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Abstract

This thesis uses analytical techniques to solve for the free and forced vibration
response of non-conservative, spinning Timoshenko beams. The free vibration analytical
method employs differential matrix operators and an appropriately defined state vector to
reduce the partial differential equations to a system of ordinary differential equations. A
series-type solution is used to solve the system of ordinary differential equations. The
forced vibration analytical method requires an analysis of the adjoint system since the
presence of distributed follower forces destroy physical symmetry, hence, making the
problem non-self adjoint. The adjoint analysis yields eigenvalues and eigenvectors of the
adjoint of the problem. Modal expansion over the real and adjoint system eigenvectors is

used to determine the dynamic response of non-conservative, spinning Timoshenko beams.

The free vibration analysis is performed for six boundary condition cases. Each case is
investigated for the influence of beam spin rate and magnitude of follower force upon the
natural frequencies of the beams. Both the forward and backward precession frequencies
are investigated. The forced vibration analysis is performed for the four boundary
condition cases that do not include rigid body motion. Results are presented showing the
response of each of the boundary condition cases to an exponentially decreasing transverse

load for various follower force loadings.
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Chapter 1

Introduction

Problem Definition

Spinning beam systems form the foundation of numerous engineering applications
found in the physical world today. Rocket and other flight vehicles, rotating workpieces
in machining operations, and turbine engines in rotordynamic systems are examples of
physical systems developed from spinning beam systems. Research into this field has been
the focus of researchers since the late 1800°s. However, over the last few decades, the
complexity of this research has grown significantly, and this is not only due to the fact that
engineering systems have become increasingly sophisticated, but is also due to the

availability of cheap and powerful computers to handle their analyses.

The majority of research to date has been based upon the Euler-Bernoulli beam theory.
Also known as the simple beam theory, this beam theory has limits beyond which the
application of the model is inappropriate. The simple beam theory is valid only for slender
beams, and also, only for the first couple of modes of vibration. For higher modes
vibration applications, the simple beam theory introduces significant error, even for slender
beams. For example, accurate modeling of the behavior prediction of high-speed spinning
equipment is critical to obtain satisfactory bearing load predictions and, thus, machine

performance.

The Timoshenko beam theory was born out of the need for a beam theory

encompassing beam configurations that are short and thick. For such stubby structures,
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the effects of shear deformation and rotary inertia cannot be neglected as was assumed in
the case of the Euler-Bernoulli beam theory. By including these effects in the model, the
Timoshenko beam theory can correctly predict the behavior of stubby beams. The theory
is also capable of predicting higher order modes of vibration for both slender and stubby
beams, with greater accuracy than is possible by the Euler-Bernoulli beam theory.
However, the Timoshenko beam model does not come without a price. Unlike the Euler-
Bernoulli beam theory which involves solving a single ordinary differential equation, the
Timoshenko beam model is based on solving coupled partial differential equations. Partial
differential equations are considerably more difficult to solve analytically and only a few
possess such analytical solutions. Frequently these equations are solved numerically, and
therefore, suffered from a lack of a closed-form solutions which can be very useful for the

purpose of verification and bench-marking of the numerical results.

In this thesis, a method of analytically solving the Timoshenko beam model for
spinning beams with general boundary conditions and subjected to distributed follower
forces and arbitrary lateral loads is developed. The free and forced vibration

characteristics of spinning Timoshenko beams are investigated.

Literature Survey

Since this thesis deals with the analytical solution of the Timoshenko beam model it is
important to establish what has already been done in this field. An important aspect of the
study is the evaluation of the stability of beam systems. A comprehensive study in this
area can be found in the work of Bolotin (1963) and more recently in Huseyin (1978).
Beal (1965) studied the stability of a uniform free-free Euler-Bernoulli beam under
controlled concentrated follower forces. The use of the concept of adjointness in a
follower force system was mentioned by Nemat-Nasser and Herrmann (1966). They
attempted to offer a physical interpretation of the original and adjoint systems by

associating them with an energy sink and an energy source respectively. Further
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extensions to handle a follower-force system expressed as tangential end torques was
presented by Nemat-Nasser (1968), and in the form of the follower-type surface tractions
by Prasad and Herrmann (1969). The work described so far has been confined to stability
analysis of non~self-adjoint problems due to the action of concentrated end follower
forces. Leipholz and Madan (1975) investigated the stability of Euler-Bernoulli beams
subjected to distributed follower forces. They solved the differential equations of motion
in terms of Bessel solutions. Wu (1976a) also investigated the stability of free-free Euler-
Bernoulli beams based on the Bessel solution method. For the case of free-free Euler-
Bernoulli beams with a controlled axial force, Wu (1976b) proposed a finite element
approach to study their stability. Park and Mote (1985) employed a finite element model
of a uniform, free-free Euler-Bernoulli beam to investigate the dynamic effects caused by a
concentrated follower force. The stability of the model was investigated with respect to
axial location of the mass, location of follower force control sensor, sensor gain, and
magnitude of force. Also, using a finite element model, Park (1987) investigated the
stability of a free-free Timoshenko beam driven by a controlled concentrated follower
force. In particular, he studied the influence of shear deformation and rotary inertia on the
stability of stubby beams. Kounadis (1980) formulated the equations of motion for an
elastically restrained Timoshenko beam carrying a concentrated mass and subjected to a
compressive follower load and a distributed compressive follower load. He derived the
equations using the principle of virtual work and Hamilton’s principle for non-
conservative systems, and compared with the results he obtained via a free body diagram
approach (Newton method). He showed that while the results are consistent with those
derived via Hamilton's principle for a non-conservative system, they do not agree with the
equations based on the classical dynamic equilibrium approach. He did not however,
attempt to solve any of the equations he obtained. Platus (1992) developed a Lagrangian
formulation to derive the equations of motion for a spinning Euler-Bernoulli beam. He
modeled a free-free beam with rigid-body motion. His investigation yielded results
defining the stability of a free-free beam. Chen and Ku (1994) investigated the stability of
a cantilevered column subjected to uniformly distributed in-plane follower forces. Their

work was performed using a finite element method for Timoshenko beams. Kounadis
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(1994) in his work on the divergence instability of non-conservative systems, argued that
the validity of the various phenomena based on the classical linear undamped theory is

questionable when a nonlinear model, including damping, is employed.

Mukhopahyay (1988) investigated the free vibration of a free-free Timoshenko beam
using a flexibility matrix approach to remove the singularity caused by free-body motion.
Rao and Rao (1989) presented the results of investigating large amplitude vibrations of
tapered clamped-free and free-free beams. They modeled the beam using an Euler-
Bernoulli beam model and solved using a fourth-order Runge-Kutta integration algorithm.
Using a finite element technique, Leung (1988) obtained natural frequencies of a follower
force system modeled by the Timoshenko beam element. Employing the Euler-Bernoulli
beam theory, Craig and Ni (1989) investigated a model-order reduction method applied to

a free-free beam.

Work on the dynamics of spinning beam systems has been limited. Bauer (1980)
presented eigenvalues and eigenfunctions for rotating uniform beams. His solution was
derived from the Euler-Bernoulli beam theory. He presented results for the six classical
boundary conditions. Zu and Han (1992) investigated the natural frequencies and normal
modes of a spinning Timoshenko beam with general boundary conditions. They presented
analytical solutions for each of the six classical boundary conditions. Zu, Han and Lu
(1995) investigated the critical speeds of a spinning Timoshenko beam. They presented
precession frequencies and critical speeds for six classical boundary conditions. Han and
Zu (1992, 1993) investigated the analytical dynamics of a spinning Timoshenko beam with
a moving load. A simply supported beam was investigated. Eighth-order coupled
differential equations describing the motion of the beam were reduced to a set of

uncoupled fourth-order differential equations.

The field of the dynamic analysis of non~self-adjoint systems has been investigated
mainly by Leipholz and his co-workers. Dynamic response computations were presented

by Leipholz (1983) and also, by Afagh and Leipholz (1990), and response due to
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transverse shock loads by Afagh and Lee (1991). Afagh and Leipholz (1990) used a
Green’s function approach to the solution of the dynamics of Euler-Bernoulli beams
undergoing tangential distributed follower forces. Their method was applied to the
solution of a clamped-free beam. All these studies are based on the Euler-Bernoulli beam
theory. The dynamics of spinning Timoshenko beams with distributed follower forces has
been overlooked by researchers for the most part. Zu, Han and Williams (1993) solved
the free and forced vibration problem for a spinning Timoshenko beam with distributed
follower forces. They applied an analytical solution based upon adjoint system analysis to

the dynamics of a clamped-free beam.

Proposed Research

In this thesis, the analytical solution for the spinning Timoshenko beam with
distributed follower forces presented by Zu (1993) will be expanded to include all the
boundary conditions of interest in dynamics analysis. The free vibration characteristics
will be determined for beams under the following boundary conditions: clamped-free,
clamped-clamped, clamped-hinged, hinged-hinged, hinged-free, and free-free. The forced
vibration analysis will be performed for four of the six boundary conditions: clamped-free,
clamped-clamped, clamped-hinged, and hinged-hinged. The remaining two boundary
conditions, hinged-free and free-free, are omitted. The hinged-free forced vibration case is
of little engineering value is therefore omitted. The free-free case has the added
complication of inertia coupling due to rigid-body motion, and is therefore left for future
investigation. A limited stability analysis will be performed to assess the validity of critical
distributed follower forces used for non-dimensionalization of parameters. From this

analysis two different types of instability will be identified in the spinning beam systems.



Chapter 2

Free Vibration Analysis

Introduction

This chapter presents the free vibration analysis of a Timoshenko beam under the
influence of distributed follower forces for six boundary condition cases: clamped-free,
clamped-clamped, clamped-hinged, hinged-hinged, hinged-free, and free-free cases. The
case of a clamped-free beam has been previously investigated by Zu, Han, and Williams
(1993). Zu et al. employed analytical methods to determine the free vibration and forced
vibration characteristics of a clamped-free Timoshenko beam. For the thesis, the work of
Zu et al. has been extended to include the dynamics of the other five boundary condition

cases mentioned earlier.

Formulation

The equations of motion for a spinning Timoshenko beam sketched in Figure 2.1,
including uniformly distributed follower force ¢ and lateral force p, have been derived

previously by Zu et al. In complex notation, they are as follows:

Fu «G( 0y u) 91-¢)u  p
| ==+ > = 2.1)
a P\ ) pdl oA
2 2
@-'%@_ Ezé’V;+’Q4G([ ..@j:() 2.2)
or pl &  pl* pll 74
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where p, [, 4,1, J,, E, Gand x are the mass density, length, cross-sectional area,
transverse moment of inertia of an axisymmetric cross-section, polar mass moment of
inertia, Young's modulus, shear modulus and shear coefficient of the beam, respectively,
and i = +/=1. The variable « is defined to be the complex variable of transverse deflection,

and y is defined to be the complex variable of bending angle.

Pl /

v o

Figure 2.1: A Spinning Beam System

Three of the possible end conditions that can be applied to the system are the clamped,

hinged, and free boundary conditions. The end conditions required by each case are:

Clamped:
u(g,1)=0
p(¢1)=0
Hinged:
u(¢,1)=0

y'(51)=0
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Free:
p'(G1)=0
2D yign=o

where ¢ =0 or1 and (), implies 0 ()/0(. A time transformation, 7=if, is applied to

remove the complex term in equation (2.2). The equations of motion now become:

2 2 1— 2
Cre i 2y 23)
or a & pAl " pA
2 2
v M Ezé"f#‘AG[z —Q’-):o 2.4)
or pl o pl* & pll 74
The equations of motion can be expressed in matrix form as follows:
[M]{w} = [KKw} + {P} (2.5)
where ( .) implies 0( )/0t and {w} is the state vector defined as follows:
(wh=(i u y y)' (2.6)

[M] and [K] are differential matrix operators representing generalized mass and

stilfness matrices, and {P} a load vector. They are given by:

0 4/ 0 0
A/ 0 0 0
M=o o o 1 27
JZ
0 0 1 —Qﬁ_
AlT 0 0 0 ]
0 (‘KA(z; (I(llzgjj Zy 0 o
a
0 0 1 0
0 _KAG 0 0 —E_ 2  KdG
I pll ¢ pl2 a2 pl |
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(P :<o ‘,pr 0 0>T (2.9)
For free vibration analysis, {P} is set to zero and the eigenproblem to be solved is
A MW, =KW}, m=x142 ... (2.10)
where 1, is the eigenvalue of the system. Eigenvectors are given by

WY,y = (W Wopy W, W,,,) 2.11)

um um wm ymi

in which W

um>

W, are the mode shapes corresponding to the transverse deflection # and

bending angle y. Expanding (2.10) yields a system of four partial differential equations

/’{’m é Wl?ﬂ = é VVum (2 12)
I I
1_
A 4 um = ( KA? q( g)j W + 4G (2.13)
I pll pll oll "
AW = W, (2.14)
z(W —-—%Ww}—-’?‘ﬁm,——@z—w;;ﬁﬁm 2.15)
ol pll ol oll

Elimination of the time derivative yields the following coupled ordinary differential

equations with undetermined coefficients.

(&, +a, Q)W +aW,, = a, Wy, (2.16)
a, ij;n +a W, =-a,W,, (2.17)
where
a]:%?——%, aaz/lzmi}, as—;)jlz—z
azzpqﬂ, a4:’cg[G, aszlfn—/lnl%]jz———%]—?—
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The solution of the coupled ordinary differential equations is based on a series solution

with no singularities in the range considered, 0<(</.

W =2 %8 (2.18)
J=0

W =2 5,8 (2.19)
j=0

Substitution of (2.18) and (2.19) into (2.16) and (2.17) then evaluating yields four
independent constants to be determined by boundary conditions, and recursion formulas to

determine the remaining constants x; and y;. The recursion formulas are determined to be

~ —az(j+1)xj+1 —a,x, +a4(j+l)yj+1
xj+2 - . .
al(]+l)(]+2)

(2.20)

_a6yj —a, (] + 1)xj+1
a,(j+1)(j+2)

Viea = (2.21)

Using the recursive relationships, (2.18) and (2.19) can be rewritten in the following

form, collecting the unknown constants.

um

Wow =X, %0 + X, vy + X, X, +X, ), (2.22)
Wy/m - Kco Xo + Y;Oyo + Yxl X, + Y;lyl (2'23)

where
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2 2 2
x¥ =1-% £ty 94 & 2a,a,0, —aya;0; — a,05a, i
o 2q, 6a’ 24a;a,
X:_a4a643 aaag
Y 6aja 1207 a,
2
a.a. +a’ 3 az(a3a5 +a )
X =¢(-25 Ty Vet
1 2
6a,a, 124 a
2 2
y = oo 612614 4 —2a,a,a, +a,a,0,0, +a1a4(a1a6 +a4>§4+
24, 24a’a,
Y = a3a4 §3 _ a2a3a4 4/4_}_
o 6a,a; 24ala,
2 2
y =1-Y% §2+a2a6 Ta,as o
7o 24 24a,a?
v - Y éV2+aaaé+aaza +a, Ly
T 2a 24a,a?
XA+ s G0,
Y =¢- ¢+ ===+
6a,a; 24a; a,

Xes X5 Xy s X, and Vs Do Yo Y, are infinite series requiring term by term evaluation
because of the presence of the unknown natural frequency in the a, and a, terms. The

natural frequencies are determined by applying boundary conditions to (2.22) and (2.23)
and solving the resulting two equations for the natural frequencies. The natural

frequencies are determined by setting the determinant to zero. The method is illustrated

for the clamped-free beam case.

The boundary conditions for the clamped-free beam are the following:

W(0)=0 W (1)=0
W, (0)=0 —M;,(l) W (1)=0

The result of imposing these boundary conditions upon (2.22) and (2.23) is that x, and y,

vanish and x, and y, satisfy:

Yi(Wx, +Y(Wy =0 (2.24)
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BX; m-7, (D}xl +BX -1, (1)}1 =0 (2.25)

Setting the determinant of (2.24) and (2.25) to zero yields the frequency equation for A_:

B0 0 - 5,0 - 10 e 0- Lo <o (.26

The frequency equation is solved using MapleV for symbolic manipulation and a
numerical root solver. The mode shapes for the free vibration of a clamped-free beam are
determined by assuming x, to be unity and solving y, from one of (2.24) or (2.25). The

mode shapes are determined from:

= (1) 2.27
um X1 (1) yl ( . )
L2y (2.28)

ym e (1) yl

The remainder of this chapter is devoted to presenting the results of the free vibration
analysis of a spinning Timoshenko beam with distributed follower forces for the six

classical boundary condition cases.
Numerical Analysis

The basic data employed in the following study is summarized as follows:

kg
m3
G =776 GPa k=09

E =207 GPa p =7700 [=10m

The following non-dimensional parameters are used:

Q=Q/w, -non-dimensional rotational speed

q/q, - non-dimensional follower force

E’QI

- Rayleigh beam coefficient



Chapter 2, Free Vibration Analysis 13

where @,, is the first at-rest natural frequency, g, is the critical follower force beyond
which the system loses its stability based on the Euler-Bernoulli beam theory, and 7, is the

radius of gyration of a circular cross section. The Rayleigh beam coefficient is a reflection

of the stubbiness of the beam; as B increases the beam becomes more stubby.

To verify the frequency equations the natural frequencies of the spinning Timoshenko
beams with zero follower forces are compared to the natural frequencies determined using
the analytical formulas given by Zu and Han (1992). Their approach differs from the
present method in two respects: their technique is valid for spinning Timoshenko beams
with no follower forces and their solutions are based on transcendental functions. In order
to make meaningful comparisons, the same system parameters as depicted previously are
used in evaluating the solutions computed by the two methods. The presented data in the

Tables 2.1, 2.2, 2.3, 2.4, 2.5, and 2.6 are for the case of Q =2.5, £=0.15, and g = 0%.
Clamped-Free Beam

The boundary conditions for a clamped-free beam are as follows:

.0 (0) =0 W (1) =0
7, (0)=0 S, ()= T, (1) =0

The frequency equation is:

Y5 (O[X;, ()-8, ()] - T (O] X5 (1) - 1%, (D] = 0

The mode shapes are given by:
Y.
um = 1 x,l()Xyl
7y

Y/
me = I]xl - x,l (1) y1
7 (D)




Chapter 2, Free Vibration Analysis 14

Table 2.1: Comparison of Analytical Natural Frequencies for Clamped-Free Beam
with Zero Follower Forces, Q = 2.5and f=0.15

Mode Zu and Han (1992) Current Work
Ist 874.37151 ' 874.37149
2nd 4930.89512 4930.89526
3rd 12081.73743 12081.73701
4th 20589.61384 20589.61454
5th 29832.75477 29832.75429

Table 2.1 gives the comparison of the natural frequency calculated using the above
frequency equation to the natural frequencies calculated using the analytical formula of Zu
and Han (1992). Figure 2.2 gives the variation of the natural frequency with the non-
dimensional spin rate. Figure 2.3 gives the first three mode shapes for transverse
deflection and bending deflection. Vibration mode shapes are independent of spin-rate
and, hence, no spin-rate is given for Figure 2.3. Figure 2.4 gives the variation of natural
frequency with distributed follower force for a clamped-free beam. Forward and
backward precession frequencies are denoted by solid and dashed lines, respectively, in

Figures 2.2, 2.3, and 2.4.

Table 2.1 shows excellent agreement between the analytical formula given by Zu and
Han (1992) and the series solution used here. The small differences that occur between
the values can be attributed to numerical errors. Recall that Zu and Han’s formulas are

based on transcendental equations requiring numerical root solvers to evaluate natural
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frequencies, and the series used here to compute the natural frequencies are truncated at

50 terms.

Figure 2.2 demonstrates a progressive stiffening of the beam as the follower force
increases as shown by the increasing natural frequency. The plots of natural frequency
also show the backward precession frequency being less than the forward precession for
all modes except the fundamental. For the fundamental mode the precession frequencies
experience a crossover at approximately 55% of critical follower load. At g=75% for the
fundamental mode it can be seen that the backward precession frequencies are now greater

than the forward precession frequencies.
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Figure 2.3 clearly shows that the mode shapes for transverse and bending deflection

conform to the clamped-free boundary conditions of the beam.

Figure 2.4 demonstrates a coalescence of the first and second natural frequencies at
higher distributed follower forces. This coalescence of the first and second natural
frequencies has been identified in literature sources as being indicative of the onset of a
flutter-type instability. Of further interest is the fact that the onset of instability occurs at a
magnitude of distributed follower force less than that predicted by the Euler-Bernoulli
beam theory. As shown by Leipholz and Madan (1975), the critical follower force for a

spinning, clamped-free Euler-Bernoulli beam is defined to be as follows:

g, = 40.05- %31

Leipholz et al. identified this critical force as corresponding to the flutter-type
instability. Figure 2.4 shows the critical follower force for forward precession to be 82%
of the Euler-Bernoulli beam model prediction, and for backward precession, 78% of the
Euler-Bernoulli beam model. Thus, the actual critical follower force determined by the
Timoshenko beam model is less than the Euler-Bernoulli beam critical force. However, it
should be noted that since the follower force was normalized using a critical follower
force based on the Euler-Bernoulli beam theory, some distortion would be expected since

the beam being investigated is considered stubby; it has a Rayleigh coefficient of 0.15.

Clamped-Clamped Beam

The boundary conditions for a clamped-clamped beam are as follows:

,,(0) =0 W,y (1)= 0
w,,(0)=0 w,,(1)=0

The frequency equation is:
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Xxl (I)Yyl 1)- Xyl (I)Ym (1) =0

The mode shapes are given by:

X,
um — x1 _hxl(_)Xyl
Xyl (1)
_ Y _ Xxl (l) Y

ym - *xl val (l) yl

Table 2.2 gives the comparison of the natural frequency calculated using the above
frequency equation to the natural frequencies calculated using the analytical formula of Zu
and Han (1992). Figure 2.5 gives the variation of the natural frequency with the non-
dimensional spin rate. Figure 2.6 gives the first three mode shapes for transverse
deflection and bending deflection. Vibration mode shapes are independent of spin-rate
and, hence, no spin-rate is given for Figure 2.6. Figure 2.7 gives the variation of natural
frequency with distributed follower force for a clamped-clamped beam. Forward and
backward precession frequencies are denoted by solid and dashed lines, respectively, in

Figures 2.5, 2.6, and 2.7.

Table 2.2: Comparison of Analytical Natural Frequencies for Clamped-Clamped Beam
with Zero Follower Forces, Q =2.5 and f=0.15

Mode Zu and Han (1992) Current Work
Ist 4955.25431 4955.25428
2nd 11883.07423 11883.07445
3rd 20186.05360 20186.05281
4th 29188.36882 29188.37016

Sth 38600.90490 38600.90372
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Table 2.2 shows excellent agreement between the analytical frequency equation given
by Zu and Han (1992) and the series solution of the current work. As with the clamped-

free case differences can be attributed to numerical solution differences.

Figure 2.5 shows a trend reversal from that found for the clamped-free beam. For
increasing follower force it is found that the natural frequencies decrease indicating a
structural softening of a clamped-clamped beam. Unlike the clamped-free beam, the
forward precession frequencies are greater than the backward precession frequencies for

every vibration mode.
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Figure 2.6 clearly shows that the mode shapes for transverse and bending deflection

conform to the clamped-clamped boundary conditions of the beam.

Figure 2.7 does not demonstrate a coalescence of the natural frequencies even though
the 1st and 2nd modes appear to meet, nor do these frequencies approach zero at higher q.
However, based on our numerical experimentation, it is found that beyond 95.5% of the
critical force, the solution of the frequency equation abruptly diverges, indicating the onset
of an instability. This is true for both the forward and backward precession frequencies.
Leipholz and Madan (1975) showed using the Euler-Bernoulli beam theory, that the
instability is of the divergence-type, and they calculated the critical follower force for a

spinning clamped-clamped beam to be:

q, :80.255~E;3'1

Figure 2.7 shows the critical follower force for forward precession to be 95.5% of the
Euler-Bernoulli beam model prediction, and for backward precession, 95.5% of the Euler-
Bernoulli beam model. Once again, the actual critical follower force determined by the

Timoshenko beam model is less than the Euler-Bernoulli beam critical force.

Clamped-Hinged Beam

The boundary conditions for a clamped-hinged beam are as follows:

W.u(0)=0 W.,(1)=0
w,,(0)=0 w.(1)=0

The frequency equation is:

Xa (O (D)= X, (DX (1) =0
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The mode shapes are given by:

X, (1
um x1 ——xli_))(yl
Xyl (1)
_ Y _ Xxl (I)Y

ym x1 va] (1) yt

Table 2.3: Comparison of Analytical Natural Frequencies for Clamped-Hinged Beam with
Zero Follower Forces, QO =2.5 and £=0.15

Mode Zu and Han (1992) Current Work
Ist 3649.37840 3649.37840
2nd 10380.84750 10380.84750
3rd 18770.65521 18770.65521
4th 27985.23674 27985.23674
5th 37623.24857 37623.24857

Table 2.3 gives the comparison of the natural frequency calculated using the above
frequency equation to the natural frequencies calculated using the analytical formula of Zu
and Han (1992). Figure 2.8 shows the variation of the natural frequency with the non-
dimensional spin rate. Figure 2.9 depicts the first three mode shapes for transverse
deflection and bending deflection. Vibration mode shapes are independent of spin-rate
and, hence, no spin-rate is given for Figure 2.9. Figure 2.10 gives the variation of natural
frequency with distributed follower force for a clamped-hinged beam. Forward and
backward precession frequencies are denoted by solid and dashed lines, respectively, for

Figure 2.8, 2.9, and 2.10.
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Table 2.3 shows excellent agreement between the two analytical formulas. As usual,
the small differences can be attributed to the approximations used to determine the natural
frequencies.

Figure 2.8 shows the natural frequency for a spinning clamped-hinged beam decreases
as the distributed follower force increases. This is the same trend identified with the
clamped-clamped beam. As with the clamped-clamped beam the backward precession

frequency is less than the forward precession frequency for all vibration modes.
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Figure 2.9 clearly shows that the mode shapes for transverse and bending deflection

conform to the clamped-hinged boundary conditions of the beam.

Figure 2.10 shows the fundamental frequency of the clamped-hinged beam falling off
to zero as the critical follower force is approached. This has been identified as the
divergence-type of instability. Based on the Euler-Bernoulli beam theory, the critical
follower force for a spinning clamped-hinged beam (Leipholz and Madan, 1975) is defined

to be as follows:

E-T
9. = 57007 =

Leipholz et al. identified this critical force as corresponding to a divergence-type
instability. Figure 2.10 shows the critical follower force for forward precession to be
88.5% of the Euler-Bernoulli beam model prediction, and for backward precession, 88.2%
of the Euler-Bernoulli beam model. As before, the actual critical follower force computed

by the Timoshenko beam model is less than the Euler-Bernoulli beam critical force.

Hinged-Hinged Beam

The boundary conditions for a hinged-hinged beam are as follows:

me (O) =0 W;m (l) =0
w,.,(0)=0 w,,(1)=0

The frequency equation is:
Xy DT (D =X, (DY, (1)=0

The mode shapes are given by:

X,
um — “*30 x1
Xxl (1)
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X0 (D)
ym = )IyO - & }7x1
X, (D

¥

Table 2.4 gives the comparison of the natural frequency calculated using the above
frequency equation to the natural frequencies calculated using the analytical formula of Zu
and Han (1992). Figure 2.11 gives the variation of the natural frequency with the non-
dimensional spin rate. Figure 2.12 gives the first three mode shapes for transverse
deflection and bending deflection. Vibration mode shapes are independent of spin-rate
and, hence, no spin-rate is given for Figure 2.12. Figure 2.13 gives the variation of natural
frequency with distributed follower force for a hinged-hinged beam. Forward and
backward precession frequencies are denoted by solid and dashed lines, respectively, in

Figures 2.11, 2.12, and 2.13.

Table 2.4: Comparison of Analytical Natural Frequencies for Hinged-Hinged Beam with
Zero Follower Forces, Q=2.5 and #=0.15

Mode Zu and Han (1992) Current Work
Ist 2460.73225 2460.73225
2nd 8789.83407 8789.83407
3rd 17242.27617 17242.27617
4th 26698.70175 26698.70175
Sth 36607.52426 36607.52426

Table 2.4 shows excellent agreement between the two analytical formulas. As usual,

the small differences are attributed to the numerical evaluation of the natural frequencies.
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Figure 2.11 demonstrates the same trend in natural frequency with follower force as
seen with the clamped-clamped and clamped-hinged boundary condition cases. The

natural frequency decrease with increasing distributed follower force.

Figure 2.12 clearly shows that the mode shapes for transverse and bending deflection

conform to the hinged-hinged boundary conditions of the beam.

Figure 2.13 shows the divergence-type of instability at a critical follower force less

than the Euler-Bernoulli critical force. Based on the Euler-Bernoulli beam theory, the
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critical follower force for a spinning hinged-hinged beam (Leipholz and Madan, 1975) is

defined to be as follows:

g, =18.9564. —b;—i

Leipholz et al. identified this critical force as corresponding to a divergence-type
instability. Figure 2.13 shows the critical follower force for forward precession to be
93.2% of the Euler-Bernoulli beam model prediction, and for backward precession, 92.7%
of the Euler-Bernoulli beam model. Once again, the actual critical follower force
determined by the Timoshenko beam model is less than the Euler-Bernoulli beam critical

force.

Hinged-Free Beam

The boundary conditions for a hinged-free beam are as follows:

W (0)=0 W,,(1)=0

W, (0)=0 ~W’ ) -W,, (1)=0

um

The frequency equation is:

o (X4 () =17, (D] = Y5 (D[ X6 (1) - 17,0 (1)] = 0

The mode shapes are given by:

S e
um y0 Y, (l) x1
yO (1)
ym — Ly0 T (l) xl
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Table 2.5 gives the comparison of the natural frequency calculated using the above
frequency equation to the natural frequencies calculated using the analytical formula of Zu
and Han (1992). Figure 2.14 gives the variation of the natural frequency with the non-
dimensional spin rate. Figure 2.15 gives the first three mode shapes for transverse
deflection and bending deflection. Vibration mode shapes are independent of spin-rate
and, hence, no spin-rate is given for Figure 2.15. Figure 2.16 give the variation of natural
frequency with distributed follower force for a hinged-free beam. Forward and backward
precession frequencies are denoted by solid and dashed lines, respectively, in Figures 2.14,

2.15, and 2.16.

Table 2.5: Comparison of Analytical Natural Frequencies for Hinged-Free Beam with
Zero Follower Forces, Q= 2.5 and p£=0.15

Mode Zu and Han (1992) Current Work
Ist 121.43163 121.43163
2nd 4067.51499 4067.51499
3rd 11265.55076 11265.55076
4th 20138.05309 20138.05309
5th 29755.43417 29755.43416
6th 39668.95669 39668.95669

Table 2.5 shows excellent agreement between the two analytical formulas. As before,
the small differences can be attributed to the approximations used to determine the natural

frequencies.

As with the previous three boundary condition cases, Figure 2.14 shows the natural

frequency decreasing with increasing distributed follower force for the hinged-free beam.
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Figure 2.15 clearly shows that the mode shapes for transverse and bending deflection

conform to the hinged-free boundary conditions of the beam.

Figure 2.16 demonstrates divergence-type instability in both the forward and backward
precession modes. Based on the Euler-Bernoulli beam theory, the critical follower force
for a spinning hinged-free beam (Leipholz and Madan, 1975) is defined to be as follows:

q, :30.571-EZ;]
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Leipholz et al. identified this critical force as corresponding to a divergence-type
instability. Figure 2.16 shows the critical follower force for forward precession to be
57.5% of the Euler-Bernoulli beam model prediction, and for backward precession, 77.8%
of Euler-Bernoulli beam model. As before, the actual critical follower force determined by

the Timoshenko beam model is less than the Euler-Bernoulli beam critical force.

Free-Free Beam

The boundary conditions for a free-free beam are as follows:

#;,(0)=0 W, (1) =0

=T (©)=0 LWL M), (1)=0

The frequency equation is:

Yo (X0 O+ X, (D)= 1,0 = LY, (1) = (X1 () - 1o M) O+ 173,1) = 0

The mode shapes are given by:

W;m = XxO _——}‘;—&———(XO +lXx1)
PoM+gmt

Wim =Tso =37 a? i(zli)/g M (B +11.)
» x
Table 2.6 gives the comparison of the natural frequency calculated using the above
frequency equation to the natural frequencies calculated using the analytical formula of Zu
and Han (1992). Figure 2.17 gives the variation of the natural frequency with the non-
dimensional spin rate. Figure 2.18 gives the first three mode shapes for transverse
deflection and bending deflection. Vibration mode shapes are independent of spin-rate

and, hence, no spin-rate is given for Figure 2.18 Forward and backward precession
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frequencies are denoted by solid and dashed lines, respectively, in Figures 2.17, 2.18 and
2.19.

Table 2.6: Comparison of Analytical Natural Frequencies for Free-Free Beam with Zero
Follower Forces, Q =2.5 and f#=0.15

Mode Zu and Han (1992) Current Work
Ist 671.92224 671.92224
2nd 6283.94220 6283.94220
3rd 14231.46039 14231.46039
4th 23460.35395 23460.35395
Sth 33197.19736 33197.19739
6th 43099.43934 43099.43937

Table 2.6 shows excellent agreement between the two analytical formulas. As before,
the small differences can be attributed to the approximations used to determine the natural

frequencies.

Figure 2.17 shows the same trend as most of the boundary condition cases of
decreasing natural frequency with increasing follower force. The backward precession
frequency is less than the forward precession frequency for all modes. The backward
precession of the fundamental mode shows indications of an asymptotic relationship
existing with spin-rate. At ¢=75% the backward precession frequency is almost

unchanged with increasing spin-rate.

Figure 2.18 clearly shows that the mode shapes for transverse and bending deflection

conform to the free-free boundary conditions of the beam.
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Figure 2.19 demonstrate coalescence of the lowest modes for both the forward and
backward precession frequencies. Based on the Euler-Bernoulli beam theory, the critical
follower force for a spinning free-free beam (Leipholz and Madan, 1975) is defined to be
as follows:

q, :80.25-€;]

The forward precession shows flutter-type instability occurring at 72.4% of Euler-
Bernoulli critical follower force. The backward precession shows flutter-type instability

occurring at 94% of Euler-Bernoulli critical follower force. A large number of terms
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(>100) were required in the series solution in order to achieve coalescence of the
precessions frequencies. Once again, the actual critical follower force determined by the

Timoshenko beam model is less than the Euler-Bernoulli beam critical force.
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Forced Vibration Analysis

Introduction

Chapter 3 covers the forced vibration of a spinning Timoshenko beam under the
influence of a distributed follower force and an applied transverse distributed load.
Physical symmetries in the sense of Betti-Maxwell reciprocity theorem are eliminated by
the presence of distributed follower forces in the beam system. The removal of the
physical symmetries results in the beam problem being non-selfadjoint. Forced vibration

analysis is achieved by the use of adjoint analysis and modal expansion.

Adjoint Analysis

The non-selfadjoint nature of the problem under investigation requires the analysis of
the adjoint system to be carried out before the forced vibration analysis can be performed.
The free vibration analysis required the analysis of the real system for eigenvalues and
eigenvectors. The adjoint system will also be analyzed for the eigenvalues and
eigenvectors. The real and adjoint eigenpairs are then related by the biorthonormality

conditions as follows:

(¥}, 7}, ) = 5,0, mn=+142, ... 3.1)

(K13, '} )=2,6,. mp=+1,42, .. (3.2)

where &, is the Kronecker delta function, and (a,b) denotes the inner product of @ and

b. The adjoints of the mass and stiffness matrix operators are (Han and Zu, 1995):

44
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0 A4/I 0 0
. AlI 0 0 0
PMrl=M= o 5 L (3.3)
z
] 0 0 1 —QI—OT_
(AT 0 0 0 i
SRS E 0 g
ISE pliz Pl )2 pll oy pll & (3.4)
0 0 1 0
0 _KAG 0 0 —_E_ 2 | kG
] pll ot pl2 a2 pl |
Defining the state vector of the adjoint system to be
e, = m vy 6:3)

in which {W*} denotes the nth eigenvector of the adjoint system and W, , Wy, are the

um?

nth eigenvector components pertaining to transverse deflections are bending angle,
respectively. The boundary conditions of the adjoint system are determined by the
following adjoint analysis. The following inner product calculation yields the boundary

conditions of the adjoint system.

KAG
1A -5 e
f {[(1 o] +C%}d4 +—-— WL, dC
(3.6)
+J;WW Ag - *_[ v G — ZZJ‘ W w.d

L

and
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<{W}m:[K*]{W*}n>zéf:%%d( +( g —MG) [wyw,ac

I ol pll?
- {I [0-¢)- | e - [wow,ac }
/’” 3.7)
P 1. : K'/IG ,*
L+ [~ Py
E x
o OWW’,; Wwd§+—f wo W, de
Integrating by parts yields:
(&1, {w )=k} )+ BC
in which the boundary condition terms are:
BC-= (%— "'AG](W AN
pll*  pll 0
[(1 ), -wom)-wom 69
(W*W —WLW, })—E(W'* -7
um un’ " ym Zz wn " ym wm

Applying the boundary conditions of the real system to equation (3.8) and setting

equal to zero yields the boundary conditions of the adjoint system.

Having determined the adjoint system boundary conditions, the eigenpairs of the
adjoint system are obtained by the method used for the free vibration analysis of Chapter

2. The eigenproblem associated with the adjoint system is given by
r e} = [ |7} . n=+l,42,... (3.9)

where A, are the nth eigenvalue of the adjoint system, [A£] and (X "] are the adjoint
differential operators defined previously, and {W’k }n represents the nth eigenvector of the

adjoint system. Expanding (3.9) gives
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74w, =2, (3.10)
I I

* T 1_ * * *

lnéﬁ:[—m?+q( :)]VKZ -2 g KAG (3.11)
[ pll pll pll pll

AW, =W, (3.12)
AZ(VI'{;,—QJZ W;,*n):__’(‘iG_VI/L*_%W’,’,*+—K£W* (3.13)

ol pll pl> " pll Y

Eliminating the time derivatives as before, equations (3.10) - (3.13) can be expressed as

two coupled ordinary differential equations with undetermined coefficients:

(@ + @)W+ &wy +aw,, = awy (3.14)
a Wy +a W, = ~a, W (3.15)
where
q p[l > 3 n b > 5 _plz
£-L g -HC @ =2y KOG @ =2
poll ol pl ol pll

The ordinary differential equations are solved in the same fashion as for free vibration.

A series expansion solution is assumed:

Wo=2%,¢ (3.16)
j=0

W,=> ¢ (3.17)
j=0

The recursive relationships resulting from substituting (3.16) and (3.17) into (3.14)
and (3.15) are:

* 1 * L. * . * * K * . %
R ISy {@:iG+D+aG+D]x, +alx; ~a,G+ 1)y}, (.18)

ay; +a,(j +1)x;+1] (3.19)

* p—
yj+2 -

]
a;(j+1D(G +2)
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The four independent constants x;, x;, y;, and y; are determined from the prescribed
boundary conditions for the adjoint system. Using the recursive relationships, constants

x; and y; for j > 1 can be expressed as functions of x., x, vy, and y; . The series

. *
expressions for /¥, and W,, can be re-expressed as:

VV:;: = onxo T Ao T A X + A0, (3.20)
W:;n = Y;on +Y;)J’o +Y;*1x1 +Y;)’1 (3.21)

* 2a; 6a;*
* * * * *
1 <2a2 +a7)(a2 +a7>a3 " agzaf .
+24a*2 - o~ +a, +—a;—§ +...
1 1 5
% # * * %k
¥ a,a; ., (2612 +czz7)cz4a6 .
0 & 7 * % g + *y ok
6a, a 24a, a
1+75 1 5
* a, +a))a, +aa +a'a? | a 1
a; . _( 2 7) 7 1“3 194 5 .3 # *
X, =¢-—5¢ - 2 ¢ +— {(6(12 +3a7)
2q, 6a, 124,
* LAY * ®* K K
L1 (az +517)"7 o +a42 G a’a, c
6a; a; *al | 24 2dal
« * *) *
¥ - a, ., (612 +a,)a, 3
y1 = * %) g
2a, 6a,
* * * * * * * * *
1 —(Za2 +a7)(a2 +a7)a4 . a,a, N a4(a6 +a, /al) oy
12a; 2a;” 2a° 2a; o
1 1 1 5
* ® # * * *
* aa, .; a3a4(a2 +a7) 4
Y;CO = * % - ¥ % é’ +...
6a, a; 24a,"a,
a a +ajla la
V=126 4/2 6 4 Y% '™ 4»4_*_.”
»0 * 2 3.22
2a; 24a; (3.22)
* ® ok K * * LA P *)
a a,a 1 |a,a, a (az +a7)a7 a
Yx’;:_ 4* 2+ 4* 7*43'{_ * 4*6 +—i— _———_*——+a;+ 4* §4+"'
2a; 6a, a, 24a, | a;, a a, a,
* *) el *
* Qas+a, 5 % (a2+a7) 4
Y;l = g—' * ok é’ + *3 ok g
6a, a, 24a,"a;



Chapter 3, Forced Vibration Analysis 49

Imposing the boundary conditions for the adjoint system on (3.20) and (3.21) yields

the frequency equation for 4., and the corresponding eigenvectors ¥ and W,.. The

following sections detail the adjoint system boundary conditions, frequency equation, and

eigenvectors for four boundary condition cases: hinged-hinged, clamped-free, clamped-

clamped, and clamped-hinged.
Hinged-Hinged

The boundary conditions of the adjoint system are

7.,(0)=0 W, (1)=0
W, (0)=0 W, (1)=0

The frequency equation is determined to be:

X, (DY5 (D) - X, (5 (1) =0

The eigenvectors are defined by:

" Y ()
VVun X;O - y,o* x1
i@

7 (1)
Wo =Yo -2V
RS AT ()

Clamped-Free

The boundary conditions of the adjoint system are

Wa©)=0 M 1=0
Wo@=0 W, m)-1w 0-—L-w,m=0

The frequency equation is determined to be:
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Ty O} O =T+ 0] 7 b - 70+ 2 1 |-
The eigenvectors are defined by:
W= x-S0y
(1)
. x (1)
Wum = )]xl (1) yl
Clamped-Clamped
The boundary conditions of the adjoint system are
W, (0)=0 W,(1)=0
W, (0)=0 W, 1)=0
The frequency equation is determined to be:
XL~ X, (Y1) =0
The eigenvectors are defined by:
= *le (1) 1
X,
X e
Wy/n = X1 (1) yl
Clamped-Hinged
The boundary conditions of the adjoint system are
,,(0)=0 7,1)=0

W, (0)=0 W, 1)=0

50
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The frequency equation is determined to be:
XxY(I)YJ;I: (1) - le (1)1/;,1* (1) =0

The eigenvectors are defined by:

. _ X0 o
un x1 ‘va*l (1) Xyl
o e Xp (@)

Response Determination

Having determined the eigenpairs for the adjoint system the response calculations can

be completed. The response is based upon a modal expansion of the following form:
wy=22Am},.4. (3.23)

where gy, are the generalized coordinates. Substituting (3.23) into the equations of

motion in matrix form:
[M]{i} =[K{w} +{P}

Taking the inner product with {#"} | invoking the biorthonormality conditions, the
p n

following system of decoupled first order differential equations occur:

g, =4,4, +0 m=+142, ... (3.24)

=n?

where
0, ={P".{r},)

Recall from Chapter 2, {P} is a state vector defined by equation (2.9). Assuming that

P 1s an exponentially decreasing transverse load of the following form



Chapter 3, Forced Vibration Analysis 52

p =w e—iﬂr

Substituting into equation (2.9) and evaluating O vields,

we ipr
=—ce
in p] 2
1
where c= J.OWde

For zero initial conditions, the solution of (3.24) is the Duhamel integral.

9, = [, 0, () Dz (3.25)
Substituting for Q  vields,
wce ifr AT
G = (e —e™ (3.26)
pIGE~2,) ( )

The solution contains a homogeneous solution and a particular solution, the particular

solution being (3.26). The homogeneous solution is determined from,

D =404,
and therefore,

g, =Ce™"
For =0

4,(0)=C

Hence, the homogeneous solution is
qm = qﬂl (O)elmr

The system response  is then calculated using the definition of the state vector {w}

(2.6) and (3.23):
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U= Z VVz:mqm (3 27)

m=—w0

where, when transformed back to real time, we get:

_ 0)e*nt 4 we oFt _ piint
T = 4 (O + e )

Numerical Analysis and Discussion

The basic data employed in the response calculations is summarized as follows:

E =207 GPa o = 7700 —k—%- /=10 m
m

G =776 GPa xk=0.9

The following non-dimensional parameters are used:

Q=Q/w,, -non-dimensional rotational speed
g=q/q, - non-dimensional follower force
B=mryll - Rayleigh beam coefficient

where @, is the first at-rest natural frequency, ¢, is the critical follower force beyond
which the system loses its stability based on the Euler-Bernoulli beam theory, and r, is the
radius of gyration of a circular cross section. The Rayleigh beam coefficient is a reflection

of the stubbiness of the beam; as fincreases the beam becomes more stubby.

Each beam is subjected to an applied transverse distributed load of the following form:

p(&,H)=De™ (3.28)

where D = 10 kN/m and y = 1 5. An Euler-Bernoulli model is used to define the initial
deflection at # = 0 sec. of the beam due to the applied transverse distributed load. The

initial deflection is defined by the following equation:

%U(;,oyv +%(1 _OULOY =D (3.29)
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The initial bending deflection y(¢,0) is found by taking the first derivative of U(¢0).

Clamped-Free Beam

Normalized Tip Deflection

Time (sec)

Figure 3.1: Normalized Tip Deflections for Clamped-Free Beams with g=25%
(—®— Current Work —&— Han and Zu ( 1995))

Figure 3.1 gives the tip deflection of the clamped-free beam as it develops with time
for the current work and the work done by Han and Zu (1995). This figure shows good
agreement between the forced response of the current work and the forced response
calculations done by Han and Zu. Some differences are apparent between the tip
deflections. The current work shows more oscillatory behaviour than their work. This is

likely because more terms were used to approximate the mode shapes of the real and
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adjoint systems than was used by them. This would have the effect of increasing the

higher-order contributions to the forced response.
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Figure 3.2: Primary Deflections of Clamped-Free Beams

Figure 3.2 shows the primary (in-plane) deflection of the clamped-free beam. It can be
seen that the primary deflection decays rapidly with time. The maximum deflection occurs
at time 7 = 0 sec. This is expected since the applied transverse load is an exponentially

decaying function of time.
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Figure 3.3: Secondary Deflections of Clamped-Free Beams
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Figure 3.3 depicts the secondary (out-of-plane) deflections of the clamped-free beam.

Observe that these deflections do not decay, but instead oscillate with time. This is due to

the fact that the secondary deflections are out of plane with the applied transverse load

and therefore, are not affected to the same extent as the primary deflection to changes in

the applied transverse load. It should also be noted that the secondary deflections are an

order of magnitude less than the primary deflections.
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Hinged-Hinged Beam

Figures 3.4 and 3.5 gives the forced vibration response of the hinged-hinged spinning
Timoshenko beam with distributed follower forces. Figure 3.4 shows the primary

deflections decaying exponentially as the applied transverse load decays.
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Figure 3.4 Primary Deflections of Hinged-Hinged Beams
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Figure 3.5: Secondary Deflections of Hinged-Hinged Beams
Figure 3.5 shows the independence of the secondary deflections from the decay of

the applied transverse load. As with the clamped-free beam the secondary deflections are

an order of magnitude less than the primary deflections.
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Clamped-Clamped Beam

Figures 3.6 and 3.7 demonstrate the forced response of the clamped-clamped spinning
Timoshenko beam with distributed follower forces. Figure 3.6 shows the primary

deflections decaying exponentially as the applied transverse load decreases.
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Figure 3.6: Primary Deflections of Clamped-Clamped Beams
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Figure 3.7: Secondary Deflections of Clamped-Clamped Beams

Figure 3.7 shows the oscillatory behaviour of the secondary deflection of the

clamped-clamped beam. The secondary deflections are an order of magnitude less than

the primary deflections
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Clamped-Hinged Beam

Figures 3.8 and 3.9 demonstrate the forced vibration response of the clamped-hinged
Timoshenko beam under the influence of distributed follower forces and applied transverse

loading. Exponential decay of the primary deflections is seen in Figure 3.8 with increasing

time.
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Figure 3.8: Primary Deflections of Clamped-Hinged Beams
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Figure 3.9 shows the oscillatory behaviour of the secondary deflections. As before,

the secondary deflections are an order of magnitude less than the primary deflections.
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Summary, Conclusions, and Future Work

Summary

The purpose of this thesis was to apply analytical techniques to the study of the
dynamics of non-conservative, spinning Timoshenko beams. Six general boundary
condition cases were investigated in Chapter 2 for the free vibration characteristics. Four
general boundary condition cases were investigated in Chapter 3 for the forced response

to an exponentially decaying applied transverse load.

The free vibration analysis was achieved by applying a differential matrix operator and
appropriate state vector definition to reduce the partial differential equations to ordinary
differential equations. The resulting system of ordinary differential equations was solved
using a series solution. The solution technique is unique in the fact that it requires a PC-
based symbolic manipulation package in order to evaluate the frequency equations.
Adjoint analysis was required to determine the forced vibration response of the non-
conservative beam systems investigated. Once having evaluated the adjoint eigenproblem,
modal-expansion methods are applied to the differential matrix operators to solve for the

dynamic response.

The free vibration analysis consisted of evaluating each of six boundary condition
cases for the natural frequencies and mode shapes. Results were presented demonstrating
the variation of the eigenvalues with beam axial spin rate and distributed follower force.

Both the forward and backward precession frequencies of the beams were investigated. In
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the forced vibration analysis, each of the four boundary condition problems is evaluated

for the dynamic response due to a time-varying applied transverse load. The results

presented demonstrate the time evolution of the primary and secondary deflections of each

beam.

My contributions to the field of spinning beam dynamics has been to apply analytical

techniques to handle boundary conditions that were not previously solved using analytical

methods. Both free and forced vibrations were investigated in this work.

Conclusions

L.

Conclusions made from the work done in the thesis are as follows.

The analytical technique first applied to the solution of the dynamics of a clamped-free
spinning Timoshenko beam with non-conservative forces can be extended to more
general boundary conditions. A series-type solution can be used to solve the
eigenvalue problem for any boundary condition of the following type: clamped,

hinged, and free.

Clamped-free boundary conditions are the only boundary conditions which experience
beam stiffening due to increased follower force load. The other five boundary
condition cases show the beam structurally softening as the follower force load

increased.

The clamped-free and the free-free beams are the only beams which experienced a
flutter-type instability as the critical follower force was approached. The other four
boundary conditions experience a divergence-type instability as the critical follower

force is approached.
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4. Critical follower force loads predicted using the Timoshenko beam model are less than

the critical follower loads predicted by Euler-Bernoulli beam model.

5. An asymptotic relationship was observed for the backward precession frequencies at

increased spin rate for the free-free boundary condition case.

6. A comparison of analytical techniques for spinning Timoshenko beams with zero
follower forces show nearly identical predictions for natural frequencies. Slight
differences can be attributed to approximations used in the numerical solutions used

for each analytical technique.

7. Forced response of the beams showed an exponential decrease with time in the

primary deflections corresponding to the exponential decrease in the applied transverse

load.

8. Secondary deflections, i.e. out-of-plane deflections, for the forced response of the

beams showed an oscillatory behaviour.

9. In all cases, the secondary deflection for the forced vibration response are an order of

magnitude less than the primary deflections.

Future Work

There are several possible areas of future work in the study of non-conservative

dynamics of spinning Timoshenko beams.

1. A thorough investigation of the stability of non-conservative, spinning Timoshenko
beams should be done. This thesis only briefly investigated instability limits for

spinning Timoshenko beams with distributed follower forces.
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2. A study of the dynamics of spinning Timoshenko beams with both distributed and

concentrated follower forces for general boundary conditions should be done.

3. Equations of motion for spinning Timoshenko beams undergoing rigid-body motion
and influenced by non-conservative forces should be derived. These equations could
be general equations of motion for spinning beam problems, i.e. they would apply to
beams with or without rigid-body motion, and with or without non-conservative

forces.

4. The spinning Timoshenko beam problem could be expanded to include damping
effects in the dynamics of the problem. This would likely result in the equations of
motion needing to be rederived and the solution process reinvestigated to solve for the

free and forced vibrations of the Timoshenko beam.
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Appendix A: Nomenclature

£}

QT
B

N

qc
dm

Fo

W}

cross-sectional area

Young’s modulus

shear modulus

transverse moment of inertia of circular cross-section
polar mass moment of inertia

generalized stiffness matrix

adjoint matrix of the generalized stiffness matrix
length of the beam

generalized mass matrix

adjoint matrix of the generalized mass matrix
external load vector in the inertial frame

load in the inertial frame

generalized force

distributed follower force

non-dimensional distributed follower force, ¢/q.

critical distributed follower force

generalized coordinates
radius of gyration, /// A

kinetic energy

time variable

complex variable of transverse deflections in the inertial frame
elastic potential energy

mode shapes associated with U component

mode shapes associated with y component

state vector of the inertial frame

mth eigenvector of the real system
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73

b@*pangcoh

(\‘

mth eigenvector of the adjoint system
Rayleigh beam coefficient, 7try/
Kronecker delta function
non-dimensional length, z//

shear coefficient

eigenvalues

eigenvalues of the adjoint system
mass density

imaginary time variable

shear angle in OXZ plane

shear angle in OYZ plane

bending angle in OXZ plane

bending angle in OYZ plane

complex variable of bending angle in the inertial frame
spin rate

non-dimensional rotational speed
natural frequency

nth natural frequency

at-rest fundamental natural frequency

angular velocity vector
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Appendix B: Numerical Analysis Programs

The programs are written using the MapleV programming language. MapleV was
used throughout the thesis because of its capabilities for symbolic manipulation. The
analytical nature of the thesis determined the requirement to use MapleV. The following
set of programs is a representative set of the programs required to generate the data
required for each of the six classical boundary conditions. The programs were modified to
for each of the six boundary conditions. The following set are the programs used for the

fixed-fixed beam free and forced vibration analysis.

Program: fixfix.mpl

with(linalg):

Digits:=30:

read “b.fifidata.mpl’:

#

g:=proc(lambda)

al:=evalf((K*A*G)/(rho *Iner*])-q[i3]/(vho*Iner*])):
a2:=evalf(q[i3]/(rho*Iner*l)):
a3:=evalf(lambda’2*A/Iner):
ad:=evalf((K*A*G)/(rho*Iner)):
as:=evalf(Young/(rho*I"2)):
a6:=evalf(lambda™2-(lambda*Omega[i4] *Jz)/(rho*Iner)-(K*A*G)/(rho*Iner*)):
#

[

z:="z";
Xxl:=z:
Xyl:=0:
Yx1:=0:
Yyl:=z:
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#
Jor n from 0 to N-2 do

x[n+2]:=(-a2*n*(n+ 1) *c[n+1]-a3*c[n]+ad*n+ 1) *y[n+1])/(al *(n+ 1) ¥(n+2)):

yin+2]:=(-a6*y[n]-a4*m+ 1) *c[n+1])/(a5*(n+1)*(n+2)):
XX:=genmatrix([x[n+2]],[x[0]x[1].y[0].y[1]]):
YY:=genmatrix([y[n+2]], [x[0],<[1],y[0]y[1]]):
Xxl:=Xxl+XX[1,2]*2Nn+2):
Xyl:=Xyl+XX[1,4]*2Nn+2):
Yxl:=YxI+YY[1,2]*2Nn+2):
Yyl:=Yyl+YY[1,4]*2\n+2):
od:
#
z:=1.0:
evalf(Xx1*Yy1-Xyl*Yx1+lambda):
end:
) .
writeto( fixfix.out’):
print("Free vibration analysis of a fix-fix Timoshenko Beam"):
Jor i5 from 1 to beta count do
g I iiiiiiaiaiizza
print("beta = " betafi5]):
writeto(terminal):
print("beta = " betafi5]):
appendto( fixfix.out’):
r0:=[*beta[i5]/Pi:
A:=4*Pi*rO"2:
Iner:=4*Pi*ro™4:
Jz:=2%rho*Iner:
J0:=4768.88261:
alpha:=Young*Iner:
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H: H: FH: F®

qb:=80.255*alpha/I"3:

q_count:=4:
q:=array([0.0%gb,0.25%qb,0.5%qb,0.75%qb]):
Omega_count:=3:
Omega:=array([-2.5*f0,0.0%f0,2.5%/0]):

Jor i4 from 1 by 1 to Omega_count do

print(" )
print("Omega_bar = ",evalff{Omega[i4]/f0)):
writeto(terminal):
print("Omega_bar = " evalf(Omegafi4]/f0)):
appendto( fixfix.out’):
Jor i3 from 1 by I to g count do
=1
writeto(terminal):
print("q = evalf(q[i3]/qb)):
appendto( fixfix.out ):
Jfor i2 from 1 by 1 to lam count do
lambda0:=lam0[i2]:
ir=1:
while i<=N0 do
writeto(terminal):
print("Iferation step :,i):
print("lambda0 =", lambda0):
appendto( fixfix.out’):
lambdal:=g(lambdal):
lambda2:=g(lambdal):
lambda_:=lambda0-((lambdal-lambda0)"2)/
(lambda2-2*lambdal+Ilambda0):
if abs(lambda_-lambda0) < TOL then
print("Finished'):
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# print("lambda = " lambda ):
nd_lambda: =evalf((lambda "2)*rho*A/alpha):
# print("non-dimensional lambda =",nd_lambda):
lam[ll]:=lambda_:
ndlam/[Il]:=nd lambda:
if (i4=1) and (i3=1) then
lam00/[1l]:=lambda_:
Ji:
U:=l+1:
writeto(terminal):
print("lambda =", lambda_):
appendto( fixfix.out’):
break:
else
=i+l
lambda0:=lambda_:
Ji:
od:
if i>NO then
print("Procedure failed’):
Si:
od: #i2
print(">>>>>>> g = ‘evalf(q[i3]/qb)):
Jor i6 from 1 by 1 to lI-1 do
print("lambda =", lam[i6],ndlam[i6]):
od:
od: #i3
od: #i4
Jor i7 from 1 by 1 to li-1 do
lamO[i7]:=lam00[i7]:
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od:
od: #i5

writeto(terminal):
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Program: fifidata.mpl

lam_count:=5:

lam0:=array([1813,4880,9279,14796,21241]):

Young:=2.07*10" 1.
“mu:=0.3:

rho:=7700.0:

G:=Young/2/(1+mu):

beta_count:=3:

beta:=array([0.05,0.15,0.25]):

1:=1.0:

K:=0.9:

#

N:=50:

TOL:=1.0%10"(-5):

NO:=50:

Program: eigen(00.mpl

Eigenval:=array([
4955.25428,-4579.40565,11883.07445,-10865.02631,20186.05281,-18685.54684]):
Nmode:=6:
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Program: data00.mpl
lambda0:=40000:
Young:=2.07*10"1:
mu:=0.3:

rho:=7700.0:

beta:=0.15:
Omega_bar:=2.5:

1:=1.0:
K:=0.9:
#

r0:=[*beta/Pi:
A:=4*Pi*r0"2:
Iner:=4*Pi*r0™4:
Jz:=2%rho*Iner:
J0:=4768.88261:
alpha:=Young*Iner:
qb:=80.255*alpha/I"3:
G:=Young/2/(1+mu):
q:=0.0%gb:
Omega:=0mega_bar*f0:
N:=50:
TOL:=1.0*10"(-5):
NO:=50:

sw:=10000:

be:=1:
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Program: uinit.mpl
with(linalg);

Digits:=30;

read “b:data.mpl’;
ws:=evalf(sw*I"4/alpha);
gs:=evalf(q*I"3/alpha);
v[0]:=0;

v[1]:=0;
v[4]:=I"/(4*3%2) *ws;
forifrom I to5 do

V[3¥i+4]:=-qs*(3%i+ 1) *(3%)/(3%i+4)/(3%i+ 3)/(3%i+2)/(3%i+ 1) *v[3%i+1];

V[3*i+3]:=-qs*(3*)*(3%i-1)/(3%i+3)/(3*i+2)/(3%i+ D/(3*) *v[3*i];
V[3%i+2]:=-qs*(3%i-1) *(3%i-2)/(3%i+2)/(3%i+ 1)/(3%)/(3%i-1) *v[3*i-1];
od;
w:=0;
Jforj from 0 to 19 do
v =wv[j]*(1-z)";
od,
vvp:=diff(w,z);
z:=0;
A:=genmatrix([vv,vwp], [v[2]v[3]] flag);
b:=scalarmul(submatrix(4,1..2,3..3),-1);
A:=delcols(4,3..3);
x:=linsolve(4,b);
v[2]:=x[1,1];
v[3]:=x[2,1];

1!

VARV AN

u0:=vy;

save u0, ‘uin75.mpl’;
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Program: intgrt00.mpl

read ‘data00.mpl’:

read "ov251500.m":

read ‘av251500.m":

read “uin00.mpl’:

read ‘eigen00.mpl:

#

00:=diff(u0,z):

NN:=100:

TOLI1:=1*10"-6):

#

aa:=0:

bb:=1:

#

g:=proc(x)
z:=x:
if k=1 then

evalf(Wu[j]*Wus/[j]):
else if k=2 then
evalf(Wpsi[j]*Wpsis[j]):

fi: fi:

end:

#

for k from 1 to 2 do

for j from 1 to Nmode do
APP:=0:
ir=1:
TOL [i]:=10*TOLI:
afi]:=aa:

hfi]:=(bb-aa)/2:
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FA[i]:=g(aa):
FCli]:=glaa+h[i]):
FB[i]:=g(bb):
S{i]:=h[i]*(FA[i]+4*FC[i]+FB[i])/3:
Lfi]:=1:
while i>0 do
FD:=g(afi]+h[i]/2):
FE:=g(afi]+3*h[i]/2):
S1:=h[i]*(FA[i]+4*FD+FC[i])/6:
S2:=h[i]*(FC[i]+4*FE+FB[i])/6:
vi:=afi]:
v2:=FA[i]:
v3:=FC[i]:
v4:=FBJ[i]:
v3:=h[i]:
v6:=10L [i]:
v7:=S[i]:
v8:=L][i]:
ir=i-1:
if abs(S1+82-v7) < v6 then
APP:=APP+(S1+82):
else
if v8>=NN then
print("Level Exceeded):
break:
else
=i+l
afi]:=vI+v5:
FA[i]:=v3:
FC[i]:=FE:
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Si:

Ji:
od:

FB[i]:=v4:
hfi]:=v5/2:
TOL [i]:=v6/2:
S[i]:=S2:
Lfi]:=v8+1:
ir=i+1:
afi]:=vi:
FA[i]:=v2:
FC[i]:=FD:
FB[i]:=v3:
hfi]:=hfi-1]:
T0L [i]:=T0OL [i-1]:
S[i]:=S1:
Lfi]:=L[i-1]:

print(j,APP):
if k=1 then
Cufj]:=APP:

else if k=

2 then

Co/j]:=APP:

Ji fi:
od:
od:

save Cu, Co, ‘intcon00.m:
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Program: evect00.mpl

with(linalg):

Digits:=30:

read "b:data00.mpl:

read "b:eigen00.mpl:

#

Jor i from 1 to Nmode do
lambda:=Figenvall[i]:

al:=evalf((K*A*G)/(rho*Iner*])-q/(rho*Iner*])):

a2:=evalf(q/(rho*Iner*l)):

a3:=evalf(lambda™2*A/Iner):

a4:=evalf((K*A*G)/(rho*Iner)):

as:=evalf(Young/(rho*1"2)):
a6.:=evalf(lambda"2-(lambda*Omega*Jz)/(rho*Iner)-(K*A*G)/(rho*Iner*l)):
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YWop:=0:
Yyl:=z:
Wip:=1:

Jfor n from 0 to N-2 do
x[n+2]:=(-a2*n*(n+ 1) *c[n+1]-a3*c[n]+a4*(n+ 1) *y[n+1])/(al *(n+ 1) *(n+2)):
y[n+2]:=(-a6*y[n]-a4*(n+1)*c[n+1])/(a5*(n+1)*(n+2)):
XX:=genmatrix([x[n+2]] [x[0],x[1]y[0] y[1]]):
YY:=genmatrix([y[n+2]],[x[0],x[1],y[0].y[1]]):
Xx0:=Xx0+XX[1,1]*2\n+2):
XxOp: =XxOp+diff( XX[1,1]*2\n+2),z):
Xxl:=Xx1+XX[1,2]*2Nn+2):
Xxlp:=XxIp+diff(XX[1,2]*z\n+2),z):
Xy0:=Xy0+XX[1,3]*2Nn+2):
XyOp:=XyOp+diff(XX[1,3]*2\n+2),z):
Xyl:=Xyl+XX[1,4]*2\n+2):
Xylp:=Xylp+diff(XX[1,4]*2\n+2),z):
Yx0:=Yx0+YY[1,1]*2Nn+2):
YxOp:=YxO0p+diff(YY[1, 1] *zNn+2),2):
Yxl:=YxI1+YY[1,2]*2Nn+2):
Yxip:=Yxip+diff(YY[1,2]*z\(n+2),z):
YW0:=Yy0+YY[1,3]*zNn+2):
YWop:=YyOp+diff(YY[1,3]*z\n+2),z):
Wi:=Yyl+YY[1,4]*zNn+2):
YWip:=Yylp+diff(YY[1,4]*z\(n+2),z):

od:

Xyll:=subs(z=1.0, Xyl):
Xxl1:=subs(z=1.0, XxI):
#
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Wuli]:=Xx1-Xyl*Xx11/Xyll1:
Wpsifi]:=YxI-Yyl*Xx11/Xyll:
#
od:
save Wu, Wpsi, ov251500.m:
#fortran(Wu, filename="wu_ml.for):

#fortran(Wpsi, filename="wpsi_mli_for’):

86



Appendix B: Numerical Analysis Programs

Program: avect00.mpl

with(linalg):

Digits:=30:

read "b:data00.mpl:

read "b:eigen00.mpl:

#

for i from I to Nmode do
lambda:=FEigenvalli]:

al:=evalf((K*A*G)/(rho*Iner*])-q/(rho*Iner*l)):

a2:=evalf(q/(rho*Iner*l)):

a3:=evalf(lambda”2*A/Iner):

a4:=evalf((K*¥*A*G)/(rho*Iner)):

a5:=evalf(Young/(rho*1"2)):
a6:=evalf(lambda’2-(lambda*Omega*Jz)/(rho*Iner)-(K*4*G)/(rho*Iner*l)):
a7:=evalf(2*q/(rho*Iner*l)):

K2:=evalf(q/(K*4*G)):

Yx0:=0:
Yx0p:=0:
Yxi:=0:
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Yxip:=0:
Wo:=1:
YyOp:=0:
Yyi:=z:
Yyip:=1I:

for n from 0 to N-2 do

x[n+2]:=-((a2*n*(n+ 1) +a7*(n+ 1)) *x[n+ 1] +a3*c[n]-a4*(n+ 1) *y[n+1])/
(al*(n+1)*n+2)):

y[n+2]:=-(a6*y[n]+ad*n+ 1) ¥x[n+1])/(a5*(n+ 1) *(n+2):
XX:=genmatrix([x[n+2]],[x[0],x[1]y[0].y[1]]):
YY:=genmatrix([y[n+2]], [<[01x[ 1] y[0]y[1]]):
Xx0:=Xx0+XX[1,1]*2\n+2):
XxOp: =Xx0p+diff XX[1,1]*z"\(n+2),2):
Xl =Xx1+XX[1,2]*2Nn+2):
Xxlp:=Xxlp+diff(XX[1,2]*z"\(n+2),2):
Xy0:=Xy0+XX[1,3]*2\Nn+2):
Xy0p: =Xy0p+diff( XX[1,3]*z"n+2),2):
Xyl:=Xyl+XX[1,4]*z2\n+2):
Xylp:=XyIp+difffXX[1,4]*z"\(n+2),2):
Yx0:=Yx0+YY[1,1]*z\n+2):
YxOp:=Yx0p+diff(YY[1,1]*2\n+2),2):
Yxl:=Yxl+YY[1,2]*z\n+2):
YxIp:=YxIp+diff(YY{1,2]*2"\(n+2),z):
Yy0:=Yy0+YY[1,3]*2Nn+2):
YyOp:=YyOp+diff(YY[1,3]*z"\n+2),2):
Yyi:=Yyl+YY[1,4]*z"\n+2):
Yylp:=Yylp+diff(YY[1,4]*2\n+2),2):

od:
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Xxl1:=subs(z=1Xx1):
Xyll:=subs(z=1,Xy1):

Wus[i]:=Xx1-Xx11/Xy11*Xy1:
Wpsis[i]:=Yx1-Xx11/Xy11*Yyl:
#
od:
save Wus, Wpsis, av251500.m:
#fortran(Wus, wus mlil.mpl’):
#fortran(Wpsis, wpsis_mil.mpl’):
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Program: force00.mpl

read “data00.mpl:

read 'ov251500.m":

read ‘av251500.m":

read “eigen00.mpl:

read “uin00.mpl’:

read ‘intcon00.m:

00:=diff(u0,z):

U:=0.0:

Jor i from I to Nmode do
print("q=0%, Nmode =,i):
CC [i]:=evalf(int(Wus[i],z=0.. I, continuous));
Cu_[i]:=Cufi];
Co_[i]:=Co[i];
Du_[i]:=evalf(int(expand(Wus[i]*u0),z=0.. I,continuous)),
Do _[i]:=evalf(int(expand(Wpsis[i] *00),z=0.. 1, continuous)),
olam:=Figenvalli]:
alam:=Eigenvalfi]:

Ms:=evalf((olam-+alam)*(A/Iner*Cu_[i]+Co_[i])-Omega*Jz/(rho*Iner)*Co_[i]);

q0:=evalf((alam*A/Iner*Du_[i]+ (alam-Omega*Jz/(rho*Iner))*Do_[i])/Ms);
q[i]:=q0*exp(olam*T*])-sw*CC _[i]/(be*I-olam)/(rho*Iner)/Ms*(exp(-be*T) \
-exp(olam*T%*]));

U:=U+expand(Wu[i]*q[i]):

od:

save CC ,Cu_,Co ,Du_,Do ,U, u00temp.m:

Ur:=evalc(Re(U)):

Ui:=evalc(Im(U)):

save Ur, Ui, uu00t.m":

90



