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ABSTRACT

The subject of the thesis is classical meson
theorye. The purpose in writing this thesis was to present
meson theory from an elementary point.of view, a point
of view which could be understood by students in physics
not familiar with quantum field theory. Thus the develop-
ment of the meson field equations is carried through by
analogy with familiar classical fields, such as the electro»
magnetic field. The various formulations of meson field
theory are considered: scalar, pseudo-scalar, vector, and
pseudo-vector. The charged and symmetric.meson theories
are introduced by regarding’the'isotopic spin of a nucleon
as a classical vector in an abstract charge spaces

A sufficient background is developed to enable
the reader to follow the analysis of several interesting
probléms in meson physics. The questions of nuclear forces§
the structure of the deuteron, meson production in nucleon=
nucleon and photoﬁ-nucleon collisions, meson scattering by
‘nucleons, are treated by applications of the classical theorys

Finally the classical results are compared with

quantum mechanics and with experiment.
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1. INTRODUCTION:

The mesons we shall be mainly concerned with are
the Z -mesons, believed to be reéponsible for the
specific nuclear interactions. We assume the reader is
familiar with the early historical development of meson
theory. Hideki Yukawal was the first to suggest that nuclear
forces might be.explained by a field theory similar to
electromagnetic theory. Because of the short range nature
of nuclear forces, Yukawa found it necessary to associate
with his field,particles of finite mass intermediate betﬁeen
that of the proton and electron. He was thus able to predict
the existence and mass of a hitherto unobserved elementary
particle, the meson. Several years after the publication of
Yukawa's first paper on meson theory, a particle of approxim-
ately the correct mass was discovered as a constituent of

2

cosmic rays®e It was subsequently demonstrated that this

particle, later called the pu-meson, interacted only weakly

1, Hideki Yukawa: 'On the Interaction of Elementary
Particles, I' Proceedings of the Physico-Mathematical
Society of Japan (3), 17, 48 (1935). Reprinted in

'Foundations of Nuclear Physics', Dover, 1949,

2. First observed by Neddermeyer, Anderson (1939) and
independently by Blackett, Wilson (1939).




with nucleons. However; further research3 uncovered the
presence of yet another meson in cosmic rays. This latter
meson, the 7T -meson, did in fact seem to possess the proper-

ties of Yukawa's field particless

Present day meson theory is based on the formalism
of quantum field theory. It is felt that many physicists
possess insufficient mathematical background to permit them
to follow the rather complicated structure of meson theory,
but are otherwisé.quite capable of grasping the physics in~-
volved. Perhaps, then, there is a need for an introductory;
classical theory of mesons = a classical theory which could
provide a basis for the reading of current literature on
experimental meson physicse It is true that there are
present in the literature many classical or semi-classical
treatments of problems in meson physics. However, nowhere
does there exist a unified account of meson theory from an

elementary point of views

It is our purpose to discuss the classical field
theory for the s -meson. We begin by establishing the
defining equations for the various types of meson fields:
scalar, péeudo-scalar, vector, pseudo-vectors This is
accomplished by considering well known classical fields as

ana10gies; the source terms of the meson field being patterned

3, Powell et al, at Bristol, (1947)s




after the source terms of the electrostatic, magnetostatic,
and electromagnetic fieldse Thus, just as one regards the
electrostatic field as arising from a distribution of
electric charge, so must one regard the meson field as

arising from a distribution of nuclear matter.

By interpreting the meson as a field particle we
find iﬁ possible to introduce electric charge into the meson
field, and hence to set up the symmétric formulation of
meson physicses It is in terms of this symmetric theory
that we are able to discuss many interesting problems in
meson physicse A solution of the static, symmetric, meson
field equations makes possible a discussion of nuclear
forces, and in addition yields a rather crude explanation

of meson production in nucleon-nucleon collisionss

Within the classical framework, we also consider
the scattering of mesons by nucleons and the production of

mesons in photon-nucleon collisionss

Finally the results of the applications of our
classical meson theory are compared with quantum theory and
with experiment. The latter comparison is carried out to
make the reader aware of the strengths and weaknesses of

present day meson theorys
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2. FORMALISM: FIELD EQUATIONS FOR MESON FIELD
2.1 Scalar Meson Field.

We have indicated that our purpose is to treat
meson theory in a classi cal or semi-classical fashion. In
‘doing so we will discuss two main formulations: first a
scalar, and then a vector development of the meson field.

We shall begin by considering the simpler of the two treate
ments; the scalar theory. One weuld saysthat a physical
field w;s scalar in nature, if it is possible to completely
describe the field by specifying the value of a scalar P (7e¢)
at an arbitrary space-time point(?{¢)¢: Associated with

this field ¢ are its sources, which may be given as definite
functions  $€£¢)0£ time and positionl. The manner in which
the sources S give rise to the field gﬁ is summed up in

a field equation
DC#e) P(F,e) = SCF ed (1)
where /) is a multiplicative and differential operator.

Our problem with regard to the meson
field 95 is to choose appropriate functions characteristic
of the nuclear sources for the field, and to relate these

sources with ?5 through a set of field equationse

It will be instruective to consider a familiar

scalar field, the classical electrostatic field arising from

1o In such case one ignores the reaction of the field

on its sources S .




a stationary distribution of electric charge. Let us suppose
that in some region of space the field is described by the
function (#)and the charge distribution by a densityf%(?f};
Then, it is well known that the behaviour of P(*Jwill be

governed by the Poisson equation

VY s - P, (2)

(units chosen so dielectric constant = %7)

At this point one often considers the force
exerted on an elementary volume ( 77) of charge, thereby
introducing the notion of a field intensity. The force on

dy will be

— , —
df = (%diﬁ)é | (3)
where the field intensity is defined as

F= - VY (4)

™|

In terms of L it is possible to replace the single second
order field equation (2) by a pair of first order equationss
The first of these is the defining equation (A) for E? sy and
the second is obtained by substitution from (4) into (2)¢

The result is V-E = £ | (5)

We are in particular interested in computing the

—p
field due to a single charged particle situated say at 7 =z0O

Such a charge distribution would be described by a density .




where () is the charge on the particle and 5/7) is the
Dirac delta function. Now a general solution of the Poisson
equation (2) may be obtained by a Green's method. One uses

the Green's function

-—-—L—.‘
=71
and obtains
NPY = L (7). v’
’ i ] )

The field at ‘}j due to a single particle at the origin
then is |

am———

wi 2

One notes that though the field ¥(#)in (8) apé
proaches zero as distance from the source increases, the
fall off is rather graduale. For our present work, this is
an important point. Experimenfs have shown that pérhaps the
main feature of specific nuclear forces is their very short
rangéi. If then one is to develop a meson theory capable of
explaining nuclear forces, one must incorporate in such a

theory the short range nature of these forces.

This may be accomplished by selecting for the meson

field a proper wave equation. One simple generalization of

lv—0One-might-say-that-nuclear forees—determine—the—scale—of -the

nucleusy-coulom at-ie the-atoms
Sinece the nuclearmraé1u3wf-i9’lémcm~“andfatcmic—raﬁ1u3“'

Nl@ w,8u_, oo FR D et

mueh--sherter—rangev
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the Poisson equation (2) which will define a field; gﬁ s of

definite range is the followinglz

(V-k") P = p (P (9)

( K is some constant of dimensions (length)-l)

For suppose one seeks the solution of (9) corresponding to a

point source, i.e.
L (7)) =39 5(F) (10a)

é}‘ being some constant whose nature we leave unspecified at

the moménts

A general solution of (9) is obtained through use
of a Green's Function -
| 5-/</?—?’i
(7 -7

The result is

s . - =B ‘
G(F)= L [p(P)C <77 g (100)

| vz ) " PP ]
and the choice =9 §(#) leads to a field
Pz -& e (11)
4z 7 ~

It is immediately evident that the field described by equation
(11) will fall off far more rapidly for large » than will

the coulomb field (8 )¢ One can in fact associate with the

1. The sign of fz in the equation (9) is opposite to that of
f%% in the electrostatic field equation. The reason for

this is that we wish to abide by standard convention for
meson notation. The same question arises with reference to

the meson field intensitys




field (11) a characteristic range ;% o

If one takes for -;% a value in agreement with the experie
mentally determined range of nuclear forces, then perhaps

equation (9) may be used as a basis for a scalar meson theorye

By analogy with the coulomb:: field, the source
functiqn ﬁfg?ﬁfbr the meson field will be taken as a density
of nuclear source materiales We shall in fact set /gig;ﬁf%zyﬁ ’
where ©(7#) 1is to be the number of nuclear particles per unit
volumeos This would imply that we attribute to each nucleon,
whether proton or neutron, a mesic 6harge‘%? o In this re;
spect the meson field would seem ©O parallel the grévitational
field more closely than the electrostatic field « we have only

one type of mesic chargee

Equation (11) will then give the field due to a

single nucleone

We may fix the units of :;, by considering the
energy possessed by a nucleon placed in an external meson
fielde In electrostatics a charge (p placed in an external
field 'gr possesses energy &YW o Similarly; we shall take
as the energy of a nuclear particle placed in a meson field

. , - 2p KV
¢ , the quan‘;:.ty 9 @  oClearly then,,.% is to have
the dimensions of energy, and &ﬁ? those of an electric

chargeo

It is also possible to introduce in meson field




theory an intensity defined by

- A # V

AL = V;@ (12)
Substitution into (9) then yields

v Z :/c¢+gp(7“) (13)

The equation (9) or the pair of equations (12) and (13) may

be taken as defining equations for the scalar meson fieldes

Actually such equations describe a rather limited field 95 ;

in fact a static fields One would like to be able to discuss
time varying fields arising from a moving distribution of
nuclear matter. We shall demand that the structure of any
time dependent meson theory be in conformity with the re~
quirements of special relativity, i.eo we ask that the field

X . . 1
equations be Lorentz invariant.

We achieve a relativistic generalization of (9) or
(12) and (13) by replacing all 3-dimensional quantities by
 corresponding L-dimensional quantities. Such a transformation
may be described by the following scheme:
¢C7“>“’"¢ar;
L ~ 2z (T, 2)

V7 > vZes 2Ds = 25 0,
< azr

Finally we must obtain a replacement for the nuclear density |
f>(;7. This is most readily done by introducing a velocity

field i?gffy} to describe the flow of nuclear matter. We:

1l,s See Appendix A,

oo
VEROREE




would refer to j?:‘f)i?. as a curvent density for this flow,
and weudd then combine f, ﬁ to form a L4-current JJ',':: (fzﬁﬂi
The magnitude of this 4=-current would be given by
| LT, = —62102(!—-323/63,>
Hence it would follow f;?

JOW— UZ,, = y—-éi_‘ o

is a L-scalar or invariant.

For the static field -0 , and 4~/ J 7, ““9/C3 o
V4
Clearly then /Cj_&gz; ' provides us with a suitable
czf

generalization of jO o

The time dependent meson field equations, then; may

be written down

——

Z = V?é (a)
Ay = £ 2P (b)evvve (14)

-y

. 2Lw - K& >
VEep B KP g s

The Lorentz invariance of the field egquations becomes

apparent if one makes use of the L-dimensional notation

X»=av¢ . (a)

sescee (15)
Z)»X),:/C"¢*,§;/*ébd7;3; (b) :

Either set,(1l4) or (15), is equivalent to the single wave

equation

(@R P3P T = 2P ae)



ll =

We see that the presence of nuclear matter makes
itself felt only in the divergence equation (15b), through
the scalar term J #-1 7.3,

We refer to such a situation as a scalar coupling of the meson
field to its sources. A vector coupling may be introduced

by adding to v ¥ , in the definition of X o s Some
L=vector describing the nuclear sourcese.. A rather obvious
choice is the 4-current JZ .« We then might replace equation

(15v) by
Xoz= opbr g, Jy (15b1)

where 4;;' is a coupling constant. It will now be shown

that the vector coupling contributes nothing to the field

P

If we assume conservation of nuclear matter, then

the flow of such matter must obey a continuity equation

oy

V-d+dp. 0 (16)

¥

Consider the wave equation resulting from both scalar and
vector coupling, i.e. from equation (15a) and (15b'). This

wave equation will be

(- K"‘MP _gm//-v/g Gy O (17)




The contribution from vector coupling vanishes by virtue of
the continuity equation (16). Hence we will not lose any of
the physical content of our theory if we ignore the vector

couplinge

In later applications of meson theory we shall be
interested in energy flow in the meson field. As a necessary
part of our formalism, then, we must consider the;possibility
of energy retention in the field, and of energy contribution to
the field by its source. We attempt to sum up such consideraQ
tions in a continuity equation describing the transport of

energy by the field.

To form this continuity equation we examine the

vector

—

S,; }f;fx:'—qsvsé: (gif§¢> (18)

o0

We compute the divergence of this vector and substitute from

the wave equation (17) to obtain

73 . 2 (Ho) = -3pPpe (19)
where Ho = £ KP4+ ‘ZL{V(#)!*Z‘;,,

This latter equation (19) is a continuity equation expressing
the conservation of some physical entity characteristicqu the
field 95 « To deduce the nature of this entity we examine

the term -‘é?f9f3€?é which is clearly a source for this
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field entity. By analogy with electrostatics we might attribute
an énergy density i?f¥3¥é to a distribution of nuclear
matter, f} y lmmersed in a meson field q% o It is then
reasonable to suppose -;?ﬁfpgé | represents the rate at which
the nuclear sources contribute energy tb the meson fieldla This
leads us to designate Ho as the energy density for the
meson field;,and éf' as'thé energy current densitye

In quantum mechanics one refers to :ygifigé as an
interaction energy density peculiar to the nuclear sources,

and writes the field energy density in the form

H- Horgperpd

1. Let us suppose that the meson field is set up by a single

| nucleon. We expect that there is a true energy conservation
in the system nucleon plus meson field. Thus; by inte~
grating the right side of (19) over the nuclear volume we
obtain as the time rate of éhange of the nucleon total

energy y:

dH . gp ¢>c7’“;.t‘>

( gé ,gg being evaluated at the nucleon position.)’

Now one has as a theorem in particle mechanics Qfﬂﬁbz_ég.,
aE I




where 2? is the total energy or Hamiltonian for the
particle and [ is its Lagrangian; It is a simple matter
to compute the Lagrangian for the nucleon - one adds to the
free particle Lagfangian a contribution from the meson
field, an interaction Lagrangian.
The relativistic free particle Lagrangian is

Ly = - )"7’57;,/6’
M being the nucleon mass;
while the interaction Lagrangian is

' . e _ f—’;’q' . «»;,"_,';)
LUs-fapppdv « JRPEL . p- 37

nucleon
volowe &

Hence the total nucleon Lagrangian is

L= ~(Mc+9¢ )5

b

and one finds
I . gp PR
Thus energy conservation in the system nucleon plus meson
field is guaranteed.
The fact that one has labelled _gf@p§f;'(ﬁf) as an
interaction energy density might suggest the potential
energy of a nucleon in a meson field is giﬁgb(;:,t} o
Actually the total energy for the nucleon is
A 7t 9H6,2
8 g ;-
and hence the nucleon potential energy is ézfé(égﬁ.

R
In any case, the nucleon at rest in a scalar field §5

possesses an energy wé;§5(§9&




2.2 PSeudo—Scaiar Meson Field.

Suppose in place of electrostatics we had selected
as a guiding analogy for meson theory the magnetic fiéld set
up by magnetized materials. One generally pictures magnetic
material as consisting of elementary magnetic dipoles. The
result is that on a macroscopic level the material possesses

- a net dipole moment per unit volume, ﬁ4(?) saye

The magnetic field intensity due to such a distrie

bution of magnetic material is
B(F) = —9Y ) » MP) (1)

where y& is to be considered as a potential for the mag-
netostatic field. As a consequence of the non-existence of

magnetic monopoles one has
V-8 = o (2)

From (1) and (2) one could deduce as the basic equation for

the magnetic field ¥,
' —
V¢ = VM (3)

We note that FT‘ is not a true 3~vector. In fact; the
magnetic moment F? is very similar to an angular momentum;
in that it possesses the properties of a cross product of

two vectorse. We suppose @ F are a pair of 3-vectors,
and we form the product (.f b 4 g o Then we consider a ree

flectibn of all three co-ordinate axes used in representation




of 74 and E? o Under such a transformation we find EZ
passes over into -@& , b into -5 , while @ x B
is una:f'feeted.ll It is this failure to transform properly

under a reflection of axes that distinguishes pseudo-vectors

- — S -
such as M , a x b from true vectors such as & y
-—9 .

b o
In this sense a pseudo=-scalar would be a scalar,
which changes sign under a complete reflection of the
co-ordinate axess
We see then that for the field equation (1) to
——

possess any meaning, /&S must be taken as a pseudo-vector

and )b as a pseudo scalar.

Why have we used magnetostatics as an analogy for
the meson field? ' Principally because we are then able to
introduce the effect of nuclear spin into our field equations.
»we generally associate with e lementary particles an intrinsic
_angular,momentum; which we may say is due to the spinning of
the particle about some axis®, We might expect the nucleon
spin to react on the meson field, i.e.; act as a source for
the meson field in the same fashion that elementary magnetic

dipoles act as sources for the magnetic fields

l. One is of course referring to component representation of
d -’ ] L] -
a ,b 5 i.e., cartesian components would change sign

under reflections

2o In other words we intend to treat spin as a classical

vector.
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The spin we attribute to a nucleon, being an angular
momentum, must be described by a pseudo-vector. Hence if we
are to include spin interaction inour scélar meson theory we
must pass over to a pseudo-scalar formulation. For the
source free pseudo-scalar theory, it is clear that the field
equations are identical with those of scalaf theory. In the
static case then, the field ¢b¢7) and the intensity Z ()

are related by

Z: v ¢ (L"a)
¢.X K>  (4b)
To .couple the field ¢b with its sources one

might introduce into (4a) a pseudo-vector and into (4b) a

pseudo=gcalar., In view of the non-ekistence of magnetic monoe

poles, however, we shall attempt to develop a pseudo-scalar

theory ignoring the pseudo-scalar couplingl. The only pseudo=-

vector that can be associated with a nucleon is its intrinsic

spin fé7 s+ We then make use of the nuclear density )D(¥53to
—

form a spin density'{F957 . g is a unit vector since the

nucleon has spin-é .

The field equations for static pseudo-scalar theory

then are

- (5a)
4 V
¢v‘ _.5(?"/0

Z

ls See Appendix B




- % being a coupling constant with the dimensions of an

electric charge.

The next step in developing a pseudo-scalar theory
is to generalize set (5) so as to encompass time-dependence.
Once again we use special relativity as a guide for selecting
source terms. We seek a time component for the spin density

-3 . . =2
_I.PO’ s and find this to be .LPO‘~U o
2 2 o

The time dependent pseudo-scalar field equations

have the form:

X =vpr2rp (6a)

o ¢t < “Ef“ (6b)
T . 2 Ohw . gk
VIeg Sy K 2 (6e)

The wave equation equivalent to set (6) is easily shown to be
= -
@*->d P - -—% v-(7p) - zfaz% (pgmf)l (7)
One should point out that, although our treatment
seems to indicate time varying fields can arise onlyvfrom
moving distributions of nuclear material, this need not be so
It is possible to have a time-varying field produced by pre=

cession of the spin vector of a nucleon at rest. With this in

ls' See appendix A
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mind we now deduce a continuity equation for energy in the
pseudo-scalar field, ignoring the velocity field i; o This
;%gll not prove to be any real restriction on our theory;
since in later applications we generally assume the nucleon to

possess infinite masss

The energy continuity equation is again obtained by

- computing the divergence of the vector
S =-%v¢ (8)

The result is

V'S + 28 : £(Fvp)g (9)
¢ o . : :
We interpret fﬂ, as an energy density, S as an energy
flux, for the meson field. Once again one might introduce an

~interaction energy density -5 ¢5” s?/o and take the meson
7

field energy density as

, o TR L
H = H"_/fésbo"’vff: L= ./,f’f(V?/});*zJ; LP - gsbhg.v/o (10)\

Since we have ignored the nucleon velocity we can deduce the
potential energy of a nucleon immersed in a pseudo-scalar

field gé , from |
Y- f—}%’@("é’-vp)cﬁy ', (11)

Partial integration yields

V. [tpFvpar W2




(We suppose.gb decreases sufficiently rapidly at large distances

from the nucleon, so that the surface integral vanishes.)

(13)

iO‘eO 9

V: _ff?‘V§é(;;:)t3
4

pury
on setting ©: S(F=F0)

2¢3 Vector Meson Fieldy

We wish now to study a meson theory of slightly
greater‘complexity than that embodied in the scalar fields
One might refer to the scalar case as a one component fields
It should be possible to discuss fields in which the basic
physical entities are expressed in terms of several componentss’
If, however, we desire our theory to be Lorentz invariant we
require that the set of components form, in general, a Lorentz
tensdr, i.e. possess certain well defined transformation
propertiess As a possible extension of the scalaf theory we
propose to establish a vector meson fieldly We take as a basis
for this field the 4-vector ?b » which we may refer to as

Y
the vector potential for the fields

Once again it will prove helpful to consider a
well known classical vector field, viz. the electromagnetic
fielde One can define the electromagnetic field in terms of
a Le-vector, ,4y ; which has as its spatial component the

—
magnetic vector potential ,A and as its time component

ls First investigated by Proca, J. Phys. Radium, s 347 (1936){




—
the scalar potential §5 « The field intensities £ and

— :
are derivable from A, in the fashion,
»

E = -V<{25-.(l:f§)_f/4 (a)
. (1)
B = VXA (b)

This latter pair of equations is equivalent to the Maxwell

equations

VXE +228. o (a)
v.B3 =o (b)

To take account of the presence of sources of the
b 4 . —

E.Ms field one introduces the field vectors /4 , /) and

the matter equations

#’4ﬂ?j9? (a)

x|

2 =
(3)

rhl

— —t
D: 1'—'47"72}3 ) (b)

w3 —p )
The vectors /1 and ~ are descriptive of magnetic and
electric materials. F? is in fact the magnetic dipole
-

moment per unit volume, /  the polarization or electric

dipole moment per unit volumes

' Of'course, free electric charge exists and gives

rise to E.M, fields. The presence of charge is accounted

e
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for in the field equations

—

VX/LI‘ =

“ (4)

1]

o %
+2D
C 2#

-.ﬁ

D

vV 47T P (b)

A continuity equation for conservation of energy
in the E.M. field follows from the field equations (2a) and

(4a). This continuity equation takes on the form

V-S+3 ()= -E.T (a) (5)
I |
where
S BExH
S ExH ~ (v)
and

%f = <féif§flé;}7) (c)

i
g7

There is no difficulty in interpreting the term

-—

—E?-d in (5a) as a loss of energy in the field due to

Joule heatinge. Thus we would take W as the energy density

o
and S as the energy flux in the E.M. fields

One might proceed to compute wave equations for the

E.M. potentials. However, we have developed the E.M. field

sufficiently far, - We are now in a position to set down the X
field equations for a vector meson field., Such a field will

be defined by a 4-potential ¢v = (A'*, (,Sb) ‘and two
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sets of field vectors (F,Q) and (CC,\/) . These field

vectors are related by matter‘equations for the meson fieldl
u=F+ M (a)
N = (6)
V=G+P

(b)

-

- . .
M, J° are the sources of the field and are representative °

of the nuclear matter giving rise to the field. They are

related to the dipole characteristics of the nucleons.
v —
One has as the defining equations for the set (F) Q)

VXA 7 (a)

"

F
(7)

H

G = VP24 (b)

R (a) (8)

vVeF =0 ' (p)

A last pair of field equations are obtained through
introduction of the 'mesic charge! density r and 'mesic
. -:_"i’ s ’ 7
chargef current density (J, = LV These equations are:
YA 2 A e T (a)
- - 2
Vxw - L= -K A+l dn |
(9)
: 2
vV = -KPep (b)

lo We use rationalized units for the meson fieldse
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The reason for including terms proportional to the
potentials in the equations (9) is that we wish to obtain
short range nﬁclear forces. This will become apparent when
we deduce.wave equations for the potentials. Set (9) con~-
stitutes a significant departure from the Maxwell equations of

electromagnetic theory.

Let us compute V-(Ja) £ 2 (96) - Ue
< 2 .

find in this fashion
2 ¢ — . —
"K(é¢ + V-A)+ (‘éa,«.év(){;)-_—@ (10)

Now if the flow of nuclear matter is to result neither in the

creation nor destruction of nuclear mesic charge, we must have

L4

w..:-.a
Ft+t Vdo=o0 (11)
Whence it would follow

. R |
é¢ + VA=0 . (12)

In discussing the electromagnetic field one could
have deduced a continuity equation similar to (11), but the
Lofentz condition (12) would have been imposed as a supple~
mentary condition. In fact the Lorentz condition is intro-
4duced into eleetromagnetic theory in order to obtain wave
equations for the potentials. In a vector meson theory (12)
appears as a natural consequence of the conservation of

nuclear matter, and of the existence of a characteristic range.
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Moreover, the potentials A , 95 for the meson

field automatically satisfy the wave equations

%’1\32'&1)K = ~L do =L P 4 wxrM (13a)
| < It

G]z**(z>¢: ‘E + V- P (13b)

One notes that though the Maxwell equations (2) and (4) for
the electromagnetic field can be formulated independent of
the electromagnetic potentials, the same is not true of the
corresponding vector meson equations (8) and (9). This might
suggest we ascribe to the meson potentials somewhat more
- physical reality than is ordinarily attributed to the electro-
magnetic potentialse. |

_ We would like to obtain explicit expressions for
the vector coupling source quantities ( éi R éz ), and the
tensor coupling ( /Q? ; jff) in terms of nucleon properties.
We have no trouble in seeing that reasonable choices for the

- vector coupling are

{

A

£,

where fj(?it) is the familiar density for nuclear material,

g\/)p r ‘ (lha)

t

3. P (14b)

Y (P, ¢) 1s the velocity field for the flow of nuclear
matter, while j}v is a coupling constant with the dimensions

of an electric charges
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Corresponding expressions for M , P are obtained

by appealing to relativity. One also makes use of the resem-

blance of M to a magnetic dipole moment density. We

quote the results which are deduced in Appendix A.

AU

/:’?’-60 OT/':?//"U’;’G‘ ’LF@ )37 <(15a)
V/“U%a

— — — 1
P :_grp XV (15b)
/—z)‘}él

Finally we derive a continuity equation for energy
. b =
in the vector meson field. If one considers (Lol = G (9a)
and then makes use of (6), (7b) and (12) one obtains.

V-5 « 2H o ~Gdp+r T F_2P.V » (16)
D¢t Dt 2t
where the energy flux is _
g = <:G:;X'QC » %Xgéx{i} | (17a)

and the energy density

— -l — Z . -
H:-'Z-VZJ-..ZLF.. -,L:_)—L/(,z/-\ - /<¢+/“’f: £VP T (170)

We note that the interaction energy density associated with

the nucleon sources is

TEs PV (18)

Lo is the component of (¢  parallel to T s

U

-,_9
(»  the component perpendicular to ¥V ¥
é .
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As a final possibility one might consider a pseudo-
vector meson field, which differs from the vector field only
in its source terms. We will, however, omit the pseudo~

vector field from our discussions.




3+ FORMALISM: PROPERTIES OF THE MESON FIELD,

3.1 The Meson as a Field Particles

In the introduction we khed indicated that the
7T -meson is a particle in some fashion related to nuclear
forcese. However, in our development of meson theory we
have employed only the conCept of a field without once im=
plying that particles might be associated with this fields
In a purely classical framework we could not bring in the ?é;
notion of a field particle. Quantum mechanically, field -
particles enter through a so-called quéntisation.of the
fields We intend to perform a crude quantisation of the
meson field - which, despite its arbitrariness and inelegance
allows us to obtain considerable insight into the nature of

the fields

Before continuing we might point out that there
exists a familiar example of the sort of thing we are dis=

cussing; viz. the electromagnetic theory of lights One

generally discusses physical optics in terms of a field
theory which has for its foundations the Maxwell equationse
Yet one often introduces particles, called photons, which

are supposed to be responsible for the propagation of energy

in the light fielde

As a basis for our quantisation of the meson field
we shall use the De Broglie relations - with which we assume

the reader to be acquainteds De Broglie postulated that with
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any free material particle it is possible to associate a
plane wavej the energy-momentum 4~ ~vector, ( ﬁ?,éﬁgi),

_ c
for the particle being related to the propagation % -vector

- :
( & ,40 ) for the wave in the fashion,
<

el

./b : K»Z
(1)
A '

[3)

where £ is Plan«'s constant A , divided by 27 ¢

We shall assume the converse of De Broglie's
hypothesis to be valid as well, i.e. with any wave motion

we can assoclate material particles,

Consider now the wave equation for the scalar meson
lfield in the absence of nuclear sources (or the equation for
'asiﬁgle component of the vector field.) The particles we
associate with such a meson field will correspond to free

mesonss The equation for the field is:

(A* -V - o (2)

We shall seek plane wave solutions of thisequation in the

form
P - ciR-F - iwt ,  gl(&F XD (3)

Such a choice for 95 will be a valid solution provided

= ctht e T (4)




If the field (3) is to represent a meson of energy £ = £

and momentum /Eizzgf, then we will have

z

s z '
F :ﬁzﬁzsﬁ" c?(xX) (5)
= .
This latter equation is simply the relativistic relation

between energy and momentum for a free particle of rest

mass m= LKL o
Lo

Our quantisation has not only introduced the meson
as a field particle, but has also related the rest mass of
the meson to the characteristic range of the meson fields
It was roughly in the above fashion that Yukawa first
introduced meson theory, and predicted the existence of the
meson. He obtained an estinate'for the meson mass by
making uée of the experimentally known range for nuclear

forcese

By comparing the meson field with the electromagnetic
field, one arrives at the conclusion that the particles
associated with the field of short range are of non-zero rest
masse The photons of the electromagnetic field possess
zero rest mass while the static electric field, which is
proportional to ?% for large distances ffom its sources,

may be considered to be of infinite ranges

We would expect disturbhances in the meson field to

be propagated with finite velocity less than that of light (C)e




Thinking of these disturbances as streams of material pare
ticles one sees why their velocities should be less than ¢
In addition one would explain interactions between source
particles (nucleons) in terms of exchanges of field particles
(mesons)s One nucleon may emit a meson which is subsequently
absorbed by a second nucleons This resultsvin an exchange of
momentum betweeﬁ the two nucleons - such an exchange would be

observed as an interaction~forcé*v
342 Charge in the Meson Fields

Experimentally one observes positively and nega=-
tively charged as well as neutral mesons. Up till the

| present stage we have discussed only the neutral fields e

it would, therefore, be impossible to attribute a charge to

the field particles of the previous section. In this sense

the meson field so far developed resembles the electromagnetic

field; For photons ére of course uncharged and the electro-

magnetic field is a neutral fields If our theory is to be

realistic we must in some fashion extend it to allow for

the retention and transfer of charge in the meson fielde
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We could, on a particle basis, explain the presence

of charge by admitting the following reactions:

neutron —_— proton + JT°7

proton ey neutron = 7%

Thus the nucleons would act also as sources for the charge:

appearing in the meson field. It would then be natural

to demand charge conservation for the entire system, nucleons

plus meson field., We can incorporate such a conservation

into our formalism through a continuity equation. One could
not hope, however to be able to define a charge den31tyéf7
and a charge current den31ty'.£é for so simple a field

as (say) the scalar meson field we have so far developeds.

The standard procedure for introducing charge into
a field is to allow the field functions to be complex. (It
has implicitly been assumed that we were dealing with real
fields.) For the scalar field this is equivalent to con=-

sidering a pair of field functions ~ we would then be able

to associate positive and negative mesons with the fields
"Since, however, the meson field is to contain neutral
particles as well, we shall consider a 3-component ¥scalar?

field,*‘

We might write the three components simply as

?‘Se @:/, 7,3) o There would exist for each component a

wave equation:




2 _ &) Gt (6)
(fE] -1 g% = é;né? z F
where we distinguish between the components by labelling the
coupling comstants in the source terms. We have split the

latter terms into a summation over the contributions of the

separate nucleons.,

~We shall assume that 95 , QS describe the
: - 3
charged meson field and gg the neutral field. Hence we
shall attempt to deduce a continuity equation for charge in
terms of 9? and ?é o We multiply the first of the
equations (6) by 9$ » the second by 96 and subtract
2 /

to obtain:

V[ - ¢>v¢] 24(¢p-gd)e Z PR -5"%) (7

rCcEh

This latter equation (7) is in the form of a continuity
equation « we shall assume the entity which it defines is

the charge in the scalar meson fields We shall in fact set

- ; { (8a)
%“6%(¢%'@¢) .
-
Lo = € (& VvE-LvED (8b)
The factor £, is a constant whose only purpose at thls
point is to ensure that the physical units of f% and li@

are corrects




The source term

T eop® (g -4 9% (9)

must then represent the rate at which charge is contributed
per unit volume to meson field by its nuclear sources. The
contribution of a single nucleon ( 72 ) may be obtained by
integrating (9) throughout the volume contained in any surface

(Eg;) enclosing this nucleon but excluding all otherss We

i X (n\ =Py o v .

would then set Pz 3(*-74) s 7, being the
position of ( 72 ) within 61;3 s and would obtain as the

rate at which ( 7 ) supplies charge to the field:

2 ) . £, [g@} (n3¢cﬂ,f-«)] - (10}
£

Let us suppose G5 is the charge on ( 2 ) at any instant
£ « Then conservation of charge in system nucleons plus

meson field is obtained by setting
+

The charged and neutral meson field ( 9§,<¢§,gﬁé )
we have introduced might be referred to as a symmetric SCalar'

fie ldl 'S

le The symmetric formulation was introduced and developed by

N. Kemner, Proc. Cambridge Phile. Soce 34, 354, 1938




It will be convenient to think of the three come
ponent field as constituting a vector in an abstract space -

which we may call charge space.

We shall write

P:Ch, b, b0  (12a)

and in additionl
(n)_ (W
e = Iénj) 2 J;¢?3 ,) (12b)
Then the wave equations will have the form
2 _ z\) - cr(wY )
(o> ¢ = 2 a™p (13)

It is interesting to compute [ SP, CiS}i} &

One obtains in this fashion
ve[ve, ]2 e L ¢l 3 ep[g ¢l ()
ot - Y —_ - :

a

ls' We have had occasion to refer to three different types of
space =~ ordinary stpaceg)h-dimensional space~time, and
now 3-dimensional charge space. The notation employed in
the first two of these has been obvious. To avoid confusion
we shall introduce a somewhat different notation for charge
space, In the latter we shall write vectors as &« ;

b o The scalar product will be written as C a,6 )

and the vector product as E@: !2—] )
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Clearly the 3-component of this latter equation is identical
with the continuity equation (7). We require then for

charge conservation

L . &, [ PCFued, g7], - (14)
At | |

We will write for convenience
T;{n) - j _Z:(n) ‘ o

interpreting dél as a mesic charge common to all nucleonss
It is because we associate the same mesic charge with each
of the fields (?é , gé~>q% ) , that we refer to our

theory as a symmetric formulations!

Cne fashion in which charge conservation may be
achieved, is to look on (14) as an equation of motion for

z(—r&)

the vector o

= < (32}
We shall in fact set Goe ZE,L

or in effect

Gun= @t + b @,k constants (15)

set :
We would—take @y =0 if ( ) is a neutron, (J, =€ if

(7 )‘is a'proton. ( € is the magnitude of the electronic
charge.) One possibility would be to set
oy for (7 ) a proton
Q?”;.¢ for ( 72 ) a neutron
and then to have |
G = = Cre7,%) (16)
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Whence the equation (14) becomes:

[a8\Y

S e 2809 LD 2T (17)
&

One might then postulate that the motion of Efﬂ}in charge

space is governed by the equation

2 : p)
% . 2e g [Pz (18)
It is clear that (18) predicts the magnitude of % %o be

invariant. We may then suppose -Z(”} is a unit vector thus
guaranteeing that the charge on a nucleon is ﬁever outside

the range O —» & e The motion of gf”) may be likened to
a precession or spinning in charge spacee One refers to E(n}
as the isotopic spin vector ( Z espin) of the nucleon ( 7 )
Classically, Z must be allowed to take on all orientations
in charge space  implying that Zfﬁy assumes all values be=
tween -1 and 1l Hence our claséical picture would allow a nucleon
to exist in a state intermediate between proton and neutrony

One might then picture the proton and neutron as different

states of a single particle; the 'nucleont,

_ We shall be interested in the energy density and
flux for the symmetric meson fields These quantities are ob~

tained simply by summation over the component fields 9? , ;

g% , q% s For example, the energy flux density may

be written

119

3 L
S - Ve, - (18)

&=/

-(f,78)

s
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In a similar fashion one may obtain the potential
energy possessed by a nucleon in a symmetric scalar field from

the result deduced in 2.1 for the neutral fields

One finds this potential energy is

ve [T 45¢p) dv (20a)

e )z 9 (;‘:’95;»:,53) (20b)

3+3 Plane Waves in the Symmetric Meson Field.

Let us now examine the structure of plane meson waves
in a symmetric theorys. How is one to specify the charge on
the mesons associated with such waves? We shall find it

helpful to make use of the notation

% A
2 ‘?{?""% ~ (1b)

Then one weudd findgfrom 3.2(8)

"

& 4 i 95 (1a)

13

-

p{;}:a@ ﬁgfzﬂ%é) | (2a)

2c*®

Pr—_

T = o (V-2 78) (20)

Similarly the energy flux for charged mesons may be exXpressed

as

S--t (Evprd ve) (3)



A plane meson wave will result when one considers the meson

‘ saw
field at great distances from the nuclear sources. As we had
seen earlier a meson field gé representing a plane wave

will be required to satisfy the source free equation
e Z_ - 3% A -
(a7-#2 @ o (4)
One might then take
. R w4
¢ R R i (a some constant) (5)
7 _

with the proviso
w/21= % + K*
It isvimportant to note that the disturbance represented by
sé will be damped out unless WAL o This simply
means that the field particles associated with ?%,  must
possess an energy, }§A> y greater than the rest energy of

the meson.

The charge density and charge current density for

the plane wave (5) are from (2)

g, = o /4S8 (6a)
Tyr selal®ft (6b)

—p
The important point to note here is that both ‘fé and _Zé
are independent of time and positive. One might say §2_
is a plane wave of positive mesons travelling in the direction

—
of the vector /u » Had we taken

SOt |
412?= a e /u (7)
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we would have obtained a wave of negative mesons travelling in

—

the fg’ directione

We have in 3.1 related to the field (5) particles
of energy %« and momentum.,i}z> o In light of the results
in (6) we should wish to attribute to these particles a charge
+€&€ & Similarly the particles of the field (7) would possess
a charge — ¢ o These demands are not independent and as we

shall show lead to a specification of the constant &, N

We compute first the energy flux in the wave (5)

from (3)s This will be
SN YR yrs - (8)

Since the energy of each meson in the wave ( 5) is Foeo ;.it

follows that the particle flux is

Pe feloi o jar’ o (9)
| A% ~ _
But then if the charge per particle is #& , the charge flux
must be
x

Equating this latter result to that in (6b) we will have -

€o = éyéé + This specification of &, ~ followed from our

wish to conform with the observed fact that a positively charged

/7 ~meson bears the charge ,¢ « The z ~spin equation of




£: 24 [d2] )

3+¢4 Motion of Isotopic Spin - Speéification of the
Neutron and Proton Statese

As a second example which ;ﬁg&; later prove'useful
we iggg:consider the meson field generated by a certain pre=~
scribed motion of the 2 -spin of a nucleon. We shall assume
the nucleon is at rests The 2 -spin will be given by

Ly constant

1]

. (1)

Toz T4iT, = TroCPF

Then the field gé generated by 7. satisfiess
- y —3 A
(-5 = 7 7, slF) (2)

and is easily found to be

B =~ Lo cCDE TN (3)
L FE ye ' :
with g, -k

This field will represent a travelling wave provided
to>k¢ o We have deliberately chosen the solution of (2)
in the form of a wave propagated in a direction outwards from
the nucleon source, since we are interested in the energy and
charge appearing in £he far fields The energy (and similarly

=y
the charge) is obtained by integrating ( 7vi53-;§ ) over the

1R 4 PRY

.
3 .
‘fﬁﬂANﬁQ?~
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surface of a large sphere, hence it is necessary to compute

—_—3
< only to terms of first order in l}’ o One obtains
V/
S ATl V5 (4)

g e
Zz representing a unit vector in the radiated directions
The radiation from the 2 -spin is clearly isotropic in
ordinary space. It follows that the energy radiated per unit
time by the nucleon is

Gitroi wp (5)
2

The charge radiated in a similar time is
JHTeol et (6)
9k
Clearly both the radiated charge and energy lead to the same .
number of particles emitted per unit time,

ile Cw .
;3’ fff«ti/ /w (7)
Ik

We conclude the meson field (3) represents a spherical wave of

positive mesons travelling outwards from the nucleon source.

In an analagous fashion the choice

—CwE
{r = 7. € ¢ (8)
would lead to a radiated field of negative mesonse

Previously we statedthat a given nucleon ( 77 ) was

a proton if z;én};%/ , a neutron if 2’5@}: -/ o Ve ﬁ;—&_—i;lshzﬂ
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later find it necessary to relax this restriction somewhat,
and permit the 7 ~spin vectors of neutrons and protons to
possess 1, 2 components. Such a picture of the nucleon would
in fact be closer to the quantum mechanical situations. We
have demanded E?QJ possess an invariant magnitude equal to
unity in order that the charge be conserved in the system
nucleon plus meson field, and also in order that the nucleon
never possess a charge greater than the electronic charge &

in magnitude. Quantum mechanically, the magnitude of zt

i jé t‘“ﬁﬁ%@ to be #3 o The charge on the nucleon is still
determined by

G- g (erzf?)
but the inclination of the & =-spin vector to the 3-axis in
charge space can never be such as to make /?;60/ >/ o In

fact, if the nucleon is in a quantum state definitely identis

fiable as a proton or neutron state, then Z;”): t/ ¢

The same situation exists quantum mechanically with
régard to ordinary or mechanical spin/,éé‘* + We have implied
F*-7 , while quantum mechanically the ordinary spin
- operator has a magnitude éﬁ'—n z 2 o In a few isolated cases
- we will find that agreement is obbained between classical and
quantum mechanical results by taking &3 in the

classical formulatione




3+5 Symmetric Pseudo-Scalar and Vector Theories.

A symmetric scalar meson theory has been establisheds
It is possible to carry out a similar program for the pseudo-
scalar and vector fields. Most of :the formalism involved will
bé identical with that for the scalar field. The only
differences will arise when one considers the motion of

é -spin of nucleonss

(a) Pseudo-Scalar: |

For reasons indicated in 2.2 we ignore all but the
pseudo-vector coupling in the pseudo-scalar theory., We have

then as the wave equation for the neutral pseudo-scalar field
L p
<C]z-—l-<:"> %: Z —i Q*(”j’, Vﬁ(n) | (1)
‘ e

A symmetric formulation is obtained by introducing the

Z =spin vector §{“§ for each nucleon; and by writing the

field as a vector Pz (& | Qi.sgéé Y in charge spaces One
-obtams - o
‘ as wave equation for the symmetric pseudo=~scalar
theory:
-~ - 3 ) £
(O*-w®) ¢ = %’ -z("ém’”.qpm (2)

" The charge continuity equation will be

VeV, ¢ 42 & &%gﬁl: b Eog o veLe e, (3)

We once again take the charge on the nucleon to be

QP w = ‘%:(f§+-3;”3} (4)
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To obtain charge conservation we set
M p
dﬁ?w« /[ [, ?".7 z‘“ﬁ’"’”v A =0 (5)

where @4@ is a reglon surrounding the nucleon (72 ) but

excluding all other nucleons. Partial integration yields the

- following equation of motion for Z):

& -«:-9/
Z:{,ﬂ) - gj,: Z Qﬂn)’ V;b{g_,t} 5 ;:(’ﬁ? (6)
| e | '
We might also llst the energy flux density for gb
S = = ¢> Vﬁb)

Finally we wish to make note of the potential

energy possessed by a nucleon in a static, symmetric pseudo~
scalar fielde This energy is obtained by a generalization

~of the result expressed in 2,2(13) and is

\/ - £ (2 FvEFE,e) (7)

Al

(b) Vector:
For each of the field vector components 95 z Lfﬂ 9&5

we introduce a vector gé) in charge space. It will also

prove helpful to write the spatial part of the field potential

, — .
as a vector in charge space in the form /4%,{z%=i,z,3 ! *

the time part as g%zflzz/,zjg} o

In 2.3 we had for the neutral vector field the wave

equations

-2

(Q*-k) A= 2 Vaj oo (8a)

@D P - Z g, p | (v)
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‘We have again neglected any possible motion of the nucleonse
The transition to a symmetric theory is easily obtained in

‘the fashion

¢ UZ—-&(?} zx

2 Z(x, - x a»f“)fgm) (9a)

11}

0% Py = - 3Ty, P (50)

One computes a charge density and flux for each of
ooy 7
the components of the field potential ( A, ,6 (P, ) and then

obtains the correéponding quantities for the entire vector

field by summations The results are

e EVCEV > C%»}; : (10a)

i

o . o | |
S T 2{ L {-ﬁ?v> Cﬁv 335 (10b)
summation over the repeated index » is implied., Con-

sideration of the source term in the charge continuity equation

would yield an equation of motion for the. 2 =spine

We may write this equation in the somewhat awkward

form:
) —an) > Cnd 613
¢ 24: [ 7-vx A, g]@,[ézj (11)
iy
. . ® -—div)"—'-"




3.6 Equations of Motion for the Ordinary Spin,

Equations of motion of the 2 =-spin of a nucleon
have been devel oped in terms of charge conservation. We
would like also to consider the precession of the ordinary
spin when the nucleon is placed in various types of fieldse
Ordinary spin énters into our theories only’in the pseudo=

scalar and vector formulations, and we shall ignore the lattera

We first study the effect of an external meson
-
field on the spin vectoqé(?’ of a nucleon. We expect the meson
_.9
field to exert a torque on (@ , resulting in a precession
of the form
- 4 b
At
ey - :
where S x¢ is proportional to the generating torque. One
might recall the analogy; previously developed;,between the
pseudo-scalar field and the magnetic field arising from a
distribution of magnetic materials, Ordinary spin had its
analogue in the elementary magnetic dipoles of the materials’
_ — :

Since the torque on a magnetic dipole V24 in a field of

— — .
intensity ff is :;Z)fég » we would take as the torque

-—9 .
on a spin-}lﬁ’ in.a pseudo=scalar field of intensity \7¢ P

. | —

- FOx V¢ o We have taken 73;,@*" as the meson moment
3

of the nucleon. The equation of motion is then obtained by

equating the torque to the time rate of change of nucleon

angular momentumes We attribute to a nucleon with mechanical




e :
spin vector r , an angular momentum e . Thus

the equation of motion for ordinary spin in a pseudc=-scalar

The equation (2) refers to a neutral field. The generalization

to a symmetrical field is easily'seen to be

v(d z) x0 (3)

-

The reader who 1is famlllar with qamiltonian mechanics will

be able to follow an altarnatwve method for arriving at

the equation of motion for o s 1f we supnose the nuclear
sources to be at rest, the 1nteractlon Hamlltonlan for a

nucleon in a neutral pseudo—scalar field will be from 2.2(13)

H’: Jfﬁ’\? ﬂt>
K L
One supposes the intrinsic angular momentum 5- £oal

associated with the nucleon spin satisfies the classical

=3
&

Poisson bracket ( F.R. )relations {5;,,5;f %3«
talken cyclicallye It follows

fe,.01 = 20
The time rate of change Ol a component §§ ~is obtained
by computing the £ A, of . with the interactilon

Hamiltonians The result is
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It will also be necessary to consider the motion of
ofdinary spin when a nucleon is immersed in an électromagnetic
fielde We obtain the equation of motion in this case by
supposing there is associated with the spin of the nucleon

a magnetic moment

—— Y .
= [ (€5 ) 7 (4)
2MG
where }Yh is to be the value of this moment measured in units
of the Bohr magneton €X y M  is the nuclear masss
2rc

/cﬂ would have different values for a proton and a neutrons

The torque on a nucleon when it is placed in a
o

—p -

magnetic field of intensity & is 2w x 3 .
Also the angular moméntum associated with the
. s s Y St . [ o2 , .
intrinsic spin 4zCP is X~ o Hence the equation of
: w—p

motion for the ordinary spin vector in the magnetic field &
will be

= == W)

w—}
d@; }?!;XB: /jnfxa; xB

d¢

SH{
X
G

3.7 Interaction between Electromagnetic and Meson Fieldse

We shall consider an interaction between an electroe
ccudy
magnetic field specified by the potential ( /\{y?) and a
scalar meson field in the absence of its sourcese By regarding

the meson field as an assemblage of particles we shall be able
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to treat the present problem in terms of the simple inter-
action between the electromagnetic field and a chatged particle.
The key tb a solution of our problem lies in observing how

a free particle, with charge € , behaves in an electroe~

magnetic field. The particle seems to take on in addition

~ _
to its kinetic momentum /b‘ and kinetic energy /[ (both
a .
relativistic), a potential momentum & A and a potential
| c

energy 8-%7 o

Suppose we then consider a free positive meson e

which is represented by the plane wave
e o
%:6—6}/{:7&¢ééﬁ)t ‘ (l)

In the absence of an electromagnetic field the positive meson

(1) possesses a total momentum ﬁ;ﬁ?' and a total energy

ko : l, which may be evaluated in the fashion:
e - S ‘ .
ki!,()%-5ﬁ, Véﬂ (2a)
; - _ * " v
EoP, = ‘“"g?* (2b)

We now postulate
(a) The field (1) represents a positive meson even in

the presence of anvelectromagnetic fields

(b) The total momentum and energy of the positive meson may
- -
be evaluated from ;; < iV% 5= LEk2 @,ﬁ } even in the
YA :

L

lst For a completely free particle:

total momentum = kinetic momentum. .



presence of an electromagnetic fields If a positive meson

————

>
in an electromagnetic field ( A » V) possesses kinetic

— .
momentum fﬁ , kinetic energy /£ , then it will possess
3 = —
total momentum p *+ € A , and total energy 15*4579 ¢
[ .

Hence we should set

e
(R OP {/:«*g; e  (3a)
-k g (Ere¥)D (3b)
o

The latter two equations (3a), (3b) imply
— 2 -2 :
CEA Y B = - s (4a)

(7+£80°0 = </

Now the kinetic energy and momentum of a relativistic

particle always satisfy

-2 — 2=

f/é?_:fé *C v (5)
where 77 is the rest mass of the particles

(5) coupled with (4a) and (4b) leads to

y - jr s L /s gé?y,z PV
(v ies ) &-L(g : Jf-#"p =0 (6)
where for the meson we set /(= %< .
' %

Equation (6) is the wave equation to be associated

with a positive meson immersed in an electromagnetic fields
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Had we considered a negative meson using the field
’ . A~ 4 -
¢>:€cﬂ%w—wwz
*-
we would have obtained an identical wave equation. We need

not, then, treat positive and negative mesons separately.

The results of this section apply equally well to
the scalar and pseudo-scalar fields. The generalizaéion to
interaction between electromagnetic fields and meson fields
with sources is obtained by placing appropriate source terms
on the right side of (6)s If a gradient operator appears in

-
- these source terms it must be replaced by ( 57*§:2f1 )e
Ac

In the presence of an electromagnetic field the

wave equations for meson theory are altered in formj hence the

continuity equations for energy and charge are no longer
valide For the scalar meson field arising from a single

nucleon, the wave equation has the form

KV*%EA) 5;3*5‘1’5_- e*y}@ f‘tw;=ﬁ2;_f:>

The complex conjugate of equation (7 ) may be written as

(V—c‘eg)lgb -} wﬁ‘/"j@ zgﬁ;:ﬁﬁp
y A

- ot

One may then compute fﬂ;iﬁi {7’) - €%>§é €9) , and obtain

the continuity equation for charge,

zC
5 - - ‘;—' ; ; _ oz ¢
+. 5%52%6‘%% @% ;E;i‘}i%%j




We have made use of the Lorentz condition

‘a‘» T s
\7'/4-# £ ?jé:O
¢ or

The charge density and curfent density have been
altered by the addition of terms linear in the electro=-
magnetic fields For a meson field perturbed by low intensity
‘electromagnetic field such terms are small and one is often
"justified in retaining the definitions

I, - (47 - ¢ 7E)
LE

P@ = %z ‘*{gﬁ# ‘%"Qﬁ. % }
In a similar fashion the energy continuity equation

for a meson field in interaction with an electroﬁagnetic

field differs from the equation2J(9) by the addition of

terms proportional to the electromagnetic fields. For most

applications of the formalism in this section one mayfignore

the flow of energy represented by the extra termse




Ls APPLICATIONS
4el General Solution for the Meson Wave Equatione

One might say the scalar meson field is defined by

the equation

(@*-k) = 3 gz%pm (1)

If one ignores the reaction of the meson field on its nuclear

sources, then one sets a problem in scalar meson theory by

specification of the values of'Fg}?;t) and Z(£) o Ve
have previously indicated that a Green's method could be
applied in ordinary 3-space to obtain'a solution of the
static equation 2.1(9). The equivalent method for (1) is
somewhat more complicated; our treatment will be in terms
of the Lorentz space-time which is to be regarded formally

as a Buclidean A4=-spacee

Let us take X, as the field point in space~time

at which S? in (1) is to be evaluated, and =2, as a

variable source points We introduce into the Lorentsz

L-space a set of spherical co-ordinates ( R, Bceh)gé )

- with origin at Ao 1. 5o that we have

R* = (%' -zp)" - (2)

The Green's Function to be associated with (1) is

then the spherically symmetric solution (&) of the

1l For further discussion of this co-ordinate system and

related details; see Appendix As



equation
(O%x*) UR) = o (3)

ic€0y of

L o (RPdu)-K*u=o0
e IR Lr

We must choose the solution of (3) which behaves
properly at Azo0o , One finds an appropriately normalized

choice is

W) = /<,/<,,€(k/€) (4)

K, («R)is a Bessel function of imaginary argument and may

be written in the form

K, (=)= Lnie Lrd 190 2) (5)

_ P
where ﬁﬂéﬂix) is the Hankel Function of the first kind.

It is of interest to us to note

K,(2) ——s> RA @-2_ (6a)
1Z2] = + 2O z2
and also
) /
Ko(ed—o— 5 1 (6b)

It is evident that 6@@8} will have a singularity

at the source point =z, '= L o Since we shall perform an

l.s See e.ge. G. N. Watson: !'Bessel Functions?!




integration over the source material present in space—time;
we enclose the singularity z/%’: X e by a small hyper-
sphere O of radius /6g o We apply a 4-dimensional
Green's Theoreml to the region \{, interior to a large

hypersphere S 2 and exterior to 50 » Obtaining

/C ware - BT a”v /f’@,.? 525 55@ (7)

P / [wad _dou ]ds’
2L, O,
The primes are to remind us that we are to ‘take 5;/;: e;é{ ¢ pe 0D

in the integration.

It will be assumed that ¢ is sufficiently well
behaved at /€ = o> t0 allow the integral over S-Ie, to

be neglecteds

ls In 3espace one has for ’7{) 3 }{; a pair of scalars

regular in a region Vs enclosed by a surface SB ,

L 6o -v A [ 2k Yook ds
5

F
where ‘L is the normal direction outwards from V; .

In 4-space one has an analagous result for }; ’ X, z 3 i.es

/(mzz SN ALCE f”/zc a?f mz)%
$'~

We note in (7) that the outwards normal from V,z is

radially inwards over 52) s hence the negative signs
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Over S. one has:

ou . /(d//f/’/c/@- _ K b)) (8)
a/eb f%’go ,60 |

Then in view of (6b) we will find

—/uéj" poxy ds'. — [[-2, 220z DAt o

o o2&y D12, ﬁ 2{
50 5»
We have written an element of area on S. in form
3
= eo "’{52 1 (10)

Clearly then as Ry — o
[ (w2t - P N ds s 2 5T —yn* Bz (1)
: SD b/Zg 34@ ) “

Making use of (7), (11) and the wave equations (1),

(3) one obtains as the formal solution of (1)

Blx,>= =~ [ (k85 Ay (12a)
‘7/'5"!1’!
~ |
where Scaxu’) = 2 9 ;éﬁpi”‘} (12B)
4’

The integration in (12a) is over all of 4-space and may be

/ 4
written as a double integral over 3-space and time (Z< ¥y )
ic

D) [ [ KGR scmd x| (13)

i

s AN . ¢ ;
N Y <

le See appendix A for discussion of surface area and solid

angle in 4-spaces
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We shall apply (13) to obtain the field of an

arbitrary moving nucleon source, for which we take

Vi 4 ’ =t oty ¢
Stz = g £@pE) 5 (7 =Y t)) (14)

Performing the volume integration indicated in (13) we get

g

PFe) = - g% [zt Kixk) Bz dxy (15a)
where now '
: 2 — j 2 ¢®
o= = [ 7=t ]+ Xy | (15b)

For convenience we measure the nucleon field at the time
[ e An explicit evaluation of -?ﬁ is possible
o 4
when the nucleon is at rest (at 7 . © say) and its

2 -=spin is not varying in time.

In such a case
ﬁ(f')sf" R K = 1/%;'1«- ez (16)

and we must compute the value of the integral

R

/ Y = /

I -/ % Cwaﬂji;j:r") dxy (17)
— e /2/),;;&* y,z )

This is most readily done by allowing X, to take on com-

plex values; and regarding .Z’ as a contour integration in

the y;’ =planees

We observe &3 is multivalued with branch points

at X,: #/4 , and in addition the integrand in L
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a59a

has simple poles at x;@ £.7 o We then will take as
branch lines for the integrand the imaginary axis from —(co

to ~{¥ and (X to LV o This is accomplished by

setting
Xe'~ (7 €t (18a)
ke # LF 2 Gpet™
(18b)
(See Fige 1le' below)
and then limiting the ranges of 4, and &, in the
fashion

3 z | (19a)

- F <% <3 (19b)
Im(‘ﬁn;} |
Ll 1%
3 Relx, )

34

Figure 1.
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We have then:

L (L0,
K- Yoz c? ) (20)

and it is clear Af is discontinuous across the branch lines

we have introduced.

It is important to note that in the negative
imaginary half of the Xgi «plane é&;if?a is limited
to the range ~%Z to Z It folloﬁ% that all integrals
involved are éoivergentzand we may transform the contour of
integration from along the real axis to one along the path

indicated in Figure 2. below:

-iw
4y @)
Figure 2»
We might then write-
L =1 +1, + P, (21)

where li ‘and 22 are integrals taken along the paths (l);
(2) in Figure 2., while f  is a contibution at the pole X, =-{r
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Since the details of the calculation are not of

any interest, we simply quote the results,

Z, 1, = ~x {/f’-ﬁ'&w>

- F= Z

K
There results the familiar static meson field

@
s

Ircw

DTy - ~gre

It is evident that the field of an arbitrarily

(22a)

(22b)

(23)

moving nucleon might be obtained, in theory, by an analagous

integrationla

1. The field of a uniformly moving nucleon could be evaluated

by a Lorentz transformation between the rest frame of the

nucleon and the lab frame, One simply recalls that the

meson field ?5 is a 4~scalar, and obtains

b —gp eI R

AT Yk, et (‘Xa,vvé)ij?z

| for the field of a nucleon moving with speed: ' vV’

in the Xé ~direction,
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One would obtain the field in such a case by an

integration over the past motion of the nucleon up to the

time ¢ s Which is a solution of
£ /F-7@)/ | (24)
G
In electromagnetic theory the field of an arbitrarily

moving charge involves only the position of the charge at
the retarded time (24). It is possible to consider only a
single retarded time because all photons travel with a
unique speed ¢ + The field particles of meson theory,
however, may posseés ahy speed less than C o Hence the
field, at the space time point ( ;3; 220 )4 of a moving
nucleon is due to the mesons emitted by the nucleon throughe=

out its past history previous to the retarded time (%)
he2 (a) Nuclear Forces.

We have completed a formalism sufficient for
handling.many interesting problems in meson physic3¢ Perhaps
the first we should wish to tackle is the question of nuclear
interactiohs. On the basis of our relativistic formulation
it would appear that a complete treatment of internucleon
forces must include velocity dependent forces., However, we

shall consider only the static nuclear interactionsd

We will discuss the interaction between a pair of

nucleons 7, , n, éeparated by a distance 7V, o It will be
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sufficient for our purposes to -compute the potential
energy of such a nucleon pairs Our static approximation

&b
’

amounts to taking the 2 =spins I :c_‘i"?’ of the

nucleons to be independent of times

The potential energy M;@, is arrived at by
picturing the nucleon 72, ’ sayg to be immersed in the
field of the nucleon 72, o On ﬁhe basis of a scalar
theory the meson field arising from 77, is deduced by

solving the equation

(vi-x>p. 7% 50°) (1a)
io'e\f”
= - (2) = ~ KV~

We have placed ¢, at the origin., The energy of a distrie
bution of nuclear matter, with 2 ~gpin density g ZJO<;3) ,
immersed in a field gﬁf?) is, from 3.2(20a):

s o |

Hence the interaction energy between the pair 7% , ",

in a symmetric scalar theory is

\/12 j{i‘{%gé) V";;)) ?)d?j (:Ba)

"

S (2 ®) et
72

Vo

(3b)

n
!
3 lde




Let us consider next the pseudo-scalar theory. The
static meson field due to a nucleon 77, with ordinary spin

 X2(=)
o is determined from 3. (2)s

(V*-&™) Pz -£ (D F®, 7 557) (4)
A ’
and is found: by a Green's method to be

b . Fz¥ @, ve < (5)
- 2 K A

From 3.,5(7) we have that a nucleon with 7 -spin T , will;

in a pseudo-scalar field ?5 sy Possess energy
i 3y ¢
?/: £§ €f§)£?"€7§?,} ‘ (6)

Hence the potential energy of a nucleon pair n,, v, is;

on the basis of the symmetric pseudo-scalar theory;

2 _ .
Vo = £ (2 ®)FCr) 0Py e (7a)
2
4L ﬁ;
» -
Expansion of the operator ("2 7)(: e v ) yields

Vi, = £ ) [PUIE ) (3,026, e.0) (e e e (7b)

= e

‘4VK 1

Finally we consider the vector meson theqry, The

field equations for the vector field are listed in 3;5; The
Y
static equations for the field ( /\&,€¢> ) are obtained from

those in 2.3 by dropping terms proportional to the ve1001ty

sau
of the nucleonse. We had-seom reasonable choices for ﬁi; and

“-’
CL indicated these termsﬂwere of first order in the nucleon

velocitye.



One has, then, for the field set up by 7,

v K’*),Z\-’ vag, SIAOETY
- & = gr (CY"j (83.)
{%zry2,3)

b)) b= —5, 5P ()

In analogy with electromagnetic theory, the or=-
dinary spin is to be regarded as a quasi-magnetic dipole,
_and the nuclear density g, 3%°) as a quasi-electric charge
kdensity; One would then take as the mutual ehergy of the
nucleon pair 72, , 1, ; on the basis of a symmetric vector

theory

3 ( gis . iy =2, Cl )7 ‘
A fogv‘l’« L Gy R (9)

g (2}

where E;')is the quasi-magnetic field intensity at 7,
due to ¥, and %é?ﬁ the quasi-electric potential at 7,

due to N,

" Solving (8) and performing the indicated calculations

one obtains

v (Z{ff@j}[‘i?v g K g Cw@.\ﬁreeﬁmb Q"}@){Q‘}Jv} ’W} (10)

2% ¥, = Y

(b): The Deuteron:

The potentials 4.2(3,7,10) provide us with a means

for investigating the nature of a two-nucleon system. We areg
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in particular, interested in the possibility of bound states
for such a system. We would like to see if meson theory can
predict the existence of the deuteron and also account for

the experimentally observed electric quadrupole moment of

the deuteron ground states

The symmetric scalar forces between a pair of

nucleons are central - attractive for a like pair, re-

pulsive for an unlike paires Thus scalar meson theory allows

for the occurrence in nature of a di-proton or di~neutron,
while denying that of the deuteron. This is of course con~
trary to experiences A neutral scalar theory would lead to
a potential differing from 42(3) by the factor ( z, z3® )
‘and hence would permit all three two=nucleon systems to

appear in natures

Even a neutral scalar theory, however, could not
explain the finite electric quadrupole moment of the deuteron.
If we suppose an electrical charge distributionUF%?(E?) to

possess an axis of symmetry (the Z -saxis; say), then it is

possible to speak of a single quadrupole moment for the system;

which may be taken as

M(% :/FC? {522-—7"?‘} dv (11)

Classically, the charge distribution of the deuteron is set
up by the rotation of the positively charged proton relative

to the neutron. Quantum mechanicélly one may think of the
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proton as being smeared throughout'space, thus creating a
diffuse charge clouds. Since the scalar forces are isotropic
the quantum mechanical charge distribution associated with

the ground state of the deuteron is spherically symmetrics

This would imply ﬂf@:& on the basis of a scalar theorys

In vector and pseudo~scalar theories the.ordinary
spin vector defines a preferred direction in space for each
nucleon. Thé fashion in which the ordinary spin vectors of
the neutron and proton line up, when'these‘particles form a

deuteron, will determine the existence or non-existence of

A o

a deuteron gquadrupole moments We assume the ordinary
spins of the neutron and proton shall combine so as to yield

‘a minimum potential energy in the deuteron ground states

Let us choose the line joining the neutron and
proton as polar axis for a set of spherical co-ordinates,
specifying the spin orientations for the two nucleons in

the fashion:

oz ;/:5%(.9/5@93 2 s Suc 8, Sy s (oG, D (12a)

i
¢ %) b /,'r"" A v 3 \
T = (swed, M% 5 %&aﬁmﬁ’m%s > @) (12b)

Then for the potential energy of the deuteron in pseudo-

scalar theory we have from 4.2(7):

)’:é # ?25 -Fj_f_(iz ‘{fﬂj{ %Vij?k:’ e (13)

-/ L g L | ; Lol ? :
e (73 ﬁf}\%@@&fﬁwgémé@wmm—é&)\}j
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It is easily shown that the orientations which lead

.to stationary values of V,; are those pictured below:

(a) ©p:=8,=

(b)

]
&
n
i
PN
©
-
113
i

2
X
% CE (14)
() Ou=20, =0 &

. w T

(d) Ox =0 g)P = T "%%Q/
n

One may compute the potential energies associated with each

of these cases

(a) Vi = £ €'MW L f?
‘:’fﬂ,/{’?" 57/ V:
(b) Vﬂz_ °§ @"’K%g, )
%mk
(15)
% ~1CYs 2, 1
() Va: -5 ¢ ’—(f—;'r g
qric® 2 V;; V:t,
o Ky,
(@ Vo X e 2,2,
251104 ERAC S

It would appear that the pseudosscalar deuteron is described
by a spin-orientation (c¢), suggesting the charge distribution
for the deuteron is elongated in the direction of its spin

axise. This implies:




J/Z”zﬁ;g AU > fxz/% dJ

.fF’ z Iy »“ff > 4?}1
5'2” jjfxf 4 >(§ﬁ@
hence /fgj>g} for the pseudo-scalar deuterons

Furthermore one might say the deuteron (c) possesses
a spin angular momentum 24 7£+2f. A=% , the spin vectors of
the neutron and proton being parallel in such a cases BEx=
perimentally one finds the deuteron possesses a spin angular
momentum % and a positive eleétric quadrupole moments
‘Qualitatively; then, pseudo-scalar theory agrees with

experimenté

One may separate the vector deuteron potential

~ energy into an isotropic part

s L KLY
Vi, = - e
P T T (léa)
and a spin dependent part
a4 L TA-Y, e 2 r=2 KV
V= - g TRRPeess GOpFanee] e,
I - Yo | Vis

3
Only %ﬂ% can give rise to a quadrupole moment. We note

2z
in sign and in the addition of the term

@
Vi differs from the pseudo-scalar potential energy only

-G5t o, FR KT

ST : - , Vi
Clearly this term cannot @ffect the choices of Q2%£b>,@:);@f>
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@
as orientations yielding stationary values for !4& o

: &
It follows that %4a assumes a minimum value for

one of the orientations (a) or (d). A deuteron ground state
described by (a) would be associated with a negative
quadrupole moment and a spin angular momentum % "
while (d) leads to a positive quadrupole moment and a spin
angular momentum zeros Thus the weeter deuteron will not
at-.all resemble the natural particlé it is supposed to

describes
Le3 Meson Production in Nucleon~Nucleon collisionss

A collision between nucleons is brought about
by using one nucleon as a projectile and firipg it at a
stationary nucleon which acts as a target. If the energy
of the incident nucleon is sufficiently high one or more
mesons may be produced in the collisionls We shall show
how the scalar and pseudo®scalar formulations might preé

dict such a reactions

First let us consider a scalar collision of a
nucleon pair YLV; ", o If one assumes that the time
during which the two nucleons are within the range of

nuclear forces is small; then it should be possible to

le See Appendix A for a discussion of energy thresholds in

meson productions




describe the collision in terms of the interaction of the
nucleons at a single, representative, instant of time. We shall
_in>fact suppose the nucleons interact only at the instant of
closest approach; taking the interaction at this instant to be
statics If the bremsstrahlung radiation, arising from the ac-
celeration suffered by the nucleons, is ignored, then only an
induced motion of the nucleon 2 ~-spins can give rise to meson

productions

The equations of motion for the ¢ =-spins are from

3.3(11),

‘Z = 0

¥ [ 42
I® : 26 [ .cw] (1b)
| % )
where b is the field at 73, due to 7%, when the
bl ¥ ) .

two nucleons are at the minimum separation 7/, - @ is

a similar field at 7, due to 7,

We shall in fact have on the basis of a static

approximation:
PP [ -9 g-eh) - (2a)
..-]2 - -D W -—*
,e )P,}
. 2® [(-g e—/ﬂ‘":»} (2b)
-t =T 47T 7,

Previously we have mentioned that difficulties would
be encountered if we insisted on labelling the proton and

neutron states for the nucleon with ?% =/ o In the
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present problem, if at the start of the collision ( =0 )

we take . -
7 z (Hl‘} 7
RS

Y

€y being a unit vector in the 3-direction in charge space;

then we would have

@ /Y 4 f}

bt ¥ 2

and (23
b /T,
74
This wéuld lead to ,Z:'w.-. ®:-0 initially, and the

-

2 -spins would remain directed along the 3~axis in charge
spaces If, however, the ¢ =spins are allowed to possess.
small 1, 2 components, there will result a precession of

the 2 ~spins in charge spaces

Consider first the motion of E’_:{') + We may set
§2= 247 g TRV | (5)
L7 ¥
2
and have
P r 23 {}) }
The motion of ?{0 is clearly a precession, described by
£
an angular velocity S§L- -?Z_?;z') e An explicit solution of
(4) may be obtained by setting
; W £ 2 S 2
TW = %ot @i%m@t + ¥ (5)

; &) .
where g“j ’ ﬁ"’ ’ 5* are constant vectors in charge spaces

b Py




Substitution into (4) then yields:

R =2, 2¢] (52)
— {!‘} a3
DXV [ 5, 3% (5b)

{ON B ’
[52,%%]-0 (5¢)
Whence it follows.

i) @ - fgz [t ,_e{ﬂ (6)

The latter equation 4.3(6) constitutes a set of linear

homogeneous equations in the three components of ggﬁ’ o

For there to exist é non-null solution the determinant of

the equations must vanishe This yields 'zi>:‘j~§2) o ’

and we can take &O= S (We reject 4&>=¢p , and
=-S5,  simply changes the sign of ﬁ?q .)

The vectors {10), ;3«5 ; 3&3 may be deduced
through use of ‘the initial conditions and the fact that'fi)

is of invariant magnitude equal to unitye The results are

Q- Ez@») r§€d ??3‘}} , (7a)
@(’) = \;gf >-':—gé} ' | (7o)

W OIS 2) (2
= @ n)s

(7c)
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It is then possible to compute the partial meson
field due to 7, . One seeks the solution of the meson field
equation 3.2(13) corresponding to waves travelling outwards
from the centre of the collisione. (For definiteness we -

take an origin at the position of 77, .,)

One finds

PV = T ¥t ) | g g5t pur)
‘9’7{' e ¥ A I

where /M,z 2 «’5@3;2’2 -KE

The static field arising from Eﬁﬁ has been

discardeds’

In a similar fashion the partial field due to

the motion of Zﬁ”'

is found to bé

¢(‘1) - g rmlﬁmé}[ /t(["‘. tL{V:’g}Z) ( )
41(“2_ Ve Yoy o @ 9
+ i@}”«swgm - pelv- .Jwéﬂ j

: V- Yia o O
?éé) > @w are obtained from » ?CO by an interchange of

the superscripts (1), (2)s We have set down the asymptotic

£
field Q@?) , for 7, << the distance from the collision
centre to the point at which the meson field is evaluateds

w— —— .
The angle between the vectors 77, , 7 is taken to be

g

The total meson field is simply

= géy} + §§{Q | (10)




From géﬂ we may éompute the energy and charge
current densities in the far field. Whenaveraged over a

period of precession of Z¥ , z% these densities are

S, /ﬁuﬁ F [10207 |04 ) ol o8| (11)

xé‘r/

i

—>
P

£(4 V1 B L8 2@ )] 52052 (o tonr—1)

Gl éi""zfﬁ)ﬁw,mmgﬂ (12

—p
Integrating over all radiation directions 4w , one obtains for

the energy and charge radiated per unit time by the 2-nucleon

system, just after collision:

=e glopeli- @) [2- (L) ]

-0
"

(13b)

G pe K <9 ) jiﬁi Sl g\ﬁ
T A

w‘»

An examination of (5) and (7) leads us to conclude
that Zg” ’ €§$ oscillate with small amplitude about their
initial values Zﬁa ; Tf? ¢ Thus it would seem that
the system is not losing any charge, in contradiction to the

result in (13)es Actually the fashion in which (13) are de~

duced is only approximate. One would; in a second approximation,




introduce the reaction of the meson field on the nucleon sys~
tem -~ this reaction compensating for the energy and charge

losse

We note that the interaction energy of the two

nucleon system is given at any instant by

g, b )= (2%, P, | (14)

Hence the rate at which the system loses energy due to the

precession of the 2 -spin vectors is

Woe =g (i, 4« a1 FE8) B (1)

£/

where fﬁ? and Z;;} are the reaction changes produced

in §03 and .§éﬁ o We would obtain energy conservation

by setting
e < (16)
and get then
(28 0y (2P e s £ ' (17)
ST

To a good approximation (we are assuming ;% and /Z,% |
g p . giz;af 25

are almost unity) one finds

“ {2}
Zk% z £ (18a)
%y (Ler)
I A,
& ,}
/;5 = {2} E PP (18b)
%0 [ 2767°7)

STV,
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In a collision of two protons both §é§ and €§% would be

vositives Hence the 2 -spins ¥ and z® would tend

——

toward states in which Z7-2zP=/ ., Ve expect, in this case
3 3 > 9

?éd would be

that the initial motion produced in ¢,
damped out - no radiation appearing as a result of the
collision. Similarly, one would not observe any meson

production in a scalar neutron-neutron collision.

However, in a neutron-proton collision, with 77,
a neutron and 7, a proton we find
’ LAy - 5()
téz < o , Try >O
This would result in a decrease in z;ﬁ from its initial
%

value Z’;j;‘;z and an increase in Zﬁ from its initial value

Iﬁ}a# o Thus in a collision of unlike nucleons the per-
turbation in Zé”,zg) would grow - with perhaps the

2z -spin vectors z , z™ 'flipping over.! Mesons
. z pping

might then be produced in a scalar n-p collision.

Before leaving the subject of scalar nucleon
collision we should like to make note of a point which we
have ignored. For the fields Qﬁeﬁ ’ Qﬁg) to represent

ey

actual travelling waves one regquires

ileed)d (19)

This condition yields an estimate of the cross-section for

the reactione

For (19) implies




mE T, 5

o A Vo g 2
[ 1}2 £ z <N(:;?{;;—zc—> /ﬁu

A rough approximation to the solution of the inequality

(20) is

[ VAN

g%\ z |
%\/ZEE‘U Ve (21)

7

One sees thatthe two nucleons must approach within a distance.

C%%K%c ' fc
before any meson production can take place. The cross section

for the production of mesons in a collision of unlike nucleons

is then ~ % .

The analysis of a pseudo-scalar nucleon-nucleon
collision follows an almost identical pattern to that oute

lined for the scalar theory. The equation of motion for

the <z =~-spin vector of 72, is now, from 3.5(6)
0. 2{[&”?& 2] | (22a)
LK _
where
§ -
F, - E TRy R (22b)
‘?ﬂ/ﬁ %y

A formal identification with scalar theory is obtained by




“79 -

setting

2% ¢ ¢ (23a)
and writing

."o %..} ’)

v ) [z 22, £ (23b)

We will not analyzé the 2 -spin motion completely;
but shall simply compute the reaction force exerted on the
z =spin motion and decide in this fashion whether mesons

can be produced in a pseudo-scalar nucleon-nucleon collision.

The initial-spin motion ﬁroduced by the collision
of nucleons 72, , 27, will result in é rate of radiation
of energy which we denote as / » We must equate £ to
the initial rate at which_the nucleon system supplies energy
to the meson fielde The interaction energy possessed by a
nucleon pair in a pseudo-scalar field is from 2.,2(10). (Altered

so as to include } ~-spin.)

/ 2 b 2PRY - YL/ v
(24 2®) 4 (Fo.p) Fmy) €27 (24)
?Zzz’z 22

We may then set

- . -(2) _ J
(z i) ,be:v)) )( ;}2 = (_,z )gg >_§_2 =

2 2 (25)

Assuming the greatest contribution to the reaction comes from

AT M RN T R T i T T g TN A W ST T T BT T S e e A T e R Tt 0 T g e P e




- 'I_,g -:,(3‘
the 3-components of jié s iﬂfé , We get

s o 2E

2‘43 = | M?{&} (263.)
52,

’ D - - 2 ’ ’

ZP = T ﬁw (26b)
$C %30

We cannot decide in which direction the 7 =spin will start

to turn until we know the algebraic sign of JZ @ Clearly
y

4

=,
this sign will vary with the spin orientations &P(j R

Let us first consider the case S?J> 4 o Then

we have
- (0 e - e 27a
gl z;;}f (27a)
Ta) ~ - <7 | (27b)
3o

v ' o 4}
If now 72, , 7, are a proton pair, both.zz3

and 5%? will be negative; the z -spins T , (¥
would tend to flip over and radiated mesons will be observeds’
Mbreover; an analysis of the 2 -spin motion would show |
that at least initially the charge radiated per unit time is
proportional to ( ¥ «74? ), is€ey is positives Thus one
would expect positive mesons to be produced in the protone-
proton collisione Similarly, for Z_>o s the neutrone
neutron collision results in the production of negative

mesonse’

However, if 4, is a neutron and 7/, a proton,
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we see for 2 >0

IR3 <0

- (2]

‘ez 20

Thus the 2 -spins would tend toward states in which

19

- {

SP . Zaﬁﬂz_f/ s No meson production is expected

for this collision.

With (7<yo y the situation is reversed. The
unlike nucleon collision may yield positive and negative

mesons, the like collision cannot yield any mesonss

In all cases where meson production is possible

one finds the rate of radiation of neutral mesons is initially

4 negligibles This does not, necessarily imply neutral mesons

will not appear in the collision.

One notes that the ordinary spin will also be set
in motion by the static interaction (22b)3jfrom 3.6( 3) we

see the equation of motion for the ordinary spin of 72, is

'—9{11 -l £ Iy
AT 25 (2 b)) xF® (28)
d € o
We may set
g Sl
22 2 vigl g.) (29)
and have
/—’-%I) -—-—?{l} . ‘ .
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Then in analogy with the t_reatment of 2 -spin motion we

obtain a solution of (29) in the fashion

F O BPwnwrt 2 30 5mit + 7 (31)
us-—b
where = /5T/
and
—p ey i,/._.;(,} 4 ,
a{("}: ZBLZ fZA\,X}’/@j (32&)
i "_2:"
7= £ STx 7P (32b)
“@o
- b d =3 [ d
¥9 = L (Ze.57) (32¢)
Similarly
-~ =25 23 <, L v A ?%%} '
O 2 AP ponit+ B H Similf (33)
=gy =J -—?{f ‘ Y} 7 vart
where 0('@, % ® s b ®  are obtained from g [5’)”) 7 1,0
in an obvious fashions  (33) and (34) will give rise to a
radiation field
2.y B0, PP -
G (Ft)= v 3§ (34)
with . _
B £ 28] B vsiot
4 W__ ,,Mf ¥ A o mex}t/%@ (35)
and
p (D[ e
2_ 5 s v S ﬁ”‘} w“?c’m@f-ﬁ N 36)

%’K
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oy
where -¢ is the distance from 77, to the field point ?*
Y
and s’ is the distance from 77, to 7

Without computing the energy flux associated with
3L, we see that this field will give rise to an appreciable
radiated neutral meson field. Since the 1,2-components of

z are small, only a low intensity charged

et Za‘“
radiation will appear. Thus we can conclude in a pseudo~
scalar collision of nucleons, neutral mesons are produced by

the gyration of ordinary spine

It is interesting to compare the results of our
rather crude picture of nucleon-nucleon productioh of mesons
with the corresponding quantum theory results. The following
table1 contains such a comparison:

Mesons Produced

Collision Quantum Classical
Meson Field Particles Theory Theory
Symmetric Scalar n-n none none
with scalar
coupling PP none none
n-p none Ttz
Symmetric pseudo= -
scalar with n-n T T, re
pseudo~vector
coupling p-p T T
n-p et g, e VA AN A

1, This table and the following brief discussion on the experie
mental evidence for meson production are quoted from R. E.
Marshak: 'Meson Physics! (see in particulaf Chap.2, Table 7)+
Cne should consult curreﬁt literature since publication of

this book for further experimental resultse




Clearly, there is considerable disagreement between
- quantum mechanics and our classical theory on the question of
meson production in nucleon-nucleon collisions. Oae-—reealls

the—elassical theory predicted meson-production-in the-scalar

Experimentally, only Z* and %7 production in
p-p collisions have been examined in any detail. The results
suggest there is /7’ production but no /7~ or Z°
production. One would on the basis of this meagre evidence
tend to favour the pSeudo—scalar (pseudo-vector) quantum
theory over‘the scalar theory. One finds even the pseudo-
scalar (pseudo-vector) theory cannot give an accurate
description of the dependence of the cross-section for meson

production on the energy of the incident nucleone
kel Scattering of Mesons by Nucleonss

A scattering experiment consists of the firing of
a beam of projectiles at a stationary target, Interaction
between the particles in the beam and those in the target
results in a change in direction of the paths followed by
-the projectiless To obtain a measure of the strength of this
interaction one introduces a differential scattering crosse
sections’ If one supposes the target to containnparticles; and
the projectile beam to be described by a'particle flux A

then the differential cross section, oo y is specified by

“Z
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the requirement that the number of particles scattered per
unit time into an element of solid angle ‘12 in the
direction /@,¢6) with respect to the direction of incident

beam, be }
ANz n 7% ooy &,4) 2y (1)
“7

From 9/  one could compute the scattered particle flux

at a distance 7¥ from the scattering centrej this would be

. 4 aN '
P L, 4 (2)
Thus
do- - AP | (3)
a4 7 o
If the target centains a single particle
ar . »F | (4)
Ar o
In terms of energy fluxes Se and S  one would have
L ] (5)
@9 s

A total cross section for the scattering is computed in the

fashion
2 = [4rdy (6
/£

It is our present purpose to deduce values of the total and
differential cross sections when the projectiles are mesons

and the targets nucleons.
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In general one would have to treét the scattering
or recoil of the target particles as well as that of the pro-
jectiles. The analysis is considerably simplified if the
target particle mass is much greater than that of the projectile.
One then ignores any motion of the targete. Our discussion
of meson scattering by nucleons will make use of the latter
simplification.

—t3
If one takes ;?‘IZXﬂ7<Mﬁas a reasonable experi=-

- mental value for the range of nuclear forces, then one finds
the ratio of meson mass to nucleon mass is of the order of
‘one-sixthe It is then possible to see to what extent the
'infinite target mass'! approximation is justified for meson=~

nucleon scatterings

The scattering of scalar mesons is relatively
straightforwarde Since one ignores any possible motion of
the nucleon target, the incident mesons can interact with

the nucleon only through the latter's isotopic spine

The total meson field during the scattering would
have the form:
%, ' (3}
ib’ i;‘; p ié{f (7)
. @y . . .
The field %b is associated with the incident beam of mesons

and hence will be taken as a plane waves

The term ¥ is a distortion in the meson field

produced by the perturbation of the nucleon ? =-spin, hence




- 87 -

¢%§)represents the scattered mesons. At large distances
from the nucleon we must take g&5> to be an outward travelling,

spherical waves

The 2  -spin motion is determined from 3.3(11)
- = 2 ¢ “’é) =
L4 2_{[?(@,;] (8-)

' >)
where the incident field 5?6(03 is evaluated at the
position of the nucleon. A first approximation to the solu~
tion of (8) is obtained by setting
Zz'zo *g(_si (9)
T, being the initial z ~spin of the nucleon and '§{§> the

perturbationg resulting from the weak meson field 05?3 5

Y

One might then write

(AP =/ ¢y, 2071 (10)

and could solve explicitly for »&) in order to deduce

the scattered field from
s s —>
(O*-n?) gv( )= gz6) (7)) (11)
Finally by computing the energy fluxes

Sty = ~ (Y, 78) (122)

S’M = - (éfﬁiv?m) (12b)
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one could arrive at a value for the differential crosse

-section

—_— 4
dg. 7+ S8 (13)

“© Il

In the present discussion a nucleon in the proton

or neutron states $s to possess the initial 7 -spin
zo:aa éa > @: z) (14)

It is then fairly evident that neutral scalar mesons are not
scattered by either a neutron or a protons For one would

take fof an incident beam of neutral mesons
POs Ly GGt D | un et ot (15)
then = P*’  is parallel to Z, and from (10) Z% =0

We obtain finite cross-sections, however, for the

scattering of charged scalar mesons by the nucleon (14).

It is convenient to describe a beam of charged mesons

by the field

¢} . A &)
q28}= Qé{)f ; gzi (16)

For a beam composed only of positive mesons one has
 / -l hz

One attributes to the field (17) an energy flux




ey
Sg = (aFpis (18)

The equation of motion (10) then leads to

T 2492 (/- qows) (19a)
X
2'255): -22. 0% 5., .08 (19p)
) '
Since the constant part of Eéﬂ cannot give rise to any

scattered energy, we may compute the scattered field from

(L0212 = 75,65 5(7) (20a)
where
= S G G W | |
Cr = Tyl ¢ (20Db)
i

Since ngjfﬂ2 € t<7*  one concludes that only

positive mesons are present in the scattered fields

One weuld gets

%m:_ 20vaz, o wE-Lpn (21)
ST RO o
with /9{ H ‘? &.77/’&2_ o

and hence one weuld deduces

"4 Z
St (RLLE ) oy 7 (22)
S anko o




Clearly the scattered energy would be the same whether the

target is a neutron or a protonl. It follows that the differen-

tial cross-section for the scattering of scalar positive mesons
by a neutron or proton is |

(’g{__é" - g7 (23)

dy drilieo®

An identical result is obtained for the scattering of
negative meéons by neutron or proton. The scattering of
mesons in a scalar field is isotropic with respect to ordinary
space, as one might expect. Finally the total cross-section

is seen to be

4 - 97
Z T | (24)

The dependence of the scélar scattering on t he energy

of the incident mesons is particularly simple - there being a

fairly rapid decrease in cross-section for increase in energyse

The scattering of pseudo=scalar mesons is somewhat

more complex. The incident field may produce a motion of both

the isotopic and ordinary spins of the nucleon target. The

z -spin motion is approximated by

. —3 &) :
20 w2 [ Foubloy, taiy] (25)
LK - _
a; being the initial ordinary spin. )

1. We ignore a possible coulomb intergction between proton

and L7 or 7T
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Since iéﬁ does not possess a 3-component, the perturbed
z -spin cannot give rise to neutral mesons and the ¢ -spin

will scatter only charged mesons.

We might just as well set
£y CWE —Cpl 2 ey
%L = &¢ ¢ > ¢% -

(26)
and then deduce
6L i25n px (4 z&)@’*m (27)
X WK
The scattered field arising from (27) is
gz L 2B v (28)
¥ .

LTk 7
There is no difficulty in arriving at the differential cross-
sections
B o ~ 3 2, > —Pyz
(a’@-’f f,w‘ (G 05 )T 4r) (29)
Griwod 1% ‘

1
Averaging over all possible initial spin directions one finds

/QQ»)‘* = f‘g/&d{( (f%‘?/[M%’\> (30)

/
A A A

-
1. The average of a function 7z@§%or all possible orientations of

-3 ,
(; is obtained in the fashion
Tz - L [ 7@y dy
where d# is an element of solld angle. One evaluates (703 é

—
by specifying the orientation of O“ with spherical polar

angles relative to some polar axis. For averaging (iiDiY‘ in

dy
4+3(29) one would take the polar axis in the d1recton of 6 o
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JO
where O is the angle between the direction -.[g. of
a3
the incident beam and the radiation direction /. o

The pseudo-scalar scattering (30) of charged
mesons differs from the scalar result (23) in dependence on
both energy and direction. Since /Z?: W, -#°, the pseudo-

7
scalar theory predicts an increase in the scattering
cross-section with increase in meson energy, for high meson
energies., Mbreover; the pseudo-scalar scattering is aniso-
~ tropic, even though there exists a symmetry about the direction

of the incident meson beam,

The total cross-section for charged pseudo-scalar

mesons is

(31)

6‘5 72‘%2 %4

The ordinary spin motion is determined from 3.6(3),

i—;(,ﬂ% Z_;F v[ ?(OCO)) ;0} Xf : (32)
de Y72

Clearly if we take - z;?z z;.£€> for the target hucleon, the
ordinary spin will scatter only neutral mesons. The method
for computing the cross-sections is by now quite familiar and

we just quote the results:

/i&" £ . - gfiﬁ“ (@2 ,a} (33)
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Averaging over initial spin directions yields
(Y, - 2 F sicto (31)
! oo ;_? s %
ixd»z /s A QZEK@} “K

The total cross-section for neutral pseudo-scalar mesons is

o 4
S%. 4. LM (35)

T Ak’

One might compare the results (30)and (34). Where-
as charged mesons are scattered most strongly in the forward
or backward directions, the maximum scattering of neutral
mesons occurs in a direction perpendicular to that of the
incident meson beam. The magnitudes of the total cross-
sections (31) and (35) are roughly comparable., We would like
to point out that our classical treatment of meson scattering
is by no means complete, and must be considered as a rough
approximation to the true pic¢ture. For further discussion of
classial meson scattering by nucleons one might refer to
W. Pauli *'Meson Theory of Nuclear Forces' and W. W. Wada,
'Scattering of Charge Symmetric Pseudoscalar Mesons by

Nucleons! Physe Rev. 88, 5 (1952).

We wish to complete this discussion of meson
scattering by setting down the quantum mechanical reéults
and contrasting these with the corresponding classical re-
sultss The following table lists the quantum mechanical

cross-sections for scalar theory with scalar coupling and
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pseudo-scalar theory with pseudo=-vector coupling. °

Scattered Target Differential

Particle Particle (Cross Section
. , o
Scalar (8) Zhorm- nor p =i e 1
VT sl 27>
- - o
Pseudo-Scalar (PV) 7% or 7 n or p .ﬁiméiim_ 2
Gr2rt Ao

As in classical theory, the preceﬁktng table is
computed for nucleons of infinite mass and for mesons which
are weakly coupled to their nucleoh soﬁrces. The quantum
mechanical and classical results differ in the scalar theory
only by a multiplicative factor, but disagree in pseudo-scalar

theory on directional dependence.

The one definite thing that can be said experi-
mentally is that the cross-section for, say, 7/t*/s scattered
on hydrogen increases fairly rapidly with the energy of the
incident meson. It would seem, then, that scalar theory is
incapable of explaining meson nucleon scattering. Marshak?
is of the opinion that the experimental eviflence for meson

scattering favours the pseudo-scalar (PV) theorys

le G. Wentzel 'Quantum Theory of Fields'! p. 59, Eq. (9.18)

2 R. E. Marshék 'Meson Physics! p; 2#7; Eq. (3@',bt).
Marshak uses.a different set'of units, which we have con-
verted into our own. In addition to differences in choice
for g , one notes Marshak has taken #A=¢ =/ K

3. R. E. Marshak 'Meson Physics?! p. 249.
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Le5 Photomesic Production.

An electromagnetic photon of sufficient energy when
in collision with a nucleon is capable of producing mesons.
To treat this problem classically we must allow the nucleon

2,-spin to possess finite 1l,2-components (see 3.4). Then
the nucleon will be surrounded by a charged field which we
imagine to contain equal nUmbers of positive and negative
mesons. The electromagnetic field will interact with the
charged meson field surrounding the nucleonj photons of
energy KZD:>ACQ_ may eject mesons from the charged meson

fields

Before an electromagnetic field is introduced the

seadtar nucleon may be described by an z ~spin

’ Z} :'Z;D . (la)

Ty =Tsp | (1b)

The charged field surrounding the nucleon satisfies, from

3.4( 2 )

(13‘7'*/(3) %@73 - 3 Tro O(#F) (2)
It follows
%(—o} = 9T E K ‘ (3)
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The electromagnetic field incident on the nucleon

is specified by a vector potential
—

- .
where & is a unit vector in the direction of polarization
and jé-r / R

%

The wave equation for the charged meson field when

the electromagnetic field is ‘'Purned on! becomes

- 4

—p 2z s ‘
/Trie A -2 B - Kb = g7 5P (5)
SRR %= ~

We attempt to write
Qi . :
B = B2+ B | (63

where the field 9é® is a small perturbation in  the meson
field produced by a low intensity photon beam. Substituting
from 4.5(31 for Qééaand retainipg only those terms which
are of firét order in the small quantities A ; 9&0} ’

we get as an approximate field equation for gém

& —KY~
V- Jzé.z—zcz}g'ﬁ Py 5,3-@0,4 -VE (7)
— P
STTEC
We set
&) / i
. b+ P
% (’2 Te (8)
where

{QZ_K?}@Q- CEQT N tp -ik2 > Vﬁ (9a)

S ARG

A= AZCo (wt-4z) (4)
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and
- [ £ - -"e./({)t b%é o,
O-1¥ b = icgmof @ @ z-ye |
b == (9b)
~ATEL ¥

Vi 4

One seeks solutions for 22 , §2 which represent waves

travelling outward from the nucleon. We get

L ey
B = - leghofeiet [o-ikag KT el Ve %’ (10a)
(429"}:6 o /](,_—',/ r

% - -Aéeﬁzf&g"’”i/ sl ¢ LTy =gy (10)
($m)°%cC /’° 7/ 4

with /C:':: _jzé)z'a../{z' o
<

- It is clear %% s ?? will be undamped travelling
waves and hence will represent true radiation only if 0> AC o
This would imply the photon energy must be at least és great
as the rest energy of a meson if photomesic production is

to occurs

To deduce the energy cross-section for the photo-

production in scalar theory one must compute the asymptotic

values of 52 ’ §2 for large 7 . These areobtained by
expanding the Green's functions in the integrands of (10a),

(10b) in the fashion

o< /F-F —ipe r—rp
o > e o) (11)
/?“«.—ue'/ Tv“')(x? ;(,
sy =}
whence ¥ is the angle between the vectors » , 7

The subsequent integrations;'although quite lengthy, are
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are elementary and yield

(T -y (T
&= 45 H {»‘2’5’”}/45&7 e “

“ FmEe R* L7 n/féémi?*] 7
, L=t
b 95 M Ciip)Am 27
Z (12b)

— 5% -
smhc B [i- #foos] 7
T L % o
where &  is the angle between the radiation direction 4, ’

and the direction of the incident photon beam . Z; .

The total perturbation in the meson field is then

o _ A
% = ¢a, * & (13)
As we have seen in 3.4 %% represents a wave of

positive mesons and g% a wave of negapive mesons. It is
puzzling that both Z7s and 7Z % should be produced by a
’collisibn of photons with the nucleon 4.5(1). If Zz,>0
the nucleon is presumably a proton and one would expect only
positive mesons to be torn loose from the charged field
surrounding the nucleon. On the other hand if z,_<o s
the nucleon is a neutron and one expects only negative mesons

to be produced in the photon-nucleon collision.,

One finds, in fact, that quantum theory permits
‘only 77z7*5 to be produced in a photon=proton collision and
only 7~ 'S in a photon-neutron cocllision, in agreement with
experiment. Our classical theory, howeveri attributes to the

nucleon 4.5(1) and its associated charged field 4.5(3) a zero
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charge density coupled with a non-zero energy density. Hence
one concludes an arbitrary region of the field 4.5(1) con=-
tains equal numbers of Z” ‘S and X S . It is not then
surprising that the interaction of the electromagnetic field
with the meson field L.5(3) should produce both types of

charged mesons.

The energy cross-section for the scalar photo-
mesic reaction is evaluated by first computing the energy

flux in the field g‘;{é"}

Zez/q6 \* G plo @7 1A Tl

14)
st 7 i f%cwﬁ*] (14
and the energy flux in the electromagnetic field
— —
S . G oA )
- FHC
Whence the energy cross section is
/dpb) g% e/u,wo/ (Z)° (16)

FEXCw [/— /fgﬁgj”

Finally, averaging over all possible polarization

states for the electromagnetic field, one gets

(C/[”" Vo, = ¢ XA O Bwg [Tol (17)
z P skt [1-tyiwB]”

This cross~-section would be obtained for a photon-neutron or

photon-proton collision.
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The pseudo-scalar photon-nucleon collision results
in both neutral and charged mesons. For, in addition to the
direct interaction between photons and the charged cloud
surrounding the nucleon, one must consider the effect of the
electromagnetic field on the ordinary spin bf the nucleon.
With this latter spin we have associated an intrinsic magnetic
moment , capable of being set in motion by an impinging

electromagnetic field,

We can take for the electromagnetic field inéident
on the ' nucleon, a magnetic intensity
-
- .,
B = Bi, snlwt-£2) (18)

é@ being a unit vector.

The equation of motion for the ordinary spin is

from 3.6(4)

g = == -
@ = 2 ﬁf 5 x (19)
74 |
where ' /,gz = HMn€X
" 2MC
Writing
- =D =P
= |
——p
where (> is a small perturbation produced by the electro-

magnetic field, we can approximate (19) by
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— - .
Q@; T2l FBroyxM o= w B s X&?‘}‘émw;" (21)
dt % ? .

The magnetic intensity is evaluated at the position of the

nucleon.

We would get

2. -~ = ey . '
0‘; = 2/65 (ﬁ;xégjéwm ‘ (22)
| £

The meson field radiated by (22) is determined from

. - == - 4
(A*~x*) P = - % 2 5.7 5F (23)
- V%
and is
DO o 252B%o (Fnlg )V iy it ")

ST L b * 'CMJ

If we take Z = T, Lz then the ordinary spin will give
rise only to neutral photo-mesons. The energy cross-section
for the reaction will be

=P
/cfae) op® (2 fg/ﬂ (%, xi’g'g,p (25)

~day T STE KD < B
//
Averaging over all initial spin dlrectlons 05 and all

polarization states 65 one gets .
/6{["\\0 = é"/w ) & 1) (26
k&éfa/)a;ég \’(7(7'/4{ 3/"?;«5(/ 3\

2 .
The reason for retaining t% in the above expression (we

generally set C%ﬁzi ) will become apparent when we compafe the
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result in (26) with the corresponding quantum mechanical

calculation.

The pseudo-scalar theory for charged photomesic
production is almost identical with the scalar computation.
Hence we simply quote the result in terms of an energy
cross-sectionA

Ao = EEp B e J (27)
A R B w3 L sz

Quantum mechanically one finds that only #Z7'S can
be produced in a photon-proton collision, only # ‘S in a
photoneneutrdn collision. Moreover the cross-sections for
these two reactions are equal. We have listed these cross-
sectionsvbelow, for scalar theory with scalar coupling and

pseudo-scalar theory with pseudo-vector couplingl.

(Scalar) f/%_‘{d_f?’r)... gew’® sure -~ (29a)
7 STH RS [1-popana]”

(Pseudo-SCalar) /zﬁ?fé = é§7?Z fm }&%@Z§mﬁ9— JZ (29v)
Ny amrede zé‘“@—%w)z
In the pseudoscalar case one also finds in quantum
theory that neutral mesons are produced in either the photon=-
proton or photon-neutron collisions. The cross-sections for

- - . 2
the two collisions are similar and are given by

l. R. E. Marshak 'Yeson Physics' p. 13, eqns, (20), (21)
2+ R. E. Marshak (Meson Physics' p. 18, eqn. (28).
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o=
{ 51% /

-
-

% 3
.{!/@7-52//(%/& }{,%59@2@) (30)
2\ 4mu 5ot |
Our results would agree with the quantum theory
p4
results if we ignored the factor [Z;,/ , in (17), (26),
and (27), while taking #%:3  in (26) and (27)e In quantum

P
mechanics &% is an operator possessing the constant
—3 2 s -, = :
square (P =3 o In addition {Z¢o/ could be looked

on as a matrix element to be evaluated between the initial

and final states of the reaction being considereds -

Marshak has deduced the cross-sections (17), (26),
(27) classically; his results agree with ours only in the |
case of the neutral meson production. For the charged
cross-sections his values differ from ours by a factor of 2.
This discrepancy arises because he has taken a compléx
representation‘for the electromagnetic field without accounting
for this at a later stage. It would seem that he obtains

(say in scalar theory) a perturbed meson field proportional
e c,fuwf(:&)f _

to s Whereas he should have this field proe
7 .
portional to  SadwtU (R

.’y,

a6 Comparison of Meson Theory with Experiment.

One might ask which of the four possible formulations =~
scalar, pseudo-scalar, vector, pseudo-vector - yields the

'~ best description of the /Z -mesons By 'best! we of course




mean a description in closest agreement with nature.
Hence we must appeal to physical experience before deciding

in favour of one or other of the four theoriess

One point which we have avoided in this work is the
question of meson spin. The spin of the 7 -meson is;
indeed, one of the crucial criteria to be used in determining

the nature of the meson field. For one finds, in crude terms,

that the higher is the numerical value assigned to the meson

spin, the greater is the complexity of the meson field.
Thus a spin O is associated with a scalar or pseudo-scalar
formulation, while a spin 1 is associated with a vector or

pseudo-vector formulation.

As R. E. Marshakl points out, experiments per=-
formed by Clark et al at Rochester? and Durbin et al at
Columbia3 establish beyond doubt that the spin of the charged
T -meson is O, Marshak states further that related experi-

ments with the neutral meson suggest this meson possesses

spin 0 as wells

We then consider the results of sections 4.2 to
Le5, assuming the sz -meson is either scalar or pseudo=~

scalar. The discussion of nuclear forces in 4.2 seemed to

l.s R. E. Marshak, 'Meson Physics!

2+ Clark, Roberts, and Wilson, Phys. Rev. 83: 649 (1951)
3¢ Durbin, Loar, Steihberger, Phys. Rev. 83: 646 (1951).




favour the pseudo-scalar field. The symmetric scalar theory
denied the possible existence of the deuteron, while any
scalar theory was too simple to allow for a finite electric
quadrupole moment for the deuteron. On the surface, the
pseudo-scalar theory of nuclear forces permitted the existence
of a bound state for the neutron-proton system, and predicted
the correct sign for the neutron-proton quadrupole moment.
Actually the strohg singularity exhibited by the pseudo-scalar
potential 4.2(7) at x2=(j -makes it impossible to use this
potential for a direct analysis of the n-p system (using a
Schr8dinger equation, say.) Bethel suggested a 'cutting off?',
of 7, at small values. However, this procedure would seemk

to be unsatisfactory since it is non—relativistiCZ;

We have previously stated in 4;3 that the experi-
mental results for meson pfoduction in nucleon-nucleon collisions
favour the pseudo-scalar theory (with pseudo-vector coupling)
over the scalar theory. Briefly, this followed from the
actual observation of 77 -mesons in proton-proton collisions =
the scalar theory (quantum‘mechanically) predicts no méson

production in such a collision while the pseudo-scalar theory

14 H. A. Bethe, Phys. Rev. 57, 260, 390 (1940).

2¢ In effect one is éttributing a finite size and structure
to the elementary particles, the proton and neutron,
without explanation. The size and structure would not

then be relativistically covariant.




| yields a finite [# production.

The results of charged meson scattering by nucleons
pointed towards a pseudo=-scalar theory. The scalar theory

scattering cross-section decreased with an increase in the

energy of the incident meson, the pseudo-scalar cross-
section increased with energy; while experimentally the cross-

section increased with energys

Finally. in photomesic‘production one notes neutral
mésons can result from a pseudo-scalar collision of photon and
nuclebn, but not from a scalar collision. The appearance of

T? -mesons in such collisions have been observed by more

than one experimenter.

On the basis 6f present experimental evidence, in-
complete as it may be, one would surely conclude that the
| T -meson field is pseudo-scalar. However,, even the pseudoe
scalar field {with pseudo-vector coupling) is unable to give

more than qualitative agreement with experiment. Aside from

this quantitative disagreement with practice, there are

many outstanding difficulties in meson theory (such as the
poorly behaved nuclear potentials) which make it imﬁossible to

obtain an entirely consistent theory. Ly is hoped, neverthe-

less, that the present meson theory of huclear forces will

point out a path along which we may proceed to a correct theory.

l. e.ge, Silverman and Stearns (at Cornell), Phys. Rev. 83 :
853 (1951).




5. APPENDICES.
5.1 Appendix A.

We have used special relativity as a guide in the
selection of source terms for the various meson fields. In
this appendix we would like to elaborate on the specific

choices for these source termses

The central concept of special relativity is the
covariance of the laws of physics in transformations between
frames of reference in uniform relative motion. Suppose we

(3 ‘ I (3 3 . .
consider two such frames . #~ , ~ - in which position and

time are specified by

{X,)x:“x;‘,xwéwj‘ (1a)

and

(KI5 5 %5, k4= cct')

(lb).

respectively.

It may be shown that the transition -;T,,f:f is
accomplished through use of the Lorentz transformation
equationsl ‘

x/ = (x,"'é%%y%‘} é
X,z x (2)
3 3

X.i:/: (,éﬁt-é %)(,jé

l. See for example H. G. Goldstein {Classical Mechanics!' or

P. G. Bergmann 'IntroductiOn to the Theory of Relativity.!
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o ——

where - z :
(8= ;/;.,, V. ’

The form of the set (2) implies that the spatial

axes of £ and F’ are parallel, that the origin of
FJ travels along the positive l-axis of /F with speed

‘2’ , and finally that the origins of £ , F’' are

coincident at the time T=05 .

We have guaranteed the covariance of the meson field

theory by writing the equations for the field in tensor form.’

We have stated that the various coupling terms posseésed
certain tensor transformaﬁion properties. In scalar theory

we showed an appropriate generalization of the nuclear density
, ij?} » Was the 4-current magnitude }/‘ébJ&Jﬂr

where
Jo = (pT,icp) (3)

That &; is a 4-vector, and hence its magnitude a L4-scalar,

‘we deduce from the continuity equation

3,;.];, =0 _ 1 (ll—)

- We simply note the 4-gradient 2, transforms like a 4~-vector

and apply the well known tensor product rule?,

£
l. We abide by the Einstein summation convention, whereby a re-

peated index is summed. Greek indices take on values 1 to
4y Latin indices values 1 to 3.

2 For our pﬁrposes this rule may be stated in the following
manner. If the set of quantities /%6» - Cwv=r,2,3,4) are

defined for all frames, and combine with an arbitrary h‘vector[ﬁ9
so0 as to render /Qjﬁaﬁfi,a b-scalar, then this set quiﬁ

forms a L-vector,



The choice maede in 2.2 for the pseudo=-vector
couding in the pseudo-scalar theory will be valid provided
we assign definite transformation properties to the ordinary
Aspin. With a single nucleon in its rest frame, we associate

—

a density /9 - and an ordinary spin é 5@ . We ask that the
b

pseudo-vector coupling in the rest frame be
o
Sﬁsfﬂ&iﬂ,oﬁ (5)

An arbitrary lab frame may be taken as one moving relative
- to the nucleon rest frame with velocity -3J in the direction
of their common l-axés. The pseudo-vector coupling in the

léb frame will clearly_have the form
E%w = 55753) 5%/} | (6)

Moreover, from (Z) we must have

S, = P00 05, é (7a)
S.= @9, | (7b)
S3= £, O3 | (7¢)
34:éj@;%,%g . (7d)

¥

Since Cf} is the L=-component of the current vector <§r

it follows




Whence we get

0=, (8a)

U2 Usa B (8b)

U5 %53 | (8c)
while

S, . pY 0 s

-~ —
, 0@ =G, (9a)
—3 g ‘
0.-1_ {3‘4/’%‘& (9b)
R B
Sy= PUF (9e)
vhere &, is the component of (¥ parallel to & ,
- ‘ e
it the component perpendicular to U .

L

It is also possible to demonstrate the consistency
of the choice of the tensor coupling in the vector meson

theory. 1In 2.3 (15) we took this coupling to be specified by

Mo 3 (pRY=Z. L% 3 (102)
!"‘,/é%
D= gp Fx?T (10b)

I‘ZJ;{,Z




wnere

pop= LA P

is a second rank Lorentz tensor.

(11)

If one examines the transformation-equations ( 2 )

{0 ”’61 (2
one couldshow that the set ()W /’1n F is related
\ ) .
to the set /7 ,i“g') in F& by
=2 2) —2 &
/27{ 17 = M X N
— (5 ;T w iy,
2o M __B{ U Ay )53
== ) ‘5“—’ 93
' /DM f i
e — o, )
ex / 10 — { )Jﬂ
/D,c = \_/Q; 1';“){/(7/ e
- ‘ ‘ /C.(z-} {13
where 4 is the velocity of relative to ~ .

We fix oh fjﬂ

2 ; i —>
/jfas an arbitrary lab frame. Then U = —«

vélocity of the nucleon as observed in the lab frame.

wish to have in the rest frame
— —9 3
M@=/ ? 90,05
/§(°>: ﬁa(’) .

is the

Ve

(12a)
(12b)

(12¢)

(124)

as the rest frame of the nucleon and

would

(13a)

(13b)

l. We ask that /@Lv

/{JM), :;/ﬁ}V/‘ « Then clearly /{7;%3)

independent components and we set:
 /sz= /Via P ﬁf‘%"”’é/fz
l‘"’/-‘f :._é:,Pf

Pz = 1,
, Pryzs - P , .i!:;%q:-dpg

be antisymmetric in its two indices,

has only six
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Whence it would fellow in the lab frame

2 Pe P
P =42 :ﬁff§§”x

In terms of the momentum-energy A4-vector it is pos-~
sible to deduce the energy threshold for meson production in,
say, a nucieon—nucleon collisionj i.e. the minimum energy the
nucleon pair must possess before any mesons can appear in the
collision. If in the collision one nucleon is indident on an-
other at rest, the energy available for meson production is not
the excess of the energy of the incident nucleon over its rest
masse. Rather it is the sum of such excesses for both nucleons,
when these excesses are computed in the centre of mass systems
The kinetic energy associated with the motion of the centre of
mass of the two-nucleon system cannot contribute to meson pro=
duction, since this.energy will remain constant during a

collision involving only internal forces in the system.,

In the lab frame the incident nucleon ¢/ and

_ — '
target nucleon VI, possess momentum energy §5,g§> andig?ff?c?)
. ' < [

respectivelyl. We ignore the proton-neutron mass difference,
g

1. The momentum-energy we refer to are the relativistic

quantities o -
J? /-Z}Z&z
o 2
Fe M

s V- sz’" -
where U is the nucleon velocity. Clearly/ﬁ and £ are

- 2
related by 4 E\E z /;z ~ M5
e :




taking M as a common nucleon mass. Since the centre of
mass frame moves with uniform velocity with respect tb the lab
frame we may perform a Lorentz transformation between the
frames to obtain /A m> and ‘€5z>~.> as the momentum-energy
of 7, and ¥, respectlvely. The centre of mass frame

is in fact defined by

Mf“/;: | - (15)

Now the momentum-energy of each particle is a 4-vector and
hence the total momentum-energy of the system is also a
4-vector. The maghitude of this latter 4-vector is the same. -
in the lab and centre of mass framesj hence we get

s 2 Pl | -»;ﬁ._ o= b___.>‘_>;
Aiﬁfﬁﬁ‘—(ﬁﬁf3)~5§fﬁﬁ)ff (16)

In addition we have

ORI

whence it follows

o
o

(B #2222 MER2MLY (17)
NTo

The energy availlable for meson production is seen to be

Botse snte AT 2o
The threshold energy é?: £ is obtained when a single meson

appears with zero momentum, i.e. when the right side of (18)

is equated to the rest energy of the mesons




nll[‘, -

One finds

s e\ el
Fe e e r:%} (19)

where 7  1is the meson rest mass.

In a similar fashion onemay compute the threshold
photon energy for : single meson production in a photon-nucleon

collision. One finds this threshold photon energy to be
£, - mat)rr ] (20)
: ' 2

- We had deduced in 4.5 that the threshold photon energy for
collision with a nucleon of infinite mass was 522%; necT

in agreement with (20),

Finally we would like to consider the question of
spherical pélar co-ordinates in a L4-dimensional Euclidean
space with reference to the discussion in kol.® If we look
on Lorentz space-time as a Euclidean space we may set up thev

polar co-ordinates K ©,,&. , ¢/ defined by

X,z L s 8, S0 &, C&m;/é 2y K Swe & S, 5&4% (21a)

. B - ;:) h
XZ}.: @6@@} (Rt Zy= /{*5%’5’/ (21b)
The ranges for the co-latitude angles (3, 6 &, agé e
O to T ,» that for the azimuth%ﬁs o to 277 .+ An

element of volume in the L-space is given by

l. See J. A. Stratton 'Electromagnetic Theory.!
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. P /3 3 PN Vo b s
Ay, = d,d, iy i = L oS 50085 AN 3, /¢ (22)

It follows that an element of surface area for a hypersphere

of radius f€ is

&{’;737’ = /g%%zf’zl W@z ﬁgg} ﬁ/{){;‘, L‘%}é ‘ (23)
and hence an element of solid angle by
e z’ .o 7 3 ‘ 7
Cf’?y s o S b, ae, Zg, %% (24)

Finally, the total solid angle subtended by a hypersphere at
its centre is 7 i/;;fzﬁ ,

Py = I Sy | w8, 548,08, 08, ﬁié

«“

éﬁf4=‘y51 | | | (25)
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562 Appendix B. Lagrange Formulation of Meson Field Theory.

An alternative and perhaps more sophisticated
fashion of obtaining the wave equations for the meson field

is through use of a variational principle. One defines a

Lagrangian density 05 for the meson field and attempts to

obtain the field equations by demanding that

5/”05’55:3? 0 (1)
{Vﬁf
the integration is over an arbitrary region ?@ in Lorentz

space time. In order to explain the nature of the variation
implied by the J -symbol we consider a general field

- defined by a set of functions <§§;fﬁ¢&5 . Ve supposé

L re o A
d=d (s o B x0) | (2)
D £ 2
where e 53

Then the variation in (1) is with regard to the <%Z + The
variations X@é’ . are to be arbitrary except on the surface

:i; of ?% y Where we set

gi}@y;.w . (3)

Moreover the position-time co-ordinates Q}& are to be

treated as constant parameters in the variations

»Qe‘ S = 0 : (4)
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It follows the § -symbol commutes with all space-time

operations, and (1) may be written

l/é{r){i dv, =0 | (5)
Ve
Now
5L b 5,120 Sk
2cby O P )

-2 3 }5% 6)
*”‘%%3

One not es the second term in the last line of (6) is a

L-divergence and yields on integration

v ‘faw;‘”ai%‘%-] o R B @5
. < 2
where 71, 1is a unit vector normal to S » However,
5?1 Sy %
59?»:9

hence (5) is equivalent to

[T oK _ 2. 7 -
- m}) ‘»23/3 {?)\) % V{/Z’Y"Y o (8)

Vs
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Since V; is arbitrary the integrand in (8) must vanish, and

then since «gg% is arbitrary in Vi we are led to
26 _ou) 2% [0 (9)
2%, ~ b

for all time and position.

The equation (9) constitutes an Euler-Lagrange
equation for the field g% 3 there is one such equation

for each of the components g% .

‘We may obtain a continuity equation for the energy

in the field simply by computing

%, Koy 2K 2 foup,) 42 (10)
2t o¢, 2t SIEPT A \SE4 % sou P,
where the termffag: is the time rate of change of

P ‘ot iémaﬁ‘%
o computed at a given position for constant 95 and.%¢¢§éb .

Proper manipulation of (10) together with a use of

the field equations (9) yields

2 f 2>¢§ - + O - @di _cﬁi
’2 =2 E,,) ’3‘-] ad! a &&7@3 ] =y é,%(#(gbl)

(Summation on £ is from 1 to 3).
We interpret
Y r
L= 2L 2% _ ~o (12)
am%} ot
as an energy den51ty for the field, while




'S - )
Sp: =~ 2B, ezl (13)
Dok P,y 2
is the energy flux for the field. The source term for
- field energy is )
-?f!;&}réz / ,
&/ By 24
We note relativistic invariance for our field theory
is obtained by demanding %j be a 4-scalar. Then because
the volume element
' g Ax &
is also an invariantl, the equation (1) is an invariant

equations

For the scalar meson field one sets
’ _
aC: aé":p-f e (14)

where ai, is a source free Lagrangian density which yields
the meson field equations in the absence of nuclear matter;
while %:’ is an interaction Lagrangian density representing

the effect of nuclear SOUrcess

l. Actually the volume element Q%; is a scalar density, i.e.
a pseudo-scalar. Under reflection of an odd number of the
co-ordinates X,y % 5 X5,0, the volume element changes in

sign. However, it is clear whether we equate

. ror
5‘52 QCngxf or - 5;"%{‘7{: [fz):f
4
to zero is immaterial.,
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One can take for a neutral scalar field
= ~L 22 _, 5y &
Ay = ~Ler P 2 (2 P (15)

evidently ﬁia is a Lorentz invariant. We might include
in %f/ a scalar coupling proportional to Qﬁ and a
vector coupling proportional to 2%{?5 3 thisvlatter is,
however, ignored for reasons indicated in 2.1. We then get

,; .
oC. by multiplying §é by an appropriate 4-scalar

charactérising the nuclear sources. Such a scalar is .f?g

and we might have _
i p 4 :
L = -JPRF (16)
where < is a coupling constant.

There is no trouble in seeing that (15}, (16),

coupled with (9) yield the scalar meson wave equation 2.1(16).

Also the energy flux which we used in 2.1 to deduce

the energy continuity equation for the scalar field is

deduced from

&

fia = - ‘aél s = - ’E%iéﬁ
25@&§§} f§ §ﬁ

ioeo, '
—

N

"‘?g’ v (17)

For the symmetric scalar field one treats §% (€=/2,3)

as independent field functions and takes




It is possible to proceed in an identical fashion

for the pseudo-scalar and vector meson fields. We simply
quote the Lagrangian densities for the symmetrized versions
of these fields:

Pseudo-scalar (pseudo-vector coupling)

Jaz “Zﬂz(?'}?)~é[3ﬁ@¢’3ﬂ§é> (]_9&)

7

a "’% Sk CE, 3%%) (19b)
with S, s (pa, < E??E
i ..,. yp 3 ﬁﬂ?m

Vector (vector and tensor coupling)
’f‘ 4 L -/ f _ ) -
Ay = T3 Py P V-4 (2,3 *“?ﬁ]ﬂ?};‘avfﬂB (20a)

L2 =Gy (b2 = w250 B )

(20Db)
where 45;'5 if§}§?3 éiyﬁf}
—
and = (M) i?>

The interaction densities (16), (19b), (20b) were
~actually selected using the Dirac particle as a model of the

nucleon., For example, the classical interaction Lagrangian

3 S Bibls o} 2 e S,
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density (16) for the scalar meson field was patterned after

the corresponding wuantum Mechanical interaction density

9‘“[(;7.%- = -g(YF B YD) (21)

: 1
where 7L and its 'complex conjugate! 3&*' are Dirac
wave functions forthe nucleon and gﬁ’ is the usual Dirac
operpator. Roughly speaking one would say ‘§5i‘y9 passes

over, in the classical limit, into a nuclear particle density;

while oes over into , -u> .
g /éz,

We would like to point out that the classical limit

of the Quantum Mechanical pseudq-scalar coupling in the
pseudo-scalar theory is in a first order of approximation, zero..
In further orders the pseudo—scalar'cdupling introduces into

the Lagrangian density a term proportional to §@2‘ and a

term equivalent to the pseudo-vector coupling.

le For discussion of Dirac wave equation, see for example:

'Principles of Quantum Mechanics! - P.A.M. Dirac, 3rd

edition - Oxford University Press, 1947.
'Quantum Mechanics' -~ L. I. Schiff, McGraw Hill, 1949.

For explicit expressions for possible coupling. terms,

sée 'Meson Physics!, R. E. Marshak - McGraw Hill, 1952.
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patterned after Pauli's treatment,
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B. Reference Material for Electromagnetic Theory and

Relativity:

(1) J. A. Stratton, 'Electromagnetic Theory'! - McGraw Hill (1941)
Contains a lucid treatment of the L-dimensional
integration of the electromagnetic wave equations.

We have patterned the discussion in 4.1 after

Stratton's treatment - the method is apparently due

to Sommerfeld. This book maé also be used to pro-

vide the background in electromagnetic theory

required for the present work on meson field theory,
(2) H. Goldstein, 'Classical Mechanics! = Addison-Wesley (1950).
(3) P; G; Bergmann, 'Introduction to the Theory of Relativity! -

. Prentice-Hall (1942). |
The latter two books might be used as sources for

special relativitye




