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Abstract

Reliable and efficient communication of analog observations over a fading multiple access
channel (MAC) is important in wireless sensor networks. A sensor network can be well
modelled by a set of correlated Gaussian sources communicating to a common receiver
over a fading Gaussian MAC (GMAC). It is known that traditional separate source-channel
(SSC) coding is sub-optimal when channel state information (CSI) is not available to the
transmitters. For this case, neither the optimum performance theoretical achievable (OPTA)
nor any practical coding schemes that can outperform traditional coding, are known.

This thesis investigates the minimum mean square error (MMSE) of communicating
a pair of Gaussian sources over a bandwidth-matched GMAC with block Rayleigh fading
(BF-GMAC) in the absence of transmitter CSI. We derive several upper-bounds to the
MMSE as a function of transmitter powers, channel signal-to-noise ratio (CSNR), and the
correlation coefficient of the two sources. To derive nontrivial upper bounds which improve
on those of SSC coding and uncoded transmission, we incorporate ideas from joint source-
channel coding and hybrid digital-analog (HDA) coding to construct coding schemes for
which the achievable MMSE can be determined.

One main contribution is two new MMSE upper bounds, which appear to be the best
known characterizations of the OPTA to date. These bounds (JSC-VQ and HDA-JSC-
VQ bounds) are derived by considering a transmission scheme where optimally vector
quantized Gaussian sources are directly transmitted in analog form over the BF-GMAC.
A comparison of these bounds with the MMSE bound for traditional SSC coding shows

a gap that grows with source correlation and CSNR. Although there exists a gap even
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when the sources are uncorrelated, this gap is relatively small. It is shown that, for highly
correlated sources and low average CSNR, uncoded transmission can achieve performance
approaching the HDA-JSC-VQ bound.

The difficulty of designing a practical coding scheme based on JSC-VQ scheme is the
requirement of infinite-dimensional vector quantizers (VQ) for each Gaussian source and
the joint detection of long codewords at the receiver. We present a practical coding method
constructed by replacing the VQs by trellis coded quantizers (TCQ), which can perform
close to the JSC-VQ bound.
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Chapter 1

Introduction and Background

A well designed communication system sends information from sources to the destinations
for reliable reconstruction of the source. Figure 1.1 illustrates a communication system
which sends information to the destination over a communication channel. The source
encoder converts a sequence of source symbols into another sequence of symbols, drawn
from a finite alphabet. Source encoding is often referred to as data compression. The
data compression can be lossy or lossless. Lossless data compression is when the source
can be reproduced exactly through a decompression process. The main goal of lossless
compression is to represent the source by minimum number of symbols (say bits). The
average number of bits representing one source symbol at the output of the source encoder
is called the rate of the code. The entropy rate of the source provides a lower bound to the
rate for lossless data compression [1,2].

Lossless data compression is only possible when the source produces discrete-valued
symbols from a finite alphabet. However, when the source produces continuous amplitude
symbols, lossless data compression is not possible as the source entropy rate is infinite,
and hence lossy compression has to be employed. The loss due to compression measured,
according to an error criterion, is called distortion. Rate-distortion theory describes the
minimum achievable average distortion for a given rate and vice versa [2—4].

This thesis is concerned with communicating continuous-amplitude sources and hence
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Figure 1.1: A communication system.

lossy compression. The problem of interest is communicating multiple continuous sources
to a single receiver over a common wireless channel. Such systems are referred to as multi-
ple access communication systems. We start by introducing the reader to the basic problem
of communicating information from a single source to a single receiver in Section 1.1.
In Section 1.2 multiple-access systems are introduced. In Section 1.3, the main problem

studied in this thesis is introduced, and the specific contributions are summarized.

1.1 Single Continuous Source over a Point-to-point Chan-
nel

In the system shown in Fig. 1.1, the channel encoder maps the source encoder outputs into
a sequence of channel input symbols such that the source encoder output can be “reliably”
decoded at the channel decoder. Here, by relaible decoding, we mean the ability of mak-
ing a decoding error is arbitrarily small by choosing the coding scheme appropriately. In
Shannon’s landmark paper [1], it is shown that reliable communication can be achieved
even if the channel is noisy. According to the channel capacity theorem [2], reliable com-
munication is possible when the transmission rate is less than the channel capacity, i.e., the
channel capacity provides an upper bound to the transmission rate.

Consider transmission of a source over a point-to-point noisy channel using the com-
munication model depicted in Figure 1.1. According to the source-channel transmission
theorem [1,2], lossless transmission of a source is possible when the entropy rate of the

source is less than the channel capacity, and not possible when the rate is greater than the



channel capacity. The entropy rate of an analog source is infinite and the capacity of a noisy
channel is finite. Therefore, lossless transmission of an analog source is not possible over a
noisy channel. The goal in this case is to transmit the source to achieve the minimum pos-
sible distortion at a given bit rate. An unbeatable lower bound on the minimum achievable

distortion is given by [1-3]
Dopt = D(bC),

where D(.) is the distortion-rate function of the source [2-4], C' is the capacity of the
channel, and 0 is the number of channel uses per source sample. D, is often referred to as
the theoretically optimal performance or the Shannon limit.

There are two broad approaches to communicating an information source: ([) Digi-
tal communication and (II) Analog communication. The communication model that is
depicted by Fig. 1.1 is based on a digital communication method which uses so called sep-
arate source-channel coding. According to Shannon’s source-channel separation theorem,
such systems can be designed to achieve the theoretically optimal performance for a broad
class of source and channels [1-3]. But, in most cases, this may require very complex
encoding and decoding algorithms involving long processing delays. In such optimal sys-
tems, the source encoder compresses the source to achieve D(bC'), and the channel coder
(encoding-decoding) achieves error free communication at a transmission rate equal to the
channel capacity.

An inherent problem of digital communication based on source-channel separation is
the “threshold effect” as shown in Figure 1.2. The threshold effect can be described as fol-
lows. The channel code is designed for a particular channel signal-to-noise ratio (CSNR),
and therefore a system can be designed to achieve a certain performance when the true
CSNR is not less than the design CSNR. However, when the true CSNR falls below the de-
sign CSNR, as for example in wireless systems with fading, the performance of the system
degrades drastically. Also, the performance of systems based on the source-channel sepa-

ration principle will not improve as the true CSNR increases, as the loss due to the source
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Figure 1.2: An example of threshold effect in digital communication based on source-channel separation (-2
is the source variance).

compression cannot be recovered. Furthermore, the threshold effect is more pronounced
when a system operates close to the theoretically optimum performance.

In order to reduce the threshold effect, digital systems are designed by combining
source and channel coding in to a single code. This approach is called joint source-channel
coding. Joint source-channel coding schemes attempt to mitigate the threshold effect by ex-
ploiting the channel and source characteristics jointly. Some examples for such techniques
are (a) channel optimized vector quantization (COVQ) where the quantizer for the source
is optimized to both the source and the channel [5-8]; (b) unequal error protection where
source data is protected from channel errors according to their relative importance [9]; (¢)
optimal index assignments [9, 10]; (d) by using the redundancies at the source encoder
output to correct channel errors [11-14].

Both separate source-channel coding and joint source-channel coding schemes have

finite transmission rates, and hence these are called digital coding schemes. In digital
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Figure 1.3: Uncoded transmission of continuous source over additive noise channel.

systems used to transmit continuous information sources, we cannot recover the loss due
to quantization used for source encoding. Therefore, the performance of digital systems do
not improve as the CSNR increases beyond a certain value.

Another approach to transmitting an analog information source is through analog mod-
ulation (see Figure 1.3). Since analog systems do not quantize the source, the transmitter
output has a continuous valued alphabet. Therefore, analog systems have an infinite rate
at the transmitter output. As a result the quality of the received signal gradually changes
with the CSNR [15]. But all practical analog transmission systems such as those based on
amplitude modulation (AM) or frequency modulation (FM), perform substantially below
most digital systems, as it is difficult to exploit the source and channel characteristics well
using analog signal processing.

The problem of sending an analog source over a noisy channel is well studied and a
large body of literature exists. Shannon [16] discussed the issue of sending an analog source
over a noisy channel. Shannon represented the source output and the transmitter input
as “points in geometrical spaces”, and viewed encoder-decoder operations are mappings
between two spaces of different dimentionality. It was shown that when the source and
channel bandwidths are mismatched the optimal encoder and decoder mappings will be
highly nonlinear and complex.

Goblick [15] compared the mean-squared error distortion performance of various ana-

log schemes when analog data is transmitted over an additive white Gaussian noise (AWGN)



channel. Wyner and Ziv [17] considered a problem of transmitting a discrete-time analog
data belonging to a bounded set with variety of fidelity criteria. Bounds on the minimum
achievable distortion are obtained for finite and infinite delay coding. Ziv [18] studied per-
formance and derived lower bounds of general modulation schemes for a class of distortion
functions.

So far, we discussed the problem of transmitting an analog source over channels that
do not vary with time. In many practical situations such as in wireless communication, the
channel characteristics vary with time. In this type of situations, the communication system
performance depends on the degree of knowledge that the transmitter and/or receiver has
about the channel state at a given time instant. The knowledge about the instantaneous
channel characteristics is called channel state information (CSI). In most cases, it is easier
for areceiver to acquire CSI using the signal it observes at the channel output. It is however,
more difficult for the transmitter to acquire CSI. Depending on the availability of CSI,

communication systems can be divided into two main categories:
1. Fully informed: CSI available at both receiver and transmitter.
2. Partially informed: CSI available only at the receiver or the transmitter,

The most common instance of partially informed systems is those in which CSI only avail-
able to the receiver. Such systems are also called systems with to no transmitter CSI.

An assumption that is made commonly regarding time varying channels is that the
channel transitions over all possible fading states during the transmission of a codeword.
This type of a channel is referred to as an ergodic channel. Shannon [3] proved that separate
source-channel coding can achieve the optimum performance for transmitting a source over
an ergodic channel. When CSI is not available at the transmitter, the encoding rate cannot
be varied to match the channel, which forces the transmitter to use constant rate encoding
and to distribute the instantaneous power randomly over a codeword to maintain its average
power constraint. In such scenarios, the achievable upper-bound on the transmission rate

can be severely restricted if the probability of channel undergoing low CSNR values is



larger than that for the high CSNR values. The Shannon capacity for an ergodic channel is

given by

Coy = | €10

where 7 is the instantaneous CSNR which is available to the decoder, C'(7) is the instanta-
neous capacity of the channel, and f(7) is the pdf of 7. The minimum achievable distortion

can be written as
Dopt - D(boerg).

In order to achieve the Shannon limit, the length of the transmitted codeword must be long
enough to capture the ergodic nature of the channel. As a result, the slower the channel
varies the longer codeword length required. Therefore, a channel must exhibit sufficiently
fast variation in order for us to be able to use the Shannon capacity as a basis for commu-
nication system design (see [19] for details).

When the channel varies slowly in such a manner such that the instantaneous CSNR 7
remains constant over a large number of channel symbols, the Shannon capacity may not be
suitable for designing communication systems. For example, should the randomly varying
channel realizes a CSNR equal to zero, the Shannon capacity is equal to zero. Unlike
in the case of fast varying channels, it is more meaningful to design digital systems for
slow varying channels based on the notion of outage capacity. An outage occurs when the
realized CSNR falls below a certain value say 7,4, 1.6, the instantaneous channel capacity
is less than the transmission rate. Consequently, a higher rate than the Shannon capacity
is possible at the expense of reliability during deep fading states that occur in fast-fading
channels [20].

The design parameter 7,45 determines the outage probability F,,; and the transmission
rate to be used. When there is no transmitter CSI, data is transmitted at a constant rate

which is equal to the channel capacity evaluated at the design CSNR 7,.,. The outage



probability of the system is given by
Py = Pr(7 < Tyes).

Consequently, the probability of successful decoding is 1 — FP,,;. In this case, the expected

distortion can be evaluated over the fading distribution as
Dav = D (bC(Tdes)) (1 - Pout) + dOPOUt7

where dj is the average source reconstruction distortion during channel outages. This result
can be interpreted as follows: either the source data is received successfully with distortion
D (C(7ges)), or the system is in outage in which case the distortion is equal to dy. The
communication system can be designed to minimize the average distortion with respect to
the design CSNR.

It is well known that direct, or uncoded, transmission of a memoryless Gaussian source
over a memoryless Gaussian channel is optimum when the distortion is measured by mean
square error and the source bandwidth is equal to the channel bandwidth (bandwidth matched)
[15,21]. The performance degradation of uncoded transmission in bandwidth mismatched
cases can be attributed to the inefficiency due to lack of data compression. In bandwidth
mismatched case, joint source-channel (JSC) coding schemes have been developed based
on hybrid digital-analog (HDA) coding techniques to improve the performance over sep-
arate source-channel coding systems. In HDA schemes, the efficient data compression in
digital schemes are combined with graceful channel adaptation property of analog coding
schemes. In a number of previous work, it has been demonstrated that, in situations where
transmitter-side CSI is not available (such as broadcast or multicast), HDA coding schemes
can be used to design systems that perform well over a large range of CSNRs [22-25].

In [22], it is conjectured that no code is optimal simultaneously at different CSNRs
when the source and channel bandwidth are not equal. For unequal source and channel
bandwidths, [22] proposes a number of “nearly robust” JSC coding schemes based on

HDA coding techniques to improve the performance over separate source-channel cod-
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Figure 1.4: Transmission of two sources over a two-to-one MAC.

ing systems. The HDA systems proposed in [22] are designed to be optimum at a target
CSNR but improve or degrade gracefully should the true CSNR deviate from the target.

A digital code aimed at sending information from a single transmitter to many receivers
experiencing different CSNRs is called a broadcast strategy [26]. Two extreme approaches
are to send data at a rate equal to the capacity of the worst channel or to send data at a rate
equal to the capacity of the best channel. Obviously such approaches result in poor overall
performance. However, [26] shows that by distributing high-rate information across low-
rate messages, a broadcast system can improve its overall performance. An uncertain chan-
nel with finite states may be visualized as a transmitter broadcasting data to a set of virtual
receivers with different CSNRs. Therefore, fading channels without CSI at the transmitter
can be modeled as a broadcast channel. A layered broadcast strategy for Gaussian fading
channel is studied in [27]. In [27], it is shown that layered broadcast strategies enable to
implement a continuum of capacity versus outage values rather than a single pair as is in
the standard digital coding approach. In [28], a layered broadcast strategy is considered for
sending a Gaussian source over a fading Gaussian channel with a finite number of states.
In particular, [28] obtains the operating point inside the capacity region of the equivalent

broadcast channel that minimizes the expected distortion.

1.2 Multiple Sources over a Multiple Access Channel

So far we have considered point-to-point communication. Now we turn our attention to

multiple-access communication which is the main focus of this thesis. The problem of



sending multiple sources over a multiple-access channel (MAC) to a single receiver cap-
tures many practical communication systems. Common examples include ground stations
sending voice data to a satellite, cellular devices sending data to a cell-tower, or a network
of sensors sending observed data to a central monitoring station. A simple example in
which two information sources are transmitted to a single receiver over a MAC is illus-
trated in Figure 1.4. Slepian and Wolf [29] considered the problem of lossless compression
of two or more correlated sources separately while decompression of the sources are per-
formed jointly. The well known Slepian-Wolf theorem [29] gives necessary and sufficient
conditions for achievable rate tuples. Wyner and Ziv [30] considered lossy compression of
a source with a fidelity criterion when the decoder has side information about the source
and derived a lower bound for achievable rates for a given distortion. Berger [31] and
Tung [32] introduced multi-terminal source coding problem by considering separate com-
pression and joint decompression subject to distortion constraints. Finding the achievable
rate region in the general multi-terminal source coding problem is known to be very hard,
hence many work in the literature has mostly focused on the quadratic Gaussian case in
which the sources are jointly Gaussian and the mean-squared error is used as the distortion
measure. The work by Oohoma [33] and Wagner [34] present the complete solution to
the quadratic Gaussian two-terminal source coding problem under an individual distortion
criterion.

In the MAC case, the capacity of the channel is the closure of all rate tuples for which
the all encoded messages can be decoded with an arbitrary small probability of error. The
capacity region of the discrete Gaussian MAC with transmitter powers P, and P, and noise
variance N is illustrated in Figure 1.5 [2]. It is known that when there is no constraint on
the transmission delay, any rate pair ([2;, R,) inside the capacity region can be achieved by
using independent Gaussian random codes at the transmitters.

One way to transmit multiple sources over a MAC is to employ a system based on
the principle of source-channel separation. However, it is well known that the separate

source-channel coding is not optimal for sending multiple sources over a MAC. Except
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Figure 1.5: Gaussian multiple-access channel capacity (C(z) = 3log(1 + x)).

for a few special network models in which sources and channels are suitably “matched”
[21,35-39], optimally sending multiple sources over a MAC requires joint optimization
of data compression and channel coding. The problem of lossless transmission of two
finite-alphabet correlated sources over a two-to-one MAC is addressed by Cover, El Gamal
and Salehi [40]. In [40], sufficient conditions for the existence of a code which achieves
an arbitrarily small decoding error probability are presented. It has been shown that such
a code rely on direct mapping of the source symbols to channel inputs, rather than data
compression followed by channel coding. Other related work on lossless transmission of
correlated sources are [41] and [42].

In work, more directly related to the work in this thesis, Salehi [43] studied a lossy
version of the problem with two finite-alphabet sources and arbitrary distortion measures
on each source. Lapidoth and Tinguely [44] considered the problem of sending Gaussian
sources over the two-to-one Gaussian MAC with an average power constraint on each trans-

mitter. In [44], the authors focus on the bandwidth matched case and present necessary and
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sufficient conditions for the achievability of a distortion pair. Moreover, [44] introduces
a “source-channel vector-quantizer” scheme, relies on the optimal source compression by
VQ and the constructive interference created by correlated channel inputs. This scheme
plays a central role in new developments presented in Chapters 3 and 4 of this thesis.

When the channel state of a MAC is a random variable there is an instantaneous ca-
pacity region corresponding to the realized channel state. When the CSI is not available to
the transmitters, fixed transmission rates have to be used in all transmitters. The ergodic
capacity region based on the standard interpretation of the Shannon capacity is well de-
fined for a fast fading MAC with no transmitter CSI [19, chapter, p. 215]. When the MAC
is slowly varying, parallel to the point-to-point case, a common outage probability is de-
fined as the probability that the tuple of transmission rates lies outside the capacity region.
For heterogeneous networks, it is necessary to evaluate the individual outage probabilities
corresponding to each transmitter. Individual outage probabilities without transmitter CSI
are discussed in [45] for a MAC with transmitters and the receiver equipped with multi-
ple antennas. Narasimhan [46] computes the explicit individual outage rate regions for a
quasi-static fading MAC by assuming Gaussian multiple-access interference.

In [47], the digital transmission of a pair of uncorrelated Gaussian sources using sep-
arate source-channel coding over a slow-fading two-to-one MAC without the transmitter
CSI is considered. The average distortion is obtained using the individual outage regions
computed in [46], and the transmission rates that minimize the average sum MSE for the
independent Rayleigh fading are obtained numerically. A different approach for transmit-
ting sources over a the static Gaussian MAC using a CDMA like access scheme, based on
analog JSC coding techniques [21,48,49] is proposed in [50]. In the analog JSC coding
approach a block of source samples is directly mapped to a block of channel input symbols
using a non-linear transformation. In [50], simulation results were obtained using practi-
cal analog JSC codes optimized for point-to-point communications, and simulation results

show that the performance of these practical systems are close to the theoretical limit.
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1.3 Contribution of the Thesis

1.3.1 Objectives of this thesis

The MMSE achievable in communicating correlated Gaussian sources over a block-fading
GMAC, when CSI is not available at the transmitters, is not known. To this end, one objec-
tive of this thesis is to establish upper-abounds to the unknown MMSE by considering JSC
coding methods that accounts for channel uncertainty at the transmitters. In practical com-
munication systems with finite delays and limited encoder-decoder processing powers, an
important problem is designing practical coding schemes that mimic an effective theoreti-
cal coding principle to approach the best achievable performance. The problem of practical
code design for communicating correlated sources over MAC with no CSI at transmitters
is not addressed in the literature. To this end, another objective of this thesis is to pro-
pose a practical code, with finite coding delay and tractable computational complexity, for

correlated sources and fading MAC.

1.3.2 Contributions

e In Chapter 2, we establish several upper bounds to the unknown MMSE by consid-
ering a superposition-based HDA coding to exploits the benefits of both digital and
analog coding to counteract the channel uncertainty and to exploit source correla-
tion. The achievable MMSE of source-channel separation-based coding and uncoded

transmission are also derived and used as benchmarks.

e In Chapter 3, we derive upper bounds to the achievable MMSE by considering JSC
coding schemes that use source dependent channel codewords allowing constructive
and destructive interference between digital channel inputs. The MMSE derived for
a source-channel vector quantization scheme and an HDA extension of it provide
the best known upper bound to the achievable MMSE for communicating correlated

Gaussian source over block Rayleigh fading Gaussian MAC. The MMSE of the two
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schemes are derived by considering the three possible outage cases. Through nu-
merical performance evaluations, it is shown that, unlike in the case of fixed GMAC,
uncoded transmission is no longer optimal at low CSNRs, when there is channel

fading and CSI is not available to the transmitters.

In Chapter 4, we propose a practical JSC coding scheme that mimics the coding
principle used in the source-channel vector quantizer scheme presented in Chapter
3. The encoder achieves source-channel coding by employing trellis coded quanti-
zation with an expanded codebook. We propose a four state joint decoder based on
the Viterbi algorithm. Simulation results show that the proposed JSC coding scheme
perform closer to the source-channel vector quantizer bound than the other alterna-
tives such as separate source-channel (SSC) coding, uncoded transmission, and HDA

coding considered in Chapter 2.
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Chapter 2

HDA Coding for Sending Information

from Gaussian Sources over BF-MAC

2.1 Introduction

One important design consideration arises that in wireless communication is the channel
uncertainty at the transmitters. In many practical systems the CSI is estimated periodically
at the transmitters by sending a burst of training data from the transmitters to the receiver.
The receiver typically communicate the estimated CSI to the transmitters via feedback
channels. Therefore, the CSI available to the transmitters can be limited by the capacity
of the feedback channels. Moreover, when such feedback channels are unavailable due to
spectrum scarcity, the transmitters have to deal with a large degree of channel uncertainty.
Due to this channel uncertainty at the transmitters, the conventional digital coding scheme
based on source-channel separation suffers from the cliff effect. On the other hand, JSC
coding schemes based on HDA techniques have the potential to have better average perfor-
mance under channel uncertainty as the performance of HDA coding changes gracefully
with the channel quality. In order to examine the aforementioned claim, we consider the
following problem of sending Gaussian sources over a slow-fading two-to-one MAC, as

shown in Fig. 2.1.
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We consider sending a pair of Gaussian sources over a block-fading Gaussian MAC.
The sources can be mutually correlated. We consider a communication model with no
CSI at the transmitters while the perfect CSI is available to the receiver. As discussed
in Chapter 1, the property of graceful improvement-degradation in HDA schemes is well
understood for the point-to-point case [22]. However, the performance of HDA coding
with random channel variations is not straightforward as the reliable transmission from the
digital encoders depends on the achievable rate region for the BF-MAC. Therefore, the
individual outage regions must be computed according to the decodability of the digital
codewords. In [46], the individual outage regions are computed for the channel coding
over block-fading Gaussian MAC when the CSI is not available to the transmitters.

The HDA technique uses optimal VQ for digital compression of the source, which will
be transmitted using a channel code. The analog information to be transmitted is the quan-
tization error obtained by subtracting the VQ source codeword from the source sequence.
The block of continuous-valued uncoded quantization error samples are transmitted over
the same channel bandwidth used by the digital transmission of the source, by power split-
ting between the uncoded (analog) and the digital transmissions. The analog channel inputs
act as additive noise to the digital codewords. The outage events of the digital codewords
are defined based on the decodability of the channel codewords for given encoder param-
eters and the current channel gains which are constant for the channel codewords in the
case of block fading. The necessary and sufficient conditions for joint decodability of the
channel codewords are used to compute individual outage regions for the channel fading
gains. We assume that the number of channel symbols transmitted per source symbol is
one (i.e., bandwidth matched).

For comparison, the performance of an alternative HDA coding scheme where the ana-
log and digital components are sent by orthogonal channel access is considered. The com-
parison of the performance of the HDA coding over the two-to-one MAC and a comparable

orthogonal MAC can be justified by the following reasons:

1. The outage events creates different levels of interference
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2. Effect of different channel uses per source symbol in digital coding

3. Sub-optimality of the uncoded transmission when the source-channel bandwidths are

mismatched

The optimum outage rates and the power splitting ratio of the above systems, that mini-
mize the average distortion, assuming the independent Rayleigh fading, are obtained using
numerical optimization techniques. The problem we consider is related to multi-user com-
munication systems with real-time traffic where it is difficult for the transmitters to obtain
the current CSI. For example, in an upstream voice communication between ground sta-
tions and a satellite, a desirable design criteria is to minimize the average distortion over

uncertain channels.

Contribution

The MMSE achievable in communicating correlated Gaussian sources over a fading GMAC
is not known. To this end, this chapter establishes several upper bounds to the unknown
MMSE by considering a coding schemes which uses superposition-based HDA transmis-
sion to combine the benefits of both digital coding and uncoded transmission. The achiev-
able MMSE of source-channel separation-based coding and uncoded transmission are also

derived an used as bench marks.

2.2 Problem Statement

The basic problem considered in Chapters 2-4 can be stated as follows. Two information
sources 57 and S, are observed at different locations and there is no communication link
between the two locations. We wish to communicate and reproduce these two sources
at a central location, where the communication is to takes place over a wireless channel
modeled by a Gaussian MAC with Rayleigh fading. Each source is a circularly symmetric

complex-valued Gaussian variable S; € C with mean zero and variance E{|S;|} = o2. Let
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Figure 2.1: Communicating a pair of Gaussian sources over a two-to-one block fading Gaussian multiple-
access channel.

the covariance matrix and the pseudo-covariance matrix of (S, S2) be [51]

2
07 PO102
Kgs = :

pPO102 O'%
and Kgg = Ogx9, respectively, where |p| < 1. A sequence of n outputs from the source 5;,
denoted by S; = (S;1,...,5x), is assumed to be independent and identically distributed
(iid). It is assumed that source and channel bandwidths are identical, so that a sequence of
n source symbols are transmitted by n uses of the MAC. The encoder for each source S; is

therefore a mapping fi(n) :C" — C", and

X; = [(8)

(2

is the channel codeword X; = (X 1,...,X;,,) and X, ,, € Cis channel input for .S; at time
k =1,...,n (the superscript in fi(") emphasizes the fact each encoder is a block-encoder
for n consecutive source symbols.) The transmitter for S; has an average power constraint

-Pz' > () so that
n —1 " v T

Let the MAC output for channel input (X, X5) be the sequence Y = (Y7,...,Y,), where
Y, € Cis the MAC output at time k given by

Yi =X, + heXoyp + Wi,
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hiy € C is the gain of the channel between .S; and the receiver at time k and W, € C
is complex-valued channel noise. As usual it is assumed that (hy 4, hoy) is iid complex
Gaussian random variables with mean zero and independent real and complex parts. In
this thesis we are concerned with a MAC with block fading, i.e., hy; and hyj remain
constant during the transmission of a length n codeword. Therefore, henceforth we will
denote the channel gains by h; and hs. The channel noise W, is assumed to be circularly
symmetric Gaussian random variable with mean zero and variance N. The noise sequence
W = (Wy,...,W,) is assumed to be an iid sequence.

Finally, we use a decoder which can be described by a pair of mappings ¢§”’ :C" —

C™, i = 1,2, such that the decoded source sequences are given by
S — oMy
1 gbz ( )
The mean square reconstruction error of the source .S; is given by
1 < -
Di(h1,ha) = =Y E{|Six — Sixl}, 2.1
(ha, hs) n;ﬂ & = Sikl*} 2.1)

where the expected values is over the joint distribution of .51, S5 and the distributions of the
two independent variables h, and h,. We assume the codeword length n can be made large
enough so that source codes achieving the rate-distortion bound and channel codes with
vanishingly small error probabilities can be found. In this case, the optimal ( f -("), gb(”)), 1=

3 3

1, 2 are those which minimize the average MMSE,

1

D* = 3 / (D1(hy, ho) + Do(hy, ha)) f(h1)f(he)dhidhs, (2.2)

where f(h;),i = 1,2, is the pdf of the fading gains /; and h,. This would be an optimal JSC
coding scheme for our set-up. However, finding the optimal JSC coding scheme for this set-
up appears to be very difficult. Therefore, our end goal is to find the MMSE achievable with
good JSC coding schemes based on HDA coding which can acheive a D lower than that
of: (1) the best separate source-channel coding scheme, and (2) the simplest JSC coding

scheme of uncoded transmission.
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Figure 2.2: HDA encoder.
2.3 Superposition-based HDA Coding for Correlated Gaus-

sian Sources and BF-GMAC

In this section we consider a conventional HDA coding scheme to establish an upper bound
to the minimum achievable MSE in communicating a pair of correlated Gaussian sources
over a two-to-one BF-GMAC. In [22], HDA coding techniques based on superposition is
considered for broadcasting a Gaussian source over a AWGN channel when the source
channel bandwidths are mismatched. In the broadcast setup a single source is communi-
cated to multiple receivers experiencing different channel SNR values.It is shown in [22]
that certain JSC coding based on HDA techniques are ‘nearly robust” when source-channel
bandwidths are mismatched, where a coding scheme is considered robust when it is optimal
over a wide range of CSNRs. In our problem, the channel uncertainty at the transmitters
may be mitigated by considering such robust HDA coding techniques. However, since the
CSI is not available at the transmitters and the channel varies, a good coding scheme must
be matched to the distribution of the channel fading gains. Below we describe a JSC coding
system which is based on a conventional HDA technique where analog source information
is superimposed on digital codewords to describe the source to the common receiver.

The coding scheme uses a power splitting between the digital and analog parts, and

the channel inputs generated by the digital and the analog parts are superimposed and
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Figure 2.3: HDA decoder.

transmitted over the block fading two-to-one MAC. The block diagrams of the encoder and
the joint decoder are shown in Fig. 2.2 and Fig. 2.3, respectively. First, the source sequence
S; is vector-quantized using an optimal VQ, and the VQ index m = II;(S;) is input to a
digital channel encoder which outputs the digital channel codeword X; = A;(m), where
functions II; : C* — {0,1,...,2"% — 1} and A; : {0,1,...,2"% — 1} — C" represent
the VQ encoder and the channel encoder functions, respectively, and R; is the encoding
rate. Analog data is generated by obtaining the sequence of VQ errors Z; = S; — S,, where
S; = II;7!(m) is the output of the VQ decoder ITI;* : {0,1,...,2"% — 1} — C". The
channel input sequence X is the addition of the channel codeword and the scaled VQ error

sequence, given by

Xz‘ = Xz + oziZz-,

where a; = \/nt; P;/E{||Zi||?}, and 0 < ¢; < 1 is the ratio between the average power
of the analog channel input and the expected average power constraint. Consequently, the
average power of the digital channel codewords is subject to the constraint %E{H}LHQ} <
(1 — t;)P;. The joint reconstruction of the two sources is performed in two stages: 1.
joint decoding of the digital channel codewords {X;}, 2. MMSE estimation of the source
sequences based on decoded source codewords and the MAC output. A function A~! :

C® — C" x C" is used in the receiver to jointly decode the digital codewords for both
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sources based on the channel output sequence Y, i.e.,

Ho

(X1, X,) = A1(Y),

where (f(l, 5(2) is the pair of decoded digital codewords. The decoding function A~!
depends on the current fading gains, the transmission rates, and the power allocation ratio.
Now we describe the three scenarios according to the decodability of the digital codewords,

which we call outage events. The three outage events are:
1. Both digital codewords are successfully decoded (no outage)
2. Only one digital codeword successfully decoded (partial outage)
3. Either of the digital codewords cannot be decoded successfully (total outage)

The digital codebooks are constructed using a random code, whos symbols {sz}, S
{1,2} and k = 1, ..., n, are iid circularly symmetric complex Gaussian random variables
Xir € C ~ CN(0,(1 — t;)P,), so that the probability of successful decoding of both
digital codewords are maximized [2,20]. Also note that as n — oo, the optimal VQ splits
the Gaussian source into two iid circularly symmetric complex Gaussian sequences, {Slk}
and Z; ;,, where i € {1,2} and k = 1, ..., n. Therefore, the analog channel input sequences

a;Z;, 1 = 1,2 act as AWGN to the digital channel inputs.

Case I: Both digital codewords can be decoded successfully

For given fading gains (hq, h2), the MAC between the digital channel inputs and the chan-

nel output can be seen as an AWGN MAC, i.e.,
Vi = Xy + hoXop + (i Zig + hoooZoy + W), k=1,...,n. (2.3)

The two channel input sequences {h; X ;} and {hy X} of the AWGN MAC given by
(2.3) are subject to the average power constraints v, (1 — ¢) Py and 5 (1 — t3) P», respec-

tively, where ~; = |h;|?, i = 1,2. The two input sequences are corrupted by AWGN with
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Figure 2.4: (v1,72) pair regions corresponding to outage events in HDA coding of uncorrelated sources.
— 1—ty
T=1

average power Y1t Py +7ota Py +2Re{h1hi}pz/t1ta Py P+ N, where py is the correlation
coefficient between the VQ error symbols Z; ;, and Z, ;.. Therefore the successful decoding
of both codewords are determined by the achievable rate region of the AWGN MAC [2],

and the necessary and sufficient conditions for this case given by the conditions

(I): By < I(X1;Y]X,)

1 (1=t )
= log ( 1+ - 2.4)
9 8 ( Yitipn + Yatopia + 2Re{h1hs}p./Tilapiie + 1

(IT): Ry < I(Xy;Y|X))

1 Y2(1 —ta)po )
= —log |1+ (2.5)
9 8 ( Yitip + Yatopiz + 2Re{hi RS} p./Eitopirpie + 1

1 - .
([[[) R1—|—R2 < §I(X1,X2,Y>

1-1¢ 1-—-t¢
— “log (1 n Y ( 1)+ 72(* 2) o ) (2.6)
2 ’yltlﬂl + ’YQtQ,U/Q + ZRC{hth}pZ\/tltgﬂl/JQ +1
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where p; = P;/N and I(.;.) denotes the mutual information (for clarity we have dropped

the time-index k), and p is given by

. %<Zla ZQ>

Pz= "
02,02

where
o2 =2 e {1,2}.

At the For given encoder parameters (R1,t1) and ( Ry, t2), the individual outage regions for

digital coding over ; and ~,, for uncorrelated sources, are illustrated in Fig. 2.4. In Fig.

h

no?

2.4, the “no-outage” region, denoted by H" , is the region indicated by (D). For correlated

sources, the outage regions cannot be described explicitly in terms of the fading powers v,

and ~y; due the interference term 2Re{hyh%}p./t1tapi1 1o
In this case the sources are estimated based on the recovered source codewords él and

S,, and the residual MAC output sequence

Y/k =Y, — (thl,k + h2X2,k)

= hlalZl,k+h2@ng7k+Wk, k= 1,...,71.

Since {5171, . ,SM}, {5'271, . ,S’Q,n}, and {571,...,17”} are iid sequences which are
jointly Gaussian, the optimal MMSE estimator is linear, and the estimate of the source
sequence S; is given by

N

Sik = Qi,lgl,k + Qi,251,k + %,3{/1@, k=1,...,n,

where ¢; 1, ¢; 2 and g; 3 are the coefficients of the linear estimator, which can be found by

solving
ki ki kis qi,1 Ci1
ka1 koo Fos qi,2 Ci2 | »
ka1 k3o k33 qi,3 Ci3
~ - N~ ==~
K q; C;
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where
LE|IS:*  LE(S5,81) 1E(Y,S))
E(S1,S:) 1E|Si? LE(Y,Sy)
E(SLY) 1ES.Y) LE|Y|?
and
1p(S,,S))
ci= |1B(S;S,)
~B(S,,Y)
For optimal VQ of Gaussian sources, K, c; and ¢, can be verified to have the following

values [44]:

ki = o?(1 — 27%0)

bz = Ky = 2(1 = 27 (1 — 2720

ki3 = k3, = aghop2 2k,

koy = o?(1 — 27212)

kas = kiy = arhip2 M kyy

k33 = yit1 P1 + yato Py + 2Re{h1hy}p.A/tita PLPy + N
e = kn

Crz = phao

C13 = (Oé1h>f2_2R1 + a2h§p2_2R2)a2

Co1 = phiaz

Coo = koo

Co3 = (O{lhip272Rl + &2}13272]%2)0'2
Then the optimal MMSE estimator q; is given by

q; = K_ICZ', 1= ]_,2
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The MSE of the optimal estimator reconstructing the source S; is
h 2
Dy, (hi,he) = 0% — qi ¢ — GG oCiz — G 3Ci3-

The average MMSE for given (R, R», t1,t2) can be found by evaluating

Dl (hi,h) + DL, (hi,h
DZO<R17R27t1,t2) :/ nol( 1 2> 5 n02( 1 2)
Hiio

f(h1) f(hs)dh.

Case I1: Only one codeword can be decoded successfully

Lets consider the case in which only the codeword X; can be decoded correctly. A suf-
ficient condition for decoding X, can be obtained by simply considering codeword X as
Gaussian interference. When a necessary condition for correct decoding of codeword X,
given codeword X, correctly decoded is false, it provides a sufficient condition to say code-
word X, cannot be decoded correctly. Following those argument we can write necessary

and sufficient conditions to this case as

(I): Ry < (X;Y)

1 (1 —t1) )
— tog 1+ 2.7)
2 %8 ( Yitipn + Yapiz 4 2Re{hihi}po/Titapipio + 1

1 Yo (1 —ta) i )
— “log [ 1+ 28
2 s ( Yitipn + Yatapin + 2Re{hihi}p./Titapipio + 1

This “partial outage” region H,(,?,)h, for uncorrelated source, is indicated by Q) in Fig. 2.4.
The region indicated by Q) is the partial outage region H,(,,l;)h where only Codeword 2 can
be decoded successfully.

Upon decoding X, the residual sequence Y is obtained by computing Y — X,

which is given by

Y/k = thdlsz + hg()?g’k + OéZZZ,k> + Wk, k= 1, oo, n.
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The optimal estimate of the source sequence is
Sz‘,k = qi71517k + qi72Yk-, k=1,...,n.
The linear estimator ¢; ; and g; » can be found by solving

ki1 ko qi1 Ci1

ko1 koo qi,2 Ci2

———— N
K di c;

where
1E|S)? L1E(Y.S))
1B, Y) 1E|Y)?

Y

and
1p(S,.S)
C;, =
K, c; and c, can be verified to have the following values:
]{?11 = 0'2(1 — 2_2R1)
]{512 = k;l = a2h2p2_2R2(1 — 2_2R1)0'2
k22 = ’Yltlpl -+ ’)/QPQ + QRC{hlh;}pZ tltgplpg + N
ci1 = ku
c1a = ({2725 - ayhlp22R2) o2
o1 = po(1 — 2720

Coo = (OélhT,OQiﬂ%l + 062;7/;2721%2)0'2

The optimal MMSE estimator q; is given by q; = K~'c;, i = 1,2. The MSE of the

optimal estimator reconstructing the source S; is

Dz()izh(hla hy) = o’ — qilcil - q;,20i2-
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The average MMSE for given (R, R», t1,t2) can be found by evaluating

DP, (b1, hs) + DI (hy, hy)

D(z)h(R17R27t17t2) - / L
M 2

f(h1) f(h2)dh.

Similarly, the average MSE DW"(R;, Ry, t;,t5) corresponding to the case where only

codeword 2 can be decoded can be calculated.

Case IlII: Either of the codewords can not be decoded successfully

A “‘total-outage” of the digital transmission occurs when neither of the digital codewords
can be decoded correctly in the given channel state. The rate region for this scenario can be
obtained by excluding the union of the three rate regions in the no-outage and the partial-
outage cases. Then it follows that the necessary and sufficient conditions for the total-

outage are

(I): Ry > I(X;;Y)

1 1l =t )
=-log |1+ (2.9)
2 08 ( Yitipn + Yopio + 2Re{hihi}po/Eitapipo + 1

(IT): Ry > I(X,;Y)

1 Ya(1 — ta) 1o )
= —log |1+ (2.10)
2% ( it + ataps + 2Re{ ks } pon/Erlafingia + 1

(III): Ry + Ry > I(X1, X5 Y)

- llog (1 + N —t)pm + 72l —ta)ps )
2 Yitipn + Yotopia + 2Re{h s} p.A/Titoppie +1)
2.11)

h

1o’

The total-outage region ", for uncorrelated sources, is indicated by @) in Fig. 2.4. The

optimal estimate of the source sequence is computed based on the MAC output Y

~

Si,k:ql-Yk, kzl,...,n.
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The optimal MSE estimate of source S; is given by

~

Si,kZQiYka kzla"wn?

where ¢; is the optimal estimator, given by

1E(S1,Y)
BN
_ (ahi2 2 + aphgp2~*")o?
%P, + Py + 2Re{hihi} p /Tt PPy + N
LE(S,,Y)
e

B (arhip272B 4 qphi272R2) g2
P)/lpl + ’)/QPQ + QRC{hlhz}pz tltzplpg + N

The corresponding MSE values of the optimal estimators are

|(1hi272M + aphyp222)0?|?
1P+ 72Ps + 2Re{h s} pr /it PL Py + N
|(ahip272R + aph}27282) 022
Y1 P14 2Py + 2Re{hi h3} p./t1ta PPy + N

Dh

to

(hl,hg) = 0'2 —

Dh

too

(h1,h2) = 02 —

The average MMSE for given (R;, Ry, t1,t2) can be found by evaluating

D" (hy, h D" (hy, h
D?0<R17R27t17t2)_/ AUHDEEAUE 2)f(hl)f(hg)clh.

M 2
The optimal encoder parameters (R;, Ry, t1,t2) and the achievable average MMSE is found

by solving

-DHDA = min DZO<R17 R27 tl) tQ) + D(l)h(Rla R27 tl; t?)

Ry1,Ra,t1,t2

+ DOM(Ry, Ry, ty,t5) + D"(Ry, Ry, th, t). (2.12)

The solution to the above optimization problem can be numerically evaluated using a global
optimization tool. This gives us a computable upper bound to the MMSE achievable in
communicating correlated Gaussian sources over a BF-GMAC.

In Sections 2.4-2.7 to follow, we derive the MMSE of several other coding schemes

which can be used as benchmarks for the upper bound we established above.
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2.4 HDA Coding over Orthogonal MAC

In the HDA coding in section 2.3 channel inputs to the two-to-one MAC, analog data from
both transmitters interfere the digital coding, and therefore the additional interference due
to the analog data reduces the effective channel capacity. Furthermore, when a codeword
is in outage, the non decodable codeword acts as interference to the analog data. Another
useful benchmark can be derived by considering a simple HDA scheme where analog and
digital components in a non-interfering manner by orthogonalizing the BF-GMAC. How-
ever the disadvantage of this scheme is the number of channel uses available for sending a
source sample decreases.

The two-to-one MAC is used as two point-to-point channels by splitting the number
of channel uses between the two transmitters. Assume that the transmitter ¢ (i € {1,2})
transmits n; channel symbols over n channel access time-shared between the two transmit-
ters, i.e., n = n; + no. In the digital part of the encoder optimal VQ at rate r; R; is applied
to the source block S; € C", where r; = n;/n. The VQ output [; € {1,2,... 2"} is
mapped to digital channel codeword X; € C". In the analog part, VQ error vector Z; is
obtained and split into two blocks, i.e., Z; = (ZZ(-l), ZEQ)), where Sgl) € C™ and ZEQ) e Cm

(4)

are blocks with length n;, and ng, respectively. Transmitter ¢ transmits the Z;’ superim-
posed with the digital codeword. At the joint decoder, the digital codeword is recovered
if it can be decoded error-free (no-outage). Then the VQ error sequence is estimated from
the channel output, after canceling the interference due to the digital codeword. The cor-
responding part of the source sequence is reconstructed by adding the VQ error sequence
to the decoded digital codeword. Now we explain the computation of the average MSE by
considering outage events for the digital codewords.

The necessary and sufficient condition for the successful decodability of each digital
codeword is given by the channel capacity of the AWGN channel, i.e.,

1 Bl —ti)v
Ri<§10g (14—#).

Bty +1
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Given rate R;, power allocation ratio ¢; and bandwidth ratio r;, decoding can be done

successfully, if and only if v; > #;, where 7; is given by

T; 22Ri
L (1 —t,-22Ri> '

We can now obtain the average distortion as shown below.

Case I: The codeword can be decoded successfully

Consider when «y; > +;, i.e., when the codeword can be successfully decoded. Source block

SZ@ of source S; is reconstructed as follows.
Sin = Sik + Zip,VSix € SR

The end-end-end MSE in reconstructing SZ@ is given by

(ortho) _ 1 2
n0;,i (’7) tz%’)@ i 10'Zo,z7

where 07, ; = 27152 The end-to-end MSE in reconstructing SY, j £ i is simply

D) (v) = 0%, ;- The average MSE for this case can be evaluated as

D Batir) = |5 (DU + D)) fowdn, i€ {1.2)5 £
Y

where f(;) is the pdf of the fading gain power.

Case II: The codeword can not be decoded successfully

Consider when ~; < 7;, i.e., when the codeword cannot be successfully decoded. Source

block Sz@ of source S; is reconstructed as

Sk = Zig,VSip & S\,
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and the resulting MSE in reconstructing Sz@ is given by

(L—=t)5y +1
%%4—1

2
07, i

D () = (1 - 27%4R) 62

0;,1

The end-to-end MSE in reconstructing ng ), J # 1 is simply the source variance, i.e.,

D(ortho)

0,0 (7) = o?. Therefore the average MSE, when the digital transmission is in outage,

is

71
(ortho) ) — + (or'tho) (or?ho) o . .
Do,i (R“ tl? rl) /0 2 <Doi,z (7) + DOj,z (7)) f('}/)d’% (S {17 2}7j 7& z.
The minimum achievable MSE cab be obtained by minimizing the overall MSE with re-
spect to the transmission rate ?;, power allocation ratio ¢; and the channel splitting ration

Ty i.e.,

ortho) R“ t, TZ) +D ortho)(R“ ti, Tz)

noz

D(ortho) _ min Z D

R1,Ro,t1,t2,m1,r2

2.5 Separate Source-Channel Coding

As a benchmark we now consider the source-channel separation (SCS) approach which
ignores any correlation between GMAC inputs. In [47], the rate pairs corresponding to
different outage events for digital channel codes over BF-MAC are computed. The cor-
responding outage regions can be obtained by letting ¢; = 0, ¢ = 1,2 in the HDA coding
described in Section 2.3. The (74, 72) regions corresponding to the outage events in separate
source-channel (SSC) coding is depicted in Fig. 2.5. The average distortion of reconstruct-

ing S and S5 in each outage scenario is calculated as follows.

Case I: Both codewords can be decoded correctly

The corresponding necessary and sufficient conditions can be obtained by simply letting

t; = 0,7 = 1,2 1n (2.4)-(2.6). The probability of no-outage (F,,) can be calculated by
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Figure 2.5: Individual outage regions for conventional source-channel separation coding.

evaluating the following integral

Pro 2 f(717 72)d71d72,
Hno

h

where 'HI,O denote the no-outage region which is indicated by (D) in Figure 2.5. An explicit

expression for the probability of no-outage for the case of Rayleigh fading can be computed

as follows:

P, :/ / 67(71+72)d"}/1"}/2+
1 (22R2_1) 229 (22R1_1)

g 7

2R
2 2(22M-1) oo
—(71+72
L o /1 sy 1) e ( )d'71’72
(2772 -1) pg (22T —1—pi)
2282 2R
2772 (92R1
228 (22R1_1) H1 ( ) (-t ~ L (92(R1+Rz) 1
_ Y1
= e M1 + e H2 e M2
PCEEY
_ 2Ry (2282 1)
C 1 (g2(RitRy)_yy | —l2mEUT _ (ug—up @11
= e K2 e K2 —e KK
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22R;

e PG, 2.13)

The average reconstruction distortion given that both channel codewords are decoded cor-

rectly is

(2—2R1 + 2—2R2)O.2
9 .

Dno =

Case II: Only one codeword can be decoded correctly

Consider channel codeword X can be decoded correctly while channel codeword X, can-
not be decoded correctly. Necessary and sufficient conditions for this case can be obtained
by letting ¢; = 0, ¢+ = 1,2, in (2.7) and (2.8). Then the probability of no-outage (P;S;)) can

be calculated by evaluating the following integral
A
Pp%) = / S (1, 72)dydys,
M)

where ?—[,(,},) denote the partial-outage region which is indicated by ) in Figure 2.5. The

probability of this outage scenario (PS))) can be computed as follows:

LR oo
PT(Li) _ / 6*(“/1+72)d/71d72
0 ﬁ(QQRl—l)(Mﬂz-l—l)
L e
_ el%l(22R1 ny [ k2 e(ﬁ—f(Qle*l)*l)Wzd,}/Q

0
2Ry (22R2_1) (2R
—e n1 1—e 22 .

Since X; can be decoded correctly while X5 cannot be decoded correctly, the average
distortion of reconstructing S; and S5 are equal to 2725152 and o2, respectively. Therefore,

the average distortion in this case (D,(LIO)) is given by

1 +4 272842
pw - 1 +27")0%
no 2
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Similarly, the probability of partial-outage, when only the channel codeword X, can be
decoded correctly (Pp(ol)), can be found by calculating the integral
A
Py = / f(n,72)dndya,
Hpo
where 7{,(,?,) denote the partial-outage region which is indicated by Q) in Figure 2.5. The

probability of this outage scenario (PT(L?) can be computed as follows:

Ay (@2F-1) poo
0 75 (27F2=1)(mm+1)
_ o (22F1-1)
_ ei(QQRQ Hofm 6(‘%(22]%2*1)*1)’71&7/1

0

@ 2Ry (22R1-1) { _ (22R2_y) }
P —e ) 1—e By .

no

The average distortion in this case (Dﬁfo)) is given by

po _ (1+272%)0”
no 2 .

Case I11: Neither of the codewords can be decoded successfully

The corresponding necessary and sufficient conditions for this case can be obtained by
letting ¢t;, = 0,7 = 1,2 in (2.9)-(2.11). Since the three outage scenarios are mutually

exclusive, the probability of total-outage (F,,) can be computed from

Pro=1— (Ppo+ B+ P2).

po
The average reconstruction distortion in this case (D,,) is equal to the source variance, i.e.,
D,, = o°.
Therefore, the average reconstruction distortion over the fading distribution is

DSSC(Rla RQ) = PnoDno + Pp(;)D;()})) + PIS?DZ(?) + Pttho-

o
The optimal transmitter rates (RY, R9) and the corresponding minimum achievable MSE is
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found by solving the minimization problem:

D¥C(RY, By) = min D¥C(Ry, Ry). (2.14)

The problem stated in (2.14) can be solved numerically using a global optimization tool.

2.6 Distributed VQ Combined with Channel Coding

In Section 2.5, we described a SSC coding scheme as a benchmark for our problem. In
this section, we describe source-channel separation approach which can achieve a lower
MMSE. The distortion pairs that are achievable for sending correlated sources over the
fixed GMAC by combining the optimal distributed VQ coding with the optimal channel
coding is discussed in [44]. In our problem setup, we can approach source-channel separa-
tion through two coding strategies. First, by combining the distributed VQ of the sources
with the channel coding over the block-fading MAC. The other strategy is to simply to
ignore source correlation and encode the sources independently using an optimal VQ fol-
lowed by channel coding. This was the approach used in Section 2.5. Note that, for given
source-channel coding rates, while the achievable distortion region due to optimal dis-
tributed VQ is a lower bound to the achievable distortion region due to non-distributed VQ,
the optimal distributed VQ requires both VQ indexes to be recovered at the receiver. How-
ever, the source reconstruction in non-distributed VQ is performed independently. There-
fore, the average performance of the source-channel separation coding with distributed
source VQ which takes advantage of source correlation is not necessarily superior to the av-
erage performance of the source-channel separation coding with non-distributed VQ which
ignores source correlation. Below, we determine the minimum achievable MMSE of dis-
tributed VQ-based SSC scheme. Assuming that channel codewords are decoded error free,
the achievable distortion regions for given coding rates R; and R, can be deduced from
the rate-distortion region of the distributed source coding problem for a bivariate Gaussian

source [33]. Below, we use this result to determine the average MSE of the SSC coding
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scheme over the BF-GMAC.

For given coding rates R; > 0 and R, > 0, a distortion-pair (D;, D) is achievable, if

and only if
(D1, Dy) € Di(Ry, Ry) N Da(Ri, Ra) N Dyroa( R1, Ro)
where
Di(Ri, Ry) = {Dy : Dy > Ayand D; < 0%}
Dy(Ry, Rs) = {D2 : Dy > Ajand Dy < 02}
Dprod(R1, Rg) = {(D1, D2) : D1Dy > A},
with

Ay = 0?27 (1 — p?(1 — 272F2))
Ay = 0?27 2(1 — p?(1 — 272F1))

A = o [(1 — P2 ARi+R) | p22—4(R1+R2)] .

The problem is to find the minimum (D; + D) subject to the above constraints for the
achievable distortion region for given (R, Rs) and p. Let Dy + Dy = d5, where 0, > 0, is
a line connecting (J5, 0) and (0, d5) on the (D, D) plane. Note that for given D;,i = 1,2,
the corresponding achievable minimum D;, j # i lies on the boundary of the achievable
distortion region. Therefore the achievable MMSE is found when at least one of the above
constraint is satisfied with equality. This will result in three different scenarios to be con-
sidered to determine the MMSE for given rate-pair, as illustrated in Figure 2.6.
Case I:

Assume line Dy + Dy = dj just touches the curve defined by Dy Dy = A, while the
point at which they satisfies the other two constraints (see Figure 2.6 (b)). Since D1 Dy =

Ais, As > 0, is symmetrical about the line Dy = Dy, line Dy + Dy = d, just touches
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Figure 2.6: Distortion pairs achievable in distributed VQ of two correlated Gaussian sources at a fixed rate
pair (R1, Ra).

D1 Dy = A5 when Dy = D,. Therefore, the minimum distortion is given by

D* = AV Alg.

Case II:
Assume, when line D; + Dy = §, just touches the curve defined by Dy Dy = A5 while

the point at which the distortion pair satisfies the constraint defined by Dy ( Ry, Rs) (i.e.,

Dy > Ay), it does not satisfy the constraint defined by D; (Ry, Ry) (i.e., D1 < Ay). In this
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case, in order to find the achievable MMSE (D; + D,)/2, d; must be increased until line
D1+ Dy = 6, touches the intersection of curve Dy Dy = Aj5 and line D; = A, (see Figure

2.6 (a)). The achievable D, and Ds, so that D; + D, is minimized, is given by

DT - Al
JAVD
Dy ==,
2 Al

The resulting MMSE is D* = (D5 + D3)/2.

Case I1I:
The remaining case is when line D; + Dy = 4, just touches the curve defined by D1 Dy =
A5 while the point at which they touch satisfies the constraint defined by D; (R, R») (i.e.,
Dy > Ay ), it does not satisfy the constraint defined by Dy(Ry, Rs) (i.e., Dy < Ay). In
order to find the achievable MMSE (D; + D;)/2, é5 should be further increased until line
D1+ Dy = d, touches the intersection of curve D Dy = Aj5 and line Dy = A, (see Figure

2.6 (¢)). The achievable D, and Ds, so that D; + D, is minimized, is given by

D; == AQ
A12
D} = —.
1 AQ

The resulting MMSE is D* = (D} + D3) /2.

Finding the optimum encoding rates
Recall that the above MSE is computed assuming both channel codewords are correctly
decoded at the receiver. Therefore with transmitters transmit at rates R; and R, with correct
decoding, the achievable MMSE (D*) is determined by one the above three cases. Let
D,0.qvq 1s the distortion corresponding to the no-outage case. Then, the average distortion

is given by
sz’n<R17 RQ) = Dno.dVQPno + 02(1 - Pno)7

where P, is the probability of decoding both codewords correctly (for given R; and R,),

which is given by (2.13). The minimum average distortion and the optimum encoding rates
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are computed by minimizing D.,,;,(R;, Ry) with respect to Ry and R,. It is difficult to
establish the convexity of this minimization problem. Therefore, we use numerical opti-

mization to find the optimum transmission rates and the corresponding MMSE.

2.7 Uncoded Transmission

In the relation to sending correlated Gaussian sources over fixed GMAC, [44] proves that
the uncoded transmission is optimal when the transmitter powers, noise variance, and the
correlation coefficient satisfy a certain condition. In particular, in the symmetrical case,
for given source correlation the uncoded transmission is optimal below a certain power-to-
noise ratio value. However, when the channel varies, such optimality is unlikely. Below,
we determine the minimum achievable MMSE of this scheme for the BE-GMAC.

At each transmitter, the channel input symbols are generated by scaling the source
symbols so that the average power constraint of the channel input sequence is satisfied with

equality. That is

P
Xik ;

) 0_2

Si,k; ke {1,2,...,%}.

Based on the resulting channel output Y}, the decoder then compute the MMSE estimate

A

S 1 of the source symbol S; . That is
Sir =E[SixVa], ke {1,2,....n}.

Note that, since the channel output Y}, and the source symbol .S; ;, are jointly Gaussian, the

MMSE estimator is linear. Then the MMSE estimate of S; ;, can be written as

~

Si,k:AiYk, ke {1,2,...,’/7,},

where A; € C denotes the linear MMSE estimator of S; ;,, and can be found evaluating

E[S; Y]]
Ay = i) g
E[Vi { )
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where Y, is the complex conjugate of the Y. Note that A; is constant over one block of
transmission since the fading gains remain unchanged during the transmission, and S; ;, and

Y} are iid. sequence of random symbols. The corresponding MMSE error is given by

o |E[Sz‘,kyk*]|2

Dilons ) = BlISul] = =gy

ke {l,2,...,n}.

The MMSE in estimating .S, j, is evaluated as

2 2 NP+ pPPy + 2Re{luhs} VAP,
Y1 Py + 2Py + 2pRe{hih5}/P Py + N
2 (1—p*)pP2+ N
1Py + 72 Py + 2pRe{h hi}/P P, + N’

Di(v1,72) =0

Similarly, the MMSE in estimating 3 j, can be computed, and is given by

9 (1-p )P+ N
VP + 2Py + 2pRe{hih3}/ PPy + N

DQ(’Yl,’Yz) =0

The average expected distortion (D) can be computed by evaluating

D1 (v1,72) + Da(71,72)

(y1,72) ER* xR+ 2

D = f (1, v2)dmdye.

We can further simplify this expression for the special case P, = P, and p = 0. For this

case, given that fading follows the Rayleigh distribution, we can obtain
1 1 1 1 1
DY = g%en {(1 + —) e ——k (—)] ,
H H H
where = P;/N(= P,/N), where E; () is the exponential integral defined by

o0 e—t

2.8 Numerical Results and Discussion

In this section, we compare the MMSE upper bound derived in Section 2.3 using superposition-
based HDA coding with other bench mark bounds. The MMSE is evaluated over the inde-

pendent Rayleigh fading MAC with E{v;} = 1, i € {1,2}. We use a global optimization

41



1® T T T T T T T
\ —o&— HDA (MAC) )
0.95 \Q2 —0— SCS (MAC)
\ -0~ Uncoded (MAC)
0.9 | N HDA (ortho.) i
A\ — — SCS(ortho.)
0.85 S N EPPPRRS Uncoded (ortho.) ]
0.8
S
3 0.75 r
0.7F
0.65
0.6 1
0.55 r
0.5
0

Figure 2.7: Performance comparison for sending uncorrelated sources over Rayleigh BF-MAC.

tool in Matlab to to evaluate all MMSE bounds. Fig. 2.7 shows the performance of the
HDA coding, the SSC coding, and the uncoded schemes, for sending uncorrelated (p = 0)
Gaussian sources over both the two-to-one MAC (MAC) and the orthogonal MAC (ortho.).
The performance of the uncoded transmission is significantly better compared to separation-
based approach for a range of low P/N values (1-3). However, as the P/N increases the
performance of the uncoded scheme levels off as P/N — oo. In uncoded transmission,
the channel inputs by one transmitter act as independent noise to the other transmitter. In
the symmetric (P; = P,) case the average distortion of the uncoded scheme approaches
02 /2. The HDA scheme outperforms both the uncoded scheme and the separation-based
approach after some P/N value. Below this P/N value, the HDA scheme operates as an
uncoded scheme, i.e., t = 1. As P/N increases, the performance of the HDA scheme

and the performance of the separation-based approach converge as the uncoded approach
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is significantly outperformed by the separation-based approach. A similar observation can
be made regarding the orthogonal MAC case as well.

The performance of the HDA scheme based on orthogonal channel access HDA (ortho.)
is slightly better than the HDA (MAC) in the P/N range of 5 — 10. This is due to the
fact that in the two-to-one MAC case, when P/N is low, the probability of either of the
transmitters being in outage is higher than the probability of one transmitter being in outage
in the orthogonal MAC case. Therefore, there is a higher level of noise for the analog
transmission in the two-to-one MAC. However, the HDA (MAC) scheme outperforms the
HDA (ortho.) scheme as P/N increases. For instance, at P/N = 20, D/o? values of
the HDA (MAC) and the HDA (ortho.) schemes are 0.3859 and 0.3948, respectively. The
no-outage region of the HDA (MAC) scheme becomes relatively dominant for larger P/ N
values. The performance of HDA coding as a function CSNR for correlated sources will
be discussed in Chapter 3.

Fig. 2.8 compares the performance of various coding schemes for different values of
the source correlation coefficient p. As can be observed, at P/N = 10 dB, the SCS based
coding schemes are inferior to HDA coding and the uncoded transmission. This is due
to the fact that digital channel code experiences outages more frequently, in which case
decoder cannot estimate the source sequences. At lower p values SSC coding which ig-
nores the source correlation shows a slightly lower MSE compared to SSC coding with
distributed VQ. This may be attributed to the fact that distributed VQ requires both chan-
nel codewords to reconstruct each source. In Fig.2.9, a similar performance comparison
is presented for P/N = 30 dB. At high CSNR values SSC coding with distributed VQ
achieves a lower MSE compared to the uncoded transmission for up to p = 0.9. This is due
to the obvious fact that the digital code is in no-outage with high probability. However, as
p — 1 the uncoded transmission causes negligible interference between the channel inputs,
and therefore becomes optimal. In both CSNR values 10 dB and 30 dB, the HDA coding
shows superior performance over the other coding schemes for different p values. This is

due to the fact that HDA coding can be matched to the fading distribution and the source
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Figure 2.8: MSE vs p at P/N =10 dB.

correlation by optimizing the encoder parameters.

2.9 Conclusion

The best performance achievable in communicating correlated Gaussian sources over a
BF-GMAC is an open problem. In this chapter several upper bounds to the minimum
achievable MMSE have been obtained and compared. The lowest MMSE bound is found
by considering an HDA coding scheme, which we refer to as HDA (MAC). In this case,
by computing the individual outage regions of digital coding, we were able to compute
the average MSE and optimize the encoder to find an achievable bound for communicating
Gaussian sources over BF-MAC. Through numerical result we have shown that the HDA

(MAC) scheme can outperform the source-channel separation approach and the uncoded
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Figure 2.9: MSE vs p at 30 dB.

scheme as P/N increases. The SSC coding (SCS) shows inferior performance at low to
moderate CSNR. Furthermore, We have compared the performance of the HDA coding
with orthogonal channel access. The numerical results show that the HDA (MAC) scheme
outperforms HDA (ortho.) scheme at moderate to high P/N values, which indicates the
advantage of sharing the bandwidth of the MAC between the transmitters when the proba-

bility of the outage events are low.
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Chapter 3

Source Dependent Channel Coding for

Correlated Sources and BF-GMAC

3.1 Introduction

In this chapter, we study distortion versus average CSNR performance of communication
of two correlated Gaussian sources over two-to-one block-fading MAC, using JSC coding
schemes with source dependent channel codewords. In [44], a lower bound for achievable
MMSE is derived for communicating correlated Gaussian sources over a fixed GMAC with
source-channel bandwidth matched. In [44], authors present a JSC coding scheme that per-
forms close to the MSE lower bound in the symmetric case. One of the key contributing
factors to the performance enhancement of the JSC scheme in [44] is the enhanced capacity
region due to the correlated channel codewords, generated by mapping VQ source code-
words directly to channel inputs. The fundamental difference between the problem studied
in this chapter and that in [44] is the outages in the channel code due to fading in the
channel. A decoder outage occurs when a channel codeword cannot be decoded error-free.
Since the channel codes can be seen as noisy source sequences, even during an outage the
channel codewords carries some information about the source, and therefore can be used

to reconstruct the sources to some accuracy. As the fading gains are unknown at the trans-
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mitters, a pair of fixed rates have to be used through out the transmission. However, when
random channel fading gains drops below a certain value fixed-rate channel codes can be-
come undecodable. Therefore, the decodabitiy of the channel codewords depends on the
particular realization of the fading gain observed during the transmission of the codewords.
There can be different decoder outage scenarios in a two-input GMAC: both codewords
decodable, only one of the codewords decodable, or both codewords undecodable. The key
challenge in our problem setup is computing the average MMSE under different outage

scenarios at the receiver.

Contribution

e The source-channel vector quantization scheme and an HDA extension of it provide
the best known lower bounds for the MMSE of transmitting correlated Gaussian
sources of a GMAC with no fading [44]. In this chapter we derive the MMSE lower
bounds of these schemes for BF-GMAC with no CSI at the transmitters, by consid-

ering three possible cases of decoder outage.

e Through numerical performance evaluations, it is shown that, unlike in the case of
non-fading GMAC as considered in [44], uncoded transmission is no longer optimal
at low CSNRs, when there is channel fading and CSI is not available to the trans-
mitters. In particular, it is shown that JSC coding which combines both coded and

uncoded source components can outperform uncoded transmission at low CSNRs.

3.2 JSC Coding Based on Vector Quantization

A simple yet effective coding scheme which can be used to communicate a pair of Gaus-
sian sources to a common receiver over a non-fading MAC is presented in [44]. In this
scheme, each source is quantized by a rate-distortion optimal vector quantizer [2] and the

real-valued quantized vectors are directly transmitted over the GMAC, without any further
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channel coding. Since the correlated sources will produce correlated vector quantizer out-
puts, this JSC scheme produces correlated channel codewords at the GMAC inputs, and is
able to exploit the correlation between the sources to improve the effective channel “ca-
pacity” . Also, when one of the codewords is decoded correctly, the effective CSNR of
the other codeword increases due to the correlation between the codewords. In case where
only one codeword can be decoded, the correlation between the channel output and the
transmitted codewords may be used to increase the effective CSNR.

This chapter investigates the best achievable performance of a source-channel vector
quantization (JSC-VQ) scheme [44] for a GMAC with Rayleigh fading and no transmitter-
side CSI. This scheme is illustrated in Fig. 3.1. As in HDA coding, the achievable MMSE
is determined by three possible outage conditions at the decoder. However, the advantage
here is that, even when none of the codewords can be decoded correctly some estimates of
the two sources can still be obtained from the observed channel output.

The JSC-VQ encoder ¢ vector-quantizes the source sequences S; using a rate R; code-
book, scales the resulting codeword U7 to satisfy its average power constraint F;, and
transmits the scales codeword X; = (3,U? over the BF-MAC, where

Pi

=, = 1,2, 3.1
p o2(1— 22y ! G-D

Note that, since VQ source codewords are mapped to the channel codewords, correlated
source sequence generates maximally correlated channel inputs X , and X5, and hence
the advantage of this scheme. The estimation of the source sequence is done in two steps.
First, upon observing the resulting channel output Y, the decoder uses the same VQ code-
books used by the encoders to jointly detect the transmitted codewords (U9, U$), by con-
sidering their correlation or the asymptotic angle (detection-step). Note that (Sq, So, U9, U3, Y)
are asymptotically jointly Gaussian and hence the optimal (MMSE) estimator is linear. Let

the codeword pair found in the detection-step be (Ijl7 ﬂg) In general, the estimated source
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sequences are given by
Si = 7¢,1ﬂ1 + %,QﬂQ +7%3Y, i=12

where coefficients v; 1, 7; 2 and 7, 3 of the optimal linear estimator are to be determined. For
given encoder parameters (Ry, Ry, 1, (), it is not guaranteed that (U, U,) = (U9, U3) at
the current channel state (hi, hy), hence 7;.1,7;.2 and ; 3 will depend on the state (outage-

event) of the decoder. We next consider the all possible outage events to determine the

MMSE.
ol
S U, v A S
Source 1 Lk VQ1l —“‘M Uk é’k
+ Jomt Yk Linear
Decoder | A ) A
32 K V2 Uk estimator Sok
Source 2 = s >
Uy W,

Figure 3.1: Vector-quantized source sequences are transmitted over slow fading MAC.

3.2.1 Both codewords can be decoded correctly

The set of all rate-pairs for which both codewords can be decoded correctly are given by

the following Lemma.

Lemma 3.1. For given (P, P,), (hi, ha), (51, B2) and p, both source-channel VQ code-

words can be detected with an arbitrarily small error probability, if (Ry, Ry) satisfy

1 |h|>Pi(1 - p?) + N
)

<3 0g2< N7
1 |ho|?P(1 — p?) + N
)

e <3 0g2< N{I=7)
1 hi|2P; + |ho|2Ps + 2Re{h1hy*} o/ P Py + N

Ry + Ry < 51082<‘ 1+ Jha 2;(1 i{ﬁzl) L}/ AR ) (3.2)
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and where

p=py/(T—2 2Ry ((1 = 2 %), (3.3)

Proof. See Appendix A.
O]

As both VQ source codewords are recovered (with high probability), the joint decoder
calculates MMSE estimates S;, i € {1, 2}, of the source sequences S; based on the linear

combinations of U{ and U9, i.e.,

S; = Y1 U7 + 72U

When the transmission rates (R;, R2) are in the no-outage region for given channel

fading gains (hy, hy), the minimum distortion pairs are given by [44, Theorem 1V.4]

1— p2(1 — 272R2)

Dgno)<h1, hg) = 0'22_2R1.

1— 2
no om, 1= pA(1 272
Dg )<h17h2) 20'22 2R2. p]_(—ﬁ2 )

3.2.2 Only one codeword can be decoded correctly

Consider the case where the codeword U¢ can be decoded correctly while the codeword
U9 cannot be correctly decoded. For this partial-outage case, the set of all rate-pairs for

which only codeword U¢ can be correctly decoded given by the following theorem.

Theorem 3.2. For given (Py, P,), (h1, hs), (51, B2) and p, the codeword UY is decodable
and U$ is undecodable if and only if

1 hi|?Py + |ho|? Py + 2Re{h1hy*} p/P Py + N
R1<—log2(| 2P+ |ho|* Py + €{~1 2 1V PPy + ) (3.4)
2 |ho|?Po(1 — p?) + N
1 |ho|?Po(1 — p?) + N
=1 : .
R2>20g2( NA— ) (3.5)
Proof. See Appendix A. O
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The MMSE estimates, based on U{ and Y, for the source sequences are given by
Si = ’72‘71U(1) -+ 7¢73Y, 1 € {1, 2}

The linear estimator coefficients (7;1,7;3), and the corresponding MMSE Dl(p 01)(h1, hs)
can be deduced by letting a; = 0,7 = {1, 2} in the MMSE derivation in Section 3.3.2.
The set of all rate-pairs for which the codeword U§ and UY is undecodable is given by

the following lemma.

Lemma 3.3. For given (Py, ), (hi, ha), (81, B2) and p, the codeword U$ is decodable
and UY is undecodable if and only if

1 hi|>Py + |ho|? Py + 2Re{h1hy* } po/ PPy + N
R2<—log2(| 12 P+ | Dol 22+ €{~21 2 1oV PP + ) (3.6)
1 |hi|?P (1 —p?)+ N
= . 3.7
R1>2log2( N(I =) (3.7)
Proof. Follows from the previous Lemma. [

The MMSE estimates, based on U§ and Y, for the source sequences are given by

A

Si = 72Uz +73Y, ic{1,2}.
The linear estimator coefficients (7;2,7:3), and the corresponding MMSE D§p02)( hy, he)

can be deduced from the corresponding MMSE in Section 3.3.2.

3.2.3 Neither of the codewords can be decoded correctly

The set of all rate-pairs for which neither of the codewords can be decoded is given by the

following lemma.

Lemma 3.4. For given (P1, P,), (hy, hs), (51, B2) and p, neither of the codewords can be
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decoded if

1 \hi|>Py + |ha|* Ps + 2Re{h1hy"} jv/Pi P + N
Ry > —log, _
2 |h2’2P2(1—02)+N
(\h1|2P1 + |ha|2Py + 2Re{hy1hy*} p/ P s + N)
|hi[2Pi(1 —p?) + N
|1 2Py + |ho|?Py + 2Re{h1hy*} pv/Pi Py + N
N(1—p?) '

1
Ry > §log2

1
R+ Ry > élogQ (
Proof. Follows from (3.2), (3.4) and (3.6) in the previous theorem and the two lemmas. [

The MMSE estimate, based on Y, for the source sequences are given by

The MMSE distortion Dgto)(hl, hy) can be deduced by letting a; = 0,7 = {1,2} in the
MMSE derivation in Section 3.3.3.
The optimization problem is to determine the optimum fixed rate-pair at the transmitter
which minimizes the average MSE distortion over the fading distribution, i.e.,
2

DISCVQ _ pin - Z (/ Di?(hy, ha) f(ha) f (ha2)dhidhs

Ri,R22 —

[ DE (B o) f () f (ha)dhada + / o DI o) f () f (ha)dlydhy
Hpo

i

n / D (hy, h2)f(h1)f(h2)dh1dh2> .
Hto

Since it is difficult to determine the boundaries of the outage regions with respect to the
channel fading gains, we are unable to find an explicit expression for the average MMSE.
Therefore, we use a numerical optimization algorithm along with Monte-Carlo simulation

to find the best achievable average MMSE.

3.2.4 Decodability of the JSC-VQ codewords with source correlation

It has been shown that the capacity of a MAC channel can be increased with correlated

channel inputs [40,44]. This may be attributed to two factors. First is that the increased

52



| hz | @® No-outage event
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4
| hy |

Figure 3.2: Decodability of the JSC-VQ codewrods with source correlation (low correlation), p = 0.1 and
P/N = 20dB

effective signal power (constructive interference) due to the correlation between the chan-
nel inputs. Second is that given one codeword and the channel output the other codeword
has a reduced uncertainty region, which allows encoders to transmit more codewords with
no decoder error at the receiver (with high probability). However, when the MAC expe-
riences fading, the codeword must be matched to the fading gains to create constructive
interference in order to increase the effective capacity. If the CSI is not available to the
encoders, correlated codewords can create destructive interference at the channel output.

The strength of the received signal is determined by
E{|m X1k +hoXop*} = [mPE{X 14"} + ho*E{| X24*} + 2Re{mih3} E{X1 1 X5, }
= [h P B{|X1x*} + [ho| E{| Xox|"}

+ 2Re{lh3}pxy/ E{| X1

2}E{’X2,k’2}7 k= 17"'7” (38)
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Figure 3.3: Decodability of the JSC-VQ codewrods with source correlation (high correlation), p = 0.9 and
P/N = 20dB

where px is the correlation between the channel inputs. In equation (3.8), the term

2Re{h1h3}px/E{| X1 >} E{| X2|?} determines the effect of the correlation to the re-
ceived signal quality. If Re{h;h3} > 0, the channel inputs creates constructive interference,
otherwise they will interfere destructively degrading the received channel quality. However,
since the CSI is available to the receiver, the asymptotic angels between the codewords can
be used to improve the decodability of the codewords. Figure 3.2 illustrates the decodability
of the JSC-VQ codewords with the amplitude values of the channel fading gains (|h1, |h2|),
at a low source correlation (p = 0.1). Figure 3.3 and Figure 3.4 show the decodability of
the JSC-VQ codewords at high source correlation values (p = 0.9and p = 0.98). It can
be observed that at p = 0.1 the region of total-outage event is larger than that at p = 0.9.
However, at high source correlations, there is overlap of the region of total-outage event

and the other decodability regions. At a very high source correlation p = (.98, the region
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Figure 3.4: Decodability of the JSC-VQ codewrods with source correlation (very high correlation), p = 0.98
and P/N = 20dB

of no-outage event and the two regions of only a single codeword is decodable are further
increased. However, the region of total-outage event overlaps with the other decodable
regions. It can be observed that the overlap of the no-outage event is more likely when
|h1| =~ |ha|. Now we can argue that the overall decodability of the JSC-VQ codewords is
improved with the source correlation, while the decoder may experience outages at high

CSNR instants.

3.3 A Superposition Approach: The HDA coding scheme

As the transmitters experience a range of CSNR values during the transmission, a system
which send both coded and uncoded source information by superposition can be better

matched to the fading distribution to achieve a lower average MMSE. The JSC scheme
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analyzed in this section shares power between the coded and the uncoded transmission of
the source sequence. This coding strategy is previously proposed in [44] for sending real-
valued correlated Gaussian source sequences over a non fading GMAC. In the fixed channel
problem in [44], the performance improvement over the JSC-VQ is mainly attributed to the
optimality of uncoded transmission in the lower CSNR region. However when sending
the sources over a varying channel with fixed transmitter parameters (due to CSI not being
available at the transmitters), the superposition of uncoded transmission further contributed
to a performance improvement as the received SNR of uncoded transmission gradually
changes with the power of fading gains. To optimize the average performance of the coding
scheme over the fading distribution of the BF-MAC, we compute the individual outage
scenarios for each transmitter.

A description of the superimposed scheme is given below. The channel input sequence
X generated by transmitter i, i € {1, 2}, is a linear combination of the source sequence S;

and its rate R?; vector quantized version U. That is
Xi = a;S; + U7,

where uy is obtained as in the previous VQ scheme. The coefficient a; and j3; are chosen so
that the sequence X; satisfies the average power constraint and the average MSE distortion
over the fading distribution is minimized. When the optimum coefficients are computed
the above two conditions are satisfied when «; and 3; are bounded as follows

P, — a?022-2R:
o2(1 — 2728:)

P
O’F

o; €

At the receiver, the joint decoder first evaluate the decodability of the codewords. The
decodability of the codewords depends on encoder parameters R;, «;, and (3;, and the CSI

hy and hy. We describe different outage scenarios below.

56



3.3.1 Both codewords decoded correctly

When the decoder decides the codewords can be decoded with arbitrarily small probability
of error, it makes a guess (Ijl, ﬂg) for the transmitted VQ sequences from the channel
output sequence Y = h1X; 4 hy Xy 4+ Z. Then decoder computes the estimates Sl and Sg

of the source sequences S; and S» as

A

S, = %,1{31 + %,sz +73Y, i€{l,2},

where the coefficients «; ; are chosen such that S; = E[S;|Y, U, ﬂg] To determine ex-
plicit expressions for ~; ;, the first derivative of MSE 1E [H S: —Si 2] w.rL.t. 7;; is computed

and equated the null-vector. This results in the following system of equations:

SEIUP SE(U,, Ur) DE(Y, Uy | |7 SE(Si;, Uy)
SBE(ULU,)  LE|GlP SE(Y,Uy)| |viz| = |2E(Si, Us)
1EULY) L1E(U,Y) LE|YIP | |[vs ~E(S:,Y)
For simplicity, lets define
ki ko ki 1p|u 2 LE(U,Uy) 1E(Y,U)
K £ |ky ko kog| = [LE(U,,Uy)  L1E|U,J2  LE(Y,U,)
kst ks ks SE(ULY) SE(U,Y)  SE|Y?
and
Ci1 %E(Si,UQ
¢ = ey LE(S;, Us) |
Ci3 L1E(S:;,Y)
where

]{511 = 0'2(]. — 2_2R1)
klg = le = 0'2(1 — 272R1)(1 — 272R2)
kis = k3 = (hiay + hi By + haaop)kin + hofBakia

k22 = 0'2(]_ — 2_2R2)
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kos = ki = (hoo + hofla + hiaip)kin + b frkiz
sz = 04%%1’202 + 204151|h1’2]€11 + 2041042Re{h>fh2}p02 + 204162Re{hfh2}pk22
+ Bl2|h1|2k11 + 251042Re{h’{h2}pk:11 + 251/62R6{h>{h2}k’12 + 20(252|h2|2k‘22

+ aj|ho|*0® + B3| hal*kaz + N.
The coefficients ; ; are then given by

Vi1 Ci1

Vi,2 =K cio| s €112},

i3 Ci3
where
c11 = kn
ci2 = pkaa

c13 = (anh] + ashyp)o® + hifrku + Bahskas
co1 = pki
Co2 = k22

Cog = (hs + arhip)o® + Bihiki + Balikas.

The distortion pairs achieved for given (hq, hy) when both codewords decoded correctly is

given by

Dgno)(hl, hy) = o? — Vi1Ci1 — ViaCiz — VisCiz, € {1,2}.

The rate region for which both codewords can be decoded is given by the following

lemma.

Lemma 3.5. For given (Py, P,), (a1, 1), (a2, B2), (h1, ha) and p, the VQ codeword pair

(U9, U9) can be decoded with arbitrarily small probability of error whenever (Ry, Ry)
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satisfies

1 81k (1 — p*) + N
—1
Ry < 508> ( N1 =)
1 |85 koo (1 = p°) + N
< o (P
1 /2]{7 /Zk 2R / /*Nk/{: N,
R+ Ry < §log2 (|51| 1+ [ B3 ka2 +N,(1€{_51ﬁ(25)2) }ovVkkas) + )

for some a1, g, 41 and [, satisfying the power constraint and where
N, = |h1|205%1/1 + |h2]2a§1/2 + 2Re{h1*h2}0é10[27/3 + N, (39)

where the expressions v1, 11, and 3 given in equation set following (45) in [44] is used

here. with

B = hiay (1 — a1p) + hif1 + hoasas

By = hoaa(1 — azp) + hofly + hiayay,

where a4, as, 7, and 7, are given in (48-50) in [44].

3.3.2 Only one codeword can be decoded correctly

Consider the case when codeword-1 can be decoded correctly while codeword-2 cannot be

correctly decoded. Rate pairs for this outage event is given by the following lemma.

Lemma 3.6. For given (Py, P,), (a1, 1), (g, B2), (h1, ha) and p, the necessary and suffi-

cient conditions that only codeword U$ but not U3 is correctly decodable are

Ry < Liog (Iﬁi!%u + |8} 2k + 2Re{ B (BL)*} /—k11k22)+N,)
P2 | 85| ka2 (1 — p?) + N’
1 |85 ka2 (1 = p°) + N’
R o (S5 )

The MMSE estimates for the source sequences are given by

S; = %',1ﬂ1 +73Y, ie{l,2}
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where the linear estimator coefficients are given by

Vi1 Ci1

=K;! . 1e€{1,2},
i3 Ci3
where
Kl _ kll le
ka1 kss

The MMSE of this estimator is given by
Dgpd)(hl,hg) = O'2 —VZlcﬂ —’}/2301‘3, 1€ {1,2}

The rate pairs for which codeword-2 can be decoded correctly codeword-1 cannot be de-

coded correctly is given by the following lemma.

Lemma 3.7. For given (Py, P»), (o1, 1), (@2, B2), (h1, he) and p, the necessary and suffi-

cient conditions that only codeword U$ but not UY is correctly decodable are

Rs < ~log (VWH + 135 ka + 2Re{ B (85)" 1o k) + N’)
P B3k (1 — %) + N7
1 18117k (1 = p°) + N’
_l ‘
Ry > 51082 ( N1 =)

The MMSE estimates for the source sequences are given by

A

S, = %,QﬁQ + 7Y, ie{l, 2}

where the linear estimator coefficients are given by

i C;
Pk [P ey,
Vi3 C;3
where
K, — koo ko
kso ka3
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and the MMSE of this estimator is given by

D po2 (hl, hg) O' — ’}/Z 207,2 ’}/;7301‘3, Z - {1, 2}

3.3.3 Neither of the codewords can be decoded correctly

In this case the rate-pair does not satisfy any of the conditions in the above scenarios, and
neither of the codewords can be decoded reliably. The rate pairs for the total-outage events

is given by the following lemma.

Lemma 3.8. For given (P, P,), (aq, £1), (o, B2), (h1, he) and p, neither U nor U} is
correctly decodable if
Ry > tog (lﬁil2kn+ 5 ks + 2Re{ 1 (0)"} p/FunFn) +N’>
T B3 2han(T — %) + N
1 |51|2k11 + |52|2k722 + 2R€{51 (/32) }P\/ k11k22)
Ry > 51 g9

18112k (1 — p2) + N’

|81 17k11 + | B5|*kaa + 2Re{ 81 (85)" } pv/ k11 ko) + )
N'(1—p?) '

1
R1+R2>2l (

The MMSE estimate for the source sequences are given by

(3.10)
The MMSE is given by
Dgto)(hl, hy) = o? — YigCis, 1€ {1,2}.
where the linear estimator coefficient is given by

v = B e {1,2).
kis

Lemmas 3.5, 3.6, 3.7 and 3.8 can be proven by combining the arguments used in the proof

of [44, Lemma F.1] and the proofs of Theorem 3.2 and Lemma 3.1 given in Appendix A.
As in the proof of [44, Lemma F.1], we choose (3], 55 and N’ such that the MAC input
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output relationship Y = 51 U¢ + B1 U + W/ satisfies the properties needed to analyze the
JSC-VQ scheme. Here W’ is the independent interference to the VQ codewords U¢ and
U9, and 3], £} and N’ are functions of the fading gains h; and hs.

The optimization problem is to determine the optimum fixed rate-pair (R;, Ry) and the
coefficient ; and f3;, ¢ € {1,2} which minimizes the average MMSE distortion over the
fading distribution, i.e.,

2
DISCVOHPA _ iy 1§ ( / Dy?(hy, ho) f (ko) £ (ha)dhydhs

R1,R2,01,00 2 4
=1

- /(1) DfOI(hl, ha) f(h1) f(ho)dhidhg + /(2) DfOQ(hh ho) f(hy) f(he)dhidhs
1 e

+/ Dfo(hl,hQ)f(hl)f(hg)dhldm).
Hio

Since evaluating the boundaries of the outage regions with respect to the channel fading
gains is not mathematically feasible, we use Monte Carlo simulation methods to compute
the average MMSE for given Ry, R», o; and, ;. The convexity of the optimization problem
is not known. Therefore, a global optimization tool is used to find the achievable average

MMSE.

3.4 Numerical Results and Discussion

In this section we present a set of numerical results to analyze the performance of the JSC-
VQ scheme and the HDA scheme which combines coded and uncoded transmission of the
source (JSC-VQ-HDA). In [44], the numerical results are presented which demonstrate the
superior performance of the JSC-VQ-HDA scheme in communicating correlated Gaussian
sources over fixed (non-fading) GMAC. In our experiment setup we consider communi-
cation of correlated Gaussian sources over Rayleigh BF-GMAC. The fading coefficients
(hi, hy) are assumed to be independent normally distributed random variables with zero-
mean and unit variance. The average MSE is computed over 10,000 channel realizations.

We assume that the transmitter powers are equal to 1 (P, = P, = 1).
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Figure 3.5: Performance comparison of different coding scheme assuming uncorrelated sources.

3.4.1 Sending uncorrelated Gaussian sources over BF-MAC

In order to compare the performance of the JSC-VQ scheme against the bounds derived
in Chapter 2, we first consider sending uncorrelated source over the BF-MAC. Fig. 3.5
compares the MMSE achieved over a range of P/ N values. It can be observed that JSC-VQ
scheme is superior to the HDA schemes which use source-channel separation in the digital
part. This performance difference is due to the fact that the JSC-VQ scheme the digital
codewords are constructed using the source VQ sequences, and therefore the receiver can

estimate a source sequences even when the corresponding digital transmitter is in outage.

3.4.2 Sending Correlated Gaussian Sources Over Fading MAC

In the performance analyzes of the communication of correlated Gaussian sources, we con-

sider the same fading GMAC and the transmitters with equal powers. In order to evaluate
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Figure 3.6: Performance of different coding schemes sending correlated sources (p = 0.9).

the performance of the proposed JSC-VQ and JSC-VQ-HDA schemes we use Monte Carlo
simulation techniques due to the high complexity in determining the boundaries of the indi-
vidual outage regions. In particular, we use Monte Carlo simulation techniques to compute
the MSE distortion average over the fading distribution. Fig. 3.6 shows the performance of
JSC-VQ-HDA, JSC-VQ, the SCS based (with distributed VQ), and uncoded transmission
over the BE-MAC P/N.

The performance of the uncoded transmission is significantly better compared to the
SCS coding scheme for a range of low P/N values. However, as the P/N increases
the performance of the uncoded scheme deteriorates, i.e., the performance of the uncoded
scheme levels off as P/N — oo. In the uncoded transmission, a part of the correlated
inputs by one transmitter act as independent noise to the other transmitter. Note that one

channel input can be written as a function of other channel input Xy = a X; + W, where W
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Figure 3.7: D/o? vs p (P/N = 10 dB).

is independent noise. In the symmetric case the average distortion of the uncoded scheme
approaches o(1 — p)/2. The HDA scheme outperforms both the uncoded scheme and the
separation-based approach after some P/N value. Below a certain P/N value the HDA
scheme simply operates as an uncoded scheme by letting R; — oo. The direct VQ trans-
mission performs as close to the HDA scheme for low P/N values. This is mainly due
to the fact that both system operates nearly as the uncoded system. However, as P/N in-
creases, the probability of correctly decoding the codewords increases which amounts to
performance improvement. However, the HDA system outperforms the direct VQ trans-
mission as P/N further increases. This can be attributed to the fact that receiver signal
quality of analog coding gradually increases with the channel gains.

The performance curves of the coding systems against the correlation coefficient (p)

are shown in Fig. 3.7 and Fig. 3.8 for P/N values 10 dB and 30 dB, respectively. In Fig.
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Figure 3.8: D/0? vs p (P/N = 30 dB).

3.7, for P/N = 10 dB, the HDA scheme clearly outperforms both direct VQ, the uncoded
scheme and the separation based coding scheme for the range 0 < p < 0.6. However as p
increases the performance curves of the HDA scheme, the direct VQ transmission and the
uncoded transmission converge to equal performance. In Fig. 3.7, for P/N = 30 dB, the
HDA scheme and the direct VQ transmission show equal performance over all p values.
This is due to that at very high CSNR values, both scheme can achieve almost zero outage
probability in decoding source-channel codewords with a sufficiently high encoding rate.
However, the coding scheme based on source-channel separation is significantly inferior to
the direct VQ codeword transmission. This is due to that the direct VQ codeword trans-
mission is able to improve the effective channel capacity by letting channel inputs to be

correlated.
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Chapter 4

Practical Joint Source-Channel Coding
Based on Trellis Coded Quantization for

Correlated Sources and BF-GMAC

4.1 Introduction

In chapter 2, we discussed implementations of two JSC coding schemes for BF-GMAC
and Gaussian sources where the generation of the channel codes are dependent on the joint
pdf of the sources. In contrast to channel coding based on source-channel separation, the
JSC-VQ scheme which sends an optimally vector quantized source sequence directly over
the MAC generates channel input symbols with the maximum mutual dependency. The de-
coding of the codewords is based on measuring the Euclidean distance from superimposed
typical channel codewords to the received waveform, subject to the typical angle between
the channel codewords pairs. In Sec.3.2, we argued that, when averaged over the chan-
nel fading distribution, the rate regions for individual decodability of the JSC-VQ scheme,
compared to that of separation based coding, are enlarged, as a result of the mutual cor-
relation between the sources. This can be attributed two factors. First, the constructive

interference created by the correlated channel symbols, when the fading gains (hy, hs) sat-
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isfy the condition Re{hq, h3} > 0, and second the knowledge of typical angle between
the transmitted codewords reduces the area containing one codeword respect to the other
codeword on the surface of the hypersphere, which in return reduces the uncertainty in
decoding.

Motivated by the superior performance of the JSC-VQ coding scheme, in this chapter
we propose a practical code design to send Gaussian sources over BF-GMAC when CSI
is not available at the transmitters. The proposed coding scheme is designed to mimic the
principle behind the JSC-VQ scheme (see Fig. 4.1). The key challenges arise in designing

such a practical coding scheme are:

1. Developing a finite block encoder that mimics a rate-distortion optimal VQ (which

requires an infinite block encoder)

2. The joint detection of the VQ codewords from the MAC output, with a tractable

computational complexity.

In designing the coding strategy, the encoder structure must lead to a codeword construction
that enables the joint detection of the codewords considering their joint probability distri-
bution. The practical VQ approaches, such as tree searched VQ [52, 53] or structured VQ
based on lattices [54] do not lend themselves to computationally feasible joint detection.
On the other hand, trellis coded quantization (TCQ) proposed in [55] generates a structured
codebook which leads to a computationally feasible joint decoding structure. TCQ is one
of the best known practical realizations of VQ and is capable of achieving average distor-
tion within 1 to 2 dB of the distortion-rate function of a Gaussian source [55]. Therefore,
we argue that the use of TCQ to generate source-channel codewords may achieve perfor-
mance very close to the theoretical bound derived in Chapter 3. The main contribution of
this chapter is a joint-detection algorithm that can decode TCQ source-channel codewords
according to various decoder outage scenarios as discussed in Section 3.2.

Practical JSC code designs proposed in the literature, in general, consider a fixed MAC,

i.e., CSI is assumed known at the transmitters. For example, Murugan et al. [56] propose a
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low complexity cooperative source-channel coding scheme based on the use of low-density
generator matrix codes. In [57], a practical design approach is presented for sending cor-
related binary sources over GMAC using systematic irregular low-density parity check
(LDPC) codes, where the LDPC code is optimized for the joint source probabilities. Multi-
terminal (MT) source coding problem is closely related our problem in the high CSNR
regime (lossless channel). In [58], a practical MT code design is proposed based on sepa-
rating encoding into analog and digital parts, where TCQ is employed for compression of
the analog part and LDPC codes are employed for distributed compression (Slepian-Wolf

coding [29]) of the digital part.

B R
S U . g S
Source 1K » TCVQ 1 |2 Joint | Uik | Sw
+ dc?tec'tlf)n Yk Linear
S with joint| A . A
ok trellis | U estimator Sak
Source 2 TCVQ 2 U W 2k v
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Figure 4.1: Source-channel TCVQ code over BF-GMAC.

4.2 A Practical Approach to Low Complexity JSC Cod-
ing: Trellis Encoding and Joint Sequential Detection

A novel approach to implementing a JSC coding scheme for GMAC, which is capable
achieving performance close to the theoretical bound in Chapter 3 is described in the fol-
lowing sections. The functional block diagram of this scheme is depicted in Fig. 4.1. The
encoder’s function is to approximate a sequence of Gaussian source symbols by a source-
channel codeword with the minimum possible MSE. What makes TCQ ideal for this is the
fact that computational complexity of encoding a sequence grows linearly rather than expo-
nentially with the sequence length. At the common receiver the transmitted codewords are

detected first, and then the source components are linearly estimated based on the decoded
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codewords, as done in the JSC-VQ scheme considered to obtain the theoretical bound. An
important feature of TCQ is the use of a structured codebook with an expanded set of quan-
tization levels. The structured codebook enables the optimal joint detection at the common
receiver, of quantized sequences from two TCQs, with a computational complexity only
linear in the sequence length. Furthermore, an expanded codebook can be efficiently used
for quantization with a reduced nominal encoding rate by using the Ungerboek’s set par-
titioning technique [59]. TCQ employs a deterministic codebook, and therefore inherits
computationally simple encoding structure. In [60], the TCQ technique in [55] is gener-
alized to use VQ at trellis transitions. The generalized VQ based source compression is
called trellis-coded vector quantization (TCVQ). TCVQ enables the use of fractional rates
at the transmitter which the standard fixed rate TCQ does not allow. The fractional rates
allow the encoders to operate at rates closer to the optimum rate that achieves the mini-
mum distortion. We will refer to JSC coding schemes proposed in this chapter as joint

source-channel TCQ (JSC-TCQ) or joint source-channel TCVQ (JSC-TCVQ).

4.3 Trellis Coded Quantization

This section summarizes the basics of TCQ. More details can be found in [60]. The main
idea behind TCQ is to encode a sequence of samples using a trellis of a finite state machine,
where the branches of the trellis are assigned scalar codebooks, and a source sample is
quantized at each transition. This enables quantization of a long vector of source samples
using a sequence of scalar quantization decisions, yet achieve performance close to optimal
VQ. In order to determine the next state, current source sample is quantized by each of the
M quantizer codebooks assigned to M branches leaving the state, and the corresponding
MSE value is computed. The expanded codebook is found using the Lloyd-Max algorithm
[61], and the expanded codebook is divided into sub codebooks and distributed over the
trellis branches to achieve the desired reduced encoding rate. The encoder uses the Viterbi

algorithm [62] to find the sequence of branches through the trellis which corresponds to

70



the minimum MSE of quantizing a sequence of given L samples. In TCQ, the use of scalar
quantization restricts encoding rate to integer values. This limitation is overcome by using
TCVQ where vector codebooks, rather than scalar codebooks, are used in trellis branches.
In quantizing a sequence of L samples, TCVQ employs [ dimensional VQ at each trellis
transition, and the Viterbi algorithm to search over L/l transitions.

Other than achieving better rate-distortion performance and realizing fractional coding
rates, the use of TCVQ in the proposed JSC coding scheme can have another objective. In
the JSC-TCQ scheme, a TCQ is used at each input of the GMAC to quantize a sequence of
Gaussian samples into a sequence of continuous-valued channel symbols which are trans-
mitted (after scaling to meet the power constraint) over the channel. This is suitable for
real-valued baseband channels (e.g. phase shift-keying (PSK)). On the other hand, when
more general complex baseband transmission is required, (e.g. quadrature amplitude mod-
ulation (QAM)), JSC-TCVQ based on 2-dimensional TCVQ (I = 2) can be used to map
complex Gaussian source symbols to complex channel symbols.

In the next section we describe in detail the proposed JSC-TCVQ scheme. This includes

JSC-TCQ as a special case.

4.4 JSC-TCVQ System Implementation

In the communication system depicted in Fig. 4.1, S;,;i € {1,2}, is a sequence of L-
dimensional Gaussian source symbols and Uj; is the corresponding sequence of TCVQ
output symbols. We use the following TCVQ structure for encoding of the source sequence.

Consider a TCVQ used to encode a Gaussian sequence. Let R be the encoding rate
(bits/symbol) of the TCQ, L the length of a source sequence being encoded, [ a positive
integer such that L/l is an integer, and M a positive integer. Also the product RL (number
of bits per source sequence) is assumed to be an integer. Now consider an /V-state trellis
with 2™ branches entering and leaving each trellis state. It is assumed that a [ dimensional

vector of reproduction symbols are produced at each trellis transition, and therefore each
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branch may be uniquely labeled by a subset of [ dimensional reproduction source symbols.
Consequently, M/l bits/symbol are required to uniquely specify a sequence of branches
through the trellis. There are L/l consecutive branches in the trellis that correspond to a
sequence of L source samples. We use the Viterbi algorithm to find the optimum sequence
of reproduction symbols U;,7 = 1,..., L/l that minimizes the MSE, for a given trellis,
branch labeling and a set of reproduction symbols.

Now consider TCVQs at each input of the two-input GMAC. Let the rate of the TCVQ
used on source ¢ be R; bits/sample, : = 1,2. For R; > 0, RZ > 0,M > 1,L > [ and
R;L and RZL integers satisfying R; L. > M, form a codebook, say C;, of 9(Ri+R)L yector
codewords. Note that codebook C; of TCVQ ¢ has 2RiL times as many codewords than
the number of codewords in the equivalent L-dimensional VQ seen by the length L input
sequence. Let K; = Ril + M and partition the codebook, into 2K subsets, denoted as
éi,l, CMM - ,(?i’zx. Each subset has 2%/~™ reconstruction vectors. For notational conve-
nience we will drop source index ¢ in the rest of the description of the encoding process.

An N-state trellis with 2" branches entering and leaving each state, where each branch
is labeled with one of the subsets, Cy. In order to optimize the encoding process, all code-
words in the codebook C are expected to be assigned to at least one branch. Therefore,
there must be N > 91 trellis states. The choice of the trellis and the branch labeling
plays an important role in achieving good encoder performance. The details of such TCVQ
design aspects are outlined in [60]. Next we describe the encoding of source sequence
S (= S;,7 =1, 2), using the above TCVQ. Let the source sequence S = (Sl, So, ..., SL/Z)
and the TCVQ output be U = (Uy, Us, ..., Uy), ie., both source and TCVQ output
sequences are written as an augmentation of “sub-vectors” of dimension /. Given an initial
state of the trellis, M bits specify a sub set C, that is chosen for encoding during a trellis
transition which produces a sub codeword Uj; of dimension [. Therefore, M bits/sub-vector
specify a unique sequence of branches, and thus a unique sequence of subset codebooks.
The remaining Rl — M bits/sub-vector specify a unique codeword chosen from each subset,

so that the transmission rate of the encoder is RL bits/source-sequence. The encoding is
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done in two steps as follows:

1. Let the branch metric for a branch labeled with subset (fz be the distortion found in

step (1).

2. Use the Viterbi algorithm to find the path with the minimum distortion through the

trellis.

3. At the i-th trellis transition, for each input sub-vector, S;,7 € {1,2,...,L/l}, find
the closest codeword in each subset C; assigned to any branch leaving the current

state and corresponding distortion (squared error).

Fig 4.2 depicts the Ungerboeck’s four-state amplitude modulation trellis with a scalar quan-
tizer codebook of nominal rate R = 2 and codebook expansion rate R = 1.

Recall from Chapter 3 that the input and output of an optimal VQ for a Gaussian source
are asymptotically jointly Gaussian. This is a requirement for achieving the JSC-VQ bound.
In order to verify if this requirement is (at least approximately) met by a TCQ, we have
determined the histogram estimate of the pdf of the TCQ output by encoding Gaussian
sequences of length L = 500, which is shown Fig. 4.3. It appears that, provided L is
sufficiently large, TCQ output is approximately Gaussian as well.

The TCVQ codeword U;, generated after L/l trellis state transitions, is transmitted
over the fading GMAC, as shown in Fig. 4.1. The resulting sequence of L channel output

symbols is given by
Y = hi 51Uy + hefoUy + W.

The reconstruction method of recovering the source symbols is described next.

Motivated by JSC-VQ used in Section 3.2 to derive the theoretical performance bound,
JSC-TCVQ also uses two stage decoding scheme. In the first stage the TCVQ codewords
are jointly detected to minimize the probability of error. TCVQ codewords and the channel
output sequence are used to estimate the source sequences S; and So. In the following

section, we describe the joint detection algorithm. Given the joint distribution of (Sy, S»)

73



0/C

Figure 4.2: Ungerboeck’s four-state amplitude modulation trellis with codebook partitioned for 2 bits/sample
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Figure 4.3: The approximated pdf of the TCQ output codeword symbols. (R = 4 with a codebook expansion
factor of 2)

and the channel output the optimal detector is the maximum a posteriori (MAP) detector.
We will also consider an alternative maximum likelihood (ML) detector which has a much

lower complexity than the joint MAP detector. While the MAP detection uses the joint
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distribution of the source-channel codewords, the ML detection only uses the marginal

distributions which results in a performance loss.

4.4.1 MAP Detector

We assume that the sets of all possible rate pairs (R, Rz) for which various decoder outage
events occur (decodability regions for rates) in JSC-TCVQ are the same as those of the
JSC-VQ scheme in Section 3.2. With the knowledge of the channel gains (hq, hs) at the
receiver, the joint detector determines the decodability of the source-channel codewords.
The decodability of the codewords can be classified into three scenarios, i.e., 1) Reliable
decoding of both codewords, 2) Only one of the codewords can be decoded reliably, and 3)
Neither of the codewords can be decoded reliably. The decoded codewords and the received
MAC output sequence are used as the input to the linear estimator whose coefficients are
also the same those in the JSC-VQ scheme. The decoder operation according to each

decodability scenario is outlined below.

Both codewords can be decoded

In the case both codewords can be decoded, the MAP detection of U; an Uy is given by

(uf,uy) = argmax f (uy, uzly)
uj,u2

P
— argmax f (y|u17 u2) (U1, u2) ‘

uy,uy f(y)

Using the fact that f (y) is a constant for given y, and the expressions for pdf f (y|uy, uz),

4.1)

(4.1) can be simplified as

(uf,u3) = argmin ly = (hyws + houg)||”
1> %2/ —

min 5 —log (P (u1,u2)).

The joint probability distribution P (u;, us) may be computed by Monte-Carlo simulations.
The joint detection of u; and u, is done by considering the “joint trellis” consisting

of all the possible combinations of legitimate branch sequences followed by the TCQ trel-

75



Previous
states

Trellis i

Trellis j %2 :

Figure 4.4: Construction of the joint trellis.

lises used for encoding the two source components. The joint trellis has N? states and
M? branches entering and leaving each state (see Fig. 4.4). Let i and j be the indices for
branches in trellis 1 and trellis 2, respectively, and tuple (i, 7) is the index for the corre-
sponding branch in the joint trellis. Each branch of the joint trellis is assigned a subset (fw
where C; ; is the cartesian product C; x C;. Given the initial conidtions of the two encoder

trellises, the branch metric used at the n-th trellis transition is given by

il il
1 . 1
>‘i = NRe Z ym(hlulm -+ hg’de) — ﬁ Z ]hlulm + hgusz_
m=1+(i—1)! m=1+(i—1)I
il
Z log (P (u1,m, U2.m)) 4.2)

m=1+(i—1)
However, numerically estimating P (1 ,,, u2,,) for all possible transmission rates can be
computationally intensive. Therefore we make the reasonable assumption that the joint
distribution of the TCVQ output symbols is equal to the joint distribution of the VQ output
symbols. Consequently, we assume that Uy, U, and Y are circularly symmetric Gaussian

random vectors. Then, the covariance matrix between vectors U; and U, can be approxi-
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mated by the covariance matrix cov(Uy y, U i) = E ([U1xUs ] [U1,£Us ] ™) resulting from
the optimal VQ of the source vectors S; and So, i.e.,
52 516

cov(Uy g, Usy) = ;

P ~2
pPO102 gy

where 51 = 0v/1 — 27281 G5y = 0y/1 — 272B2 and p = p/(1 — 27 2/1)(1 — 2-2R2). Now

by substituting for P (uy ,,,, Ua,,) in (4.2) we get

il il
1
A =Req — r (Rt + hotion) ¢ — =—
e Z Ym (M1t + hotiom) N ’
m=1+(i—1)l m=1+(i—1)l
il
+ 5 Z [ul,m u2,m]* [COV(ul,mv u2,m>]_1 [ul,m u2,m]T
m=1+(i—1)l

| Pty + h2U2m‘2

The implementation of the joint detection of u; and u, using the joint trellis defined above
is summarized in Algorithm 1.

The estimated source sequence is then given by the linear estimator
Si = Vi,1u] + 52U,
where [7; 1, "}/i,g]T is the coefficients of the MMSE linear estimator derived in Section 3.2.

Only one codeword can be decoded

If the joint decoder determines only one codeword is decodable for given fading gains

(h1, ha), the detection of the decodable codeword Uj is given by
uy = argmaxf (wily), i=1,2.
For clarity of explanation, let : = 1. Then the decoding of u; can be written

uy = argmax f (w[y)
1

= argnzle}xf (y|uy) P(uy). (4.3)
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Algorithm 1: The joint detection algorithm when both codewords are decodable.

Input: BF-MAC output sequence of length L: y = {y1,y2,..., ¥z}
Subsets of the expanded codebook C; at trellis v € {1,2}: {671,71, C~V72, . ,C:,, J}
Incoming branches/states at state i € {1,2,..., N}: S;, (i ) = {81, Si2,- -+, Sim }

Subset assigned to branch s;,,, at state i € {1,2,...,N}: C ) =1,2,....M
(index j € {1,2,..., N} is used to indicate a state from other trellis respectively)
1t=0

2 Total path metric A’,(i, j) = oo, V(i,7) and (¢, ) # (0,0) and AL(0,0) =0
3 vec_Ul(i,7) «+ {an empty array} - to store detected channel symbols
4 fort =110 L/l do

5 Y < [y(tfl)l+1a o 7?/::1]
6 | for(i,5)e{l,...N} x{1,...N}do

7 for (C,(,il,CJ)) € {C’fi), o ,C’f\ff)} X {(7@), .. .,C’](\Z)} do
8 §1 = Sm(m1>
9 Sg = Sin(ms)
10 [A°, temp_uy (51, S2), temp_us(sy, S2)] <— Compute A (4.2)
V(ug,ug) € Cy(,fb)l X C’T(,Q, return minimum A, and corresponding u;
and u,
1 AP (51, 89) <— A7l (sy, 89) + A\°
12 end
13 (89, 89) < (s1, s2) corresponding to the minimum value in AP (s, s5)
14 u{ = temp_u; (9, s9)
15 u2 temp_us(s9, s9)
16 vec_Ul(i, j) < {vec-U{~'(s¢, s3),u$} - updating detected sequence
17 vec_Uj(i, j) < {vec_.Uy '(s9, s3),us}
18 Al (s1,892) < AP (59 59)
19 end
20 end

78



Since only u; is decodable, uf that minimizes the error probability is searched over trellis-1
using the Viterbi algorithm. The path metric for the MAP detection is found by evaluating

(4.3). By using the fact that uy, u, and y are iid sequences, (4.3) can be written as

L
up = argmax ) [T f (ylwssn, wam) Plusnluzmn) Pluzn), (44)

uy m=1
where the conditional pdf f (yy,|w1m, U2 ) is Gaussian with mean zero and variance N; and
the pmfs P(u1,,|u2,) and P(us,,) may be numerically estimated by Monte-Carlo simula-
tions. In order to reduce the computational burden at the decoder, we make the assumption
that the joint pdf of the optimal VQ output symbols equal to the joint distribution of the

TCVQ output symbols. Then (4.4) can be written as
L
u? = argrrlllax/ H f (ym‘ulm: u2m) f(ulm’uZm)f(u2m)du2m
! m=1
L
= argn}lax H f(ulm) / f (ym|u1ma u2m) f(u2m|u1m)du2m- (45)
! m=1

Here f(ui,) = CN (0,6?) and f(ugm|t1m) = CN (ﬁg—fum,&%”) where &%H = 53(1 —

p%). By substituting for pdfs, it can be shown that (4.5) is equivalent to

L ~
. Y — Brhiuim|? 1 P )

[g— by s m - ms 46
uf = argmin m§:1 N =t ey |tim|” — 11 (4.6)
where

|(ym - 51h1u1m>h;626§|1 + ﬁg—julmNP
63|h2|25§|1 + N .

Vim =

From (4.6), the branch metric )\El) corresponding to ¢-th transition can be written as

il

— Brhiug,|? 1 s
)\21) — ‘ym ﬁl 1%Im + (~_ + N — |u1m|2 — Vi, (47)
m:HZ(;l)l N 6t oi(1-p?)

The detection of u; is summarized in Algorithm 2. The estimated source sequence S;

79



Algorithm 2: The detection algorithm when only u; is decodable.

Input: BF-MAC output sequence of length L: y = {y1,¥2,...,Yru}>
Subsets of the expanded codebook él at trellis 1: {CNM, C~1,2, o ,éL]}
Incoming branches/states at state i € {1,2,..., N}: S;,, () = {si1, Si2, -« -, Sim }
Subset assigned to branch s;,,, at state i € {1,2,..., N}: Cﬁ(ﬁ), m=12,....M
1t=0
2 Total path metric A’ (i) = oo, Viandi # 0 and A% (0) =0
3 vec_Ul(i) + {an empty array} - to store detected channel symbols
4 fort =11 L/l do

5 Yi < [y(t—1)1+1, e 7ytl]

6 | foriec{l,...N}do

7 foré’ﬁ,?l € {C‘fi),...,(j}\?}do

8 s1= Sin(m1)

9 [A?, temp_u(s1), temp_us(s1)] < Compute A (4.14) Yu; € i,

return minimum A, and corresponding u;

10 Alemp (1) «— ALY (sy) + \°

11 end

12 9 « s corresponding to the minimum value in A% (s, )

13 u{ = temp_u; (9, s9)

14 vec_Uf(i, j) < {vec-U{"'(s¢, s3),u$} - updating detected sequence
15 Al (s1) «— Alemp(s9)

16 end
17 end
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is then given by the linear estimator
Si = viauj + 73y 1€ {12}

Similarly we can derive the branch metric for the case when only codeword u, is decod-
able. Then, using the Viterbi algorithm, the codeword that maximizes P(u.|y) is found
searching the trellis 2.

When neither of the codewords are decodable, the source sequences are linearly esti-

mated using the channel output sequence y, i.e.,

Si =Ygy @€ {1,2}.

4.4.2 ML Detector

As a bench mark, we evaluate the performance of the JSC-TCVQ with ML detection crite-
rion at the joint detector. ML detection maximizes the probability of the received sequence
y given the channel codewords u;, us. The path metric)\; for ML detection is computed

below.

Both codewords can be decoded

The detected sequence can be written as

(uf,ug) = argmax f (y|uy, us), (4.8)

ui,u2

where f (y|uy, uy) is pdf of y given codewords u; and u,. Since the conditional pdf is

Gaussian, hence (4.8) can be written as

(ug,us) = argmin ||y — (hiu; + houy)||?
ui,u2
= argmin [[y||* — 2Re {{y, hyuy + hous)} + [|hyuy + hougl|®
up,u2
= argmax2Re{<y, hlul + hgllg)} — Hh1u1 + hQUQHQ.

ui,u2
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For ML detection, the joint trellis’s branch metric is given by
il 1 il
/\i = Re Z y;‘n(hlulm + hQUQm) — 5 Z |h1u1m + h2u2m‘2, (49)
m=1+(i—1)l m=1+4(i—1)I

Only one codeword can be decoded

the detection of the decodable codeword U; is given by
u) = argn:le:xf (yjw), =12,
For clarity of explanation, let ¢ = 1. Then the decoding of u; can be written
uj = argrrlllalle (y|uy). (4.10)

The path metric for the ML detection, in this decoder state, is found by evaluating (4.10).

By using the fact that u;, u, and y are iid sequences, (4.3) can be written as

L
! = m | Uim s Uom ) P (Uom |Uim)- 4.11
uy argnfoHf(y |Uim, Uzm) P(uzm|uim) (4.11)

uz m=1
Assuming that the joint distribution of the TCVQ output symbols is equal to the joint pdf

of the optimal VQ output symbols, (4.11) can be written as

L
u{ = argmax H /f (Ym Wi, Uom) [ (Uam|Uim)dtiop,. (4.12)
u;
m=1

By substituting for pdfs, it can be shown that (4.12) is equivalent to

ZL [Ym — Brhaus |2 P’ 2
uj = argmin = m| — Vim, 4.13
1 g ul 1 N E%(l ﬁ~2) ‘U/l ’ 1/1 ( )

where

|(ym - 51h1u1m>h3525‘§|1 + ﬁg—julmNP
63|h2|26§|1 + N .

Vim =

82



From (4.13), the branch metric )\51) corresponding to ¢-th transition can be written as

4l

— Bihyui,|? 1 P>
)\2(1) = |ym 61 i + (T + = ~ |'U/1m|2 — Vim, (414)
ng(;_l)l N o ai(1—p?)

Similarly we can derive the branch metric for the case when only codeword u, is decodable.
The detection of the TCVQ channel codewords and estimation of the source sequences

are done similar to the reconstruction process in the MAP detection.

4.5 Numerical Results

In this section we present a set of numerical results to analyze the performance of the pro-
posed practical JSC-TCQ/TCVQ coding scheme. Even though the superior performance
of source compression using TCQ and TCVQ has been established in literature, the per-
formance of a joint source-channel code, based on trellis-coded quantization over a MAC
is not known. The performance of the proposed code relies on the strength of the channel
code implemented and the source estimation. The four scenarios for the decodability of the
received channel codes are determined as described in Section 4.4.1. The JSC-TCQ/TCVQ
encoders have been designed so that their rates are approximately equal to the optimal VQs
in the ideal JSC-VQ for the same source correlation and the channel distribution.

In this experimental setup, we consider sending a pair of Gaussian sources, each with
a unit variance (o2 = 1). The source components are assumed to be correlated with corre-
lation coefficient 0 < p < 1 (p = 0.9 is assumed, unless mentioned otherwise). The ini-
tial expanded codebook for TCQ is generated using the generalized Lloyd algorithm [61].
The length of the input source sequence is L = 500 symbols. The fading coefficients
are assumed to be independent and normally distributed random variables with zero-mean
and unit variance (Rayleigh fading). We assume that the transmitter powers are equal to 1
(P, = 1,i € {1,2}). The average distortion is obtained over 1000 channel realizations. The
joint decoder, after determining the outage scenario for given fading gains, is implemented

for the MAP detection of the codewords (ML detection is employed for comparison). The
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Figure 4.5: Performance of JSC-TCQ and JSC-TCQ (N=64), for correlated sources with p = 0.9 and non-
fading GMAC.

JSC coding scheme is optimized over the transmission rate, subject to Rl € Z*. Here [ is
the dimension of the branch VQ used in TCVQ. For example, if 2-dimensional VQ is used
the rates can only be integer multiples of 0.5 bits/sample. In [44], JSC-VQ is used to ob-
tain a theoretical upper bound for the performance achievable in communicating correlated
Gaussian sources over a GMAC with no-fading has been presented. We can compare the
performance achievable with practical JSC-TCVQ for this case, by setting hy = hy = 1.
Fig. 4.5 compares the performance of TCVQ with the JSC-VQ bound in [44]. It inter-
esting to note that both JSC-TCQ and JSC-TCVQ are able to achieve lower MMSE than
even the theoretical lower bound of SSC coding, unless the P/N ratio is very high (> 26
dB). This suggests that no practical SSC coding scheme, which use finite block coding, is
unlikely to outperform JC-TCQ/TCVQ in reality. The performance gap between JSC-TCQ
and JSC-TCVQ seen here can be obviously attributed to the superior performance of VQ
over scalar quantization, and to the fact that TCVQ allows to chose fractional rates in the

design optimization procedure, where as with JSC-TCQ an integer approximation has to
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be made, see Tables 4.1 and 4.2. These tables also show the average MSE of at the stages
of the two stage decoder. Clearly the linear estimation based on prior knowledge of source

correlation (second stage) improves on the joint sequence detection (first stage).

Table 4.1: Quantization rates and average MSEs of two stage decoding in JSC-TCQ used in Fig. 4.5.

P/N(dB) Rate (bits/sample) Average MSE
JSC-YQ JSC-TCQ Detection | Estimation
(theoretical)
10 10 10 0.0843 0.0774
12 1.85 2 0.0672 0.0617
14 1.92 2 0.0545 0.0500
16 2.12 2 0.0446 0.0409
18 2.24 2 0.0368 0.0338
20 2.48 2 0.0304 0.0279
22 2.61 3 0.0248 0.0228
24 291 3 0.0204 0.0187
26 3.17 3 0.0169 0.0156
28 3.23 3 0.0142 0.0130
30 3.41 4 0.0119 0.0109

Table 4.2: Quantization rates and average MSEs of two stage decoding in JSC-TCVQ used in Fig. 4.5.

P/N(dB) Rate (bits/sample) Average MSE
JSC_\.]Q JSC-TCVQ | Detection | Estimation
(theoretical)
10 10 10 0.0827 0.0766
12 1.85 2 0.0657 0.0609
14 1.92 2 0.0524 0.0485
16 2.12 2 0.0423 0.0392
18 2.24 2.5 0.0343 0.0318
20 2.48 2.5 0.0275 0.0255
22 2.61 2.5 0.0221 0.0205
24 2.91 3 0.0182 0.0169
26 3.17 3 0.0150 0.0139
28 3.23 3.5 0.0130 0.0120
30 341 3.5 0.0114 0.0106

In the following experiments we consider the communication over block-fading MAC,
and the average MSE given by (2.2). Recall that our main assumption is that, the transmit-

ters are unaware of the fading gain values, but they use the knowledge of pdf of the fading
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Figure 4.6: Performance of JSC-TCQ and JSC-TCVQ (N=64), for correlated Gaussian sources (p = 0.9)
and BF-GMAC.
gains to optimize the transmitter parameter. The fading gains h; and hy are assumed to be
independent Gaussian random variables with zero mean and unit variance. The common
receiver has the perfect knowledge of the fading gains. Fig. 4.6, shows the average perfor-
mance of JSC-TCQ and JSC-TCVQ against several theoretically achievable performance
bounds. The performance curve of the JSC-TCVQ lies closer to the theoretical performance
bound of JSC-VQ over the range 10-30 dB P/ N range. It can be noticed that for low P/ N
the JSC-VQ performance bound coincide with the performance of the uncoded scheme.
For these P/N values both JSC-VQ and JSC-TCVQ operate as the uncoded scheme by
using very high transmission rates (total outage scenario). Table 4.3 and Table 4.4, list the
optimum encoding rates and the average distortions at the two decoding stages.

Fig. 4.7 shows the effectiveness of the codebook expansion in JSC-TCVQ while the
nominal transmission rate is kept unchanged. As can be seen, the JSC-TCVQ with code-
book expansion rate R = 1 outperforms the JSC-TCVQ coding with codebook expansion

rate R = 0.5 . This result indicates that the joint detection is not affected by increasing the
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Table 4.3: Quantization rates and average MSEs of two stage decoding in JSC-TCQ used in Fig. 4.6.

P/N(dB) Rate (bits/sample) Average MSE
JSC_\.]Q JSC-TCQ Detection | Estimation
(theoretical)
10 10 10 0.1127 0.1039
12 10 10 0.0952 0.0878
14 10 10 0.0835 0.0770
16 10 10 0.0758 0.0698
18 2.10 2 0.0720 0.0663
20 2.23 2 0.0621 0.0572
22 2.43 2 0.0525 0.0484
24 2.71 3 0.0446 0.0411
26 2.95 3 0.0383 0.0353
28 3.15 3 0.0330 0.0304
30 3.39 4 0.0287 0.0264

Table 4.4: Quantization rates and average MSEs of two stage decoding in JSC-TCVQ used in Fig. 4.6.

P/N(dB) Rate (bits/sample) Average MSE
JSC_\.]Q JSC-TCVQ | Detection | Estimation
(theoretical)
10 10 10 0.1143 0.1039
12 10 10 0.0966 0.0878
14 10 10 0.0847 0.0770
16 10 10 0.0768 0.0698
18 2.10 2 0.0710 0.0645
20 2.23 2.5 0.0608 0.0552
22 243 2.5 0.0509 0.0463
24 2.71 3 0.0427 0.0388
26 2.95 3 0.0366 0.0332
28 3.15 3.5 0.0313 0.0284
30 3.39 3.5 0.0262 0.0238
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Figure 4.7: Performance comparison of JSC-TCVQ (N=32) with different deferent codebook expansion
rates, for correlated sources (p = 0.9) and BF-GMAC.
effective encoder rate corresponding to the expanded codebook.

Fig. 4.8 shows performance of JSC-TCVQ with different number of states N. As
expected the average MSE decrease with the number of states. However the MSE value
seems to levels off as NV increases. This can be attributed to the leveling off of the perfor-
mance of TCVQ source compression [60]. As NV increases, effectively there are more VQ
codewords to encode a source sequence; however since these codewords are generated as
a combinatorial sequence of a finite alphabet, the effectiveness of increasing the trellis size
seems to vanish after some N value.

Fig. 4.9 shows a performance comparison between MAP detection and ML detection
at the joint decoder for different source correlation values. The numerical results show
that the performance gap between MAP and ML detection widens as p increases. This is
obviously because the ML detection ignores the correlation between the source-channel
codewords, whereas MAP detection uses the joint conditional distribution of the source-

channel codewords given the MAC output.
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Figure 4.8: Performance of JSC-TCVQ with number of trellis states (N), for correlated sources (p = 0.9)
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Figure 4.10: Performance comparison of JSC-TCVQ with complex baseband communication.

To demonstrate the application of JSC-TCVQ for communication over complex base-
band GMAC, L 2-dimensional source symbols are transmitted using L complex channel
symbols. As can be seen in Fig. 4.10 the MSE comparison between different schemes are
similar to that observed for the communication over real Gaussian MAC. Also it can be
noticed that the MSE curves corresponding to JSC-TCVQ transmission over the complex
channel and the real-valued channels are very close. This is due to the fact that in the
complex transmission, both the real-valued channel and the imaginary channel share the
transmitter power, and each of the channels has an AWGN component with noise power
(variance) N/2, and therefore each channel has the same P/ N average CSNR value. How-
ever, in the real-valued transmission system, the channel has noise power /N. Since the
complex transmission has 3 dB less noise per symbol transmitted, the MSE for the real
transmission at a certain CSNR is comparable to the MSE for the complex transmission at

CSNR — 3dB.
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4.6 Conclusion

The practical JSC coding scheme proposed in this Chapter has drawn inspiration from the
superior performance of TCQ/TCVQ in a source compression and the implications of the
theoretical performance bound of the JSC-VQ coding scheme presented in Chapter 3. The
structured source codeword construction in TCQ/TCVQ allows us to implement a joint
channel-codeword detection algorithm with low computational complexity. The numerical
results have shown that the JSC-TCVQ code can perform closer to the JSC-VQ bound than
other alternatives such as SSC coding, uncoded transmission, and HDA coding. In fact,
JSC-TQ can outperform the best achievable performance bounds for these schemes most
of the time. From the numerical results, we can argue that JSC-TCVQ scheme employs a
“good” joint channel code for the given source correlation and the channel fading distri-
bution, and two stage decoding can be effectively used to match the encoder parameters
to the inevitable outage scenarios to mtitigate the effect of the channel uncertainity at the

transmitters.
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Chapter 5

Conclusions and Future Work

In this thesis we have investigated the problem of communicating correlated Gaussian
sources over a BF-GMAC when there is no CSI at the transmitters. For this problem,
neither the theoretical bounds of achievable performance nor practical coding methods that
can at least perform close to theoretical limits in a provable manner are known. The re-
search presented in this thesis is an attempt to answer these questions. The thesis has made
important contributions in terms of both establishing upper bounds to achievable perfor-
mance and proposing a practically realizable coding scheme that can achieve performance

close to the best known bound. The main conclusions of this thesis area s follows.

5.1 Conclusions

e In Chapter 2, an upper bound to achievable MMSE has been derived by consider-
ing a HDA coding scheme. For comparison, the achievable MMSEs of conventional
source-channel separation-based coding and simple uncoded transmission have also
been derived and used as benchmarks. Furthermore, we have considered the com-
munication over an orthogonal MAC where the channel symbols are transmitted by
splitting the channel bandwidth so that there is no interference between the chan-

nel inputs. The achievable MMSEs are computed by considering all decoder outage
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scenarios of the digital code and optimizing the encoder parameters to minimize
the MSE averaged over the fading distribution. Through numerical results we have
shown that the HDA coding scheme can outperform the source-channel separation
approach and the uncoded scheme as P/N (CSNR) increases. Interestingly, HDA
coding over the orthogonal MAC shows slightly lower MMSE for P/N values from
5 - 10. This shows the effect of interference due to outages in the digital code at
lower CSNR values. However, HDA (MAC) coding scheme shows lower MSE for
CSNR > 12 dB.

e In Chapter 3, upper bounds to the achievable MMSE have been derived by consid-
ering JSC coding schemes that use source dependent channel codewords. Unlike
the channel codes that ignore the correlation between the source to be transmitted
over a MAC, a source dependent channel code can create constructive or destruc-
tive interference between digital channel inputs in an optimal manner and improve
the performance. The main contribution here is the study of a joint source-channel
vector quantizer (JSC-VQ) scheme which is designed to maximize the mutual de-
pendency between the channel inputs. One key problem we solved is that deriving
the necessary and sufficient conditions for various scenarios for correct decodablity
of transmitted codewords. These scenarios arise due to the fact that, in the absence
of CSI, the transmitters are forced to use fixed-rate coding. Motivated by previous
work in the literature, an HDA extension of the JSC-VQ scheme has also been con-
sidered. While the established bounds have no close-form expressions, they can be
numerically evaluated. Our numerical results show that unlike in the case of non-
fading GMAC as considered in [44], uncoded transmission is no longer optimal at
low CSNRs, when there is channel fading and CSI is not available to the transmit-
ters. In particular, the HDA version of the JSC-VQ scheme can outperform uncoded

transmission at low CSNRs.

e In Chapter 4, a practical JSC coding scheme that mimics the coding principle used in
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5.2

the JSC-VQ scheme used to establish the bounds in Chapter 3 has been developed.
The problem with the JSC-VQ scheme is that it relies on infinite-dimensional VQ for
JSC coding. In order to practically implement a coding scheme that can come close
to the JSC-VQ bound, we used trellis coded quantization (TCQ) with an expanded
codebook in place of infinite dimensional VQs. It is well known that TCQ can out-
perform high-dimensional VQs (such as lattice VQ) at a much lower computational
complexity. More importantly, TCQ provides a path to tractable decoding of the very
long codewords required to approach JSC-VQ bound. The problem of joint detection
of the TCQ codewords was solved by developing a four state joint decoder based on
the Viterbi algorithm. Simulation results show that the proposed JSC coding scheme
perform closer to the JSC-VQ bound than the other alternatives such as SSC coding,
uncoded transmission, and conventional HDA coding. We conclude that the pro-
posed JSC-TCVQ scheme is the best known practical transmission scheme to date
for communicating correlated sources over a BF-MAC when CSI is not available to

the transmitters.

Future Work

In the conventional SSC coding of correlated sources in Chapter 2, distributed VQ
is employed with channel coding to minimize MSE. Since the source correlation is
fully exploited in the distributed VQ stage, both channel codewords must be decoded
to estimate the sources. However, when transmitting over a BE-MAC with no trans-
mitter CSI the probability of only a single codeword is decoded increases with the
transmission rates. In this partial outage case, the recovered VQ index cannot be used
to recover any source information. In order to optimize the SSC coding to decoder
outages, a possible solution is to develop a source compression scheme such that the

source correlation is at least partially exploited.

e Situations where a partial CSI is available to transmitters arise in practical commu-
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nication systems. Examples of partial CSI are uncertain CSI, where uncertainty may
be induced by channel estimation or prediction errors, and limited CSI which may
appear with quantized feedback. Designing a JSC code that takes errors in CSI esti-
mation in to account can draw inspirations from the work presented in Chapter 2 and
3. Unlike in our problem, where fading (CSI) distribution remains fixed, in partial
CSI case, the distribution of the estimated CSI will vary over time. Therefore vari-
ation of the channel distribution over successive code blocks, and the uncertainty of

the CSI during one code block must be considered to optimize the coding scheme.
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Appendix A

Proof of Lemma 3.1 and Theorem 3.2

We start by summarizing the proof of [44, Theorem IV.4]. The code construction, encoding,
and decoding in the JSC-VQ scheme as follows. Let € > 0 be a fixed constant and rates
R, and R; be fixed. The VQ codebook C; C C",7 = 1,2, is generated by independently

drawing 2" vectors of length n from the the surface of the origin-centered sphere of radius

r; = \/ no?(1 —2728:) in C". The encoder for source i uses C; and vector quantizes the
source sequences s; to generate a codeword u) € C;. The code vector then scaled to meet
the power constraint and transmitted over the GMAC without any further encoding. Crucial
to the proof given in [44] is the geometric view of the VQ encoder. To this end, consider
the cosine angle between any pair of non-zero vectors w and v is defined by

R
cos(w,v) = Re{(w,v)}

[[wil{lvll
Let the F(s;,C;) be all u; € C; for which cos(s;, u;) is between /1 — 272%i(1 £ €). The
VQ encoder for source s; into the codeword u? as follows. If F(s;,C;) = ) then set u¢ = 0.

Otherwise, u? is the code vector u; € F(s;, C;) with the smallest |cos(s;, u;) —v/1 — 2725

The channel input is then formed as x; = 3;uf, where f; is given by (3.1). Upon reception
of the GMAC output y due to both transmitters, the receiver derives the source estimate
(81,82) in two steps. First, the receiver obtains a guess (1i;, ) for the channel input

codeword pair (uf,u$) by finding the jointly typical pair (u;,uz) € C; x Cy such that
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B1u; + Paus has the smallest Euclidean distance to the channel output y. A jointly typical-
pair is defined as (u;, us) for which p — cos(u;, ug) < 7¢, where € > 0 and p is given by
(3.3), which is the correlation between the transmitted VQ codewords (ug, u$). Note that,
guessing the channel inputs based on the output y in this case is akin to channel decoding
in SSC coding, but the use of the correlation p to define a jointly typical set amounts to JSC
decoding. In the second step, the source estimates are obtained by computing the MMSE
linear estimates of the source sequences, given y and the already decoded VQ codewords
(g, Gg).

Given the channel output y, let £; be the error event that there exists a jointly-typical

codeword pair (i, Gi2) # (uy, uz) for which

ly — (A1 + Bitn)|| < [ly — (Bruf + Bruf)]|.

It can be shown that, for sufficiently large n, the probability of joint decoding error Pr(&;) —

0 as n — oo if the rates ( Ry, Ry) satisfy the constraints [44, Lemma D.1]

1 P(1-p*)+ N
~1 Al
Rl < 92 ng( N(l—ﬁQ) ( )
1 Py(1—-p*)+ N
Ry < =1 A2
2 < 2 0g2( N(l—ﬁ2) ( )
1 P+ P, +2p\/PIP,+ N
Ry+ Ry < ~log, (2t epvialat V) (A3)
2 N(1=p?)

A.1 Proof of Lemma 3.1

Consider the decoder JSC-VQ in a system where the GMAC exhibits block fading h; for
transmitted codeword S;ug. The channel output is given by y = 1uf + fuj + w, where
ul € C" h; € C,i = 1,2, and w € C™. The set of (R, Ry) pairs for which both VQ
codewords are decodable can be obtained straightforwardly by replacing uf and uj by

their scaled versions in the proof of [44, Lemma D.1].
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A.2 Proof of Theorem 3.2

We give proof to that when rate pair (Ry, Ry) € RY°, defined by (3.5), the codeword u?
can be recovered with arbitrarily small probability of decoding error, while the codeword
uj cannot be recovered reliably at the receiver. In the proof, for clarity, we will consider
the case of codeword u§ can be recovered (i.e., ¢ = 1). To this end, we first introduce an
error event related to a decoding error at the receiver. This error event occurs if the decoder
attempts to decode u; without knowing the decodability of u,. This event is denoted by
5%1 consists of all tuples (si, s2,Cy, Ca, z) for which there exists pair (11, 12) so that 1y #

uf in C; and us € C,, and this error event precisely defined by

56,1 :{(Sl, S2701,C2,Z) . E]ﬁl - Cl\{uj’} and Elﬁg - CQ S.t.

|p — cos (@, 1) |< Teand |Jy — (hi ity + hafoto)||P< ||y — (h1Sruf + h252ug)\\2}
(A.4)

Note that a decoding error occurs only if (sq,s2,Cy,Cs,2) € 5%1 . The main results of this

section is given by the following Lemma.

Lemma A.1. For every 6 > 0 and 0.3 > ¢ > 0, there exists an ny(6,€) € N such that for

all n > nly(0, €)
Pri€¢ | <90, whenever Ry € Ri(e),

where

. 1 ’hl‘Qpl -+ |h2’2P2+2R€{h1h2*}ﬁ\/P1P2+N
= {Rl =gl ( [haPPa(1 — 72) + N e

To prove Lemma A.1, as in [44], we define three auxiliary events related to source
sequences, encoder output sequences, and channel error sequences. The first auxiliary error
event &g corresponds to an atypical source output sequence. In [44], & is given in (83),

and we will use the same definition except that the source sequence are on n-dimensional
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complex plain, i.e., (s1,s2) € C" x C". The second auxiliary event g corresponds to an
atypical additive noise sequences, and is given by (84) in [44] where z € C". The third
auxiliary event £x and is given by the union of three events given by (85)-(87) in [44]. To

prove Lemma A.1 we now start with the decomposition

PriEd | = Prl€d NEGN Ex N EZ] + Pr(EY [€s U Ex U E]Pr[€s U Ex U &y

< Pr[&2

%, NEs N Ex N &) + Prl€s] + Pr[€x] + Pr[€7], (A.5)

where we have used the shorthand notation Pr[€,] for Pr[(S1,Ss,C1,Cs,Z) € E&,], where
&S denotes the complement of &£,. Lemma A.1 now follows from upper bounding the

probability terms on the RHS of (A.5).

Lemma A.2. For every § > 0 and € > 0 there exists an n)(0,¢) € N) such that for all

n > nf(0,e) € N)
Pr[Es] < 4.
Proof. See [44, Lemma D.2]. L]

Lemma A.3. For every 6 > 0 and ¢ > 0 there exists an n%(d,€) € N) such that for all

n > nj4(0,¢) € N)
Pl"[gz] < 0.
Proof. See [44, Lemma D.3]. O

Lemma A.4. For every § > 0 and 0.3 > € > 0 there exists an n%(9, €) € N) such that for

all n > nj(6,€) € N)
Pr[SX] < 60.
Proof. See [44, Lemma D.4]. O

Lemma A.5. For every 6 > 0 and every ¢ > 0 there exists some nj(0, €) € N the following
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condition holds true

Prigy NESNEXNEG <6, if

R _l (|h1|2p1 + |ho|? Py + 2Re{h1hy" } p/PL Py + N ¢ 6)
) ha2Py(1 — p2) + N 1o

(A.6)

where &5 is a positive constant determined by Py, Py, hy, hy and N.
We now start with a lemma that will be used to prove (A.6).

Lemma A.6. Let ¢; € [0, 7] be the angle between y and u,(j), and let the set Egv be

defined as

£, = {(sl,sl,Cl,Cg, z) : Ju(j) € C\{uf} anduy(l) € Cy s.t.

COS ©; |h1|2Py + Re{h1h}p/ PPy — "€
j VIR PPU(|ha 2Py + |he|>Py + 2Re{hih3} v/ PiPs + N) + e

and cos(uy(j),us(l)) > p— 76} (A7)
and where " and &5 depend only on Py, P, and N. Then, for every sufficiently small ¢ > 0
(5;51 NELNESN 5;) c (5;;’1 NELNESN 5;)
and, in particular
Pr [5;;1 NELNESN 5;] <pr [5;5’1 NELNEN 5;4

Proof. We note that the error event £ to occur, there must exist codewords u(j) €

C1\{u¢}, and codeword uy(l) € Cy (decodability is unknown) such that
|p — cos (g, 02| < Te (A.8)
and
ly = (ha it + hofBatia) [P < |ly — (ha Brug + hofoud)||*. (A.9)
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We state a sequence of statement related to Condition (A.8) and Condition (A.8). A) For

every (sy,82,C1,Cs,2) € Ex N Ez, the following implication holds.

(Il = (Bt + haBotia)|* < [y = (o + haffous)|[)) (A.10)
= ((Re(y, Auhuus(7)) = n(lh| P+ Re{huhs"}o/ PPy — i3e)),

where &3 only depends on P, P, hy, hy and z.
We start by rewriting the LHS of (A.7) as

Re({y, Bihiui(j) + B2hous(l)))
> [[h1Brug + hofauj|[*+Re((z, hn fruf + hofous))
45 {110 Braa () + b Pl Bru + ho ]}
> ||h1Bruf + hafyu|*—n(h1/PiNe + hyr/PyNe)
+ Re((h1frui(j), haBaua(l))) — Re((h1fruf, hafru3))
> || By + hafoug] P—nie + nRe{hhs} { o/ PiPs(1 = Te) = o/ PiPa(1 + 7€)}

> ||hyBrug + hofaug|]*—néze (A.11)
By rewriting RHS of the above inequality (A.11)

Re{(h1f1uf + hoBous, Brhiui(j) + Bahous(l))}
> ||hyfru] + h262u‘2’||2—Re{<z, Brhiuy(j) + Behous(l))} — néae
> thﬂluj’ + hgﬂ2ug||2—<h1\/ P1N€ + hg\/ PQNE) — n€2€

> [|h1Biug + hofous||?—nése (A.12)

Fig. A.12 illustrates an example of vectors h1 11y (j), ho/Sous(j) and in the complex vector
space C". Let angles ¢,0 and v are defined as ¢ = <((h151u1(j), h1/1u + hefouf),
0 = <(hifrui(j) + hofous(f), hifiug + hefous) and v = <(h1Sru(j), hafrun(y) +

101



hy 510, ()

hBu, () +h,Bu,(1)

ﬁ}ﬂ hur +h, B,u;

Figure A.1: The definition of asymptotic angles.

hafaus(j)). The respective cosine values of ¢, 6 and 7y are given by

cos b = Re{(hi51uf + hofous, f1hiui(5))}
|1 frug + hoBoud]].||Brhius (f]|
o — RelmBIag + hafyug, Sihawi(5) + Bahaua(D)) }
[y Brug + hafus]].||Brhiui (5) + B2houa(1)]
cosy = Re{(A1hiui(j), Bihiwi(j) + Bahous (1))}

|[Brh1ar (5)]]-]|B1hiur (j) + Bahoua ()]

Recalling that ||5;w;||= VnP;, i € {1,2}, ||5u¢||= v/nP;, |p — cos <t(ui(7),

and |p — cos <((uf, ug)|< 7el, it can be shown that

|[[h1Brug + hoBou§||* — [|h1Biur (5) + hoBoua(D)|?] < nése

By substituting the following can be written

|h1frug + hefoug]|® — nése

cos @ >
171 810§ + hofaug|[\/[1hiS1ug + hafous|| + nése
> 1-— 556
- V 1 —f- 566'
For ¢ — 0 choose &7, s.t., ﬁ > 1 — &re. Then, it follows that

cos > (1 — &e)(1 — &re)

> 1—&ge

uy(l))|< Te|

(A.13)

(A.14)

(A.15)

(A.16)

With ¢ < v + 0 (equality holds true when vectors hiS1u;(j), hi1S1u1(j) + hofaus(l) and

h1B1uf + hoByus are on the same plane). Note that 0 < v < 7 and 0 < 6 < 7, and then it
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follows

cos ¢ > cos(y + 0)
= cosy cos ) — sinysinf

= cosycosf — sinyvV1 — cos? 6

> cosy(1 — &ge) — sinyy/&ge. (A.17)

As e — 0 let (cosy&se — sinyy/Ege) — Eoe, where &g is only a function of Py, Py, hy, hy

and N. Now (A.17) can be written as
coS ¢ > cosy — &g€. (A.18)

By revisiting the definition of ¢ and v, (A.18) can be rewritten as

Re{(h1f1u1(j), h1frug + hofous))} > Re{(h11u1(j), hifius(j) + hoBoua(l))) }
[h1Bran ()| frug + hoBous]| = [[aBrui(4)[[[[h1Bran(5) + heBous(D)|]

— &o€

(A.19)

Recalling that |||k S1ug + hoBous||? — ||h1f1ur(5) + hefaus(l)|?] < nése, (A.20) can be

written as

Re{(h181ui(7), hifru] + hofous}) > Re{(h1S1ui(7), hifrui(j) + hofous(l)}) — néipe
Z n <P1 + Re{hlhg}ﬁ\/ Pl.PQ(]. - 76)) — TL§10€
—n (Pl v Re{hth}ﬁ\/P1P2> “nEne. (A20)

Since z € &,, Re{(z, hif1ui(j))} > —nl|hi|/PiNe, we can write the real component of

the inner product between received signal vector y and hq/51u;(j) as follows

Re{(h1f1u1(j),¥)} = Re{(h1f1ui(j), hifiu] + hofous) } + Re{(h1f1ui(j), 2) }
>n <P1 v Re{hlh;*}ﬁ\/Png) ~néne —n|h|/PiNe
—n <P1 n Re{hlh;‘}ﬁ\/Pll%) ~ néne. (A21)
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B) For every (s1,s2,C1,Cy,2) € £ N EF, the following statement is true
Iy[I> < n(|h1[* Py + |ha|* Py + 2Re{hih5} pr/ PPy + N + E15¢) (A.22)

where &3 is only a function of Py, P, hy and hy. The proof is straight forward. C) For

every (sq,82,C1,Cq,2) € E%, the following hold true

[P Bras (G < [ha|v/n Py (A.23)

This is due to the average power constraint. D) For every (s1, s2,Cy,Cs,2) € £ N ES, the

following implication holds

|p — cos <t(hiuy(7), hius(l))| < Teand

ly — (Brhaui () + Behouz(D)|)* < |ly — (Bihauf + Brhoud)||? =

cos <(y, h1B1ui (7)) > Ale) (A.24)
where
\/ 7 |2P; + Re{hihi} /P Ps — € A25)
VIR PP (|7 2Py + [he]2Py + 2Re{h b3} o/ PPy + N) + Ele

The Statement D follows by rewriting the cos <((y, h181u;(j)) as

Re{(y, hifrui(j))}
[y [[llA1 By (7))

cos A(y, hifriui(j)) = (A.26)

and then lower bounding (Re{y, h151u; (7)) } using A) and upper bounding ||y || and || 21 511 (7)]]
using B) and C), respectively. The Lemma now follows by D)

(g6, n€anesnex) C (&5, NN EsNeEx)

and, therefore

Pr [5;51 €N Es N 5X] < Pr [5;3’1 c N E N 5,4 (A27)
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The following lemma will also be used for the proof of (A.6).

Lemma A.7. For every A € (0, 1], let the set G be given by
G ={(s1,82,C1,Ca,2z) : Fuy(j)\{ul}.s.t. cos<t(y, hi1f1u1(j)) > A}
Then
(Rl <01~ A2)> s (limnsnPrGIEL | = 0, € > 0)

Proof. The proof will simply follows from [44, Lemma D.7] by letting

A Y
hiBy’

in [44, Identity (92)]. Note that [44, Lemma D.7] is true for any fixed vector w(sy, s2, Cy, Ca, 7).

W(Slu S2, Cl7 C27 Z) (A28)

The proof of [44, Lemma D.7] is based on the argument that the conditional probability of
u; () lies inside the polar cap surface of half-angle = arccosA for all u;(j) # uf condi-

tional on ug approaches 0 as n — oo, if
1 2
R, < ——<1 - A )
2
Therefore, [44, Lemma D.7] holds true irrespective of w(sy, s2, C1, Ca, ) vector. 0

Proof of Lemma A.5. We start the proof of (A.6) by writing

b

Pr (g5 NEgNEsneg] pr &5, nesnesneg] < pr &5, 1 €]

where a) follows by Lemma A.6 and b) follows because £ € %, . We can complete the
proof of (A.6) by combining (A.29) with Lemma A.7. This gives that for every 6 > 0 and
every € > 0 there exists some 7/ (9, €) we have Pr [861 NESNESN 6&} < 0 whenever

|ha|*Po(1 — p%) + N
|h1|2P1 + |h2|2P2 + QRC{hlhg*}ﬁ\/ P1P2 + N

1
Ry < _élogQ ( + §14€)

1 hi|?P hol|?Py + 2Re{h1hy* Y or/P P, + N
S_logg(’ 1°P + [he|* Py + €{~1 2 YoV PPy + _5156) (A.29)
2 |h2|2P2(1—p2)+N
where &5 is a positive constant determined by Py, P, hq, hy and N. OJ
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Now we can prove Lemma A.1 by recalling A.S.

Proof Lemma A. 1.

Pri&q | < Pr[€ NESN Ex N &) + Pr[€s] + Pr[€x] + Pr[&] (A.30)
< Pr[£g | €5 N E% N &) + PrlEs] + PrlEx] + Pr[&7] (A31)
< Prl&d | €, + Pr[€s] + Pr[€x] + Pr[&y] (A.32)

Now by combining Lemma A.2, Lemma A.3, Lemma A.4 and Lemma A.7, we have that
for every 0 > 0 and 0.3 > ¢ > 0, there exists an n/y(d, €) € N such that for all n > n(J, ¢)

we have Pr[€z] < 90 whenever

1 hi|?Py + |ho|? Py + 2Re{h1hs*} o/ P Py + N
logQ(‘ 1| 1 ’2| 2 {12}P 1472 —515e>. (A33)

R < =
) |ha2Py(1 = /2) + N

]

We have completed the main part of the Theorem 3.2, that is if R; € R;(¢) codeword 1
can be recovered regardless of the decodability of codeword 2. Now we consider decoding
codeword 2 given that codeword 1 is decoded. To this end, we introduce the error event
related to decoding of codeword 2 when codeword 1 is correctly recovered. This error
event is denoted by &, and consists of all tuples (s1,82,C1,Cs,z) for which there exists

Uy # ug in Cy and U; = uf in C;, which is precisely defined by
o, :{(51,51701702,@ 3y € Co\{ug}s.t.

|p — cos £(ug, 115)|< Teand |ly — (h1Siug + hafB22)|P< ||y — (hiSruf + h25211§)||2}

(A.34)
Now we state the following lemma to complete the proof of Theorem 3.2
Lemma A.8.
1 |ho|?Po(1 — p?) + N
Ry > -1 A.35
2 2 0g2 ( N(l . /32) ) ( )
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then Pr|E. | cannot be made arbitrarily small.

Proof. By decomposing the error event £ we can write

Pr[€g,] = Pr[€y, NEg N Ex N EF] + Pr[EE

SS U EX U gz]PI'[gs U EX U gz}

< Pr€g, NEg N Ex N EZ] + Pr[€s| + Pr[€x] + Pr[&y] (A.36)

From [44, Condition (90) in Lemma D.5] it follows that if

1 |ho|?Py(1 — p?) + N
Ry > -1 : A.37
273 ng( N(I— /) (A3
then the term Pr[€¢, N E§ N Ex N £7] cannot be made arbitrarily small. O

The proof of Theorem 3.2 follows by combining Lemma A.1 and Lemma A.8.
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