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Abstract

In applications such as CNC machining, highway and railway design, manufac-
turing industry, and animation, there is an ongoing need to systematically generate
sets of reference points with prescribed arclengths along parametric curves, with
considerable accuracy and real-time performance. In the process, mechanisms to
result in a parameter set that yield the coordinates of the reference points along

the curve Q(t) = {z(¢),y(¢)} are sought.

The presence of arclength parameterizable expressions usually yields the pa-
rameter set that is necessary to generate the reference points, however, for typical
design curves, such an expression is often not available in closed form. It is desirable

to find efficient ways to compensate for lack of arclength parameterization.

In this dissertation, several analytical and numerical methods for approximating
arclength parameterization are presented. These methods are examined for both
accuracy and real-time processing requirements. The application of generating
uniformly spaced reference points along the paths of several curves is chosen for the

purposes of illustration, and bench marking among the presented methods.
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Chapter 1

Introduction

1.1 Motivation

In computer-aided design (CAD), computer-aided manufacturing (CAM), and computer-
aided geometric design (CAGD) applications, there is a need to accurately and
efficiently generate a set of reference points distributed according to prescribed
dimensions along curves. Reference points are points on a curve such that the
arclength between neighboring points matches prescribed values. In addition, tech-
nical applications often require that reference points be equally spaced in terms of

the arclength. Following is a representative sample of these applications.

e CNC machining. In computer numerical control (CNC) machining, comput-
ers with CAD systems are instructed to produce a set of reference points
along the path of machine parts according to specific pre-fed dimensions, the
final product may be expected to be affixed to other parts by bolts through

adjacent holes in locations marked by reference points [23][40].
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o Highway and railway design. In these areas of civil and mechanical engineer-
ing, engineers may need to determine the locations of N 4 1 reference stakes,
where any two lie £ meters apart along a designed curved roadway to facilitate

highway construction and cost measurements.

e Manufacturing industry. In the airplane manufacturing industry for example,
thousands of uniformly spaced reference points that are to lie along smooth
paths in a fuselage have to be computed; these reference points serve as the
locations for holes to be made to affix complementing parts by bolts. Uniform

distribution is desired here to distribute tension evenly across the fuselage.

o Graphical simulation and animation. In order for animated objects to ap-
pear realistic during simulation, it is necessary to pre-determine intermediate
positions the object is to appear at. It is desirable that these positions be

uniformly spaced [30].

A first step towards the solution is to abstract the physical paths along objects
of interest by parametric curves.
In order to efficiently calculate reference points along parametric curves, several

problems have to be solved, usually in the following order:

(a) Obtain an expression for the arclength (in closed form if possible).
(b) Compute the total arclength.

(¢) Re-parameterize the curve equation using the inverse of the arclength expres-

sion obtained in (a).

If a closed-form solution is available to the first item of the above, an ideal solution

for reference points generation/location along the curve of interest is at hand.
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Arclength re-parameterization is useful because the arclength is an intrinsic
quantity of the curve and arclength parameterization is an intrinsic property of the
curve [6][27]. Existence of the arclength expression in an analytical algebraic form
greatly facilitates the application of several tasks that aid in curve analysis and
design [47]. In order to generate a logically prescribed set of reference points along
the abstracted curve, for example, the parametric equation obtained in (c) above
is parameterized accordingly, e.g., uniform increments of the parameter value yield
uniformly spaced reference points. In [23], this is known as constant feedrate. The

example in the next subsection clarifies these points.

1.2 An Example

Consider the following parametric circle equation:
Q(t) = r{sin(t), cos(t)}, where 0 <t < 2. (1.1)

An arclength expression s(t) is obtained as follows:

s(t) = /: \/r2 (cos2(7') + sin2('r)> dr = rt. (1.2)

The total arclength £ is computed by setting ¢ to the upper limit in the above

equation. This yields
L =27r. (1.3)

From (1.2), t(s) = s/r. Equation (1.1) is re-parameterized by the arclength to yield

the following arclength re-parameterized equation:

Q(s) = r{sin (;) , COS (;)}, where 0 <s < L. (1.4)
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To generate a set of N + 1 uniformly spaced reference points

{p:s]:=0,1,...,N}
along the circle path, (1.4) is evaluated with the set

{8i =1tAs|As=L/N and :=0,1,...,N}. (1.5)

The parameterization of (1.4) is thus such that uniform increments of the parameter

(as obtained in (1.5)) are actual uniform steps taken along the curve.

1.3 The Problem

The above example deliberately illustrates a case where all steps to be taken towards
the ideal solution ((1.2)~(1.4)) were easy to compute and express in elementary
functions. Equation (1.2) in particular, is analytically reducible into a manageable
linear function that allowed easy extraction of the arclength s in terms of ¢ and
vice versa. In addition, it is important to note the relationship existing between ¢
and s in the above example: It is a linear relationship where ¢ is a normalization of
s. This type of relationship is always present if the curvature is constant (such as
in straight lines, circles, and helices) and allows an almost direct form of arclength
parameterization. This simple relationship is unusual. Most curves modeling prac-
tical objects have variable curvature, and other than the fact that both s and ¢ are

monotone and increasing, no other guiding relationship may be assumed.

In general, the problem may be described as follows. Consider the following

more general form of (1.2) to obtain the arclength:

sty = [ Il dr= [ \/am) - () dr (1.6)
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For most curves Q(?), it is impossible to integrate (1.6) in an analytic fashion, and
even when this is possible, deriving an expression for ¢(s) from (1.6) may be im-
possible. As a result, (1.6) does not usually lend itself to a practical representation
[40][47]. The ideal solution mentioned in Section 1.1 is therefore rarely possible; so
1t is necessary to search for numerical methods to calculate the arclength and to

approximate an arclength re-parameterization.

1.4 Existing Methods

Existing methods that are available for generating reference points are mentioned

next. Some of them are examined further in the succeeding chapters.

1.4.1 Direct Generation with “t”

In this method, the dimensionless parameter ¢, at which Q(t) is evaluated, is used
to generate reference points along the curve. A set of N + 1 uniformly spaced
reference points may be approximated by evaluating Q(t) at points at the following

parameter set:
{ti:iAt|At:%,i:O,l,...,N}. (1.7)

This method is simple and is sufficient for curves that possess constant curvature,
but is unsuitable otherwise as it appears that reference points generated by {t;}
cluster in regions of high curvature, and are sparse in regions of low curvature.

Figure 1.1 illustrates these observations.
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Figure 1.1: Two eighth-degree Bézier curves with reference points generated by a

uniformly spaced set {t;}, as defined in (1.7).

1.4.2 Sharpe & Thorne’s Method

The method described by Sharpe and Thorne in [40] is a numerical technique that
can accurately produce reference points at the prescribed offsets. However, it has a
high computational cost associated with “extracting” the corresponding parametric
value for each reference-point to be generated. Consider the following non-linear
equation used to find the V41 parameter values needed to generate N +1 reference

points:

M) = /:_1 JUM) Q) dr— £ =0, i=1.N, (1.8)

where ¢;_; is the parameter value corresponding to the last computed reference-
point, the solution ¢ = #; is the value corresponding to the next reference-point,

and £; is the desired length, at which the next reference-point is to be generated.
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In order to obtain ¢;, a few Newton-Raphson iterations are applied:

Mria)

—ti., j=12.. .k 1.9
M'(r;1)’ o o J (1.9)

Ti = Tj-1—

where M'(7;) is the derivative of M(7;). The value of #; is given by 75, where £ is

the number of iterations required for convergence to an acceptable accuracy.

For applications requiring real-time processing, or those requiring only an ap-
proximation of uniform spacing of reference points, this method is may be imprac-

tical.

1.4.3 Farouki’s Method

Recently, Farouki developed a method that approximates arclength parameteriza-
tion of Bezier curves [18]. The algorithm starts by first transforming the given
polynomial Q(t) into a rational function Q(%) so that a set of weights w;—g.n, 7
being the curve degree, is available for manipulation. The values of w; are deter-
mined in such a way that the parameter ¢ is the best approximation to the arclength
parameterization. The algorithm is mathematically involved and is not as accurate
as the Sharpe and Thorne method, nevertheless, it is fast enough for real-time
processing requirements and should therefore be suitable for many speed-critical

applications.

1.5 Special Curves

Although most curves in practical use do not have a closed-form expression available
for (1.6), there are some exceptions, two of which are the Pythagorean-hodograph

curves, and the clothoid (or Cornu spiral). They are mentioned next.
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1.5.1 Pythagorean-hodograph Curves

Pythagorean-hodograph curves were introduced into the CAD and CACD literature
by Farouki & Shah [22]. Consider the following curve:

Q1) = {=(t),y(1)}. (1.10)

Q(t) is said to have a Pythagorean-hodograph if its derivative Q/(t) = {2'(¢),y'(t)}

is such that there exists a parametric polynomial o(t) satisfying:
az(t) = x’Q(t) + y'z(t). (1.11)

These curves are convenient because their arclength may be obtained in closed form
(polynomial) at any point on the curve. They also have the advantage of having

rational offsets.

1.5.2 Clothoids

Clothoids are another family of curves which have a closed-form expression for the
arclength, in addition to other properties described in [33][34][39][43]. However,
clothoids also have limitations that make them impractical for general curve design
purposes. For example, the position of any point on the clothoid is given in terms
of integrals, whereas in CAD and CAGD applications, one usually prefers to work

with polynomial curves.

1.6 Objectives

It is the objective of this dissertation to examine the problem of arclength calcula-

tion and arclength re-parameterization in detail, and to survey and offer alternate
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solutions for the steps in the ideal solution (steps (a), (b), and (c) from Section 1.1),

that is:

e Survey and propose methods for computing the arclengths of parametric curves.
The methods are generally numerical in nature. Some are highlighted as re-

liable arclength calculating methods.

e Develop methods that approzimate arclength parameterization. The relation-
ship between the arclength s and the parameter ¢ is exploited, and an ana-
lytical interpolation method that approximates the intrinsic function (s) is

developed, with application of generating uniformly spaced reference points.

The primary objective is to examine the feasibility of using a single functional
entity (rather than a piecewise function such as a spline) to approximate #(s).
Not only is such an approximation convenient for reference-point generation, but
it would also be valuable in analyzing properties of curves, e.g., the curvature is

usually known as a function of ¢, but actually depends on s.

1.7 Organization

This thesis is divided into six chapters. Chapter 2 presents an overview of arc-
lengths of some curves used in CAGD/CAD:; it serves as a literature review and
also provides the foundation necessary for the development of methods to be sur-
veyed and proposed in later chapters. In Chapter 3, several methods for calculating
the arclength are presented for different curves, and methods for approximating arc-
length parameterization are introduced. Chapter 4 serves as the application part

of this thesis: reference-point generator algorithms are presented; experiments are
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carried out to illustrate capabilities of the proposed methods through examples and
comparisons with other existing methods. Chapter 5 gives an insight into the cost
of running the algorithms discussed in the Chapter 4, and shows how the method
proposed in this thesis may be modified to produce accurate results. Finally, Chap-
ter 6 concludes the thesis with a general summary of the work accomplished, and

points out interesting related areas for future work.

This thesis focuses on planar curves because they are more convenient to visu-

alize. The results extend easily to space curves as indicated in [22][26].

1.8 Notation

Following is a list of symbols and abbreviations used in this thesis. The lists are
arranged in alphabetical order, and serve as a quick index for abbreviations partic-

ular to this thesis.
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BPF
CAD
CAGD
CAM
CcC
CNC
F-OP
MPM
PM
PH
PHC
RP
RPG
ST

n dimensional Euclidean space

Number of Simpson intervals (always even)
The total arclength

Number of chords used to approximate a curve
Number of reference points

Curve degree

A parametric Bézier curve

The set of real numbers

The ¢th reference-point

The set of positive integers

Basic parametric flow Algorithm
Computer-aided design

Computer-aided geometric design
Computer-aided manufacturing
Cumulative Chordlength Algorithm
Computer numerical control

Farouki’s optimal parameterization method
Modified proposed method

Proposed method
Pythagorean-hodograph
Pythagorean-hodograph Curve Algorithm
Reference-point

Reference-point generator

Sharpe & Thorne Algorithm

11



Chapter 2
Practical Curves

This chapter surveys some common curves used in CAGD /CAD with respect to the
problems discussed in Chapter 1. The dissertation is focused on parametric curves
that are represented in Bézier format. These representations provide powerful tools
that have been proven to be practical in design and analysis of curves and surfaces

[15]25][28].

The chapter is organized as follows: Section 2.1 gives a general introduction to
Bézier curves of several degrees. It is emphasized how the problems of arclength
calculation and arclength re-parameterization are more difficult as non-linearity
is introduced. Section 2.2 discusses Pythagorean-hodograph (PH) curves. Sec-
tion 2.3 gives a general definition of B-spline curves, with particular emphasis on
uniform B-splines because of their simple relationship to Bézier curves. F inally,
Section 2.4 concludes with a general summary, and discusses the problems of arc-
length calculation and locating reference points (by using/approximating arclength

parameterization) with respect to the curves discussed.



CHAPTER 2. PRACTICAL CURVES 13
2.1 Bézier curves

Bézier curves of any degree can be represented by special polynomials known as
the Bernstein polynomials. Bézier curves are defined as:
Q(t) = > p:Bin(t), 0<t<1, (2.1)
1==0

where B;,(t) are Bernstein basis functions:

n -

Bin(t) = (1 —t)~ ¢, (2.2)
?

n denotes curve degree, and p; € JE? are the Bézier points that constitute the

guiding polygon of the curve.

Geometric properties of Bézier curves follow from the properties of Bernstein
polynomials and can be found in [15][41]. Some of the properties of interest here

are:

e Affine invariance: Transformation operations such as translation, rotation, or
uniform scaling that are applied to the curve leave the ratios of the lengths

of the control polygon legs, and the angles in the control polygon unchanged.

e Endpoint interpolation: That is: Q(0) = po and Q(1) = p,. The design of

curves becomes more intuitive and is simplified because of this property.

e Convex-hull property. A Bézier curve always lies inside the convex-hull of its
control polygon. This facilitates the study of the curve’s behavior, such as

knowledge of how the curve behaves away from the end points.

It is first shown how the problems of arclength calculation and arclength re-
parameterization are trivially solved for linear Bézier curves. These problems are

more challenging for higher degree Bézier curves.
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2.1.1 Linear Bézier Curves

Linear Béziers are straight lines in € JE%. Letting n = 1 in (2.1), the following is

obtained:

P =Q(t) = po(l — 1) + put. (2.3)

The points pg and p; are the end points of the line segment defined by Q(t), and
P is a point on the line. Setting the parameter ¢ = 0 causes p to equal pg, setting
¢t = 1 causes p to equal p1, any other value for ¢ € (0,1) is an internal point on the

line segment Q(t). This is illustrated in Figure 2.1.

t ¥
//// pl e
p P -
— 1=t
P
P, —
o
_—
- Q)

Figure 2.1: The two points po and p; delimit the line segment defined by Q(%).
The point p divides Q(%) in the ratio £ : 1—%.

The point p divides the straight line segment defined by Q(2) in the ratio ¢ : 1—¢;
such a point is referred to as a barycentric combination of the end points pp and
p1- In this regard, ¢ is considered to be a normalization of the arclength. The
following derivation shows the linear relationship between ¢ and the arclength. Re-

arrangement of {2.3) gives:

P = po — t(P1 — Po)-
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Solving for ¢ gives:

¢ — AP —pol|. (2.4)

P2 = poll’
The relationship between t and any point p = Q(t) can be readily seen from (2.3)

and (2.4): Any value for ¢ in (2.3) defines a unique point p, and substituting p in
(2.4) gives t back.

Furthermore, by letting the arclength be s = ||p — pol|, and the total arclength
be £ = |[p1 — po|| in (2.4), the following fundamental relationship between ¢ and s

may be written as follows:
t= t(s) =s/L, 0<s<L, and (2.5)
s= s(t) =Lt (2.6)
This straightforward relationship between ¢ and s is of great practical importance
to architects, draftsmen, or any designers whose designs and drawings are made
up of straight lines: Equation (2.5) gives a ¢ corresponding to a desired arclength

8, which in turn can be used in (2.3) to get the coordinates of the corresponding

reference point p.

Unfortunately, as it will be shown in the next subsections for non-linear Bézier
curves, this straightforward relationship is lost, so other techniques to obtain the

same benefits (resulting from the relationship between ¢ and s) are sought.

2.1.2 Quadratic Bézier Curves

Quadratic Bézier curves are parabolas represented by Bernstein polynomials [24].

Letting n = 2 in (2.1), the following quadratic Bézier equation is obtained:

P =Q(t) = po(1 — )% + 2p1(1 — 1)t + pot®. (2.7)
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Figure 2.2 shows a quadratic Bézier with its control polygon shown by the thin

lines. Quadratic Bézier curves are usually used in applications such as interpolation

Figure 2.2: Q(?) is a quadratic Bézier curve with points Pi=0,1,2- P 18 the point
Q(%) Loy = p1 — po and Ly; = p2 — p;. The tangent of Q(¢) at p is parallel to
the line pop2 and bisects Loy and Ljz. The line from p, passing through p bisects

segment pops.

of functional data, joining circular arcs and straight lines, and other applications
mentioned in [45]. The arclength of a quadratic Bézier curve can be obtained
in closed form. A derivation for obtaining the arclength s as a function of the

dimensionless parameter ¢ is shown next.

Consider the quadratic Bézier curve shown in Figure 2.3. The arclength s(t) is

determined by the integral:
¢
) = [ Q) dr,
0

- [Vem ama, (23)

Q'(t) = 2(p1—po)(l —1t)+2(ps — p1)t,
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Figure 2.3: Q(t) is a quadratic Bézier curve. To and T; are unit tangent vectors
with the arrows showing the tangential directions at po and p,, respectively; A and

k are magnitudes of the vectors p; — po and p; — p1, respectively.
= 2hTo(1 —1t) + 2kT,t. (2.9)
Taking the dot product of (2.9) with itself gives the following:
Q'(t)-Q'(t) = 4r*(1 —1)* 4+ 8hk(To - T1)(1 — )t + 4k%2,
= 4{(h? - 2hk(To - Ty) + K*)£+
(20k(To - Ty) — 2%t + h?} . (2.10)
Letting a = (h* — 2hk(To - T1) + k?), b = 2hk(To - Ty) — 2h%, and ¢ = A2, (2.8) is
rewritten as follows:

¢
s(t) =2 /g Vat? 4 br + cdr. (2.11)

Using tables of integrals [4, p. 57], (2.11) is evaluated to give the following:

t

log(2at + b+ 2vad) | , (2.12)

0

2atr +b ~ 4dac— b?
t)y =2
s() [ 4a Vet 8a+/a

where ® = a7® + b7 + c¢. The total arclength £ can be determined by evaluating
(2.12) at t = 1.
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Equation (2.12) shows how the arclength s can be determined as a function
of ¢ for a quadratic Bézier curve, just as was the case with (2.6) for linear Bézier
curves. It can be seen how the cost and complexity of obtaining an expression for
the arclength of a quadratic curve is significantly more than the corresponding cost

for a linear curve.

Furthermore, whereas an expression for obtaining ¢ as a function of s for linear
Bézier curves is simple to derive as shown by (2.5), an expression for ¢ as a function
of s is not available for quadratic Bézier curves. The symbolic processor XMaple,
for example, was unable to express t as a function of s in (2.12). This problem will
be dealt with in the next chapter where a numerical method that approximates ¢

as a function of s is presented.

2.1.3 Cubic Bézier Curves

Many real-world objects are inherently both complex and smooth, and much of
computer graphics involves modeling either already existing real-world objects (such
as faces, mountains, maps) or designing objects “from scratch” (such as fuselages,

highways, ...) [25, p. 471].

Because the classes of curves that are generated by an nth-degree polynomial
are a superset of those generated by a lower degree polynomial, additional flexibility
can be attained by using higher-degree curves. Figure 2.4 illustrates this flexibility
concept with some cubic Béziers. It should be noted that it will take at least two

quadratic Bézier curves in order to obtain any of the shapes in Figure 2.4.

The shape of the Bézier curve can be controlled by adjusting the vertices of its
control polygon; certain positions of these vertices will exhibit curves with inflection

points, loops, or cusps such as those shown in Figure 2.4. Expressions on the
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Figure 2.4: All the curves in this figure are one-segment cubic Bézier curves. These
curves reflect the flexibility with which objects can be modeled. Figures (a) & (d)
show different C-curves; (b) & (e) exhibit a cusp and a loop, respectively: (c) shows
how an object like a nose may be modeled; both (c) & (f) show forms of S-curves
and therefore each has an inflection point; and finally, (g) shows a mountain-shaped

object that has two inflection points.

number of inflections points, loops, or cusps that may result from a parametric

curve of degree n are given in [41, pp. 103-112].

Substituting n = 3 in (2.1) results in the following cubic Bézier expression:
P = Q(?) = po(1 — t)° + 3p1 (1 — )% + 3pa(1 — t)£® + psts. (2.13)

Figure 2.5 shows a cubic Bézier curve with its control polygon shown as thin lines.

Generally, for low degree Bézier curves, the curve mimics the control polygon rather
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Q(z)

Figure 2.5: A cubic Bézier S-curve.

closely. End points are interpolated since Q(0) =po and Q(1)=p,. Tangent vec-
tors at end points are Q'(0) = n(p; — po) and Q'(1) = n(p, — Pn_1), respectively.
A Bézier curve always lies inside the convex hull of its control polygon (see Sec-

tion 2.1). The convex hull of Q(¢) in Figure 2.5 is the quadrilateral with vertices
Po, P1, P2, Ps.
An advantage of the control polygon is that it indicates a range that £ is

bounded by; for cubic Béziers for instance, the value of £ will always satisfy the

following inequality® relationship [38]:

IPs = Poll < £ < |lp1 — pol| + ||p2 — p1]| + Ilps — pal, (2.14)

Inequalities (2.14) and (2.15) become equalities only when all points pg through p, are

collinear.
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or more generally for any Bézier curve:

[P — Poll <L < |lpr —poll + Ip2 = pall + - + [P — Pazs- (2.15)

In critical applications, however, where the exact (or very close to the exact) L
1s needed, usage of (2.15) is impractical since it only gives an upper and a lower
bound on L. A closed-form expression for the arclength of general cubic Bézier
curves is not available. Numerical methods for calculating the arclength appear to

be the only option. Some methods are described in Chapter 3.

2.2 Pythagorean-Hodograph Curves

Recently, Farouki and Sakkalis in [22] identified a special class of Bézier polynomi-
als; closed-form expressions for their arclength as a function of the parameter are
available. These are the Pythagorean-hodograph (PH) Bézier curves. In the next

two subsections, their properties and their algebraic construction are described.

2.2.1 Properties & Related Issues

PH curves possess the following important properties (see [17][22]):

e Their arclength is expressible in closed-form as polynomial functions.

e A method for approximating arclength parameterization exists. The method
combines both analytical and numerical algorithms and is rather lengthy.
However, precision of up to 12 decimal digits is obtainable in a few Newton-

Raphson iterations.
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e Their offsets are representable by rational independent curves?. In CAD ap-
plications such as highway design and railway route location, CNC machining,
or in the textile or shoe industry, the generation of offset curves is desirable.
An offset curve to Q(t) that is +d units away from it, in the direction of its-
unit normal N(¢) is defined by Q(t) = Q(t) £ dN(2).

When rendering offset curves, loops or cusps may result [29]. Tt is desirable
to represent the curve independently to facilitate direct manipulation of the
resultant curve, rather than having its representation be dependent on the

original curve. Further material on offset curves is found in [14][34].

Generally, independent representations of offset curves can not be obtained
in polynomial/rational form; they are usually irreducible algebraic formulas

of high degree [17].

There is a price, however, to pay for the aforementioned attractive properties.
Besides the complexity of their algebraic and geometric construction, PH curves
have fewer degrees of freedom than the general Bézier curves of the same degree.

A lemma in [22] states that:

PH curves of degree n have (at most) n+3 degrees of freedom, i.e.,
n—1 fewer than the 2(n+1) degrees of freedom associated with general

polynomial curves of the same degree.

To see this, consider the cubic Bézier curves shown in Figure 2.6. In order for

these curves to qualify as PH curves, the following two conditions must be met (see

Theorem 1 in [22]):

L2 = '\/L1L3 and 01 = 92. (216)

?In [34], Meek and Walton define offset curves as “the locus of points which are a fixed per-

pendicular distance away from the curve”.
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Hence, for PH cubics, only 6 degrees of freedom are available for design purposes,

L,

62 L3

%) L,

Figure 2.6: L; = ||p; — pi—1||. Two PH curves satisfying the conditions of (2.16).

as opposed to 8 degrees of freedom available to general cubics. This makes PH

cubics inconvenient for interpolation and modeling purposes.

Other constraints on PH cubics stem from the fact that they are segments of a
single curve known as Tschirnhausen’s cubic which dates back to 1690 [17]. It is

defined as follows:

T(t) = {r (t* - 1), % t(t? — 1)}, (2.17)

where —r is the z-axis intercept. The curve on the left in Figure 2.6 may be con-
sidered as an instance of Tschirnhausen’s cubic (with end-points at infinity since
—00 < ¢ < 00). In this regard, the curve on the right in Figure 2.6 may be con-
sidered to be a small segment of that on the left (after applying suitable transfor-
mations such as rotations, uniform scalings, and bounded parameterizations). PH
cubics cannot exhibit cusps or inflection points. These constraints and rigidities
enforced on the shape of the curve may be alleviated by using PH quintic curves,

but the complexity and the cost of using them is more involved.
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Further references to PH curves can be found in [19][21][37] and the references

therein.

2.2.2 Algebraic Counstruction

Recall from Subsection 1.5.1 that a curve Q(t) = {z(t),y(¢)} has a PH if the
expression z'*(t) + y'*(t) is the square of a polynomial o(t) [17]. This triple

{«'(1),y'().o(t)}

satisfies:
() = w(t)— (1),
y'(t) = 2u(t)v(t), (2.18)

o(t) = wi(t)+v2(),

for a PH cubic, where

u(f) = ug(l — &) + uqst
(£ = ol = t) - u . ui,vi, € Ri=0,1. (2.19)
U(t) = ’1)0(1 - t) -+ ’Ult

The control points of a cubic PH are constructed as follows:

P1 = Po + 3(ud — v§, Zuvy),
P2 = p1 + %(uOm — Vov1, UgV1 + UVp), (2.20)
Pz = p2 + %(iﬁ — 0%, 2uqvy),

where py is arbitrary.

Similarly, a quintic PH may be constructed by defining u(t) and v(t) to be the

following two quadratic polynomials:

u(t) = uo(l — ) + 2uy (1 — £)t 4 ugt?

,  u,v; € R1=0,1,2, (2.21)
v(t) = vo(1 = £)% + 201 (1 — ¢)t + v,t? }
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with control points defined as:

P1 = Po + %(u% — 08,2’&0@0)7
P2 = p1 + %(UOUI — VU1, UgV1 + U1Vg),
Ps = p2 + lz—s(u% — vZ, 2uyvy) + Ilg(uouz — VgV, Ugl2 + UsVg), (2.22)
P4 = P3 + %(UIUZ — U1Vg, U1Vg + Uy ),
Ps = P4 + ‘é‘(u% - U%,Quzvz),
where pg is arbitrary. The following constraints on the values of {uo,u1,us} and

{vo, v1,v2} must hold [20]:

1. Neither {uo, u1,us} nor {vg,v1,v5} may be set to {0,0,0}.

2. Either {uo,u1,u2} or {vo,v1,v2} may be set to {k, k, k}, but not both, where
k€ IR and k # 0.

3. The inequality (usvo — uovs)? # 4(ugvy — u10) (U102 — ugvy) must hold.

2.3 DB-spline curves

B-splines are widely used for approximating curves and surfaces. They are very

practical for design purposes as well as for modeling and interpolation purposes

[2][28].

A B-splines basis of order d (degree d — 1), with m+1 control vertices Vi=0,1,..m»
is defined by a recursive expression that was independently reached by de Boor [13],
and Cox [10]. Given a partition [...,¢_y,%,%1,%5,...] on the infinite real-line, the

basis may be written as follows.
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1, if i, <t< tiv1

Bi,l(t) =
0, otherwise
t—1; tigg—1
B:a(t) = r_—;Bi,d—l(t)‘Ft.__!-d—rBi—l-l,d—l(t)? (2.23)
id—1 — b t+d T bidd

where 2 < d < m+1. A B-spline curve is defined by the following expression:
m+1
Q1) = Y viaBia(t), taei <t <tmpr (2.24)
=1

Some properties and advantages of B-splines are mentioned next.

e The sum of the B-spline blending functions on the interval [, tir1] 1s unity

(assuming that all basis functions are > 0). That is:
i+1
> Biut)=1, d—1<i<m. (2.25)
j=i-d42

implying that the convex hull property holds for B-splines.
e Compact support, i.e., B;g=0fort <t t>t,
e Each segment of a B-spline curve is influenced by d vertices.
e Any single vertex influences the shape of at most d curve segments.

e Automatic C%? continuity over the internal m —d + 1 knots, resulting in

smooth curve and surface designs.

e Complex curve shapes may be attained by using a large number of control
points, rather than using a high degree curve. This is a major advantage over

Bézier curves.
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The relationship between a B-spline curve and its control polygon is not as intuitive
as it is for Bézier curves; the end points of the control polygon are not interpolated
and some geometry is needed for manual construction of the curve, as shown in
Figure 2.7. Mechanisms for understanding the relationship between a B-spline curve
and its control polygon are found in [35]. In addition, B-spline basis functions are
more complex than the Bernstein’s. Depending on the knot vector format, several
types of B-splines may result [2][3][25]. Only uniform B-splines are considered in
this thesis.

Figure 2.7: Both curves in this figure are cubic B-spline curves. The one on the
left shows a one-segment curve with its control polygon represented by the thin
lines. To determine the starting point of such a curve, a line is drawn from Vo
to va, vovy is then intersected by vic at ¢ = %(vo + v3), the starting point is
s =vy+ %(c — vy). The end point is obtained in a similar manner. The curve on
the right shows multiple segments joined together with continuity preserved at

the joints.

Uniform B-splines are so named because of the knot vector used to generate
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them; it has the following format:
{to, T, * oy tmgd=1, bmgd}s  Gi<tiz1, tipr—t;=t;—ti_1. (2.26)

Any segment in Figure 2.7 for example may be generated by the following knot,

vector:
{0, 1, 2, 3. 4, 5, 6, 7}3 d=4, m+1=4. (2.27)

Substituting (2.26) into (2.23) and (2.24) for n = 3 yields the following matrix

expression for a uniform cubic B-spline.

103 3 1] v ]
1 3 —6 3 0 v
Q=g # ¢ 1 ' (2.28)
3 0 3 0/ v
14 1 0| v

In addition to the previous mentioned properties, one of the main advantages in
using uniform B-splines is that the Bézier control points defining the same curve
segment are easily locatable. This is illustrated in Figure 2.8. To convert the
representation of the middle B-spline segment defined by Viz1,234 in Figure 2.8
into a Bézier format, for example, the Bézier control points Pi=0,1,2,3 defined in

(2.13) are set to the following:

Po =& (vi+4vy+va),
=1 2vy+v
Pr =35 (2vatvs), (2.29)
P2 = % (v + 2v3),
pPs =% (Vva+4vs+vy).

The advantages of this dual-representation is that while a curve can be flezibly

designed using B-spline basis functions, tasks such as finding the arclength [17][21]
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>
>
5d
>

Figure 2.8: In this figure, the thin lines connect the control points of the cubic
B-spline represented by the x’s. The larger dots on the curve are the places where
cubic B-spline segments join with C? continuity, they also denote the start and end
vertices of the corresponding cubic Bézier. The smaller dots on the polygon denote

the inner control points of that Bézier segment.

[22][23], repeated subdivision [15][25], curvature analysis [42], and other tasks that

have been investigated for cubic Bézier curves can be applied to cubic B-splines.

2.4 Summary

Bézier curves of several degrees were introduced. It was shown how the problem
of calculating the arclength increases in complexity as the order of the polynomial

increases.

PH curves were introduced. It was shown how they avoid some of the key
problems (see Chapter 1) inherent in other parametric curves, but that they have

their own shortcomings that affects the freedom of design.

Uniform B-splines were included because the results of this thesis are applicable
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to designs employing them. It was shown how any segment defined as a uniform B-
spline curve may be represented in Bézier format; so the results of this dissertation

are directly applicable to uniform B-spline curves.

As for the problem of arclength parameterization, it is shown how the introduc-
tion of non-linearity in polynomials of degree > 2 makes it difficult or impossible

to solve for the parameter ¢ as a function of the arclength s.

In the next chapter, several methods for calculating the arclength are presented.
In addition, some existing methods for generating reference points along parametric
curves will be listed, and a new approach with results and performance comparable

to existing methods is proposed.



Chapter

Arclengths and Point Locating

In Chapter 2, an overview of the problem of evaluating arclengths of different curves
was presented. Only a few curves possess the property that their arclength can be
expressed in closed form. It is therefore inherently difficult to search for arclength-

parameterizable expressions for parametric curves in general.

The problem of solving for the arclength of a curve as a function of the curve
parameter, or solving for the parameter as a function of the arclength of a curve
was also shown to be trivial for simple curves (as discussed in Subsection 2.1.1),

but that finding such solutions becomes difficult as the curve’s degree increases.

In this Chapter, several methods for computing the arclength of general para-
metric curves are presented, and methods that are designed to extract an arclength
parameterization for certain parametric curves are discussed. The chapter con-
cludes with a proposed method that approximates the arclength parameterization

for any parametric curve.

Chapter organization is as follows: Section 3.1 presents several methods for

computing the arclength of various curves. Arclength calculation is needed because

31
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many reference-point generating algorithms depend on the arclength a priors as
input, for normalization purposes and other purposes discussed in Chapter 4. In
Section 3.2, the problem of solving for the parameter ¢ in terms of the arclength s is
illustrated for some special curves. It is assumed from Section 3.2 onwards, that a
parametric curve Q(¢), with total arclength £ is given. In Section 3.3, a method to
approximate arclength parameterization is presented. The method approximates
the function #(s) for any regular, parametric curve of any degree. This enables
the systematic generation of reference points along the path of a curve. Section 3.4
concludes this chapter with an illustration of how a simple reference-point- generator
algorithm is used to generate a set of reference points along the path of a linear
curve. This problem is more deeply investigated in Chapter 4 for higher-degree

curves.

3.1 Arclength Calculation

To calculate the arclength s(t) of a parametric expression Q(t), one first attempts

to obtain a closed-form expression for

s = [ Vo) o, 6.

because (3.1) provides optimal precision with minimum computation. However, this
type of integral is not usually expressible as an algebraic function [17][40][43][47].
It is therefore necessary to resort to numerical techniques to compensate for the
lack of a closed-form expressions. It is the intent of this section to list closed-form
expressions for curves which possess them, and present several numerical methods

to obtain the arclength of any curve presented in a parametric form.
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In the following four subsections 3.1.1-3.1.4, curves that have closed-form ex-
pression for the arclength are discussed. The last two subsections 3.1.5-3.1.6 present
numerical techniques that may be employed when a closed-form solution does not

exist.

3.1.1 Linear Curves

Linear curves are the simplest case to consider. They are used extensively by
architects or draftsmen whose models consist mainly of straight, intersecting lines

(e.g., for designing buildings, sharp-edge devices, etc.).

Given two points in a plane, po = {0, 0} and p1 = {z1,y:}, the arclength can
be obtained by measuring the length of the line that passes through them. Letting
n=11n (2.1) gives:

Q(?) = po(1 — 1) + put. (3-2)
The arclength of (3.2) may be determined by the following expression:

st) = [ Q)] ar,

_ /Ot (21— 20)? + (31 — yo)? dr. (3.3)

The square root term of (3.3) is simply a number £ = ||p; — po||, so
¢
s(t) = / 0dr = [t+], = ¢, (3.4)
0

The total arclength £ may be evaluated by setting ¢ = 1 in the above expression:

L=s(l) =4 (3.5)
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3.1.2 Quadratic Curves

Quadratic curves are represented by second-degree polynomials. Letting n = 2 in

(2.1) results in the following expression (2.7):
Q(t) = poll —1)* + 2p1(1 — t)t + pat”. (3.6)

The arclength of any quadratic curve may be obtained by the following expression

(2.12):

4

2ar + b dac — b?
1 Vo + Sav/a log(2at + b+ 2vad) .

where ® = a7? 4 b7 + ¢, and a, b,and ¢ are as derived in Section 2.1.2. Again, the

s(t) =2 (3.7)

total arclength £ is obtained by evaluating (3.7) at ¢ = 1.

3.1.3 PH Curves

PH curves were presented in Section 2.2. It was mentioned that they are a subclass
of general Bézier curves and they have fewer degrees of freedom. PH cubics, for ex-
ample, must satisfy the constraints outlined by (2.16), and PH quintics must satisfy
the constraints outlined in Section 2.2.2, in addition to a geometrical constraint on

the polygon legs lengths as mentioned in [22]:

LQ/L4:\/L1/L5, LZZ “pz“pz—l“, 221,2,,5 (38)

The arclength of a PH curve of odd degree n is obtained by the following closed-

form Bernstein basis functions,

s(t) = é Sk ( Z ) (1 — )~ F¢k, (3.9)
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1 k-1

so=0, sp=—> 05, fork=1.n, (3.10)
n =

and o; is defined by

m m
min(m,j) i j—i

for j =0,1,...,n—1, m = %(n — 1), and w;,v; € IR, with constraints described in

Section 2.2.2.

(uiuj_i + Q)i’l)j_i), (3}1)

Cubic PH Curves

The arclength of a cubic PH curve is obtained by setting n = 3 in (3.9). The

resulting ¢;—g1,2 from (3.11) are as follows:
o0 = u + vg,
01 = UpUy + vouy, (3.12)
o2 = u? + vi.
The total arclength £ is obtained when (3.9) is evaluated at t = 1, which is:

0o+ 01 + 09

L=s(l) = ;

(3.13)

In addition to (3.13), the following expression given in terms of the geometry of the

polygon legs also determines the total arclength of a cubic PH curve (see Figure 2.6):
L= Ll — L2 cos 0 + Lg, 0 = 91 = (92. (314:)

See [21] for more details on (3.14).
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Quintic PH Curves
For a quintic PH curve (n = 5), (3.11) gives 001, .4 in the following manner:

0o = ug + vf)?a

01 = UpUy + VoV,

o2 = 2(uf + v}) + %(uouz + vovs), (3.15)
03 = U Uy + V1V,

04 = u% —I—v%.

The total arclength given when ¢ = 1 in (3.9) is:

0o+ 01+ 02+ 03+ 04

L£=s(l)= 5

(3.16)

Generally, for a PH curve of degree n, the total arclength is given by the following

expression:

oot o1+ -+ on
- :

L=

(3.17)

3.1.4 The Helix

The helix is a parametric curve in [E® with a closed-form expression for the arc-

length. It is defined parametrically by

Q(t) = {acost,asint,bt}, a,be IR, (3.18)
with arclength

s(t) = Va? + b2 t. (3.19)

For theory and applications on helices, see [5][9][47].
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3.1.5 Cumulative Chord-Length Approximation

Cumulative chord-length approximation, or piecewise linear approximation, is the
process of determining the length of a curve by summing the approximating poly-
gonal segments to that curve. The error that results from this method can be made
arbitrarily small by using smaller polygonal arcs to approximate the given curve

[25, p. 472][31].

In order to calculate the arclength of Q(t), let v; = Q(;),7 = 0,1,...,S, the
number of polygonal segments used to approximate the curve, so that the points
Vo, V1, -, Vg form P, the piecewise approximating polygon to Q(t). The arclength
of Q() can be approximated by summing all the segments ||v; — vi_1]| of P for

t=1,2,---,3. That is, the arclength s(¢) at ¢t = #; = k/S is approximated by
k
s(t) = Y _|lvi—viall, where k€ [1,9]. (3.20)
i=1

The total arclength £ is obtained from (3.20) when & =

3.1.6 Calculating Arclengths with Simpson’s Rule

Simpson’s rule is a much more accurate method than the chordlength method
described in the previous subsection for finding the arclength. It is chosen for the

work accomplished in this thesis for the following reasons:

e It is a very popular and frequently used rule in approximating integrals be-

cause of its high accuracy and relative simplicity [1][12][36].

e Error analysis may be initiated by using Simpson’s error term on the integral
expression (3.1). The significance of this is that it allows “fine tuning” to select

the number of intervals that reduces the error to an acceptable tolerance [12].
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Detailed description of Simpson’s method may be found in many calculus or
numerical-methods books [32]. A brief definition is given here.

Let I (even, preferably a power of two) be the number of Simpson intervals
used for Simpson’s rule, implying that Q(#) is approximated by 1/2 segments. The

function s(¢) may then be approximated as follows:

t—1g
37

s(t) = [ao + 4oy + 200 + das -+ + 2079 + 4oy + ag], (3.21)

where @;=q.1,..,1 = [|Q(%;)]|, and t,%o € [0, 1], with £ > t,.

3.2 The Parameter ¢t as a Function of the Arc-

length

In Section 1.3, the problem of solving for the parameter ¢ as a function of the
arclength s was introduced. It was emphasized that the non-linearity inherent in
(1.6) made it, in most cases, impossible to extract t on one side, and the rest of (1.6)

on the other side. Such an expression would result in an arclength parameterization.

In this section, the process of solving for ¢ is briefly reviewed for curves that pos-
sess closed-form expressions for ¢(s). In the next section, a proposed approximation

method for the function #(s) is introduced.

3.2.1 Linear Curves

In Section 3.1.1, it was shown that for linear curves, s(t) was a linear expression.

This linearity makes it straightforward to find the inverse function t(s), which is
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sought here. The resulting expression is:
t(s)=s/L, 0<s<L. (3.22)

See also Section 2.1.1 for further details of this derivation. Notice how simple a
process it is to generate reference points that are uniformly spaced along Q(t).

Section 3.4 discusses reference-point generation in more detail for linear curves.

3.2.2 PH Curves

PH curves have a closed-form expression for s(t), which have already been intro-
duced in Section 3.1.3 with (3.9). Unlike expression (3.22) however, t(s) here must

be approximated.

Like Sharpe & Thorne’s method in [40] (or Section 1.4.2 in this thesis), Farouki
considers each ¢; = #(s;) to be a real root such that s(t;) — s; = 0. It is therefore
necessary to develop a method that will obtain and refine each t;. A detailed
description of the mathematical derivation of this method is found in [17]. The

following are the main points.

Recall from Section 2.2.2 that the magnitude of the derivative of a PH curve of
odd degree n is given by

o(t) = [IQM = v/2"(t) +y2(t) = o(t) = u?(t) +v2(t). (3.23)

Since u(t) and v(t) of degree m = (n — 1)/2 are functions that may be written in

Bernstein form (see (2.19) and (2.21)), so can o(t):

o(t) = nfak ( nod ) (1 —¢)i=Fgh, (3.24)
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where oy, is given by (3.11). The parametric value ¢4 that generates a point Q(tq)
along the curve, with given distance s; from a known point Q(t,), where ¢, < tg4,

may now first be approximated by

Sd
U(tp)’

where s(t) here is defined by (3.9) and then refined by a few Newton-Raphson

To =1, + s(tp) < sq+s(ty) < L, (3.25)

iterations as follows:

8(Tj_1) — 4

o(7i-1)

. 7=1,2,...,k (3.26)

T; = Tj—1 —

The value assigned to ¢4 is 7, where k is the number of iterations required to

converge to an acceptable accuracy.

3.3 The Proposed Approximation Method

An abstract statement of the problem to be solved may be put as follows:

Given a point Q(%,) and a distance s, find the parameter ¢, such that

Q(tq) is a distance sq along the curve Q(t) from Q(%,).

It 1s the intent of this section, to develop the theory behind a method, based
on Hermite interpolation, that aims to solve the above problem by approximating
the function #(s) for any parametric curve. It is left to Chapter 4 to present the

practical results of this proposed approximation method.

In the following subsection, the steps taken to approximate the function t(s)
by a cubic polynomial are presented. The succeeding subsection examines the
approximation of #(s) using higher-degree polynomials. Again, it is assumed that

for a given curve Q(t), the total arclength £ has already been calculated.
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3.3.1 Using a Cubic Interpolation-Function

In all the expressions s(t) and #(s) seen previously, s is always a monotone increasing
function of the parameter ¢, and ¢ is always a monotone increasing function of the
arclength s. To address the problem put forward in the opening of this section,
however, knowledge of the rate of their variability with respect to each other is also
needed; the proposed approximation method attempts to capture this relationship,

and provides a meaningful accurate correspondence between the flow of # and s.

The idea is to first derive the function #(s) from s(t) for a general parametric
curve Q(t), and then approximate it by another polynomial function, using inter-
polation techniques such as Hermite interpolation [11][15][25]. Attention is first

focused on a cubic interpolator function f(s). Namely,
f(s) = as® +bs® + ¢cs +d. (3.27)

A higher-degree interpolator function h(s) is considered afterwards.

The inverse function of s(t) = [y ||Q'(7)|| dr may be derived as follows. First,

s(t) is differentiated to result in

$(1)= S = 1Ql (3.28)

From (3.28), t'(s) may be written as follows:

o _di 1
P TN (3:29)

Upon integration of (3.29), the following results:

s 1 .
#(s) = /0 e & (3.30)
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The complexity of #(s) is evident from the above expression, and an attempt to
simplify it may prove impractical in most cases. However, the value of t(s) at two
crucial parametric values is already known, namely, at s = 0 and s = L. Further,
for a cubic interpolator, two more pieces of data are needed to extract values for
the four coefficients of f(s) in (3.27): a,b,c and d. Equation (3.29) may be used to
obtain some of this data, the rest is inferred. The data from #(s) and #/(s) are used

as follows.

Since s =0 = t =0, it follows that
t(0) =0, (3.31)

and

!
IO

Since s = L == t =1, it follows that

t'(0) (3.32)

HL) =1, (3.33)

and

!
Sl

Differentiation of (3.27) gives

t'(£) (3.34)

f'(s) = 3as® + 2bs + c. (3.35)

The four coefficients of f(s) may thus be determined in the following manner:
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1. d is obtained as follows:
f0)=¢0) = d=0. (3.36)

2. ¢ is obtained as follows:

1
c= :
1Q (o)l
Now (3.33) and (3.34), in conjunction with (3.27) and (3.35) yield the following

(3.37)

two equations in two unknowns, namely:
all + L% =1—cL,

and

3aL? +2bL = _ c,

Q)]

from which a and b may be solved (note that ¢ is known from (3.37)). Hence

3. a is obtained as follows:

LY = ¢ g fer L Y_ 2
F(L)y=tL) = 52(+”Q,(1)“) 7 (3.38)

4, And b is obtained as follows:

FL) =t(L) — b= % et (3.39)

Now that the four coefficients have been determined, an approximate solution
to the problem statement put in the opening of this section may be proposed as

follows:

To determine the point on Q(t) which is a distance sy away from Q(t,),
evaluate Q(t) at tg = f(s, + s4), 0 < s, + 84 < L, where s, is the
arclength from Q(0) to Q(¢,).



CHAPTER 3. ARCLENGTHS AND POINT LOCATING 44
3.3.2 Using Higher Degree Interpolation-Functions

For design and modeling purposes, cubic polynomials are widely used in practice
for their relatively low degree and high accuracy [15][17][41]; their flexibility will
be evident from the examples shown in Chapter 4. However, at the expense of a
few more coefficients to be determined in a higher-degree interpolation function, a

quintic polynomial is put to the test.

Following the same method used for determining the required coefficients for
f(s) in (3.27), we start by defining a quintic polynomial A(s) to approximate #(s)

as
h(s) = as® + bs* + cs® + ds?® + es + g. (3.40)

Six equations are required to determine the coefficient in (3.40). They are chosen

to correspond to h(0), A(L), A'(0), R'(L), "(0), and A"(L), where

h'(s) = 5as® + 4bs® + 3cs® + 2ds + e, (3.41)
and

R"(s) = 20as® + 12bs* + 6cs + 2d. (3.42)

As for the cubic case, #(s) and its derivatives are used to provide the necessary
data to determine the coefficients in the above equations. That is: ¢(0), t(£), #(0),
t'(£), 1"(0), and ¢"(L), where t(s) and ¢'(s) are described by (3.30) and (3.29),
respectively, and t”(s) is obtained by differentiating (3.29) to give

mgye Ly d ) 1 |dt
o) =Gt dt{HQ'(t)H} I (343)
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Hence

Mg — _ {Q,(t) ) Q”(t)}

S TOREIOIE 4
Evaluating ¢”(s) at s = 0 and s = L gives:

" - {QI(O) ’ Q”(O)}

A (ORI (349)
and

t”(ﬁ) — {Ql(l) ) Q”(l)} (34:6)

IRCIORI0)E
respectively. Based on the following equalities:
h(0) =1(0), (L) = (L),
R'(0) =t'(0), R'(L)=1¢t(L), (3.47)
R'(0) = ¢"(0), (L) =t"(L),

a system of equations is formulated in the following manner:

o o o o o 1|[a] [ o
JO Y Y S | b 1
0 0 0 0 10 ¢ t'(0)
= (3.48)
5% 4£3 3L£% 2L 1 0 d (L)
0 0 0 2 00 e t"(0)
| 20£% 12L% 6L 2 0 0] |g ] | (L) ]
Using simple linear algebra techniques, the six coeflicients are solved for to give:
g =0
e = 1(0),
d = t"(0)/2,

(3.49)
¢ = {LY'(L)—6dL? —12¢L +20 — 8LH(L)} [ 2L8,

b = {3dL* — L%'(L)+8eL — 15+ TLH (L)} / LY,
a = {1—0bL'—cL3—dL?—eL} /L5
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Another way of solving this type of Hermite interpolation problem is by using the

two point Taylor interpolation in [11, p. 37]. See Appendix A for details on this.

Note that the coefficients of these interpolating polynomials are only computed

once for the curve to be approximated.

It is left to Chapter 4 to state observations about using the quintic, or higher-
degree interpolating polynomials, rather than using f(s), the cubic interpolating

polynomial defined in Section 3.3.1.

3.4 Reference-Point Calculation

In generating reference points along the path of a curve Q(t), technical applica-
tions may require the spacing between adjacent reference points on the curve to be
constant (uniform), linear, or even as a function of the curvature of the curve [23].
To compare the various algorithms for generating reference points, as discussed in
Chapter 4, uniform spacing between adjacent reference points will be used in this

thesis.

In this section, reference-point generation is considered by generating a uni-
formly spaced set of reference points along a linear curve. Chapter 4 contains a
detailed discussion and application of several reference-point-generator algorithms
as applied to general polynomial curves.

Consider the linear curve Q(¢) shown in Figure 3.1. To generate a set of N + 1
reference points r;,2 = 0,1,..., N, uniformly spaced as shown in Figure 3.1, it is
necessary to determine the value of each t;, such that evaluating Q(t) at ¢t = t;,

results in the correct location of the corresponding reference point r;.

Because the relationship between ¢ and s in the above figure is linear (which
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Figure 3.1: A linear Bézier curve Q(¢) shown in the top of the figure. The lower

dotted line represents a set of points r; (translated down for visibility).

is true whenever the curvature is constant), each ¢; is calculated in the following

simple manner:
i = iAS, (350)

WhereAs:%v, andz=0,1,..., N.

In the next chapter, we present methods to generate reference points for non-
linear curves. That is, to determine each t; that generates the corresponding r; on

the path of Q(¢).



Chapter 4

Numerical Experiments with

Reference-Point Generators

In this chapter, the various approximators of the function #(s) are listed, com-
pared and contrasted by formulating them into algorithms designed specifically to

generate uniformly spaced reference points along curves.

These algorithms are called reference-point generators (RPGs), it is shown how
the different RPGs discussed in this thesis generate points along these curves; the
intention is to show how close the reference points generated by each RPG are to
corresponding reference points generated by an actual arclength parameterization.
Uniform spacing between adjacent reference points (RPs) is assumed throughout

this chapter.

Chapter organization is as follows. Section 4.1 introduces the sample test curves.
Section 4.2 lists and discusses the various RPG methods presented in this thesis in
an algorithmic fashion. In Section 4.3, the result of applying the algorithms from

Section 4.2 on the sample curves from Section 4.1 is graphically illustrated. Note

48
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that in sections 4.2 and 4.3, the cubic interpolator version of the proposed method
(Section 3.3.1) is used. Section 4.4 discusses the result of applying some of the
algorithms to curves of high degree, such as ninth-degree curves. The chapter is
concluded in Section 4.5 with a general discussion on the reliability of the proposed

method presented in Section 4.2.2.

4.1 Sample Test Curves

In each of the following figures, a number of curves is shown. Most curves shown are
typical of curves used for general design purposes, others are included for purposes

of illustration.

The dot shown on each curve indicates the starting control point. The control
points for these curves are listed in Appendix B in normalized format (i.e., the total
arclength of each curve is unity); note that this does not change the shapes of the
curves shown since uniform scaling is an affine transformation. Affine transforma-

tions leave angles and line ratios unchanged [15] [25].

Figure 4.1: Quadratic curves. The one on the right was reproduced from [18].
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Figure 4.2: Cubic curves. The upper-right curve is a PH curve; the lower-right

)

curve exhibits a cusp.

™

%
O

Figure 4.3: Quartic curves. The upper-left curve was reproduced from [18].
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Figure 4.4: Quintic curves. The upper-right curve is a PH curves.

4.2 The Reference-Point-Generator Algorithms

This section lists the various RPG algorithms discussed in this thesis. The following
definitions and identifiers apply to all algorithms, unless stated differently.

N +1: the number of reference points (RPs) to be generated
Q(t): a parametric Bézier curve (see Eq. (2.1)), t €[0,1]
n: curve degree

L: the total arclength of the given curve

AL: L/N

pi: Beézier control point, 1 = 0,1,2,...,n

r;: the set of resulting RPs, 1 = 0,1,..., N, where ro and ry are the
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points po and p,, respectively

ti: the parameter values corresponding to the reference points, r; = Q(%;)

[t is assumed that £ has been calculated to a satisfactory precision for algorithms
that need it. Note that the parameterization of Q(¢) is such that to = 0 and ty = 1
generate the RPs that lie on po and p,, respectively; so these two points are not re-
generated. For convenience, the following abbreviations are used for the algorithms

discussed herein.

BPF: basic parametric flow;

PM: proposed method (cubic interpolating function);

PM-5: proposed method (quintic interpolating function);

F-OP: Farouki’s optimal parameterization;

ST: Sharpe & Thorne’s algorithm;

CC: cumulative chordlength approximation;

MPM: modified proposed method (spline interpolating function); and
PHC: Pythagorean-hodograph curve algorithm.

The last algorithm in the above list is specific for PH curves. PH curves are
included here for comparison, as an alternative to curves for which the arclength is

not known in closed form.

It is left to Chapter 5 to examine the cost of running the following algorithms. -

4.2.1 Basic Parametric Flow Algorithm

The BPF algorithm is the simplest of all the algorithms. Uniform increments of A¢
of the parameter ¢ are used to generate RPs along Q(#). The algorithm is written

as follows.
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RPG: BPF()
At — 1/N, to— 0
fore —1to N—1
t; «— ti_1 + At
r; — Q(t:)
END

Remarks on BPF

The BPF algorithm is the fastest method for RPs generation. However, because the
distribution of RPs is highly affected by the shape of the curve, the BPF algorithm
is not always useful in practice. It has been observed that uniform spacing of RPs
is lost in variable curvature curves. RPs tend to have a high concentration in high
curvature regions and a low concentration in low curvature regions, in spite of the

uniform increments of At (see also Figure 1.1).

4.2.2 Proposed Method Algorithm

The PM algorithm is an implementation of the method proposed in this thesis
(see Section 3.3.1). The idea is to generate a set {f; | ¢ = 1,2,...,N—1} by
the approximating interpolating function, such that evaluation of {Q(f;)} renders

reference points that are approximately uniformly spaced.

The PM algorithm starts by calculating the coefficients a, b, and ¢ (derived in
Section 3.3.1) of the cubic interpolating function. The function f(s) in (3.27) is
evaluated at {{AL} to yield {f;}.
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RPG: PM()
compute L, scale ||Q'(0)|| and ||Q'(1)||  {this scales Q(t)}
c < 1/]Q(0)]

@ et Q)] —2

be—1l—c—a

AL —1/N, o <0

for s« 1to N—1
b — b + AL
fi e ((al; +b)4; + )¢, {Eq. (8.27) using Horner’s method}
r; — Q(f:)

END

where scaling ||Q'(0)|| and ||Q'(1)|| implies dividing them by £, this scales the whole

curve such that £ = 1.

Remarks on PM

For curves whose curvature is strongly variable, PM clusters RPs towards high
curvature regions. However, it is a considerable improvement over BPF since for

most practical curves, its spacing of RPs is close to being uniform.

Furthermore, as shown later in the figures in Section 4.3, the closeness of PM’s
RPs spacing to that produced by arclength parameterization is comparable to that
produced by F-OP (discussed next). In some cases, especially when curves exhibit
some symmetry, or when the lengths of polygon legs are not too disparate, PM’s

spacings were much closer to being uniform than those of the F-OP algorithm.

In practice, it is found that PM provides reliable results when f (s) is a monotone,

increasing function, because it is approximating a monotone, increasing function
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t(s). If, however, f(s) is not monotone, then it cannot provide a good approx-
imation of #(s), and should therefore not be used. This is discussed further in

Section 4.5.

4.2.3 Farouki’s Optimal Parameterization Algorithm

Farouki’s optimal parameterization (F-OP) is mathematically a rather intricate
process [18]. The given polynomial curve Q(¢) is first transformed into an equivalent
rational form by transforming the parameter ¢ in (2.1) (by applying a Mdbius
transformation) as follows:

(1—-a)u

iy TR -

, O<a<l, 0<u<l. (4.1)

Substituting (4.1) into (2.1) results in the following rational form, equivalent to

(2.1):

ZwipiBi,n(u)
1=0

Q(U) = ) Wy = (1 - a)ian_iv (42)

ZwiBi,n(u)
=0
where B;,(u) is defined by (2.2). The objective is to find the set of weights {w;}

so that u approximates an arclength parameter. The problem is thus to find the

“best” value for « in (4.2).

RPG: F-OP()

geen

fors «—Qton—1
Ap; « Piy1 — Pi

fort: — O ton
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c; —i(n—1i+1)Ap;i_1s — (1 + 1){n —1)Ap;

forz «— 0to2n—1

n n—1
min{n,1) j 7 ___]

bz' R Z
j=max(0,t—n+1) 2n — 1
?

forz «—4to2n+3

re—2n-+3—1
2n—1—
CT““Zzn l—r( l)k( n T)bk-}-r
k

2n—1—7r
;‘ - z?n 1~'r( )'r-l—k ( k ) bk

2n—1 .
C]o — 22n+3 il ( ' 4: ) C§n+3——z
Z o—

2n—1 .

2n+3 1 ¥2n-4+3—1

Qant2 < — 2il4 i1 ( -y 02n+3—i
Z J—

- (1 + \/~(]2n+2/<10)—1

fori —0ton
pi — piL

Au— 1/N, ug 0

fort «—1to N—1
U; — U;mq + Au
r; — Q(u) {using Eq. ({.2)}

END
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Remarks on F-OP

As indicated in [18], F-OP produces its best results when it is applied to a Bézier
curve whose control polygon legs are of disparate lengths; the more disparate the
lengths of the legs, the closer is the uniformity of spacing of RPs to that produced

by arclength parameterization.

On the other hand, it has been observed that when F-OP is used on a curve whose
lengths of polygon legs are not much different, the distribution of RPs resembles
that which is produced by BPF; the distribution is the same as that of BPF when

applied to a symmetric curve.

The above observations may be explained as follows. For symmetric curves, the
value of ovis 1/2. This implies that the set of weights {w;} will have no contribution
since w; = (1/2)" Vr;; equal w;’s imply that the rational function Q(u) becomes a
Bézier polynomial of degree n, and the result is similar to that produced by BPF
algorithm.

4.2.4 Sharpe & Thorne’s Algorithm

The idea behind the (ST) algorithm is simple and produces desired results with
‘high accuracy [40]. However, it is a computationally expensive method and may

not be practical for real-time processing requirements.

The idea is to find ¢;’s such that the point Q(#;) is exactly AL along the curve
from Q(t;—1). In this regard, ¢; is a root of a non-linear equation that is to be
solved by applying Newton-Raphson iterations until convergence to a satisfactory
tolerance is achieved. In addition, a suitable systematic way of providing an initial

value to initiate the search for each ¢; is usually required.
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The following definitions are needed. Define M (¢) as follows:

M) = [ Q)] dr —iaL (43)

t

where #;_; is the parametric value that generated the last reference point, and :AL

is the distance sought. The derivative of M(¢) is

M'(t) = 1Q' (D). (4.4)

The task is to find ¢; such that M(¢;) = 0. The following means of determining an

initial approximation, ¢;, to initiate the search for ¢; seems to work well in practice.
g; = max(tAt, t;_1). (4.5)
The algorithm may now be written as follows.

RPG: ST()
compute L, tg 0
At — 1/N, AL«< L/N

fori —1to N—1

ti — &
repeat
by ety — M)

until convergence to a given tolerance

r; — Q(t;)
END
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Remarks on ST

Of all the algorithms discussed, the ST algorithm is closest to producing RPs with
accurate uniform spacing. It has been observed that six or fewer Newton-Raphson
iterations usually yield 7-9 digits of accuracy. However, it is also the most com-
putationally intensive method (illustrated later in Chapter 5). This is due to the
number of Newton-Raphson iterations needed for convergence, in which the inte-
gral (4.3) is computed many times. In addition, for every evaluation of (4.3), the
function ||Q/(¢)|| has to be evaluated many times. In practice, it was found that

four Simpson intervals® for every segment provided sufficient accuracy.

4.2.5 Cumulative Chordlength Algorithm

Cumulative chordlength is a straightforward method to approximate the arclength
of a curve. This method can be exploited to generate RPs that visually seem to be

uniformly spaced.

The algorithm is as follows: while computing the arclength, the set {s; |k =
0,1,...,3} (3 being the number of chords used to approximate the curve) keeps

track of the cumulative chordlength thus far. Reference points at distances
{tAd]i=1,2,...,N—1 and Ad=ss/N},

where sg is the total chordlength, may then be located by searching for their closest
values in {s;}, and then further refining those values by means of linear interpo-

lation. That is, t;, the parameter value for the ith reference-point r;, at distance

'In [40], Sharpe & Thorne suggest using the Romberg algorithm, but this does not change the

number of integral evaluations in the algorithm.
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tAd, is approximated by the function A(s, k) as follows:

(4.6)

ti = A(i, k) = Au (k—1+m“‘->

Sk — Sg-1

where sp_; <iAd < s, and Au = 1/S. An algorithm that implements this follows.

RPG: CC()
Vo < Po, So<« 0
Au— 1/S, up« 0
fori— 1t S
U — ui—1 + Au
Vi — Q(uy)
8+ 81 + || vi — viq||
Ad — sg/N, k0
for i « 1 to N—1
while 1Ad > sy,
Ee—k+1
t; — Az, k) {using Eq. (4.6)}
ri = Q(t:)
END

Remarks on CC

In order for the CC algorithm to produce uniform RPs, the number of chords & used
to approximate the curve may have to be quite high. On average, in the examples
used in practice, setting < to 64 usually produced a parameter set {t;} that agreed
with that of Sharpe & Thorne to the second-least significant decimal digit (this

implies that results are visually indistinguishable). Nevertheless, this algorithm
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had a much faster running time than the ST algorithm, due to the simplicity of the

computations carried out.

4.2.6 Pythagorean-Hodograph Curve Algorithm

For PH curves of odd degree n, a polynomial expression is available for o(t) =
s'(t) = ||Q'(t)||, which is used in the denominator in the Newton-Raphson itera-
tion. It is a special case of the ST algorithm since it depends on Newton-Raphson
iterations; however, up to 12 digits of precision are often attained in no more than

two or three iterations [17].

Starting with the following definitions (see (3.9)):
i
s(t;) =tAL= | o(r)dr, i=1,2,...,N—1, (4.7)

to

where

2

n-l n—11 y
o(t)=> oy . (1 -1y, (4.8)
=0
and 0;=g1,..n—1 1s given by (3.11). The complete algorithm follows.

RPG: PHC()
compute i o1, n1 {using Eq. (3.11)}
fori «— 1to N—1
ti —tii+ ALjo(tiq)
repeat
t — & — {s(t;) — iAL}/a(t;)
until convergence to a given tolerance
ri = Q(t:)
END
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Remarks on PHC

The algorithm produces RPs with accurate uniform spacing, with less computa-
tional requirements than needed by the ST algorithm. However, it does not serve
as a general purpose algorithm, since the curve in which it is locating RPs has to

be a PH. It is therefore omitted from further discussions in Chapter 5.

4.3 Visual Results

In this section, the algorithms discussed thus far are applied to the curves presented
in Section 4.1. The objective is to show how close the reference points generated
by the various methods are to the exact reference points, and how the results of
the PM (proposed method) developed in this dissertation compare to those of other
methods.

Each of the following figures is organized as follows. The actual curve is shown
first, followed by plots showing only RPs (reference points) along their translated
paths. In each case, four RP plots are shown: those resulting from BPF (basic para-
metric flow), ST (Sharpe & Thorne), F-OP (Farouki’s optimal parameterization),
and from PM.

The ST algorithm produces RPs with very accurate results (the parameter set
{t;} that generated RPs using ST was tested against that produced by the PHC
algorithm on PH curves, and 6-8 digits of accuracy were yielded in four or five
iterations). The ST reference points are considered to be exact and thus are used

to compare other results with.

RP plots resulting from the PHC (PH curve) algorithm are not shown since they

are only applicable to PH curves.
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RP plots resulting from the CC algorithm with different numbers of chords are

shown at the end of this section in Figure 4.19.
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Figure 4.5: The quadratic curve shown here is from Figure 4.1.

64



CHAPTER 4. NUMERICAL EXPERIMENTS 65

BPF

ST

o
°°°°°

F-OP

° °
,,,,,

PM

°
° o
'''''

Figure 4.6: The other quadratic curve shown from Figure 4.1. Also shown in [18].
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Figure 4.7: Cubic S-curve from Figure 4.2.
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Figure 4.8: The PH curve from Figure 4.2; notice similarity in RPs spacing of BPF

and F-OP. This similarity exists for all symmetric curves.
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Figure 4.9: The third cubic curve from Figure 4.2 exhibiting high curvature regions.
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Figure 4.10: The cubic curve exhibiting a cusp from Figure 4.2.
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Figure 4.11: The first quartic curve from Figure 4.3; also shown in [18].
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Figure 4.12: A quartic curve with a high curvature region. From Figure 4.3.
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Figure 4.13: A quartic M-curve exhibiting 2 inflection points. From Figure 4.3.
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Figure 4.14: The last quartic curve from Figure 4.3.
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Figure 4.15: A symmetric quintic C-curve from Figure 4.4.
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Figure 4.16: The quintic PH curve from Figure 4.4.
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Figure 4.17: The quintic S-curve from Figure 4.4.
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Figure 4.18: The quintic curve from Figure 4.4.
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Figure 4.19: In this figure, the circles denote RPs generated by the ST algorithm,
while the dots denote RPs generated by the CC algorithm. The number shown

on each plot indicates the number of chords used by the CC algorithm. Careful

inspection of these plots shows that the 64 chords plot is the only one where both

sets of RPs visually agree.



CHAPTER 4. NUMERICAL EXPERIMENTS 79

4.4 High-Degree Curves

Since the PM depends largely on the tangent vectors at the end points to perform
its approximation of arclength parameterization, it is expected to produce good
visual results for quadratic and cubic curves. However, it also seems to perform
reasonably well for quartic and quintic curves (as shown in the previous figures),
perhaps because the behavior of the curve away from the end tangent vectors is

still sufficiently influenced by the information at the end points.

Figures 4.20 and 4.21 illustrate the above observations for yet higher degree
curves. It it emphasized however, that typical design curves do not usually exceed

a quintic degree.
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Figure 4.20: A ninth-degree curve.
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Figure 4.21: Another ninth-degree curve exhibiting two loops.
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4.5 Higher-Degree Approximation

In Section 3.3.2, an interpolating function of fifth-degree was presented. This in-
terpolating method is called PM-5. The belief was that more information on the
curve’s behavior at the end points would offer a better approximation. However,
the representative sample of curves on which tests were performed (shown in fig-

ures 4.22%, 4.23, and 4.24) indicates that, even though it may produce a better

approximation of ¢(s) for some curves, it is more error prone for others.

PM

. PM-5

°°°°°

°
°
°
o ®
°°°°°°°°°°°°

Figure 4.22: A cubic Bézier spiral curve, on which both PM and PM-5 produce

spacing that is visually uniform.

The above may be explained as follows. The function #(s) to be approximated is

a monotone increasing function, and any function that attempts to approximate it

’In [44], it is shown that a cubic Bézier curve possessing polygon legs such that (a) L; =
La, Li = ||pi — Pi-1|l, (b) Po, P1, and py are collinear, and (¢) Lz = ng cos b, is a spiral, with 6
being the angle between the lines pi1ps and paps
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Figure 4.23: The quartic curve from Figure 4.11 (also in [18]). An illustration of
when PM-5 performs better than PM.
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Figure 4.24: The quintic PH curve from Figures 4.4 & 4.16 . An illustration of

when a higher-order interpolation polynomial does not perform well.

should be monotone and increasing. Because the tangent vectors at the end points
may not always serve as reliable source of information about the rest of the curve
(such as when an end polygon leg is significantly small, in proportion to the rest of

the legs), the quality of approximation may accordingly degrade.

Any approximating function A(s) that attempts to approximate #(s), regardless
of its degree, may have one or more inflection point. An inflection point along the
approximating function implies that the rate of change with which the parameter
¢ varies with respect to the arclength s, has changed from faster to slower, or vice
versa. It is therefore desirable that when ¢(s) has one or more inflection points, the

approximating function A(s) should also have inflection points. This is illustrated
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in Figure 4.25. A problem arises, however, when A(s) has one or more critical

(a) (b) (©
Q) ) )
A(s) Als)
S ‘ S ’

Figure 4.25: (a) The curve whose #(s) is to be approximated. The dots compose
a set of reference points generated on Q(t). (b) The approximating function A(s).
The dot on the curve denotes an inflection point. Before the inflection point, ¢
progresses with a faster rate than s, the opposite is true after the IP. (c) A'(s) does

not have zeros in the range [0, £], since A(s) is monotone and increasing.

values in the range [0, L], i.e., when A(s) attains a maximum/minimum value in
[0, £] such that A’(s) = 0. When this happens, A(s) is not a monotone increasing
function, and hence, it is not suitable to approximate #(s). In practice, anomalies
in the approximation were mainly due to the presence of a significantly short end-
- polygon leg, in proportion to the rest of the polygon legs. Figures 4.25, 4.26, and
4.27 illustrate the above observations in a “step-by-step” fashion, in which the
arclength £ has been normalized to unity. It is noted, however, that typical design

curves do not usually have polygon-leg lengths that are out of proportion.

From Figure 4.27, it is observed that when an approximating function A(s) is

such that A'(s) = 0,s € [0, L], then A(s) is not reliable.
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(2) (b) (c)

Q(t ) A(s) e

Figure 4.26: (a) Q(¢) is a curve whose end-polygon leg is relatively small. As a
result, A(s) in (b) appears to be almost non-monotone and increasing. Accordingly,

A’(s) in (c) almost has roots in the range [0, £], a clear indication of non-reliability.

Furthermore, whereas the derivative of a cubic approximating function such as
f(s) from Section 3.3.1 may have at most two real roots in [0, £], derivatives of
higher-order approximating functions such as k(s) from Section 3.3.2 may have
more than two roots in [0, £], and are therefore more unlikely to be reliable. This
may be seen from approximating ¢(s) by A(s) for the quintic of Figure 4.24, one of

whose end polygon legs is relatively short (shown in Figure 4.4, upper right).

A quadratic approximating function is less likely to have roots in the critical
range [0,£]. However, it does not allow for inflection points and may therefore

prove to be a rigid, inflexible approximator for the purposes of this research.
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(a) (b) (©

Q® As) A

! H

B s

Figure 4.27: (a) The initial polygon leg is taken to be small enough to cause
unacceptable results. It is shown that 55% of the RPs are clustered in a small region
of low curvature! (b) A(s) has an inflection point. A maximum and a minimum
value occur before and after the inflection point, respectively. The presence violates
the monotony required for such approximating functions. Accordingly, A'(s) is

shown to have zeros in the range [0, £] where critical values occur.



Chapter 5

)iscussion on

Comparative

Reference-Point Generators

In this chapter, the cost of each reference-point generator (RPG) when applied
to an nth degree Bézier curve is discussed. A generalization of the the proposed
method (PM) discussed in the previous chapter is introduced. Although it departs
from the basic objective of finding an approximation of the function #(s) as a single
entity rather than a spline, it is of interest because it is also a generalization of the

cumulative chordlength method.

Chapter organization is as follows. Section 5.1 discusses the preliminaries behind
developing mechanisms to compare costs of operations, and then compares the
expected running times of some of the algorithms, based on the count of operations
executed by each algorithm. The generalization of the proposed method is discussed

in Section 5.2.

88
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5.1 Operation Costs of Reference-Point Gener-

ators

One way to compare the performance of the reference-point-generator algorithms
discussed thus far is to compare the cumulative cost of operations carried out by

each algorithm.

In this section, the process of evaluating the cost of each algorithm is introduced.
In considering the cost of these algorithms, the process of generating an RP, as
opposed to the setup time required by them, is emphasized. For the following

subsections, the following rules are assumed for convenience:

(a) Curves and vector points are assumed to be in IF2.
(b) In deriving cost expressions, the following notation is used:
C(V¥, B) = (# of multiplications, # of function calls),

where C(V, ) reads: the cost of evaluating B times the expression . Di-
visions required in the evaluation of U are counted as multiplications; the
number of function calls is a count of calls made to functions such as the

square-root function, logarithmic functions, etc. For example, if
U(z) = az® + by/sin(c) + d, = =5,6,7,

then
C(¥,8) = C(az® + by/sin(c) + 4, 3) = (10,2),

since for each z, the first term requires three multiplications (giving a total

of nine multiplications), whereas the second term needs to be computed only
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once (a multiplication and two function calls are needed), thereby resulting

in a total cost of 10 multiplications and two function calls.

Note that operations of additions and subtractions are not considered.

The calculations assume a reasonable implementation and are not necessarily
optimal.
5.1.1 Cost of Common Operations

In this subsection, the cost of evaluating expressions that are common to most of
the algorithms of interest in this thesis is carried out. These operations usually

involve the evaluation of quantities such as Q(¢), Q'(¢), s(¢).

Cost of Q(t)

Consider the following expansion of Q(¢) of degree n, defined in (2.1):

n
Q) = po(l— )" +pin(l — )"t + ps (102 +
2

n
s+ Plasa ( /) ) (1- t)n—[n/2Jth/2J et (5.1)
n

n 2 2 1
Pn—2 (1 — f) tn— -+ pn_ln(l — t)tn_ + pntn
n—2

To evaluate the cost of (5.1) at ¢ = ¢, the following points are noted:

(a) There is a total of n + 1 terms, denoted Ty, T4, - -, Th.
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(b)

(e)

To evaluate (1—1;)"*! from (1 —1;)" (or, #5"* from ), only one multiplication

1s required. Thus, to compute all the functions (1 — ¢)2,---, (1 — )", and
tiﬂ"a n
2(n—1) (5.2)

multiplications are required.
There are
(n—1) (5.3)

products of the form (I — #,)7 ™", 7 < 0, n.

Because of the symmetry of binomial coefficients, only coefficients from T, to
T'\nj2),m = 4, need to be computed. Binomial coefficients for Ty, T4, T)—q, and
T}, have the values unity, n,n, and unity, respectively. Thus, if the following

recursive definition

(n):n—:”—l( " ) 2 <4< |n/2]
; i i1

for computing the binomial coefficients is used, only a total of

2(|n/2] = 1) (5.4)
multiplications are required.

A total of

2(n—1) (5.5)
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further multiplications is required to obtain the values

n (9]

o 1
P, e=1,2,...,n— 1L
2

(f) Finally, an additional 2 multiplications are required per T3, to multiply the

above expression in (e) by the rest of the term T}, giving a total of
2(n +1) (5.6)
multiplications.

Thus, the total cost of Q(tx) may be obtained by summing the expressions from

(5.2) to (5.6):

CQE)Y = (2n=1+(-1+2(|5] =1+ 26— 1) + 2+ 1), 0)

in

. (7n+2[_2J—5,0>, n>2. (5.7)

Note that the second parameter in the above expression is zero, since no function

calls are involved.

The cost of computing N (for clarity, N is used to represent the number of RPs
instead of N + 1) points along a Bézier curve Q(¢) of degree n is derived assuming
that after the first computation, the binomial coefficients (which are also multiplied
by the Bézier control points) are not re-computed (i.e., steps (d) & (e) are omitted

from the second evaluation onwards). Thus, for n > 2, N > 1, the cost of Q(t) is:

C(Q(t),N) = (N{B(n—1)+2(n+1)}+2{[gj-1}—[—2(72—1),0),
- (N(5n—1)+2{n+[-;3j—2},o). (5.8)
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Cost of Q'(t)

The derivative of a Bézier curve is another Bézier curve [15]. Thus, Q'(¢) may be

expressed as:

Qt)=n {Z ( " ) (Pit —pi)(1 - t>“—1—fti} . (5.9)

=0 7

An expression cost may be easily obtained for Q'(t) by replacing n by n—1in (5.7),

and then adding two multiplications for the external n, that is:

C@Q),1) = (7(n C1) 42 [” - 1J - 3,0) ,

= <7n +2 [”—;lj - 10,0> , forn >3 (5.10)

In addition, the cost of computing Q'(t) N times is derived by replacing n by

n —1in (5.8), and then adding 2 multiplications each time. This results in

@,y = (M= -1 +2{m-1+ || -2} +2m0),

1
n—TJ —4N—6,0>. (5.11)

= ((5N+2)n+2

Cost of Computing the arclength s(¢)

Consider the following representation of Simpson’s rule for obtaining the arclength

(see Section 3.1.6):

t — g (1-2)/2 (I-2)/2
st~ g7~ |ao+4 3 s +2 Y ocwtar|. (5.12)
=0 =1

In the above expression, for any value of I > 4, I being an even number of intervals,

there are four more multiplications to compute s(¢). There is a total of I + 1
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functions of the form «; \/Q'2 + Q2(t;), their cost may be expressed as

follows:
Clas I+1) = CQ@),1+1)+ (I +1)(21),
-1
= ((5]’ + T +2 [RTJ —2(I+2),1+ 1) , (5.13)
The total cost of s(t) is therefore
C(s(t),1) = Cla,IT+1)+(4,0),
-1
- Oﬁ]%“Un-FQ[Bi?—J—-ZL]—FI). (5.14)
Attention is now turned to the cost evaluation of the algorithms discussed in the

previous chapter in subsections 4.2.1-4.2.5. Because of the non-generality of the

PHC algorithm (see Section 4.2.6), it is not considered in the following discussion.

5.1.2 Cost of BPF

The BPF algorithm was introduced in Section 4.2.1. Its setup time is negligible.

When generating reference points, two operations are involved as indicated by
the algorithm portion shown below (extracted from the algorithm shown in Sec-

tion 4.2.1):

RPG: BPF()

b =t + At

END
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The first operation to obtain ; is of little significance to the algorithm cost. The
second is simply an evaluation of Q(¢) N times, whose cost has been determined

by (5.8). Thus, the cost of generating N RPs using the BPF algorithm is

C(BPFyen.. 1) = C(Q(t), N). (5.15)

5.1.3 Cost of PM

The PM algorithm requires little setup time. Consider the following algorithm setup

portion extracted from the algorithm presented in Section 4.2.2:

RPG: PM()
compute L, scale ||Q'(0)] and ||Q'(1)]|
c —1/1Q'(0)]]

a—c+1/|QM)] -2

be—1—-—c—a

END

Cost of computing £ is given by (5.14). Scaling the magnitude at the end points
(i-e., dividing [|Q'(0)|| and ||Q'(1)]| by £) requires two multiplications (note that
1Q'(0)]| and [|Q'(1)]| have already been computed when calculating £). Computing
the coefficients of f(s) in (3.27) requires two additional multiplications. This results

in a total setup time of
C(PMsetup, 1) = (4,0) + C(s(t), 1). (5.16)

To evaluate the cost of generating N RPs using the PM algorithm, consider the

following extraction from Section 4.2.2:
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RPG: PM()

fi = ((al; + b)¢; + )¢, {Eq. (3.27) using Horner’s method}
ri — Q(f:)
END

shows that no more than three multiplications added to the cost of Q(t) (given in

(5.8)) are required per RP, giving a total cost of

C(PMyen, 1) = C(Q(1), N) + 3(N,0),
_ (N(5n+2)+2{n+[§J—2},0). (5.17)

5.1.4 Cost of F-OP

The F-OP algorithm was introduced in Section 4.2.3. Consider the following al-

gorithm setup portion (extracted from Section 4.2.3, with steps labelled for later

reference):
RPG: F-OP()

compute L, scale Pi—oy1,..n (s1)

fore «—0ton—1 (s2)
Ap; « piy1 — Py

fori —0ton (s3)
c; «—i(n—1+ 1)Api-1 — (i + 1)(n — 7)Ap;

fori «— 0to2n—1 (s4)

min(n,q) n n—1 2n —1
bi — > | | (e Apig) / .
J=max(0,i—n+1) J 71— ?

fori«—4to2n+3 (s5)
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r—2n+3—1
. n—1—r
C(; = zzal_T(“l)k bk-}-r
k
2n—1—
;6_2271 1— r( )T+k n r bk
k
2n —1 .
go — 22n+3 2.11 C(.)?n+3—z (86)
1 —4
. 2n —1
Jont2 < 22n+3 : ( ) 0227?13? f (s7)
1 —4
-1
— (1 + 1/ —Gan+2/90) (s8)

END
The cost expression of each of the above steps follows.

(s1) In addition to computing the arclength, there are 2(n + 1) divisions required
to scale pi=o,1,..n, resulting in a cost expression C(s(t),n) + (2(n + 1),0).

(s2) (0,0).

(s3) The for loop is executed n +1 times. Each time six multiplications are carried

out. This results in the cost expression (6(n + 1),0).

(s4) There are 2n by’s to be computed. Each b; has (n + 1)/2 terms on aver-
age. Assuming that two multiplications are required to evaluate each bino-
mial coefficient, two for the dot product, the summation term requires eight
multiplications, and three multiplications for the denominator, giving a to-
tal 8(2n)(n + 1)/2 + 3(2n) multiplications, the cost expression is therefore
(2n(4n + 7),0).
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(s5) The for loop is executed 2n times. Each of Cf and C” has (2n + 1)/2 terms
on average. Assuming that two multiplications are required to evaluate the
binomial coefficient, plus another two to multiply by, bx, there are 4(2n)(2n+

1)/2 multiplications. Hence, the cost expression is (4n(2n + 1),0).

(s6) There are 2n terms, each requiring 4 multiplications, resulting in cost of

(8n,0).

(s7) There are 2n terms; using the results of (s6), only one multiplication is nec-

essary for each term. The cost expression is therefore (2n,0).

(s8) One division, one reciprocal, and one function call are required. The cost is

therefore (2,1).

The total setup time for the F-OP algorithm may now be determined as follows:

C(F-OPgetup, 1) = C((s1),1) + C((s2),1) + - - - + C((s8),1),
= (16n® +36n + 10,1) + C(s(t),1). (5.18)

Turning the attention to the cost of generating an RP using this algorithm,

consider the following portion from the same algorithm:
RPG: F-OP()

t; — t;_1 + AL

r; — Q(t;) {using Eq. (4.2)}
END
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Re-writing (4.2) in the following manner:

> b ( ’ ) {1 - 0t {as(1 — 1)y
k=0

i~

Q(tz) = ) (5'19)

n n . ek
> ( ) {(1 =)t} {os(1 = 1)}
k=0 \ k
results in the following cost expression:

C(F-OPgen,1) = C(Q(t), N) = C(Q(t),N) + (3N,0)
::(N@n+@+2%ﬁ{ﬂ—@}ﬂ) (5.20)
where the three extra multiplications per RP are the result of: (a) multiplying

(1 = a;) by t;, (b) multiplying o; by (1 — ), and (c) the division. This is similar
to the cost of generating an RP using the PM algorithm.

5.1.5 Cost of ST

The ST algorithm requires the total arclength £ to be computed in the setup, whose

cost expression is given by (5.14).

To help evaluate the cost of generating an RP using this algorithm, the following

algorithm portion is extracted from Section 4.2.4.

RPG: ST()

repeat

M(%;

until convergence to a given tolerance
r; — Q(t;)
END
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where M(t) and M'(t) are given in (4.3) and (4.4), respectively. The cost of M (t)
is similar to that of s(t) given in (5.14). The cost of M'(t) is similar to that of
computing one function «;, however, its value is obtained during the arclength
calculation of the i/2th segment (it is the last function usually computed in the
calculation of M(%)), and need not be re-computed. These observations result in

the following initial cost expression for #; in the repeat - - - until loop:
Clti,y) = HC(s(),1) +(1,0)},
= C(s(t),7)+ (7,0). (5.21)

where v denotes the number of iterations required to reach the desired tolerance.
Once a satisfactory #; is obtained, (2.1) is evaluated to generate the required RP.

Thus, the total cost of this algorithm is:

C(ST,1) = N{C(t;,) + C(QM), 1)},
= C(t;,7N) + C(Q(1), N). (5.22)

5.1.6 Cost of CC
Consider the following algorithm portion extracted from Section 4.2.5:

RPG: CC()

fort e~ 110
u; — Uiy + Au

85 = Sie1 + || vi — visi]|

END



CHAPTER 5. COMPARATIVE DISCUSSION 101

The cost of obtaining vi=¢,1,...&, & being the number of chords used to approximate

the curve, is
C(vi,8) = C(Q(),9). (5.23)

The cost of computing the cumulative arclengths si=g1,..s is two multiplications

and a function call per s;, giving
Clsi,$) =$(2,1) = (29, Q). (5.24)
Thus, the setup time of the CC algorithm is

C(CCuetup,1) = C(v,3)+C(s, ),

- (%(Em +1)+2 {n + [gJ — 2} %) : (5.25)

To obtain an expression for the cost of generating an RP, consider the following

portion from the algorithm presented in Section 4.2.5:

RPG: CC()

while :Ad > s,

ke—k+1
t — Az, k) {using Eq. (4.6)}
ri = Q(i;)

END

The cost of obtaining #; is two multiplications per RP, at which Q(t) is evaluated
once. The total cost to generate N RPs may therefore be estimated by the following

expression:

C(CCyen., 1) = (2N,0) + C(Q(2), N). (5.26)
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5.1.7 Tables of Costs

In this subsection, the costs of the different RPG algorithms are presented in a
tabular format to facilitate comparison. There are five tables, the first one (Ta-
ble 5.1) lists the cost expressions of all the algorithms, for both setup time, and RP
generation time. The second and third tables consider the setup-time cost, whereas

the fourth and fifth tables consider the cost of generating RPs.

Because of the wide variation in the techniques used by the various methods, a
straightforward comparison is difficult. The following conventions are introduced

to obtain meaningful comparisons.

Table 5.1: List of cost expressions.

C(Q(t), N) (Nen—1) +2{n+|2] -2} ,0)

C(s(t), 1) (I+7n+2|2t| —21,1+ 1)

C(Alg.,1) | Setup RP Gen.

BPF - C(Q(t), N)

PM C(s(t),1) + (4,0) C(Q(t), N) + (3N, 0)

F-OP C(s(t),1) + (160 + 36n + 10,1) | C(Q(t), N) + (3N, 0)

ST Cs(t),1) C(s(),7N) + (7N,0) +
C(Q(t),N)

cC C(Q(),S) + (29, 9) C(Q(t), N) + (2N, 0)

(a) The degree of the curve, n, assumes values of three, five, and nine.

(b) N, the number of RPs to be generated, is fixed at 100.
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()

The number of chords that are used in the CC algorithm, S, (only applicable
to the CC algorithm), is set to 48 (note that this may be an underestimate

for the number of chords required in practice).

The number of Simpson intervals, I, required to compute arclengths is set
as follows; to compute L, the total arclength of Q(t), I is set to eight; to
compute the arclength of a segment of Q(¢) (as required by ST, for example),

I is set to four.

Algorithms with entries containing zero in every column are omitted from

tables.

Entries are in the form my + my + --- = S, where each term corresponds to
the equivalent term in the cost expressions listed in Table 5.1, and S is their

sumni.

The following pair of tables show setup operation count. Table 5.2 shows the

number of multiplications executed by the different RPG algorithms. Table 5.3

shows the number of function calls executed by each RPG algorithm.

Table 5.2: Multiplication count during setup.

n=23 n=2>5 n =29

PM 4 +127 =131 4 4 223 =227 4 4415 = 419
F-OP || 262 + 127 =389 | 590 + 223 = 813 | 1630 + 415 = 2045
ST 127 223 415

CC 676 +96 = 772 | 1162 + 96 = 1258 | 2134 + 96 = 2230
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Table 5.3: Function-call count during setup.

PM 94+0=9 | 94+0=9]940=9
FOP|9+1=10]941=10]9+1=10
CC 9 9 9

CC 0+48 0+ 48 0+ 48

The attention is now turned to the cost of generating RPs. Table 5.4 shows the
number of multiplications executed per algorithm. Table 5.5 shows the number of

function calls executed per algorithm.
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Table 5.4: Multiplication count during RP generations.

n =3 n=3 n=9

BPF || 1404 2410 4422

PM 1404 + 300 = 1704 2410 + 300 = 2710 4422 + 300 = 4722
F-OP || 1404 + 300 = 1704 2410 + 300 = 2710 4422 + 300 = 4722
ST 30000 4400 + 1404 = | 524004400 + 2410 = | 97200 + 400 + 4422 =
31804 55210 102022

CcC 1404 + 200 = 1604 2410 4+ 200 = 2610 4422 + 200 = 4622

Table 5.5: Function-call count during RP generation.

ST | 2000 | 2000 | 2000

From the above tables, the following is concluded:

(a) The PM algorithm has a small setup time when compared to the others. In
cases where the arclength has been pre-computed, the setup time is negligible,
whereas the F-OP and the CC have relatively larger setup times, depending

on the value of n, and &, respectively, as indicated in Table 5.2.

(b) From Tables 5.4 and 5.5, it is evident that the ST algorithm is the most
computationally intensive algorithm to be used for locating points, both for
the number of multiplications, and the number of function calls that it makes.
By comparison, the other algorithms have low and similar operation counts,

especially as n increases.
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5.2 Using Cubic-Spline Interpolation Function

In developing the proposed method, the emphasis was on obtaining an expression
for t(s) (that is, ¢, the parameter of the curve Q(¢), as a function of s, the arclength
of the curve) in an analytical fashion, such that, when evaluated at s;, € [0, £], the
corresponding ¢ € [0, 1] results. It is desirable, for manipulation in mathematical

experiments, that it be a single function rather than a piecewise function.

The objective of the proposed method is to make available an approxima-
tion to #(s) (see Chapter 1). This is similar to some of the objectives sought in
[17])[18][26][40]. However, it is noted that some of these methods depend on analyt-
ical expressions, such as the PM or the F-OP algorithms, whereas other methods,
such as the ST algorithm, depend on numerical methods to approximate #(s). The
first kind of approximators have the advantage of not having to compute and main-
tain arrays of numbers, or use quadrature techniques to reach a satisfactory result;
it 1s not equitable to compare their accuracy to those that depend on numerical
methods. The latter have the advantage that any prescribed accuracy can be ob-
tained by increasing the number of approximating segments to refine results in
accordance with some prescribed tolerance, or increasing the number of Newton-

Raphson iterations.

In this section, it is shown how the proposed method may be modified so that it
also uses numerical techniques to generate reference points (RPs) along parametric
curves, thereby making use of the advantages that numerical methods have. The
modified version of the proposed method is called MPM, or, the modified PM. Its
objectiveis to generate RPs with accuracy and performance comparable to methods

which depend on numerical techniques.
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5.2.1 The MPM Algorithm

The idea behind developing the MPM is similar to that behind the CC method:
the curve Q(t) is first approximated by & segments. The cumulative arclength is
calculated at the end of the kth segment, £ = 1,2,..., S, along with the coefficients
ak, b, ¢k, and di.. Because each segment is approximated over two Simpson intervals
(using Simpson’s rule), < is always I/2, where I is an even number of Simpson
intervals used to approximate the Q(¢). This is feasible because Simpson’s rule may
give the intermediate arclengths at every second function. That is, the arclength

of the kth segment may be determined by

Sk Qop—g +4agr_1 + ogp) + sp-1, E=1,1,...,S, (5.27)

1
= 3—1-(
where s = 0, and a; = ||Q'(j/I)||. Note that £ = sg. To determine the coefficients

for each segment, Equation (3.27) is rewritten in the following manner:

Jie(s) = aps® + bps® + cps + di, sp1 < 5 < sp, (5.28)
with derivative

fi(s) = 3aps® + 2bys + . (5.29)

For each segment, four equations are required to solve for the four unknowns. Fol-
lowing the same methodology used in Section 3.3.1 (i.e., to formulate four equations
by equating each of fi(s) and fi(s) at s = sg_q, and s = s, with the appropriate
values of #(s), and t'(s), respectively). Let
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Qok—2
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the four equations are formulated as follows:

3 2
apSy_q +bisi_y Fepsp—1+dp =

apsy + bpst 4 cpsp +dp =

3

2
apsp_y +2bpsp_1 + o =

3aksi + 2bysy + ¢, =

kS,
1/eag—2,

I/Olzk.
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(5.30)

(5.31)

(5.32)

(5.33)

3.34

(&3
(]

)
5)
6)
37)

&34
o

(5.
(5.
(5.
(5.

Again, note that £ = 1,2,...,, and that & = /2. The coefficients ay, bi, ¢k, and

dr may now be solved for, and are as follows:

ar =
b, =
C =
dp, =

The complete

2

1 (Oézk—z + agp
(sk —sp-1)?
Qgk—g — Qok
2012ka2k—2(3k — Sk-1
1

—_— 3aksﬁ — 2bysy,
Qo

QofQgk—_2

3 2
5~ (arsy + bisi, + crsk).

algorithm follows.

B S\S‘(Sk — Sk—l)

3
) - Eak(Sk + sk-1),

).

(5.38)
(5.39)
(5.40)

(5.41)
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RPG: MPM()
COMPUte Ctico1,..1, Sk=041,...,S
scale o, s, so that sg is unity
compute ag, by, c, and d,, k= 0,1,...,
AL —1/N, k<0, 4«0
forz «— 1to N -1
b — 4, 1+ AL
while 4; > s,
ke—k+1
fi e ((anls + bp)l; + c)l; + di
ri - Q(f)
END

5.2.2 Visual Results

In this subsection, some RP plots are shown for both the MPM and the CC method,
where both will be compared against RPs generated by the ST method. The pur-
pose is to show how the MPM produces better results with fewer segments than is

usually required for the CC, and does less computation than is required by the CC,
or the ST method.

Figure 5.1' shows how the MPM produces better results with fewer segments
than the CC algorithm. The difference in computational costs increases with the

degree of the curve.

'The figures in Figure 5.1 are also shown in figures 4.9, 4.11, and 4.19
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Figure 5.1: In this figure, the circles denote RPs generated by the ST algorithm,
while the dots denote RPs generated by the CC and the MPM algorithms. The

number following the algorithm name on each plot indicates the number of chords,

segments used by the CC, and the MPM algorithms, respectively.



Chapter

Conclusion

A method for approximating the intrinsic arclength parameterization for parametric
curves has been proposed. The main property of the proposed method is that it de-
pends on analytical expressions, as opposed to methods which depend on numerical

techniques.

Accuracy and performance of the proposed method for approximating arclength
parameterization, along with that of several other methods, has been tested on the
application of reference points generation. The task was to generate reference points
that are uniformly spaced, along the path of parametric curves. It was shown with
the aid of numerous figures, that the proposed method produces results practical
enough for most design curves, with computational performance that is acceptable

for real-time processing requirements.

A generalization of the proposed method to one that makes more use numerical
techniques to approximate arclength parameterization, has also been developed.
It was shown that the results and the performance of such a method produced

accurate results, with relatively small computational requirements.
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Several methods for calculating the arclength of parametric curves have been
discussed. Some of them have been adapted for the work accomplished in this thesis

and exploited to aid in the process of reference points generation.

In what follows, several problems that are currently under investigation are

mentioned.

Problems under Investigation

In order for the proposed method (PM) to be reliably used in precision-critical
applications, two areas that are of a theoretical nature should be investigated.

They are as follows:

1. How many Simpson intervals are needed to achieve acceptable accuracy in
obtaining the arclength of a curve segment? This is important because too
few intervals may not provide sufficient accuracy, and too many intervals may

by unnecessarily expensive, and may also affect accuracy.

An expression for the error of Simpson’s rule is found in books on numerical
methods or analysis [7][8][12][32]. It may be written as follows:

h4

E(8)] = 7o

o (t)], (6.1)

where h = 1/I is the size of the interval, I is the number of intervals (see

Section 3.1.5), a(t) = /Q'(t) - Q'(t),t € [0,1]. Further, by prescribing a

specific precision € such that:

E(h) < e, (6.2)
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it might be possible to determine the appropriate size of & in (6.1). However,
an expression for o'¥(¢) seems to be mathematically involved, and even if it

1s computable, the accurate value of ¢ is unknown [8].

2. How close is the resulting reference-point distribution to the distribution that
would result from exact arclength parameterization? Precision-non-critical
applications may allow a distribution that is visually satisfactory, however,
it is desirable to have a numerical or visual expression of how the resulting
distribution compares to that resulting from the intrinsic arclength parame-

terization.

Consider, for example, the quintic PH curve from Figure 4.4 whose RP dis-
tributions from the different algorithms are shown in Figure 4.16. A visual
expression for the deviation of the approximating function f(s) (discussed
in Section 3.3.1) from the true function ¢(s) is depicted in Figure 6.2. It is

desirable to develop mechanisms to convey more information such as:

(a) By how much has f(s) deviated from #(s)?

(b) When is the error so large that f(s) will not yield a satisfactory approx-

imation?

(c) How feasible is it to try to find a general expression for the error resulting

from such deviations?
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f(s)

t(s)

Figure 6.1: Error in approximation of ¢(s) by f(s).



Appendix A

Two-Point Taylor Interpolation

In this appendix, the two-point Taylor series [11, p. 37] is used to approximate i(s)
n (3.30). let s and s; be two distinct points in JR. The polynomial p(s) = pa,_1(s)

of degree 2n — 1 is defined as follows:

n—1 S—S1k n—1 ~S—Sok
p(s) = (S—SO)n];;l‘sﬁ—(W—*)—-{—(s—&)n;éiziﬁ), (A.1)

where

_d

= g |
dF
dsk

e } (A2)

Letting n = 2, (A.1) becomes the following.

o) = (mso? futo) + e -+

(s — s1)? {t(so) + ti(;")(s - 50)}, (A.3)

with derivative

P'(s) = (s —s0)t'(51) — (s — $1)t'(s0)- (A.4)
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Substitution in (A.4) and (A.5) for so = 0 and s; = £ shows that p(s) is equivalent
to f(s) in (3.27), where a set of equations similar to those in (3.36-3.39) is obtained.
That is:

See Section 3.3.1 for a complete solution.



Appendix

Control points

Following are the data for the curves shown in Chapter 4. The data are supplied

in a normalized format; the total arclength of each curve is therefore unity.
Figure 4.1

1[0,0] [.355,.643] [.71,0]}

{[0,.238] [.144, 0] [.741, 759}

Figure 4.2

{[0,.315] [.262, .839] [.524, 0] [.786, .577]}
PH curve: {[0,0] [0,.5] [.5,.5] [.5,0]}
{[-026,0] [0, .474] [.975,.003] [.144, .003]}
{[0,0] [.763,.412] [0,.412] [.763, 0]}
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Figure 4.3

{[0,0] [.758,0] [.812,.101] [.703, .317] [.533, .259]}
{1.209, .313] [.209, .417] [0, .417] [0, 0] [.835, 0]}
{[.14,0] [.839,0] [0,.28] [1.119,.42] [.56,.56]}

{[092,.055] [0,.369] [.663,.553] [.184, 0] [.848, .221]}

Figure 4.4

{[0,0] [0,.3] [.15, .45] [.35, .45] [.5,.3] [.5, 0]}

PH curve: {[0,0] [.087,.429] [.52,.386] [.542,.168] [.759,.124] [.802, .228]}
{[.157,0.143] [.571,0] [.571,0.714] [0, 0] [0,.714] [.414, .571]}

{[.238,.317] [.317,.317] [.317,.476] [0, .476] [0, 0] [.872,.159]}

Figure 4.22

{[.818,3.021] [1.227, 3.021] [1.636, 3.021] [1.759, 3.232]}
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