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ABSTRACT

An approximate techniqtre iE developed to determine

the f lexural response typical aî rrany practi cal,

vibroimpact applications' 'l"he techniqlte is showri to

ei gni { i cantl y redutce compurtati onal ef {:ort whi I st I argel y

preserving accuråcy. Howeverr åccuråcy cån be improved

by Eel ecti vel y combi ni nç the approx i rnate techr¡i que wi th a

purrel y numeri caL approach to enhance the detai Ls o{

important contact {Ërces. The ensuing camputtational

requi rernents r al thot-tç¡h i ncreased somewhat | ¿{re sti I I

surf{icierrtly gmall to pe'rmit ttre Ltse o{ å desl,:-'top

computer. F'roblemg asËctciated with å utset-*frierrdly

presentation o{ the dynamic interactions bstween a

structrre and stop are outl ined. J'he poesi.tti l ity c{' f ine

detai l, as'Eoci ated wi th cl¡atter gai ni ng pr-omi nence rrråy tie

assessed from a prior-i inform*rtion by employinç¡ å newly

developed enerqy criterion. A very computatiorral Iy

econonri cal approach i s f orrfiutl ated I ater to pred i ct the

rraximurm irnpact {orces which åFe important {r'om å desiqn

point o{ view, l'he main novelty in the l.ctter approach

1Íes in the effective use of non*dimensional vibroimpact

parameters obtained from the equations of motion. Jheçe

parameters al l ow euthsequtent resul ts to be merel. y

extrapolated f rom any ctne previoLtsly computted case. Ïhen
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conputat i onal savi nçs are potent i al I y tremendoutË i ri

design situatlons where rnåny computer rLtnË åt.e usual Iy

needed.

A

pI ement

ti veness

comprehenEi ve study i e al so condltcted ttr com--

previous experimental work and åsËess tlte e{*ec*

o{ inelastic restrai.ners. Thel theoreti c¿t.l madeJ.

approacl-r ancJ dynarmi. c

reclr-rce compr-.tta'l- i otr.iI

i r¡ based Lrpcln e f i n i te el ernmtit

condensatiorr is introtjt-tced to

e{ {'ort.

U-f r anrer

terrcl tc:

Êln exarrrrple is preserrtecl

iE surh.iecteld tm tl-¡e Tl-lË1"

wherei n a two--di n¡elnsi c¡rra1

Só9Ë eartlrqual,:e. ResutI ts

sl-rorç that yieldinq

o{ seigmic enerqy.

rnateria.l.s ãrre ine{ fecIive

absor b er E;
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Ff gure 1. An overaL l i I L utstrati ort
against a resilient stop.

E-as-e

o{ a beam i mpact i nq 7-¿.

Figurt 2. Ideal izatimn o{ å contact force by a 7A
Ëequence c:f impulses.

F{Eure 5. $howing ån undarnped osci}lator cullidinç "/4

with å resilient stop.

Figure S. Pragmatic ideaLj,ratinn n'f ¿À t-c¡ntact {orce 'Ïb
ås å si ngl e rectanqul ar pr-tl se.

FÍgure å. The ef{ects; o{ utsirig å di{ferent nltr¡tber u{
rnodes to degcr i h¡e| the { Í ret contact f orcr* o{ 'Lhe
external Iy Loaded vibroirnpact xystem o{ re{erençe
ËÏ l. Additional syetern properties are qiver¡ in 'l"abl.e

1.

"T'/

Fí gure 4. [åenera]. materi al ¿lnd çæometr- i cal prmpert i e:;
ursecj tc¡ describe å cantile¡vered bcnarn cn.[1idi,nç with dt

reEitient stop

FiEure 7. A comparj.gon u{: thu.l'first tl'lrer,''r re{:erencç*
and åpprolrimate cetrtact 'f'orces and rJi.splace¡ment
ourtcomeç f or the vibroimpact system of Fiçurre å'

FiEure 8. A ü:orïpå,rison c{ di++e¡r'erlL: a¡-rproache* {ar
deter-rnining late (exernpLi{iecl try the eleventh)
contact details {or the systern o{ F'iqutre C} ar¡d 'f "

'''t Et

fa

"/ c)

Fi gure 9. I1 I urg;tr'¿rti nq
compurter pacllaqe.

the urser'*{ri r*ndl ineçç of the tjt)

Fiçure 1O. Typical "Etåtic" historieçl produtced b-v t'JI
utsing special progr'årnrnab¡le computter h:elys.

Figure 11. Showing (a) the utnloaded vibrc¡impact
systern of reference tll¡ (b) the beam's total hinetic
and çtrain energies before and after the {irEt impact
at Ll).6'/ rngecs; and (c) beam shapes at differen'L
instants in the period dutrinç¡ whiclt chatter occLtrÉ-
t"lateri aI properti es of the systern åre gi ven i n
TabI e I

8:
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FiEure 12. "t'he e{{ect o{ varyinç }'::-' ün the hiøtory o{
thå norrnalired tip displacernent of the vibroímpacting
bearn of re{erence l- 1l when h=-(-l . tf5i nchee.
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Ffgure 13.
eystem of
i nches.

Chatter
re{erence

amp L i tr-rde åsËoc i ated wi th the
t 11 wtren l':.'*!. 18rl 1(la and h*'*{"}.ll'

84

Ffgure 14. A cornpårisorr between reference
economically predicted Nr' correËpondÍnq'Lt: tf"re
extreme valutes of "l.l.Ë:,r1t-¡a and 4.Tt:.,:l{::}4 {nr l,:.*

di +f erent h''.

and
tr.Jn
and

lrsr i, r ont*,1,
utnf i l, terred

FtEure 1S. Sl-rowinq (a) the material propertiea¡ (hr) åt

c;chematic o{ å twr:*dirnensional U-fre.rnm piping syçiterni
and (c ) tl¡e restrEri n*r l. ocati on and di. recti c:n of 'Lhel

exc i t i rrg eårthqLtä[::e.

Fígure 16. Accelmratj.mn spectra o{
component o{ the (a) {j.ltered and
T'AFT Så99 e,$r-thqLtãl::Ë,

thur
(bi

Figure 1.7.'T'hn 1F;rd-displacement char'¿rcteristice n{
the {ai trute and ib) hypothetical yieldrnç matsrr"i,,ïrl .

Ëigure 18. Acceleration spectra o'f the (a)
ltnrestrained and (b) ræstrained pipi.rrg svç'tem c¡{

Fiqr-rre 15 excited by 'tltsr {i.Its*red l'É\t':-f 5åçE
ear.tþqual::e, 1"he r.es.Lraj.nep consists n{ the yieldi.t'tt¡
material with the qerneral 1c¡¿rd*dieplace-*mertt.
character Í st i cs g i ven i n Fi gr"rr"e 17a. The'r

restrainer's sti{{nç¡sses }lr and l.'i :;:r åre S()t)(]¡ ¿¡nd 15ü{)
I hç,ri n o resi,pecti ve1 y, The yi e). di rre¡ di spI auument I )'{r, I
is equral tct (1 "11 inclreçi.

Fi gure 1?. rlcsel. erati cin spectra c¡{ the pi pi nq syetenr
of F i gutr-o: 15 when e¡lcÍ ted by the f i I terecl
earthqurake. 't'he pipinq is restrnined h¡y å rna'Lmr"ial.
wÍth the 1c¡ad-displacemetnt characteristir:s qiver¡ irt
Fiçnre 17a. The restrainär"'5 sti{{: nesiseg hl r and l,l æ¡
are ã(J(){:} and 15t)(} lb+/inr respecti.ve].y. The yieldinq
displacernentr ){yo is eqltal to (a) 1.(l}r (Lt) 5.{l arrd
(s) 1(l inches.

',-tl-t
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Flgure 30. 'Ihe ef {ect c:{ increasing x'. {rom (a} $. rl
to (b) 1ö inches on the ecceleration of the pipinq
eyetem o'f Figure IS when excited by the filtered
TAFT Så98 eårthquãl::e. The restrainer consists o{ å
hypothetical materj.al with the general load*
displacernc,nt characteristic of Fiçutre 1.7b. $ti+fnesçl
[;:r and ke is 3(lC¡(¡ and 15{)û lh+/inr respectively"

?1

FfEurc 21. l-\cceleration upectra o{ thu (a)
urnrestrained and (Lr) r'estrained liyrltem ef Fjigutre t5
when excited by the actutal TAFT 569Ë earthqutal:e. "llrç:

restrai ner consi såts af a trute yi æ1di ng rnater r al t'li tþt
the lc:ad*displncernent ch,nractelr'isticg çiven ir¡
Fiqurre 17a. I'he hr unrj l'r:ar årE' 3t:J{){J and LS(lr-t
thclin¡ reeperctiveJ.y, artd the yi.el.ldinç displ.acernento
j,i y t i u equral, to 5. t") i nchee "
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CHAPTER 1

INTRODUCTICIN

A vi br-oi mpact stop c,r snubber i g essenti aI 1y än

æLastic body which intermittently f.imits the displacement

o{ ån excegsi vel y vi brati nq gtrurcturre. A typi cat si turati or¡

is iLlustrated in general terms in Figr".rre l. "the bearn

shûwn rnay have di f {erent boundary condí t i c¡ns burt n mclre

importantly, it vibrates sa qre,atly tra,nsvereely that

col I i si c¡r¡s occLrr c:ccasi onal I y aqai net the { i >r ed stcrp. Thl s

rather sirnpli{ied situtation íllustrateç the basic

behavisutr o{ heat exchanger turbes in a tnrb¡urlent {Lurisl ancJ

pÕþrer plant piping syeterne uurcJer a geisrnic load. 'l-he s,Lo6r

cclrnes irrto pl.ë,y in the Iattmr çitr-r¿rtion anly for !!Érvere'

seisfltic disturrbanc$si. -il'¡err l.arge e>lcurrsiclns årë restrictecJ

bt-tt higlt impact gtregseg år"0f Lrnavoi.daL¡Iy prarJurced wl-¡ich

{tt,åy I erad ta { rett i nq weå{r' c-r{ the contact i ng çiur f åceE.

Frettinq wi l1 be dictated presutmably by ther {re*qLrency rårr-rci

intensity of irnpacte. Irnpact pararneters u¡i11 dependu i.rr

tttrnr Ltpon the locatir:rro clearance ancl relative s'Li{flieeiç;

of tþie snutbb¡ers.

A veL oc i ty di:iconti rruri ty i s created at åït i mpact t I I

çio that the principle o{ ËLrp€nr-pc,siticlrr cloes not rrc¡IrJ

globerl ly. This principleo hourever ., rrìåy tre appl ied between

.f,ny two succecgive contacts and durring contacts provicJing
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the strurctutre and gnubber eeparateLy obey Hool¿e'e law 121"

Even Eö I presentl y avai l abt e modal anal yterEo whi cl't are

based on tlre precept of uni verEa} L i neari ty n cannot eaei I y

handle colliding strutctutres. Consequentlyr åIthoutqh

vi broi mpacts have been studi ed anal yti cal I y f:31 and

nLtmericat Iy t t,4r5*gl, cornplementary eliperimental data is

¡nutch scarcer.

Tlre rnost cornpl i cated str"urcturral mocJ{¡s1 consí derecJ

ha.s been å beam rnoving trsnsversely and cc¡11idinç

interrnittently wi'[h ån o{:{:*set, utsl,taIIy pltrely elastic

spring. Althourçh the str:p wãs idealired ås a sprinç and dl

dash pot in re{ erencp l"7J I the d;rmping f orcs h,aç {c¡utnrj

neçligibte compared tc: the sprinq fc¡rce. tln elementary

Bernnurl I i -Er-rl er be¿rrn theopy I åPFropr i ate tc¡ srnal l.

de{ 1æcti on:å r hag been mostl y utsed and the probabl tl

p'l asti c rûne apoutnd a contact poi rrt has beeri negl ectsld,

Reçiçrl. ti nq ther:reti cal anrJ avai J. ahI e ë)lperi mental cJata

cc:r¡'elated reaeonably {or Ë1sårårlc.eË less than Êìrl

åpprclpriate beam's thic[:lñêFs. Roqerrn t1.] e:ltended

ËI l j.ott's worll tf l to obtain equtatiorrs. c¡{ matipn by ut$inctr

¿¡ { i ni te eI ernent f c¡rmutl ati on {or the bearn. A rnodal

sLrpËrposi ti on approach h,årå ernpl oyed to nutrnerí ca} I y sc¡Ive

thes¡e equations. The finite åtement ctisplacemefits werê1

e>rpresaed i n terrns of the nlode shapens and modal
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ampl, i tudes.

equrations did

Ëoneequrently, the number of resutlting

not corresponrJ to ther degrees of freedom but

wh i ch ach i eve sol utt i ortrather tu the nurrnber rr{ modeg

convergence.

Ls tAl t-tsed a somewhat similar approach burt treated

the beam as a systern havi. ng cont i nutoutsl y d i str i bt-tted

parameter'ø. Hence o the t¡eanr 's mpti on wãs descr i bed by å

partial dif f erential eqr-tatinn r.lhich has ên ar¡al vt j.c.rI

sol r-rt i on { c¡r non--contact per i ods where the sys;terr i s

1 i near , I'he Durh"rnrel i ntegral wae ev*1ur*ted nLrmer i r:nI I y

clurirrç a corrtact to ralcLtlatu the r"esponse tn tlre impac'L

loacl which h,as trc¡ated ås; å series o{: imputlses. 'ïo mallc*

ther mod¿tl. surperpositÍon approach {easibleo both Rogelr:; l- t I

and Lo t 4l j utd i c i our:'i1 y E¡eI ect-ed the nutrnber n{ mr:deç

employed in the ç;aIr-ttian. til-tite o'f:ten in pr-act.íceo

hot"lever r räFidly clrang'inq intermittent cantact "{/'tðf t#r "

n'åy clccLrr'. Ir¡ surclr c¿ìËeË, å ËevRrs di scardi nç of lti ght3r

{r'equtency modes sigrr j.f icantly el irnirrates the {insrr detai I

of tþ¡e ':l¡att'er.
Lo t4l wå:; interegted primari Iy in the per{orrnance o{:

el ectromechani cal rel ays and n herrce o consi dered on I y { r-ee

or nt e¡Íternal loacJ vibroirnpact EåËeË. Roqers tllr on 'L.he¡

other hand ¡ Ëortsi dered vi broi mpact- systems exci tecl
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e>rternal ly by å si nusoi dal poi nt I oad i n order to st'udy

the detrimental e{fect u{ {1ow irrdutced vi.brations in heat

exchanqer tubes, To deternrine the dynantic response of

strurctt-traI systenrs ulith clearartceso l"lariarny et al t'5"1

concentrated on rnsdelsi witl-r harmanic baee eexcitaticlns" flrr

analytica] steady-state sç3luttion wasi obtåirred tÏ1 {.ln the,

basiis tl-rat only one impact clccLtrË per e¡lcita'kinrr uycle and

that the syatern'ø di spl acement and verl oci ty ã(r'e ccln'Li nltot-ts

throurqhoutt cor¡tact and ncln*ccln'tact peri ode. Hcf,t4er/er" ,,

chatter can clcËLtr iri gÕrrìe vibruimpact cåseß t4l ancj 'L.lisr

ct:n'Linuity cor¡ditic¡rr {ür the velocrty is not eilway*

eai:is{i$cl i11, There{r,rer L¡esj.des neqlectinq tþie

practr caI L y i mpurtant trarrr;j. ent reËiËJonËe, the sal tt'ti r:n i ss

nglt qer¡eral .

The vi brai nrp;rct beam øystenr detai I ed i n re'{; erencç t 4l

rrli11 hre ursed in the preøent wcrk fc.¡r cÕr¡ver¡j.ertr.:e" HoF¡e",ero

nLrrneri cal i 1 1t-tstr'¿rti ons wi l I Í ndi cate that evãn thi. s

relati'¡eIy simpl.e bream exampJ.e reqt-tires etltr*rrst'/Ë

cornpurtations even witl'r fairly e{ficient alçorithmll. l::ree

considered initial ly br.lcautse tl"¡1,'vibratir.¡n:s will be

ensuti nq rel ati vel y

ste¡: towards; more

enerçy criterion

possi bi 1 i ty o{

prnb I ern can pr r:vi. de i.l { i rrit

vibroiatpact situtatinns. l\n

sugge'sted by wh i ch the

be pr-edicted {rom å prior':.

simple

general

will be*

cl¡at*er rn¿*y
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informatic¡rr. A forced vih:roimpact problem in which the¡¡

e¡rternal e¡lcitation is a sinusoiclal point load ulill be

congidered separatel y. An åpprFlrimate techniqute cornbirting

anal yti cal. and nutmæri cal. procerdutres wj, 1 I be de'¿ell. nped 'to

deterrnine the {1e>tutra} reeponse of ,a vibroÍmpactinç beam"

T'he appronch si.qni{icantly redutcee computtatic¡rtaI ef'fart

yet largely preçerves åccLrräcy. frrah¡lernE åËË,ctciatecJ with å

urser-{rí endl y prÊssrrtãtti on o{' t.l¡e dynarmi c i nteracti c¡nç

h¡etween å citrutctutre and xtop will' h¡e ur-ltIirlecJ"

Urrl i he l i near systernu, strai ght{c¡rt'rard

e>ltrapolation {rcrn å e,peci{'ic vih¡r-c¡ifnpåct cå::e Ë'eefnsj

impos;ni.ble, There{clre*r årI nptirnutm cleøign ig c:bt¿tj.rlecJ

u*ural 1y by ø,el ecti nç the "best " cl{ several caE;è's each m{

wl¡ich requtiresí å separate anatysíx. Urrfçr'tltn.rteIy, tl'le

'¡i h:roi rnpact anal ysi s i s bar:ied mr:stl y LtËion "bruttr* {orce"

nLriliÊri caI procedurres where computtetti t:nç san L¡e $)ícessi ve.

l-he¡efcrre, ,Êr camput;rti mnal 1 y ecor¡orni c¿rl approaclr wi I I be

de.¡elc:ped ta preclict tþre practÍca11y inrportant impact

stresses" l-he main novelty in the approacl-¡ lies in ther

e{fective us,s o{ å s,et of non*dirnensiorral vibrc¡impetut

parameters devel, oped f rorn the equtati ons of mnti on.
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THEORY

1 . 2. ¡r AeçfeX t q¡tç t,qchni qqc_.lqi.{eje,rmln.i no . thc. f I e¡!fr-q!-
rFgp-!¡.F¡: o.f a, br*re. ique.acllnL_a ¡¡-!.pp¡.-

The basic theory wiII be Iimíted to {lenr..rrat1y

vibrating members h*vinq å large sFan to deptl¡ ratio fur

which Euler's elementary theory is applicable t1r]1. In

practiceu å rnotion Limitinq stop is usurally Iigtrter and

rnuctr etif f er than the vibrating rnember t I l. üonsequently,

i ts #undamental natutral {reqt-rency wi I I be çreater than

ther largest r¡aturral frequrerrcy e+{ectively cc'ntriburtirrq to

the dynami c reçponse of the '¿i L¡rati ng strLrcturf*.

lhere{ore, the contact fnrce is dictated by the sti{{rress
of the stop whose i. nert i a cån be neg l. ect ed . "l tr j. e.

aøeurmption iE implernenteld by idealiring thal s;'L,ap {¡iìs å

massless spring, l'a be cc¡nsistent witl-r pr-erriuus; r'efc¡rc¡rrce$

tl rT*4 r-/*9, 11-Ilil ? the vibrating s'L.r"urcturre iËr ideali:scd é\!j¡

.å bearn wi th 1i near materi al propurti es. Nergl. ect-i ng ç;he*r

de{arniations and rc¡tational acceLelrations. thr* {}e¡lnral

deflectior¡ a{ the beamt '/(xot)r fiåy hre describecJ b:y

ËurlËr'$i eLementary tlrenry o{ trendinç åçl

--f.i¿--å¡l a
EI +c: . ,., Ë'y-

åt + 1:'A
,,.Piv
åtä + N(t)6(x-b) Ë(xrt) {1)
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It has been aseumed in equation (1) that the be¿¡m is

uni f sr-rn and homoçeneous wi th a cor¡gtant { l exural ri qi di ty,

EI o and å må55 per utnit lenqthr Ë'4, Ê\ viscot-ts dampinç

coefficient, Ër hag alscl been presutmed. The time varying

external laadn F'(x rt) o is generally a {utnctíon o{ both the

timeo t, ancJ distance, r: o f rorn the lc*{t' end c:f tl'¡e beam.

FutrtherrnclrË, the term N{t)6(¡l*b) in equtatiorr (1,)r whern 6

is the* Þirac rJelta {unctiono descri[:es the fc¡rcr* e¡lerted

cn the bearn when i t cnntacts the n6n-d j ssi. pat i';e *topt

1c¡cated a'h x=b" 'Ttre Nornral l'lode *oluttimn r¡{ equtat.:ion (1.)

nråy be wr j. tterr ås, t 14l

c,l

yixrt) )
n=L

t
gä_(å.) rri- !þ)

fr(.]^.¡ 
U

útt,'(lt)r{-{t)

(Ð

\-'

L
=n

-t j Ifn{r}n it*r )N {'L) çin ü}-.¡ tt-r') rjr'

1
(ä¿r)

tlhslre: Wnc¡=W-(I _tE \r/'âSn ) ( iltì )

Sutbscript n desiqnåteÊ the ntl'r beam morJe witlt shape

F- (¡r ) and critical dampinç ratio ü- at circutlar' {requtency

üt-, The q^ (t ) i s the norrnal coordi nate corregpclndí nq to

F^(x) and flì is the total fnåEs o{: the bsam. Details o{
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F^(¡r) and ûrn have t¡een qiverr by Fishgp and Johnson t151.

An inspection of Fiqure 1 indic¿rtesi that the bearn'g;

dispIacernent at the point cl'f c6ntact ie simp1y thef

al.gebraic gum of the cleäråncet, h., and ther def Iection n'f

tlre hearn dutr i nq a col 1 i Ei on . The I atter movement cån he

obtai ned f rom Newtorr 's l au¡ as -N {t ) /k t where [l i s tlte

Linear sti{fnees c:{ the* stopr to that

y(brt) h " _N 
( t.).*
['i

(;r )

dutr i nç cont.act , Uombinincl eqltation (.ji) witlr equtartion {::).

prcdurcese*vaL utated at x=b r

C¡)

t{{t}
[¿

ç'

I ß--(b)q^(t)
h n= l.

cü t
)

.¡t
l!- b) !fnû)"r (t-r)Ntt) s;in h).ra (t-' ) dr',+

lll ül¡ ç¡

nn1
íd.\

Equation (4) cån

N(t)o by usinç

be golved {or the unknown contact { orce ,

t:ï1.the small time irrcrernent techniquel

t '[he clearåncÊ is de{ined as the distance flreåELlred f rc¡nl
the tip of the undeflected spring to the static
equilibrium position o{ the beam alone.
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Alternatively, the,åpprclximation o{ N(t) liry an åppropriate

analytical er:preseion Ieads to än algebraic form c¡"t:

equration (4) which Çän be qenËralJ.y evalurated witlr rnuch

lese corrpurtatic¡rr,aI ef{ort. Havinq sa1.ved eqlta'Licrn (4) I

equati nn (i! ) cån then h¡e ursed to determi ns* thm bc*arn'c

dixplaceftefit in tl'le interv¿lI before tl¡e neirt col, Iis¿rc¡rr.

The surb*erqurent al. tË!rnatË urse c){ erquratÍ r:n 1,4) ancl (t) l erads

to the compJ.ete history of the beam's de{:l.ectian, ütlier-

vari ahL es o{ intere*st, I i irer the bencli nq rnoment and thm

shear f mrceï rn¿ìy be f r¡urrd con.¿ention*L Iy {rorn the

derJ:lectic¡n l-é¡1.

'lhe cunt act 'f: ur" c e rnay hr cn t r eat erd

nr..rmer i cal e¡va1 ur;¡ti r:n

åe, å :åCtqt.resncff uf

implrlrec ir¡

Çrrnrelc¡urerrt I y ,

nf eqlr*rtiorr i4).ther

i nto i ncrementç ( wi th reEr:sct to Lhe

i I l utçtratecJ i n Fi. gurre il. Each i ncrement

typical ímpulç¡e of the 'form N(r)ô.t. lhe

'Llre corrtirrlrours {nrce*time cLrrvg ig br-c]1,:er'l

ti rne çcaI e: ) ¿rs

çtlr'rHspclnds; tc¡ å

c Ërnp J. et s r' Ësjp üri $Ê

tn the cuntact fsr"ce can be calcurlatecl by surnmirrg aII th¿-r

i ridi vi dr-r¿rI respclnçieïi prudurued by ei¡¿rcl¡ i, mpltl sel, l lrurs¡,,' ther

discr"ete {c¡r'rn of equration (4) becomest
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o¡

) Êt'"(b)q^(t) + N(r)
n I k
ot t-Àt

5 a'"1)" (t*t-) N (t-+at ) at si n ü¡-o. (t-t-)
/_
t-oto

)
Fã ß].
lllülna

nol (s)

T'he gecorrd term c,n the l ef t clf the abc:.¿e equrat i on

represents the contribution of the contact fsrce.

Thereforef it cömee into pläy only dutrinq a csntact period

typi cal L y repreßent$d by t*" :i: t :i: t+ . Ëqurarti c:n (5) may be

solved recursively by separately settirrq t e,qural to

tr rtær....t+ to øequrerrtiall,y determine N(tr) rN('L:n) ,,..
whi cl'r åËprc:X i rnate the compl ete hi s'Lory o'$ the contact

{orce as in Figurre 3. The equration (5} typic¿rl1y l:ecomes
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c¡)

pêrge t 1

F, ø3tul
Ot hln <¡

h

t
\
L
t

r-

l- û- (b)q^(t"')
n*1

q.-2at

finrrrn (t*'-t-) N(t-*¿t ) at gin olna (t".--t-)

of

ð
)
n=t :F t

N (t.. )

t¡llr er- e

I
()1

T
/_

n*L

sã$LL
lIì G)n o

- J ^ 
ü¡^Àt At s¡i rr o¡¡¿At+

l':

r.. = 1o.I,r.j; ,..

F, "= { 
(l

It
r.. F J.

l_. .,r t rå)

F1xr ,ñn accurate þietory at murst beo at mm*t, hal{ tl-ltl

periocl cclrreç,pondirrg to the hiqhe::t s'tructutr-al {r'equtency

{or" lou¡esi'L periLrcl ) e¡tcited b'y' the impact t41. l''lnwelvert

actutal vsl. uree êrre usual. I y taken somewhat l ower" ' Far

e:rampI e o Lo Ë41 urçecl .ât equtal. ts: 1i åth o4: the l oweEt:

period {]{ the excitecl mûcle$. Unfoptutnatelyo å ç¡tructutre

norrnally respandS in ä Iårq€i nutmber o{ rnudt*s at er'ì impart

with relatively sti{f rtops L4l. l"ypicat Iy nine ¡rnrl

{ifteeln modes Were excitecj in the examples; repor"'Lelcl irt

pef erence Ë 1l and t41. -l"heref ore ï ^t 
mt:st be ct'ti:sen very

smaIl which siqní.ticantly increa:ies the rìumber a{

increments de*irring the cpntact force. tgnsequrentlyt Lhel
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sLrccessive evalu,ration o{ equtartion (ó) becornes uneconornic¿tI

computtat i onal 1y.

An aI ternati ve approach i s to åpprox i mate ther

cmntact {orce, N(t), by a continutous {urnctian c:t/er ån

enti re contact. Tcr obtai n ê\n åpprolt i mate {arm, recal l that

the Norrnal Ì'lode 'fechniqute eeçential. 1y recJurces a strurctr-,rrsr

ta a set of indepelndent o'scilLators. Hence , tlre fnrrn of

N(t) (:år1 be vísua.[íred frorn the exarnple showrr in [iÍ.çutrn:5.

Ihi s { i gutre i I l, urstr¿rtes the f orced vi br'¿¡ti on c:'f ã{ si nçl e

nscillator colliding intermitte.:nt1y with a resilisnt etop.

A detari t ecl *rnal ysi s c¡'{: the vi L¡r-sti c¡n of thi e systern i s

qiven irr flppendix Al urncJer thnse resonant corrditisns u.rhere

rtape år$ prirrarily ur=ecl . The analyais c¡ht;rw$ thet, {or

relatively sti'F'f stuprs ti.e murcl'r :¡tiffri:lr tl'lan the

vi brarti nç structure) n the contact {orce N {t ) i si hal"f:

s j. nt-rsc¡i dal i rr f orrn. 'l"h i E f or-rn cån [:cl ex pre:..sed

rna'L,htirmatically ås;

N(t) A gin ft ("! ::; ft :ii n t"/ J

with the {irs'L instant of ån impact tðt}::r*n åsi the 'L,ernporaI

frequrerrcy ü+ thc.rand { are the rnaqnitLrde and

reepectively, By analoeyr apprcJliirna'Lic:n

ør'igin. Tha¡ A

hal { si nusoi d ,
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(7, is likely to be valicl

systems with relatively etif{

cån then be combined and the

f c¡r cont-i nuúug vi broi" mpac't

(4) and 17')

to produce

stops.

i ntegral

Ëqnati on

erval uated

i
) Èt",(b)q^(t)L
n=1

ç¡)

+ \ øätol n.._ ;f-r.r-t
L ftttt-. 2 Þ(t) h â..ein {f-

t..
(8a)

n=1

where

I n td^€
.l n ûlnt Ëori {it (Ër-ca) + *J'""'t*ir..l

(Ca'-Ër.) + sin üJnot

{t (c;s*'Ë)+)

{ ü¡¡+¡;* ¡
(Ëìh)

t(t)
+ lnütn CCIË 0-.rt

wi th

ñ[,r -t
ür ;a

l¡,m +. ( 'f * ûin.¡ )

Ë[,r ..t

Cla iû
ü)n + 7 {äc)

Ëç f + û)nct

[ *r
t2

û)n + (f+a¡^.¡)a

and

Ë+
+

[ ** â,
L)n +
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The A and f are tl'¡e only twc: unl{nowns in equration (t}a}.

T'wo gimultaneours equtationg wiII be produced i+ tl-iis

equtation is evalurated at two distinct valutee of {t L¡etþreen

(:) and r, EI i mi nati crn o{ A between the eqlrati ons obt¿ii ned

for ft equal n/2 and Ti for euarnplen yields; tl-le {:c¡l1ur^rj.nq

t ranecendental equtat i on j. n +

ç-r

2 ",.(b)q-(.TT-t
n=1

f.¡)

h h
\: 1r

I ø- (b ) q,. ( -T-)
n*1

C.'l ot
:ãr -. TT

\ g- {[)..¿., ;'l^{.).'ç ¡;
/,'.lmu¡".a
rtr¡ L

\
Ì

,a'A {Þ L
?rn ü¡",.,r

î*.,
eo '*^?{ ll TL*

ä+
,"* l JL--¡

{
trJin='1

ïf 'L:hn stop is

i ç e>rpec'h.ed ta

reI ati'rel y sti {{

be smaller th¿rn

then the¡ cont¿rct rJurr- at- i trn

vi brati, ncl

urr¡a{{ectscl

thes periad r¡f tl-¡e

strurctutr"e '$ f utndarnc¡ntaI mocle and e¡tsent i arl 1y

by ths nutrnb.¡er of n¡odes errciteid. Ë.quntion (9i

rerJurcerJ tc¡ the Sollowirrg simpJ.er {or"rnl

c*n therr bç¡

h ør (b)qr (
ïr

h Fr (b)qr. (
n

¿l -T--")

- 
gi-rsl*-

fn
, r....,
l{ä + "i

t,:

øi{¡ì
.{: -4fn

( lrla)

{or t¡/t *1 *:. ?n/ur (1öb)
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Equati on ( lC¡a) car¡ now be sol ved

which can then be eubetituted

determi ne É1,

strai glrtf orwardl y { or

i n equrati on (Sa)

+

to
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1.?.b Ëconomic¡l aoononch fon Þrêdlctíno imoect forceu ånd
gtregse¡ r

Equrati ons perti nent to the vi broi mpacti riq

cantilevered bearn iIlr-rstrated in Figutre 4 will L¡e

expressed non-di mensi onal l y i n tl¡i s secti on. t'hi s

procedure qivee a physical insigtrt into the interplay

betu¡eern vari ourE ví brni mpact vari abl esi, 'l'he resutl ti riç set

of non-dirnensi.onaL groLrpçi cÂn alc.n h¡e urs;ecl to rlen*r'al.i:tl

the impact ¡ltregsels o{ åny giverr [:urt invariarrt strutctutre'.*

stop conf i gr.rrat i orr .

The rnot i on c:{ ther vi hrni mparct system shc¡wn i n F i gutre*

4 is deecril¡ed by equratinn (1) wi.th F(x,t) salt to retrcl

durrÍ nq å cnntact . Nhen clampi ng i s rre*çl ected, the Nt:r mal

f'loclc¡ I'lethod t14-l yields the scllurtir¡n of equratit:n (t) qlrå

cù t
r¡ / r, + I + 8::*{¡l-CIn.!Þ"}-.

fll(¡)n
lrl ( r') si n Lr", {t*T,r cl z.

n=L
1_t

(J. 1)

'1 l¡e maxímurm bending stress at any section almng the h;er¿rnt

ie given by t3l

I
\-'

= ) ø-t>¡)c-(t)L
¡::: I

c{xot) !"1' (.-x.t)
z

t1f)
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where Z is the section rnsdurLurs and f"l,(x:t) is ttrsr

cðrreeponding berrding moment. The Ëernoul,l.i*Ëula*r

el errnentary bendi ng theory reI ates t he bend i ng mc¡merit tr¡

ths curvaturel ¿}oy(xrt) /gt',ær åË

lI, (¡r rt) ËI - f i'y.l¡i r.3 I
s¡< æ

( 1$)

where Ë ic Yournç's modurlt-rs arid I ir; 'L,he ruoment u{ ir¡ertisr

o{ the cross secti c¡n at pnsi ti r¡n x *ncl i r¡e.Lant t,

Ëombi ni ng equrati o¡rç, ( 1 1, ) , { iä) arrd ( 13) qi vee the bendi rrq

gtre'95 åË

cÕ

c(xot) Ëï r
L

d.ãtF-., (¡¡ )
cjn æ q^ (t)

F." {b}

+
¿

n*1

,rrJ

t:

fn(¡)n
Ntr) ein o^tt*r) dr

( 14)

'l,c¡ obtain the contact f orce N(t) ,

are cumt¡ined f or x=b to give tlre

equationts (3) and {tl)

i ntegral equrat i on
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cor
) ø- (b)q., (t)
L
n=1

oo t
+ )

øltul
,,J.

N(t)sin o-{t-r}dt
llt üln

n=1 N(t)
h ll

( L5)

whi ch cån be sol ved numeri caL l y. T'he nutmeri cal FrocesË

must be repeaterd for each combination o{ vibroimpact

parameters litle hrll, etc.

Alternatively,' equtation (18) cån be maniputlateld sutch

tl'rat direct errtrapolatiorr frorn ãpec.:Ífic data b¡ecomeç

poørii h:le. Ëtecause an i mpac't i s typi cal l. y v€r"y short r the

contact {c¡rce, N('1,),' cån be uften reason*b1y åppr'o}rima'Lecl

by a si nçI, e i mpurl. se c¡{ durat i on 
^'T' 

*Td magni tucle I'l^.T õìçt

eugçested in Fiçr"rre S, Incorporatinq tlris å\pproximatiort

{ i.e¡. Ntr) = HA'f 6(r-to) ) irrto equation (15) çive;i; ãn

equation whicl'¡ cårì be solved 'for I'lr narnely

l't
i
) F^ (b) q- (t)
L
n*1

M ( ICrÌ
ot

1 J øËlot aï gin ô^(r*r*)
l- fllGtnk

+

n=1
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Here to is the inçtant art which contact {irst occLrrs, üare

mutsit be e>:erci sed bef ore attempti nq to use eqLrati on { 1å) .

The value o{ Fl is accutrate only when A'I happens to be les;s

than the peri od of the hi ql'rest bearr mode exci ted at

impact. If this is not tfre cåse, then å Loçs n{ åccLlråüy

cån be ex¡:rected. However n the rati o betwe'en the ac'hua.l.

valne o{ f"l and the ctne calcutlated by ursing equtatron t lc:)

will be cc.lnst,ar¡t {or ån in.¡ar-iarrt ccinfÍgnr-atiorr.

Ihere{crrs r equrati. an t lC,) cån the*n L,¡el Ltsec1 sa{el y to

provide relative ratl-rer than aL¡xoIut€Ê valureÊ,.

Terms in eqlta'tion t 1å) c,Ån now be qrmnped irrtm

dimenEionlesçi parame'Lers. This pracedutrËr cån be clone irr

variours, wråryçr Íiclme flìorÊ advan'1,åqëclr..r,s tl-ran ct"hsr*,. Ëor

exampleu nsrrnaliratior¡ o{ N(t) r"rj.tl-r resper:'h tc: l::l"l

intrncJutces sinqurlarities at l"¡ equt;l1r rercl r.rt-¡errrL,herc.* isl rìcl

etxternal load. SirniIarl.y, a sirrçttlarrty clËcLrrs i+ tli*

rnod,¡tl displatcemerttrüo q-(t), ¿rrc! rrurllr¿rli:eld with reupt*ct tr:

y(brl)) in å forcerl '¿ib:roimpact cå!iÊ,whure the beanr rri ,.rt:

rest initially. In the present wclÌ*[': . elquratiorr (1ô) is

rnani putl atced i ntc¡ å di rnerrsr onI esri {mr-rn åpproFiri ate tcl

cðseg with rìcJ s¡rter"nal loadr¡, ll-¡e produrct, rrrü)r, iri relplaced

f írs'L by ()',..4)aEI/!':r/wn bec¿¡l.rge tlfl
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z(¡¡ñ h^, r4*t-' EÏ 1r-/ |
Ë'A

Ne¡rt, the initial displacement o{ tlre beam'g potentíatI

point of contact, y(brO), is addecJ and sLtbtråctecl frarn the¡

nurnerator c¡n the right o{ equåtion ( 1ó) . Fina} lyr equta'Lion

( 1å) is divided by the produtct ttth*y tb r{l) l, These

operat i ons produtce

I+ I
h* I r ) r-,0,

n=l

.q,-, (!.1-.

Y (tl r{-})
I ( 1g)*ñ;;*

C,t

1+ )
ø3 tu 1..

( ).^-0 ) a
F¡* {u^ÀT} gin on(t*to;t

n=l

wherel

N.r.
k t h-y(brtJ) l i e the rel ati ve csntact {: orce¡

r'l

þ1.'
It lEÊ ËI cclrrespcrnds to tl-¡e reI at i ve st i f { nesg I and

h* r, -* y rl*Jll,
y(b,O) is the relative cIearance.
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To i I l ustrate the usef utl nesç o{ equtati on ( 1å) i n

designo consider the cantilevered beam of Figure 4 with

its f ree end def lected initialLy to y(.0rÕ). Upon releaseo

the bearn freeLy travels downu¡arde. t¡lhen it encounters the

stop ",:l¡atter inç" Êr rapidly chançinq intermítterrt

contacts coutld take place t4l, Ar¡ energy criterion f or

predi cti ng the pos;si bi I i ty o'F cäat ter i zu der,,el opod i r¡

Appendi¡l Al. l¡lhen the bearn erventually ceå:ies cl¡afterirrg

and rÊeurnes itc initial de{lected position (becaurse ncl

damping is preeent), the cyc'Ie will repeat itsel'Ë t4l. For

ea{ety, vibroimpact desiçn$ åre based Lrpon rnaxirnurrn contact

forcee which always clccLtr in ttris p*rrticr-rIar example r^rher¡

the beam iE de{lected {r-tlly befc¡re ån i.mpact, i.e. wh*r¡

the beam cc¡ndi ti on:i areil

y(r:ot¡) y.t/ 
' 
g)..

1.0i3
{ I,x æf ns)

and ( 19)

i'(notr) E ü

Here tr is a represËntative temporal origin at the bearr

fully deflected position. In facto the conditions can be¡

consi dered to be " i ni ti ål " corrdi ti ons {or the bearn's

t
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eubsequent period o{ no-contact vibration. üonsequerrtly,

the tr cän be shi{ted {or each period between

conEecutive impacts to tero. By letting t equal thm

panti cul ar val ure of (t.ã+ê,I ) , terms i n equrati on ( 1Ë) årÊp r¡m

lonqer time depændent which is more' useful for the

pt-trpoee of design. Ëqutation ( 18) then becomeE;

1+ I
[1

Ctt

) "^ 
,0,

n=1

*$::!lnl4l..l,
v(LrotJ)h.l'

t.
Nr.

(:{} )
a)

1+ )
øä !u.r.(h^i)a þl' ( t¡.,A'T') çi rr kÌ., {,AT }

n*1

Ï+ þ::* is h:slFt

corres.pond to

#rorn tlre exact

c$nstfint n f ur" eriampl eo then the N* p¡lriclr

cli+ferer¡t values o{ hr' cän be extrapn}ated

data of any single l::nüwÍ1 cåse* by r-tsirrg

1{- *t*
h* Ir

cr)

) t- ,0,
n*1

--q:r-ß-JêJ.ly(trr()) 14laewrt
C¡ ôtI

N* N{+ iin6wn
ç¡ñl

1+ I _."
hr Ir \"') r¡^tul

t_
n=L

--ftl$-e3áLl-
Y(b"t¡)

li* conE¡tant (r1)

Simi larLyn the ef {ect of changing þ:.* whi Le }reepinq the

t ll subscripted l,:nown cåse is one where values have been
previouEly determined nLrmerical ly f rorn equration ( lfj).
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non-di rnensi onal c I earance pa.rameter h* constant cån be

e¡l arn j. ned thr ourçh

I + F¡' ir ø3t¡)
2 fiffi t'n ( 

'drT ) ' --i n û¡.' ( a-l )

n*lFl.' N*l ¡4ñ6wrt
Gtt-

I + H:''l knmwñ
e¡as

øi tFJ
().-Jl)a

i
) r¡ìm ( À'l') gi n {r¡r., t Al i
n*1

Ir'' cc:nstnnt \ .,::. ,l c{ ,¡

Kc.:rqer si L l I has Elr(]wn tlrat the cr¡ntact durrat i cr¡ a'r i E

i nverselI y propurt i c:rral to the sqLlår-el rnot n'Ê l:..'.

'ïlreref Gre,

(ô.T ) ', /.'ï'
þl'* I t"-o*r.| çr¡o*r{î""-

L/æ

t r:Ttl )

Valuteg deterrnir¡ed {rcrn e'qurartian (i: 1) ür' iiili¿r) f u¡r' I'l'"

coneiti,tute å diffierneÍcrnIe:¡sr grctt-rp r,rl-rich cÉ\n prr:r,ide Ule

maqni.tr.tcl*r of ttre contact {mrce, Tl¡e Iat'l.rlr cêrrr theri bcl

suthstituted in eclutation (14) tc str-¿rrql-rtfor-r,.rarr-clJ.y

calculate the cclrr'$$pÕndir¡e bendirrç str-cnssu trix rt),,
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RESULTS AND DTSËUS$ICIN

For conveniencæo the thç*or-resi n{ Siection 1,!.¿r ancl

1.f.h {äre called the "arppruliÍrnate" and "ecc¡nurnical"

techniqutex, respecti.vely.1'heir inherent assutmptiun!, arrrcl

rel.ativ* rnerit¡i wÊrsr assessecl by umplo';-inq tliel

transiverxel y vr t¡r'oi mpact i nç beamg detar I c'rd prci.rvi ar-tsl y by

Lc¡ l-41 and Roqers tI.l. 'lhe materi¿¡I pro¡rertiee and rela'L.ed

consitant:i pri,:r'tal.ninq ta these two ref erçTr¡ces are çiven j.n

'[abI el 1 . "['he ass$tlsm*nt essenti al .L y corrrp¿rreri resurl ts r,¿i tlr

"r'e{srqnü: ër" çiiolrrtj.ong nbtaj.ned by nLrmer-ica11y ;l'cll.ving

equratir¡ns (f ) and i4). The nrtmer-Ícal solu¡trons weren

evalutateld pr,älqmatica.l. 1y by ureinq å {: inites nurrnber u"{: ter-mç;

correspc¡ndi rrg to 'the norrn¿rI lnmdeli actrraL l y e:lc:i ted i¡'v ¿ìn

i m¡lact ra¡ther than the i rr{ i n:i. tr:l nurrnbt:ir den-';rridecJ

theoreti cal 1. y. In actltal. i ty rri ne arrcl * i tterln rrornr",.l nrcldes

wercf ursc¡d t:n determi.ne the re{erence sulurL,imns fnr tlie

erramples consi.clered in rs{ereirrce t t I ctrìcj [¿[] r

r'æspectivelv. Fr".¡rthermorc,, 'L,hel time increnle'nt t;:rf

i rrteqrati nn, Àt , wåË aI ways cha:;en emal I ur" tlran 1/ ll. t"r'L.l'r u'i:

tl'rs Ic¡wesrt- rnodal periocl o{ a bean"r. [-onsequterntly, r€+fclrencr*

snlurtic.¡ns were 4ournd to be virtual J.y en¡r¿irc'[. A {r".trther .].i-} 'n

increase in the number of modes, fclr e:rampleo chanc¡ecJ the"r

ampl i turde o{ the practi cal I y i mporl:ant cuntact {nrce Lrv

only about I 7.. Sieveral illuEtratiç¡ns uf rapid cc¡llisrons;
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or chatter

enerçy'-hrased

illutstrations

were ¿rltEc: consídered to

paqer li5

substantlate simple

bs*havi oL.rr. Thess

materi ¿rl pr-oper- Li ceu

predi cti ons o#

were baged upcln

this

the

ç¡Í.ven in rel{erence t4l.

Equratiorr (2) and (4) ,, derived in Sectinn 1.1. ar were

incorporatecl in a diqi'La1 computter proqJr'årn. 'tt-¡is prcrqrårn

i ncl utderJ ån opt i onal {eatutre t¡hi clr e*nabl ed the equtatí c¡ns

tu be eval uated ei ther nLtmer i cal I y t:r b'y' empl cl?'lnq

å,ppr"clximatic¡n ("T). "l'he ext.ernal1y lnaded vibroirnpact câçe

consider-ed in re{erenc:e l-Jl r¡¡aç utsecl ta tes.t the åccLtråcy

o{'Ll-re* åpprcl}rimate techniqr.re, Tlte load htås sLnutsffiidal. j.n

ti. mt:l wi ttr an ampl i tt-rde c:{ ü. I I b* and å {rerlurelncy

c(:¡r'rÊËpondi ng to the utndamped and utnrestrai ned b¡earn'e

{undamsnt¿iI r¡atutra.l Sreqltency, Fiqutre ô:¡hnws the cilil'[:årt

{or-ce., N(t}, calculated numerically dutring thc¡ ij.rs{:

cantact interval by employinq utptc.'r tl¡e nir¡e modsçl

ðrËf:io{:iated witlr the re{ìerence siclt"ttion. -ll-¡e f'or"ct¡

hiãi'LcJriss erre qurte symmetr"ical for tl¡r"eeo {ive c}r Effv(i,:'ri

normal mudes ancJ they peall siharply aroutncl thr¡ middl.e oi:

the re'sutlti.ng period. 't'he rnore åccLtrate utsm a{ rrine rnodes.l

c:n the other hand , produtces an el onqated " tai I " åf ttlr'

abour'[ 1.525;.1 1t]¡*æ secçi, It is also clear {rorn Figurrcl dr
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that the patal,: force is affected çimilar'ly by the nltrnber

o{ narrnal modes c,onsidered, "fher peal;o for exampleln çrcrwÊt

quite Et.rbståntially try ';b 7. or so {or each halvirrg in the

number of modeç f r" orn the re.f erencü çi tu¿rt i on . lrlotlt hr*

haI f *si ne åpprÞx i mat i on ("/ I åssLrmes symrnetry so tt'r¿rt i ts

urti I isation uli 11 be anal$gor-rs to enrplo.Tinq å smal I nurmbsr

o{ rnodes. l"¡¡is observation l;utqeeets that the åpproximate

technique cautltJ pro'ride å quic[,: , cornplt'L.urtionerl l'¡

e{ { i c i ent overvi ew o{: the vi brat i nq be¿rm ' s, dynami cs bltt

that its use will prøbabIy nnt prodt-rce ar:cnratrir

det¡tilE like càatter. However, the eimple ener-qy*Lrar¿ec1

chatter criterion deec¡'ibed j.n /-rppendir l¡:t miqht then be

utse{: ur I .

-l-hc.l v*rlidity n'l: the¡ mos;'l* rs{{: icient cuttcon¡e r:{: tl-le

¿ìpprcl)í i rnate techni qure, rrarnel y equrati orr ( L{"¡*) o depencls Lrpclri

thu aräslrm¡:ition c¡f ð çti{{ stnp or"'r elqurivarlently,' tl-re

åp[]rcipri a'beness c:f i nequral i ty ( L{)b ) . ltlr:¡w ther re{erence

cantact durratic¡n ,,n/*, in thu previ.ntre ellarnrplr.i i::i

åÍrproliimately {-t,37 msecË. Ït i'¡i significantl.y sniaIIer,,

there{trre r than the per-i od, Tn/ ur clr f:::i.7 ,¡ìs(,.)Ëe,,

cclrrespclndi nç to the f urnd,ament,al rnode of thæ vi br-atr ng

structurre. üonseqt-rently, ineqnality (1{)b} is valid in this

parti.cutlar instance. HowÊver- o the.r êpprËliimate technrque

cannot provi de ever¡ an c¡vervi err.l i f apprcl¡r i mat" i orr
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di+ferÊnces introdurced at the {irst contact become mvelrly

exaggerated crver time. 'T'lrere{t:re, Iater reference and

äpproximate hictr¡ries års Ëclßrpared in Figure '7,

The {irst three contact forceç årË presented ir¡

the centre o{ Ë i çutre 'Z whi I st tl¡e di spl acement hetwessn

impacts at the tip o{ the beam is displayed a'f, the battarn.

$utid and dotted Iines correapond to the re{erence and

åpprolrrmate resu'lts., respectively. Tl're solu'Lion of

equtati c:n ( 1t-¡a) provi cied the erpprox i mate contact dutra,tr on.

T'hc¡ correspondrng,åpprtrliimate maçniturde waE nbtairrecJ {r-c¡nr

equation tËa) which was trurrrcated (in ån arialoqclLrç {¿rsl¡ion

to the re{erencel sal uti an } a{ter ni ne te}rms, UarreI at i onsi

between the re{ËrerìËo and e{pprc]}rima'he contact {: orceg giverr

iri Fiqutre '/ are satis{actory initially bt-rt åppeår tc:

sornewhat deter i oratc* progreçrsi vel y wi tlr t i n¡m. 1'here# cre,

srnal l cli{{erences in the dsrf lecticln and inertia condi.trans¿

of the beam at the end of the first contact (which ð\rrse

frorn the enforced symmet-ry c¡f the ha.l.f*teinc¡

äpproxirnation) seem to be exaçeerated utltimatelly. Cln the

ottrer hancJ o the ti p 's di spl acement i l l ustrates the overal I

good ¿ìgreÊrnent {mr the beam's de{lectian. Thære{cJt.ë}¡ å

reasonable prerJict-ion o{ the tem¡:ora1 etart- of äny impact

shourld be expected {rnm the approximate techniquæ becautuu
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these instants

crf the beam's

'T'he

i mproved

nLrm*ri cal

shcrt.ls the

cal cutl ated

i nc 1 urded

paae 28

are merely a {unction of the diaplacemetrt

point of contact.

accurracy of predictinç Iate contact f orces Ëår1 be

by combi ni ng the åpprclx i rnate and purrel y

approach o{ the re{erence sol.ution. Fiqurro üd

history o{ the i L lurstrative 1lth contac{: f orce

by ursi ng the combi ned techni qure. ÉlI sc¡

are the correspondi nç forcç hi star-Í r¡s {r'trnr

either" the åpprûlrimate or the re{er&rrìcä tüoluttitrn nlone"

In the combined approachn the l¡el,aÍ¡'s condj,tionç at 'bhe

encl o{ the tenth impact wÊre deterrnirred {irst by enrployinq

the ¿{pprc}}r i rnate teehrr i qr-re. 'T'he gc¡orJ åccur-åcy c:f ttreso:l

åFpror{inr;t'Le conditiuns is demonsitra,ted in Fíqurre Êlar b and

c hy tlrei.r agreernent with the cürrfÊË;Ërondinq refererrcer

di*placernent n veloci'Ly and acceleratiur¡. lhe åpprclx j.mate

canditiorrs at the end of the tentl-r impact werre ttren t"rsecl

tu nLrrrËri cal l. y cal. cul ate the detai I E of tl-re ml, eve¡ntlr

i rn¡ract i n å rnånnÊr i dent i cal tn that c¡{ ther ref erËrrce

sult-ttion. É\s cårì be seerì {:rorn Fiqurre 8d, the .joint

technr que provi ded a reåsÕnabI y accur,nte {orce hi. story.

l"lore i rnportantl y ', å cornplrtati onal øavi ng o{ two orclers o{

rnaçnitude was achieved. T'his surbr¡tantÍal saving permittscl

the computer proçram to run in ån interactive {a:'lric¡n

on å readiLy available Hewlett"-Fackard 9845 ders,l':-tap
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computer.
'Typical reeutltg {rom ü self*contained cornputter

package årê presented in Figutre I atnd tü, ]he proqramrnablel

keys listed in Ëigurre ?o for inetarrcen {armed a çimple ,and

utser-{riendly mÊånç¡ of activatinq fairly c.:ornplerl

surbrsuti nes, Fr-rrthermclre o the t i e'ti rrg cãin be recal 1e*d a'[

aLmost åny tj.me to ref resh the user"s meßìclry. Ët"tbsequent

technical information cån be displayed in å "dynåffi'c"

(anirnated) or "Et,ätíË" ({:ro¡en) format. É\nimation provided

än nverví ew r.¡"f: the i mpacti rrg system 'ti clyrrarni c behavi oLtl'.

It al.so helped å Lt*er to eelect åpp¡opriate stpu¡cturral.

points anrJ instarrtg o{ paptictrlar j.nterest for additrt:nal

detailed presentationç¡ in tt'¡e "ståtic" modu, Ëit¡,ttic

presentati.orrs cons,isterJ of fnclrs deniiçn oriænta'L.ed

speËif ice 1i [le the hietories of the velocityr s;lte¿rr'

stress, bendinç ftnmento etc. åt a point c¡'fr cc¡ntact ()r' evürn

the parti cuL arç o'f. å contact {orce i tsel { "

Arr il,l,utstrative exâmple o4 various time hisitmrieË:. is

presented in Figure 1{l for å çåntilevered beam culliding

at its "{ree" tip wÍth,fi {ixed stop. The topmoøt static clr

fro¡en frame indicates the in,stant rrpto whicl-r tlre

histaries äre given. Lclwer. frame¡ls represent the

.cÊrresporrding dieplacemento velocity and acceLeration
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histories at the tip. Él velocity discontÍnuity can be

seen jurst be{ore the end of the cornputter-drawn trace in

the Iower left frame. Hence, thes,e historieg are showrr LIP

to ar'r i netant iutgt af ter rel eaE;'e {rom tl¡e { i ret i mpact.

'Ihe ti p was sel ected wi th the hel p of a bl i nl:i ng curËor,

T'he cLrrFor moved interrnittently bt-tt steadrly äcrc,Ë6 tl¡e

Ltpper stati c di epl ay of the strutctutre and å !':eY wåË

depreseed whenever a point of interest t^,åE rclached" /l{tmr-

con{ i rmati on b'/ ån audibl e tone, thri s I oca{:i on wåË

computted alrtomatical 1y {rÖm the }:lrìowr-r speed and nl.tntber nf

precmeding intermittent movemente ancl Íts coct-dj.nates wers

stored.

Two ma jmr prohrl errrsii were parti ai l y overcome i n ther

anirnation prmcedure. t4her¡ the çtutctutr"e approached the

rtopr o the timu incre'rnent å$Ëclciated with tltu thmury þlåts

decreased to better de{ine the initial instant c:f irnpact

and tl"rereby improve compntatiorral aËçLtr'åcy'

Ëtrai ght'f orw*trd I y pI otti nç the correspondi nç de{ l ecti onta

at thoee initi¿rI i nstantsi wourld give thet arti{icial vj.sLra.l.

i.mpregçion o{ a tJeceleration. ün the other har¡tJt tl're*

resurl,tinq "Ë1ow-mËtionl'courld be usefutl in rnore closely

inepectinç the nature of ån impact. Llnly part of thrl

genËrated in{ormationo conversellyo is pertinent to a trute

real-time presentation. Consequtentlyt the ratio of the tt^¡r:



I
ì

Section 1,$ päçe :ii I

*Içarithm time incrernents was mads'a csns¡tant integer-r rr:

ancl "rÊå1-ti mÊ" data was di epl ayed crn1y at evÊrv ntl¡

ingtant. Angther mãjor problem was relatecj tc¡ the q*ornetry

of the congtrurcted irnaqes, A srtr.r-rcturr'o hté\s reprelsented by

I i ne seçments de{ i ned by the cs--r:rd i nates' o{ theli r end

nodes. fibvioutsJ.yo mmr'$ seqnrentg will prodltce & {insr

strurctutral repreËentati on, Hot,rævnr o thel drawi nq eipeed o{:

tht:ll com¡:rut'L:er empl oyecl decreul;ed e;.lpnnenti al 1y wr th årl

increasii.nq number o{ segments. Irr {actr å visually

clrsrurptive blatn[:: ËcreÊn was {outnd to occLtr j.rlt'åri.abIy

betr+een conseclttive frames ol ðrn anirnated displ.eiy. Él lirr !l--

by-t i nk erasi ng arrd i rnmedi ate rerJrauri nq techni qltm was

admpted to samewhat di sqlti se the bI anf:: peri mds.

Ë ltrtherrnore ï on.l y the l. j. rll,: s wr t.lr a movi nç nmde h¡etu¡emrt

consecuttive {r-ames ì,lere a{{ectt*d. T{ movernents t'Jere .${:J

emalÏ to he+l .¿i.rturally invisib.l.el , then a rÕclnr {: elatutres

enabled qeornetric detai Ic to he rnå{Jni{:ieC.

Al,tlrr.rurgft the brie{r}y de=-cr"itred presentation c¡i

cornpurter*generated inf ormation ie; use{ul , ii: is onlv onËl

stepr towa¡ds å trute lJompr-rter'*fìÍde*d-Þesign capatii l i{::y.

üorrection c:f the probl.ems arisrnq 'Ërom e{ previ.rus

anaLysis wot-tld prresently need sllil{r-tl maniputlation c'{:

clearanceg, modifi.cation o{ stop stiffnesËes or even '[.lre
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insertion of additional øtaps,etc. by ån exFeriencecJ

operator.

'the val idity o{ the enerqy criterion o outl ined in

Appendin 42, was checked for ån undamped cantilevered

beam collidinç at itx tip with å fixed elastic stop, 'T'he

materiaI propertiee were taken from reference t" I I.

Var-Í ous re'spclnse lri st.ori ee c:f thi E ví brni mpact rystem åre

preeented in Figure 11. The beam's total l¿inetic and

etruin energy historierE are aIEo dinplayecl in the Lrppç'r

half of the figure. It ie apparent fr-om the regurlarity o{

botþr energies that the bearn travelg ir¡itiatly in its fir"Et

rnode utnti I i t Í rnpactø the stop* at wh i ch i nstant å

cl i sconti nuri ty cêÌr¡ be observed. The t.racels then becc¡me

irreçular with the total hinetic en€rgy subeequently

reachi nç & (non-¡ero) rni ni rlLrrn. 'l'hi s i rrequtl ar i'L.y surçlqer;ts

that beam rnodes l'rir¡her than the fundamental arê et¡lcíterJ

at the impact, The cclrrespondirrg shapn histories in tl-re

lower part o{ Figure 11 shour ttrat the beam s tip qoes

thrnurqh a rapid surcceggion of intermittent cnntactm witlr

the stop between lË¡.7 and IS.2 rnsecs . l-urrtlìermclrel the

marrimurm verticaL distance between the stop and the beam'sl

tip during a period of no contact is srnall compared to tlre

bearn's initial deflection, There{clrer the beam cIeärrIy
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chatters aqainst the etop. Now it cån aIEo be observed

from f-'igure 1I tl'rat the beam's total þ;inetíc energy is

greater than its corresponding etrain ånerqy irnmediately

be{ore the contåct. This impl Íes that conditiorr t43.4} iti

not only satis{ied butt aIEo predicts this chatterr, Ë:urtherr"

illustrations o{ the criterion are surnrnariçied by enerqy

val ute*s pr i or to the firct contact which corr'æspcnd

cIeårancec, h r presented in lable

I arqer ki neti c 'bhan cclrr"üsFclndi nç

i n Tabl e ä woutl. d predi ct chntter urhr ch t

i n uil l. 'Lhese i netancs$. [.onseqr.tentl, y,

reinft:rce 't,l're ap¡rlicabiiity o* thtt

t-o the

:1. -t'he

s,'L.r'ai rr

i. ndeed u

thcEap

enarrgy

dif+errent

invariably

energi es

t:ccurrred

ex amp I es

critclr"i.on,

Ël I i ott t9l sr.rgq¡ested that re'dltci nq tltm ¡¿ti {{næssi m{

a beam by modi f yí nq i ts qeometry wj.1 I rædnce the ampl i tutd*

of chattsr when it enictç, It h,ae' shnwn prelrriouttiJ.y th¿tt

'thq" dynami c bel ravÍ nurr oS a vi brc¡Í rnpact i nq h.re¿rm i $ åÀ

futnction o{ tl¡e relative sti{: {rress þì'''or Ëï/},: J}s. Therrefc}r'e!

decreasinq the bearn's sti{{nessr ËI/lltlro is equiv*tlon't. tm

cc:Í-respondingly increasinq the stop's gti{fnessn h:. 'Iwcr

valLtes of þl*n ä.1Ëlrlrla and S.$4þrlt:)4., wËr{;å r.,rr¡,$d to

deterrni ne the di spl acement hi stnri es of F i çutre 1ä" kach

hÍ story h,as normal i zed wi th respect to the mar: i mutrn tr p
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diøplacernent (which occLrrs {or the bearn alone} to

{acÍ I itate å cc}rnpårison. A SS7. reduction in þ'r' hry

virtually dor-tbling kn whilst keeping EnI and f constarrto

Ieads to eEsentialLy identical histories ando hencer a

very ølight redurction in chatter, 'fhis implies that an

åFpreciable reduction in chat'L,er rnay requtire å mostly

impractical sutbgtanti aI decreage in [,;* . Another drawbac],:

o{ ELliott's sLrgsestion is related to the impact {nrce. It

strourld k¡e reical LecJ that {or tl're particul.ar ertample

åssociated with [ligutre lln F¡r' wåË altered snlely hy

changing the etop's stiffnesso k. Now aII the terrns except

þ::'* ancl (lrT)' or¡ the riqht sidel of equratinn tãln) per"Lain

e'ither to the [::nown and invariant reference situtation c]r'

to the behaviour o{ the beanr alorre. C}onsequently, only l':.*

and (^T)' wilt chanqe u¡ith k in this inctance. ¡\ rise ir¡ l,:

will proportinately decrÊåsel l!::* whichn in turn, c,*qur*r'Limn

(ä?b) irrdicates wi 11 anly eomewh,Rt insreasm (.+.l") '"

'fhere{ore, the generally governÍnq prodt-tct l{:*(AI'}' in tlre

nurrnerator of eqltation tlla) wi L l be redr-rced ,ancJ ÊÕ aIço

t+il1 tre N* clr lll-h*y(brr))l/t"1. Howeveru tlie beam*stmp

cor¡{igurati.on is not altered sü th¿rt ttr-y(bot"¡)l ie

congtant. Hencu, fl or the ampÏiturde o{ the impact {orcm

wi1 I increase dis¡:roportionatety.

Desi gn consi derat i ons r'æl ated to chatt er" åre
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i I lt-tstrated ne¡rt by employing the particuler exampLe

aEssci ated wi th Fi qure 1 1 . The atop i s I ucatecJ bel clw thsr

beam's static equilibriurm position,srnd conditiun (42,4) ill

satisfied. Now condition (Él:1.4) indicates a certain r-ånlJm

o{ the beam's tot.aÏ hi neti c c$rìêrgy r T I {nr whi ch ch¿¡tte'r'

cån clccur. Provi cJi ng T i s wi thi n thi s rånq€i n the be*arn wi 1l

genelraL ly continue movinq dnwnw¿'¡rds immediately a{terr årì

i mpact. Now å 1ower val ute o'f f i ndi catæc' ån over"al1

lese;e*ning of irre*r"tia whiclr wilI preeumably redutce the

downyrard tendency and decrease the arnplitutcle¡ of sutbsequtent

chatter. 'l"l-rereformr rlnë methc¡c'l o{ all,eviating chatter'

wourld be to diminish the vibroirnpacting bearn's [lir¡etic

enërgy imn¡ediatså1y be{ore an impact. 'T'ab}e Ê riltgqeet,u th¿t'l:

this cån be achievedr for ertamplen by irrcreasinç thee

mxgniturcJe o{ thm irrítial neqative ver"tical diståtnËÊr ho

{i.e. reducing the eriqinal separation) between the stup

and the beam's static equrilibriutm posi.tion. Ë'ltrther

corroboratitrn of this point can he obtained by camp:aring

the F:.*=1.18r1üa resurltc; shoþrn in ü:'igurre 1ä witlr t.hcrçe

presented in [:igutre 1S. Ëventç after ther corr{rriÍrclndinç¡

first impacts happen at different tifirss of ËclLtrsË becaurçe

o{ the di{f erent clearanceç of -ü, lll and -0. '5 inchee ,

respectivelyn in lrigutre 1Ë and 1ü, Huwe*vslro it can bs eeen
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clearly that the normalised tip displacernent ie general,ly

much emaL l er i n Fi qurre 1r. tonsequtentl y r ås errpected n

the ampl i turde o{ chatter i E n¡urch l erss {or h*-rlr" ;ai i rrches

than f or h.=-t-r.1ä5 inches.

The vi broi mpauti nq beam o{ rç:r{erence t 1l wås r-reecl tc:

åsrãÞçË the vi abi I i ty o{ the econorni cal techni qure devel nped

in $ection 1.ä.b. Ëiesutlts correxporrcl incl tm'L:wm sxtreffis,r

va1 lts*i o{ },:.* and var i. ur.ts v,al uresi C¡i h$ åre cgmpared I *

Fiçurre 14. Dashed I ines corre*pand ínr¡aríabiy to re{erãncÊ*

data wþril.sit the cnntinl.rnuts lj.neçi present ,nnalüqûLrs rrssurLts

prelclicterl bythe ecolronri.cal techniqute" H¿rcl¡ refere'nce üåiå{.F

requti.red åpproltimatel y {ifteren üinLrtesi, u{ execur{:: j.on ti mrir

crn ån Amdah I 4-irr::! /\¡'l rn,iri n { r.arne camputer. . /-\1 J, thel

economi caL L y predi cted rmçt-rl tE r.rere abtai r¡$cl hy

extr'apolatinn from the re{erence sornbination o't hl 1.-.=;5 170

hr*=t-l .7Ël and I'i.r''a't. J.8¡,: LL¡at . Ëqr.ta{::ion (rI) h,äs enrployed

to obtain, {or lai. 1t'r!.1Ê}:r:;ltL+o vaLures 6{ Nx in l.: iq;lltr-e* l.4a

çorreËponding ta the dif{erent values s{ h*. Equation
(1ll¿ti wå5 then utçiecJ ta obtain Na* f or [,]¡,r**4..1Ël:¡,:1,¡-¡a, årlLi

hr''. ïhen equtatien (31) h,ås again ursed to nbtain tliel

rernaining points of Figutre 14b. Llper"atior¡s åssociatecl witl-r

equr,nti on (rl ) and (33) wore per{ormed nn a progrårnrrrabl e

cal cutl ator wl-¡i ch produced trernendours computt,ati an.al

I Subgcr i pts desi çnate å
and h*.

parti cuI ar carnbi nati on of Nr'ï Flr'



Section 1.3 päqe :t"/

savi ngs.

and

Even sór Figutre L4 indicates that the

predi cted ratsurl tç ågree

re{ errence

werl I .
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ÊTNCLUËTONS

An åpproximate techniqure wåË derveloped to deterrnine

the {IexutraI respclnse of å vibroimpacting beam' 'l hal

atrcLrråcy o{ the technique was assessed bv t-tsinq ån exantplc;:

in which the bearn'E e>tternal excitatimn h¡ås å .ginutsoid;il

pCIint Io¿rd. 'The resul.ts eirüwed that the techniqute

siqni{icarrtly redutces computtatianal e¡ffart yet l.arqe.l.y

Fre$Ërves acclrråcy. "this arcLtr¿tcy ci\n be i.mproved Lty

cnmbirrinç the apprcl)íimate l^,¡itl'r a putrel.¡ nlrmerrcal appraercl't

to predi ct the det¿rr I s u{ l ate cnntact f orceç" Ë:'r'crbl emç'

åsËclcratecJ r,¡itlr å Ltser-{riendlv presenLatiurl a{ the

clynami. c i ntelr*ct i nnçl betweeln å tream and :;top þ;erË aJ. s,ct

r¡t-rt I i nerd.

lll thor-rqtr the äppr"ox i n¡ate techrri qute prcrvi. derJ €t r¡uti cl::

compuuLatr anal 1y e{{ i ci ent ovelrví elw. i t* Lts'Ë d j. cl nc¡t

prorjurce fíns detail:i 1il,:Ë: ctratter. 'l here{orer åñ tr.}nÊir"qy

cr i ter i on þrsrs sutç¡qes{:ed by tlh i. clt the possi h i l. :r. t'¡ o{;

r:hattsr måV be prelrJicteld fr"clm å ¡:rri.ct'i j.nii urnt*tt.j.r..rn',

lìeveral, i I I urr*,trati onç: o{ rapi d col I i si. r¡ns tr¡rrrd*ci '[.c:¡

sir-rbgtètrrti ate the criteri mn.

Arr economical approach w;rç t.hen duvelTapetd to predi,ct

practi. cal 1y i mportarrt rnax j. mutm i ttt¡:act {crrces yet decrear¡e*

the compurtatic¡rral. ef{ort. in denign sitrrations where 'Lh*

material or- cIe-.arance pararneter-s o{ ån in'¿år'r¿rnt
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conf i gurati on rnåy be changed. The mai n novel ty i n the

approach tay in the e{{ective use of å set o{ non-

dirnenEional vibroimpact parameters' from the equtatj.ons o*

motic¡n. 'l"hÍE allowed ån extrapolatj.on {rom the resutlts û{

åny one çi ven combi nati on o{ vi broi mpar:t parameters. Ï'hes

vi abi l ty o{ the approach wås asselssed by utsi nq å

v j. broi mpacti nç beram exårnpl e wi th no e:'{ternal l aad. I'he

approach proclutcecl trernendsLt* computational E¡avin$s. Ëvert

ËrÕr re{erence ancl predícted resltlts aqreeld welI.

l\ combination c¡{ at I approaches Ëårì bu t-tsed

economi cåi I y to apt i nral I y deei qn vi broi mpact stops, '[ l-re

ens¡rgy criterian cän be enmployecl to checl'; desiqn

alter-natives wj.th respect to the cltËLtrrêt'rr:er o{ chatter arrd

its cafnplitude. The criterian only requtireø llr¡owledgel t:S

å beam*lil:e strurctLrre's total kinetic ancJ strair¡ ener'çies

jurs'L, be{crre an inrpact. These valutes are ¿\ '{:t-tnc'Lior¡ c¡f the

strLrctutre's die,placemerrt and veloc'.i.ty and cår¡ be* predic'Lerl

quite åcüuretely by usinç the appro¡limatu,l techniqute*. Thul

fiågnitutde o{ är't impact f orce cür'respclndinç to di +f erent

con¡hinations, o{ vibrc¡irnpact var"Íab}es can tþ¡or¡ bel

extrapol aterd f rorn åny one cofnputed caËe by utei ncl 'tlre¡

econmmical approach. Finallyo when a staqe close tu the
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final deeign hag been reachedo ultra accurEte historiËs

cån always be compnted numerical ly.
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CHAPTER E

INTRüDUCT ICIN

High impact stressee åsËctciated ¡¡ith Enubber¡; havel

Ied to alternatives being congidered {or contrçlLinq the

seisrnic response of pi.ping systemt. 'I'hese alternati'¡es

årÊ eseential.ty durctile n¡aterials ull"tich år'ür ciesignerd tc:

yield under severe dynamic conditÍonc. Herrcet contrnl

trourld be achi.eved by a virtut;'rlIy ineLastic rather th¿rn tl'¡e

eLastic action o{ ër snutbber'. FnrthËrrnor€ro the cc:rt'L:inucLts

cmnt *rct r:r{ the dutct i L sl devi çe wi I I prernr.tmab I y retducerb.he*

.¡'hreEç penal'Ly i nhererrt to tht¡ sånutfJber ' st i nteirmi'h.terr¡t

action. 'T'he {eaçibilty ç{ ursirrç¡ this appraacl'¡ h*tt,ü treen

parti at 1y ex¡"rI crecJ expsiri. mental .L y [ ].7*1f l . Ë'i pi nq wäli

modcpl l ed ei ther as ¿'t pI anel or sparti al {r'amu i n re{erence.l

LL-/J atnd ref erence l- 1Ë-1çl ? r'r*spelcti'¡eIy' It Þtåtii r"eç:orted

i n re*{:ererr¡ce t 1'71 that suth¡stant:j. al yi el. cli, fiq c¡{ dutcti l e

reçtrai nsrså l owered a f r-ame's; f ltndamental natltral

{regurency dure to the,l hysteretic action o{ the yielding

deviÇËF. (It wåÊ aIç¡o claimetl that tl¡iç nct-imtr

:.,'utbçt¡*rrtially j.ncretased the clanrpinq. ) Howevsr',, 1t t'J¿tçi

{outnd in ref erence t lf l that å restrainer':i ef +ect,i'''Ës

sti f f negs o whiclr depends Lrpmn the amoutnt c¡{ de{or-n¡atien.

increased å pipinç system's natural 'Ërequencies. A simi. lar

cclnclursi.on cån be drawn {rarn the Fast F'ourier Trans{clrm

THE UNIVERSITY OF MANITOBA LIB'ìARIÉS
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(FË'ï) resurlts reported irl ref erencet 1'71. It wäs alscr

observed that whÍIst the fundamq¡ntal mode dominated the

respÕnsê when the spatiat pipino h,ås reetrair¡eirci

i nel asti cal 1y thi çi was not the case wÍ th ri gi d reetrai ntE¡,

t I9l. Ëichnei der et aI t 191 cornparorJ the e){peri mmnta.l.

behaviourr of å s¡latial pipinç *ystern restr¿rine:d L¡y ei.Lher.

snl.r[:]berç. or yieldir¡q materials, É\E expectetd., enubbers wer-e

founcJ to limit'tl're pj.pe'ç: rnrulion burt, unIil.,:e inelå$tiq

restrar ners, 't:,huy i ndtrcaed hi qlr {requtency enËrçy i rr tlre

piping and gåvËÌ å larrge stres,¡ penalty. tln tl"¡e ntlrelr h¿trrd,

prclper" I y chosen i nel asti c re*trai ners:i redutr:ed the gtrsss*s;

but'1, t^r€r'€n lnerf{ective Ín attenutating'the rnotion çf 'Lhel

pipel. Irr alI thel reporterd eliperime¡rnt¿rl wor[,: tt'7-'1.?]r the

sel ected pi pi nç sy,steme; þJere exci teld b:y me¿tnË c¡.f thri.r

Ehal,:in€ table' at tl-re Earthqurallo Ëilnqineerinç þ(esear.ch

ter¡ter' (Ë:ËRü) ! LJniversity of Uali.fornra at Ber'llel.ey, Ihe

t i me lri,stc:ri es {ed tn tþrm shalter- welr"Gi,! based mn the ]"ËtF-l

earthquah:e þJtìiçh has a broacl {requency spectr.utrn, l.lnwer¡er'.¡

the me,nrçurred resË)onsê spectra of the $hall j. nH f atrl eil þJ$!t",6.fl

dj.{ferent 4rom the actnal earhhqu;,rlr:m . Lar-ç* diupl¿rceinent¡i

at frequtenci.es lees than t.i.I Hr ar¡d sirr¡all displaceme*nL:e

at frequrenci.eei qreater thar¡ abourt 1() Hr were b¿:tli

e{fectively {iltere,rJ ur-tt dute to the tnt¡1e's propertiets,
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'the present worll repor.t li; tþ¡m resurl ts c:.f an

anal yti caI sturdy wtr i ch w,aËå conductecj to comF) I ernent,

previOus expêrirnental, wclr[r: and ürËËeçig tlre effectiveness of

inelastic restrainerçr. 'T'lre* rnathematical model wå$ de.¡t:--

Ioped l¡y ursinç å {iníte etemunt approach. Tt is c¡ener;r}

in terms o{ pípin-q çeornetryo Ioca'b.ion ancJ nlrrnbær sf

res'[rainer'ç¡. Tn additiclno thel morJe]. pelrmitted å cÐrnpÃrisori

betwelen the per'{orrnår¡Ëe c¡{ elas,trc aricl inela:¿trc

restrainer$. "Dynamic" condensaticln trrll r{å:å intrsdurcsd tg
redutce the carnplrtational e'ffsrt requtired ír¡ the rrurnr,i¡r'ical

ev,¡tlutatiun o{ the eqnations nf rno'Linn. lln eunmp}e is
presented wherein å tu¡o*dimensiorral [J-fr,arne was cub,jectecj

tu a f i ltered and ttn{i lterecl IAF]" Så9Ë enr''b,lìqLr,Ëi\i::e' lnardirrç¡.

Ëiesults tend to show that yietdin{:t lnaterri¿'irLsi èrrer

inefiective ss energy abEorberE,
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ïhe

structurraL

THEORY

dynamic reËponse o{ ån

syetem can be represented

page 44

s deçree-o{..{reedom

by [ 14]

f Ml {ur' ' (t} j. + tCl {r-r' {t) } + tþ:.1 {r-r tt) j, tF ('r. ) ](rr)"

where tl"l1,l-c1 and rþll are the time invariant glohat mäss,

dampi ng and sti f f ness rnatri ces, reepëcti veI y. T'hei r sþíË

eLernente are usually determined by using a s'L,andard fini.te
element approach t 141, Tl'¡e g:'{l {Ë'(t) l. ancl tur (t) j. matrices,
cln the other hand, cûrreepond tn the time dependent ].oacl

and di spI acernent vectors,, rÊg;pecti vel y. lù dc¡t sr_rperscri pt
denotec di+ferrentiaticrn wÍth respect ta tirneo t.

Ëlecnutse o{ the geonretr i cal nc¡n-l i nelar i t i os i nher"rsrrt

tn restrained pipinç systemsr elernEnts of :¡ti{{nesç
matrix tlll undærqo chanqes durinq the dyrrarnic re*pön:åe

which alter the vibration characteristtcs. T'heresrrr-e,

normal coordinate uncclLrplirrg o{ equration (3s) is nat
Etraight{orward l-141. coneequently, nurnerical step-by-.step
i ntegrat i crn o{ the courp I ed equtat i c¡ns i s of ten ursed . Therr

cal.culations are perf ormerl by assurninq the system to be

Iinear in ä sutitably Eho¡-t period ,at. However.o the
stiffnees may change at the end of the períod so that å
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non-linearity is treated eseentially

characterigticg. Time incrementxo

i dent i cal . Theref ore , the equti L i br i utm

page 45

ås e eeries o{ linear'

Atn are

of fûrcesi

usural 1y

requri res

tFll{u" (t+Á,t)} + tCltur'(t+At) + Ëþ:.1{r-r(t+at)l'

(3f) frorn equation (?4) yields theSurbtract i nç

i ncremental

equati on

form of the equatione of motior¡ ðË

l"l'lj{¿ur.. j. +. tül.iô,u-} + tþ,ltô,utj. tô,F i. rt5)

The basic operation of the step-by-step soluttion is the

conversion o# differential eqltations (ãS) tu a s'et o{:

si rnutl. taneous aL gebrai c equtati ons. 'Thi s procedutre cån be

åccclrnpl. i ahed by i ntrodurci ng a si mpI e rel ati onshi p betweerr

the diepLacement o velocity and accel eration which i,e

assumed val i d over At . 'Ihen the chançe i n veL ctc i ty and

acceleration can be eupressed in terms o{ the incrernental

di rpl acement. Oonsequentl y o onl y c,n6 urnllnowrr ventr:r'

rernains in the incremental equtilibri.um equtation. It cån be

evaLuated by a etandard Eimutltaneourg equrertion euluttic:n

procedure 1i [re the ChoLesl':y l'lethod [34]. RecurEi ve

rel.atione for dieplacements and velocities¡ which Ëtre
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determi ned more conveni entl, y i n Appendi x A3 o cÕnvert

equation (25) to the f ol lowing Eimultar¡eouts equations

tlll {Au} caÈ'l, (îå)

Here t¿lF], the e{fective incremental Ioad vectoro is time

dependent and, therefore, has to be calculated at the

beginning of each time dtep, T'netËi: c,r ef{ective sti{fness

matrix is a function o{ the time increment at. If tlra¡

l atter remains urnchanqed throughourt, CÊ;: wí I t neecl

caLcr-tlatinç only once {or a cornpletel.y linear eyetern. tfn

the nther hando tÊ'j,l wiIl be ursutalLy dt{ferent {rom one

step to another {or å geometrically non-linear syøtern and,

thereforef will need to be urpdated corrFËpËndingly.

ïhe practi cal probl ern o{ usi ng phyei caI restrai nËr's

to controL the behaviour o{ piping øysteme can bo g+o1ved

irr principl"e by usinç ttre previoursly descríbed approach.

Hnwsvero the ctrçt mf updatinç the {uII sti{{nesE matri¡l at

the er¡d o{ each time step cån be prohibitive. Not¡ ttre

6pêci f i c pi pi ng øystem to be conei dered here e>rhi bi'Lc

non-Iinearities only where the restrainers are paeitioned.

There{orË!,r the non-I i neari ti eg are I c¡ca1 i rsed whi ch rilcìl:iÇis

feaEihle the use o{ "sutbstructurring" to significarrtly
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reduce computational e{fort [ã1]. For convenÍënceo the

degrees of {reedom pertaining to the ttme dependent

elements of fül wiIL be called "non-linear" whilst the

remainder wiII be te¡rned "Iinëår". $ubetrr¡cturinç

eesentially decomposes the Iinear {rom the non*l,irrear

components in equtation (?å) ga that

tl,l'l !â9uul
.[ Auu].

!*fuçI
tAFul'{ l ït

(ä'7)

where gurf {ix rrNLrt and rtLrr correspond to the l ine¿rr and

non*lÍnear deqrees*o{*{reedornn respecti'¿ely. l'lte {Ar.tr--l' årG¡!

condensed at the beginning o'Ê the step*by*ste5: soluttion by

per{arminç a symrnetric backward Ëiauts'sian elimination t33l

crn equation (?7'ì. ConsequentLyr oñIy r equatione need be*

salved in each time Ëtep where r is the nu¡mber o{: nclrì*

l inear deçreee-o{* {reedorn. The el imina'L,ion cårì be

prograrnmed e{ficiently {or FoËrË-1.r5-3r .(r+1} by

using the following operationE on equation (?5)
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(þi.,,¡)r¡ew kp-r-ïç-.--
þ;rop

kr.¡ lri r. t

(::a)

(.ôF3 ) ¡{Ër^¡ AF¡ ÁFpli¡.
þ:l¡"c" .i-.t /)

-r-¡ t¿t
t*jrj+

.. ..' rP-l
I , " , . , t',- 1

Operations åEsociated with equåtion (t8) qenerate the

lor+er triangle ctf the ff,l.l rnatrix. The r-tpper triançle is

obtained implÍcitly by en{orËing symrnetry. This procedutre

resernbl eã "ståti c " cctndsnsërti on t3Õl thr-ts {ar e,rcept that

the recovery of the condensed deqrees-clf -freedom lras to be

pÊr+ormed åt eåch time stãp råther tlran åt the end c]{ the

Ëornplete solurticrn. "l"he recc¡very is åccctrnpliEhed by the

{ orward gubst i tr-rt i trn

( ô,15 ) r.¡¡¡w

r.-1,
\-4.

) (1"... ¡ ) ¡rsw aur-¡

j=1(4u,.. ) l':rc] \
(þ;... * ) ner.¡

r.. Ë r"*1rr+!r rÊ.

The out I i ned procedure hås been i mp I ærnented cln

FC cornputer eguippÉd h,j.th lfB k*bytes o+ nremory

UCSD p (operatine) syetem täSl. The developed

could pretJict quite accuräteIy the er¿perirnentðI

ån I Ër1"1

ånd ä

progr-åfn

re,suI tç;
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reported in referenceE t$l and C41.
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RË6ULTË AND DIËEUEËIT]N

The resutlts presented here år€ baeed upün the

algorithnr descríbed in the previoure sectiun. I'her vibratincl

system sel ected was basi cal L y å pl ane f rame t¿ j. tl-r å LJ*

confiqur¿rtion Ei.milar to tl¡at utsietd in reference* iI'7-1. 'lhe

sy*tem was supported riçidly ¿tt the tr"ro ende of 'L:he Ur åË;

shuwn in Fj.gure l$b. l¡11, the materi¿tl properties o{: thrr

{rame and other re1¿rted constantts å.re gi':eirr in þ'ir.l I-rre 1f.

T'l-¡e finite elernent model of the {rarnu cnnsisted at thrc;¡e

eL ernents each havi ng tr.¡cr d r ep l armnrerlb.ç anrj clne anqli.i, ar'

ratatir:n at üi\ noclffi t:ll.::l, "l"he l.lewr¡¡ar[,:*'*i metftorJ l:.:;lS] t4rirs

r-rç¡t¡cl to conr¿ert the incrsrnental *ur-rn n{ the,r u'qr"la{:i.t::l"ts o'i'

r¡o'Lic:n ta ër syetem ai sinrurlt*',rr¡tilmr..ts equration$. 'ihe t:i.mci.r

irrr:r'ement, Ât., r,¡¿rç chsssn equtarL tru 1¿lijtt-¡ th+:;r'{: utndamc:rnt:¿,1 1.

n,atur-al peri nd c¡{ ttrer f r;tme. ttotþt the actutai, ¿rnci

lìi, l.ttlr"ercl 'Ttìl-rl Ëi69H: se¡ismis histarie* wer"F uurecl ürF e¡rc:iti.tru!

Inads. "lhe {iltererl his'br:ry w,*Ë c"rtrtained hy cjiqj.'Li;':i.ncl tl-ii:ir

rsç:rpfinsÊî u{: tl'¡s:r sha};inq taL:1e r-eparted in re{er-s;rrrccr

t171. Accelerati.on sperctrat cl{ b¡otl'r l"li$tË¡r-iesi år-e

pr'ærentedo fnr cunvenienceo in l:iiçutr'æ 1å wher-r¡ it cran bcl

Ëecnn th¿rt the actual earthqur,al':e hasl å l¡rnader 'l: requtuncy

spectrurn than the'f j. ltered clrre, Ihe inelastic reg'Lrairtt':r'

waË simurlated by å yieldrnq rnat-eri¿¡rl havinq the qerietr-,¡ltl

Io¿rd*displacernerrt clraracterÍsticç ç¡lronrrr in F'içltru 1..¡¿r,

T'flre acceleration øPectrao
calculated bY using the FFl'

relprted in ttris sectícrri t L\'src3

algorithrn o"f: re{erernce t!,161'
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The materi.al's character rnåy be re¡;r'esented by a bilrnear

hyeteretic loop which cän h¡e desrrribmd by the eti{fnÊEsç.r$,

l:l r and hln antl the yield displacement r i.{r." "l"lre å(r'ðër

enclosed by the Ioop re¡lre*ents tl-¡e lryxter-etic enerqV

dj.sllipatecl per cycler. 1t equrala 4(kr-"1':a.t {x)/}iññx-.xT) ¡rrher-e

).ím-," i * thell rna¡r i nrurm di spl acernent c:{ thm rmçt:r-ai rrer-

durinq the cycIe. üne restrairrær" al.nne r¡Jas Lrçecl at the

Loca{::iun itl"re cc:rnmr ¿rrrtJ j.n the såmc* ¡rlaine ås:i the* l.,l*.Imop)

whe¡r'e the maximum dÍsplacernent wås an.hicipated,, f-ln1y

tha.+ peal'': dynarmi. c r$siFonÍiEr i s c¡# i ntereçi,1. Í n the ¡::r.esent

rrrclr'[:: hec.rurse the primary oL¡jective o.Ë r$:åtrairìåîrË is tc:

Iimi.t trnnsierrt exc;r".rrsj.mng c¡{ .L:f're pi.pirrç. /-\n isç¡me'[r.jr:;

illt-tstration of the pipirrg eystern shotrirrc¡ ttre re$trainer'

I ocati c¡r'r i s gi ven i n Fi qur"e 15c

'the rystr*m :slrc.ruln in Fiqutre 15 wås e¡tcrterJ

horj.ront;rl1y in the plane of the {rårr¡Ét by åppl.yinU t.fle

f j.lterrerj 1"llF1 Så9Ë eårthqLr{fr}::e to tl're riç:id *t_rppor"tr,. It:

t¡lå'l:i qeneral l, y mbsltlr"vecl tlr¿rt 'L,he {: utndarrer¡'L,erL mocje o{: tlre

sys'Lem cJorni nated the clyrrami c reçiponse. "[.he acce]. erat i orr

spec'L:r'a n{ the unrestrai nmcl and res.[r.ai ned øyetem ãr€

pre*ented in F'içurrer 1Ë. l"he restraintlr csnsrsts r:{ å

yi e*L di nq mater" i aT wi th sti f f nesses ll r and lt:¡ of .5t)()() ancl

I5ür) l.b+/inr respectivelyo and êì yiuldinq displacpmernt,
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!{r,r eqLrål to ü.11 inches. 'The resutlts chow that the

restrai ned system ' s responËÊ wårl I c¡wer,, Severr al

additional resurlts were then generat,ed {nr the restrained

c¿15Ê wi th h r and hi æ llept ccnstant whi I et tþre tiv w,Ërg

varied f rom 1.t) to 1ü.ü incheç. I'he ob-iective wås to

determi ne the ef {:ect of the di ssi pated hysterc.t'ti c

Ênsrqy. É\cceleratiun spectra correspondinq tn x' equraJ.

to Ir S and tü inches ¿rre displayed in Figutre lgao h ¿rnd

ç, r'espectively. It cän be seen f rom thm main pealeø that

increasínq ).(r, {rom I ta 5 inchesr rF ec¡uri.valentIy

i ncreasi rrç the amolrnt o{ energy di csi pati on, r'edutced tht:

system's rËsipclnË$. Howerver n å {: utrther increase tn Lt)

inches harrdly changerJ the peahs. l.t cän a}çto be observed

{ram the irequtencv shi#t m{: the gl.obal, peal.r that {::|"¡er

furndarnentcrl naturr"al frec¡utency o{ the systæm qener*iì. I1,

inureased slj.qhtly r^ri.th a rise irr ì.ír,. Thj.s i.mplie* tl¡at

the behaviot.ìr o{ the r.rhsle systern is stÍffneEs contrslIed"

$utch ðn sbservat i on rai. sse .the qltest. i on o{: what i E real l. y

cautsi nq the redr-rc'b,i on? Ëor-r1cl the syetem'ã respctnse bu.r

redurced bv strictly adding sti{fness throutgh ¡åri elastic

reetrainer'i l\lternatÍvely, is sctrne restrainsr de*{ormatiort

and , hence I energy di eEi pati on essenti al 'l These

questions åre ånËwered best by introcJutcing a hypotl-reti.cal

restraininq material which yielda butt does not discipate
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enËrrçy (i.e. the årÊä encloEed by the lrystereeis loop isi

ee'L to aero. ) St.tch a materi a'l haE thei general I sad*

di,splacement characteristice shown in Fiçure 17b. llcci.e*

ration spectra of the svçterrn restrained by a hypothetical,

material travinq the same sti{{nessisns å\s the trute yietJ.ding

ma'b.er-iaI bnt witlt x. equal. tc: ä *nd 1() inches arcn s,ltclvrrt rn

Fiçnre 2{)å and bf respectively. The cloeel si.rni lari.ty

between theçc* resLtl tsj and thase i. n Fi qurre Iq

trÕr'resipondinç to the actual yimldinç m.;rteri¿r.1. clelarly

r nd j. cates thart the di aei pattecl en@rçy has vi. r"'Luu¡I1v rrß

ef'$ec'1," "[here{cre1 ther reduction in the clynami.c rE,ËpL'}nEF,.r

is¡ clutel saIeIy {:o the freqLtenÇy ehift re*utl.tinq {: r-c¡nt L,ltt¡

acJclitiona'I stif{ness o{ the restrainer-. l"his finclinq :Ls;

explaine'*'cl by comparinç thril urnrestrainp.:ld *ri cJ ret¡tr"¿iinsd

eysterm'ei acceleration spectra di*platyecl in lri.gurre Iü¡r arid

lklh {mr the ii ltered earthquetlle c{: F'iqttre f a¿t. fì care{:utI

er¡rarninatron r¡{ Fi,qnre Låa and ItTa will reveal that thn

{urrrclament,nl, n*'L,urr"al[ 4requtency o{ the utnrostrai.ned $Vst"ernt

cnrree;pcnds to ,¿a relatively hiçh rnåçtnitutdei u'Ë tlre

æar"'[hqural;:ßï'çi spectral acceleratit]n" 'Ï'he additiorr ¿ri.

sti {f ness of the restrai ner si i ghtl y i ncreases",, the

svsten¡'e natural {r'equtency and må}::eË j. t coi nci de wi th å

I ower spectral peak. ïhi s resut.l. tei o i n tutrn n tc¡ thel
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reduction in the dynamic respclnsä. Houlever, by the earna¡

reåstrning, å respclnse ampli{ication coutld have ensuted i{:

a|" {requency is shi{ted to coincide with a híqher

spectral peall o{ the { i l tererJ eårtlìqLtål':e. RecaI 1. i ng that

the fiLtered spectrum is qr-tite nårrowo it rnåy b:ep

xurggested that the stame restraine¡lr may not be sc e{{ectrve

f or the actual (broad ) spectrutrn i nherent to the 'f flf:l

earthqurake.

i he s;yrtern of Fi. gutre 15 u¿as exc j. tecl bv t.te;i ng cl¿t'La

cclrresponcJi nç to the actutaL rather than the { j. I tered l'AFT'

eårthqL(.âl'':e'" Againn it wås fnutncJ tlrat ¿i clus.e srrnil¿rri.tv

e¡listg hetl+een the' spectra cclrrüiçsprrndincj to ths trute ¿rnd

lrypmthetj.cal yieldinq mater"j,alst. fir¡ the ntfielr hanclr ül

comparieon betweer¡ tiril ËtcËçÍ.i.era{:rort spec'L,r-"r 'ln Fiqurre J1

i ncJi cntes that tlre syti'hei'm's psiËr[:: re5,pc]rif]si has

utntJes,irably increasecJ af'ter- restrai.nt. 'Thie simply fneån!:i

ttrat ¿r {requrerrcy ehift is bene{icial in E,únre, ßå:lftire; ht-i'l,

npL in otlter-s. "the outtcome dependra to'L,al Iy t-tplcrrl the

relatj.c¡n between ther {undament,al nsrtutral {; r"eqltelncy c{: 'L'ltu

system and the Trequenci e; cont¿ri nerc{ i n the sei $mÍ c

exci.tartir:n. However, it is' di{{icutl.t to åccutraLEly predÍ.ct

the frequtency content o{ earthqutal,:e*s clute to their'

urnreliable natttre. 'T'here{ore, there.u¡i1I be no qLtar-ar¡fr¡e

that ån inelastic device wilI always be e{{ective.
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It wås ghown previ ousL y thatl, the enerqy

di ssi pated by the yi el di ng materi aI i s to¡¡ srnal 1 to hcr

considered valurable in reducinç the system's peal¡:

rëspÕn6e. This ohservatíun cån al.ao be sr-rlbstantiaterj by

considerinç the müre comaronly used equivalent víscor-rsi

damping ratiËr¡l:ca. Hadjian t3ól has shourl the adeqlracy o{:

the model propoeed by Iwan rrTl for pnerdi.ctinç equriva.l.en'h

dampinç valures o{ nc¡n*Iine,*r' sys,t,ems st-tb.jected .[:u

earthqual,:e e¡lcitatic]ns. 'lhe da'mpinç equtivalent ta tl-¡Ë.r

hy*teretic,r¡ction o{ å yieldinç m.aterial:iç gi.¿eln hry thc:

empirical rel ati onshi p t:if I

r). ::tìz !.
I -. æ (). {:)fiä'7 ( l;rl )

whsre )im¡x is the mar:imutrn amplitr-rds o{ ttrte r'Ê!spcJnsi(ri and ).{r.

ie the åËEctciated yielding clisplacc'rnent. 'ilre So.,. wËrs

{ound to equtal onl"y 57. {or the present piping exarnplel

wher¡ excited by the actr¡a1 1'É\Ë"1" earthqural::e änd reçtrainecl

L¡y a material with a {airly reprÊsentative yieldinq of 5.{)

i ncheg. siuch å srnal I percentage cannot t¡e e>lpercted tc¡

contribute stgnificantly to a rsdutçtion in the pipincr

system's peak rËsponse- It can certainl.y be argued th¿rt

insurfficient de{arrnation wnE aL[,owed fc:r this partrcutlar'

-ìi.r.¡.*,- *i'i v
1l
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exarnpL e Eo that no ei gni { í cant energy weË di ssi paterJ 
"

However, surch ån årquÍìent contradictç the main ob-jecti,¿e¡r

o{ regtraints which is esEentiallv tç Iimit errcessive
trarrsi ent excltrsi ons o{ the vi brati rrç eyetem.
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ËT}NCLUSION$

A comprehengive str-rdy was condu¡cted to cornpLoment

previÕus ei.iperimental work and assess ths* effectivene*ss o{;

i nel ag;ti c reçtrai nerã, The theoreti cal moderl was de.¿el nped

by utsing å finite elernent approach and it is gerrarraJ. in

terms of pi pi na çeometry ! l c:cati on and nutrnt¡u*r" o"l:

reetrai ner'Ë,. Ilynami c condensat i an wås

complrtati onal ef {ort rec¡ui red

of the equrat i ons of mcrt j, on.

redurce the

i ntrodr-rced tt:

i n tlre nurrnerr i c¿rl

eval uatí on

pr eieornted

Éìn ex amp I e wås;

wherein a tu¡o-dirneneicrnal U*,{rarne was çurL¡.jelctr*d

to a filtered and un$iltered TÉ\Ë't Så?Ë ea,rthquralle loa.dinq.

ïhe resutl.tsi tend to disrcclLrrrärJÊ the urse n{ durctil,itv {c,¡r"

dampi ng sei smi ca1 1y r nduced excLrrç¡i crns o.f pi pi ng øystems.

However" , ä yi el d i nç mater i nl l¡ae the potent i aI o{: trei nq

e'ilf icient i{ urtil iç;ed åË a f orce*Iimitinq cle¡vicrl rathsr-

thnn å clamper. l"hi s T attelr characteri st j. c cnutL d bç'r

ernç:layecl acJvantaqenursly on.[y i{ the irrelastrc cJevice w,ilrË

positi.c¡ned to iet:L¿rte the mechaniual sy*tem .fronr thçr

earbhqual':e. '[hen åny e¡rci ti ng enerqy wourl d bs capped

be{:ore reachinq the system. ginutl¡bers colr}d bre employed i+

urnde¡sirablv e¡tcessive de.ËIections st,i 11 poterrtia.il.y e>ris'[,.

T'he comh¡i nod urse o{ el ¿rsti c and i r¡el asti c delvi ceE måì/ be

arJvantaqeoL(s becaurse the stress penalt-y associated witl'r ìÀ

snutbL¡er' ¡+or-r1d be al l evi ated åË a resutl L o{ redurci nq the*
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i nputt energy.
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CHAFTËR ß
RETCIMf{ENDATIONE FBR FURTHER STUDIEg

. Three computtertionally efficient approache* weru.r

developed to approximatel.y deterrnine the {Iexurral respc}nÊ;s

and important design parameters of vibroirnpact eysterns, /.1

comhinatj.or¡ o{ the three approaches cän be rreed

economi caL l y to to reach opt i rnurrn desi qns. Howe'¡er n the

aFp.l"icabi I ity and accLtråËy a{ these apprnaches wëtË, orrly

ænplored for vibroimpacting beamg. "fhe¡re{ore, 'tl're

{easj,bi tty o{ extendinq the$e approacheø 'Lo filclr'€!

cürnplicated syrteme shc¡urIcl be irrvelstigated.

A str-.tdy wae corrdutctecl tç åsås:iÊEç! '[[le Lrt;F of

i nel asti c restrai nsîrç f or cXarnpi ng sei c;mi cat I ¡' i nduced

excursiunr¡ o{ pipinq eiystems" Tl'rti'r rslsr-rIts introdutced

dr:ubtç aboutt the e{ { ec'h i venes,s t:{ these resítrai ners trtren

utne*d år$ ç!nergy abç¡orhers. l'iris {ir¡dinq needs tm b¡a¡ fnor"ci

thar-troutçl"rIy investigatecl by doing mclr'$ exhau,*'ti'¡e

cornË!å\r'içinns ursinq o {or exarnpl,eo randorn e¡:ci,t¿rtion. ïn

addition, the ir¡elastic reetrainerË havu the patential to

{ur¡ctinn åsi åtr'r irrput force Iimitinq device. This pmtentiatl

is to be expLored"
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APPENDTX AT

I{ the arnpl it-r-rde, tlo o{ ttre e¡rternal load itli

su{ficiently Iarge that inrpacts occLrr" in the exarnplm o{;

Fi gurre S î then the equrati on o{ moti on dutr i ng cantact x s

rn Z"(t) +' (þi+k) Z(t) O sin ftt + l:.'Zt. tAI, 1)

T'he Z(t) represente the

eutperecript intlicatea

timeï t, 1'he sc¡lution

re{er"ence t5l åE

displacement o{

di f f erenti ati orr

fnåg!3 m ancj å dot

respect to

is qi.ven in

wí th

of equra'tior"r tl{1. 1 i

7t l{*sl}3::-
( l:+l'. ) ( l. *¿1'* ¡

ËC¡E {*}'r" tt-'t-i

z (t ) -þ

+.

ã, +,,.,,- - ül!* cocå !)to s:i,n u - {t-t*}
* c-(35 u'", ';t*t.,)

ü)n ( l::."1'[:: ] ( 1-¡¡æ¡
llZ¡ I

îi:+t') L

*.,1"t .ä,i.r..ü! --.
{ k+ti ) ( J. *g:u ¡

+ I
trì1" 3)

t¡lhç.'fæ 7t and 'l:- årÊ the di spl c¡cernmnt

o{ the osci I I atsr at the 'Ë i. rtgt

nnd vel mci ty,

respecti vel y

it contacts

[ (['::+k) /m)r/;;t'

the etop. 'lhe rratutral. {requterrcy

r rìstan'L ,, t*, 
o

l¡]n ' eqltal. u

o{: the stops

i s r.: I nse tc¡

and d=il/ a¡ '^. Now the pr i mary LrÍlo

üccurs i n practi ce when the osci I I ator al orre

resonance su that tl equal s {l!.:./ m) L / ¿tt . "l"hen
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ll I (É\1..ii)Ê
ÛJ Ir"*] L /',;¿

Fnr stiT{ stopsl }': /},:. ::.}. I ancln henceo it can be

equtation (111.3) 'T'ha't ü is murcl-r lesis than

{Jansequently, equation (/11..2) then redLrceË tcr

gclen {: rc:rn

unity.

'1" t coç
.. [':Z ¡.

( ll+þ::)
¡
Lt
û)' n

0'", tt-t*,)
z(t.) + [1

t

cclÍi kl'r"(t-t."1 l

t!
""-ti-.,
k +þ:.

l, /'å
+ sj.n 0'," (t.*.t*)

h
\Hr. ¡.t Ì

The contact {orce is simprly

N{t) tl'::+!.;) Z (t) ü\1 .4 )

wl-richo by ursinç åFpro)rimation (É\1.:l'),, becnn¡es

N(t) fn z f.
Ët"ï* ( |::frr) 1 /iE üJ ñ sin u'- it-t-) tf:tI. ä)

l'he form o{:

{orse, N (t} ,

equati on (41.5,t st-rgqestç that the contact

is hal{ si.nLrsoidal in {c¡rrn {or å sinqle
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oscillatc:r colliding

equatian (41.5) may

abbrevi ated {orm

against a çti{f stop . Êonsequent ì. y 
o

the more convenientbe rewritten in

N(t) A sin +t (111. åa)

where
t
L

Ë!f'l s t.¡'n ÍnZ r k
( l¡flii r /iI

ancl t/ll.¡rb)
+'t s ¡¡',, (t--toi
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AppandiN At

Ë.nernv cri terion for oredicti, nq the ooeEibilitv of chatter
The physrcs o{ the chattær. phenomenon cåri be

utrrderetood best by str-rdying tlre vibratj.nq strutctltre'¡i

total enerqies. t-onsider o {or exarrple.', the transverse
vr bra'ti nn of a c.rnti I e.¡sred beam de{:I ected i nr tr e.l l v

abçvm ün el¿ietic s'Lctp. 'l'he beanr .f j.rçt tr-"rveIg dçwrrw¿rr.cjç1

clr- Lor+ardr:¡ the stop after ræ1ease. i:l poirìt, sp:r.irrc¡ fc}r.ce r.s;

qeneïrated at the rrnpact r..rhich rnamelntarily {crc: {*s thû¡

bura¡n 's pai nt c:{ cantac L utpurar"cl . slrh:r.erqr-run.L tr.a.yeL r^¡:. I I

deilpencl Ltpon t.he beani'e overall tlinetic and Eitpain errerr-gies

anrl the etrlp'e; Ic:c¿rtrnn, I{: il-¡e e;tuç: i:s Lur:,att*tj *b$vs¡ tiie
bel*rnr'si stati.c eqt.ril.ibriutni pusition.' bath tlie l,: j,netit.:: ¿incl

strnin çne¡r'qies wj.tt rlrdutce the bt:lam s nun*cnnt:ac'L: pgrrrt*

tt:: rnc}vci.r clownlnrar cjs, Thi s rïreåns th,nt wl-rrlri .l.he:r s.Lop anrJ thri,r

beam c; poi. nt ç{ cnntact åre se¡:rar-erte'cl . the l, att er" r,.Ji .1. I

ßlüve agai n ( aJ. orrg wi th the non*cunta,ct pni nt"; ) tç¡1.,1,,1¡-r-J::i

the stop' Hsrrcel åri i.orrg aç; ths besarn flìcJr,¡s?s dcrl..lrrr.-¡arcjs ,:rf.Ler-

cc'¡nt:ac:: t, ttrc* L¡eanr'!i; tikely paint cj+ cnritact r..rj. l,.t r.:l c;)

throltgh å {air}'i', rapicl st-rccesgior'¡ c¡t contac'ts, anr::i 
.ñÞn-,..

cc]ntacts or' "chatte*r" wi'l.h the stop. ün the otlir¡:lr- lr,,,rt'rcl n j. l:

'Lhe etop iE Icrcaterd helow tlre beam's statj.c equríIibr-r.r-.rn¡

poeÍ. ti c¡n, then the L¡e¿rm 's t,:i netj. r;: and :;t.r.ai n errelr-qi en

u¡rIl have coutnttlrbalancirrg rn{lurenr:es. t¡lhile the [,: iriertrr
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energy indlrces the bearn to travel do¡¡nwards o the strain

energy tendg to return i t bacl: to the ctati c equÍ l i br i urrn

position. Thereforeo if the llinetic enerqy i.så qrelater-

than the strain enerqy juet be{sre a contacto the beacr

mctve$ downt¡ardç so that ehatter will ta!::e place. Hence

the condition {or chatter cån be e¡lpressed ¡nathematical ly

i

ås

ï'þ u {A::. I )

where I and U är€ the bearn's tr¡tal lcinetrc and potentiat.

enorgierüo respec'[ivelyo rmmedi¿iltelly be{: c¡re the conLact.
-f'he toti¡rL ener$y (l +U) rernai ns corrstant {r:r ð{

consnrvå,tive system so that

'f+u ctrnsi,tant Ë.r ( f\?. ï: )

Accordingly tJ cån be expreeaed in terme af "l and E ås;

U Ëlr 'T'

and n hence, i nequral i ty t 43. 1. ) can be ex prerniuuld

alternatively as
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T
I Er (Aä.:5)
Ë

Hct^¡ever r 'f cannot €xËeed the

inequality (A?.ã) can also be

total energy E-¡. There{ore,,

written in the form

I Ë,r *. 'T' :ii Ërr (É1r.4)

In sLrrnrnåry, the pnmsí hi I. i ty o{: chatter depelnd* Ltpc}n

the stslp Ë l ocati on ¡-eL atí ve to th¡s bearn's ,stati c

equrilibrium position a¡rd the beam'e tnt*tl l':inetic ancl

e'Lrain enerçies; Jurst bef ore å cont¡.rct. thartter occur$ i{

the øtap i s l ocated al:cve the beam 's starti c equi l i bri utm

position. I{ the stop is Iocated beLow this pcsitton,,

ctratter only ûccLtrs i{ condition (At.rl.) is eatis{ied

i mmed i ate*I y pr i or to the conlact .
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APPËNDIX AS

The ir¡cre¡nental form of equration {lf) i:å

t¡'ll .t^ô,u" ) + tül .iaur'.j. + tFi:l t¿utl. .i¿.F1. i f"\r, I )

By usinç recurrsive relationE based on å "f ayl ar'

equrat i on

e6F I ¿i€

expanei on, the i ncrernental vari abl es o{ (få3. 1)

cån be e¡:preesed in series {orm as

{ aur.l. 5 'iut tt+¿t )

s 'iur'(t))l¡'t

G tur'(t)]ê,t

tr".r it ) .)'

t(1/?-Ê)tut" (t)) -l' dtLr" (t{,.ô,t).}. Jat:¡¡:

{.ut" (t ) }Atä/ï + '(Aur' ' :l.AtãÊ#

*

+
( rl:i:;. ;{

,*ff d

tÄ.t-t' .l'

i r.:t;j; " :; j

"l he choi cæ

expressi on

acceleratíon's

interval At. A

o{ parameters $ and I r

(A:$, 1) and (43,l) ,

assLrrned var i ati on wi th

I i near vari ati on o whi ch

whi ch ,Åìppç?ërr

Etems { rc¡m

t i me! dur i rrq

correËpond:l ta

:.n

't he':

t hr:

the
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hli lson-ð metl¡od tJl8l o arises {rorn f'='L/â and \=t./?'. tn the

sther hand, the Ner+marlt-S method 1"251 is synonyrrrot-ts' with ä

,constant åveråqË accel erati on whi ch ernanates f rom f)4L / ¿l

and 'T=1/il

I'he incrernental acceleration talt" j'can bgl nbt¿rined

{rorn er:prese ion (A:5. ti as

'l- ó.Lr i'
1.

tAur.!' ,l' ..

drrt
'Í:Lt (tr i'

I
-î;;

&!J
tur" it)l' {A;i.¿1.)

flato

Sr-tbstituttinq expressíon iÊìf.4) into (Éì.5..I;i vields

t/rut' j' Ëi

l+
'i tr r"ts \ '!. ¡.f

t1I ::-:-:-='l Àut i'
L l-tÉç

.Tôt 1".***.[. Lr ( t- )
¡Þ À+

I tr-r tt) i'
t

I.k'1.¡

t É,rl;" 5 )

Ev atseutminç tha'b the damping matr:i.x iri propctrtional to tl"¡el

ßråss, matr i :r , wi th ü\ proport i naJ. constant c r F)í prelseii nri

(43.i;) anrj iA:i:;.4t may be eutbsrtitut'Led rntu equtatron (li.l.1)

to çi. ve

[]':.-l {Aut.} tÀFl. t Ê\:J,. å )
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where Ll*::l, the e{f erctive stif {ness matrix o is

I l':. ] tþ.1 + L
clat

I
/ft + c,Y t I'll (43"'/)

and l-Ël, tlre e{{ective incrernental Ioad vector r hari ther''r

fclrm

tâ.F] t.ô.F] + l-Ml L
d

1 + *"]

+ rôtl
{ur (t ) } I

^ô.t

+ t l,*..
'J ¡:r

I I iur" (t).1.
TÉ

i Éi:ï,, 8 i

É\n inteqrati t¡n cycl e starts t+j. th |':nown r nr ti;i.l

values; far tut{t}3'o'iut'(t)1. and tut" ('L),i.. \.rai.urrilrg,r o{

,í:aíi']' and rÊ:: are calc.t-rLated {:r'um eqrratrmn (/l:ii.ói. -l'he

sal,ution o{ equra'hion (Af.å} wil.l pt-ovrdm tlre {,å.ut,}. whj,clr

c¿ìn be slthsti,tutted into €.]xpressir:n tÉ\:l;.4.i and tÉå:::,.:ii tc:

pr-odutct* t¿\r-t' ' I and {Át-r' ,1. , respËc:'* r vel y 
"
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wi th a resi I i ent stoP.
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