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ABSTRACT

In-a -canonic RC ladder network realized from specified two-port
—fparametérs a proper transformation is applied to generate a family of
-=equiwvalent networks in which the total resistance, total capacitance

-and the open-circuit voltage gain change continuously with respect tova
+single variable. A straight forward method is then developed to minimize
.=cost function in ladder networks. The cost funétion is formed by weighting
.eéch of the three’components - total resistance, total capacitance and
~the gain - aﬁd combining them.

“The-theéis also develops a systematic method of realizing RC low-

«pass ladder networks with nonuniformly lossy capgcitors. The method is
sbased on applying a proper congruence trénsformation to the capacitance
and‘qonductancé matrices of the canonic network. = The:gransformation matrix
is construéted in such a way that the capacitors of the transformed net-
-work have shunt conductances while the driving—po;nthimpedance is kept
dinvariant and the transmission characteristics of the twé—port are pre-
served. Application of the results to other types of ladder structures is
“also investigated. In addition, the synthesis of RC low-pass ladder
networks with equal-valued capacitors is studied. Realizability conditions
are determined such that the transformed network includes as many equal
capacitors as possible without increasing the total number of capacitors.

:Explicit formulas for the element values of the equivalent network are

~-given throughout the thesis.

(1)
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CHAPTER I

INTRODUCTION

In circuits designed for low frequency applications the use of

inductors is undesirable mainly for the fact that they are bulky, nonlinear

dissipative and uneconomical. There are other disadvantages: where specifi-
cations are precise, the usual synthesis techniques for lossless networks
cannot be used because of the inherent resistance of the inductors. There

is, however, a great need for precise performance at low frequency, espe-

cially in the control field where accurate compensations are required. Thus,

the use of a network containing only resistors and capacitors is very
important.

This thesis deals with three important problems in RC synthesis:

i
i
]

i) precorrecting for capacitor dissipations, ii) minimizing duly defined
cost function, and iii) designing RC ladder networks with equal capacitors.
With the advent of thin film and integrated circuit techniques, design
criteria have changed significantly. In particular, the new techniéués have'
led to less emphasis on the number of elements in the network and to more
interest in design methods which take into account the higher losses that

occur with thin-film capacitors at the present state of development [1].

Another important problem that faces the designer of RC circuits fabricated
by integrated-circuit techniques is the size of the circuit chip. As the

chip size increases, yield decreases, and cost rises. In some manufacturing

processes, the area required by,a‘resistor or a capacitof is proportional

to its value [1]. Hence, for a small chip size, it is necessary to minimize
the total resistance and capacitance in the circuit. The use of equal
capacitors in integrated circuit design is advantageoﬁs in other ways as well:

such networks are more easily made and tested; they also minimize mask layout

errors, and errors in the network functions caused by temperature variations [1].

3
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The following chapters treats these design problems. The basic approach
to them is the application of the matrix transformation technique. The
results of these studies reveal some new implications of the equivalent
network theory.

Generating equivalent networks is one of the central concerns in
network theory. Methods of realizing equivalent networks are quite important,
both from theoretical and practical reasons.

It is well known that two: networks differing in their topology and
elements may be complétely equivalent if the relations between variables at
a selected subset of their terminals are concerned.

Cauer [2] showed in 1929 that congruence transformation appliéd to
the matrix representing a realizable network can generate another realiz-
able network in such a manner that a specified set of input and transfer
admittances will be invariant. He also pointed out that these transforma-
tions would preserve the positive semidefinite character of the parameter
matrices. Since this latter property is both necessary and sufficient for
realization of networks containing ideal transformers, he therefore
established a basic method for generating equivalent networks.

If ideal transfofmers are not used, however, the positive semi-
definite character of the parameter matrices is no longer sufficient to
guarantee realizability. Unfortunately, the general conditions that are
both necessary and sufficient for this transformation procedure to yield
realizable parameter matrices are not known. This lack of information
has therefore limited the practical applications of Cauer;s method.

Guillemin [3], [4], was the first to recognize the great importance
of the normal form for Cauer's approach in generating eduivalent two-.

element-kind networks. The normal form ties together the so-called




ﬁethods of direct transformation and matrix synthesis. The former

refers to Cauer's mgthod of transforming a given network directly into

an equivalent one, while the latter refers to Guillemin‘'s procedure of
generating networks from the normal form by reversing the normal coordinate
transformation procedure. Since direct transformation can always be viewed
as a conversion from the.network to the normal form, followed by a con-
version from the normal form to an eguivalent network, it is clear that

the normal form introduced by Guillemin is the common feature of equiva-
lent networks produced by linear transformations.

Duda [5], and Schneider [6] applied Guillemin'é procedure to
v generaﬁe equivalent realizations of RC driving-point impedances.

The theory of continuously equivalent networks, which wasvintfo—
duced by Schoeffler [7], [é], is an extension of the Howitt transformation
[9]1, for deriving equivalent networks; however, it allows all elements in
a network to vary continuously as functions of single parameter. The
method is quite general, flexible, and easily programmed. Schpeffler and
others [10]-[16], have applied the method to generaté equivéleht hetworks'
for the purpose of minimizing sensitivity.

The main objective of this thesis is the investigation of a
special class of congruence transformations for novel features which
facilitate the solution of the stated problems. The application of
the transformation technique for the stated objectives is new, and to
. the best knowledge of the author,.the'same problems has not been pre-
viously treated in the literature.

The thesis consists of six chapters, including the introduction.
b;n_Chapter II, the general linear transformation is discussed
'égdnfhen:congruence transformation‘is presented in detail. The

‘equilibrium equations for the low-pass ladder networks - are




set out and the transformation matrix is conétructed to generate equivalent
networks within the ladder topology. Element values are given explicitly
in terms of those of the canonic network. The results are then directly
extended to high-pass and other types of ladder networks using the topo-
logical dual‘ity and the GC:CG:GC transfoma}_:_i_cgn.

The minimization of cost functions is dealt with in Chapter IiI.
The relevant quantities - total resistance, total capacitance, and the
gain - are combined to form a penalty function which has to be minimized
to produce the optimum network. 1In this chapter a family of n—-canonic
‘ladder networks is shown to have some interesting properties. We fhen
generate a one-parameter family of coﬁtinuously equivalent networks having
useful characteristics. 1In the two preceding cases, the optimum network
will be found uniquely. Explicit fdrmulaé for the element values of the
transformed networks are derived and illustrative examplés arg,provided.

Chapter IV develops a systematic method for the compehsation of
lossy capacitors. Uniform and nonuniform loss are treaﬁed and explicit
formulas for the element values of the precompensated networks are given.

Chapter V discusses the possiblity of realizing ladder networks
with equal capacitors. It shows that acanphic network can be transformed
into an equivalent network of equal-valued capacitors under certain
specified conditions. This chapter brovides element values and examples
to illustrate the synthesis procedure.

Chapter VI then outlines some concluding remarks. Finally, six
appendices set out the mathematical proofs of realizability donditions

and the construction of transformation matrices.




CHAPTER II

EQUIVALENT TRANSFORMATION OF RC LADDER NETWORKS

2.1 Introduction

Ladder networks are one of the simplest and most important network
structures. Because of their versatile properties, they are the most
widely used configurations. The transmission zeros, for example, can easily
be realized in such networks by creating poles of series impedances and
shunt admittances. 2Zero shifting and tuning are accompiished by adjusting
a readily accessible element in a simple way. They are also characterized
by theif high reliability and low sensitivity to element variations [17].

The main objective of this chapter is to develop a general trans-
‘formation technique that can be used in devleoping a continuously equiva~-

lent family of RC ladder networks. Network matrices are subjected to

congruence transformation in such a way that one of the driving point functions

remains unchanged, while the transmission characteristics of the two-
port are preserved. But first it is useful to introduce the general

theory of lineaf transformations and discuss the physical interpretation

of congruence transformation. It is essential to identify the proper
transformation métrices for the two-element-kind ladder networks. Then,

as a result of the transformation of the parameter matrices, it is possible

to explicitly establish the formulas for element values.

2.2 Equivalent Network Theoxry

The earliest theory of equivalent networks was based upon congruence
transformations of loop impedance matrices. The basic idea of the
theory is to keep the port variables fixed while modifying the internal

loop variables to obtain a desired structure. Since constant-congruence

~
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transformations on impedance matrices keep the internal energy invariant,
they can be realized with transformers. Using such transformations in

the ménner developed by Howitt, Cauer and others [18}-[21], we will generate
equivalent ladder networks. However, as pointed out by Brune [22], not

all equivalent realizations can be determined by the method.

Theorem

Given an n + p-port network N, described by the admittance matrix

. . .
Y, consider an n + p-port N described by Y such that

Y =B YA, ' _ (2.1)'
where
T B12 In
B = ,
0 B,y }p
- e
n P
1 0 | In
n
A = (2.2)
21 Byl P
e oot
n P
and
Y5, Y| Im
Y = : (2.3)

et o




. ]
For nonsingular B and A, Y and Y have the same nxn admittance

matic Y
n

-1
Yo = Y1 7 Y12 Y2 Yor- : (2.4)
which is obtained by opening the last p-ports of the network.

The theorem can be readily proved by using (2.1)-(2.4).

Corollary (Howitt)

If A is a constant matrix and B is the transpose of A then
Y =A YA , (2.5)

is callea a congruenée transformétioﬁ.
Tt should be noted that B and A of (2.1) may actually be
rational or irrational functions of the_complex frequency variable s [23].
Since the congruence transformation is applied to generate
equivalent ladder networks, it is useful to physically intérpret the
transformation. Consider a network with n independent node pairs: Suéﬁ

a network is described by a set of n equations of the form
I=YE (2.6)

where Y is the nxn admittance matrix of the network, E is the nxl
column matrix of node voltages and I is the nxl column matrix of
equivalent source currents. If this network is imbedded in a 2n-port
network of ideal transformers, another n-port results in which the
variables of the original and the new network are related by a linear

transformation:




I =Aa I (2.7

. . ] 1
‘Where A is an nxn nonsingular constant matrix and E and I are

+the new voltage and current variables [24]. The last equation follows
from the enexrgy conservation of the transformer network. The new variables

_are related by the equation

(2.8)

]
i
L]
=

: where

tvya - (2.9

e
it
b

From the method of construction it is clear that the resulting admittance
~matrix is physically realizable;. The usefulness of the theory stems from
the possibility of interpreting (2.9) as the equilibrium equations of an
equivalent transformerless network. In this case, not all of the eleménts
will be positive in general, a fact that has limited the applications of
the theory [25]. By proper choice of the transformation matrix A, certain
driving.point and/or transfer functions can be kept invariant. For
example) if the k-th row of A is the k-th unit vector (all zeros except
for the k~-th entry which is unity), the driving point impedance at the
‘k~th terminal pair is invariant to the transformation. If two rows are so
chosen, the driving point impedance at each port is invariant, as is the
transfer impedance between the two ports. Thus, it is possible to maintain

desired transfer functions invariant to the transformation.

2.3 Low-Pass RC Ladder Networks

2.3.1 =z z are specified

117 “12

Let us consider an RC two-port with two of;the'opeh—circuit




impedance parameters:

Z = —, Z = —— (2.10)
11l z:p b. Sl 12 Zp b s
o i o i

'Since the transmission zeros are all at infinity, the synthesis of

zll in the first Cauer form, which will be called the reference network,

gives the low-pass ladder realization shown in Figure l.a, where Cl = 0

for p=m and Cl#o for p=mt+l, with n=mtl in either case, bO#o is

assumed throughout.

The node admittance matrix Y of N is given by.
Y =G + sC ' (2.11)

where G and C are the nxn conductance and capacitance matrices,

respectively, and s 1is the complex frequency variable.

T - Coe i
Gl Gl 0 0 .
S
! G*6; TG T .
G = - . . . . ° (2 '12)
0 0 . . -5*Cn-1 “Cno1
- S+
0 0 6, G 1*G,

and
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(b)

Figure 1 Low-pass realization of specified (le' 212)

(a) Canonic network.
(b) Equivalent network.
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C = diag (Cl’ C LN Cn) (2.13) .

2’

In standard matrix notation

¥ = ly,) i, =1, 2, ..., n (2.14)
G = I6,,] i, =1, 2, -.., n
c = [cij] i, 3 =1, 2, «.., n - (2.15)

We now apply the congruence transformation on Y +to obtain a new

. 3 v
network N corresponding to Y as given by (2.9). The transformed

]
-network N of Figure 1l.b has zll = zll; 212 = k212 and each

. .
capacitor in W has a shunt conductance. To keep zll invariant, and

-preserve the ladder topology of N' characterized by Y' as

L L
Y =G + sC (2.16)
it is required that the matrix A has the form (Appendix A)

A = diag (1, ayr a3, ceey an) (2.17)

Substituting (2.14) in (2.9) we get

Y = [aiajyij] i, 3 =1, 2, ..., n (2.18)
v . . .

G = [aiajGij] i, 3=1, 2, «.., n (2.19)
[ ] .

c = [aiajCij] i, 3=1,2 ..., n | (2.20)

]
In order to determine the element values in N consider the node

admittance matrix Y of the equivalent ladder shown in Figure l.b.

v' =¢' + sc' (2.21)
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where
e G 0 o ]
9*G 1 - -
G. G.+G. +g. ' 0
1 176279, 6 -
v
G = . . . . : (2.22)
0 0 0 G, .+G' _+g’ -G
= Cpe2"p-1"9n-1 n-1
s ]
0 ° o .. Gn—l Gn—l %n
and
] ¢ ' ]
C = diag (Cl, C2, coos Cn) : (2.23)
Comparing the main diagonal elements of (2.19) and (2.22),
we write
' ' ' 2
P! = G =1, cees .
G_*C + 9 = 3 (G _; * G k=1, 2, n (2.24)
where
L]
G =G =0
fo} o
Since
' ) ] L
Gk = a, ak+l Gk and Gk_l =ap 1 3 Gk—l (2.25)
° ) .
we. identify 9y from (2.24) as
V2 %+l fx-1 _
9, = a {e (- 2 ) = G_q ( 2 1)} k=1, 2, «.., n (2.26)

where
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0

(b)

rigure 2 Low-pass realization of specified (y22, yl2).

. {a) Canonic network.
{») Intermediate stage network.
(c) Equivalent network.
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c,=a C '. ‘1@"; 1, 2/ ceerm (2.27)

Equations (2.25)-(2.27) give explicit formulas for the element values

il

.of the transformed network 1n terms of the element values of the reference

’d the transformatlon parameters a - The transformation matrix

A is chosen to meet the design criteria..

2.3.2 y12' y22 are specified
The network shown in Figure 2.a is the canonlc reallzatlon of
m .. . R
La, st ” - IR
¥22 T ¢ ;! Y127 @ ((2.28)
L b, s : : . X2 b, s
i S
o A Ke
where Cl = o, for m=g and ‘n=q+l . Since. Yéz 1s:the dr1v1ng—p01nt ,

‘admittance with terminal x grounded, we have the same s1tuatlon as in
Figure l.a except that the input and output ports are now 1nterchanged.

Thus, we can directly apply the transformatlon method developed in the B

preceeding section to obtaln the element values ‘of the. transformed network.
Those values are given by (2.25)f(2.27)~and the equivalent network is

shown in Figure 2.c.

2.4 High—Pass Ladder Networks

'2.4.1 yll' y12 are specified

and

Y11

When the RC two-port short circuit admittance parameters

Y,, are given as
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(2.29)

‘we can realize Y11 in the Cauer second form as shown in Figure 3.a. The

network can be described by the mesh impedance matrix of
1 .
Z=R+'§S (2.30)

where R and S are the nxn resistance and elastance matrices,

‘respectively.
Mg - 0 .. -
Ry R | °
- -+ - o' ° .
B R1¥R, ® , 0
R = ‘ (2.31)
° + -
0 0 0 Rn—2 R.n_1 Rh—l
. - +
0 0 0] Rh—l R.n_l Rn
and
, 1 1 1 X :
S = diag (EI,-E;, ceay E—o = diag (sl, 52, ceny Sn) (2.32)
n

As a result of the topological duality existing between the low-pass ladder.
of Figure l.a and the high-pass ladder of Figure 3.a, we observe the

similarity between resistance and conductance matrices given by (2.12) and

o

(2.31), and between capacitance and elastance matrices, given by equations

.{2.13) and (2.32), respectively. Thus, the congruence transformation

' |
z =a%za - (2.33)

-

. . ]
‘can be applied to give the network of Figure 3.b with impedance matrix 2 .
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¢

Figure 3 High-pass realization of specified (yll' le).

(a) Canonic network. L
(b) Equivalent network. ' Fanet
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The element values can be obtained by using the results of the low—pass
ladder of Figure 1, with conductances replaced by resistances according
to (2.25) and (2.26) and capacitances replaced by elastances according to
(2.27).

The element values of the equivalent high-pass ladder of Figure 3

are given by

R =3 3 K k=1, 2, ..., n=1  (2.34)
. a 5

Yo 2 k+1 k-1 -

=3 R 1-79 -R_,( o D} k=1,2, ..., n (2.35)

X

%
1

% =2 % k=1,2 ..., n (2.36)
2

and
ao = an+l B Rb - n+l =0

where Rk and Ck are the elements of the Cauer second form shown in

Figure 3.a and the transformation parameters ay ére to be chosen. It

should be noted that throughout the transformation of (2.33) yll remains
unchanged; Y12 is maintained within a multiplicative constant.
.2.4.2 zllr z12 are specified

- In the previous section the topological duality existing between

low and high pass ladders was used to find the element values of the

transformed high-pass ladder. The GC:CG transformation {26] can be used

to derive equivalent networks for the high-pass ladder shown in Figure 4.a,

while preserving the open-circuit impedance parameters =z z_ .. The

11" ‘12

procedure can be viewed as an GC:CG transformation followed by a CG:GC

transformation.

.

. Let the specifications for the two-port be given in the form of




the open-circuit impedance parameters as

The canonic realization of

. o kst
’ 12a i
Pr. s
o i
zlla in the second Cauer form yields the

high-pass ladder network of Figure 4.a. If we replace each conductance

of Gi mhos with a capacitance of Gi farads, and each capacitance of

' Ci farads with a conductance of Ci mhos (GC:CG transformation [26]),

18

(2.37)

we obtain the low-pass network of Figure 4.b. Correspondingly, we now

have,

= 1
z zlla (s)

L
11b ~ s

z = l—z (2%
! 12b s -1l2a s

(2.38)

Since Figure 4.a has the same structure as the low-pass ladder of

Figure l.a, we can apply the congruence transformation to obtain the

network of Figure 4.c, which is characterized by.'

L, &
S S

Z11c ~ s “ila

lic

Then, reapplying the CG:GC transformation to the network of Figure 4.c,

(2.39)

we find the high-pass network depicted in Figure 4.d. That network has

the same driving-point impedance and transmission characteristics as

the original network

Z12s = ¥ %12a

(2.40)

The element values of the equivalent network are found from (2.25)-

(2.27) by replacing conductances with capacitances and capacitances with

conductances as explained.

The element values are then given by




Figure 4 High-pass realization of specified (zll' 212)'

(a)

(b)

(c)
()

Canonic network
Intermediate network obtained by GC:CG transformation.

Equivalent network of (b).
Equivalent network obtained by CG:GC Transformation.
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' 2 '

Gk = a, Gk k=1, 2, ..., n (2.,41)
N _

Ck = ak ak+1 Ck ‘ k=1, 2, ..., n-1 (2.42)
o =a’{c k41) -c (55:1-- 1)} k=1, 2 n (2.43)
k k K a k-1 " a roer ossey .

k k
where
8 T %n+1 Co = Cn+l = 0.

It should be noted that the above results can be obtained by applying
the congruence transformation to the admittance matrix of the original high-

pass ladder and identifying the element values, as. in the low-pass case.

2.5 Ladder Networks with Finite Zeros of Transmission

The method of generating equivalent networks described in the
previous sections can also be applied to low-pass and high-pass ladders

with finite zeros of transmission.

2.5.1 Mid-Series Networks

The node admittance matrix Y of the mid-series ladder network

of Figure 5.a can be written as

G+G12 —G12
Y = (2.44)
—Glz SC+G12
where
G, = diag (6 v G s eeer Gy) (2.45)

and G and C are the conductance and capacitance:matrices given by

(2.12) and (2.13), respectively.
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If the design specifications are given as the open-circuit

z..), the transformation of (2.9) can be

impedance parameters (zll, 12

applied with

A = diag (1, a oo an, 1, az, ooy an) (2,46)

2'

or in more compact notation

A= | o | | | (2.47)

where

Al = diag (1, a cons an) (2.48)

U
It should be noted that the symmetrical form of A given by -

(2.47) is chosen so that the transformed network of Figure Sfb has.only n

resistors connected across the shunt arms. More Qeneral structures can be

found by using diagonal transformation matrices which are not symmetrical.

(If A is not symmetrical, the transformed network will have n resistors

across the capacitors and n resistors across the shunt arms of the ladder).

The node admittance matrix Y of the equivalent network shown in Figure 5.b

is given by
’ ' = | _ (2.49)

and from (2.9) and (2.47) the congruence transformation yields




Figure 5

Ladder networks with finite zeros of transmission.

(a)
(b)
(c)
(a)

A mid-series ladder network.

Trans formed equivalent network of (a).
A mid-shunt ladder network.

Transformed equivalent network of (c).
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& t t
+ -—
S T P R P __
' . . . ‘.
Yy = , (2.50)
t t t
“2162% ByGy P FsA By
from which we can identify
% t
= G . .
¢' =aea (2.51)
"= atea 2
cC = A,CAy (2.52)
' t
G, = A6 A (2.53)

: ¢ ] L
Since G and C are similar to the conductance and the capacitance
matrices of the low-pass ladder, the new element values are given by (2.25)-

(2.27) together with

' 2

Gpex = % Cnax k=1,2, «... n (2.54)

If.the design specifications are given in terms of the short-circuit

‘admittance parameters )}, a procedure similar to that used in

section 2.3.2 can be followed to find equivalent networks.

2.5.2 Mid~-Shunt Networks

The mid-shunt ladder network shown in Figure 5.c is the topological
dual of the mid-series ladder network of Figure 5.a. This relationship

can be used to find element values of the equivalent ladder of Figure 5.d

for specified admittance parameters (yll ). Element values can also

* Y12
be derived by applying the transformation method used in section 2.5.1,
but in this case it is based on impedance analysis. A similar development

can be made for the case where (zll' zlz) are specified.




2.6 RL, LC Ladders

By using RC:RL and RC:LC transformations [26] the techniques
developed in this chapter can easily be implemented to RL and LC

ladder netWorks,
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CHAPTER III

COST FUNCTION MINIMIZATION IN RC LADDER NETWORKS

3.1 Introduction

In the realization of a certain transfer function T(s), it is

zZ_.) or

often the case that a pair of two-port parameters, viz., (zll, 12

(y22, y12) or both are specified. If the poles of T(s) are not located
on the negative real axis, decomposition and partitioning of T(s)‘ is
necessary for RC realization, and the resulting network is the inter-
connection of RC subnetworks with active elements properly embedded. There
are two distinct cases: (a) decomposition arbitrary within RC realizability,
and (b) decomposition under a constraint due to évdesign criteria such as
sensitivity minimization [27}-[29]. 1In case (a) there is a degree of
freedom, vié., the choice of the denominator polynomials, in identifying
the two-port parameters, while in case (b) the parameters are specified
as a result of the constraint.

The primary objective of thiskchapter is to propose a systematic
method of minimizing the cost function in the RC ladder realization of
case (b) where the two-port parameters are given as specified. The
important components in the cost functioh are considered to be the total
resistance RT, total capacitance CT' and the gain constant K. These
factors are particularly relevant in integrated-circuit design. In certain
faprications, an important design specification is the minimization of the
chip area which is proportional to the total resistance and the total
capacitance. Accordingly, if a farad of capacitance requires W times

as much area to realize as an ohm of resistance then the objective would

be to. realize a network with resistors Ri for i=1,2, ..., & and
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capacitors ¢. for 3j =1, 2, ..., p such that the weighted sum
L P
X Ri + W i C. is minimum. As an example, for silicon'integrated circuits,
iypical values of resistance and capacitancé per unit area are 800 Q/mil2
and 0.4 pF/milz, respectively [30}, [31], yielding a W of 2 KQ/pF.

Resistance and capacitance minimization in RC circuits has been
studiea by Hagopian and Frisch [32], [33], who identified the network
structures yielding minimum RT or minimum CT in RC driving—pointvfuncﬁion
realizations. Minimization of the product RTCT was investigated by
Protonatarios [34]. He has given necessary and sufficient conditions for
the minimum value of RTCT in the ladder realization of an opven-circuit
low-pass voltage transfer function.

Recently, through the optimal choice of denominator polynomial,
Stein and Salama [35] have given the conditions for low-pass ﬁC ladder
networks that realize a voltage transfer function with minimum weighted sum
of resistance and capaciténce. In this chapter we formulate the following
problem of practical use: given the RC two-port parameters, specified in
accordance with certain design criteria, such as sensitivity minimization,
realize the two-port RC ladder network which also minimizes” the duly
defined cost function. For the solution, we first realize the two~poft
in a canonic form, and use it as the reference network, which will be
subjected to a proper transformation to generate equivalent networks. Two
distinct cases will be treated; first, the transformed network is canonic
and second, the transformed network has one more element than the canonic
‘realization. It will be shown that for a reference network with n
independent nodes, there exists n canonical realizationsfor which the

total resistance, total capacitance and the open circuit voltage gain

monotonically vary between two limits. If the equivalent network is




27

allowed to have one more element than the canonic realization, a one
parameter family of equivalent ladder networks can be generated such that
the cost function continuously vary with respect to a single parameter

and the optimum network can be uniquely found. The-analysis will be carried .

out for low-pass ladder networks and results will then be extended to

other ladder structures using the techniques of the previous chapterl T

3.2 Low-Pass Ladder Networks

3.2.1 Equivalent Canonic Networks

The low-pass ladder of Figure l.a is the Cauer canonic realizationc
of the open-circuit impedance parameters given by (2;10). .Figure 1.b,
shows the equivalent realization found from the canonic realizatién by
épplication of the congruence transformation of (2.9) and (2.17). |

Let us assume that the conductances satisfy the condition:

g, =0 k=1,2, ..., n; k#i (3.1)

then as a consequence (Appendix B), we have

ak =1 k=1, 2, ..., 1
Ok (3.2)
ak = ET k=1i+1, ..., n
i
where
n
o, = ¥ R, (3.3)
k 3=k J
and
=1
J

The canonic network Ni with a shunt conductance at the i—~th node is
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dipicted in Figure 6.a. The element values of Ni can be found by

substituting (3.2) in (2.25)-(2.27) and we obtain

Gk = Gk k=1, 2, ..., i-1
O, ©
' k "k+l .
Gk = 5 X k=1i, ..., n-1 (3.4)
o
1
! 1
% ~ 5.
1
¥
ck = Ck k=1, 2, ..., i
' c L
k.2 .
Ck = (—Zo ck k= i+l, ..., n (3.5)

It is interesting to note that in terms of the driving-point impedancé
the n-canonic networks Ni' i=1, 2, ...,n constitute a family of equivalent
ladder networks where the first and the last networks Nl and Nn are
the networks of minimum total capacitance and minimum total resistance,

respectively [32]. Through a straightforward algebraic manipulations, the

total RT(i) and the total capacitance’ CT(i). of Ni are given by

1
g

Rp (1) G

2
1 n-1 Ri Gi

i_
z + X : + 0, (3.6)
k=1 x k=i %k Tk+1 * |

which can further be arranged as

o

R, (i) = Romin + (Ei -1 o, i=1,2,‘..., n (3.7)
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.and RT(i) assumes its minimum value RTmin for i = n and

i n

2
c (i) = X c + ¥ a C
T k1 K ke B
i n o,
= Z Ck + Z v (?.,_') Ck i=l' 2, cecy IN (3-8)
k=1 =i+l i '

' )
V6 z 2 |
H = 57—'= O ' (3.9) .
in 11 '
z :
1 o ‘
H = ;;2'° ;— (3.10)
11 n :
. Z- 2
‘Since the gain of the reference network is given by T . the relative
' 11

gain of the transformed network can be defined as

1
k=32 (3.11)
n
.and with (3.2) .the relative gain is given by
. .
. i
K(i) = E;— (3.12)
n

From (3'7)'f(3'8) and (3.12) it is clear fhat fhe total resistance and the
gain monotonically decrease as the integer i increaseé while the total
capacitance increases with i as shown in Figure 6. The cost function
F{i), corresponding to the i-th network, can be formed to include the

~ three cbmponents as

W
2

K(i)

F(i) = RT(i)'+ wlcT(i) + (3.14)

where W. and W2 are weighing factors to be properly chosen to meet

‘




f-.

b)

¢

I

Y

Clee

(c)

......

R

Figure 6 Canonic low-pass realizations.

(a) The i-th canonic network Nj.
(b) Total resistance and gain of N, .
(¢c) Total capacitance of N,-

......
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-design specifications and application. It should be noted that the term
W .
2

XD is incorporated with a viewthat it is desirable to have higher gains

in the passive subne£works. However, the choice W2=o ;educes the coét
. function of (3.14) to éhe weighted sume of total resistance and total
-.capacitance and the problem of miqimizing cost function is reduced to finding
the equivalent network of the minimum weighted sum. |

The optimum canonic network can be readily obtained by finding the

integer i such that

min.

“which requires n evaluations. The element values of the optimum network

~can be found from (3.4) and (3.5) as illustrated in Example 3.6.1.

3.2.2 One-Parameter Family of Equivalent Networks

It has been shown, in the last section, that the canonic network Nl

is the minimum total capacitance realization. The element values of Nl' are

found by subjecting the reference network to the transformation (2.9) with

ak = ak.mln. where
Ok
a, min, = — (3.16)
k 01

In fact, akmin. is the minimum value that can be assigned to the

transformation parameters while maintaining theé elements of the transformed

network non-negative (Appendix C). In order to continuoﬁsly generate the

.. equivalent networks we introduce a variable f such that

AB) = (L -6 A, + BT - | (3.17)

where In is the unity matrix of orxrder n and

A ., = diag (1, a

min, ..., a min) (3.18)
min n

2

= Minimum of {F(1), F(2), ..., F(n)} , L (3.15)
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and
0<B<1 ' (3.19)

The entries to the transformation matrix A(B) are then written as

Q‘ . g

= X - -k _ :
%@ = B0 -G (3.20)

The congruence transformation (2.9), with the transformation matrix
A(B) given by (3.17), continuously generates a one-parameter family of
equivalent ladder networks which have an additional resistor across the

input terminals. The substitution of (3.20) into (2.25) -~ (2.27) gives

. 0

! = X - k.2
@ = [g+Ba - g1
' o %, . Jx+1 1
Gk(B) = [51-+ B(1 ~ 3;0][ o + B - o )]Gk k=1,2, veoe., n-1
(3.21)
) _ 1-8
Ceay = oarly el L
g, B = B+ B -1

1 n 1
It is seen that a family of continuously equivalent network$ in the form
of Fig. 7C can be generated within (3.19) and subsequently, the tota1
resistance, total capacitance, and the relative gain are expressed ex-

plicity as functions of the variable B as

. n-1
Bp(®) = I e b o
k=1 G, (B gl(B) + gn(B)
g, (0,.~ 0.) o o
1 17 n + g n (3.22)

o + B(g-0) 4 p2 _
n } n o; + B (Gl Oh)
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n 1
c.(B) = % c_(B)
T k=1 ©
n o 2 n o n
= a-p?z (G—’i) C, + 2801 -8 I (Or-l.{)'ck + 82 Z c
k=1 %1 k=1 "1 k=17 (3.23)
..
- X (3.24)

.K(B) %n * B(Gl B On)
It is noted that 8 =.O -and B % 1 correspond to the minimuﬁ.total
capacitance and minimum total resistance‘networks respectively. As B
increases from zero to one, CT(B) increases monotonically while ﬁT(B)
aﬁd K(B) decrease as depicted in Figure 7b. Since the network under
consideration is of low—passvstructure, the cost function F(B) may be
constructed as

Y

K(B)

F(g) = RT(B) + W1CT(B) + (3.25)

where Wy and W, are weighting factors the optimum network can be

obtained by finding the value of R which minimizes F(B),' The condition

dF(B) _
3 0 | | (3.26)

results in an algebraic equation in R of order 7. It can be shown

with (3.22) - (3.24) that

2
ar@ (3.27)
ag?

for all B8 of 0 <8 <1, and accordingly F(R) has’only one minimum

at B = Bo. Three cases may be considered as shown in Figure 7.c.:
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(a)

F(R) | ~FB)

FR)

Gz Gn-2  Gn-y
VW ANN- == = —\WVV——\NN—% @
= Cz == Ca-i T=Cag |
9
S < L &

, - (c)

Figure 7 One-parameter family of low—pass networks.
(a) Equivalent network for cost function mlnlmlzatlon
(b)Y A typical plot of RT' Cp and K as function of B.
(c) Cost function plot: the three different cases.

2

A

A
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(i) B < 0; the optimum network corresponas to B = 0.

(ii) O'i< 60 < 1; the optimum network corresponds to B = BO.

(iii) Bo > 1; the optimum network is the reference network which
corresponds to B = 1.

It should be noted that the derivation of explicit formulas for the element
values of the optimum network is bevond easy access.

However, the optimum network can be readily obtained by findingvthé_rppt;,lVf

of the 7-th order polynomial, resulting from (3.26), which lies innfhé:'””

finite interval 0 < 8 < 1. Example 3.621is provided to illustrate the

. proposed method.

Although the analysis in this section dealt with the realization

' of the impedance parameters, the outlined minimization technique, together

with the results of section (2.3.2), can.be applied to obtain the equivalent
network of minimum cost when the specifications .are given in terms of

admittance parameters.

3.3 High-Pass Ladder Networks

When the RC two-port is specificed by the short-circuit admittance

parameters of (2.29), the network is realized in the Cauer second form of

Figure 8.a to yield the reference network. If the congruence transformation - .

is applied to the Z-matrix, we then obtain analogous reéultéﬁtd!thdSé of

the low-pass case. A family of n-canonic networks and a;onewpafameﬁéfihv‘

family of equivalent redlizations can be found as follows.

3.3.1 Equivalent Canonic Networks

The canonic network Ni; i=1,2, .., n which differs from the

reference network of Figure 3.2 in having a resistance in series with the

i-th capacitor, is shown in Figure 8.4. The entries to the transformation




3_6
C: C‘Z C‘i. r C;I-l Cn b
° - -- AYW—--—ll—
' ! !
gRl Ry - éRn-l
o —e - —0

R_}") Kty

(b)

C
T

i
(c)

Figure 8 Canonic high-pass realizations.
(a) The i-th canonic network N.. |
(b) Total resistance and gain of Nj.
(c}) Total capacitance of N..
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matrix which yields the proposed family of networks can be found in an

analogous way to the low-pass case and we have

a = 1 ’ ' k=1, 2, ..., 1
0, .
= 6— k=41i+l, ..., n (3.28)
i
where
n . - ' .
ek = I G, v (3.29)
=k | |
1
G, = —
R.
J 5

Accordingly, the element values can be identified as

i

l, 2r seey i-1

RO =R k

, 8. 6

Rk=—k———12‘-‘i R Kk =4i, v.., n-1 (3.30)
0.
1

R

*i T o,

. 1

1 .

ck=c k=1, 2, ..., i

v 95 _ ,

¢ = g ¢ k = it+l, ..., n (3.31)
k

and the relative open circuit gain of the i-th canonic network is given by

9,
K(i) =6'1' i=1,2, «.., n  (3.32)
n

. ' .
From the above equations, it is clear that Rk increases with an increase

. ' ,
of i, while C decreases as 1 increases. The total resistance, total

k
capacitance and the gain vary with i as shown in Figure 8. If a cost

function is defined for the specific high-pass ladder network, the optimum

network can then be found as in section 3.2.1.
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3.3.2 One-Parameter Family of Equivalent Networks

When the two~port is specified by the short-circuit-admittance
parameters of (2.29), we synthesize yll -in the second Cauer form as
shown in Figure 3.a. As a consequence of the topological duality existing
between the networks of Figure l.a and Figure 3.a, the following expres-
sions are directly derived from the results of section 3.2.2 for possible

minimization of a cost function.

6 6 7] 6
' k k k+1 k+1 :
= [~_+B(l_'—)][ +B(l— )] ) k:l, 2,'.-.,n‘_l
Ry N 5, o, 6, 1% ,
T 1 - B
r =
, 1 61
' 1 1 1 , '
r = B[+ B(— - )] . (3.33)
n el en 6l
c
] _ k ‘ _
Ck-—ek ek , k—l, 2,....,n
[6—'+ B(1 - Erﬁ]
1 1
9.(6. - 6) 6. B
G (B) = A 1 n 12 n (3.34)
en + 6(6l - en) Sn + B (6l - Gn)
5] n 6 n
n
ST(B) = (1 - 6)2 ) (—65)28k + 2B8(L - B) Z (gli)sk + 82 T S, (3.35)
171 1 V1 1
° el
K(B) = (3.35)
en + B(el —'en)
where
=1
»Sk e
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G Cz C3 Co-t  Caor,
A= —l— o
S S
O @& < © O

(b)

Figure 9 One-parameter family of high-pass networks.

(é) Equivalent network for cost function minimization.
(b) A typical plot of RT, C and K as functions of

B.

T .
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The equivalent network amenable to cost function minimization for the
high-pass structure.is shown in Figure 9.a, while the total resistance
and total capacitance are plotted as functions of f in Figure 9.b.
If the specifications for the RC two-port are given in the form
of the open-circuit impedance parameters of (2.37), the GC:CG:GC
transformation, outlined in section 2.4.2, can be applied'to obtain

element values of the eguivalent network and we then have,

' = = 2, <.y
Rk(B) T e k=1, n (3.37)
== + B(1 - —)]
i Y1
\ Y Y, Y Y
C () = [+ B(L -1y g - B0 ke1,2,..0,nm1
k Yy Yy Yy Yy k
e (g) = =8 (3.38)
1 Y
' 1 11
= B[ + B(— - =—
c (B) = 8 [Yl (Yn Yl) ]
where
n
- 1
Y= kG (3.39)
=k 7]

From the above expressions it can be shown that the total resistance
and total capacitance vary with B as depicted in Figure 10.b. Accordingly,
a minimization technique similar to the one presented earlier in this
chapter can be applied to a cost function properly formed for the specific

high-pass ladder network.

3.4 L.adder Networks with Finite Zeros of Transmission

3.4.1 Mid-Series Networks

(a) Equivalent Canonic Networks
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{ t ! ]

Ci c Ch-2 Ch-1

|1 11 — ] |
O— 91—+ —1i i

| B 1 1 ] ! '
C == gGl ;Gz §Gn-l §Gn Cn
o—o—ae @ > S .
L : B
- Figure 10 Equivalent high-pass realizations of (zil, 212)'

(a) Eqﬁivalent network for cost function
minimization.
(b) A typical plot of R, CT and X.
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.- The canonic mid-series ladder network is shown in Figure 5.a.

If the design specifications are given in the form

parameters (le'

of the impedance

zlz), the nodal admittance matrix Y of (2.49) is

subjected to the congruence transformation of (2.47) in order to generate

equivalent network. The matrix 'A is constructed

~egquivalent canonic networks with shunt resistor at

tin Figure ll.a, and the element values are readily

together with

Cnik T Cnak k =
0
' 9k, 2
Cpix T (Bi) Cnix k=

The total resistance, total capacitance and

in such a way that

gk =0 for all k ‘except k=i. This transformation yields a family of

the i-th node as shown

given by (3.4), (3.5)

-1, 24 ce.p 1

"i+l, ..., n (3.40)

the gain of the i-th

canonic network are plotted in Figure 6.b and Figure 6.c, respectively.

{(b) One~Parameter Family of Equivalent Networks

Continuously equivalent networks can b
manners as in low-pass networks. For transformed
11.b we have

. o o

n+k

= X _ k.2 -
G = [(j + B(1 c,)] G k=1,2, «o., n (3.41)

n+k 1 1

e found in the same

network shown in Figure

‘The element values are obtained from (3.16) and (3.41).

It should be noted that the total resistance, total capacitance
=and the gainvofithe mid-series network wvary with

in the low-pass networks. Hence, cost function can be minimized accordingly.

B in a similar way as




Figure 11 (a) The i-th canonic mid-series network. .
(b) One-parameter family of equivalent mid-series networks.
(c) The i-th canonic mid-shunt network. ' :
(d) One-parameter family of equivalent mid-shunt networks.
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3.4.2 Mid-Shunt Networks

The mid-shunt ladder network is the topological dual of the mid-
series ladder network. This relationship can be used, together with the
results obtained for the high-pass structure to obtain n-canonic realiza-

tions and a one-parameter family of equivalent networks as follows.

(a) Egquivalent Canonic Networks

The element values for the i-th canonic network of Figure 1ll.c

are given by (3.30), (3.31) and

Rh+k = Rn+k k=1, 2, ..., 1
' 0, .
Rh+k = (é;ﬁth+k k = i+l, ceer B - (3.42)

The total resistance and total capacitance of the i-th network

are shown in Figure 8.b and Figure 8.c, respectively.

(b) One-Parameter Family of Equivalent Networks

For the mid-shunt ladder of Figure 5.c, an equivalent one-
parameter family of realizations are éhown in Figure 1l1.d. It should be
noted that the driving-point admittance ¥i1 is kept invariant in the
transformed network where

' Rh+k

Rn+k(8) = Bk Gk 5
= + B(1 - 6—0]
1 1

k=1, 2, ..., n (3.43)

Element values are given by (3.33) and (3.43), while total resistance and

total capacitance vary with B as in Figure 9.b.

3.5 Other Two-Element Kind Networks

It is noteworthy to observe that the interesting results obtained
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o (b)
O 43@® 830 8

4 -o/6 /4

Figure 12 MNetworks

(a)
(b)
(c)
(a)

The
The
The
The

(d)

in example 3,6.1

canonic network MN,.
canonic network N..
canonic network N_.
canonic network N -




Re(i) | Cp) | K(D)
(a) i=4| 4.000| 3.000 | 1.000
(b) i=3]| 6.000 | 2.250 | 2.000
(¢) i=210.000 | 1.556 | 3.000
d) i=1 [16.000 | 0.875 | 4.000

Table 1 Comparison of four canonic
realizations of example 3.6.1
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for RC ladder networks hitherto can easily be applied to RL and ILC ladder

networks by using the RC:RL and RC:LC transformations [26]. Consequently,

the proposed method of cost function minimization is amenable to all
two-element-kind networks, provided that a cost function suitable for the

specific case is properly defined.

3.6 Examples

3.6.1 Example

Given

2 _ S3 + 652 + 10s + 4 - k ’
= , =
11 s3 + 552 + 65 + 1 12 53 + 552 + 6s + 1

four different realizations using the minimum number of elements are shown
in Figure 12, and the total resistance, total capacitance and the relative
gain for each network is tabulated in Table 1 for a direct comparison.

With the weighting factors of Wl =5 and- W2 = 2, for example,

the network of Figure 12.b has the minimum cost function.

3.6.2 Example

If the open circuit impedance parameters of example 1 are specificed,

we realize 2z in the first Cauer form as shown in Figure 13.a which is

the reference network consisting of Rl = R2 = R3 = R4 =1.,

= — = = ° - 3 = = 3
C1 0, C2 C3 C4 1 From (3 ) we calculate Gl 4, 02 3

1 and using (3.22)-(3.25) the cost function is expressed

Q
]

3 2 Oh = %%

FB) = —2 _+—4 w2 -p2+38@ -8 + 387

1+ 38 1+ 382 18

.‘+W2 {1238}




ohms , farads

(a)

15.21

0 B =04842 T

(b)

Figure 13 Network in example 3.6.2

(a) The canonic realization.
(b) The plot of F(B).

48




49

For weighting factors of, say, W, = 4, W_ = 2, the minimum of F(B)

1 2

occurs at Bo = 0.4842, The curve of F(B) is shown in Figure 13.b and
. ¥ L v

element values are then computed by (3.21) to be {cz, Cy» 04} =

. ) ' ' ) : _

{.76, .55, .38}, R, R, R;} = {1.15, 1.55, 2,20} and {9, 9,} =

{.13, .30}, respectively.

3.7 Sensitivity Considerations

Once a network satisfying a given two post parameters has been
realized in a canonical form, a family of equivalent newtworks can be

generated as in the preceeding sections. The network with minimum cost

function can also be found. It should be noted that the cost .function
can be formed to include as many éesign parameters as desired. Further
more, if the transformed network is allowed to have more shunt resistors
‘at the different nodes, a more general transformation that hasv(n—l)
independant parameters Bi, i =2, ..K can be constructed as in Chapter V.
It can be easily shown that the one parameter family of equivalent net-
works presented in this chapter is a special case of the transformation
presented in'Chapter V, and hence, if more shunt resistors are allowed,

a netwotk with smaller cost function can be obtained. In this section

the dirving point function sensitivity will be found explicitly as a function

of B, no partial differentiation is required. A sensitivity index can be
chosen arbitrarily for the specific application and then, a cost function

can be formed to include the sensitivity index. The driving point admittance

- sensitivity is defined as

SYin oYin ey

(3.44)

e. de. Yin
1 1

for the network element e and a sensitivity index can be defined as
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. s
6=3 u» s g'Yin (3.45)
: |

i ei ei

. . v
with the summation taken over all the network elements and S ¥in denotes

el

the complex conjugate of SYln and W the weight that represents the
ei i

degree of importance of the i-th element.

3.7.1. Low Pass Networks

Let us consider the low Pan ledder of Fig. 1 (a). The node

admittance matrix is given by

Y =G+ SC

(1) (n-1)
Y11 Yi2] (m-1) .47

Y21 Ya2],

and the driving point admittance is given by

-1

Yin = Yy - Y, Yoo Yo (3.48)

where Y is a single element, Y21 is (ﬁ—l)xl vector,

11
le is the transpose of Y21 and Y22 and Y22 is an (n-1) x (n-1) matrix.
From (2.12) and (2.13) we write
Y,, =G, + 5G
11 1
(3.49)
le = (-G1 0 0 0)
— -7
G1 + G2 + SC2 -G2 0 0
Yy = - G2 G2 + G3 + SC3 -G3 0
22
0

0 : G 1 *6G,+SC
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From (3.44) - (3.49) the sensitivity can be obtained as

Yin _ ej aYy1_ 3 -1
Sei = Yin (Te; " de; ‘21 Y22 Yar) (3.50)
and hence, v
Yin °1 9 yip
Sc = ee— — ' (3.51)
1 Yin dc
1
c
Yin Bcl
s‘c{1n = 59 (3.52)
1 Yin -
. S L -1 -1 -1
Yin _ G aYiy _ Yz : Y22 -
S, T = {BG o 2z Yot Yi2Yee 7 Y2 Yar v
Yin 1 1 : 1
-1 '
APS)
Y12Y22 3G, } (3.53)
and from (3.48) we have
L 0 0:—
0
Yo = _ . _ (3.54)
oGj o
0 . . 0
where as
-1 :
Yo, = [Aij] i,j =1, 2, . . n-1 (3.55)
Manipulating (3.49), (3.54) into and (3.55)
Yeilds
oY1,

L]
=




-1
Y2
551 Y22 Y21 = €1P11
S R | 2 2
v,y Ysz Y G. A

12722 36; '22 '21 T "1 11

. substituting from (3.56) into (3.53) and arranging we get
G : 2
Sq. = -Y%'(l - A11Gi)

Similarly, for Ck'we obtain

where . .
0...¥xl
e
00 .. é 0. .. 0 }k-1
00. 0

and simple manipulation gives

Yin sck 2 2

S = o (GlAl k—l)

c Yin k=2,3, . .n1

Similar manipulations yeilds

Yin G, 5
SGk = 3 6 (Gr k-1 -0 )" k=2, 3, . .-l
and
SY1n i Gn G2 Az
G " T1n-1

52

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)
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Equations (3.52) and (3.57) - (3.60) give the different driving point
function sensitivities for the canonic realization. Let us now find the
sensitivities of the equivalent network in Figure 1 (b). From (3.52) -

(3.60) we write

Yin
s - SC _
<’ Yin . (3.61)
1
/
Yin G, .
s, = 1 -q@a- I 652 (3.62)
G Yin 1
1
where
7 = -
Gk ;akak+1 Gk k—1,2,v..n1
, Ajk
Ajk = aj+1 ak+1 (3.63)

and (3.62) can be expressed in terms of the elements of the canonic

realization as

Yin g A G
s R R g i (3.64)

Gi Yin a

2

4 Vi
simillarly for C, and G ke have

k

. /
Yin ka 3 2
S , = — (Gl Alk-l) k =2, 3, n
c Yin

k
Y ka 2 2
Sc/ = G1 Al k-1 k=2, 3, n (3.65)

k Yin




and

It is interesting to note that the above sensitivity expressions

are given for the general case with (n-1) transformation parameter a

ak=

n

54

2
G, G 2 A A 2
KL af a o a (ali—l - Cltk) (3.66)
Yin 27k 27 k+1
626 A A
1k 4y 1};‘1 - a-lk)z K=2,3, ..n1
Yin k k+1
£
1
Yin
(1T - az) G1
Yin
kgl a2y kK =2, 3 n-1
. 1 1k-1 Toes )
Yin
2,2
GJAT a
171 k-1 6, - §+1) i Gk_l(Gk'l g
Yin K ay (3.67)
k=2,3, n-1
2 2
G, A : a
171 n-1 n-1
——= 6 -6, (F—- 1] (3.68)
Yin

X’

2, n. All the special cases can be easily drivied by substituting

the corresponding values of @y -

3.7.2 Example

Consider the reactive friving point admittance -
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657 + 225% + 18

55° + 125

Y(s) =

which can be realized in Cauer's first form as shown in figure'example
3.7.2 (a). The equivalent nétwork of Figure 3.7.2 (b) was considered
by Schoeffler [7] ahd Leon § Yokbmoto [12].

For comparison, we also calculate sensitivities of the equivalent
networks at w = 3/2. It should be noted that the analysis made for
RC networks is applicable for LC networks simply replacing each conductance

k

frequency variable.

G, by j;k where'jlk is the inverse inductance and s is the complex
= i

Y

S+ = SCl

- S —

Y

Y ,

s = % 1 - I > 12
‘Ll' sY az(of1+°'§+ s c2]
Y s céflz

Sl = 2. <2

2 Y (Ji +i; + S C2)

Y 1? L% "g»%‘z' 1]
%1_ ® sy (;fl + Iz + SCZ)2

2
Y 1 - az)jll
° S = —— e
| 1
Zl SY
*
6 =3 SS= 13.48 + l;QZ§§ﬂﬁi.(a2 - .2105263)* «
a

2
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.000837 (115.52 - 2232 L 1.0268 (1 - a.)?
: az . 2
which has a minimum at a = .0235

If we realize Zin in Cauer's second form we get the network
shown in Figure Example 3.7.(d) and the equivalent network of Figure
Example 3.7.(e) has the lower sensitivity index. It should be noted
the optimum network obtained by Yokomoto [‘] has a sensitivity index
of 18.34 while the network of Figure 3.7.(e) has a lower sensitivity

index of 16.579. Table 2 summarizes the results in a matrix format.
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Figure example 3.7 , elements in farads & -
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Scheffler's network
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Equivalent realization with min.®
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CHAPTER IV

RC LADDER REALIZATION WITH LOSSY CAPACITORS

4.1 Introduction

Networks realized by ordinary synthesis methods do not perform
exactly as intended due to the nonidealness of the elements. To circumvent
the problem, several methods [37]-[39] were developed to estimate and
compensate for dissipation in reactive elements. These methods developed
the well known predistortion technique, under the assumption that all
reactive elements have a uniform dissipation. Prédistortion has been
used in these methods as a means for associating resistance with each
reactive element during a synthesis procedure. Ih brief, predistortion
is accomplished by replacing the complex freqguency variable s in a
driving poiht or transfer function by a new variable (A = s + 60), where
60 is a positive real constant which can be measured along the real
axis of the s-plane. When (A = s + 60) is substifuted for s, the
poles and zeros of the function are moved to the left by a distance 60.
Consequently, it is possible to realize a resistance 60 with each
reactive element. The criterion upon which predistortion is based is
that all poles and zeros of a function must lie at least 60 units to
the left of the jw-axis.

More realistic methods [40]-[43], which assume semi-uniform loss,
viz., all inductors have the same dissipation factor d% while all
capacitors have dissipation factor dc, was then developed.

In an interesting paper [44], Desoer proposed the first feasible
method of precompensation for arbitrarily distributed losses. His

method is basically a first-order perturbation technique. The pre-

59
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correction is carried out through the derivation of a predistorted
transmittance with critical fequencies displaced by increments equal in
magnitude but opposite in direction to the shifts due to dissipation, and
the realization of a network exhibiting the predistorted transmittance
and having the saﬁe configuration as the lossless circuit. Desoer's
me?hod was investigated and developed by many researcher§.[45]—[49], who
appiied.the method of first-brder peftd%%ation,

'_f:ffoAlthough this approach isig nceptu ly.simple and attractive, its

iébplication is laborious. Tedious caiéulatibﬁs:are necessary to find
‘the critical frequencies, the lossy tiansmittance and the derivation of
the ideal'resgonéé, all of wﬁi;ﬁ:are required for. the derivation of
zero and pole ghifts\

The main objective of this chapter is to develop an exact method
of precompensating uniform and non-uniform losses in capacitors. The

method is based on subjecting the conductance and capacitance matrices of

the ideal-capacitecr network to a proper congruence transformation. .The o

transformation matrix is constructed in such a way that it associates a
resistor with every capacitor, in the transformed network, while preserving

_the_d;iving-point impedanceﬁand ladder topology.

: 4;ﬁii Low-pass Ladder Networks

4;2.1 Uniform Loss

Consider the network N shown in Figure l.a which is the canonic

o

" realizétion of the RC impedance parameters (zll' 212) of (2.10). It has

"
ook

at the equivalent network N' of Figure 1.b

been shown, in Chapter II,*%ﬁ
can be obtained from N by subjecting the nodal admittance matrix Y of
N to the congruence transformation given by (2.9). 8ince all capacitors

in N' have shunt conductances, precompensation for capacitor loss can
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be carried out. Let us assume that the dissipations to be compensated

for are uniformly distributed. Define the dissipation factor as

6 = = k= l' 2, es ey I (4-1)

where CL is the k-th capacitor of the transformed network and gL is
the associated shunt conductance.

The element values of the precompensated network N' are given by

(2.25) —'(2.27), while the last shunt conductance g; is written as

9, =9, - 6, C . (4.2)

The maximum value for the uniform loss, that can be compensated for,
can be measured as the distance along the real axis of the complex plane

between the first pole P, and the origin and hence, we can write

60 max = p_ (4.3)

If 66 is smaller than po, the ladder will be terminated in a conductance

g; such that

9, =9, ~ 6, € _ ' _ (4.4

Furthexrmore, we note that g; will be zero if 60 assumes its upper
limit given by (4.3), however, if 60 exceeds po, g" becomes accordingly

negative.

4.2.2 Non—-uniform Loss

Dissipation in capacitors does not increase linearly with size.
This suggests a synthesis problem of practical interest in which capacitor

‘loss of nonuniform nature can be precompensated for. In some situations,

when the network function of interest is more sensitive to the distortion

x
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caused by the loss in some capacitors, it is then desirable to precorrect
especially for these losses, which in turn, implies the need for nonuniform
loss precorrection.

Let us assume that the network to be precompensated is described by

the impedance parameter of (2.10). The canonic and the transformed networks

are shown in Figure l.a and Figure l.b, respectively. For the elements
in the transformed network to be positive valued, a, must be properly

.chosen as follows: we first write (2.25) with k=1 as

from which we note that a, must’ be nonnegative. By similar reasoning

we can show that

ak > o0 k=2, 3, ooy n (4.5)

is a necessary condition for non-negative elements. Furthermore, from

(2.26) with k=1, the condition a < 1 nmust be satisfied. Similarly,

2

for k=2, 3, ..., n we derive

l1>a_ >a,>...>a >a > o0 (4.6)

k=1, 2, «o., n (4.7)

then, from (2.25) and (2.26) it can easily be shown that the condition for

non-negative elements is given by

8k-1
Gka + Gk~l (—;—-— 1) X Gk k=1, 2, ..., n | (4.8)

k
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Figure 14 Definition of y,. . :
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It is useful now to eliminate a from (4.8) such that the realizability

k

condition is expressed explicitly in terms of 6k° If we introduce yk

as,
a y
+
Lok k=1,2 ..., n (4.9)
Kk Kk |

k=1, 2, «../ n (4.10)

The realizability condition (4.8) is then equivalent to
Yy + Gk >o0 k = ;, 2, «..;,. 1 (4.11)

It islinteresting to note that the parameter Yy in (4.10) can be computed
by replacipg eéch capacitor of- Ci farads in the original network N with
a conductance of —GiCi mhos and computing the admittance at . Ck as |
depicted in Figure 14.

To find the upper limit on the dissipation factors, we manipulate

(4.8) - (4.10) toc obtain

S, (max.) = k=1, 2, ..., n (4.12)
k Ck Uk

The detailed proof of‘(4.12) is given in appendix D. It should
be noted that the absolute maximum value for Gk given by (4.12) can be
realized only under the assumption that all capacitors Ci' ik are
lossless. In fact, the maximum value for § depends on the values of

k

preceeding loss factors. Subsequently, if 61, 62, ooy 6i are chosen,

within realizabilityg, the maximum value for Gk' k > i is given by

(Appendix E).
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1 1 .
.) = ; + = ce e .
§k(max ) Ck(l/yi n Oi =5) o k i+l, , n (4.13)

This upper limit, together with the formulas for the element values given in
(2.25) - (2.27) can be used to generate design tables for practical use.
Furthermore, a given set of lossy capacitor can be tested for realizability

as shown in example 4.4.1.

4.3 Ladder Networks of Other Structures

The proposed method for precompensation can be extended to other
ladder structures such as high-pass, mid-series and mid-shunt networks by

using the results of Chapter IT.

4.4 Examples
4.4.1 Example

s = —S5*2 g =k
= L =
11 32 + 4s + 3 12 52 + 4s + 3
We realize z14 in a canonic form as shown in Figure 15.a. Using (4.12)

the maximum loss factors are obtained as
(61 max., 62_max.) = (1.5, 1.5)

Thus we know that a set of (61, 62) = (0.1, 1.5) is not realizable in
this particular case since 6k max. 1is calculated under the assumption
that 61 = o for i#k. For a new set (51, 62) = (1.25, .66) where

“(61, 62) < (61 max., 52 max.), we take the following simple steps. From

(4.10) and (4.13) we find ¥y = -1.25, §, < .66, hence, the set is

2
realizable. To obtain the element values of the precorrected network

we use (4.9) to find (al, a2)'= (1, .375) which in turn, given Figure 15.b.

Now let us consider another set (0.1, 0.3). Obviously it is realizable
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since each element is smaller than the corresponding element in the
previous set. Here, yl = ~0.1, (al, a2) = (1, .95) and we have the

network of Figure 15.c.




CHAPTER V

RC LADDER REALIZATIONS WITH EQUAL-VALUED CAPACITORS

5.1 Introdiction

In an integrated circuit fabrication as well as a conventional
lumped netwérk design it is advantageous to produce a network in which
the number of capacitors is minimum and most of them are equal-valued.
This is particularly true when the cost and size minimization is the
design specification of priﬁe importance [32], [50].

In this chapter, a systematic method is developed to generate an
equivalent two-port in which as many éapacitors are equal—valued as the
given conditions permit. This is achieved by applying congruénce trans-
formation on the admittance matrix of the canonic ladder form realization
of the given two-port parameters. The resulting network which keeps a
driving point function and the transmission characteristics invariant,

also retain the topology of the canonic ladder structure with additional

. conductances across the capacitors. These shunt conductances render

the possibility of realizing real capacitors that are dissipative in

nature as shown in Chapter IV.‘ Although computer=-aided techniques f;r.the
minimization of element-value spread exist [8], [51], no explicit conditions -
for the equal-capacitor realization appear in the literature. The method

developed in this chapter deals with the low-pass networks, however, it

can easily be extended to other types of ladder networks.

5.2 Transformation of Low-Pass Ladder Networks.
Let us consider that the RC two-port to be realized is specified
by the two of the open-circuit impedance parameters given by (2.10). Since

the transmission zeros are all at infinity, the synthesis of Zyqr in the

e
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first Cauer form gives the low-pass ladder network N as shown in
Figure l.a. If we now apply the congruence transformation of (2.9) and
(2.11) to the nodal admittance matrix Y of N we get the equivalent
network N' shown in Figure 1l.b, and the element values of N' are

given by (2.25)-(2.27).

A necessary condition for non-negative element is
a > a (5.1)

and the minimum value of . a, given by (3.16) follows

1> a > a min.

k k k=2,3, ...,n (5.2)

Introducing a set of (n-1) parameters

B={821 831 -.-rB} (5.3)

n

in the transformation matrix such that

0<B <1 k=2,3,...,n (5.4)
we obtain the recurrence formula (Appendix F) for ak(al = 1) as
o k
k Rk—l
a, (B) == a_,(B +3 T B, k=2,3...,n (5.5)
k-1 k-1 2

with (2.11) and (5.5) we can generate continuously equivalent networks

of n-1 parameters in which element values are obtained by

' 2 ‘
Ck = ak (B) Ck k=1, 2, ., N (5.6)
Gk = ak (B) ak+l(8) GK k=1, 2, , n-1 (5.7)
. ak(B) k
gk = o.k (1 - Bk+l) 12T Bl k=1, 2, ..., n (5.8)




5.3 Realizability Conditions

5.3.1 Equal-valued Capacitors

For the invariance of the driving-point impedance 2190 it is
]
required that al=l, and hence the first capacitor Cl = aicl = Cl is

also invariant under the transformation. To make the rest of the

capacitors equal-valued, to say, COl' we write
' 2
C = = C
k= 3B ¢ = Gy
or
C
01
£ = 2L k=2,3, ...,n
k Ck :

Substituting a, by the recurrence formula of (5.5) and solving for 8

we obtain

—
o _lor o %2,
27 R —
1 Ve, Cor
9, 93
R, (- =)
/c. /o
8. = 3 2
3 o (o}
1 2
R2 (;;:: - )
€2 "Co1
R (Ok—l o % )
N % Cr-1
%= k=4,5, ..., n
. R Gz Tl
-1
1 Cxen
1 1]
For C = C within (5.4), we use (5.5) and (5.6) which,

k-1 k

in turn, necessitates that
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(5.9)

(5.10)

(5.11a)

(5.11b)

(5.11c)




To derive the necessary and sufficient conditions for the equal-valued
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(5.12)

capacitors realization, we first note that all B's must satisfy (5.4).

Then from (5.11), it is also noted that only 82 and 83

of C... Now, from (5.6) with k=2 and k=3 we obtain

ol

1

“]C
1 < -é-%- <1
Rl C2 i 2
+ 5 (1 - E—)
2 3

For all values of C satisfying (5.13) we have

o1
L

if C01 can assume the value of Cl we can make C1

To make all the capacitors equal-valued it is further

that (5.4) holds for k =4, 5, ..., n, independent of C

5.3.2 Locally equalévalued Capacitors

"We have illustrated the case where an original
transformed to have all capacitors equal-valued. 1If,
for k=2, 3, ..., n1 where ny < n, we make the

capacitors equal-valued and then try for a second set

(n2 <n - n,) equal-valued capacitors by applying a similar procedure:

1

network was
(5.4) holdsonly

first set of n

of

n

are functions

o1’

2

required

1

(5.13)

as developed in the preceeding section. Successive applications of this

procedure result in a cascade of ladder sections of locaiiy equal-valued

capacitors.




72

For m number of local sections we write

m
Z n, =n ' (5.14)

where n, is the number of capacitors of value COi in the i-th

section. Expressioﬁs of Bk are now obtained as follows:

Bj = J -1 (5.15a)
o] o]
- .
R, (= - ——)
J VC. /C
Jj-1 j-1 j=1+n.+...+n.=1
1 i
0,_1 ol
R, , (1= - 2—)
J /<. VC. 1
B. = J ] j=24n_+...+n, -1 (5.15b)
J 1 i
g. g, C .
R ( j-2 j-1 / 01fl)
j-1 C .
/Cj—l /bj-2 ~oi
R (Gk—l I )
~ Ck Ck—l
Bk = 5 S , k # 3 (5.15¢)
Rk ( k-2 k-1 )
-1
/Ck_l /bk_z
C .
It should be noted that Bj is a function of oL , and hence,
oi-1

(5.6) requires

/c . Jo. R, . o, 0. 0.

1 < ol < 3 g j=-1 ( j-2 _ j-1 )4 1
c._1 R, , R, fe. 7 Coi-1 7 %5-1 B2 ORI N
el S o N L 3 j j j

R R c

C, . . .
j- : J ] j+l

i=2,3, ..., m (5.16)
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It is interesting to note that the upper and lower values
c

of given by (5.16), correspond to the minimum total resistance
oi-1 '

and minimum total capacitance, respectively.

5.4 Examples

5.4.1 Example
The low-pass ladder of Figure 16.a, is the canonical realization

of the open-circuit impedance parameters

2 - (s + 1) (5 + 3) oz - k .

11 (s + 2) (52 + 45 + 2) (s + 2) (52 + 4s + 2)

For the second capacitor in the transformed network to assume the

required value C2 =1, it is required that 82 satisfies (5.4).
i . 1
i From (5.1l1la) we get 82 = %‘. Similarily for C3 =1, 83 must satisfy
E (5.4) thus from (5.11lb) we have 83 = 1. From (5.5) we get {al={1, %-, %}

and subsequently, element values are computed by (5.6)-(5.8). The

resulting network with all equal-valued capacitors is shown in Figure 16.b.

5.4.2 Example
The network shown in Figure 17.a is the canonic realization of the

open-circuit impedance parameters

1080 s4 + 2442 S3 + 1374 52 + 2474 s + 12 ;

11 540 s4 + 1086 s3 + 438 52 + 535 5 + 1
o k
212 © ) 3 2
540 s~ + 1086 s + 438 s + 535s+ 1
in which k is a constant. Since C., = 0, then the capacitance C

1 01

of the first section is chosen.by (5.13) so that

> 1.58
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Figure 16 Networks in example 5,41
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Figure 17 Networks in example 5.4.2
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which in turn yields C_ = C, = C Now, since B

5 3 ol" does not satisfy

4

(5.4) another cycle of equalization takes place. First from (5.16) we

write
- C02
0.5341 > —— > 0.513
- C -
ol
] 1] .
which assures that C, = C_ = C

4 5 02°

In determining CO and Co we can consider some other design

1 2

criteria such as minimization of total capacitance. For this case we

c
choose C . = 1.58 , =22 - 0.513 , which gives C_. = 0.416 and
ol C 1 02

(o]
B = {0.3328, 1, 0.56, 1} , a = {1, 0.8888, 0.7255, 0.645, 0.263}. The

resulting network is shown in Figure 17.b.

C
2
If minimum total resistance is desired, we choose COl = 2, - =
. ol
0.5341 and subsequently we obtain C = 0.57, B = {l, 0.339, 1, 0.5611}

02
and a = {1, 1, 0.8165, 0.7553, 0.308} which results in the network shown

in Figure 17.c.




CHAPTER VI

CONCLUSIONS

1. It has been shown that for an RC 1ow-paés ladder network synthesized
ffom a specified two-port parameters, a proper transformation is possible
to generate é class of equivalent networks which can be divided into two
kinds. The first kind includes n-canonical realizations while the second
produces is a one-parameter family of equivalent networks. In either case,
the total resistance, total capacitance and the open—cifcuit voltage gain
vary monotonically with a single variable. As a consequence a straight-
forward method has been developed for the minimization of the cost function
duly constructed for the low-pass network. It has also been demonstrated
by means of GC:CG:GC transformation and topological duality that a similar

technique is applicable to other types of ladder structures.

2. The transformation technique has been applied to develop a method

of realizing RC ladder networks of nonideal capacitors. Unlike existing
methods which assume small loss-factors to accomodate approximations and
first-order perturbations, present method develops exact reaiizations
using capacitors of uniform and nonuniform lbss. Explicit formulas derived

are amenable to the machine computation.

3. RC ladder realization with egual-valued capacitors has been studied
within the proposed transformation methods. A systematic procedﬁre

has been advanced to generate aﬁ equivalent two-port in which capacitor
values are equalized as many as possible. The proposed structure renders
the possibility of reélizing real capacitors that are dissipative in nature,

and the flexibility of the method provides a direct control over the total
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resistance and total capacitance of the network.

4, Although the techniques developed in the dissertation dealt

exclusively with RC ladder networks, analogous results can be obtained

for LC and RL ladders through RC:LC and RC:RL transformations, respectively.

5. Finally, it is hoped that the novel aspects of the transformation

theory presented in the thesis, may open ﬁp a new vista for future develop-

ments of optimization procedures.
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APPENDIX A

DERIVATION OF EQUATION (2.17)

From (2.11) and (2.16) we have

t
Aca=2¢' (a.1)
& .

AGA =G'. : : (a.2)

Since C and C' are both diagonal matrices of the positive elements,

o] and C' exist, and from (A.l) we write

._1/ t 1/ 1/ |-1/
c' a"c*ctac ? =1
oxr

0% =1

Now let A be a square matrix of

A= [a..] i,j =1, 2, ..., n. (A.3)
ij
then
i
Q= [qi] = [ T aij]' i,j =1.2, ..., n. | (A.4)
3
For the invariance of 21 it is required that alj = 0 for

j#1. Moreover, the orthogonality of Q imposes that a = 0 for " i#l.

Let us now introduce a unit vector u, whose components are zero

k
except at the kth entry. With (A.2) we write

AtGAul = G'ul (A.5)

or
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pre -1 ! 7
1l . 91 + Gl

GI

—a22 . 1

"853 : °
G = ) ‘
1 o . o e

o o

—aZn - °

where we get a

23 =0; j=3,4, ..., n, while orthogonality of. Q gives "

a, = 0 for i = 3, 4, ..., n. Repeating the similar operation with

vectors u2, u3, cooys un, we conclude that

a4 = 0 | for i # 3, . _ (A.6)

and the square matrix A is reduced to a diagonal matrix of the form

A = diag {1, ayr @gr ooy an} . : B _(5.7)




APPENDIX B

DERVIATION OF EQUATIOM (3.2)

To find a, which yields the proposed structure of Figure 6.a

we first write from (2.26) with k=1

1]
9, = Gl (1 - a2)

From (3.1) and (B.l1) we obtain

Now let k=n in (2.26) and apply the condition (3.1) to get

Similarly with k=n-1, we write

a = — g k=4i, i+1, ..., n-1

k=i+l, ..., n
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(B.1)

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)




" APPENDIX C

DERTVATION OF EQUATION (3.16)
From (2.28) we write

) - a G }

] .
= +
g an {an(Gn Gn-l n-l n-1

n

. 1]
where an .assumes its minimum value when gn =0, i.e.,

R
a =t 5
n (min) R + R n~1 *
n n-1
Similarly from
' { }
= + - + G
In-1 = -1 Ppar Cner T Cno2) T e Gy T A G
'we write
a - Rh Rh—l
n-1(min) R + + R Ah-2
n n-1 n-—2
For kth entry, it gives
a = Gk a
k (min) Ok-l k-1
Since we let al = 1 for the invariance of 'zll' we have
(o}
a =2
i g
2 (min) 1
93 03 0, O
q3min) o, %2 o, o0, 0O,
2 2 1 1
and
%

qmin) o
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(Cc.1)

(C.2)

(C.3)

(C.4)




APPENDIX D

DERIVATION OF EQUATION (4,12)
From (4.10) and (4.11) we can write
Y £ G
and for k=1, 2, 3

—yl=6c

A
9}

171 1
§.C.G
-y, =8.C_+ 111 <G
2 272 T L 5.C 2
1 171
G
§ C_ + 61C1 1
272 " G - élcl
¥y = 0,Cy §.C.G <6
- +
. (62C2 G. - 6.C )/Gz

If we solve for §. with 6k = 0 (k#1)

1
1
S <
- R
1 Cl 1
s 1
1 - Cl(Rl + R2)
1
) <
- + +
1 Cl(Rl R2 R3)
Thus
1
C I R
1 j=1 1
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(D.1)

(D.2)

(D.3)

(D.4)

(D.5)

(D.6)




APPENDIX E

DERIVATION OF EQUATION (4.13)

- Using ~Yy < Gk we write

Y

- = C _.._r___._.< .
Ypr1 = Op1Cri1 T T vy /G_ - €1 (E.1)

rt+l :
= - < .
~¥r+2 6r+2cr+2 1+ /G - Gr+2 (E.2)
Y41 i
y
r+2
- = - < -
Yr+3 6r+3cr+3 14 /G - Gr+3 _ (E-3)
Yy+2’ Cre2
The maximum value for 6r+l which satisfies
(£.1) is § < L + 1
T+l - A +Rr) c _R
r+l yr r r+l1l r+l
(.2) is 6, < L + L
—_— 4 ‘ +
Cr+l (yr Rr) Cr+l (Rr+l Rr+2)
(E.3) is 6, . < L P 1
™l 4 RrR) c@® .. +R._+R )
r+l yr r r xrt+l r+2 r+3"
And in general, the maximum walue for 6r+l is
s 1 — 1 . (E.4)
rt+l - 1 n
o —+R) C I R,
r+l 'y r r+l jewt] T

To find the maximum value for 5r we start from (E.2) and we have

+2
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k = r+l,

ey

n
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(E,5)

(E.6)




" APPENDIX F

DERVIATION OF EQUATION (5.4)

The realizability condition (5.2), with X=2 can be written in

terms of the parameter B as

= + T - ’ .
a2 4z nin’ 82 (a2 max a2 min ) (F.1)
where
0 < 82 <1 : (F.2)
92
. . - a - 2 . .
Substituting for a2'max_ 1 an 4 in 01 in (F.1) we get
o, +B. R
2 2 1
az(B) = (F.3)
9

Now from (2.26) with k=2, it is clear that a, assumes its upper limit

when 92 = 0 and we have
R2
a3 max: a2 + 'R_l" (1 - a2) v (F.4)

while a assumes the lower limit, when gk =0 for k =3, 4,

3 a2 min’
1

--+sy N as it can be seen from (2.26). Substituting Iy = 0; k=3, 4, ...,

in (2.26) and manipulating we obtain
a, min = = a.(B) ' (F.5)

37 can be expressed

Introducing the normalized parameter f.; 0 < B, <1, a3

as

a3 = a3 min + B3 (a3 max a3 min) v (F.6)

Substituting from (F.4) and (F.5) in (F.6) we write
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03 R2
a3(6) = 5; a, + 5; 82 83 (F.7)

Repeating for k =4, 5, ..., n the maximum value for ak is obtained

1 [ ]
when I = 0, while ak is minimum when gi =0; i=%, ..., n and

we get
ap o= (—;k— a,_, (8 (F.8)
” k-1
k=3, 4, . , I

R

k-1
a = a + (a - a ) (F.9)
k max k-1 Rk—2 k-2 k-1

If we introduce the normalized parameters Bk; k=2, ..., n such that

0 f Bk f 1, the transformation parameters ak are written as
= + = = 3, ... .
A ® = ain T B ax T Fin k=2 P 0 (F.10)
Substituting for A in and &) max”’ and manipulating, (F.lO) gives
g k ,
ak=ck ak-1+:kl T B, k=2,3, ..., n (F.11)
v k-1 k-1 2




