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Abstract

Kernel density estimation (KDE) is a seasoned concept in nonparametric density estimation
problems. KDE accuracy depends on the shape of the kernel as well as the bandwidth of
the kernel. However, the shape of the kernel has only a minor influence on the estimation,
whereas selecting proper smoothing parameter (bandwidth) is critical. If the bandwidth
is too small, then spurious features become visible, whereas when the selected bandwidth
is too large, important features disappear. Many bandwidth selection methods have been
developed over the years, where each has its own characteristics. Few bandwidth selection
methods are selected systematically from the recent research literature and verified using
simulations in R for a sample dataset. Strengths and limitations of each method is identified
and discussed.

Similarly, there exists Bernstein density estimation (BDE) methods for nonparamet-
ric density estimation, which are gaining much interest recently. BDEs have an advantage
over KDEs when underling density is supported in an unit interval. BDEs are inherently
stable in boundaries and have very low boundary bias, but they also introduce consider-
able variance when compared to KDEs. Like bandwidth selection in KDE, accurate order
selection is critical in BDE. Order selection criteria of existing BDEs are then discussed.
Based on the limitations identified from KDEs and existing BDEs, few data driven or-
der selection methods are introduced for Bernstein polynomial estimators of density func-
tions on the unit interval. These methods are also verified with a simulation in R, and
respective error criteria are compared to verify the effectiveness of the new order selec-
tion methods. Finally, bootstrapped order selection method is identified as a potential

candidate for further investigation, whereas it’s desirable features are clearly identified.

Keywords: Kernel density estimation, Nonparametric density estimation, Bandwidth se-

lection, Bernstein density estimation, Order selection, Bootstrapped order selector.
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Chapter 1

Introduction

Apart from histograms, the kernel density estimator is the most commonly used density
estimator in academia (see Silverman, [2018). But to effectively use this estimation method,
a proper bandwidth should be selected for the kernel. In simple cases one might be able to use
visual inspection for adjusting the smoothing parameter, but there should be a systematic
way of obtaining an appropriate smoothing parameter relative to a given data set. One
reason for such automatic selection of smoothing parameter is the necessity to set a default
in data analysis software (see M. C. Jones et al., |1996)). Another reason is for use in
applications where many densities have to be estimated simultaneously from many data

sets, for instance when monitoring processes for quality control.

1.1 Density Estimation

Loosely speaking, the density, or the probability density, is the relationship between the
outcomes of a random variable and its probability. Some outcomes of a random variable
may yield low probability, whereas another outcome may result in a higher probability.
Probability calculations can be done using the probability density function (PDF) if the
variable is continuous. The shape of the PDF is called the probability distribution and

common probability distributions are uniform, normal, exponential, etc.
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For any random variable X with a probability density function f, the probabilities

associated with X can be expressed as

P(a<X<b)=[abf(a:)dx,

for all a < b. If we know the density of a random variable, we can calculate its moments, such
as mean and variance. We can also use it for deciding whether an observation is unlikely
or very unlikely and might be an outlier or anomaly. One common issue is that we may
not know the probability distribution for a specific random variable because we don’t have
access to every single outcome for that random variable. However, we may have access to
a random sample from that distribution and thus, we can estimate this probability density

function.

One way to deal with density estimation is to use a parametric approach. Consider data
drawn from a known distribution, such as the normal distribution with mean p and variance
o2. Once we know the reference family of distributions, we can estimate the density of the
random variable by estimating the parameters of the distribution from a random sample of
data. After we have estimated the density, we can find if it is a good fit. Easily, we can plot
the density function and compare it with the histogram as shown in Figure Another
approach is to repeatedly sample from this estimated density function and compare those

simulated samples to the real sample that was actually observed.

In some instances, however, the PDF can’t be easily identified from the sampled data.
For this instance, the data may not seem closely related to a known parametric family.
Parametric density estimation is then not useful and a nonparametric method can instead
be used. The distribution will still have parameters but these will not be easily estimated
as with a simple PDF. For this instance, all observations in a random sample will be used

to estimate the PDF, which makes all of them "parameters" of the PDF in some sense.

The focal point of this thesis will be nonparametric methods to estimate a univariate

probability function. In particular, we will discuss Histograms and Kernel density estimates
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Figure 1.1. Histogram of a random sample of size n = 100 generated from a normal
distribution with p = 10 and o = 5. The true density is given in red.

(KDE) but our main interest will be Bernstein polynomial estimates.

1.2 Histograms

Histograms are a powerful tool when it comes to identifying the overall shape of univariate
distributions. The histogram is the oldest and most widely used density estimation tool.
Specifically, let X1, X5, ....., X;, denote a sample of n independent univariate observations
with density f. Now consider an origin xg and a bin width h. The bins of the histogram are
defined as intervals of the form [xg + mh,zo + (m + 1)h) for positive and negative integers
m. Here, the left boundary is chosen to be closed and right boundary is chosen to be open
although the opposite would work as well. Silverman (2018) defines a histogram as
f(z) = n—lh(no of X; in same bin as x).
Clearly, bin width plays an important role in the above expression and plays the role of

a parameter in density estimation using a histogram. Coarser bins produce flatter density
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estimates whereas finer bins produce fluctuating density estimates.
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Figure 1.2. Histogram of the old faithful geyser data where number of eruptions
n =272 with bin width a) h=0.4; b) h=0.2; ¢) h=0.1.

This can be seen in Figure [I.2) where we present a histogram of the famous old faithful
geyser data. These data represent the durations of 272 eruptions of the old faithful geyser
in Yellow Stone National Park, USA, and were originally used by Silverman (1986]). An-
other important parameter is the starting position of the first bin, which will affect density
estimation for all bins and this effect is shown in Figure [1.3] The estimate defined above

can also be written as

(proportion of X; in same bin as x)
(width of bin containing )

f(x) =

Bin width and origin should be selected appropriately to get a satisfactory density estimate
as a bad choice of these parameters will result in an unsatisfactory density estimate. Further-

more, being step functions, histograms provide density estimates that can change suddenly.
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Figure 1.3. Histogram of the Old Faithful Geyser data with origin a) xo = 1.5; b)
20 = 1.25

Histograms can be flat and then change suddenly for a few outliers. Finally, when the ob-
servations are multi-dimensional, the number of bins increases exponentially thus making

the number of observations required to populate the bins also increase too quickly.

Although the histogram is a simple, intuitive and powerful tool in density estimation,
the above drawbacks motivate one to consider alternate density estimation techniques. For
instance, a generalization of the histogram can be obtained by allowing bin width to vary,
but by fixing the number of observations falling into each bin instead. This popular variant
of the histogram is known as the nearest neighbour estimator. The approach we take in

what follows will be different however.
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1.3 The Kernel Density Estimator

Kernel density estimation (KDE) is the most common nonparametric approach to PDF
estimation. As stated earlier, histograms are not smooth, because they are basically step
functions. The overall shape of the histogram depends on the bin width and the starting
point of the bins. Kernel estimators on the other hand, place a kernel function at each data
point to eliminate the dependence on the end points of the bins. A kernel is a mathematical

function which satisfies the conditions

[: K(x)dr =1,

and K(z) > 0 for all x € R, making K a probability density function. Although it is not
required, it is also generally assumed that K is symmetric. Following (see Silverman, [2018]),

we define the kernel estimator with kernel K as

Ful) = iK(x‘X) (1.1)

By introducing the notation Kj(u) = h™'K(u/h) we can further express (1.1) as,

fu(x) = %iKh(x_Xi) (1.2)

This estimator places an identical “bump” at each observation, X1, Xo,....., X;;. The shape
of these bumps is determined by the kernel function K, whereas the width is determined by
the smoothing parameter h, also called bandwidth. As can be seen in and illustrated
in Figure the estimator fh is constructed by adding together all these bumps located at
the observations. For this example, we use Gaussian kernel and the observed sample is X;
=0,1,1.1,1.5, 1.9, 2.8, 2.9 and 3.5.

The change in bandwidth and its effect on the kernel estimate is illustrated in Figure
When h is small, spikes tend to appear in the density estimate, whereas the estimate

flattens when h becomes large. In other words, a large bandwidth may produce coarse density
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Figure 1.4. Kernel estimator with individual kernels of bandwidth h=0.4 for a sample
size n=8 with observations on X; = 0, 1, 1.1, 1.5, 1.9, 2.8, 2.9 and 3.5.

estimates with little details and a small bandwidth may show too much details. Although
a sample of size 8 was used in Figures [[.4] and [1.5] the same effect can be seen with large
datasets. Figure illustrates this by displaying two kernel estimators constructed from the
Old Faithful Geyser data considered earlier. In contrast to the histograms of Figures and
individual windows are centered at each data point. Hence the KDE doesn’t depend
on a change of origin or starting point. We have seen that the bandwidth A has a crucial
impact on the KDE; its shape can vary significantly when changing the value of h. Apart
from the bandwidth A, the KDE also depends on the kernel function used for estimation.
The Gaussian, Uniform and Epanechnikov kernels are some of the commonly used kernel
functions. Interestingly, the kernel function has a minor influence on the resulting kernel

estimate as illustrated in Figure
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Figure 1.5. Kernel estimator with individual Gaussian kernels, (a) h=0.2 and (b)
h=0.5, for the same example as in Figurelzl
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Figure 1.6. Kernel estimates for the Geyser data obtained using a Gaussian kernel
with a) h=0.25 b) h=0.05
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1.3.1 Evaluation of Kernel Estimator

From an inferential perspective, it is important that an appropriate error criteria be defined
to evaluate the performance of the kernel density estimator. One such common measure in

Statistics is the mean squared error (MSE), defined as
MSE(f) = E(0 - 0)?,

where 6 generally denotes an estimator of a parameter 6, for which inference is desired. This

can be decomposed into variance and squared bias as
2

MSE(6) = Var(d) + [E(d) - 0)]

This decomposition makes it easy to interpret the performance of the kernel density esti-
mator. In the current context, MSE can be used to asses the performance of fh at a point
x € R. For this, the mean and variance of fh(ac) can be derived from 1) where X is a

random variable of density f. Specifically, we have

E[fu(@)] =E[Kn(e - X)] = [ Kn(e=9)f () dy.

and, introducing the convolution notation,

(F+9)(@) = [ = )g(y)dy.

the bias of fh(ac) can be finally expressed as,

E[fu(2)] - £(2) = (Kn * F)(z) - f(2). (13)

Similarly, the variance of fh(x) can be derived as,

Var[ (7 ()}] = = (K2« (@) - (53 = £7(0)] (1.4)
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Expressions ((1.3) and (1.4)) can be combined to obtain

MSE{fn(2)} = %{(K;QL + @) = (K o+ (@)} + {(K; + @) - f(2))?
Thus, as above, we again have that
MSE{ f,(2)} = VARIANCE + BIAS?.

Instead of considering estimating the density f at a unique fixed point x, it is usually
designed to estimate f over its entire support, especially to visualize its global features.
Hence it is required to asses the estimation error over the global domain rather than in a
local region or at a given point. This is achieved by integrating the mean squared error.

The resulting integrated mean squared error is given by

IMSE(fh):/RMSE(fh(x))dx.

This measure of performance averages the performance of fh over all possible samples.
Another approach is to instead assess how well f has been estimated for the given data set

(see Wand & Jones, 1994). This is done using the integrated squared error

50} = [ {(@) - 1) de. (1.5)

Note that ISE( fh) is itself a random variable which depends on h and it evaluates the error
for the given data set only, it does not account for other possible data sets that can be drawn

from the density. We note that it is normally the case that

EISE(fi}]=E [ {fu(e) - f(0)) de= [ MSE(f(n)}de =IMSE(f) (10

An interesting discussion on these discrepancy measures can be found in M. C. Jones et al.

(1996). Squared error is often preferred to the absolute error for instance, as it reduces
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computational complexity. This being said, some authors are strong advocates of the use of

integrated absolute errors (see Devroye et al., [1997)).

1.3.2 Bandwidth selection

When MISE is considered, one common approach to minimize the error associated with the

density estimator is to obtain the optimum bandwidth A,y defined as

hopt = argmin MISE(h).
h>0

In order to do this, however, we need an explicit expression of the MISE that we can try
to minimize. When f is sufficiently smooth (twice continuously differentiable) such an

expression that is valid asymptotically is,
. 1 5 nooa 1 4 1
MISE(fn) = zp2(K)R(f )" + —R(K) +o(h” + —),
4 nh nh

where, po(K) = [p2?K(x)dz and R(z) = [ 2(x)?dz (see Wand & Jones, 1994), sect.2.5.
The remainder form of the above expression is negligible when A — 0, % —0asn — oco. The

governing part of the MISE, denoted as the asymptotic MISE (AMISE), is then given by

AMISE(fy) = (i3 (K)R(S W'+ - R(K). (1.7)

Looking closely at the above equation, we can see that the first term (integrated squared
bias) is asymptotically comparable to 2. This means if we want to decrease bias, we should
take h to be small. But by decreasing h the second term (integrated variance) is increased
due to its inverse relationship. As n increases, h should behave in such a way that both
terms of AMISE become smaller thus leading to the conditions given above. This is often
referred to as the variance-bias trade off, and it is a critical aspect of proper bandwidth

selection.

The expression for AMISE in (1.7)) is much simpler than the expression for the MISE.
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Due to its simple form it is possible to derive the bandwidth that minimizes the AMISE as,

hAaMISE = [ (1.8)

R(K) ]“nm
2 (K)*R(f") |

Apart from the dependence to K and n, the haisg is inversely proportional to R(f"”)'/®,
where R(f") = fR(f"({L‘))Qd:U is a measure of the total curvature of the density function to
be estimated. Thus, the optimal bandwidth should be smaller for a function with higher
curvature and vice versa. Unfortunately, using directly is usually not possible since
R(f") is not known. One solution is to estimate R(f") based on the available data and then
derive the hanisg, but many other approaches are possible. Some of these will be discussed

in detail in Chapter 2.

1.4 Bernstein Polynomials

Polynomial functions are extensively used to model scientific problems due to their finite
properties under algebraic operations. In other words, they show closure under mathematical
operations such as addition, multiplication, differentiation, integration and composition.
Generally, a closed form expression for a scientific problem is not easily obtained. Often a
solution is instead approximated using one or more closed form polynomial approximations.
The inception of the Bernstein basis was to address this approximation requirement (see
Bernstein, 1912} Farouki, 2012).

The Bernstein polynomial basis of degree m is defined as

Pem(@) = (1) (1), (1.9)
for £ =0,....,m. A linear combination of Bernstein polynomials can be defined by

Bu(@) = 3" AP (),
k=0

and is known as a Bernstein polynomial of order m, where §j are referred to as Bernstein
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coefficients (Kakizawa, 2004).

Density estimation can be achieved with the aid of Bernstein polynomials since they are
a simple and convenient form of polynomial approximation and have a nice probabilistic in-
terpretation. In the case of a density defined on the unit interval, kernel estimators generally
tend to result in unsatisfactory behaviour near the boundaries, whereas Bernstein polyno-
mial estimators naturally lead to acceptable behaviour near the boundaries (see Leblanc,
2010). More details on Bernstein polynomial estimators, on the selection of the order m of
an estimator and the application of Bernstein polynomial estimators to density estimation

will be presented in Chapter 3.

1.5 Organization of Thesis

This thesis is organized as follows. In Chapter 2, we discuss existing bandwidth selection
methods in kernel density estimation. A brief description of some selected methods is given.
The pros and cons of each method are discussed. In Chapter 3, we discuss on Bernstein
density estimators (BDE) and order selection for BDE, where as cross-validation based
methods and bootstrap based methods are compared. Simulation results and data analysis
are presented in Chapter 4. We propose Bernstein polynomial order selection methods and
examine and validate them through simulation. Chapter 5, the final chapter, summarizes

our findings and presents conclusions and opportunities for improvement.



Chapter 2

Bandwidth selection methods in

Kernel Density Estimation

Even though bandwidth selection is a critical aspect in kernel density estimation, a perfect
procedure for selecting an optimal bandwidth is yet unknown in the statistical literature.
However, selection of a reasonable bandwidth selector can be achieved from existing band-
width selection methods, at least for specific problems (see Heidenreich et al., |[2013]). Hence
it is helpful to review these methods and their performance. More than 30 bandwidth se-
lectors can be identified in the recent statistical literature, of which a few methods will be

discussed in this chapter.

2.1 Plug-in methods

2.1.1 Normal scale rules

This method is based on using the bandwidth that is AMISE-optimal for the normal dis-
tribution scaled to the estimate of the underlying distribution. Using (1.8) the bandwidth
that minimizes MISE(f;,) can be shown as

R(K) ]1/5 oy
Mmoo

hamise = [W

15
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where

i (K) = fR K (2)dx

is the jth moment of the kernel K. Then kernel K is called a k*" order kernel, if po(K) =
Lpui(K)=0for j = 1,.,k-1 and p(K) # 0. In what follows, it is required that K is
symmetric and that k is even. It can be shown that, for a normal distribution f with

variance o2,

%WMKWWJ_W

hamrse = [ 312 (K)?

Now by replacing o with an estimate ¢ as described in Silverman (1986)), pp.45-47, we can

obtain a normal scale bandwidth selector

) sc2R(K)]1P .,
hys = | = | oo
e [ (k)2 | 7"

In this case the bandwidth to use then depends on the samples data through & and on the

kernel to be used to construct the density estimator.

2.1.2 Direct plug-in rules

The basic idea in plug-in methods is to “plug in” an estimate for R(f”) in the asymptotically

optimal bandwidth. Define
RS = [ 1O (@),

the integral of the squared s derivative of f. Under sufficient smoothness assumptions on

f, it can be shown that

R(FO) = (-1 [ 1®(@)f(2)d.

Therefore, we can study estimations of functions of the form

vo= [ 1O @) (@),
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for even r. Then, as previously discussed in ([1.8)) the AMISE optimal bandwidth can be
defined as

R(K) 1/5
hawmise = —] n/o,

p2 (K)4y

Direct plug-in (DPI) rules simply replace 14 by an estimated 1214 leading to

R(K) 1/5
hppr = —] n e,

pi2 (K )21y

As outlined in Wand and Jones (1994)-sect.3.5 a common approach is to use a kernel esti-

mator

h(g) = 23 FO (Xig) = £
zbr(g)—n;f (Xiz9) = — ;

|| M:

L (X; - X;),

where L is another kernel function potentially different from K and that depends on a
pilot bandwidth g. Even though it is simple, this method is not fully automatic due to the
dependence of hpp; on the choice of this pilot bandwidth. A simple way of choosing ¢ is
to use the equation for the AMSE-optimal bandwidth for )4 (g). Considering the use of the

same second order kernel, the AMSE-optimal bandwidth to estimate 14 can be stated as

/7
20 1"
—M2(K)¢6] "o 21)

YAMSE = l
As can be seen from the above equation, the optimal choice for ¢ depends on the unknown
1g. If we try to estimate g from another kernel estimate, as was done above with 1y,
then there will be a dependence to 5. Generally, the optimal bandwidth for estimating the
functional v, depends on ¥,.2. So, there is a family of plug-in bandwidth selectors which
depend on the number of stages [, rather than one simple selector for a given problem. This
rule is called the [ stage direct plug-in bandwidth selector and the resulting bandwidth is
denoted as h ppr,- The normal scale rule is a special instance of the method and corresponds

to the zero-stage direct plug-in bandwidth.

2

The functional v, associated to the normal density with variance ¢“ can be shown to



Chapter 2. Bandwidth selection methods in Kernel Density Estimation 18

be
(-1)"72 7!

Ur = oy () 2

(2.2)

when r is even, and ¢, = 0 for r odd. Making use of this, the following 4-stage direct plug-in
was proposed by Sheather and Jones (1991)) using a second order kernel K. First estimate
1g using the normal scale rule by using ([2.2)), leading to

S =105/ (3271/%69), (2.3)

where & is an estimate of scale. Next g can be estimated using the kernel estimator 1[)6 (91)

where,
—2K©)(0)q1/9 _
g1 = [_ A(N?q] n (2.4)
M2 (K)ws
Then, 14 is estimated using the kernel estimator 1&4 (g2) where,
—2KW(0) U7 _
g2 = [—()] n U7, (2.5)
p2(K)ve(g1)
Finally, the selected plug-in bandwidth can be obtained as,
. R(K /5 _
hppra = [%] n/o, (2.6)
p2(K)*4(g2)

Despite its simplicity, this approach leads to another difficulty, when it comes to choosing
the number of stages to be used for the plug-in approach: can one determine the required
number of stages? When the number of stages [ increases, the bias of the bandwidth selector
is reduced. On the other hand, when the number of stages increases, the selector becomes

more variable. Determining the optimal number of stages is still an open problem.

2.1.3 Solve-the-equation rules

The main idea behind the solve-the-equation rule is to choose h to satisfy (2.7]) below, and

related to the expression for AMISE-optimal bandwidths (see Park & Marron, [1990; Scott
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et al.,|[1980; Sheather, 1986)). As was described above, the optimal AMISE value of h satisfies

1/5
h= [ R(K) ] n, (2.7)
p12(K)2a(y(R))

where y(h) is a bandwidth to be determined. On the other hand, a pilot bandwidth to

estimate 14 can be found by noting that the optimal bandwidth g to estimate 14 satisifes

2L (0)p2(K)?
R(K)p2(L)

17
JAMSE = ] (—ta/ ¢6)1/7h5A/1\7/IISE'

Hence, v(h) can be defined as,

2L (0) 2 (K)?
R(K)p2(L)

17
v(h) = l ] {=a(g1) /s (g2) RO, (2.8)

by making use of the kernel estimates of ¢4 and g that we previously introduced. The pilot
bandwidths g; and g2 can be calculated from (2.4]) and (2.5]), (see Sheather & Jones, [1991)).

Finally, hAgpe is found by numerically solving for the h value satisfying (2.7)), using y(h) as
defined in (2.8]).

A two-stage solve-the-equation bandwidth selection can also be defined in the following
way (see Wand & Jones, [1994)-sect.3.6.2. We proceed similarly to DPI using (2.3]). First,
assume that K is a symmetric kernel of order k, k = 2,4, ..., having r derivatives, such that

(—1)(”’“)/2”]((“)(O)Iuk(K) >0 and estimate 1)g and g with,
&S = —15/(1671/267) and ¢S = 105/(3211/267).

Next 104 and g can be estimated using vy (g1) and e (g2) where,

- _2K(4)(0) ]1/7n—1/7

_9K(6) 1/9
o= A L
mug(K)wéVS

and ¢o = =
[MQ(K)%];VS
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Finally, as before, estimate 14 using there kernel estimator ¥4 (y2(h)) where,

R /
2K (0) 2 (K)tha(g1) ]1 7h5/7_

)= ! ~6(g2) R(K)

Then, the selected bandwidth hggjye 2 is found by solving for the value of h satisfying,

1/5
h:[ R(K) ]wa

pi2 (K ) 2p4 (2(h))

which is the same as ([2.7)), but using different pilot bandwidths.

2.1.4 Further plug-in methods

Looking at other plug-in methods in recent literature, we can see that the main difference
of these methods is in the selection of pilot bandwidth g. Apart form the methods discussed
above, an interesting plug-in approach can be found in Héardle et al. (2012). This refined
plug-in method starts with the Silverman (1986) rule-of-thumb bandwidth for Gaussian
kernels given by

hs = 1.06 min{1.347' IQR, s, }n" /",

where IQR denotes the Interquartile Range of the sample and s,, denotes the sample standard
deviation. Then, h; is adjusted for Quartic kernels based on the idea of canonical kernels
and equivalence bandwidths. This adjustment is done considering the slower optimal rate for
second derivative estimation, from which the pilot bandwidth is derived as (see Heidenreich
et al., 2013

g = hy2.6226n%%.

However, we are not including this method in our simulation study, and focus on the direct

plug-in and solve-the-equation plug-in methods discussed earlier.
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2.2 Cross-validation methods

By far, the most researched method for bandwidth selection is cross-validation (CV) (see
Chiu, [1996) and all of its variants. The origin of this methodology dates back to the 1980’s
(see Bowman et al., [1984; Rudemo, [1982) but pseudo-likelihood cross-validation methods
date back even further to 1974 in the statistical literature (see Habbema et al., |[1974)). Ever
since the idea has been introduced, numerous modifications and improvements have been
proposed mainly to overcome the lack of stability of these methods in some contexts (Chiu,
1991). Some of the improvements in cross-validation methods are modified cross-validation
(MCV) (see Stute, 1992), one sided cross-validation (OSCV) (see Martinez-Miranda et al.,
2006) and indirect cross-validation (ICV) (see Savchuk et al., 2010).

In principle, cross-validation methods try to estimate the optimal bandwidth ilopt by
minimizing the integrated squared error of the considered estimator. Expanding the terms

in (1.5)), the integrated squared error (ISE) can be written as

ISE(h) = fR F2(x)dz - 2B{ f1,(X)} + R(f). (2.9)

Looking closely at the above equation, we can see that the first and second terms are
dependent on the bandwidth and can be calculated or estimated from data. The third term
is not dependent on bandwidth and can be ignored when interest lies in minimizing
with respect to h. Approaches to estimating the second term on the right hand side of

vary and lead to different versions of cross-validation.

2.2.1 Least squares cross-validation

Least squares cross-validation (LSCV) is one of the most popular CV methods and can be
explained by three steps in general. First, a subset of the data are selected from the sample
to estimate a model. Then, the remaining observations are used to asses the fitted model.
This is repeated over many possible subsets of the initial data and the model with the best

average fit or, often, minimum average "error" is selected. In the current setup, each of
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these models correspond to a different choice of the bandwidth h, and estimated densities
are constructed using a leave one out method (see Olga, 2009). We can rearrange (2.9) to
give,

ISE(h) - R(f) = [ f(@)da—2E{fn(X)}

Note that R(f) = [ f*(x)dz doesn’t depend on h. Taking the expected value of the above

expression,

MISE(h) - R(f) = E(SE(h)) - R(/) - E{ [ Fi@yia- 2E{fh<X)}}.

We can see that the right side of the above is unknown because of its dependence on f.

However, we can write an unbiased estimator for this expression as (see Heidenreich et al.,

2013),

LSCV(h)=Afz(m)dx—2%ifi(Xi), (2.10)

where

) 1 o
feiy(x) = WZKh(HT—Xj)

J#
is the density estimate excluding X;, hence called the leave-one-out density estimator. We

can further simplify (2.10) as (see Appendix [A.1)),

_ 2K3(0)

LSOV(h) = [ fi(e)de - lefhm) -

This alternate expression is important for its computational convenience. The goal is then
to choose h to minimize LSCV (h). This selected bandwidth will be denoted as hiscy. Note
that in some instances, LSCV(h) has more than one local minimum (see Hall & Marron,

1991)).

Even though this method is simple to use, it is known to lack stability in some cases
even when the sample size increases. Specifically, hiscy is highly variable. But due to

its simplicity, this method has been used extensively and many researchers have proposed
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modifications in an attempt to improve stability.

2.2.2 Indirect cross-validation

This method can be used select the bandwidth of any second order kernel estimator as
described in Section Indirect cross-validation (ICV) can be described in three steps.
First, the bandwidth of a KDE using kernel L is investigated using LSCV. Denote the
resulting minimizing bandwidth as bLscv. Then, based on the assumption that the density
function to be estimated is twice differentiable, the optimal bandwidth of a KDE using
kernel K, denoted h,, and optimal bandwidth of the KDE using kernel L, denoted b,, can

be shown to satisfy,

(RO
hn_(W;(K)) bn = Chy,. (2.11)

The ICV bandwidth to use with the KDE with kernel K is then defined as hicy = Chbrscy.
The key is that C' can be calculated as it does not depend on any unknown quantities. Now
in order to select L, consider the family of kernels £ = {L(.;,0) : @ > 0,0 > 0}, such that

for all u,

L(u;a,0) = (1+a)é(u) - §¢(g), (2.12)

where ¢ denotes the Gaussian kernel. Note that this reduces to the Gaussian kernel when

o =1. Also, each member of £ is symmetric around 0 and satisfies
— 2 _ 2 _ 2
Har, = /Ru L(w)du=1+a-ac“=1+a(l-07),

and is a second order kernel, except when o =+/(1 + a)/a. Practically, a and o values that

have been recommended are

6
o = 103-390-1.003 log;(n)+0.025 log, o (n)3~0-00004log ~10(n)

and

o = 1070-58+0.386 log;(n)-0.012 logo(n)?
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when 100 < n < 500000 (see Savchuk et al., [2010). Based on practical considerations, the
simple choices of « = 2.42 and o = max(5.06,0.149 n3/ 8) have also been recommended. Note

that, max(5.06,0.149 n3/®) = 5.06 for n < 12094.

2.2.3 Biased cross-validation

Biased cross-validation, introduced by Scott and Terrell (1987), has better asymptotic sta-
bility compared to least squares cross-validation. Here, the asymptotic MISE (AMISE)
given in ((1.7)) is used instead of MISE as the basis for bandwidth selection. Specifically, an

—_—

estimate R(f") is used for the unknown R(f") in the BCV objective function,

R(f") = R(fy) ~ (nh®) 'R(K") = Y (K + Kp)(Xi = Xp). (213)

1#]

P

Since R(f") is a crossvalidatory estimator (also based on a leave-one-out argument), this

method has a strong relation to least squares cross-validation. Then,
1 e
BCV(h) = (nh) ' R(K) + Zf#M(K)QR( ) (2.14)

is clearly an estimator of AMISE. Also, since the unknown R(f") is replaced by R(f”), this
selector can be considered as a hybrid of cross-validation and plug-in bandwidth selection,
as discussed in Section . As an estimator of Ay, the minimizer of BCV(h), is denoted by

h Bov- This bandwidth selector has a lower asymptotic variance but increased bias compared

to hrsov.

2.2.4 One-sided cross-validation

This is another method proposed to obtain a more stable smoothing parameter compared to
ordinary cross-validation. The method was initially introduced for local linear smoothers,
and then was extended to kernel smoothers. For a kernel density estimator fh, M based on

kernel M, the associated local linear estimator can be denoted as fAh7 A+ with kernel M
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given by (see Hart & Yi, 1998)

M* () = p2(M) — pr (M)u

= () - 2oy )

Applying the OSCV method, the kernel M (u) is taken as 2K (u)1(_c ) in left-sided cross-
validation and as 2K (u)1(g ) in right-sided cross-validation. This produces the left and

right side kernels,

pa(K) +upg (K)

p2(K) = (pi(K))?
p2(K) — upi (K)
p2(K) = (i (K))?

where pj(K) = 2 [i7 uK (u)du and 1(_ ), 1(0,c0) are indicator functions, based on the

Kp(u) = 2K (4)1(00,0)5

KR(U') = 2K(u)1(0,oo)a

assumption that the kernel K is symmetric. Now, the left-sided cross-validation criterion

OSCVy, is defined as
N 9 n
OSCV(h) = fR F e, (@)= =3 e, (X0). (2.15)
i=1

Let hz be the minimizer of the above. Then, it can be shown asymptotically that (see

Mammen et al., 2011

hroscv =Crhy, (2.16)
where /
MKmaKmy5

Cr=|———=—"=~ . 2.17

L(@UQMKQ (217)

Similarly, the right-sided cross-validation criterion can be defined as
. 9 n
OSCVa(h) = [ f2 scp(@)de == Y e (X0), (2.18)
i=1
and the right-OSCV bandwidth satisfies

hroscv = Crhg, (2.19)
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with Cr defined as in with the obvious modification to use Kr. Note that and
are not the leave-one-out criterion, but the authors explain that the impact of this is
asymptotically negligible. If one wants to use the leave-one-out method for OSCVp(h) the
term fh’KL (z) should be replaced by n(n - 1)’1fh,KL (x). A similar change can be adopted
for OSCVg(h).

One-sided cross-validation doesn’t yield good results in a local constant version, that
is, when K,(u) = 2K(u)1l(_e,0) or Kr = 2K(u)1(g ). This is due to the inferior rate of
convergence of the one-sided local constant kernel density estimator. This is the reason to
use local linear density estimation as the basis for this approach to bandwidth selection in

Martinez-Miranda et al. (2006)

2.2.5 Do-validation

Do-validation is based on the idea of merging left and right-sided cross-validation (see Mam-
men et al., 2011). Consider the expressions for iLLOSCV and iLRpscv derived in one-sided

cross-validation. Then the do-validation selector BDO is given by

iLDO = E(BL,OSCV + iLR,OSCV)

Note that OSCV [, and OSCVp in (2.16)) and ([2.19) are not identical in general, in particular

due to the difference in boundary conditions for data or an interval. Asymptotically, however
they are equivalent. Do-validation seems to be a good and stable compromise, with similar
asymptotic properties, but with better overall finite sample performance than many cross-

validation methods.

2.2.6 Smoothed cross-validation

There is a similarity between smoothed cross-validation (SCV) and plug-in bandwidth se-

lection methods, see Section 2.3. In this method, the integrated squared-bias component of



Chapter 2. Bandwidth selection methods in Kernel Density Estimation 27

the MISE{f;,} is estimated from a kernel estimator with pilot bandwidth g. Unlike with
direct plug-in methods, SCV uses the exact integrated squared-bias instead of its asymptotic

approximation. Recall the expression for the MISE of a density estimator fh, given by
. . 2
MISE[f] =E [ {fu(x) - 1(2)} da.
By changing the order of integration we get,
MISE[fi] = [ E{fa(e) - f(@)}dz = [ MSE(fi(x))do. (2:20)
Now, the mean squared error of fj, () (note this is for a fixed x) can be expressed as,
MSE[fn(2)] = " (KR, = £)(x) = (Kp * [)*(2)} + {(Kn * f)(z) - f(2)}*. (2.21)
Substituting expression in , we get
MISE[fu] =0 [ {(KF + £)(@) = (Kox 1@} + [ {55+ 1)) - f(2))d,

which can be further simplified to

MISE[ /] = (nh) ' R(K) + (1 - n"Y) A (K, + f)2(2)dz

-2 [ (K x @) f @)+ [ f(@)da.
Ignoring the asymptotically negligible n~! term, we can simplify the above to
MISE[ f,] ~ (nh) ' R(K) + fR (K f - ) (z)%dz. (2.22)

Here, the integrated variance is approximated by the first term, whereas the second term is

the integrated squared-bias (ISB) of fh. Now, by replacing f with a pilot estimator, we can
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obtain the SCV objective function. For this, we introduce

5 1 (fz-X;
fon(@)=n" —L( l),
9 21

where g is a pilot bandwidth. Then the SCV function is defined as,
SCV(h) = (nh™ )R(K) + ISB(h),
where,

ISB(h) = [ (K fu1(@) = fon(0))*(@)da

There are several specific approaches to determine the SCV bandwidth selector (see Hall
et al.,|1992), the choice of the pilot bandwidth being how these methods differ (see M. Jones
et al.,|1991). In all cases, minimizing the above expression in terms of h leads to hscy. The

dependence of h on the pilot bandwidth can be shown to be,
g=CnPh™.

This relationship is suggested by Wand and Jones (1994), where C,p and m are constants
defined to enhance the asymptotic performance of iLSCV. Let us now briefly consider the

case where K = L = ¢, the Gaussian kernel. As a first step, compute the kernel estimates

7&6(91) and @@10(92) where,
g1 = {2/(7n)}1/9 21/2 & and g2 = {2/(11”)}1/13 21/2 &.

Here g1 and g9 are normal scale estimates based on g and ¥12. The next step is to compute

the kernel estimates 14(g3) and 1s(gs), where

g3 = [-6/{(2m)/* Pg(g1)n} ]V and gy = [-210/{(2m)"* 10 (g2)n} ] M
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Finally, using the fact that for normal kernels the convolution operation can be simplified

to

(¢0 * Qbo’)(x) = ¢(o‘2+g’2)1/2 (x),

hence, we can write

SCV(h) = (nh)_1(27'('1/2)_1 + Z {¢(2h2+2g2)1/2 - 2¢(h2+292)1/2 + ¢(292)1/2}(Xi _Xj)7 (223)
i=1j=1

where

1/18

g=Cn 1072 C = {4d1/(64m)} " (4m) P g (g3) 70 ds(ga) 7

Minimizing l} with respect to h leads to the hscy in the fully Gaussian case.

2.2.7 Further cross-validation methods

We finally mention a few cross-validation methods that we consider to be interesting but that
are not considered later in any of our simulations. Many modified cross-validation concepts
are found throughout the research literature, one such interesting method is discussed in
Stute (1992)), where the second term of the LSCV function is approximated through its
Hajek projection. Another approach, named modified cross-validation, has been introduced
by Feluch and Koronacki (1992) and is better suited for time series data.

The partitioned cross-validation (PCV) concept has been introduced by Marron (1987),
where the CV criterion is modified by splitting the sample into m sub-samples. Then a
set of score functions (CV-score) for all sub-samples are defined and PCV is calculated by
minimizing the average of these score functions. This method depends on the number m of
sub-samples, on the choice of pilot bandwidth, and requires a relatively large sample size to
create sub-samples with considerable size.

Another interesting cross-validation method is the original pseudo-likelihood cross-validation

approach mentioned earlier, which has been proposed by Habbema et al. (1974)) and Robert
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(1976)). This methods is based on the concept of using the maximum likelihood procedure
to estimate the bandwidth h. Unfortunately, this method was criticized by many authors

and deemed not suitable for density estimation.

2.3 Bootstrap based procedures

Bootstrap based inferential procedures are investigated extensively in the recent literature.
The idea behind bootstrap bandwidth selection methods is to select the bandwidth using
bootstrap estimates of MISE. In some cases, no re-sampling is required to implement the
bootstrap bandwidth. The general idea of bootstrap based bandwidth selection is simple

and straightforward, and relies on a bootstrap version of MISE(h) given by,

* px ~ 2
MISE* () =E. [ (fi() - fy (1) dt, (2.24)
where E, is an expectation taken over bootstrap samples X7, ...... X fg(t) is taken as a
density estimate which relies on the original sample Xy, ...... , X, and a pilot bandwidth g
and f;(t) is an estimate based on bootstrap sample X7, ...... , X, . A bandwidth h is then

selected by minimizing MISE*(h). Bootstrap methods differ from each other through the
choice of pilot bandwidth g and through the method used for generating the re-sampled

bootstrap data X7, ...... , X (see Cao et al., [1994).

n

2.3.1 Smoothed bootstrap with pilot bandwidth

Faraway and Jhun (1990) have considered a smoothed bootstrap procedure, which starts
by calculating g from least-squares cross-validation. Then, MISE*(h) is approximated by

sampling from fg. Specifically, based on B bootstrap samples, we define

B ~ ~
BMISE(h) = % > JAGTCE f) . (2.25)



Chapter 2. Bandwidth selection methods in Kernel Density Estimation 31

where f;;(j) refers to the estimator constructed from the j-th bootstrap sample. Here, the
bootstrap sample is taken from fg, where least-squares cross-validation is used to choose
g from Xy, ..., X,,. Instead of using the exact expression for MISE, (k) an approximation
is used by these authors. The authors do not provide asymptotic results for the result-
ing bandwidth selector, but report that the resulting bandwidth iLBF performs better than
BLSCV~

Another approach was introduced by Cao-Abad and Gonzales-Manteiga (1990)). Once
again the bootstrap samples are drawn from a pilot estimate fg and the pilot bandwidth g
is selected via cross-validation. However, the authors use the exact expression of MISE, (h)

stated below instead of the approximation given above;

2
MISE, (h) = %ck - % ]11; ( fRK(u)fg(x - hu)du) dz

. g = %fR(fRK(U)(Kg(a:—hu—Xi)—Kg(x—Xz'))du)dz. (2.26)

The main advantage is there actually is no need for re-sampling in some cases where
MISE, (h) is explicitly known, for instance when using Gaussian kernels. The minimizer

of the (2.26)) is defined as the resulting bandwidth hp,,.

2.3.2 Smoothed bootstrap without pilot bandwidth

Here the pilot bandwidth is taken as g = h in (2.24]) and the exact value of MISE, (h)
is computed. Consider a bootstrap sample with the density fh. Then MISE,(h) for the

Gaussian kernel can be computed as (see Taylor, 1989)

Xi - Xj)?
MISE, (h) = W[Zexp{ %}

X; - X;)? X; - Xi)?
B
,J

0]
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The bandwidth hgp obtained by minimizing was found to behave well in repeated
simulation studies (see Taylor, |1989). Once again, we see from that re-sampling is
not required for the estimation of MISE,(h). However, as h — oo, MISE.(h) - 0. Since
MISE. (h) doesn’t have a finite minimum, it is not a fully suitable estimator of MISE(h)
when considering bandwidth selection. In practice, this issue can be circumvented since a
finite interval is considered in the search for an optimal bandwidth. When the value of hpp
was investigated through numerical optimization, it was found that the asymptotic efficiency
of this bandwidth selector is depending on the interval of search. The smaller the interval
of search, the higher the efficiency of the obtained hpr. When the interval is chosen large,

the efficiency was seen to reduce rapidly in some cases (see Cao-Abad, 1990).

2.3.3 Further bootstrap methods

The main difference between bootstrap methods is how the pilot bandwidth g is chosen
to generate bootstrap samples. Apart from the methods discussed above, Hall (1990) has
proposed to use the empirical distribution to draw bootstrap samples of size m < n, where
m ~n'? and h = g(m/n)1/5. Then MISE* has been minimized with respect to g. But
this approach has been proven to be unstable by Cao et al. (1994) for mixtures of normal
distributions. Hence, this method is no considered in our simulation study, which will focus

on the smoothed bootstrap with pilot bandwidth.
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Order selection for Bernstein Density

Estimation (BDE)

3.1 The Bernstein density estimator

When it comes to nonparametric density estimation, Bernstein polynomials and Bernstein
density estimation play an increasing role, especially when the function is supported on [0, 1].
Consider a series of independent and identically distributed random variables (X7, Xo,....)
with common distribution function F' and density f supported on the unit interval. Then,

the Bernstein estimator of order m > 0 of the distribution F' is given by (see Leblanc, 2012

Fpn(x) = éFn(k/m)Pk,m(:g). (3.1)

Similar to 1) the polynomials Py, = (7,?) z¥(1 = 2)™ " are binomial probabilities and
the sample distribution F), is constructed from the first n observations (X1, Xa,....., X3,).

Taking the derivative of the Bernstein estimator Fm,n with respect to x, we get

N m-1 ~
%an(x) =m ’;) [Fn([k+1]/m) - F(k/m)] Py m-1(x) = frn(z), (3.2)

33
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the Bernstein density estimation of order m. Note Fm,n and fmn are both polynomials,
respectively of degree m and m — 1. The above equation can be expressed in an alternate
form as

R m—1

fimn(@) = 3 [Fa(lk +1]/m) = Fy(kfm)] B m-k (), (3.3)

k=0

where §,5(z) is the Beta density with parameters a and b given by

rr(c(z()l;lg)) 21 (1-2)" for we[0,1],

/Ba,b(x) =

0 otherwise.

From the above representation, we can see that the estimator fmn can be represented as a

mixture of Beta densities with data driven weights.

An interesting property of fm,n is that, for any value of m, it provides estimates that
are genuine density functions on the interval [0,1]. This Bernstein estimator has been
introduced by Vitale (1975)) and further studied by Babu et al. (2002)) and Leblanc (2010)),
amoung others. It has been shown that fm,n is an asymptotically normal and consistent
estimator which achieves an optimal convergence rate of n~*% in the mean squared error
(MSE) when the underlying density f is twice differentiable and m is chosen proportional

to n2/5.

An expression for the mean integrated squared error (MISE) of fm,n can be derived
under the assumption that f admits two continuous and bounded derivatives on [0,1](see

Leblanc, [2010). That is, as n — oo,

. 1/2 1/2
MISE[ fn] = T C1, €2 +o(m )+o(m-2), (3.4)
n

n m?2

where

Cy = folf(x)¢(x)d$ and Cj = _[OlA%(a:)dx.
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Here ¢ (z) = (4rx(1-2)) Y2 and A, is defined as

Ai() = 5101 -22)f () + (1 - 2)f " (2)]. (35

As f is the unknown density to be estimated, the first and second derivatives f’ and f" are
also unknown. Nevertheless, considering the asymptotically optimal choice of m, which can
be shown to be My = [4C2/C1]2/°n2/5, we get that the smallest achievable MISE for the

Bernstein density estimator is

 5(4C1Cy)1P

MISE[ fin,yen] = T T o(n~4),

We note that h = 1/m can be considered as the bandwidth of the Bernstein estimator in
a natural way. From above, we can conclude that the Bernstein density estimator fmn
has integrated bias of O(h)?, which is much larger compared to that of kernel estimators.
However, the integrated variance of fmn is found to be O(1/nh'/?), which is much smaller
than standard kernel estimators. An interesting approach to correct for bias is proposed in

Leblanc (2010), where the following bias-corrected Bernstein estimator is introduced

o m N M o
M = mfm,n(ﬂf) - me,n(z)a (3.6)

where m > M and fM,n and fm,n are Bernstien estimators of f of different orders. Also note

that fm M,n is constructed from the weighted sum of these two estimators, where the two

weights — and % are summing to unity, although the first weight is larger than one

and the other is negative.

Kakizawa (2004) proposed a very different approach for density estimation also relying
on Bernstein polynomials. His method is also proposed for estimating densities with compact

support [0,1]. Kakizawa introduced three estimators developed using an approach also
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based on boundary kernels. First, let
mazyroa)f(t) = Co , mazyoq1)f'(t) =C1 and maxoq1)f" (1) = O,

where Cy, C7 and Cs are finite positive constants. Also, the indicator of a set A is denoted
by 24(.). Now, consider a class K[ai,az] of bounded functions on the interval [ai,as],
specifically, K € K[a1,as] are continuous, except possibly at a finite number of points, and
satisfy

a2 a2 a2
/1 K(u)du=1 |, [1 uK (u)du =0 and /1 W K (u)du # 0.

Then the boundary kernel K, is defined by (see Kakizawa, 2004; Miiller, 1991)

K(.)eK[-1,1], xe[h,1-h]

Ka() 2V K], () € K[-1,2/h), z€[0,h) (3.7)

K(_a:—l)/h(') e K[(x-1)/h,1], xe(1l-h,1],

where h > 0 is a bandwidth. It is further assumed that the continuity conditions K (.) =

K7 (.) = K(.) are satisfied and the kernel is uniformly bounded as per
Supqe[O,l],ueR|K(;(u)| <C and Supqe[O,l],ueR|Kq_(u)| <C.

Using this boundary kernel, the following modified boundary kernel estimator is defined

> ko

. 1 & - X,
Fin(a) =+ ( i
nn ;3

), x €[0,1]. (3.8)
The asymptotic MSE of this estimator satisfies, as n - oo and h — 0,
o 1 h? n,o\2 1 .4
MSE[fxen(2)] = — R(Ka) f(2) + —p2(Ka) f (2) +0((nh)™ + 7).

One simple family of boundary kernels K, can be formed as a linear combination of the
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original kernel K and another function denoted L, in such a way that the resulting kernel is
satisfying all conditions defined in (3.7)). If we select L(u) = uK (u), then the left boundary

kernel can be given as,

4 () = up ()
15 4 K13 () = 11 ()

and the right boundary can be given as

K(;(u) = QK(U)%[—l,q] (U),

pa,—g(K) —upy o (K)
pio,—q (E) iz o (K) = py o (K)

K:q(u) = QK(U)%[fq,l](u)v

for g € [0,1], where 3¢(_; 4)(u) and 2¢[_g1)(u) are indicator functions as introduced above.
A main disadvantage of these two kernels is they can take negative values. Specifically when
the original kernel K € Kg[-1,1] is symmetric and non-negative, then the left boundary
kernel will take negative values for -1 < u < [ w*K(u)du/ [TuK (u)du < 0,q € [0,1].
Another method to normalize f;( p(2) can be found in Kakizawa (2004) referred to as the

renormalized boundary kernel, but we do not discuss this approach here.

Based on the boundary kernel estimators defined in (3.8]), Kakizawa (2004)) defines three

generalized Bernstein-based boundary kernel estimators. They are

m~—1 .
£ £k J+t
fBl7h7m77(x) = Z(:) K,h( m )F)j,ml(z)7 (39)
7=
£ < % .7
IBohm () = Z{:} K,h(%)Pj,m(z)a (3.10)
]:
m— . +r
FBynm (@) = Z K.h (‘7 )Pj,m_l(a:), (3.11)

where 7 is a fixed constant satisfying 0 < < 1. The Vitale estimator introduced in (3.2)) falls
under the class fBl,h,m,'y(x) as the special case where h =1/(2m) and v = 1/2 and where K
is the uniform kernel. How to apply cross-validation principles to the Data-driven selection

of smoothing parameters for these estimators will be discussed in the next section.
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3.2 Cross-validation and related methods

In this section, we discuss how to select the order of Bernstein estimators using cross-
validation principles. Mainly, the Vitale (1975) estimator and the boundary-kernel based
estimators introduced by Kakizawa (2004) will be investigated. Specifically, we consider the
application of cross-validation principles to existing BDEs. For notational convenience, in
what follows we denote the original Vitale estimator given in as fv, and the three
Kakizawa estimators given in , and as fBl, f32 and fB37 respectively. We
will later consider using the order selectors in a scheme that is similar to Do-validation to

introduce different order selectors for the original Vitale BDE.

3.2.1 Applying cross-validation principles to Bernstein density estimators

First, recall that the basic Bernstein density estimator can be written as,

m-—1

fvm(x) =m I;) [Fn([F +1]/m) = Fn(k/m) ] Prm-1 (%),

where F}, is the empirical distribution function. Consider the vector

F,(1/m)
o _|Fem-Fam | 512
1_Fn(1_1/m)7

and the m x M matrix A,, s with entries

m—1 M-1
agl] = ((%ﬁgl_;)), (3.13)

for k=0,1,....,m—-1and 1 =0,1,.... M — 1. Let also || be the largest integer smaller than x

and define the integer sequence k; = [szJ Note that this implies X; € (k;/m, (k; + 1)/m].
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Table 3.1. Matriz of cross-validated Bernstein estimator over many samples in a
simulation study

Sample 4 ‘ 1 2 M
1 [ oVilf)  CVi(fva) CVi(fvar)
2 CVa(fv1) CVa(fya) CVa(fv,m)
i o) Vi) Vi)
N CVN‘(]EVJ) CVNGVQ) CVN('fV,M)

Then, the cross-validation function of fi can be written as (see Appendix A),

T B A - | 3 (X - 3 B ()| (31)
m_1.m m,mL m (n—l) & m,n 7 n & ki+1,m—k; i) | .

CVy(m) = 3

and the order to be selected is my = argmin,,C'Vy (m) (see Leblanc, [2010). In Chapter
[, we present the results of a simulation study where we cross-validate this estimator over
many samples ¢ = 1,..., N and for many orders m =1, ..., M. For this, we construct a matrix
as given in Table In that Table, each row corresponds to a specific sample, the CV
criterian being calculated for many orders, and each column corresponds to a specific order.
Further if we minimize along a row we can find the minimum cross-validated value for a
specific sample. Then, we can select the corresponding order m related to the identified
minimum value. So by taking the row minimizer for each row ¢ = 1,2, ..., N and by selecting
the corresponding order we can construct a vector (mw) of orders for Vitale’s estimator.
We note that m being an integer, typical numerical minimization technique can not be used

directly. Similarly, we can obtain orders matrices by cross-validating Kakizawa’s estimators.

To get cross-validated expressions for Kakizawa’s first, second and third estimators,

we followed the steps outlined below. First, consider a generic kernel estimator as f (x) =

L Y K ( 2= X ) Then as was mentioned previously, a leave-one-out version of this estima-
nh &1 h ’
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tor is given by

T - X

]#Z

This estimator can be further written as (refer to the proof in appendix A),

1 x—Xi
(n—l)hK( h )

This idea allows us to define the leave-one-out version of the boundary kernel estimator

defined earlier in (3.8]) as

f(x) -

f(—i)(x) = (11—1j1)

o 1 :L’—Xj
Fren-o(@) = =57 T K (T)

#1

Then, using (3.9} , we can define the leave-one-out Bernstein-based kernel esti-

mators as
k+~

fiypi () = Z fe z)( )Pk,m—l(xi), (3.15)

e (@ i ()Pkm(x) (3.16)

k+x

Fm(@) - z i o( )Pm_l(x), (3.17)

where Py, ,,—1(2) is defined as in (3.1). Now, consider (3.15). We can rearrange the equation

to give (refer to the proof in Appendix A)

vy
Feom (@) = @) = i T P (XD, 69
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where k] = [mX;-v+3 ] fori=1,2,...,n. We can then derive the expression for LSCVp, as

LSOV, = [ 3, (a)de - if(i)gl(xi) (3.19)

kI +y
P 2 & . dm & ==X
:fflzal(x)dl“—m;fBl(Xi)JrFZK(T)Pk;,m—l(Xi)'

(3.20)

We can finally simplify expression (3.20) to

LSCVBl = mFimAm,mFl,m - E Z fB1 (Xl)
i=1

A n kX+vy

m i

NSy ZK(m—)Pk;“,m—l(Xi)7 (3.21)
where A, ,, is defined in (3.13]) and

fBl(Hﬁ’y) _fB1(%)
Fim=

)

fBl(l) - fB1(m_Tl+’Y)

Note that expression (3.21]) can be adopted easily to cross-validate Kakizawa’s second esti-

mator. Similarly, as above, from (3.16]), we can show that

Kt

1 =X
K h Pk;’,m—l(X’i)v

(n—1)h

feim () = fB2( ) -

where k} = [mX; + 3] for i =1,2,...,n. Now, we can dervive the expression for LSCVp,

LSCV32 = (ZI’H——l)Fé’mAmJnFZ - nf Z f32 (X

kY X
)pk* (XD, (3.22)

>ZK(

n(n 1
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once again A, ,, is defined in (3.13]) and

fABQ(%) - fBQ(O)
F2,m = : )

fBz(l) - fBz(mT_l)
Similarly, for Kakizawa’s third estimator we use

n

R no _ (m=1 Xz
LSCVp, = / st(w)dfc—% ZfBg(Xi)+4—m ZK(%)B@ m-1(X3),
i

n(n-1) 4 @

where k7 = [mX; —y+1] and k} = [(m-1)X, + 3] for i = 1,2,...,n. For all three estimators

we use h =1/2m.

In our simulation study, we cross-validate these three estimators over many samples,
as we did for the basic Bernstein estimator fv. To do this, we obtained a matrix of cross-
validated values similar to Table for each of the three estimators. Then, we minimize
along a row so that we can find the cross-validated value of each sample. Following this,
we can obtain three vectors (ﬁlBl,i ), (7?132,2' ), (7?133,1') with m; of length N. Now, we can

evaluate the performance of these order selector, which will be discussed in the next Section.

3.2.2 Approximating MISE for Bernstein density estimators

As discussed in Chapter 2, MISE can be used to compare the performance of these estima-
tors. It is aso useful in simulation to identify the optimal order m of Bernstein estimator

for a given problem. Now, recall that the ISE of fV,m is given by

SE(fvm) = [ Grme) - ().

and its MISE is defined as
MISE(fv,m) = E(ISE(fy,m)),
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Table 3.2. Matriz of ISE values of the Bernstein estimator over many samples in a
simulation study

Sample 14 ‘ 1 2 M
1 ISEI(fV@) ISE1(va,2) ISEl(fV,M)
2 ISEa(fr1)  ISEa(fvz) ISE2(fv,ar)
i | S ISE(R2) ISEfa)
N ISEn(fv1) ISENkfwz) ISEN(.JEV,M)

the expectation being taken over the sample X, ..., X;;. As a result, MISE can be approxi-
mated using a simple Monte Carlo simulation scheme. Specifically, we compute ISE values
for samples ¢ = 1,2, ..., N and repeat this for different values of m =1,2,...., M, generating a
matrix of ISE values as per Table The MISE of fvm can be approximated, for different

values of m by considering the average of the columns of Table [3.2] that is

ISE: (fym) = MISE(fym)- (3.23)

M=

1
N

Il
—_

Minimizing with respect to m, we can obtain an approximation of the best MISE
value and associated mpsrsg, the optimal order for the Bernstein estimator according to
MISE. In order to assess any order selection method, we can compare their order matrices
with this optimum value, which needs to be found for each estimator. We know that the ISE
matrix given in Table|3.2|displays on its first row the values of ISE;(m) for m=1,2,....M for
the first sample. Now, let us consider Vitale’s order selector and its order vector (mw) for
©=1,2,...,N, where the order for the first sample is 772y,1. This value can be found from the
orders 1,..., M given in the ISE matrix and the corresponding ISE value for the first sample
can be identified, ie. ISE(ry,1). Similarly, the corresponding ISE values for all entries of the
order vector (mw) can found for samples ¢ = 1,2,..., N. This will result in an ISE vector
(ISE(ry;)) for Vitale’s order selector. By taking the average of these values, we can ap-

proximate the MISE of the Vitale’s order selector,ie. MISEme ~ % Zf\il ISEi(fv,mV,i ). This
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process can be repeated for other order selectors and we can find MISE values MISE(7p, 1m ),
MISE(mp, m), MISE(1p,m) for each order selector. Having these MISE values we can
compare the performance of the Vitale estimator fv based on using each order selection

strategy with the optimum MISE. This is the methodology we follow in our simulation.

In the next section, we follow a similar process as that used above and turn to using

bootstrapping principles, to tackle the order selection problem for Bernstein estimators.

3.3 Bootstrap method

Bootstrapping is a statistical procedure that generally requires one to resample from a
single dataset to generate many simulated samples. In this section, we discuss how to
use Bootstrapping principles for selecting the optimal order 7., of a Bernstein density
estimator. First, let fmo denote the Bernstein density estimator constructed from the sample
X1,...,; Xn with a pilot order mg. Now, we denote by X/, ..., X/, is the it" bootstrap sample
and f;m is the BDE of order m constructed from this bootstrap sample. Details of the
choice of mg and on the generalization of bootstrap samples are given below. We define the

Bootstrap estimate of MISE(m) for the Bernstein estimator with order m as

B A A
Boot(m) = 3 [ (fim(@) = fuo(2))d (3.24)
.
= E;ISEi (m), (3.25)

where B denotes the number of bootstrap samples. Now, the terms from the above sum can

be expanded to get

1 . 1 . 1 . N
ISE? (m) = [0 fin2(x)da + fo P2 (x)dz -2 fo F (@) oo (2) .
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Table 3.3. Matriz of ISE values for the bootstrapped Bernstein estimator over many
samples in a simulation study

Bootstrap sample j ‘ 1 2 M
1 ISE{(fv1) ISEf(fv2) ISE] (fv,m)
2 ISE(fva)  ISE3(fv2) ISE; (fv,ar)
J ISE;(fV,l) ISE;(JEV,Q) ISE;(fV,M)
B ISER(fv1) ISEp(fra) ISE; (fv,m)

Using F1,, and Ay, »s as defined in (3.12]) and (3.13)) and following the approach outlined

in Appendix [A73] we can further express the above equality as

mimyg

FUA B . T0 gt A @, mmo
(m+m0—1)

m i,mrmmLim m moLt¥mo,mo+ mo

ISE; (m) = F Ao Fong-

(3.26)
Minimizing with respect to m leads to mpoot, the bootstrapped estimate of 7ivgpt.
Our goal is to obtain an optimal order by bootstrapping the Bernstein estimator. In our
simulation we assume that mg; are the pilot orders where mq; = (mvz) fori=1,2,...,N,
that is by using the cross-validated value of m mentioned earlier. For each sample, we
can generate B bootstrap samples form fmo using the fact that it can be viewed as a
mixture of Beta distributions (acting as if this was the true density of the sample). For
each bootstrap sample, we calculate the squared distance between fﬁl constructed from the
bootstrap sample and fmo constructed from the original data. This is an approximation for
the ISE. We calculate this distance for each mg;. Then we move on to the next bootstrap

samples and repeat this calculation. Likewise we repeat this process over all bootstrap

samples to obtain a matrix of bootstrapped ISE vlaued given in Table [3.3]

By taking the column average of Table we can calculate Boot(m), thus approxi-
mating the MISE based on bootstrapping for one observed sample. By minimizing these

approximate MISE values, we can find the corresponding order m for minimum MISE. This
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is the optimal order for sample 1, whereas we can repeat this for ¢ = 1,2, ..., N. Note that
N is the size of our Monte Carlo simulation, while B is the number of bootstrap samples
in each case. So by taking the column average and minimizing the averages we can find
the approximation for minimum MISE and corresponding optimum order m for one sample
and should be repeated for each sample, leading to the bootstrapped orderes (mBoot,i) for
i=1,2,...,N.

After obtaining the order vector (mBoot,i) from bootstrapping, we try to evaluate the
performance of these orders. To do this, follow the evaluation criteria introduced in Section
[3:2.2] Recall the ISE matrix given in Table By selecting the corresponding ISE for each
sample, we get ISE( fV,anoot)~ Then, by averaging these ISE values we get the MISEpqot.
In the next Chapter, we further discuss cross-validation and bootstrapping and introduce

other order selection strategies. We also briefly study these methods through simulation.



Chapter 4

Smoothing parameter selection ;

Simulation results and Discussion

In this chapter, we first study some existing bandwidth selection methods through conduct-
ing a simulation study. We compare the performance of these methods by means of the
performance of these selectors in repeated sampling. We also identify the most satisfactory
bandwidth selection methods through an analysis of their strengths and weaknesses. We
then move on to study the performance of these approaches to the selection of smoothing
parameters in the specific context of Bernstein polynomial density estimation (BDE). Fi-
nally, we introduce new approaches to the selection of the order of BDEs by applying and
adapting principles identified in existing KDE methods. We also compare the performance

of these new approaches with the commonly used ones.

4.1 Bandwidth selection in KDE

We discussed many bandwidth selection methods in Chapter 2, whereas some were cho-
sen for simulation study based on their performance. Specifically, we implemented the
following methods in our study: LSCV (lease-squares cross-validation), ICV (indirect cross-

validation), BCV (biased cross-validation), DO (do-validation), BOOT (bootstrap method),

47
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DPI (direct pulg-in), SCV (smoothed cross-validation) and STE (solve-the-equation rules).

First, we compare the MISE of the KDE associated to each considered bandwidth
selection method. Secondly, the bias and MSE of these bandwidth selectors are compared.
Finally, we summarize the overall performance of the bandwidth selectors in a small scale
simulation study. All results are based on 100 simulation runs for sample sizes 25, 50 ,100,
200 and data are generated from the standard normal distribution. Only 100 simulation
runs were considered since some methods resulted in very long computing times.

As discussed in Section the kernel density estimator depends on the selected band-
width as well as on the kernel that is being used. It is a known fact that the choice of the
kernel function has a minor influence on the resulting kernel estimate, when compared to
the bandwidth of the kernel (recall Figure and surrounding discussion). We carried out
a simulation to check the effect of the selected kernel on the achieved MISE of the KDE.
From our findings, displayed in Figure we can see that Gaussian kernel leads to slightly
lower MISE values than the other kernels. This was to be expected given the true underlying

density to be estimated is itself Gaussian.

4.1.1 Comparison of MISE of the KDE using different bandwidth selec-

tors

As discussed in Section [I.3.1} MISE provides a more global evaluation of density estimators
compared to other error criteria. In this section, we present the approximate MISE of
the KDE using each bandwidth selection method. Our simulation study is based on data
generated from N (0, 1) and 100 simulation runs. First, we calculate optimal bandwidths for
each bandwidth selection method as discussed in Chapter 2. Then, MISE is approximated
by averaging ISE over many samples for each of these methods. Results are compared in
Table The optimal MISE value MISE( fhopt) is also given. As expected, we can see
that for all bandwidth selectors, MISE values tend to decrease when the sample size is
increased. Biased Cross-Validation(BCV) shows lower MISE values for small sample sizes,

whereas DO-Validation(DO) outperforms BCV when the sample size reaches n = 100. We
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Figure 4.1. Variation of MISE for the KDE using different kernels for samples of
size n=100 generated from N(0,1), (a) Gaussian (b) Epanechnikov (c) Biweight (d)
Triweight.
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Table 4.1. MISE of the KDE using each bandwidth selection method with sample sizes,
n=25, 50, 100, 200 generated from N(0,1), we used 100 simulation runs in each case.

Sample size
Method =956 T 100 | 200
LSCV | 0.0200 | 0.0137 | 0.0086 | 0.0042
ICV | 0.0172 | 0.0116 | 0.0079 | 0.0042
BCV | 0.0144 | 0.0105 | 0.0073 | 0.0039
DO | 0.0154 | 0.0106 | 0.0071 | 0.0037
SCV | 0.0222 | 0.0152 | 0.0104 | 0.0058
BOOT | 0.0182 | 0.0125 | 0.0081 | 0.0039
DPI | 0.0159 | 0.0106 | 0.0071 | 0.0037
STE | 0.0202 | 0.0109 | 0.0069 | 0.0035
MISE(f.,) | 0.0115 | 0.0088 | 0.0061 | 0.0034
Fropt 061 | 053 | 045 | 038

can also see that the Solve-the-equation(STE) selector outperforms DO when the sample

size increases, but in-contrast STE shows poor performance for smaller samples.

4.1.2 Behaviour of different bandwidth selectors relative to optimum

bandwidth.

In Figure [1.2] the MISE optimum bandwidth is marked with a vertical line. The MISE
optimum bandwidths for n = 25, 50, 100, 200 were found to be ilopt: 0.61, 0.53, 0.45, 0.38
respectively. This is in line with the concepts discussed in Chapter 2, where h,y; decreases
as n increase. Ideally, a good bandwidth selector should lead to a distribution of values
centered on the optimum bandwidth line and tightly distributed around that line. We can
see that SCV has tight distributions located away from the optimum bandwidth. This
bias is still there even for large sample sizes. LSCV and ICV bandwidths are appropriately
centered around the optimum bandwidth but they display much larger variability than other
methods. We can see that DO bandwidths are reasonably close to the optimum bandwidth
and their distribution is more concentrated than LSCV and ICV. This further improves

when the sample size increases. Similarly, BOOT bandwidths are also closer to the optimum
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Figure 4.2. Simulated distributions of selected bandwidth selectors through repeated
sampling with sample sizes n=25, 50, 100, 200. The underlying density to be estimated
was N(0,1) and 100 simulation runs were used. In each case, the vertical line represents
the MISE optimal bandwidth for the given sample size.

bandwidth and more tightly distributed than LSCV and ICV. Interestingly, however, the
BOOT selector tends to under-smooth (i.e. use bandwidths that are too small) and the DO
selector tends to over-smooth (i.e. use bandwidths that are too large) in the current context.
Finally we note that, DPI and STE bandwidth selectors have a very good performance for
larger sample sizes. This make sense as they are derived from asymptotic theory, which
holds approximately for larger sample sizes. We can clearly see that they outperform DO

for sample sizes above n = 100.
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Table 4.2. Squared bias(SB) and variance(Var) of different bandwidth selectors for
sample sizes, n=25, 50, 100, 200. The underlying density to be estimated was N(0,1)
and 100 simulation runs were used.

Sample size
Method 25 50 100 200
SB ‘ Var SB ‘ Var SB ‘ Var SB ‘ Var

LSCV | 0.00001 | 0.03836 | 0.00015 | 0.02393 | 0.00004 | 0.01401 | 0.00009 | 0.00616
ICV 0.00162 | 0.04186 | 0.00598 | 0.01580 | 0.00186 | 0.01228 | 0.00132 | 0.00577
BCV | 0.00841 | 0.00472 | 0.00929 | 0.00197 | 0.00681 | 0.00135 | 0.00482 | 0.00060
DO 0.01414 | 0.01970 | 0.00376 | 0.00763 | 0.00166 | 0.00376 | 0.00089 | 0.00127
SCV 0.05794 | 0.00445 | 0.05022 | 0.00179 | 0.04064 | 0.00086 | 0.03229 | 0.00031
BOOT | 0.00014 | 0.02765 | 0.00152 | 0.01463 | 0.00119 | 0.00779 | 0.00044 | 0.00254
DPI 0.00850 | 0.01062 | 0.00403 | 0.00480 | 0.00135 | 0.00273 | 0.00030 | 0.00107
STE 0.01049 | 0.03341 | 0.00426 | 0.00978 | 0.00011 | 0.00304 | 0.00027 | 0.00062

4.1.3 Comparison of MSE for different bandwidth selectors.

Before we compare the MSE for different bandwidth selectors, let us compare their squared
bias and variance. Generally, the squared error criteria is often preferred to the absolute
or actual error for mathematical simplicity (see Wand & Jones, [1994)). Hence, we consider
the squared bias instead of the actual bias, which can yield negative values. Data are again
generated from the standard normal distribution N(0,1) for sample sizes n = 25, 50, 100
and 200. The squared bias and variance of each bandwidth selector are given in Table
and their MSE are given in Table

From Table [4.2] we can see that LSCV and ICV have the lowest bias, but they also have
the largest variance. BCV, DO, BOOT, DPI and STE all show a decreasing trend for both
bias and variance when the sample size increases. SCV has the highest bias for all sample
sizes, but it also shows significantly lower variance for higher sample sizes when compared

to other methods.

Similarly to Table where MISE( fh) is presented for all considered bandwidth selec-
tors, we see in Table that MSE(iL) also decreases when the sample size is increased. The

DO selector shows the most promising results, considering all sample sizes. However, when
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Table 4.3. MSE of different bandwidth selectors for sample sizes, n=25, 50, 100, 200,
generated from N(0,1) for 100 simulation runs.

Sample size
Method 92551 100 | 200
LSCV | 0.0384 | 0.0241 | 0.0141 | 0.0063
ICV | 00435 | 0.0218 | 0.0141 | 0.0071
BCV | 00131 | 0.0113 | 0.0082 | 0.0054
DO | 00338 | 0.0114 | 0.0054 | 0.0022
SCV | 0.0624 | 0.0520 | 0.0415 | 0.0326
BOOT | 0.0278 | 0.0162 | 0.0090 | 0.0030
DPI | 0.0191 | 0.0088 | 0.0041 | 0.0014
STE | 0.0439 | 0.0140 | 0.0032 | 0.0009

focusing on larger sample sizes, we can see that DPI and STE outperform DO. Once again,
we see the SCV selector yields poor performance. LSCV, ICV and BCV have moderate
performance when compared to the other bandwidth selectors.

From our simple analysis, it is clear that the DO selector seems to be quite stable and
exhibit favourable performance for all sample sizes in the current context. Recall that do-
validation (DO) is a combination of two one-sided cross-validation techniques specifically,
right and left sided cross-validation. It is suggested that DO is more robust for the normal
data that we used for our simulation. However, it is also robust even when there is asymmetry
present in the distribution (see Mammen et al.,|[2011)). Therefore we only considered the DO
selector for our simulation analysis, rather than studying one sided cross validation (OSCVs)
separately. Many authors have mentioned the stability issues associated with CV methods
and their tendency to under-smooth. This is because CV related methods tend to select
smaller bandwidths than other selectors (see Heidenreich et al., 2013) as they try to capture
features of the sample at hand.

As mentioned above, the plug-in methods DPI and STE outperformed the DO for larger
sample sizes in our simulated experiment. A potential explanation for this is that a large
sample size is preferred to estimate the pilot bandwidth of these estimators. When the pilot

bandwidth is closer to the optimum bandwidth, then the final plug-in estimator is expected
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to be more accurate. Another interesting observation is that the relative performance of the
bootstrap selector (BOOT) improves as sample size increases. However, BOOT selector is
outperformed by the plug-in selectors DPI and STE for large sample sizes.

Considering all the bandwidth selectors included in our small scale simulation study SCV
shows by far the poorest performance even for large sample sizes. All-in-all, do-validation
(DO) performs well for all sample sizes, whereas the solve-the-equation (STE) method is
preferred for large samples. These results are obtained using Gaussian kernel and data are

generated form standard normal distribution for different sample sizes as mentioned above.

4.2 Order selection for BDE

In this section, we report on simulations that were performed to compare order selection
strategies for Bernstein density estimation. It should be noted that, although the Bern-
stein basis was discovered more than 100 years ago, Bernstein polynomial based estimation
methods are relatively immature compared to kernel estimation methods. Hence, only a
handful of Bernstein estimators are available in the literature. With the availability of high
performance computing, Bernstein based methods are gaining interest at present. In our
simulation study, we concentrate on a few order selection methods and compare the perfor-
mance of these methods for BDEs using MISE, squared bias, variance and MSE for different

sample sizes.

4.2.1 Density of Cross-validated orders for four estimators

Here, we illustrate the density of the cross-validated orders related to four Bernstein esti-
mators fv, fBl, fB2 and fBg as specified in Table Figure is generated considering
sample sizes of n = 25 and 50 with 100 simulation runs. The vertical lines represent the op-

timum MISE order, my o, = 30 and 48 respectively considering the Vitale (1975) estimator

fv.

Accordingly, it is understood that a good order selection procedure should lead to m
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Table 4.4. FExisting order selectors in BDE, considered for the simulation study

12 Z?j; S Description Equation

. Order selector introduced by Vitale

mv (1975) ’ (3-3)
First boundary-kernel based order

mp, selector introduced by Kakizawa
(2004])
Second boundary-kernel based or-

mp, der selector introduced by Kakizawa | (3.10)
(2004])
Third boundary-kernel based or-

MB, der selector introduced by Kakizawa | (3.11])
(2004])

having a density that is centered and tightly distributed around the optimum order. We
can see that mp, is very close to this criteria, followed by mp,, My and mp,. We then
explored the same relationship on large sample sizes, whereas it was found that mp, can not
be evaluated due to very high computing times. However, it is necessary to consider large
sample sizes for our simulation study to match the real world scenarios. Therefore, we did

not consider mp, for larger sample sizes in our comparisons in our study.

4.2.2 Effect of distribution

Three distributions are selected as illustrated in Figure [£.4] to check the effect of the un-
derlying distribution on the performance of order selectors. We considered the sample size
n = 500 with 1000 simulation runs for the study presented here. As Bernstein estimators
are appropriate for data on an interval, and to account for different shapes of distributions,

we use the following distributions in our simulation study:
e Dy = The mixture £Beta(2,5) + §Beta(3,20) + -5 Beta(7,2).
e Dy =The mixture %Beta(2,5) + %Beta(?), 20) + %Beta(?, 2).

e D3 =The symmetric Beta(4,4).
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The simulated densities of the resulting cross-validated order selectors for the different un-
derlying distributions are plotted in Figure [.5] Note that the vertical lines represent the
optimum order my,,,; with respect to MISE for the classical Bernstein estimator fv. We
found that distribution given in Figure and result in the best performance of the
different order selectors, since the simulated densities of these order selectors are very close
to the optimum order. Nevertheless, we consider all three distributions illustrated in Figure

for our simulation study.
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Figure 4.4. True density plots of the three distributions used in simulation, (a) D1,
(b) Dy and (c¢)Ds.
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Figure 4.5. Simulated distributions of different order selectors under each scenario
for the true density to be estimated (a) Dy (b) D (c) Ds. Vertical lines represent
optimum order my, opt in each case.
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4.2.3 Effect of ~

Recall the expression for boundary kernel based BDE’s and . The estimator
fBl depends on the selected value of the parameter v which has not been addressed before.
We have considered v = 0.3,0.6,0.8 and studied the impact of this choice on order selection
for fp. Again, we considered a sample size of n = 500 with 1000 simulation runs. As
illustrated in Figure the density of the resulting order selectors m moves towards the
optimal value when ~ is increased, but they also have long right tails and short left tails.

So, in order to avoid any ambiguities, we consider all three v values in our simulation study

to better compare.
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Figure 4.6. Simulated distribution of the cross-validated order selector of mp,, using

v = 0.3, 0.6, 0.8; the vertical line represent the optimal order my,op;.
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Table 4.5. MISE of BDE using different cross-validated order selectors my,mp, and
mp, for sample sizes n = 20, 50, 100, 250, 500, 800.

Selectors Sample size
20 \ 50 \ 100 \ 250 \ 500 \ 800
my 0.22131 | 0.12203 | 0.09944 | 0.04695 | 0.02512 | 0.01728
mp, 0.21974 | 0.12289 | 0.09962 | 0.04702 | 0.02507 | 0.01723
mp, 0.21737 | 0.12337 | 0.09992 | 0.04716 | 0.02607 | 0.01800
MISE,,; | 0.21514 | 0.11164 | 0.06843 | 0.03508 | 0.02123 | 0.01495

4.2.4 Comparison of MISE for selected estimators

We considered sample sizes n = 20, 50, 100, 250, 500, 800 and evaluated the MISE of the
classical Bernstein density estimator (BDE) using the different order selection strategies.
We can see that in Table[4.5] as the sample size increases, MISE values of all the estimators
decrease. The order selector mp, results in the lowest MISE for large sample sizes, specif-
ically when the sample size increases above 250. However, considering all sample sizes, the

MISE of the BDE obtained from all three order selectors are in a close range.

4.2.5 Effect of the sample size on order selection

In Figure we analyse the behaviour of the different order selectors for different sample
sizes. We can see that for smaller samples, specifically n = 25 and 50 there is a difference in
the shape of the densities of the order selectors. However, when the sample size increases,
we can see that the shape of these densities do not show a significant variation. This is due
to the fact that order selectors are more stable for large sample sizes.

We also can see bumps in the right hand tails of these densities (note these bumps
are also visible in Figure . This artifact is generated based on how the simulation is
implemented. Specifically, in each case we calculate the MISE and order selection criterion
for m between 1 and a preselected maximum, denoted m*. In some simulation contexts, the
selected orders can be close to m* for some samples and would in fact exceed that value if

larger values of m had been considered. However, since the criterion value was not computed
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for m values above m*, we see a form of censoring in the selected values, which creates these
bumps. The mass associated to these bumps would be spread out across larger m values
if m* was increased. We did not go through this process because of the expected limited
impact of this phenomena when the bump is small and because of the required simulation
time in these cases. We note that computing times can become prohibitive when large m

values are considered with large samples.



Chapter 4.

Smoothing parameter selection ; Simulation results and Discussion

n=20 n=50
o
8
S
e 8
2
S
w0
8
8
s
0
a
2 2
8 S
S
2 2
2, =)
2 3 2 g
L o L o
a a s
o
E
2
S
0
8
S
w0 S
8
S
s
s o
8 8
8 8
° T T T T ° T T T T
0 20 40 60 50 100 150 200
Orders Orders
(a) (b)
n =100 n=250
s
8 o
15 S
s 2
S
o
S
2
w0 S
a
2
S
@
8
8
5
2 2
@ g @ g
c 3 c 3
o o [T
a a
<
3
S
o S
8
S
s
o
8
S
s
° _\/A\_/\ g \"’A
8 —— 8
S S
© T T T T T © T T T T
0 100 200 300 400 500 100 200 300 400 500
Orders Orders
n =500 n =800
o
3
= 8
8
S
@
8
S
s
o
8
S
S
2 8 2
- 5
a o g
< S
3
S
s
8
o
8 3
S
3 g
8 8
S S
s s
T T T T T T T T T T
100 200 300 400 500 100 200 300 400 500
Orders Orders
(e) (f)

62

Figure 4.7. Simulated distributions of different order selectors ry (blue), g, (red)
and mp, (green) with different sample sizes (a) n=20 (b) n=50 (c) n=100 (d) n=250
(e) n=500 (f) n=800; the vertical line represent the optimal order my,op;.
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4.2.6 Introducing new order selectors for BDE

Having analysed the behaviour of the above order selectors, we now introduce new order
selectors, which are linear combinations of the former. The concept of averaging the optimal
orders obtained with different strategies to obtain an improved selector is adapted from the
indirect cross-validation and do-validation methods. We have seen that these methods can
provide an improvement in the context of KDE. We have to explore a similar strategy, but
to BDE. For this, we formulate a few different order selection strategies in Table Then,
we evaluate these new selectors based on MISE, squared bias, variance and MSE, similar to

our previous discussions.

Table 4.6. Order selection strategies for BDEs considered for the simulation study

Name Description

my Cross-validated order of fv using (3.14]
mpg, Cross-validated order of fBl using (3.21
MB, Cross-validated order of f32 using (3.22
M By (mp, +mp,)/2

mg, (v +mp,)/2

mp, (1w +mp,)/2

B, (w +mp, +mp,)/3

mp, (MBy_ tMBy,_o5)[2

M By (MBy_s +1MBy_o,5)[2

mB, (MBy 5 tMBy,_o5)[2

M By, (MBy o6 T By s + 1By _o,)/3

Table [4.7] was generated for the order selectors introduced based on a sample size of
n = 500 for 1000 simulation runs. In fact, throughout upcoming discussions we consider
the same sample size and the same number of simulation runs. Here MISE of the BDE

generated using different order selection strategies are investigated for all three distribu-
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Table 4.7. Comparison of MISE for BDE using each order selector for sample size
n =500 and 1000 simulation runs. Distributions are defined in Section [{.2.3,

Underlying Distribution

Di | Dy | Ds

my 0.02512 | 0.01841 | 0.01301
mp, 0.02507 | 0.01842 | 0.01282
mp, 0.02607 | 0.02063 | 0.01590
MB, 0.02513 | 0.01915 | 0.01381
mp, 0.02512 | 0.01835 | 0.01281
MBs 0.02508 | 0.01914 | 0.01382
MBg 0.02489 | 0.01871 | 0.01316
mpg, 0.02515 | 0.01837 | 0.01269
M By 0.02499 | 0.01837 | 0.01265
MB, 0.02493 | 0.01836 | 0.01269
MBy, 0.02494 | 0.01834 | 0.01268

Selectors

tions specified in Figure From the table, we can see that the BDE using the order
selectors mp,, mp,, Mpy,Mmp, and Mmp,, have slightly lower MISE values for all three distri-
butions. Hence, we focus on the comparison of these order selectors for the other properties,
specifically squared bias, variance and MSE.

As illustrated in Table considering all three distributions, the order selectors mp,
and 7 result in higher squared bias and variance. Order selectors 1y, mp, and Mmp,
shows the lowest squared bias, but they also have higher variance. Order selectors mp,,
mp, and mp,, have moderately lower squared bias values and lower variance values.

The MSE of the Bernstein density estimators generated from the chosen order selectors
are given in Table [£.9 Once again, the underlying distributions used for the simulations
are as per Figure Considering all three distributions, the selector mp. results in the
lowest MSE, which is even lower than 1y, the previously used selector in the literature.
Order selectors mp, and mp, shows the highest MSE values, also note these two order
selectors show higher squared bias and variance, therefore yield poor performance. Other
order selectors, mp,, mp, and mp,, are comparable with mpg, mp, and mp,, whereas the

percentage difference of the resulting MSE is less than 5%.



Chapter 4. Smoothing parameter selection ; Simulation results and Discussion 65

Table 4.8. Comparison of squared bias and variance for selected order selectors for

distributions considered in Section ,

Selectors Squared bias Variance
D | Dy | Ds D, | Dy | Ds
my 239.6 435.2 | 1100.4 | 10145.9 | 6062.9 | 10507.2
mp, 460.8 536.1 | 1020.5 | 10235.1 | 5941.2 | 9728.1

mp, 12444.7 | 9117.4 | 25021.9 | 11118.5 | 8101.2 | 12608.8
MBg 2450.1 | 2161.6 | 5540.9 | 9401.9 | 5840.2 | 9150.2

mp, 278.3 526.5 | 1067.7 | 10064.4 | 5790.7 | 9610.6
MBg 667.8 766.3 | 1222.1 | 9901.1 | 5757.5 | 9670.7
MB, 936.8 707 | 11715 | 9948.7 | 5825.3 | 9682.8

mB, 994.6 685.1 | 1153.6 | 9872.3 | 5747.2 | 9614.6

Table 4.9. Variation of MSE for selected order selectors related to distributions Dy,
D2 and Dg.

MSE
Selectors
D4 \ Dy \ Ds

mp 10385.4 | 6498.2 | 11607.7
mp, 10696.0 | 6477.2 | 10748.6
mp, 23563.2 | 17218.6 | 37630.7
MBg 11852.0 | 8001.8 | 14691.1
mpg, 10342.7 | 6317.3 | 10678.3
M By 10568.9 | 6523.8 | 10892.7
MB, 10885.6 | 6603.1 | 10854.3
MBy, 10466.8 | 6432.4 | 10768.1

4.3 The bootstrap order selector

In this section, we discuss order selection for BDE based on the bootstrap, following princi-

ples discussed in Section

4.3.1 Behaviour of the bootstrap selector

First, we compare MISE of the BDE using bootstrap method for distributions discussed
in Section As given in Table we can see that MISE values decrease when the
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Table 4.10. MISE of the BDE using bootstrap method related to distributions D1, Do

and D3 for sample sizes n = 20, 50, 100 and 500.

D,

Do

Sample size

MISEBoot | MISEqpt

MISEBoot | MISEqp: | MISEpoo | MISEqp:

20 0.286 0.215 0.239 0.184 0.121 0.091
50 0.139 0.112 0.121 0.094 0.064 0.049
100 0.081 0.068 0.066 0.055 0.039 0.030
500 0.023 0.021 0.017 0.016 0.011 0.010

66

sample size increase for all three distributions. Also, the MISEp,ot values are getting closer

to MISEqp; for large sample sizes.

Next, we illustrate simulated densities of order selectors my, mp,, mp, and Mmpeet in

Figure . The density of the bootstrapped order selector (Mmpoet) is closer to the optimum

order (my,op) and tightly distributed than other cross-validated order selectors. Also, the

bootstrapped order selector doesn’t show any undesirable bumps on the right tail as cross-

validated order selectors. These are two important advantages over cross-validated order

selectors.

Density
0.005 0.010 0.015 0.020
I I I I

0.000

Figure 4.8. Simulated densities of order selectors vy (blue), mp, (red), mp, (green),
MBoot(0range), for sample size n = 500; the vertical line represent the optimal order

™my opt-

300
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Then, we plot the simulated densities of the bootstrap order selector over repeated
sampling from distributions Dy, Dy and D3 in Figure [£.9] Simulations are based on sample
sizes n = 20, 50, 100, 500 for 1000 simulation runs. Note that the vertical line represent the
optimum order, my, oy, according to MISE. From the plots, we can see that the shapes of the
density curves are tightly distributed around the my oy for larger sample sizes considering
all three distribution. Also, for distribution D3, we can see the same even for smaller sample
sizes. As expected, all density curves again exhibit a short left hand tail and a long right
hand tail. One noteworthy feature of these graphs is the fact that the bumps (and related
censoring phenomenon) mentioned in Section associated to cross-validation disappear
here. This is an advantage over the CV based methods, as such artifacts are undesirable.
Next, properties such as squared bias, variance and MSE of the Bootstrap order selector

will be investigated for all three distributions for all mentioned sample sizes.
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Figure 4.9. Simulated densities of bootstrap order selector with different distributions
and different sample sizes; the vertical lines represent the optimal order my op:.

4.3.2 Squared bias, variance and MSE comparison with CV estimators

Having analysed the squared bias, variance and MSE of BDEs generated from chosen cross-
validation (CV) based order selectors, we compare them with the bootstrap estimator, specif-
ically for sample size n = 500 with 1000 simulation runs. We can see that the bootstrap order
selector shows significantly lower values for squared bias, variance and MSE compared to
other estimators. This important finding, coupled with the advantages outlined in Section
suggest that the bootstrapped order selector compares very favourable to all cross-
validated based selectors. Unfortunately, the computational burden of using the bootstrap

selector is still prohibitive and we could not examine cases of sample sizes above 500.
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Table 4.11. Variation of MSE for chosen order selectors and bootstrap order selector
for sample size n =500 and 1000 simulation runs.

Selectors MSE

Dist (a) | Dist (b) [ Dist (c)
mp 10385.4 | 6498.2 | 11607.7
mp, 10696.0 | 6477.2 | 10748.6
mp, 23563.2 | 17218.6 | 37630.7
MBg 11852.0 | 8001.8 14691.1
mpg, 10342.7 | 6317.3 | 10678.3
MBg 10568.9 | 6523.8 | 10892.7
MmB, 10885.6 | 6603.1 10854.3
mB, 10466.8 | 6432.4 | 10768.1
MBoot 1646.6 727.3 1444.1

Table 4.12. Comparison of squared bias and variance for cross-validated order selec-
tors and the bootstrap order selector, related to distributions D1, Do and D3 for sample
size n = 500 and 1000 simulation runs.

Selectors Squared bias Variance

Dist (a) [ Dist (b) [ Dist (c) [ Dist (a) | Dist (b) | Dist (c)
mp 239.6 435.2 1100.4 | 10145.9 | 6062.9 | 10507.2
mp, 460.8 536.1 1020.5 | 10235.1 | 5941.2 9728.1
mpg, 124447 | 91174 | 25021.9 | 11118.5 | 8101.2 | 12608.8
MBg 2450.1 2161.6 5540.9 9401.9 5840.2 9150.2
mpg, 278.3 526.5 1067.7 | 10064.4 | 5790.7 9610.6
Mmpyg 667.8 766.3 1222.1 9901.1 5757.5 9670.7
mp, 936.8 77T 1171.5 9948.7 5825.3 9682.8
MBy, 594.6 685.1 1153.6 9872.3 5747.2 9614.6
MBoot 15.51 12.52 122.17 | 1631.08 | 714.78 | 1321.94




Chapter 5

Conclusion

This thesis provides a systematical approach to study order selectors for Bernstein density
estimation (BDE). BDE is an emerging topic in the field of density estimation, whereas only
a handful of Bernstein polynomial based estimators are available in recent literature. Hence,
we started by reviewing Kernel density estimators (KDEs), where an extensive research on
the topic is already available. Specifically, we studied plug-in methods, cross-validation
methods and bootstrap based methods. Next, we performed simulation studies on each of
these methods to compare properties such as MISE, MSE, bias and variance. Simulation
results revealed some interesting findings on these methods. We found the do-validation
method to have achieved the best overall performance. However, the solve-the-equation
plug-in methods outperformed do-validation for large sample sizes. Having understood the
strengths and weakness of these KDEs, we then moved on to analysis of order selection for
BDEs.

Even though the Bernstein polynomial basis was introduced more than a century ago,
this line of density estimation methods have been subservient until the 21st century. One
reason behind this is the heavy computational burden of these estimators. With the de-
velopment of computers and availability of high computational power, these methods are
gaining their rightful place in the field of density estimation. As selecting the smoothing

parameter is of paramount importance in kernel density estimation, selecting the order is

70
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crucial in Bernstein density estimation. The main difference of these methods over KDEs
is that, KDEs tend to under-perform in boundary regions, whereas BDEs naturally behave
adequately around boundaries, which is crucial when the density function to be estimated
is supported on a compact interval [a,b]. In particular, BDEs do not suffer from increased
boundary bias. However, they have slightly higher variance when compared to KDEs. It
should be noted that boundary kernels do exist (and in fact were used to construct the
Kakizawa (2004) estimators), but they are cumbersome to use. Our goal, in this thesis,
was to study automatic order selection methods in BDEs and propose simple and easy to
implement improvements. Hence, we tried to identify these limitations and proposed a few

new order selection methods.

We introduced the Vitale (1975) estimator followed by three estimators introduced by
Kakizawa (2004). We derived expressions for these estimators and the corresponding proper-
ties such as MISE, MSE, squared bias and variance, which are important for our simulation
study. Next, we explained the simulation methodology and two methods used in the sim-
ulation to perform cross-validation and bootstrapping. Then, a few new order selectors
suggested based on using linear combinations of the existing order selectors. Two principles
were investigated in the context of order selection, specifically, cross-validation including the

indirect and do-validation variants and bootstrapping.

These new order selectors are compared with existing order selectors to identify selectors
which would outperform existing selectors. Properties such as variance, squared bias and
MSE were used for the comparison as illustrated in Tables and [£.12] It was found that
the performance of the new order selectors based on CV are dependent on the underlying
distribution and are in the same range as existing order selectors. No significant improvement
was observed over ordinary least-squares cross-validation. The bootstrapping order selector,
on the other hand, outperformed all other selectors for all three distributions considering a
sample size up to n = 500. However, this should be further studied for larger sample sizes and
different distributions. We leave this as a future work due to the high simulation time and

high computational burden experienced when the sample size is larger than n = 500. More
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theoretical and computational developments are necessary to efficiently use the Bootstrap
based approach for large samples. Another favourable feature of the bootstrapping order
selector is that it eliminates the bumps observed in the right tail in CV based order selectors.
This is due the fact that bootstrapping inherently averages over many samples and crucially

makes order selection less focused on the one sample at hand.

Nevertheless, our main finding here is that the bootstrapping approach behaves very
advantageously compared to all CV-based selectors and is a promising candidate for further

improvement.

5.1 Numerical limitations

We now briefly summarize the numerical and computational issues we encountered during
this work. The first important numerical limitation we encountered in the simulation study
was in the evaluation of Kakizawa’s third estimator for sample sizes higher than n > 100.
The simulation halted in many attempts due to extreme integration behaviour. We also
found that this estimator doesn’t perform well, even for lower sample sizes. So, we decided

to exclude this estimator from our analysis.

The second issue that we faced is that for large sample sizes (above 500), the computa-
tional burden and simulation times for BDEs are considerably higher compared to simula-
tions done with KDEs. Working from simplified equations involving quadratic forms instead
of integrals helped reduce computing times significantly, but more work is still required to
further improve the situation, especially on the side of efficient computing and algorithms.

Finally, for the simulation results on bootstrap order selector, we encountered some
major problems with large samples. In other words, it is expected that for large samples
bootstrap method should perform well. Whereas, the squared bias, variance and MSE should
reduce, instead we have seen surprising increases and fluctuations in some cases.These are ex-
pected to be due to computational issues that need to be better understood. Unfortunately,

the high computational time for simulations over large sample sizes was prohibitive and, we
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had to stop our investigation at this point. Hence, our investigations of the performance of

the bootstrap selector, although extremely promising, not fully conclusive.

5.2 Summary of main findings

e Considering BDEs, the new cross-validation based order selectors that were introduced
are performing similarly to existing order selectors. The performance also depends on

the underlying distribution.

e The Bootstrapped order selector in the context of BDEs shows significant improvement
in performance compared to cross-validated order selectors for small and moderate

sample sizes.

e Undesirable bumps were observed in the right of the simulated distribution of cross-
validated order selectors. Such a bump is related to how numerical minimization is
performed during cross-validation and to the flatness of the CV function for some
non-negligible fraction of simulated samples. The Bootstrapped order selector, on the
other hand, did not have this artifact in its simulated distribution. Interestingly, the
bootstrap based approach avoids these problems, even if it is using a CV-based pilot
bandwidth, by averaging over the bootstrap samples. This is an important finding in

the context of BDE.

5.3 Future works

Finally, a future extensions of this research, we plan the following investigations:

e Perform simulations for the bootstrap Bernstein order selector for large sample sizes
and evaluate its performance. This will require the study of efficient computational

techniques.

e Implement the Beta kernel estimator of Chen (1999) and study its use towards imple-

menting a different version of indirect cross-validation for BDEs.
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e Study the Bernstein density estimation method proposed by Guan (2016), which is
based on likelihood related arguments and the EM algorithm, and consider how the or-
der selection method suggested in that work can be compared to the method discussed

in this thesis.



Appendix A

A.1 Derivation of least-squares cross-validation for KDE

From (2.10)), we can write LSCV function;

rsevin = [ fi@)dx—%ifhv_xxi).

(A1)

a

Then, the second term of the above equality can be further expressed as

2= fui(X) = 3| — th<Xz~—Xj>]
i dln-1) &
=) i (iKh(Xi_Xj)_Kh(O))]
Sl(n-1) j=1
nln . 1
= ; _mf(Xi) " 1))Kh(0)]
= m;f(Xz‘)— (n—l)Kh(O)‘

Finally, replacing this into (A.1]) leads to the LSCV expression

LSCV(h)=ff}%(w)dx—n%ifh(&)-

2
(n-1)

K3(0).
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A.2 Derivation of cross-validation function of Vitale’s estima-

tor

Recall expression ([2.10) for LSCV. The LSCV for the estimator of order m is given by
L 2m .
LSCV (m) = fo F2(2)dz =23 fni(X0).
ni—

Here, the leave-one-out estimator can be re-expressed as

fm,—i(x) =

0 _1);51@ +1,mk; (T)

(nl 1)[Zﬁk s ()~ 1 ()]

B (n 1) [E zj:ﬁkjﬂ’m_kj (:C) h ﬁk“lvm—ki(x)]
n_ 1
- mfm(l‘) - mﬁkﬁl,m—ki(l‘)-

Hence,

n

LSCV(m = [ - % 21 [(n%fm(xi) - ﬁﬁmmki(m]

Y (A.2)
f 12 (x) dx— — 1) me(X) (n_ 0 gﬂkin,mwi(){i)-

The first term of the previous equality can actually be calculated and obtained in closed-

form. For this, note that

_mQZszF,fO Py(2)Py(z)da.
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Then, using the expression of the binomial probabilities Py ,,-1, we have that the above

further simplifies to

L 1
Jy @)= DS EE [ )l (-
=m? Y S EF(T) () B+ 1+ 1),2m - (k+1) - 1)
k1

Now, we note that

=B(k+l+1),2m—-(k+1)-1)

T(k+1+1)I'@2m—-(k+1)-1)
- I'(2m)

_ 1
2m-1)(*?)

So that, using (3.13)),

L ) ()
=
(2m 02 ZZFkFlakl (A.3)

2

=™ gt A
(2m-1) ™o
Finally, (A.2)) and (A.3) together imply that, for Vitale’s estimator,

2

m " 2
——F A F
(2m—-1) ™I (1) £

n ) n
LSC\/v(m) = Z fm(X ) t n(n _ 1) ;ﬁkﬁl,m—ki(Xi)

A.3 Derivation of Bootstrapping function

ISE; (m) = [ (720 (2) = g (2))d

- - - A (A.4)
- [ Fn@dos [ fR @) da=2 [ f @) g (0)da
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Following a similar approach as in (A.3)), the First and second terms of (A.4)) can be written

as

1.
fo frol(@)dn = FiL A, F (A.5)

(2m 1) 1,m*+m,m= .m

and

/ fmo(m)dx—ﬁFt AomoFmg- (A.6)

The third term of (A.4) can be calculated and obtained in closed form as

1 . R 1
2 [ Fr@ o= [ 2mmo[§F,:Pk,m1<x>][;m,mo1<x>]dx
=2mmy Z ZF,;FI fl Prem-1(2) Py mg-1(z)dz.
E 1 0

Then, using the expression of the binomial probabilities above expression can be further

simplified to

L # 1 k+l k+1)-2
2[0 fi’:m(x)fmo(:c)d:n=2mmOEZF,§Flf0 ac+(1—:17)m+m°_(+)_ dx
k1
=2mmOZZF,:Fl(m,;1)(mO 1) Blk+1+1),m+mg—(k+1)-1)

2mm0
(m+m0 1) % ZZFkFlakl

2mmyg wt
= —F mA .
(m +mo — 1) m mO mo

(A7)

Finally, using (3), (A:6) and (A7)

* m2 *t * m% t
ISE; (m) = mFi,mAm,mFi,m + (2m0—_1)Fm0 AmgmoFmg
mmyg
L W

(m+m0—1)
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