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Abstract
Abstract

This thesis explores and implements techniques for frequency domain modelling and time 
domain simulation of overhead transmission lines.  The popular Vector Fitting algorithm 
is employed to approximate the frequency domain model using rational functions, and the 
recursive convolution technique is applied to the rational approximation to generate a time 
domain form.

The frequency domain model is translated into the time domain using delay extraction, 
modal decomposition, passivity enforcement, and rational approximation.  Several 
approaches to each of these procedures are investigated.

The thesis also discusses several choices for the integration method used within the recur-
sive convolution procedure.

In order to make the transmission line modeller and simulator easy to use, a Java-based 
library and partial graphical interface were developed.  Specifically, the goal was to 
develop a platform-independent program that can run either stand-alone or as an applet 
inside a web page.
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Chapter I: Introduction
CHAPTER I
INTRODUCTION

The goal of this thesis is to develop and simulate a model for overhead transmission lines, 
and is composed of three parts.

First, the popular technique of frequency domain fitting is studied for overhead transmis-
sion line models.  These models are only expressed in the frequency domain, and the fit-
ting process creates a new model that has a computationally efficient form in the time 
domain.  An algorithm called Vector Fitting is used for this step.

Second, the fitted frequency domain function is expressed in the time domain using a tech-
nique called recursive convolution.  This permits using the transmission line in both linear 
and nonlinear studies.  Certain devices, such as diodes, switches, and transformer cores, 
are nonlinear and only have a time domain representation.

The third is to create a platform independent program to facilitate the study of overhead 
transmission lines.  Using Java, it is possible to create an applet that runs on many plat-
forms, including web browsers.  This would make it possible for users worldwide to use 
such a program.

It is the author’s belief that in order to competently expound on a topic, it is necessary to 
explore several more levels of difficulty.  The original aim of this thesis was to explore the 
Vector Fitting algorithm as applied to overhead transmission lines.  However, an accu-
rately fitted curve, as we shall see, tells us nothing about the quality of the technique itself.

This is the reason that this thesis went further and developed a time domain model.  It was 
hoped that utilizing the results of the Vector Fitting algorithm in a time domain implemen-
tation would expose any advantages or shortcomings of the method.  Vector Fitting is, 
after all, just a means to an end.

1.1 Chapter Summaries

This section will describe a summary of each chapter.

Chapter 2 shows how to construct the frequency dependent model for an overhead trans-
mission line.  There are two main components of this model: the propagation matrix, and 
the characteristic admittance matrix.

Chapter 3 discusses how to represent, in the time domain, a frequency domain transfer 
function that is approximated with rational functions.  A technique called recursive convo-
lution is used to calculate an output given an input applied to the approximated model.
– 1 –



Chapter I: Introduction
Chapter 4 shows how to express the transmission line model in terms of rational functions.  
The propagation component also contains a time delay, and the method for extracting this 
is also discussed.

Chapter 5 shows how to create a rational function approximation using a technique called 
Vector Fitting.  This process first finds the poles, and then finds the residues.

Chapter 6 shows the results of applying the Vector Fitting algorithm to several sample 
polynomials.  This verifies that the algorithm works.

Chapter 7 discusses why it is important to do further analysis on a fitted curve.  Specifi-
cally, the results of Vector Fitting may not produce a passive system, even though the 
device being modelled is itself passive.  It is shown how to make the system passive using 
one of several techniques.

Chapter 8 shows how to intelligently choose starting guess poles to bootstrap the Vector 
Fitting algorithm.

Chapter 9 contains some results of applying Vector Fitting to a few transmission line mod-
els.

Chapter 10 takes the results of the previous chapters and shows how to utilize them in a 
time domain simulation.  Specifically, it is shown how to utilize the model of a transmis-
sion line in a generic network simulator.  Also discussed is how to generate an exact 
steady state solution at a specific frequency to verify the time domain results.

Chapter 11 shows a number of simulation results for two transmission line geometries.  
Various terminations and applied voltages are used.

Chapter 12 discusses some notable implementation details.

Finally, Chapter 13 contains conclusions and recommendations.

There are also several appendices that provide supplementary information.
– 2 –



Chapter II: A Frequency Dependent Model for Overhead Transmission Lines
CHAPTER II
A FREQUENCY DEPENDENT MODEL

FOR OVERHEAD TRANSMISSION LINES

Let’s begin with a description of how to model an overhead transmission line.  It will be 
seen that the model developed here is specified in the frequency domain.  This chapter, 
therefore, is a first step towards our goal of a time domain representation.

2.1 Unit-Length Matrices

Before the full model of an overhead transmission line can be presented, special per-unit 
matrices must be defined.  Please refer to Appendix A for a visual description.

The theory presented there is general and shows how to utilize the unit-length impedance 
and admittance matrices,  and , of a transmission line to derive the voltage and current 
relationships.  However, these matrices must be known, and are specific to the type of line.

This section shows how to construct the  and  matrices specifically for an overhead 
transmission line.  Please refer to [1], [2], and [4] for more details about this formulation.  
Only a summary is presented here.

2.1.1 Unit-Length Impedance, Z

All the elements of this matrix are composed of an aerial and ground return impedance.  
The diagonal elements also include a term due to the internal impedance.

The aerial and ground return impedance is given by:

(2-1)

The first term is the aerial reactance of the conductor if the ground is a perfect conductor.  
The second term contributes additional impedance due to the finite ground conductivity, 
and is known as Carson’s integral.

 is the distance between conductor  and the image of conductor , and  is the dis-

tance between conductors  and .  If  equals , then  is the radius of conductor .

Z Y

Z Y

Zij
jωµ
2π

---------
Dij
dij
-------ln 2

e
α θijcos–

α θijsin( )cos

α α2 jrij
2++

--------------------------------------------------- αd
0

∞

∫+

 
 
 
 
 

=

Dij i j dij

i j i j dii i
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Chapter II: A Frequency Dependent Model for Overhead Transmission Lines
(2-2)

Although the integral is not used in the calculation as we shall see shortly, it contains the 
following terms which are defined as:

(2-3)

It has been shown by Gary, Dubanton, Deri, and Semlyen that the integral can be approxi-
mated by

, (2-4)

where  is similar to  but considers each conductor to be raised off the ground by an 

additional complex depth, .   is the classical complex depth of penetration and is 
defined as

, (2-5)

where  is the ground resistivity.

Combining these concepts,

(2-6)

The diagonal elements also include a term due to the internal impedance.  This is given by:

(2-7)

Dij xi xj–( )2 yi yj+( )2+=

dij
xi xj–( )2 yi yj–( )2+ i j≠,

ri (radius of conductor i) i, j=






=

θij
xi xj–( )
yi yj+( )

-------------------atan=

rij ωµσDij
Dij
de
--------= =

2
e

α θijcos–
α θijsin( )cos

α α2 jrij
2++

--------------------------------------------------- αd
0

∞

∫
D′ij
Dij
---------ln≈

D′ij Dij

de de

de
ρ

jωµ
---------=

ρ

Zij
jωµ
2π

---------
Dij
dij
-------ln

D′ij
Dij
---------ln+

 
 
  jωµ

2π
---------

D′ij
dij

---------ln= =

Ziic
ρ

2πrde
-------------- 0.777r

de
----------------coth k+=
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Chapter II: A Frequency Dependent Model for Overhead Transmission Lines
The  variable is defined the same way as above, except that it uses the conductor resis-

tivity for  and not the ground resistivity.  The constant, , is derived by equating the 
expression at zero frequency to the DC resistance of the conductor:

(2-8)

Recall that  as .

Finally, the diagonal elements equal .

2.1.2 Unit-Length Admittance, Y

The following is defined:

(2-9)

It is assumed that the air is virtually lossless and that the ground is at virtually zero poten-
tial.  Assuming that the air is lossless means that the admittance will be purely imaginary.  
Some assume that there is a very small real part, , because the air is not actually 100% 
lossless, however this paper does not include this value.  In other words,  and not 

.  There is some discussion of shunt conductance in [5].

Note that the square root in the calculation of  and  can be eliminated by multiply-
ing the logarithm by 0.5.

2.1.3 Things of Which to Be Aware

First, the accuracy of the approximation to the integral depends on the ratio of the distance 
between conductors to their height above ground [6].  This means that it is not a useful 
approximation for problems such as crosstalk between lines having a large distance 
between them.

Second, the approximation uses assumptions that are only valid to about 1 or 2 MHz.  Spe-
cifically, it only works up to the point where the transmission mode changes to a surface 
wave.

de

ρ k

ρ
2πrde
--------------

de
0.777r
---------------- k+ ρ

πr2
--------=

k∴ ρ

πr2
-------- 1 1

2 0.777( )
---------------------– 

 =

zcoth 1 z⁄→ z 0→

Zii Ziic+

Y 1–[ ]ij
1

j2πε0ω
------------------

Dij
dij
-------ln=

G
Y jB=

Y G jB+=

Dij dij
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Chapter II: A Frequency Dependent Model for Overhead Transmission Lines
2.1.4 Eliminating the Ground Wires

Normally, ground wires are grounded at every tower.  Up to about 350kHz, it is possible to 
assume that the voltage on the ground wires is zero at all points.  This allows a simplifica-
tion of the  and  matrices, as follows.

For , write

, (2-10)

where the  and  subscripts represent the “conductor” and “ground” wire groups, 
respectively.  If , then

, (2-11)

where

. (2-12)

 is a reduced order impedance matrix with the ground wires removed under the above 
assumption.

For , write:

(2-13)

Thus,

, (2-14)

where

. (2-15)

 is a reduced order admittance matrix, also with the ground wires removed.

Z Y

Z

xd
d Vc

Vg

Zcc Zcg

Zgc Zgg

Ic

Ig

–=

c g
Vg 0=

xd
dVc Z′Ic–=

Z′ Zcc ZcgZgg
1– Zgc–=

Z′

Y

xd
d Ic

Ig

Ycc Ycg

Ygc Ygg

Vc

Vg

–=

xd
dIc Y′Vc–=

Y′ Ycc=

Y′
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2.2 The Full Model

The special unit-length matrices are used to define the propagation matrix and the charac-
teristic admittance matrix.

The propagation matrix, , describes how current and voltage waves cross the transmis-
sion line.  This includes attenuation and time delays.  The characteristic admittance 
matrix, , describes the voltage and current relationships at each end of the line.

2.2.1 Characteristic Admittance Matrix

Appendix A already defines the characteristic admittance matrix as:

(2-16)

Note that this matrix, by construction, approaches a constant at high frequencies.

2.2.2 Propagation Matrix

The propagation matrix is derived here.

Take the current waves,  and .  The forward-travelling wave, , at positions  and 

 is defined as:

(2-17)

and

(2-18)

Similarly, the backward-travelling wave, , at positions  and  is defined as:

(2-19)

and

(2-20)

H

Y0

Y0 Z 1– Γ Z 1– ZY= =

Ia Ib Ia x

x x∆+

Ix Y0Vx+
2

------------------------ e Γx–( )
T
Ia Iax≡=

Ix x∆+ Y0Vx x∆++
2

------------------------------------------- e Γx– e Γ x∆–( )
T
Ia e Γ x∆–( )

T
e Γx–( )

T
Ia e Γ x∆–( )

T
Iax= = =

Ib x x x∆–

Ix Y0Vx–
2

----------------------- eΓx( )
T
Ib Ibx≡=

Ix x∆– Y0Vx x∆––
2

------------------------------------------ eΓxe Γ x∆–( )
T
Ib e Γ x∆–( )

T
eΓx( )

T
Ib e Γ x∆–( )

T
Ibx= = =
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Chapter II: A Frequency Dependent Model for Overhead Transmission Lines
Thus, there is a matrix, call it , that can be used to find the value of one of the travelling 
waves farther down the line, along the direction of travel.  It is defined as:

(2-21)

Note that this matrix, by construction, approaches zero at high frequencies.

2.3 Chapter Summary

This chapter showed the construction of a frequency dependent model for an overhead 
transmission line.  Also shown was how to calculate the unit-length impedance and admit-
tance matrices to be used in the current and voltage formulation of the model.  These 
matrices are used to build the propagation and characteristic matrices.

The propagation matrix describes how current and voltage waves cross the transmission 
line, and includes time delays and attenuation.  The characteristic admittance matrix 
describes the voltage and current relationships at each end of the line.

Also discussed was how to reduce the order of the matrices by eliminating the ground 
wires.

H

H e Γ x∆–( )
T

e YZ x∆–= =
– 8 –



Chapter III: Frequency Domain Models and Rational Functions
CHAPTER III
FREQUENCY DOMAIN MODELS

AND RATIONAL FUNCTIONS

The next step in the process of obtaining a time domain model for a transmission line will 
be to approximate the frequency domain model by rational functions.  Rational functions 
lead to a computationally efficient way of calculating the time domain results.  This chap-
ter will show how and why they are even considered in the first place, and Ch. V will 
show how they are actually derived from a frequency domain model.

First, let’s illustrate why rational functions are even considered in the first place.

Given a frequency domain model or transfer function, , and an input, , one finds 
the output, , using the expression:

(3-1)

The output in the time domain, , is found by convolution instead of multiplication as 
in the frequency domain:

(3-2)

If we consider discrete time steps of  instead of continuous time, where the nth time 
step, , is denoted as , then we can modify the equation slightly:

(3-3)

This is a recursive relation, and further equations using this form to perform a convolution 
will be termed recursive convolution.  In other words, this is one technique to perform 
convolution in the time domain using discrete time steps.

It is immediately clear that

1. We need the time domain form of , and

2. One integration per time step needs to be performed.

F s( ) U s( )
X s( )

X s( ) F s( )U s( )=

x t( )

x t( ) f t( ) u t( )⊗ f t τ–( )u τ( ) τd
0

t

∫= =

t∆
x n t∆( ) xn

xn f t τ–( )u τ( ) τd
0

n 1–( ) t∆

∫ f t τ–( )u τ( ) τd
n 1–( ) t∆

n t∆

∫+=

xn 1– f t τ–( )u τ( ) τd
n 1–( ) t∆

n t∆

∫+=

F s( )
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Chapter III: Frequency Domain Models and Rational Functions
Depending on the complexity of the function, computing the output in the time domain 
may be computationally expensive.  Certain functions, however, have a form which leads 
to a computationally efficient time domain relation.  Rational functions are one such func-
tion type.

3.1 Convolving with Rational Functions

Convolution with rational functions, as we shall see shortly, leads to the computationally 
efficient time domain recursive relation:

(3-4)

The three coefficients, , , and , are calculated using a variety of methods, two of 
which are derived below.

Say we have a rational function with represents our transfer function:

(3-5)

The variables  and  are real constants, and  is the usual frequency variable.  Given the 
input, , and output, , (dropping the  parameter for convenience) Eq. (3-1) becomes:

(3-6)

This is a state equation, where:

(3-7)

In the time domain, this is a differential equation of the form

, (3-8)

with the state equation form

, (3-9)

having the exact solution:

(3-10)

xn αun βun 1– γxn 1–+ +=

α β γ

F s( ) c
s a–
-----------=

c a s
U X s

X c
s a–
-----------U=

sX aX cU+=

x· ax cu+=

x· ax cu+=
y x 0u+=

x t( ) eatx 0( ) c ea t τ–( )u τ( ) τd
0

t

∫+=
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If we consider discrete time steps of size  instead of continuous time, and if we again 
use  to represent , then this time domain solution can be rewritten through the 
following derivation.

(3-11)

Now, depending on the form of the input, , the integration can be performed in a num-
ber of different ways.  Two integration techniques will be considered in this project, both 
assuming that  varies linearly over each time step.

3.1.1 Direct Trapezoidal Integration

This technique leads to the first method of calculating the coefficients of Eq. (3-4).

The relation in Eq. (3-8) can be integrated directly:

(3-12)

Thus,

(3-13)

If trapezoidal integration is used to compute the integral, then the three recursive coeffi-
cients become:

t∆
xn x n t∆( )

xn ean t∆ x0 c ea n t∆ τ–( )u τ( ) τd
0

n τ∆

∫+=

ean t∆ x0 c ea n t∆ τ–( )u τ( ) τd
0

n 1–( ) τ∆

∫ c ea n t∆ τ–( )u τ( ) τd
n 1–( ) τ∆

n τ∆

∫+ +=

ea t∆ ea n 1–( ) t∆ x0 ea t∆ c ea n 1–( ) t∆ τ–( )u τ( ) τd
0

n 1–( ) τ∆

∫+=

 c ea n t∆ τ–( )u τ( ) τd
n 1–( ) τ∆

n τ∆

∫+

ea t∆ xn 1– c ea n t∆ τ–( )u τ( ) τd
n 1–( ) τ∆

n τ∆

∫+=

u t( )

u t( )

τd
d x τ( ) τd

0

t

∫ ax τ( ) cu τ( )+( ) τd
0

t

∫=

xn x0 ax τ( ) cu τ( )+( ) τd
0

n t∆

∫+=

x0 ax τ( ) cu τ( )+( ) τd
0

n 1–( ) t∆

∫ ax τ( ) cu τ( )+( ) τd
n 1–( ) t∆

n t∆

∫+ +=

xn 1– ax τ( ) cu τ( )+( ) τd
n 1–( ) t∆

n t∆

∫+=
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(3-14)

3.1.2 Assume Input is Linear

This technique leads to the second method of calculating the coefficients of Eq. (3-4).  It is 
based on the work of Semlyen and Dabuleanu [7].

The input, , is assumed to vary linearly over each time step, and trapezoidal integra-
tion is then applied to Eq. (3-11) to produce these coefficient values:

(3-15)

Note that if the bilinear transform, , is used to 
approximate the exponential terms in Eq. (3-15), then Eq. (3-14) can be shown to be 
equivalent.

3.2 A Note on the Stability of Trapezoidal Integration

It can be shown that trapezoidal integration is always stable [8].  However, there is a subtle 
instability that can creep into the above recursive calculations.

The standard conductance-plus-current-source representation of an inductor will be used 
to explain this.  We will start with the mathematical description, and then use trapezoidal 
integration to produce a recursive relation for the current.

(3-16)

turns into the recursive relation:

α 1 a t∆
2

--------– 
  1– c t∆

2
--------=

β 1 a t∆
2

--------– 
  1– c t∆

2
--------=

γ 1 a t∆
2

--------– 
  1–

1 a t∆
2

--------+ 
 =

u t( )

α c
a
---– 1 1 ea t∆–

a t∆
------------------+ 

 =

β c
a
--- ea t∆ 1 ea t∆–

a t∆
------------------+ 

 =

γ ea t∆=

ex ex 2⁄ e x 2⁄–⁄ 1 x 2⁄+( ) 1 x 2⁄–( )⁄≈=

i t( ) 1
L
--- v t( ) td

t t∆–

t

∫ i t t∆–( )+=
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(3-17)

The present value of the current, , depends on the present value of the input voltage, .  
This presents a problem since the dependency may also be the other way around, with the 
voltage ultimately depending on the current.  Said in another way, the present state 
depends on the present input.

One solution is to assume that the voltage does not change very much between time steps, 
so that .  This obviously changes the entire equation, and thus the relation is no 
longer precisely trapezoidal integration.  One way of understanding this approximation is 
to look at it as just a current source that only depends on previous values of current and 
voltage, and that varies with each time step.  Fig. 3-1 shows what this looks like in circuit 
form.  This solution does not necessarily maintain the stability of the integration.

Another solution is to view the factor in front of the  term as a conductance that partici-
pates in the admittance network of the entire system.  This will produce the correct value 
of  in the present time step.  The only disadvantage is that the admittance changes if the 
time step changes, and so the network may need to be reanalyzed.  Fig. 3-2 shows this in 
circuit form.

This is how the recursive equations for a transmission line will be utilized.  The present 
input will be incorporated using a conductance.  This is the technique developed by Dom-
mel [9].

Fig. 3-1. Approximation of present input using previous time step.

Fig. 3-2. No approximation of present input.

in
t∆

2L
------vn

t∆
2L
------vn 1– in 1–++=

in vn

vn vn 1–≈

t∆
L
-----vn 1– in 1–+

vn

vn

t∆
2L
------vn 1– in 1–+t∆

2L
------
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3.3 Terms with Conjugate Pairs

It is possible for a rational function to have complex values for  and .  One fortunate 
constraint is that all complex values must exist in complex conjugate pairs.  In other 
words, if  and  exist in the rational function, then  and  must exist as well.

The reason for this constraint is that we are working strictly with a real-world system.  
These can never be represented by complex numbers, only real numbers.  Rational func-
tions, in order to produce real results, must have real-valued coefficients, and complex 
numbers existing only in complex conjugate pairs ensure this condition.  Please refer to 
Appendix C for a proof and further discussion of this fact.  Also ensured is the causality of 
the transfer function.

This section shows how to utilize any complex pairs, but stay in the real domain.

Take, then, this rational function:

(3-18)

When an input is applied to this transfer function,

, (3-19)

the output is calculated using the recursive relation:

(3-20)

The subscript of each coefficient indicates to which of the two partial fractions it belongs.  
Without much effort, it can be shown that , , and .  
Therefore, rewrite Eq. (3-20) as:

(3-21)

The “new” coefficients and final term are now:

, (3-22)

c a

c a c a

F s( ) c
s a–
----------- c

s a–
-----------+=

X c
s a–
----------- c

s a–
-----------+ 

 U c
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-----------U c

s a–
-----------U+= =

xn x1n
x2n

+ α1un β1un 1– γ1x1n 1–
+ +[ ] α2un β2un 1– γ2x2n 1–

+ +[ ]+= =

α2 α1= β2 β1= γ2x2n 1–
γ1x1n 1–

=

xn 2Re α1{ }un 2Re β1{ }un 1– 2Re γ1x1n 1–
{ }+ +=

2Re α1{ } 2Re c
a
---– 1 1 ea t∆–

a t∆
------------------+ 

 
 
 
 

=

2
a 2
-------- X 1

t a 2∆
-------------- X a′A a″B–( ) Y a′B a″A+( )+( )+–=
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, (3-23)

and

(3-24)

The auxiliary variables, , , , and , are defined as

, (3-25)

where the complex variables,  and , are defined as  and .  It 
is convenient to write these expressions in this way when creating a computer implemen-
tation.

For completeness, the imaginary parts of the  and  coefficients are derived:

(3-26)

(3-27)

3.3.1 Terms with Conjugate Pairs, a State Variable Approach

Leading into the topic of higher order poles, this subsection shows how to use the state 
variable approach from Appendix F to derive an alternative approach to finding a recur-
sive formula for the terms with conjugate pairs.

Let  and .  We now consider the relation:

(3-28)
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Rewrite this as:

(3-29)

In the time domain, this has the form:

(3-30)

The method of Appendix F can turn this into a first-order form using matrices:

(3-31)

This is in the standard state equation form:

(3-32)

Therefore, the update equation is

, (3-33)

where:

(3-34)

For convenience, the following is derived analytically:

(3-35)
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Trapezoidal integration gives:

(3-36)

The method that does not use this state equation form is the preferred way to implement 
the recursive convolution on a computer.

3.4 Terms with Higher Order Poles, a Future Direction

This section shows how to represent higher order poles in the time domain, but using a 
state variable approach.  This subject will also be discussed in a later section (Sec. 5.11 in 
the chapter on Vector Fitting).

The following discussion uses the variable  instead of  to represent the poles in order to 
avoid confusion with the use of  as coefficients of the derivatives of .

If  is real, then the output corresponding to this pole is

, (3-37)

which, in the time domain, becomes

, (3-38)

where  is the differential operator.

This is an nth order system with

 and , (3-39)

if we use the state equation formulation described in Appendix F.

For complex poles, construct a state equation using conjugate pairs to numerically guaran-
tee real results.  We proceed as follows.
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 Dn k– p–( )k

k 0=
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∑
 
 
 
 

y cu=

D
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  p–( )i= bi
c if i n=
0 otherwise




=

– 17 –



Chapter III: Frequency Domain Models and Rational Functions
(3-40)

Using the binomial expansion theorem:

(3-41)

In the time domain, this is a differential equation of order :

(3-42)

If this expression is written out in table form, a method to calculate each coefficient, , of 

the derivatives of  becomes evident.  Fig. 3-3 shows pseudocode that accomplishes this.

Fig. 3-3. Pseudocode for calculating each ai.

Y c
s p–( )n

------------------ c
s p–( )n

------------------+ 
 U=

c s p–( )n c s p–( )n+
s p–( ) s p–( )( )n

-------------------------------------------------U=

c s p–( )n c s p–( )n+

s s 2p′–( ) p 2+( )
n

-------------------------------------------------U=

n
k 
  sn k– p 2k n k–

r 
  sn k– r– 2p′–( )r

r 0=

n k

∑
k 0=

n

∑
 
 
 
 

Y

n
k 
  s

n k–
cpk cpk+( )

k 0

n

∑
 
 
 
 

U=

2n

n
k 
  p 2k n k–

r 
 D2 n k–( ) r– 2p′–( )r

r 0=

n k–

∑
k 0=

n

∑
 
 
 
 

y n
k 
 D

n k–
2Re cpk{ }

k 0=

n

∑
 
 
 
 

u=

ai

y

if (i <= n) {
    k = 0
    r = i
    j = n
} else {
    k = i - n
    r = 2n - i
    j = r
}
ai = 0

while (r >= 0) {

    ai = ai + choose(n,k)·|p|
2k·choose(j,r)·(-2p')

    k = k + 1
    r = r - 2
    j = j - 1
}
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Each coefficient, , of the derivatives of  is easier to calculate, and can be read directly 
from Eq. (3-39).  For completeness, Fig. 3-4 shows pseudocode that can do this.

This section was intended to shed some light on how to simulate more elaborate models, 
however, the procedure presented here was not implemented for this project.

3.4.1 An Alternative Formulation

It is possible, in a way similar to the technique in Sec. 3.3, to perform the calculation with-
out matrices.  However, this is left as an exercise to the reader.

3.5 Chapter Summary

This chapter has shown why it is useful to represent a frequency domain model using 
rational functions.  Specifically, an input can be applied to the time domain representation 
of a rational function in a computationally efficient way.

Also shown was how to stay in the real domain, so that a computer does not have to utilize 
complex arithmetic.

Fig. 3-4. Pseudocode for calculating each bi.

bi u

bi = 2Re{cp
i}·choose(n,i)
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CHAPTER IV
MODELLING A TRANSMISSION LINE USING 

RATIONAL FUNCTIONS

In the previous two chapters, we developed a frequency domain model for an overhead 
transmission line, and showed how to utilize rational functions to produce a computation-
ally efficient time domain simulation.  This chapter shows specifically how to apply a 
rational function approximation to the transmission line model.

The next chapter will show how to find a rational approximation to a curve by first finding 
the poles, and then finding the residues.

4.1 Characteristic Admittance Matrix

For convenience, the definition of the characteristic admittance matrix, , from Eq. (2-
16) will be repeated here:

(4-1)

It was stated that, by construction, this matrix approaches a constant at high frequencies.  
A suitable form for the rational approximation, therefore, is a biproper function:

(4-2)

Notice that the same set of poles, but a different set of residues, are used for each element 
of this matrix.  This is a useful restriction since it will make the time domain computation 
more efficient.  The following derivation, which is based on the work in [10] and [11], 
explains why.  It is based on the modes of the matrix.

Let  be the eigenvector matrix, and let  be the eigenvalue matrix – these are the modes.  
Then:

(4-3)

Right-multiplying a matrix by a diagonal matrix multiplies each column by the corre-
sponding term in the diagonal matrix, so rewrite this as

Y0

Y0 Z 1– Γ Z 1– ZY= =

Yij s( )
cm( )ij

s am–
--------------

m
∑ dij+≈

T λ

Y0 Z 1– ZY TλT 1–= =
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, (4-4)

where  is the kth column of , and  is the kth row of .  Note that  does not 

refer to the inverse of .

Next, write:

(4-5)

For visual purposes, the frequency dependence is added to this equation:

(4-6)

The authors of [10] hypothesize that it is only necessary to find the poles of each mode, as 

opposed to the whole expression in the summation, and that the  factor can be 

neglected.  The reason given is that the frequency variation in  is always accompa-
nied by a frequency variation in the mode, and that the final calculation to find the resi-
dues will account for this approximation.

Another perspective for neglecting this factor is that the modes are basis functions, and 
any function, in some linear space, is a linear combination of its basis functions.  The lin-
ear multiplier, therefore, will appear “automagically” when finding the residues.

Therefore, if we neglect this factor, we can write:

(4-7)

It is known from matrix theory that the sum of the eigenvalues equals the trace.  This 
means that it is not necessary to diagonalize , and that only  diagonal elements need 
to be utilized to find the poles.
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Once the poles are found, all that remains is to calculate the residues, and this is accom-
plished using a least-squares approach.  In other words, solve

(4-8)

for the  values.  This is of the form , where, for  frequency samples,

, (4-9)

, and (4-10)

. (4-11)

Solving this equation using a standard technique, such as QR or SVD decomposition will 
give a least-squares solution.  It is also possible to perform some sort of iterative refine-
ment on the solution by choosing a suitable search procedure.

4.2 Propagation Matrix

The definition of the propagation matrix, , from Eq. (2-21) is repeated here:

(4-12)

By construction, this matrix approaches zero at high frequencies, so a suitable rational 
approximation might look like:
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(4-13)

At first glance, this approximation may appear to satisfy the approaching-zero criterion.  
However, this approximation would need a very high order to accurately approximate the 
exponential.  An exponential in the frequency domain, recall, is actually a time delay.

It has been suggested to first extract a time delay for each element of , and then fit the 
remaining function, but Gustavsen et al. [11] point out that this can cause oscillating 
behaviour in the frequency domain, especially for lines with high ground resistivity.  This 
would mean that a higher order fitting is required.

One way around this is to extract a time delay for each mode using an appropriate line 
model.  The authors of [11] describe why the “Universal Line Model” [10] is a good 
approach to use.  This model is based on the calculation of unknown residues given known 
poles and time delays.  It also assumes that all poles contribute to all elements of .

4.2.1 Fitting the Propagation Matrix, H, in the Modal Domain

This is just the first step in the process of fitting ; the phase domain fitting is the final 
step.  An approach similar to that of the previous section is used.  First, diagonalize :

, (4-14)

where  is the transmission line length.

Next, express this in a manner similar to Eq. (4-5):

(4-15)

Note that we have extracted a constant delay, , for each mode.  The  and  
factors are still frequency dependent.

Finally, for the same reasoning as in the previous section, discard the  factor and 

express  as:

(4-16)
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This expression is complicated by the fact that each mode has a different extracted delay.  
This means that we must perform the diagonalization to find each mode, unlike .

4.2.2 A Thought Experiment with Modal Time Delays

This section will show why it is necessary to diagonalize the matrix and work with each 
mode, rather than stay in the phase domain, if non-frequency-dependent line delays are to 
be considered.

Given a 3-phase transmission line, assume that there exists a box with which we can apply 
a pure time delay on one of the lines.  Fig. 4-1 shows what this looks like.

Also assume that this is a very short segment of the line, so that the characteristic admit-
tance has no effect.

Our task is to find what a transformation matrix, , looks like so that

(4-17)

It can be shown, for any arbitrary relationship between the  components, that the only 

solution for  is the diagonal matrix:

(4-18)

In other words, the only way for a delay to affect only one phase is if the transformation 
matrix is diagonal.  Hence, finding the  delays for an -phase transmission line only 
makes sense in the modal domain.

Fig. 4-1. Three-phase transmission line with a perfect delay.
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4.2.3 Finding the Modes of the Propagation Matrix, H

The modes of  are determined by using a frequency-dependent transformation matrix, 
:

(4-19)

There are several techniques to find these matrices.  The first is just a simple eigenvector 
finding routine.  However, it is often the case that “corresponding” eigenvalues switch 
places at adjacent frequencies.  For example, mode 1 may occupy position 1 for some first 
set of frequencies, and then occupy position 3.

One technique that proposes to get around this problem is discussed by Wedepohl et al. 
[12].  It uses the Newton-Raphson (NR) method to find the eigenvectors and eigenvalues 
for the next frequency point using the values from the current frequency point as a starting 
guess.

Another technique, based on sequential quadratic programming (SQP) is presented by 
Nguyen and Chan [13].

The Newton-Raphson method, as well as the “check” method of Sec. 6 in [12], were 
implemented for this project, however, neither technique worked properly.  The NR 
method sometimes needed frequency samples that were closer together than what was 
generated, and the implementation was not improved due to time constraints.  The 
“check” method, which works by correlating the current frequency sample with the previ-
ous frequency sample, sometimes could not correctly determine the correct values.  This 
was also probably due to the frequency sample spacing issue.

The method that was actually used was to utilize a constant transformation matrix, calcu-
lated at some high frequency, for every frequency point.  This may be less accurate than 
finding the frequency dependent transformation matrices, however, it is a reasonable solu-
tion.  Furthermore, continuously-transposed lines have something close to a constant 
transformation matrix, so we can assume that the simulator works for this case.

4.2.4 Finding the Delay for Each Mode of H

Once the modes are found, a constant time delay inherent to each mode is found.  While 
this ignores the fact that the time delay for a given mode may actually be frequency depen-
dent, it nevertheless simplifies the model.

This has several advantages:
• Calculations for each end of the line are decoupled.  In other words, the results on 

either side will not appear instantaneously on the other end.
• A lower order fitting can be used if the delay is factored out.

H
T

H Te γl– T
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=
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Because a time delay is an exponential in the frequency domain, it may be expressed as a 
Taylor expansion with poles of ever-increasing order.  Removing this factor will remove 
these higher order terms, thus decreasing the number of poles required.  This is the reason 
why a lower order fitting is sufficient in this case.

Gustavsen and Semlyen [14] outline a procedure for extracting the delay and a minimum 
phase shift function, given a scalar transfer function.  Let this transfer function be one of 
the modes, and express it as

, (4-20)

where  is the minimum phase shift function, and  is the time delay.  This relation is 
approximate because  is only accurate for a single selected frequency, as we shall soon 
see.

Clearly,

, (4-21)

so it is trivial to find this component of .  The phase is trickier to find, and relies on 
a formula developed by Bode [15].  This is further explained in Appendix E, but a brief 
description will be given here:

If the magnitude of the function is known, then the phase at a specific frequency, , of 
the minimum phase shift function with the same magnitude, can be found using the expres-
sion

, (4-22)

where  is the phase at ,  is the log of the magnitude, and .

An equation for  will now be derived.

First, rewrite  as

, (4-23)

where  is the attenuation,  is the phase velocity, and  is the line length.  
Next, solve for , and express it in terms of a single frequency point, :
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(4-24)

(4-25)

It should be clearer why the relation in Eqs. (4-20) and (4-23) is only approximate: the 
value of  is based only on the single frequency point, .

Finally, find the phase shift of  at :

, (4-26)

where

(4-27)

and

. (4-28)

The discussion by Gustavsen and Semlyen in [14] informs us that the first term alone will 
give a good estimate for the phase, but that including the second term will give an even 
better result.

The choice of  is important, as we need to find a representative value for .  Bode 
shows in Fig. 14.2 in [15], that for a decaying attenuation function, , the phase 
approaches the frequency axis, and becomes close near the point where  decays to 
zero.  Gustavsen and Semlyen call this the “toe portion” [14] of .  Hence, a good 
choice for  is somewhere in this region because the phase is relatively “constant” and is 
not a large negative value that would result in a negligible phase shift.  An additional fact 

is that frequencies close to zero will cause the  factor to be close to one, hence the 
delay has almost no effect.

Instead of choosing this to be the point where  as in [14], however, our 

implementation will follow the procedure of [11] and use a value farther along the “toe”.
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Next, this integral can be calculated numerically in a straightforward manner using for-
ward, backward or central differences for the derivatives, and a simple summation for the 
integral.

4.2.5 Refining the Calculated Delay

The calculated delay could be refined.  For example, Brent’s Method, given an upper and 
lower bound, could potentially find a better approximation.  A good value to use for the 
lower bound would be the delay due to the speed of light in a vacuum.  This is actually the 
smallest possible value.

Gustavsen [16] discusses a procedure for choosing a good upper bound, and provides a 
different method to find a larger lower bound based on the phase shift of a minimum phase 
shift function.

However, this is actually a maximum, and the delay due to the speed of light in a vacuum 
is a better lower bound.  This is proven below.  The term “lag”, used shortly, is from [17], 

and refers to the negative of the phase shift in the expression .  Thus, the “lag” for this 
expression is .

Say the propagation function, , contains an exact time delay, , where

(4-29)

This phase can also be partitioned into the phase of the corresponding minimum phase 
shift function at  plus some other delay, :

(4-30)

Using the fact that , we can write:

(4-31)

Gathering the phase values:

(4-32)

If , when multiplied by , becomes a minimum phase shift function, then multiply-

ing by  will not produce a minimum phase shift function.  Hence, since the lag of a 
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minimum phase shift function is always less than the lag of any other function with the 
same magnitude [17],

 or equivalently . (4-33)

Therefore:

(4-34)

This means that the delay, , calculated via Bode’s method cannot be used as the lower 
bound in Brent’s Method.  Observe that this disagrees with point 4 in the conclusions of 
[16].

4.2.6 Fitting the Propagation Matrix, H, in the Phase Domain

The modes are found, and a constant time delay is extracted for each mode.  Finally, we 
find the poles of each mode, , by first extracting the delay:

(4-35)

Then we solve for the residues from:

(4-36)

This, like Eq. (4-8) for , is of the form , where, for  frequency samples,

, (4-37)
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, and (4-38)

. (4-39)

This is also solved using a least-squares fitting approach, with some possible iterative 
refinement.

4.2.7 Mode Grouping

It can be seen that the computation time depends on the number of modes, , instead of 
the number of elements in the matrix.  In fact, computational efficiency was one of the 
main reasons for performing modal decomposition in the first place.  What if this could be 
reduced even further?  This subsection shows how.  It is based on the work by Morched et 
al. [10].

First assume that two or more modes share the same time delay, , and say there are  
modes in this group.  The delay can be factored out from these terms, and their partial sum 
becomes

(4-40)

for this selection of modes.  We assumed that only this factor produces the poles of inter-

est, so instead of finding the poles for each term, , let us find the poles for the sum:

(4-41)
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In fact, we may as well find the poles for the average of this group of modes.  The least-
squares solution will force the factor of  to appear inside the residues.

Thus, the computational efficiency can be increased by grouping modes that have the 
same time delay, taking their average, and treating this as a new “supermode”.  However, 
it is unlikely that any mode will have the same exact delay.  Instead, they may have delays 
that are close.

Suppose two modes,  and , have a delay that differs from the other by 

, so that .  Therefore, multiplying these elements by  will result in 
an uncompensated factor with a phase angle of

, (4-42)

and a maximum uncompensated phase of  for some frequency .

Practically, then, if some maximum allowed tolerance, say , is specified, then modes that 
have a maximum uncompensated phase shift of

(4-43)

can be considered to have “close” time delays, and can be lumped together into a “super-
mode”.  The time delay that is used for this supermode is the smallest of the set of delays 
from each mode.

4.3 Future Directions

Brent’s Method, or some other form of calculated delay refinement should be imple-
mented.  As well, the delay extraction techniques presented by Achar et al. [19] could be 
explored.

As well, a robust technique that can be used to find the frequency dependent modal trans-
formation matrices needs to be implemented.

For lossless lines, the propagation function will be flat, and Eq. (4-13) is no longer a valid 
starting point.  A special case of just a phase shift, without performing the fitting, would 
be a useful addition.

4.4 Chapter Summary

This chapter showed how to construct a rational approximation for the frequency domain 
transmission line model.  Both parts of the model, the characteristic admittance and prop-
agation matrices, were addressed.
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The propagation matrix approximation contained parts that the characteristic admittance 
approximation did not.  These included a time delay for each mode and the necessity to 
calculate a frequency dependent transformation matrix at each frequency point.  The time 
delay portion takes into account the exponential in the analytic formula, and reduces the 
required order of the rational approximation.

Also shown was how to improve computational efficiency by grouping “close” modes.

This chapter assumed that there exists a technique for finding the poles of a rational 
approximation before finding the residues.  The following chapter will show how to find 
these poles.
– 32 –
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CHAPTER V
VECTOR FITTING THEORY

The previous chapters developed a rational function approximation for an overhead trans-
mission line model.  Assumed was the ability to find the poles of this approximation.  This 
chapter shows how to find these poles using a technique called Vector Fitting.

This technique was introduced by Gustavsen and Semlyen [20].  Before discussing this 
technique, however, a brief introduction will be given so as to provide a context.

5.1 A First Approach to Curve Fitting

The coefficients of a rational function can be determined as follows.

Let  be defined as:

(5-1)

It can be assumed that  without loss of generality.

If  is known for several frequency points, , and split into real and imaginary 
parts [18], then we can write

, (5-2)

where

(5-3)

Multiplying both sides of Eq. (5-2) by the denominator and equating real and imaginary 
parts, we obtain:
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(5-4)

In other words, we are solving an equation that looks like:

(5-5)

This can be written, using  samples of , in  form to produce solutions for 
the  and  coefficients.  This is illustrated in Eq. (5-6).

(5-6)

If the number of samples, , is larger than the number of unknowns, , then this 
produces an overdetermined system.  There are several different methods that can be used 
to solve this to give a unique solution in the least squares sense.  In other words, it is pos-
sible to produce a solution that minimizes the 2-norm, .

These techniques include QR decomposition and Singular Value Decomposition (SVD).  
Other formulations exist that are equivalent to solving the normal equations, 

, but Whitfield [21] showed that solving the system using these may yield 
unstable transfer functions for stable systems, and that other iterative methods may not 
converge.  QR decomposition and SVD, therefore, are the best candidates.

5.1.1 Ill-Conditioning of this Formulation

Note that the highest power of  in  will be , the chosen order of the rational 
function.  These large numbers exist in the same matrix as lower powers of .  For exam-
ple, consider a sample at 1MHz, and say that  is 20.  The matrix will contain both 
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The condition number, therefore, will, by construction, be large.  This ill-conditioning is 
even worse when considering the normal form mentioned above because the condition 

number of  is the square of the condition number of .

There are preprocessing techniques, such as shifting and scaling, that improve the condi-
tion number, however this topic will not be discussed here.  More details can be found in 
[18].

5.2 Pole-Residue Form

One way to avoid this problem is to keep the powers of  under control.  This can be 
accomplished by decomposing Eq. (5-1) into its partial fraction form:

(5-7)

If  then the partial fraction form stops at the first power of .

If the solution for the rational function can somehow be formulated so that , , , and 

 are found instead of the  and  coefficients, then it may be possible to avoid the ill-
conditioning problem that is due to the wide disparity in the magnitudes of the elements of 
the  matrix.

5.2.1 The Pole-Residue Form is Nonlinear

There is a new problem.  The formulation becomes nonlinear because there are unknowns 
in the denominator.

What if the poles were known?  The problem then becomes linear because only the resi-
dues, , , and  are unknown.  This is the subject of the next few sections.

5.3 The Theory of Vector Fitting

The theory of  Vector Fitting [20] concerns itself with finding a rational approximation for 
a complex function, , using the partial fraction form of Eq. (5-7).  The ill-conditioning 
problem is avoided by using this form, and the nonlinearity problem is avoided by assum-
ing that the poles are known.

It must be noted that the goal of this fitting procedure is to approximate a transmission line 
model using rational functions.  Transmission lines are physical systems, and hence any 
analytical representation must be causal and also must ultimately produce real-valued 
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results in a simulation.  Real coefficients for the polynomials in  and  ensure 
these conditions.

Now consider again this form of the approximation:

(5-8)

The residues, , and poles, , can be real or complex quantities, while  must  be 
real.  If any poles or residues are complex, however, they must exist in complex conjugate 
pairs to ensure that the polynomials formed by algebraically combining all the terms have 
real coefficients.

It is worthwhile to repeat that the rational function in Eq. (5-8) is linear in the unknowns 
, , and , but nonlinear in .  As well, the approximation stops at the first order of  

because passive electrical networks are composed of only first-order elements.

Note that when multiplied out, the approximation has the form

, (5-9)

where the order of the numerator is one greater than the order of the denominator.

5.3.1 Initial Reasoning

We have already seen in the previous section that ill-conditioning becomes a problem for 
higher order fittings when the form of Eq. (5-1) is used.  In other words, the system is 
solved using the form:

(5-10)

This can be avoided by using the form of Eq. (5-8).  However, the problem is nonlinear 
because there is an unknown in the denominator of each term.  Let’s introduce, then a 
known denominator, , and pose the problem in an alternate form:

(5-11)
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In other words, change the nonlinear problem into a linear one by assuming the poles are 
known, and use the pole-residue form of the rational functions,  and 

, to avoid the ill-conditioning problem.

Note that finding the zeros of the rational function  will produce the actual 
poles of our original problem.  Also, it is important to point out that if  is chosen to be 
close to , then their ratio will approximately equal one, and the solution will probably 
present itself much sooner when using iteration.

Now we have a rational function with linear unknowns.  The next step is to determine a 
procedure that solves for these unknowns.

5.4 Vector Fitting Methodology

The method of Vector Fitting consists of solving Eq. (5-8) in two stages.  The first stage 
finds the zeros of , which are the poles of the rational approximation of .  The 
second stage determines the residues, and this is equivalent to solving for .

5.4.1 Finding the Poles

Start by stating that  is a rational function, such that , where the 
order of the numerator is one greater than the order of the denominator.  Our task is to find 
suitable values for the coefficients of  and  so that this relation is as accurate as 
possible.

In actuality, we are working with samples of , , and these are assumed to lie 

exactly on the rational function, .  Points between the samples are never consid-
ered.

Next, choose known poles, , to form an approximation, , where 

.

It is possible to add some unknown function, , to  such that the two sides are 
exactly equal:

(5-12)

Factor out  to obtain:
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ãn f s( ) N s( ) D̃ s( )⁄≈

D̃ s( ) s ãn–( )
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, with (5-13)

Note that this is really the same thing as Eq. (5-11), but with a slightly different approach 
to get to the same place.  The  factor is our  term from before, and 
finding the zeros of this function will give us the actual poles of .

Using Eqs. (5-11) and (5-13), it is possible to state that the function, , has a rational 
approximation with the same known poles:

(5-14)

As well, the  term’s numerator and denominator have the same order if the 
order of  is chosen to be equal to the order of .  This can be easily shown to be 
true.

Lastly, write out the full form of Eq. (5-13):

(5-15)

Thus:

(5-16)

This is a linear equation with unknowns, , , , and .  It is solved using an equation 

of the form , where

(5-17)
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and  is the total number of sampled frequencies.   must be at least as large as the width 
of  so that a solution is possible.  In other words, .

Notice that formulating the solution to our original problem in this way has removed the 
ill-conditioning problem discussed in the previous chapter, and also preserved a linear for-
mulation.

To summarize, finding  equates to finding the zeros of .  These are also the 

zeros of .  Sec. 5.7 discusses the actual zero-finding process.  The  terms are not 
needed to find these zeros, but are found anyway because they are problem constraints.

This is the end of stage one.

5.4.2 Finding the Residues

Once the zeros of  are found, these are used as the new set of known poles, , 
and then the equation

(5-18)

is solved in a similar manner to obtain , , and .  This is again an overdetermined 

problem of the form .

5.4.3 Iteration

These equations are usually overconstrained because there are a very large number of 
samples.  Therefore, the solutions are likely not exact.  They will be a “best fit” in the 
least-squares sense.  However, the new poles are probably better than the original guessed 
poles.

Practically, then, the new poles can be used as the starting poles for an additional iteration.  
This becomes an iterative procedure with the calculated poles becoming the starting poles 
for each step.

Hopefully, this will converge to some “best” set of poles.

5.5 Summary So Far

By incorporating a known denominator, , into the  formulation, it 
becomes possible, in a straightforward way, to formulate a solution using only unity pow-
ers of , and therefore .
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Second, the problem of finding zeros and poles is reduced to the simpler problem of only 
needing to find the zeros of a function representing the relative error in the solution.

Third, iteration can be used to refine the poles.

The fourth point is that the roots of  are known and chosen such that the order is the 
same as the order of .  Now, it may be the case that the order of  is unknown, in 
which case a guess will have to be made.  This is discussed in more detail in Ch. VIII.

5.6 Solving with Complex Values

It may be the case that there are complex poles and residues in the solution.  Appendix C 
discusses some facts regarding these, such as the fact that residues come in perfect conju-
gate pairs if their corresponding poles are complex conjugates.  The reader is referred 
there for more details and a proof of this fact.

A computer program can only work with one-dimensional, real-valued numbers.  It is nec-
essary, then, to overcome this limitation and somehow represent complex numbers using 
only real values.

In order to solve this system using only real values, the complex numbers are separated 
into real and imaginary parts as follows.

Assume that the partial fractions at locations  and  in a given row of  constitute a 
complex conjugate pair:

(5-19)

The two corresponding elements in  and  are modified to become:

(5-20)

The corresponding residues in the solution vector , therefore, become  and .

Formulating Eq. (5-17), then, in terms of only real quantities produces the formulation:

(5-21)
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Formulating the problem in this way also has the effect of enforcing the conjugacy prop-
erty.  The benefit of this is that there will be perfect complex conjugate pairs that are unaf-
fected by numerical round-off.

5.7 Calculating the Zeros of D(s)

Once the residues, , of  are known, it is possible to calculate the zeros of  
by finding the eigenvalues of the matrix

, (5-22)

where

(5-23)

The matrix  is a row vector containing the residues of ,  is a matrix containing the 
starting poles along the diagonal, and  is a column vector of ones.

The discussion in Appendix D shows why this is true.

As a side point, the more “obvious” way of finding the zeros is to multiply all the terms 
out, and then use some root finding technique.  However, this would require more calcula-
tions.  In fact, eigenvalues are often used to find polynomial roots, so multiplying all the 
terms out would create lots more unnecessary work since we are finding eigenvalues of a 
simpler matrix anyway.

It is desirable to again use only real quantities, as any complex eigenvalues will come out 
as perfect conjugate pairs.  The modification necessary to do this is as follows.

Each complex pole, , in  is replaced with the square matrix

, (5-24)
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(5-25)

respectively, where , and .

Please refer to Appendix D for the derivation of these replacements.

5.8 Weighting

It is possible to cause the fitting to be more accurate around a specified set of frequencies.  
This is accomplished by premultiplying both sides of the  equation by a weighting 
matrix, W:

(5-26)

 is defined as a diagonal matrix with weighting factors positioned at the desired fre-
quencies.  For example, if we wish to fit the curve more accurately at 60Hz, and the 60Hz 
sample is in row three of a set of four samples, then the weighting matrix might look like

, (5-27)

where  is the desired weighting factor, a number greater than one.

Practically, the weighting is applied by multiplying the desired rows of  and  by the 
corresponding weighting factor, and leaving the rest unaffected.

5.9 The “Vector” in Vector Fitting

The “Vector” in Vector Fitting refers to the fact that this algorithm can be expanded to 
include a set, or vector, of functions having the same set of known poles.  This is accom-
plished by simply stacking Eq. (5-16) as follows.  The formulation shown is for a vector of 
two functions, but the technique can be expanded to an arbitrary number.
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(5-28)

Note that the superscripts denote the curve number, and are not exponents.

The known poles are shared, as is the  function.  As before, the solution for the 
unknown residues is of the form , but each matrix is modified to accommodate 
the extra set of variables:

(5-29)

Once the new poles are found from the zeros of , each curve is fitted separately 
to find the residues.

5.10 Future Directions

There are many questions about the Vector Fitting algorithm that remain unanswered.  
Some questions to be posed include:
• Under what conditions does the algorithm remain stable, and how do these conditions 

affect convergence?
• How can we improve fitting accuracy?

5.10.1 Regularization

An analysis of the singular values of the  matrix of Eq. (5-17) indicates that curves with 
more peaks and valleys are better conditioned.  In other words, smoother curves have 
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smaller singular values.  Please see Section 6 of [20] for further details on the subject of 
singular values and Vector Fitting.

It may be possible to “penalize” smoother curves and to “reward” curves with more peaks 
and valleys.  A potential procedure, in addition to the “weighting” mentioned previously, 
would be to premultiply the curve by its second derivative or by some function times its 
second derivative:

(5-30)

This is called “regularization”.

5.10.2 DC value

It is possible to fix the value of the fitted curve at  to a specified value by modifying 
the algorithm as follows.  [The basic idea is from a discussion with Dr. A. Gole of the Uni-
versity of Manitoba.]

First, refactor each term in the summation:

(5-31)

We now have:

(5-32)

The effect of this modification is that at , the value is fixed at , and this can be set 
to any value.  Of course, appropriate modifications would have to be made to the  matrix 
of Eq. (5-17).  As well, since  is known, this can be subtracted from  in the same equa-
tion.

This discussion is in this section because it was not implemented in this project.

This modification may or may not contribute to the accuracy of the results.  It has yet to be 
explored.
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5.10.3 Poles at Zero

Various numerical problems occur when trying to model a pole at zero frequency because 
of close-to-division-by-zero errors.  Perhaps some combination with the formulation of 
Eq. (5-32) will yield improvements.

5.10.4 Convergence Properties

Work needs to be done to determine if the Vector Fitting algorithm can converge to a glo-
bal minimum, or even to a local minimum.  Perhaps the algorithm does converge, but to a 
region, and not to a specific point.  It is already known that the fitting algorithm converges 
to a different solution, depending on the starting poles.

In fact, under what conditions does the algorithm converge?

Perhaps a different overdetermined fitting strategy, something other than the least-squares 
approach would improve the convergence.  A procedure such as nonlinear optimization 
would be a good area to explore.

Also, it needs to be determined how many iterations need to be performed, and what kind 
of stopping procedure applies.

5.11 Poles of Order Greater Than One, a Future Direction

The Vector Fitting approach does not detect poles of order greater than one.  Its construc-
tion enforces this.  This section proposes a way to detect the existence of these poles in a 
post-processing step.

After a curve is fitted, some of the poles may be very close, and their corresponding resi-
dues will be very large.  This is probably due to poles of order two or greater.  The tech-
nique presented here removes these very large numbers from the approximation; this is 
one of its major advantages.

5.11.1 Detection

Let’s start with a pole of order two to illustrate the issues.  A pole of order two cannot be 
expressed as:

(5-33)

To see why, we must first examine the expression:
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(5-34)

When  and  are very close, where  for a small , this becomes:

(5-35)

It can be seen that as  and  get closer together, the residues dramatically increase in 
magnitude.

In general, for  distinct poles,

, (5-36)

where

(5-37)

Now, if it can be shown, given a set of  poles, that  for every , and if the 

residues, , are “large”, then there is a good chance that we have encountered a pole of 

order .  The next question then becomes how to recover the residue, .

Again, let’s examine the  case, and then progress to higher orders.  Eq. (5-35) 
implies that each term will have similar residues, but with opposite sign.  It is stated that 
they are “similar” instead of “the same” because round-off error may exist in the calcula-
tions.

The steps, then, are as follows for discovering a pole of order two.

1. Choose a suitable “closeness” threshold, , for determining if poles are the 
same.

2. Find pairs of poles,  and , such that .
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3. Multiply the associated residues,  and , by  and , respec-

tively, to form  and .  Eqs. (5-37) and (5-34) 
should illustrate why these multipliers were chosen.  They theoretically allow 
the residue, , to be recovered.

4. If these values are the same to within some tolerance, then we have found a 
pole of order two.

For higher-order poles, the steps are as follows.

1. Choose a suitable “closeness” threshold, .

2. Find a set of  poles, , such that .  Other criteria could 

be used, such as , but the summation probably requires less 

computational effort and doesn’t need to concern itself with any zeros sneaking 
in.

3. Multiply the associated residues, , by  to form values for each 

.

4. If all these values are the same to within some tolerance, then we have found a 
pole of order .

The higher the order, the larger the residues will be.

In practice, the check in the last step does not need to be performed.  The reason for this 
can be seen in the example for two close poles in Eq. (5-34).

5.11.2 Implementing This Technique

Recall that when detecting a pole of order , sets of  values must be selected from the 
entire set of poles.  There are good algorithms for selecting unique subsets of a given set, 
however, it will be the case that each pair of poles selected for comparison will be chosen 
multiple times.  It is worthwhile to investigate how this can be done in a more efficient 
manner.

Because the total practical number of poles chosen to fit a curve is relatively small — up 
to hundreds, not thousands or more — the pair comparisons can first be stored before the 
subset selection procedure.  There are  pairs, and if the result of each pair 
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comparison to the given tolerance is stored in one bit, then the storage requirements are 
only  bits, or  bytes.  The representation doesn’t matter, but 
in the implementation presented here, the bit is set if the pair is deemed to be “close”.

For, say, 200 poles, the storage requirement is only about 2.4 kilobytes.  This is a minis-
cule amount of memory to use in today’s systems.  Now, if the number of points was thou-
sands or more, then the storage requirements would start to be in the megabyte range.

When searching through each subset, the pair comparison flags are consulted, and if all 
corresponding flags are set, then these poles are marked as “used” in another array of 
flags.  The residue is then calculated.

For best results, the search order for poles of order  and below should start at  because 
it is possible for poles to be missed if the search is started at two.  For example, say there 
are five poles, and that 3 are “close”.  If the search starts at two, then two out of the three 
“close” poles will be marked as “used”, and the third of this group will be on its own.

This limitation can be overcome if the search is allowed to analyze poles already marked 
as “used”, but this would require extra bookkeeping, and the same results would appear if 
the search were done backwards, as originally suggested.

Its ideas weren’t used here, but the curious may wish to read [22] for some discussion on 
searches of this type.

5.11.3 Retrofitting Vector Fitting to Detect Higher-Order Poles

The Vector Fitting technique can be modified to detect higher-order poles.  This is useful 
for the more general system identification problem [23].

Simply replace all occurrences of terms of the form  with .  The procedure 

must keep track of only one extra piece of information per pole, and that is the pole order.

The other modification to the algorithm involves the zero finding procedure.  Instead of 
finding the zeros of

, (5-38)
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s ãn–( )
------------------

n
∑ 1+=

σ s( )
rn
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must be found instead.

5.12 Chapter Summary

This chapter showed how to use a technique called Vector Fitting to find the poles and res-
idues for a rational approximation to some curve.  It is necessary to start the procedure 
with some known set of poles, but a method for finding this initial set will be discussed in 
Ch. VIII.
– 49 –
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CHAPTER VI
VECTOR FITTING RESULTS

This chapter shows selected vector fitting results for several example polynomials.  The 
polynomials are the same as the example polynomials in [20] so that we can verify our 
results.

All fittings use four iterations.

6.1 Fitting with Complex Poles

The first example polynomial has the poles and residues of Table 6-1, and constant and 

linear terms,  and .

For the first example, 20 complex starting poles were distributed linearly over the fre-
quency range.  The poles and residues were found to be very close to the actual values (to 
within about 8 or 9 significant figures), and Table 6-2 shows the extra two poles and resi-
dues.  Fig. 6-1 shows a plot of the fitted curve.

Notice that the residue-pole ratios for the extra two poles are very small, and so these 
poles could be deleted.

Table 6-1: Poles and Residues of the First Example Polynomial, in Hz

Poles Residues Found Poles Found 
Residues

Found
 and 

Table 6-2: Extra Poles and Residues, in Hz

Poles Residues

d 0.2= e 2 5–×10=

d e

4500–
41000–

100 j5000±–
120 j15000±–

3000 j35000±–
200 j45000±–

1500 j45000±–
500 j70000±–

1000 j73000±–
2000 j90000±–

3000–
83000–

5 j7000±–
20 j18000±–

6000 j45000±
40 j60000±
90 j10000±

50000 j80000±
1000 j45000±
5000 j92000±–

4500–
41000–

100 j5000±–
120 j15000±–

3000 j35000±–
200 j45000±–

1500 j45000±–
500 j70000±–

1000 j73000±–
2000 j90000±–

3000–
83000–

5 j7000±–
20 j18000±–

6000 j45000±
40 j60000±
90 j10000±

50000 j80000±
1000 j45000±
5000 j92000±–

0.2

2 5–×10

618084.66
155946.38–

0.00039214–
0.00015329–
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The RMS error after the four iterations was  and the error after fitting the resi-

dues was .  The maximum deviation was .

6.2 Fitting with Real Poles

For the second example, 20 real seed poles were distributed over the frequency range.  
Again, the poles and residues were found to be very close to the actual values, also to 
within about 8 or 9 significant figures.  Table 6-3 shows the extra two poles and residues, 
and Fig. 6-2 shows a plot of the fitted curve.

The residue-pole ratios for the extra poles are still very small, so these poles could be 
deleted.

Fig. 6-1. Starting with complex poles.

Table 6-3: Extra Poles and Residues, in Hz

Poles Residues

2.760 9–×10

2.904 9–×10 4.197 9–×10 %

7489068.4–
475349.92–

2.5053508–
5.0865713–
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The RMS error started at , but quickly reduced to  after the four itera-

tions.  The error after fitting the residues was , and the maximum deviation 

was .

Fig. 6-2. Starting with real poles.

22.44 2.332 10–×10

2.685 10–×10

3.659 10–×10 %
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6.3 Fitting with a reduced number of poles

The third example distributed 14 seed poles over the frequency range.  The idea is to see 
how a reduced order fitting affects the results.  Fig. 6-3 shows a plot of the fitted curve.

The RMS error was  after the four iterations and slightly higher after fitting the resi-
dues (but the same to 9 significant figures).  The maximum deviation was .

The fitted poles and residues are shown in Table 6-4.

Fig. 6-3. Starting with a reduced number of poles.

Table 6-4: Found Poles for the Reduced Order Fitting Case, in Hz

Found Poles Found Residues
Found
 and 

5.503
10.15%

d e

1998.1753 j90000.637±–
998.10169 j73001.576±–
497.43415 j70000.714±–
361.28698 j44998.569±–
3039.7022 j35001.358±–
87.088291 j4989.7521±–
138.24888 j14994.700±–

3622.4809 j91917.680±–
2124.5675 j45111.089±
50908.136 j80042.918±
1054.6380 j69091.525±
7477.3001 j45481.644±
4639.8368 j8170.8925±–
973.17813 j18652.370±

0.01594223–

2.0557355 5–×10
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6.4 Poles Outside the Considered Frequency Range

For the next example, 16 seed poles were distributed from 1 to 60kHz, so there are poles 
that exist in the curve that are outside the fitted frequency range.  The fitting appears very 
accurate in the considered interval, and inaccurate outside of this interval.

Fig. 6-4 shows a plot of the fitted curve.

The RMS error for the entire frequency range was  after the four iterations, 
and slightly higher after fitting the residues (but the same to 5 significant figures).  The 

maximum deviation over the whole frequency range was , but only  
up to 60kHz.

Fig. 6-4. There are poles outside the considered frequency range.

1.854 4–×10

340.0% 4.615 4–×10 %
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The fitted poles and residues are shown in Table 6-5.

6.5 Fitting a Smooth Curve Using Real Poles

The final two examples fit a curve having the poles and residues of Table 6-6.

Note that the pole-residue ratio for the unstable pole is very small.

Table 6-5: Found Poles for the Extra Range Case, in Hz

Found Poles Found Residues
Found
 and 

Table 6-6: Poles and Residues of the Second Example Polynomial, in Hz

Poles Residues Found Poles Found Residues

d e

3659.6956 j87398.424±–
840.46423 j70454.255±–
1500.0504 j45000.009±–
200.00190 j45000.001±–
3000.0014 j35000.000±–
120.00035 j15000.000±–
40997.108–
100.00078 j4999.9999±–
4499.6471–

8189.2113 j101418.77±–
48445.525 j112999.76±
87.100093 j9999.6112±
43.030187 j60000.408±
5999.9013 j45000.023±
19.959276 j17999.995±–
82991.772–
5.0415475 j6999.9961±–
2999.5898–

0.16535286

2.0021016 5–×10

2000–
4000–
9000–

15000–
18000–
21000–
23000–
29500–
33000–
34000–
44000–
48000–
56000–
64000–
72000–
79000–
88000–
93000–

1000
1000–
7000

12000
5000

12000–
2000–
1500

31000
12000–
20000
41000
8000

15600
10000–
12000–
50000
2000–

1858.2859–
5369.0537 j578.37922±–
11995.956–
38789.745 j629.22129±–
62364.938 j1364.1943±–
207962.73–
269651.74–
328258.41 j938.96894±–
385585.65–
490556.07–
537855.72–
539212.01
598770.51 j1321.2537±–
711936.14–

759.69950
254.42874 j13.214402±
14562.277
25292.379 j736.59872±
10959.376 j4948.7231+−

1197.7288–
10645.706
11357.045 j5523.4888±–
31780.508
47578.445–
32135.859–

0.07337512
24133.899 j50963.349+−

12965.130
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Fig. 6-5 shows the results of the fitting using 20 real poles having their magnitudes distrib-
uted over the frequency range.

The RMS error after the four fitting iterations was , and  after fit-

ting the residues.  The maximum deviation was .

The poles that were found included several complex poles, which indicates that the algo-
rithm can converge to complex poles even if there are only real starting guesses.

Fig. 6-5. Fitting a smooth curve with real poles.

1.117 6–×10 5.479 7–×10

1.258 5–×10 %
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6.6 Fitting a Smooth Curve Using Complex Poles

The smooth curve from the previous example was fitted using 20 complex poles distrib-
uted over the frequency range.  Fig. 6-6 shows the fitting results.

The RMS error after the four fitting iterations was , and  after fit-

ting the residues.  The maximum deviation was .

Complex poles as well as real poles appeared in the fitted curve.  The fitted poles and res-
idues are shown in Table 6-7.

Fig. 6-6. Fitting a smooth curve with complex poles.

Table 6-7: Found Poles and Residues of the Second Example Polynomial, in Hz

Found Poles Found Residues

1.078 6–×10 3.331 7–×10

5.682 6–×10 %

1907.5691–
5812.7209 j356.83845±–
12338.902–
16774.903 j33120.179±
37196.560 j2295.2429±–
39762.019 j74056.099±
46331.208–
77940.454 j31465.442±–
88996.935–
89760.346 j58891.207±–
118535.43 j23619.340±–
189820.83 j57832.415±

825.77730
643.49731 j98.478219±
13938.162

0.692 -4×10– j0.384 -5×10+−

1169.5119– j415.29586+−

0.00012431 j0.2088 -4×10±
89677.495

0.02692048 j0.00500485+−–
37710.276

0.00185696 j0.00042485±–
0.18285902 j0.05227653±
0.00163025 j0.000135±–
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We can see again that the residue-pole ratios for the unstable poles are very small.

6.7 Unstable Poles

As we have seen in some of the fitting examples, unstable poles – poles with a positive 
real part – can appear when fitting a curve using the Vector Fitting algorithm.  This situa-
tion must be dealt with, especially when modelling what is supposed to be a passive elec-
trical network.

There are several approaches to handling these.  First, the unstable poles could be deleted 
after each iteration.  This would reduce the fitting order, but no unstable poles would 
appear at the end.

The other approach would be to flip each unstable pole into the left-half plane after each 
iteration.  This would also result in a stable fitting.

Additionally, either technique could be applied after all the iterations, instead of after each 
iteration.  Further study needs to be done on this subject.

One other point that deserves mention is that just because we have a stable system, there is 
no guarantee that the result will be passive.  Please refer to [24], [25], [26], and [27] for 
more details on this subject.  The next chapter will also address how to ensure passivity.

6.8 Sensitivity to Eigenvalues

Recall that eigenvalues are used as the zero-finding procedure to determine the unknown 
poles for the next iteration.  The eigenvalue finding routine used for this project exposed 
the fact that Vector Fitting can converge to a local minimum.

Using the code developed for this project, it is possible to get similar but varying results 
each time the fitting is performed.  The only source of randomness in the entire sequence 
of events is the eigenvalue finding routine.  The randomness is necessary because it is 
used to break up any cycles that appear while iterating.  (In actuality, it’s the Schur decom-
position routine, but this is used to find the eigenvalues.)

Now, the eigenvalues that are found each time are correct to within machine tolerance, 
though there is some variation below this threshold.  This indicates that the Vector Fitting 
algorithm is very sensitive to the zero-finding procedure used to find the next set of poles, 
and may cause the fitting to converge to a different “local minimum”.  This is expressed in 
quotes because this project has not shown that the Vector Fitting algorithm converges at all 
to a specific point, let alone a local or global minimum.

6.9 Chapter Summary

This chapter showed some Vector Fitting results for several example polynomials.  The 
fitting always seems to converge to an accurate approximation.  If there are lots peaks and 
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valleys, then the fitting seems accurate over the frequency range under consideration.  If 
the curve is smooth, then the fitting is still accurate, although the fitted results may not 
exactly match the actual poles.

It was also possible for unstable poles to appear in the approximation, however, the corre-
sponding residues were always very small, so these poles could probably be safely 
deleted.

As well, depending on the location of the starting poles, the Vector Fitting algorithm can 
converge to different local minima.
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CHAPTER VII
ENFORCING PASSIVITY

Once a reasonable solution is found to the rational function fitting problem, there is one 
other thing to consider.  The resulting function may not represent a passive system.  In 
other words, the system may emit power for some set of applied voltages at some frequen-
cies, and this is not desirable.  Said another way, stability does not imply passivity.

The discussion here is based on the work in [24], [25], and [26].  Another technique is pre-
sented by Saraswat, Achar, and Nakhla [27], but will not be discussed here.

First, we must define what it means, mathematically, for a function to be passive.  Take 
some component defined by an admittance matrix, , in the frequency domain:

(7-1)

In the case of an overhead transmission line,  is symmetric.  It is also positive real, and a 
good definition of this and how it relates to the concept of a passive system is found in 
[28], [29], and [30].

For any applied voltage, , the absorbed power is given by:

(7-2)

Now, , a real matrix, is symmetric for overhead transmission lines.  Therefore, 
 is positive definite.  In other words, all of its eigenvalues must be real.

Note that we didn’t start with the usual definition for complex power, where .  
This is because , so it doesn’t matter which one we use.

The question now is once we have a rational approximation to a function, , how is it pos-
sible to force all the eigenvalues to be real?

7.1 Approach Based on Linearization and Quadratic Programming

Section 3 of [24] describes a way to solve this problem by using a technique called linear-
ization.  Briefly, it defines an incremental relationship between the new value of  and its 
parameters, :

(7-3)

Y

i Yv=

Y

v

P Re v∗Yv{ } Re v∗ G jB+( )v{ } Re v∗Gv{ }= = =

G
G Re Y{ }=

S vi∗=
Re vi∗{ } Re v∗i{ }=

Y

Y
x

∆Y M∆x=
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The paper then goes on to formulate a way to minimize  using a technique called Qua-
dratic Programming.  The reader is referred to this paper for more details.

7.2 Approach based on Passivity Compensation

Achar et al. [27] propose a method to compensate only those regions having a negative 
eigenvalue.  It avoids having to sweep over the entire frequency range.

7.3 Negative Eigenvalue Deletion

Another, simpler, way to force passivity is to simply delete the negative eigenvalues alto-
gether.  This is the technique implemented for this project.

The following procedure must be applied for each frequency of the curve.  Start with the 
fitted admittance matrix, , and take the real part of each element.

(7-4)

Remember that this is a causal system, so the  term must be real.

The full matrix is therefore:

(7-5)

Next, for each frequency of interest, diagonalize  and note that the eigenvalues can be 
split into positive and negative elements.

(7-6)

For example, the matrix  can be split into a positive  and a neg-

ative .

Last, form a new, corrected, conductance matrix, :

(7-7)

∆x

Y

Gi j, s( ) Re Yi j, s( ){ } Re
cn

s an–
-------------

n 1=

N

∑ d se+ +

 
 
 
 
 

Re
cn

s an–
-------------

n 1=

N

∑
 
 
 
 
 

d+= = =

d

G s( ) P s( ) D+=

G

T Λpos Λneg+( )T 1– P D+=

Λ 2 0
0 3–

= Λpos
2 0
0 0

=

Λneg
0 0
0 3–

=
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Gcorr TΛposT
1– P D TΛnegT 1––+= =
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Thus, for each frequency for which we require passivity, a correction is added to .

7.4 Enforcing the Positive Definiteness of E

It is also useful to enforce the positive definiteness of .  While it does not contribute to 
the passivity enforcement of , it still helps as far as stability is concerned.

For example, consider a system with a single capacitor having a negative capacitance.  
Connecting a resistor across its terminals will result in a system with a positive eigen-
value.

To illustrate:

The solution for the voltage of Fig. 7-1 is

, (7-8)

where  is a constant of integration.  This is clearly an unstable system when  is nega-
tive.

7.5 Chapter Summary

This section discussed three ways to enforce a passive system.  The simpler technique of 
negative eigenvalue deletion is implemented in this project.

Stability does not necessarily imply passivity, so the results of the Vector Fitting procedure 
must be made passive.

Fig. 7-1. Circuit with negative capacitance.
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CHAPTER VIII
AUTOMATIC POLE DETERMINATION

So far, we have shown how to model a transmission line using a frequency dependent 
model and how to fit this model using a rational function approximation.  What has not 
been discussed thus far is how to bootstrap the Vector Fitting technique with a set of 
known poles.  This chapter shows several ways to do this.

Once we know how to completely apply Vector Fitting to our transmission line model, fit-
ting results can be calculated.

8.1 Distribute Poles

The first method is to distribute the poles such that the imaginary parts are distributed in 
some fashion over the frequency range of interest.  One could choose, say, a linear or log-
arithmic distribution.

For example, if the frequency range is 1 to 1000Hz, then 10 poles distributed linearly 
would look something like:

There are several conditions that must be met when choosing poles in this way:
• The real parts must be negative to help ensure stability.  Note that it is possible for the 

fitting procedure to produce unstable poles, however, if the system being fitted is sta-
ble and the initial guesses are stable, then the solution is probably more likely to con-
verge to a stable one.

• Each complex pole must exist in a complex conjugate pair to ensure a real and causal 
system.

• For reasons discussed below, the real parts must be some small fraction of the imagi-
nary parts.

Table 8-1: Ten Linearly Distributed Poles over 1 to 1000Hz

Poles (Hz)

0.01– j1±
1.12– j112±
2.23– j223±
3.34– j334±
4.45– j445±
5.56– j556±
6.67– j667±
7.78– j778±
8.89– j889±

10– j1000±
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Recall that Vector Fitting works better with curves that contain peaks, and it is these peaks 
which will anchor the solution.  Smooth functions, on the other hand, do not contain 
peaks, however it is still useful to utilize the above procedure for creating a starting set of 
poles.

8.2 Intelligently Guess the Poles

A second way to choose a starting set of poles is to guess where they might be.  This can 
be done by analyzing the behaviour of a curve having one or more real or complex poles.

8.2.1 Character of the Peaks

This section gives some motivation for choosing poles at the peaks and valleys.  It will 
show how the character of first-order poles will determine an appropriate guess.

Start with real poles.  Say we are given:

(8-1)

Find the location of any maxima or minima:

(8-2)

(8-3)

The only solution, therefore, for  is .  This reveals that curves with 

real poles are smooth and don’t have any peaks or valleys, so distributing the poles in 
some manner is probably a good way to choose the starting guesses.

Let’s examine curves with complex poles.  Say we have:

(8-4)

Find the location of any maxima or minima:

(8-5)

f s( ) c
s a–
-----------=

f jω( ) 2 c2

jω( ) a– 2
------------------------- c2

ω2 a2+
------------------= =

ωd
d f jω( ) 2 c22ω–

ω2 a2+( )
2

-------------------------=

ωd
d f jω( ) 2

0= ω 0=

g s( ) c
s a–
----------- c

s a–
-----------+=

g jω( ) 2 2c′jω ca ca+( )– 2
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ω2– a 2+( )2 2a′ω( )2+
---------------------------------------------------------------------= =
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(8-6)

Solving for , we arrive at:

(8-7)

The second term is positive, so in order to obtain a real value for , choose the “plus” 
solution.  Thus, we arrive at an expression for the frequency at any peak of :

(8-8)

When  is small compared to , the expression for  simplifies to

. (8-9)

Note that there may not be a peak in the curve at all.  To guarantee a peak, the relation

(8-10)

must be satisfied.  If  is again small compared to , this relation is always satisfied, as 
it reduces to

, (8-11)

which is always true.

Lastly, we need to solve Eq. (8-6) for .  It is possible to show that there is 

no solution for  unless we make the same approximation as before, that .  In this 
case, Eq. (8-9) holds true.  In fact, an infinite slope implies that .

8.2.2 Smooth Curves with Complex Poles

If the imaginary part of  is small with respect to the real part, then there won’t be any 
peaks since there is no solution to Eqs. (8-8) and (8-10).  The curve will be “smooth”.  
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This is similar to the case with all real poles, and choosing poles that are distributed in 
some fashion over the frequency range of interest is probably the best way to go.

8.3 Pole Choices

It is reasonable to assume, then, that the location of each peak lies near the imaginary part 
of a conjugate pair of poles.  The Vector Fitting procedure is, after all, designed to take as 
input “good guesses” for the poles.  The guesses will then be refined to the actual values.  
It was surmised in Ch. V that if the guesses are close to the actual values, then the proce-
dure may converge faster.

8.4 Future Directions

It may be better to distribute poles in a non-linear or non-logarithmic fashion.  For exam-
ple, it may be better to distribute the poles more densely around the parts of the curves 
with more “wiggles”.

One suggested technique is to base the sample density on the absolute value of the second 
derivative of the magnitude or phase of the curve.  Since the magnitude of the second 
derivative is higher near these portions of the curve, the sample density will be higher.  
This was also discussed in Sec. 5.10.1.

8.4.1 Distribution Scheme Based on the Propagation Matrix

Ch. IV has a section on deriving the modal transformation matrix for each frequency sam-
ple of the propagation matrix.  It is mentioned that both the Newton-Raphson technique 
and the correlation technique fail if successive frequency samples are not spaced closely 
enough.

It may be advantageous to distribute the frequency samples according to where there are 
“close” eigenvectors, or where these algorithms have trouble converging.

8.5 Chapter Summary

The Vector Fitting algorithm needs to be bootstrapped with a set of known starting poles.  
This chapter explored several ways to intelligently guess and/or distribute poles so that we 
have a good starting set.
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CHAPTER IX
VECTOR FITTING RESULTS

FOR THE TRANSMISSION LINE MODEL

The last step before a time domain simulation can be performed is to apply Vector Fitting 
to the overhead transmission line model.  This chapter shows some selected fitting results 
for two line geometries.

Specifically, the propagation and characteristic admittance matrices are fitted for each 
geometry.

9.1 Terminology

It was shown that when each element of the propagation matrix,  was fitted, it used an 
equation of the form

, (9-1)

where  is the modal contribution for element (i, j).  Please refer to Eq. (4-36) for 
the exact definition.

9.2 Two-Conductor Transmission Line

Table 9-1 shows the transmission line parameters.

Table 9-1: Two-Conductor Transmission Line

 (m)  (m) Radius (mm)  ( )

H

Hij jω( ) hmij
jω( )e

jωτk–

k 1=

n

∑=

hmij
jω( )

x y ρ Ω m⋅

12.5– 20 68.2 2.8 8–×10

12.5 12 107.7 2.8 8–×10
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The ground resistivity is set to , and the line length is 300km.  Table 9-2 shows the 
fitting parameters.

The plots in Figs. 9-1 and 9-2 show two of the fitted elements of , the (1,1) and (1,2) 
elements respectively.  The fitting is excellent.  The simulation is very accurate when only 
the characteristic admittance is considered and the propagation matrix is neglected.  i.e. 
when the simulation considers a very long line, such that the propagation effects are negli-
gible.

Table 9-2: Fitting Parameters

Parameter Value

Frequency range 0.2 - Hz, 200 samples

Sample distribution Logarithmic

Sample count 200

Fitting iterations 4

Unstable poles Delete

Min. admittance poles 20

Min. propagation poles 20

Fig. 9-1. Fitted (1,1) element of Y0.

10Ω

106

Y0
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The maximum relative deviation in the magnitude was 2.78659% at 1MHz.

The maximum relative deviation in the magnitude was 4.02941% at 1MHz.

The plots in Figs. 9-3 and 9-4 show two of the fitted elements of , the (1,1) and (1,2) 
elements, respectively.  The fitting is very good, but starts to deviate at higher frequencies.

Fig. 9-2. Fitted (1,2) element of Y0.

Fig. 9-3. Fitted (1,1) element of H.

H
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The maximum relative deviation in the magnitude was 2418.31% at 1MHz.

The maximum relative deviation in the magnitude was 1820.95% at 1MHz.

Fig. 9-5 shows a plot of the modes.  Note that these were obtained using a constant trans-
formation matrix.

Fig. 9-4. Fitted (1,2) element of H.

Fig. 9-5. The modes of H.
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Finally, Figs. 9-6 and 9-7 show plots of the modal contributions for the (1,1) and the (1,2) 
elements, respectively.

Fig. 9-6. Modal contributions for the fitted (1,1) element of H.

Fig. 9-7. Modal contributions for the fitted (1,2) element of H.
– 71 –



Chapter IX: Vector Fitting Results for the Transmission Line Model
9.3 Three-Conductor Transmission Line

Table 9-3 shows the parameters of the transmission line.

The ground resistivity is set to , and the line length is 200km.  Table 9-4 shows the 
fitting parameters.

The plots in Figs. 9-8 and 9-9 show two of the fitted elements of , the (1,1) and (1,2) 
elements respectively.  The fitting is excellent.  The simulation is very accurate when only 
the characteristic admittance is considered, and the propagation matrix is neglected.  i.e. 

Table 9-3: Three-Conductor Transmission Line

 (m)  (m) Radius (mm)  ( )

Table 9-4: Fitting Parameters

Parameter Value

Frequency range  - Hz, 200 samples

Sample distribution Logarithmic

Sample count 200

Fitting iterations 4

Unstable poles Delete

Min. admittance poles 20

Min. propagation poles 20

x y ρ Ω m⋅

10– 20 100 2.8 8–×10

0 20 100 2.8 8–×10

10 20 100 2.8 8–×10

10Ω

0.2 106

Y0
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when the simulation considers a very long line, such that the propagation effects are negli-
gible.

The maximum relative deviation in the magnitude was 0.000310565% at 1MHz.

The maximum relative deviation in the magnitude was 0.0532089% at 0.2Hz.

Fig. 9-8. Fitted (1,1) element of Y0.

Fig. 9-9. Fitted (1,2) element of Y0.
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The plots in Figs. 9-10 and 9-11 show two of the fitted elements of , the (1,1) and (1,2) 
elements, respectively.  The fitting is very good, and does not deviate as much at higher 
frequencies, when compared to the two-conductor case.

The maximum relative deviation in the magnitude was 14.8691% at 537.891kHz.

The maximum relative deviation in the magnitude was 221.709% at 0.2Hz.

Fig. 9-10. Fitted (1,1) element of H.

Fig. 9-11. Fitted (1,2) element of H.

H

– 74 –



Chapter IX: Vector Fitting Results for the Transmission Line Model
Fig. 9-12 shows a plot of the modes.  Note that these were obtained using a constant trans-
formation matrix.

Finally, Figs. 9-13 and 9-14 show plots of the modal contributions for the (1,1) and the 
(1,2) elements, respectively.

Fig. 9-12. The modes of H.

Fig. 9-13. Modal contributions for the fitted (1,1) element of H.
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9.4 Chapter Summary

This chapter presented selected fitting results for the characteristic matrices of overhead 
transmission lines with two different geometries.  The fitting results appeared to be better 
for the characteristic admittance matrix than for the propagation matrix.

Fig. 9-14. Modal contributions for the fitted (1,2) element of H.
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CHAPTER X
SIMULATION IN THE TIME DOMAIN

This chapter shows how to take the results of the transmission line model fitting process 
and use them to produce a simulation in the time domain.  The next chapter will show 
some selected simulation results.

In a simulator, we need to treat the transmission line as a “black box”.  The standard way 
to represent any black box component is with an admittance and history current, and so 
our goal is to use the recursive convolution techniques of Ch. III to produce this form.  
The first topic of this chapter, therefore, will be a discussion of how exactly to simulate a 
component represented in this way so that we have an idea of where we’re headed.

10.1 The “Black Box”

The area inside the dotted line in Fig. 10-1 represents one side of the transmission line.  
The other side has the identical setup.  Each of the quantities in the figure is a matrix, 
where the variables with a subscript  represent the source as seen by the transmission 
line, and the argument  is the nth time step.

10.1.1 Simulation Steps

Fig. 10-1 illustrates how to create a procedure for finding the present voltage and current 
flowing into the component.  First, establish the following relationships.

(10-1)

(10-2)

Fig. 10-1. The transmission line as a black box.

s
n

i n( ) v n( )

Js n( ) J n( )gs g0

v n( ) gs g0+( ) 1– Js n( ) J n( )–( )=

i n( ) Js n( ) gsv n( )– J n( ) g0v n( )+= =
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Clearly,  cannot depend on  since that would result in a circular definition.  It is 
assumed, then, that this value is only ever dependent on previous values of .  A later sec-
tion will show how this is true for the transmission line model developed in this project.

The sequence of steps, then, to obtain the present values of  and  are as follows.

For time step number :

1. Obtain  from the black box.  For the 0th time step, this is really any initial 
state that the black box wishes to apply to the system.  It is usually zero.

2. The applied source, , is known, so calculate  from Eq. (10-1).

3. Let the black box know about  so that it can calculate its current for the 
next time step.

4. Calculate  from either part of Eq. (10-2).

It’s that simple.

It is important to note that the component’s history current must not be dependent on any 
present values.

10.2 Transmission Line Update Equations

Now that we have a picture of how the transmission line model should fit into a simulator, 
we can continue with the derivation.

Start with the equation relating the backwards-travelling current wave with the current and 
voltage at one end of the transmission line.  Please see Appendix A for the derivation.  
Note, however, that the terminology used here is slightly different than in the appendix.  
Fig. 10-2 shows the naming convention that will be used for this section.

Fig. 10-2. Conventions for current.

J n( ) v n( )
v

v i

n

J n( )

Js n( ) v n( )

v n( )

i n( )

I

Ii

Ir

Irfar

Incident Current Wave

Reflected Current Wave

Far Reflected Current Wave
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Use Eq. (A-6) from the appendix and the fact that  to produce the relation:

(10-3)

As well, it is evident that:

(10-4)

These equations are all that is needed to arrive at a set of “update equations” for the com-
plete simulation of a transmission line in the time domain:

(10-5)

(10-6)

The notation, , denotes the value of  at .  Also, recall that  was 
expressed as the sum of  components, each with a time delay, .  Eq. (10-5) is just the 
time domain form of Eq. (4-16).

Strictly speaking, the notation for  isn’t quite rigorous, but it is a convenient 

way to express the fact that we need the value for  at a specific previous time step.  

Specifically, it means whichever time step occurred  seconds ago.  Interpolation is used 

to find these values because  may not be an exact multiple of our time step.

10.3 Convolution with the Characteristic Admittance, Y0

Recall that each element of  is represented by the expression .  In state 

equation form, write the update equation for the convolution  as

, (10-7)

where the coefficients , , and  are computed as in Ch. III.
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The factor multiplying  is the “conductance” we need for inserting the transmission 
line into a circuit solver.  Its value is

, (10-8)

and it can be precalculated.

Note that it can’t really be separated out in the expression for  because each term of 

 contributes to  separately.

10.4 Convolution with the Propagation Function, H

Convolutions performed using the propagation function are done in a similar way.  How-
ever, each input has a time delay for each mode.

Recall the earlier derivation that:

(10-9)

Thus:

(10-10)

The convolution operator is commutative, and so the time delay can be applied to the far-
side current first.

Since each mode of  has the form , the recursive relation for  is:

(10-11)

As for the delay, the case where  is not an exact multiple of the time step is handled via 
linear interpolation.
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This entire expression is a “history term”, so no equivalent “conductance” needs to be 
constructed, unless high-frequency poles are removed for efficiency, but this is discussed 
in the next section.

10.5 Eliminating High-Frequency Poles

There may be high frequency poles that decay too quickly to be “noticed” by the time step 
in the simulation.  Recall that a pole in the frequency domain is equivalent to a decaying 
exponential, with the rate of decay determined by the real part of the pole.

 and (10-12)

It is possible to ignore these terms.  First, determine how much decay is acceptable in one 
time step:

(10-13)

A good value for the tolerance, , is the unit round-off for the machine precision, about 

 for double precision.  Note that ,the real part of the pole, is usually stable, so it 
has a negative value.

Continue by taking the log of each side, and then only work with positive quantities:

(10-14)

There is a section in [11] that has an equivalent relation, except that it uses  instead of 
, however since  for the double precision unit round-off, the authors may 

have done the same calculation.

If a term with a pole is neglected, then the final formulation must compensate for its disap-
pearance.  What we are really doing is subtracting a  term.  A good way to com-
pensate for this is to add back the value at DC.  In other words, add  for every 
removed term.

For the propagation function, , this actually introduces a conductance.  This is handled 
in exactly the same way that the conductance is handled for the characteristic admittance 
function, .

Lastly, if any poles are removed, then the conductance should probably be checked.  Spe-
cifically, the conductance matrix for either the propagation or characteristic admittance 

c
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functions must have positive values along the diagonal, and negative values everywhere 
else.  If the new conductance matrix does not have this form, then there may be a problem, 
although not necessarily in the case of the propagation matrix.  This needs to be explored 
further.

10.6 Simulation in the Frequency Domain

Simulation in the frequency domain is used in this project to verify the results of the time 
domain simulation.  Presented below is a derivation for the exact solution of the transmis-
sion line voltages and currents.  Fig. 10-3 shows the conventions that will be used during 
the derivation.

It is known that:

(10-15)

and it can be seen from Fig. 10-3 that:

(10-16)

Using the constraint from Eq. (10-16), it is true that

, (10-17)

and the voltages and currents on both sides can be calculated in the frequency domain.

The results from this frequency domain calculation will be plotted with the results of the 
time domain simulation for verification of the simulated values.

Fig. 10-3. Test configuration.
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10.7 Chapter Summary

This chapter showed how to apply recursive convolution to the fitted transmission line 
model.  The resulting form includes a conductance and current history.  This is required 
for the standard “black box” simulation technique.

Also shown was how to improve the efficiency of the simulation by removing poles hav-
ing a very high frequency.

Lastly, it was shown how to calculate exact results in the frequency domain.  This is useful 
because these results can be used to verify the time domain calculations.
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CHAPTER XI
SIMULATION RESULTS

Our toolbox is now complete.  We can apply the recursive convolution techniques to a 
vector fitted transmission line model using the simulation method presented in Ch. X.  If 
we also plot these results and compare them with the results from exact frequency domain 
calculations, then we can verify the correctness of our model.

The two transmission lines of Ch. IX are simulated in various configurations.  The termi-
nology of Fig. 10-3 is used to describe the external parameters.

In all cases, realistic examples will be shown first, and then more “extreme” cases shown 
after.  For example, a balanced 60Hz input with a characteristic admittance termination is 
considered “realistic”, while the same input or a step input applied to a line with a short 
circuit termination is considered “more extreme”.

When plotting the comparisons with the exact results, only the voltage on side two will be 
considered.

As well, all simulations use the “assume linear” integration type of Ch. III, and also 
weight the fitted curve by 100 at the frequencies of interest.

PSCAD results are shown for comparison, and it will be seen that for the most part, the 
results from our simulator are just as accurate.  Note that the PSCAD values are shown in 
kilovolts and not volts.

11.1 Two-Conductor Transmission Line

Table 11-1 shows the transmission line parameters.

Table 11-1: Two-Conductor Transmission Line

 (m)  (m) Radius (mm)  ( )x y ρ Ω m⋅

12.5– 20 68.2 2.8 8–×10

12.5 12 107.7 2.8 8–×10
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The ground resistivity is set to , and the line length is 300km.  Table 11-2 shows the 
fitting parameters.

It was found that more iterations resulted in a simulation that did not change every time it 
was run.  To explain this statement, it is useful to reiterate the point from Ch. V about con-
vergence to a local minimum in the Vector Fitting algorithm.  The local minimum to 
which Vector Fitting converges is dependent on the starting poles.  Furthermore, each iter-
ation starts with a new, calculated, set of starting poles ultimately derived from an eigen-
value calculation.  Because the eigenvalue routine from the matrix library does not 
produce identical values every time, the results of the fitting are not exactly the same each 
time.

Hence, a higher iteration count gives a better chance for the Vector Fitting to converge to a 
stable point, and by “stable” we mean “stays in the same general area”.  Much more inves-
tigation needs to be done on this topic, however.

11.1.1 Applied 60Hz Voltage, Characteristic Termination

A 60Hz voltage was applied to side one, and side two was terminated with the real part of 
the characteristic admittance calculated at 60Hz.  Table 11-3 shows the simulation param-
eters for this case.

Table 11-2: Fitting Parameters for Two-Conductor Line

Parameter Value

Frequency range 0.2 - Hz, 200 samples

Sample distribution Logarithmic

Sample count 200

Fitting iterations 10

Unstable poles Delete

Min. admittance poles 20

Min. propagation poles 10

Table 11-3: Simulation Parameters, 60Hz, Characteristic Termination

Parameter Value

V

10Ω

106

Vs
2π60t( )sin
0
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Figs. 11-1 and 11-2 show the simulation with a time step of 1.667ms.

S

S

Fig. 11-1. Two conductors, 60Hz voltage, characteristic load, 1.667ms step.

Table 11-3: Simulation Parameters, 60Hz, Characteristic Termination

Parameter Value

Y1
1 0

0 1 6×10

Y2
0.0023563 4.8153 4–×10–

4.8153 4–×10– 0.0026371
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Figs. 11-3 and 11-4 show the simulation with a time step of 50µs.

Fig. 11-2. Two conductors, 60Hz voltage, characteristic load, 1.667ms step, exact.

Fig. 11-3. Two conductors, 60Hz voltage, characteristic load, 50µs step.
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The results are more accurate with the smaller time step, however, the phase is incorrect 
on line two.  The PSCAD simulation shown in Fig. 11-5 is very accurate, and closely 
matches the exact results, however the magnitude is too large.

Fig. 11-4. Two conductors, 60Hz voltage, characteristic load, 50µs step, exact.

Fig. 11-5. Two conductors, 60Hz voltage, characteristic load, 50µs step, PSCAD.
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11.1.2 Applied 60Hz Voltage, Open Circuit Termination

A 60Hz voltage was applied to side one, and side two was terminated with an open circuit.  
Table 11-4 shows the simulation parameters for this case.

Figs. 11-6 and 11-7 show the simulation with a time step of 1.667ms.

Table 11-4: Simulation Parameters, 60Hz, Open Circuit Termination

Parameter Value

V

S

Open circuit

Fig. 11-6. Two conductors, 60Hz voltage, open circuit load, 1.667ms step.

Vs
2π60t( )sin
0

Y1
1 0

0 1 6×10

Y2
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Figs. 11-8 and 11-9 show the simulation with a time step of 50µs.

Fig. 11-7. Two conductors, 60Hz voltage, open circuit load, 1.667ms step, exact.

Fig. 11-8. Two conductors, 60Hz voltage, open circuit load, 50µs step.
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The results are more accurate with the smaller time step, however, the phase is again 
incorrect on line two.  The PSCAD simulation shown in Fig. 11-10 was also very accurate, 
and closely matched the exact results, but stabilized much more slowly on line two.  The 
magnitude is again slightly too large.

Fig. 11-9. Two conductors, 60Hz voltage, open circuit load, 50µs step, exact.

Fig. 11-10. Two conductors, 60Hz voltage, open circuit load, 50µs step, PSCAD.
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11.1.3 Applied 60Hz Voltage, Short Circuit Termination

A 60Hz voltage was applied to side one, and side two was terminated with a short circuit.  
Table 11-5 shows the simulation parameters for this case.

Figs. 11-11 and 11-12 show the simulation with a time step of 1.667ms.

Table 11-5: Simulation Parameters, 60Hz, Short Circuit Termination

Parameter Value

V

S

S

Fig. 11-11. Two conductors, 60Hz voltage, short circuit load, 1.667ms step.

Vs
2π60t( )sin
0

Y1
1 0

0 1 6×10

Y2
1 6×10 0

0 1 6×10
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Figs. 11-13 and 11-14 show the simulation with a time step of 50µs.

Fig. 11-12. Two conductors, 60Hz voltage, short circuit load, 1.667ms step, exact.

Fig. 11-13. Two conductors, 60Hz voltage, short circuit load, 50µs step.
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The results are more accurate with the smaller time step, however, the phase is correct on 
line two, unlike the previous two cases.  The PSCAD simulation shown in Fig. 11-15 was 
also very accurate, and closely matched the exact results.  It stabilized in about the same 
way.

Fig. 11-14. Two conductors, 60Hz voltage, short circuit load, 50µs step, exact.

Fig. 11-15. Two conductors, 60Hz voltage, short circuit load, 50µs step, PSCAD.
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11.1.4 Applied Step Voltage, 5µs Time Step

So far, we have seen that a smaller time step seems to produce more accurate simulations.  
This section and the next section will compare a more “extreme” example by applying a 
step voltage to the three different terminations at different time steps.  The same termina-
tion on side one was used.

The fitted curves were weighted as  during the fitting process because a step has a 
 distribution of frequencies.  This is instead of weighting the matrices at one fre-

quency only, as in the previous examples.

Figs. 11-16, 11-17, and 11-18 show the results with characteristic admittance, open circuit, 
and short circuit termination, respectively.

Fig. 11-16. Two conductors, step voltage, characteristic load, 5µs step.

1 ω⁄
1 s⁄
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Each result was stable.

Fig. 11-17. Two conductors, step voltage, open circuit load, 5µs step.

Fig. 11-18. Two conductors, step voltage, short circuit load, 5µs step.
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11.1.5 Applied Step Voltage, 0.5µs Time Step

The 0.5µs time step was chosen because that represents twice the sampling rate of the 
highest fitted frequency, 1MHz.

Figs. 11-19, 11-20, and 11-21 show the results with characteristic admittance, open circuit, 
and short circuit termination, respectively.

Fig. 11-19. Two conductors, step voltage, characteristic load, 0.5µs step.
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Only the last result becomes unstable.  A long line with a short circuit can be considered as 
an inductance plus a small resistance.  This should have a response that increases linearly, 
and then levels off to a constant eventually.  Perhaps numerical errors accumulated to cre-
ate the instability.

Fig. 11-20. Two conductors, step voltage, open circuit load, 0.5µs step.

Fig. 11-21. Two conductors, step voltage, short circuit load, 0.5µs step.
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Figs. 11-23, 11-23, and 11-24 show the results of the same simulations with PSCAD.  The 
result for the short circuit case in Fig. 11-24 is stable and conforms more with what the 
result is expected to look like, a linear rise that tapers off eventually to a constant.

Fig. 11-22. Two conductors, step voltage, characteristic load, 0.5µs step, PSCAD.

Fig. 11-23. Two conductors, step voltage, open circuit load, 0.5µs step, PSCAD
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11.2 Three-Conductor Transmission Line

Table 11-6 shows the transmission line parameters.

The ground resistivity is set to , and the line length is 200km.  Table 11-7 shows the 
fitting parameters.

Fig. 11-24. Two conductors, step voltage, short circuit load, 0.5µs step, PSCAD.

Table 11-6: Three-Conductor Transmission Line

 (m)  (m) Radius (mm)  ( )

Table 11-7: Fitting Parameters for Three-Conductor Line

Parameter Value

Frequency range 0.2 - Hz, 200 samples

x y ρ Ω m⋅

10– 20 100 2.8 8–×10

0 20 100 2.8 8–×10

10 20 100 2.8 8–×10

10Ω

106
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11.2.1 Applied 60Hz Balanced Voltage, Characteristic Termination

A balanced 60Hz voltage was applied to side one, and side two was terminated with the 
real part of the characteristic admittance calculated at 60Hz.  Table 11-8 shows the simula-
tion parameters for this case.

Sample distribution Logarithmic

Sample count 200

Fitting iterations 10

Unstable poles Delete

Min. admittance poles 20

Min. propagation poles 10

Table 11-8: Simulation Parameters, 60Hz, Characteristic Termination

Parameter Value

V

S

S

Table 11-7: Fitting Parameters for Three-Conductor Line

Parameter Value

Vs

2π60t( )sin
2π60t 120°–( )sin
2π60t 240°–( )sin

Y1

1 0 0
0 1 0
0 0 1

Y2

0.0027630 7.9183 4–×10– 4.0228 4–×10–

7.9183 4–×10– 0.0029327 7.9183 4–×10–

4.0228 4–×10– 7.9183 4–×10– 0.0027630
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Figs. 11-25 and 11-26 show the simulation with a time step of 1.667ms.

Fig. 11-25. Three conductors, 60Hz voltage, characteristic load, 1.667ms step.

Fig. 11-26. Three conductors, 60Hz voltage, characteristic load, 1.667ms step, exact.
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Figs. 11-27 and 11-28 show the simulation with a time step of 50µs.

The simulation results for line two match extremely closely to the exact results, but the 
plots show that lines one and three overshoot and undershoot the magnitude slightly.  

Fig. 11-27. Three conductors, 60Hz voltage, characteristic load, 50µs step.

Fig. 11-28. Three conductors, 60Hz voltage, characteristic load, 50µs step, exact.
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Fig. 11-29 shows the PSCAD simulation results.  None of the curves matches exactly, but 
the magnitudes differ less than those of Fig. 11-28.

11.2.2 Applied 60Hz Balanced Voltage, Open Circuit Termination

A balanced 60Hz voltage was applied to side one, and side two was terminated with an 
open circuit.  Table 11-9 shows the simulation parameters for this case.

Fig. 11-29. Three conductors, 60Hz voltage, characteristic load, 50µs step, PSCAD.

Table 11-9: Simulation Parameters, 60Hz, Open Circuit Termination

Parameter Value

V

S

Open circuit

Vs

2π60t( )sin
2π60t 120°–( )sin
2π60t 240°–( )sin

Y1

1 0 0
0 1 0
0 0 1

Y2
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Figs. 11-30 and 11-31 show the simulation with a time step of 1.667ms.

Fig. 11-30. Three conductors, 60Hz voltage, open circuit load, 1.667ms step.

Fig. 11-31. Three conductors, 60Hz voltage, open circuit load, 1.667ms step, exact.
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Figs. 11-32 and 11-33 show the simulation with a time step of 50µs.

Fig. 11-32. Three conductors, 60Hz voltage, open circuit load, 50µs step.

Fig. 11-33. Three conductors, 60Hz voltage, open circuit load, 50µs step, exact.
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These are excellent results.  As before, the curves approach the steady state much more 
quickly than the PSCAD results of Fig. 11-34.

11.2.3 Applied 150kHz Zero-Sequence Voltage, Characteristic Termination

A zero-sequence 150kHz voltage was applied to side one, and side two was terminated 
with the real part of the characteristic admittance calculated at 150kHz.  Table 11-10 
shows the simulation parameters for this case.

This particular case was chosen to show the effects of a communication frequency on the 

power lines.  We expect the  mode to appear on side two because this line con-

figuration has modes that look approximately like the Clarke components.  This makes 
sense because this mode, according to Clarke’s transformation matrix, has the highest 

Fig. 11-34. Three conductors, 60Hz voltage, open circuit load, 50µs, PSCAD.

1 2– 1
T
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propagation velocity and least ground return current.  Recall that the other two modes 

have distributions of  and . 

Figs. 11-35 and 11-36 show the simulation with a time step of 0.667µs.

Table 11-10: Simulation Parameters, 150kHz, Characteristic Termination

Parameter Value

V

S

S

Fig. 11-35. Three conductors, 150kHz voltage, characteristic load, 0.667µs step.

1 0 1–
T

1 1 1
T

Vs

2π150 3×10 t( )sin

2π150 3×10 t( )sin

2π150 3×10 t( )sin

Y1

1 0 0
0 1 0
0 0 1

Y2

0.0029540 6.5439 4–×10– 2.5500 4–×10–

6.5439 4–×10– 0.0030769 6.5439 4–×10–

2.5500 4–×10– 6.5439 4–×10– 0.0029540
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The simulated results are lagging slightly, compared with the exact results.

The time delay for the voltage and current on side two is evident in Fig. 11-35.  As well, 

the voltage on side two has the correct  distribution.

Fig. 11-36. Three conductors, 150kHz voltage, characteristic load, 0.667µs step, exact.

1 2– 1
T
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Fig. 11-37 shows the PSCAD results, and these show the simulated results to be leading 
slightly, although they also match very closely.

11.2.4 Applied 150kHz Zero-Sequence Voltage, Open Circuit Termination

A zero-sequence 150kHz voltage was applied to side one, and side two was terminated 
with an open circuit.  Table 11-11 shows the simulation parameters for this case.

We again expect the  distribution to appear on side two.

Fig. 11-37. Three conductors, 150kHz voltage, characteristic load, 0.667µs step, PSCAD.

Table 11-11: Simulation Parameters, 150kHz, Open Circuit Termination

Parameter Value

V

S

1 2– 1
T

Vs

2π150 3×10 t( )sin

2π150 3×10 t( )sin

2π150 3×10 t( )sin

Y1

1 0 0
0 1 0
0 0 1
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Figs. 11-38 and 11-39 show the simulation with a time step of 0.667µs.

Open circuit

Fig. 11-38. Three conductors, 150kHz voltage, open circuit load, 0.667µs step.

Table 11-11: Simulation Parameters, 150kHz, Open Circuit Termination

Parameter Value

Y2
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Fig. 11-40 shows the PSCAD results.  This time, these look about the same as our results.

Fig. 11-39. Three conductors, 150kHz voltage, open circuit load, 0.667µs step, exact.

Fig. 11-40. Three conductors, 150kHz voltage, open circuit load, 0.667µs step, PSCAD.
– 112 –



Chapter XI: Simulation Results
11.3 Chapter Summary

Results for selected time domain simulations were shown in this chapter.  The results were 
reasonably accurate for smaller time steps, but a time step that gives a sampling rate of ten 
times the frequency of interest does not appear sufficient, as the plots generated using the 
smaller time step show consistently better results.

Second, the phase was not always very accurate, but this could be due to an inaccurate cal-
culated delay for each mode.  Sec. 4.2.5 discussed a technique for improving the approxi-
mation.

Happily, with the exception of the example with the step voltage applied to the short cir-
cuit termination, all the simulations were stable.  This unstable example, however, is an 
“extreme” case, though PSCAD shows a stable result.  Therefore, we know that it is possi-
ble to simulate this case correctly.
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CHAPTER XII
NOTABLE IMPLEMENTATION DETAILS

A simulation program that produces the simulation results for this project is not trivial.  It 
is worthwhile, then, to discuss some of the implementation details.

12.1 Program Layout

Fig. 12-1 shows a brief overview of how each component in the simulator works together.

First, the transmission line matrices are calculated.  These are then fitted using Vector Fit-
ting, and the passivity of the characteristic admittance matrix is enforced.  Finally, the fit-
ted and passive matrices are passed to the time domain simulator.

12.2 Why Matlab Wasn’t Used

Originally, Matlab was going to be used to perform all the calculations for this thesis.  It 
has a robust mathematical library for matrices, and it has excellent plotting capabilities.  

Fig. 12-1. Program components.

Vector Fitting

Passivity 
Enforcement

T-Line 
Matrices

Time Domain 
Simulation

Frequency Domain 
Simulation
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However, it does not have the ability to construct very powerful graphical user interfaces 
(GUI’s).

It can, however, interface with Java, a very powerful cross-platform language.  At first, 
then, Java was going to be used to produce the GUI, and Matlab was going to be used for 
the calculation engine.  However, this was not compatible with the longer term plans for 
this project, which includes the ability to have one program that can run on many different 
types of machines and that can run remotely, say from a web page.  Plus, there is no easy 
way to redistribute the math engine from Matlab.

Java is compatible with all the longer term goals of this project and is an excellent and 
robust language, however it does not enjoy the availability of many free, yet robust, math-
ematical libraries.

Producing an independent library for this thesis enabled the author to learn much about the 
matrix and mathematical theory behind electromagnetic transient simulation, and also to 
provide a platform to independently produce simulation results.

12.3 Matrix Library

This project relies heavily on matrix operations.  Since the program developed here is 
designed to be stand-alone, and since there were no freely available matrix libraries writ-
ten in Java, one was developed.  This section discusses the design and implementation of 
this library.

The primary source for the algorithms implemented here was [32].  This book not only 
describes the algorithms and the theory behind them, but also shows how to make them 
robust and efficient.  It was an invaluable resource.  [33] was another extremely useful 
resource.

12.3.1 Overview of the Matrix Library

Initially, the library started out as a set of operations on raw arrays for reasons of speed 
and memory.  However, it soon became clear that it is easier to utilize a programming 
interface that is simpler and easier to read.  In addition, the easier a program is to read and 
understand, the easier it is to maintain, update, and debug.

The design settled on a Matrix object that is both a thin wrapper over an array, and a set of 
operations that work on the array.  The operations that were chosen to be implemented are 
all required for various aspects of this project, including the Vector Fitting algorithm, and 
for generating transmission line data.

The list of functions includes:
• Addition
• Subtraction
• Multiplication
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• Dot product
• Inverse
• Transpose
• Schur decomposition
• QR decomposition
• Square root
• Upper Hessenberg form
• Various norms
• Eigenvalues and eigenvectors
• Uniform and normal random matrices
• Absolute value
• Complex angle
• Matrix function evaluation
• Schur form
• Vertical and horizontal concatenation

Each operation is designed to be used with both real and complex matrices.

Note that, with a few exceptions, complex matrices are supported by storing the real and 
imaginary parts of each elements in adjacent positions in the array.

The following subsections discuss how each of these operations were implemented.

12.3.2 Basic Layout

As mentioned above, there is a Matrix object, designed to work with two-dimensional 
matrices, that wraps an array of double precision values.  Unlike Matlab and FORTRAN, 
which store multidimensional arrays in column-oriented order, a row-oriented order was 
used.  There were two reasons for this.  The first is that Java is similar to C, and C stores 
multidimensional arrays in row-oriented order.  The second reason is that it is easier to 
think about values row-by-row when programming the algorithms.

What is “row-oriented” and “column-oriented” you ask?  Well, row-oriented simply 
means that elements in the same row are adjacent in the array, and column-oriented means 
that elements in the same column are adjacent.  For example, in a 3-by-3 matrix, the third 
value in the array occupies position (1,3) in a row-oriented format, and position (3,1) in 
column-oriented format.  Fig. 12-2 illustrates this.

Fig. 12-2. Difference between row-oriented and column-oriented.

1 2 3
4 5 6
7 8 9

Row-oriented Column-oriented
1 4 7
2 5 8
3 6 9
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Internally, the Matrix object stores the values as a one-dimensional double precision array, 
hence this concept is important.

Complex values are stored as adjacent real and imaginary values, so this means that a 
complex matrix with the same number of rows and columns as a real matrix will use twice 
the storage space.

Lastly, the Matrix object stores three other pieces of information: the number of rows, the 
number of columns, and a flag indicating whether it is complex.

12.4 Numerical Stability

Various considerations were made to help ensure the numerical stability of all the algo-
rithms.

Calculations that involved the 2-norm, for instance, were used extensively throughout the 
matrix library to perform Householder decomposition, and also to find the magnitude of 
complex numbers.

In general, the 2-norm is calculated using Eq. (12-1):

(12-1)

This has the potential to overflow numerically even though the result may be within the 
range of the computer’s precision.  For example, this could happen if one or more ele-
ments are close to the square root of the maximum representable number.

The solution is to first divide every element by the maximum element, perform the calcu-
lation, and then multiply the result by this same element.  Let .  Since 

, this practically eliminates the possibility of overflow.  The calculation now looks 
like:

(12-2)

Numerically, this is identical to Eq. (12-1), but it likely won’t overflow.  As well, under-
flows are not a problem either if this formulation is used.  These can only occur if the mag-
nitude of any element is much smaller than the largest element (which equals 1), but the 
error incurred by ignoring these terms is below the computer’s unit round-off.

Now, the Java language currently does not implement the full IEEE floating-point specifi-
cation, so it is not possible to even detect overflow and underflow conditions.  However, it 

a 2 ai
2

i
∑=

âi ai a ∞⁄=

âi 1≤

a 2 a ∞ âi
2

i
∑=
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is still a good idea to make these considerations to help avoid the problem, which is made 
even worse in Java by being “silent”.

12.5 The Eigenvalue-Finding Routine

It is worth devoting a section to an issue with the eigenvalue-finding routine (actually, it 
was the Schur decomposition routine, as this is the code that really finds the eigenvalues).  
This issue actually exposed the fact that the Vector Fitting algorithm converges only to a 
local minimum.

Note that the QR algorithm is used to find the eigenvalues.

Basically, the issue reared its head when different results appeared every time a simulation 
was run on an 18-conductor transmission line.  Since a computer program is deterministic, 
it should have the same output for a given input.  This wasn’t the case, so naturally, the 
culprit was the only “random” portion of the program: the “exceptional shift” code in the 
Schur decomposition routine.

Briefly, this routine uses iteration to converge to a result by shifting certain elements in the 
matrix by a certain amount for each iteration step.  However, it is possible in some cases to 
encounter symmetries that prevent convergence.  A random number of a certain magni-
tude is added to the shift, and it is hoped that this will break up any of these symmetries.

Now, the random number is chosen to be of about the same magnitude as two elements of 
the matrix in the region under consideration.  At first, a random number was chosen in the 
range , and then this was multiplied by the minimum magnitude of local 
matrix elements,  and :

(12-3)

Michael Potter, my office mate, suggested another approach, call this “Method 2”.  This 
was to consider a random phase, and use the formula:

(12-4)

This way, for a given matrix, the bias towards a specific element is removed.

However, “Method 2” did not produce very good results for the following test matrices.  
Thus, the library settled on using the first approach.

0.5– 0.5 ),[
m1 m4

p 0.5– 0.5 ),[=
r p min abs m1( ) abs m4( ),( )⋅=

p 0 2π ),[=
r p( )cos m1 p( )sin m4+=
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12.5.1 Test Matrices for the Eigenvalue Routine

The following test matrices exercise the eigenvalue finding routine.  They were taken 
from this mailing list: http://www.netlib.org/na-digest/89/v89n49.

The eigenvalues of , the characteristic polynomial of , were calculated 

as .  The actual values are .

The eigenvalues of , the characteristic polynomial of , were calculated as 

.  The actual values are .

The eigenvalues of , the characteristic polynomial of , were calculated 

as .  The actual values are .

Matlab produces comparable results for all three examples.

12.6 Chapter Summary

This chapter discussed a few notable implementation details.

First, a complete library for working with matrices was created for this project.  It contains 
excellent implementations for all the project’s required algorithms.

0 0 0 4–
1 0 0 0
0 1 0 4
0 0 1 0

x2 2–( )
2

1.4142135–
1.4142135
1.4142136
1.4142136–

2± 1.4142136±=

0 0 0 1–
1 0 0 4–
0 1 0 6–
0 0 1 4–

x 1+( )4

0.99987278– 1.2720304 4–×10 i–

0.99987278– 1.2720304 4–×10 i+

1.0001272– 1.2723978 4–×10 i–

1.0001272– 1.2723978 4–×10 i+

1–

0 0 0 16–
1 0 0 32–
0 1 0 24–
0 0 1 8–

x 2+( )4

1.999739– 2.6092529 4–×10 i–

1.999739– 2.6092529 4–×10 i+

2.000261– 2.609851 4–×10 i–

2.000261– 2.609851 4–×10 i+

2–
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Second, stability and numerical precision were taken into account when implementing the 
functionality.

Last, properly finding eigenvalues is tricky.  Due to a problematic symmetry issue, some 
randomness was introduced to break these cycles.  This in turn exposed that the Vector Fit-
ting algorithm converges only to local minima.
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CHAPTER XIII
CONCLUSIONS, RECOMMENDATIONS, AND 

FUTURE DIRECTIONS

The Vector Fitting algorithm and associated frequency and time domain techniques are 
very useful tools for simulating an overhead transmission line.  Using these tools, it has 
been shown that reasonably accurate simulations can be achieved.

Frequency domain fitting for overhead transmission line models was studied.  Vector Fit-
ting produced accurate results that were used in the time domain section, and passivity of 
the model was enforced.

Next, the fitted frequency domain functions were expressed in the time domain using a 
technique called recursive convolution, and simulation results were produced.  The results 
were excellent, but they were not identical to PSCAD results.  In one case, where a step 
voltage was applied to a line terminated with a short circuit, the results became unstable.  
PSCAD showed a stable result for this case.

It was not known why the instability occurred, as the fitted characteristic admittance 
matrix was known to be passive.  Perhaps there are other criteria, having to do with the 
propagation matrix, that affect passivity.

Third, a platform independent program was created in Java to accomplish these tasks.  
What was not completed, however, was a graphical interface to this tool.  Fig. 13-1 is an 
actual screenshot of the partial implementation.

Last, a complete description and derivation of how to get from the theory to a practical 
implementation has been shown.  The main development exists in each of the chapters, 
while the appendices show the necessary proofs.  It is hoped that this thesis is a valuable 
resource for those wishing to explore the theory of transmission line simulation.

The next few sections expand on some specific conclusions and recommendations.

13.1 Vector Fitting

The Vector Fitting algorithm has shown that it can produce very good fitting results.  
However, it converges to a local minimum that depends on the starting values and the 
eigenvalue routine.

It would be worthwhile to investigate a technique other than the least-squares approach for 
use in the algorithm.  For example, various optimization methods may be able to find a 
global minimum or a better local minimum.
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Also, different procedures to alter the frequency sample density need to be explored.  For 
example, a linear or logarithmic frequency distribution may not be the best way.  A non-
linear distribution may achieve superior results.

13.2 Passivity Enforcement

It is possible to force the characteristic admittance matrix to be passive using several tech-
niques.  However, there was one simulation that produced unstable results.  Perhaps there 
is an passivity enforcement mechanism for the propagation matrix as well.  This should be 
explored.

Although simulating just the characteristic admittance always gave excellent results, it 
would be instructive to allow unstable poles during fitting, and then force it to be passive 
to see the effects on simulation.

13.3 Time Domain Simulation

There are many parameters throughout the whole fitting and modelling process that affect 
the time domain simulation results.  There is probably some optimal set of parameters that 
produces both accurate and stable results.

For example, the fitting order, fitting iteration count, and the time delay extraction proce-
dure all affect the accuracy and stability of the simulation.

13.4 Direct Z-Domain Formulation

The final step in the time domain simulation utilizes constants, present samples, and previ-
ous samples.  It may be possible to formulate the transmission line model directly in the z-
domain.  One problem with this is that the model would change if the time step changes, 
and this is not the case when using the s-domain.
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13.5 A Nice Looking Simulator

Work has been done on creating a nice looking graphical interface for the simulator soft-
ware developed here.  It was not completed, but Fig. 13-1 shows an actual screenshot of 
the work in progress.

Fig. 13-1. Screenshot of the graphical transmission line designer.
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APPENDIX A
TRANSMISSION LINE EQUATIONS

This section shows the derivation for the basic multi-conductor transmission line equa-
tions.  All variables, with the exception of  are matrices.

Let us imagine a very small segment of transmission line with length .  Since the line 
has impedance per unit length, , and admittance per unit length, , the segment has a 
total impedance equal to  and a total admittance equal to .  Fig. A-1 shows a 
representation of this scenario.

Let us say that the voltage across the wires is , and the current flowing through the seg-
ment is .  We have the two equations:

 OR (A-1)

Substituting  into the second equation and  into the first, we 

derive:

Fig. A-1. ‘Small’ transmission line segment.
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(A-2)

A.1 Direct Solution for Voltage

These equations have solutions of the form

, (A-3)

where  and  are forward- and backward-travelling voltage waves, respectively.

Next, we apply the boundary conditions at , and solve for  and .  Assume that 

some source voltage, , and source current, , flowing into the line, are applied at this 
location:

, (A-4)

where  is known as the characteristic impedance of the line, and 

 is called the propagation constant.  Additionally,  is known as the 

characteristic admittance of the line, and is the inverse of .

A.2 Direct Solution for Current

An alternative solution to the differential equations can be expressed in terms of current 
waves instead of voltage waves.  This has the form

, (A-5)
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where  and  are forward- and backward-travelling waves, respectively.  Notice that 

the backward-travelling wave, , is defined in the opposite direction as .  This is 
because it makes more intuitive sense, as currents are generally considered to have a direc-
tion, and  is moving in the opposite direction as .

Apply the boundary conditions at  in a manner similar to the steps above to solve 
for  and :

, (A-6)

where  is known as the characteristic admittance of the line, and 

.  It can be shown that this definition of  is equal to the definition from 
the previous section.  Note that these solutions are consistent with the solutions derived 
using the voltage waves.

It can also be shown that due to certain properties of the  and  matrices, 

.

A.3 Two-Port Equations

Relations between the source quantities and the quantities at some position, , can be 
found by examining the boundary conditions at both locations.  The values for voltage and 
current have already been found at the source, .  Altering our definition of current 
slightly so that it has a positive value going into the line at , we arrive at:

(A-7)

and finally, the two-port relation:
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(A-8)

Because , the above relation can be simplified to:

(A-9)

With some reshuffling, this relationship can be reformed to relate all possible pairs of 
input and output voltage and current.  For example:

(A-10)

and

(A-11)

A.4 The Z and Y Parameters

The  and  parameters are the impedance and admittance per unit length, respectively.  
These can be derived using the techniques in [1] and [2].

One important relationship between them is:

(A-12)

A.5 Useful Proofs

This section presents some useful proofs relevant to transmission line equations.
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Y0 Γl( )csch– Y0 Γl( )coth

Vs

Vl

=

Is

Il

Γl( )Z0coth Γl( )Z0csch
Γl( )Z0csch Γl( )Z0coth

Vs

Vl

=

Z Y

ZY YZ( )T=

Y0 Y0
T=
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(A-13)

(A-14)

These proofs are based on the fact that multiplication of diagonal matrices is commutative.

Y0 Z 1– Γ=

EIZ′
1– EV

1– EVγEV
1–=

EIZ′
1– γEV

1–=

EIγZ′ 1– EV
1–

=

EIγEI
1– EIZ′

1– EV
1–=

ΓTZ 1–=

ΓT Z 1–( )
T

=

Y0
T=

Y0 Γl( )cosh Γl( )TY0cosh=

Y0 Γl( )cosh Z 1– Γ Γl( )cosh=

EIZ′
1– EV

1– EVγEV
1– EV γl( )cosh EV

1–=

EIZ′
1– γ γl( )EV

1–cosh=

EI γl( )Z′ 1– γEV
1–cosh=

EI γl( )EI
1– EIZ′

1– EV
1– EVγEV

1–cosh=

Γl( )cosh TZ 1– Γ=

Γl( )cosh TY0=
– 131 –



Appendix B: The Least Squares Problem
APPENDIX B
THE LEAST SQUARES PROBLEM

It is often necessary to solve an overdetermined system of equations.  It is usually not pos-
sible to find an exact solution to this problem, so a solution with some minimum error is 
sought.  In the least squares problem, the sum of the squares of the errors at each point is 
minimized.

Let the points  be a set of samples on some curve, .  Let  be an 

approximation to  at .  The error at , then, is .  Our task is to minimize:

(B-1)

While there are more general ways to approach this problem, this discussion will focus on 
the more specific polynomial solution:

(B-2)

If we could manage a perfect match for each , such that , then we have a sys-
tem of the form:

(B-3)

This can be expressed more compactly as .

This is an overconstrained problem, and may not have an exact solution.  However, we 
can consider a solution with the least error, and specifically, a solution with the least sum-
of-squares error.

This means that the two-norm of the difference between the desired result and the actual 
result, , is the smallest possible value for any given .

ti yi,( ) i, 1 … n, ,= y p ti( )

y ti ti y p ti( )–

r 2
2 y p ti( )– 2

i 1=

n

∑=

p t( ) a0 a1t a2t2 … am 1– tm 1–+ + + +=

yi p ti( ) yi=

1 t1 t1
2 … t1

m 1–

1 t2 t2
2 … t2

m 1–

1 t3 t3
2 … t3

m 1–

 … …  …

1 tn tn
2 … tn

m 1–

a0

a1

…
am 1–

y1

y2

y3

…
yn

=

Ta y=

Ta y– 2 a
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APPENDIX C
RESIDUE CALCULATION

This section presents some facts about how to calculate residues in the partial fraction 
expansion of a rational function.

First, define the following function, and assume that each pole is of multiplicity ‘1’:

(C-1)

The partial fraction expansion of  looks like:

, (C-2)

where  possibly contains a few terms, depending on the order of .

Each residue, , is calculated by “removing” all other terms.  This is done by multiplying 

 by the corresponding pole, , and then setting .  This has the dual 

effect of cancelling out the pole in the  term and setting all other terms to zero.  In other 
words:

(C-3)

C.1 Complex Residues

According to the fundamental theorem of algebra, each polynomial has a unique factoriza-
tion over the complex numbers.  It follows that if a polynomial with real coefficients has 
any complex roots with a non-zero imaginary part, then they must exist in complex conju-
gate pairs.  This can be shown by taking the complex conjugate of both sides.

There is a result, not shown here, that states that the residues of each pole (of multiplicity 
) is unique.  This fact will be used to show that if a pair of poles are complex conjugates 

of each other, then their corresponding residues are also complex conjugates.  However,  
only poles of multiplicity 1 are considered here because it is one of the assumptions of the 
vector fitting algorithm.

Begin with the expression

f s( ) N s( )
D s( )
----------

s zn–( )
n
∏

s an–( )
n
∏
--------------------------= =

f s( )

f ti( )
cn

s an–( )
------------------

n
∑ P s( )+=

P s( ) f s( )

cn

f s( ) s an–( ) s an=

cn

cn s an–( )f s( )[ ]
s an=

=

n
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, (C-4)

where the coefficients of  are real, and there are  conjugate pairs of poles and  
real poles.

Take the conjugate of each side of Eq. (C-4):

(C-5)

Note that the  values and the coefficients of  are real, and thus have equivalent con-
jugate values, preserving the fact that the original function has only real coefficients.

From the uniqueness property,  must be equal to , which shows that the residues 
corresponding to complex conjugate poles must themselves be complex conjugates of 
each other.

C.2 More on Complex Residues

There is another approach, useful to this document, that also demonstrates this fact about 
complex residues.  It is a hand-waving argument using the time-domain equivalents of 
each term.

Define a function in the frequency domain as:

(C-6)

Its time-domain equivalent is

(C-7)

if we define .

If this function is to have any meaning in the time domain, its imaginary part must be zero.  
In other words, if , then:

f s( ) N s( )

s an–( ) s an–( )
n
∏ s ak–( )

k
∏

-----------------------------------------------------------------------------------
cn1

s an–
-------------

cn2

s an–
-------------+

n
∑

ck
s ak–
-------------

k
∑+= =

f s( ) N K

N s( )

s an–( ) s an–( )
n
∏ s ak–( )

k
∏

-----------------------------------------------------------------------------------
cn1

s an–
-------------

cn2

s an–
-------------+

n
∑

ck
s ak–
-------------

k
∑+=

ck N s( )

cn1
cn2

F s( )
c1

s a–
-----------

c2
s a–
-----------+=

f t( ) c1eatu t( ) c2eatu t( )+=

eσtu t( ) c1 ωt( )cos jc1 ωt( )sin c2 ωt( )cos jc2 ωt( )sin–+ +( )=

a σ jω+=

Im f t( ){ } 0=
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(C-8)

or

, (C-9)

which implies that .

eσtu t( ) Im c1{ } Im c2{ }+( ) ωt( )cos Re c1{ } Re c2{ }–( ) ωt( )sin+[ ] 0=

Im c1{ } Im c2{ }+ 0=

Re c1{ } Re c2{ }– 0=

c1 c2=
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APPENDIX D
ZEROS OF A RATIONAL FUNCTION

This section shows how eigenvalues can be used to find the zeros of a rational function 
given in the partial fraction form:

(D-1)

The residues, , and the poles, , are known.

Mathematical induction will be used to show that the zeros of this function are equal to the 
eigenvalues of , where:

(D-2)

D.1 Expansion

Combining the terms of Eq. (D-1) yields the expression

(D-3)

for the numerator.  Phrased another way, our problem is to find the solution of the equa-
tion:

(D-4)

D.2 Eigenvalues

Finding the eigenvalues of  involves solving the expression

f s( )
cn

s an–
-------------

n 1=

N

∑ 1+=

cn an

H

HN diag a1 a2 … aN, , ,( )
1
…
1

c1 c2 … cN–=

N s( ) s ai–( )

i 1=

n 1–

∏
 
 
 
 

cn s ai–( )

i n 1+=

N

∏
 
 
 
 

 
 
 
 
 

n 1=

N

∑ s an–( )

n 1=

N

∏+=

N s( ) 0=

H
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(D-5)

for .

This can be rearranged and manipulated with basic row and column operations to become:

(D-6)

Our task is to show that the expression for this determinant is the same as that for the 
numerator, replacing  with .

D.3 Proof

This is easy to show for the  case, and the  case is

, (D-7)

which is exactly the expression for the numerator of a second-order polynomial expressed 
in the form of Eq. (D-1).

Next, assume that it works for the  case, where:

(D-8)

We proceed now with the  case.  By examination,

a1 c1– λ– c2– c3– c4– … cN–
c1– a2 c2– λ– c3– c4– … cN–
c1– c2– a3 c3– λ– c4– … cN–
… … … … … …
c1– c2– c3– c4– … aN cN– λ–

0=

λ

λ a1–( ) c1+ c2 … cN 2– cN 1– cN

λ a1–( )– λ a2–( ) 0 … 0 0
0 λ a2–( )– λ a3–( ) 0 … 0
… … … … … …
0 0 … λ aN 2––( )– λ aN 1––( ) 0
0 0 … 0 λ aN 1––( )– λ aN–( )

0=

λ s

N 1= N 2=

λ a1–( ) λ a2–( )–
c1 λ a2–( ) c2+

λ a1–( ) λ a2–( ) c2 λ a1–( ) c1 λ a2–( )+ + 0= =

N k=

Hk λ ai–( )

i 1=

n 1–

∏
 
 
 
 

cn λ ai–( )

i n 1+=

k

∏
 
 
 
 

 
 
 
 
 

n 1=

k

∑ λ an–( )

n 1=

k

∏+=

N k 1+=
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, (D-9)

where

(D-10)

and

. (D-11)

The value of  in Eq. (D-10), by observation, is simply , and the value of  in Eq. 
(D-11) is:

(D-12)

As well, we observe that the sign is positive, independent of whether  is even or odd.

It is now possible to form the expression

, (D-13)

observing that the added partial fraction (index “ ”) now appears.

QED

Hk 1+ λ ak 1+–( ) A λ ak–( ) B+=

A

λ a1–( ) c1+ c2 … ck 1– ck

λ a1–( )– λ a2–( ) 0 … 0
… … … … …
0 … λ ak 2––( )– λ ak 1––( ) 0
0 … 0 λ ak 1––( )– λ ak–( )

=

B

λ a1–( ) c1+ c2 … ck 1– ck 1+

λ a1–( )– λ a2–( ) 0 … 0
… … … … …
0 … λ ak 2––( )– λ ak 1––( ) 0
0 … 0 λ ak 1––( )– 0

=

A Hk B

B ck 1+ λ an–( )

n 1=

k 1–

∏=

k

Hk 1+ λ ak 1+–( ) Hk ck 1+ λ an–( )

n 1=
∏+=

λ ai–( )

i 1=

n 1–

∏
 
 
 
 

cn λ ai–( )

i n 1+=

k 1+
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n 1=

k 1+

∑ λ an–( )

n 1=

k 1+

∏+

 
 
 
 
 

=

k 1+
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D.4 Calculation with Reals

It is possible to do the entire calculation with real values, even though some of the poles 
and residues may be complex.  One reason for this is that it is easier to write a computer 
program that does not have to worry about complex arithmetic, and another is that it guar-
antees that any complex eigenvalues come out as perfect conjugate pairs.

One possible way to do this is to place the conjugate poles and residues in the matrices 
such that each pair is adjacent, and then replace that portion of the matrix with another 
matrix that has a suitable similarity transformation, via the matrix :

(D-14)

The eigenvalues remain the same under these conditions, and this is the motivation for 
performing this transformation.

The matrix form of a complex number:

(D-15)

seems like a good choice for the first term in Eq. (D-14), and yields, via some algebra, 
some constraints on :

 where (D-16)

Next, we must consider a suitable choice for the second term.  Careful observation reveals 

that , the transformed version where , is not a good choice since 

the two rows are not linearly independent, and do not produce a solution for .  A choice 
of

(D-17)

instead, gives:

P

a 0
0 a

1
1

r r– P 1– a 0
0 a

1
1

r r–
 
 
 

P P 1– a 0
0 a

P P 1– 1
1

r r P–=
 
 
 

⇒

a′ a″
a″– a′

a′ ja″+≡

P

P
p1 jp1–
p2 jp2

= P 1– a 0
0 a

P a′ a″
a″– a′

=

1
1

r′ r″ r r′ jr″+=

P

2
0

r′ r″
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(D-18)

The constant ‘2’ is there to enforce two things: that the lower element is zero, and that the 

matrix containing  and  becomes .

Finally, we can conclude the following:

Calculation of the zeros using the eigenvalue technique discussed in this section is possi-
ble to do using only real values, even if there are complex poles and residues.  This is done 
by replacing:

1. pairs of complex poles in their 2x2 segment in Eq. (D-2) with the 2x2 matrix 
from Eq. (D-15),

2. pairs of residues in their 1x2 segment in Eq. (D-2) with the 1x2 real and com-
plex part from Eq. (D-17), and

3. each “one” in the Nx1 matrix of Eq. (D-2) with the 2x1 matrix from Eq. (D-
17).

Once these substitutions are made, the eigenvalues are found in the usual manner.

D.5 Additional Notes on Eigenvalue Calculation

The matrix  from Eq. (D-2) can be written in upper Hessenberg form:

(D-19)

The eigenvalues can be found directly using an iterative procedure, such as the QR algo-
rithm.

P 1 j–
1 j

=

r r r′ r″

H

H

a1– c1+ c2 … cN 2– cN 1– cN

a1 a2– 0 … 0 0
0 a2 a3– 0 … 0
… … … … … …
0 0 … aN 2– aN 1–– 0
0 0 … 0 aN 1– aN–

=
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APPENDIX E
RELATIONSHIP BETWEEN PHASE AND

ATTENUATION FOR A MINIMUM PHASE SHIFT 
FUNCTION

The phase shift of a given minimum phase shift function can be calculated for a specific 
frequency if the attenuation is known.  First, define

, (E-1)

where  is the attenuation function and  is the phase shift function.  Note that 
 and .

Bode derived several formulas [15] that relate these two quantities.  The formula used in 
this paper is

, (E-2)

where .

This particular formula is useful because most of the area under the curve lies around  
and an approximation to the integral can be derived using only this segment.

Rewrite the equation:

(E-3)

The integral

(E-4)
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can be expanded using power series as follows.

(E-5)

Now,

, (E-6)

using a well-known series representation of .  Thus:

(E-7)

Furthermore, note that

, (E-8)

so we can write the equation

, (E-9)

observing that this is just the derivative of the magnitude function in the log scale.
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This discussion explains the reasoning behind the minimum phase shift calculation that 
Gustavsen and Semlyen describe in [14].
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APPENDIX F
STATE EQUATION FORM OF AN NTH ORDER

DIFFERENTIAL EQUATION

An nth order system with constant coefficients can be written as:

(F-1)

This can be expressed in state equation form if we select the state variables [34] as

, (F-2)

where

(F-3)

As well:

(F-4)

Hence, this system can be written as

tn

n

d
d y a1

tn 1–

n 1–

d
d y … an 1– td

dy any+ + + + b0
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d
d u … bnu+ +=

x1 y β0u–=

x2 y· β0u·– β1u– x·1 β1u–= =

x3 y·· β0u··– β1u·– β2u– x·2 β2u–= =

…

xn y n 1–( ) β0u n 1–( )– …– βn 1– u– x·n 1– βn 1– u–= =
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β1 b1 a1β0–=
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(F-5)

or

(F-6)

x
˜
·

0 1 0 … 0
0 0 1 … 0
  …   
0 0 0 … 1
an– an 1–– an 2–– … a1–

x
˜

β1

β2

…
βn

u+=

y 1 0 0 … 0 x
˜

β0u+=

x
˜
· Ax

˜
Bu+=

y Cx
˜

Du+=
– 145 –



Appendix G: Complex Identities and Implementation Techniques
APPENDIX G
COMPLEX IDENTITIES AND IMPLEMENTATION 

TECHNIQUES

This chapter is devoted to various complex identities and implementation techniques.

G.1 Why Is This Chapter Here?

All of the material here is likely known to the readers of this thesis, or found in most ele-
mentary textbooks containing material on complex arithmetic.  However, there are many 
identities and techniques that, when not in front of someone implementing the mathemat-
ics of transmission lines in software, are tedious and time-consuming to derive or look up 
in reference material.

Software that calculates data using complex numbers must ultimately utilize real arith-
metic, and so the identities presented here are geared towards such software.  Furthermore, 
most of the software developed here operates almost exclusively on the real and imaginary 
parts of the data.  Hence, the focus in this chapter will be on Cartesian identities.

G.2 Notation

Let  and .  Many of the identities presented here use two complex 

numbers, and  and  will represent those two values.  Also,  will be equivalent to .

G.3 Basic Identities

G.3.1 Rudimentary

(G-1)

(G-2)

(G-3)

(G-4)

z1 a jb+= z2 c jd+=

z1 z2 z z1

z1 a jb–=

z1z1 z1
2 a2 b2+= =

ez eaejb ea b( )cos j b( )sin+( )= =

Re z( )ln{ } a2 b2+ln=

Im z( )ln{ } b
a
---atan=
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G.3.2 Additive

(G-5)

(G-6)

G.3.3 Multiplicative

(G-7)

(G-8)

(G-9)

G.3.4 Trigonometric

(G-10)

(G-11)

(G-12)

Re z1 z2+{ } a c+=

Im z1 z2+{ } b d+=

Re z1 z2–{ } a c–=

Im z1 z2–{ } b d–=

Re z1z2{ } ac bd–=

Im z1z2{ } bc ad+=

z1
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----

z1
z2
----

z2

z2

----
z1z2

z2
2

----------= =

Re
z1
z2
----

 
 
  ac bd+

c2 d2+
------------------=

Im
z1
z2
----

 
 
  bc ad–

c2 d2+
------------------=

Re ez{ } ea b( )cos=

Im ez{ } ea b( )sin=

Re z( )sin{ } a( )sin
2

--------------- eb e b–+( )=

Im z( )sin{ } a( )cos
2

---------------- eb e b––( )=

Re z( )cos{ } a( )cos
2
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Im z( )cos{ } a( )sin
2

--------------- eb e b––( )–=
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G.3.5 Hyperbolic

(G-13)

(G-14)

(G-15)

G.4 Implementation Techniques

G.4.1 Hyperbolic Functions

The hyperbolic functions cannot be implemented as written because of a potential over-

flow and indeterminate condition.  If the magnitude of  is very large, then  will be cal-
culated as , and this will result in trying to calculate .  On systems that use IEEE 
754 arithmetic, this calculation will produce a “Not a Number”.

The solution for this problem is to first determine the sign of , and then to multiply the 

top and bottom by either  if  is positive, or by  if  is negative.  The resulting 

equation will now contain only exponentials of the form  for positive , or  for 
negative .  These approach zero as  gets very large.  The result is that a  condi-
tion will never occur.

G.4.2 Magnitude Functions

The discussion about calculating the magnitude of a complex number is also relevant for 
calculating the 2-norm of a real or complex vector.

On a computer, a floating-point number is always stored in a finite space, and so there 
exists a maximum representable value.  Usually, any calculations that produce a number 

Re z( )tanh{ } e2a e 2a––
e2a e 2a– 2 2b( )cos+ +
------------------------------------------------------=

Im z( )tanh{ } 2 2b( )sin
e2a e 2a– 2 2b( )cos+ +
------------------------------------------------------=
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e2a e 2a– 2 2b( )cos–+
-----------------------------------------------------=

Im z( )coth{ } 2 2b( )sin–
e2a e 2a– 2 2b( )cos–+
-----------------------------------------------------=
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e2a e 2a– 2 2b( )cos–+
-----------------------------------------------------=

Im z( )csch{ } 2 b( )sin ea e a–+( )–
e2a e 2a– 2 2b( )cos–+
-----------------------------------------------------=

a ea

∞ ∞ ∞⁄

a

e a– a ea a

e 2a– a e2a

a a ∞ ∞⁄
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that goes beyond this maximum overflows, and the result is infinite.  Note that in IEEE 
754 arithmetic,  and  are valid numbers.

Mathematically, certain calculations should not overflow, but intermediate steps in the 
implementation just might.  For example, the magnitude of a complex number is given by

. (G-16)

Let  be the maximum representable floating-point number.  If we let

, (G-17)

then the result of calculating  should be .  Now, let

, (G-18)

where  is small.  Theoretically, the value of  is less than .  However, performing the 
calculation from Eq. (G-16) will result in an overflow because the intermediate result 
before taking the square root is larger than .

The solution to this problem is to first choose the larger of  and , divide each term by 
this value, perform the calculation as usual, and then multiply the answer by that value.  
To illustrate, say  is larger:

(G-19)

Now, the intermediate calculations cannot possibly overflow because each term under the 
square root is less than or equal to one.  The correct answer will now result.

Page 199 of [32] has an excellent discussion of this concept as applied to calculating the 2-
norm of a vector.
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Appendix H: Don’t Fall for These
APPENDIX H
DON’T FALL FOR THESE

It is possible to optimize many of the steps in this paper by doing such things as reordering 
steps or caching values used more than once.  This section contains a list of some of the 
pitfalls one may encounter when implementing a simulator.

A reminder: Do not optimize until the very end, if at all.  It may be tempting to perform 
many obvious optimizations, but it is more than likely the implementor will insert a bug 
that will be very difficult to track down and eliminate.

These pitfalls may seem simple and obvious, but it is nice to have them acknowledged and 
written down somewhere for that one time when the fix to such a problem is not obvious.

H.1 Exponentials and Phase

When performing an exponential on a complex number, you lose information if you need 
the phase again afterwards.  For example:

(H-1)

The imaginary part of the exponent, , is the phase, and the real part of the exponent, , is 
the log of the magnitude of the result.   can be recovered always, but  cannot be recov-
ered.

For transmission lines, the phase contains important information such as the phase veloc-
ity.  It is also used to recover unknown phase information for a minimum phase shift func-
tion using the Bode formulation of Appendix E.

No procedure that makes use of this information should be given the result of the expo-
nential because it needs to make use of the inverse tangent function.  The principal value 
of this function is usually in the range  to , while the range of  may be anywhere.

ea jb+ ea bcos jea bsin+=

b a
a b

π– π b
– 150 –


	Abstract
	Acknowledgements
	Table of Contents
	List of Tables
	List of Figures
	Chapter I Introduction
	1.1 Chapter Summaries

	Chapter II A Frequency Dependent Model for Overhead Transmission Lines
	2.1 Unit-Length Matrices
	2.1.1 Unit-Length Impedance, Z
	2.1.2 Unit-Length Admittance, Y
	2.1.3 Things of Which to Be Aware
	2.1.4 Eliminating the Ground Wires

	2.2 The Full Model
	2.2.1 Characteristic Admittance Matrix
	2.2.2 Propagation Matrix

	2.3 Chapter Summary

	Chapter III Frequency Domain Models and Rational Functions
	3.1 Convolving with Rational Functions
	3.1.1 Direct Trapezoidal Integration
	3.1.2 Assume Input is Linear

	3.2 A Note on the Stability of Trapezoidal Integration
	3.3 Terms with Conjugate Pairs
	3.3.1 Terms with Conjugate Pairs, a State Variable Approach

	3.4 Terms with Higher Order Poles, a Future Direction
	3.4.1 An Alternative Formulation

	3.5 Chapter Summary

	Chapter IV Modelling a Transmission Line using Rational Functions
	4.1 Characteristic Admittance Matrix
	4.2 Propagation Matrix
	4.2.1 Fitting the Propagation Matrix, H, in the Modal Domain
	4.2.2 A Thought Experiment with Modal Time Delays
	4.2.3 Finding the Modes of the Propagation Matrix, H
	4.2.4 Finding the Delay for Each Mode of H
	4.2.5 Refining the Calculated Delay
	4.2.6 Fitting the Propagation Matrix, H, in the Phase Domain
	4.2.7 Mode Grouping

	4.3 Future Directions
	4.4 Chapter Summary

	Chapter V Vector Fitting Theory
	5.1 A First Approach to Curve Fitting
	5.1.1 Ill-Conditioning of this Formulation

	5.2 Pole-Residue Form
	5.2.1 The Pole-Residue Form is Nonlinear

	5.3 The Theory of Vector Fitting
	5.3.1 Initial Reasoning

	5.4 Vector Fitting Methodology
	5.4.1 Finding the Poles
	5.4.2 Finding the Residues
	5.4.3 Iteration

	5.5 Summary So Far
	5.6 Solving with Complex Values
	5.7 Calculating the Zeros of D(s)
	5.8 Weighting
	5.9 The “Vector” in Vector Fitting
	5.10 Future Directions
	5.10.1 Regularization
	5.10.2 DC value
	5.10.3 Poles at Zero
	5.10.4 Convergence Properties

	5.11 Poles of Order Greater Than One, a Future Direction
	5.11.1 Detection
	5.11.2 Implementing This Technique
	5.11.3 Retrofitting Vector Fitting to Detect Higher-Order Poles

	5.12 Chapter Summary

	Chapter VI Vector Fitting Results
	6.1 Fitting with Complex Poles
	6.2 Fitting with Real Poles
	6.3 Fitting with a reduced number of poles
	6.4 Poles Outside the Considered Frequency Range
	6.5 Fitting a Smooth Curve Using Real Poles
	6.6 Fitting a Smooth Curve Using Complex Poles
	6.7 Unstable Poles
	6.8 Sensitivity to Eigenvalues
	6.9 Chapter Summary

	Chapter VII Enforcing Passivity
	7.1 Approach Based on Linearization and Quadratic Programming
	7.2 Approach based on Passivity Compensation
	7.3 Negative Eigenvalue Deletion
	7.4 Enforcing the Positive Definiteness of E
	7.5 Chapter Summary

	Chapter VIII Automatic Pole Determination
	8.1 Distribute Poles
	8.2 Intelligently Guess the Poles
	8.2.1 Character of the Peaks
	8.2.2 Smooth Curves with Complex Poles

	8.3 Pole Choices
	8.4 Future Directions
	8.4.1 Distribution Scheme Based on the Propagation Matrix

	8.5 Chapter Summary

	Chapter IX Vector Fitting Results for the Transmission Line Model
	9.1 Terminology
	9.2 Two-Conductor Transmission Line
	9.3 Three-Conductor Transmission Line
	9.4 Chapter Summary

	Chapter X Simulation in the Time Domain
	10.1 The “Black Box”
	10.1.1 Simulation Steps

	10.2 Transmission Line Update Equations
	10.3 Convolution with the Characteristic Admittance, Y0
	10.4 Convolution with the Propagation Function, H
	10.5 Eliminating High-Frequency Poles
	10.6 Simulation in the Frequency Domain
	10.7 Chapter Summary

	Chapter XI Simulation Results
	11.1 Two-Conductor Transmission Line
	11.1.1 Applied 60Hz Voltage, Characteristic Termination
	11.1.2 Applied 60Hz Voltage, Open Circuit Termination
	11.1.3 Applied 60Hz Voltage, Short Circuit Termination
	11.1.4 Applied Step Voltage, 5µs Time Step
	11.1.5 Applied Step Voltage, 0.5µs Time Step

	11.2 Three-Conductor Transmission Line
	11.2.1 Applied 60Hz Balanced Voltage, Characteristic Termination
	11.2.2 Applied 60Hz Balanced Voltage, Open Circuit Termination
	11.2.3 Applied 150kHz Zero-Sequence Voltage, Characteristic Termination
	11.2.4 Applied 150kHz Zero-Sequence Voltage, Open Circuit Termination

	11.3 Chapter Summary

	Chapter XII Notable Implementation Details
	12.1 Program Layout
	12.2 Why Matlab Wasn’t Used
	12.3 Matrix Library
	12.3.1 Overview of the Matrix Library
	12.3.2 Basic Layout

	12.4 Numerical Stability
	12.5 The Eigenvalue-Finding Routine
	12.5.1 Test Matrices for the Eigenvalue Routine

	12.6 Chapter Summary

	Chapter XIII Conclusions, Recommendations, and Future Directions
	13.1 Vector Fitting
	13.2 Passivity Enforcement
	13.3 Time Domain Simulation
	13.4 Direct Z-Domain Formulation
	13.5 A Nice Looking Simulator

	References
	Appendix A Transmission Line Equations
	A.1 Direct Solution for Voltage
	A.2 Direct Solution for Current
	A.3 Two-Port Equations
	A.4 The Z and Y Parameters
	A.5 Useful Proofs

	Appendix B The Least Squares Problem
	Appendix C Residue Calculation
	C.1 Complex Residues
	C.2 More on Complex Residues

	Appendix D Zeros of a Rational Function
	D.1 Expansion
	D.2 Eigenvalues
	D.3 Proof
	D.4 Calculation with Reals
	D.5 Additional Notes on Eigenvalue Calculation

	Appendix E Relationship Between Phase and Attenuation for a Minimum Phase Shift Function
	Appendix F State Equation Form of an nth Order Differential Equation
	Appendix G Complex Identities and Implementation Techniques
	G.1 Why Is This Chapter Here?
	G.2 Notation
	G.3 Basic Identities
	G.3.1 Rudimentary
	G.3.2 Additive
	G.3.3 Multiplicative
	G.3.4 Trigonometric
	G.3.5 Hyperbolic

	G.4 Implementation Techniques
	G.4.1 Hyperbolic Functions
	G.4.2 Magnitude Functions


	Appendix H Don’t Fall for These
	H.1 Exponentials and Phase


