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Preface

The main theme of this thesis is further scrutinizing classic Hardy inequalities and expand-

ing the study carried out by my advisor Dr. Craig Cowan on "Optimal Hardy Inequality

for General Elliptic Operators with Improvement" [8]. We rediscovered explicit integral

form of Hardy inequality with the main focus on its functional aspects, including density

of Sobolev space. We investigated Hardy inequality for E as a positive function in Ω and

µ =−div(A∇E) where A(x) is a n×n symmetric, uniformly positive definite matrix in Ω.

Based on two main directions of function E, we examined Hardy type inequalities:

• E ∈ H1
0 (Ω) which is called ’Boundary Weight’ in Ω

• E ∈C∞(Ω\K) where K ⊂Ω is the compact support of µ and E = ∞ on K, so called

’Interior Weight’.



Moreover, it is shown that the inequalities obtained by two types of E are optimal and

not-attained.

In Chapter 1, we establish mathematical tools and the results of density in W 1,p
0 (Ω)

provides a basic characterization of functions in this space. The proof relies on showing

that W 1,p
0 (Ω\K) =W 1,p

0 (Ω).

In Chapter 2, we discuss our motivation for exploring the main Hardy inequality, with

a focus on the quadratic case (p= 2). The fundamental solution of Laplacian is applied for

illustrating the proof of classical Hardy inequality. Furthermore, we conclude the classic

Hardy inequalities for a bounded domain in Ω ∈ RN , (N ≥ 3), containing the origin and

similar results for smooth boundary of Ω and δ (x) := dist(x,∂Ω). We will refer this

inequality as Hardy’s boundary inequality

In Chapter 3, the inequalities are considered for operators more general than Lapla-

cian. One case of this is the result obtained by Adimurthi and Sekar [3]. Various Hardy

inequalities are explored in terms of different boundary weight and interior wight of func-

tion E.

In Chapter 4, we investigate optimal weighted versions of aforementioned inequalities

for (p 6= 2). The generalization of Cafferelli-Kohn-Nirenberg inequality are examined to

find the optimal and not attained constant. Furthermore, the possibility of more general

weighted inequalities is investigated.

In Chapter 5, we consider one common type of improvement for the above-mentioned

inequalities. The method we use for two types of function E was firstly adopted by Ghous-

soub and Moradifam [13].
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Introduction

The Hardy inequality was originally discovered by Hardy in the one-dimensional case

and later extended to higher dimensions [17],[6],[7],[10],[11],[15],[21]. The develop-

ment of the famous Hardy inequality has received plenty of attention since 1960s. These

topics are mainly about scaling invariant inequalities including integral of functions and

their derivatives in various powers, and are well established in nonlinear analysis and

PDEs [16]. These inequalities have numerous applications in geometry and mathematical

physics [17], [16]. By adding positive terms to the right hand side of the Hardy type in-

equality, improved versions of the aforementioned inequalities have been generated. The

corresponding results play an essential role in critical phenomena in elliptic and polyno-

mial PDEs [19], [9].
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1.1 Mathematical Tools

In this part some notations and tools are provided which will be applied throughout the

thesis.

Definition 1.1. For function E in Ω we have:

• E+ = max{E(x),0},

• E− = max{−E(x),0},

and we have E = E+−E−.

Theorem 1.2. Co-area Formula

∫
Ω

f (x)|∇u(x)|dx =
∫
R

(∫
{x∈Ω:u(x)=t}

f (x)dHN−1(x)
)

dt,

where u ∈C1(Ω̄) and HN−1 is the N−1 dimensional surface measure.

Remark 1.3. (Notation for Derivatives).

Suppose φ : Ω→ R and x ∈Ω, we denote:

• φxi =
∂φ

∂xi
= limh→0

φ(x+hei)−φ(x)
h (if the limit exists),

• ∇φ := (φx1, · · · ,φxn) = gradient vector,

• ∆u is the Laplacian of a real valued smooth function u.

• For i = 1, · · · ,n, ∇i f (x) is the partial derivative of function f at x in the direction of

the vector whose coordinates are 0 except in the ith, which equals 1.

Definition 1.4. Suppose u,v ∈ L1
loc(Ω) and α is a multi-index. We say that V is the α th-

weak partial derivative of u, written

∂
αu = v,
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provided ∫
Ω

u∂
α

φdx = (−1)|α|
∫

Ω

vφdx,

for all test functions φ ∈C∞
c (Ω).

Definition 1.5. (Interior Ball Condition). There exists an open ball B ⊂ Ω such that for

x0 ∈ ∂Ω we have x0 ∈ ∂B.

Note that the interior ball condition automatically holds if ∂Ω is C2.

Lemma 1.6. (Hopf’s Lemma), Suppose Ω is a smooth, open and bounded domain in RN

and suppose u ∈C2(Ω)∩C1(Ω) satisfies−∆u≤ 0 in Ω and there exists x0 ∈ ∂Ω such that

u(x0)> u(x) ∀x ∈Ω,

and Ω satisfies the interior ball condition at x0 [Definition 1.5], then

∂u
∂ν

(x0)> 0,

where ν is the outer unit normal to ∂Ω at x0. The importance is the strict inequality.

Definition 1.7. If G : R→R is a smooth function, and for g = G′ we have |g(z)| ≤C(|z|+

1) and |G(z)| ≤C(|z|2 +1) for some constant C. It is defined

I[w] :=
∫

Ω

|∇w|2dx,

for all function w such that w = 0 on ∂Ω, and

J[w] :=
∫

Ω

G(w)dx = 0,

and the appropriate admissible class is

A := {w ∈ H1
0 (Ω) s.t J[w] = 0}.
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Theorem 1.8. (Existence of Constrained Minimizer). Assume the admissible set A is

nonempty. Then there exists u ∈A such that

I[u] = min
ω∈A

I[ω],

where the problem of minimizing, say, energy functional is defined as

I[u] :=
1
2

∫
Ω

|∇u|2dx,

among all function u belonging to the set A .

Theorem 1.9. (Harnack Inequality). Let Ω be connected subset of RN and suppose

u ∈ C2(Ω) is harmonic. If u ≥ 0 then for all Ω0 ⊂⊂ Ω there is some C = C(Ω0,Ω)

(independent of u) such that

sup
Ω0

u≤C inf
Ω0

u.

Theorem 1.10. (Strong Maximum Principle). Assume Ω is connected bounded in RN and

u ∈ C2(Ω)∩C(Ω) is harmonic. Then if u attains its max or min over Ω at some point

x0 ∈Ω then u is constant.

Theorem 1.11. (Global Approximation by Smooth Functions). Assume Ω is bounded

and suppose as well that u ∈W k,p(Ω) for some 1 ≤ p < ∞. Then there exist functions

um ∈C∞(Ω)∩W k,p(Ω) such that

um→ u in W k,p(Ω).

Definition 1.12. Let H be a vector space. A function < ., . >: H ×H → C is called an

inner product if

• < λ1x1 +λ2x2,y >= λ1 < x1,y >+λ2 < x2,y >,
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• < x,y >=< y,x >,

• < x,x >> 0 if x 6= 0,

for every x1,x2,x,y ∈ H and λ1,λ2 ∈ C and in particular

< x,λ1y1 +λ2y2 >= λ1 < x,y1 >+λ2 < x,y2 >,

for every x,y1,y2 ∈ H and λ1,λ2 ∈ C, it means an inner product is not quite bilinear (it is

linear in the first variable, and conjugate linear in the second), moreover, note that

< x,0 >=< 0,x >= 0 x ∈ H.

Theorem 1.13. (Riesz Representation Theorem). Let H be a Hilbert space. Then, there is

an isomorphic conjugate-linear isomorphism Φ : H→ H∗ such that

(Φ(x))(y) =< y,x >,

for x,y ∈ H.

Theorem 1.14. (Riesz Representation Theorem). For any Hilbert space H, H∗ ' H. In

particular, for every x ∈ H,

φx(y)≡< x,y >

is bounded and has norm ‖φx‖H∗ = ‖x‖. Furthermore, for every bounded linear functional

φ ∈ H∗ there exists a unique x1 ∈ H such that

φ(y) =< x1,y >,

for all y ∈ H.
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Remark 1.15. In Banach spaces X a sequence { fn} converges weakly to f if

φ( fn)→ φ( f ),

fo all φ ∈ X∗, where X∗ is the dual of X .

In the case of Hilbert space H, every element of the dual space is realized by an element

of H according to Reisz Representation Theorem, fn→ f weakly if and only if

< fn,φ >→< f ,φ >

for all φ ∈ H.

Theorem 1.16. Every bounded sequence in Hilbert space H, has a subsequence which

converges in the weak topology of H.

Definition 1.17. If Ω⊂ RN is open and ε > 0, we write

Ωε := {x ∈Ω s.t dist(x,∂Ω)> ε},

and for x ∈ RN and ε > 0 we let

Bε(x) = {y ∈ RN : |x− y|< ε}.

Definition 1.18. • (i) Define η ∈C∞(RN) by

η(x) :=


C exp

(
1

|x|2−1

)
if |x|< 1

0 if |x|> 1,

the constant C > 0 selected so that
∫
RN ηdx = 1.

6



• (ii) For each ε > 0, set

ηε(x) :=
1
εn η

( x
ε

)
,

η is the standard mollifier. The function ηε are C∞ and satisfy

∫
Rn

ηεdx = 1, supp(ηε)⊂ B(0,ε).

Definition 1.19. A function is called locally integrable if around every point in the domain,

there is a neighborhood in which the function is integrable. The space of locally integrable

functions is denoted by L1
loc(Ω).

Definition 1.20. Suppose that f ∈ L1
Loc(Ω) is a locally integrable function, for ε > 0, we

define f ε : Ωε → R by

f ε(x) :=
∫

Ω

ηε(x− y) f (y)dy,

where ηε is the mollifier and we define f ε for x ∈Ωε so that Bε(x)⊂Ω and we can define

the average of f and if Ω = RN we have Ωε = RN .

Theorem 1.21. (Properties of mollifiers). For function f ε as a smooth approximation of

f , we have:

• (i) f ε ∈C∞(Ωε),

• (ii) f ε → f a.e as ε → 0,

• (iii) If f ∈C(Ω), then f ε → f uniformly on compact subsets of Ω,

• (iv) If 1≤ p < ∞ and f ∈ Lp
loc(Ω) then f ε → f in Lp

loc(Ω).

• (v) In particular, if f ∈W k,p
loc (Ω), for some 1≤ p < ∞ then

f ε → f in W k,p
loc (Ω),

as ε → 0.
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Theorem 1.22. Let Ω denote a smooth bounded domain in RN and suppose F ∈C1(Ω,RN)

and φ ∈C1(Ω). Then

∫
Ω

F(x) ·∇φ(x)dx =−
∫

Ω

divFφdx+
∫

∂Ω

Fφ ·νdS.

Theorem 1.23. If u,v ∈ C1(Ω), then the application of the divergence theorem to the

vector field X = (0,0, · · · ,uv, · · · ,0) with i-th component uv, gives the integration by parts

formula ∫
Ω

u(vxi)dx =−
∫

Ω

(uxi)vdx+
∫

∂Ω

uvνidS,

where ν = (ν1,ν2, · · · ,νN) is the outward pointing normal on ∂Ω.

Theorem 1.24. If u ∈C2(Ω) and v ∈C1(Ω) then

∫
Ω

∇u∇vdx =
∫

Ω

(−∆u)vdx+
∫

∂Ω

v∂νu,

where ∂νu := ∇u ·ν .

Lemma 1.25. (Fatou’s lemma) Let ( fn) be a sequence of functions in L1 that satisfies

• for all n, fn ≥ 0 a.e,

• supn
∫

fn < ∞ for almost all x∈Ω we set f (x) = liminfn→∞ fn(x)≤+∞, then f ∈ L1

and ∫
f ≤ liminf

n→∞

∫
fn.

Theorem 1.26. If 1≤ p<∞ and if { fn}∞
n=1⊂Lp(X ,A ,µ) is such that fn→ f in Lp(X ,A ,µ)

then there exists a subsequence { fnk}∞
k=1 of { fn} such that fnk(x)→ f (x) µ-a.e.

Definition 1.27. Given 1 < p < ∞, its conjugate is the number 1 < q < ∞ satisfying

1
p
+

1
q
= 1,
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for p = 1 we choose q = ∞.

Lemma 1.28. (Young’s Inequality). Let a,b≥ 0 and p > 1,q < ∞ are conjugate, then

ab≤ ap

p
+

bq

q
.

Theorem 1.29. (Hölder’s inequality). Let 1 ≤ p ≤ ∞ and p and q be conjugate. Let

f ∈ Lp(Ω) and g ∈ Lq(Ω), then the pointwise product, given by ( f g)(x) = f (x)g(x) is in

L1(Ω) and ∣∣∣∣∫
Ω

f gdµ

∣∣∣∣≤ ∫
Ω

| f ||g|dµ ≤ ‖ f‖p‖g‖q.

Theorem 1.30. (Minkowski’s Inequality). Fix 1≤ p≤∞ and f ,g : X →C be measurable

functions. Then

‖ f +g‖p ≤ ‖ f‖p +‖g‖p.

Theorem 1.31. ( Young’s Convolution Inequality). Suppose that g ∈ Lp(RN) and f ∈

Lq(RN). Then,

‖g∗ f‖Lr ≤ ‖g‖Lp‖ f‖Lq ,

for 1+ 1
r =

1
p +

1
q .

Definition 1.32. Let X be a topological space with a countable basis, B as a σ -algebra

of subsets of X containing the open sets and µ : B→ [0,∞] a σ -additive measure. The

support of µ (denoted by supp(µ)) is the complement of the union of all open sets which

are µ-null sets, i.e. the smallest closed set C such that µ(X\C) = 0. The support can be

defined also in case µ is a signed measure. In this case the support of µ is then defined as

the support of its total variation measure.

Equivalently, a signed measure µ is supported on set K if the complement of K is null.

Definition 1.33. If K ⊂ RN is a compact subset we define the box-counting dimension of
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K by

diambox(K) := N− limr↘0
log(HN(Kr))

log(r)
,

where Kr := {x ∈Ω : dist(x,K)< r} and HN is N-dimensional Lebesgue Measure.

Example 1.34. (Line segment) Let e1 denote the unit vector in RN and set K := {te1 : t ∈

[0,1]}, then dimbox(K) = 1, since the topological dimension of K is 1 and

diambox(K) = N− lim
r→0

logrN−1

logr
= 1.

4

1.2 Density in W 1,p
0

Our next results prove a basic characterization of functions in W 1,p
0 (Ω). Recall that

W 1,p
0 (Ω) as the completion of the C∞

c (Ω) with respect to norm ‖.‖1,p.

Theorem 1.35. Let Ω denote a smooth bounded domain and let K denote a compact set in

Ω with box counting dimension; dimbox(K)<N− p where p∈ (1,N). Then W 1,p
0 (Ω\K) =

W 1,p
0 (Ω).

Before proving this theorem we look at the proof of special case of this.

Theorem 1.36. Let 1 ≤ p < N and Ω denote a smooth bounded domain in RN then

C∞
c (Ω\{0}) is dense in W 1,p

0 (Ω).

Proof. Recall these spaces are defined to be the completion of C∞
c (Ω\{0}) and C∞

c (Ω)

respectively, under the Lp gradient norm. Its clear that W 1,p
0 (Ω\{0}) ⊂W 1,p

0 (Ω) and to

show the other inclusion it is sufficient to show that if φ ∈C∞
c (Ω) that we can get close (in

Lp gradient norm) by a sequence of functions in C∞
c (Ω\{0}). So towards this let 0≤ γ ≤ 1

be smooth with γ = 0 in B1 and γ = 1 in Bc
2 (complement of B2) and for ε > 0 small
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consider γε(x) := γ(ε−1x). Then set φε(x) = γε(x)φ(x) and note that φε(x) ∈C∞
c (Ω\{0})

then we have:

(∫
Ω

|∇φε −∇φ |p
) 1

p

=

(∫
Ω

∣∣∣∣1ε ∇(γ(x/ε))φ +(γε −1)∇φ

∣∣∣∣p dx
) 1

p

≤
(∫

ε<|x|<2ε

∣∣ε−1
∇γ(x/ε)φ

∣∣p dx
) 1

p

+

(∫
B2ε

|(γε −1)∇φ |p dx
) 1

p

,

since

∇φε(x) = γε(x)∇φ(x)+
1
ε

∇γ(x/ε)φ(x),

by the Lebesgue dominated convergence theorem, we have γε∇φ → ∇φ in Lp and

∫
ε<|x|<2ε

∣∣∣∣1ε ∇γ(x/ε)φ(x)
∣∣∣∣p dx≤ ε

N−p sup
B2ε

|φ(x)|pCN sup
B2ε

|∇γ(x)|p→ 0,

as ε → 0 since p < N.

Lemma 1.37. [11] Suppose f is a real valued Lipschitzian function on an open subset K

of RN , and g is a real valued continuous function on K such that

fxi(x) = g(x) whenever f is differentiable at x,

then

fxi(x) = g(x) for all x ∈ K.

Here we gather some facts for the distance function, the results will play an essential

role in the next chapters.

Definition 1.38. If /0 6= K ⊂ RN is closed then δK : RN → [0,∞) is distance function to K

and:

δK(x) := dist(x,K) = inf
y∈K
|x− y|,

where x ∈ RN . In addition if K1 is the set of points in RN which have a unique closest
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point on K i.e.

K1 :=
{

x ∈ RN : ∃!y ∈ K such that δK(x) = |x− y|
}
,

and the function ζK : K1→ K associate each x ∈ K1 with its unique y ∈ K which δK(x) =

|x− y| and we have

∇δK(x) =
x−ζK(x)

δK(x)
. (1.1)

Theorem 1.39. [11] If /0 6= K ⊂ RN is closed then

• i) for all x,y ∈ RN we have

|δK(x)−δK(y)| ≤ |x− y|,

• ii) for x ∈ RN , δK is differentiable at x if and only if x ∈ K1.

Proof. • i) Choosing a ∈ K such that δK(x) = |x−a| we have

|δK(x)−δK(y)| ≤ |x−a|− |y−a| ≤ |x− y|,

• ii) First we prove ζK in (1.1) is continuous. By contradiction assume ζK is not

continuous, so there exists an ε > 0 and a sequence x1,x2,x3, · · · , of points of K1

convergent to a point x ∈ K1 such that

|ζK(xi)−ζK(x)| ≥ ε i = 1,2,3, · · · ,

then

|ζK(xi)− xi|= δK(xi)|ζK(xi)− x| ≤ δK(x)+2|xi− x|,

the points ζK(xi) are in bounded subset of the closed set of K.

12



Consider the sequence ζK(x1),ζK(x2),ζK(x3), · · · converges to the point a ∈ K. We

have

δK(x) = lim
i→∞

δK(xi) = lim
i→∞
|ζK(xi)− xi|= |a− x|,

in fact a = ζK(x) so

|a−ζK(x)|= lim
i→∞
|ζK(xi)−ζK(x)| ≥ ε,

a contradiction so ζK is continuous. Now since δK(x) is Lipschitz and ζK is continuous the

RHS of (1.1) are continuous maps from K1 into RN and the elements of LHS of (1.1) are

∇1δK(x), · · · ,∇nδK(x) so according to lemma (1.37) δK has continuous partial derivative

on K1.

Proof of Theorem 1.35 For proving the inclusion W 1,p
0 (Ω) ⊂W 1,p

0 (Ω\K), we use

Lipschitz function δK(x) := dist(x,K). Let ψ ∈C∞
c (Ω) and we can get close by a sequence

of functions in C∞
c (Ω\K). For sufficiently small ε > 0 consider cutoff function as

γε(x) =


0 if δK(x)< ε

δK(x)
ε
−1 if ε < δK(x)< 2ε

1 if δK(x)≥ 2ε,

note that according to Theorem 1.39, δK(x) is Lipschitz and is differentiable in K1.

and we have:

|∇γε(x)| ≤


1
ε

if ε < δK(x)< 2ε

0 if otherwise,

we consider ψε(x) = γε(x)ψ(x) then we have

(∫
Ω

|∇ψε −∇ψ|p dx
) 1

p

=

(∫
Ω

|∇γεψ +(γε −1)∇ψ|p dx
) 1

p

,

13



by Lebesgue dominated convergence theorem,

γε∇ψ → ∇ψ,

in Lp norm and since ψ(x) is bounded and |∇δK(x)| ≤ 1 we need to show that

∫
{x:ε<δK(x)<2ε}

|∇δK(x)|p

ε p dx≤
∫
{x:ε<δK(x)<2ε}

1
ε p dx→ 0, (1.2)

note that

∫
{x:ε<δK(x)<2ε}

∣∣∣∣1ε ∇δK(x)
∣∣∣∣p dx≤ |K2ε |

ε p , (1.3)

if dimbox(K) < N− p so there is some t > 0 such that dimbox(K) = N− p− t and this is

some ρ(ε)→ 0 such that

N− p− t = dimbox(K) = N− log(|K2ε |)
log(2ε)

−ρ(ε),

so we have

p+ t =
log |K2ε |
log(2ε)

+ρ(ε),

by rearranging

t−ρ(ε) =
log |K2ε |
log(2ε)

− p, (1.4)

raising both sides of (1.4) to the power of 2ε we have

(2ε)t−ρ(ε) =
(2ε)

log |K2ε |
log(2ε)

(2ε)p ,

14



using logarithm property concludes to:

|K2ε |
(2ε)p = (2ε)t−ρ(ε), (1.5)

the right hand side of (1.5) goes to zero since t > 0, so (1.2) goes to zero.

�

Remark 1.40. Let 1 ≤ p < ∞; C∞
c (Ω) is dense in W 1,p

0 (Ω) so C∞
c (Ω) could equally well

have been used instead of C1
c (Ω) in the definition of W 1,p

0 (Ω).
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2

Motivation of Hardy Inequality

Before starting the main results, we illustrate the proof of classical Hardy inequality using

the fundamental solution of Laplacian. This is the main philosophy we adopt to obtain our

main results in the next chapters.

Lemma 2.1. Let Ω denote bounded domain in RN with ∂Ω smooth. Suppose E > 0 is a

smooth function with −∆E(x) = f (x)≥ 0 in Ω with E = 0 on ∂Ω. Then

∫
Ω

|∇u|2dx− 1
4

∫
Ω

|∇E|2

E2 u2dx≥ 0, (2.1)

for all u ∈ H1
0 (Ω). Moreover the constant 1

4 is optimal in the sense that

inf

{ ∫
Ω
|∇u|2dx∫

Ω

|∇E|2
E2 u2dx

: u ∈ H1
0 (Ω)\{0}

}
=

1
4
,

additionally the best constant is not attained.

Proof. Let u ∈C∞
c (Ω) and v := E

−1
2 u then we have u := E

1
2 v so we have:

∇u =
1
2

∇EE
−1
2 v+E

1
2 ∇v,
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so we have

|∇u|2 = 1
4
|∇E|2E−1v2 +E|∇v|2 +∇E ·∇vv,

since ∫
Ω

∇E ·∇vvdx =
1
2

∫
Ω

∇E ·∇(v2)dx,

and since v2 := E−1u2 by rearranging |∇u|2 we have

|∇u|2− 1
4
|∇E|2

E2 u2 = E|∇v|2 + ∇E ·∇(v2)

2
,

after integration this over Ω we obtain

∫
Ω

|∇u|2dx− 1
4

∫
Ω

|∇E|2

E2 u2 =
∫

Ω

E|∇v|2dx+
1
2

∫
Ω

∇E ·∇(v2)dx,

since we have

1
2

∫
Ω

∇E ·∇(v2)dx =−1
2

(∫
Ω

div(∇E)v2dx+
∫

∂Ω

v2
∂νE

)
,

where ∂νE := ∇E ·ν and since E = 0 on ∂Ω so we have

1
2

∫
Ω

∇E ·∇(v2)dx =−1
2

∫
Ω

∆Ev2dx,

so we have

∫
Ω

|∇u|2dx− 1
4

∫
Ω

|∇E|2

4E2 u2 =
∫

Ω

E|∇v|2dx− 1
2

∫
Ω

∆Ev2dx, (2.2)

and since −∆E ≥ 0 so −1
2
∫

Ω
∆Ev2dx and

∫
Ω

E|∇v|2dx are non-negative, we have

∫
Ω

|∇u|2dx− 1
4

∫
Ω

|∇E|2

4E2 u2 ≥ 0,

for u ∈C∞
c (Ω).
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Since H1
0 is the closure of C∞

c (Ω) so the inequality holds for u ∈ H1
0 .

Claim. For 1
2 < t ≤ 1 we have Et ∈ H1

0 (Ω). We now prove the claim. For ε > 0 small,

set φε := (Et − ε t)+, then it is clear φε ∈ H1
0 (Ω). Let εm ↘ 0 and set φm := φεm and

note that |∇φm|2 = t2E2t−2|∇E|2χ{E(x)>ε}(x). We first show that φm is bounded in H1
0 (Ω)

independent of m. First note

‖φm‖2
H1

0
=
∫
|∇φm|2 = t2

∫
{x∈Ω:E(x)>εm}

E2t−2|∇E|2dx.

We now show this quantity is bounded independent of ε; two ways:

(i) Use the co-area formula. In what follows let Γτ := {x ∈ Ω : E(x) = τ}. Let M :=

maxΩ E and so we have

∫
{x∈Ω:E(x)>εm}

E2t−2|∇E|2dx ≤ sup
Ω

|∇E|
∫
{x∈Ω:E(x)>εm}

E2t−2|∇E|dx

= sup
Ω

|∇E|
∫ M

εm

(∫
Γτ

τ
2t−2dHN−1(x)

)
dτ co-area

= CE

∫ M

εm

|Γτ |τ2t−2dτ

≤ ĈE

∫ M

εm

τ
2t−2dτ the HN−1 measure of level sets bounded above,

now note that 2t−2 >−1 and hence this final integral is bounded no matter how small εm

is which proves the desired result.

(ii) Use the pde directly. For ε > 0 small we set ψε := (E(x)2t−1−ε2t−1)+ ∈H1
0 (Ω) and

hence we can use this as a test function on the pde. Writing out

∫
Ω

∇E ·∇ψεdx =
∫

Ω

f (x)ψεdx,

gives

(2t−1)
∫
{x∈Ω:E(x)>ε}

E2t−2|∇E|2dx =
∫

Ω

f ψεdx,
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and sending ε ↘ 0 gives

∫
Ω

(2t−1)E2t−2|∇E|2dx =
∫

Ω

f (x)E2t−1dx,

(note we used fact that 2t− 1 > 0 when we took the limit in ε). By weak compactness

there is some subsequence of φm (don’t rename) and φ ∈ H1
0 (Ω) such that φm ⇀ φ in

H1
0 (Ω). By compactness results we have φm→ φ a.e. in Ω but since E > 0 in Ω we see

that φ(x) = E(x)t for all x ∈Ω and hence Et ∈ H1
0 (Ω).

Now we want to show 1
4 is optimal. For 1

2 < t < 1 set ut :=Et ∈H1
0 (Ω). A computation

shows

Qt :=
∫

Ω
|∇ut |2dx∫

Ω

|∇E|2
E2 u2

t dx
=

t2 ∫
Ω

E2t−2|∇E|2dx∫
Ω

E2t−2|∇E|2dx
= t2,

and so

inf

{ ∫
Ω
|∇u|2dx∫

Ω

|∇E|2
E2 u2dx

: u ∈ H1
0 (Ω)\{0}

}
≤ 1

4
,

but recalling the fact we know this is greater than or equal 1
4 gives the desired result.

Now we show the constant is not attained. Since −∆E ≥ 0 we can drop a term in (2.2) to

arrive at

∫
Ω

|∇u|2dx− 1
4

∫
Ω

|∇E|2

4E2 u2 =
∫

Ω

E|∇v|2dx, (2.3)

if we can show that for all 0 6= u ∈ H1
0 (Ω) that

∫
Ω

E|∇v|2dx > 0 then the best constant

in (2.1) is not attained. We assume Ω is connected (but if it is not connected we can do

this argument on each connected component). Lets assume this integral is zero; then we

have |∇v| = 0 a.e. in Ω and hence there is some c ∈ R with v(x) = c (to fully prove this

one can use the fact that v ∈ H1
0 (Ω0) for all Ω0 ⊂⊂Ω then to see v is constant on Ω0 and

so we must have u = c
√

E and since u is nonzero we must have c 6= 0. So to arrive a

contradiction we need to show that
√

E /∈ H1
0 (Ω); we will use the co-area formula to do

that. Define Ωε = {x ∈ Ω : E(x) < ε} and take ε > 0 small, by Hopf’s lemma we have
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|∇E(x)| bounded away from zero on Ωε and since we have |∇
√

E|2 = 1
4E |∇E|2, we obtain

∫
Ω

1
E
|∇E|2dx≥C

∫
Ωε

1
E
|∇E|2dx

=C
∫

ε

0

(∫
Γτ :={x∈Ω:E(x)=τ}

1
τ

dHN−1(x)
)

dτ

=C
∫

ε

0
|Γτ |

1
τ

dτ, (2.4)

and note there exists some C0 > 0 such that for small τ > 0 we have |Γτ | ≥C0. Since the

last integral is unbounded so it is contradiction and we have
∫

Ω
E|∇v|2dx > 0.

2.1 Classical Hardy Inequalities

We begin by recalling the various Hardy inequalities. The well known family of scale

invariant inequalities consists of Hardy inequalities involve the distance function usually

taken from a point or from the boundary.

Definition 2.2. (Euclidean distance function δ (x)). If Ω is a bounded open set in RN and

x ∈Ω, we define:

δ (x) := dist(x,∂Ω) := min
y∈∂Ω

|y− x|,

where | · | is the normal Euclidean norm on RN and ν(x) is the outward pointing normal,

given by

ν(x) =−∇δ (x) x ∈ ∂Ω, where the gradient is defined.

If ∂Ω is smooth then δ will be smooth except on the "ridge of Ω" (kind of the centre de-

noted by Σ) and the ridge will be small in the sense that its dimension will be at most N−1.

Theorem 2.3. (Classical Hardy inequality). Let N ≥ 3 and suppose Ω is a open domain
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in RN (bounded or unbounded), then

(N−2)2

4

∫
Ω

φ 2

|x|2
dx≤

∫
Ω

|∇φ |2dx ∀φ ∈C∞
c (Ω). (2.5)

We will give a vector field approach, but later on we can use our unified approach to

prove this.

Proof. Let φ ∈C∞
c (Ω\{0}) we have

div(|x|−tx) =
N− t
|x|t

, (2.6)

multiplying both sides of (2.6) by φ 2 and integrating both sides we have

∫
Ω

N− t
|x|t

φ
2dx =

∫
Ω

div
(

x
|x|t

)
φ

2dx, (2.7)

according to integration by parts formula (Theorem 1.22) we have

∫
Ω

div
(

x
|x|t

)
φ

2dx =−
∫

Ω

∇(φ 2) · x
|x|t

dx+
∫

∂Ω

φ
2 x
|x|t
·νdS, (2.8)

but since φ ∈C∞
c (Ω\{0}) so the boundary term vanishes and we have

∫
Ω

div
(

x
|x|t

)
φ

2dx =−2
∫

Ω

φ∇φ · x
|x|t

dx

≤2
∫

Ω

|φ |
|x|t−1 |∇φ |dx, (2.9)

using holder inequality for RHS of (2.9) we have

∫
Ω

N− t
|x|t

φ
2dx≤ 2

(∫
Ω

|φ |2

|x|2t−2 dx
) 1

2
(∫

Ω

|∇φ |2dx
) 1

2

, (2.10)
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putting t = 2 in (2.10) and simplifying we get

N−2
2

∫
Ω

φ 2

|x|2
dx≤

(∫
Ω

φ 2

|x|2
dx
) 1

2
(∫

Ω

|∇φ |2dx
) 1

2

, (2.11)

dividing both sides of (2.11) by
(∫

Ω

φ 2

|x|2 dx
) 1

2 we get

N−2
2

(∫
Ω

φ 2

|x|2
dx
) 1

2

≤
(∫

Ω

|∇φ |2dx
) 1

2

, (2.12)

raising both sides of (2.12) we get the inequality we sought for

(N−2)2

4

∫
Ω

φ 2

|x|2
dx≤

∫
Ω

|∇φ |2dx,

now using Theorem 1.36

C∞
c (Ω\{0}) = H1

0 (Ω),

and remark (1.40)

C∞
c (Ω) = H1

0 (Ω),

we conclude inequality (2.5) holds for φ ∈C∞
c (Ω).

A similar result for Euclidean distance from x to ∂Ω is obtained.

Theorem 2.4. (Boundary Hardy Inequality). Let Ω denote a bounded smooth convex

domain in RN and set δ (x) := dist(x,∂Ω), then

1
4

∫
Ω

|ψ|2

δ 2 dx≤
∫

Ω

|∇ψ|2dx ∀ψ ∈ H1
0 (Ω), (2.13)

moreover, the constant is optimal and not attained.

Proof. Here we consider ψ ∈ C∞
c (Ω) and the proof consists merely of an integration by
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parts and Young’s inequality.

Let F(x) = ∇δ

δ t−1 and taking φ = (ψ(x))2 , by applying Theorem 1.22 we have

∫
Ω

∇(ψ(x))2 · ∇δ

δ t−1 =−
∫

Ω

(ψ(x))2div
(

∇δ

δ t−1

)
dx+

∫
∂Ω

(ψ(x))2 ∇δ

δ t−1 ·νdS,

since div
(

∇δ

δ t−1

)
= (1−t)

δ t − (−∆δ )
δ t−1 , for t > 1 we get

∫
Ω

|∇(ψ(x))2|
δ t−1 dx−

∫
Ω

|(ψ(x))2|
δ t−1 (−∆δ )dx−

∫
∂Ω

|(ψ(x))2|
δ t−1 ∇δ ·νdS≥ (t−1)

∫
Ω

|(ψ(x))2|
δ t dx,

where |∇|u(x)|| ≤ |∇u(x)| for x ∈Ω. So we have

2
t−1

∫
Ω

|∇ψ(x)||ψ(x)|
δ t−1 dx− 1

t−1

(∫
Ω

|(ψ(x))2|
δ t−1 (−∆δ )dx+

∫
∂Ω

|(ψ(x))2|
δ t−1 ∇δ ·νdS

)
≥
∫

Ω

|(ψ(x))2|
δ t dx,

(2.14)

using Young inequality for the LHS of (2.14) gives

2
t−1

∫
Ω

|∇ψ(x)||ψ(x)|
δ t−1 dx =

∫
Ω

{
2

t−1
|∇ψ(x)|

δ
t
2−1

}{
|ψ(x)|
δ t− t

2

}
≤1

2

(
2

t−1

)2 ∫
Ω

|∇ψ(x)|2

δ t−2 +
1
2

∫
Ω

|ψ(x)|2

δ t dx, (2.15)

there is no boundary term in LHS of (2.14) since ψ as a test function has compact support

in Ω and thus vanishes near ∂Ω and we deduce the following inequality

1
2

4
(t−1)2

∫
Ω

|∇ψ(x)|2

δ t−2 +
1
2

∫
Ω

|ψ(x)|2

δ t dx− 1
t−1

∫
Ω

|ψ(x)|2

δ t−1 (−∆δ )dx≥
∫

Ω

|ψ(x)|2

δ t dx,

(2.16)

since δ (x) is smooth away from the ridge and Ω has sufficiently smooth boundary, the
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term including (−∆δ ) cancel and simplifying (2.16) deduce

1
2

∫
Ω

|∇ψ(x)|2

δ t−2 ≥ 1
2
(t−1)2

4

∫
Ω

|ψ(x)|2

δ t dx, (2.17)

simplifying and putting t = 2 in (2.17) gives

1
4

∫
Ω

|ψ(x)|2

δ 2 dx≤
∫

Ω

|∇ψ(x)|2dx, (2.18)

Now we show inequality (2.18) is also valid for ψ ∈ H1
0 (Ω).

Given ψ ∈ H1
0 (Ω), there exists a sequence ψk ∈C∞

c (Ω) converging to ψ in H1. (We may

assume ψk converging to ψ pointwise. ) Fatou’s lemma implies

∫
Ω

|∇ψ|2dx = liminf
k→∞

∫
Ω

|∇ψk|2dx≥ liminf
k→∞

1
4

∫
Ω

|ψk|2

δ 2 dx≥ 1
4

∫
Ω

ψ2

δ 2 dx,

for the best constant since−∆δ ≥ 0 we can drop the second term in RHS of (2.16) and we

have

∫
Ω

|∇ψ|2dx≥ 1
4

∫
Ω

ψ2

δ 2 dx, (2.19)

and we choose ψ(x) = (δ (x))t for 1
2 < t < 1. According to the proof of lemma 2.1,

E(x) = δ t ∈ H1
0 (Ω) for 1

2 < t < 1, so we have

∫
Ω
|∇ψ|2dx∫

Ω

|ψ|2
δ 2 dx

=
t2 ∫

Ω
(δ (x))2t−2 dx∫

Ω
(δ (x))2t−2 = t2, (2.20)

since ∇ψ = t∇δδ t−1 and |∇δ |= 1 so we have

|∇ψ|2 = t2
δ (x)2t−2,
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and for the denominator of (2.20) we have

|ψ|2

δ 2 =
δ 2t

δ 2 = δ
2t−2,

from this we see that the optimal constant

inf


∫

Ω
|∇δ t |2dx∫

Ω

(δ t)2

δ 2 dx
: δ

t ∈ H1
0 (Ω)\{0}

=
1
4
,

so the constant in (2.19) is optimal.

We will show not attainment of best constant in the next chapters when we use our general

inequality.

Remark 2.5. If Ω is convex then −∆δ ≥ 0 in Ω.

A general class of Lp Hardy inequalities in RN invloving distance from a surface of

general co-dimension 1≤ K ≤ N have been studied in [6], [14].

Theorem 2.6. (Boundary Hardy Lp inequality). Let Ω be a domain in RN , N ≥ 2 with

nonempty boundary, and let δ (x) = dist(x,∂Ω) denote the distance of a point x ∈ RN to

the boundary of Ω. Fix p ∈ [1,∞). We say that the Lp Hardy inequality is satisfied in Ω if

there exists c > 0 such that

∫
Ω

|∇u|pdx≥ c
∫

Ω

|u|p

δ p dx for all u ∈C∞
c (Ω).

Moreover, adding lower order terms with optimal weight to the right hand side of the

inequality permitted more improvement of the above inequalities. Defining a potenatial

function, so called V (x) ≥ 0 in Ω, was the common approach for improving Hardy in-

equalities. While numerous approached have been provided to improve the inequalities,

the results were mainly presented in the form of infinite series that include complicated
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functions that are defined inductively. The explicit example of potential V of radial sym-

metric type on bounded domain Ω ⊂ RN was originally considered by Ghoussoub and

Moradifam [13], [12]

∫
Ω

|∇u|2dx−
(

N−2
2

)2 ∫
Ω

u2

|x|2
dx≥

∫
Ω

V (x)u2dx,

where u ∈ H1
0 (Ω).

Through an entirely different approach, some researchers utilized operators of sub-Laplacian

and p-sub-Laplacian for extending the Hardy inequalities [4], [11], [18]. A success-

ful result of this method was presented by Adimurthi and Sekar [3]. Suppose Ω is a

smooth domain in RN which contains the origin, A(x) = ((ai j(x))) denotes a symmet-

ric, uniformly positive definite matrix with suitably smooth coefficients and for ζ ∈ RN

we define |ζ |2A := |ζ |A(x)2 := A(x)ζ · ζ . Now suppose E is a solution of LA,p(E) :=

−div(|∇E|p−2
A A∇E) = δ0 in Ω with E = 0 on ∂Ω where δ0 is the Dirac mass at 0. Then

for all u ∈W 1,p
0 (Ω)

∫
Ω

|∇u|pA−
(

p−1
p

)p ∫
Ω

|∇E|pA
E
|u|pdx≥ 0,

for Ω⊂ RN , provided domain with 0 ∈Ω.

26



3

Various Hardy Inequalities

The major objective of this chapter is to organize some of the new approaches that are

available for Hardy inequalities. In this thesis Ω is assumed as a bounded connected do-

main in RN with smooth boundary.

In the direction that Hardy inequalities considered for operators more general than Lapla-

cian, these results are obtained by Adimurthy and Sekar [3]:

Suppose Ω is a smooth domain in RN which contains the origin and A(x) = (ai j(x))

denotes a symmetric, uniformly positive definite matrix with suitably smooth coefficients

and for ζ ∈ RN we define |ζ |2A := |ζ |2A(x) := A(x)ζ · ζ . Now suppose E is a solution of

LA,p(E) := −div
(
|∇E|p−2

A A∇E
)
= δ0 in Ω with E = 0 on ∂Ω, where δ0 is the Dirac

mass at 0.

Our method is an analogous to their approach but we consider the quadratic case (p = 2)

and for this we define LA(E) :=−div(A∇E).

Definition 3.1. Suppose E > 0 in Ω and LA(E) is a nonegative nonzero finite measure in

Ω denoted by µ .

• (1) If in addition E ∈ H1
0 (Ω) then we call E a boundary weight on Ω.

• (2) If in addition E ∈C∞(Ω\K) where K ⊂Ω denotes the support of µ, E = ∞ on K
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and diambox(K)< N−2 [definition 1.33], then we call E an interior weight on Ω.

Note that µ will denote the measure LA(E) and in this case where E is an interior

weight on Ω, K will denote the support of µ [Definition 1.32].

Lemma 3.2. • i) Suppose E is an interior weight on Ω, then

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

|∇v|2AEdx,

for all u ∈C0,1
c (Ω\K) and where v = E

−1
2 u.

• ii) Suppose E is a boundary weight on Ω, then

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

|∇v|2AEdx+
1
2

∫
Ω

u2

E
dµ, (3.1)

for all u ∈ H1
0 (Ω) and v := E

−1
2 u.

Proof. • i) Since u ∈C0,1
c (Ω\K), u has compact support in Ω and since

v := E
−1
2 u and E is a positive function in Ω so v has compact support in Ω as well,

so there is no boundary term thus u and v vanish near ∂Ω so the integration by parts

used in obtaining (2.2) is valid here and we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx =

∫
Ω

|∇v|2AEdx+
1
2

∫
Ω

LA(E)
u2

E
dx,

but since E is an interior weight so K is the support of µ , E ∈C∞(Ω\K) and LA(E) 6=

0 on K and LA(E) = 0 on Ω\K, so we have

∫
Ω

|∇v|2AEdx≤
∫

Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx.

• ii) Suppose E is a boundary weight (E ∈ H1
0 (Ω)), we extend E to all of RN by

E = 0 outside of Ω and we approximate E with its ε-mollification, Eε , such that
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Fε = LA(Eε) and vε := E
− 1

2
ε u for u ∈C∞

c (Ω).

According to mollification property Eε ∈C∞(RN) and Eε → E as ε→ 0 in H1(RN).

We now fix u ∈ C∞
c (Ω) and note we can argue as before that (we are replacing E

with Eε )

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇Eε |2A
E2

ε

u2dx =
∫

Ω

|∇vε |2AEε +
1
2

∫
Ω

Fε

u2

Eε

dx, (3.2)

there exist σ > 0 such that if Ωσ := {x ∈Ω : δ (x)> σ} we have supp(u)⊂Ωσ ⊂⊂

Ω. Also, as ε → 0, Eε → E a.e. in Ω.

Claim. There exist C > 0 and ε0 > 0 (small) such that

inf
Ωσ

(E(x))≥C and inf
Ωσ

Eε ≥C for 0 < ε < ε0.

also for the second LHS of (3.2), since E ∈ H1
0 (Ω) and according to property (v) of

mollifier, ∇Eε → ∇E in L2 so regarding Theorem 1.26 we have:

|∇Eε |2A
E2

ε

→
|∇E|2A

E2 , a.e. (3.3)

Claim.

uE−1
ε → uE−1 in H1

0 (Ω). (3.4)

Since we observe that

‖uE−1
ε −uE−1‖H1(Ω) =

(
‖uE−1

ε −uE‖2
L2(Ω)+‖∇(uE−1

ε −uE−1)‖2
L2(Ω)

) 1
2

≤‖uE−1
ε −uE−1‖L2(Ω)+‖∇(uE−1

ε −uE−1)‖L2(Ω), (3.5)
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since E is 0 on ∂Ω and u ∈C∞
c (Ω) so we restrict the domain of integral so we have:

‖(uE−1
ε −uE−1)‖L2(Ω) =

(∫
Ω

|uE−1
ε −uE−1|2dx

) 1
2

=

(∫
Ω

|u|2|E−1
ε −E−1|2dx

) 1
2

≤‖u‖L∞(Ωσ )

(∫
Ωσ

|E−1
ε −E−1|2dx

) 1
2

, (3.6)

and according to Fatou’s lemma and the claim we have:

∫
Ωσ

∣∣∣∣Eε −E
EεE

∣∣∣∣2→ 0

also by applying dominated convergence theorem we see that

∫
Ωσ

|∇u|2 |Eε −E|2

|EεE|2
→ 0 (3.7)

and according to (3.3) and (3.7) we have

‖∇(uE−1
ε −uE−1)‖2

L2(Ωσ )
=
∫

Ωσ

∣∣∣∣∇u
Eε

− ∇u
E

+
u

E2
ε

∇E− u
E2 ∇Eε

∣∣∣∣2 dx

≤C
∫

Ωσ

|∇u|2
(

1
Eε

− 1
E

)2

dx+C
∫

Ωσ

u2
∣∣∣∣∇E

E2 −
∇Eε

E2
ε

∣∣∣∣2 dx→ 0 (3.8)

a.e in Ω, and using ε-mollification for the first term on RHS of (3.2) and since

∇vε → ∇v and Eε → E a.e in Ω so we have:

Eε |∇vε |2A→ E|∇v|2A a.e in Ω, (3.9)
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and finally for the last part of RHS of (3.2) we have

lim
ε→0

∫
Ω

uLA(Eε)dx =− lim
ε→0

∫
Ω

u div(A∇Eε)dx

=−
∫

Ω

u div(A∇E)dx

=
∫

Ω

uLA(E)dx

=
∫

Ω

uµdx,

so we have uFε ⇀ uµ in H−1(Ω) as dual of H1
0 (Ω) [Remark 1.15]. Plugging (3.4),

(3.3) and (3.9) in (3.2) and using Fatou’s lemma, we have:

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx =

∫
Ω

|∇u|2Adx− 1
4

liminf
∫

Ω

|∇Eε |2A
E2

ε

u2dx

= liminf
∫

Ω

|∇vε |2AEεdx+
1
2

liminf
∫

Ω

Fε

u2

Eε

dx

≥
∫

Ω

|∇v|2AEdx+
1
2

∫
Ω

u2

E
dµ.

For obtaining the best constant we need the following lemma for having test functions.

Note that E is interior weight and we consider g as a solution of LA(g) = 0 in Ω and g = E

on ∂Ω.

Lemma 3.3. Suppose E is an interior weight on Ω and 0 < γ := min∂ΩE, then

• i) For 0 < t < 1
2 , ut = Et−gt ∈ H1

0 (Ω),

• ii) Define I(t) :=
∫

Ω
|∇E|2AE2t−2dx then

– For 1
2 < t I(t)< ∞,

– For t↗ 1
2 I(t)→ ∞,
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• iii) Suppose E = γ > 0 on ∂Ω, define vt,τ := Et logτ(γ−1E) and

Jt(τ) :=
∫

Ω

E2t−2|∇E|2A log2τ−2(γ−1E)dx,

then vt,τ ∈ H1
0 (Ω) for 0 < t < 1

2 and τ > 1
2 . Moreover for each 0 < t < 1

2 we have

Jt(τ)→ ∞ as τ ↘ 1
2 .

Proof. • i,ii) Fix 0 < t < 1
2 and since ut = Et −gt so ∇ut = t∇EEt−1− t∇ggt−1. For

0 < t < 1
2 we have

|∇ut |2A =t2|∇E|2AE2t−2 + t2|∇g|2Ag2t−2−2t2
∇E ·∇gEt−1gt−1

≤c|∇E|2AE2t−2 + c|∇g|2Ag2t−2,

where c is some uniform constant. Now we should prove ut ∈ H1
0 (Ω), note that the

term involving g is harmless. We multiply both sides of LA(E) = µ by E2t−1 and

integrate over Ω we have

∫
Ω

E2t−1LA(E)dx =−
∫

Ω

E2t−1div(A∇E)dx

=
∫

Ω

∇E2t−1 · (A∇E)dx−
∫

∂Ω

E2t−1(A∇E) ·νdS,

since on ∂Ω we have g = E so we have

∫
Ω

E2t−1LA(E)dx =−
∫

Ω

E2t−1div(A∇E)dx

=+
∫

Ω

∇E2t−1 · (A∇E)dx−
∫

∂Ω

g2t−1(A∇E) ·νdS

=(2t−1)
∫

Ω

E2t−2
∇E · (A∇E)dx−

∫
∂Ω

g2t−1(A∇E) ·νdS

=(2t−1)
∫

Ω

|∇E|2AE2t−2dx−
∫

∂Ω

g2t−1(A∇E) ·νdS,

(3.10)

since the term involving g is harmless and considering ε(t) :=
∫

Ω
E2t−1LA(E)dx =
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∫
Ω

E2t−1dµ we have

(1−2t)
∫

Ω

|∇E|2AE2t−2dx = ε(t)−
∫

∂Ω

(A∇E) ·νdS, (3.11)

on the other hand we have

∫
∂Ω

(A∇E) ·νdS =
∫

Ω

div(A∇E)dx, (3.12)

therefore considering (3.12) in (3.11) we have

(1−2t)
∫

Ω

|∇E|2AE2t−2dx =ε(t)−
∫

Ω

div(A∇E)dx,

=ε(t)+
∫

Ω

LA(E)dx

=ε(t)+
∫

Ω

µdx

=ε(t)+µ(Ω), (3.13)

also note that we multiplied both sides of equation LA(E) = µ by E2t−1 which de-

rives

∫
Ω

E2t−1LA(E)dx =
∫

Ω

E2t−1
µdx =

∫
Ω

E2t−1dµ, (3.14)

since t < 1
2 and E is an interior weight (i.e E = ∞ on K), therefore

ε(t) =
∫

Ω

E2t−1dµ = 0,

now since µ is finite measure to show ut ∈ H1
0 (Ω) regarding (3.13) we have

∫
Ω

|∇ut |2 ≤ c
∫

Ω

|∇E|2AE2t−2dx+ c|∇g|2Ag2t−2 < ∞,
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also

lim
t↗ 1

2

(∫
Ω

|∇E|2AE2t−2dx
)
= ∞.

• iii) Fix 0 < t < 1
2 and τ > 1

2 and

vt,τ = Et logτ(γ−1E),

logγ−1E is continuous near ∂Ω since E 6= γ and it vanishes on ∂Ω since E = γ .

To show vt,τ ∈ H1
0 (Ω) we should show that its weak derivative [Definition 1.4] be-

longs to L2(Ω) so equivalently we need to show

w1 = E2t−2|∇E|2log2τ(γ−1E) ∈ L1(Ω),

and

w2 = E2t−2|∇E|2log2τ−2(γ−1E) ∈ L1(Ω),

for proving vt,τ ∈ H1
0 (Ω), since E = ∞ on K and E = γ on ∂Ω, w1 and w2 are sin-

gular near K and ∂Ω. Thus we consider two sets Ωε and Kε as following

– Kε is small neighbourhood of K where E 6= ∞

– Ωε := {x ∈Ω : E < γ + ε} where E 6= γ ,

in fact we consider w1 and w2 on L1(Kε) and L1(Ωε).

First we consider w1 and w2 on L1(Kε). Set wτ = E2t−2|∇E|2log2τ−2(γ−1E) and

w2 = wτ thus w1 = wτ+1, and suppose t ′ ∈ (t, 1
2), since near K, E 6= ∞ and γ 6= E so

log2τ(γ−1E)
E2t ′−2t ≤ c,
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thus

wτ+1 = E2t ′−2t |∇E|2 log2τ(γ−1E)
E2t ′−2t ≤ cE2t ′−2t |∇E|2 < ∞ near K,

and therefore w1 = wτ+1 ∈ L1(Kε). thus w2 = E2t−2|∇E|2log2τ−2(γ−1E) ∈ L1(Kε).

Now we consider the behaviour of w1 and w2 on Ωε = {x ∈ Ω : E < γ + ε}.

We should consider ε small sufficiently such that K ⊂ Ω\Ωε . Now our goal is to

show w2 ∈ L1(Ωε). By co-area formula and considering C = supΩε
E and since

Eγ−1 < 1+ εγ−1, for Γs := {x ∈Ω : E(x) = s} we have

∫
Ωε

E2t−2|∇E|2log2τ−2(γ−1E)dx ≤ sup
Ωε

|∇E|
∫

Ωε

E2t−2|∇E|log2τ−2(γ−1E)dx

= C
∫ 1+ ε

γ

1

(∫
Γs

s2t−2log2τ−2(s)dHN−1(x)
)

ds

= C
∫ 1+ ε

γ

1
|Γs|s2t−2log2τ−2(s)ds

≤ C
∫ 1+ ε

γ

1
s2t−2log2τ−2(s)ds,

where HN−1 measure of level sets bounded above, the last term is finite for τ > 1
2 .

Therefore w2 ∈ L1(Ωε). Since w1 behaves better than w2 near ∂Ω so w1 ∈ L1(Ωε).

As we see w1,w2 ∈ L1(Kε) and w1,w2 ∈ L1(Ωε) so vt,τ ∈ H1
0 (Ω).

Fix 0< t < 1
2 and τ > 1

2 . Since µ is a nonegative nonzero finite measure so−∆E ≥ 0

and E < γ + ε on Ωε , so according to Hopf’s Lemma 1.6 |∇E(x)| bounded away

from zero on Ωε for ε > 0 sufficiently small.
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Fix ε > 0 sufficiently small, then

Jt(τ) =
∫

Ω

E2t−2|∇E|2Alog2τ−2(γ−1E)dx

≥sup
Ωε

|∇E|
∫

Ωε

E2t−2log2τ−2(E)|∇E|dx

=C
∫ 1+ ε

γ

1

(∫
Γs:={x∈Ω:E(x)=s}

s2t−2log2τ−2(s)dHN−1(x)
)

ds

=
∫ 1+ ε

γ

1
|Γs|s2t−2log2τ−2(s)ds,

≥C̃
∫ 1+ ε

γ

1
s2t−2log2τ−2(s)ds

and note there exists some Ĉ > 0 such that for small s we have |Γs| ≥ Ĉ and for

τ ↘ 1
2 the lase integral becomes unbounded, so Jt(τ)→ ∞ as τ ↘ 1

2 .

The main inequality for function E as interior weight and boundary weight is consid-

ered in the following theorem.

Theorem 3.4. • i) Suppose E is either an interior weight or a boundary weight on Ω.

Then

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥ 0, (3.15)

for all u ∈ H1
0 (Ω) and moreover, 1

4 is optimal and not attained.

• ii) Suppose E is boundary weight on Ω, then

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥ 1

2

∫
Ω

u2

E
dµ, (3.16)

for all u ∈ H1
0 (Ω) and moreover, 1

2 is optimal and not attained.
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Proof. • i) According to Lemma 3.2 since E is interior weight so

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

|∇v|2AEdx,

according to the proof of Lemma 2.1,
∫

Ω
|∇v|2AEdx is positive so we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥ 0, (3.17)

for u ∈ C0,1
c (Ω\K), since C0,1

c (Ω\K) is dense in H1
0 (Ω) so (3.15) holds for u ∈

H1
0 (Ω).

Now we show that the constant is optimal. Suppose E is an interior weight on Ω

and define Eε = E + ε and gε = g+ ε where ε > 0. Define

Iε(t) =
∫

Ω

E2t−2
ε |∇Eε |2Adx,

from Lemma 3.3 we have limt↗ 1
2

Iε(t) =∞. We use ut,ε :=Et
ε−gt

ε as a test function.

Let 0 < t < 1
2 and ε > 0 then

Qt,ε :=
∫

Ω
|∇ut,ε |2Adx∫

Ω

|∇Eε |2A
E2

ε

u2
t,εdx

≤
t2Iε(t)+ c0 + c1

√
Iε(t)

Iε(t)− c2Iε(
t
2)− c3Iε(0)

,

here we explain how this inequality is obtained. Consider ut,ε = Et
ε −gt

ε so

∇ut,ε = ∇Et
ε −∇gt

ε = tEt−1
ε ∇Eε − tgt−1

ε ∇gε ,

so

|∇ut,ε |2 = t2E2t−2
ε |∇Eε |2 + t2g2t−2

ε |∇gε |2−2t2Et−1
ε gt−1

ε ∇Eε ·∇gε ,
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since g is harmless we can ignore the terms involving g and we have:

∫
Ω

|∇ut,ε |2Adx≤ t2Iε(t)+ c0 + c1
√

Iε(t), (3.18)

also

∫
Ω

|∇Eε |2A
E2

ε

u2
t,εdx =

∫
Ω

|∇Eε |2A
E2

ε

(Et
ε −gt

ε)
2dx

=
∫

Ω

|∇Eε |2A
E2

ε

(E2t
ε −2Et

εgt
ε +g2t

ε )dx

=
∫

Ω

|∇Eε |2AE2t−2
ε dx−2

∫
Ω

|∇Eε |2AEt−2
ε gt

εdx+
∫

Ω

|∇Eε |2A
E2

ε

g2t
ε dx,

(3.19)

since g is harmless so (3.19) is

∫
Ω

|∇Eε |2A
E2

ε

u2
t,εdx =

∫
Ω

|∇Eε |2AE2t−2
ε dx−2

∫
Ω

|∇Eε |2AEt−2
ε dx+

∫
Ω

|∇Eε |2AE−2
ε dx,

(3.20)

so we can consider (3.20) as

∫
Ω

|∇Eε |2A
E2

ε

u2
t,εdx = Iε(t)− c2Iε(

t
2
)− c3Iε(0), (3.21)

where the constants ck, k = 0,1,2,3 possibly depends on ε . Now from Lemma 3.3

we have

lim
t↗ 1

2

Iε(t) = lim
t↗ 1

2

∫
Ω

|∇Eε |2AE2t−2
ε dx = ∞,

so we have

lim
t↗ 1

2

Qt,ε := lim
t↗ 1

2

∫
Ω
|∇ut,ε |2Adx∫

Ω

|∇Eε |2A
E2

ε

u2
t,εdx

≤ lim
t↗ 1

2

t2Iε(t)+ c0 + c1
√

Iε(t)
Iε(t)− c2Iε(

t
2)− c3Iε(0)

=
1
4
,
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for u and E replaced with ut,ε and Eε in inequality (3.17) we have

Qt,ε :=
∫

Ω
|∇ut,ε |2Adx∫

Ω

|∇Eε |2A
E2

ε

u2
t,εdx

≥ 1
4
, (3.22)

now fix ε > 0 and let 0 6= u ∈C∞
c (Ω), since Eε = E + ε so

∫
Ω

|∇Eε |2A
E2

ε

u2dx≤
∫

Ω

|∇E|2A
E2 u2dx,

thus

∫
Ω
|∇u|2Adx∫

Ω

|∇E|2A
E2 u2dx

≤
∫

Ω
|∇u|2Adx∫

Ω

|∇Eε |2A
E2

ε

u2dx
,

since limt↗ 1
2

Qt,ε =
1
4 and according (3.22), Qt,ε ≥ 1

4 so the best constant for (3.17)

is 1
4 .

As it is mentioned in proof of Lemma 2.1 we drop the positive term
∫

Ω
|∇v|2AEdx

and so we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥ 0,

but in case of this inequality

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

|∇v|2AEdx,

so 1
4 is not attained.

Now we show the inequality holds for E as a boundary weight for t > 1
2 and ε > 0.

In the proof of Lemma 2.1 it is denoted that Et ∈H1
0 (Ω) for 1

2 < t < 1 so we get the

inequality (3.15).
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To verify 1
4 is optimal in (3.15) for 1

2 < t < 1 we take ut = Et ∈H1
0 (Ω) [Lemma 3.3]

so we have

∫
Ω
|∇ut |2dx∫

Ω

|∇E|2
E2 u2

t dx
=

t2 ∫
Ω

E2t−2|∇E|2dx∫
Ω

E2t−2|∇E|2dx
= t2,

which shows 1
4 is optimal constant.

• ii) According to lemma 3.2 part (ii), for E as a boundary weight we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

|∇v|2AEdx+
1
2

∫
Ω

u2

E
dµ, (3.23)

by dropping the positive term
∫

Ω
|∇v|2AEdx we have the desire inequality (3.16).

To show that 1
2 is optimal, suppose E is a boundary weight on Ω, let 1

2 < t < 1 and

according to the last section of part (i), Et ∈ H1
0 (Ω) so we have

∫
Ω

E2t−1dµ =−
∫

Ω

E2t−1div(A∇E)dx

=
∫

Ω

∇E2t−1 · (A∇E)dx

=(2t−1)
∫

Ω

E2t−2
∇E · (A∇E)dx

=(2t−1)
∫

Ω

E2t−2|∇E|2Adx, (3.24)

so we have

∫
Ω
|∇E|2AE2t−2dx∫

Ω
E2t−1dµ

=
1

2t−1
, (3.25)
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also according to (3.25) and inequality (3.16) we have

∫
Ω
|∇Et |2Adx− 1

4
∫

Ω

|∇E|2A
E2 (Et)2∫

Ω

(Et)2

E dµ

=
t2 ∫

Ω
|∇E|2AE2t−2dx− 1

4
∫

Ω

|∇E|2A
E2 (Et)2dx∫

Ω

(Et)2

E dµ

=
t2 ∫

Ω
|∇E|2AE2t−2dx− 1

4
∫

Ω
|∇E|2AE2t−2dx∫

Ω
E2t−1dµ

=
(t2− 1

4)
∫

Ω
|∇E|2AE2t−2dx∫

Ω
E2t−1dµ

=
(t2− 1

4)
∫

Ω
|∇E|2AE2t−2dx

(2t−1)
∫

Ω
|∇E|2AE2t−2dµ

=
t2− 1

4
2t−1

=
t
2
+

1
4
,

which shows 1
2 is optimal.

Finally as it is showed in proof of Lemma 2.1,
∫

Ω
|∇v|2AEdx > 0 so considering the

positive term as in the inequality (3.23), the best constant is not attained.

Example 3.5. Suppose Ω is a bounded, convex domain in RN . We set δ (x) := dis(x,∂Ω).

For 1
2 < t < 1 we set E = δ t ∈ H1

0 [Lemma 2.1], since |∇δ | ≤ 1 for all x, then

|∇E|2

E2 =
t2δ 2t−2

δ 2t = t2
δ

2t−2
δ
−2t = t2

δ
−2 =

t2

δ 2 ,

by considering µ =−div(∇E) =−∆E, we have

∆E = t(t−1)δ t−2 + tδ t−1
∆δ ,

and

−∆E = t(1− t)δ t−2 + tδ t−1(−∆δ )≥ 0,
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now according to (3.15) we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥ 0, (3.26)

where u ∈ H1
0 (Ω). Since E = δ t > 0 and µ =−∆E ≥ 0 and E ∈ H1

0 (Ω) by considering E

as a boundary weight and inserting in (3.17) we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx =

∫
Ω

|∇u|2Adx− t2

4

∫
Ω

u2

δ 2 dx≥ 0, (3.27)

so

∫
Ω

|∇u|2Adx≥ t2

4

∫
Ω

u2

δ 2 dx, (3.28)

for 1
2 < t < 1, 1

4 is not attained and (3.17) is not optimal, because in this example we can

not use Theorem 3.4. Although E ∈ H1
0 (Ω) but according to the definition of boundary

weight for positive function E, LA(E) = µ should be finite and in this example since we

have −∆E = µ and

∆E = t(t−1)δ t−2
∇δ + tδ t−1

∆δ ,

Claim. For 1
2 < t < 1, δ t−2 /∈ L1(Ω).

We consider M = maxδ and let 0 < ε < M and take Γs := {x ∈Ω : δ (x) = s}, by applying
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co-area formula we have:

∫
Ω

δ
t−2dx =

∫
Ω

|∇δ (x)|
δ (x)2−t dx

=
∫ M

0

(∫
Γs

1
s2−t dHN−1

)
ds

=
∫ M

0

|Γs|
s2−t ds

≥
∫

ε

0

|Γs|
s2−t ds

≥C
∫

ε

0

1
s2−t ds

note there exist some C > 0 such that for small 0 < s < ε we have |Γs| ≥ C so the last

integral is unbounded. Now since δ t−2 /∈ L1(Ω) thus µ is not locally finite measure. This

shows that (3.15) is not optimal and this apparent failure of Theorem 3.4.

4

Since for β = 1
2 and α = 1

4 we get the best constants in inequality (3.16) now we want

to consider the best constant in

∫
Ω

|∇u|2Adx≥ α

∫
Ω

|∇E|2A
E2 u2dx+β

∫
Ω

u2

E
dµ, (3.29)

for u ∈ H1
0 (Ω) and (β ,α) ∈ R2.

Theorem 3.6. If E ∈ L∞(Ω) and E is a boundary weight in Ω (i.e. E ∈ H1
0 ), then by

defining

ϒ =

{
(β ,α) such that β >

1
2
, α ≤ β −β

2
}

(3.30)

and

ϒ
′ :=

(
−∞,

1
2

]
∪
(
−∞,

1
4

]
, (3.31)
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(3.29) is attained for (β ,α)⊂ Γ, where

Γ = {(τ,τ− τ
2) : τ >

1
2
} ⊂ ∂ϒ.

Proof. As it is shown in the proof of Lemma 2.1, Et ∈H1
0 (Ω) for 1

2 < t < 1. If (β ,α) ∈ ϒ

and β > 1
2 , then by inserting u = Eβ ∈ H1

0 (Ω) in (3.29) we have

β
2
∫

Ω

E2β−2|∇E|2Adx≥ α

∫
Ω

|∇E|2AE2β−2dx+(2β −1)β
∫

Ω

|∇E|2Adx, (3.32)

because

∫
Ω

u2

E
dµ =

∫
Ω

E2β−1LA(E)dx =−
∫

Ω

E2β−1div(A∇E)dx =
∫

Ω

∇E2β−1 ·A∇Edx

=(2β −1)
∫

Ω

|∇E |2AE2β−2dx,

so by factoring of
∫

Ω
|∇E |2AE2β−2dx of both sides of (3.32) we have β 2− 2β 2 + β ≥ α

which result in α ≤ β −β 2.

Now for β ≤ 1
2 and u = Et as t↘ 1

2 testing (3.29) indicates that

t2
∫

Ω

|∇E|2AE2t−2dx≥α

∫
Ω

|∇E|2AE2t−2dx+β

∫
Ω

E2t−1LA(E)dx

≥α

∫
Ω

|∇E|2AE2t−2dx+β (2t−1)
∫

Ω

|∇E|2AE2t−2dx,

so by factoring of
∫

Ω
|∇E|2AE2t−2dx of both sides we have t2 +β (1− 2t) ≥ α which for

t↘ 1
2 and β ≤ 1

2 we have α ≤ 1
4 .

Now we fix t ≥ 1 and set E2 := Et , then we have |∇E2|2A
E2

2 =
|∇Et |2A

E2t . Since ∇Et = tEt−1∇E

and |∇E|2A = t2E2t−2|∇E|2A we have:

|∇E2|2A
E2

2 = t2 |∇E|2AE2t−2

E2t = t2 |∇E|2A
E2 , (3.33)
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and

LA(E2)

E2
=
−div(A∇Et)

Et , (3.34)

since we have

div(A∇Et) =div(A(tEt−1
∇E))

=
(
A(t(t−1))Et−2

∇E
)
·∇E +div(A∇E)tEt−1

=(t(t−1))Et−2|∇E|2A− tEt−1LA(E),

so (3.34) is

LA(E2)

E2
=
−div(A∇Et))

Et :=t(1− t)
Et−2|∇E|2A

Et + t
Et−1LA(E)

Et

=t(1− t)
|∇E|2A

E2 + t
LA(E)

E
, (3.35)

by (3.33) and (3.35) we consider the terms in (3.16),

1
4

∫
Ω

|∇E2|2A
E2

2 u2dx =
t2

4

∫
Ω

|∇E|2A
E2 u2dx, (3.36)

and
1
2

∫
Ω

u2

E2
dµ =

1
2

∫
Ω

u2

E2
LA(E2)dx

=
1
2

∫
Ω

LA(E2)

E2
u2dx

=
t
2
(1− t)

∫
Ω

|∇E2|2A
E2 u2dx+

t
2

∫
Ω

LA(E)
E

u2dx

=(
t
2
− t2

2
)
∫

Ω

|∇E|2A
E2 u2dx+

t
2

∫
Ω

LA(E)
E

u2dx

=(
t− t2

2
)
∫

Ω

|∇E|2A
E2 u2dx+

t
2

∫
Ω

u2

E
dµ, (3.37)
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by inserting (3.36) and (3.37) in (3.16) we have

∫
Ω

|∇u|2Adx≥t2

4

∫
Ω

|∇E|2A
E2 u2dx+

t− t2

2

∫
Ω

|∇E|2A
E2 u2dx+

t
2

∫
Ω

u2

E
dµ

=(
t2

4
+

t− t2

2
)
∫

Ω

|∇E|2A
E2 u2dx+

t
2

∫
Ω

u2

E
dµ

=
t2 +2t−2t2

4

∫
Ω

|∇E|2A
E2 u2dx+

t
2

∫
Ω

u2

E
dµ

=(
t
2
− t2

4
)
∫

Ω

|∇E|2A
E2 u2dx+

t
2

∫
Ω

u2

E
dµ,

and so we see that
(

t
2 ,

t
2 −

t2

4

)
∈ ϒ for all t ≥ 1. Since we have

∫
Ω

|∇u|2Adx≥ (
t
2
− t2

4
)
∫

Ω

|∇E|2A
E2 u2dx+

t
2

∫
Ω

u2

E
dµ, (3.38)

and since ϒ is the set of (β ,α) satisfying in

∫
Ω

|∇u|2Adx≥ α

∫
Ω

|∇E|2A
E2 u2dx+β

∫
Ω

u2

E
dµ, (3.39)

so by corresponding (3.39) and (3.38) we can see β = t
2 and α = t

2 −
t2

4 so α = β −β 2

and the curve β −β 2 for β ≥ 1
2 is in ϒ. Also, for β = 1

2 and α = 1
4 which are as ∂ϒ′ we

have :

∫
Ω

|∇u|2Adx≥ (
t
2
− t2

4
)
∫

Ω

|∇E|2A
E2 u2dx+

t
2

∫
Ω

u2

E
dµ,

and by corresponding with

∫
Ω

|∇u|2Adx≥ α

∫
Ω

|∇E|2A
E2 u2dx+β

∫
Ω

u2

E
dµ,

we conclude that the remaining portion of ∂ϒ′ is contained in ϒ.
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Corollary 3.7. Suppose (E,λA(Ω)) is the first eigenpair(with E > 0) of LA in H1
0 (Ω). For

B⊂Ω we suppose λA(B) is the first eigenvalue of LA in H1
0 (B).

We define

α(B) := inf
B

|∇E|2A
E2 ,

and

α(B) := sup
B

|∇E|2A
E2 ,

• i) if α(B)> λA(Ω) then

4λA(B)≥
(α(B)+λA(Ω))2

α(B)
,

• ii) if α(B)< λA(Ω) then

4λA(B)≥
(α(B)+λA(Ω))2

α(B)
.

Proof. Suppose B ⊂ Ω and u ∈ C∞
c (B) such that

∫
B u2 = 1. According to the inequality

(3.38) for 0 < t < 2 we have

2
∫

B
|∇u|2Adx≥ (t− t2

2
)
∫

B

|∇E|2A
E2 u2dx+ t

∫
B

E−1dµ, (3.40)

since (E,λA(Ω)) is the first eigenpair of LA so we have (LA−λA(Ω))E = 0 and

LA(E)
E

= λA(Ω) (3.41)

47



according to (3.41) we have

∫
B

E−1dµ =
∫

B
E−1LA(E)dx = λA(Ω),

so according to (3.40) we have

2
∫

B
|∇u|2Adx≥ (t− t2

2
) inf

B

|∇E|2A
E2 + tλA(Ω), (3.42)

and for t > 2 we have

2
∫

B
|∇u|2Adx≥ (t− t2

2
)sup

B

|∇E|2A
E2 + tλA(Ω),

now suppose t := 1+ λA(Ω)
α(B) < 2 and α(B)> λA(Ω) and α(B) = infB

|∇E|2A
E2 by inserting in

(3.42) we have

2
∫

B
|∇u|2Adx≥ (t− t2

2
)α(B)+ tλA(Ω), (3.43)

for right-hand side of the inequality (3.43) we have

(t− t2

2
)α(B)+ tλA(Ω) =tα(B)+ tλA(Ω)− t2

2
α(B)

=t(α(B)+λA(Ω))− t2

2
α(B), (3.44)

since

t(α(B)+λA(Ω)) =1+
λA(Ω)

α(B)
(α(B)+λA(Ω))

=
λA(Ω)+α(B)

α(B)
(α(B)+λA(Ω))

=
(λA(Ω)+α(B))2

α(B)
, (3.45)
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and
t2

2
α(B) =

1
2

(
1+

λA(Ω)

α(B)

)2

α(B)

=
1
2

(
λA(Ω)+α(B)

α(B)

)2

α(B)

=
1
2
(λA(Ω)+α(B))2

α(B)
, (3.46)

by plugging (3.45) and (3.46) in (3.44) we have

(t− t2

2
)α(B))+ tλA(Ω) =

(λA(Ω)+α(B))2

α(B)
− 1

2
(λA(Ω)+α(B))2

α(B)

=
1
2
(λA(Ω)+α(B))2

α(B)
,

(3.47)

since u ∈C∞
c (B) for the left-hand side of the inequality (3.43) we have

∫
B
|∇u|2Adx =

∫
B

A∇u ·∇udx =−
∫

B
div(A∇u)udx

=−
∫

B
−LA(u)udx

=
∫

B
LA(u)udx, (3.48)

by taking infimum over u and since λA(B) is the first eigenvalue of LA(u) in H1
0 (B) so we

have

∫
B
|∇u|2Adx = λA(B), (3.49)

considering (3.47) and (3.49) in (3.43) we have

4λA(B)≥
(α(B)+λA(Ω))2

α(B)
,

now by setting t := 1+ λA(Ω)
α(B) > 2 and using α(B) = supB

|∇E|2A
E2 we get the same result for

(ii).
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4

Weighted Versions of Hardy Inequality

We proved the inequalities (3.15) and (3.16) for E as interior weight and boundary weight.

In this chapter the weighted versions of these inequalities are examined. The weighted ver-

sions which can be considered as generalization of Cafferelli-Kohn-Nirenberg inequality

[20]

(∫
RN

|∇u|2

|x|2a dx
)
≥Ca,b

∫
RN

(
|u|p

|x|bp dx
) 2

p

,

where

• for N ≥ 3: a < N−2
2 , a≤ b≤ a+1 p = 2N

N−2+2(b−a) ;

• for N = 2: a < 0, a < b≤ a+1 p = 2
b−a ;

• for N = 1: a < −1
2 , a+ 1

2 < b≤ a+1 p = 2
−1+2(b−a) ,

for u ∈ C∞
0 (RN) contains particular cases of the classical Sobolev inequality and Hardy

inequality as

C2
∫

Ω

(
u2

|x|2
dx
)
≤
∫

Ω

|∇u|2dx,

so the weighted versions of above inequalities are proved in Theorems (4.3) and (4.4).
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Definition 4.1. If E is an interior weight so E = ∞ on K as the support of µ . In this case,

for considering the weighted version, the completion of C0,1
c (Ω\K) is needed. We define

Xt as a completion of C0,1
c (Ω\K) which is equipped with the norm

‖u‖2
t :=

∫
Ω

E2t |∇u|2Adx.

Now we consider E as boundary weight and similar to the previous part we need to

work with Xt as completion of C0,1
c (Ω) with the same norm.

Remark 4.2. Assume E is an interior weight it means (i.e E = ∞ on K = supp(µ)) , we

want to consider C∞
c (Ω) in Xt equipped the norm

‖u‖2
t :=

∫
Ω

E2t |∇u|2Adx,

for t > 1
2 and t < 1

2 .

• If t > 1
2

Claim Xt does not contain C∞
c (Ω).

Let u ∈ C∞
c (Ω) and as contradiction let C∞

c (Ω) ⊂ Xt so u ∈ Xt . According to the

inequality (4.2) in the next theorem for u ∈ Xt where t 6= 1
2 we have

∫
Ω

E2t |∇u|2Adx≥ (t− 1
2
)2
∫

Ω

E2t−2|∇E|2Au2dx,

for the left hand side of the above inequality we have

∫
Ω

E2t |∇u|2Adx = ‖u‖2
t ,
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which is finite. So the right hand side of the above inequality

(t− 1
2
)2
∫

Ω

E2t−2|∇E|2Au2dx < ∞, (4.1)

so it is required all terms in (4.1) be finite. So E2t−2|∇E|2A need to be finite for t > 1
2 .

For this Et should be in H1
loc(Ω) but since t > 1

2 and E is interior weight (E = ∞ on

compact set K) so it is not correct. For

• If t < 1
2 , according to Lemma 3.3, Et ∈ H1

loc(Ω) so C∞
c (Ω)⊂ Xt .

Now we consider the weighted version of the inequality (3.15) for interior weight E in

the next theorem.

Theorem 4.3. If u ∈ Xt and t 6= 1
2 and E is an interior weight on Ω, then

∫
Ω

E2t |∇u|2Adx≥ (t− 1
2
)2
∫

Ω

E2t−2|∇E|2Au2dx, (4.2)

and the constant is optimal and not attained.

Proof. Suppose w := Etu ∈C0,1
c (Ω\K) for t 6= 0, 1

2 and u ∈C0,1
c (Ω\K). Since C0,1

c (Ω\K)

is dense in H1
0 (Ω) so plugging into inequality (3.15) gives us

∫
Ω

|∇w|2Adx≥ 1
4

∫
Ω

|∇E|2A
E2 w2dx. (4.3)

The left hand side of inequality (4.3) is

∫
Ω

|∇w|2Adx =
∫

Ω

E2t |∇u|2Adx+ t2
∫

Ω

E2t−2|∇E|2Au2dx+2t
∫

Ω

E2t−1A∇E ·∇uudx, (4.4)
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and for last part of (4.4) we have

2t
∫

Ω

E2t−1
∇E ·∇uudx =

2t
2

∫
Ω

E2t−1A∇E ·∇u2dx

=− t
∫

Ω

div(E2t−1) ·A∇Eu2dx

=− t(2t−1)
∫

Ω

E2t−2|∇E|2Au2dx

=(−2t2 + t)
∫

Ω

E2t−2|∇E|2Au2dx,

so we have

∫
Ω

|∇w|2Adx =
∫

Ω

E2t |∇u|2Adx+(−t2 + t)
∫

Ω

E2t−2|∇E|2Au2dx, (4.5)

the right hand side of inequality (4.3) is

1
4

∫
Ω

|∇E|2A
E2 w2dx =

1
4

∫
Ω

|∇E|2AE−2E2tu2dx

=
1
4

∫
Ω

|∇E|2AE2t−2u2dx, (4.6)

so by plugging (4.5) and (4.6) in (4.3) we have

∫
Ω

E2t |∇u|2Adx+(−t2 + t)
∫

Ω

|∇E|2AE2t−2u2dx≥ 1
4

∫
Ω

|∇E|2AE2t−2u2dx,

so

∫
Ω

E2t |∇u|2Adx≥(1
4
+ t2− t)

∫
Ω

E2t−2|∇E|2Au2dx

=(t− 1
2
)2
∫

Ω

E2t−2|∇E|2Au2dx.

Now we show the constant is optimal. Since vm ∈C0,1
c (Ω\K) so according to (3.15) we
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have

∫
Ω

|∇vm|2Adx≥ 1
4

∫
Ω

|∇E|2A
E2 v2

mdx, (4.7)

by dividing both sides of (4.7) by
∫

Ω

|∇E|2A
E2 v2

m we get

Dm :=
∫

Ω
|∇vm|2Adx∫

Ω

|∇E|2A
E2 v2

mdx
→ 1

4
, (4.8)

now, we define um := E−tvm in the completion space of C0,1
c (Ω\K) (i.e Xt equipped with

the norm ‖u‖2
t :=

∫
Ω

E2t |∇u|2Adx). For the sharp constant in (4.2) we compute

∫
Ω

E2t |∇um|2Adx∫
Ω

E2t−2|∇E|2Au2
mdx

, (4.9)

so for the numerator of (4.9) we have

E2t |∇um|2A = |∇vm|2A + t2|∇E|2AE−2v2
m−2tE−1

∇E · (∇vm)vm, (4.10)

by integration of both sides of (4.10) we have

∫
Ω

E2t |∇um|2Adx =
∫

Ω

|∇vm|2Adx+ t2
∫

Ω

|∇E|2A
E2 v2

mdx−2t
∫

Ω

E−1
∇E ·∇vmvmdx

=
∫

Ω

|∇vm|2Adx+ t2
∫

Ω

|∇E|2A
E2 v2

mdx− t
∫

Ω

E−1
∇E ·∇(vm)

2dx

=
∫

Ω

|∇vm|2Adx+ t2
∫

Ω

|∇E|2A
E2 v2

mdx+ t
∫

Ω

div(E−1) ·∇Ev2
mdx

=
∫

Ω

|∇vm|2Adx+ t2
∫

Ω

|∇E|2A
E2 v2

mdx− t
∫

Ω

|∇E|2A
E2 v2

mdx, (4.11)

so (4.9) is

∫
Ω

E2t |∇um|2Adx∫
Ω

E2t−2|∇E|2Au2
mdx

=

∫
Ω
|∇vm|2Adx∫

Ω

|∇E|2A
E2 v2

mdx
+ t2

∫
Ω

|∇E|2A
E2 v2

mdx∫
Ω

|∇E|2A
E2 v2

mdx
− t

∫
Ω

|∇E|2A
E2 v2

mdx∫
Ω

|∇E|2A
E2 v2

mdx
, (4.12)
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according to definition of Dm in (4.8) and simplifying (4.12) we have

∫
Ω

E2t |∇um|2Adx∫
Ω
|∇E|2AE2t−2u2

mdx
= Dm + t2− t,

since Dm→ 1
4 so the constant 1

4 + t2− t = (t− 1
2)

2 is optimal. Now we want to show that

the constant is not attained. In case of γ := min∂Ω E = 0, to show the inequality does not

attain we just not drop the positive term
∫

Ω
E|∇v|2Adx (see Lemma 2.1). By considering

w := Etu ∈C0,1
c (Ω\K) which with v := E

−1
2 w = Et− 1

2 u we have

∫
Ω

E
∣∣∣∣∇( w√

E

)∣∣∣∣2
A
=
∫

Ω

E|∇(EtuE
−1
2 )|2Adx =

∫
Ω

E|∇(Et− 1
2 u)|2Adx,

now by plugging w and v into

∫
Ω

|∇w|2Adx−
∫

Ω

|∇E|2A
4E2 u2dx =

∫
Ω

E|∇v|2Adx+
1
2

∫
Ω

u2

E
LA(E)dx, (4.13)

we compute the first term of the LHS of equality (4.13)

∫
Ω

|∇w|2Adx = t2
∫

Ω

E2t−2|∇E|2Au2 +
∫

Ω

E2t |∇u|2A +(−2t2 + t)
∫

Ω

E2t−2|∇E|2Au2dx,

(4.14)

and for the second term of the LHS of equality (4.13) we have

1
4

∫
Ω

|∇E|2A
E2 w2dx =

1
4

∫
Ω

|∇E|2AE2t−2u2dx, (4.15)
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now, we compute the first term of RHS of the equality (4.13)

∫
Ω

E|∇(Et− 1
2 u)|2Adx =

∫
Ω

E2t |∇u|2A +(t− 1
2
)2
∫

Ω

E2t−2|∇E|2Au2

+2(t− 1
2
)
∫

Ω

E2t−1A∇E ·u∇udx

=
∫

Ω

E2t |∇u|2A +(t− 1
2
)2
∫

Ω

E2t−2|∇E|2Au2 +(t− 1
2
)
∫

Ω

E2t−1A∇E ·∇u2dx

=
∫

Ω

E2t |∇u|2A +(t− 1
2
)2
∫

Ω

E2t−2|∇E|2Au2− (t− 1
2
)
∫

Ω

div(E2t−1) ·A∇Eu2

=
∫

Ω

E2t |∇u|2A +(t− 1
2
)2
∫

Ω

E2t−2|∇E|2Au2− (t− 1
2
)(2t−1)

∫
Ω

E2t−2|∇E|2Au2

=
∫

Ω

E2t |∇u|2A−
∫

Ω

E2t−2|∇E|2Au2, (4.16)

and for the second term of RHS of the equality (4.13)

1
2

∫
Ω

u2

E
LA(E)dx = (t− 1

2
)
∫

Ω

|∇E|2AE2t−2u2dx, (4.17)

by plugging (4.14), (4.15), (4.16) and (4.17) into (4.13) and divided by
∫

Ω
E2t−2|∇E|2Au2dx

we have:

t2
∫

Ω
E2t−2|∇E|2Au2dx∫

Ω
E2t−2|∇E|2Au2dx

+

∫
Ω

E2t |∇u|2Adx∫
Ω

E2t−2|∇E|2Au2dx
+(−2t2 + t)

∫
Ω

E2t−2|∇E|2Au2dx∫
Ω

E2t−2|∇E|2Au2dx

−1
4

∫
Ω

E2t−2|∇E|2Au2dx∫
Ω

E2t−2|∇E|2Au2dx
=

∫
Ω

E2t |∇u|2Adx∫
Ω

E2t−2|∇E|2Au2dx
−
∫

Ω
E2t−2|∇E|2Au2dx∫

Ω
E2t−2|∇E|2Au2dx

+(t− 1
2
)

∫
Ω

E2t−2|∇E|2Au2dx∫
Ω

E2t−2|∇E|2Au2dx
, (4.18)

by simplifying the equality (4.18) we have

t2 +1−2t2 + t− 1
4
= 1−1+ t− 1

2
= t2− 5

4
,

which shows the constant is not attained.

We will also show the constant is not attained when w := min∂Ω E > 0, but we need to use

results that will be presented in a later section.
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Theorem 4.4. If t 6= 0 and t < 1
2 and E is boundary weight on Ω and u ∈ Xt then

∫
Ω

E2t |∇u|2Adx− (t− 1
2
)2
∫

Ω

|∇E|2AE2t−2u2dx≥ 0, (4.19)

and

∫
Ω

E2t |∇u|2Adx− (t− 1
2
)2
∫

Ω

|∇E|2AE2t−2u2dx≥ (
1
2
− t)

∫
Ω

E2t−1u2dµ, (4.20)

the constant (t− 1
2)

2 in (4.19) and constant (1
2− t) in (4.20) are optimal and not attained.

Proof. Suppose 0 6= t < 1
2 , first we want to prove the inequality (4.20) for u ∈ Xt . Since Xt

is the completion of C0,1
c (Ω) so we consider u ∈C0,1

c (Ω). We use Eε as ε-mollification of

E and Fε = LA(Eε). Note that H−1(Ω) = (H1
0 (Ω))∗ =

(
C0,1

c (Ω)
)∗

and standard argument

shows that uFε → uµ in H−1(Ω) for u ∈C0,1
c (Ω) [Lemma 3.2].

In Theorem 3.4 it is proved for E as a boundary weight and for u ∈ H1
0 (Ω)

∫
Ω

|∇u|2Adx≥ 1
4

∫
Ω

|∇E|2A
E2 u2dx+

1
2

∫
Ω

u2

E
LA(E)dx, (4.21)

now for (ε-mollification of E ) and v ∈ H1
0 (Ω) we have

∫
Ω

|∇v|2Adx≥ 1
4

∫
Ω

|∇Eε |2A
E2

ε

v2dx+
1
2

∫
Ω

v2

Eε

Fεdx. (4.22)

For u ∈C0,1
c (Ω) set v = Et

εu ∈C0,1
c (Ω). For left hand side of (4.22) we have

|∇v|2A = t2E2t−2
ε |∇Eε |2Au2 +E2t

ε |∇u|2A +2tE2t−1
ε A∇Eε ·∇uu. (4.23)
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For the last part of (4.23) we have

2t
∫

Ω

E2t−1
ε A∇Eε ·∇uu =t

∫
Ω

E2t−1
ε A∇Eε ·∇u2dx

=− t(2t−1)
∫

Ω

E2t−2
ε A∇Eε ·∇Eεu2dx

=(−2t2 + t)
∫

Ω

E2t−2
ε |∇Eε |2Au2dx, (4.24)

so according to (4.23) and (4.24) we have

∫
Ω

|∇v|2Adx =t2
∫

Ω

E2t−2
ε |∇Eε |2Au2dx+

∫
Ω

E2t
ε |∇u|2Adx+(−2t2 + t)

∫
Ω

E2t−2
ε |∇Eε |2Au2dx

=(−t2 + t)
∫

Ω

E2t−2
ε |∇Eε |2Au2dx+

∫
Ω

E2t
ε |∇u|2Adx,

(4.25)

so for the first term of the right hand side of (4.22) we have

1
4

∫
Ω

|∇Eε |2A
E2

ε

v2dx =
1
4

∫
Ω

|∇Eε |2A
E2

ε

E2t
ε u2dx

=
1
4

∫
Ω

|∇Eε |2AE2t−2
ε u2dx, (4.26)

and for the second term part of (4.22) we have

1
2

∫
Ω

v2

Eε

Fεdx =
1
2

∫
Ω

E2t
ε u2

Eε

Fεdx

=
1
2

∫
Ω

E2t−1
ε u2Fεdx

=
1
2

∫
Ω

E2t−1
ε u2Fεdx

=− 1
2

∫
Ω

E2t−1
ε u2div(A∇Eε)dx

=
1
2

∫
Ω

∇E2t−1
ε ·u2(A∇Eε)dx

=− (t− 1
2
)
∫

Ω

EεE2t−2
ε u2div(A∇Eε)dx

=

(
1
2
− t
)∫

Ω

E2t−1
ε u2Fεdx, (4.27)
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inserting (4.25),(4.26), (4.27) in (4.22) we have

(−t2 + t)
∫

Ω

E2t−2
ε |∇Eε |2Au2dx+

∫
Ω

E2t
ε |∇u|2Adx≥ 1

4

∫
Ω

|∇Eε |2AE2t−2
ε u2dx+

(
1
2
− t
)∫

Ω

E2t−1
ε Fεu2dx,

(4.28)

so we have

∫
Ω

E2t
ε |∇u|2Adx≥

(
t2− t +

1
4

)∫
Ω

|∇Eε |2AE2t−2
ε u2dx+

(
1
2
− t
)∫

Ω

E2t−1
ε Fεu2dx

=

(
t− 1

2

)2 ∫
Ω

|∇Eε |2AE2t−2
ε u2dx+

(
1
2
− t
)∫

Ω

E2t−1
ε Fεu2dx.

As we know a sequence of smooth function Eε (as mollification of E) approximate E.

Since E ∈H1
0 (Ω) so E2t ∈H1

0 (Ω) for t < 1
2 and there are functions E2t

ε ∈C∞
c (Ω) such that

E2t
ε → E2t , also since E is boundary weight so E2t ∈ L1

loc(Ω) and according the properties

of mollifiers (Theorem property (iv)), E2t
ε → E2t in L1

loc(Ω) so we have

∫
Ω

E2t
ε |∇u|2Adx→

∫
Ω

E2t |∇u|2Adx, (4.29)

and since uFε → uµ in H−1(Ω) so we have

∫
Ω

E2t−1
ε u2Fεdx→

∫
Ω

E2t−1uuµdx

=
∫

Ω

E2t−1u2
µdx

=
∫

Ω

E2t−1u2dµ, (4.30)
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using the results (4.29) and (4.30) and Fatou’s lemma we have

∫
Ω

E2t |∇u|2Adx−
(

t− 1
2

)2 ∫
Ω

|∇E|2AE2t−2u2dx

= liminf

(∫
Ω

E2t
ε |∇u|2Adx−

(
t− 1

2

)2 ∫
Ω

|∇Eε |2E2t−2
ε u2dx

)

≥ liminf
(

1
2
− t
)∫

Ω

E2t−1
ε Fεu2dx

≥
(

1
2
− t
)∫

Ω

E2t−1u2dµ,

(4.31)

for u ∈C0,1
c (Ω).

Now we show the constants in (4.19) and (4.20) are optimal.

Since E is boundary weight, we suppose um := E−tvm and use similar proof of Theorem

4.3 and proof of Theorem 3.4 by considering

Dm :=
∫

Ω
|∇vm|2Adx∫

Ω

|∇E|2A
E2 v2

mdx
→ 1

4
, (4.32)

and since ∫
Ω

v2
m

E
dµ =

∫
Ω

v2
mE−1LA(E)dx =−

∫
Ω

v2
mE−1div(A∇E)dx

=
∫

Ω

v2
m∇(E−1) ·A∇Edx

=−
∫

Ω

v2
mE−2

∇E ·A∇Edx

=−
∫

Ω

|∇E|2A
E2 v2

mdx (4.33)

so according to (4.32) and (4.33) we have

Fm;=

∫
Ω
|∇vm|2Adx− 1

4
∫

Ω

|∇E|2A
E2 v2

mdx∫
Ω

v2
m

E dµ

→ 1
2
, (4.34)

since E is boundary weight and vm ∈C∞
c (Ω) so um ∈C0,1

c (Ω)∩Xt = Xt .

For seeing the optimal constant in (4.19) we consider um := E−tvm.
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Now we compute

φm :=
∫

Ω
E2t |∇um|2Adx∫

Ω
E2t−2|∇E|2Au2

mdx
, (4.35)

we have:

E2t |∇um|2A = t2|∇E|2AE−2v2
m + |∇vm|2A−2tE−1

∇E ·∇vmvm, (4.36)

by integration of both sides of (4.36) we have:

φm :=
∫

Ω
E2t |∇um|2Adx∫

Ω
|∇E|2AE2t−2u2

m
=

∫
Ω

E2t |∇um|2Adx∫
Ω

|∇E|2A
E2 v2

m

=t2

∫
Ω

|∇E|2A
E2 v2

mdx∫
Ω

|∇E|2A
E2 v2

mdx
+

∫
Ω
|∇vm|2Adx∫

Ω

|∇E|2A
E2 v2

mdx
−2t

∫
Ω

A∇E·∇vmvm
E dx∫

Ω

|∇E|2A
E2 v2

mdx

=Dm + t2−2t
∫

Ω
E−1vm∇vm · (A∇E)dx∫

Ω

|∇E|2A
E2 v2

mdx
, (4.37)

so for third term in (4.37) we have:

2
∫

Ω

E−1vm∇vm ·A∇Edx =
∫

Ω

E−1
∇v2

m ·A∇Edx

=−
∫

Ω

div(E−1(A∇E))v2
mdx

=
∫

Ω

∇EE−2 · (A∇E)v2
mdx−

∫
Ω

E−1div(A∇E)v2
mdx

=
∫

Ω

|∇E|2A
E2 v2

mdx+
∫

Ω

LA(E)
E

v2
mdx

=
∫

Ω

|∇E|2A
E2 v2

mdx+
∫

Ω

v2
m

E
µdx

=
∫

Ω

|∇E|2A
E2 v2

mdx+
∫

Ω

v2
m

E
dµ, (4.38)

61



by inserting (4.38) in (4.37) we have:

φm =Dm + t2−2t
∫

Ω
E−1vm∇vmA∇Edx∫

Ω

|∇E|2A
E2 v2

mdx

=Dm + t2− t

∫
Ω

|∇E|2A
E2 v2

mdx+
∫

Ω

v2
m

E dµ∫
Ω

|∇E|2A
E2 v2

mdx

=Dm + t2− t− t
∫

Ω

v2
m

E dµ∫
Ω

|∇E|2A
E2 v2

mdx
, (4.39)

for computing the fourth term in (4.39), according to (4.34) we have

Fm.
∫

Ω

v2
m

E
dµ =

∫
Ω

|∇vm|2Adx− 1
4

∫
Ω

|∇E|2A
E2 v2

mdx, (4.40)

so regarding (4.40), the fourth term in (4.39) is

∫
Ω

v2
mE−1dµ∫

Ω
|∇E|2AE−2v2

mdx
=

∫
Ω
|∇vm|A2 dx− 1

4
∫

Ω

|∇E|2A
E2 v2

mdx
Fm∫

Ω

|∇E|2A
E2 v2

mdx

=

∫
Ω
|∇vm|A2

Fm
∫

Ω

|∇E|2A
E2 v2

mdx
−

1
4
∫

Ω

|∇E|2A
E2 v2

mdx

Fm
∫

Ω

|∇E|2A
E2 v2

mdx
, (4.41)

regarding (4.32) we have

∫
Ω

v2
mE−1dµ∫

Ω

|∇E|2A
E2 v2

mdx
=

Dm

Fm
−

1
4

Fm
=

Dm− 1
4

Fm
,

since Dm→ 1
4 so we have

∫
Ω

v2
mE−1dµ∫

Ω

|∇E|2A
E2 v2

mdx
=

Dm− 1
4

Fm
→ 0, (4.42)
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so regarding (4.39) and (4.42) we have

φm := Dm + t2− t =
1
4
+ t2− t = (t− 1

2
)2,

and (4.19) is optimal.

To see (4.20) is optimal, in terms of computation in (4.37) and um := E−tvm we have

ψm :=
∫

Ω
E2t |∇um|2Adx− (t− 1

2)
2 ∫

Ω
|∇E|2AE2t−2u2

mdx∫
Ω

E2t−1u2
mdµ

=
t2 ∫

Ω

|∇E|2A
E2 v2

mdx+
∫

Ω
|∇vm|2Adx−2t

∫
Ω

E−1vm∇vm ·A∇Edx∫
Ω

E2t−1u2
mdµ

−t2 ∫
Ω

|∇E|2A
E2 v2

mdx− 1
4
∫

Ω

|∇E|2A
E2 v2

mdx+ t
∫

Ω

|∇E|2A
E2 v2

mdx∫
Ω

E2t−1u2
mdµ

, (4.43)

by simplifying (4.43) and since

∫
Ω

E2t−1u2
mdµ =

∫
Ω

E2t−1E−2tv2
mdµ =

∫
Ω

v2
m

E
dµ,

so we have

ψm :=

∫
Ω
|∇vm|2Adx− 1

4
∫

Ω

|∇E|2A
E2 v2

mdx∫
Ω

v2
m

E dµ

+
t
∫

Ω

|∇E|2A
E2 v2

mdx−2t
∫

Ω
E−1vm∇vm ·A∇Edx∫

Ω

v2
m

E dµ

= Fm +
t
∫

Ω

|∇E|2A
E2 v2

mdx−2t
∫

Ω
E−1vm∇vm ·A∇Edx∫

Ω

v2
m

E dµ

,

(4.44)

according to (4.38) we have

2
∫

Ω

E−1
∇vmvm ·A∇Edx =

∫
Ω

v2
m

E
dµ +

∫
Ω

|∇E|2A
E2 v2

mdx,
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so (4.44) is

ψm :=Fm +
t
∫

Ω

|∇E|2A
E2 v2

mdx− t
∫

Ω

v2
m

E dµ− t
∫

Ω

|∇E|2A
E2 v2

mdx∫
Ω

v2
m

E dµ

=Fm + t

∫
Ω

|∇E|2A
E2 v2

mdx∫
Ω

v2
m

E dµ

− t
∫

Ω

v2
m

E dµ∫
Ω

v2
m

E dµ

− t

∫
Ω

|∇E|2A
E2 v2

mdx∫
Ω

v2
m

E dµ

= Fm− t,

since Fm→ 1
2 so (1

2 − t) is optimal in (4.20).

Now for showing the constants are not attained we hold on the extra term in (3.1) for

v := Etu

∫
Ω

E |∇v|2A dx =
∫

Ω

E
∣∣∇(uEt)

∣∣2
A dx, (4.45)

since we have

∫
Ω

E|∇Etu|2Adx = t2
∫

Ω

E2t−1|∇E|2Au2dx+
∫

Ω

E2t+1|∇u|2Adx+2t
∫

Ω

E2tA∇E ·∇uudx,

(4.46)

and

∫
Ω

E2t−1|∇E|2Au2dx =
∫

Ω

E2t−1|∇E|2AE−2tv2dx =
∫

Ω

|∇E|2AE−1v2dx, (4.47)

and

∫
Ω

E2t+1|∇u|2Adx = t2
∫

Ω

E−1|∇E|2Av2dx+
∫

Ω

E−2t |∇v|2Adx−2t
∫

Ω

E−2t−1A∇E ·∇vvdx,

(4.48)

and

∫
Ω

E2tA∇E ·∇uudx =
1
2

∫
Ω

E2tA∇E ·∇|u2|dx =−1
2

∫
Ω

divE2tA∇Eu2dx

=− 1
2
(2t)

∫
Ω

E2t−1|∇E|2AE−2tv2dx =−t
∫

Ω

E−1|∇E|2Av2dx, (4.49)
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From the computation in (4.47), (4.48) and (4.49) and according to (2.4) we have∫
Ω

E−1|∇E|2Adx = ∞ so (4.45) is positive for u ∈ Xt\{0}.

4.1 More General Weighted Inequalities

Here we investigate the possibility of inequalities of the form

∫
Ω

W (x)|∇u|2Adx≥
∫

Ω

U(x)u2dx,

for u ∈C0,1
c (Ω\K).

Theorem 4.5. If f is a positive function in C∞(γ,∞) where γ := min∂Ω E and E is interior

weight on Ω then:

∫
Ω

f (E)2|∇u|2Adx≥
∫

Ω

|∇E|2A
(

f (E)2

4E2 + f (E) f ′′(E)
)

u2dx, (4.50)

where u ∈C0,1
c (Ω\K). If liminfz→∞ f ′′(z)> 0 then the constant 1 is optimal.

Proof. We consider w := f (E)u, since u ∈ C0,1
c (Ω\K) then w ∈ C0,1

c (Ω\K). Plugging w

in (3.15) we get

∫
Ω

|∇w|2Adx− 1
4

∫
Ω

|∇E|2A
E2 w2dx≥ 0. (4.51)

For the first part of RHS of (4.51) we have

∫
Ω

|∇w|2Adx =
∫

Ω

|∇E|2A( f ′(E))2u2dx+
∫

Ω

|∇u|2A f (E)2dx+2
∫

Ω

A∇E ·∇u f ′(E) f (E)udx

=
∫

Ω

|∇E|2A( f ′(E))2u2dx+
∫

Ω

|∇u|2A f (E)2dx+
∫

Ω

A∇E ·∇u2 f ′(E) f (E)dx

=
∫

Ω

|∇E|2A( f ′(E))2u2dx+
∫

Ω

|∇u|2A( f (E))2dx−
∫

Ω

div( f ′(E) f (E)) ·A∇Eu2dx,

(4.52)
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for the last term of (4.52) we have

∫
Ω

div( f ′(E) f (E))A∇Eu2dx =
∫

Ω

A∇E ·∇E f ′′(E) f (E)u2dx+
∫

Ω

A∇E ·∇E( f ′(E))2u2dx

=
∫

Ω

f ′′(E) f (E)|∇E|2Au2dx+
∫

Ω

( f ′(E))2|∇E|2Au2dx,

(4.53)

putting (4.53) in (4.52) we have

∫
Ω

|∇w|2Adx =
∫

Ω

|∇E|2A( f ′(E))2u2dx+
∫

Ω

|∇u|2A f (E)2dx

−
∫

Ω

f ′′(E) f (E)|∇E|2Au2dx−
∫

Ω

( f ′(E))2|∇E|2Au2dx,
(4.54)

by simplifying (4.54) we have

∫
Ω

|∇w|2Adx =
∫

Ω

|∇u|2A f (E)2dx−
∫

Ω

f ′′(E) f (E)|∇E|2Au2dx, (4.55)

for the second part of (4.51) we have

1
4

∫
Ω

|∇E|2A
E2 w2dx =

1
4

∫
Ω

|∇E|2A
E2 ( f (E))2u2dx, (4.56)

inserting (4.55) and (4.56) in (4.51) we have:

∫
Ω

|∇w|2Adx− 1
4

∫
Ω

|∇E|2A
E2 w2dx =

∫
Ω

|∇u|2A f (E)2dx−
∫

Ω

f ′′(E) f (E)|∇E|2Au2dx

−1
4

∫
Ω

|∇E|2A
E2 ( f (E))2u2dx≥ 0,

so

∫
Ω

|∇u|2A f (E)2dx≥
∫

Ω

f ′′(E) f (E)|∇E|2Au2dx+
1
4

∫
Ω

|∇E|2A
E2 ( f (E))2u2dx, (4.57)
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finally (4.57) gives us the inequality (4.50)

∫
Ω

|∇u|2A f (E)2dx≥
∫

Ω

|∇E|2A
(
( f (E))2

4E2 + f ′′(E) f (E)
)

u2dx. (4.58)

Now we consider

Dm :=
∫

Ω
|∇vm|A2 dx∫

Ω

|∇E|2A
E2 v2

mdx
→ 1

4
, (4.59)

where vm ∈C0,1
c (Ω\K). We can consider the support of vm in K which is the support of µ .

Suppose um := vm
f (E) ∈C0,1

c (Ω\K). Regarding (4.58) we consider

Qm :=
∫

Ω
|∇um|2A f (E)2dx∫

Ω
|∇E|2A

(
f (E)2

4E2 + f ′′(E) f (E)
)

u2
mdx

, (4.60)

now for the numerator of (4.60) we have

f (E)2|∇um|2A =
|∇vm|2A f (E)4 + |∇E|2A( f ′(E))2v2

m( f (E))2−2A∇E ·∇vmvm( f (E))3 f ′(E)vm

( f (E))4 ,

(4.61)

by simplifying and integration of both sides of (4.61) we have

∫
Ω

f (E)2|∇um|2Adx =
∫

Ω

|∇vm|2Adx+
∫

Ω

|∇E|2A( f ′(E))2v2
m

( f (E))2 dx−2
∫

Ω

∇vm ·A∇E f ′(E)vm

f (E)
dx,

(4.62)
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now for the last term of (4.62) we have

2
∫

Ω

∇vm ·A∇E f ′(E)vm

f (E)
dx =

∫
Ω

f ′(E)
f (E)

A∇E ·∇v2
m

=−
∫

Ω

div
(

f ′(E)
f (E)

)
·∇Ev2

m

=−
∫

Ω

|∇E| f ′′(E) f (E)−|∇E|( f ′(E))2

( f (E))2 ·A∇Ev2
m

=−
∫

Ω

|∇E|2A f ′′(E)
f (E)

v2
mdx+

∫
Ω

|∇E|2A( f ′(E))2

( f (E))2 v2
mdx, (4.63)

plugging (4.63) in (4.62) we have

∫
Ω

( f (E))2|∇um|2Adx =
∫

Ω

|∇vm|2Adx+
∫

Ω

|∇E|2A( f ′(E))2

( f (E))2 v2
mdx+

∫
Ω

|∇E|2A f ′′(E)
f (E)

v2
mdx

−
∫

Ω

|∇E|2A( f ′(E))2

( f (E))2 v2
mdx,

(4.64)

simplifying (4.64) gives us

∫
Ω

( f (E))2|∇um|2Adx =
∫

Ω

|∇vm|2Adx+
∫

Ω

|∇E|2A( f ′′(E))2

f (E)
v2

mdx. (4.65)

for denominator of (4.60) we have

∫
Ω

|∇E|2A
(

f (E)2

4E2 + f (E) f ′′(E)
)

u2
mdx =

∫
Ω

|∇E|2A
(

f (E)2

4E2 + f (E) f ′′(E)
)

v2
m

f (E)2 dx

=
∫

Ω

|∇E|2A
(

v2
m

4E2 +
f ′′(E)
f (E)

v2
m

)
dx,

(4.66)

so (4.66) is

∫
Ω

|∇E|2A
(

f (E)2

4E2 + f (E) f ′′(E)
)

u2
mdx =

∫
Ω

|∇E|2A
v2

m
4E2 dx+

∫
Ω

|∇E|2A
f ′′(E)
f (E)

v2
mdx,

(4.67)
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plugging (4.65) and (4.67) in (4.60) we have

Qm :=
∫

Ω
|∇um|2A f (E)2dx∫

Ω
|∇E|2A

(
f (E)2

4E2 + f ′′(E) f (E)
)

u2
mdx

=

∫
Ω
|∇vm|2Adx+

∫
Ω

|∇E|2A f ′′(E)
f (E) v2

mdx∫
Ω

|∇E|2A
4E2 v2

m +
∫

Ω

|∇E|2A f ′′(E)
f (E) v2

mdx
,

(4.68)

as we know

Dm :=
∫

Ω
|∇vm|A2 dx∫

Ω

|∇E|2A
E2 v2

mdx
→ 1

4
,

and according to Qm in (4.60), if we consider liminfz→∞ f ′′(z)> 0 since in Qm (4.68), we

have: x→ α+x
β+x and α and β are positive constant(regarding Dm) so Qm→ 1.
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5

Improvement

Improvement in the direction of the Hardy inequality have been posed by many researchers

[2], [1], [10]. In this chapter the improved versions of inequality (3.15) are investigated.

For an improved Hardy inequality on radial domain, Ghoussoub and Moradifam [12] gave

necessary and sufficient conditions for a nonegative function V as potential. The method

applied here is the analogous approach. Now we define precisely what is meant by the

potential.

Definition 5.1. Suppose 0≤V ∈C∞(Ω\K) for E as an interior weight on Ω, V is potential

for E if

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

V (x)u2dx,

where u ∈ H1
0 (Ω).

Definition 5.2. Suppose 0 ≤ V ∈ C∞(Ω) for E as boundary weight on Ω, V is potential

for E if

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

V (x)u2dx,
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where u ∈ H1
0 (Ω).

Remark 5.3. If E is an interior weight, E = ∞ on support of µ so we consider V ∈

C∞(Ω\K) but for boundary weight E we consider V ∈C∞(Ω).

Theorem 5.4. (Interior Weight Improvement) If E is an interior weight on Ω and 0≤V ∈

C∞(Ω\K)

If there exists some 0 < φ ∈C2(Ω\K) such that

−LA(φ)+
A∇E ·∇φ

E
+V φ ≤ 0 in Ω\K, (5.1)

then V is potential for E. After change of variables θ := E
1
2 φ we have φ := E−

1
2 θ for

0 < θ ∈C2(Ω\K) we have

−LA(θ)

θ
+
|∇E|2A
4E2 +V ≤ 0 in Ω\K. (5.2)

Proof. If V ∈ C∞(Ω\K) is nonegative and there exists some 0 < φ ∈ C2(Ω\K) which

satisfies −LA(φ)+
A∇E·∇φ

E +V φ ≤ 0 in Ω\K.

Let u ∈C0,1(Ω\K) and define v := E−
1
2 u so by Lemma 3.2 we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx =

∫
Ω

|∇v|2AEdx.

Now define ψ ∈C0,1(Ω\K) and consider v = φψ . We have

E|∇v|2A = E|∇φ |2Aψ
2 +E|∇ψ|2Aφ

2 +2EφψA∇φ ·∇ψ, (5.3)

now we compute

∫
Ω

ψ
2E|∇φ |2Adx+2

∫
Ω

EφψA∇φ ·∇ψdx, (5.4)
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for first part of (5.4) we have

∫
Ω

ψ
2E|∇φ |2Adx =

∫
Ω

Aψ
2E∇φ ·∇φdx =−

∫
Ω

Eψ
2
φdiv(A∇φ)

=
∫

Ω

Eψ
2
φLA(φ)dx, (5.5)

for second part of (5.4) we have

2
∫

Ω

ψφEA∇φ ·∇ψdx =2
∫

Ω

φψEA∇φ ·∇ψdx

=
∫

Ω

φA∇φ ·∇(ψ)2Edx

=−
∫

Ω

φA∇E ·∇φ(ψ)2dx, (5.6)

so by the results of (5.5) and (5.6) and inserting in (5.4) we have

∫
Ω

ψ
2E|∇φ |2Adx+2

∫
Ω

ψφEA∇φ ·∇ψdx =
∫

Ω

ψ
2 (LA(φ)φE−φA∇E ·∇φ)dx, (5.7)

now since v = E−
1
2 u and u = E

1
2 v and v = φψ so for the left hand side of (5.7) we have

ψ
2LA(φ)φE = ψ

2 LA(φ)

φ
φ

2E = (φψ)2 LA(φ)

φ
E = v2E

LA(φ)

φ
= u2 LA(φ)

φ
, (5.8)

and we have

(φA∇E ·∇φ)ψ2 =
φ 2ψ2 A∇E·∇φE

E
φ

=
(φψ)2E A∇E·∇φ

E
φ

=
v2E A∇E·∇φ

E
φ

=
u2 A∇E·∇φ

E
φ

, (5.9)
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so by inserting (5.8) and (5.9) in (5.7) we have

∫
Ω

ψ
2E|∇φ |2Adx+

∫
Ω

φψEA∇φ ·∇ψdx =
∫

Ω

ψ
2 (LA(φ)φE−φA∇E ·∇φ)dx

=
∫

Ω

u2 LA(φ)

φ
dx−

∫
Ω

u2 A∇E·∇φ

E
φ

dx

=
∫

Ω

u2

(
LA(φ)− A∇E·∇φ

E
φ

)
dx

:=Q, (5.10)

since in Theorem 5.4 we have

−LA(φ)+
A∇E ·∇φ

E
+V φ ≤ 0 in Ω\K,

so

LA(φ)−
A∇E ·∇φ

E
≥V φ in Ω\K, (5.11)

and since

Q :=
∫

Ω

u2

(
LA(φ)− A∇E·∇φ

E
φ

)
dx, (5.12)

by multiplying u2

φ
to both sides of (5.11) we have

Q :=
∫

Ω

u2

φ

(
LA(φ)− A∇E·∇φ

E
φ

)
dx≥

∫
Ω

u2

φ
V φ ,

so Q≥
∫

Ω
u2V (x)dx.

Now, since for v = E
1
2 u by Lemma 3.2 we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

|∇v|2AEdx, (5.13)
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and considering (5.3) and (5.10) and integrating of (5.3) we have

∫
Ω

|∇v|2AE = Q+
∫

Ω

Eφ
2|∇ψ|2A,

so for (5.13) we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx = Q+

∫
Ω

Eφ
2|∇ψ|2Adx,

since Q≥
∫

Ω
u2V (x)dx so for (5.13) we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

u2V (x)dx+
∫

Ω

Eφ
2|∇ψ|2Adx,

for u ∈C0,1
c (Ω\K) and since C0,1

c (Ω\K) is dense in H1
0 (Ω)

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

u2V (x)dx+
∫

Ω

Eφ
2|∇ψ|2Adx,

holds for u ∈ H1
0 (Ω), then V is potential for E.

Now we prove (5.2), since we have

−LA(φ) =− (−div(A∇φ)) = div(A∇(E−
1
2 θ))

=
3
4

E−
5
2 |∇E|2Aθ − 1

2
AE−

3
2 ∇E ·∇θ − 1

2
AE−

3
2 ∇E ·∇θ +E−

1
2 div(A∇θ), (5.14)

and we have:

A∇E ·∇φ

E
=

A∇E ·∇(E−
1
2 θ)

E
=

A∇E · (−1
2 |∇E|E− 3

2 θ +E−
1
2 |∇θ |)

E

=− 1
2
|∇E|2AE−

5
2 θ +AE−

3
2 ∇E ·∇θ , (5.15)
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inserting (5.14) and (5.15) in (5.1) we have

−LA(φ)+
A∇E ·∇φ

E
+V φ =

3
4

E−
5
2 |∇E|2Aθ − 1

2
AE−

3
2 ∇E ·∇θ − 1

2
AE−

3
2 ∇E ·∇θ +E−

1
2 div(A∇θ)

−1
2
|∇E|2AE−

5
2 θ +AE−

3
2 ∇E ·∇θ

=
1
4
|∇E|2AE−

5
2 θ +E−

1
2 div(A∇θ)+V (E−

1
2 θ)≤ 0,

(5.16)

after simplifying (5.16) we have

−LA(φ)+
A∇E ·∇φ

E
+V φ = E−

1
2 θ

(
|∇E|2A
4E2 +

div(A∇θ)

θ
+V

)
≤ 0,

since 0 < θ ∈C2(Ω\K) and E > 0 so

|∇E|2A
4E2 −

LA(θ)

θ
+V ≤ 0 in Ω\K.

Theorem 5.5. (Boundary Weight Improvement) Suppose E is a boundary weight on Ω and

0≤V ∈C∞(Ω). Suppose there exists some 0 < φ ∈C2(Ω) such that

−LA(θ)

θ
+

A∇E ·∇φ

Eφ
− µ

2E
+V ≤ 0 in Ω, (5.17)

then V is potential for E.

Proof. If V ∈C∞(Ω) is nonegative and there exists some 0 < φ ∈C2(Ω) which solves

−LA(φ)−
A∇E ·∇φ

E
− µ

2E
+V ≤ 0,

let u ∈ H1
0 (Ω) and define v = E

−1
2 u by Lemma 3.2 we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

|∇v|2AEdx+
1
2

∫
Ω

u2

E
dµ,
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now we define ψ ∈C0,1
c (Ω) by v = φψ so we have

E|∇v|2A = E|∇φ |2Aψ
2 +E|∇ψ|2Aφ

2 +2AEφψ∇φ ·∇ψ,

according to (5.10) in proof of Theorem (5.4) we have

∫
Ω

ψ
2E|∇φ |2Adx+2

∫
Ω

Eφψ∇φ ·∇ψAdx+
1
2

∫
Ω

u2

E
dµ

=
∫

Ω

ψ
2 (LA(φ)φE−φA∇E ·∇φ)dx− 1

2

∫
Ω

u2

E
dµ

=
∫

Ω

u2
(

LA(φ)

φ
− A∇E ·∇φ

φE
− µ

2E

)
dx

:=Q, (5.18)

since according to assumption (5.17) we have

−LA(φ)

φ
+

A∇E ·∇φ

φE
− µ

2E
+V ≤ 0 in Ω,

so

LA(φ)

φ
− A∇E ·∇φ

φE
+

µ

2E
≥V, (5.19)

by multiplying u2 to the both sides of (5.19) we have

∫
Ω

u2
(

LA(φ)

φ
− A∇E ·∇φ

φE
+

µ

2E

)
dx≥

∫
Ω

u2V (x)dx,

so

Q≥
∫

Ω

u2V (x)dx, (5.20)
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since for v := E−
1
2 u and by Lemma 3.2 we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

|∇v|2AEdx+
1
2

∫
Ω

u2

E
dµ, (5.21)

so for
∫

Ω
|∇v|2AEdx we have

∫
Ω

u2
(

LA(φ)

φ
− A∇E ·∇φ

φE
+

µ

2E

)
dx = Q+

∫
Ω

Eφ
2|∇ψ|2Adx,

so rewriting (5.21) gives us

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx = Q+

∫
Ω

Eφ
2|∇ψ|2Adx,

and finally according (5.20) we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

u2V (x)dx+
∫

Ω

Eφ
2|∇ψ|2Adx,

for u ∈ H1
0 (Ω) so V is potential for boundary weight E.

Theorem 5.6. Suppose E is an interior weight on Ω, 0 < γ := min∂Ω E and 0 < f ∈

C2(γ,∞), then for all u ∈C0,1
c (Ω\K) we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

|∇E|2A
f (E)

(
− f ′′(E)− f ′(E)

E

)
u2dx,

in particular by f (E) :=
√

log(γ−1E) we obtain

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥ 1

4

∫
Ω

|∇E|2A
E2 log2(γ−1E)

u2dx,

for all u ∈ H1
0 (Ω). Now suppose 0 < γ = E on ∂Ω, then 1

4 is optimal.

Proof. Let E be an interior weight on Ω and 0 < γ := min∂Ω E and 0 < f ∈ C2(γ,∞).
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According to Theorem 5.4, if we have −LA(φ)+
A∇E·∇φ

E +V φ ≤ 0, so V is potential for

E. From this we have LA(φ)
φ
− A∇E·∇φ

Eφ
≥V, so for u ∈C0,1

c (Ω\K) we have

(
LA(φ)

φ
− A∇E ·∇φ

Eφ

)
u2 ≥V (x)u2, (5.22)

by considering φ = f (E) in above inequality, so for the first part of (5.22) we have

LA(φ)

φ
=

LA( f (E))
f (E)

=−div(A∇ f (E))
f (E)

=− Adiv(∇ f (E))
f (E)

=− Adiv(∇E · f ′(E))
f (E)

=− A(∇E∇E · f ′′(E))
f (E)

=−
|∇E|2A
f (E)

f ′′(E), (5.23)

and for the second part of (5.22) we have

A∇E ·∇( f (E))
E f (E)

=
A∇E ·∇E f ′(E)

E f (E)
=
|∇E|2A
f (E)

f ′(E)
E

, (5.24)

plugging (5.23) and (5.24) in (5.22) we have

|∇E|2A
f (E)

(
− f ′′(E)− f ′(E)

E

)
u2 ≥V (x)u2, (5.25)

now if f (E) ∈C2(γ,∞) satisfies in

−LA( f (E))+
A∇E ·∇ f (E)

E
+V φ ≤ 0,

so according to Theorem 5.4, V is potential for E and according definition (5.2) we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

u2V (x)dx, (5.26)

78



so in terms of (5.25) we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

|∇E|2A
f (E)

(
− f ′′(E)− f ′(E)

E

)
u2dx. (5.27)

in particular since

− f ′′(E)
f (E)

− f ′(E)
E f (E)

=− div(A∇ f (E))
f (E)

− A∇E ·∇ f (E)
E f (E)

=
LA( f (E)

f (E)
− A∇E ·∇ f (E)

E f (E)
, (5.28)

so according to Theorem 5.4, V is potential for E. So plugging f (E) :=
√

log(γ−1E) ∈

C2(Ω\K) in (5.28) gives us

− f ′′(E)
f (E)

− f ′(E)
E f (E)

=
1
4
|∇E|2A

E2 (log(γ−1E))−2 +
1
2
|∇E|2A

E2 (log(γ−1E))−1− 1
2
|∇E|2A

E2 (log(γ−1E))−1,

(5.29)

so

V =
1
4
|∇E|2A

E2 (log(γ−1E))−2,

so by plugging into (5.26)

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥ 1

4

∫
Ω

|∇E|2A
E2 log2(γ−1E)

u2dx, (5.30)

for u ∈C0,1
c (Ω\K) and extend it by Theorem 1.36, we have (5.30) for u ∈ H1

0 (Ω).

For showing 1
4 is optimal constant we fix 0 < t < 1

2 and τ > 1
2 and define uτ :=

Et logτ(γ−1E). According to Lemma 3.3 ut ∈ H1
0 (Ω) so we need to compute

∫
Ω
|∇uτ |2Adx− 1

4
∫

Ω

|∇E|2A
E2 u2

τdx∫
Ω

|∇E|2A
E2 log2(γ−1E)

u2
τdx

,
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since we have

∫
Ω

|∇E|2Adx
E2 log2(γ−1E)

u2
τdx =

∫
Ω

|∇E|2Adx
E2 log2(γ−1E)

E2t log2τ(γ−1E)dx =
∫

Ω

|∇E|2AE2t−2 log2τ−2(γ−1E)dx,

so we compute

∫
Ω
|∇uτ |2Adx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

−
1
4
∫

Ω

|∇E|2A
E2 E2t log2τ(γ−1E)dx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

, (5.31)

since we have uτ := Et logτ(γ−1E) so we have

|∇uτ |2A =t2|∇E|2AE2t−2 log2τ(γ−1E)+ τ
2|∇E|2AE2t−2 log2τ−2(γ−1E)

+2tτ|∇E|2AE2t−2 log2τ−1(γ−1E), (5.32)

so after integrating of both sides of (5.32) for the first part in (5.31) we have

∫
Ω
|∇uτ |2Adx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

=
t2 ∫

Ω
|∇E|2AE2t−2 log2τ(γ−1E)dx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

+
τ2 ∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

+
2tτ

∫
Ω
|∇E|2AE2t−2 log2τ−1(γ−1E)dx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

, (5.33)

and for the second part of (5.31) we have

1
4
∫

Ω

|∇E|2A
E2 E2t log2τ(γ−1E)dx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

=
1
4
∫

Ω
|∇E|2AE2t−2 log2τ(γ−1E)dx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

, (5.34)
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so (5.31) is

∫
Ω
|∇uτ |2Adx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

−
1
4
∫

Ω

|∇E|2A
E2 E2t log2τ(γ−1E)dx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

=
t2 ∫

Ω
|∇E|2AE2t−2 log2τ(γ−1E)dx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

+
τ2 ∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

+
2tτ

∫
Ω
|∇E|2AE2t−2 log2τ−1(γ−1E)dx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

−
1
4
∫

Ω
|∇E|2AE2t−2 log2τ(γ−1E)dx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

, (5.35)

now since in Lemma 3.3 we defined

Jt(τ) =
∫

Ω

|∇E|2AE2t−2 log2τ−2(γ−1E)dx,

and 2τ = 2(τ +1)−2 and 2τ−1 = 2(τ + 1
2)−2 so

∫
Ω

|∇E|2AE2t−2 log2τ(γ−1E)dx = Jt(τ +1), (5.36)

and

∫
Ω

|∇E|2AE2t−2 log2τ−1(γ−1E)dx = Jt(τ +
1
2
), (5.37)

so according (5.36) and (5.37) we rewrite (5.35) as

∫
Ω
|∇uτ |2Adx− 1

4
∫

Ω

|∇E|2A
E2 uτ |2dx∫

Ω

|∇E|2A
E2 log2(γ−1E)

u2
τdx

=(t2− 1
4
)

∫
Ω
|∇E|2AE2t−2 log2τ(γ−1E)dx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

+ τ
2

+2tτ
∫

Ω
|∇E|2AE2t−2 log2τ−1(γ−1E)dx∫

Ω
|∇E|2AE2t−2 log2τ−2(γ−1E)dx

=(t2− 1
4
)
Jt(τ +1))

Jt(τ)
+ τ

2 +2tτ
Jt(τ +

1
2))

Jt(τ)
, (5.38)
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according to Theorem 3.3 we have

Jt(τ) =
∫

Ω

|∇E|2AE2t−2 log2τ−2(ν−1E)dx→ ∞,

when τ ↘ 1
2 so for

(t2− 1
4
)
Jt(τ +1))

Jt(τ)
+ τ

2 +2tτ
Jt(τ +

1
2))

Jt(τ)
,

so 1
4 is optimal.

Remark 5.7. As it is mentioned V ∈C∞(Ω) is potential for E (as interior weight) if there

exists some 0 < φ ∈C2(Ω\K) such that

−LA(φ)

φ
+

A∇E ·∇φ

E
+V φ ≤ 0,

now we are going to consider more useful condition for V to be potential for E.

Theorem 5.8. (Interior improvement using ode method) Assume E is interior weight on

Ω, E := γ ≥ 0 on ∂Ω and 0 ≤ f ∈C∞(γ,Ω). If there exists some 0 < h ∈C2(γ,∞) such

that

h′′(t)+
(

f (t)+
1

4t2

)
h(t)≤ 0,

in (γ,∞) then for all u ∈ H1
0 (Ω)

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

f (E)|∇E|2Au2dx.

Proof. For E as interior weight and 0 < f ∈C∞(Ω\K) and 0 < h ∈C2(γ,∞) we have

h′′(t)+
(

f (t)+
1

4t2

)
h(t)≤ 0,
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so
h′′(t)
h(t)

+
1

4t2 + f (t)≤ 0,

by considering E and scaling both sides we have

|∇E|2A
h′′(E)
h(E)

+
|∇E|2A
4E2 + f (E)|∇E|2A ≤ 0, (5.39)

taking θ := h(E) and using Theorem 5.4 so (5.39) corresponds to:

−LA(θ)

θ
+
|∇E|2A
4E2 +V ≤ 0, (5.40)

because

−LA(θ) =−LA(h(E)) = div(A∇h(E)) = |∇E|2Ah′′(E),

now based on Theorem 5.4, f (E)|∇E|2A is potential for E and according to Definition 5.2

we have ∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

f (E)|∇E|2Au2dx.

Now we generalize the results obtained by Avkhadiev and Wirths.

Definition 5.9. Suppose Ω is domain in RN it has finite inradius if δ (x) := dist(x,∂Ω) is

bounded in Ω.

Theorem 5.10. (Avkhadiev,Wirths[5]) Suppose Ω is a convex domain in RN with finite

inradius. Then

∫
Ω

|∇u|2Adx≥ 1
4

∫
Ω

u2

δ 2 dx+
λ 2

0

‖δ‖2
L∞

∫
Ω

u2dx,
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for u ∈ H1
0 (Ω) is optimal, where λ0 denotes the first positive zero of J0(t)−2tJ1(t) and Jn

is the Bessel function of order n.

The above theorem extends the results of H. Brezis and M. Marcus:

Theorem 5.11. (H.Brezis and M. Marcus[7]) Suppose Ω is a convex subset of RN then

∫
Ω

|∇u|2Adx≥ 1
4

∫
Ω

u2

δ 2 dx+
1

4diam2(Ω)

∫
Ω

u2dx,

for u ∈ H1
0 (Ω) where diam(Ω) denotes the diameter of Ω.

We establish a generalized version of this result.

Theorem 5.12. Suppose µ is nonegative nonzero locally finite measure in Ω (possibly

unbounded) and 0 < E ∈ L∞(Ω) is a solution to

• LA(E) = µ in Ω,

• |∇E|A = 1 a.e in Ω,

• E = 0 on ∂Ω,

then

∫
Ω

|∇u|2Adx≥ 1
4

∫
Ω

u2

E2 dx+
λ 2

0

‖E‖2
L∞

∫
Ω

u2dx,

for all u ∈C∞
c (Ω).

Proof. We extend E to all of RN and E = 0 on RN\Ω. According to the setting in

proof of lemma 2.1, we consider ε-mollification of E. We set Fε := LA(Eε) and 0 <

f ∈C2((0,‖E‖L∞]). Starting with v = E
− 1

2
ε u and u = E

1
2
ε v so u2 = Eεv2. We have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇Eε |2A
E2

ε

u2 ≥
∫

Ω

|∇v|2AEεdx+
∫

Ω

u2

2Eε

dµ, (5.41)
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also considering ψ ∈C0,1
c (Ω) and φ ∈C2(Ω) we let

v = ψφ ,

so we have

Eε |∇v|2A = Eε |∇φ |2Aψ
2 +Eε |∇ψ|2Aφ

2 +2AEεφψ∇φ ·∇ψ, (5.42)

so according to (5.18) we have

∫
Ω

ψ
2Eε |∇φ |2Adx+2

∫
Ω

Eεφψ∇φ ·∇ψAdx+
1
2

∫
Ω

u2

Eε

dµ

=
∫

Ω

ψ
2 (LA(φ)φEε −φA∇Eε ·∇φ)dx− 1

2

∫
Ω

u2

Eε

dµ

=
∫

Ω

u2
(

LA(φ)

φ
− A∇Eε ·∇φ

φEε

− µ

2Eε

)
dx,

by considering
LA(φ)

φ
− A∇Eε ·∇φ

φEε

+
µ

2Eε

≥V,

and plugging into (5.41) we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇Eε |2A
E2

ε

u2 ≥
∫

Ω

V (x)u2dx+
∫

Ω

Eφ
2|∇ψ|2Adx, (5.43)

we consider the RHS of (5.41) but first of all according to the first part of the Theorem 5.6

we have

LA(φ)

φ
− A∇Eε ·∇φ

Eεφ
+

µ

2Eε

=
|∇Eε |2A

E2
ε

(
− f ′′(Eε)−

f ′(Eε)

f (Eε)

)
+

Fε

2Eε

, (5.44)
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now for
∫

Ω
Eφ 2|∇ψ|2Adx we have

∫
Ω

Eεφ
2
∇ψ ·∇ψAdx =−

∫
Ω

div(Eεφ
2)ψ∇ψAdx

=−
∫

Ω

A∇Eε ·∇ψφ
2
ψdx−2

∫
Ω

φ
′
φEεψ∇ψAdx

=− 1
2

∫
Ω

A∇Eε ·∇(ψ)2
φ

2dx− 2
2

∫
Ω

φ
′
φEε∇ψ

2Adx

=
1
2

∫
Ω

div(A∇Eε)φ
2
ψ

2dx+
∫

Ω

φ
′
φ∇Eεψ

2Adx

=− 1
2

∫
Ω

LA(Eε)v2dx+
∫

Ω

φ ′

φ
φ

2
ψ

2A∇Eεdx

=− 1
2

∫
Ω

LA(Eε)
u2

Eε

dx+
∫

Ω

φ ′

φ
v2A∇Eεdx,

by considering φ = f (E) we have

−1
2

∫
Ω

LA(Eε)
u2

Eε

dx+
∫

Ω

( f (Eε))
′

f (Eε)
A∇Eεv2dx =− 1

2

∫
Ω

LA(Eε)
u2

Eε

dx+
∫

Ω

( f (Eε))
′

f (Eε)
A∇Eε ·∇Eεv2dx

=− 1
2

∫
Ω

LA(Eε)
u2

Eε

dx−
∫

Ω

Eεv2 ( f (Eε))
′

f (Eε)
div(A∇Eε)dx

=− 1
2

∫
Ω

LA(Eε)
u2

Eε

dx+
∫

Ω

( f (Eε))
′

f (Eε)
u2LA(Eε)dx

=− 1
2

∫
Ω

Fε

u2

Eε

dx+
∫

Ω

( f (Eε))
′

f (Eε)
u2Fεdx,

(5.45)

plugging (5.45) and (5.44) in (5.43) we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇Eε |2A
E2

ε

u2dx≥
∫

Ω

|∇Eε |2A
E2

(
− f ′′(Eε)−

f ′(Eε)

f (Eε)

)
u2dx+

1
2

∫
Ω

Fε

Eε

u2dx

−1
2

∫
Ω

Fε

u2

Eε

dx+
1
2

∫
Ω

Fε

u2

Eε

dx+
∫

Ω

f ′(Eε)

f (Eε

u2Fεdx,

(5.46)
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and finally we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇Eε |2A
E2

ε

u2dx≥
∫

Ω

|∇Eε |2A
f (Eε)

(
− f ′′(Eε)−

f ′(Eε)

Eε

)
u2dx

+
∫

Ω

(
f ′(Eε)

f (Eε)
+

1
2Eε

)
u2Fεdx, (5.47)

for all u ∈C∞
c (Ω).

We consider two terms of RHS of (5.47):

According to assumption for the first part of (5.47), |∇E|A = 1 on Ω a.e so we consider:

1
f (Eε)

(
− f ′′(Eε)−

f ′(Eε)

Eε

)
u2,

and Iε :=
∫

Ω

(
f ′(Eε )
f (Eε )

+ 1
2Eε

)
Fεu2dx where 0 < f ∈C2((0,‖E‖L∞ ]).

By setting λ := λ 2
0

‖E‖2
L∞

where λ0 (Lambs constant) denote the first positive zero of J0(t)−

2tJ1(t) where Jn is the Bessel function of order n. Define f (t) := J0(
√

λ t) so we have

f ′(t) =−
√

λ (J1(
√

λ t)), (5.48)

and

f ′′(t) =−λJ0(
√

λ t)+

√
λ

t
J1(
√

λ t), (5.49)

according to (5.48) and (5.49) we compute

1
f (t)

(
− f ′′(t)− f ′(t)

t

)
=

1

J0(
√

λ t)

(
λJ0(
√

λ t)−
√

λ

t
J1(
√

λ t)+

√
λ

t
J1(
√

λ t)

)

=
λJ0(
√

λ t)

J0(
√

λ t)
−

√
λ

t J1(
√

λ t)

J0(
√

λ t)
+

√
λ

t J1(
√

λ t)

J0(
√

λ t)
= λ ,
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we set

l(t) =
f ′(t)
f (t)

+
1
2t

=
−
√

λJ1(
√

λ t)

J0(
√

λ t)
+

1
2t

=
−2
√

λ tJ1(
√

λ t)+ J0(
√

λ t)

2tJ0(
√

λ t)
, (5.50)

since
√

λ =

√(
λ 2

0

‖E‖2
L∞

)
=

0.940....
‖E‖L∞

,

and

2
√

λ =
1.880....
‖E‖L∞

,

so l(t)≥ 0 in (0,‖E‖∞
L ). Since

1
f (Eε)

(
− f ′′(Eε)−

f ′(Eε)

Eε

)
= λ =

λ0
2

‖Eε‖2
L∞

,

by substitution in

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇Eε |2A
E2

ε

u2dx≥
∫

Ω

|∇Eε |2A
f (Eε)

(
− f ′′(Eε)−

f ′(Eε)

Eε

)
u2dx,

we have ∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

∫
Ω

λ |∇E|2Au2dx+ Iε

=λ

∫
Ω

|∇E|2Au2dx+ Iε

=
λ 2

0

‖Eε‖2
L∞

∫
Ω

|∇Eε |2Au2dx+ Iε , (5.51)

now considering Young’s convolution inequality, Theorem 1.31, and p = 1, q = ∞ and

r = 1 we have

‖Eε‖L∞ = ‖ηε ∗E‖L1 ≤ ‖ηε‖L1‖E‖L∞

so according to (5.51) we have

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇E|2A
E2 u2dx≥

λ 2
0

‖E‖2
L∞

∫
Ω

|∇E|2Au2dx+ Iε ,
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where l(t) = f ′(t)
f (t) +

1
2t ≥ 0 and Iε =

∫
Ω

(
f ′(Eε )
f (Eε )

+ 1
2Eε

)
u2Fεdx so

Iε =
∫

Ω

lA(Eε)u2Fεdx,

since

J0(x) =
∞

∑
j=0

(−1) j

( j!)2

(x
2

)2 j
= 1− x2

2
+

x4

24(2!)2 −
x6

26(3!)2 + · · · ,

and

J1(x) =
∞

∑
j=0

(−1) j

j!( j+1)!

(x
2

)2 j+1
=

x
2
− x3

232!
+

x5

25(2!)(3!)
− x7

27(3!)(4!)
+ · · · ,

and both are in C∞ and since

l(x) =
−2
√

λxJ1(
√

λx)+ J0(
√

λx)

2tJ0(
√

λx)
,

so l ∈C∞((0,‖E‖L∞]).

Since for each member in H1
0 (Ω) there is a sequence in C∞

c (Ω) so when ε→ 0 we have

l(Eε) = l(E + ε) = l(E),

so we have ul(Eε)→ ul(E) in H1
0 (Ω), also Fε /∈C∞

c (Ω) and µ ∈H1
0 (Ω) so by using of

continuous linear function we have uFε ⇀ uµ in (H1
0 (Ω))∗ = H−1(Ω), so we have

lim
ε→0

Iε(t) = lim
ε→0

∫
Ω

(
f ′(Eε)

f (Eε)
+

1
2Eε

)
u2Fεdx

= lim
ε→0

∫
Ω

l(Eε)u2Fεdx

=
∫

Ω

l(E)u2dµ

=
∫

Ω

(
f ′(E)
f (E)

+
1

2E

)
u2

µdx,
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since l(E)≥ 0 and u2µ ≥ 0 so Iε ≥ 0 as ε→ 0. Since |∇E|A = 1 a.e on Ω and passing

the limit of

∫
Ω

|∇u|2Adx− 1
4

∫
Ω

|∇Eε |2A
E2

ε

u2dx≥
λ 2

0

‖E‖2
L∞

∫
Ω

|∇Eε |2Au2dx+
∫

Ω

(
f ′(Eε)

f (Eε)
+

1
2Eε

)
u2Fεdx,

so ∫
Ω

|∇u|2Adx− 1
4

∫
Ω

u2

E
dx≥

λ 2
0

‖E‖2
L∞

∫
Ω

u2dx,

finally ∫
Ω

|∇u|2Adx≥ 1
4

∫
Ω

u2

E
dx+

λ 2
0

‖E‖2
L∞

∫
Ω

u2dx.
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