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ABSTRACT

The propagating electric fields in rectangular waveguides Loaded
by one or several dielectric layers is evaluated using the ray-optical
technique. Since this involves the summation of fields on a large
number of rays, the alternative technique of the angular spectrum of
plane waves is also employed to obtain a continuous sum. The salient
features of both methods are presented and the results are compared
with reference to accuracy and computational advantages. It is shown
that the exact solution can be interpreted in terms of geometrical-
optics and diffracted rays which give a better physical insight into

the mechanisms of field propagation in dielectric loaded waveguides.
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CHAPTER I

INTRODUCTION

1.1 Objectives

Wave propagation in rectangular waveguide loaded by layered
dielectric is studied using rays rather than modes. The basic aim of
this investigation is to clarify the nature of these waves and to test
the validity of a simplified solution using rays. In addition, it is
anticipated that the results may be useful in other microwave problems
such as loaded horns, loaded guides, filters, phase shifters, etc,, or
as a useful reference for solving other scattering problems involving

layered dielectric<l’2)°

1.2 Presentation

The basic ray theory is presented in detail in Chapter II.
This includes both an asymptotic and an integral formulation of the
field of a line source(3’4’5)u The integral formulation of the field
as an angular spectrum of plane waves is employed in a limited ray sense
to overcome the computational difficulty of the multi-layer case. Scattering
of plane and cylindrical waves by plane parallel dielectric layers is also
developed, Using these techniques, ray solutions are obtained for the
single and multi-layer cases in Chapter III. Finally, the validity and

physical interpretations of the ray solution are discussed and related pro-

blems are considered,



CHAPTER 1I

BASIC RAY THEORY

2,1 Introduction,

(6)

The ray method is one of the oldest techniques of science
Greek philosophers Empedocles (490-430 B.C.) and Euclid (300 B.C.) were
aware of the geometrical optics ray. Pierre De Fermat (1601-1665) was
first to formalize the principle that "Nature always acts in the shortest
time'. According to his principle light propagation must follow a path
of least time between source and receiver. Such paths are known as rays.

The ray technique is often regarded as an alternative approach
to the classical boundary value method for solving many field problems.
This results from the fact that rays often give a better physical insight
into the problem and provide considerable computational advantages.

(7

The ray method is asymptotic and hence the accuracy of the
results improves as the wave number K or the distance between source and
receiver increases to infinity. A problem is solved after the construction
of a ray diagram which shows all the ray paths traced from the source to the
receiving point. The resultant field at this point is determined by summing

the fields on all the rays, taking into account scattering by all bodies

present in the medium,

2,2 Ray Amplitude and Phase

The following methods of geometrical optics are usually valid for
calculating ray amplitude and phase<3’8’9’lo);

The phase is determined by the optical path, i.e.:

s
9(s) = ¢, + Jdes (2.2.1)
o



where the parameters are defined as follows:

$(S) - phase at distance §

8 - distance along the optical path relative to the
reference

b, - reference phase

K - wave number

and where the ray path is subject to the usual constraints of Fermat's
principle,

The ray amplitude is determined by applying the principle of
conservation of energy to a bundle of rays:

|A(S)[2do = [A(0)|2da, (2.2.2)
where amplitudes and areas are defined as:

A(o), A(S) - complex ray amplitudes at reference and observa-

tion points respectively.
do do ~ cross-section of a bundle of rays at reference

o’ . . .
and observation points respectively.

Combining equations (2.2.1) and (2.2.2) the equation describing the field

on a propagating ray is found to be (3):
A(S) = A(0) (doo\} /2 349 (2.2.3)
\dc,f

2,3 Field of a Line Source

Rays can be found for any source emitting radiation such as a

point source, line source, etc., However, since a line source is used in

(3)

a later chapter, rays emitted by a line source are now examined Fur—-

thermore, the exact field representation for a line source in free space is

reviewed using the concept of angular spectrum of plane waves(4’6).



In this analysis the line source is assumed to be infinitesimally
thin and the current intensity is invariant along the axis. Using the

(12),

magnetic vector potential, the field of the line source is of the form

aa, = aaf =3, a' un Pt (2.3.1)
3 yy y 43 ¥
and in the radiation zone,
E& = ~jwﬂ_§ (2.3.2)

or using a common asymptotic representation, (2.3.2) reduces to:

E ~ - wuly ej<KR-ﬂ/4)

v 8n V%&z—

(2.3.3.)

A is defined as the magnetic vector potential and R is the distance from
the source to the receiver. Equation (2.3.3) is the well-known asymptotic
form of the field due to a line source of strength IO and is a wvalid
approximation if KR is large (KR>>1). Hence the field of a line source

is expressed in terms of the field on a ray.

6) |

The field can also be expressed exactly in the integral form

m
2 o TKRCOS8 4 (2.3.4)

o
“+
=

8

The above equation is the well-known angular spectrum of plane waves. The
integration represents a continuous summation of plane waves over the
ES

range ~n/2 < 0 < w/2, Each plane wave field can be interpreted as the

field on a ray due to a plane wave source. It will be shown later that the

analysis and field summation is greatly simplified if the field on each plane

wave in the integrand of (2.3.4) is regarded as the field on a ray.

* The path of integration is shown in Figure (2.3.1).



Equation (2.3.4) can be expressed in a more convenient form
by relocating the source as shown in Figure (2.3.2)." The resulting

field is given by:

(STE!

iKE*X )coso' 1iKZ sina’
e o) e - do

=
il
i
=
=
i

(2.3.5)

which is the form used in a later chapter.

The field of a line source is presented in the preceding
sections in terms of an asymptotic form and an exact integral representa-
tion.. Hence the radiated field can be expressed in terms of the field

Ol a ray or a continuous sum of plane waves.

2.4 Scattering of Line Source Rays by Plane Dielectric Layers

In this section the scattering coefficients for a cylindrical
wave incident on one or more dielectric layers, with polarization perpenddi~
cular to the plane of incidence, are evaluated. Once these coefficients
are known, the scattered field of a line source parallel to plane lossless
dielectric layers can be found using the ray method.

J.B. Keller and K.O, Friedericks have considered the problem
of a line source parallel to a plane air-dielectric interface(B) as shown
in Figure (2.4.1), Scattering coefficients were found by matching fields
across the interface such that all boundary conditions were satisfied. This
method is now reviewed and extended.

Consider the scalar wave given by Y(x,v) incident on the dielectric

* This form is found by changing S;(0,0) to S2 (X, 0) and introducing the new
variable a' for the angle (0' + ¢'). (2.3.5) is more conveniently applied
to problems in Chapter III than (2.3.4).
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8

interface of Figure (2.4.1) subject to the following boundary conditions:

Pilx,07) = ap(x,07)
8 ¥(x,00) = by P(x,07)
Sy Sy
where
. .
(/. AO elKR + B(x,v) elKR s
ViKR vikK
o
© GG,y KO ’
ViK't
and
RDH2 = x2 + (y +h)2

(2.4.,1)

(2.4.2)

(2.4.3)

(2.4.4)

(2.4.5)

The results of Keller and Friedericks are given by the following

expressions:

B(x.v)

C(x.,v)

(1

<
i

K' =

= A.O 1-v 1
IV R

= Ao 2 (sinu)l/zcosB
1+v a cos o

-1/2

- (p % -1 htan3a]

ub cos 8

a cos ¢

uK

(2.4,6)

(2.4.7)

(2.4.9)

The functions B(x,y) and C{x,v) may be derived using the

energy conservation principle of section (2.2) combined with plane

wave scattering coefficients at an air-dielectric interface.

For this



problem, tubes of rays are defined by making an incremental analysis of
the ray path as shown in Figure (2.4.2). The intensity of the ray field
may be easily found once the cross-sections of the tubes of rays and
scattering parameters are determined.

Using Figure (2.4.2) and the incremental analysis method, the

ray intensity is found as follows:

A%y = h sec a. Ao (2.4.10)

Ao = h sec?q.cosB8. Aa (2.4.11)

Ay = {h sec?q,cosB + v sec?Bcosal Aa (2.4.12)
u

Recalling eguation (2.2.3) we have:

C(x,y) = (é&g) A, (h sec a)bl/z 2 (2.4.13)

Using equations (2.4.11) and (2.4.12) a further simplification is made:

1/2
Cix,y) = Ao 2 (sina) cosB
1+Z a cos o
) ~1/2
[lx] - (W2 -1) h tan® a] (2.4.14)

The details of this simplification are given in Appendix A2,2° Equation
(2.4.14) is in exact agreement with the form given by Keller and Friedericks
(2.4.7).

An extension of the incremental analysis technicue to the multi-
layer case is shown in Appendix A2.2 and a numerical example is given in
Appendix A2.3.

Two important points concerning refraction and reflection of
cylindrical waves are now evident, Plane wave reflection and transmission

coefficients relate the fields across a dielectric interface as seen in
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equations (2.4.6) and (2.4.7). Secondly, a doubly refracted cylindrical
wvave is not cylindrical directly after being doubly refracted. However,
the wave approaches a cylindrical wave asymptotically as the distance
away from the second interface increases (K(nt+c)>>1). This ray, E, is

shown in Figure (2.4.2) and the field on the ray ic develcped in

Appendix A2.1.

2,5, Scattering of Plane Waves by Plane Dielectric Lavers

The scattering coefficients of a plane wave incident with

polarization perpendicular to the plane of incidence on an air-dielectric

(6)

interface are well known « Assuming the air as medium 1 and the dielectric

£~

as medium 2, the equations may be written in the following form:

E; = r; = Kjcosa - KocosB (2.5.1)
Es Kycosa + KocosB

Eo = t] = 2Kqcoso,

E, Kyjcosa + KyocosB (2.5.2)
ty = 1~ 1 (2.5.3)

where the parameters are defined as follows:

E, - incident field (medium 1),

E - reflected field (medium 1),
Eo - transmitted field (medium 2).,
o ~ angle of incident wave,

B - angle of transmitted wave

Ky - wave number, medium 1,

Ky -  wave number, medium 2.
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Similary, a wave travelling from medium 2 to medium 1 has the reflection

and transmission coefficients:

r2 = - (2.5.4)

ty = 1-x, (2.5.5)

The advantages of the plane wave source are now apparent.
Intensity of a scattered plane wave may be found using the relatively
simple plane wave reflection and transmission coefficients. In addition,
the field on the scattered rays may be easily expressed in closed form
using elementary techniques. These advantages are very important for
the solution of multiple dielectric layer problems as shown later.

As an example we consider a dielectric plane layer of electrical
thickness §. A plane wave of amplitude E, is incident on the layer with
polarization perpendicular to the plane of incidence. The reflected

field can be expressed as an infinite summation of rays:

E, = E {rl -+ t1t2r2e—126 + t1t2r23e_146+.,,} (2.5.6)

o
However, unlike the cylindrical wave case the plane waves can be reduced

to a simple form:

E = E, {: r, + t]tzrze—l26 ] (2.5.7)
Jor, 2328
2.6 Summary

Ray amplitude and phase equations are reviewed. These results
are applied to find the scattering coefficients for a line source field
in the presence of plane lossless dielectric layers.

The exact field of a line source in terms of the angular spectrum

of plane waves is also reviewed. This integral is used to obtain



a closed form solution for the Scattered field as a sum of

fields,

rlane wave

13
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CHAPTER TII

APPLICATION TO DIELECTRIC LOADED WAVECUIDES

3.1 Introduction

Basic ray theory developed in Chapter II is applied to
rectangular waveguide transversely loaded with one or more dielectric
layers. Simple asymptotic solutions are presented for the single
dielectric layer case. The solutions for the nulti~layer cases are
based on an approximate form of the angular spectrum., Both solutions
are compared with the exact solution and physical interpretations are made.

The numerical examples presented in this chapter correspond
to a rectangular waveguide operating in the LSEmo (longtitudinal
section electric) mode at a frequency of 10.0 GHZ. The inner dimensions
of the waveguide are 2.28 x 1.02 cm. (0.9 x 0.4 inches) while the dimen-~
sions of the dielectric material are 0.78 x 1.02 cm. Approximating the
physical situation of a short probe inserted vertically intc the waveguide,
the field is assumed to be excited by a line socurce parallel to the
small dimension and located at an arbitrary position in the transverse

j .
plane of the guide("l>.

3.2 Asymptotic Solution for the Single Layer Case

Since the single layer case is essentially a two-dimensional
problem, the ray techniques of Sections (2.3) and (2.4) are directly
applicable.

Before the field can be found at the observation point, rays
of significant intensity must be traced on a ray diagram. Figure (3.2.1)
shows the path of a single ray scattered by a dielectric layer. It is

apparent from this figure that the classification of rays is involved.
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Each ray incident on the dielectric layers gives rise to an infinite
number of scattered rays as follows:
(1) rays singly reflected;
(2) rays singly transmitted;

(3) rays singly transmitted, internally reflected and
re~-transmitted; and

(4) rays singly tranmsmitted, internally reflected twice

and re-transmitted, etc.
Each of these rays is scattered in the same manner as the incident
ray after being reflected at the upper conducting boundary, as shown
by the broken lines for the reflected ray, and so on for the higher
order rays.

Since the series expression for the ray fields cannot be
easily reduced to a closed form expression as in the plane wave case of
Section (2.5), an approximate solution is found by retaining only the
significant rays. Once these are found the computational problem reduces
to ‘the actual summation of a finite number of terms.

For the particular case of a dielectric layer with a relatively
small permittivity e, the significant rays to be considered are: ¥

(1) the direct ray:

(2) the ray singly reflected at the upper conducting
boundary; and

(3) a large number of transmitted rays.

These rays yield the exact solution as e approaches €0 the free space

permittivity, and the distance from the source to the receiver approaches

infinity<15>a

Reflected rays must be included when e is much greater than

% The paths of :the direct and transmitted rays are shown in Figure (3.2.2).
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€.. This is evident from the expression for the reflection coefficient,

— R ‘
coso ~/&/8, cosB (3.2.1)
coso +E/E, cosB

=
]

where o and 8 denote the angles of the incident and transmitted rays
with respect to the normal, respectively.

The electric field due to types (1) and (2) rays is given by:

E O oewul
vy o~ o & (3.2.2)
V8 VKR
while the field on the transmitted rays is given by:
| ~1/2
B, ~wHLg 4v [Ax; + Bxy sec o (3.2.3)
/8r (1+V)2 K
ej (KR - /&)
where Ax; and 4%y are defined as follows:
Axy - total transverse distance along a ray travelling
through the unloaded region of permittivity €,
Axp ~ total transverse distance along a ray travelling through

dielectric region of permittivity e

Appendix A3.1 gives the details of the field summation for a
finite number of rays. 1In addition, it includes a table showing the
resultant field at various points across the unloaded section of the
guide.

The results of summing types (1), (2), and (3) rays are shown

18

in Figures (3.2.3) and (3.2.4). As seen in these figures, the ray method

is a good approximation to the exact solution when ¢ is approximately egqual
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to € . However, the results shown in Figure (3.2.3) are not in complete
agreement with the theory. The case € = 1,5 €5 contrary to that expected,
is not as accurate as the results for the case ¢ = 2.0 €50 However, small
errors are to be expected since the solution is asymptotic and an approxi-
mate formula is used to calculate the field intensity of the transmitted rays.
The behaviour of the transmitted rays can be inferred from Figures
(3.2,3) and (3.2.4). One aspect is evident. As the dielectric permittivity
e 1s increased, the cross—section defined by KZZ = 41 is situated closer
to the source., Kz is defined as the axial propagation constant and Z is
the axial distance between the source and the observer. It follows that
the aXial‘propagation constant increases with permittivity € (over a limited
range) which is due to the increased optical path length of the transmitted
rays. 1In addition, as € increases the amplitude of the propagating electric
field fluctuates. This can be explained by considering the attenuation
of the transmitted rays combined with the constructive and destructive inter—
ference between rays as € is increased, This explains the increased amplitude
of the transmitted field for the case ¢ = 8€Oa
The exact solution used to verify the ray method (Figures (3.2.3)
and (3,2.4) is presented in Section 3.4, LSEmo moded' are assumed to propagate
in the loaded waveguide(ll’lz), Propagation and amplitude coefficients are
found by matching fields across the air-dielectric interface and then applying
a well-known integral equation method(ll)°
| Certain disadvantages of the ray method become apparent when
the ratio e/eo is much greater than unitj or if the guide is loaded by
multi-layer dielectric, For such cases it is difficult to obtain a simple
solution since a large number of rays must be analysed and the fields on

these rays summed, This is a basic limitation of problems involving the

* Only LSE, o modes propagate since the line source is invariant in the v
direction.
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"
1

propagation of rays through dielectric layers. However, it can be
overcome by considering rays from a plane wave source and applying the

angular spectrum of plane waves technique.

3.3 Angular Spectrum of Plane Waves

The concept of angular spectrum of plane waves is developed

(5,13,14) , , o
as a continuous summation of rays emitted

by Officer and others
by a plane wave source. Hence each ray field is treated as a plane-wave
rather than a cylindrical wave and the ray fields are summed in an inte-
gral rather than as an infinite series. This simplifies the analysis

and the summation of ray fields. 1In addition, either an exact or an

approximate solution may be found.

3.3.1 Unloaded Rectangular Waveguides

The electric field excited in an empty rectangular waveguide
by a line source, parallel to the small dimension, is presented using
the angular spectrum of plane waves technigue. The field at the observa-
tion point, P(x,z) in Figure (3.3.1),can be expressed as the sum of the
contributions from the source and its images as a summation of integrals.

ot

Fach integral is of the form:

T

— ioo
2 iK(x*x_ )cosa’ iKZsino’
Ey = -quo [e ( o) ' ][e sSing ]dOLY
4w
dw'n L ) (331)
il e
2
. iKZsina' , - . _
with the term e common to all integrands. For the positive source
and images, the (xixo) term is defined as follows:
(meo) -+ 2h(9) (3.3.2)
-(x-x) + 20(2+1) (3.3.3)

* This is introduced in Section (2.3).
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(x + XO) +  2h(2) (3.3.4)

-(x + xo) +  2h(8 +1) (3.3.5)

where £ is an integer greater than zerc. The contributions due to

the source and its images are summed as a single integral, i.e.:

~ico %
e . . 2bhy
2 [ iKZsina'® ][ g e }
E T
Fy = menlo © =0
4
g e
b (x- ~b (%~ + +x ) -+ 2bh
. {e %)y mb(xexo) + 2bh | Db(wtxy) Zb-.} ot (3.3.6)
where the parameters are defined as:
b = iK cosa’, (3.3.7)
£ = K sina', ) (3.3.8)
£ = K2+ b2

Equation (3.3.6) is evaluated using contour integration and residue

theory, The residue theory is commonly used to evaluate an integral
. . (18

on a closed path in terms of a series expression as- follows:

£(2)dz = 2mi Z Res [£(Z)] (3.3.9)
1

m=

For (3.3.6) a pole in the integrand is defined by the condition:’

sinh (bh) = 0 (3.3.11)
due to the closed form term of the summation. Hence the solution is

found to be:

% The summation [Z ethz] in (303.6% is a_gﬁometric progression and may
- e

be reduced to an expression with [eb 1 in the denominator.
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cos a' = * )m (3.3.12)
2h
1/2
and B
{2h/ (3.3.13)

Applying residue theory, (3.3.6) may be reduced to the well-known form:

[ee]

ubin: o8 mEX )
- . e , —_— JjEZ
Ey wply E » { sin h sin - ] e

h mel £ (3.3.14)

The advantage of this technique is now apparent. The contribu-
tions from the source and images are summed in the same manner as the
plane waves in Section (2.5) and are reduced to a simple closed form

expression.

3.3.2 Rectangular Waveguide Loaded by a Single Dielectric Layer

In order to obtain a simple approximate solution for the waveguide
loaded with a single dielectric layer, Officer's work is first reviewed
and then extended to the more general case of N layers. An explanation
for surface waves along the air-dielectric interface is found using
diffracted rays. 1In addition, cases not involving surface wave propagation
are found to be solvable using an approximate ray method, that is, by
considering only the dominant rays.

As previously done, the fields on the rays must be summed at
the observation point. Since the rays are emitted by a line source, the
scattered field due to a ray incident on the dielectric layer is of the

form:

ePOD [} | 20y Soah 1]

-2bsh -4bsh -
rl—tltze 2 +r2t1t28 2 _rzztltze

(3.3.15)
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where parameters are defined as:
. z .
by = 1K cos o] (3.3.16)
. p / ;
by = iKV€/&cos oy (3.3.17)
X = distance between the upper wall and the observer
d = distance between the upper wall and the source
H = distance between the upper wall and the air-dielectric
interface,
h = width of the dielectric layer
The inner series may be grouped and a new term, y(a'), intrcduced:
~2b,h ~4bsh
'Y(O(.v) = rl - tlt2 e z +r2tltze 2 oo o
~2bsh
= ¥y - e
: (3.3.18)
-2bsh
1 - rje
vY(a') is found to

Using the optical matrix method show in Appendix A3.2,

be the plane wave reflection coefficient.

Each ray is scattered in the same manner as the incident ray
as shown in Figure (3.2.1),

after one reflection at the upper conducting wall,
such that the field may be expressed as an infinite series of terms, i.e.
- - o + =2b; (H~x .
[e bi{x-d) - e by {x d)][ 1+ e bi( A)Y(a,)]
~2byH ~4bH
Loy & oy ShiE ] (3.3.19)
field on two scattered

ILI__S LedU.CGS t() a Closed fOI‘m expression fO_ the

plane waves, due to the source and one image, at

2 sinh (bjd) o P1x [ 1 + Y(u?)eNZDl(H_x)]
(3.3.20)

X 1+ (a?)e—ZblH]

For complete derivation of equation (3.3.18) see Appendix (A3.8).

*
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The denominator of (3,3.20) is the right hand side of the
characteristic equation., A solution is possible when the denominator
equals zero, i.e.:

b1H

1+ y(at)e ? 0 (3.3.21)

This can be reduced to the well-known transverse impedance matching

(12)

equation given by:

B1 tan (Bph) cos (BiH) + B, sin (BjH) = O (3.3.22)

where the following are defined as:

Br = by/i

Bo by /i

At this point, the exact solution may be found by first reducing

the integrand, (3.3.20), to the form:

2 sinh (b,d)[B;tan (Boh) cos (By(H-x)) +B, sin (B1 (H~x)) ]

Bitan (Byh) cos (B1H) + B, sin (B1H) (3.3.23)

and then applying the residue theory to get the LSEmo mode solution, i.e.:

Ey = —wulozzl (1/8) sin (B1x). sin (B1d) ej%z
=1
" H + D?h - sin(261H) + D2sin(285h) ] (3.3.24)
28, 287 o

where D is defined as follows:

D = sin (B;H)
gin (Boh) (3.3.25)
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This is the exact form derived in Section 3.4 using LSEmo modes ‘and the

integral equation method.

3.3.3 Approximate Solution of the Single Layer Case

The approximate solution is based on the characteristic equation

expanded as a sum of ray fields, i.e.:

oI281H [rl - tltze_1262h +r2t1t2e—1482h—.o.:}'—'0(3..3e26)

If the coefficients B; and B, are real, rays propagate in the guide
at angles o and § (measured with respect to the normal of the air—-dielectric
interface) subject to the eigenvalue solution of (3.3.206).

Equation (3.3.26) may be approximated if the reflection coefficient

r1 is small by the simple form:

elZBlH _ e“lzﬁzh 0 (3.3.27)

which implies that:
(BlH + Bzh) = 7L (3.3.28)

where L is an integer greater than zero. Since the relation between B1 and

Bo is well known, i.e.,

2 2

2
By - B3 K (€/e-1) (3.3.29)

i

an approximate solution for B; can be found in terms of H,h,e,K and L by

solving the following quadratic equation:
812 (H2~h?) + gy (-27HL) + [(ﬂL)Z—hz(e/eé—l)Kz] = 0 (3.3.30)

- The solution of (3.3.30) is a valid linear approximation only for certain

values of & as shown in Figure (3.3.2), that is, when a surface wave is not
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the dominant propagating mode in the waveguide. Thus we can predict
the type of mode structure as a function of € by examining the solution
of (3.3.30) when L is an integer and B; lies in the range 0<Bj<K.

As shown by the numerical example in Section 3.3.4, the accuracy
of the approximation is improved by accounting for more rays, that is, by
including reflected rays. However, this method of reducing the error has
definite computational limitations. Figure (3.3.3) shows a graphical
representation of the plane wave reflection coefficient for various values
of permittivity e? It is apparent that the magnitude of the reflection
coefficient increases to unity with ihcreasing permittivity and becomes
complex as € is increased further. Consequently, since the magﬁitude of
ri; can equal unity, the closed form of the summation rather than the
approximation may be needed.

The complex reflection coefficient can be explained by considering
the basic limitations of this coefficient,. It can be inferred from
Figure (3.3.3) that the magnitude of the reflection coefficient cannot

EX
exceed unity. Recalling that r; is defined by the expression:

r, = B8] - B8 (3.3.31)
B1 + B2

and that B, and B; are related by the following:
B2? = B17 = K2(e/e -1) (3.3.32)
© 0

It is evident that the difference between B, and B; must increase with
increasing €, if K is a constant, and hence r; must increase. However,
since the magnitude of r; cannot exceed unity, (3.3.32) can be justified

if 81 and r; are allowed to become complex.

* 1y is based on (2.5.1) and the exact solution.
%% This is assumed to be valid for the field scattered by a dielectric

layer.
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Wave propagation for the case when rj is complex may be inter-
preted using diffracted rays. The complex coefficients result if it is
assumed that rays propagate in the loaded region and are incident on the
air-dielectric interface at an angle greater than the critical. Hence
total reflection occurs for these rays while a diffracted field in the
form of a surface wave propagates in the unloaded region., This inter-
pretatioﬁ is similar to interpretations made by other authors for problems
involving surface wave propagation(l7),

Thus an approximate solution has been developed for the case
when both By and B, are real. This approximation is not useful if T
is large (approximately unity) since a large number of rays must be

analysed and the fields on these rays summed. For this case it is more

convenient to use the closed form of the characteristic equation,

3.3.4 Approximate Solution of the Multi-Layer Case

The method of Section (3.3.3) is extended to the multi-layer
case with particular emphasis on four dielectric lavers.

It follows from the previous section that the characteristic
equation for a guide containing an arbitrary number of layers, N, can be
found by expressing y(a') as an infinite series of ray fields. Thus if
all eigenvalues are real, an approximate solution may be obtained by summing
only a finite number of ray fields to satisfy (3.3.21).

y(a') is derived in Appendix A3.3 for the two layer case in
terms of an infinite series of ray fields. If the reflection coefficients

~

o), this reduces to a simple expression given by:

-i2 1_ -J'_2(€1+Ez) _ —i2(€1+2£2) _ —;4(&1-}-52)
e roe rye

are small (ri2

Y@@' = rq + re (3.3.33)
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For the four layer case v(a') may be expressed by one transmitted ray

and eight reflected rays or simply by one transmitted ray if r. is small,

where i is the integer: i = 1,2,3,4. Hence for N layers, y(a') may be
expressed by one transmitted ray and 2N reflected rays if riz is small or

simply by one transmitted ray if T is small, where i is the integer:
1,2,3...,N. The transmitted ray for the four layer case is shown in

Figure (3.3.4). he solution for the four layer case using only the
transmitted ray is compared to the exact solution in Fig. (3.3.5). In addition,
a solution based on the transmitted ray and eight reflected rays is com-

pared to the exact solution.

3.4 Comparison with the Exact Solution for an Arbitrarv Number of Lavers

The exact solution previously used to check the approximate
results of Sections (3.2) and (3.3) is discussed.

The electric and magnetic fields are completely expressed in
terms of LSEmo (longtitudinal section electric) modes when a line source,®
parallel to the short dimension of the guide, excites a field in the

(11,12)

transversely loaded guide . The electric field for an N layer

guide has the following form:

N A sin B x 0<x<X]
im S

=

i < fl
2

< , ,

C= SN x + A cosB  x X1 <X<X
E(x,0) I (A2m51n82m 2m%%  om ) L 2

i X <x<a
Apvrrym S8 L im H-1°%

(3.4.1)

* TE for empty guide,
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where the axial dependence is understood to be of the form:

ejng (3.4.2)

The magnetic field is expressed in a similar form as given in Appendix A3.4.

The unknown coefficients are found by matching the electric and
magnetic fields at each dielectric interface: Xls K25000 5%y Since
both electric and magnetic fields are matched at N interfaces, for the N
layer case, there will be 2N independent equations in terms of the following
unknowns :

Al, A2’oaoa9AN, Ap}wﬂ—l

/

/
A2,.oeo,AN

813 B2seoansBry,Br+ 1

The equations may be represented in a 2N x 2N matrix in terms of A1 ,A,y, Azi,..°
whose determinant vanishes. Using equation (3.3.29) in the general repre-
sentation, the determinant may be solved to find B1sB2seeeyByys1 .- Once
these coefficients are obtained, the remaining coefficients may be determined
in terms of A; by matrix inversion.

The amplitude coefficients are found by evaluating A; for the

case of line source excitation. A current line source is at the point

(Xb,O) and is of the form:

T o= L, i s(xmxg) §(2) (3.4.3)

The reciprocity theorem in a reduced form is applied to solve for the mode

coefficients, f.e.:

A

H

(E% % Eﬁ - Eﬁ x H).ds = :// E5, I° dv

\Y)
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Following the steps outlined in Appendix A3.5, the coefficient Ain is

found for the two layer guide:

(3.4.5)

. K (2~Z
Ain = ~Lowp (/R ) sin 61XO°e5l , (720)

x) + D?(a-x;) - [ sin (28;X;) + D2 sin (285 (a-%X1)) ]
284 28>

The denominator can be extended to N + 1 integrals for N layers, i.e.:

X1 X2 a
A
sin?B x.dx + 2 J/(ézginﬁzx + ArcosBox)2dx +... +2 Ay 2 sin{B (a~x))dx
Ay Al
o X1 X

(3.4.6)

It is now clear that the following three steps are followed in
order to find the LSEmo mode solution using the integral equation method:

1) solve the 2N x 2N determinant for B1,B825c0.

2) imvert the (2N-1) x (2N~l) matrix to find Ay/Aj, A2'/A1,.,.

3) solve N + 1 integrals

Appendix A3.6 presents a solution of the single layer case for
twenty-four values of layer permittivity. In addition, the 8 x 8 matrix
for the four layer guide is presented in Appendix A3.7. Standard computer
techniques were used to find these numerical solutions(l—/’lS)o

The exact and approximate solutions are compared graphically in
Figures (3.2.3), (3.2.4), (3.3.2) and (3.3.5). The first two figures show
the electric field of the propagating LSEjg mode compared to the finite
summation of ray fields. Figure (3.2.2) shows a plot of the eigenfunction

for various ranges of layer permittivity while Figure (3.3.5) shows 81 for

B1



the four layer case for certain values of e;,e0,e3 and ey.

the exact and one of the approximate solutions are compared.

In each case,

38
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CHAPTER 1V

CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH

4.1 Conclusions

The derivations and results presented in the previous chapters
permit certain conclusions with regard to the effectiveness of these methods
and physical interpretations of the reflection coefficient and surface
wave propagation,

Examination of the results based on the asymptotic ray technique
show that the approximations are valid for the rays shown in Figure (3.2.2)
and equations (2.3.3) and (A2.2.5) describing the fields on these rays.
The technique leads to the graphical results shown in Figures (3.2.3) and
(3.2.4) and indicates reasonable accuracy when the significant ray fields
are summed. Thus for the particular cases of € = 1.5e, and e = 2.0¢g,
the errorsin the amplitude and phase, based on these significant rays,
are small. Forxr both cases,error in the amplitude is less than 5% as shown
in Figure (3.2.3), while the phase error is less than 5° for an electrical
path length of 720° between the source and the observer.* However, it is
apparent from Figure (3.2.4) that the errors increase with increasing

permittivity due to the higher order reflected rays being neglected in the

e ate
W

summation. = Since Figure (3.2.4) is based on all possible rays except
those reflected at the air-dielectric intevface, it is apparent that the
accuracy of the method may be improved by taking the neglected rays into
account. The results would still not be exact until the higher order terms
of (2.3.3) are taken into account. Thus for the single layer case the

ray method is simple and has certain attractive features provided an

* Calculated from Appendix A3.1.

w% See Appendix A3.1.
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approximate sglution based on the most significant rays is desired. For
improved accuracy, the summation of neglected rays requires further
numerical techniques to classify the rays and describe their field ampli-
tude and phase.

For the case of multiple dielectric layers loading the waveguide,
the angular spectrum of plane waves technique is formally developed in
Section (3.3). The accuracy of the resulting expresions depends on the
characteristic equation (3.3.21). For the cases where the permittivity
Qf adjacent layers is approximately equal, the approximation for vy(a')
as developed in Appendix A3.3 is of a limited use as shown by the solutions
in Figures (3.3.2) and (3.3.5). However, the accuracy of the results
dependson the number of terms taken in (A3.3.3). Figure (3.3.5) shows
a large error for the four layer case when only the first term due to the
transmitted ray is taken into account. It is expected therefore.that the

accuracy of the method will improve provided that a computatiomal technique

is developed to account for the large number of higher order rays. Similarly

as the interlayer reflection coefficient increases, the accuracy of the two
term approximation deteriorates since the effect of the higher order re-
flected rays becomes more pronounced. For all such cases, the determinant
for the exact solution (see A3.7) should be evaluated rather than summing
a large number of ray fields.

For particular solutions of the characteristic equation, complex
values for the reflection coefficient were found as discussed in Section
(3.3.3), and an interpretation is made in terms of diffracted rays as

(3’6’17), Thus the solution of the cha-

encountered in similar problems
racteristic equation for the single layer case may result in an imaginary

B1 such that the electric field varies as sinh (b;x) in:the unloaded region

&9
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shown in Figure (A3.6). Furthermore if B, is real, plane waves propagate
in region (2) exciting a diffracted field in region (1) if the plane

waves are incident on the air-dielectric interface at an angle greater
than the critical angle. For the case of a single dielectric layer of
finite thickness and infinite length inserted in the waveguide, as shown
in Figure (4.2.la), the field solution may consist of imaginary eigenvalues
in the unloaded regions and a real eigenvalue solution in the loading layer.
Physically, this corresponds to plane waves propagating in the layer and
surface waves due to diffracted rays in the unloaded regions., Thus, when-
ever the solution of the characteristic equation results in a complex
reflection coefficient, a physical interpretation in terms of plane wave

rays and diffracted rays may be made,

4.2 Suggestions for Future Research

It is apparent from the conclusions that the development of
numerical methods and logic schemes could possibly be a valuable aid in
the summation of reflected rays appearing in the asymptotic solution. This
appears to be difficult at present but if developed would make the ray
method a much more powerful tool for the numerical solution of waveguide
problems involving inhomogeneous anisotropic layers.

The phase shifter shown in Figure (4.2.la) is one specific pro-
blem that may be solved using the ray-optical technique? Since the total
number of significant rays in this case is considerably larger than the
single layer of Section (3.2), a numerical program could be made to determine
phase shift versus transverse position of the slab., The resulting numerical

solution could be useful for predicting the behaviour and phase shift of

similar devices where the slab may not be lossless, homogeneousyand isotropic.
A £

13

® Corner diffracted rays must be included.
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The ray method could be especially useful when applied to
radiation problems such as in the cases of tie dielectric~loaded corner
reflector or the E and H-flared horn. Using very simple principles
and without any previous knowledge of the final form of the field, beam
focussing by these devices could be found using ray theory. The final
form of tae field may be found in terms of geometrical and diffracted
rays. Geometric rays would be traced from a source within the horn or
reflector to the observation point as shown in Figure (4.2.16). The
diffracted rays from the operture are then added to the geometrical
optics solution to obtain the final value of the field. Radiation pro-
blems, such as these, are eépecially suited to the ray method since only
a few rays need be summed while alternate metheds, such as the boundary
value method, are difficult to solve.

Further research should be done for certain problems where a
diffracted field is excited by propagating plane wave incident on an
air-dielectric boundary, at an angle greater than critical.

As an example of such a problem, consider the case of an H-plane
dielectric wedge loading a rectangular guide as shown in Figure (4.2.1C).
Here the scattering coefficients have been attempted both experimentally
and numerically by the author.and now certain conclusions are
apparent. The numerical solution consisted of tracing and summing a finite
number of scattered rays. These rays are traced from two incident plane
waves corresponding to an incident TE;g mode. The ray solution has been
found to be very accurate when rays were not totally internally reflected.

However, when total internal reflection occurred,the field could not be

*

summed because of the diffracted surface waves. Even though these results

are not complete, it is apparent that the ray theorv can be extremely use-

* These are difficult to sum.
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ful for certain problems where the eigenfunction solution cannot be used

but a ray solution may be found by summing only a few rays.
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APPENDIX A2.1

DERIVATION OF D(X,Y) AND E(X,Y)

The coefficients D(x,y) and E(x,y) for the rays shown in
Figure (2.4.2) are evaluated by matching fields across the plane air-
dielectric interface. This is an extension of Keller's solution used
to evaluate B(x,y) and C(x,y)(3).

The ray fields may be represented in the following form:

v o= X ey o XY pay (A2.1.1)
YiK? vikK!
and
o= eiKn E(x,y)
viK (A2.1.2)

where C,D, and E, are shown in Figure (2.4.2)., The boundary conditions,
given by equations (2.4.1) and (2.4,2), are applicable at the air-dielectric

interface. From these equations, two useful relations may be derived, i.e.:

aGkD ™2 e,y + 2GR Y D,y = 072 By (a2.1.9)
and
. 1/2 |
bag KDY 0oy + b 30 GKOY2 Dy = an a0 2E(xy)
oy ay oy
(A2.1.4)
where y = ~c and x is fixed by o and h, Solving these equations, D(x,y)

and E(x,y) are found at the plane interface (y = -g) to be of the form:
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9n - bup 3¢
D(x,~c) = C(x,-c) ay oy
ub 3¢ + 3n
5y |/
a oJy dy /
= C(x,~c) V-1
V+1 (A2.1.5)
and E(x,~¢) = C(x,-c) au—l/Z 2V (A2.1.6)
1+ Vv

It may be deduced from (A2.1,5) and (A2.1.6) that the ray field
intensity can be solved using the plane wave reflection and transmission
coefficients, given by equations (2.5.1) and (2.5.2), combined with the

incremental analysis since the waves are scattered as plane waves at the

interface,



APPENDIX A2.2

DERIVATION OF FIELD INTENSITY USING TINCREMENTAL ANALYSIS

The field intensity on a ray may be found using plane-wave
reflection coefficients and an incremental analysis,

C(x,y) is found by matching fields across the first air-dielectric
interface of Figure (2.4.2) or using the incremental analysis.method.
This latter method 1s based on the application of equation (2.2.3) using an

"incremental diagram'. From the incremental analysis, C(x,y) may be

written directly in the form:

2 (h secu)-l/2 <A22)l/2 (A2.2.1)
14+ VvV A4

where the ratio of incremental lengths is written as follows:

Aoy 1/2 = h sec®a.cosB 1
\A%3 (sinB)~1 hu” ‘tanccosB + (x-h)tana u “sing.cosg
coso. sinB cosB

(A2.2.2)

Using (A2.2.2), (A2.2.1) reduces to Keller's form for C(x,y) given by

equation (2.4.7).
In a manner similar to the solution of C(x,y), higher order ray
fields may be easily evaluated. Consider a finite number of plane parallel

finite dielectric layers spaced distances S;, Sp,...,S, apart and of

widths Wi, Wosoeees Wn+1° Intensity of the field on a ray transmitted

through a single layer is as follows:
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-1/2
-1/2 3
Iw(x,y)l = 2V (h sec a) 1 + wycos’o }
(1) 2 [ U h cos®p
-1/2
J1o+ ly + w]
h + wj sec°B cos® o (42.2.3)
. .2
or for two layers it is of the form:
2
vz, y)| = [ 2V } (h sec a)~l/2
(1 + V)2
[ , 11/2 { ]—1/2
= 1+ wy_cos® o 1 + Wo cos3 g
ph cos”® B vh cos3g + w1c033
-~ —1/2 —1/2
»t 1+ S1 & 1 + |y + wy + w, + S| }
h + Eisechcosja h + 81 + wi+ wo sec’B.cos’a
H U

(A2.2.4)

(A2.2.4) may be expanded to the case of n + 1 layers separated by n

spaces. Approximating (A2.2.4), a simple form may be found, i.e.:

n+1 _1/7
[v(x,y)]| = ( 2V \ E sec o { h + Syt + 8+ wyte w4+ Aygll
(1 + v)2)
(A2.2.5)

where Ay is the distance from the last interface to the observer.

Reflected rays are treated in a similar fashion.
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APPROXTMATTON FOR THE TRANSMITTED RAYS

This approximation is studied to find the error introduced when
(A2.2.5) is used rather than (A2,2.3). Consider the following parameters

for the equations:

h = 1lecm
w; = 2cm
Ay = 1 cm
X = 5 cm
u = 2
a = 1
b =1

The angles o and B may be evaluated exactly, i.e.:

o = 66,0°
B = 27.2°
and v = 4.4

The results are tabulated as follows:

Equation | lw]

(A2,.2.3) 0.23

(A2.2.5) 0.24

It is evident that (A2.2.5) is a good approximation of (A2.2.3) if u is

not very large compound to unity.
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APPENDIX A3.1

SUMMATION OF (3.2.2) AND (3.2.3)

Figure (A3.1)

Six types of rays are summed to give the electric field at the

receiver. These are the significant rays if e is approximately equal .to €4,

i.e, (1) direct (S-R)
(2) reflected (S"-R)
(3) transmitted (S-R)
(4) transmitted (S'—R)
(5) transmitted (S'-R")
(6) transmitted (5-R")

A short computer program is used to sum the fields on types (3), (4),
(5) and (6) rays. Equation (A2.2.5) is used rather than the exact form
(A2.2.3). The results are tabulated on the following page and plotted on

Figures (3.2.3) and (3.2.4).



PERMITTIVITY

It

n

1.,5¢

2.0¢e

2.5¢

8.0¢
o

ASYMPTOTIC SOLUTION OF THE SINGLE LAYER GUIDE

REFERENCE DISTANCE (cm.)

0.10 0,30 0.50 0.70 0.90 1.10
~ 044 - .070 - ,093 - .109 - 124
~7.04 ~3,007 ~3,009 ~3.011 ~3.013

- 006 - 021 ~ 034 - .047 - .053 - .065
+.006 +3.015 +1.024 +1.034 +3.041 +3.046
,003 ,003 ,005 .003
3,017 +7.,029 +7.038 +3.048 +7.054

7 .006
3,035 7.055 1.074 +7.,085 1.092

129
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OPTICAL MATRIX METHOD

(6)

A well known matrix representation is used to calculate vy(a'), i.e.:

=+ Jismel ism-1 ;( o+
m—-1 rme ﬂ m
- 1 |
- o= -1i§m-1 ~18m~1 [ —
Emrl , tm | “me ¢ ﬂ Em
] L JL
T
a b }1 E
= 1 ! m
tm i
I ! -
d
¢ L™=
(A3.2.1)
where y(a') is defined by the following:
y(@) = ¢
a (A3.2.2)

rm and tm are the Fresnel coefficients at the plane air-dielectric inter-

+ - o+ - o
face, Em—l 5 Em—l’ Em’ Em are the incident and reflected fields respectively.

at the side m-1 and the side m of a finite dielectric layer. This method

is used to find y(a') for the single and double layer case,

For the single layer case, the abed matrix is written as follows:

1 ¥ e

r 1 _b2h bah

boh _"boh I
|

where c¢/a is of the form:

) ~2b2h

L
a

I - rle_szh
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Similarly, the matrix for the two layer case is of the form:

| b,h “boh | | b —bsh'
1 rl% e 2 rye b2h e 3" -e 3
}
" 1 PRI
r 1 } rzeubzn ebzh “e~b3n eo3n
| wd -
where c/a is of the form:
bah' boh -bsh bsh’ boh -b sl
c e 3" (rie 2 + rse bzl)—e 3% (ryr,e ¢ + e 2y
a .
b.h?, bsh -bsh bah' boh -bsh
e 3 (e 2 + ¢ roe 2 )—e 3 (xrje 2%+ rye 2

This matrix method could be extended to evaluate v{(a') exactly for N

layer.
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RAY INTERPRETATION OF vy(a') FOR MULTIPLE LAYERS

Before considering the multi-layer case, the two layer problem
is examined in terms of plane waves or rays from a plane wave source.
The reflection coefficient y(a') can be interpreted as done by Cfficer
(5)

for the single layer case'”. The scattered field of a plane wave incident

on the second interface can be written as an infinite series of ray fields,

1480

-i28& *rz<l~r22)e_ =..0 {(A3.3.1)

yo(az') = 1y - (1-rs2)e

Similary the scattered field of a plane wave incident on the first boundary
can be written as-an infinite series of ray fields, i.e.:

- -7 . ~i4
y(ap")= 1ty + (l—rlz)YZ(azv)e lzgl—rl(l—rlszzz(dg')e 14h +o.o (A3.3.2)

y{(a1%) can be written as an infinite series of ray fields if (A3.3.1) is
substituted for yo(os'), i.e.:

) = om o+ Qe [n et ]

-—rl(l—rlz)e_i4g1 [rz - (]_—J:zz)e;i2€2 e } + ..

i2& e—12(€1+ &)

= 1r; + (I-r1%)rze 1o (1-1r12) (1-1,2)

(et (L2 e 2B+ 2E2)

e—i4(€1 + &)

- (1-112) (1-r92)1; e (A3.3.3)

The first five ray fields of (A3.3.3) are due to rays singly reflected,

refracted, or combined singly reflected refracted, A finite summation that

* 1, and r, are the reflection coefficients at the first and second
boundaries respectively.



57

includes only these rays is a good approximation to (A3,3,3) if 12

2 are small, If r] and ry are negligible, the series further

and ry
reduces to the expression --(1—1.:12)(l—]."zz)emlz(gl + Eg)o Hence y(ay')

may be approximated for the N layer case by the single transmitted ray or

one transmitted ray and 2N reflected rays.
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APPENDIX A3.4

LSE MODES

oy A

1

E1sH)

(2)

E25H2

(3)

€3:HU3

I

2
=-A; (K1

2
=—A3(K3

Figure (A3.4)

= AjunK,sing;x

Azwp3KysinBg(a-x)

=tjA1B1K,cosB1x

=—jA3B3K, cosB3(a~x)

Modes

~ 8])sing;x

- B%)sinBs(a~X)

1
=+jA282Kz(congx - Aosinfox)

. 1
ApwupK (sinByx + Ay cosByx)

2 2 i
=~Ap (Ko — By) (sinBox + ApcosBox)
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APPENDIX A3.5

DERVIATION OF (3.4.5)

(12)

Proceeding from the Reciprocity Theorem , equation (3.4.4)
is evaluated by constructing a surface to divide the waveguide into

sections A and B at Z = z! (B containing the source). Integrating over

region A, (3.4.4) is of the following form:

ab A
Al
/o a.b b
[ (B2, - B HY) dydx | = 0 (A3.5.1)
:‘j v X ¥y X i
3 0 i7=71

and similarly (3.4.4) evaluated over B is of the form:

a b B
7
] (EaHb - EPE®) dydx
I v X v X
o o lz=71
) 3K 7
= al ) wuK, sin B1Xgee 1%z%0 (A3.5.2)

If (A3.5.1) is substituted into (A3,5.2), the following is found:

ab A ab ‘B
4 / 8 //ﬂ A '
12K, 2 PR dydx -/ P aydx
y X /) y x |
2 & 7=71 54 | 7=71
4 . -3K,Z
= bI, wuK, sin B1xp.e 1%z (A3.5.3)

The modes of Appendix (A3.4) are substituted into (A3,5.3), i.e.:
c

exp (-i2K,2) | E. (] - 8]) sin Bym.exp (3K, 2P) dx
J

e}

_

/

+ exp {-jZKZz} E  D(K3 - B3) sin By (a~x).exp (3K,2) dx

Oc
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c
- ; (%2 . p2 . s 1x
/ Ey (K1 BT) sin Bix; exp ( JKZZ ) dx
J
0
a
-~ | E -D(KZ ~ B2) sin By (a=x). exp (~iK,K ) dx
J 3
c
= -I wn K, sin B1x,. exp (~jKZZO) (A3.5.4)
or
a
}l‘
2 : / 2 2y s
Bl) sin Bixjdx + / E (K¢ ~ B%) sin By (a-x) dx
/ v 2 2
3

Cf‘s
E_(R% -
[ ox
J

(8]

~T wuK, sin B1x, exp <sz(Z1 - Z,)) (A3.5.5)

where Z, > z1
For the case Zl > ZO, ZO and z! are interchanged.

The field may be satisfied by an infinite sum of LSEy, modes

o
} Cm sin Bi1x 5 0<xX<T
m=]
(A3.5.6)
Ey = 1
E le sin Box 5 c<x<a
Mm=1
cl= ¢bD
m m

This value of E_ is substituted into (A3.5.5),
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Applying orthogonality, a solution for the amplitude coefficient is found, i.e.:

Cm = - Iowu(l/Kz) sin B1xy. exp jKZ(z~zo)
c a
2//p sin?Byx.dx + D? 2 ‘//n sin? B, (a-x)dx (A3.5.7)
o ¢

or if the sclution is normalized C, reduces to the following:

G = (1/x,)
C a
i//‘ sinzﬁlxdx + 2 DiJ/ﬁ sin? Bs (a=x)dx
[e] C
N /KD
¢+ D?(a-c) - | sin(2B1e) + D2Zsin(28(a=c) |
281 28,

(A3.5.8)

The eguation for G can be generalized to an N layer guide by

considering N integrals in the denominator:

X1
2 sin®Bix dx
o
X2
f
t
+ 2 (A2 sin Bpx + Ay cos Box)? dx
/ A Ay
J 1
9]
a
+ o + 2 (An 25in28_(a-x) dx
Ay "

X9
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NUMERICAL SOLUTION OF THE SINGLE LAYER CASE™

LINE SOURCE
pd (1) (2)

.

Frequency = 10GHZ, Figure (A3.6)

DOMINANT MODES **

€/€s G B Bo Kz {:iilf:f
1.00 .28 1.37 1.37 1.58 |
1.25 <26 1.28 1.65 1.65
1.50 . 24 1.16 1.88 i.75
1.75 .24 0.98 2,06 1.84
2.00 .31 0.74 2,22 1.96
2.25 2,25 0.22 2,35 2.08
2.50 j.1l4 J.71 2,46 2.20
2,75 3.04 31.06 2.56 2.35
3.00 3,015 jl1.34 2,64 2.48
3.25 3.007 jl.59 2.71 ' 2.63
3.50 3.0053 jl.82 2.77 2.77
3.75 3.41 2,08 4,05 0.17
4,00 1.48 2,06 4,17 3.93
5,00 0.75 1.96 4,62 0.75
6.00 0.56 1.86 5.04 0.97
7.00 0.43 1.73 5.41 1.17
8.00 0.31 1.53 5.75 1.43
10.00 J.13 0.78 6.24 2.23
16.00 1.54 2,05 8.37 4,11
17,00 1.14 2.02 8.61 0.55
18.00 0.92 1.99 8.86 0.66
20,00 0.64 1.89 ©.32 0,89
22,00 0.40 1.70 9.74 1.23
26.00 3.004 1.88 10.30 2.81
* Dielectric Layer

%%  Modes of largest amplitude



[sin(Byx1)  -~sin(Brxy)

Bicos(B1x3) ~Bocos(Boxy)

0 sin(Bsrxy)

0 Bacos (Brxp)
0 0

0 0

0 0

0 0

*Four dielectric layers,

APPENDIX A3.7

MATRIX FOR THE FOUR LAYER CASE *

~cos (Box71)

Bosin(Byxy)

cos (Boxy)

mstin(62X2)

*Sin(83X2)

~-B3cos (B3xy)

sin(B3x3)

83C08(63X3)

—-cos (B3xy)

BgSin(Bng)

cos (B3x3)

~B3sin(B3x3)

0 0 0
0 0 0
0 0 0
0 0 0
~sin(Byx3) —-cos (Byx3) 0
—-Bycos (Byx3) Busin(Byxz) 0
sin(Byxy) cos(Byxy) -sin(Bs5(2.28-x,))
Bycos(Byxy) —Busin@uxy) B5cos(85(2.28—X4)l

€9
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DERIVATION OF (3.3.18)

3o

€,

&

e o L - S s

CONDUCTING BOUNDARY

Figure (A3.8)

The field amplitudes on the four types of rays shown in fig. (A3.8) are

given by:
(1) Ty
(2) "'tltze_ZbZh
(3)  tytyr,e P2l
6T
(4) —t1t2r22e 602h
hence:
v(@") = 1y -tir,e P2l o £rtyr e *P20 £tyr,2e P2 o
= 1 - t1t e~2b2h
1 + rpe~4byh
= ~-(1 = r12) e_2b2n
1 - rle“szh
= x) - o %hed (3.3.18)

1 - r;e-2b,h
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