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Preface

The main theme of this thesis is further scrutinizing classic Hardy inequalities and expand-
ing the study carried out by my advisor Dr. Craig Cowan on "Optimal Hardy Inequality
for General Elliptic Operators with Improvement" [8]. We rediscovered explicit integral
form of Hardy inequality with the main focus on its functional aspects, including density
of Sobolev space. We investigated Hardy inequality for E as a positive function in Q and
1 = —div(AVE) where A(x) is a n X n symmetric, uniformly positive definite matrix in Q.

Based on two main directions of function E, we examined Hardy type inequalities:
* E € H}(Q) which is called 'Boundary Weight’ in Q

« E € C*(Q\K) where K C Q is the compact support of 1 and E = o on K, so called

“Interior Weight’.



Moreover, it is shown that the inequalities obtained by two types of E are optimal and
not-attained.

In Chapter 1, we establish mathematical tools and the results of density in WOI”7 (Q)
provides a basic characterization of functions in this space. The proof relies on showing
that Wy ” (Q\K) = W, 7 (Q).

In Chapter 2, we discuss our motivation for exploring the main Hardy inequality, with
a focus on the quadratic case (p = 2). The fundamental solution of Laplacian is applied for
illustrating the proof of classical Hardy inequality. Furthermore, we conclude the classic
Hardy inequalities for a bounded domain in Q € RY, (N > 3), containing the origin and
similar results for smooth boundary of Q and &(x) := dist(x,dQ). We will refer this
inequality as Hardy’s boundary inequality

In Chapter 3, the inequalities are considered for operators more general than Lapla-
cian. One case of this is the result obtained by Adimurthi and Sekar [3]]. Various Hardy
inequalities are explored in terms of different boundary weight and interior wight of func-
tion E.

In Chapter 4, we investigate optimal weighted versions of aforementioned inequalities
for (p # 2). The generalization of Cafferelli-Kohn-Nirenberg inequality are examined to
find the optimal and not attained constant. Furthermore, the possibility of more general
weighted inequalities is investigated.

In Chapter 5, we consider one common type of improvement for the above-mentioned
inequalities. The method we use for two types of function E was firstly adopted by Ghous-

soub and Moradifam [[13]].

i



Acknowledgements

I would like to express my highest gratitude to my advisor Professor Dr. Craig Cowan
for his support and professional guidance.

I would also thank the Department of Mathematics at University of Manitoba for the
financial support throughout my studies.

Finally, I would like to thank my family for supporting me during the compilation of

this thesis.



Contents

12 Densityin Wy P| . ... ..

2 Motivation of Hardy Inequality]|

2.1 Classical Hardy Inequalities| . . . . ... ... ... ... ... .....

3 Various Hardy Inequalities|

4 Weighted Versions of Hardy Inequality|

4.1  More General Weighted Inequahlities| . . . . . ... ... ... ......

[ Improvement|

16
20

27

50
65

70

91



Introduction

The Hardy inequality was originally discovered by Hardy in the one-dimensional case
and later extended to higher dimensions [17I],[6l[71,[1O],[11],[15],[21]. The develop-
ment of the famous Hardy inequality has received plenty of attention since 1960s. These
topics are mainly about scaling invariant inequalities including integral of functions and
their derivatives in various powers, and are well established in nonlinear analysis and
PDEs [16]]. These inequalities have numerous applications in geometry and mathematical
physics [17], [16]]. By adding positive terms to the right hand side of the Hardy type in-
equality, improved versions of the aforementioned inequalities have been generated. The
corresponding results play an essential role in critical phenomena in elliptic and polyno-

mial PDEs [19]], [9].



1.1 Mathematical Tools

In this part some notations and tools are provided which will be applied throughout the

thesis.

Definition 1.1. For function E in Q we have:
* Ey =max{E(x),0},
* E_ =max{—E(x),0},

and we have E=E™ —E~.

Theorem 1.2. Co-area Formula

[rormaia= [ ([ sante)a

where u € C'(Q) and HN! is the N — 1 dimensional surface measure.

Remark 1.3. (Notation for Derivatives).

Suppose ¢ : Q — R and x € Q, we denote:

* Oy, = g_f, = limy,_g w (if the limit exists),

* V¢ :=(@y,, - ,0x,) = gradient vector,

* Au is the Laplacian of a real valued smooth function u.

e Fori=1,---,n, V,f(x) is the partial derivative of function f at x in the direction of

the vector whose coordinates are O except in the ith, which equals 1.

1
loc

Definition 1.4. Suppose u,v € L} (Q) and « is a multi-index. We say that V is the o™-

weak partial derivative of u, written

%=,



provided
/ ud* pdx = (—1)'“'/ vodx,
Q Q
for all test functions ¢ € C°(Q).

Definition 1.5. (Interior Ball Condition). There exists an open ball B C € such that for
xo € 0Q we have xy € JB.

Note that the interior ball condition automatically holds if 9Q is C2.

Lemma 1.6. (Hopf’s Lemma), Suppose Q. is a smooth, open and bounded domain in RY

and suppose u € C*(Q) NC'(Q) satisfies —Au < 0 in Q and there exists xo € I such that
u(xo) >u(x) VxeQ,

and Q satisfies the interior ball condition at xo [Definition[1.5]], then

u

W(.X()) > 0,

where V is the outer unit normal to dQ at xy. The importance is the strict inequality.

Definition 1.7. If G : R — R is a smooth function, and for g = G’ we have |g(z)| < C(|z| +

1) and |G(z)| < C(|z)* + 1) for some constant C. It is defined
Iw] = / Viw|2dx,
Q
for all function w such that w = 0 on dQ, and
I = / G(w)dx =0,
Q
and the appropriate admissible class is

o ={weH}Q) st Jw] =0}
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Theorem 1.8. (Existence of Constrained Minimizer). Assume the admissible set </ is
nonempty. Then there exists u € </ such that

Ilu] = min f[o],

where the problem of minimizing, say, energy functional is defined as

1
Iu] := §/Q|Vu|2dx7

among all function u belonging to the set <7 .

Theorem 1.9. (Harnack Inequality). Let Q be connected subset of RN and suppose
u € C3(Q) is harmonic. If u > 0 then for all Qy CC Q there is some C = C(Qp,Q)
(independent of u) such that

supu < Cinfu.
Q Qg

Theorem 1.10. (Strong Maximum Principle). Assume Q is connected bounded in R and
u € C2(Q)NC(Q) is harmonic. Then if u attains its max or min over Q at some point

xo € Q then u is constant.

Theorem 1.11. (Global Approximation by Smooth Functions). Assume C is bounded

and suppose as well that u € WP (Q) for some 1 < p < oo. Then there exist functions

Uy € C=(Q) NWEP(Q) such that
U —u in WP(Q).

Definition 1.12. Let H be a vector space. A function < .,. >: H x H — C is called an

inner product if

o < Aix] —l—AQXQ,y >=A < X1,y > +A < X2,y >,



¢« <X, y>=<y,x>,
e <x,x>>0ifx#0,

for every x1,xp,x,y € H and Ay, A, € C and in particular
<x Ay +Aoyr >= A <X,y >+ <Xy >,

for every x,y1,y» € H and Ay, A, € C, it means an inner product is not quite bilinear (it is

linear in the first variable, and conjugate linear in the second), moreover, note that
<x,0>=<0,x>=0 xeH.

Theorem 1.13. (Riesz Representation Theorem). Let H be a Hilbert space. Then, there is

an isomorphic conjugate-linear isomorphism ® : H — H* such that

(P(x)) () =< y,x >,

forx,y e H.

Theorem 1.14. (Riesz Representation Theorem). For any Hilbert space H, H* ~ H. In

particular, for every x € H,

Oc(y) =<x,y>

is bounded and has norm || @y ||z~ = ||x||. Furthermore, for every bounded linear functional

¢ € H there exists a unique x| € H such that

(P(y) =<x1,y >,

forallye H.



Remark 1.15. In Banach spaces X a sequence { f,,} converges weakly to f if

O(fn) = ¢(f),

fo all ¢ € X*, where X* is the dual of X.

In the case of Hilbert space H, every element of the dual space is realized by an element

of H according to Reisz Representation Theorem, f, — f weakly if and only if

<fu, @ >=< [, ¢ >

forall g € H.

Theorem 1.16. Every bounded sequence in Hilbert space H, has a subsequence which

converges in the weak topology of H.
Definition 1.17. If Q C R is open and € > 0, we write
Qe:={xecQ st dist(x,0Q) > e},

and for x € RN and € > 0 we let
Be(x)={yec R : |x—y| < €}.
Definition 1.18. ¢ (i) Define n € C*(R") by

Cexp x+_ if |xl <1
n(x) = (|| 1)

0 if x> 1,

the constant C > 0 selected so that [y Ndx = 1.



e (ii) For each € >0, set
1 X
ne()i= (3

en £

N is the standard mollifier. The function Ng are C* and satisfy

[ nedr=1. supp(ne) C B(O.¢).

Definition 1.19. A function is called locally integrable if around every point in the domain,
there is a neighborhood in which the function is integrable. The space of locally integrable

functions is denoted by L} _(Q).

Definition 1.20. Suppose that f € LiOC(Q) is a locally integrable function, for € > 0, we
define f€: Q¢ — R by
750 = [ nele=3)f )

where Mg is the mollifier and we define f€ for x € Q¢ so that B¢(x) C Q and we can define

the average of f and if Q = RN we have Q¢ = RV,

Theorem 1.21. (Properties of mollifiers). For function f¢ as a smooth approximation of

f, we have:
° (i) f£ € C™(Qe),
o (ii) f¢ — faease—0,
o (iii) If f € C(Q), then f& — f uniformly on compact subsets of Q,
« (W) If1<p<coand f L] (Q)then f¢— finLl (Q).

 (v) In particular, if f € Wk’p(Q),for some 1 < p < oo then

loc

s f in WHP(Q),

loc

as € — 0.



Theorem 1.22. Let Q denote a smooth bounded domain in RN and suppose F € C' (Q,RYN)

and ¢ € C1(Q). Then

L/F VO (x /dmwm+/1wvﬁ

Theorem 1.23. If u,v € C'(Q), then the application of the divergence theorem to the

vector field X = (0,0, -+ ,uv,--- ,0) with i-th component uv, gives the integration by parts

/u(vxi)dx:—/(uxl.)vdx+/ uvvids,
Q Q aQ
14,2

V2, VY is the outward pointing normal on dQ.

formula

where v = (v

Theorem 1.24. Ifu € C*(Q) and v € C1(Q) then

/Vqudx:/(—Au)vdx+/ voyu,
Q Q a0

where dyu :=Vu-v.
Lemma 1.25. (Fatou’s lemma) Let (f,) be a sequence of functions in L' that satisfies
e foralln, f, >0 a.e,

e sup, [ fn < oo foralmost all x € Q we set f(x) = liminf, . f,(x) < oo, then f € L!

and

/ngMM fo.
n—soo

Theorem 1.26. If 1 < p <coand if {f,}r_; CLP(X, o/, 1) is such that f, — f in LP (X, .o/, |1

then there exists a subsequence { f,, } 7oy of {fu} such that f, (x) = f(x) p-a.e.

Definition 1.27. Given 1 < p < oo, its conjugate is the number 1 < g < oo satisfying



for p =1 we choose g = .

Lemma 1.28. (Young’s Inequality). Let a,b > 0 and p > 1,q < o are conjugate, then

Theorem 1.29. (Holder’s inequality). Let 1 < p < o and p and q be conjugate. Let
feLP(Q)and g € L1(Q), then the pointwise product, given by (fg)(x) = f(x)g(x) is in
L' (Q) and

[ rean| < [ 171llaw < 11l

Theorem 1.30. (Minkowski’s Inequality). Fix 1 < p < and f,g: X — C be measurable

functions. Then

1+ 8llp < (1711, + [lgll -

Theorem 1.31. ( Young’s Convolution Inequality). Suppose that g € LP(RY) and f €
LI(RN). Then,

g fllzr < llgllze 11 ze,

Definition 1.32. Let X be a topological space with a countable basis, B as a ¢-algebra
of subsets of X containing the open sets and [ : B — [0, a c-additive measure. The
support of U (denoted by supp(lL)) is the complement of the union of all open sets which
are U-null sets, i.e. the smallest closed set C such that u(X\C) = 0. The support can be
defined also in case U is a signed measure. In this case the support of L is then defined as
the support of its total variation measure.

Equivalently, a signed measure [L is supported on set K if the complement of K is null.

Definition 1.33. If K C RY is a compact subset we define the box-counting dimension of



K by
log(H" (K;))

diambox(K) =N-— limr\o log(r)

where K, := {x € Q: dist(x,K) < r} and H" is N-dimensional Lebesgue Measure.

Example 1.34. (Line segment) Let e| denote the unit vector in RN and set K = {te; : 1t €

[0,1]}, then dimp,x(K) = 1, since the topological dimension of K is 1 and

log V!
diamppy(K) = N —lim -2/ 1.

r—0 logr

1.2 Density in W, ”

Our next results prove a basic characterization of functions in Wol’p (). Recall that

WO1 7(Q) as the completion of the C°(Q) with respect to norm ||. |1 .

Theorem 1.35. Let Q denote a smooth bounded domain and let K denote a compact set in

Q with box counting dimension; dimp,,(K) <N — p where p € (1,N). Then Wol’p (Q\K) =
L

W, 7 ().

Before proving this theorem we look at the proof of special case of this.

Theorem 1.36. Let 1 < p < N and Q denote a smooth bounded domain in RN then

C2(Q\{0}) is dense in Wol’p(Q).

Proof. Recall these spaces are defined to be the completion of C°(Q2\{0}) and C°(Q2)
respectively, under the L? gradient norm. Its clear that WO1 P(Q\{0}) C Wol’p (Q) and to
show the other inclusion it is sufficient to show that if ¢ € C;°(Q) that we can get close (in
L? gradient norm) by a sequence of functions in C2°(Q\{0}). So towards thislet0 <y <1

be smooth with y =0 in By and y =1 in Bj (complement of B,) and for € > 0 small

10



consider 7 (x) := (¢~ 'x). Then set ¢¢(x) = ¥:(x)¢(x) and note that ¢, (x) € C(Q\{0})

then we have:
1
P P
dx)

</§2|V¢8 V¢|P) (/‘ (y(x/€))0 + (e — 1)V
(/8<|x|<2e |£_1VY(X/8)¢}de> % + (/32 (% — 1)V¢|de> §

IN

since

1
Ve(x) = 1 () VO (x) + —Vry(x/€)p(x),
by the Lebesgue dominated convergence theorem, we have V¢ — V¢ in LP and

p

1
/ ~Vy(x/€)9(x)| dx <" Psup|g(x)|["Cysup [Vy(x)[P =0,
e<|x|<2e | € Boe By
as € — 0 since p < N. [

Lemma 1.37. [11]] Suppose f is a real valued Lipschitzian function on an open subset K

of RN, and g is a real valued continuous function on K such that
fu.(x) =g(x) whenever f is differentiable at x,

then

fr(x) =g(x) forallx€K.

Here we gather some facts for the distance function, the results will play an essential

role in the next chapters.

Definition 1.38. If 0 = K C R is closed then 8k : RN — [0,0) is distance function to K
and:

Ok (x) :=dist(x,K) = inf |[x —y|,
yeK
where x € RN, In addition if K; is the set of points in RN which have a unique closest

11



point on K i.e.
K :={xeR":3lye K suchthat &(x)=|x—yl|},

and the function C : Ky — K associate each x € K| with its unique y € K which 8k (x) =

|x — y| and we have

Vk (x) = )%(KX()’“). (1.1)

Theorem 1.39. [11] If 0 # K C R is closed then

e i) forall x,y € RN we have
|0k (x) — 6k (¥)| < [x =y,

o ii) for x € RN, 8 is differentiable at x if and only if x € K.

Proof. * i) Choosing a € K such that dg(x) = |x —a| we have
|0k (x) = Sk ()| < lx—a| = |y —a| < |x—y],

e ii) First we prove {x in (1.1 is continuous. By contradiction assume {k is not
continuous, so there exists an € > 0 and a sequence xy,x2,x3,---, of points of K

convergent to a point x € Kj such that

18k (xi) — Ck(x)| > e i=1,2,3,--,
then
|8k (xi) — xi| = 6k (i) | Ok (xi) — x| < O (x) +2[x; — x[,

the points x(x;) are in bounded subset of the closed set of K.

12



Consider the sequence {x(x1),Cx(x2), Cx(x3),- - converges to the point a € K. We

have

Ok (x) = lim &k (x;) = lim |Cg (x;) — x| = |a — x|,
j—oo j—oo0

in fact a = g (x) so

ja—Ck(x)| = lim [ (xi) — Cx ()| = €,

a contradiction so Cx is continuous. Now since Ok (x) is Lipschitz and {x is continuous the
RHS of (1.1) are continuous maps from K; into R" and the elements of LHS of (1.1) are
Vi8k(x), -+, V,0k(x) so according to lemma (1.37)) 8k has continuous partial derivative

on K;. O

Proof of Theorem For proving the inclusion WO1 P(Q) C WOl P(Q\K), we use
Lipschitz function 8k (x) := dist(x,K). Let y € C°(2) and we can get close by a sequence

of functions in C;°(Q\K). For sufficiently small € > 0 consider cutoff function as

0 if Sx(x) <e

@) =4 & 1 i e < Sp(x) < 26

1 if  Ox(x) > 2e,

note that according to Theorem[1.39} Ok (x) is Lipschitz and is differentiable in K.

and we have:

o=

VRl < if €< &k(x)<2e
e\ X)| >
0 if otherwise,

we consider W (x) = Y (x)y(x) then we have
1 1
p p
(/Q Ve —Vl/fl’”dx> = (/Q IVYVew + (Ye — I)Vt/f|”dx) :

13



by Lebesgue dominated convergence theorem,

YSVW — VW?

in L? norm and since y/(x) is bounded and |V &k (x)| < 1 we need to show that

\Y4 p
/ de < / ia’x — 0, (1.2)
{r:e<8x(x)<2e} epP {xe<8g(x)<2e} EP
note that
p
/ L) dx < K2el (13)
{x:e<dg(x)<2e} | € epP

if dimpox(K) < N — p so there is some ¢ > 0 such that dimy,,(K) = N — p —t and this is

some p(€) — 0 such that

. lo K2
N = pt = dimps(K) =N~ B2 pe),
so we have
log | K¢
= €
by rearranging
log |K»e |
t— = — 1.4

raising both sides of (I.4)) to the power of 2¢& we have

log\KZE\

(28) log(2¢)
ey

(zg)t—p(E) —

14



using logarithm property concludes to:

|Koe|

(e~ (2¢) P, (1.5)

the right hand side of (I.5]) goes to zero since ¢ > 0, so (1.2)) goes to zero.
0

Remark 1.40. Let 1 < p < ooy CZ(Q) is dense in WO1 P(Q) so CZ(Q) could equally well
have been used instead of C}(Q) in the definition of Wol’p (Q).
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Motivation of Hardy Inequality

Before starting the main results, we illustrate the proof of classical Hardy inequality using

the fundamental solution of Laplacian. This is the main philosophy we adopt to obtain our

main results in the next chapters.

Lemma 2.1. Let Q denote bounded domain in RN with dQ smooth. Suppose E >0 is a

smooth function with —AE (x) = f(x) > 0in Q with E =0 on d€. Then

1 [ |VE?
/ |Vu\2dx——/ uuzdeO,
Q 4 ) E?

forallu e H(% (Q). Moreover the constant % is optimal in the sense that

f{fa'W_izd ¥ eHgm)\{O}} -3
d

E2
Jo Spr-utdx

additionally the best constant is not attained.

Proof. Letu € C2(Q) and v := E7 u then we have u := E2v so we have:

1 _
Vi = 5VEETlerE%Vv,

16

(2.1)



so we have

1
\Vul*> = Z|VE|2E_1v2 +E|Vv|* +VE -V,

since

1
/ VE - Vyvdx = —/ VE -V(v*)dx,
Q 2Ja

and since v> := E~4? by rearranging |Vu|? we have

VE-V(1?)

vyul2 - 2 IYED 2
Vu y =

= E|Vv|* +

after integration this over 2 we obtain

VE]> , 1
/|Vu\2d ——/ VEF 2 /E\VV|2dx+§/VE.V(v2)dx,
Q Q

since we have

1 1
—/ VE-V(¥)dx = —= (/ div(VE)vzdx+/ v23vE>,
2Ja 2 \Ja oQ

where dyE := VE - v and since E = 0 on dQ so we have

1 1
—/ VE-V(VZ)dx:——/AEvzdx,
2Ja 2Ja

so we have

2, 1 |VE|2 2, 2
|Vul|“dx A E|Vv| dx AEV dx, (2.2)
Q

and since —AE > 0s0o —5 fQ AEv?dx and JoE |Vv|?dx are non-negative, we have

VE]> ,
/|v 2dx— ’4E2‘ 2 >0,

foru € C2(Q).

17



Since H|} is the closure of C°(Q) so the inequality holds for u € H .

Claim. For % <t <1 we have E' € H}(Q). We now prove the claim. For € > 0 small,
set ¢ := (E" — €') 4, then it is clear ¢z € H}(Q). Let &, \, 0 and set ¢, := ¢, and
note that |V¢,,|*> = t2E2t*2|VE|2}({E(X)>£}(x). We first show that ¢, is bounded in H} (Q)

independent of m. First note

) 5 ) 22 2
mllsn = [ |[Vou|" =t / E VE[ dx.
H¢ ”H(% /| ¢ | {xGQ:E(X)>£m} | ’

We now show this quantity is bounded independent of €; two ways:
(i) Use the co-area formula. In what follows let I'; :={x € Q: E(x) = 7}. Let M :=

maxg E and so we have

E¥72|VE|?dx < sup|VE| E*72|VE|dx
Q

/{er:E(x)>8m} {reQE(x)>en}

M
= sup|VE]| (/ 72 2qHN ! (x)) drt co-area
Q Em

T

M
= CE/ T |t%2dt
&

m

M
Cg T 2t—2d T the HV~! measure of level sets bounded above,
€m

IN

now note that 2+ —2 > —1 and hence this final integral is bounded no matter how small g,
is which proves the desired result.
(ii) Use the pde directly. For € > 0 small we set Y, := (E(x)*~! —&*~1), € H}(Q) and

hence we can use this as a test function on the pde. Writing out

/ VE - Vedx = / J(x) Yedx,
Q Q

gives

(2t —1) E¥ | VE|?dx = / fWedsx,
{xeQ:E(x)>¢€} Q

18



and sending € \ 0 gives

/ (2 — DEY2|VE Pdx = / FOEYdx,
Q Q

(note we used fact that 2 — 1 > 0 when we took the limit in €). By weak compactness
there is some subsequence of ¢,, (don’t rename) and ¢ € H& (Q) such that ¢,, — ¢ in
Hl(Q). By compactness results we have ¢,, — ¢ a.e. in Q but since £ > 0 in Q we see
that ¢ (x) = E(x)" for all x € Q and hence E’ € H} (Q).

Now we want to show % is optimal. For % <t<lsetu:=E'€ Hé (). A computation

shows
fQ, ‘Vu,|2dx . t2 fQE2l_2|VE‘2dX o [2

0= fQWEl 2dx  JoE*AVEPPdx

and so

4>|~

l/l2 X
inf{ffg”v# ue Hi(Q )\{0}}
Q

but recalling the fact we know this is greater than or equal gives the desired result.
Now we show the constant is not attained. Since —AE > 0 we can drop a term in (2.2) to

arrive at

2 IVE* , 2
/|v 2dx —4 e /QE\VV| dx, 2.3)

if we can show that for all 0 # u € H} (Q) that [ E|Vv|>dx > O then the best constant
in (2.1) is not attained. We assume € is connected (but if it is not connected we can do
this argument on each connected component). Lets assume this integral is zero; then we
have |Vv| =0 a.e. in Q and hence there is some ¢ € R with v(x) = ¢ (to fully prove this
one can use the fact that v € H(} (Qp) for all Qy CC Q then to see v is constant on Qg and
so we must have u = ¢vE and since u is nonzero we must have ¢ =% (0. So to arrive a
contradiction we need to show that VE ¢ Hé (Q); we will use the co-area formula to do

that. Define Q; = {x € Q: E(x) < €} and take € > 0 small, by Hopf’s lemma we have

19



|VE (x)| bounded away from zero on Q¢ and since we have |V/E|> = ;1| VE|?, we obtain

1 1
/ —|VE|2dx2C/ —|VE[*dx
QFE o E

€
:c/ (/ laleV—l(x)> dt
0 Ip={xeQE(x)=1} T

e 1
—C / IT:|=dr, (2.4)
0 T

and note there exists some Cy > 0 such that for small T > 0 we have |T'z| > Cy. Since the

last integral is unbounded so it is contradiction and we have [, E|Vv|?dx > 0.

2.1 Classical Hardy Inequalities

We begin by recalling the various Hardy inequalities. The well known family of scale
invariant inequalities consists of Hardy inequalities involve the distance function usually

taken from a point or from the boundary.

Definition 2.2. (Euclidean distance function §(x)). If Q is a bounded open set in RN and
x € Q, we define:

O(x) := dist(x,0Q) := min |y — x|,
yeIQ

where | - | is the normal Euclidean norm on RN and v(x) is the outward pointing normal,
given by
v(x) =—=V8(x) x€JQ, wherethe gradient is defined.

If 0Q is smooth then & will be smooth except on the "ridge of Q" (kind of the centre de-

noted by X)) and the ridge will be small in the sense that its dimension will be at most N — 1.

Theorem 2.3. (Classical Hardy inequality). Let N > 3 and suppose € is a open domain
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in RN (bounded or unbounded), then

(N—2)°

- /—d </\v¢|2dx Vo € C7(Q).

(2.5)

We will give a vector field approach, but later on we can use our unified approach to

prove this.

Proof. Let ¢ € C°(Q\{0}) we have

N —t
x|

div(|x|7'x) =

multiplying both sides of (2.6) by ¢ and integrating both sides we have

/Q ] ()] dx—/dlv<‘ ‘t) dx,

according to integration by parts formula (Theorem [1.22]) we have

/Qdiv (%) <p2dx:—/QV(¢ ’x’tdx+/ 0> Vs,

but since ¢ € C°(Q\{0}) so the boundary term vanishes and we have

X 2, X
/gdlv(|x|f)¢ dx 2/ (])V(]) dx

=3 ‘ ’rf|l\v¢ydx,

using holder inequality for RHS of (2.9) we have

1

[ e[ ) (fworar)’
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putting 7 = 2 in (2.10) and simplifying we get

¢2 ‘Z)Z % ) %
Al Rt ( szx) (/Q|V¢|dx) , @.11)

1

dividing both sides of (2.11) by ( Jo %dx) > we get

N-2/[ ¢ \° , \?
T( |x|2dx) g(/Q\V(de) , (2.12)

raising both sides of (2.12)) we get the inequality we sought for

N —2)?
%/ s </ Vo|2dx,

now using Theorem [1.36]

Co(Q\{0}) = Hy (Q),
and remark (1.40)

C=(Q) = Hy(Q),

we conclude inequality (2.5) holds for ¢ € C°(Q).

A similar result for Euclidean distance from x to dQ is obtained.

Theorem 2.4. (Boundary Hardy Inequality). Let Q denote a bounded smooth convex
domain in RN and set 8 (x) := dist(x,dQ), then

2
|‘(’s’2| dx </ \Vy|?dx Yy e HN(Q), (2.13)

moreover, the constant is optimal and not attained.
Proof. Here we consider y € C°(2) and the proof consists merely of an integration by
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parts and Young’s inequality.

Let F(x) =

= (y(x))?, by applying Theorem |1.22| we have

J v o == [ vt Rai (55 vt | ooy 5oy vas,

AS)
o 5t17

/IV& 1 /’ i ) A(S)dx—/aQ'(lg(AVS vds > (i /’

where |V|u(x)|| < |Vu(x)| for x € Q. So we have

\% 1 x))?
2 e L (IO a0 v

[(y(x))’]
> | RPVJ 1
_/gz 6t dx7
using Young inequality for the LHS of (2.14)) gives
/ Vy()llw(x) / 2 Vy)l | [ lv)
r—1 o1 r—1 §z-1 512

1/ 2 |Vy ()| \2 ly(x)|°
<— .
=2 (r—1> o o2 / 5t d, @13

there is no boundary term in LHS of (2.14) since y as a test function has compact support

<
=7]
~—
I
=
ES
-

since div <—, forr > 1 we get

(2.14)

in Q and thus vanishes near dQ and we deduce the following inequality

1 4 Vy(x) | (x) Loyl /!W(X)lz
2(0—1)2Ja o 2 / 5r T Jo et A%z | Ted,

(2.16)

since O(x) is smooth away from the ridge and Q has sufficiently smooth boundary, the
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term including (—A&) cancel and simplifying (2.16) deduce

!Vuf t—l Iw

simplifying and putting = 2 in (2.17/) gives

L7 y@)P / 2
_ < .
1o 5 dx < Q]Vl]/(x)\ dx, (2.18)

Now we show inequality (2.18) is also valid for y € H} (Q).
Given y € H} (Q), there exists a sequence Y € C°(Q) converging to ¥ in H'. (We may

assume Y, converging to Y pointwise. ) Fatou’s lemma implies

2
/|Vl//|2dx—hm1nf/ |Vl//k|2dx>hm1nf /|Wk| dx _4/—dx

for the best constant since —Ad > 0 we can drop the second term in RHS of (2.16) and we

have

/yvm2dx> /"' dx, (2.19)

and we choose y(x) = (§(x)) for 3 <t < 1. According to the proof of lemma

E(x)=8' € HY(Q) for 1 <t < 1, so we have

2 2 2t—2
JolVyl|7dx ! Jo (6(x))7 “dx — £, (2.20)

foax  Jo(8(x)*

since Vyy =tV868'~! and |VS| = 1 so we have

Vyl? =128(x) 2,
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and for the denominator of (2.20) we have

L

52 52 — 62[_2,

from this we see that the optimal constant

, V&' |2dx 1
Q 524X

so the constant in (2.19) is optimal.
We will show not attainment of best constant in the next chapters when we use our general

inequality.

Remark 2.5. If Q is convex then —AS > 0 in Q.

A general class of L” Hardy inequalities in RY invloving distance from a surface of

general co-dimension 1 < K < N have been studied in [6], [[14].

Theorem 2.6. (Boundary Hardy LP inequality). Let Q be a domain in RN, N > 2 with
nonempty boundary, and let §(x) = dist(x,0Q) denote the distance of a point x € RY to
the boundary of Q. Fix p € [1,00). We say that the LP Hardy inequality is satisfied in Q if

there exists ¢ > 0 such that
p
/ \VulPdx > c/ |g—de forall ueCr(Q).
Q Q

Moreover, adding lower order terms with optimal weight to the right hand side of the
inequality permitted more improvement of the above inequalities. Defining a potenatial
function, so called V(x) > 0 in Q, was the common approach for improving Hardy in-
equalities. While numerous approached have been provided to improve the inequalities,

the results were mainly presented in the form of infinite series that include complicated
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functions that are defined inductively. The explicit example of potential V' of radial sym-
metric type on bounded domain  C R" was originally considered by Ghoussoub and

Moradifam [[13], [12]

N—2\? u?
Vul?dx— [ —= /—dx>/Vx uzdx,
J ke (U32) [ ez [ ve

where u € H} (Q).

Through an entirely different approach, some researchers utilized operators of sub-Laplacian
and p-sub-Laplacian for extending the Hardy inequalities [4)], [L1], [18]. A success-
ful result of this method was presented by Adimurthi and Sekar [3]. Suppose Q is a
smooth domain in RY which contains the origin, A(x) = ((a;j(x))) denotes a symmet-
ric, uniformly positive definite matrix with suitably smooth coefficients and for { € RV
we define |{|5 := |C]a(x)? ;= A(x){ - . Now suppose E is a solution of Ly ,(E) :=
—div(]VE\X_ZAVE) = 9§ in Q with E = 0 on dQ where J is the Dirac mass at 0. Then
for all u € Wy *(Q)

—1\? r |VE]}
/|Vu|£—(p—) /Q|u|pdx20,
Q p o E

for Q C R", provided domain with 0 € Q.
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Various Hardy Inequalities

The major objective of this chapter is to organize some of the new approaches that are
available for Hardy inequalities. In this thesis € is assumed as a bounded connected do-
main in RY with smooth boundary.

In the direction that Hardy inequalities considered for operators more general than Lapla-
cian, these results are obtained by Adimurthy and Sekar [3]:

Suppose Q is a smooth domain in RY which contains the origin and A(x) = (a"(x))
denotes a symmetric, uniformly positive definite matrix with suitably smooth coefficients
and for { € RN we define |¢|3 := |C|§(x) := A(x){ - £. Now suppose E is a solution of
Ly p(E) = —div (|VE\£72AVE) = & in Q with E = 0 on dQ, where § is the Dirac
mass at 0.

Our method is an analogous to their approach but we consider the quadratic case (p = 2)

and for this we define L (E) := —div(AVE).

Definition 3.1. Suppose E > 0 in Q and Lx(E) is a nonegative nonzero finite measure in

Q denoted by L.

e (1) If in addition E € H}(Q) then we call E a boundary weight on Q.
0

e (2) Ifin addition E € C*(Q\K) where K C Q denotes the support of L, E = % on K
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and diamy,,(K) < N —2 [definition , then we call E an interior weight on Q.

Note that u will denote the measure L4(E) and in this case where E is an interior

weight on , K will denote the support of u [Definition[I.32].

Lemma 3.2. * i) Suppose E is an interior weight on €, then

VE
/|V 2dx ——/ | ‘A 2dx>/ Vv Edx,

forall u € CON(Q\K) and where v = E7u

* ii) Suppose E is a boundary weight on Q, then

VE 1 2
/|V 3dx ——/ | ’A u’dx >/ |W|§de+—/ Y, (3.1)
2Jo E

forallu € H}(Q) and v := E7u

Proof. e i) Since u € C>"! (Q\K), u has compact support in Q and since
-1 . o o .
v:=E72uand E is a positive function in Q so v has compact support in Q2 as well,
so there is no boundary term thus « and v vanish near dQ so the integration by parts

used in obtaining (2.2)) is valid here and we have

1 [ |VE; 1 u?
/Q]Vu]idx—Z/QFAMde:/§2|Vv\ide—l—§/QLA(E)de,

but since E is an interior weight so K is the support of i, E € C*(Q\K) and L4 (E) #
0on K and L4 (E) = 0 on Q\K, so we have

v
Vy|2Edx < Vu dx — — | E|A u?dx.
| I A

* ii) Suppose E is a boundary weight (E € H}(Q)), we extend E to all of R by

E = 0 outside of Q and we approximate E with its e-mollification, Ee, such that
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_1
Fe = L4(E¢) and ve := E¢ *uforu € C°(Q).
According to mollification property Ee € C*(R") and E; — E as € — 0in H!(RV),
We now fix u € C°(Q) and note we can argue as before that (we are replacing E

with E¢)

VE 1 2
/yv 2ax— L[] 8|A W2dx _/ |Vv£|§E£+—/F£”—dx, (3.2)
Q 2Jo "Eg

there exist 6 > 0 such that if Qs := {x € Q: 6(x) > 6} we have supp(u) C Qs CC

Q. Also,as € -+ 0, Ec — E a.e. in Q.

Claim. There exist C > 0 and &, > 0 (small) such that

inf(E(x)) > C and iéleSZC for 0<e<eg.

Qs

also for the second LHS of 1} since E € HOl (Q) and according to property (v) of

mollifier, VE; — VE in L? so regarding Theorem we have:

VEe3 , IVEL
E} E?

, ae. (3.3)

Claim.

uE; ' - uE™! in H}(Q). (3.4)

Since we observe that

1

_ _ _ _ _ 2
ke = uE oy = (e~ uE g + |V g~ uE ™) )

<|juEg ' —uE |20y + V(@B ' —uE™)12iq), (3.5
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since E is 0 on dQ and u € C°(Q) so we restrict the domain of integral so we have:

1
2
uE- —uE Y20y = uE-' —uE~12dx
€ L*(Q) o €

1

2
= ([ i - )
Q
1
1120\
<iliman [ Ve B Pax) " G0

and according to Fatou’s lemma and the claim we have:

Ja

also by applying dominated convergence theorem we see that

2

E.—FE
£ —0

E.E

2
2|Ee — E|
/Q |Vl E E|2 —0 (3.7)

and according to (3.3) and (3.7) we have

2

Vu Vu u u
—1 —1\ (12
IVWE: B2y, = / Bop T VE gV
VE VE
<c/ |Vu]2(——E) dx+C/ —£ a’x—>0 (3.8)
8

a.e in Q, and using €-mollification for the first term on RHS of (3.2) and since

Vve — Vvand E; — E a.e in Q so we have:

Ee|Vve| - E|Vv[ ae in Q, (3.9)
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and finally for the last part of RHS of (3.2)) we have

lim | uls(E¢)dx=—1lim | u div(AVE;)dx
e—=0JQ e—=0JQ

:—/u div(AVE)dx
Q

_ / uLy(E)dx
Q

=/ updx,
Q

so we have uFy — upt in H1(Q) as dual of H} (Q) [Remark [1.15]. Plugging (3.4),
(3.3) and (3.9) in (3.2)) and using Fatou’s lemma, we have:

| [ |VE 1. [ |VE[}
\Y 2dx——/—A 2d :/ \Y de——hmlnf/ Ayldx
[ vuliar—g [ FpAeds= [ [Valar-g g

1 2
— liminf / Ve 2 Eedx + = liminf / Foldx
Q 2 o E¢

>/\V|2Ed +1/”2d
1% XT = — .
= o A 2QE.U

]

For obtaining the best constant we need the following lemma for having test functions.
Note that E is interior weight and we consider g as a solution of L4(g) =0inQand g=FE

on dQ.
Lemma 3.3. Suppose E is an interior weight on Q and 0 < vy := minyoE, then

« i) For0<t <% u =E'—g €H}(Q)

* ii) Define I(t) == [o|VE|ZE? 2dx then

- For <t 1I(t)<e

- For t/‘% I(t) — oo,
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* iii) Suppose E =y > 0 on 9Q, define v, r := E'log*(y"'E) and
(1) = / EX2\VEP 102" 2(y ' E)dx,
Q

then v; ¢ € H& (Q) for0 <t < % and T > % Moreover for each 0 <t < % we have

Ji(7) —>ooasr\%.

Proof. e i) Fix0 <1< % and since u; = E' — g' so Vu; =tVEE'™! —tVgg'~!. For

O<t<%wehave

\Vu, |3 =1?|VE|ZE? 2 +1%|Vg|3g¥ 2 — 2*VE - VgE' g~

<c|VE[3E* ™ +c|Vgl3g” 2,

where ¢ is some uniform constant. Now we should prove u, € H(} (Q), note that the
term involving g is harmless. We multiply both sides of L4(E) = u by E*~! and

integrate over 2 we have

/ E* LA (E)dx = — / E*~div(AVE)dx
Q Q

= / VEX~!. (AVE)dx — / E¥"Y(AVE) - vdSs,
Q aQ

since on dQ we have g = E so we have

/ E* L, (E)dx =— / E*div(AVE)dx
Q Q
=+ / VE*"1.(AVE)dx— | g* Y(AVE)-vdsS
Q 2Q

—(2u—1) / EY2VE . (AVE)dx— /a & Y(AVE) - vdsS
Q Q

=(2t—1) / IVE|3E* 2dx— / ¢~ 1(AVE) - vds,
Q 2Q
(3.10)

since the term involving g is harmless and considering &(t) := [o E* L, (E)dx =
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[oE*~'du we have
(1—21) / \VE|ZE* 2dx=€(1) — / (AVE)-vds, (3.11)
Q o0
on the other hand we have
/ (AVE) - vdS — / div(AVE)dx, (3.12)
oQ Q

therefore considering (3.12) in (3.11)) we have

(1—21) / VE2E*2dx —e(1 /dzv (AVE)dx,

—8 +/LA

—e(r)+ /Q udx

—e(t) +p(Q), (3.13)

also note that we multiplied both sides of equation Ly (E) = p by E*~! which de-

rives
/ E¥ 'L\ (E)dx = / E* ludx = / E¥ ldyu, (3.14)
Q Q Q
since t < % and E is an interior weight (i.e E = oo on K), therefore
e(t) = / E* ldu =0,
Q
now since U is finite measure to show u, € H} (Q) regarding (3.13) we have

/\Vu,\2<c/ IVE|ZE? " 2dx+c|Vg|58% 2 < oo,
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also
lim ( / |VE|§E2’—2dx> = oo,
11 \J/Q

iii) Fix 0 <t < } and 7 > J and
vir=E'log"(y 'E),

logy~'E is continuous near dQ since E # ¥ and it vanishes on dQ since E = .
To show v; ¢ € Hé (Q) we should show that its weak derivative [Definition | be-

longs to L?(Q) so equivalently we need to show
w1 =E*|VEPlog® (v 'E) e L'(Q),
and
wy = E¥2|VE|?log>™ 2 (y 'E) e LY(Q),

for proving v; ; € H} (Q), since E =0 on K and E = y on 9Q, w; and w, are sin-

gular near K and dQ. Thus we consider two sets Q¢ and K¢ as following

— K¢ is small neighbourhood of K where E # oo

- Q. :={x€eQ:E<y+e} where E #7,

in fact we consider wi and wo on L!(K) and L' (Q;).
First we consider w; and w; on L' (K¢). Set w; = E¥?|VE|*10g?*%(y"'E) and

wy = wy thus w; = w1, and suppose ¢’ € (7, %), since near K, E # oo and ¥ # E so

log”* (Y 'E) _
_— C
E2t’72t -
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thus

> (v 'E)

’_ lo ’
wep = E* ¥ |VEJ? o < cE* M|VE|* <o nearK,

and therefore wy = w1 € L'(Ke). thus wy = E¥72|VE|*10g**2(y 'E) € L' (K).
Now we consider the behaviour of w; and w, on Q, = {x € Q: E < y+¢}.
We should consider € small sufficiently such that K C Q\Q,. Now our goal is to
show wy € L'(Q¢). By co-area formula and considering C = supg, E and since

Ey '<l+ey ! forTy:={xcQ:E(x) =s} we have

/ E¥2|VE|?log** 2(y 'E)dx < sup|VE| / E*2|VE|log®™ 2(y 'E)dx
Q¢ Q¢

1+£
= C/ ! (/ szzzlogzrz(s)dHNl(x)) ds
1 Iy

1+£
= C/ T2 210g% 2 (s)ds
1

1+£
< C/ 2210672 (s)ds,
1

where HY ! measure of level sets bounded above, the last term is finite for T > %
Therefore wy € L! (Q¢). Since w; behaves better than w; near dQ so w; € L! (Qe).
As we see wi,wp € L' (K¢) and wi,wp € L' (Q¢) so Vi € H(} (Q).

Fix0<t< % and 7 > % Since u is a nonegative nonzero finite measure so —AE >0
and E < y+ € on Qg, so according to Hopf’s Lemma |VE(x)| bounded away

from zero on Q¢ for € > 0 sufficiently small.
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Fix € > 0 sufficiently small, then

J(7) = / E22|\VE2I0g? 2(y'E)dx
Q

> sup |VE| / EY210¢?"2(E)|VE|dx
Qe Qe

1+£
:C/ ! (/ sztzlongz(s)dHNl(x)> ds
1 [ ={xeQ:E(x)=s}

1+
= [N g 2 s)ds,

_orl+E
ZC/ ! s 210g*" 2 (s)ds
1

and note there exists some C > 0 such that for small s we have |I';| > C and for
T\, 5 the lase integral becomes unbounded, so J;(T) — o0 as T\, 3.

]

The main inequality for function E as interior weight and boundary weight is consid-

ered in the following theorem.

Theorem 3.4. * i) Suppose E is either an interior weight or a boundary weight on Q.
Then
/|vu\2dx—1/ VEG 240> 0 (3.15)
o) A 4 Q E2 — ) .

forallu e H(% (Q) and moreover, }‘ is optimal and not attained.

* ii) Suppose E is boundary weight on Q, then

1 [ |VE| 1 [ u?
Vul? —_/ A2 >_/_ .
/Q| u|3dx 1, B udx_2 QEa/’,u, (3.16)

forallu e H& (Q) and moreover, % is optimal and not attained.
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Proof. * i) According to Lemma [3.2]since E is interior weight so

VE
/|V |3dx ——/ | |A u’dx >/ \Vv|iEdx,

according to the proof of Lemma Jo |VV|3Edx is positive so we have

/\v 2dx ——/ |A W2dx > 0, (3.17)
Q

for u € CC1(Q\K), since C>''(Q\K) is dense in H}(Q) so 1} holds for u €
H(Q).
Now we show that the constant is optimal. Suppose E is an interior weight on Q

and define E; = E + € and g = g+ € where € > 0. Define
Ie(r) = / E22|VE,|2dx,
Q

from Lemmawe have lim; 1 I(t) = co. We use u; ¢ := E — g as a test function.
2

Let0<t<%and8>0then

Jo | Vs g|3dx < I (t) +co+c1/Ie (1)
fQ |VE€|A %de - Ig(t) _6218(%) _CSIS(O),

Qt,e =

here we explain how this inequality is obtained. Consider u; ¢ = EL — g, so

Vi e = VE. — Vg, =tEL " 'VE, — 14" 'Vg,,

SO

Viue|? = PES 2| VEe|* + 123 *|Vge|* — 20 EL g ' VE, - Vge,
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since g is harmless we can ignore the terms involving g and we have:
QLW%&WSHQ@+%+Q 7). (3.18)

also

|VE€‘A W2, / |VE€‘A (EL— ¢\)dx
8

VE
/| S‘A E2t 2E€g£+g£)d

VE|?
:/ |VEg\iE§t_2dx—2/ |VE8|iE§_2g§dx+/ [VEel3 ;'Ag%tdx,
Q Q o Ef

(3.19)

since g is harmless so (3.19) is

VE¢|?
/ | 28|Au128dx:/ yVE8|f\E§’_2dx—2/ \VEs|/szé_2dX+/ VEe|3E, *dx,
o E2 ; 0 Q Q

(3.20)

so we can consider (3.20) as

/Q VE 2 g o = 1e(1) — e () — e31e(0), (3.21)

where the constants ¢, k =0, 1,2, 3 possibly depends on €. Now from Lemma 3.3

we have
lim I (1) = lim \VESIAEzt 2dx = oo,
1,4 140
so we have
2d 21 (¢ I (1 1
lim 0y ¢ = lim m JoVinelidx 8”+”T” et) _ 1
t/(z t/(z f |VE€|A ?gd [/‘% Ig(l)_6218(2>_c318(0) 4

E2
Eg
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for u and E replaced with u; ¢ and E¢ in inequality (3.17) we have

Jo|Vurelidx 1 (3.22)

|VE€|A 2 — 4
fQ ,’de

Qt,e =

now fix € >0 and let 0 # u € C(Q), since Eg = E + € s0

2 2
’VE8|Au2dx< |VE|Au2dx
o E? ~Jo E? ’

thus

fQ |V”|/24dx < fQ |V”|/24dx

\VE|3 [VEe [}
JoFrutdx [q o Auzd

since lim, ol Ore= % and according (3.22)), Q; ¢ > 4—11 so the best constant for (3.17
2

1
1S i
. . . . .. 2
As it is mentioned in proof of Lemma [2.1{ we drop the positive term [, |Vv|;Edx

and so we have

1 [ |VE|
/Q|Vu|f‘dx—4—1/Q EzAuzdeO,

but in case of this inequality

1 [ |VE|?
2 A 2 2
/Q|VM|AdX—Z/QTM dXZ/Q|VV|AEdX,
1

s0 7 1s not attained.
Now we show the inequality holds for E as a boundary weight for 7 > % and € > 0.

In the proof of Lemma 2.1|it is denoted that E” € H}(Q) for % <t < 1sowe get the
inequality (3.15).
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To verity % is optimal in lb for % <t<1wetakeu, =E' € H}(Q) [Lemma

so we have

Jo [Vu|*dx tzfQE2t72|VE|2dx )
Jo ™ |VE\2 w2dx [oE*2|VE|2dx

which shows 4—1‘ is optimal constant.

ii) According to lemma [3.2] part (ii), for E as a boundary weight we have

VE 1 [ u?
/|V |3dx ——/ | ‘A uldx >/ |W|§de+§/ %du, (3.23)
Q

by dropping the positive term [, |Vv|3Edx we have the desire inequality (3.16)).

To show that % is optimal, suppose E is a boundary weight on Q, let % <t <1and

according to the last section of part (i), E' € H& (Q) so we have
/ E* lau=— / E*1div(AVE)dx
Q Q
_ / VEX!.(AVE)dx
Q
—(2—1) / EY2VE. (AVE)dx
Q

=(2t—1) / E¥2|\VE|%dx, (3.24)
Q

so we have

Jo|[VEZE*2dx 1
JoE*ldu  2t—1’

(3.25)
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also according to (3.25) and inequality (3.16) we have

Jo VE Bdx— 1 [ WER (B2 2 [ [VERE*2dx— 1 [ VER (Er)2an
fo Ly fo P
1 [o|[VERE* 2dx— T Jo|VERE*2dx
fQEZt—ldu
(2= 3) Jo|VERE* 2dx
JoE*~ldu

(P =3) Jo|VEIZE* dx
(20— 1) o VERE¥2dp
2 1
S S
201 2 4

which shows % is optimal.

Finally as it is showed in proof of Lemma Jo|VV|3Edx > 0 so considering the
positive term as in the inequality (3.23)), the best constant is not attained.

]

Example 3.5. Suppose Q is a bounded, convex domain in RN, We set 5(x) := dis(x,0Q).

For % <t<lwesetE =§8"¢€ H(% [Lemma, since |V8| < 1 for all x, then

2 2g2-2 2
IVE _ 176777 asmng-o_ 252 _ !

E2 82 8§27

by considering & = —div(VE) = —AE, we have

AE =t(t—1)8"2 418" 1A8,

and

—AE =t(1—-1)8""2 418" 1(=A8) >0
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now according to (3.15) we have

1 [ |VE}
/Q Vufdr— /Q | E2|Au2dx20, (3.26)

where u € H}(Q). Since E= 8" > 0and p = —AE > 0 and E € H}(Q) by considering E

as a boundary weight and inserting in we have

1 [ |VEJ 2 [ ou?
2 A 2 _ 2
/Q|Vu|Adx—Z/QTu dx—/Q|Vu|Adx—Z/Qﬁdx20, (3.27)
SO
2 t2 1/12
/Q Vufdr> 5 /Q S, (3.28)

for % <t <], }l is not attained and is not optimal, because in this example we can
not use Theorem Although E € H& (Q) but according to the definition of boundary
weight for positive function E, Lx(E) = W should be finite and in this example since we

have —AE = U and
AE =1(t —1)8"2V5 415" A8,

Claim. For 1 <t <1, 6§72 ¢ L}(Q).

We consider M = max d and let 0 < € <M and take T's := {x € Q: §(x) = s}, by applying
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co-area formula we have:

/51_2a’x:/ Ma’x
0 =
_/ (/ JHN- 1>d
M L]
:/0 Sz_tds
§ / L
4

note there exist some C > 0 such that for small 0 < s < € we have |I'y| > C so the last

integral is unbounded. Now since 8'~2 ¢ L' (Q) thus u is not locally finite measure. This

shows that (3.13)) is not optimal and this apparent failure of Theorem [3.4]
A

5 Land o = 4 we get the best constants in mequahty now we want

Since for f =

to consider the best constant in
(3.29)

VE|3 u?
\V4 2 > /| A 2 /
/Q] ulzdx > o B u-dx+p Q—Edu,

foru € H}(Q) and (B, a) € R
Theorem 3.6. If E € L”(Q) and E is a boundary weight in Q (i.e. E € Hy), then by

defining
(3.30)

:{wﬂ)smmmtﬁ>%,a§B_W}

and
(3.31)



is attained for (B, o) C I, where

r={(t,t—7>):7> %} C dY.

Proof. As it is shown in the proof of Lemma E'€eH}(Q)for} <t<LIf(B,a)eY
and § > %, then by inserting u = EP € H(} (Q) in || we have

B> / E*P2|VE|Rdx > a / \VE|RE*P2dx+ (2B —1)B / IVE|3dx, (3.32)
Q Q Q
because

2
/ Lap = / EPL,(E)dx = — / E*P=1div(AVE)dx = / VE?P=1. AVEdx
QFE Q Q Q

~@B-1) [ IVeRE¥ 2ax,
Q

so by factoring of [o|VE |§E2B’2dx of both sides of lb we have B2 —2B%+ B > «
which result in o < B — 2.

Now for § < % andu =E"ast\, % testing Il indicates that

2 / VERE*2dx >a / VE2E*2dx+ / EX LA (E)dx
Q Q Q

>o / \VE[RE*2dx+B(2t —1) / |VE|ZE*~2dx,
Q Q

so by factoring of [, |VE|3E* 2dx of both sides we have > + B(1 —2¢) > o which for

t\%and[)’ﬁ%wehaveag}t.

VE,|? VE'|? . _
Now we fix ¢t > 1 and set E, := E’, then we have % = |ET|A. Since VE! = tE'"'VE

and |VE|} = ?E*~2|VE|% we have:
IVE>|3 :tsz‘%Ezt_z ~ LIVER

7 o =t (3.33)
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and

Ly(E2) _ —div(AVE')
E, Et )

(3.34)
since we have

div(AVE") :diV(A(tEFIVE))
— (A(t(t —1))E'"2VE) - VE + div(AVE)tE'™!

so @38 is

La(Ep) _ —div(AVE'))

E'2VE[Z  E'"'L(E)
E, E! +1

E? E!
LA(E)
E I

=t(1—1)

(3.35)

VE[}
=t(1—1) EzA w

by (3.33) and (3.35) we consider the terms in (3.16)),

VE IZ VE
17 2|A Ad / | |A Py, 536
4 Q

and

—LE

/LAE2 y
2

= Aau, (3.37)
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by inserting (3.36) and (3.37) in (3.16]) we have
E t—t* [ |VE 2
/qu|Ad > /' i uldx+ /’ i udx+ - /u—du
2Jo E
2 2
t t—t VE
/ | |A 2dx+2/—d,u

t2+2t 2t2 \VE]A 5
u-dx —d
/ +2/QE H

|VE|A 2 /”2
— / u“dx —|—2 QEdu,

and so we see that (2, 5= ) € Y for all + > 1. Since we have

‘ ’A 2 /uz
v > E jall )
/ \Vul3dx > (2 )/ —udx +2 du, (3.38)

and since Y is the set of (B, ) satisfying in

VE 2 2
/Q Vuldx> a /Q | EZ’Aude B /Q “du, (3.39)

s0 by corresponding (3.39) and (3.38) we can see f =5 and o = § — % so o= f — 2

and the curve B — B2 for B > % isin Y. Also, for f = % and o = % which are as dY’ we

have :

|VE[ » /u2
v >(z—— e —
/' ufadx> (2 4)/9 g2 Ty fo g

and by corresponding with

/|Vu|Adx>a/‘ El3 u*dx +/3/—du,

we conclude that the remaining portion of dY” is contained in Y.
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Corollary 3.7. Suppose (E,A4(Q)) is the first eigenpair(with E > 0) of La in H& (Q). For

B C Q we suppose Aa(B) is the first eigenvalue of Ly in H} (B).

We define
a(B) = igf |VEEZ|E‘,
and
a(B) := sBp ’VEEJA
* i) if (B) > Au(Q) then
(a(B) +24(2))
424(B) > a(B) )
 ii) if 0(B) < A4(Q) then
(@(B) + ()
424(B) > a(B)

Proof. Suppose B C Q and u € C(B) such that [zu? = 1. According to the inequality
(3.38) for 0 < ¢t < 2 we have

VE
2/|Vu|§dx> t—— /l i zdx-l—t/E"du, (3.40)
B

since (E,A4(Q)) is the first eigenpair of L4 so we have (Ly — A4 (Q))E =0 and

Ls(E)
E

= 24(Q) (3.41)
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according to (3.41)) we have

/E—ldu = /E_ILA(E)a’x:lA(Q),
B B

so according to (3.40) we have

IVEIA

2 / Vu2dx > (t—E)lgf 124 (Q), (3.42)

and for ¢ > 2 we have

2
now suppose t := 1+ 2@ 5 and a(B) > A4 (Q) and o(B) = infp |VEZ|A by inserting in
pp o(B) 52 oY g
(3.42) we have

2
2 [ \Vulidr> (1= 5)a(B) + (@), (3.43)
B 2

for right-hand side of the inequality (3.43) we have

(1= )8+ 134(9) ~1a(B) +124(9) — )
—t{lB) + 24(9) ~ a(B), (3.4
since
H(B)-+2a(62) =1+ 2 (@(B) + 20 )
S (e + 20 )
i@+ a@) a5
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and

2 2
Cap)— (145205 ) )
1 (@) +a(B))’
(") =@
_1(M(Q)+a(B))?
=3 o(B) ; (3.46)
by plugging (3.43) and (3.46)) in (3.44) we have
2 2 2
(t— %)Q(B)) +1Aa(Q) = MA(QL&)Q(B)) - % (AA(QLE;%(BD
L 1(a(Q) +a(B))
2 aB) (3.47)
since u € C(B) for the left-hand side of the inequality we have
/B \Vuljdx = /BAVu -Vudx =— /Bdiv(AVu)udx
= —/ —L(u)udx
B
— [ Latwuds, (3.48)
B

by taking infimum over u and since A4 (B) is the first eigenvalue of L (u) in HJ (B) so we

have
/ \Vu|3dx = A(B), (3.49)
B

considering (3.47) and (3.49) in (3.43)) we have

(@(B) +24(Q))*
2
now by setting f := 1+ %A((I%) > 2 and using @(B) = supg Wg" we get the same result for
(i1). [
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Weighted Versions of Hardy Inequality

We proved the inequalities (3.15)) and (3.16)) for E as interior weight and boundary weight.
In this chapter the weighted versions of these inequalities are examined. The weighted ver-

sions which can be considered as generalization of Cafferelli-Kohn-Nirenberg inequality

[20]
2
[Vul? / ul” "
—dx )| >C, ——d
</R e @) =54 Jaw \Jgpr ™)
where
) N-—2 _ 2N )
e for N >3:a< 5=, a<b<a+]l P = N"7r2—a)

e forN=2:a<0, a<b<a+1 pZﬁ;

2

-forN:1:a<’71, a+%<béa+1 P= To0—ay

for u € CB"(RN ) contains particular cases of the classical Sobolev inequality and Hardy

inequality as

2 u’ 2
C / —=dx S/ |Vu|“dx,
o \|x|? Q

so the weighted versions of above inequalities are proved in Theorems (4.3) and (4.4).
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Definition 4.1. If E is an interior weight so E = o0 on K as the support of I . In this case,
for considering the weighted version, the completion of C? )1 (Q\K) is needed. We define

X, as a completion of C*! (Q\K) which is equipped with the norm

Julf == | E*Vul3ax.
Q

Now we consider E as boundary weight and similar to the previous part we need to

work with X; as completion of C2"' (©) with the same norm.

Remark 4.2. Assume E is an interior weight it means (i.e E = o0 on K = supp(l)), we

want to consider C°(Q) in X; equipped the norm
Jul == | E*Vuliax,
Q
fort > % andt < %

« Ift>1

Claim X; does not contain C°(Q).
Let u € C2(Q) and as contradiction let C(Q) C X; so u € X;. According to the

inequality in the next theorem for u € X, where t # % we have
1
/ E¥|\Vul2dx > (1 — )2 / EY2\VE|Zuldx,
Q 27 Ja
for the left hand side of the above inequality we have

| E*Vudx = ul?.
Q
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which is finite. So the right hand side of the above inequality
1
(t— 5)2/ E¥2|\VE|3uldx < oo, (4.1)
Q

so it is required all terms in be finite. So EZ’_Z\VEE\ need to be finite for t > %
For this E" should be in HIIOC(Q) but since t > % and E is interior weight (E = oo on

compact set K) so it is not correct. For
« Ift < 3, according to Lemma 3 E'€HL (Q)s0CI(Q) CX,.

Now we consider the weighted version of the inequality (3.15]) for interior weight E in

the next theorem.

Theorem 4.3. Ifu € X; and t # % and E is an interior weight on Q, then
/ E¥|\Vul3dx > ( / E¥ 2| VE|{u’dx, (4.2)

and the constant is optimal and not attained.

Proof. Suppose w:=E'u € C'' (Q\K) fort #0, 1 s and u € I (Q\K). Since C2' (Q\K)

is dense in Hé (Q) so plugging into inequality 3.15 gives us

1 [ |VEJ3
/Q]Vwﬁdxz Z/Q|E—2|Aw2dx. (4.3)

The left hand side of inequality (4.3) is

/ IVw|2dx = / EX|\Vul2dx+12 / EX2\VEPildx + 2t / EY~VAVE - Vuudx, (4.4)
Q Q Q Q
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and for last part of (4.4) we have

2t/E2t 'VE. Vuudx—z/Ezt 'AVE - Vil dx
:—t/ div(E* 1. AVEu?dx
Q
— i(2r—1) / EY2\VEuldx
Q

(=22 +1) /Q EX2|\VE2uldx,
so we have
/ \Vw|3dx = / EX|Vulidx+ (—1* +1) / E*72|VE|3u’dx, (4.5)
Q Q Q

the right hand side of inequality (4.3)) is

VE
/ | |A whdx = / VERE2E*12dx
Q

:}1 /Q VE[ZEX2dx, 4.6)
so by plugging (4.5) and (4.6) in (4.3) we have
/E2[|Vu\2dx+( ‘ +r>/ VEREX 2ldx > ~ /|VE|2E2’ 224y,
SO

1
/ EX|\Vulldx >(~ +12 —1) / E22\VEildx
Q 4 Q

1
—(1—3)? / EX2|\VEildx.
Q

Now we show the constant is optimal. Since v,, € C 1(Q\K) so according to lb we
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have

VE
/|va|Ad > - /' i v2.dx, (4.7)

by dividing both sides of (4.7) by [, 2412 we get

Jo Vunidx 1

Dy, := ;
fg |VE|A v2,dx 4

(4.8)

now, we define u,, :== E~'v,, in the completion space of ! (Q\K) (i.e X; equipped with

the norm ||u/|? := [, E*|Vu|3dx). For the sharp constant in (4.2) we compute

Jo E*'|Vu|3dx

5 4.9
JoE* 2 VER )
so for the numerator of (4.9) we have
E¥|\Vun|i = |Vvm|3 + 2 VERE 2V — 2E7'VE - (Vvy)vm, (4.10)
by integration of both sides of (4.10) we have
/E2t|Vum|Adx /|va|Adx+t / | EZ‘A v2.dx —2t/E 'VE - Vv, vpdx
:/ |va|,§dx+z2/ |E—2‘Av2dx—t/ E-'VE - V(v,)%dx
_/ Vvl 3dx+1 / | E2|A 2dx+t/dzv 1. VEV dx
VE
:/Q|va|§dx+r2/g| =3 Vnd /' i Vindx, (4.11)
so @.9) is
VE VE
fQEZt’Vum‘idx fQ \vaﬁdx 2[9' A 2d fQ| A 2 412

fQEzzQWE&u%ldx I |VE\AV2d Jo |VE|A V2 dx f |VE\A V2 dx
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according to definition of D,, in (4.8)) and simplifying (.12)) we have

Jo E¥|Vuy|3dx
Jo|VE|RE*—2u2dx

=Dy +1>—1,

since Dy, — 1 so the constant 1 + % —¢ = (r — 1)? is optimal. Now we want to show that

the constant is not attained. In case of ¥ := minyg £ = 0, to show the inequality does not
. . .« . 2 . .

attain we just not drop the positive term [, E|Vv|3dx (see Lemma [2.1). By considering

w = E'u € C>'(Q\K) which with v := E7 w = E'~2u we have

ke ()

now by plugging w and v into

2

:/E|V(Equzl)\idx_/E|V( L),
Q

A

E 1 [ u?
/ Vw2dx —/ |4E2|A W2dx = / E|Vv[2dx + 5/Q CLaE)y,  @13)
we compute the first term of the LHS of equality (4.13)

/ Vw|2dx =12 / EX2\VEu® + / EX|Vul3 + (—202 +1) / E*2|\VEildr,
Q Q Q Q

(4.14)
and for the second term of the LHS of equality (4.13]) we have
VE
/ | ’A wldx = / \VE|ZE* 2l dx, (4.15)
4 4 Q
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now, we compute the first term of RHS of the equality (4.13)

1
/E]V(Ef—éu)\gdx:/Ezfyvuy§+(t——)2/Ezf—z\vmguz
Q Q 27 Ja
1
—|—2(t—§)/ E*'AVE - uVudx
Q
1 1
:/Ezf|vuyg+(t_§)2/E2f2|VE\§M2+(t—§)/E2fIAVE.w?dx
/E2f|vu|A+ /EZ’ 2\VE|fu® — z—— /dzv (E¥ 1. AVEW?
1 |
:/E2f|wyA+(t——) /E2’2|VE\Au —(t—-)(zt—l)/E2f2yVE|§u2
Q 27 Jo 2 Q

:/ E2’|Vu|f\—/ E* 2| VE|3u?, (4.16)
Q Q
and for the second term of RHS of the equality (4.13)

1 [ u? 1
- / L LA(E)dx=(t— =) / \VE|ZEX %u’dhx, (4.17)
2Jo E 27 Jo

by plugging (4.14), (4.15), (4.16) and (4.17) into (4.13) and divided by [, E*~2|VE|ju*dx

we have:

5 Jo E¥ 2| VEZuldx Jo E¥|Vul|3dx Jo E¥2|VE3uldx
JoE¥2|VE[Zutdx [ E¥*2|VE|Zuldx Jo E¥*2|VE3uldx
1 [o E*72|VE|ju?dx Jo E¥|Vul|3dx JoE¥ 2| VEZuldx

T4 [yE¥2VERldx  [oE¥2|\VE[Zildx [ E¥2|VE[uldx

1, [o E*2|VE|Zu*dx

2)f E%-2|VE|ju?dx’

+ (=212 +1)

+(r— (4.18)

by simplifying the equality (4.18]) we have

1 1 5

2 2 2

t 1-2t°+t—-=1—-14+t—==¢t"— -
+ + 4 + 2 4’

which shows the constant is not attained.

We will also show the constant is not attained when w := minyo £ > 0, but we need to use

results that will be presented in a later section. [
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Theorem 4.4. Ift #0 andt < % and E is boundary weight on Q and u € X; then
1
/ E¥|\Vul2dx— (t — )? / VERE*2dx > 0, (4.19)
Q 27 Ja
and
1 1
/ E¥|\Vuldx— (t — ~)? / VERE*2ldx > (= —1) / EXNldu,  (4.20)
Q 27 Ja 2 Q

the constant (t — 3)? in @) and constant (3 —1) in are optimal and not attained.

Proof. Suppose 0 # 1t < %, first we want to prove the inequality for u € X;. Since X;
is the completion of C"! (Q) so we consider u € ! (Q). We use E¢ as e-mollification of
E and F; = L4 (E¢). Note that H~1(Q) = (H} (Q))* = (Cgl—(Q)> ’ and standard argument
shows that uFe — upt in H~(Q) for u € C2'(Q) [Lemma.

In Theorem |3.4|it is proved for E as a boundary weight and for u € H& (Q)
1 [ |VEJ} 1 [ u?
2 A 2

now for (¢-mollification of E ) and v € H} () we have

1 [ |VEe|? 1 [ v?
vv2d >—/ A2 —/—Fd. 422
/Q|v|Ax_4QEgvx+2QEegx (4.22)
For u € C?’I(Q) setv=FLu e C?’I(Q). For left hand side of 1} we have

\Vv|i = PEX 2| VE|3u? + EZ|Vul3 + 2 EX 'AVE, - Vuu. (4.23)
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For the last part of (4.23) we have

2 / EX~AVE, - Viu =t / EX~AVE, -Vildx
Q Q
— (=1 / EX2AVE, - VE.uldx
Q

=(=21+1) /Q EX2|VE|3u’dx, (4.24)

so according to (4.23) and (4.24) we have

/Q V2 dx =2 /Q E22|\VE[2uldx + /Q EX|\VulZdx+ (=22 +1) /Q E22|\VE[2uldx

(1) [ EFIVEfutdx + | EZ|VuRdx

(4.25)
so for the first term of the right hand side of (4.22) we have
1/ ‘VESL% vzdx :1/ |VE€|‘%E2’u2dx
4Jo E? 4)o E} °
1
= / VE:2EX2uldx, (4.26)
Q
and for the second term part of (4.22)) we have
1 [ v? 1 [ EXu?
— | —Fedx == ¢ Fed
2 Q Eg edX 2 /£2 Eg edX
1
:E /QEgtlungdx
1
:E /gszszt_lungdx
1
= 5/QE?luzdiv(AVE‘g)dx
1
=5 /Q VEZ 1.1 (AVE,)dx
1
=—(t-3) / EcE22u’div(AVEg)dx
Q
1
= (5 —t) /QEgtlungdx, (4.27)
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inserting (.23)),(4.26), (4.27) in (4.22) we have

1 1
(—t2+t)/QEgt_z\VEgL%uzdx%—/QEg’\Vu\idx2 ZL\VEgliEg’_zuzdx+ (E_Z) /QEezt_nguzdx,

(4.28)

so we have

1 1
/ E£2t|Vu|f‘dx > <t2 —t+ —) / \VE8|%E§’_2u2dx—|— (— —t) / Eg’_lFeuzdx
Q 4 Q 2 o)

1\? 1
—(t=3) | IVEREF *idx+ (5-1) [ EZ ' Fulax.
2 Q 2 Q

As we know a sequence of smooth function E¢ (as mollification of E) approximate E.
Since E € H} (Q) so E* € H}(Q) fort < 1 and there are functions EZ' € C*(Q) such that

E? — E? also since E is boundary weight so E* € L] .

(Q) and according the properties

of mollifiers (Theorem property (iv)), EZ — E* in L} (Q) so we have
/ E2|VulZdx — / E¥|Vul2dx, (4.29)
Q Q
and since uFe — up in H~'(Q) so we have

/Egt_lungdx%/EZI_luuudx
Q Q
:/EZ’_luz,udx
Q

. / EX2du, (4.30)
Q
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using the results (4.29) and (4.30)) and Fatou’s lemma we have

1 2
/EZ’\Vu\idx— (t——) /!VE]Z‘EZtZuzdx
Q 2) Ja
1 2
—liminf ( / E|Vulidx — (t——> / yVE8\2E§f2u2dx>
Q 2) Ja
1
> liminf (— —t) / EX ' Faldx
2 Q

Z(E—t)/EZtluzdu,
2 Q

foru € I (Q).

(4.31)

Now we show the constants in (4.19) and {.20)) are optimal.
Since E is boundary weight, we suppose u,, :== E v, and use similar proof of Theorem

M.3]and proof of Theorem [3.4] by considering

Jo [Vvm|3dx N 1

D, = , 4.32
fQ |VE|A 2 d 4 ( )
and since )
/ gy = / V2 E LA (E)dx = / V2 E~ div(AVE)dx
Q Q
— / V2V(E-!)-AVEdx
/ va,E 2VE -AVEdx
VE
/ | |A vadx (4.33)
so according to (4.32) and (4.33) we have
Vv de |VE|A 2d 1
o JalVenfide—La Tk 1 e

V2
Jo #du

since E is boundary weight and v,, € CZ(Q) s0 u,, € Co''(Q) N X, = X,.

For seeing the optimal constant in (4.19) we consider u, ;== E~"v,,.

60



Now we compute

Jo E2t|Vum|/%dx

= , 4.35
On Jo Ezt—2|VE|/%ufndx ( )

we have:

E¥|Vu,|3 = ?|VE|REV2, 4 |Vvu|3 = 2tE7'VE - Vv, (4.36)

by integration of both sides of (4.36) we have:

b = fQE2’|Vum|%dx _fQE2t|Vum|/%dx
m

T olVERER G T N,
o' e JolVonlids ) Jo*VE i d
Jo 'VE‘szd Jo's Vhade  fo V2
V AVE)dx
_p, 1+ 2lel” n Vv (AVE) : 4.37)
|VE\A 2
Jo SEt vz dx

so for third term in (4.37) we have:

2 / E~ Y, Vv, - AVEdx = / E~'V\2 .AVEdx
Q
/dlv YAVE) W2 dx
_ / VEE™2. (AVEW dx— / E~\div(AVE 2 dx
Q
IVE[% 2 /LA(E) 2
2 dx A2
/g B2 o E
VE
/ | |A 2d +/ —[de

|VE|A 2
— [ Stviaxs [ fmdu, (4.38)
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by inserting (#.38) in (#.37) we have:

o fQE_lvvamAVde
Jo |VE|Av2 dx
fQ |VE‘AV2dx+f md‘u

Jo V2 4

fg_m

Jo M2 4

(Pm :Dm+t2 -

=D, +1>—1t

=D, +1t>—t—t (4.39)

for computing the fourth term in (4.39), according to (4.34) we have

VE
/ Vi gy — /|va|Ad 4/' 4,2 4. (4.40)

so regarding (4.40), the fourth term in (4.39) is

IVE|3 2
fQ|va\Adx 4fQ A ndx
JovaE 'du Fn
fQ ’VE|%E72V%1(ZX B fQ ‘VE|A 2d

\VEI 2
fQ |VVm|A i fQ =t

|VE\ — \VEl , (4.41)
F fQ A 2d F fQ A Zd

regarding (4.32) we have

JoViE"'du D,

1
4
oWz ax P P Fu

since D,,, — % so we have

fgsz—ldu Dm—%

— 0, (4.42)
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so regarding (@.39) and (#.42)) we have

| |
On =Dy +1* —1= 402 —1=(1—5),

and (@.19) is optimal.

To see (4.20) is optimal, in terms of computation in (4.37) and u,, := E 'v,, we have
P Y

Jo E*|Vun|3dx— (1= 3)* Jo [VERE* 2updx

Y 1=

JoEZ Ni2dp
t2f | E‘AVZ dX+fQ|VVm|Adx 2l‘fQ VmVVm'AVEdX
[ EX T2 dp

t2f IVEIA 2d 4fg \VEIA zd +1 [, | Elszdx
JoE*~ 1”rzndﬂ ’

(4.43)
by simplifying (#.43)) and since
E2-1,2 4 :/EZt—lE 22 g / md ’
/Q mdi= | u= u

so we have

Joy IVv[2dx — i fQ‘VE'A V2 dx N Jo YERN2 dx — 21 [y E~ 1, Vv, - AVEdx

Y = 2
fg E Jo #du
tf WE'*‘ v2dx—2t [0 E~, Vv, - AVEdx
= : ,
Jo #du
(4.44)
according to (4.38) we have

VE
2/E—1vavm-AVde_/ ’"d +/ |A V2 dx,
Q
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so (4.44) is

th| VE[] vidx—t [o Vma’u—tfQ E|A v2 dx
fg—
Jo VE \VEIA v2d tf mdu th EZ\A V2 dx
Jo'fdu  Jo'pdu  Jopdu

Y :=Fpn +

=F,—

since F,, — 5 so (3 —t) is optimal in (4.20).

Now for showing the constants are not attained we hold on the extra term in (3.1]) for

v:i=E'u
/ E|Vv[2dx= / E|V(uE")|[;dx, (4.45)
Q Q
since we have

/ E|VE'ul3dx =1+ / E* YVERudx+ / E*Vuidx+2t / E¥AVE - Vuudx,
Q Q Q Q
(4.46)

and
/EZt_I]VEﬁuzdx:/EZ’_I]VE&E_Z‘vzdx:/ \VE|ZE~ W, (4.47)
Q Q @

and

/ E* ! |Vulidx =1 / E~!|VE[vdx+ / E~|Vv|3dx —21 / E#IAVE -Vvvdx,
Q Q Q Q
(4.48)

and

1 1
/EZ’AVE-Vuudx:—/EZ’AVE-V|u2|dx:——/divEZtAVEuzdx
Q 2J)a 2Ja

1
=—5(2) / E* " VERE #Vdx = —t / E~YVE|3Vdx, (4.49)
Q Q
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From the computation in (#.47), (4.48)) and (4.49) and according to (2.4)) we have
Jo EY|VE|jdx = o so (4.43) is positive for u € X,\{0}.

4.1 More General Weighted Inequalities

Here we investigate the possibility of inequalities of the form

/W(x)]Vuﬁde/U(x)uzdx,
Q Q

foru € CM(Q\K).

Theorem 4.5. If f is a positive function in C*(y, o) where y:= mingq E and E is interior

weight on Q then:

E 2 /!
Jrerman= [ veg (LR e @) e, @so

where u € C2' (Q\K). If iminf,_se f” (z) > O then the constant 1 is optimal.
Proof. We consider w := f(E)u, since u € Co"' (Q\K) then w € C2'! (Q\K). Plugging w
in (3.13) we get
1 [ |VEJ
/Q Vwdr— /Q S > 0. 4.51)

For the first part of RHS of (4.51)) we have

/ Vw[2dx = / VER(F/(E))2udx + / Vul f(E)2dx+2 / AVE -Vuf!(E) f(E)udx
Q Q Q Q
_ / VER(F/(E))2uldx+ / Vul2 f(E)2dx+ / AVE Vi f(E) f(E)dx
Q Q Q

— [ IVER(F(B)Pildx+ [ [VulR(F(E)Pdx~ [ div(f(E)F(E))-AVEwdx,
“ “ “ (4.52)
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for the last term of (4.52)) we have

/Q div(f(E)f(E))AVEu*dx = / AVE -VEf"(E)f(E)u’dx + / AVE -VE(f'(E))*u*dx

_/f” E)|VE|3 de+/ )?|VE[Zu’dx,
(4.53)
putting (4.53) in (¢.52)) we have
[ IVl = [ IVER(F(E)Pldxt [ [Vulf(E)ds
@ @ (4.54)
- | 7E®FEIVERRa~ [ (£(E)IVERdx,
Q
by simplifying (.54)) we have
/ Vw2dx = / Vul2 f(E)2dx— / FUE)F(E)|VE uldx, (4.55)
for the second part of (4.5T)) we have
VE VE
4/| ’A 2 4/‘ |A 2 2dx, (456)

inserting (4.53)) and (#.56)) in (4.51)) we have:

VE
/|v 2dx —-/’ i 2dx_/|v 2 F(E)2dx— /f” (E)|VELudx
IVE[

3 [ R e Pl 0,
SO
\V4 2 > // V 2.2 |VE|A 2.2
(VR (EPax= [ B EVERRa+y [ EEAGE) Pl @s)
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finally (4.57) gives us the inequality (4.50)

2
/ \Vul3 f(E)?dx > / IVE|3 ((f (E)) + f"(E) f(E)) uldx. (4.58)
Q Q

4E?
Now we consider

Jo|Vvmlydx _ 1

Dy, := ;
fg |VE|A v2,dx 4

(4.59)

where v,, € C! (Q\K). We can consider the support of v,, in K which is the support of .

Suppose u,, := fv(—’g) € C?’I(Q\K). Regarding (4.58) we consider

Jo \Vumlif (E)*dx

- ; (4.60)
JalVER (S5 + 1(B)F(E) ) i dx

now for the numerator of (4.60) we have

[Vl 3 f(E)* +IVER(f'(E))*va(f(E))* = 2AVE - Vviuvi(f (E)* ' (E) v
(f(E))* ’
(4.61)

f(E)ZWMmL% =

by simplifying and integration of both sides of (4.61)) we have

VEA(f/( \Y AVE’
/f |Vum|Adx—/|va|Ad +/| ‘Af ’"d —2/ Y f E)vm " dx,

(4.62)
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now for the last term of (#.62)) we have

Vv -AVE f'(E) vy, f(E)
R TR A

(1) o

[VE|f"(E)f(E) - |VE|(f'(E))*
(f(E))?

/|VE|Af”( V2. dx +/ WE|A f(E))? V2dx, (4.63)
E))?

AVE -Vv2,

-AVEV?,

plugging (.63)) in (4.62)) we have

2 2. 2 IVE[Z(f'(E))* IVE|3f"(E) »
/Q(f(E)) |Vum|AdX—/Q|va]Adx+/Qvadx+/Qvadx

[ IVERER
o (FE)
(4.64)

simplifying (4.64) gives us

2 2, 2 IVE[Z(f"(E))? ,
/Q (F(E) 2|Vt 2 = /Q Vvm|2dx+ /Q E e 69

for denominator of (4.60) we have

e (L 1 ®) ) s = | v (2 j§§2+f<E>f”<E>) s

[ )

so (4.66) is

/Q|VE|3x (f(E)Z—I—f(E)f E )u dx—/ VE[R Yn V2, " +/| E|2f”

4E2 AQE2

(4.67)
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plugging (@.65)) and (@.67) in (@.60) we have

VE
fQIVuml,%ﬂ )2dx Jo Vo3 + Jo VERLEL2 g
lalVER (S ) e o S o T
(4.68)

as we know

D, = Jo [Vvm[5dx _>1,

fg |VE|Av2 dx 4

and according to Q,, in (4.60), if we consider liminf,_,. f”'(z) > 0 since in Q,, (4.68)), we

a+x

have: x — Bx and o and fB are positive constant(regarding Dy,) so Q,, — 1.
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Improvement

Improvement in the direction of the Hardy inequality have been posed by many researchers
[2], [1], [10]. In this chapter the improved versions of inequality (3.13) are investigated.
For an improved Hardy inequality on radial domain, Ghoussoub and Moradifam [12] gave
necessary and sufficient conditions for a nonegative function V as potential. The method
applied here is the analogous approach. Now we define precisely what is meant by the

potential.

Definition 5.1. Suppose 0 <V € C*(Q\K) for E as an interior weight on Q, V is potential
for E if

1 [ |VE|?
/ ]Vuﬁdx——/ | 2|Au2dx2/ V (x)u*dx,
Q 4 /o E Q

where u € H} (Q).

Definition 5.2. Suppose 0 <V € C*(Q) for E as boundary weight on Q, V is potential
for E if

1 [ |VEJ3
/ |Vu|f\dx——/ | 2|Au2dx2/ V (x)u’dx,
Q 4)o E Q
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where u € H} (Q).

Remark 5.3. If E is an interior weight, E = o on support of L so we consider V €

C>(Q\K) but for boundary weight E we consider V € C*().

Theorem 5.4. (Interior Weight Improvement) If E is an interior weight on Q and 0 <V &
C*(Q\K)
If there exists some 0 < ¢ € C*(Q\K) such that

AVE -V¢

—La(¢)+ +Ve <0 in Q\K, (5.1)

then V is potential for E. After change of variables 0 := E%(p we have ¢ := E~20 for
0 < 0 € C*(Q\K) we have

_Lu(®) | IVER,
0 4E?

+V<0 in Q\K. (5.2)

Proof. If V € C*(Q\K) is nonegative and there exists some 0 < ¢ € C>(Q\K) which
satisfies —La (@) + /@ +Vp <0 in Q\K.

Let u € C%'(Q\K) and define v := E~2uso by Lemmawe have

1 [ |VE[3
/|Vu\%dx—z/ |E—2|Au2dx:/ V|3 Edx.
Q Q Q

Now define v € C%!'(Q\K) and consider v = ¢ . We have
E|Vv[3 =E|VO[3y° +E[Vy[i¢* +2E¢yAVe -V, (5.3)
now we compute

/ V2 E|V$|idx+2 / EQWAV¢ - Vydx, (5.4)
Q Q
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for first part of (5.4) we have

/ V2E|Vo2dx = / AVPEV$ - Vdx — — / Ev20div(AVo)
Q Q Q

~ | Ev?oLa(6)dx, (55)
for second part of (5.4) we have

2/ VOEAV ¢ - Vydx :2/ OWEAV ¢ -Vydx
Q Q
= /Q PAV S - V(y)?Edx

__ / OAVE -V (v)2dx, (5.6)
Q
so by the results of (5.5]) and (5.6) and inserting in (5.4) we have
/Q V2E|Vo|3dx+ 2/Q VOEAV Y - Vydx = /Q V2 (La(9)9E — 9AVE -Vo)dx, (5.7)

now since v=E 2uand u=EZvand v = @y so for the left hand side of li we have

VLA(9)0E = 20 g2p _ (pyptal@) g pplal@) _ p0al0) s
() () (0 ()
and we have
¢2w2AVE~V¢E
(PAVE -Vo)y? =TE
(pyPEATEe
(]
szAw;Vq)
()
2AVE-VY
Y E (5.9)

-—

72



so by inserting (5.8) and (5.9) in (5.7) we have

| VEIVoRdr+ | ovEAVO-Vydx— [ v (La(0)9E ~ 9AVE V) dx
Q Q
2AVEV¢

_/ ZLA d —/ ¢ ——dx
_/ < Avgwp)dx

=0, (5.10)

since in Theorem [5.4] we have

—LA(¢)+1@+V¢§0 in Q\K,
SO
La(¢) AVEE'V‘pzv(p in Q\K, (5.11)

and since

__AVE-V§
Q:= / ( E )dx, (5.12)

by multiplying “7? to both sides of (5.11]) we have

__AVE-V¢

0:= / < - )dxzfg%pr,

50 Q > [ouV (x)dx.
Now, since for v = EZu by Lemma 3.2/ we have

2 1 [ |VEZ , 2
/|W\Adx——/ ML, dxz/ VyEdsx, (5.13)
Q 4 Q E2 Q
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and considering (5.3)) and (5.10) and integrating of (5.3) we have

[ IvBE=0+ [ ¢V,
Q Q

so for (5.13) we have

VE
[ vuiar b [ a0+ [ Eovyar,

since Q > [ u?V (x)dx so for (5.13) we have

1 VE|?
[wuiax— [ PERRacs [ evigans [ BoAvyia
Q 4Jo E Q Q

for u € C'' (Q\K) and since C2'' (Q\K) is dense in H} ()

VE
/yv 2dx ——/ | |A 2dx>/MZV(x)der/Eq)Zvaﬁdx,
Q Q

holds for u € H}(Q), then V is potential for E.

Now we prove (5.2), since we have

—LA(9) = — (~div(AV§)) = div(AV(E"26))

3 __s 2 I, 3 I, 3 1
:ZE 2|VE|A6—§AE 2VE~V9—§AE IVE-VO+E 2div(AV0), (5.14)

and we have:
AVE-V¢ AVE-V(E“20) AVE-(—}|VE|E"36+E 3|6
E E N E
1
:—§|VE|§E—%9+AE—%VE-VQ, (5.15)
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inserting (5.14) and (5.15) in (5.1)) we have

AVE -V

3 s 2 I 3 I3 1.

—La(9) +
1 2 _3
—§|VE‘AE 20 +AE 2VE-VO

1
:Z\VE\gE—%e +E"2div(AVO) +V(E"26) <0,

(5.16)
after simplifying (5.16)) we have
AVE -V¢ 1 (IVER div(AV0)
_L "I VO=E 260 V)]<O0
a0+ 2 g —pte (B SOV ) <o
since 0 < 6 € C?(Q\K) and E > 0 so
VE[R _ La(6) .
2o +V <0 in Q\K.
[l

Theorem 5.5. (Boundary Weight Improvement) Suppose E is a boundary weight on Q and

0 <V € C*(Q). Suppose there exists some 0 < ¢ € C*>(Q) such that

[A(0) AVE-Vé ,
_HEv<o i @ 5.17
o ' Ep 2E =Y Mm% (5.17)

then 'V is potential for E.
Proof. If V € C*(Q) is nonegative and there exists some 0 < ¢ € C%(Q) which solves

AVE -V
AVENO Wy o

—La(9) — z °E

letu € H}(Q) and define v=E Tu by Lemma we have

1 [ |VE|Z 1 [ u?
Vzd——/ A2d>/V2Ed —/—d
[ Ivukax— [ FpRiae= [ (viiEd 3 | Tdu,
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now we define v € Cg’l(Q) by v = @y so we have
E|VVi = EIVO[3y* +E[VY[30° +24E0y V9 - Vy,
according to (5.10) in proof of Theorem (5.4) we have

2
/w2E|V¢|idx+2/EWV(p.vadH%/ "
Q Q

:/ W2 (La()9E — GAVE - V) x——/ “

Ly(9) AVE-Vo p
= —— | dx
1) OFE 2E
=0, (5.18)
since according to assumption (5.17)) we have
L AVE -V
_Late) ¢ Hiv<o in o

¢ OF 2E

SO

La(¢) AVE-Vo
¢ OF 2E

>V, (5.19)

by multiplying «? to the both sides of (5.19) we have

2 (La(9) AVE-V¢ 2
/Qu ( P oF +2E)dx>/gu V(x)dx,

SO

0> /Q W2V (x)dx, (5.20)
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since for v := E~2u and by Lemma 3.2 we have

1 [ |VE|? 1 [ u?
Vzd——/ A2d>/V2Ed —/—d 5.1
| vular—g [ FoAeaxs [ (wiEas [ San G2

so for [, |Vv|3Edx we have

/u2 (LA((])) AVE -V¢
Q

. OE +2E)dx—Q+/E¢ Vylidx,

so rewriting (5.21)) gives us
2 L [ |VEF » 219y 2
/ |Vu|idx — 4_1/ —sudx = Q+/ E¢*|Vy|idx,
Q o E Q
and finally according (5.20) we have

VE
/yv 2dx ——/ | |A 2dx>/uZV(x)dx+/E¢2Ww|§dx,
Q Q

for u € H}(Q) so V is potential for boundary weight E.
0

Theorem 5.6. Suppose E is an interior weight on Q, 0 < v :=minggE and 0 < f €

C?(y,0), then for all u € cH! (Q\K) we have

/IV 2 __/ IVE|A P> / |VE\A< 7( )—f/](EE))uzdx,

in particular by f(E) := +/log(y~'E) we obtain

E VE
/|Vu\idx— / v |A uldx > | |A — A 24,
Q 4 QE210g (y"1E)

forallu € H& (Q). Now suppose 0 < y=E on dQ, then }1 is optimal.

Proof. Let E be an interior weight on Q and 0 < y:= minyo E and 0 < f € C?(7,0).
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According to Theorem if we have —L4(¢) + f@ +V¢ <0, soV is potential for

E. From this we have LAq(fb) - Avgq')w) >V, so for u € C2' (Q\K) we have

(LA(Z()‘P) - AV? q')w) u? >V (x)u?, (5.22)

by considering ¢ = f(E) in above inequality, so for the first part of (5.22) we have

La(9) _ La(f(E)) _ div(AVS(E)) _ Adiv(V(E))
o &) f(E) f(E)
 Adiv(VE - f'(E))
- f(E)
A(VEVE - f"(E))
f(E)

f(E), (5.23)

VE[;
f(E)

and for the second part of (5.22) we have

AVE-V(f(E)) _AVE-VEf'(E) _|VE[ f'(E)

= 5.24
Ef(E) EfE)  JE) E oy
plugging (5.23) and (5.24)) in (5.22)) we have
2 /
‘;(EE ’5‘ (— f(E) - / 1(5E)) u* >V (x)u?, (5.25)
now if f(E) € C?(y, ) satisfies in
~LarEn+ YETEL Ly <o

so according to Theorem[5.4] V is potential for E and according definition (5.2) we have

1 [ |VE}
/Q Vuldr— /Q |E—2|Au2dx2 /Q W2V (x)dx, (5.26)
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so in terms of (3.25]) we have

2, |VE|A 2 IVE[; (_ " _f/(E)) 2
/Q |Vul3dx / u-dx /Q FE) f1(E) == | udx. (5.27)

in particular since

CJUE) F(E) _ divAVA(E)) AVE-V/(E)
FE) ~Ef(E) f(E) EF(E)
_LA(f(E) AVE-V/(E)
THE)  Ef(E)

(5.28)

so according to Theorem V is potential for E. So plugging f(E) := +/log(y " 'E) €

C%(Q\K) in (5.28) gives us

f"(E)  fI(E) 1|VER o, L|VER o1 LIVER o
) EfE) 4 B2 (s E) g gt ey RE) T g g loa(yE))
(5.29)
S0
_ L|VE[Z 1y -2
so by plugging into (5.26)
VER 2, / IVE|A >
/IV hdx—7 | —ppruwidx= g gl oy 15" 4 (5.30)

for u € C2'' (Q\K) and extend it by Theorem | we have (5.30) for u € H} (Q).

For showing % is optimal constant we fix 0 <t < % and T > 7 and define u; :=

E'log"(y 'E). According to Lemma u; € H}(Q) so we need to compute

|VE|A 2

Jo ’V“rﬁdx 1 fg 7dx
|VE[% 2 ’
fQ Ezlogz(rlE) u‘rdx
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since we have

/ IVE[3dx , IVE|3dx
o E2log’ (y 'E) 7 JaE?log’(y'E)

SO we compute

2
Jo|Vuz 2 dx L o MEAE210g2 (y E)dx 531)
Jo VERE® 2108 2(y 'E)dx  [o|VEREY 2l0g™ 2y E)dx’ =
since we have u; := E'log"(y"'E) so we have
\Vur |3 =*|VE[ZE* 210g®* (y 'E) + T2 |VE|ZE? 210g®* (v 'E)
+2t7|VE[RE* " 210g* 1 (y E), (5.32)
so after integrating of both sides of (5.32)) for the first part in (5.31)) we have
Jo [Vuz|3dx _ 1 Jo [VEZE® > log”* (v 'E)dx
Jo IVEREX210g®" 2(y 'E)dx  [o|VE|ZE*~2log*" (v 'E)dx
2 o IVEREY1og> (' E)dx
Jo |VE|ZE%—210g*"2(y~1E)dx
217 [ |VE|RE* 2 1og>™ 1y 'E)dx (5.33)
Jo|VERET 2o 2y 1E)dx
and for the second part of (5.31)) we have
VE|} _ _ _
%fg IVE2 EQ‘A E*log®* (y 'E)dx B %fg IVE|ZE*~210g** (y'E)dx (5.34)

Jo|VEREX210g> 2 (y 1E)dx  [o|VE[ZE%-210g>"2(y~1E)dx
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so (5.31) is
VE|3 ,
Jo [Vue[3dx 1o SErE 10g¥ (v E)dx
Jo |[VERE%210g>" (v 'E)dx  [o|VE|ZE¥~210g®" %(y~'E)dx
_ P Jo|VE[RE*2log” (v 'E)dx | ©° [o|VE[RE* *log” *(y ' E)dx
Jo|[VERE2 2108 2(y 'E)dx [ |VE|ZE*~21og*™ (v 'E)dx
2t [ IVERE 2o (y ' E)dx 4 Jo VERE? 210g (v ' E)dx

- . (5.35
JoIVERE2210g" 2(y 'E)dx  [o|VE|ZE%2log®"%(y'E)dx 6-3)
now since in Lemma [3.3| we defined
K(w) = [ IVERE* 21og?™ 2(y ' E)dx,
Q
and27=2(t+1)—2and 27— 1 =2(7+3)—2s0
/Q VE[ZE21og® (v 'E)dx = J,(t + 1), (5.36)
and
1
/Q VERE 21og® ! (y ' E)dx = Ji(t+ ), (5.37)
so according (5.36) and (5.37) we rewrite (5.33) as
2
JoVucidx— 4 fo VERuPax RS JolVERE 1og (y 'E)dx | ,
VER  2dx 4" [o|VE|ZE2~210g*" % (y~'E)dx
QEzlogz(TlE) T
oo Jal VERE 08 (y  E)d
Jo |[VE|ZE%—210g*"2(y~'E)dx
L Ji(t+1)) Ji(t+3))
2 t 2 2
PR AN e A S P LA 5.38
=750 ) -39
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according to Theorem [3.3] we have
Ji(7) = / VE[ZE210g®2(v=1E)dx — oo,
Q

when 7\, % so for

JH(T+1
T+ ))+172—|—2m'[

1
(" =3 (%) Ji(z

)

J(t+3))
)
1

$o 7 is optimal.

Remark 5.7. As it is mentioned V € C(Q) is potential for E (as interior weight) if there

exists some 0 < ¢ € C*(Q\K) such that

—La(9) | AVE-V9
o | E

+V¢ <0,

now we are going to consider more useful condition for V to be potential for E.

Theorem 5.8. (Interior improvement using ode method) Assume E is interior weight on
Q E:=y>00ndQand 0 < f € C(y,Q). If there exists some 0 < h € C*(,) such

that

W' (t) + (f(t) + 4—2) h(t) <0,

in (y,o0) then for all u € H} (Q)

2 1 [ |VE[F , 2 2
/]Vu]Adx—Z/ U dxz/f(E)\VE]Au dx.
Q Q Q

Proof. For E as interior weight and 0 < f € C*(Q\K) and 0 < h € C?(y, ) we have

W)+ (f(t) T ﬁ) h(e) <0,
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SO
h//( ) 1
h(t) — 4¢2

by considering E and scaling both sides we have

W'(E) | |VEI}
VE
IVER h(E) = 4E?

+f(E)IVE[; <0, (5.39)
taking 6 := h(E) and using Theorem [5.4]so (5.39) corresponds to:

—L4(0) |VE[Z
< 4
o 15 +V <0, (5.40)

because

~L4(6) = ~La(h(E)) = div(AVH(E)) = [VE[3" (E),

now based on Theorem f(E)|VE|3 is potential for E and according to Definition

we have

2 1 ‘VE’% 2 2.2
]Vu|Adx—Z U dx > | f(E)|VE|ju”dx.
Q Q Q

Now we generalize the results obtained by Avkhadiev and Wirths.

Definition 5.9. Suppose Q is domain in RV it has finite inradius if 5(x) := dist(x,dQ) is

bounded in Q.

Theorem 5.10. (Avkhadiev, Wirths[3l]) Suppose Q is a convex domain in RN with finite

inradius. Then

Vuldx> - / / W2dx,
/ A 1o5™ ||5||L
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for u € H} (Q) is optimal, where Ay denotes the first positive zero of Jo(t) —2tJ;(t) and J,

is the Bessel function of order n.

The above theorem extends the results of H. Brezis and M. Marcus:

Theorem 5.11. (H.Brezis and M. Marcus[7]) Suppose Q is a convex subset of RN then

Vul3dx > *d
/‘ i 4/52 Adiam? (Q)/Qu .

for u € H} (Q) where diam(Q) denotes the diameter of Q.

We establish a generalized version of this result.

Theorem 5.12. Suppose L is nonegative nonzero locally finite measure in Q (possibly

unbounded) and 0 < E € L*(Q) is a solution to
* Ly(E)=pn in Q,
* [VEja=1 aein Q,
e E=0 on 9Q,

then

\Vul3dx > / / uldx,
/ 4 E2 HEHLOG

forallu e CZ(Q).

Proof. We extend E to all of RN and E = 0 on RV\Q. According to the setting in

proof of lemma we consider e-mollification of E. We set Fy := L4(E¢) and 0 <

1 1
£eC?((0,||E||=]). Starting with v = E; >u and u = EZv so u?> = E¢v>. We have

VEe (3 ¥ / 2 / u?
Vuladx— - > Vv|3Eed —d 541
Jrvuiiax—5 [ VoiEedss [ Sdu 4
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also considering y € C2! (Q) and ¢ € C*(Q) we let

V=0,

so we have
Ee|Vv|; = E¢|VO[Ry> + Ec|[Vy|30° + 24E: 0 yVo -V, (5.42)

so according to (5.18)) we have

1 2
/W2E8|V¢|f\dx+2/E£¢V/V¢-V1//Adx+—/ %
Q Q 2 Jo Ee
2

1
= | VP (La(@)0Ee —0AVE:- Vo) dr— [ Fau

L (La(9) AVE.VY  p
‘/g( o 0k _ZEs)dx’

by considering
La(0) AVE:-V

>,
o PEe 2Ee —
and plugging into (5.41)) we have
2 L[ VEE; 5 2 2192
\Vulpdx—— | —="2u"> | V(x)u~dx+ | E¢~|Vy|sdx, (5.43)
Q 4o Ef Q Q

we consider the RHS of (5.41) but first of all according to the first part of the Theorem|5.6|

we have

LA(¢) AVES’V¢ Hu _|VE€‘%4 11 f/(ES) Fe
T B0 2B B <_f (Fe) - )+ 040
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now for [ E¢?|Vy|3dx we have

/Q Ee0’Vy VyAdx — — /Q div(Es9?)yV yAdx
—/AVEE-VI;/q)Zy/dx—Z/ ¢'OEc wV wAdx
_ 1 / AVE: -V (y)*¢%dx— 5 / 0'OEV Yy Adx
— /Q div(AVE,)¢>ydx + /Q 0'OVEe yAdx
_ ! / LA(Eg)vzd)H— / ‘ﬂ/¢2w2AVEgdx

€

by considering ¢ = f(E) we have

1 ) 2 f(Ee)) 2
L E ~— " AVE_.v =— L E ~— " AVE.-VE
) A( E)E‘gd ‘|‘/ evidx 2/ A € Egd +/ Ee) £ evdx
1 2 (f(Ee))
= L E dx—/E AVE:)dx
2 l E)Ee o f(Ee) dVAVE)
__ 1 L (Ee)— d +/ fEe)) o u?La(Ee)dx
2 ‘A t EE ( ) €
R g [ U o,
~ 2Ja °E. f(Ee) ~ °°
(5.45)
plugging (5.45)) and (5.44)) in (5.43) we have
|VE8|A 2 |VE8|A( " f'(Ee )) 2 1 [ F ,
VulZdx ——/ Wdx >/ dx+ = | “Euldx
| vl (Be) gy N
1 J'(Ee) 5
- QFg—dx+ /Fg—d +/ WP Fedx,
(5.46)
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and finally we have

25 |VE€‘A 2 |VE£|i( 1 _f/(Ee)) 2
/Q|Vu|Adx / W2dx /f() (B =1 il

"(Ee) 1
+ / (f £ +E> u? Fedx, (5.47)
€

forallu € C°(Q).
We consider two terms of RHS of (5.47):
According to assumption for the first part of (5.47), [VE|[4 = 1 on Q a.e so we consider:

i (‘f”<Ee> - @) 2

and Ie := Jo (%55 + 5k ) Feuldx where 0 < f € C2((0, | E]-]).

where A (Lambs constant) denote the first positive zero of Jy(7) —

2
By setting A := HE||2

21J; (1) where J, is the Bessel function of order n. Define f(r) := Jy(v/At) so we have

£1(t) = —VA(VAr)), (5.48)
and
(1) = —Ado(VAr) + \/TIJl(\/It), (5.49)

according to (5.48)) and (5.49) we compute

(e FO)_
f(t)( f== ) Jo(VAt)
MW ENWA) YR (V)

_Jo(\/XZ‘) J()(\/Il‘) * J()(\/Il) A,

<Mo<\/1z) - @Jl(\/ﬂ_u) + gh (ﬁu))
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we set

i) 1 —VALWA) 1 =2VAt (VL) +Jo(VAr)

R0 e T A T v O
since -
A 0.940....
Va= (et ) = e
and
1.880...
VA =

sol(t) >01in (0, ||E||7). Since

ey SE) A
f(E£)< SEe) E¢ ) A |Eell7-"

by substitution in

2 |VE8|A 2 |VE€’,% 1 f/(EE) 2
/vauyAdx— / W2dx /f(Ee) (—f ()~ )udx,

we have

2 1 [ |VEZ 5 2.2
/]Vu]Adx——/ U dxz/MVE\Au dx+1I¢
Q 4Ja E Q
:l/ \VE|3uldx+I¢

)LZ
Bl

/ \VEe|Zuldx+1I, (5.51)

now considering Young’s convolution inequality, Theorem [I.31] and p = 1, ¢ = o and

r = 1 we have

|Eell> = [[Me *E|lp1 < [ Mellpt|E||~

so according to (5.5T) we have

VE
/|vu|3,dx— /' 32> /WE| Pdx+1,,
o HEHL""
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where (1) = JJC’T(II)) +4>0and I = [q <J}((g§)) + ﬁ) u? Fedx so
Ig :/ lA(Eg)MZngx,
Q
since
= (—1)/ /x\2i 2 x* x8
J = <—) - 1 - )

0(x) ,ZE) (N2 \2 2 T2 T %G T
and

> (=1 x\2Hl x X x° x’

Ji(x) = (_) _ _ .
1) jgj!(ﬁ N2 27 P2 T 5nEy T 276N@E) ¢

and both are in C* and since

1) = 2V AxJ1 (VAx) + Jo(V2Ax)
B 2tJo(V/Ax) ’

sol € C=((0,||E||z=])-

Since for each member in HJ (Q) there is a sequence in C°(Q) so when € — 0 we have

I(E¢)=I(E+¢)=I(E),

sowe have ul(E¢) —» ul(E) in  HI(Q), also Fr ¢ C(Q) and p € H} (Q) so by using of

continuous linear function we have uFy — up in (H}(Q))* = H~!(Q), so we have

lim 7, (1) :nm/Q (f/(EE) +L) W2 Fedx

£—=0 £—=0 f(Ee)  2FE;
=lim [ I(E¢)u’Fedx
e—=0J0
_ / I(E)uldp
Q
/

(25 )
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since [(E) >0 and u?1 > 0so I > 0as € — 0. Since |VE|4 =1 a.e on Q and passing

the limit of

IVE,|4 A2
/|V |Ad _4_1 0 E§A u*dx > ||E‘(|) /| E8|Au2dx—|—/
LOQ

SO

2Eg) ungdx,

\Vu|%dx — / —dx > / utdx,
/ 4 ||EHL°°

2

1 u? A
vu2dx>—/ Y x4 20 /uzdx
Jolwis> 3 [ i |,

finally

90



Bibliography

[1]

(2]

[5]

[7]

ADIMURTHI, CHAUDHURI, N., AND RAMASWAMY, M. An improved Hardy-
Sobolev inequality and its application. Proc. Amer. Math. Soc. 130, 2 (2002), 489—
505.

ADIMURTHI, AND ESTEBAN, M. J. An improved Hardy-Sobolev inequality in

WP and its application to Schrodinger operators. NoDEA Nonlinear Differential

Equations Appl. 12,2 (2005), 243-263.

ADIMURTHI, AND SEKAR, A. Role of the fundamental solution in Hardy-Sobolev-

type inequalities. Proc. Roy. Soc. Edinburgh Sect. A 136, 6 (2006), 1111-1130.

ALLEGRETTO, W., AND HUANG, Y. X. A Picone’s identity for the p-Laplacian and

applications. Nonlinear Anal. 32,7 (1998), 819-830.

AVKHADIEV, F. G., AND WIRTHS, K.-J. Unified poincare and hardy inequalities
with sharp constants for convex domains. ZAMM Z. Angew. Math. Mech. 87, 8-9
(2007), 632-642.

BARBATIS, G., FILIPPAS, S., AND TERTIKAS, A. Series expansion for [ hardy

inequalities. Indiana Univ. Math. J 52, 1 (2003), 171-190.

BREZIS, AND MARCUS, M. Hardy’s inequalities revisited. Ann. Scuola Norm. Sup.

Pisa Cl. Sci. (4) 25, 1-2 (1997), 217-237 (1998). Dedicated to Ennio De Giorgi.

91



[8] CowaN, C. Optimal Hardy inequalities for general elliptic operators with improve-

ments. Commun. Pure Appl. Anal. 9, 1 (2010), 109-140.

[9] CycoON, H. L., FROESE, R. G., KIRSCH, W., AND SIMON, B. Schrodinger oper-
ators with application to quantum mechanics and global geometry, study ed. Texts

and Monographs in Physics. Springer-Verlag, Berlin, 1987.

[10] FILIPPAS, S., AND TERTIKAS, A. Optimizing improved Hardy inequalities. J.

Funct. Anal. 192, 1 (2002), 186-233.

[11] FLECKINGER, J., HARRELL, II, E. M., AND DE THELIN, F. Boundary behavior

and estimates for solutions of equations containing the p-Laplacian. Electron. J.

Differential Equations (1999), No. 38, 19 pp.

[12] GHOUSSOUB, N., AND MORADIFAM, A. Bessel pairs and optimal hardy and hardy-

rellich inequalities. Stud. Univ. Babecs-Bolyai Math. 36 (2007).

[13] GHOUSSOUB, N., AND MORADIFAM, A. On the best possible remaining term in

the Hardy inequality. Proc. Natl. Acad. Sci. USA 105, 37 (2008), 13746-13751.

[14] LAMBERTI, P. D., AND PINCHOVER, Y. L” Hardy inequality on C'"Y domains. Ann.

Sc. Norm. Super. Pisa Cl. Sci. (5) 19, 3 (2019), 1135-1159.

[15] MARCUS, M., MIZEL, V. J., AND PINCHOVER, Y. On the best constant for Hardy’s

inequality in RN. Trans. Amer. Math. Soc. 350, 8 (1998), 3237-3255.

[16] MAZ’JA, V. G. Sobolev spaces. Springer Series in Soviet Mathematics. Springer-

Verlag, Berlin, 1985. Translated from the Russian by T. O. Shaposhnikova.

[17] Oric, B., AND KUFNER, A. Hardy-type inequalities, vol. 219 of Pitman Research

Notes in Mathematics Series. Longman Scientific & Technical, Harlow, 1990.

[18] PINCHOVER, Y., AND TINTAREV, K. Ground state alternative for p-Laplacian with

potential term. Calc. Var. Partial Differential Equations 28, 2 (2007), 179-201.

92



[19] VAZQUEZ, J. L., AND ZUAZUA, E. The Hardy inequality and the asymptotic be-
haviour of the heat equation with an inverse-square potential. J. Funct. Anal. 173, 1

(2000), 103-153.

[20] WANG, Z.-Q., AND WILLEM, M. Caffarelli-Kohn-Nirenberg inequalities with re-

mainder terms. J. Funct. Anal. 203, 2 (2003), 550-568.

[21] WANG, Z.-Q., AND ZHU, M. Hardy inequalities with boundary terms. Electron. J.

Differential Equations (2003), No. 43, 8.

93



	Introduction
	Mathematical Tools
	Density in W01,p

	Motivation of Hardy Inequality
	Classical Hardy Inequalities

	Various Hardy Inequalities
	Weighted Versions of Hardy Inequality
	More General Weighted Inequalities

	Improvement
	Bibliography

