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ABSTRACT

Many duality theorems for categories of universal algebras
arise in the following manner. The category A is the quasi-
variety generated by an algebra A which has a compact topology
compatible with the operations (for example, if A is the circle
group, the two-element Boolean algebra or the two-element semi-
lattice with zero and unit, then A is the category of abelian
groups, the category of Boolean algebras or the category of semi-
lattices with zero and unit respectively). The category X, which
is dual to the category A, is the category of compact topolo-
gical spaces with some added structure (for the examples mentioned
above, X is the category of compact topological abelian groups,
the category of éompact, totally diéconnected spaces or the cate-
gory of compact, totally disconnected topological semilattices
respectively ). In some sense the object A lies in both the category
A and the category X and the duality between A and X is provided
by the Hom-set functors A(-,A): A - X%P and X(-,4): X°F > A. The
study of dualities of this type is the central theme of this
thesis.

In Chapter 1 the general theory is presented. Here we assume
that X is a category with a faithful functor into the category of
compact (Hausdorff) spaces. Under certain naturel restrictions

on X, necessary and sufficient conditions are found for X to be




ii.

dual to A. The results of Chapter 1 are applied in Chapter 2 to
the case where X 1s a,category of compact topological partial
algebras derived in a natural way from the category A. The approach
developed in Chapter 2 is utilized in Chapter 3 to provide new
proofs of Pontryagin's duality for abelian groups, Stone's duality
for Boolean algebras, and the duality for semilattices with (zero
and) unit most recently and thoroughly studied by K. H. Hofmann,
M. Mislove and A. Stralka. New proofs are also obtained for two
more recent duality theorems: the duality for an equational class
generated by a primal algebra due to T. K. Hu, and the duality

for the category of distributive lattices with (zero and) unit

due to H. A. Priestley. The chapter closes with the presentation
of a new duality theorem for the category of Stone algebras.

In Chapter L4 attention is focused on the equational class of
Heyting algebras generated by an n-element chain and the equa-
tional class of Brouwerian algebras generated by an n-element
chain. TFor these categories duality theorems are developed and
then applied to describe the weak injective and injective algebras
in each category. Finally we obtain a new proof for P. KShlen's

description of the finitely generated free algebras in these classes.
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0. PRELIMINARIES

Our standard references will be G. Gritzer [28] with respect
to universal algebra, and S. MacLane [53] with respect to category
theory. All notions from lattice theory may be found in G. Grit-
zer [30], H. Rasiowa and R. Sikorski [64], and G. Birkhoff [9].
The texts J. Kelley [48] and J. Dugundji [19] are more than ade-
guate for our topological needs. Below we remark upon some spe-
cific points which require emphasis.

Since we often work with direct products and direct powers
it will be convenient to use both the 'tuple' and the 'map' no-
tations for elements of a direct product. If (AY]Y < k) is a
family of sets, then an element of H(AYIY < k) will be denoted
by <aY>Y<K and will be sbbreviated to <ay> when no confusion
arises. If A and B are sets, then the elements of AB will be
regarded as maps g: B = A.
Universal Algebra

A universal algebra or partial algebra will always be denoted
by its underlying set. If f is an m-ary operation on the partial

algebra A, then the domain of f, that is {(ao,...,a ) € Am|f(a

m-1 0"

"’am—l) is defined}, is denoted by D,
Let A be simultaneously a partial algebra and a Hausdorff
topological space. Then A is called a fopolLogical partial algebra

if each of the operations on A is continuous on its domain, that

is, if f is an m-ary operation on A, (ao,...,am_l) £ Df and U is




an open neighbourhood of f(a ), then there exist open

02t ofy g

O""’Um—l of aO""’am—l respectively, such that

£(bgs-wsb 1) € U for all (by,...ob 1) e Uy x oo x U . [)D..

neighbourhoods U

A class A of similar algeﬁras is called a quasi-variety if
A = IsP(A). C(Clearly the quasi-variety generated.by an algebra A
is A = ISP(A). If A is a quasi-variety then, by [28, Corollary 1,
p.167] all gree algebras exist in A and we will denote the freely
k-generated algebra in A by }X(K), with free éenerators {xYIY <kl
in particular the free algebra in A on one generator is denoted
by ﬁfl)’ with free generator x.
Category Theory

With the single exception mentioned below for topological
spaces, the set of arrows in a category A with domain B and co-
domain C will be denoted by A(B,C). If A is a class of similar
algebras, then by fhe category A we will mean the category whose

objects are the algebras in A and whose arrows are all homomor-

phisms between algebras in A, that is A(B,C) = Hom(B,C) for all

B,C e A.
If there is a faithful functor |-|: A > C, then A is grounded
in C and |-]| is called a grounding. A is naturally grounded if

there exists A e A such that A(Al,—): A > Set is a grounding.

If F: C » A is left adjoint to the grounding |-|: A > C, then

F is called a C-gree gunctor. If C = Setf, then F is simply called
a free guncton.

If F: Set - A is a free functor for A, then since




A(F({0}),8) = Set({0}, |A]) = |a], A, = F({0}) provides a natural
grounding naturally igomorphic to l—l; in particular, if A is a
quasi-variety then Al = fk(l) provides a natural grounding naturally
isomorphic to the forgetful functor.

If A is grounded in Set by |-|: A - Set, then an arrow g in
A is called an A-injection (A-surjection) or simply an injection
(surjection) if |g| is one-one (onto). Clearly injections are monic
and surjections are epic.

Let A be grounded in Sef, let I be a class of injections in
A and let S be a class of surjections in A, An object A ¢ A is
said to be I-injective in A if for all g: B> C ¢ I and h: B ~ A,
there exists h': C ~ A with gh' = h, and is said to be S-pro-
jective in A if for all g: C~ B e S and h: A - B, there exists
h': A > C with h'g = h. If A is S-projective with S the class
of all A-surjections, then we say that A is swri-projective. If
A is a category of universal algebras and A is I-injective in A
with T the class of all injections (i.e., embeddings), then we
drop the prefix and simply say that A is {njective 4n A.
TopoLogy

A topological space will always be denoted by its underlying
set. The category of compact (Hansdorff) spaces and continuous
maps will be denoted by Comp, and the full subcategory of zero
dimensional compact spaces, otherwise known as Boolfean Spaces,
will be denoted by ZComp.  The Hom-sets Comp(X,Y) and ZComp(X,Y)

will both be abbreviated to C(X,Y). As usual, the Stone-Cech




compactification functor will be denoted by B: Set = Comp.

Since we often wgrk with product spaces we introduce the
following notation: ifqu; XA’ then

(a3U) = {<XY> € H(XYIY < K)IxA e Ul;
similarly, if UC A and b € B, then (b3U) = {g ¢ ABlbg e U}.
Hence, if U is open in X, then (A3;U) is a sub-basic open set
in II(XY]Y < k), and if U is open in A, then (b3U) is a sub-basic
open set in AB.

Finally, for any space X, a continuous map ¢ ¢ C(XK,X) is

said to have {inife support if there exist Yoor - < k such

*Tk-1
that, for all <x >, <y > ¢ XK, X =y (3 < k) implies that
Y Y Yj Yj
<x > = <y> .
Y ¢ Y ¢




1. DUALITIES VIA STRUCTURED COMPACT SPACES

The copcept of 'structure' referred to in the title of this
chapter is an intuitive one. Formally, a category of structured
compact spaces will be & category which is grounded in Comp.
DEFINITION (1.1). Let A and X be categories and assume that
E: X°P > A is right adjoint to D: A >X°P. Then (D,E) is called
a duality [between A and X) if the unit n: T4, - ED of the adjunction
is a natural isomorphism, and is called a full dualify if the
counit «e: Iqx -+ DE is also a natural isomorphism.

The following result, which is proved in [39], says in essence
that when considering a duality (D,E) between 'concrete' categories
A and X one necessarily has an object A lying in both categories
such that D and E are given by Hom-functors in the contravariant
argument with D(-) = A(-,A) and E(-) = X(-,A) inheriting their
structure from an appropriate power of A.

PROPOSITION (1.2). Let A and X be naturally grounded categories

and suppose that E: X°P » A is night adjoint o D: A ~X°P, let

-4 = Alay,-) and |-]y = X (X ,-) be the respective grounding
functons and set A = EX, and a7 = DA, . Then

() Jaly = 4TIy,

(i1) ]D(—)IX = A(-~,A) and IE(-)[A 2 X (=,AT), and

(iii) 44 X has products, then there is a monic natural trans-
formation D ~ (A+)I-IA: A >XP.0

The development in the remainder of this chapter should be

viewed in the light of this result.




LEMMA (1.3). Let A be a compact topological algebhra.

(1) o eveny Zopological space X, C(X,A) is closed undern the
pointwise operations.

(ii) Hom(B,A) 44 a closed subspace of I for every algebra B of
the same Zype as A.

Proof: (i) Let f be an m-ary operation, Ggrrrest e C(X,A)

m-1
. = f .o j
and assume that xf(¢o, ’¢m—l) _(x¢o, ,x¢m_l) e U for some

open subset U of A. Since f is a continuous operation there exist

open subsets UO""’U of A with X¢J € Uj (j <m) and

m-1

f(UO,...,Um_l)C; U. Clearly V =(\(Uj¢31lj < m) is an open neigh-

bourhood of x with V£(¢ )C U. Hence £(¢,,...,¢ ) e C(X,4).

O,...,¢m_l —
(ii) Let g ¢ AB and suppose that g ¢ Hom(B,A). We will construct

an open neighbourhood W of g which is disjoint from Hom(B,A).
Since g is not a homomorphism there is an (m-ary) operation

f and bo,...,bm?l € B such that f(bo,...,bmrl)g # f(bog,...,bm_lg).

Let U and V be disjoint open neighbourhoods of f(bog,...,b ) and

m—lg

f(bo,...,bm_l)g respectively. By the continuity of f there exist
open subsets Uy,...,U . of A with bjg € Uj (3 <m) and
£(U U JCU. LetW={neal|bgeu, (j <m;

0°" w1’ s ; ; ’
f(bo,...,bm_l) € V}. W is a neighbourhood of g and clearly
£(bys--ebp )b # £(bgh,... ;b h) for all h e W, whence W is dis-

joint from Hom(B,A).[]
It follows from (ii) that if A is a compact topological algebra
then A(B,A) is compact, and if A is finite then A(B,A) is a Boolean

space.



For the remainder of this chapter we will assume that A is
a compact topological:algebra and that A = ISP(A) is the quasi-
variety, qua category, generated by A. In the light of Lemma (1.3)
it is easily seen that A(-,A): A > Comp®® is a well-defined
functor, where gA(h,A) = hg, and that C(-,A): Comp™® > A is a
well-defined functor, where ¢C(V,A) = vé.
PROPOSITION (1.4). for alf B e A degine ngt B > C(A(B,A),A) by

bn, = [bl, where g[b] = bg, and for all X ¢ Comp degine

B
< X A(C(X,A),A) by xe, = [x], where ¢[x] = x¢. Then
(A(-,4), C(-,A); n, ) 48 an adjunction from A to CompoP.

€

Proof. By [53, Theorem 2, p.81] it is sufficient to prove that
n is a well defined natural transformation and that

ng: B > C{A(B,A),A) is universal to C(-~,A) from B,for all B e A.
-1
)

If U is open in A, then U(an = (b;U)( ) A(B,A) and hence

an is continuous for all b ¢ B. Furthermore, for each (m-ary)

operation £, g(f(b .,bm_l)nB) = f(bo,...3b e

g°"" m-1

= £(bygs--.5b  18) = flglbyny)s.eenel(dy ng)) = ef(dgng,...ad ing),
and so nB is a homomorphism. To see that n is a natural trans-

formation we must show that the following diagram commutes.

jL:

h C(A(n,A),A)

s
C——pC{A(C,A),A)




But if b € B and g ¢ A(C,A), then g(anC(A(h,A),A)) = g(A(h,A)an)
= (hg)an = b(hg) = (bh)g = g(bhnc), as required.
Now let B e A, X ¢ Comp and let a: B > C(X,A) be a homo-

morphism. The unique fill-in map B for the diagram

n
B
B——= C(A(B,4) ,A) A(B,A)
[
b C(B,A) B
a 6 :
C(X,A) X

if defined by b(xB) = x(ba). The map B is unique since it is
clear that if y: X - A(B,A) is also a fill-in map, then b(xy) = x(ba)
by the commutativity of the diagram, and hence y = B. It is easily
checked that for all x € X, xB: B+ A is a homomorphism and thus B
is well defined. It remains only to prove that B is continuous,
but for any open subset U of A, (b;U)B—l = U(ba)_l, which is open
in X since ba 1is continuous.( ]
If A is finite we may restrict the codomain of A(-,A) and
the domain of C(~,A) to the category ZComp of Boolean spaces.
COROLLARY (1.5). 1§ A 45 finite, then (A(-,A), C(-,A); 1, €)
A8 an adjunction grom A %o ZCompOp.[:]
PROPOSITION (1.6). (i) I h e A(B,C) is a surjection, then
A(h,A): A(C,A) -~ A(B,A) 48 a homeomorphism onto a closed subspace.
(i1) For all « > 0 the map p_: A(F,(x),a) » A%, defined by
g, = <x g>

K Y= y<k

(iii) Assume Zhat B ¢ A is generated by {bYIY < k} and Let

, A8 a homeomorphism.



h: FA(K) +~ B be detewmined by th = bY (y < k). Then

A(h,A)pK: A(B,A) »~ AN.i8 a homeomonphism onto a closed subspace.
Proof. (i) Clearly A(h,A) is one-one and since A(C,A) is compact
and A(B,A) is Hausdorff we need only prove that A(h,A) is con-
tinuous. But if U is open in A and b € B, then

)—l

(b3;U)A(n,A = (bh;U) which is open in A(C,A).

(ii) By the definition of free algebra it follows that o, is a
bijection. Again it is sufficient to prove that P is continuous,
but since (y;U)p;l = (XY;U) for every open set U in A, this is
immediate;
(iii) This follows directly from (i) and (ii).[]
REMARK (1.7). In the sequel we will abbreviate N to p.
DEFINTITION (1.8). Let D: A ~X°P be a functor into a category X
with a grounding !—|: X » Comp into the category of compact spaces.
Then (D,X,l-]) is a profo-dual of A if
(i) |n(-)| = A(-,A), and
(i1) B(X) = {|¢]p:¢ € X (X,DF(1))} is a subalgebra of C(|x|,A)
for all X e X.
REMARK (1.9). By analogy with Proposition (1.2) we will denote
ka(l) by A+. This abuse of notation is justified by the fact
that |D ﬁﬁl)l = A(FA(l),A) is homeomorphic to A by Proposition
(1.6)(41).

Let (DX,|-]) be a proto-dual of A. If f is an m-ary operation
")

and ¢g5-e-s0 4 e X(X,A ), then by (1.8)(ii) there exists
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lp). 8ince |—] is

).

4 e X(x,A7) such that oo = f(]¢o|p,...,|¢m_l

faithful, ¢ is unique and will be denoted by f(¢o,...,¢m_l
Clearly this defines an algebraic structure on‘K(X,A+) in such a
way that the map ¢ ~ |¢|p is an isomorphism betweenAK(X,A+) and
the subalgebra E(X) = {|¢]o: ¢ € X(X,AT)} of c(|x|,a). 1Ir
v e X(X,Y), thenX(xp,AT): X(Y,AT) —>X(X,A+) is defined by
& (v,AT) = v, and E(p): B(Y) » E(X) is defined by [o]oE(w) = Ju|]e]p.
The following lemma is obvious.
LEMMA (1.10). 14 (DX,|-]) 48 a proto-dual of A, then X (-,a7):
XP > A and E: X°P > A are naturally isomosphic functons.[ )

We will work with the functor E rather than.X(-,A+) since
this makes some of the proofs a little less technical. Note that,
like the functor D, E maps surjections to injections.

Our aim at the moment is to prove an analogue of Proposition
(1.4) for the categories A and X, and the next result shows that
we may define the natural transformation n: IdA - ED exactly as
before.
LEMMA (1.11). Let (DX,|-|) be a proto-dual of A. For all B ¢ A
and each b € B, Zhe map [v]: A(B,A) > A, defined by g[b] = bg,
is an efement of ED(B). In fact, [b] = |D(n, )|o where b : F4(1) + 3B
45 determined by Xghy = b.
Proof. g|D(n )le = gA(n, ,A)p = (ngle = bg = glbl. ]
DEFINITION (1.12). A continuous map ¢: |X| - |Y| Lifts Lo X if

there is an arrow ¢' e X (X,Y) with [¢'] = ¢.
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PROPOSITION (1.13). Let (D,X,|-]) be a proto-dual of A and for

all B e A define ny: B > ED(B) by bng = [v]. Then n: Ia, - ED

A5 a natural thansformation and E 48 night adjoint fo D with n as

the unit of the adjunction if and only if, for all X e X and every
homomonphism o: B + E(X), the continuous map B: |X| - |D(B)| = A(B,A),
degined by b(xp) = x(ba), Lifts Lo X.

Proof. That n is a natural transformation follows as in the proof

of Proposition (1.L4). Let a: B > E(X) be a hoﬁomorphism and

consider the following diagram.

n
B
B—— > ED(B) D(B) A(B,A)
|
. I ®(8") ?}' ?s = |8
v 1 j
B(X) X |x]

Clearly the commutativity of the diagram is equivalent to

x(ba) = x(bnE(8')) = x([g"|[v]) = x(8[b]) = b(xB), for all b e B

and all x e |X|. The result follows at once.[ ]

REMARK (1.1Lk). If E is right adjoint to D, then the counit

e: Id, > DE of the adjunction satisfies xleX] = [x], where

[x] ¢ |DE(X)]| = A(E(X),A) is defined by ¢[x] = x¢ for all ¢ e E(X).
The main theorem of this chapter may now be stated; its proof

will consist of a series of lemmas.

THEOREM (1.15). Let (DX,|-|) be a proto-dual of A. Then

(D,E) 44 a duality between A and X if and only if

(DO) for akl B e A, all X e X and every o e A(B,E(X)), Zthe map

8 ¢ C(|x]|,A(B,A)), degined by b(xB) = x(ba), Lifts Lo X,
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(Dl) there i85 a class.l of X-injections, containing the image
unden D of the class of all A-surjections, such that A" s
I-injective in X,
(D,) for a1 < n < w and each ¢ e X(D Fy(n),A"), the map
p;llld)lp: A" > A i a polynomial function, and
(Dy) for all x > w and each ¢ e X(D F(x),A"), the map
p;l|¢|p: A > A has ginite support.

Enthermone, if A 48 ginite, then (D,E) is a duality if
and only Aif (DO), (Dl) and (D,) hotd.

The necessity of (DO) follows from Proposition (1.13),
(D2) is clearly necessary for Ny to be an isomorphism whenever
B is a finitely generated free algebra, and (D3) is necessary
for Ny to be an isomorphism whenever B is an iﬁfinitely generated
free algebra since k-ary polynomial functions clearly have finite
support. Finally, the necessity of (Dl) follows from the next
lemma and its corollary.
LEMMA (1.16). Let (D,X,|-]|) be a proto-dual of A. 14 (D,E)
48 a duality, then D 48 full and faithful.
Proof. For any g € A(B,C) we have nBED(g) = gny- Thus if
g, h € A(B,C) satisfy D(g) = D(h), then gny = nBED(g) = nBED(h) = hn,
and hence g = h since e is monic.

Let ¢ € X(D(C),D(B)). We will construct g ¢ A(B,C) satis-

fying |D(g)| = A(g,A) = |¢|, from which it follows that D(g) = ¢
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since |-| is faithful. Let g = nBE(cb)nEl and note that for all
be B, bg = (]qbl[b])nal. Now for any ¥ e ED(C) we have

By = h(wngm,) = hlong ] = (ynsP)h. Hence, setting v = |¢][b],
we have b(gh) = (bg)h = ((|o][b1)ng )n = n([8][6]) = (n]e])[v]
=b(h|¢|). This gives h|¢| = gh = hA(g,A) for all h e A(C,A),
whence |¢| = A(g,A) = [D(g)|.(]

COROLLARY (1.17). Let (DX,|-]) be a proto-dual of A. 1§ (D,E)
8 a duality, then AT s I-Lnjeé,téve where 1 = {D(g)|g 45 an
A-surjection}.

Proof. It follows from Proposition (1.6)(i) that I is a class
of X-injections and hence I-injectivity is a well-defined concept.

.1.

The I-injectivity of A’ =D &(l) follows immediately from the

sur-projectivity of a(l) and the fullness of D.[)

We will now show the sufficiency of the conditions (DO),

(Dl)’ (D2) and (D3). Note that for all B e A, A(B,A) separates

the points of B since A = ISP(A) and hence n_ is an embedding.

B

Thus it remains to show that nB is a surjection for all B ¢ A.
LEMMA (1.18). Llet (DX,|-]|) be a proto-dual of A. 1§ (D,) and
(D3) hold, then forn all k, ng A8 an Lsomonphism for B = k).

Proof. Clearly (D,) implies that for all 1 <n<uw, n, is a

2) B
T).

surjection for B = &(n). Let k > w and let ¢ ¢ X(I)&KK),A
Then o = p;l]¢fp: AK - A has a finite support, say {YO""’Yn—l}'
Define h: ﬁ(K) > FA(n) by X, h=x, (j <n) and h arbitrary on

dJ
J
all other generators. Then D(h)¢ E,K(ka(n),A+) and hence




1k,

A= p;llD(h)¢]p: A" > Ais a polynomial function. Let p(xo,...,xn_l)
be an n-ary polynomial with p(ao,...,an_l) = (ao,...,an_l)x for

all ao,...,an_l € A. It is easily seen that the k-ary polynomial

ql ) = plx ,...,x ) satisfies q(<ay>) = <ay>0 for all

<X >
Yy z YO n-1
<ay> € A" and hence ny is a surjection for B = FA(K).C]
Condition (Dl) now allows us to extend to arbitrary algebras
in A by taking homomorphic images.
LEMMA (1.19). Let (DX,|-|) be a proto-dual of A. 14 ng 44
an -Lsomorphism forn B = (k) and (Dl) hotds, then ng 44 an
Asomorphism forn every k-generated algebra B e A.
Proof. Suppose that B is generated by {bY]Y < x} and let
h: FA(K) > B be determined by XYh = bY (y < k). Since h is a

surjection, for every arrow ¢ e X(D(B),AT) there is an arrow

weXUNwKLfdwmh¢

D(h)y, by (Dl). Now there is a k-ary

polynomial, say q, with g = p;llwlp. For all g € A(B,A) we have

n

g(l¢]e) = g(p(m)[]v]e) = g(A(n,a) [¥]o) = ng(|w|e) = (hg)oKo;llw]p

= alde ) =ald> e = gla(<d > )I. Hence |o]p = [b] = bny,

vhere b = q<<bY>Y<K)’ and thus n, is a surjection.[]

B

The sufficiency of (D.), (D,), (D.) and (D,) now follows

0 3
immediately from Proposition (1.13), Lemma (1.18) and Lemma (1.19).

1

That D3 is superfluous when A is finite follows from the following
observation.
LEMMA (1.20). Let A be a {inite, discrete topological space.

Then eveny continuous map ¢: A + A has finite support.
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Proof. It is not difficult to see that U is clopen in A€ if
and only if there exist Yij < k and aij e A such that

U =L}(rK(Yij; {aij})'j < ni)li < n); we will say that

{Yij’j <ng; i< n} fixes U.

Now {a¢-l|a e Im(¢)} is a finite partition of A* into clopen
sets. For each a € Im(¢) let Pa be a finite set of indices which
fixes the clopen set a¢_l. Clearly(](rala e Im(¢)) is a finite
support for ¢.[]

This completes the proof of Theorem (1.15).[]

It follows from Proposition (1.6) that for all B e A there
exists « and an injection t: D(B) + D E(K) € I since I contains
the image under D of the class of all A-surjections. If for every
X e X there exists x and an injection 1: X = D{k(K) (which must
happen if (D,E) is a full duality), then in Theorem (1.15) we
can slightly weaken the assumption that (DJX,|-|) should be a
proto-dual of A. Namely, the assumption that E(X) is a subalgebra
of C(|X|,A) can be dropped.

THEOREM (1.21). Llet D: A + X be a functon into a categony X
with a grounding |-|: X - Comp such that |D(-)] = A(-,A). Assume
O)’ (Dl

every X e X there exists « and an injection 1: X - DFA<K) e I,

(D ), (D2) (and D, A A 45 inginite) and assume that for
Then (DX, |-|) 48 a proto-dual of A and (D,E) is a duality.
Proof. We must show that for all X e X, E(X) = {|¢]p:¢ ¢ X(X,AT)}

is a subalgebra of C(|X]|,A). Let bgreeeab, 1 € X(X,A+) and let
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f be an m-ary operation. Since A+ is T-injective there exist

L2 RRR A e X(D ;:A(K),A-i-) with q)j = ij (3 <m). Now (D2)

and (D3) imply that ED a(K) is a subalgebra of C(A(ii(m),A),A)
isomorphic to ﬁ(K), as in the proof of Lemma (1.18). Thus |
f([wo|p,...,lwmrl|p) e ED &(K) and so there exists ¥ € X(ka(K),A+)
with |v]p = f(lwolp,...,]wm_l]p). Hence f(|¢olp,...,]¢m_llp)

£l fwglesemenlrl o, 1 10) = IeleClvylos-veslu 1) = |zl lwle

ltw]e ¢ E(X).O

We will now give a brief discussion of conditions under which
a duality (D,E) between A and X will be a full duality. Since
so 1little has been assumed about X it is not surprising that such
conditions are little more than tautological.
LEMMA (1.22). Let (DX,|-|) be a proto-dual of A and assume that
(D,E) 45 a duality. Then (D,E) i8 a §ull duality if and only if
for each X e X, [ey| 46 a homeomonphism and Zhere exists
o € X(DE(X),X) with [o] = |e, |, that is |e |™ Lifts to X,

Proof. Only the sufficiency requires proof. Clearly we must
-1
X *
and hence Idy = e, ¢ since |-| is faithful. Similarly, Tdpp(x) = ¢ex-0

LEMMA (1.23). Llet (D,X,|-]) be a proto-dual of A and assume that

show that ¢ = ¢ But lldxl = Id|X| = }sX[[eX]'l = legllo] = |egs]

(D,E) 44 a duality. Then the following are equivalent for each
X eX:
(1) |ey| 48 a homeomorphism onto a closed subspace;

(11) X(x,AT) separates the points of |X|;
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(iii) there 48 a « and an avwow T e X(X,DFA(K)) such that

|tlog: |X| + A% 48 a homeomorphism onto a closed subspace.

Proof. (i) <=> (ii). This follows immediately from Remark (1.1L).
(i) => (iii). Assume that E(X) is generated by {bY]y < k} and let

h: EA(K) - E(X) be determined by xyh = bY (y < x). Then D(h) is

an injection by Proposition (1.6)(i) and t = eXD(h) is the required
injection.

(1ii) => (ii). Let x, y € |X| be distinct. Since a . =

x‘r[pK # y,TIpK = <b there exists A < k such that a, # b, .

> b
Y y<k

Let h,: fk(l) > FA<K) be determined by xohy %)+ Then
¢ = t(h,) ¢ X(x,A7) ana x|¢] =,x]T,A(hA,A) =, (x|t]) = a, # b,
= hA(YITI) = lelA(hA,A) =vle], as required.(]

If (D,E) is a full duality between A and X, we may describe
the left adjoint to the grounding |-|: X = Comp, that is the
Comp-free functor for X.

PROPOSITION (1.2k). Let (D)X, |-|) be a proto-dual of A. Then

the following statements are related by (i) => (ii) => (iii).

(i) (D,E) 48 a 4ull duality.

(11) DC(-,A): Comp + X is Left adjoint %o |-]: X » Comp.

(iii) DA(_): Set » X 48 Lef adjoint to the forgetful functon

|-]: X + Set.

Proof. (i) => (ii). C(-,A): Comp » AP is left adjoint to A(-,A):
A%® 5 Comp by Proposition (1.1), and if (D,E) is a full duality

then D: AP 5 X is left adjoint to E: X » A%®. Since left adjoints
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compose, (ii) follows.
(ii) => (iii). Since.left adjoints compose it follows that
DC(B(-),A): Set » X is-left adjoint to |-|: X > Set, where
B: Set > Comp is the Stone-Cech compactification functor. Since
C(8S,A) = C(S,A) = A%, (iii) follows.[]
REMARK (1.25). If A is finite, then we may replace (ii) in Pro-
position (1.24) by
(ii)" DC(-,A): ZComp + X 48 Left adjoint Zo |-|: X - ZComp.

In Chapter L we will see examples where DC(-,A): ZComp -+ X
is left adjoint to |-|: X - ZComp while (D,E) is not a full duality.
If A is injective in A, then we can obtain a partial converse to |
Proposition (1.24).
PROPOSITiON (1.26). Let (DX,|-|) be a proto-dual of A and assume
that (D,E) &8 a duality. 1§ A is injective in A, X(X,A7) separates
the points of |X| fon each X e X, and DC(-,A) 48 Left ajoint to |-],
then leg|: |x| » [DE(X)| 45 a homeomonphism for each X e X.
Proof. Since<X(X,A+) separates the points of |X|, by Lemma (1.23)
it is sufficient to show that lsXI is a surjection for each X e X.
Firstly we will show that IED(B)I is a surjection for each B e A;

in fact, we will show that ED( is an isomorphism in X. Since

B)
D and E are adjoint functors it follows that €D(B)D(nB) = IdD(B)

(see [53, Theorem 2, p.81]). But since ng is invertible, D(nB)

is invertible and consequently ¢ = IdD(B)D(nB)_l is invertible.

D(B)
Denote the unit and counit of the adjoint pair (|-|,DC(-,A))
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by ¢: Id + |DC(-,4)| and &: DC(|-],A) > Id,. Since

Comp
C|X||€X| = Ile| (see {53, Theorem 2, p.81]) it follows that ngl
is a surjection and hence E(£,): E(X) - EDC( |X]|,A) is an
A-injection.

We will now show that |eX!: |x| >~ |DE(X)] is a surjection.
Let g € A(E(X),A). Since E(EX) is an injection and A is injective
in A, there exists a homomorphism g': EDC(|X|,A) > A with
g = E(Ex)g'. Let B = C(|X|,A). Since IED(B)I is a surjection
it follows that there exists ¢ e |D(B)| = A(C(|X],A),A) with
[¢] = ¢!ED(B)I =g'. Set x = ¢[g,] and let y ¢ E(x) C Cc(|x],a).
Then ¥(x|ey|) = wlx] = xv = (ole [y = o([eg|w) = (lg,v)le]
= (lgglvle' = (uB(g))e' = w(E(gy)e') = yg, and hence x|ey| = g,
as required.[ ]

By collecting together (1.22) - (1.26), observing that the
proof of Proposition (1.26) only requires that A be injective with
respect to the images under E of the X-surjections, and noting
that if (D,E) is a full duality, then E is full (and faithful)
we obtain the following characterization of full dualities.
THEOREM (1.27). Let (DX, |-|) be a proto-dual of A and assume
that (D,E) 44 a duality. Then (D,E) 45 a §ull duality if and
only A4
(B,) X(x,87) separates the points of |x| for all X e X,

(Eg) there is a class 1 of A-injections, containing the image
unden E of the class of X-sunjections, such that A 48 T-injective

in A,
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(£,) DC(-,A) & Legt adjoint to |-|, and
(E,) Zhe homeomorphism !exl"l: IDE(X)| ~ |x| Ligts fo X for each
X eX.

Proof. Note that (El), (Eg) and (E,) guarantee that (Eh) is mean-

3
ingful.
Only the necessity of (Eg) has not already been established.

(E3) implies that DA(—) is the free functor for X and hence D(A).
is sur-projective in X (see Proposition (1.29)). Let I = {E(6) |9
is an X-surjection}. Then the I-injectivity of A follows from
the fact +that D(A) is sur-projective and E is full.[]

" We close the chapter with some remerks on injectives and
projectives.
PROPOSITION (1.28). Llet (DX,|-]) be a proto-dual of A with
(D,E) a full duality, and assume that A is injective in A. Then
the following are equivalent:
(1) I 44 injective in A;
(ii) D(I) 4s sun-projective in X;
(1ii) I = E(P) {or. some P, Aump/wj.ec,tive inX.
Proof. (i) => (ii). Let ¢ e X(X,Y) be a surjection and let
$ € X(D(I),Y). Then E(¢) is an injection and hence, since ED(I) = T
is injective, there exists g ¢ A(E(X),ED(I)) wifh E(o)g = E(v).
Since the duality is full, y' = ED(I)D(g)eil e X(D(I),X) satisfies

P'¢ = ¢, as required.

(ii) => (iii). This is trivial.
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(iii) => (i). Let g € A(B,C) be an injection and let h ¢ A(B,I).
Since A is injective,.D(g) is a surjection and since D(I) = DE(P) = P
is sur-projective there exists ¢ e X(D(I),D(C)) with ¢D(g) = D(h).

;['l e X(C,I) satisfies gh' = h, as required. (7]
The following useful result is proved in [40].

Thus h'! = nCE(¢)n

PROPOSITION (1.29). If§X 4is a category grounded in Comp (ZComp)
and the grounding has a Left adjoint F: Comp -~ X [F: ZComp + X),
then the following are equivalent:

(1) P 48 suwr-projective inX;

(i1) P 45 a nretrnact of F(BS) for some set S;

(iii) P 48 a nretrhact of F(X) for some compact, extremally dis-

connected space X.[7)
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2. DUALITIES VIA COMPACT TOPOLOGICAL PARTIAL ALGEBRAS: GENERAL THEORY

As in Chapter l,.thrcughout this chapter we will assume that
A is a compact topological algebra and that A = ISP(A) is the
quasi-variety generated by A.

For any B € A and any n-ary polynomial p we may regard D,
defined pointwise, as an operation on the set AB. By relativization
p becomes a partial operation on the subset A(B,A). Hence for
all gysev-s8, 1 € A(B,A), (go,...,gn_l) € Dp if and only if
p(go,...,gn_l), defined pointwise, is a homomorphism.

REMARK (2.1). (i) Clearly (go,...,g ) € DP if and only if for

n-1

every m-—ary operation f and all bO,...,bm_l e B,
p(f(bogo,...,bm_lgo),...,f(bogn_l,...,bm_lgn_l))
= f(p(bogo,...,bogn_l),...,p(bm_lgo,...,bm_lgn_l)).

(ii) Note that if DP is non-empty, then p(0,...,0) = 0 for every

nullary operation 0. Hence if 0 and 1 are distinct nullary operations

on A, then DO and Dl are both empty.

Throughout the remainder of this chapter Q will denote a fixed
set of finitary polynomials (of the type of the algebra A) and
vhenever we refer to the partial algebra A(B,A) it will be implied
that the operations on A(B,A) are exactly those which arise as
described above from polynomials in Q.

LEMMA (2.2). for each B e A, A(B,A) 4is a compact topological
partial algebhra.

Proof. A(B,A) is compact by Lemma (1.3)(ii). For each p ¢ @,
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p is a continuous (full) operation on A% and hence the relativi-
zation of p to A(B,A) is also continuous.( ]

DEFINITION (2.3). A map ¢: X - Y between two similar topological
partial algebras will be called an {seomoaphism if it is both an
isomorphism and a homeomorphism.

Define a partial algebra structure on the compact space A"

as follows: if p € @ is n-ary, then for all g?,...,g?nl £ AK,

(gp,...,gé—l) e D, if and only if

p(a(a®),. .. 0a(2"™) = q(p(20,...,a" 1))

for every k-ary polynomial q. If (gp,...,gé_l)

€ Dp’ then
p(gp,...,gé—l) is defined pointwise and hence the partial algebra
A is a weak subalgebra of the full algebrs A",

We may now prove an analogue of Proposition (1.6).
PROPOSITION (2.L4). (i) If h ¢ A(B,C) 45 a surjection, then
A(h,A): A(C,A) ~ A(B,A) 45 an iseomorphism onto a closed subalgebhra.
(11) P all « > 0 the map p : A(F4(x),A) + A", defined by
go_ = <x_g> _ , 48 an Lseomorphism.

K Y& y<k
(i1i) Assume that B € A i4 generated by {bY[y < k} and Let

h: EA(K) + B be detemmnined by xyh = bY (v < k). Then
A(h,A)pK: A(B,A) AN s an L8 eomorphism onto a closed subalgebra.

Proof. (i) By Proposition (1.6) and the definition of A(h,A)

it remains to prove that for all p ¢ Q, p(go,...,gn_l) is defined
in A(C,A) if and only if p(hgo,...,hgn_l) is defined in A(B,A).

But if p(go,...,gn_l) is a homomorphism, then hp(go,...,gn_l)
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= p(hgo,...,hgﬁ_l) is a homomorphism, and conversely, if

p(hgo,...,hgn_l) = hp(go,...,gn_l) is a homomorphism then, since

h is onto, p(go,...,gn_l) is a homomorphism.

(ii) Let p £ Q be n-ary, let Bpre-28, 1 € A(FA(K),A), and define
0 n-1

B seess8 e S by ai = ngj for all y < « and J < n. Then

gij = g? for all j < n.

Now p(go,...,gn_l) is =z homomorphism if and only if it is
determined by its values on the generators, that is if and only

if for each x—ary polynomial q,

Sl

i.e., p(q(<xy>)g0,~--,q(<xY>)gn_l) = q(<p(ng0,---,ngn_l)>),

i.e., p(Q(ﬂo)o" . :Q(_a'_nul)) = Q(P(_a_«_o,-. . ,?_,_n—l)).

)p(gopo .o 3gn_l) = q((XYp(gO,. .o ’gn—-l)>’Y<K) )

Thus p(go,...,gn_l) is defined in A(FA(K),A) if and only if
p(gopK,...,gn_lpK) is defined in AK. Since P is a homecomorphism
by Proposition (1.6)(ii), the result follows.

(iii) This follows directly from (i) and (i1).[7)

If h € A(B,C), then it is easily verified that
A(n,A): A(C,A) > A(B,A) is a continuous homomorphism. Hence it
is natural to define a category X =‘XQ.by declariné that X‘is
an object of X if and only if X is iseomorphic to a closed sub-
algebra of the cémpact partial algebra A® for some K, and
¢ e X(X,Y) if and only if ¢ is a continuous homomorphism.

It is important to note that X =.XQ-depends upon the choice

of the set Q. Since no confusion will arise, no notational
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distinction will be drawn between an object X € X and its under-
lying compact space, ncr between an arrow ¢ € X and its underlying
continuous map, that is we will suppress the grounding

|-]: X > Comp. Hence D = A(~,A): A > X°® is a well-defined
functor.

Clearly when applying the results of Chapter 1 to this

situation we may replace A+ = D?k(l) by its iseomorphic copy A
(regarded as a compact partial algebra - let « = 1 in the
discussion preceeding Proposition (2.4)). This abuse of notation
should cause no problems since in any given situation it will
be clear whether A is acting as an object of A or as an object
of X.

In general X need not be a proto-dual of A for we do not
know that X(X,A) is a subalgebra of C(X,A). If X(X,A) is a
subalgebra of C(X,A) for all X ¢ X; then E =X (=,A): X°P » A is
a well-defined functor by Lemma (1.10).

PROPOSITION (2.5). 1§ X(X,A) 44 a subalgebra of C(X,A) for alk

X eX, Zhen (D,E; n,e) is an adjunction from A to X°F, where

ng: B = ED(B) 45 defined by bny = [b] (g[v] = vg for all

g ¢ A(B,A)) and €y X > DE(X) 44 defined by Xey = [x] (o[x] = x¢

gor all ¢ € X(X,A)).

Proof. By Proposition (1.13) it remains to be shown that for all
BedA, all X e X and every a ¢ A(B,X(X,A)) the map 8: X - A(B,A),

defined by b(xB) = x(ba), is a homomorphism.
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n-1

If p e Q is n-ary, xo,...,x € X and p(xo,...,xn_l)

is
. X 0 n-1 . .
defined in X, then p(x ,...,x ~)B: B - A is a homomorphism

(see Propocsition (1.L)). But

n—l)(

b(p(x0,. s HB) = p(x%,. .. R (ba)

p(xo(ba),...,xn_l(ba)L since ba e X(X,A)

bp(xOB,...,xn—l

p(b(x%8),...,0(x*18)) 8),

H
It

and hence p(xOB,...,xn—lB) is a homomorphism, since it is pointwise

n-1 ) B . n-1

equal to the homomorphism p(xO,...,x Thus p(xOB,...,x B)

is defined in A(B,A) and equals p(xo,...,xn—l)

B. Hence B is g
homomorphism. ]

Theorem (1.15) may now be applied.
THEOREM (2.6). 1§ X(X,A) 48 a subalgebra of C(X,A) for all
X e X, Zhen (D,E) 48 a duality between A and X if and only if
(D,) there 45 a class I of X-injections, containing the image
under D of the class of all A-surjections, such that A is
I-injective in X,
(D2) for all 1 < n < w, every ¢ X (A%,A) &5 a polynomial function,
and
(D3) for all « > v, every ¢ e X (A%,A) has {inite SUPPORL.
Furthenmore, if A 4is ginite, then (D,E) 48 a duality if and only
L4 (Dl) and (D,) hotd.]
DEFINITION (2.7). If I is I-injective in X for the class I of

all iseomorphisms onto closed subalgebras, we will simply say

that T is 4njective inX.




27.

If A is injective in X then Theorem (1.21) is immediately
applicable.
THEOREM (2.8). E: X°P > A is a well-defined functor and (D,E)
45 a duality between A and X whenevern
(Dl)' A s injective 4in X,
(D2) for all 1 <n < w, every ¢ e X(A",A) 48 a polynomial function,
and
(D3) gor all x > w, every ¢ e X (8°,n) has {inite Aupport.,
funthermone, 46 A i finite, then (Dl)' and (D) will suffice.[]
In the present situation Lemma (1.22) becomes somewhat
nmore satisfactory.
THEOREM (2.9). Assume that X (X,A) is a subalgebra of C(X,A)
gorn all X e X and that (D,E) is a duality between A and X. Then
(D,E) 48 a full duality if and only if ey: X = DE(X) 44 a surjection
for all X e X,
Proof. It is sufficient to prove that if (D,E) is a duality,
then €x is an iseomorphism onto a closed subalgebra for all X e X.
But e, is a homeomorphism onto a closed subspace by Lemma (1.23)
and is a homomorphism since Ex e X. Thus we must show that for

0 n-1

all p £ Q and all X ,...,x e X, p(xo,...,xn_l)

is defined

.,xn_le ) = p([xo],...,[xn_l]) is defined

in X whenever p(xos X

o
in DE(X).
Without loss of generality we may assume that X is a closed

subalgebra of A for some k. Note that the y-th projection

wy: X +~ A is a continuous homomorphism since it is the restriction
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to X of the continuous homomorphism p;lD(hY)p: A" + A, where

hY: FA(l) > FA(K) is determined by xohY = xY.

If p([xo],...,[xn—l]) is defined in DE(X), then
p([xo],...,[xn_l]):.X(X,A) -+ A is a homomorphism. Hence if g
is v-ary polynomial and ¢, € X(X,A) for all A < v, then
a(<4,>)p([x"],0 ., LT = al<o,p([x],0 0 P D)),
In particular, let g be any x-ary polynomial, let ¢A = Ty (A < k)
Js
Y <k

0 n-1
p(q(<aY>) ...,q(<aY >))

and assume that x% = <a (j <n). Then

0] n-1
= p(q(<<ak>ﬂY>) "’q(<<aA >wY>))
= p(<a >q(<ﬂ >), ,.,<a§—l>q(<ﬂy>))

= plalsr »)[x"],. . alsm ») D)

- q(<ﬂY>)p([xO},... [x271])

21

= a(emp([x°1,0. ., 7))

= q(<p(1ry[xo],... ,ﬂY[Xn—l})>)
= q(<p(XO'ﬂ"Y’..- ,Xn—lﬂ',y)>)
= q(<p(a$,... ,an—l)>)~

Y
0 n—l)

It follows that p(x ,...,X 0

= pl<a_>,... ,<an"l>) is
Y Y

R . K . . K 0 n-1
defined in A~ and hence since X is a subalgebra of A, p(x ,...,x )
is defined in X.[7]

We may now combine this result with Proposition (1.26).

COROLLARY (2.10). Assume that X(X,A) 45 a subalgebra of C(X,A)
gorn all X e X and that (D,E) is a duality between A and X. 1§

DC(-,A): Comp [ZComp) —+X 48 Left adjoint to the forgetful
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functon from X into Comp (ZComp) and A is injective in A, then
(D,E) 44 a full duality.()

REMARK (2.11). 8. Fatjlowicz ([22], [23], [24]) has also con-
sidered duality theory for quasi-varieties. Rather than consider
compact topological algebras he assumes that both the category

A and the category X are quasi-varieties, but a proper class of
possibly infinitary operations is allowed. The results presented
here and his results have non-trivial sy’mmetrié difference and
intersect in the case where X is a category of compact topological
algebras of the same type as A.

If each operation in the type of A gives rise to a full
operation on A(B,A) for all B ¢ A, then, by choosing Q to be the
set of all operations on A, the category X =XQ becomes a category
of compact topological algebras of the same type as A.

PROPOSITION (2.12). (T. Evans [21]). Let £, be an n-ary operation
in the type of A. Then the following are equivalent:

(i) £, induces a full operation on A(B,A) for all B e A;

(ii) £, induces a full operation on A(EA(w),A);

(iii) £, induces a full operation on A(f&(m),A) for all m < w

(iv) if m < w, T, ib an m-ary operation in the type of A, and

2
ao,... ,_e_m_m—l e A", Zhen

(_a»_o)a'° . (am_l))-

(¢ (&

0 m-1 -
£ (a2 7)) = 1,

1
Proof. (i) => (ii) is trivial.

(ii) => (iii). FA(m) is (isomorphic to) a subalgebra of FA(w)
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and any homomorphism g: FA(m) + A extends to a homomorphism

LI
g': a(w) -~ A. If ggr+ 98, 1 € A(FA(m),A), then fl(go,...,gn_l)
. s , . .
is the restriction of fl(go""’gn~l) to ﬁ(m). Since

. , . ) .

fl(go,...,gn_l) is a homomorphism, so is fl(go,...,gn_l).
(iii) => (iv). This follows from Proposition (2.4)(ii) with
K = m.

(iv) => (i). Let s+, 1 € A(B,A). Since fl(go,...,gn_l)
is defined pointwise, the equations of (iv) imply that
fl(go,...,gn_l) is a homomorphism.(T]

REMARK (2.13). The operation f, may be defined on Hom(B,C) for

1

every algebra C of the same type as A. Since condition (iv)

is a set of equations, (i) - (iv) are equivalent to

(v) £, Ainduces a full operation on Hom(B,C) for all B,C e HSP(A).
If Q is the set of all operations in the type of A and

A(B,A) is a full algebra for all B € A, then X (X,A) is a subalgebra

of C(X,A) for all X E‘KQ, as the following slightly more general

lemma implies. |

LEMMA (2.1Lk). Assume Zthat each operation in the Zfype of A induces

a full operation on A(B,A) for all B e A, and Let X be any full

subcategony of the categony of all compact topological algebras

04 the same type as A with A € X. Then X (X,A) 44 a subalgebra

06 C(X,A) for all X € X and hence E =X (-,A): X°P > A is a

well-defined functon.

Proof. Let f be an m-ary operation and let Dgoenaby 1 e X (X,A).
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Then f(¢ ,b ) is a homomorphism since A(G(X),A) is a full

NEER
algebra, where G: X +, A is the forgetful functor, and

m-1

X(x,4) C A(G(X),A). Similarly, f<¢0""’¢m~l) is continuous
since X(X,A)Q;:C(X,A). Hence f(¢0,...,¢m_l) e X (X,A) since X
is a full subcategory of the category of all compact topological
algebras of the same type as A.[j

The following result describes an analogue of the Bohxr
compactigication functor from the theory of coﬁpact abelian
groups (see [37]).
THEOREM (2.15). Let Q be the set of operations in the type of
A and assume that A(B,A) 4is a full algebra forn all B e A. 14

(D,E) 44 a §ull duality between A and X = X,, then DGD: A » X

0’
8 Left adjoint £o the forgetful functor G: X - A,
Proof. (Sketch). The unit u: Td, ~ GDGD of the adjunction
is given by g(buB) = bg for all b ¢ B and all g e GD(B) = GA(B,A).
Since every X e X is iseomorphic to D(C) for some C ¢ A, it is
sufficient to prove that for each homomorphism o: B -+ GD(C),
there is a unique arrow B: DGD(B) - D(C) e X with uBG(B) = q.
Define v: C - GA(B,A) by b(cB) = c(ba). Then B = D(v) is the
required arrov.[”)

We close by noting an important restriction on the applica-
bility of the theory expounded in this chapter.

PROPOSITION (2.17). I4 (D,E) 44 a duality between A and X =XQ,
then the algebra A has at most one one-element subalgebra.
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A A > X(A(A,A),A) is an

Proof. If (D,E) is a duality, then n
isomorphism. If {b} and {c} are one-element subalgebras of A,
then the constant endomorphisms b, ¢: A -~ A onto {b} and {c}
respectively, are elements of A(A,A).

If 0 e Q is nullary, then b = ¢ since any one-element
subalgebra of A must equal {O}; Thus we may assume that every
p € Q has arity greater than zero. For any p € Q, p(b,...,b)
is defined in the partial algebra A since for any unary polynomial
@, pla(b),...,a(p)) = p(b,...,b) = b = q(b) = q(p(b,..,b)).
Thus the constént map b: A(A,A) > A onto {b} is an element of
X(A(A,A),A) and hence there exists a ¢ A with [a] = b. Thus

-—

b==¢b =cla] = ac = c.(])
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3. DUALITIES VIA COMPACT TOPOLOGICAL PARTIAL ALGEBRAS: EXAMPLES

3.1 Pontryagin's Duality for Abelian Ghroups

This famous duality theorem is due to L. S. Pontryagin
([57], [58]). The main distinguishing feature of a proof based
on Theorem (2.8) and Theorem (2.9) is that we need only prove
the duality for FA(l) (i.e., Z) rather than for all elementary
groups, which is the usual technique of proof.

Let‘Ab be the category of abelian groups and let K be the
category of compact abelian groups. Denote by T the compact
group R/Z.

THEOREM (3.1.1). (Ab(-,T),K(-,T)) 48 a §ull duality between Ab
and K.

. Proof. Since {0} is a one-element subalgebra, -(a+b) = (-a) + (-b)
and (a+b) + (c+d) = (a+c) + (b+d), Ab(B,T) is an abelian group

for all\é e Ab (Proposition (2.12)) and hence both Ab(-,T) and
K(-,T) are well-defined functors (Lemma (2.1L4)).

Since all subdirectly irreducible abelian groups, the cyclic groups
of prime-power order and the Priifer groﬁps, are isomorphic to
subgroups of T it follows that Ab = ISPS(T) = ISP(T). That every
compact abellan group is iseomorphic to a closed subalgebra of a
power of T follows from the fact that K(X,T) separates the points
of X, but unfortunately the only proofs of this result known to
the author require some high-powered representation theory for
(locally) compact abelian groups (see [59, C, p.2L1] or [37,

Theorem (22.17), p.345]). The author also knows of no direct
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proof of the fact that T is injective in K so the following
indirect proof will have to suffice. By [37, Theorem (23.20),
p.364], if Y is a compact abelian group and B is a subgrouﬁ of
K(Y,T) which separates the points of Y, then B = K(Y,T). Now
let Y be a olosed subgroup of a compact abelian group X and let
B={¢|¥:¢ e K(X,T)}. Since B separates the points of Y it follows
that B = K(Y,T) and hence every character ¢ e k(Y,T) is the
restriction to Y of a character ¢' e K(X,T), as required.

It is clear that K(T",T) = £ K(T,T) for all 1 < n < .
Hence to show that each ¢ € K(Tni;? is a polynomial function it
is sufficient to shdw that each ¢ ¢ K(T,T) is a polynomial function,
that is since ﬁb(l) = 7 it is sufficient to show that
n: Z > K(T,T), defined by a(nnz) = na for all a € T, is an
isomorphism. For this we refer to [59, C, p.2LT7].

We will now prove that for all « > w, every ¢ e K(T<,T)
has finite support. DNote that {Anll <n< w} is a neighbourhood
basis of zero in T, where An ={ x/7 ¢ T:le < 1/3n}, and if
a ¢ T satisfies na ¢ Al for all 1 < n < w, then a = 0. Let

¢ € K(Tf T). Then Al¢ 1 is open in TK and hence there exist

. -1
Ygsee+o¥y_q < & and A such thatf\((yj,Am)]J < k)(;:Al¢ . If

<a >, <b > ¢ T with a b (j <k), thena -Db =0
Y Y j Yj Yj Yj
(j < k) and hence n(<ay> - <by>) e/}((yj; Am)lj < k) for all

1 <n < w Thus n(<a >p - <b >¢) € A

< v " 1 for all 1 <n<w and so

<ay>¢ - <bY>¢ = 0. Consequently {yjlj < k} is a finite support

for ¢.
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Hence by Theorem (2.8), (Ab(-,T),K(-,T7)) is a duality and

5 X Ab(K(x,T),T)

is a surjection for all X ¢ K. If €y is not onto, then there is

by Theorem (2.9) it remains only to prove that €

a non-zero character of the topological factor group
Ab(K(X,T),T)/XeX and hence there is a non-zero character of

Ab(K(X,T),T) whose restriction to Xe, is the zero character.

X
Thus it is sufficient to prove that any character ¢: Ab(K(X,T),T) - T

which is zero on XaX is identically zero.

Since (Ab(-,T),K(-,T)) is a duality there exists ¢y & K(X,T)
with wnK(X,T) = [y] = ¢. Now, denoting the constant map onto
{0} by 6, we have ¢}XEX =0 <=> [w]IXeX =0 <=> xeX[w] = 0 for all

0 for all x e X <=>

x e X <=> w(xsx) = 0 for all x € X <=> x
p=0<=>¢=1[y]l =90, as required.[]

An application of Proposition (1.24) yields the Comp-free
functor for the category K of compact abelian groups and an appli-
cation of Theorem (2.15) yields the Bohr compactification functor.
PROPOSITION (3.1.2). (i) Ab(C(-,T),T): Comp » K is Legt adjoint
Lo the forgetful functor from K into Comp.

(ii) Ab(T('>,T): Set »~ K 45 Legt adjoint o the forgetful functor
gnom K into Seft.

(iii) Ab(GAb(-,T),T): Ab > K 48 Left adjoint to the forgetful
gunctor Gg: K - Ab.G

Little need be said about the applications of this duality;
one need only refer to the texts L. S. Pontryagin [59], E. Hewitt

and K. A. Ross [37] and K. H. Hofmann [38].
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3.2 Duality for A-Semilatiices

Although this duality dates back to C. W. Austin [4 ], the
most recent and thorough exposition is most certainly the mono-~
graph [L40] by K. H. Hofmann, M. Mislove and A. Stralka. The
proof given here is quite different from the proof given in [L4O],
which uses the concepts of density and codensity in categories.

Let S£ be the category of A-semilattices with zero and unit,
let Z be the category of compact, totally disconnected topological
N-semilattices, and let 2 denote the two-element chain.

THEOREM (3.2.1). (S£(-,2),Z(-,2)) is a full duality between SL
and Z.

To prove this result we require two elementary facts about Z.
LEMMA (3.2.2). Prall X e Z, each x € X has a neighbourhood basis
04 clopen subsemifatiices.

Proof. (L. B. Schneperman [65]). Let U be a clopen neighbourhood
of x and b& an application of Zorn's lemma let S be a subsemi-
lattice of X which contains x, is a subset of U, and is maximal
with respect to these properties. Since the closure of a
subsemilattice is a subsemilattice and since U is closed, it
follows that S is closed.

Let y € 8. Then yA SC; SC;:U and hence by a simple com-
pactness argument using the continuity of the meet operation there
exists an open neighbourhood V of y with VC_ U and VA s C U.

We claim that V.S, whence S is open. If z ¢ V - S, then



r = 8 (U(2A8) (U {2} is a subsemilattice of X. But SCU,
ZASCVASCU and z ¢ VC U, and so TC_:U, contradicting
the maximality of S.[]

Although every X € Z is necessarily a meet-complete lattice,

we need only the fact that X has a zero.
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For each x € X define the translation tx: X=X by ytx =y /A X

Clearly t_ is continuous and hence (x] = Im(tx) is closed in X.
LEMMA (3.2.3). Every X ¢ Z has a zeno.

Proof. Consider X as a downward directed net on itself. Since
X is compact, X has an accumulation point, say x. If x is not

the zero of X, then there exists y € X with y < x. But then

U

X - (y] is an open neighbourhood of x such that for all
z <Yy, 2 ¢ U, contradicting the fact that x is an accumulation
point of X.[]

Clearly S£(B,2) separates the points of B for all B ¢ S&,
and hence S£ = ISP(2). If we let Q = {A}, then since
(anb) A (eAd) = (aAc) A (bAd), 0O A O = 0 and 1AL = 1, it follows
that A is a full operation on S£(B,2) for all B e S (Proposition
(2.12)), and hence,XQ.is a subcategory of Z and S£(-,2): S&L ~ Z
is well defined. We will now show that4KQ = 7, that is every
compact, totally disconnected topological A-semilattice is iseo-
morphic to & closed subsemilattice of a power of 2.

Clearly it is sufficient to show that Z(X,2) separates pairs
of comparable elements of X. Let x < y. Since U =X - (x] is

an open neighbourhood of y, by Lemma (3.2.2) there is a clopen
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subsemilattice 8 of X with x € SC U. Since S is closed in X

it follows that S € Z and hence S has a zero, say 0, by Lemma

il

(3.2.3). ©Now [®) {z ¢ X[z A B e S}t= Stgl is a clopen filter
of X containing y but not containing x and hence the characteris-
tic function of [0) is an element of Z(X,2) which separates x
from y.

REMARK (3.2.L4). An alternative, though not particularly intuitive
proof, méy be obtained by showing th;f if x <y and U is a clopen
neighbourhood of y with x b U, then F={zeX[zAwAy el
<=>wAyeU, for all w ¢ X} is a clopen filter with y ¢ F and

b'd i F — this can be proved without resource to Lemma (3.2.2)

and Lemma (3.2.3).

To prove that 2 is injective in Z it is clearly sufficient
to prove that if Y is a closed subsemilattice of X and U is a
clopen filter of Y,Ithen there exists a clopen filter V of X
with VN Y =U. Let x ¢ U and for all y £ Y-U let Vx - be a

2

clopen filter of X with x € V and y # v . Then
X,y Xy

x-v, yly e Y - U} is an open cover of Y-U and hence has a
, :
finite subcover, sg X -V ves X =V . Let
el t X:yo, ’ X:yn_l}
v =V Ij < n). Then V_ is a clopen filter containing x and
X X,yj X

satisfies Vx[hYYC;[L Since U is closed in Y it follows that
U e Z and hence U has a zero, say 6, by Lemma (3.2.3). Clearly
Vv = Ve is the required clopen filter.

That each ¢ € Z(gn,g) is a polynomial function is easily

seen. If 16T is empty, then ¢ = O and if 16™% = 2", then
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¢ = 1. Otherwise there exists a e 2" with l¢-l = [a) and it is

clear that the polynomial p(x =/\(leaj = 1) satisfies

O""’Xn—l)
bo = p(b) for all b e ?n.
Thus by Theorem (2.8), (S€(-,2),2(-,2)) is a duality and by

Theorem (2.9) it remains only to prove that e,: X - Se(z(x,2),2)

X
is a surjection for all X ¢ Z.

Let g e S£(Z(X,2),2). Then {1¢‘1|¢ € 1g'l} has the finite
intersection property and consequently/\(l¢~lr¢ € lg-l) is a
non-empty closed subsemilattice which by Lemma (3.2.3) has a
zero, say x. We will prove that xe, = [x] = g. Clearly g < [x]
since g = 1 => xp = 1 => Y[x] = 1. Now assume that ¢[x] = x¢ = 1.
Then lw—l'zp[x) =f\(l¢_l]¢ € lg_l). By compactness there exist
dgre-raby g € lg-l with 1w—l:gf\(l¢—l|j < n). Hence
) 3/\(¢j]j <n)e lg_l and so Yg = 1. Thus [x] < g.

This completes the proof of Theorem (3.2.1).[]

Applying Proposition (1.24) we obtain the ZComp-free functor
for Z. It is easily proved that for all X e ZComp, SE&(C(X,2),2)
is iseomorphic to the hyperspace of X regarded as a A-semilattice
with set union as the operation (see [UL0O, Proposition 2.5 and
Lemma 2.14]).

PROPOSITION (3.2.5). (i) S£(C(~,2),2): ZComp + 7 is Left adjoink
to Zhe forngetful functor from Z into ZComp.

(11) 8e(207) 2): Set + 7 is Legt adjoint o the fongetful functon
grom 7 into Set.[)




Lo.

A similar duality theorem may be proved for the category
Sﬂl of A-semilattices with unit and the category ZI of compact,
totally disconnected topological A-semilattices with unit. In
this case we could let @ = {A,1}, prove that 27 = XQ and then
apply Theorem (2.8) and Theorem (2.9), but there is no need
since the duality for SKI and Z] can be obtained as a corollary
of Theorem (3.2.1).
THEOREM (3.2.6). (327(-,.@),2](-,@)) 45 a full duality between
S£7 and Z;.
Proof. For any B ¢ SZI let OB denote the bounded semilattice
obtained by adjoining a new zero to B. If g ¢ SK;(B,@), then
08 € SZ(OB,g) will denote the obvious extension of g. Clearly
g > ,& is an iseomorphism of SKI(B,g) onto SZ(OB,g). It is also
clear that for all X e Z;, 2(X,2) = Z,(x,2)(J {0} = oZ7(%,2).
It follows at once that the functors SEI(—,g) and Z;(—,g) are
well defined and furthermore, Z](SKI(B,Q),Q) = Z(SK(OB,Q),E)
- {0} = (B - {0} = B and 8£,(2;(X,2),2) = SL(,Z;(X,2),2)
= S8(2(x,2),2) =Xx.0

There is an obvious analogue of Proposition (3.2.5) for SK7
and ZI' Furthermore, since the algebras in both categories are
of the same type, Theorem (2.15) describes the left adjoint to
the forgetful functor from Z7 to 827.
PROPOSITION (3.2.7). (i) SEI(C(—,a),a): ZComp ~ Z, 44 Left adjoint
to the fongetful functon from Z7 Ainto ZComp.
(i1) S£7(g(_),g): Set ~ 7, 48 Left adjoint to Zhe forgetful functor
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grom Z7 into Seft.
(iii) SZI(GSEI(—,Q),Q): SLy; > 7, 4 Legt adjoint to the forgetful
functor G: Zl > Sﬂj.[]

For applications of these dualities one need not look beyond
the monograph [40]. Proposition (2.16) shows that the approach
given here cannot be extended to develop a duality theory for

A-semilattices in general.

3.3 Duality forn Equational CLasses Genenrated by Primal Algebras

In his paper [43], T. K. Hu develops a duality theory for
class of algebras 'determined' by locally primal algebras. The
methods developed in Chapter 2 are well suited to proving the
duality in the particular case where the locally primal algebra
is finite and therefore primal. Since the two-element Boolean
algebra is primal, Stone's duality for Boolean algebras arises
as a particular case.

DEFINITION (3.3.1). A finite, non-trivial algebra A is said to
be primal if for all 1 < n < w, every map ¢: A" > A is a poly-
nomial function.

A discussion of primel algebras more than adequate for our
purposes may be found in [56].

Let A be a primal algebra and let A = HSP(A) be the equa-
tional class generated by A. Let Q be the empty set of poly-

nomials. Then.XQ_is simply the category ZComp of Boolean spaces.
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THEOREM (3.3.2). (A(-,A),C(-,A)) 48 a 4ull duality between A
and ZComp.
Proof. We have already seen that the functors are well defined
(Lemma (1.3) and Proposition (1.L4)). Since a primal algebra is
simple, has no proper subalgebras and every algebra in A has
distributive congruences, it follows by Jénsson's lemma (see
[45, Corollary 3.4, p.115] that A = ISPHS(A) = ISP(A). It is
well known that any finite discrete space is injective in ZComp,
and every ¢ ¢ C(A",A) is a polynomial function as this is just
the definition of primality. Hence by Theorem (2.8),
(A(~,A),C(-,A)) is a duality.

We could now prove that the duality is full by appealing
to Jénsson's lemma again. Instead we will prove a more general
result which will imply the fullness of this duality and will have
several other applications in the future. As usual, if B is a
subalgebra of AX, then for all x e X, [x]: B> A is defined by
¢[x] = x4 for all ¢ e B. We will denote the monoid of endo-
morphisms of A by End(A).
PROPOSITION (3.3.3). Let A be a non-trivial §inite algebra all
0f whose non-trivial subalgebras are subdirectly inreducible and
assume that every algebra in A = ISP(A) has distributive conghu-
ences. 14 X 48 a Boolean space and B 44 a subalgebra of C(X,A)
containing the constant maps, then every homomonphism g € A(B,A)
i85 0f the form [x]e forn some x ¢ X and some e e End(A).

Proof. If Im(g) = {a}, then choose x ¢ X arbitrarily and let a
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be the constant endomorphism onto {a}; clearly g = [x]a. If
Im(g) is non-trivial then it is subdirectly irreducible and
by Jénsson's lemma [L5, Lemma 3.1, p.11L4] there is an ultrafilter

X

U on X with OU]B < Ker(g), where 0 is the congruence on A

U
given by (¢,9) € 6y <=> Eq(¢,¥) = {x € X|x¢ = x¢} € U. Let
F = {Y e U|Y is clopen in X}. Then F is an ultrafilter of the
Boolean algebra of clopen subsets of X and hence since X is a
Boolean space, there exists (a unique) x e X with
F = {YC X|Y is clopen and x e Y}.

Now Eq(¢,y) =Lj(a¢_lfa\aw_l|a e A) and thus if ¢, ¥ e C(X,A),
then FEq(¢,¥) is clopen in X. Hence (¢,¥) € @UIB if and only
if x¢ = xyp.

Define e: A > A by ae = ag, where 4: X ~ A is the constant
map onto {a}. Since A = {é]a € A}, e is an endomorphism. We

claim that g = [x]Je. If ¢ ¢ B, then ¢([x]e) = (x¢)e = (;;Bg.

But (9,(x¢)) € 0,|B since x4 = x(x) and hence (¢,(x¢)) ¢ Ker(g)
since eU[B < Ker(g). Thus ¢g = (;;Sg, and so ¢([x]e) = ¢g,

as required. (]

COROLLARY (3.3.k4). Assume that the conditions of the proposition
hofd and that {ao,...,an_l} is Zthe set of all mutually distinct
elements which fornm one-efement subalgebras of A. Let

F(x) = (X x (End(a) - {ag,....a,_ 1)U ey, ..ha ]
and define Ty: F(X) » A(C(X,4),4) by (x,e)Ty = [x]e and 2Ty = éj_
(3 < n). Then Iy 48 a homeomorphism of F(X) onto A(C(X,A),A).

Proof. The proposition guarantees that FX is onto. We now show
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that Ty is one-one. Let (x,e), (y,f) ¢ F(X). If e # f, then
there exists a ¢ A with ae # af and consequently

é((x,e)rx) = (alx])e = ae # af = (a[y])f = é((y,f)rx). Ife=f
and x # y, then let U be a clopen set with x € U and y i U. Since

Im(e) is non~trivial there exist a, b ¢ A with ae # be. Thus,

defining ¢: X * Aby 2¢ = a (z € U) and 26 = b (z ¢ U), we have

o((x,e)Ty) = (slx])e = (x9)e = ae # be = (yé)e = (¢[yl)e = ¢((y,e)Ty).
It follows at once that FX is one-one. |
Let ¢ € C(X,A), let a € A and set U = {(x,e) e F(X)|(x¢)e = a}.
If {a} is not a subalgebra of A, then (¢;{a})P§l = U and if {a}
is a subalgebra of A, then (¢;{a})P§1 = UlU{a}. Hence to prove
that PX is continuous it is sufficient to prove that U is open.
But for every (x,e) e U, (ae—l)¢~l x {e} is an open neighbourhood
of (x,e) contained in U. Thus Iy is.continuous and since it is
g bijection, it is a homeomorphism. []
Since a primal algebra A has no proper subalgebras and no
proper endomorphisms it follows that for all X e ZComp, X = F(X)
and ey = Ty, whence Corollary (3.3.4) implies that £y
morphism. Thus the duality (A(-,A),C(-,A)) between A and ZComp

is a homeo-

is full.[j

M. H. Stone's duality [66] for the category B of Boolean

algebras follows at once.
THEOREM (3.3.5). (B(-,2),C(-,2)) 45 a full duality between B and

ZComp.
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Proof. It is well known that the two—element Boolean algebra is
primal — if ¢: 2" > 2, then ap = p(a) for all a e 2", where

p(xo,...,xn_l) =V(/\(leaj = 1A /\(Xélaj =0)|ae l¢—l)-D
REMARK (3.3.6). K. Keimel and H. Werner [U47] have generalized
Theorem (3.3.2) to equational classes generated by quasi-primal
algebras. Since a quasi-primal algebra may have many one-element
subalgebras, in fact a quasi-primal algebra can be idempotent,
Proposition (2.16) shows that a duality via cémpact partial algebras
cannot in general be obtained for an equational class A generated
by a quasi-primal algebra A. In Keimel and Werner's duality the
dual A(B,A) of an algebra B ¢ A is a Boolean space endowed with
an action, by partial homeomorphisms, of the semigroup H of inner
isomorphisms of A. If one attempts to apply Theorem (1.15) to
prove this duality one finds that condition (DO) is easily checked
and that condition (D2) is just the definition of gquasi-primality.
Unfortunately the only proof the author knows for the injectivity
condition (Dl) amounts to compiling the necessary facts from the
proof of the duality given in [4T7] and there is no significant
saving.

Applications of Stone's duality abound in both algebra and
topology. Some applications of Hu's duality for equational classes

generated by primal algebras may be found in [L43] and [LL].

3.4 Duality fon Distributive Lattices

The most famous duality for distributive lattices is certainly
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that of M. H. Stone [67]. His duality, which utilizes the concept
of a spectral space, is purely topclogical.

That a finite distributive lattice is completely determined
by its poset of join-irreducibles (and therefore by its poset of
prime filters) is part of the folklore of the theory. In retro-
spect, it is surprising that a general duality theory for distri-
butive lattices utilizing the natural partial order of the prime
filters was not developed until the late 1960's.

Let 2 denote the two-element distributive lattice with the
zero and unit as nullary operations. Then by the prime ideal
theorem, D = ISP(2) is the category of bounded distributive
lattices. If Q = {A}, then the objects of the category P ='KQ
are (at least) compact , totally disconnected topological partial
A-semilattices.

Recall that a subset U of the poset X is said to be
Ainereasing (decreasing) if x € U and y > x (y < x) imply that
y e U.

DEFINITION (3.4.1). A partially ordered topological space X

is said to be fotally ordern-disconnected if for all x, y e X

with x i ¥, there exists a clopen, increasing subset U of X such
that x ¢ U and y 4 U.

PROPOSITION (3.4.2). (i) Let X be a compact, fofally disconnected
Ztopological partial N-semifattice. Then X e P if and only if it
45 Totally ornder-disconnected when partially ondered by 'x <y

<=> x A y exists and equals x'.
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(1) Let X be a compact partially ondered space. Then X is totally
onder-disconnected 4f and only if X e P when a partial N operation
44 defined on X by 'x Ay exists and equals x <=> x <y'.

(iii) P 48 dsomorphic o the category whose objects are compact
totally order-disconnected spaces and whose arrows are continuous,
onder-presenving maps.

Proof. Both (i) and (ii) will hold provided we can establish

the necessity of the condition stated in each. Clearly (iii)

is a corollary of (i) and (ii).

Firstly we describe the structure of the partial algebra gK;
namely, for all a, b e gK, 2A b is defined if and only if 3 < b
or b < a (pointwise). For k = 1 this is trivial, hence assume
that « > 1. 1If a < b, then for any k=-ary polynomial q,
ala) A a(b) = q(a) = q(a A b) since polynomial functions are order-
preserving. Conversely, assume that 2 and b are incomparable.

Then there exist y, A < « such that 0 = a.Y < bY = 1 and
1= 8 > b>\ = 0. Letting q(z) = XY\/ X, We obtain

ala) A a(d) = (0Vv1) A (Iv0) = 1 # 0 = (0AL) V (1A0) = q(apb)

i

whence a A b is undefined.
Now let X be a closed subalgebra- of gK and assume that

a, b e X satisfy a :LL b. Then there exists y < k such that aY =1

1

and bY 0, and thus U = {¢ ¢ gK,cY = 1} is a clopen, increasing
subset of X with a € U and b é U. This shows that X is totally

order-disconnected and establishes necessity in (i).
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Let X be a compact, totally order-disconnected space and
endow X with the partiazl A-semilattice structure described in
(ii). Since X is totally order-disconnected, the set C<(X,g)
of continuous order-preserving maps into 2 separates th; points
of X, whence X is homeomorphic and order-isomorphic to a closed
subspace of the compact totally order-disconnected space gK,

)

where « is the cardinalitj of C<(X,g). But any closed subspace

of gK is a closed subélgebra (b; the characterization of A in.

gK given above) and hence by the definition of N\ in X, any coﬁ—
tinuous order-isomorphism of X into gK is an iseomorphism of the
partial algebra X onto a closed subalgebra. Thus X e P, esfa—
blishing necessity in (ii).[]

REMARK (3.4.3). We will identify P with the category of compact,
totally order-disconnected spaces, WNote that if we were to choose
Q to be the set of all operations in the type of 2, that is

2 = {A,V,0,1}, then Proposition (3.4.2)(iii) would still hold
since Dy, = Dy, and hence V induces the same partial order as A,
and both DO and Dl are empty.

THEOREM (3.L4.4). (H. A. Priestley [60], [61]). (D{-,g),P(-,g))
45 a futl duality between D and P.

Proof. Let Y be closed in X and let U be a clopen increasing subset
of Y. As in the proof of the injectivity of 2 in Z (p.38), for

x e U let VX be clopen increasing in X with x ¢ VX/"\YQ;‘U. Let
‘{VXO,...,VXm_l} be a finite subcover of the'cover'{VX[x g Ul of U.

Then V =LJ(VX |j < m) satisfies VY = U and hence 2 is injective

J
in P.
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¢ € P(gn,g) if and only if ¢ is order-preserving and hence
F = 1670 is increasing. If F is empty, then ¢ = 0 and if F = 2",
then ¢ = 1. Otherwise there exist distinct, non-zero elements

O,...,g?-l £ gn with F =LJ([§P)|j < m). Define

plxgs---5x ) =V(Ax [ad = 1)]5 < m).

Clearly b¢ = p(b) for all b e 2°.

Observe that 2 satisfies the conditions of Proposition (3.3.3)
and that 2 has no proper endomorphisms. Hence for all X e P,
ey: X > D(P(X,2),2) is onto by Proposition (3.3.3) with B = P{X,2).
Theorem (2.8) and Theorem (2.9) now combine to yield the
result.[]
REMARK (3.4.5). Let B be a bounded distributive lattice and let

XB be the set of prime filters of B. Order XB by inclusion and

let {X |o e BY ¥, - X, |b € B}, where X = {x e X;|b e x}, be
a basis for a topology on Xy Define ¢: X > D(B,2) by
b(x¢) =1 <=> b ¢ x. Then ¢ is an order-isomorphism and a homeo-

morphism and thus Theorem (3.4.k4) implies that B is isomorphic to

the lattice of clopen increasing subsets of XB. If B is finite
then XB is discretely topologized and hence B is isomorphic to

the lattice of increasing subsets of the poset X_ of prime filters

B
of B.

REMARK (3.L4.6). Products in the category P are a little unorthodox
since the ordered space structure on X X Y is just the pointwise
structure while the partial algebra structure on X x Y need not

be the pointwise cne: if Xy < Xp in X and ¥i > Yo in Y, then in
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the pointwise structure, (xl,yl) ﬂ\(xz,yz) is defined, but
(xl,yl)/ﬂ (xe,y2) is not defined in the product of X and Y in
P since (xl,yl) and (Xg’ye) are incomparable.

There is a natural embedding of ZComp into P which endows
a Boolean space with the discrete partial order 'x <y <=> x =y',
The Stone-Cech compactification functor B: Set -+ ZComp may be
lifted to a functor B: Set - P in the same way. Proposition (1.2L)
becomes rather trivial in the present setting.-
PROPOSITION (3.4.7). (i) The natural embedding of ZComp into P
48 Legt adjoint to the forgetful functor from P into ZComp.
(ii) B: Set ~ P is Left adjoint to the forgetful functor grom P
Anto Sei.[]

A duality for distributive lattices with unit may now be
obtained very simply. Since the proof is almost identical to
the proof of the duality between SKI and Z] (Theorem (3.2.6)),
it will be émitted.

Let 2 now denote the two-element distributive lattice with
the unit as a nullary operation. By the prime ideal theoren,
07 = ISP(2) is the category of distributive lattices with unit.
If Q = {A,1}, then the objects of the category P1 =4XQ are compact
totally order-disconnected spaces with unit and ¢ ¢ PI(X,Y) if and
only if ¢ is continuous, order-preserving and unit-preserving.
THEOREM (3.4.8). (Dl(-,g),P7(-,g)) 45 a gull duality between Dy
and PO

Again Proposition (2.16) shows that the natural extension
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of this approach will not yield a duality theory for distributive
lattices in general.

Many applications have been found for these dualities. See
for example [1 ], [2 ], [3 ], [13], [14], [61], [62], [63], and

Chapter 4 of this work.

3.5 Duality forn Stone ALgebras

The duality presented here is new but is &ery similar to
the duality for Stone algebras developed by H. A. Priestley in
[62] as an application of her duality for bounded distributive
lattices. The main difference between the two approaches lies
in the fact that here the category St of Stone algebras is treated
independently of thé category D of bounded distributive lattices,
and hence the three-element chain plays an important role, while
in [62] the category Sf is treated as a subcategory of D and
hence the two-element chain has the upper hand. (See Remark
(3.5.4))., The proof presented here and the proof in [62] bear
no relation to one another.

Let 3 denote the three-element Stone algebra, 0 < a < 1.
Then 3 is an algebra of type (2,2,1,0,0) with operations
(A,VQ*,O,l). Since 2 and 3 are the only subdirectly irreducible
Stone algebras (see [29], [51] or [52]) it follows that

St = 18P(3) is the category of Stone algebras. Let W =.XQ

%% %
where Q = {A, }. Recall that whenever the operations A and

are defined in §K, they are defined pointwise.
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*
LEMMA (3.5.1). (i) Define a partial onder < on the set 3° as
*
follows: 'b < ¢ <=> for all y < x, either bY = cy on bY = a
*
and e = 1', on equivalently 'b < ¢ <=> b < ¢ in 3, and b, =0

Amplies c, =0 Then b A ¢ 46 defined in 3° if and only i

¥

b < orn c

Ie)
1A

:t—).
. L , K *% .
(i1) b 44 defined for all b e 3~ and b 48 the unique element
*
in 3% which majorizes b and.is maximal with respect o <.
Proof. Throughout the following, < will denote the partial order

*
on 3 and its pointwise extension to 3K, and < will denote the

partial order defined above.
(1) Assume that b A ¢ 1is defined. Since lattice polynomials are
a fortiorl Stone algebra polynomials, it follows that b<ec
or ¢ <b as in Proposition (3.4.2). Without loss of generality
%
assume that b < c. If bY < e s then set q(x) = X, - Since b A ¢
% % % %
is defined we have bY = q(d) = q(b A c) = qe)A ale) = bY Aey = e,
whence b = g and ¢ = 1,
Y Y
%

Conversely, assume that b < ¢. We claim that for every

k-ary polynomial g, q(bAc) = q(b) A qlc), that is q(b) < ale).
%

If q(x) e {xY, X A Xy XV X, xy}, then it is clear that

a(b) < qle). A simple induction on the rank of g now shows that

a(b) < alc) for every x-ary polynomial q.

¥% *% *¥ *% #%
(1i) The identities 0 =0, 1 =1, (xY/\xA) =x, A X and
<XY) = (x ) hold in any pseudocomplemented lattice. Since

*% *%

®%
the identity (vaxA) = x vox, is characteristic of Stone
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*%
algebras (see [26]) it follows by Proposition (2.12) that is

a full operation on 3¥. Since c e 3 is maximal with respect to

~ =

% %%
< if and only if c, € {0,1} for all v <k, and 0 = 0 and

% %% %%
a =1 =1, it is obvious that b is the unique maximal element

majorizing b,[]

Let V be the category defined by: X is an object of Vif and

only if X is a compact, totally order-disconnected space, every

Py . +
x € X is majorized by a unique maximal element x , and the map

+
: X > X is continuous; ¢ is an arrow of V if and only if ¢ is

continuous, order-preserving and +—preserving. The partial order

on an object of V will be denoted by f*. The partial order on 3

as an object of V, is determined by 'x <* y <=>x =g and y = 1!

and * is given by O+ = 0, a+ = l+ = 1.

PROPOSITION (3.5.2). (i) Every object X of W becomes an object of

Vwhen partiolly ordered by 'x f* ¥ <=> x AN\ y exists and equals x'.
*%

The map "L X > X is then given by X = x .

(ii) Every object X of V becomes an object of W when a partial A

operation is defined on X by 'x Ay exists and equals

* *%
x <=> x < y', and a unany operation : X + X is defined by
x% 3

X =X .

(iii) W 48 Lisomonphic fo the category V.

Proof. (i) Since every object in W is iseomorphic to a subalgebra

of §K for some k, this follows from Lemma (3.5.1).

* 3%
(ii) Let X e V and define A and on X as indicated. We will show
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that UX,3) separates the points of X. Since a map ¢: X - 3 is
order-preserving if and only if it is meet-preserving, it then
follows that X is iseomorphic to a closed subalgebra of §K,'where
Kk is the cardinality of V(X,3). If x and y are distinct elements
% * ®

of X, then either x f y ory i X, say X i y. Thus there
exists a clopen increasing subset U of X with x € U and y ¢ U.

+ +
Let U' = {2z ¢ X]z e U}. Since is continuous and order-

preserving, U' is clopen and increasing, and since U' = (U], U'

is also decreasing. Define ¢: X ~ 3 by
1 if =z e U,
z¢p = a if =z e U' - U,
0 if =z ¢ U'.
Clearly x¢ = 1, y¢ ¢ {a,0} and ¢ is continuous. Since the partial
order on 3 is determined by 'x <* y<=>x=gandy=1"', it is
glso clear that ¢ is order-preserving and +—preserving.
(1ii) This follows from (i) and (ii).[]
REMARK (3.5.3). If we had chosen Q = {A,V,O,l,*,**}, then W and
V would still be isomorphic since Dy = D> and hence V induces

the same partial order as A, and DO’ Dl and D, are all empty. The
%

0

rise to a full operation while all its non-trivial, proper sub-

polynomial p(xo) = x. 1is an example of a polynomial which gives

%
polynomials (namely xo) give rise to partial operations with

empty domain.

REMARK (3.5.4). We will identify W with the category U Note
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that for all B e Sf, the partial order & on S£(B,3) is given by

g f* h <=> bg < bh for all b ¢ B, and for all g ¢ S%(B,3),

g+ e SZ(B,3) is defined by bg+ = (bg)**. It is well known

(see [30] or [34]) that in a Stone algebra B every‘prime filter

is contained in a unique maximal filter, and it is easily shown

(see [5 ] or [30]) that g e S£(B,3) if and only if lg—l is a prime

filter and {a,l}g_l is the unique maximal filter containing lg—l.

Define T: SI(B,?) > D(B,g) by gT = g,, where g, is the character-

istic function of lg—l. It is easily seen that T is & homeomorphism

and an order-isomorphism. This remark provides the link between

our approach and the approach in [62].

THEOREM (3.5.5). (S%(-,3),W(-,3)) 48 a §ull duality between St

and W.

Proof. By Theorem (2.8), to show that we have a duality it is

sufficient to prove that 3 is injective in W and that for all

1l <n<uw every ¢ ¢ W(§n,§) 1s a polynomial function. But this

is precisely the content of the next two lemmas. Since § is

injective in St (see [5] or [30]), to show that the duality is

full it is sufficient to prove that S#(C(-,3),3): ZComp -~ W is

the ZComp-free functor for W (see Corollary (2.10)). This is

proved in Proposition (3.5.8).[)

LEMMA (3.5.6). 3 48 4njective in W.

Proof. Let X be a closed subalgebra of Y, let ¢ ¢ W(X,§) and let
-1 -1 -1

JO = 0¢ 7, Ja = a¢ and J1 = 1¢ ~. Since {a} decreasing in 3 and




56.

{1} is increasing in 3 Ja is clopen decreasing in X and Jl is
clopen increasing in X. Let Ua be clopen decreasing in Y with
Uaﬂx = J,» and let Uy be clopen increasing in Y with

Ul/\\X = J, — applying the injectivity of 2 in P. Set

+ .
v, o= {y e Y|y ¢ Ul} end V. = U_ - Uj. The following three

observations are easily checked: (i) JO<; Y-V,

.. ‘ - _ . ..
(i1) Ja(; V.V, s and (iii) Jl§; V) - V. Define ¢': Y + 3 by

1 if y e Vl - Va’

yo' = | a if y ¢ Vl/"\Va,

0 if yeY - Vi.

¢' is continuous since V. and Va are clopen. The set Vl is

1

both increasing and decreasing while Va is decreasing. Hence

Vi - Va is increasing, Vl/“\Va is decreasing and Y - Vl is both

increasing and decreasing, whence ¢' is order-preserving. Since
+

¢' is order-preserving, to prove that ¢' is -preserving it is
+

sufficient to prove that if y¢' = a, theny ¢' = 1. If y¢' = a,

+ + .+ +
then vy € Vl[—‘\Va and so y € Ul. Thus (y ) =y e Ul and so

implies that y+ i Va = Ua - U,. Hence

+ +
y € Vl' Also.y €U 1

1

1l

y+ € Vl - Va’ giving y+¢' 1 as required. Finally, ¢'[X = ¢
by (i), (ii) and (iii).D

LEMMA (3.5.7). Tor all 1 <n < w, every ¢ e W(3",3) 44 a poky-
nomial function.

Proof. Throughout the following discussion we make the convention

that the meet of an empty set of variables is the nullary poly-
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nomial 1 and the join of an empty set of variables is the nullary

polynomial O.

+
Set X = 3", X = {b e X|b, e (0,1} for all i < n},

- 4 -—
X = 06 M xt ana K= 14 TN creariy ¥ = XP\JX;. Define

po(z) by

po(_)g) =/\(\/(x:*|bi = 0)V \/(X:Ibi =1)|b e Xg).

+ + + +
Since ¢ = 0 <=> c e Xjand cp # 0 <=> ¢ ¢ X , it follows that

O and c$ # 0 <=> po(g) = 1.

ch = 0 <=> po(g_)

%
Let (zl, = {y ¢ X|y < z}. If XI is non-empty, then for all

+

z e X, lcb—lm(z]* is a non-empty increasing subset of (z],.

Let M_ be the set of minimal elements of ld)_lﬂ(z]* and define

pA
p (%) by
%%

p”(x) =\/(/\(Xi|bi = 1A Az, !bi

1

*
a)A Ax o, = 0)[v e M),
We claim that p(x) = po(_)g)/\ \/(pz(gg) lz £ XI) is the required

polynomial. Clearly is is sufficient to prove that c¢ # 0 and

+
¢ = z imply that pz(_g) = c¢ and pw(g) =0 for z # w ¢ XI.

We will constantly, and without specific reference, use the

*
fact that b < ¢ and bi = 0 imply that ¢, = 0.

®
If c¢ =1, thenb < ¢ for some b e M, . Thus/‘\(ci|bi =1) =1,
%%

/\(c::.L lbi =a) =1 and/\(c:fbi =0) =1, and so p-(c) = 1.

If c¢ = a, then for all b ¢ Mz’ b :}[ c. Thus for all b ¢ Mz’

there exists j < n such that cj = a and bj = 1. It follows that

1t

for all b ¢ Mz’/\(ciibi =1) = a,/\(ci |bi a) = 1 and
*
/\(ci]bi =0) =1, and so p (c) = a.

+
If z # w ¢ X, then there exists j < n such that either
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Zj = 0 and wj =1, or Zj = 1 and wj = 0. If Zj = 0 and Wj =1,
then for all b ¢ Mw e@ther bj = a or bj = 1. Thus for all
beM either,ﬂ(cilbi =1) =0 or/N(cilbi = a) = 0, giving
p (c) = 0. If zy = 1 and s = O, then for all b e M , b, =0
and hence/A(czlbi = 0) = 0, giving pw(_) = 0.
If X ¢ ZComp, then let F(X) = X x 2 ¢ W be determined by
(x,00" = (x,1)% = (x,1) and (x,a) < (y,b) <=> x =y, & = 0 and
b=1. If ¢ e C(X,Y), then define F(¢) ¢ W(F(X),F(Y)) by
(x,2)F(¢) = (x¢,a). Clearly F: ZComp » W is a well-defined functor.
PROPOSITION (3.5.8). (i) F: ZComp ~ W is natuwrally isomorphic
o St(C(-,3),3): ZComp ~ W and is Left adjoint fo the forgetful
guncton from W into ZComp.
(i1) F(B(-)): Set ~ W 48 Legft adjoint fo the forgetful functon
grnom W into Set.
Proof. Let End(?) = {eo,el}, where for all ¢ e 3, ce, = c and
cey = c . Define I,: F(X) » SE(C(X,3),3) by (x,a)T, = [xle,.

Since 3 satisfies the conditions of Proposition (3.3.3), Corol-

lary (3.3.4) implies that I', is a homeomorphism. Since e <e

X 0 1
+ +
(pointwise), PX 1s an order-isomorphism, and since eo = e:L = el,

+
FX is -preserving. Thus PX is an iseomorphism.

We now show that T is a natural transformation. Let

v e C(X,Y), let ¢ € C(Y,3) and let (x,d) ¢ F,. Then

-
¢((x,a)1y82(C(1,3),3)) = ¢(C(y,3)[xley) = (vo)lxle, = (xpole,

¢[xw]ed = ¢((x¢,d)rY) = ¢((x,d)F(¢)rY), and hence PXSI(C(w,g),§)

F(w)FY as required. Thus F and SZ(C(—,g),g) are naturally
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isomorphic.

The unit g: IdZCdmp > W of the adjunction from ZComp to W
is defined by XLy = (x,0). IfYeWand a: XY is continuous,
then define B: F(X) + Y by (x,0)8 = xa and (x,1)8 = (xa)'.
Clearly B e W(F(X),Y). Since XL B = (x,0)8 = xa we have ZyB = a
and the uniqueness of B is immediate. This establishes (i) and
(ii) follows as an obvious corollary.[)

The duality can be applied to show that if (13616 e A) is a
family of Stone algebras, then their free product in D is a Stone
algebra and is in fact their free product in St. The description of
the finitely generated free Stone algebras also follows eagily
(see [30] and [31]). For other applications of this duality one
may turn to [62]. 1In that work, Priestley applies (her version
of) this duality to carry out a thorough analysis of the triple
construction for Stone algebras (see [10] and [11]) and then
applies the dual triple to obtain information on free Stone
algebras and to obtain a new proof of the characterization of
the injectives in St (see [5 ], [30], [33] and [51]). We now
give yet another proof of the characterization of the injectives
in SZ. Our proof is completely different from the proof in [62]
and illustrates well the use of the ZComp-free functor.

THEOREM (3.5.9). The following are equivalent:
(i) P is suwr-projective in W;

(ii) P 48 a rethact of F(X) = X x 2 for some compact, extremally
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disconnected space X;

(iii) there are compact, extremally disconnected spaces X, and
X such that P is Lseomorphic fo F(XO)\;)Xl, whesre X, 45 endowed
with the discrete structure (x 5* vy <=>x =1y, and Xt = x).
Proof. By Proposition (1.29), only the equivalence of (ii) and
(iii) remains to be proved.

(ii) => (iii). For convenience we will assume that P is a sub-
algebra of X x 2 and that 1 = X x 2 > P is a retraction onto P.
If (x,0) ¢ P, then (x,1) = (x,O)+ € P, but it may happen that
(x,1) € P while (x,0) ¢ P. Hence setting Xy = {x ¢ x|(x,0) ¢ P}
end X, = {x e X|(x,1) ¢ P; x ¢ XO}, we have P = X, x g(:)Xl x {1}.

We claim that (a) XOLJ/Xl is a retract of X, and (b) Xo and Xl

are clopen in XO\,/Xl. The result then follows since (a) and
(b) imply that XO and Xl are retracts of X and it is well known
that a retract of a compact, extremally disconnected space is

itself compact and extremally disconnected (see [35]).

(a) Define p: X » XOLJ Xl by xp = (x,1)Tm, where 7: X x 2 » X

is the natural projection. Let U be open in X. Then

-1

Up {x ¢ X|(x,1)tm e U}

[(x x 1) N (U x 2) I,

]

which is open since 7T is continuous and 7 is open.

(b) We will construct a set V which is clopen in X and satisfies
v[\(xouxl) = Xy In fact, let V= [(X x {0}) N (X x {oH)t 1.

Then V 1s clopen since 1 is continuous and w, being a projection
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parallel to a compact factor, is both open and closed. It is
easily verified that XOQ;'V and X, /\V is empty, whence
Vm(xouxl) = X,

(iii) => (ii). If P is iseomorphic to X. x QUX , then it is

0
also iseomorphic to the retract Xy g[v)Xl x {1} of (XOKV}XI) x 2.
Since XO and Xl are both compact and extremaly disconnected, so
is X,UX .0

If B is a Boolean algebra, then let B[e] = {(bo,b
[2]

) e 8%[b, < b}

1 - 1

It is easily seen that B is a Stone algebra in which

(bo,bl)* = (by,b,). Observe that 812) = c(x,3), where X is the
Stone space of B.

THEOREM (3.5.10). (R. Balbes and G. Gratzer [5 1). The foLlowing
ane equivalent:

(1) I 44 dinjective in St;

(i1) T = C(Xo,g) x C(Xl,g) gon some compact, extremally disconnected
0 and X5

(iii) 1 = Bég] x By gon some complete BoolLean algebras By and B, -

spaces X

Proof. (i) <=> (ii). It is easily seen that 3 is injective in
St (see [5] or [30]). Hence by Proposition (1.28), I is injective
in ST if and only if there is a sur-projective P in W with

I =W(P,3). Hence I is injective in St if and only if there are

compact, extremally disconnected spaces X_. and Xl with

0
I = W(F(XO)UXl,g) = w(F(xo),§) X w(Xl,§). By the duality,

W(F(XO),§) = W(SI(C(XO,§),§),§) = C<XO’3) and since x' = x for
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all x ¢ Xl’ W(Xl,g) = C(Xl,g) as required.
(ii) <=> (iii). This is immediate since compact, extremally
disconnected spaces are precisely the Stone spaces of complete

Boolean algebras (see [35]).[]
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L. DUALITIES FOR EQUATIONAL CLASSES OF RELATIVE STONE ALGEBRAS

A Brouwerian algébra B is a (necessarily distributive)
lattiee in which for all a, b € B, the relative annihilator
(a:b) = {x ¢ B]x,m\a < b} is a principal ideal; the generator
of the ideal (a3;b) is denoted by a¥b. Since B necessarily has
a unit (1 = a¥a for all a € B), we regard Brouwerian algebras
as algebras of type (2,2,2,0) with operations (A,V,*¥,1). A
Heyting algebra is a Brouwerian algebra with zero, whence it is
an algebra of type (2,2,2,0,0) with operations (A,V,¥,0,1).
The standard results on Brouwerian and Heyting algebras may be
found in [64] where they are referred to as relatively pseudo-
complemented lattices and pseudo-Boolean algebras respectively.
In particular, recall that the classes of Brouwerian algebras and
Heyting algebras are equational and that the lattice of congruences
on a Brouwerian or Heyting algebra is isomorphic to its lattice
of filters. It follows immediately from the latter fact that each
Brouwerian or Heyting algebra has distributive congruences and
that every equational class of Brouwerian or Heyting algebras has
the congruence extension property (see Definition (k.2.1)).

We will denote the n-element chain 0 = a_ < &a. < ... < g

0 1 n-2

< a 1= 1 as a Brouwerian algebra by Ci and as a Heyting algebra
by Cn.

A Brouwerian algebra satisfying the identity (x*y)\, (y¥x) = 1




is known as a nelative Stove algebra. We will denote the equa-
tional class of all relative Stone algebras by Rw and for

1 <n<uw, Rn will denote the equational subclass generated by
Cxlf A Heyting algebra satisfying the identity (x¥*y)\V (y¥x) = 1
is known as an L-algebra. We will denote the egquational class
of all L-afgebnra by Lw and for 1 < n < w, Ln will denote the
equational subclass generated by Cn. It is well known (see [6 ],
[12], [15] or [54]) that every interval in a relative Stone
algebra is a Stone algebra, whence the name. Relative Stone
algebras date back to [34] and L-algebras arise naturally in

the study of intermediate logics (see [41] and [L42]). T. Hecht
and T. Xatrindk [36] have shown that the lattices of equational
subclasses of Rw and Lw are given by the (w+l)-chains

RJC: R,C...CR and L, C L,C... C:Lw' Identities charac-
terizing the classes Rn and Ln may also be found in [36].

In this chapter dualities are established for each of the
classes Rn and Ln (2 < n < w). Then the dualities are applied
to describe the weak injectives, injectives, free products and
finite generated free algebras in each of the classes.

Throughout this chapter n will be fixed with 2 <n<uw.

4.1 The Dualities

We will establish the duality for Ln’ from which the duality

for Rn—7 will follow easily. The following result, which is also

6L,
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valid for Brouwerian algebras, is crucial.

PROPOSITION (Lk.1.1). Let B be a Heyting algebra.

(i) B e Lw if and only if for any prime filtern F o4 B, the set

04 prime §iltens containing F forms a chain.

(ii) B e L, 4f and only Aif forn any prime §iltern F of B, the set
04 prime filtens containing ¥ forms a chain with at most n - 1

elements.

(iii) Let g: B ~» c, be an onto map and for 1 < J <nlet

Fj =‘[aj)g"l. Then g 48 a homomorphism if and only 44 Fj A4
a prime §iltern for all 1 < § < n and the chain

F,_1C Fn_2(:_...cj;Fl 48 the set of all prime §iltens containing

R
Fn—l = 1lg .

Proof. (i) See [12], [15], [3L], [54] or [68].
(ii) see [36].
(iii) If F is a filter in a distributive lattice D, then the

smallest congruence O, on D with F as a congruence class is given

F

by (a,b) € 0, <=> a A f =DbA f for some £ ¢ F (see [9]). Let

T

H be the set of all prime filters containing F. It is easily

verified that (a,b) ¢ Op <=> (a e P<=>1b e P, for all P ¢ H).
Thus it is sufficient to show that the unique Heyting algebra

congruence on B determined by the filter Fn— = lg—l coincides

1
But this is proved in [55}.[]

with the lattice congruence @F
n-1

We can use (4.1.1)(iii) to describe the endomorphisms of

Cn' Let 1 < k < n and define a map e: Cn - Cn by declaring that
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Oe = 0, [ak)e = {1} and for 0 < i < J < k choosing 0 < a,e < ae < 1.

Then e is an endomorphism of Cn and every endomorphism of Cn is

of this form. It follows that

_ /n=2 n-2 n-2, _ .n-2

|[Ena(c )] = ( o )t U0+ o+ (07F) = 270,
Note that End(Cn) is a monoid with unit 1 = IdC .
n

DEFINITION (k.1.2). TLet Be L and let F = RCF ,C---CFy
be the chain of all prime filters containing the prime filter F.

The homomosphism hF € Ln(B’Cn) determined by F is defined

by
1 if beF =F,
bhy = | a, if beF, - F ., (1<J <k,
0 if beB-F.

Proposition (4.1.1) guarantees that hy is well defined.
Essentially, hF maps all the elements of F to 1 and maps all the
other elements of B as low as possible in the chain Cn.

We can now prove a useful factorization lemma.
rmmA (4.1.3). Let g e L (B,C) and Lot g° be the homomorphism
detenmined by F = lg—l. Then there exists an endomormphism
e e End(Cn) with g = goe.

Proof. Let F = FkC:_Fk_l(::...(::Fl be the chain of all prime
filters containing F. For all 1 < J < k choose bj € Fj - Fj+l
and define e: Cn > Cn by Oe = 0, aje =1 for k < J <n and

ajé = bjg for 1 < j < k. By Proposition (4.1.1)(iii) g is con-

stant on B - F F

0
10 Fy - Fj+l (1 <J<k)and F_. Thus g = g e,

k

and e € End(C_) since 0 < i < j < k implies that 0 < a.e < a,e < 1.0
n . 1 J
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Let X be a Boolean space. Then the set E(X) = C{(X,X) is
a monoid with IdX as unit. Let.Xn be the category of Boolean
spaces which have a continuous action of the monoid End(Cn),
that is a semigroup homomorphism e > e from End(Cn) into E(X)
such that 1 = Id,. Amap ¢ e C(X,Y) is an arrow of.Xn if and
only if ¢ preserves the action of End(Cn), that is xeé¢ = x¢e
for all x € X and all e ¢ End(Cn). Observe that Cn e.Kn: for
all e ¢ End(Cn), e = e.

For any B ¢ Ln, the Boolean space Ln(B’Cn) can be lifted to
an object of.Kn; for all e € End(Cn), e ¢ E(Ln(B’Cn)> is defined
by g8 = ge. If h e L,(B,D), then it is clear that L (h,c ) e X ,
whence Ln(—,Cn): Ln +uXE? is a well-defined functor. It is also
easy to verify that for all X e,Xn,,Kn(X,Cn) is a subalgebra of
C(X,Cn) and that for all ¢ e.XnKX,Y),,Xn(¢,Cn) € Ln, whence
Xn(—’cn):‘KZP > Ln is a well-defined functor.

PROPOSITION (L4.1.4). fon all B ¢ Ln define ng: B —>x”(Ln(B,cn),cn)
by bng = [b], where g[b] = bg, and for all X ¢ Xn define

ext X > LnO(n(X,Cn),Cn) by xey = [x], where ¢[x] = x¢. Then
(L,(=5C )X (~,C )5 n,e) is an adjunction grom L %o X;p.

Proof. By Proposition (1.13) it is sufficient to show that for
all X s‘xn and every homomorphism o: B %an(X,Cn), the continuous
map B: X - Ln(B’Cn)’ defined by b(xB) = x(ba), 1lifts tolxn.

But if e € End(Cn), then since bo preserves e, b(xéB) = xé(ba)

= (x(ba))e = (b(xB))e = b(xBe) as required.[]

LEMMA (4.21.5). If ¢ an(Ln(B,Cn),Cn), then go € Im(g) for all
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g e Ln(B’Cn)'
Proof. Since ¢ preserves the action of End(Cn), by Lemma (4.1.3)
it is sufficient to show that g0¢ £ Im(go) for all g € Ln(B’Cn)'

Let Im(go) = (ak_l] [){l} and let e, Dbe the endomorphism of C

determined by the prime filter [ak). Clearly go = goek = goék

and hence g0¢ = (goék)¢ = (go¢)ék = (go¢)ek, whence go¢ £ Im(ek)
0

= In(g ).

THEOREM (L4.1.6). (Ln(—,cn),xn(—,cn)) i85 a duality between Ln

and X n
Proof. Since the only subdirectly irreducible algebras in Ln

are the chains C sC (see [36] or apply Jdnsson's lemma

e
[45]), it follows that Ln = ISP(Cn) and hence for all B ¢ Ln,

ng: B +an(Ln(B,Cn),Cn) is an embedding. We will now apply

the duality for bounded distributive lattices (Theorem (3.k.L))

to show that n, is always a surjection.

B

Define an equivalence relation R on Ln(B,Cn) by (g,h) ¢ R

<=> lg-l = 10" and note that g/R = gO/R, where g/R denotes the

equivalence class of g in Ln(B’Cn)/R' Define a partial order <

on the quotient space Ln(B,Cn)/R by g/R < h/R <=> 1g’lg 1"t
Observe that g/R < h/R <=> go < hO (pointwise) <=> goe = hO for

some e € End(Cn).

We claim that Ln<B’Cn)/R is iseomorphic tc D{B,2). Define
A: Ln(B’Cn) ~ D(B,2) by gk = go, where o € D(Cn,g) is determined

by 16" = {1}. A is continuous since for all b e B,
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-1
(b3 {112 = {g ¢ Ln(B,Cn)lbgc =1} = {g ¢ Ln(B,Cn)lbg =1}
-1
= (b3{1)), and (b3(01\7" = {g ¢ L (B,C_)[bgo = 0} = (b3(a__ ).
Since A is constant on the equivalence classes of R, it induces

a homeomorphism X between Ln(B’Cn>/R and D(B,2) (see [19, Corollary

2.2, p.227]). Clearly g/R < h/R <=> 1g‘1'§;11f4'<=> gx < hi

<=> g/RX < h/RX and hence A is an iseomorphism.

If ¢ s.xn(Ln(B,Cn),Cn), then ¢o: Ln(B’Cn) -+ 2 is continuous.

hof be factorizations of

hQ and hence go¢ = ho¢.

N

Let (g,h) € R and let g = goe and h

g and h via Lemma (L4.1.3). Then go

O¢ = 1, then g¢ = (go¢)e =1 = (ho¢)e = h¢. If

If g0¢ =h
0 0 0 0]

g ¢ =h"¢g #1, then (g ¢)e # 1 and (h ¢)f # 1 by Lemma (L4.1.5),
and thus g¢ # 1 and hé¢ # 1. In either case it follows that
g¢c = h¢o. Thus ¢o is a continuous map into 2 which is constant
on the equivalence classes of R, and hence it induces a continuous
map ¢o: Ln(B’Cn)/R > 2,

If g/R < h/R, then there is an endomorphism e ¢ End(Cn)

with goe = ho. Thus, if go¢o = 1, then go¢ = 1 and so

1% = (g%)¢ = (g%)e = 1le = 1, which implies that hl¢o = 1.
0 0 — _ Om— 0, e
Consequently g ¢o < h ¢o, whence g/Rpc = g /R¢o < h /R¢o = h/R¢o.
Hence ag.is a continuous, order-preserving map, that is
$0 e P(L (B,C_)/R,2).
Since Ln(B’Cn)/R is iseomorphic to D(B,2), Theorem (3.L4.k4)

implies that there exists b ¢ B such that g/Réc = b{go) for

all g ¢ Ln(B’Cn)' We claim that bny = ¢.
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Note that for all h e L (B,C ), h¢ = 1 <=> h¢o = 1 <=> h/Réo

= 1 <=> bho = 1 <=> bh = 1, that is
(¥) for all h e L (B,C ), h¢ = 1 if and only if bh = 1.
By Lemma (4.1.3) it is sufficient to prove that for all

ge L (B,c), ¢ =ve’. Let 1g7 = FCF_C ...CF be the
chain of all prime filters containing lg—l. For 1 < J <k let
gj: B~ Cn be the homomorphism determined by the prime filter
Fj’ let e, € End(Cn) be the endomorphism determined by the prime
filter [aj) and observe that g; = goe..

J
1= bgo by (¥). IfbeB-~-F

[t}

-1 0
If b e Fk = lg ~, then g ¢ 1

then bgl # 1 and hence gl¢ # 1 by (*). But gl¢ € Im(gl) by
Lemma (4.1.5) and hence g, ¢ = 0. Consequently go¢el = goel¢
= gl¢ = 0, but since b ¢ B - Fl we also have bgo = 0, whence

go¢ = bgo. Finally, assume that b ¢ F, - F2+l with 1 < & < k.

'
Clearly bg, = 1 and bg£+l # 1. Thus by (%), g9 =1 and

o, _ 0 . _ . .0 0
g2+l¢ # 1. Hence g d)e2 =g e2¢ = gz¢ =1 and g ¢e£+l =g e£+l¢

¢ # 1, that is go¢ £ [az) - [ ) = {az}. Hence

T 811 Go+1

go¢ = 8, but since b € FQ - F we also have bgo =2y, whence

2+1
go¢ =a) = bgo-[]

For n = 2 the duality reduces to Stone's duality for Boolean
algebras and hence is full.

For n = 3 the dualiby is also full. Any algebra B ¢ L3 is

a fortiori a Stone algebra and since any chain of prime filters
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in B has at most two elements it follows that LB(B,C ) = S%(B,3).

3

The operation ' on S%(B,3) corresponds to the action of the

proper endomorphism e. e End(C,) on L3(B,C3); in fact,

1 3
+ ®H -
g =g = ge; = gey. Similarly, for any X elx3 we may define

+ + ~
an operation on X by x = xe, and a partial order < on X by

1
X<y <=>x=yor xél = y. It is easily seen that X is totally
order-disconnected with respect to < and hence X ¢ /. Since
both * and < are defined in terms of the endomorphisms of C3
it follows that X3(X,C3) = W(X,3). Since the duality for Stone
algebras is full (Theorem (3.5.5)) it follows that the duality
between L3 and”Xg is full.

For n > 4 the duality is not full. Let X = {0,1}, let
1= IdX and for all e # 1 let e be the retraction onto the point
1. It is easily checked that the action of End(Cn) is well
defined and that.xn(X,Cn) = {¢O,¢l,¢2} where O¢O = 1¢, = 0,
O¢l = 1 and l¢l = a5 and O¢2 = l¢2 = 1. Hence

X, (X,¢ ) = C, which gives an(Xn(x,cn),cn)l = an(C3’Cn)l =n-1¢%#2,

3

whence €y is not a surjection.

We turn now to the category Rn' The endomorphisms of Ci
are determined just as the endomorphisms of Cn were, except
that the restriction Oe = 0 is dropped. By identifying Ci

we obtain a one-one correspondence,

).

with the filter [al) of Cn+l

in fact a semigroup isomorphism, between End(Ci) and End(C

1 -
Hence IEnd(Cn)l = 2"l The retraction onto 1 acts as a zero

n+1

of the monoid End(Ci) and we will denote it by 8.
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Let X be a pointed Boolean space. Then the set El(X) of
point-preserving, con?inuous maps ¢: X »~ X is & monoid with IdX
as unit and the retraction onto the distinguished point as a
zero. Let Vn be the category of pointed Boolean spaces which

have a continuous action, e - &, of the monoid End(Ci) such that

~

8 is the retraction onto the distinguished point. The arrows
of Vn are the point-preserving, continuous maps which also pre-

serve the action of End(Ci). Observe that Ci £ Vn: 1 is the

distinguished point and for all e ¢ End(Ci), e = e. The Hom-

1y, op 1y, yop .
functors Rn(—’cn)' Rn > Vn and Vn(—,Cn). Vi > Rn are defined
as they were for Ln and.xn. Note that for =all B ¢ Rn’ the

constant map I onto {1} acts as the distinguished point of

1
Rn(B,Cn).

THEOREM (L4.1.7). (Rn(-,ci),vn(-,ci)) L8 a duality between R,
and "
Proof. That the functors are adjoint follows as in the proof

of Proposition (4.1.k4k). If B e Rn, then B, the Heyting algebra

0

obtained by adjoining a new zero to B, is an object of Ln+7

by Proposition (4.1.1)(ii). If g ¢ Rn(B’Ci>’ then, identifying

Ci with the filter [al) of Cn+ as mentioned above, we obtain

1
08 € Ln+7(OB’Cn+l) by extending g in the obvious way. Since

(,BsC_,4)

1 . . 1y .
End(Cn) > End(Cn+l) it follows that Rn(B,Cn) = [ 0B>Cou1

n+1
vhere the distinguished point of Ln+](OB’Cn+l) is the homomorphism

h.: B~+C + determined by the prime filter B. Note that for

1 0 n+l
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(L ,(.B,C__.),C

0 °* 'nt+l )s

#O’ il ,g%-=hl. If ¢ X

then h.¢ € Im(hl) = {0,1} by Lemma (L4.1.5). If h ¢ = 0, then

all g € L

n+l1 " n+l n+l

for all g we have g¢el = gel¢ = hl¢ = 0 and so g¢ = 0, that is
¢ = 0. Similarly, if h¢ = 1, then for all g, & © [a). Tt
follows readily that

. 1
X1 (L1 (oBsC g )5C L) = Y, (L (B cn+l),cn)L,){o}.

1y, 1, _
Thus Vn(Rn(B,c ),cn) = Vn(Ln+1( B,C,, ) C ) n+7(Ln+]( ),

n+l
C ) - {0} = B - {0} = []

n+l
For n = 2 the duality is full. A dual generalized Boolean

algebra (DGBA) is a distributive lattice with unit in which each
principal filter is a Boolean algebra. It is well known that a
DGBA is a Brouwerian algebra (a¥b is the complement of a in the
principal filter [aAb)) and that RZ is the class of all DGBA's

(see [L46]). Since End(Cl = {1,06} the action of End(Cé) is

5)
trivial and hence VZ is isomorphic to the category of pointed
Boolean spaces. Since the duality for distribution lattices
with unit is full (Theorem (3.L4.7))it follows that the duality
between RZ and VZ is full.

For n > 3 the duality is not full. Let X = {0,1}, let

~

1 = IdX and for e # 1 let e be the retraction onto the disting-

uished point 1. It is easily checked that the action of End(Ci)

is well defined and that vn(x cl) = {¢0,¢l} where 0¢, =

1
Dl

2 5
- - 1
and 1¢, = 1, and 0¢, = 1¢; = 1. Hence an(Vn(X,Cn),C

IRH(Cé,Ci)I = n # 2, and thus e, is not a surjection.

X
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Even though the dualities we have established are almost
never full the functors Ln(C(—,Cn),Cn): ZComp »uxn and
Rn(C(—,Ci),Ci): ZComp ~ Vn are ZComp-free for the categories
Xn and Vn respectively (see Proposition (1.24)). 1In fact by
utilizing Corollary (3.3.4) we can give explicit constructions
for these functors.

For X e ZComp let F(X) = X x End(Cn) and define the action
of End(Cn) on F(X) by (x,e)f = (x,ef). If ¢ e C(X,Y), then
define F(¢) eXn(F(X),F(Y)) by (x,e)F(¢) = (xd,e). Clearly
F: ZCOmp-awxn is a well-defined functor.

1 1 .

For X e ZComp let ¥ (X) = X x (End(c)) - {6})J {6}, let
6 be the distinguished point of Fl(X) and define the action of
End(Ci‘l) on Fl(X) by

5 (x,ef) if ef # 8, _
(x,e)f = and 6f = 6.
3] if ef = 6,
. 1 1 1
If ¢ € C(X,Y), then define F (¢) ¢ Vn(F (xX),F (Y)) by
(x,e)Fl(¢) = (x¢,e) and 6F1(¢) = §. Clearly Fl: ZComp ~ Vn
is a well-defined functor.

Since the proof of the following result is just a slight

generalization of the proof of Proposition (3.5.8) it will be

omitted. Note that Brouwerian and Heyting algebras have distri-

butive congruences and that for 2 < n < w, Cn and Ci are subdirectly
irreducible and hence Corollary (3.3.4) is applicable.

PROPOSITION (4.1.8). (i) F: ZComp > X, 48 naturally Lsomonphic
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Zo Ln(C(-,Cn),Cn): ZComp »an and is Left adjoint to the forgetful
functon from Xn into ZComp.
(11) 7 ZComp » Y 44 naturakly isomorphic to Rn(C(—,Ci),Ci):
ZComp ~ Y, and 45 Left adjoint to the forgetful gunctor from
Vn Anto ZComp. )

As usual the free functors from Set into‘Xn and Vn may be
obtained by composing F and Fl respectively, with B8, the Stone-

Cech compactification functor.

L.2 Weak Tnjectives and Injectives

We recall some definitions. Throughout thils preamble A will
denote an equational class.
DEFINITION (4.2.1). (i) An algebra T e A is a weak injective in A
if, given algebras B,C ¢ A, B a subalgebra of C, and given a
surjection g: B » I there is a homomorphism g': C > I with
g'|B = e
(ii) An algebra I ¢ A is an absofute subretract in A if it is
retract of each of its extensions in A.
(1ii) A is said to have enough injectives if every algebra in A
has an injective extension in A.
(iv) An algebra I € A is self-injective if every homomorphism of
a subalgebra of I into I extends to an endomorphism of I.
(v) A satisfies the congruence extension phroperty if, given
B,C € A, B a subalgebra of C, and given any congruence O on B

there is a congruence © on C with @,|B = 0.
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(vi) A maximal subdirectly inreducibfe algebra in A is a
subdirectly irreducib%e algebra with no subdirectly irreducible,
proper extension in A.
(vii) Let (Balc‘i e A) be a family of algebras and let
g: B~ H(BGIS € A) be an embedding of B as a subdirect product.
If g also embeds B as a retract of H(B6|6 e A) we say that B is
a subdinect rethact of the family (B6|<S e A).

These concepts are related as follows (see [8 ], [16],
[32] and [33]).
PROPOSITION (k.2.2). (i) I4 I 48 an injective in A, then I is a
weak injective. 1§ I is a weak injective in A, then I 4is an
absolute subretract.
(ii) 14 A satisgies the congruence extension property, then T
48 a weak injective in A if and only if I 4is an absofute sub-
netract in A,
(iii) 14 A has enough injectives, then (in A) the concepts of
injective, weak injective and absolute subretract are equivalent.
(iv) Let A be a congruence distributive equational class and
assume that A = ISP(A), where A 44 a finite subdinectly inreducible
algebra whose subalgebras are either injective on subdinrectly
iuveducible. Then A has enough injectives if and only L A Ab
self-injective.
(v) Any maximal subdirectly inneducible algebra in A is an absolute
subretract.
(vi) A subdinect netract of a family of weak injectives {8 itself

a weak injective. (]




e

If B,C € A and O and & are congruences on B ard C respec-
tively, then we may define a congruence (6,2) on B x C by
((bl,cl),(bg,cg)) e (0,8) <=> (bl,bg) e 0 and (cl,ce) e &. If
for all algebras B,C € A, every congruence on B x C can be factored
in this way we say that A has the product property on congruences.
Noﬁe that if © is a congruence on B x C which factors as
© = (05,0,), then (b ,b,) e 6 <=> ((bj,c),(by,c)) € © for some
ce 0 <=> ((bl,c),(be,c)) £ 0 for all ¢ e ¢, and similarly fqr
QC’ It is well known (see [25]) that if every algebra in A has
distributive congruences then A has the product pro@erty on
congruences.

PROPOSITION (L.2.3). 1I4 A has the product property on congruences
and T(Bg|8 € &) 4is an absolute subretract in A, then each By is
also an absolute subretract in A.

Proof. Let o: BY +.D be an injection and define

G: MB, - D x H(Bélﬁ # v) by bo = (byc,g) where c € H(35|5 #v)

8
is given by Cs = b6; clearly a is an injection. Let
T: D x H(B6]6 #v) > IB; be a retraction of o. Let
c e H(3616 # v) and define A: D - BY by dx = (d,g)rwy, where
wyz HB6 > BY is the natural projection.
We claim that A is independent of the choice of ¢. Since
A has the product pfoperty on congruences there exist congruences

© and ® on D and H(Bald # v) respectively, such that

Ker(rny) = (0,0). Clearly it is sufficient to prove that ¢ is




Then d' = ac will suffice since (d‘,p)TwY = (ao,b)tm

78.

the improper CONEruUence, that is for all b, c € H(B616 #v)

there exists d' € D with (d‘,p}rﬂy ='(&‘,g)rﬂy. Let a € By‘

Y
=.(a,§)51ﬂy = (a,@)ﬂy = g and similarly (d',g)rwy = a.

Tt follows immediately that A is a homomorphism and since
OA = LdBY we are through.[)

The following result was proved in [33] for the case where

A is an equational class of distributive pseudocomplemented '

lattices.

. PROPOSITION (b.2.4). I T 44 a finite, weak injective algebra

in A, then endowing T with the discrete topology, C(x,I)
s a weak injective in A for every compact, extremally dis-
connected space X. |
Proof. It is easy to verify that the functor C(-,I): 7Comp" Y + A
has the following.properties (since I is finite): (i) if ¢ is
a surjection, then C(¢,I) is an injection, (ii) if ¢ is an in-
jection, then €(¢,I) is a surjection, and (iii) if (Xs\a e A)
is a family of Boolean spaces and X = 8([KX6iG e A)) is their
coproduct in ZComp, then C(X,I) = H(C(XS,I)‘§ e A).

Any Boolean space ¥ is the surjective image of BS for some

set S (for example S = 1x]), from which it follows, by (i),

(ii) and (iii), that C(X,I) may be embedded in c(gs,I) = ™

as a subdirect product. Since X is extremally disconnected it
is sur-projective (see [27] or [35]) and hence is & retract

of 85. Tt follows that C(X,I) is a retract of c(gs,I) = I°,
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whence it is a subdirect retract of copies of I. Hence C(X,I) is
a weak injective in A.by Proposition (L.2.2)(vi).[]

REMARK (4.2.5). It is easily seen that for any Boolean algebra

B and any finite algebra A, the Boolean extension A[B] of A by

B (see [28])is isomorphic to C(X,A), where X is the Stone space
of B. Since compact, extremally disconnected spaces are precCisely
the Stone spaces of complete Boolean algebras, Proposition

(4.2.4) may be restated as: |

'T4 I is a §inite, weak injective algebra in A, then for
eveny complete Boolean algebra B, the Boofean exfension I[B]
0f I by B is a weak injective in A.'

We will now characterize the sur-projectives inAXn and Vn
and then apply the dualities to characterize the weak injectives
and injectives in Ln and Rn' Proofs will only be presented for
the case of Rn and Vn, which is the more technical of the two
cases.
LEMMA (4.2.6). Let X e ZComp and assume that P e Vn 5 a
netract of ¥-(x) = X x (Ena(ch) - {61)\J{ed. Then (x,e) P
implies that (x,e°) € P for all e e End(C)) - {6l.
Proof. Let Tt: Fl(X) - P be a retraction and let (x,e) e P.
If (x,1)t = 6, then (x,e) = (x,e)t = (x,1)7é = 6e = 6, a contra-
diction. Hence (x,1)t = (y,f) € P.

Now (x,e) = (x,e)t = (x,1)18 = (y,f)e = (y,fe) and thus

x =y and e = fe. But e = fe implies that af = a for all
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ac Ci such that ae # 1. Hence fe¥ = eo, and since (x,f) € P

it follows that (x,eo)

~

= (x,feo) = (x,f)eo e P.()

Recall that for 1 <k <n, e ¢ End(Ci) denotes the endo-

k
morphism determined by the prime filter [ak). Note that €1 T -
Let Ek = ekEnd(Ci) - {6} be the deleted right ideal generated
by € i Xl,...,Xn_l are (possibly empty) disjoint Boolean. spaces

then X ={J(X, x E_|1 <% <n)J {6} is a subobject of
Fl(U(Xk]l <k <n), in fact is is easily verified that
T3 Fl(U(Xk]]. <k < n) > X, defined by

(x,eke) if x e X and ee £ 6,

(x,e)t = and 6t = 6, -
6] if x ¢ Xk and e, e = 0,

k
is a retraction onto X.
THEOREM (4.2.7). The following are equivalent:
(i) P 48 swr-projective in Vn;
(i1) P 48 a retract of Fl(X) gon some compact, extremally dis-
connected space X;
(iii) there are disjoint, compact, extremally disconnected spaces
SEEEERS SN such that P is isomonphic (in Vn) to |
Uz, <8 |1 <k < n) U (o3
Proof. By Proposition (1.29), (i) is equivalent to (ii). If
(iii) holds, then by the discussion above, P is a retract of
Fl(Lkall <k <n)). Since each X, is compact and extremally

disconnected, so isLj(Xkll <k <n), and hence (ii) holds. It

remains only to prove that (ii) implies (iii).
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Without loss of generality assume that P is a subobject of
Fl(X) and that t: Fl(X) -+ P is a retraction onto P. Let

Xn-l = {x ¢ X’(X,l) € P} and for 1 <k <n-1let

- . ) X 0
X, =1{xe Xl(x,ek) e P; x ¢ X 1} Since e ¢ {ekll <k <n}
for all e ¢ End(Ci) - {6}, it follows by Lemma (4.2.6) that

P ={J(x, x E |l <k < n) J {6},

We will show that{J(X [1 <k <n)(J{6} is a retract of

x {6} end that each X_is clopen inlJ(X |1 <k <n). Since o

is an isolated point of Fl(X) and since clopen subsets of
retracts of compact, extremally disconnected spaces are compact
and extremally disconnected (see [35]), the result will then
follow.

Define p: XU {0} +U(xk]1 <k <n)J{6} by 6p = 6 and

xp = (x,e. )tmw, where m: Fl(X) + X1 J {8} is the obvious projection.

1

If (x,e) e P, then (x,eo) e P and hence (x,el) = (X,eoel)

(x,eo)él e P. Thus for all x sLJ(Xk!l <k <n), xp = (x,e

l)rw

= (x,e )1 = x.

If U is open in X, then

-1

Up {x ¢ Xl(x,e Ytm e U}

1 .
{x ¢ Xl(x,ej)T e U x (End(Ci) - {61}

[(x x {e;)MN\(U x (End(c)) - {6}))7  ]n,

which is open in X since T is continuous and 7 is open.

Similarly, {e}p_l {xe X](x,el)T = 6} {6}

[(x x {e, NN 1ek U tol,

i}
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which is open in X () {8} since § is an isolated point of Fl(X),
T is continuous and 7 is open.

To show that each X_is clopen in&)(Xk]l <k <n) it is
sufficient to show that for all 1 < k < n, the set

U {x ¢ X|(x,e_ ) ¢ P} is clopen inL)(Xk]l <k <n). Since

»
T 1s continuous and 7w, being a projection parallel to a compact
. factor, is both open and closed, it follows that

V= LK x L, DX x {e, N
is clopen in X. We claim that U, = V}j”\(LXxkll'f kX < n)).

IfxeU

> then (x,ek) € P and hence x ¢ Vk(ﬁ\dj(xk]l <k <n))

since (x,ek)T = (x,ek). Conversely, assume that

X € vk/”\(LKXkll

v e X, and (x,e)

A

k < n)). Then (x,ek)T = (y,ek)'e P for some

P for some e € End(Ci) {6}. By Lemma (%4.2.6),

o]

(x,eo) e P, but e = e for some 1 < j < n, whence (x,ej) e P.

e, = ej and hence (x,ej) = (x,ej)r = (x,e

If J§ < k, then € i

k)ejT

= (x,ek)rej = (y,ek)ej = (y,ej), which gives x = y. Thus

(x,ek‘ = (y,ek) e P. If j > k, then ooy = ey and hence
(x,ek_ = (x,ej)ék e P since (x,ej) e P. In either case (x,ek)'e P,
giving x ¢ Uk as required.[]

IEMMA (4.2.8). "Let 3 < n < w. Then for any non-emply BoolLean
4pace X, C(XsCi) i5 not Adﬁ—ihjec,téue, and for 2 < k <,
C(x,C;) 4s not an absolute subnetract in R,.

Proof. Let D = {an_g,l}C:_Ci. Then C(X,D) is a subalgebra of

C(X,clll)° Define A: D ~» Ci by 1A = 1 and a _,A = 0, and define
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x: C(X,D) » C(X,Ci) by oA = ¢Ar. If C(X,Ci) were self-injective
there would be a homomorphism v: C(X,Ci) %-C(X,Ci) satisfying.
by = ¢A for all ¢ ¢ C(X,D). TFor a ¢ i, let a ¢ C(X,Ci) be

~

the cérresponding constant map. Since 0 = én_2i"= a v and

~

¥ = 0 in 0%0v = a #0v = (4  *0)v = O ;
2 0 = 0, we obtain O0%0y a  oY*0y (a 0)y = Oy, which

n-2

gives the contradiction 0 > éy. Hence C(X,Ci) is not self-injective.

Let a: Ci - Ci embed C. as a filter of Ci and define

1
k

o: C(x,ci) > C(X,Ci) by 40 = ¢o. If C(X,Ci) is an absolute sub-
retract then there exists a retraction T: C(X,Ci) - C(X,Ci) of
T —

o. Since 00 > 0 it follows that (00)¥0 = 0, and hence
0%¥0t = O0ct*0t = (05%0)t = ((00)%0)t = O1; again we have the
contradiction 0 > Ot. Hence‘C(X,Ci) is not an absolute sub-
retract in Rn.[] '
. L] <n>
If B is a Boolean algebra, then let B = {(b

...5b L) € Bnl

0’ n-1

bO < bl < ... < bn l}' It is easily seen that B<n> is a Brouwerian

(in fact Heyting) algebra in which

).

n-1 n-1
* i = ! ? v-\/
(bo,...,bn_l) (CO""’cn—l) ({Cgbivci, izibivci,...,bn_l c. 1

Furthermore, it is clear that B<n> & C(X’Ci+l) where X is the Stone
space of B. Hence B<n_l> € Rn.
For convenience we will regard the one-element algebra as an

n-valued Post algebra (see [20]).

THEOREM (L4.2.9). The {ollowing are equivalent:




(i) T 45 a ww!z.x;njec,téue Ain Rn;

(ii) I i an absolute subretracl in Rn;

(iii) I = C(X,C]r;) fon some compact, extremally disconnected space X;
(iv) I 48 a complete n-valued PoAi-a/&geb/ta;

(v) I = g<n-1> fon some complete Boolean algebra B.

Proof. (i) <=> (ii). Since Brouwerian algebras have the congruence
extension property this follows from Proposition (y.2.2)(ii).

(ii) => (iii). Since R = ISP(Cl), I is isomorphic to & subalgebra
of (Cl)S ~ C(8s, ot L) and hence T is a retract of C(B3,C ) It
follows that R (I ¢ ) is a retract of R (C(BS C ) C ), which by

Proposition (L4.1.8)(ii) is isomorphic to F (BS). Hence by

Theorem (L4.2.7) there are (possibly empty) disjoint, compact,
extremally disconnected spaces X ""Xn-l

in ¥, to X U(Xk E |1 <k < n)UJ{e}. For all 1 <k < n,

with Rn(I,Ci) igsomorphic

(Xk Ek)(v}{e} is a subobject of X and if ¢, € y (Y .C, ®
for all 1 < k < n, then ¢ E-VH(X?CH) may be defined by ¢[Yk by

in fact X is the‘ancoproduct of the family (Y'!l <k <n). Hence

1= Vn(Rn(I,Ci),Ci) = vn(x,ci) = (Y, (1, .C H <k <n).
We claim that vn(yk,ci) ~ C(xk,ck+l) and hence
I-= H(C(Xk,ci;l)‘l <k<n). If¢e Vn(Yk,ci), then (x,e, )9
o= (X,ek)ék¢ = (X,ek)q)ek and thus (x,ek)¢ eva(ek) = {O,al, PCNRE

Hence ¢ induces a continuous map $ £ C(Xk’ci+l) defined by

R . 1
x¢ = (x,ek)¢. Conversely, any continuous map ¥ € C(Xk’ck+l)

induces an arrow ¥ € yn(Yk’Ci) defined by (x,e)b = xpe and

1}.
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6@ = 6. The map ¢ -~ $ is clearly a homomorphism and since
2 2 . 1, 1
¢ = ¢ and ¥ = ¥ it follows that Vn(Yk,cn) = C(xk,ck+l).
Lemma (L4.2.3) and Lemma (4.2.8) imply that X, is empty for

1 <k <n -1 and hence (iii) follows.

(iii) => (i). Since Ci is a maximal subdirectly irreducible in

Rn it follows that Ci is a weak injective in Rn by Proposition
(4.2.2)(ii) (v), since Brouwerian algebras have the congruence
extension property. Hence (iii) implies (i) by Proposition (4.2.L).
(iii) <=> (iv). For any non-empty Boolean space X, C(X,Ci) is

an n~-valued Post algebra and conversely any n-valued Post algebra

I is isomorphic to C(X,Cn), where X is the Stone space of the
centre of I.(see [20]). Finally, an n-valued Post algebra is
complete if and only if its centre is complete (see [20]).

(iii) <=> (v). This follows immediately since we have already
noted that BF1 = C(X,Ci), vhere X is the Stone space of B.[]
THEOREM (4.2.10). R, has enough injectives if and only i n = 2.
An algebra in R, 48 injective 44 and only if Lt is a complete
BooLean algebra, and or 3 < n < w, R, has only trhivial injectives.

Proof. Cl is trivially self-injective and by Lemma (L.2.8) with

2
IXI = 1, Ci is not self-injective for all n > 3. Hence only
R, has enough injectives by Proposition (L.2.2)(iv). By Proposi-

2
tion (Lk.2.2)(iii) and Theorem (L4.2.9), an algebra in RZ is in-

jective if and only if it is a complete Boolean algebra since

the 2-valued Post algebras are exactly the Boolean algebras.
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Since injective algebras are necessarily self-injective and weak
injective, for n > 3,Lemma (4.2.8) and Theorem (4.2.9) imply that

Rn has only trivial injectives.[])
We now turn our attention to Ln and.Xﬁ.
= 1 ; e . I
Let Ek ekEnd(Cn) be the rlght ideal generated by ey If

X seesX o aTe (possibly empty) disjoint Boolean spaces, then

‘ x.=L3(Xk X Ek’l <k < n) is a subobject of'F(LKXk]l <k < n)) and

T: F%LﬂXk]l <k < n)) +~ X, defined by (x,e)t = (x,éke) for all

X € Xk’ is a retraction onto X. |

THEOREM (4.2.11). The §oflowing are equivalent:

(1) P 45 sun-projective in Xn;

(ii) P 48 a retract of F(X) for some compact, extremally disconnected
space X; |

(iii) there are disjoint, compact, extremally disconnected spaces

X 505X 4 Such that P is isomorphic (in Xn)'.io[_j(xk x Ekll <k <n).[]
LEMMA (4.2.12). Llet L < n < w. Then for any non-empty Boolean
space X, C(X,Cn) 8 nok self-injective andlﬁon 3 <k <mn, C(X,Ck)

is not an absolute subretract in L . |

1},

Proof. Mimic the proof of Lemma (4.2.8). Tet D = {O,an_21

define A: D +,Cn by OA = 0, 1A = 1 and a A = a,, and obtain a2y = 0 and

n-2° 1

the contradiction 0 = Oy = (al*ﬁ)y = aly%ﬁy = 0%0 = 1.

1Y

Let o: Ck -+ Cn be the embedding characterized by Ooc = 0 and

[al)c is a filter of C .  Show that élr = 0, and obtain the con-

“tradiction O = 1, as above.( ]
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THEOREM (L4.2.13). The following are equivalent:
(1) I 48 a weak dnjective in Ln;
(ii) I 48 an absolute subretract in Ln;

(iii) I = C(Xo’cg) x C(Xl,cn) gon some compact, extremally dis-

connected spaces X, and X

(iv) I = By x P gon some complete BoolLean algebra B, and some
complete n-valued Post algebra P;

(v) I = B, x B;n"l> forn some c&mpﬁete Boofean algebnras B, and B, .

Proof. A proof may be obtained by making the obvious minor changes
in the proof of Theorem (L4.2.9). In particular, note that for

every compact, extremally disconnected space Xy C<XO’CE) is a weak
injective in Ln by Proposition (L.2.4), since it is easily seen

that C2 is injective in Lw — the set of complemented elements in

an l-algebra is a retract and hence we can apply the fact that

02 is an injective Boolean algebra; in fact, this approach has

been generalized in [T ] to show that every complete Boolean algebra

is an injective Heyting algebra. Clearly where Lemma (L.2.8)

was used in the proof of Theorem (4.2.9) we now call on Lemma (h.2.12).tj
Except for the characterization of the injectives in L3,
the following result is due to A. Day [17], [18].

THEOREM (h4.2.1L),. L, has enough injectives if and only if n = 2

onn = 3. An algebra in L, is injective if and onty if it is a
complete Boolean algebra. An algebra in L3 L5 Anjective 4§ and
only if 4t 48 isomonphic to the direct product of a complete
BooLean afgebra with a complete 3-valued Posit algebra. Foin >k
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an algebra in L, 4s dinjective 4§ and only if it 48 a complefe
Boolean algebhra.

Proof. Clearly C, and C, are self-injective, and by Lemma (4.2.12)

3
with ]X| =1, Cn is not self-injective for all n > 4., Hence by
Proposition (4.2.2)(iv), Ln has enough injectives if and only if
n=2orn= 3. The characterization of the injectives in LZ and
L3 follows from Proposition (L4.2.2)(iii) and Theorem (L4.2.13).

It is very easily shown that in any category A with products, if

A(B,C) is non-empty for all B, C € A, then I, x I, is injective

1
in A if and only if both I, and I, are injective in A (see [5 ]).
Hence if I is injective in Ln (n > L), then I is a complete Boolean
algebra by Theorem (4.2.13) and Lemma (4.2.12). Since complete

Boolean algebras are injective in the class of all Heyting algebras

([T 1), the result follows:[j

4.3 Free Products and Free Algebras

Free producté in Ln and Rn are readily described by using
the duvalities. The free product of the family (B6l6 e A) will
be denoted by %H(Bdfa e A).
THEOREM (L1.3.1). (i) Let (Bg|s e 8) be a family of non-trivial
Ln—-av@geb/za/s. Then *H(BSIG e A) exists 4in L, and 45 i/somoﬁph/éc Zo
X, (m(xs]s e a),C ), where X, = L (B

S ne’
(ii) Let (Béla e A) be a family of Rn—aﬂgeb/za/s. Then *H(B(SIG e A)

Cn).

exists Ain Rn and 45 isomonphic Zo yn(H(X5|5 € A),C;Ll), whene

_ 1
X6 = Rn(Ba’Cn)'
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Proof. (i) Since Ln is equivalent to (the dual of) its image

Xé inJXn, it follows that the image of a direct product in4Xh under

the functor4Xn(—,Cn) is a coproduct in Ln' Free products are
distinguished from coproducts only by the requirement that the

%
natural homomorphism gg: By H(B6|6 € A) be an embedding. But

8

gs = nBéxn<W6’Cn)’ where My H(X6!6 e A) > X6 is the natural

projection, and thus gs is an embedding since Ts is a surjection.
(ii) This follows exactly as in (i).[])

In (i) the algebra B6 was assumed to be non-trivial so that

Xé would be non-empty. Note that the free product of C, and C2

1
does not exist in Ln and hence this requirement is necessary.

For all B e L, let En(B) be the subset of Ln(B°Cn) consisting
of those homomorphism which are determined by some prime filter

of B (see Definition (Lk.1.2)). If En(B) is ordered pointwise,

then the correspondence F - h_ is an order-isomorphism between

F
the poset of prime filters of B and the poset En(B)' Observe

that if g, h € En(B)’ then g < h if and only if ge = h for some

e € End(Cn). Since a finite distributive lattice is determined by
its poset of prime filters (see Remark (3.L4.5)), it follows that

a finite algebra B ¢ Ln is determined by the poset En(B)' For

1

an algebra B ¢ R En(B) is defined similarly, and again if B is

n’
finite, then the poset E;(B) determines B.

Using this observation we can describe the finitely generated

free algebras in Ln and Rn. Since the description in Ln is dependent




upon the description in Rn we commence with the latter.

Define the action of End(Ci) on (Ci)m pointwise, that is

(cqseeesc_ 1)e = (c.e,...,c_ _e). Then it is clear that the map
0 m-1 0 m~1
o+ R (FE (m),Cl) > (Cl)m is an isomorphism in Y (see Proposition
m" N Rn n n n
(1.6)). ILet Ei(m) be the image of E;(Fk (m)) under p_ and define

a partial order on Ei(m) by 'e¢ <43 <=> ce = d for some e € End(Ci)'.
Obviously E;‘ % (m)) and Ei(m) are order-isomorphic.
PROPOSITION (u.g.e). (1) FR (m) = vn((ci)m,clll) forn all m < w.
(ii) c ¢ EZL(m) i and only LZ {cj[j <mH {1} = (al_l]u{l}
gor some 1 < 4 < n.
Proof. (i) Apply the duality.
(ii) If g ¢ Rﬁ(?% (m),Ci), then Im(g) is the subalgebra of Ci
generated by {xngj < m} and hence Im(g) = {xjg]j <m}J{1}, since
for all c, d ¢ Ci, c*¥d ¢ {c,d,1}. Thus g is determined by a prime
filter of Fkn(m) if and only if {xjg]j <m}UJ{1} = <a2—l]k“){l}
for some 1 < & < n. After translating from RnK % (m),Ci) to
(crll)’“l via p_, the result follows.(] "

With the exception of Proposition (4.3.4), the remaining
results in this section are due to P. Kdhler [L49] (see also [Lk2]),
but the proofs of Theorem (L4.3.3) and Theorem (L.3.5) are new.

Recall that B is obtained from B by adjoining a new zero.

° 1,271
THEOREM (4.3.3). (i) FR (m) = (02) T fon all m < w.
2
(11) Forn > 3, K (0) = CJ% and or 1 <m < w,
n
m-1 (x)
o (m) = m [ (R (k)™ .

n =0 n~-1
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Proof. It is clear that % (0) = Ci for all n > 2 and hence we
n

will assume that m > 1.

m
Applying Proposition (4.3.2)(i) we find that FR (m) = (Cé)e -1
2

since VZ((Cé)m,Cé) is the set of all arrows which map (1,...,1)
to 1 and map each of the other 2m—l elements of (Cé)m arbitrarily
. 1 '

into 02.

Now consider n > 3. If c e E;(m), then there exists j <m

such that ¢, = O. Thus if ¢, d € E;(m) and g_s d, then

cj = 0 <=> dj =0 (if‘gé = d, then Oe = 0 for otherwise

ce ¢ Ei(m)).A Hence MU = (Cé)m - {(1,...,1)} is the set of maximal
elements of Ei(m), and in fact E;(m) is the disjoint union of the
family ((gj|g s Ml) of principal ideals. (Note that since Ei(m)

is isomorphic to the poset of prime filters of an algebra in Rn,
E;(m) must be a disjoint union of principal ideals by Proposition
(4.1.1)(ii).) By Remark (3.L.5), ’FR (m) is isomorphic to the lattice

n
of increasing subsets of Ei(m) and so is isomorphic to H(Bc|c £ Ml),

where Bc is the lattice of increasing subsets of (c]. But it is
easily verified that if c e Ml has exactly k < m coordinates
equal to 1 (and hence m-k equal to 0), then (c] is order-isomorphic

1 . m M
to En_l(k)k,){(l,...,l)}. Since there are (k) elements of with
exactly k coordinates equal to 1, and since the lattice of in-

creasing subsets of EL_](k)L,){(l,...,l)} is isomorphic to
(FR ](k)), the result follows.[ ]
n-..

The proof of the following result is similar to the proof of

0

Proposition (4.3.2) and will be omitted. As before, the action of
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End(Cn) on (Cn)m is defined pointwise, and En(m), the image of

E ﬁ (m)) under p» is order-isomorphic to En(Fi (m)) when ordered
n n

by 'c < 4 <=> cé = d for some e ¢ End(Cn)'.

al

PROPOSITION (4.3.4). (i) F (m) =X ((C )m,cn) forn all m < w.

n

n
(ii) c ¢ En(m) A4 and only if {0} {cjlj < mU {1}
= {O}U[al’az—l] {1} for some 1 < 2 < n.[]

m

)2 for all m < w.

THEOREM (14.3.5). (i) FLz(m) = (c,

(ii) Pan > 3 and for all m < w,

x)1 %

=B

E (m) = [.(F
Ln k=0 0 Rn-]

Proof. Again it is clear that Fl (0) = 02 for all n > 2 and hence
' n
we will assume that m > 1.

m
That ﬁ (m) = (C2)2 follows immediately from Proposition
2

(4.3.4)(i) since C

5 has no proper endomorphisms.

Now consider n > 3. It follows as in the proof of Theorem
(4.3.3) that M = (C2)m is the set of maximal elements in the poset
En(m) and that En(m) is the disjoint union of the family

((cl]e € M) of principal ideals. Consequently ﬂ (m) is isomorphic
n
to H(Bclg_e M) where B, is the lattice of increasing subsets of (c].

In this case if ¢ € M has exactly k <m coordinates equal to 1,

then (c] is order-isomorphic to EL—T(k)L“){(l""’l)} since

(a) if gl, 912 € En(m) and gl < 4%, then &t =a <>dc=a

<d i 1 3 1 and

(b) by identifying Ci_ with the filter [al) of Cn, we see that

1
End(Cn) S End(Ci_l) (as was observed in the proof of Theorem (4.1.7)).
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Since there are (E) elements of M with exactly k coordinates

equal to 1, and since the lattice of increasing subsets of

1

En-l

(k)kw){(l,...,l)} is isomorphic to O(.% ](k)), the result
follows.[ ] "

The following simple result indicates the isomorphisms
existing between the finitely generated algebras in various
claéses and also allows us to describe the finitely generated
free algebras in Lw and Rw'
EMMA (4.3.6). (i) LetBe L . I§ B is n-generated, then B e L ,.
(ii) Let B ¢ Rw. 14 B 4is n-generated, then B e Rn+1.
Proof. (i) Let B ¢ Lw be n-generated and let F be a prime filter
of B. .We will pfove that the chain of prime filters containing

F has at most nt+l elements, whence B e L by Proposition

n+2
(k.1.1)(id).

Let O be the unique congruence on B with F as a congruence
ciass ((a,b) € 0 <=> a¥b A b¥a ¢ F). For all a, b a'B,
a*b \Vb*a = 1 ¢ F and hence either a*b ¢ F or b¥a ¢ F, that is
[é]G # [p]o = [1]e or [ble * [ale = [1]o. But a Heyting (or
Brouwerian) algebra C is a chain if and only if for all a, b e C,
a¥p = 1 or b¥a = 1; thus B/0 is a chain. Since B/0 is generated
by the images of the n generators of B,.it follows that [B/Gl < nt2,
the 2 being added for the nullary operations 0 and 1. Hence the

chain of all prime filters containing F has at most nt+l elements

by Proposition (4.1.1)(iii).
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(ii) If B is an n-generated in Rw’ then B is n-generated in Lw

0

and hence OB € Ln+2' .It follows that OB £ Rn+2 and thus

B e Rn+1'[]

Our final result follows easily since if B is an equational
subclass of an equational class A and every n-generated algebra
in A is an algebra in B, then FA(n) = FB(n).

PROPOSITION (4.3.7). (i) B (m) = B (m).

(ii) (m) ( “ ]
1) F = F ).
11 me L Zm

(iii) T4 n >m+ 1, then F{z (m) = 52 (m).

n m+1
(iv) If n > m + 2, then FL (m) = F (m)
n n+?2
) E @) = T L(E )))@
v) E = I E (k
Rw - k=0 0 Rw
" =
(vi) ﬁ_ (m) = I [O( B (x))] = I (m) x O( B (m)).]
w k=0 w ®w )
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