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ABSTRACT

To accelerate protons in an Alvarez type linear accelerator or eiectrons
in velocity modulated tubes, the cavity must be excited in the dominant TMolo
mode. For proper understanding of beam dynamics and for purposes of design,
the r.f. fields must be computed accurately for any specified dimensions of
the drift space. In thisthesis the exact numerical solution for the fields
in a drift tube loaded linear accelerator cavity with a beam guiding hole is
presented. The eigenvalues, field distributions, transit time factor and the
shunt impedance are formulated everywhere by boundary value techniques in the
same manner as proposed by Bolle and Gluckstern in the absence of the beam

guiding hole. The numerical results are obtained with the aid of a digital

computer and are verified =~ by excellent agreement with an experimental method

based on perturbation techmniques.
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CHAPTER I

INTRODUCTION
Two types of cavities, both represented schematically by figure 1.1,

operating in one of the o0-2Tmodes, with a field configuration similar

to that of the TMoin mode in a cylindrical cavity are used in Linear
Accelerators (linacs). In addition, these structures have a very important
role in velocity modulated tubes. Practical linac cavities differ fxom this

only slightly due to the stems supporting the drift tube and the complexity

of the r.f. feed system. For proper uncaerstanding of linac behaviour under

various perturbing factors and interactions,and for accurate calculations
of beam loading effects and energy gain of the particles, it is very
essential to have an accurate knowledge of the field distribution in the
accelerating cavities.

Closed form éolution for the r.f. fields in accelerating cavities with
structural perturbations and interactions with the loading beam have been
difficult to obtain in the past,and instead, a functional representation
on basis of experimental data is usually made [1-4] . Linac behaviour

is then calculated and explained using these expressions. Another approach

to the problem has been from a circuit point of view, where the cavity

is represented in terms of an equivalent circuit which is used to solve
for the resonant frequency, dispersion relations and beam loading effects.
A number of authors have formulated the solution using the normal mode

analysis together with indirect or experimental methods to evaluate the

fields[1l, 3, 7-9] , but no significant attempt to solve the boundary

value problem has been made. Numerical techniques have also been used
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to analyse the fields {10] and this approach led to the elaborate LALA (Los
Alamos Linear Accelerator) program which Hoyt [11] used to optimize the
design of the cavity.

In this thesis, the exact boundary value formulation is presented

for the drift tube loaded cylindrical cavity,taking into consideration

the beam guiding hole. The method used is that proposed by Hahn [12] and
extended by Bolle [13] to deal with the centerally loaded cavity.
The basis of the method lies in subdividing the space,for which the

fields are required,into suitable regions. The wave equation is solved

independently in each region using a suitable coordinate system. The

7

boundary conditions on the metﬁiiic surfaces are imposed and the fields
matched at the interface of adjacent regions resulting in an infinite
number of linear simultaneous equations. On elimination of the unknown
constants,a single equation results whose solution leads to the desired
eigenvalues and field distribution. Further,expressions are developed for
the quality factor of the cavity on the basis of an exact derivation for the
losses and the energy stored in the system.

In the second part of the thesis,Gluckstern's work [14] is extended

using the results mentioned above, to obtain expressions for the transit

time factor and shunt impedance, considering the effect of the beam

guiding hole which has hitherto not been considered.
Curves for the variation of the eigenvalue with the order of the
determinant, and for the axial field versus position, are presented and

compared with the experimental results.For the test cavity the calculated

and measured values are in agreement to within experimental error.




CHAPTER II

FIELD DISTRIBUTION IN LINAC CAVITIES

At very high frequencies, circuit approximations for resonators

are practically invalid, and an exact OT rigbrous method of calculation

is a necessity for direct use in design work or for justifying new
approximations o simplify design formulae. A field solution which

satisfies the boundary conditions everywhere in the cavity is our objective;

and the method used in this chapter meets these requirements in obtaining

a solution for the fields in an Alvarez cavity.

2.1 Modes in Linac Cavities

The operating mode of a linac is defined as the shift in the r.f.
phase between adjacent cells. The structure can be designed to operate
in any mode between 'o' and 'T'. TFor low proton energies below 200 Mev,
the Alvarez structure is normally operated in the o' or 27 ' mode as it
is called. Here the particles take an entire cycle to pass through the

cavity; Several cavities are used and no dividing walls are required

between adjacent cavitiesand operation is usually around 200 MHz.

For higher energies thémmode structure is used. Here the average
velocity of the particles is such, that they traverse. the cell length

in %a cycle of the r.f. power, so that the phase of adjacent cells must
differ by 1807 Since the fieldsin adjacent cavities are in opposite

directions, separation walls are necessary.

Both the above discussed structures can contain drift tubes

to concentrate the electric field near the axis of the cavity and hence




increase its efficiency in the acceleration of the particles. 1In the '21'
mode structure, the particles are in the drift tube hole when the electric
field is directed to produce deceleration, and hence are shielded from

the fields. 1In the ' 7' mode structure, no particles are in the cavity

when decelerating fields are present.

2.2 Fields in The Alvarez Structure

In this section expressions are developed for the fields existing in

all regions of an Aivarez Structure. This work is an extension of Bolléds
[13] solution for the simple drift tube loaded cavity and takes iﬁto
account the beam guiding bore. The relatively simple technique of field
matching is employed to obtain a solution of the fields in the cavity.

The cavity space is divided into regions and the axial field is expressed
in each region by solving the wave equation in that region, using an
appropriate coordinate system which best suits the geometry under consider-
ation. Boundary conditions are applied to obtain the complete solution

and the fields at the interface of adjacent regions are matched for

continuity. This results in an infinite number of equations which, on
elimination of the unknown constants,result in a single equation. The
secular determinant of this equation, in terms of the propogation constant,
is solved for the particular geometry under consideration.

Once the fields are known, the transit time factor, shunt impedance

and other paramaters of importance,in conjunction with the study of

linacs, may be accurately evaluated.




2.3 Formulation of The Problem

Consider figure 2.3.1 which shows a drift-tube loaded circular
cylindrical cavity with a beam guiding hole. Since the structure has

complete symmetry about the axes AA' and BB', it is only necessary. to

consider a quarter of the structure as shown in figure 2.3.2.

2.3.1 Solution of The Wave Equation

The space is divided into three regions with o as the origin

of the cylindrical coordinates. These regions are as follows:

Region I ........ oszss 3 osrs<c

ion II ....... <z L 3 b< o<
Region IT 5 < z< H < T <c (2.3.1)
Region ITI ...... sz <L ; o<r<a

The walls of the cavity are assumed perfectly conducting and the intrerior
space is filled with an ideal dielectric. - The wave equation in the absence

of the beam may be written as

2 .2 |
(V+kx" )E = 0 (2.3.2)

where the field E, is to be expressed in terms of- the TMoij modes which
are of particular interest in linac structures. Here k is the wave
propogation constant. Equation (2.3.2) applies to all three regions, and,

since the structure is circularly symmetrical about the z axis, no 'g"'

variation is obtained in the solution for the fields.

The solutions for the electric field E.Z in the various regions are

expressed as follows:

o0
Region I : = - 2.3.3
g E 531 A Jo(kmr) cos(amz) ( )
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FIG.2.3.1  CROSS SECTION OF AN ALVAREZ CAVITY




Region JI - -

&y

. ’ ) (2.3.4)
E 1= §=1 B Zn(knr) { cos(an) +C sin(an) }
Region III . m ’ g ] : (2.3.5)
EzIII- gzl Dp Jp(kpr) { co§(YPz) + FP 81n(sz) 1 -
where

- kW +ao = k= + 82 = kz + -Y2 = k2 (2.3.6)

‘ ;" 2.3.
_ Zn(knr) Jn(knr) + Rn Nn(knr) ( 7

and where R is a constant, J and N are the Bessel and Neumann functions, res-
n n n .

. . . wt
pectively, k is the free space propagation constant and the time dependence e’

has been suppressed.

2.3.2 Application of The Boundary Conditions

The above equations must be evaluated subject to the appropriate'

boundary -conditions. These are

= 0 at r=2c¢ (2.3.8)

EzI

Eagp= 0 . at r=b (2.3.9)
B = O at r=c (2.3.10)
ErII = 0 at z = L : (2.3.11)
EziII= 0 at " r = a (2.3.12)
EfIII= 0 - at z = L ' ‘ (2.3.13)

Using (2.3.8), if kmn.denote the Zeros of {3(x)=o, then the solution for

the field in region I is given by




=)

Ezl = gsl Am Jo(komr/c) cos(@mz) (2.3.14)

Application of conditions (2.3.9 -~ 2.3.14) to equation (2.3.4) give

the field in region II as

(=<
o . _
EzII §=1 Bn o(vonrlc) COSBn(L z) / ;OSBnL (2.3.15)
where v are the zeros of the transcendental equation
on .. . S -
J (V) N (v/x) = J (v N (v) =0
SO N /) = 3 (/%) T ) 2.3.16)

and where x is given by the ratio c/b which is larger than unity. Furthermore,
using conditions (2.3.12) and (2.3.13) with equation (2.3.5) results in

_the expression for the field in region III as

(=] R
EzIII - gzl Dp Jo(kopr/a) cosYp(L—z) / cosYPL
wﬁere kop are the zeros of Jo(x) = 0, : | (2.3.17)

2.3.3 Interface Matching

Continuity of the fields across the interfaces is a necessity at
every point. Hence cénsidering the interface of the regions at z = s,
we match the radial and longitudinal components of the electric field
and we use the orthogonality property of the Bessel fﬁnctions to obtain

a solution.

For the longitudinal component of the electric field we obtain

a ra .
2.3.18)
. v k & = k (
J FzI T Jo( qu/q) dr jf E qu/a) dr

0
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Hence substituting for EZI and EZIII and solving, we obtain

2
2¢k
D' = c o Al Jo(k a/c)
J, (k) m .
! = .3,
o) mw=1" 27 77 (2.3.19)
: oq om
where A = A cosq s (2.3.20)
m m m
‘DV cosy (L;s)
D' = D
P o T (2.3.21)
)%
For regions I and II we obtain
C c - : I
' = d .3.22
Ib EZI T Zo(vosr/c) dr Jb EzII T Zo(vosr/c) T (2.3 )
and similarly, this results in
.-
. 2(c/b)voszl(vosb/c) © Am Jo(komb/c)
% T @/ )-22 (v b)) mel Ko - v .
1 0s8” "1 0s ) om os (2.3.23)
where B; = BS cosBs(L—s) / cosBSL (2.3.24)

In order to match the radial component of the fields, we make use’

of the condition Er = p at z = g, a< r< b. Hence the resultant equation is

I
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a

T Jo(kotr/c) d

e » & o
. = < +
J E. T Jo(kotr/c) dr J E T Jo(kotr/c) dr J ErIII

0 rl rll 0

(2.3.25)

At this stage it is convenient to introduce the following notation

R (co. /k ) tazna s
m' om ™

Al (2.3.26)
RCP = (aYP/kop) taan(L—S). ) (2.3.28)
On substituting and simplifying equation (2.3.25), we obtain
- 2, ® 2.2 -
vl L = D’ : 'J (k_ale) J, (k)
RAt At [ 2 Jl <kot) ] 2=1RCp P c2k2 _ a2k2 [— o op 17 ot” |}
P op ot
S 5 'be : : :
_enon ' k
> + 2 2 2 kot Zl(\gnb/c) Jo( otb/c)
n=1 -V N
ot on
(2.3.29)
This equation may be further simplified since parameters Bh'>= Bé' and
DP' = Dq'. Hence eliminating these from the equation by using (2.3.25),
(3.2.26) and (3.2.27), we obtain
2 - 0w r_ 242k 3 (k_ale) 3 (k_ale) I, (k)
T c 2 . C op . o' om 0" op 1ot
R, Al | = J7 (k)| = 1} —P—2P- 4 55
At 2 71 ‘ot . 21 o=1 Ik ) m (c2k2 ~a2k2 )(CZRZ _a%k% )y
. R 1 op om op ot
2C2U k J (k b/e) J (k__b/e) Zz(v b/c)
RBn on ot ,; o om o ot 1" on T

(=)
) 3 7 n 2 2 55 3 ;
— — - - - b i
=1 n=1 kom Voo (kot Von)[ﬁc/b) Zl(von) Zl(\)On /C>j

(2.3.30)
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Hence elimination of the unknown constants will result in a single equation

which can be solved for the eigenvalues of the cavity (kp). These eigenvalues

(hll—xl) hlZ . | Ve hln.
h21 (h22—x2) con S 0
ovo e can oo (2.3.31)
hhl e vos (hnn—xn)

where the general expressions for the elements are given by

34 )
a“c thanYP(L*s) Jo(koma/c) Jl(kot)

-3

mt 1 3k ekl - 2B M - 2By
1% op op om op ot
© -c38 tenS (1-s) J (k b/c)‘J (k E/c) 22(V b/c)
‘ n_  n o om 0 ot 1" on
+ ) 2 2yl L2 153272 2y b7 )1 (2.3.32)
n=1 : (Von - 1\om)(\)on - ot)[(C b) él(von)— 1(von ¢
3 2
L - c at tan(ats) Jl(kot) |
t _ ;
bk o (2.3.33) L
and the eigenvalues kpare related to yb and»Bn as shown in (2.3.6)

From the resulting eigenvalues, the resonant frequency and the

field pattern can be calculated. The accuracy of the solution depends

on the order of the determinant.
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2.3.4. Numerical Solution of The Eigenvalues

Equation (2.3.31) was solved on an IBM 360/65 system to obtain the
eigenvalues of the fifth cell in the second tank of the ING linear

accelerator for the:Atomic Energy of Canada, Ltd. The cavity dimensions

in meters were : L = 0.1755, s = 0.058, a = 0.0125, b = 0.06 and

¢ = 0.33. Various sizes of the determinant were used in the calculations
until the change in the eigenvalue k was numerically insignificant.
Theoretically the truncated size of this determinant can be estimated

by evaluating the difference in hmt for k and (k + §k) iteratively until

it becomes less than g€, i.e.

Sy - ' 2.3.34)
hmt(ki&‘) hmt(k) < € C : )

x (k8 ) - Xt( k) < €.

t (2.3.35)

where §k is the accuracy desired in the eigenvalue and ¢ is smaller
than the last significant figure arising in the calculations. The larger
of m or t is then chosen and the resulting curves for the variation in the

eigenvalue with various sizes of the determinant for the TMolo and

TMOl2 modes are shown in Figs 2.3.3 and 2.3.4. The determinant was
evaluated by pivotal condensation and an iterative technique was used to
evaluate the eigenvalue. The computing time for a 20 x 20 determinant
was approximately three minutes and due to fast convergence only 20-40

terms in the series for hmt were found necessary. The resulting eigenvalues

are then used to calculate the resonant frequencies which are tabulated
in table 2.3.1. Table 2.3.2 shows the variation in the eigenvalues with
‘the order of the determinant. The axial field distribution for the

dominant mode in the cavity was calculated and plotted in fig 2.3.5

where it is also compared with the experimental data for the field dis-
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-TABLE 2.3.1.

MODE ' EIGENVALUE RESONANT FREQ.

TMolo | .068 . 325 Mc/s

™ 1, i0975 - 465 Mc/s

™, | .127 607 Mc/s

TM016 134 643 Mc/é

TﬁolS | .145 ‘ 694 Mefs

Eigenvalues and Resonant Frequencies for Various Modes in the

I¥G Cavity
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"TABRLE 2.3.2

ORDER OF DETERMIKANT
MODE 4 8 15 20
Ms10 .038 .068 .068 .068
™ : '

0l2 .067 .0818 .0955 .0975
™14 .0995  .120 .126 .127
™o16 .109 114 .132 134
™Mo1s 117 .139 144 .145

Variation of Eigenvalues With Order of Determinant
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tribution in a cavity with a stem supported\drift tube. The size of the
drift tube is the same as above but the stem which was not accounted

for in our calculations, is a cylinder 27 cm long and 3.2 cm in diameter.

2.4 TField Expressions for the TMO1OMode

Forithe ™ mode we have
: olo

=) A J (k_r/c) cos(a z) C (.4.1a)
z1 m o om m -
m=1 . .
' i = v _ (2.4.1b)
EzII = §=1 Bn Zo(vonr/c) coan(L z) [ coanL
. - .
Eorir = gzl Dp Jb(k0pr/33 cosy_(L-z) / cosYpL 2.4.1c)

For each of the regions the corresponding magnetic field expressions are

given by
o k r ’ '
H = iwAm . om
, . 2.4.2
61 I o Jp G ) cosa Z - C a)
m=1 om
Hi . = - 1iwBn Von® cosfn(L-2)/cos8nL (2.4.2B)
0II ~ T z, ()
Cv 1 ¢
on
n=1
- H = T iwD ko *
o111 T 3 E2E 5 (2B cosy_(1-2)/cosy_(L) (2.4.2¢)
p=1 Ckop 1% a P P

where C is the velocity of light.

Besides these the radial components of the electric field Er exist,but

are of no immeadiate interest.
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2.5 Evaluation of the Q

Once the field expressions have been obtained it is a simple matter to

obtain the Q of the cell. The Q is defined by the basic relation:

W X time average energy stored in the system
energy loss per second in the system

Q = .5.1)
where w is the circular frequency in radians/sec.

The total time average energy stored in the system is equal to the sum of
the electric and magnetic energy. The time average electric and magnetic

energy stored in the cavity, at resonance, are equal [15].

For the fundamental mode the magnetic field has only a 8 component

and the energy stored in a length L is easily evaluated by the following

_expression.
, 21 (e s * 2w e (L A ,
= = + . 1z
Wm =3 I j J (HeI. HeI) r dr d9 dz [0 Jb J (HSII H@II)I dr d8 dz
0o 0 0 s
J»ZTF Ja JL % -
+ (u . B Yrdr d9 dz | = W
0 0 s 6111 0ITL v e . (2.5.2)

where We is the energy stored in the electric field.

I, and

In order to evaluate Wﬁ, we denote the integrals in (2.5.2) by Il’ 9
IB,respectively, such that

J = ‘

W Tu /e HI, +1,+1, 1 @.5.3)

Using the following expressions for the magnetic field in the three regions

of ‘interest

= SR U . 9.5.4
HGI g ” _Jl(komr/c) cob(amz) | (2.5.4)
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o B ik cos B (L_é)‘-_
0TT gzl v__ 1§ Onr/c) - BDL (2.5.5)
® D ik cos y_(L-2)
= _P.__.l‘.
Horrr 21 o Tkt e (2.5.6)
A op : , D

and the orthogonality conditions of the Bessel functions, we obtain

. © e - © cosams'sindts
I, =} U3k Ois + 0.5sin(20 51}
m t=1

o ., m#t (2.5.7)
m ¢t

: o coan(L—s)sinSu(L—s) '
I = z : —‘*'?f——'[(L—s)—O.SsinZBn(Lvs)]X Bn’Bu ’ [

~O.5c2[
n=1 Vv cos B L u=1 .
on n .

Ji(von)~30(von)J2(von)] - 0.5b2] Ji(vonb/c)~30(vonb/c)J2(uonb/c)]

2 IO . )
- 0.5¢ ﬁg?;;;? [ Jl(von)hl(von) + JO(von)NZ(von) +'J2(von)NO<von) ]

O.5b2

- ﬁgzgggj (vonb/c)Nl(Vonb/c)JO(von) ~ JO(VOnb/c)NZ(VOHb/C) -

Iy

. N e e 2 A 72 =0 h 1
. J2(vonb/c)ho(vonb/c)JO(von)] + [ . (Von) ] { 0.5¢ [Nl(von) No{von)Vz()on)]

222 ' ' i
-0.5b LNl(vonD/c) - NO(vonP(C>N2(vonb/c)]} } , u#Fn (2.5.8)

© Dzkzazﬁ

1 @ cosYP(L~s)si?ZP(L~s)

2 , ' . B
I, = 2* -5 33 (k) [(L=s) - 0.5sin 2yp(1.—s>1§ ,
p=1 ZkOpcos YPL .

v=1 YP”YV

vip (2.5.9
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It remains to calculate the énergy lost in the system per second.
The field expressions being known, this is obtained from the surface
currents given by the value of He at the metallic surfaces, ie.

P R s 27 9 27 L 9
2 = = HS_(z,c) dO dz + B __(z,a) d6 dz +
) 2 61 , fII1

o 0-0 . 07s

2L, - (24U
J' J (z,b) d6 dz +-J J B (z,c) d8 dz +

H
0ls g1l 0 Js 811"
27 ¢b 9 ‘ P27 rC 9
J J IHSI(s,r) dr 46 + J J rHeII(L,r) dr 49
0’0 ' 07’b
: (2.5.10)
where
’ 4
R = C%%) i
(2.5.11)

Similarly,denoting the integrals iﬁ(Z.S.lO)by 14 to Ig,respectively,and

we use (2.5.4) to.(2.5.6) to obtain

P .
L = O.SRm [ 14715+16+I7+18+19 1 _ ( 2.5.12)

@© 2 : © cosams sinaté
= — i . =t
I, ) 5 3k Dls + Q,SSlnzams}Z — .- tE s (2.5.13)

m=1 k t=1 m t
om
2.2 - . '
_ o D klﬁ . 9 ®  cosY (L—s)51nyD(L—s)
0= ] o5 3 () [(L-s) - 0.5sin2y_ (1-5)1) B —— & )
p=1 kopcos YPL P P v=1 Yp Ty
4
V7P (2.5.14)
i Bikiﬂ ' JO(von)Nl(\)onb/C) 2 o
I, = ) ~ [ 3 (v ble) - ) 17 [(t-s) - 0.5sin28_(L-s)
. n=1 v~ cos"8 L 0 on
on n .
® coan(L—s)singn(L—s) y (2.5.15)

u #F 1

=1 Bnmsu
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2.2 ' '
o Bkim JO (von)Nl (von)

1" : 2 ] o
I, = ) ' [ I.(v ) - 1° [ (L-s) - 0.5sin28_(L-s) ]
/ n=lviﬁcoszﬁnL 1 on NO(von) o
»§ cossn(;‘i;Sian(L—S) uF o (2.5.16)
=1 n o u ‘
- 2.2
@ A kT . . SRR
1 2 2.2 . 2,.2 . I S
Ig = 2*1 zz cos (ams) [ b {Jl(komb/c)~JO(Komb/C)Jz(komb/C)} - a {Jl(koma/c> R
o= om :
JOaéoma/c)JZ(koma/c) ¥ } @.5.1xny
© 2B2k2ﬂ -
=7 =2l st )-T (v )3 (v )Y - 0.5° {32 (v_b/e) -
9 =1 vZ cosZB I : 1Y on 0 ’on’"2" on * l(von c) -
. on n -
JO(\) ) o
Jo(vonb/c)Jz(vonb/c)} 0.5 E;‘—(‘\T")“ {c [J (v )Nl("on)'”o(\’onmz (\)on) +

go(voanz(von)] - bz[Jl(vonb/c)Nl(vonb/c) - Jo(vonb/c)Nz(vonb/c) -

J ( 2

J (v b/C)V (V b/C>] }+ 0.5 N (v ) I3 {C [V (V ) - No(von)SZ(von)] -

BN (v__B/e) = Ny (v b/eIN, (v b/e)]} }
. (2.5.18)

Hence the Q of the cavity is given by

Q= wam/PR : (2.5.19)

TheAQ was evaluated for the fifth cell in the second tank of the ING

accelerator mentioned previously and found to be 19183 which cempares

favourably with the 13250 figure found by experiment.
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2.6 Error Analysis

In actual computations, two major sources of errors occur. The first
occuring in the truncation of the infinite series for hmt’ the elements

of the determinant, and the second is in limiting the order of the determi-

nant. Besides these, the number of significant figures to be carried in the

calculation for the eigenvalues is also significant.

Consider first the error introduced in truncating the infinite series
involved in computing the hmt terms. For this tﬁe asymptotic behayiour of
the terms for large p and n is required and the following expansions are

useful. The zeros of Jo(x) as % becomes large approach the zeros of

Cos(x-m/4), and the zeros of No(x) approach the zeros 6f Sin(x~m/4), hence

-

the zeros of . A _
Jo(v) No§v/x) - J /%) N (V) =0
approach the zeros of
tan(v/x) -~ tan(v)

for v sufficiently large and x > 1, This leads to

R

kom Cutl)n/2 + n/4, m = 0,1,2 .... ’ (2.6.1)

and

il

v nxn/(x-1)n=0,1,2 ..... ' ' (2.6.2)

on

for large m and n. Furthermore

-1

il

2% o 0/ 152, v~z 2 (v [)]) [{le (o) /2 0 [017 - 1}

. -1
=(x-1) (2.6.3)

and the exact and limiting values of ‘this function for a particular x can

be compared for n sufficiently large.
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»

To investigate the behaviour of hmt we choose P=P, and n = n
sufficiently large, such that the asymptotic expansions of the Bessel

function are valid.

In this instance we drop the common c3 in (2.3.32) and (2.3.33) to

obtain
po—l no—l - -
b o= o ot Jao+ T (2.6.4)
p=1 n-1 P, o

where the last two terms represent the error occuring in the truncation.

For the particular values P=Py> D70, such that pl>Po and nl>no,
and sufficiently large to ensure that,
K 2’ . 2 S>>k 2’ K 2
op on om ot
and
v /C)2 >>k 2
on o)
then
Bn tan Bn (L-s) = anﬂ/c(x—l) (2.6.5)
1 1
and
Y_ tan y_ (L-s) =[(2p,+L)n/2 + n/4]/a (2.6.6)
Py P1 1
Thus the error term is given from (2.6.4) by
[os] [eo]
e T L e F ) eeeien
Po "o
o a3c y tany (L-s) J (k_a/e) J,(k )
=z D P o om 1 ot
- \r 2.2 2.2 2.2 2.2
p=p J. (k - -
o 1( OP){C kop a kom}{c kop a kot}
- .Bntangn(L—S)Jo(komb/C)Jo(kotb/C) (2.6.7)
+ 2 2 2 2
=, (x-1) (von nkom )(von - kot )

Upon substitution of (2.6.5) and (2.6.6) with the limiting assumptions
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2 2 2

kop >>kom or kot » and simplifying, we obtain

3 15 v .

E . = alc(a/2¢) Jo (e ale)d (k) Z c+[(2p+l)ﬂ/2~w/§]a
P=Po 1 2pt1) W/ 2-m/4]
1 ‘ © .,
X —
+ oy Ik b/e)T (k_b/e) Z i/n (2.6.8)
cCX T n—no

Simplifying further with mp>>mW/4 we have

3 L s 33
Emt = afc” (af2c) Jo(koma/c)Jl(kot) z(C+WP)/ﬂ P
P=Po
s221 5 0 w03 G b/e) ? /0% (2.6.9)
2 2 "o ot o om tU
ex m n=n_

Thus it follows, that for a higher degree of accuracy, we could compute
the hmt terms by first using the equation (2.3.32) to a certain degree say p,n
equal 20  or 40 each and then use (2.6.9) to correct these.Thus consider-
able computational time is saved. due to the asymptotic approximation,
and a high degree of accuracy is maintained. The order of the secular
determinant which is another source of error, must now be considered., As
(L-s) =~ 0, hmt > 0 and in the limit (L-s)=0, only the diagonai terms of
the determinant remain and the successive eigenvalues (ko) are obtained from
the successive terms in the diagonal. Hence it may be concluded that the
eigenvalues of the perturbed cavity are associated with the corresponding

diagonal terms and are perturbed from their value for L-s=0 by the off

diagonal terms.
For the lowest eigenvalues of interest, at’Bn’Yp are sufficiently large

for large t,n and p and become independent of ko since

>>
ko kot/c or von/c or kop/a
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As m and t > oo hmt+ 0 and similarly we can show that xt+ 0. Hence hmt
and x_ are not only insensitive to changes in ko, as m and t increase, but
also tend to zero,.

Since the behaviour of A(ko) as a function of kO,Aalane is of interest,
only that part of the determinant, sensitive to changes in ko should be
considered. This allows us to determine the size of the detérminant by
inspecting the sensitivity of the coefficients to a change in ko. Thus
if § ko is the accuracy desired in ko, then the largest m and t are chosen

such that

hmt( k + Sky) - hmt( k) < € (2.6.10)

and

I+

xt( k

&o) mx (k) < e (2.6.11)

The larger of m and t determines the order of the determinant to be

used in the calculations.
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CHAPTER ITI

EVALUATTION OF IMPORTANT LINAC PARAMATERS

The work of the last chapter can be used further to develop
expressions for some basic liqac paramaters which are of importance in
measuring performance and in the choice of competing cavity designs. In
this chapter the expressions are obtained for the transit time factor and
the shunt impedance for the Alvarez structure taking into account the

effects of the beam guiding hole.

3.1 Basic Energy Relations, Transit Time and Impedance Concepts

Consider the simple but practical accelerator comnsisting of fight
circular cylindtical cells as shown in Figure 3.1.1. With excitation at
the correct frequency each cell resonates in the TMolo mode. The electric
field has only a z component with no z dependence and a maximum value on the
axis, while the magnetic field has a 0 component which is zero on the

axis. The holes in the wall are assumed not to disturb the field and the

expressions for Ez and He may be written as follows [16]!

2 X .T
_k ol
Ez = EEEAJO(_E_—O (3.1.1)
X X . T
_ ol ol
He > Jl(—zf__) , (3.1.2)

The peak voltage across the cell is

L/2

AV =J EFdz = E L (3.1.3)
-L/2

o
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and a particle crossing the cell at the instant_of peak voltage gains an

energy

AW = eE L " (3.1.4)

But finite time is fequired for traversing the length of the cell and
if the particle passes the centre of the cell when the electric field is
maximum and ¢ is the phase of the particle with respect to the r.f. field

.at the centre of the cell, the actual energy gain for a relativistic

particle is [17]

1/2 | |
AWS = g { EOCos(ﬂz/L)dz +(3.1.5)
~1L/2

The ratio AWs is called the longitidunal transit time factor(Tl) and
AWo

is always less than 1. So the energy gain is

AWS= QEOTlL (3.1.6)

, :
1f E is increased to EO and the particle made- to pass the centre at a
o v

phase ¢S the same energy gain can be obtained

- 1
AWS eEOTlLCos¢S (3.}.7)

The energy of the particle will depend on its phase. For a proton this

results in an incorrect average velocity and a shift of phase of the

particle with respect to the r.f. wave. A particle arriving too early
at the centre gains energy less than AWS and so slips back. A late particle

gains more energy and hence catches up to ¢S. Particles with ¢ = ¢S are

called synchronous particles.
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Thus there is a certain stability fénge in ¢S about which there
is a restoring force tending to bunch the particles about ¢S. The existence
of phase stability requires that the beam be gnstable to radial motion so
that auxilliary focussing is necessary to confine the beam along the
axis of the accelerator.

The r.f. power required to establish the field Eé in a cell is given as

E'L,2
o)

7L

(To™)

P = (3.1.8)

where Z = normal shunt impedance of the cell and for convenience the effec~

tive shunt impedance is defined

1oy 2 :
P = (E)TL)"/R_L (3.1.9)

where

2 ' (3.1.10)

The complete transit time factor T is much more complex and is the one
used for computational purposes. This includes the effects of spatial
distribution of electric fields, dits time variation and the radial field
variation taking into account the holes for beam guidance. The transit

time factor is improved by adding drift tubes.

3.2. The Transit Time Factor For The Linac Cavity, Considering the

Beam Guiding Hole

The transit time factor has been investigated for a linac cavity
by Gluckstern [14] but this has its limitations in so far as the effects of
the beam guiding hole were neglected. Using the definition given above

for the transit time factor, and the work of Gluckstern, we can arrive at
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s,
>

an expression for evaluating the above factor, considering the effects
of the drift tube bore.
The energy gain of a particle of charge 'q’ in passing through a length

2L of the cavity under consideration is given by

. - s . : L v
- H . y - ' 4 T~ d 3.2.1
SE » q [ Jo EZI(z,O) cos %Z_dz + js EZIII(z,O) cos -%( z) dz ( )

where the primed notation indicates that the field is evaluated at a

particular radius, and v is the velocity of the particles.

Moreover, the ideal energy gain for a particle is given by

- s L
E = q ' ' |
L Cd ”O B! (2,0) dz + L B (2,0) dz J (3.2.2)

Hence the transit time factor 'T ' is given by
T = SE/E (3.2.3)

3.3 The Shunt Impedance Of The Structure

For judging the relative merit of competing cavity designs, a high
energy gain of the particles in passing through the cavity per unit of

. . 2 . . .
power loss is required. ZT", the effective ghunt impedance,is related to

energy gain and power loss by equation (3.3.1) and is hence a useful paramater

for judging such performance.

N
g2 . 1 [ (SE) }
L

2 P

q ) (3.3.1)

where § E = energy gain of the particles in passing through the cavity.

PQ = Power loss in the cavity.

Amongst other things, the Q of the cavity, transit time factor and

) . . . 2
maximum electric field at the metallic surface are also used, but ZT
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.
.

remains as the principal measure of performaﬁce.

Having found expressions for the losses and the energy gain of a
particle of charge q in passing through the structure we can proceed to
obtain an expression for the shunt impedance.

‘The effective shunt impedahce per unit length may be defined as

. . 2 ’
Rs = (AW) /Pl L ) .(3.3.2)

where AW is the maximum energy gain for a particle of synchronous energy,

including the Transit Time Factor and effects of the drift tube bore,

while Pl-is the loss in the system for the same length L as given by

equation (2.3.10) and AW is given by the relation

s I, ' b
M- ' w2 : (1-2) dz |
q [ JO EzI(z’O) cos ﬁgﬁ_dz + js EZIII(Z,O) cos _%(L z) dz i\(3.3.3)

[ -

Hence evaluation of AW and Pl for a particular geometry will lead to the
shunt impedance through equation (3.3.2).
Ihe shunt impedance for a drift tube supported by a stem has been

calculated by Trubetskoj [18] as that for a coaxial liné having an internal

diameter equal to the diameter of the supporting tube (d) and an external

diameter D = BA/2, where X\ is the wave length in vacuum. BHe obtains an

expression of the form

2 D Sinml
d mi+.58in2ml

MO/m (3.3.4)

where 1 is the length of the supporting tube as shown in figure '3.3.1.

The value ml = 271/A is dependent on B, as well as on the diameter of

the drift tube,and on the ratio o of the accelerating gap length to D.
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Finally the ratio of peak to average field gradient defined by

I L
— ]
Emax/Eav_Emafo/(.[o EZI(zzo)dz +Js E;III<Z’O)dz) (3.3.5)

may be evaluated, which is an important factor in considering the maximum

field allowed before sparking takes place.

3.4 Results For The ING Cavity

The transit time factor and the effective shunt impedance were calcu-
lated for the experimental cavity of the last chapter for various values
of '8", the relativistic velocity factor. Table 3.4.1 shows the values

obtained. Due to inadequacy of the experimental setup, no experimental

checks were possible.
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TABLE 3.4.1
g Transit Time Shunt Impedance
Factor ‘ . in MQ/m
0.25 - 0.939 ' 54.36
0.30 0.8944 49.28
0.35 0.8620 | 45.78
0.40 0.8387 © 43,34
0.45 0.8218 41.60
0.50 0.7091 | 40.33
0.55 0.7994 39.37
0.60 0.7919 38.63
- 10.65 0.7860 38.05
0.70 0.7812 '37.59
0.75 0.7773 37.22
0.80 0.7741 36.91
0.85 0.7714 36.66
0.90 0.7691 36.44
0.95 : ' 0.7672 36.26

Transit Time Factor and Shunt Impedance Vs '8’
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CHAPTER IV

DISCUSSION AND CONCLUSIONS

4.1 Discussion of The Results

Examination of our results shows that it is not necessary to use a
very high order determinant in.evaluating the first eigenvalue,due to the
rapid convergence. However, for the higher order modes,a large determinant
is required before convergence occurs. The poor agreement between the
experimental and theoretical results for the eigenvalue arises from the
fact that the experimental cavity shown in Figure 4.1.1 had a stem designed
to support the drift tube. This naturally lowers the resonant frequency and
hence the eigenvalue. The resonant frequencies evaluated for tﬁe higher
order modes are likely to be in error as these are given on the basis of
a 20 x 20 determinant which may not be adequate for higher order mode
evaluation.

The plot in Figure 2.3.5 for EZ is seen to agree quite well with that
obtained by measurements based on perturbation techniques. Thé measurement
method is not very accurate for fields near the plates and éince the accele-
rating gap is quite small; no high degree of accuracy can be expected in the
measured values. The theoretical prediction for the field is seen to
resemble that obtained by Hoyt [11]. A high degree of accuracy is possible,
however, if a large number of terms are used in the computation of the
fields but this requires excessive computation time. The fields near the

ends of the drift tube require a much larger number of terms and additiom

of effects due to the generation of higher order modes at the discontinuity

which we have not accounted for.
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4.2, Conclusions
In conclusidn we see that this method has a wide scope in the application
to problems concerning loaded structures. Although the required computa-
tions are tedious, they result nevertheless in the correct eigenfrequencies

and field distributions. However, the excessive computation time required

in the computer programming may not justify its use in all cases. The
evaluation of higher order modes requires the iterative evaluation of a

large order determinant and, furthermore, a large number of terms in the
series for the elements of the determinant. The equations are found to check

for the case when the beam guiding hole is not taken into account as solved

by Bolle and reduces his work to a particular case.of our solution. The
same‘can be said of Gluckstern's work. The method has its advantages,
however, in that there is no need to generate special functions for accele-
rating the rate of convergence of the series. The calculations.allow a check
on thé number of terms to be used’in the expansions, the order of the determi-
nant and also on the number of significant figures to be used in the calcula-
tions for a desired degree of accuracy.

The method is applicable.to the study of optimization of cavities for
accelerators, after the geometry has been reduced to a simple configuration,

and presents a basis for analysis when other simpler methods cannot be found.

4.3 Suggestions for Future Research

There is unlimited scope for research in the field of inhomogeniously

filled r.f. cavities. Although the effects of stems are being investigated

[19-21] and though Nishikawa [6] has used the equivalent circuit approach

in investigating their effect, it is felt that a field analysis would prove
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more rewarding in giving a better insight into the understanding of these
effects.

Besides this, problems of beam dynamics are of great importance and
though considerable work has been done in this area [8,9,22,23], much remains

to be explained and analysedsas for instance the transient effects connected

with beam switching, beam loading,etc.
Optimization studies of various types remain to be undertaken, among
them the optimization of the r.f. loop and excitation methods for the cavity.

As pointed out [18], the volume of useful electromagnetic field, in which

acceleration takes place, is very small compared to the total volume,and,

owing to the high reactive energy accumulated in the system, strong currents
exist, causing high losses. Localization of the electromagnetic field in

a small volume would permit a more compact and economic accelerating system.

The optimum design of the beam guiding hole is another interesting

research problem. The minimum diameter of this hole is normally set by the
size of the beam so that as the drift tube diameter is increased, the ratio
of the hole diameter to the drift tube diameter increases, As a result, the
effective radial variation of the electric field also increases, the field

on the axis being substantially lower than at a radius equal to the hole

radius. This results in a large radial variation of the transit time factor
which strongly couples the radial and phase motion of the particles. Again
it becomes necessary to incorporate radial focusing magnets within the drift

tubes and the cell length becomes impracticallat low energies.

For the instrumentation engineer, this field again provides a rich
ground for research and design of instruments for control, monitoring,

accelerator alignment, precision phase adjustment ,etc,all of which are required

in linear accelerators.
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As particular instances,a few general problems of current interest to

b
accelerator designers may be mentioned. Amongst these is the investigation
of the effects of the radial shifting of the drift tube in a stem supported

drift tube structure. The stems are required for mechanical rigidity and

though these are advantageous in certain respects [20], often a situation

may arise where their sole purpose would be to support the drift tubes and
it becomes necessary to remove any effects the stems may have on the field

system. There is reason to believe that this may be achieved by shifting

the drift tube radially. Further,even without coupling the stem problem to

this, the shifted drift tube structure could still be advantageous in

reducing tank detuning effects and consequently is an important problem
that requires looking into.

Another problem that wouid be highly beneficial to designers would be
the derivation of an equivalent circuit for the system from the field solu-
tions. Though work has been reported in this area, as yet no major breakthrough
has been made.

As a third example one may cite a problem that has‘practical gsignifi-
cance. In the solutions of l;nac structures, they are commonly assumed to
be simple resonant cavities and the imaging technique applied in obtaining
their solution. But this approach suffers from a number of disadvantages
and is not practical. Firstly,in any linac structure there are a finite
number of drift tubes and,secondly, they are not of equal length and are not

at equally spaced intervals. Hence this is a finite periodic structure and

the field solution accounting for all the above stated features is quite

difficult to obtain, especially when the structures are considered pulse fed

and in the presence of the particle beam.
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With the construction of higher and higher energy accelerators, the
plysicist has uncovered a vast amount of information about the nature of
elementary particles. This has always raised questions about exploring the

next energy range in accelerators. But going from one energy range to

another is not a simple matter, in that each type of accelerating system
has its limitations and an entirely new method of acceleration, better
instrumentation, more refined control and more persomnel will be required!

Thus for the physicist, engineer and mathematician this field offers

an almost inexhaustible source of interesting and intriguing problems.
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