èhe

trnormal magnetizing currenttr staLe or the tthigh magnetizÍng currenÈrr state.

Typical voltage and current wavefofms are shor¿n in Figure 3.3.

III.2. Stability of Srlbha-rmonie Oscillations

, Subharmonics can be classifíed Ínto stable subharmonics and unstable

subharmonics. Literally, êDy type of'subharmonic v¡hich has consËant magnitude

and definite order Ís termed a stable subharmonic. An unstable subharmoníc

does not have any definite order and may disappear suddenly after its

occurrence.

In a non-linear control system, a s,ubharmonic response cfrcult may

,,,, be represented by a single-loop feedback system8' 9 a" 
"hoom 

fn Figure 3.4. r.,.1 ..:..::.
.::.. .:.'..'. :. .

.: ..r_..._:::-::..

Thenon-1ineare1ementrePresentingtheshuntreactorhasagainNwhich:
,.,.:.:,,.1., ,:'.

',"" depends only on the amplitude of the input signal "i to the non-lÍnear "':': ':"'.

efement. the línear element, represenEing the co¡nbfnation of R, L and c

of FÍgure 3.1 has a gaÍ-n G which depends only on the frequency to the

LÍnear element. the. closed-loop gain of the sysËem is: '"' ,': .::,::,,

ïnput N.Gv 
=4 =-"c Output 1+N.G Q. r)

tË

See Appendix A. (a).
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FIGURE 3/+ Block Diagram of a'subharmoníc Systern

(a)

(-1,0)

FIGURE 3.5 Locus of Gi;
(b) Unstable

(a) Stable Oscillatfon,
Oscf llation.

Re

Output

inereasfng

FIGURE 3.6 A Conventl-onal Describlng Functlon Dfagram
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and the open*loop gain ie;

OutpuÈÈ\_ =-] - =ìi.Go Input .

The condftfon for stable subharrnontc oscfllatlons fs such that the G ,
locus of the linear portl.on of the open-loop gain plotted on the complex

pLane, must not enclose the (*trO) pof.nt as shæm in FLgure 3.5. It
fnplles that the open-loop gain Ko nusÈ be -1. That fe:

(3.2)

(3.3)

(3.4)

Equation(3.4)fsknownasdescrib1ngfunct'ion.Plotttngcana-$
.N

on the conplex pLane, the pol.nt of fntersectfon of the two locÍ givee the

required arnplftude and frequency' for stable subharmonlc oscfllations.
llowever, sfnce the describing functfon depends on the four parameters: 

:..

I - * -,.,,a,b,f,t,rand0ofthe1nputsigna1",,*.i'';,theso1ut1onfora

*the fnput signal .i, to Èhe non-llnear element fs a combf.natfon of the
reference Lnput ("" = a sf.n urr) and the feedback ("f = b sin,þr * *rr,

e, - a sfn ürÈ + b sin (fr. * q¡

where a is the arnplitude of the reference input ."
b 'is the anplLtude of rhe feedback
I 

L¡rs qqprasr¡qc 9I Lrle leeqDacK af
å¿o is ehe subharmonlc frequencyn
O is the phase relationship between the reference irput and the

feedback.
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stable subharmonic response vrill be very compJ-icated and is not so.sLmple

as descrlbed above.

' A conventfonal descrtbing function íl-lustrating the characteristics

,: of the two loci and their intersectlon polnt, *t , is shor,m in Figure 3.6.

III.3 The Effects of Cl-rcuit Parameters.

) III.3.l- Line resfstance.
L

Knudsen- expressed the relatlve loss factor for a R-t(f)-C serÍes

circuit wlth non-linear inductance L(i) to determÍne the subharmonfc

response as:

6=R¡JC--F
c

where ô ls the relative loss factor

R fs the reslstance,

C Ls the series capacitance

û) is the servl-ce voltage frequency

The relative loss factor of Equation (3.5) varles with the Lncrease or

decrease of R if C is kept constant. '" 
'

A study of Figure 3.7 reveals that the magnltude of subharmonlc .l'.

current increases \^rith decrease of the relatlve loss factor. In order Ëo

rnainÈain the subharmonfc osclLlatl-ons, the applied voltage must be of a

nagnlÈude enough to overcome Ëhe energy dissfpated by the resfstance. If 
.::.,

the value of the relative loss factor is higher Ëhan the crftlcal value.

ô , no subharmonic can occur even though the applled voltage can compensate
c-

Èhe resistance voltage droP.
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= subharmonic current in
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per unft value

unft value

factor

\T

ô
c

0

applied voLtage in per

critLcal relatlve loss

lpu
Characteristic Curves
Constant X

c

2pu 3pu

of the Relative Loss Factor

V

wfthFIGURE 3.7

IIT.3.2 Serl-es capacit,ance.

Refer to Equatlon (3.5); the relatfve loss factor isi

6=*
c

Keeping the line reslstance, R, constant, and varyLng the capacLtance, the

subharmonic response curves wiLl not be the same as shoq¡n.âbove, 1.e..,

'Ftgure 3.7. : Instead, the subharmonic response curves are Lnverse as
*

shown in Figure 3.8--.

oM"ct,m*l0 
"a"a"d, "rf thg capaeitance be

then for a giveñ voltage, the subharmonÍc

"lncreasing the éapacitance produces much

resultfng current fs larger."

(3.s)

reduced but resLstance left unchanged,

current wil-l be less", and

the same effeEt except that the
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lpu 2pu 3pu
FIGURE 3.8 Characterfstfc eurr¡es of the Relatfve Loss Factor

v

wlth Constaut, R.

In order to visualize the rel-atlonship between the capacitance and

the resistance, attenÈlon ls centered on the capacLtance-resistance culr¡es

shown in Flgure 3.9.10 orra"ide the boundary of the curve 1, no subha¡monlc

w111 occuÈ. The area between cul-\re I and curve 2 gf.ves the stable eubharmonLc

oscillatlons. UnsÈable subharmonics can exLst in the region below curve 2.

The doËted lines of the two curves indicate that a further decrease of resis-

Èance or Íncrease of capacf.tance may result, Ln tmstable subharmonics.

Figure 3.9 also shows Èhat Èhere l.s a crftfcal value for capacftance below or

beyond whlch no subharmonic can exist.

1pu

Limiting Regfon for Stable SubharmonLc Oscillatlons.FIGURE 3.9



III.3.3. Shunt reactgr.

The llnear range of the nagnettc characterlstLc of a shunt reactor

Ls one of the important factors f.n determfnfng the occurrence of subhanronic

osclllations. No subhamonlc r^rtll occur lf a shunt, reactor remalns unsaturated.

To saturate the shunt reactor, the applled voltage must reach the knee of the

magnetfc characteristlc of the reactor. If the rnagnitude of the voJ-tage Ls

suffLciently hlgh, the reactor can be saturated every half cycle.
6Portnoi- has shown that Èhe subharmonlc response Ls deterurined by

the lnductance of the linear portlon of the shunÈ reactor and the series

compensatLon level. Hence, the subharrnonlc frequency 1s:

f,s - ã;rq;;T C4.6)

where is the subharmonlc frequency

Ls the serfes capacltance

is the lnductance of the lfnear portÍon

characterf.sÈlc of the shunt reactor.

In varyfng the lfnear range of the shunt react,or, the eubharmonfc

response wl-ll change. If the shunt react,or Ís so desl.gned that tts lfnear

range fs far above the applled voltage, subharmonlcs wfIl not occur. Such

a Linear range 1s probably best determf.ned by neans of experfmentí),'

ITT.4 The Effect of Applied Voltage.

The applied voltage is an essentLal source to overcorne the energy

dfssfpated by the resistance. If the applled voltage Lncreases graduall¡n-

from zero, the current will only f oll.or.¡ the magnetic characterfstLc cunre

29

fs

c

ï"ll-n of the nagnetfc



of the shunt reactorr As stated prevlously, subharuronlc oscÍllaÈlous will

occur onl"y lf a "ehocktt is fntroduced. These oscLllatl'ons wf.ll cease lf the

applled voltage cannot, compensat,e for the energy dfssipated by the resLstance.

llogever, for the glven cfrcutt parameters, there f.s an uPPer and lor¿er ltulÈ

for the applled voltage below or beyond whfch no subha¡monlc response Ls

possible. the êurrent wilL etËher oscLllate at a lorü currenÈ strite known

8s "no¡mal magnetf.zlng currentrf or a high current state known as ttferro-

resonancet'. The phenomenon of ferroresonance Ls a very hlgh current

osctl.latlon whlch oscfLlates at Èh-e applied voltage frequency. Thie

phenomenon is more severe Èhan the phenomenon of subharnonfc osclllatfon.

It should be avol^ded at all costs. (See FLgure 3.3, page 22).

III.5 The Effects of InitLaL ConditLóns"

rt has. been recognized that the l-nLtl-al

govgrnf.ng factors whLch deÈermine the posslbtltty

of subharmonlc response in a nou-lfnear circult.

are 3

(a) Pofnt of the applf.ed vol.tage wave (swltchLng

(b) InLtlal charge on the capacLtor,

(c) InltfaL flux ltnkages of Èhe reactor.

angle),

A htgh transfent Lnrush current wLll saËurate Èhe shunt reactor

tf the applied voltage is closed at zero polnt of the applled voltage wave

5 tl
or other effectfve points-r *^ (f..e. 30or 45", 60o ...). the high transl.ent

fnrush current can only last for a few cycles lf Èhè cLrcuLt Ls wlthout

an energy suorage element (cgpacltor). But Ln an EHV ELD transmlssion lfne,

serfeg coripensatfon fs at a htgh level, so the lnrush current wLll perslst

to saturate the reactor. Due to the magnetfc characterLsÈLc of the shunt

30

condLttons are the

of the fnltiatlon

These tnltfal condLtfons
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reactor and the ettentuatlon of the Llne res:tstagce, the uagnf.Èude of the

Lnrush current reduces as the frequency'decreases'. The reducËf-on of the

nagnftude of the inrush current will cease when f.ts frequency becones a

fraction of the applf-ed vo!.tage frequency. Then the lnrush currenÈ is trans-

formed fato subharmonic current6. these osctllations wLll be nalntatned by the

eneigy derfved fion the source. The typical reductf.ons of magnf.tude and

frequency are shown f.n Figure 3.10.

FIGIJRE 3.10

A sirnllar effect wLll resulÈ

capacLtor or the lnl-ttaL flux lLnkages

Eo saturate the .treactor.

Typlcal TransfonnaÈlon of OsclllatLons tnto SubharmonLc OscLllatLons.

eÍther the lnitlal charge on the

the shunt reactor 1s sufffcfent

ff

of



CHAPTER IV

MATHEMATICAL AÌ{ALYSI S

In attenptfng a rnathematLcal analysis of a non-llnear series cfrcult,

most of the prevlous authors approxlmated the magnetLc charactersltic curve

of the shunt reactor or the transformer by a mathemaÈfcal series. These

series are:

(a) Power serfes, like

(b)

i = a_ * arrf * arr¡z +... + aKVKo r' ¿'

FourierrserLes, like

(a* cos nf + b* sin nl)

:

where "o, â1 , b1r. a2, b2, ...r. and 'á*, b* aie corÌstênts

Obviously, consÍderable difftculty is encountered when any one of the above

series fs substituted into the dLfferent!.al equatfon or equatlons of the

non-lLnear circul.t and the general solution attempted, However, the probLern

can be cfrcumvented by the use of three straight llnes to apProximate the

magnetlc characteristic curve. These three stralght l-lnes dlvfde the

characterisÈic eurve lnto three reglons wLth two saturatÍon pol-nts, Pl and

Pn as shown ln Figure 4.L(b).. The solutlon is dÍscussed belor^,:
¿

a6
f = ]+ i- K=l



FIGURE 4.1(a)

reglon I

ì,"
P2

reglon

FrcuRE 4.1(b)

..,:- È!Ít'rii,i:iïiltitti;.':,i;': iriâi¡ií;i:iitiiiì".i.:!:iìi!:ii,;îiliìíîii::1 Èi','.,.¡rii¿1i".:i'.rl?.ii¡,.ì$,
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Modtfied EIMLD Transmisslon Clrcuft

tr/
reglon

rra'a saturatlon pofnt
(llnear range) of
the shunt reactor.

ttr-1
I

I

f - {, Nonllnearlty.



IV.1 Solutlon of Reglon l.

The equLvalent cfrcult, for studyl.ng the subharmonÍc response shown'

Ln F!.gure 3.1(a) is redrawn in Flgure 4.1(a), and the non-línearlty representlng

, the characteristfc of the shunt reactor shown ln Figure 3.1(b) is redrar,m ln 
.i,,,,,,

' Figure 4.L(b). The differential equatlon for FLgure 4.1(a) is:

34

Lå+ * Ri + | rtu. . å* = Eo, sin {rrt

*1< Ital and t=1rt

Substltuting Equation'(4.2) fnto Equatlon (4.1) yields:

(4.1)

(4.2,

ln Region 1, the current and the magnetlc flux lÍnkages are:

(t + tl) ${-* nr * f, fr dt = E* srn urt (4.3)

Let ot 'i T, and üJdt = dT, therefore Equatf.on (4.3) becomes:

(4.4)

1n¡here x, - {d],rr x, = crtl, and x" = ft .

*S"" 
Appundix A, page 63

ài I(xr + \,) ai + Rl + xc I idr = E* sln r
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DffferentfatLng Equatlon (4.4)

.2.
(x., * x,) 9* +

J. t¿ t^LGI

\,rith respect

.t{n*-+Y{=,-dT 
c

to 1, we obtal-n:

E cosT
m

. The compLete solutÍon of EquaËion (4.5) fs decomposed fnto two

parts. That is:

Cornplet,e solution = Complementary functlon * Particular Lntegral.

IV.l-.1 Complementary functlon f .

The homogeneous equaÈl.on of EquatLon (4.5) ls:

(4. s)

(4.o¡

(4.7)

tr2
(x, + x.) q + R g* * x I = orLdT¿q.rc

r¡here the characterLsÈLc equation Ls:

t
4(x1 + xL)- xl+xL

.r7
(xr + xL)- >> R-.

,(Xt*Xr)rn-+Rm+X"l=0

Ilenee, the rooÈs of Equatlon (4.7) are:

2m.= -R*2(x1 + Ir) ;

In practlce, the ltne resistance, R, fs very small fn comparison wfth the

lÍne reactance X,, and the reactance X,. Then:l¿- I

So the roots become:
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?Rm--_æt J

Therefore the solutÍon (conplementary

R- TOL + x--t-- \..1 -a'

L =e (A"cos
cI

where At and 81 are constants.

IV.1.2 Partfcula.r lntegral- +.
The cholce of particular fntegral

functfon) of Equatl-on (4.6) ts:

T*Brsln

I =C.cosT*C^sfnTPI¿

where C, and C^ are constants.
L¿

Differentlatlng Equatfon (4.9) once and tltice wLth respect

di_
-=P=-C. sinT*C^cosT.dÏI¿

,d-i
-+o -cr cos T - co sin T

'lnz r ¿
UI

for Equatlon (4.5)

(4.e)

Ís:

(4. e)

to T, ne obtaÍn:

(4.10)

(4 . rr)

equatfngSubstLtutfng Equatlons (4.g),(4.10¡, and (4.11) lnto Equatfon (4.5)

the coeffleÍents of sLn T and cos T separately, yfelds:

and

-e 
Tìxr*\.-'
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-cl(xl

-9,zfxr

+}t-xc)+ CrR = E*

+\-*") -.G$-o

solving Equarions (4.12) and (4.L3) slmultaneously, results

En(Xl,+ XL - Xc)

n2+(xr+\-*")t

Ln:

(4.L2,

(4.13)

(4.14)

cl =-

ER
m

Substitut{ng the values of

Em(Xl +Xr-X")
| =-p

n2+{xr+xL-xc)2

cosT+

C. and C^ Lnto Equatton (4.9) yields:
LZ

cz-

n2+(xr+xL+xc)z

ER
m

-

n'+ (xr + xL - Xc)-

seccrng srn ïr - , , : : ::-:Z r*= ccs lr ' 

-

J*t * (xr + xt - xc)¿ L J*'* (xt * \, - xo)-

and substLtuting sln T, and cos T, lnto Equatfon (4'14)
--E-i--.
*(xr+n-xo)

yellds:

E

I s + (- cos T sfn T., * sLn T cosn J*,*(xr+L-xc)z- r

RearrangÍng Equation (4.15) yields the partlcular integral:

rr)

(4.15)

t_= + sln(T-11)P J*"*(xr+xL-xc)
(4.16)



of Equatlon (4.5) fn Regfon 1. . That ls:

Rzcm
E

il = #stn (T-rr) +e* 
/n- * (xt + xL - xc)-

[4, cos

.,

i

+ B, sin,I

Region 2 and Reglon 3.

I.Ihen the shunt reactor operates ln the saturated reglon, that

1s either 1n Regf-on 2 or Regf.on 3, the current and the magnetfc flux lfnkages

are:

8',,.,y'xr + \ " (4.r7)

(4.18)

(4.19)

(4.20)

TV.z Solutfons of

where XZ - ,L2

;----------------
See Appendix A, page 63

1> Ital and þ=LrL*

Substftuting Equatton (4.18) into Equation

1.. .l{ ll(t + t2) ä + Rr + Ëlldt =
J

(xz+\råå*

(4.1) ylelds:

Let t¡t - T and t¡dt = dTr therefore Equation (4.19) becomes:

E sin ûJt
m

ldT=E sinT
m

Rf +x tcJ
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Dlfferentlatlng Equatfon (4.2O) with respect to T-t then glves:

(4. zr¡

solutf.on

function

The procedure

ls the same as

is:

Rm-2q-ffi;r r

i =ec

where A^ and
¿

and the partlcular

l=
p

-.'.''

where

Rearrangl.ng Equatfon (4"23 )

J-

p

ylel-ds:

E
m

(xz + t, #* *åå+ xci = Eo, cos r

of solvLng Equatfon (4.21) to obtal.n

sol-ving EquatLon (4.5) " Therefore,

rT-lclA, cos Jçilç r * B, srn

BZ are constants.

Lntegral is:

andcosTr- +
/R- * (xz + \ - x")-

the conplete

Èhe complementary

(4,2?)

(- cos T sfn T, * sln T cos Tr)

(4.23)

stn (T - TZ) ç.24,*(xz+t-xc)
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Combini4g Equations (4.22) and (4.24), gives

f^ of Bquation (4.5) in Region 2 and Region 3. That
¿

R

the complete sofution

is:

2-ïx^ + x-t
¿tJ

\z :m sin(T-Tr)+e

(4.2s)

IV.3 Summary.

The trvo sets of arbrÍtrary constants Â1 , tl ancl Ã2, BZ in

Equaríons (4.I7 ) ancl <A .ZS'I are determined by the boundary condltíons

(i.e. initial current, inÍtial charge on the capaciEor and initíal flux

linkages of the reactor). Once A1 , 81 ancl AZ, UZ are knor'¡n, using

the step-by-step method, the subharmonic current r.¡aveforms can be drar'rn

from EquaEions (tr.ì,1) and (4.25). l,lhen the subharmonic current oscíl1ates

in Region 1, Equation (4.17) ís used to plot the current r¿avefor,ms.

. Equation (4.25) is usecl when the subharmonic currenË oscíllates in Region 2

or RegÍon 3. If the subharmonic eurrent is in the transítíon pofnts, eíËher

equation ís valíd

. It should be noted that, rvhen the subharnonic current oscíllaEes

from Region I to Region 2 and back agaln, and then enters ínto Ëhe negatlve

Regions 1 and 3 and back agaín, to complete ttre positive and negative

subharmonic current rvaveforms, thís vríll give rise to very strong transienË

oscillatiorr".12' 13 These transient oscillations rvill restart

at each transit,ion from regÍon to region; an<1 thus ç'i11 continue to oscillaËe
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lndefLnitely lf once lnltlated, even though a resfstlve element fs consLdered

as ln the equlval-ent clrcuÍt of FLgure ¿.1(a)

The capacitor voLtage equations, fn the unsaturated and saturated

reglons, can be obtained by lntegratfng the subharmonlc currenÈ Equatlons

(4.t2) and (4.25) respectively. Using the same procedure as that for drawlng

I 
the subharmonic current waveforms the capacitor voltage waveforms can be

': obtalned.

, It must be remembered that the use of a step-by-step method to

,. : draw the subharmonLc osclllatLon waveforms fs very laborLous. An alternatfve

' ¡nethod Ls the use of a X-Y recorder connected to the amplf.fler outputs of

an analogue computer to draw the required subharmonlc waveforms. The

analogue computer nethod is dfscussed Ln CHAPTER V.



C}TAPTER VI

CO}ICLUSTONS

The use of three straíght línes to aoproxímate the magnetíc charact-

erÍstic curve of a shunt reactoï is more convenient than the use of a

mathematical series ,approxímation ín the mathematical analysís of subharrnonic

response. The por{er series used by Knudsen4 and the Fourler series used by

1S 1
Hayashí-- to apDroxímate the magnetic characteristic curve .i.e. í = ü"

and Í = Í^ + K, sin rf,r + Ko cos ü * Ko cos frfr respectively, are not veryot¿J

practical, because the sul¡ilarmonic response is accompanied by very hígh

saturatlon of the shunt reactor. The 1or,r order of elther the porver seríes

or the Fourier series used to express the magnetic characteri.stic of a very

hígh saturation reactor Ís noÈ suítable, though the solution of a lower porrer

order dífferential equatíon Ís more conveníently obtaíned.

It is feasible to use an analogue computer (mathematical rnodel)

1tL
Alden -' has shor.'n thaÈ the.to predict the subharmonlc response.

results obtaíned from the analogue computer are coíncldent with the actual

tests. Ilorvever, the operatíon of an .analogue comouter Ís tíme-consuming.

llence, the use of a digital eomputer to predict subharmonlc response Ls

recommended if the ooeration cosË Ls reasonabLe.

In an extra-high-voltage extra-long-dístance transmissíon 1íne,

the thÍrd order subharmonic ç'í11 occur at a high serÍes compensatíon leve1 if

the con¡litíons are "favclurable" and a "shock" is introduced. I,tith a further

increase.of the seríes eompensation to a very hígh level, a second order
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For a 500 KV

per mfle

Reactance per phase X. 0.5L ohnt)

Resistance rf t R 0.029g ohur

Susceptance" " 
"é 

g.0gxfO-6U

service voltage, the natural load fs 997

600 mllest

235 ohrn

10.13 ohm

5.56 x ro-3u

MIf per lLne cLrcuÍt.

Serfes

Serfes compensatÍon levels
(percentage of *r)

^o/

L0"/"

20"Á

30"Å

l, 
^a/-vlo

. 507.

e^q
- QVto

70"Å

' Q^of
avh

. Q^o/
. JVto

1^^o/

Usually,

shuit reaetor for

0.2 per unLt above

See Appendix B.

tline correctlons are required,for'equrvalent ,, circult of an ELD rrne ùA 600 rniles long transmissfon lLne with l1ne correctlons fs 46I mfres,340 miles and 688 miles for reactance, resf.stance and auscepÈance, respectfvely.
tf 1) See Appendfx C.

ff) The bases are:
Base voltage:
Base MVA :

Compensatf.on Data

ohmfc values per

0

23.5

47.0

70.5

94.0

LL7.5

141.0

L64.5

188.0

211.0

235,0

++unft values"

0

.0935

. .187

.zgL

,375

.468

.562

.65s

.748

,944

.936

the lÍnear range of the magnetfc characteristic of
an EHV ELD transmf.ssfon lfne Ls 1.2 per unl.t, r¡hfch

the servlee volÈage.

a

1s

500 KV nrs
997 MVA.

or 500,JÆKV peak value
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V.2 The Analogue. Computer Circuit.

The dffferential- equation of the rnodifled transmLssLon lLne circult
of FJ.gure 4.1(a)r page 33 is:

-dt 1l rtrhL Ë * Ri + c: I rat + äË = Bo, sf.n 0rr (4. r)

L 1þ.*o, +1 |', dr *olp drp 'p-p äo J 
to uto . 

4 = srn ro (s.1)

or

ì \, þ.*ro*". I rndrñ-'#=srnr- (s.z)-p*^p yy .pJ p p ot' -p

rntegraÈfng Equatfons (5.1) and (5.2) and solvLng each for the magnetfc

fl-ux lLnkages úo, rde get respectively:

Expressfng Equatlon (4.1) in per unr.t quantftites* yferds:

The sf.mulation of Equatfon (5.3) on the analogue computer fs
resolved into three parts:

(a) Non-linearity sfmulatton,

(b) Perlodic functfon generator sfmulatf.on,

(c) Overal-l simulatLon.

úo = cos ,o * ,oro * *o I ,o uro . i JJ 
,, ,r; (s.s)

I ll t-{, =cosT_*x. r_+R lr dT +x fl t arz (\-t,'p p --L -p ^þ j -p --p --c )l re dr; (s'4)
P¿rr-P

See Appendix C.
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V. 2.1 Non-1t_near-iry 
"ipyl?,t.1$.',

To satl.sfy Equatlon (5.3) the

the non-linearfty for the reactor fs so

Lnput-output curve of non-lfnearfty fs

10k

- Input

FIGURE 5.1 Non-llnearity simulation

Output
t

analogue compuÈer setup dlagrarn of

chosen as shown fn Ffgure 5.1*. The

shown ln Figure 5.2.

Output

Output
I

InputJ-. | Ì10ï'u./l . I d_,1 I Y

tllf

I
Iri
I'

(á) rdeaL rnput-output curve- (b) Actual rnput-output curve.

FTGURE 5.2 Non-línearlty for the conputer setup Dlagran of Figure 5.1.

volts

A lfst of analogue computer symbols 1s fllustrated 1n Appendlx D.1.
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where d l-s the dl-stance in per unLt, and can be adJusted to any deslred

val-ue.

u fs the angle ln radians, and can be adJusted to any desired vaLue.

When conducting, the diode Lntroduces a low resLstance to the feedback path,

thus changing the gaLn of the operatfonal arnpllfler. As a result, the

dead space of the input-outpuÈ curve has a slfght slope as shor,¡n in Flgure

5.2(b) whfch is absenÈ in Èhe input-outç)ut curve of Flgure 5.2(a).

V.2.2 Perfodic functio.n ggnerator sfinulatfons.

.(a) Cosfne senerator slmul-atfon qgl4g. m:æg4g!s varrgÞle Dlglflg Functfon

Generator (VDFG) method.

FJ.gure 5.3 shows a typlcal cosine generator. Due to the leakage

of the capacitors ln the invertor and integrators, the accumulated drop of

the vol-tage amplftude is appreclable lf the cosine generator operates for

more than five mlnutes. Subharmonic lnstability wilL result from this

accumulated error. In order to overcome thls defect, a lO-segmenÈ flx-

break-pofnt VDFG nethod ls adopted. The computer setup diagram for the cosl-ne

generator (VDFG) fs shovm in Ffgure 5.4. The output of the. VDFG 1s a coslne

wave if the f.nput is an fsoceles trLangular !üave. (See SectLon V.2.2(b)).

I".""t*- trfa¡gglar functÍon generatof gfmuþlion

Ff.gure 5.5 shows the compuËer seÈup diagram for the fsoceLes

trl.angular function generator. The operatfon of the Electronl-c Assocl.ates,

Inc. (EAI) electronfc comparator of model- 40.488 1s such that no accumulated

error o"",ra". The arnplftude of the isoceles triangu!-ar generator renaLns

constant during the operation. Couplfng the output of the isoceles trlangular

generator to the lnput of the VDFG shown fn Figure 5.4 gfves a periodfc

(b)
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-10 volts

FIGURE 5.3 gplcal Cosfne Function Generator Setup Dlagram.

EIGTRE 5.4: Cosfne Function Generator Slnulatlon Uelng VDIE Method.
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potentloneter
red atartlng

E.C. - Electronf.c Comparator

nhen Et + E2 > 0, U(t) - -1¡¡,

El + E2 <0, U(t) - -¡¡,

Functlon Generator Setup Dfagram

48

FIGURE 5.5(a)

A

-A

Igoceles Trfangular

Isoceles TrlanguLar and Square Waves.

í ln,l ,Wär:::ir ,__l I Ym ::_g:'
' lf--rÏ | angIe.

T 2r). 3T 4T
a

FIGURE 5.5(h)
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coslne

desired

value.

v.2.3

generator.

It should be noted

point of the voltage

(See Flgure 5.5(a)).

Over-all- sirnulation.

this cosine generator can start at any

by adJustlng the potentlorneter to a sultable

thaÈ

IüâVE

The non-Linearl-ty and cosine wave generator sfunulatfons have been

discussed. It is easy to sfmulate EquatLon (5.3) on the anal-ogue computer.

The basLc analogue computer setup for the modifled EHV ELD.transmfssion

line circuft is shornm in Figure 5.6. The exact computer setup whLch was

actuall-y used is shown tn Appendix D.2.

cos T
p

ff'or'J) P P

FIGURE 5.6 Analogue Computer Setup for the Modtfled EHV ELD TransmfssLon
Llne Circuit

q

The,arnpllfier gains, and the potentlometer settfngs, are adJusted
;

tg correspond to particular values of the followfng variables:

(a) Magnl-tude of the applled voltage i

(b) Cfrcult parameters: LLne inductance, Llne resfstance' SerLes capacf.tance,

Satrrration pol-nt (l1near range) of the shunt reacÈor

T2
p

Id
p

L(
-l1l
"pJ

R II dT -I'I D D U
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(c) Initial 
.condillons: 

Initlal capacítor eharge Qo, Inítial flux linkages

úo, Switchíng angl. 0o

,, V.3 Expèrimente-l InvestÍgiitÍons

It has been stated previously that a transient disturbance ís

,rl"o"""ry if- subharmonic response ís to be creaËed. The svritching transients

caused by the zero point of the applied voltage rr'âve¡ and transient overvolÈages

caused by the load rejection and the síngle-1ine-to-ground fault aE no load

were used to "shock" the circuit in the experiments.

V.3..1- Zer.9 poínt of Se e!!¡¡gd vetgg_e weve.
' .5. 1i_. L4.Extensive research-' --' - has been carriecl out to investigate

I the sr.ritching points of the applíed voltage \,¡ave. Ttre conclusion ís that

, the point of switching r,rith respect to voltage zero ís a critical faetor to

create subharmonic oscíll-atíons. In agceptíng thÍs, the voltage is

closed aË the zero point of the applíed voltage wave. The other initÍal

conditions and círcuit parameters are:

Initial conditions: Qo = Úo = 0

:-
' Circuit parameters: tO = 0.936 per unit

*o = o'04 Per unit

th" lirl."r range of the shunt reactort ü" = I.2 per unit and the applíed

voltage is: E* = 1.0 per unit. The variation of Ehe series compensaEÍon is

f.rom O% (O per unít) to 907. (0.844) at LO7" step in each test.

I.Io subirarmoníc v¡as observed by closíng the applie<l voLtage at the

zero polnt of the volt.age r,rave in each test. BuÈ increasing the- applied

vo1-tage to 1.4 per unít r.¡irich is 0.4 per urriÈ above the saturation point of

the reac¡or, â second subharmonie r,¡as observed at B0Z series compensation



Eo, - 1.4 pu nQo o úo - Oo - 0, t" - 1.2 pu

Xc - .748 pu ,Lp = 0.936 pu

= 80"l
, Rp = 0.04 pu
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- 1.4 pu

r*o
m

1.9 pu

- 1.5 pu

l'.

fi
li
t-

current

,',+ -Ym-

(d) fnductor fluxJinkages
Seôond Order Subharmonic l.Javeforms.

/rpplted voltage

(b) 2nd order subharmonfc

CapacLtance voltage

FIGI]RE 5.7

2.3 pu



Ievel. The waveforms are shornm in Flgure 5.7. It cán be seen that serlous

rovervoltage on Ëhe capacftor ls a result of subharmonic response.

V.3.2 Load rejection and @ fault.

,, The transient overvoltages resul-ting frorn load reJectlon and slngle- 
,:.;,,1,

l1ne-to-ground fault at no load are represenÊed by placing two per unft

' tnfttal flux l-inkages on the reactor.6 The existence of subharmonfc osclllatfons

, as the series compensaËion fs varied and the avoidance of subharmonic ,,1...

. :. 1:

I osclllatlons as the lfnear range of the magnetic characterLstlc of the shunt 
'::'

. reactor is varl-ed are vfewed as follows: :

(a) Yartatlon wlth serLes compensation..

The second order and the third order subharmonLcs observed as the

i serl.es compensatlon ís varied are fllustrated fn Table V.1. The lnltial

r conditions and cf-rcuit parameters are as follows:

Inftlal CondLtfons: 0 =0-o

0o = arbftrary

þo=2perunit

tO = 0.936 per unft

*O = 0.04 per trnit

Û" = 1.2 per unit

and the applled vol-tage 1s: E* = I per unit

' It can be seen from Table V.l that there are dlstlnct arear¡ where

', Èhese subharmonf.cs occur. The third order subharmonlc fs present to the

: greatesÈ extent. The'second order subharmonic occurs only at a very hfgh

series compensatfon Level. No further study has been made to lnvestigate

the subharmonfc oscill-ations when Èhe serfes compensation:1s greater than 902.

52

t" Circuit Darameters:



TABLE V.i-. VarÍation of SubÌrarmonic Orders vrith Series Comp_ensaËion.

No Subharmonic 3rd order
subharrnonic

2nd order
subharmonic

X

X

c (percentage)

c(p.r unit)

0 r0"Á 20"Á 30"Á 407" ,

0 .0935 ,L87 .zBL ,375

507" 60"Å 70"Á

468 .562 .655

80"Á 902

.748 .844

A check wiÈh the formula (3.S) used Eo predict the reglons where

the various orders of subharmonics occur is as follows:

For the second subharmonic:

*" = 0.748 per unít,, R = 0.04 per unÍt
Pp
è 0.04ö = ffi-= 0.0539

For Ëhe third order subharmonic:

X^ = 0.468 per unit, R_ = 0.04 per unitc p ----

P

. 0.04ô=äjfua=0.0855

These values of relative loss facÈor fall in Ëhe predicted regior,"4 b"ar"..,

ô=0 to ô-=0.1 and ô=0 to ô-=0.3 forÈheoccurrenceoftheC C .---

second order and third order subharmonics respectívely

Figure 5.8 shows. that the thÍrd order subharmonfc current and capacitor

voltage decrease with the Íncrease of series compensation level. trrrhen the

second order subharmonic occurs, thd current and the capacitor voltage

suddenly jump to very hÍgh rnagnitudes. I,lÍth a further increase of series

compensation 1evel, a little decrease of current and capacítor voltage
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úo=2pu
pu

0'o

tl Lp

r+úàc
m

=0, oo-
= 0.936 pu

- 1.2 pu,

a¡b{grary,

, Rp = 0.04

E =1Dum

2

1.5

I

.5

2nd order subharûonlc current
v curve
\",

\
subharmonf.c current curve

0

0

LO"Å 207"

3rd order

0z 70"Å 802

x
c

(pereentage)

x.0935 .Lg? .zg]- .375 .468 .562

Varfatl.on of the Magnitude of
Serfes Compensatlon.

.655 .749 .944 c per unit

Subharmonfc Currente t fthFIGURE 5.8(A)
*

v
c

2pu

1.5

I

.5

0

0

FIGURE, 5.8 (b)

capacltor voltage curve

, _ 2.d order subhatmonic,q.
fr-

capacLtor voltage "urv)

at the
responae

41: the 3rd order eubhamonfc response-'\r\

402, z 707 802 902

.655 .749 .944

Capacftor Voltages

c
(percentage

xcper unft

wlth

.0935 .197 .2gl .375 .469 .562

VariatÍon of the Magnltude of
SerLes Compensatlon.

*v
c

#r*
m

- Peak to peak value of capacftor voltage
p-P

- PosftÍve maxfmum value of subharmonf,c current.
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ü" ' 1.2 Pu , 0o * arbftrarY

= 0.936 pu. 55

-lpu

- 1.75 pu

(b) 2nd order subharmonfc current

vc - 1.5 Dup-p

(a) Applted voltage

(c) Capacitor Voltage

(d) Inductor flux J-lnkages
Second . Order Subharmonic hlaveforms.FIGURE 5.9.



.1pu
P-p

_:--'

v
cp-p

o .95 pu

(c) CapaciÈor voltage

(d) Inductor
Thtrd Order Subharnonic

(a) Applled voltage

(b) 3rd subharmonle current

FIGURE 5.10
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will resuLt. The nr¡merfcal- data of the second order and the third order

subharmonics are listed in Appendlx E.1.

Figure 5.9 and Fígure 5.10 shor¿ the waveforms of the second and

the third order subharmonic oscil-lations fespectLvely.

i (b) VaiiatÍons wlth the Iínear range of the shrJnt !_êactor.

The existence of the second order and the third order subharmonics

l,' aË I per unit l-lnear range of the magnetic characterlstic of the shunt reactor, .,1',,

for dlfferent, levels of serÍes compensation is illustrated 1n Flgure 5.11. ,.
''t tt

(The numerical data are llsted ln Appendix E.2) and Table V.2. The fnftlal

condLtlons and other circuf.È parameters are:

Inlt Íal- conditions Qo = 0

" : O-=arbltrary:o
1' : 

-t- 
^ - -ú =2perunitto.

CÍrcuit parameters: tn = 0.936 per unit

R = 0.04 per unft
rP

Ú" = 1'0 Per unlt
;.1: -.:

and the applled voLÊage 1s: E- = 1 per unLt.
m

, ..1... 
.'

a-.- -c m-Ll-AstudyofTab]-eV.1andTab1eV.2indicatesthatthesecond

and thfrd oider subharmonics occur at a lower series eompensatlon Level for

a shorter linear range of the magnetic charact,eristic of a shunt reactor.
: :i: 

':r

,t, ' Comparlng Figure 5.8 and Figure 5Jl'also fndicates that the magnltudes'of ,'.'-','

subharmonic currents and capacit,or voLtages are higher for a shorter llnear

range of the magnetfc characterj.stfc of a shunt reactor at subharmonic '-

oscÍ1laËfons
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Oz-o

T-
p

_+I

0, 0o - arbLtrary, úo - 2 pir,

Pu¡

pu.

2nd order

0.936
rl,'a E =1

Itr

pur RO = 0.04

2.5 pu

2

1.5

I

o

0

FrcrrRE 5.11,(a)

3rd order subharmonic
v current curve
\' \ \,I<

subharnonf.c
curve

current

c
(percentage)

x
.0935 .187 .281 .375 .468 .562 .655 .l4B .844 cper unlt

VariatLon of the Magnftude of Subharuronlc Currents rùfth
Series Compensation.

2pu

1.5

I

' 1 ' -5

0

FrcuRE 5.11(b)

Capacftor voltage cunre at
2nd subhamonLc responser

\-.-r-

xc
toz 20 4A7" 502 60i¿ 702 802 W (percentage)

x
.0935 .187 .281 .375 .468 .562 .655 .748 .844 cper unft

variatfon of the Magnitude of capacftor voltages with
Serfes Comr¡ensatlon.

L0"Å, 207! 3oZ 40"Á 502 60"¿ 707t g0z 902

v
c
P-P
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TABLE V.2 Variation of Subharmonic Orders wtth Series Cotpensatlm

no subharmonfc 3rd order
subharmonlc

2nd order
subharmonlc

X

X

c (percentage)

"(p.r unit)

0 L07" 207. 307"

0 .0935 .187 .28L

40i4 50i4 607,

.375 .468 .562

70i( 80"/" 907.

. 655 .7 48 .844

Figure 5.12 illustraÈes that the subharmonic current decreases útLth

the fncrease of the linear range of the magnetic characteristlc of the shunt,

reactor. No subharmonfc wLll occur if the linear range of the magnetlc i

characterístic of the shunt reactor is hi.gher than 1.5 per unlÈ. (The

numerlcal data are presented fn Appendlx 8.3).

I+
m

Llnear range

FIGURE 5.12

1pu 1.2 pu

Variation of Magnftude of
Range of the shunÈ Reactor

Qo = 0, 0o = arbfÈrary'

tn = 0.936 per unLt, *O

1

ä = 0.748 pet unit' E,
p

ffi ({ls)
1-.4 pu

Subharmonic Current wlth Llnear

þo=2Perunit

= 0.04 per unLt,

= L Per unit.
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:

V.4 Sumrnary .

It has been demonstrated that the moclified transmission line circuit

can be símulated on the analogue cornput,er for the purpose of studying the

exístance of subharmonic oscillaËíons under various conditions. The results
't :: ,-. 

:,r

obtained are valíd and ímportant even though line susceptance vras neglected. ' " :

or at líght load may creaf:e subharmonic osc1llaËíons. But, if Ehe shunt
..,j ..... . :_..:_--..: .-.

reactor is desígned to have a sufficienËly high linear range, no subharmonic ' ,'

wiLl occur. ' .',

The trånslent overvoltages caused by load rejectlon and single-

I . line:-to-ground fauLt at no load rnay t'shock" the syste* to cr.nte subharmonic

I oscillatÍons. But these subharnonic oscíll-atíons can be avoided by suítabI-y

dimensioning the linear range of the magnetic characËeristíc of the shunt

reacËor .



CHAPTER V

AI.IALOGUE COI"IPUTI]R SI}ÍULATION

It has been stated in CH/'PTER II that transient overvolÈages ui1l

resu-lÈ from sr+itchÍng, load rejectíon and single-1Íne-to-ground fault at
::,,',' no load. The swftehing transients caused by closínÈ the breaker(s) at no

:,,,,. load or light load may create subharmonic response. The transienÈ over-

voltages caused by load rejection and síng1e-lj-ne-to-ground fault at no

load rnay "shock" a transmission line to create subharmonic oscillations.

In this chapter, a seríes of experiments 'ls carried out on the anal-ogue
x

computer to ans\.rer Èhe following questlons:

(a) Can subharmonics occur at a high series compensatíon level?

(b) If swÍtching Èakes pläce at the zero.point of the applied voltage

!,¡ave, wlll a subharmonic occur?

(c) IIor.¡ does the lÍnear portion of the magneÈic characterÍstíc of a

"':j 
- -shunt reactor affect the occurrence of .subharmonic?

V.1 l¡=¡.* 9t"{¿.

An EHV ELD Èransmíssíon systern schematic diagrarn is shor'zn in

Fígure 2.1, page 13. The transmission line to be ínvestÍggted is_ 600 miles

' long, at a 500 K\t service voltage. The sendíng and receivíng end transformets

and the sendÍng end generators are not included. The line and seríes compen-

sation data are l-isted as follorvs:

>t
The colnputer which r{as used is the ELECTRONIC ASSOCIATES, INC. (BRf) o¡

rnodel TR-48
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subharmonlc with'a magnitude greaEer than that'of the third order subharmonfc

wl]-l be cr€iaËed

In conclusion, the answers for the questlons posed ln the

Introduction (pages I and 2) may be stated as follo,,vs:

(1) Subharmonic oscillatl-ons are of high-magnítude, low frequency typè,

wf.th Ëhe frequencíes a fractlon of that of the applíed voltage. Under

. very lÍmited conditíons, subharrnoníc oscillatíons may occur Íf a

Itshocktt or a t'transienE" is introduced into the non-línear circuít

', (2) Usual-ly, high series comperisatíon level is more suscept.ible to ', ' ;.

' subharmonic oscillations. (See Tables I ancl II, pages 53 and 59

respectlveLy)

I (3) hÌhen subharmonlc resonance does occur, the magnftucle of the line

I current and capacitor voltage Ís found to be very hÍgh Ín comparlson

, wlth that of the "normal magnetlzíng currenttr staËe, l.e. the state

I of normal operatíon.

. (4) Subharmonic oscilLations can be controlled or elíminated by the proper

seLection of the circuit paranìeters, such as E*, R, L, 
9_ _"rd

i - qr- -- the linear portlon of the magnetic characterístic of a shunt .i,,,1..ii..,
S ' ::r"

: reactor



APPENDIX A

A MODIFIED CIRCUIT OF ÀN EI{V ELD TRANSMISSION LINE

A. (a). Investigatio-n of a Shunt R_eactor.

.4The equival-ent circuLt and the nodel of a shunt reactor are

shown fn Figure 4.1(a) and 4.1(b) respectfvel-y. The current flowlng through

the reactor Ís:

Ir=IrtI" (A. r)

rrhere In ls the total current fLowlng through the reactor,I-
'

I- is the branch current fl-owing through the air. gap. Ínductance,a

I- 1s the'branch current flowing through the core lnductance.c

and the f,lux linkages of the reactor are:

:' ::..1

ür=t!"+tf'

where tlrT Ís the total- f lux Linkages of the reactor ,

Ilr_ ls the f l-ux linkages of the core or of the air gap,'c

Equatlon (4.2) may be r,rrftËen as:

l^ ,\

(4. 3. a)

(A.3.b)

úT=L"ra+LgrT

üT=L"Ic+LgIT
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(a)

Shunt ReactorFIGURE A.I.

FTGURE A.2

(ã) Equfvelent cfrcuLt, Model.

I

(b)

(b)

tl
Lc

(a)

BehavLour 9f a ShunÈ Reactor.
(b) Hfgh saturatlon.

' (b)

(a) Before saturaËÍon,
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v¡here L- i= tt. air-gap inclucEance,a.

L^ is the core inductance rc

Lg. ís the leakage inducÈance.

Fortunately, L^ and- Lg are línear, only L" is non-linear.

Before saturation, L" ís very hígh and is very low after saturation. In

practíce, L" mav- be asstraerl to be "ideal" by letting L" equal infíníty

(open círcuít) before saturatíon and zero (short cir_cuÍt) at hígh saturatíon.

(See FÍgure 4.2). , As a result, the inductance of the shunt reactor before

saturation ís:

Ll =Ll,*L,

and at high saturaÈion ís:

(4.4.a)

(A.s)

Lz = Lr, (A.4.b)

usually Lz is very lorq j-n comparison r¡ith Ll. Relating L, and Lz gÍves:

t,=*t,

vrhere Kisaconstant
. 11 1Á

An experimental ínvestigation-.-' *" has shor.¡n that LZ ís at

least ten tímes less than Ll.

A. (b). The_ Equivatgl! gtrr,l{.

The equivalent circuíÊ of an ELD Èran.smission líne r,¡ith series ancl

shunt compenseËions is shot+n in Figure Ä..3, r.rhere Ëhe sending end voltage ís
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shornm, and the receiving end is open-circuited.
LR

E sfn r¡t
m

L - - -- J
FI:URE 4.3. ,Esuivalent n Cfrcuft wfth Serf.es and Shunt Compens.atfons.

Before the invesÈigatf.on, Lt may be of lnterest to see the change of the

. reacfance of a shunË reactor relative to the lumped capacitive reactance of

the line before and after the occurrence of a subharmonl.c response.

Consider the reactor shunted r.rith the lurnped capacitance. Cy of

the line as bounded by the dotted line Ín Flgure 4.3. It has been stated

Ehat the fnductances of the shunt reactor are Lt and LZ before saturaÈl.on

and at hLgh saturation respectlvely. At system frequency o (before

saturation), the ratfo of \ to xt ís::

(A.6)

where . X- is the lumped capacLtLve reactance of the llne
I

and X. fs the reactance of the shunt reactor before saturatfon.
I

For the nth order subharmonf.c response (hlgh saturatlon) the system
1

frequency is = o. The raËlo of the lurnped capacitive reactance of the lfne

to the reactance of a shunt reactor is:

I

llr
tl
ln,rl

tl
" I

I

I

I
L, û,C-Yr

-= 
*.-X, oL,

II
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$ *,.,

v¡here XZ is the reactance of the shunt reactor at hfgh saturatfon.

Substituting Equatf.ons (4.5) and (4.6) fnro Equarton (A.7) ytelds:

*' t,Y--2
(À.7)

' vt -V,.v
IIr = r (A'8)

-.1 ¡V:z'nâr

whefe *O = Kn

Equatfon (4.8) illustrates that the lumped capacftÍve reactance of the lfne
' is n tlmes J-arger, r¿híle the reactance of the shun! reactor is + tfmes
tmot, smaLler at the nth ord.er subharmonic response.

Exarnpl-e:

Conslder the Flgure 4.3 for ¡þs Becond order subharmonÍc. response,

then n = 2 and Ln Appendix A(a) K = 10. Therefore, from Equatlon (e.g)

we obtafn:
.,...,,,-1,,,., 1 r, a

.::: a,:1::.:

*i 2\ .^\
ç-- 

= -]- = fv-*z z;$*, *1

In an EHV ELD transmissfon lLne, the shunË compensatLon fs so desfgned 
::r...:.1

- : :.:ì.::.:;that the reactance of a shunt reactor ls approxlrnatel-y equal to or less than ":::i::::

the lumped capacftfve reactance of the line at apÞlled voltage frequency (ur).

For the sake of sfmpl-icity, let \ = xt, then Equatf.on (Á,.9) becomes:
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&l
f = 4o
',2

{=40x,

This means that the lumped capacitLve reactance of the l1ne ts 40 times that

of the reactance of the shunt reactor at the seccndorder subharmonic response.

As a resul-t, it is reasonable to negLect the lumped capacitve reactance whlch

ió in parallel with the reactance of the shunt reactor at subharmonLc

oscillations.

A. (c). The Modífted Circuft.

Since the lumped capacftfve reactances at both the sendlng and

recefvLng ends are negl-ected in the study of subharmonic oscfllations,

FLgure 4.3 can be rnodlffed to that shown fn Figure Â.4 below:

,LRC

Es
m

FÏGURE A.4. Equívalent Transmfssion Lfne Cl.rcuit by Neglectlng the Lurnped
Capacltive Reactances.

r A study of Figure 4.4 reveals that ah",,:'Trt"nÈ clrculating through

the sending end reactor as lndicated loop 1, is fnsfgnificant. Only the

current flowlng through the serLes capaeitors to the recelvlng end fs of

special interest. Thus a further modificatlon of the transmlssfon lLne circuLt

ll'

Loop 1
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for the purpose of analystng the subharmonLc osclllatLons 1s glven 1n

Flgure À.5.

ll,

FIGURE A.5 wfth SendlngA Modffled CircuLt of an EHV ELD TransmissLon LLne
Vo1-tage.



APPENDIX B

CALCTILATIONS OF THE LINE REACTANCE AND THE LINE SUSCEPTANCE

t, . : :.-: :'1: .:

' The conductor used for thLs studv ls a 4-bundle conductor of
I

, 795000 circular m1ls with 54x7 s¿¡¿¡¿s. The constructLon of the tower is a

l flat configurati'on. The separatfon between the adJacent subconductors ,,1,,",, ',
:-. 

.i :. .r,;_

. is 1.5 feet, an¿l the spacing betvreen the phases 1s 35 feet.
'.-l:. l._-'
...,.. -:. j r.l

I'i The formulae used. for calculatlng the line reactance and the lumped '''""

' capacltive reactance of a transmlssion lÍne are as follows:

: The line reactance of a fou¡-þundle conductor is:

*T = å (xa 3xs) - 0.0r.06 < f,ol * *u (B.r)

I Ln whlch

l

.l"

t,:
I

l

xa=0.27s4 <frllos#
''

x"=0.27s4 täl logs

xd=0.27s4,for 1ogGMD.

and the 1-umped capacitive reactance of a four-brndle conductor l-s:

in which

*+=+(x;- 3x;) -0.0026 <f,1 *xå (8.2)



7L

66 'r

xå = 0.0683 ç) rog :

xl = 0.0683 (9) roe sx 't'

i xå = 0.0683 (þ toe cun

+where 4 is the positfve sequence reactance expressed fn ohrn per nfle.L

per phase : '

--+ .r...:...
- X" fs the positive sequence lumped capacLtive reactance expressed , ,.,

in ohm per ¡nile per ohase

f is the service voltage frequency (Hz)

^'F rl.a az:l{ aaa-+ ^..L^^-J..^}^-- ^-.S is the separation of the adJacent subconductors expressed in

feet

t ís the radfus of the subconductor expressed fn feet

is the geonetric mean radius of the subconductor expressed

Ln feet

GMD fs the geometrfc mean dfstance between the centre llne of the

. phases expressed in feet.
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APPENDIX C

PER UNIT QUANTITIES

The differentíal equatíon for the modífied transmission line

circuít is:

(c. 1)
dí 1 f árhLË* Ri +ã | idt *ãË= E* sin ot

Equatfon (C.1) can be written as: : .

,, #.* Ri + xc 
Jtur. 

* #. = Erstn rrrt (c.z¡

r¡here X- = ülL ancl [ = +L --c 
{rJC

A set of base units (i.e. Eb, Ib, Tb) ís so chosen that:

Eo = Eorr ro = r*' to =*
and let

E. or!.
- Þ 'b

'o=\= \=*Lb
1=-r¡C.

b

Divíding Equation (C.2) by EU and rearrangfng yields:

u;äffi.-d*.+ f i. rÉ, o#H= sin{ (c.¡)



Substf.tutfng

\ L .. -*ã=L=\_=tnDDP

X"L--I

-=-=-=_X. ClC. c CDDPP

R 
=R 

I 
=l Ú -,t,ã = *o' 

4-.= 
to' 

%- .= 
*o

Ë

1- = T- Lnto ,Equatton (C.3) ytèLds:
-b

I and:.
i:

1:

j

drrfu*
L,=P+R r *f lroaro+¡f -sinT-porp p p p j .to -----p

rdI- | dr,
x, =3*R-r_+x_ | r dT +#=sinTtpotp P P "pJ P p otp .p

:.::.r l

The subscrlpt "P'r means per unit.
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APPENDIX D

COMPUTER SYMBOLS A"\D EXA,CT COMPUTER SBTI]P DIAGRA}Í

LIST OF SYMBOLS

Operatl.onal arnpllfler

--/-
* 10 volta

Invertor or anplffLer wlth fndlcated
gaLn.

Sr.mer

Integrator

Integrator wfth I.C.

Potentio¡neter of ratfo p

* 10 volts d.c. reference aource

Cosine generator

Non-lLnear devlce wlth lndfcated
transfer function

=-o

Inltlal condftion
(r.c.)



Dfode

VDIG with lndfcated perlodlc generator

Electronfc comparator
outDut



0.2 Exact conputer setuB Diagram for, an EHV ELD TransmissLon Lfne

t-lolÊ,

IFì lo-
tl

¡': | ¡.¡Øl

+
H

I

=

H
E

p-
FIñ

I

\
HH

FJ
rd NJ

olH
tl

H€
Ê.
Fl

€N)

¡d

H

FI
E



A,PPENDIX E

NIJMERICAL DATA FOR FIGIIRES

Figure 5*8, page J4.E.1 Data for

8.2 Data For

series compensations
X

-c
(per unit)

subharmo¡ic currenÈs
T.

m

(per unfË)

::

1
.8
.7

L,7 5
L.72
1.55

capacf.tor voltages
vcp-p

(per unit)

::

.95

.83

.70
. 1.5

1. 48
1.45

capacftor vol-tages
vc'p-P

(per untt)

1.1
0.95
0.90
1.85
1.55
r.44

0
.0935
.l_87
.zBL
.375
.468
.562
.655
.7 48
,795
.844

Fisure::11, pase 58.

series compensaËlons
v

c

(per unit)

0
.0935
.LB7
.zBL
.375
.468
.562
.655
.7 48
.844

subharmonic currents
II'.m

(per unlÈ)

1.rt
1.05
0 .85
2.35
L.90
1.55
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E.3 Data fo.r Figure I=-r¿-; page 59,
.+Linear range= ü" subharmonLc currents I'

.(per unit) (per unfr)

I 1.g0 ..: :. .; ..: :

i..3 i:íå ,:r:ir,i,ii:,r:,:,

L .4 0.60
1.5 0.55
1.6
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