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ABSTRACT

AN approsimate technigue is developed to determine
the fleuwral response typical of many practical
vibroimpact applications. The technique is shown to

significantly reduce computational effort whilst largely
prreserving accuracy. However, accuracy can be improved
by selectively combining the approximate technigue with a
purely numerical approach to enhance the details of
important contact forces. The ensuing computational
requirements, although increased sémewhat, are still
sufficiently small to permit the use of & desk-top
computer. Froblems associated with a user—-friendly
presentation of the dynamic interactions between &
structure and stop are outlined. The possibility of fine
detail associated with chatter gaining prominence may be
assessed from a priori information by employving & newly
developed energy criterion. A very computationally
economical approach is formulated later to predict the
maximum impact forces which are important +from & design
point of view. The main novelty in the latter approach
lies in the effective use of non-dimensional vibroimpact
parameters obtained from the equations of motion. These

parameters allow subsequent results to be merely

extrapolated from any one previously computed case. Then




computational savings are potentially tremendous in
design situations where many computer runs are usually

needed.

& comprehensive study is also conducted to com-
plement previous experimental work and assess the eftec—
tiveness of inelastic restrainers. The theoretical model
is based upon a finite element approach and dynamic
condensation is introduced to reduce computatlornasl
etfart. An evample 1s presented wherein a two-dimensional
U-frame is subiected to the TAFT S69E earthguake. Results

tend to show that vielding materials are inetfective

absorbers of seismic eneray.
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CHAFTER 1
INTRODUCTION

A vibroimpact stop or snubber is essentially an
elastic body which intermittently limits the displacement
of an excessively vibrating structure. A typical situation
is illustrated in general terms in Figure 1. The beam
shown  may have different boundary conditions but, more
importantly, it vibrates so greatly transversely that
collisions ococuwr occasionally against the fixed stop. This
rather simplified situation illustrates the basic
behaviour of heat exchanger tubes in & turbulent fluid and
power plant piping systems under a seismic load. The stop
comes  dnto play in the latter situation only for severe
seismic distuwbances. Then large excwsions are restricted
but high impact stresses are unavoidably produced which
may lead to fretting wear of the contacting surfaces.
Fretting will be dictated presumably by the frequency and
intensity of impacts. Ilmpact parameters will depend, in
turn, wpon the location, clearance and relative stiffness
of the snubbers.

A velocity discontinuity is created at an impact [1]
0 that the principle of superposition does not hold

globally. This principle, however, may be applied between

any two successive contacts and dwing contacts providing
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the structure and snubber separately obey Hooke's law LZ2]1.
Even so, presently available modal analysers, which are
hased on the precept of universal linearity, cannot easily
handle colliding structures. Consequently, although
vibroimpacts have been studied analytically D31 and
numerically [1,4,5-81, complementary experimental data is
much scarcelr .

The most complicated structwal model considered
has been a beam moving transversely and colliding
intermittently with an off-set, usually purely elastic
spring. Although the stop was idealized as a spring and &
dash pot in reference L[71, the damping force was found
negligible compared to the spring force. An elementary
Bermnoul li~Eul er bresavm theory, appropriate  to smal l
deftlections, has been mostly wsed and the probable
plastic zone around a contact point has been neglected.
Resulting theoretical and available e:sperimental data
correl ated reasonably for clearances less  than ary
appropriate beam’'s thickness. Rogera £il extendad
Elliott's work [91 to obtain equations of motion by using
a finite element formulation +or the beam. A modal
superposition approach was employed to numerically solve

these egquations. The finite elenent displacements were

expressed in terms of the mode shapes and mecial
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amplitudes. Conseguently, the number  of resulting
equations did not correspond to the degrees of freedom but
rather +to  the number of modes which achieve solution
convergence.

Lo [41 used a somewhat similar approach but treated
the beam as a system bhaving continuously distributed
parameters., Hence, the beam’'s motion was described by &
partial differential equation which has an  analytical
solution Ffor non-contact periods where the system i
linear. The Duhamel integral was evaluated numerically
during a contact to calculate the response to the impact
load which was treated as a series of impulees. To make
the modal superposition approach feasible, both Rogers [1)
and Lo  [41 judiciously selected the number of modes
enployed in  the solution. Guite often in practice,
however , rapidly changing intermittent contact "chatter”
may OCeur. In such cases, & severe discarding of higher
fraeguency modes significantly eliminates the finer detail
of the chatter.

Lo £4) was interested primarily in the performance of
electromechanical relays and, hence, considered only free

or no external load vibroimpact cases. Rogers [11, on the

other hand, considered vibroimpact systems excited
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externally by a sinusoidal point load in order to study
the detrimental effect of flow induced vibrations in heat
exchanger tubes. To determine the dynamic response of
structuwral systems with clearances, Mariamy et al [31
concentrated on models with harmonic base excitations.  An
analytical steady-state solution was obtained [31 on  the
basis that aonly one impact occws per excitation cycle and
that the system’'s displacement and velocity are continuous
throughout contact  and nor-contact periods. However ,
chatter can occocuwr in some vibroimpact cases [41 and  the
continuity condition For  the wvelocity is not always
satisfied il Therefore, besides neglecting e
practically important transient response, the solution is
not general.

The vibroimpact beam system detailed in reference [4]
will be used in the present work for convenience. However,
numerical  illustrations will  indicate that even this
relatively simple bheam example requilres extensive
computations even with fairly efficient algorithms. Free
vibrations will be considered initially becauwse the
enswing relatively simple problem can provide & first
step towards more general  vibroiopact situations.  An

energy criterion will be suggested by which the

possibility of chatter may be predicted from a priori
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information. A forced vibroimpact problem in  which the
external scitation is a sinusoidal point load will be
considered separately. An approdimate technique combining
analytigal and numerical procedures will be developed to

determine the flexural response of a vibroimpacting beam.
The approach significantly reduces computational effort
vet largely preserves accuracy. Froblems associated with a
user—friendly presentation of the dynamic interactions
betweern & structure and stop will be outlined.

Unlike Linear systems, strailghtforward
extrapolation from a specific vibroimpact case seems
impossible. Therefore, an  optimum design is  obtained
usually by selecting the "best" of several cases each of
which reguires a separate analysis. Unfortunately, the
vibroimpact analysis is based mostly upon "brute force'
numerical procedures where computations can be excessive.
Therefore, a computationally economical approach will be
developed to predict the practically important impact
stresses. The main novelty in the approach lies in  the

effective use of a set of non—-dimensional vibroimpact

parameters developed from the eguations of motion.
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THEORY

1.2.a Approximate technique for determining the flexural

response of a beam impacting & stops

The basic theory will be limited to Fflexurally
vibrating members having a large span to depth ratio for
which Euler’'s elementary theory is applicable [103. in
practice, a motion limiting stop is usually lighter and
much stiffer than the vibrating member (11. Consequently,
ite fundamental natuwral frequency will be greater than
the largest natural frequency effectively contributing to
the dynamic response  of the vibrating structures.
Therefore, the contact force is dictated by the stiffrness
of the stop whose inertia can be neglected. Thi e
assumption is implemented by ddealizing the stop as a
massless spring. To be consistent with previous references
L1,3-4,7-9,11-131, the vibrating structure is idealized as
&  beam with linear material properties. Neglecting shear
deformations and rotational accelerations, the flexural
deflection of the beam, yGi,t), may be described by

Euler s elementary theory of bending as

- 8%y . & _,’ g= ’
EY —de # IO “"5%'" + oA m;gﬁ— + NCE) & (t=b) = F(x,t) . (1)
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It has been assumed in equation (1) that the beam is
uniform and homogeneous with a constant flexural rigidity,
EI, and & mass per unit length, pA. A viscous damping
coefficient, €, has also been presumed. The time varying
external load, F(x,t), is generally & function ot both the
time, t, and distance, x, from the left end of the beam.
Furthermore, the term N &Gi-b) in equation (1), where §
is  the Dirac delta function, describes the force exerted
on  the beam when it contacts the non-dissipative stop
located at x=b. The Normal Mode solution of eguation (1)

may be written as [14]

[« ]
2 w"w(x)(::‘n(t)
{ v =
y i, ) 4 —
+ Z B (%) Be (D) j eg"m"(t TINCE) ®in Gieven (=7 ) oy
W pyed O
=1 )
(e
- ] a
whiere W = We (L = ) ' (20D

Subscript n designates the nth beam mode with shape
#a (%)  and critical damping ratio &. at circular freguency
Wne The gaft) is the normal coordinate corresponding to

e (M and m is the total mass of the beam. Details of
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fm (%)  and w. have been given by Rishop and Johnson L1351,
An inspection of Figure 1 indicates that the beam’s
displacement at the point of contact is simply the

algebraic sum of the clearance', h, and the deflection of

the beam duwring a collision. The latter movement can  be
obtained from Newton’'s law as ~Nit)/k, where k is the

linear stiffrness of the stop, so that

during contact. Combining eguation (3 with eguation ),

evaluated at x=b, produces

<0
=
) @iy (1) Qe (1)

=1

(0]

it t
+ ) oDl [gfrtn TNty sin nattT) dT
MGy ea o

(4)

Equation (4) can be solved for the unknown contact force,

Mit), by using the small time increment technigue [51.

' The clearance is defined as the distance measured from
the tip aof the undeflected spring to the static
equilibrium position of the beam alone.

& _
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Alternatively, the approdimation of N(t) by an appropriate
analytical expression leads to an algebraic form of
equation (4) which can be generally evaluated with muoh
leass cdmputational effart. Having solved equation (4),
equation (2) can then be wsed to determing the beam’'s
displacement in  the interval before the mnext collision.

The subseqguent alternate use of equation (4) and (&) lead

i

to  the complete history of the beam’'s deflection. Other
variables of interest, like the bending moment and  the
shoar foroe, may be found  conventionally  from the
deflection L&,

The contact force may be treated as & seqguence of
itmpul ses i the numerical evaluation of eqguation (4).
Comsequently, the continuous force-time curve is  broken
into increments ( with respect to the time scale ) A
tllustrated in Figure &, Each increment corresponds to  a
typical impulse of the form Mryat. The complete response
to the contact force can  be calculated by summing all the

individual responses produced by each impulse. Thus, the

discrete form of eguation (4) becomes
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|
g (]

>~ Pien (D) Qs (L) + - N(t)_ '

=l ks

o t-at

EW”'"‘M D efnun (el Nt peat) At Sin wna (E-ta)

MWe e -
n=1 L ] (%)

The second term on  the left of the above equation
represents the contribution of the contact force.
Thereftore, it comes into play only dwing & contact period
typically represented by te @ t % te. Egquation (&) may be
solved recursively by separately setting t  egual to
tagtomgeweote to sequentially determineg MO, Mte) ...

which approdimate the complete history of the contact

force as in Figure 2. The equatiorn (5) typically becomes
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[wn)
b= > Bea (D) G (L)~
n=1i
o tn..""'::‘.At
k=) s
5 L ﬁ;(b) } @{nWH(tb‘t-)N(t.+At) At 8in Wema (Lot
- el
=l t =t
N(t, )=
O3
B .
......1.'...._ + ; E.'_'.‘_(..t.:.).‘)_ & Kn(s!nAt,At BA R Wt
: Mllma
ne o= 1@ 3.
whet e o & b w3
o - {
R 1 . (&)

For an accurate history at must be, at most, half the
period corresponding to the highest structural frequency
(or lowest period) excited by the impact [41. Howesver ,
actual wvalues are usually taken somewhat lower. For
erample, Lo [41 used At equal to i/76th of the lowest
period of the excited modes. Unfartunately, & structure
normally responds in & large number of modes at an impact
with relatively stitf stops (41. Typically nine anc
fifteen modes were excited in the examples reported in
reference L[11 and [41. Therefore, At must be chosen very

small which significantly increases the numbser of

increments defining the contact force. Consequently, the
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successive evaluation of equation (6) becomes uneconomical
computationally.

An alternative approach is to approximate the
contact force, N(t), by a continuous function over an
entire contact. To obtain an approximate form, recall that
the Normal Mode Technigue essentially reduces a structure
to a set of independent oscillators. Hence, the form  of
N(t) can be visualized from the example shown in Figure 3.
This Figuwre illustrates the forced vibration of a single
oscillator colliding intermittently with & resilient stop.
A detailed analysis of the vibration of this system is
given in Appendix Al under those resonant conditions where
stops  are primarily used. The analysis shows that, for
relatively stif+ stops (i.e ouch stiffer than the
vibrating structure), the contact AFforce Nt) is  half
simnusoidal in farm. This form can be e pressed

mathematically as

M) = A sin fL (RIS (7))

with the first instant of an impact taken as the temporal

origin. The A and f are the magnitude and frequency ot the

half sinusoid, respectively. By analogy, approximation
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(7) is likely to be valid for continuous vibroimpact
systems with relatively stiff stops. Eguation (4) and (7)

can then be combined and the integral evaluated to produce

<« €

> e (B) G (£) + } Bnfb) B Glewet pg) = p - B-8LD AL (ga)

. Mo 2

ns=j n=1
|

wher e 1
|
\
|
\

bty = J trune’ " teos £t (Ca-Ca) + @7 Yein ft (Ca-Ca)

P Ll COS Weal (Cz"‘(:a,) 4+ gin Unmt ‘:C:;q;"“'(.:q.)
g1
with
-l
|
\
|
|
J}
-1,
Ca = { FhwE (fwund)z} 4
(&)

; £ o+ w
c‘m - o

{ {ﬁwf + (++mnd)z]

+ = Wema
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The A and f are the only two unknowns in  equation (8a).
Two  simultaneous equations will be produced i+ this
equation is evaluated at two distinct values of ft between
0 and w. Elimination of A between the equations obtained
for ft equal /2 and w, for example, yields the following

transcendental equation in §

[=x} ©2
- o ) s g T
h - > mnw(b)qn(""‘é’“‘%"‘“} fvoo- 2 a'n(b)Qm('”‘:“:—“)
n= " n=1l )

) " o3 -

" % R
} gn (b ) e{nmnm”‘ D (1_'_”___‘) e .1. g:.l’.‘l_.g..g.,)ﬁ. é‘{r\mrv.’? L\ ( .....n.......)

VN {1 1 0% PP & b L MW +
= ==l ()

I¥ the stop is relatively stiff then the contact duwration
i expected to be smaller tharn the period of the vibrating
structure’ s fundamental mode and essentially wunaftected
by the number of modes excilted. Equation (9) can then be

reduced to the following simpler form;

"
o= ‘2"1“3"41‘“‘2"2“‘) b= @ () ga ()
@y () . 1 @y (b)) m

m el b m f=

(10&)

for w/E Sl En/ Wy . (10b)
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Equation (10a) can now be solved straightforwardly for f

which can  then be substituted in equation (8a) to

determine M.
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stresses @

Equations pertinent to the vibroimpacting
cantilevered beam illustrated in Figure 4 will be
expressecd non-dimensionally in this section. This

procedure gives a physical insight into the interplay
between various vibroimpact variables. The resulting set
of non-dimensional groups can also be uwsed to generalize
the impact stresses of any givern but invariant structure-
stop contiguration.

The motion of the vibroimpact system shown in Figure
4 is described by equation (1) with F,t) set to zero
during a contact. When damping is neglected, the Normal

Mode Method (141 yields the scolution of equation (1) as

) o)
© T t
YOGE) = ) Bntxdga(t) + ) FooioBaldl { NCTYSIR Wett-7)dT.

, o
sl ==l

(1 1)

The maximum bending stress at any section along the Dbeam

ig given by L[2]

sty = Helt) (12)
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where 7 is the section modulus and M. (x,t) is the
corresponding bending moment . The Bernouwl li~Euler
elementary bending theory relates the bending moment to

the curvature, 8%y (u,t)/ox*, as
Mg()-(,t) = E1 _M_X“.E.?f’..l.:t:)_ {105

where E is Young's modulus and I is the moment of inertia
of the cross section abt position »  and  instant L.
Combining equations (11),(12) and (13) gives the bending

shtroess as

(0]
o . Bl A= @, (¢
o O, t) = 2 fo [qncu +
=l ) .
Loil) J NCT) in we(t-7) dr
MUy 0"

14D

To obtain the contact force N(L), equations (3) and (11

are combined for x=b to give the integral equation




ol [22]
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L
J M{rrsin w., (t-7)dr
[}

g (b)
[11 ROV

2 B (b)) Qe (t) + 5

o=l n=l NG

= h b

(18)

which can be solved numerically. The numerical process
must be repeated for each combination of vibroimpact
parameters like h,k, etc.

Alternatively, equation (19) can be manipul ated such
that direct extrapolation from specific data becomes
possible. BRecause an impact is typically very short, the
contact force, Nt), can be often reasonably approdimated
by a single impulse of duration AT and magnitude MaAT  as
suggested in Figure Y. Incorporating this approdimation
( dee. Nir) = Mal d(r—-te) ) into eguation (13) gives an

equation which can be solved for M, namely

(8]

h - > mr'\(b) qr-‘(t)

M o= =l - (16)

fex]

.
A, } 1R A € T
4 M (e

n=1
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Here to is the instant at which contact first occurs. Care
must be exercised before attempting to use equation (1é&).
The value of M is accurate only when AT happens to be less
than the period of the highest bgam mode excited at
impact. I+ this is not the case, then a loss of accuracy
can be expected. However, the ratio between the actual
value of M and the one calculated by using equation (1é&)
will be constant for an invariant configuration.
Therefore, equation (1é) can  then be uwused sately to
provide relative rather than absolute values.

Terms i equatiorn  (1é6) can now be grouped irto
dimensionless parameters. This proceduws can be done in
variouws ways - some more advantageows  than others. For
example, normalization of  MOt)Y  with respect to kb
introduces singularities at b equals zero when there is no
external load. Similarly, a singularity occcurs if  the
modal displacements, g-(t), are normalized with respect to
v (b, D) in a forced vibroimpact case where the beam i1s  al
rest  initially. Irm  the present work, aopiation (16) 1w
manipulated into a dimernsionless form appropriate to

cases with no external loads. The product me. is replaced

tiret by (W) *EL/ 4%/ 0w, because [157
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W L { 7 '—'"“"F' )

Next, the initial displacement of the beam’'s potential
point of contact, y(b,0), is added and subtracted from the
numerator on the right of equation (16). Finally, equation
(16) is divided by the product L=y (b, ) 1. These

operations produce

L]

t+ g {1 =) satey it ]

h* y (b, i)
1 =l .
(el 5 (18
d R
’ e b)) . . L
1% } Oy s B tunaT) sin o (trte)
n=1
whier e
k =y (b, 0 |
Ll g hMy b,0) is the relative contact {force;
e I':: ﬂ :5 9 2 0 T
Rl ~ET corresponds to the relative stiftness; and

_h ~ ytb,0)

b is the relative clearance.

v b, 0)
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To illustrate the usefulness of equation (18) in
design, consider the cantilevered beam of Figure 4 with
ite free end deflected initially to y(4,0). Upon release,
the beam freely travels downwards. When it encounters the
stop "ohattering" or rapidly changing intermittent
contacts could take place [41. An energy criterion  for
predicting the possibility of chatter ie developed in
Appendix  AZ.  When the beam eventually ceases chattering
and resumes its initial deflected position (because no
damping is present), the cycle will repeat itselt [41. For
safety, vibroimpact desigrns are based upon maximum contact
forces which always occur in bthis particular example  when
the beam is deflected fully beftore an impact, i.e. when

the beam conditions are:

) (£, .
Yis,ty) = Z«gjgm SCPTELY IEEE)

anc (19)

Here t. is a representative temporal origin at the beam
fully deflected position. In fact, the conditions can be

considered +to be "initial'" conditions $or the beam’'s
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subsequent period of no-contact vibration. Consequently,
the ta can  be shifted for each period betwesn
consecutive impacts to =zero. By letting t  equal the
particular value of (te+al), terms in equation (18) are no
longer time dependent which is more useful {for  the

purpose of design. Equation (18) then becomes

(80
- ) N g Gl (E ot AT) ]
14 - . my
n [ : } fin (B2 y (b, )
) =0
AL " o
C _@matb) . o
+ ) 20Dl cim o ]
' (hm il ® ES (wnAT) sin we (aT)
N

I+ E™ dis kept canstant, Ffor example, then the N*  which
correspond to ditferent values of h* can be extrapolated

trom the exact data of any single known case’ by using

(8]

1 9 e ALt AT
N L — = - ([) = ek B A
¢ [ ! > " Ll Y (b -;U) J My e e ey

h*
N* o N* M epe ey n:::l y
(e %X ] [e0n ]
! oy N e total)
1o =i [ 1 kszsn(m o '
ns=1
E*  constant . (21

Similarly, the effect of changing K™ while keeping the

YA subscripted known case is  one where values have been
previously determined numerically from equation (1&).

_
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non-dimensional clearance parameter h* constant can be

ramined through

e (R (AT) T21IN W tAT)

LX)
4 T e (b))
RO -t
. b [ Ou) s
- - » el
" W) e =

1+ =

R oconstant .

]

(R2a0

Rogers L[11 has  shown that the contact duwration AT is

inversely proportional  to  the

Theratorea,

Values determined From equation
constitute & dimensionless group
magnitude of  the contact force.

substituted in eguatilon (14

square  root of | il

(22b)

f0 L !

C21) o C2Ea)  for b
which can provide the
The latter can then be

to straightforwardly

calcuwlate the corresponding bending stress, oGi,t).
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e

RESULTS AND DISCUSSION

For convenience, the theories of Section 1.Z.a  and
1.2, are called the "approximate” and "economical"
techniques, respectively. Theilr inherent assumptions and
relative merits were assessed by employing the
transversely vibroimpacting beams detailed previously by
Lo 41 and Rogers L1, The material properties and related
constants pertaining to these two references are given in
Table 1. The assessment essentially compares results with
"reference”  solutions  obtained by numerically solving
ecuations (i ancl (40 . The numerical solutions were
evaluated pragmatically by uwusing a finite number of terms
corresponding  to the normal modes actually pcihed by oan
1mpact rat e than the irfind te number demarclec
theofetically. Im actuwality nine and fittesn normal mnodes
were wsed to determine the reference solutions for  the
wamples consi dered in et er @nee Lyl ancl L4d,
respectively. Furthermore, the time 1norement et
integration, ot, was always chosen smaller than 1/710th of
the lowest modal period of a beam. Consequently, reterence
solutions were found to be virtually exact. A further 30 %
increass in the number of modes, for example, changed the

amplitude of the practically important contact Fforce by

only about 1 %. Several illustrations of rapid collisionsg
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or chatter were also considered to substantiate simple
enargy-based predictions of this behaviour. These
illustrations were based upon the material properties

given in reference [41.

Equation (2) and (4), derived in Section l.d.a, were
incorporated in a digital computer program. This program
included an optional featwe which enabled the equations
to be evaluated either numerically or by employing
approdimation (7). The externally loaded vibroimpact case
considered in reference LE21 was used to test the accuracy
of the approximate technigque. The load was sinusoidal in
time with an  amplitude of 0.1 lbe and & Ffrequency
corresponding  to  the undamped and wnrestrained beam’s
fundamental natwal frequency. Figure é& shows the contact
torce, N{t), calculated nrnumerically duwring the +irst
contact interval by employing upto the nine modes
associated with the reterence solution. The forces
histories are quite symmetrical for three, five or seven
normal modes and they peak sharply around the middle of
the resulting period. The more accurate use of nine modes,

o the other hand, produces an elongated "tail' after

about F,.8925:x107% gecs. It is also clear from Figure &
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that the peak force i1s affected similarly by the number
ot narmal modes gonsidered. The peal, for example, grows
guite substantially by 28 %4 or so for each halving in the
number of modes from the reference  situation. Mow  the
half—sine approximation (7)) assumes symmetry so that its
utilisation will be analogous to emploving & small number
of modes. This observation suggests that the approximate
technigue conald o provide & quick, computational ly
efficient overview of the vibrating beam’'s dynamics but
that its use will probably not produce  accwrate
details like chafter. However, the simple energy-based
chatter coriterion described in Gppendix AZ eight then be
uneaful .

The wvalidity of the most efficient ouwtcome of {the
approsimate technigue, namely equation (10a), depends upon
the assumption of & stiff stop or, equivalently, the
appropriateness  of inequality (10b). MNow the reference
contact duration ,nw/f, in the previous esample is
approximately 0037 msecs. It is significantly smaller,
theretfore, tharn the period, SMlwy o DELTF MSECS ,
corresponding  to  the fundamental mode of the vibrating
structuwre. Consequently, inequality (10b) is valid in this

particular instance. However, the approdimate technigue

cannot provide ever:  an overview 1 approximation
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differences introduced at the first contact become overly
exaggerated over time. Theretfore, later reference and
approximate Historie% are compared in Figure 7.

The first three contact forces are presented in
the centre of Figuwe 7 whilst the displacement et weear
impacts at the tiﬁ af the beam is displavyed at the bottom.
Solid and dotted lines correspond to the reference and
approximate results, respectivel v. The solution  of
equation (10a) provided the approdimate contact durstion.
The corresponding approdimnate magnitude was obtained from
equation (Ha) which was truncated (in an analogous fashion
to the reference solution) atter nine terms. Correlations
between the reference and approdximate contact forces given
i Figure 7 are satistactory initially but  appear Lo
somewhat deteriorate progressively with time. Therefore,
small differences in the deflection and inertia conditions
of  the beam at the end of the first contact (which arise
fi-om the entorced symmetiry o the Frad f-—aid me
approdimation) seem to be exagoerated wltimately. On the
aother hantd, the tip’'s displacement illustrates the overall
good agreement for the beam’' s deflection. Therefore, &

reasonable prediction of the temporal start of any impact

shouwld be expected from the approdimate technique because
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these instants are merely a function of the displacement
of the beam’'s point of contact.

The accuracy of predicting late contact forces can be
improved by combining the approximate and purely
numarical approach of the reference solution. Figuwre 8d

shows  the history of the illustrative llth contact +orce

calculated by wsing the combined technigue. Al s
included are the corresponding force histories  feoom
el ther the approdimate or the reference solution alone.

In the combined approach, the beam’ s conditions at  the
enc of the tenth impact were determined first by employing
the approdimate technigue. The good accwracy of thess
approdimate conditions is demonstrated in Figure 8a&, b and
¢ by their agreement with the corresponding reference
digplacement, velocity and acceleration. The approxi mate
conditions at the end of the tenth impact were then used
to numerically calcoculate the details of the sleventh
itmpact 1n  a manner identical to that of the reterence
solution. As  can  be seen from Figuwe 8d, the joint
technl gue provided a reasonably accurate force history.
More importantly, & computational saving of two orders of
magnitude was achieved. This substantial saving permitted
the computer program to run in an interactive fashion

on a readily available Hewlett-Fackard 9843 desk-top
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caomputer.

Typical results from & self-contained computer
package are presented in Figure 9 and 10. The programmable
keys listed in Figure 9, for instance, formed a simple and
wser—friendly MmEans of activating fairly coomp e
subroutines. Furthermore, the listing can be recalled at
almost any time to refresh the user s memory. Subsequent
technical information can  be displaved in  a  dynamio!
(arnimated) or "static" (frozemn) format. Animation provided
an  overview of the impacting system’ s dynamic  behaviowr.
i élﬁo helped a user to select appropriate structural
points and instants of particular interest for additional
detailed presentations in  the ‘Ystatic” mode. Srtatic
presentations consisted of  more clersii gn arientated
specifice like the histories of the velocity, shear
stress, bending moment, etc. at a point of contact or even
the particulars of a contact force 1tself.

An dllustrative example of various time histories 18
presented in Figure 10 for a cantilevered beam colliding
at ite "free" tip with a fixed stop. The topmost static or
£ o e frame indicates the instant upto which thes

histories are Clver. Lower +frames represent the

corresponding  displacement, velacity and acceleration
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histories at the tip. A velocity discontinuity can be
seen just before the end of the computer-—drawn trace 1in
the lower left frame. Hence, these histories are shown up
to an  instant just after release from the first impact.
The tip was selected with the help of a blinking cursor.
The cursor moved intermittently but steadily across the
upper static display of the structure and a ey  was
depressed whenever & point of interest was reached. After
confirmation by an audible tone, this location was
computed automatically from the known speed and number  of
preceeding intermittent movements and its coordinates were
stored.

Two  major problems were partially overcome in the
animation procedure. When the stuctwre approached  the
stop, the time increment associated with the theory was
decreased to better define the initial instant of ilopact
and thereby improve computational ACCLIETY W
Gtraightforwardly plotting the corresponding deflections
at these inittial instants would give the artificial visual
impression of a deceleration. On the other hand, the
reswlting "slow-motion" could be useful in more closely
ingpecting the natwe of an impact. Only part of the

generated information, conversely, is pertinent to a true

real-time presentation. Consequently, the ratio of the two
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algorithm time increments was made a constant integer, n,
and "real-time" data was displayed only at every nth
instant. Another major problem was related to the geometry
of the constructed images. @A structure was represented by
line segments defined by the co-ordinates of their end
rnoces. Obviously, more segments will produce & finer
structural representation. However, the drawing speed ot
the computer employved decreased exponentially with an
increasing number  of  segments. Iin fact, a visually
disruptive blank screen was found to ocour invariably
hbetween consecutive frames of an animated display. A link-
by-link erasing and immediate redrawing technigue was
adopted to somewhat disgulse the blank periods.
Furthermore, only the links with & moving node between
consecutive frames were atfected. If movements were S
small  to be virtwally invisible, thern a zoom feature
enabled geometric details to be magnitied.

Although  the briefly described presentation et
camputer—generated information is useful, 1t is only one
step towards a true Computer-Aided-Desion capability.
Correction of the problems arising +from & previous
analysis would presently need skilful manipulation of

clearances, modification of stop stiffnesses or even the
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insertion of additional stops,etc. by an experienced

operator.

The wvalidity of the energy criterion, outlined in
Appendix AR, was checked +or an undamped cantilevered
beam colliding at its tip with a fixed elastic stop. The
material properties were taken from reference Lid.
Various response histories of this vibroimpact system are
presented in Figuwe 11. The beam’'s total Lkinetic and
strain  energy histories are also displayed in  the upper
half of the figuwre . It is apparent from the regularity of
both energies that the beam travels initially in its first
mode  until it impacts  the stop~- at which instant a
discontinuwity can be observed. The traces then become
irregular  with the total kinetic energy subsequently
reaching & (non-zero) mindmum. This irregularity sugoests
that beam modes higher than the fundamental are excited
at the impact. The corresponding shape histories in  the
lower part of Figuwe 11 show that the beam's tip goes
through & rapid succession of intermittent contacts with
the stop between 10.7 and 13.2 msecs . Furthermore, the
maximum vertical distance between the stop and the beam s
tip during a period of no contact is small compared to the

beam’'s initial deflection. Therefore, the beam clearly
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chatters against the stop. Mow it can also be observed
from Figure 11 that the beam’s total kinetic energy 18
greater than its corresponding strain energy immediately
betare the contact. This implies that condition (AZ.4) isg
not only satisfied but also predicts this chatter. Further

illustrations of the criterion are summarised by Erer oy

values prior to the first contact which correspond to the

different clearances, ~H, presented in Table . Thyes
invariably larger kinetic than corresponding et aln

L ¢

enargies 1in Table & would predict chatter which, indeed,

acourred in all these instances. Consequently, these
@exampl s el ntoroe the applicability of  the energy

o e d on.
Elliott [9] suggested that reduacing the stiffness of

a beam by modifying its geometry will reduce the amplitude

of chatter when i1t existe. It was shown previously that
the dymnamic behaviow of a vibroimpacting beam 18 @

function of the relative stitfness K"or EI/RE%, Therefore,
decreasing the beam’ s stiffness, EL/L™, is eguivalent to

correspondingly  increasing the stop’'s stitfness, k. Two

values of k%, E.18:=10%  and 3.34=10%,  were wsed to
determine the displacement histories of Figue 12, Each

history was normalized with respect to the maximum  tip




Section 1.3% page 34

displacement (Wwhich occuws Ffor the beam alone) to
facilitate a comparison. & 33% reduction  in E* by
virtually doubling k, whilst keeping E,I and £ constant,
leads to essentially identical histories and, hence, a
very slight reduction in chatter. This implies that an
appreciable reduction in  chatter may reguire a mostly
impractical substantial decrease in E* .  Another drawback
ot Elliott s suggestion is related to the impact force. It
should be recalled that for the particular @xample
assocliated with Figure 1&, E* was altered solely by
changing the stop’'s stiffness, k. Now all the terms except
Erand (aT) " on the right side of equation (28a) pertain
gither to the known and invariant reference situation  or
to the behaviow of the beam alone. Conseguently., only BE*
and (AT) " will change with k in this instance. & rise in k
will proportinately decrease E* which, in tuwrn,  eguation
(2Eb) indicates will only somewhat increase Loty .
Theretore, the generally governing produact E*0AT) 0 in the
numerator  of @ equation (22a) will be reduced and so  also
will be N* or kifb-y(bh,03I/M. However, the bean-stop
configuration is not altered so that Chey(b,00] i
constant. Hence, M  or the amplitude of the impact foroe

will increase disproportionately.

Design considerations related e chatter e
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illustrated next by employing the particular example

associated with Figure 11. The stop is located below the
beam’'s static equilibrium position and condition (AZ.4) is
satiefied. Now condition (AZ.4) indicates a certain range :

of the beam’ s total kinetic energy, T, for which chatter

can occur. Froviding T is within this range, the beam will

generally continue moving downwards immediately atter an
impact. Now a lower value of T indicates an  overall

lessening of inertia which will presumably reduce the

downward tendency and decrease the amplitude of subsequent 5
chatter. Therefore, one method of alleviating chatter
would be to diminish the vibroimpacting beam’ s kinetic ’

gneray immediately before an impact. Table 2 suggests that

this can be achieved, for example, by increasing the w
magnitude of the initial negative vertical distance, h,
{(i.e. reducing the original separation) between the stop
and the beam’'s static equilibrium position. Fur tbver
corroboration  of this point can be aobtained by comparing |
the FE*=2,18x10% results shown in Figure 13 with those :
presented in Figure 13%. Events after the corresponding :

firet impacts happen at different times of couwrse because

ot the different clearances of —0.12% and -0.3% inches,

respectively, in Figue 12 and 13, However, it can be seen
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clearly that the normalized tip displacement is general ly
much smaller in Figure 13%. Consequently, as expected,
the amplitude of chatter is much less for h=-0.7% inches

thamn for h=-0.12% inches.

The vibroimpacting beam of reference [11 was uwsed +to
assess the viability of the economical technigue developed
in  Section 1.28.b. FResults corresponding to two  extreme
values of  E* and various values of h* are compared in
Figure 14. Dashed lines correspond invariably to reterence
data whilst the continuous lines present analogous results
predicted by the economical technigue. Each reference case

regquired  approdimately fifteen minutes of execution  time

on ar Amdahl  470/V7 0 main frame  computer. ALY the
economical ly predicted results WENT & obtainecd bry

extrapolation  from the reference combination of Ny=*=317,

]

Pa™=0.78 and Ki®*=2, 18210t Equation (E1) was emploved

to obtain, for E,*=2018210%  values of N* in Figure 1da
caorresponding  to  the diftferent values of h*. Eopuat il on

e L

2dar  was  then used to obtain Na* for Ka*s=d, 38109 and
ha*™.  Then equation (21) was again uwsed to obtain  the
remaining points of Figure 14b. Operations associated with
equeat i on (21) and (22) were performed on  a programmable

caloculator which produced tremendous computationa

' Subscripts designate a particular combination of N, K*
and h*,
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savings. Even so, Figure 14 indicates that the reference

and predicted results agree werl 1.
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CONCLUSIONS

An  approximate technique was developed to determine
the flexuwral response of a vibroimpacting beam. The
accuracy of the technigque was assessed by using an example
in which the beam’'s external excitation was a sinusoidal
point load. The results showsd that the technigue
significantly reduces computational eftort vyet largely
preserves accuracy. This accouwracy can  be improved by
combining the approximate with a purely numerical approach
to predict the details of late contact forces. Froblems
assoclated with a user—friendly presentation of the
dyramc interactions between a beam and stop were also
outlined.

Although  the approximate technigue provided & guick
conputationally efficient overview, ite use did not
produce fine details like chatter. Theretore, an  energy
criterion was suggested by which the possibility ot
chatter may be predicted from & prioei  dodoromation.
Heveral illustrations of rapid collisions tended to
substantiate the criterion.

An economical approach was then developed to predict
practically important maximum impact forces vet decrease

the computational effort in design situations where the

material or clearance parameters of an invariant
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configuration may be changed. The main novelty in  the
approaach lay in the effective use of a set of non-
dimensional vibroimpact parameters from the eguations of
motion. This allowed an swtbrapolation from the results of
any one given combination of vibroimpact parameters. The
viabilty of the approach was assessed by uwsing &
vibroimpacting beam éxampla with no wternal  load. The
approach produced tremendous computational savings. BEven

so, reference and predicted results agreed well.

A combination of all approaches can be L el
gconomical ly to optimally design vibroimpact stops. Thve
enercdy criterion can  be employed to check desian

alternatives with respect to the occuwrrence of chatter and
ite amplitude. The criterion only requires knowledge of
a beam~like structure’ s total kinetic and strain energlies
just before an impact. These values are a function of the
structure s displacement and velocity and can be predicted
quite accurately by using the approximate technigue. Thes
magnitude of an impact force corresponding to  different
combinations of vibroimpact wvariables can  then bres

extrapolated from any one computed case by using the

economical approach. Finally, wher a stane close ta  the
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final design has been reached, ultra accurate histories

can always be computed numerically.
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CHAFTER 2
INTRODUCT ION

High impact strésses associated with snubbers have
led to alternatives being considered for controlling the
seismic response of piping systems .  These alternatives
are essentially ductile materials which are designed to
vield under severe dynamic conditions. Hence, control
would be achieved by a virtually inelastic rather than the
elastic action of a snubber. Fuwrthermore, the continuous
contact  of the ductile device will presumably reduce the
strese penalty inberent to  the snubber’s intermitbent
action. The feasibilty of using this approach has bDeen
partially Mploredd wperimentally  LL17-1%1.  Fiping was
model led either as a plane or  spatial frame in  references
L1771 and reference [18-191, respectively. Tt was reporited

in reference L[171 that substantial yielding of ductile

restrainers 1 oweread a frame’ s Furclamental natural
freguency due to the hysteretic action of the yielding
devices. (it Wis aleso claimed that this At on
substantially increased the damping.) However, 1t was

found in reference L[191 that a restrainer’'s ettective
stiffness , which depends upon the amount of deformation,
increased a piping system s natural freguencies. A similar

conclusion can be drawn from the Fast Fourier Transtorm

THE UNIVERSITY CF MANITOBA LlB.7{.ARlES]
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(FFT)  results reported in referencell?]. It was also
obhserved that whilst the fundamental mode dominated the
rESPONSE when the spatial piping Was restral rnec
inelastically this was not the case with rigid restraints
L1931, Schneider et &l [191 compared the experimental
behaviouw of a spatial piping system restrained by eilther
spubbers or yielding materials. As expected, shubbers were
tound  to limit the pipe’'s motion but, wunlike inelastic
restrainers, they indueced high freqguency energy in the
piping and gave a large stress penalty. On the other hand,
properly chosen inelastic restrainers reduced the stresses
but  wers ineffective in attenuating the motion of  the
pipe. In all the reported experimental work (17193, the
selected piping systems were excited by means of the
shaking table at the Earthguake EBEngineering Research
Center (EERC), University of California at Berkeley. The
time histories fed to the shaker were based on  the TEFT
earthquake which has a broad freguency spectrum. However,
the measwred response spectra of the shaking table were

different from the actual earthguake . Large displacemsnts

at freguencies less than 0.2 Mz and small displacements
at  tfrequencies greater  than  about 10 Hz  were ot

effectively filtered out due to the table s properties.
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The present work reports  the results of  an
analytical study which was cornducted to complemeant,
previous experimental work and assess the effectiveness of
inelastic restrainers. The mathematical model was deve-
loped by using a finite element approach. It is gerneral
in  terms of piping geometry, location and number of
restrainers. In addition, the model permitted a comparison
between the performance of elasbic ari inelastic
restrainers. "Dynamic" condensation [Z201 was introduced to
reduce the computational effort required in the numerical
evaluation of the equations of motion.  An rample s

presented wherein a two-dimensional U-frame was subiected

to a filtered and unfiltered TAFT $69E earthquake loading.
RFesults tend to  show that vielding materials a

inetfective as energy absorbers.
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THEORY

The dynamic response of an  « degree-of-freedom

structural system can be represented by [14]

EMI €™  (8) 3+ LCD {u ()3 +  [EI fuftt)yl = {F (L)

(23) -

i where [MI1,LC] and [K]1 are the time invariant global mass,
damping and stiffness matrices, respectively. Their sss
elements are usually determined by using a standard finite
element approach [141. The sxi {F) 3 and <u(t) matrices,
on  the other hand, correspond to the time dependent load
and displacement vectors, respectively. A dot superscrilpt
denotes differentiation with respect to time, t.

Becawse of the geometrical non-linearities inherent
to restrained piping systems, elements of stiftfness
matrix [E]  undergo changes during the dynamic response
which alter the vibration characteristics. Theretore,
normal  coordinate uncoupling of equation .(23) ig  not
straightforward [141. Consequently, numerical step-by-steap
integration of the coupled equations is often used. Then é
calculations are performed by assuming the system to be

linear in & suitably short period sAt. However, the ‘

stiffness may change at the end of the period so that a
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non—linearity is treated essentially as a series of linear
characteristics. Time increments, At , are usually

identical. Therefore, the equilibrium of forces requires

CMICU™ " (E+AE) Y + [OI4Lu” (t+At) + [HI{uit+at)yd = {F(t+at)d .
(4)

Subtracting eguation (2% from eguation (24) vields the

incremental form of the equations of motion as

CMI<an "3 + LCI{an"d + [EILAu) = {aFd ‘ (25)

The basic operation of the step-by-step solution is the
COonversion of differential equations (E5) to a set of
simultaneous algebraic equations. This procedurs can be
accomplished by introducing & simple relationship between
the displacement, wvelocity and acceleration whickh is
assumed  valid over At. Then the change in velocity and
acceleration can be expressed in terms of the incremental
displacemant. Consequently, only one unknown vector
remains in the incremental equilibrium equation. It can be
evaluated by & standérd simuiltaneows equation solution
procedure like the Cholesky Method L3241, Recuwrsi ve

relations for displacements and velocities, which are
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determined more conveniently in  Appendix Zy  convert

equation (2%) to the following sinultaneous equations

CE1 €aul = {aF. (N

Here {AE}, the effective incremental load vector, is time
dependent and, therefore, has to be calculated at the
beginning of each time step. ThelEl or effective stiffness
matrix ds a function of the time increment At. I+ the
latter remains wnchanged throughout, [E1 will need
calculating only once for & completely linear system. On
the other hand, [E will be usually different from one
step to another for & geometrically non-linear system and,
therefore, will need to be updated correspondingly.

The practical problem of using physical restrainers
to control the behaviour of piping systems can be solved
in principle by using the previously described approach.
However, the cost of updating the full stiffnese matrix at
the end of seach time step can be prohibitive. Now the
specific piping system to be considered here exhibits
non—-linearities only where the restrainers are positioned.

Therefore, the non-linearities are localised which makes

feasible the use of "substructwing" to significantly
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reduce computational effort [211. For convenience, the
degrees of freedom pertaining to the time dependent
elements of C[K] will be called "non—-linear" whilst the
remailnder will be termed “linear". Substructuring
essentially decomposes the linear <$rom the non-linear

components in equation (26) so that

o
oy < Al N {AFNL_ 3 T
LR { ~~~~~~~ = ijw;—wm 27
L oAU T CAF T
where swffis  “NL" and "L" correspond to the linear and
non-1linear degrees-—of-freedom, respectively. The {Aw.) are

condensed at the beginning of the step-by-step solution by
performing a symmetric backward Gaussian elimination L2
on equation (27). Consequently, only r eqguations need be
solved in  each time step where r is the number of non-
Linear degrees—of— freedom. The elimination can byes

programmed efficiently for p=e,es-l,8-2,0000e. (r+l) by

using the following operations on equation (25




e M e k o
s mew = key = Ko “z:l“"
kg (78)

(APJ)NEN = AF, - ﬁ,p e m—
k.pfa j=1,2.,.....,p-—1
Ly dtlyu e e gp—1l o

Operations associated with equation (28) generate the
lower triangle of the [E] matrix. The upper triangle is
obtained implicitly by enforcing symmetry. This procedure
resembles "static” condensation [20]1 thus far except that
the recovery of the condensed degrees-—-of-freedom has to be
pertormed at each time step rather than at the end of the
complete solution. The recovery is accomplished by the

forward substitution

=1
(Af"\:)me:w 5 2 (EL.J)NEN Fa N

(AU.) = 1=l (29)

e

("."- oo ) NEL W

Tk T P,

The outlined procedure has been implemented on an  [TEM
FC  computer equipped with 128 k-bytes of memory and a
UCSD p  (operating) system [231. The developed program

couwld predict quite accurately the experimental results

Section 2.2 ~ page 48 1
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reported in references [21 and [41.
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RESULTS AND DISCUSSION

The results presented here are based upon e
algorithm described in the previous section. The vibrating
system selected was basically a plane frame with .a L
contiguration similar to that wsed in reference [171. The
gvatem was supported rigidly at the two ends of the U, am
shown in Figure 1%b. ALl the material properties of  the
frame and other related constants are given in Figure 15,
The Ffinite element model of the frame consisted of three

elements each having two displacements and  one angular

rotation  at & mode CE40. The Mewmark-& metihod Sl wass
wsed  to cornvert the incremental +orom of the eguations  of
motion  to & system of simultanecus eguations., The time
incremnsnt, at, was chosern egual to 1/710th the fundamental
natuwral period  of  the frame. Both  the actbtual and
Filtered TAFT S69E seitemic histories were wsed as edciting

loads., The +iltered history was obtained by digitizing the

response  of the  shaking table reported in retference
I R Acceleration  spectrat  of  both histories ar e

presented, for convenience, in Figwe 14 where 1t can be
seen  that the actual earthguake bhas a broader frequency
spectrum than the filtered one. The inelastic restrainer
was simulated by a vielding material baving the general

load-displacement characteristics shown in  Figure 17a.

t The acceleration spectra, reprted in this aectioni WESK E
calculated by using the FFT algorithm ot reterence [2é6l.

T ——
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The material s character may be represented by a bilinear
hysteretic loop which can be described by the stiffriesses
by and ki and the yvield displacement, #o. The ares
enclosed by the loop represents the hysteretic energy

i
i
b

dissipated per cyole. [t eguals 40k, ko) iu L o ) wbE @

w v
o on o 1 the maximum displacement of the restrainer
during the oycocle. UOne restrainer alone was used at  the
location (the corner and in the same plane as the U-loop)
where the maximuam displacement was anticipated. G loy
the peak dynamic response is of interest in the present
work  hecause the primary obiective of restrainers is  to
Limit transient edcursions of the piping. 6An  isomebric
illustration of the piping svetem showing the restrailrse
location is given in Figuwre 15c .

The aystem shown  in Figure 18 W el e
horizontally in the plane of the frame by applying the
filtered TAFT 849E earthguake to the rigid supports. It
was  generally  observed that the fundamental mode of the
system dominated the dynamic response. The acceleration
spectra  of the unrestrained and restrained syetem are
presented in  Figure 18. The restrainer consists of  a
vielding material with stiffnesses ki, and ks of 3000  anc

1300 Ibe/in, respectively, and a yielding displacement,
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Heyy equal  to O.11 inches. The results  show that the
restrained svestem s FESHONSE WaS Lower. Several

additional results were then generated for the restrained

case with k., and ks kept constant whilst the Hey  WHE
varied from 1.0 to 10.0 inches. The obiective was  to
determine the effect of the dissipated hysteretic
SENEr Y. Acceleration spectra corresponding to My @il

to 1, 9 and 10 inches are displayed in Figuwe 19a, b and
o, respectively. It can be seen from the main peaks that
increasing ©, from L to 5 inches, or eguivalently
increasing the amount of energy dissipation. reduced the
system’ & response.  However, a fuwrther increase to 10
inches hardly changed the peaks. It can also be observed
from the Jfreguency shift of the global pealk that  the
fundamental natuwral fregquency of the system generally
increased slightly with & rise in xy. Thise implies that
the behaviowr of the whole system ise stitfness controlled.
Sueh  an observation raises the guestion of what is reaslly
causing  the reduction? Could the system’ s response  be
reduced by strictly adding stiffness through an elastic

o

restrainer Alternatively, is some restrainer deformation
and, hence, energy dissipation essential ¢ These
gquestions are answered best by introducing a hypothetical

restraining material which yields but does not dissipate
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energy (i.e. the area enclosed by the hysteresis loop isg
set to zero.) Such a material has the general load-
displacement characteristics shown in Figuwe 17b . #Accle-
ration spectra of the system restrained by a hypothetical
material having the same stiffrnesses a8 the true yvielding
material but with x, equal to S and 10 inches are shown in
Figure 20& and b, respectively. The close similarity
between these resul te and those i Figure i
corresponding to  the actual vielding material olearly
indicates that the dissipated energy has  virtually no
efftect. Thereftore, the reduction in the dynamic responsa
is  due  solely to the freguency shift reswlting from  the
additional stiffness of the restrainer. This finding o
dsplained by comparing the wrestrained and ety e ned
system s acceleration spectra displaeved in Figure 18a and
18 for the filtered earthouake of Figuwre léoa. & caretul
eramination of Figuwre léa and 18a will reveal that the

fundamental natwal frequency of the unrestrained svstem

o esponcs to a relatively high magnitude of the
earthoguale s spectral  acceleration. The additional
stiffness of the restrainer slightly increases the

system s natwal freguency and makes it coincide with &

lower spectral peak. This results, in twn, to the




L
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reduction in the dynamic response. However, by the same
reasoning, a response amplification could have ensued if
the freqguency is shifted to coincide with a higher
spectral peak of the filtered earthguake. FRecalling that
the filtered spectrum is quite narrow, 1t may be
suggested that the same restrainer may not be so effective
for  the actual (broad) spectrum inherent to  the TAFT
garthguale.

The system of Figure 15 was excited by wsing data
corresponding to the actual rather than the filtered TAFT
garthguake. Again, 1t was found that & close similarity
eriste between the spectra corresponding to the true  and
hypothetical yvielding materials . iy the other hand, é
coﬁpariswn between the acceleratlion spectra in Figure 21
indicates that the syshemn s peak M ESHONSE Fram

wndesirably increased atter restraint. Thise simply  means

that & Freqguency shift ie beneficial in some cases bhut
not  in others. The outcoms depends totally upon the
relation between the fundamerntal natural frequency ot the

system and the frequencies contained in the seismic
excitation. However, it is difficult to accuwrately predict
the frequency content of earthguakes due to their

unreliable natwre. Therefore, there will be no guarantee

that an inelastic device will always be effective.
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It was shown  previously that the eneroy
dissipated by the yvielding material is too small +to be
considered valuable in reducing the system' s peak
response. This observation can also be substantiated by
considering the more commonly used equivalent viscous
damping ratio, {ee. Hadiian [26]1 has shown the adequacy of
the model proposed by Iwan [E71 for predicting equivalent
damping vialues of  non-linesr  systems subjected Lo
earthguake encitations. The damping eguivalent to the
hysteretic action of a vielding material is given by the
empirical relationship {321

LR g X

fwa = OLOHE7 | eDm )

WHEre Hmee 1% the maximum amplitude of the response and s,

ig  the associated yielding displacement. The Terey WEE
tound to equal only 3% +or the present piping example

wher  excited by the actual TAFT earthgquake and restrained
by a material with a fairly representative vielding of 5.0
inches, Buch  a small percentage cannot be expected to
contribute significantly to a reduction in  the piping

system’'s peak response. It can certainly be arqued that

insufficient deformation was allowed for this particular
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wampl e 80  that no significant energy was dissipated.
However, such an argument contradicts the main objective

ot  restraints which is essentially to limit Grresslve

transient excursions of the vibrating system.
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CONCLUSIONS

A comprehensive study was  conducted to complement
previous experimental work and assess the effectiveness of
inelastic restrainers. The theoretical model was developed
by using a finite element approach and it is general in
terms of piping geometry, location and number (wE?
restirainers., Dyrmamic condensation was  antroduced  to
reduce the comprtational effort reqguired in the numerical
evaluation of the equations of motion. A example  was
presented wherein a two-dimensional U-frame was subjected
to a tiltered and unfiltered TAFT S5469E earthguake loading.
The results tend to discowage the wse of ductility for
damping seismically induced excursions of piping svstems.
Howewver , a vyielding material has the potential ot being
etticient 1F uwvtilised as a force-limiting device rather
than a damper. Thise latter characteristic couwld be
employed advantageouwsly only 1+ the inelastic device was
positioned  to ilsolate the mechanical  system from  the
earthquake. Thern any exciting energy wowld be capped
betore reaching the system. Snubbers could be emploved i+
uwndeesirably excessive deflections still potentially exist.
The combined wse of elastic and inelastic devices may be

advantageouws because the stress penalty associated with a

sntbber  would be alleviated a&s a result of reducing the
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inpult energy.




CHAPTER 3
RECOMMENDATIONS FOR FURTHER STUDIES

Three computationally efficient approaches [T
developed to approximately determine the flexural response
and important design parameters of vibroimpact systems. &
combination of the three approaches oan be the el

economically  to to reach optimum designs. However, the

applicability and accuwacy of these approaches was only

“plored for wvibroimpacting beams. Theretores, thie

teasibilty of wtending these approaches el mor e
conplicated systems shouwuld be investigaeted.

A study was conducted to  assess  the wee o f
inelastic restrainers for  damping seilsmically indu&@d
exoursions of  piping  systems. The results  introduced
cloubts about the effectivenesss of these restrainers  when
used  as energy absorbers. This finding needs to be more
thouraughly investligated by  doing mear e exhauative
Comparisons  using 4 for example, random excitation. In
addition, the inelastic restrainers have the potential to

furnction as an input force limiting device. This potential

is to be explored.
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AFPENDIX Al
I+ the amplitude, G, of the external load is
sutficiently large that impacts occuw in the edample of

Figure 2%, then the equation of motion during contact 1s
m 2"ty e (k) 20t = @ sin Ot + ki, (ALl

The Z(t) represents the displacement of mass m and a dot
superscript indicates differentiation with respect to
time, t. The solution of egquation (AL.1) 1 given in

reference LD as

[ W wmin et e
' by (=@

; Z, Ger cos Ot . o
7ty o= o ! e et 2 SiM W o tt=te)
oW e Chibdbe y (L=
Gosin 0t ke Z 4,

. ’ vl D - b i i X ."m‘;','.“‘ €l
(k) (l=gs) (kb { L~ BEE B wibetgl

(WAT D]

where Z, and Z. are the displacement and velocitv,
respectively of the oscillator at the +irst instant, Lo,
it contacts the stop. The natuwral frequency we- @guals
Lkl /md* 7% ane g=0/w ne Now the primary wse of the stops

ocours  in practice when the oscillator alone 1s close to

resonance s that Q equals (E/m)*7=, Themn
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g e e - s ' (Al.3)

For stiftd stops, k/Zk = 1 and, hence, it carn be
equation (Al That @& is much  less  than

Comnsequently, equation (H1.2) then reduces to

Za CO% W oW it—te)
L0y = + Y%éﬁT. £l -~ cos w mit-tey) I
'Z . G b b sE ) .
s e — adi 4 T (et )
W e k: [ bk ‘ } SEOw e (et

The contact force is simply
MOty = (k) Z0)
whiich, by using approdimation (AL.3), becomes

Mt) = [ Mz y, ~-J%~ Chmy 2 7= J Wi HBIN Wa(t-te) -

The +form of equation (AL.S) sugoests that the

torce, N(t), is half sinusoidal in form for a

s@eErn from

urnity.

(Al .4

(Alad)

(Al.E)

contact

asingle
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oscillator colliding against a stitf stop. Conseqguently,
equation (AL.35) may be rewritten in the more convenient

abbreviated form

M{t) = A sin ft ) (Bl . bad
whienr e . "
Ao W [ miy - --~-—‘:'——— (lem) b ose \
anda Gl w b
+L [l TV N ':t""'tc,)
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Appendix A2

Energy criterion for predicting the possibility of chatter

The physics of the chatter phenomenon can by e
understood best by studying the vibrating structure’s

total energies. Consider, for example, the transverse

vibration of a cantilevered beam deflected initially
above an elastic stop. The beam first travels downwards

or towards the stop atter release. & point spring force is

generated at the impact which momentarily forces e
beam’'s point of contact upward. Subsequent  travel wi il

depend uwpon the beam’'s overall kinetic and strain @rer ol e
and the stop’'s location. I+ the stop is located above the
bean’'s static equilibrium position, both the kinetic and
strain energies will induce the beam s non-contact points
to move down@ardﬁ. This means that whern the stop and the
beam & point of contact are separated, the latter will
move again talong with the non~contact points) towardes
the stop. Hence, as long as the beam moves downwards after
contact, the beam’'s likely point of contact  will o
\through a fairly rapid succession of contacts  and  mon-
contacts or "chatter" with the stop. On the other Prarvet, i
the stop is located below the beam s static el Librium

position, then the beam's kinetic and strain e L e

will have counterbalancing influences. While the kinetic
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energy induces the beam to travel downwards , the strain

energy tends to return it back to the static equilibvyium

position. Thereftore, if the kinetic enerqgy is greater
than the strain energy just before a contact, the beam

moves downwards so that chatter will take place. Hence
the condition for chatter can be expressed mathematically

=8:)

where 1T and U are the beam’'s total kimeltic and potential
energles, respectively, immediately betore the contact.
The total energy T+l remains  constant + o &

conservative system so that

T o+ W= constant = B4+ (R )

Aeccordingly U ocan be expressed in terms of 1T and B as

and, hence, inequality (AR 1) can be B g

alternatively as
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However , T cannot exceed the total eneragy Ev. Therefore,

ineguality (A2.32) can also be written in the +foarm

e B & T Er ' (Rt 4)

In summary, the possibility of chatter depends upon

the stop s location relative to the beam’ s astatic
equilibrium  position and the beam s total Einetic and

strain energies just before a contact. Chatter occours 14
the stop is located above the beam’'s static eqguilibrium
position. I+ the stop is located below this position,

chatter only occouws 14 condition (. 4 1w satiasfied

immediately prior to the contact.
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AFFENDIX A3

The incremental form of equation (23 is
LMI Lau™ "3 + LCT {au™y + [EY {aur = {aF) . (IR

By  using recursive relations based on a Tavicr series
edpansion, the incremental variables of equation (A3 1)

can be expressed in series form as

Loy = fuit+at)y ~ {Juit)yd

st (B At ¢ DOL/Z72-@)4u” T e o+ glu” " (beat) d Jat®

=Lt (B At 4 {utT (B Tat®/e + fau”tiatRg

Cendon 50

and
Lan”d o= fu” (b+at)yr o~ fu” (k)
= Ll €Tl 4+ oy du” T (kraty 1 oAt
= {ut "ty rat ¢+ {au” T Faty -
The choice of parameters £ and v, which appesar in
BHpression (A%, 1) and (AL ED) stems from thes
acceleration’s assumed  variation with time during the

interval aAt. A linear variation, which corresponds to the
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Wilson-9 method

Substituting exdpression

i

Lo b

By assuming that the damping

mass matrix,

(5.8 armd (A%.4)
to give
L r ToLauy = { A'\' 3

L2gl,

with a proportinal constant

page 7O

arises from g=1/6 and y=1/2. 0n the

other hand, the Newmark-—-g method (251 is synonymous with a
constant average acceleration which emanates from g=1/4
and y=1/2 .

The incremental acceleration {aw ') can be obtained
trom expression (A3.E) as
T - ; . 1 , , 1 R o
L AL R el A B g S (t? bl sl 1 K| (b ¥ (i 4

@ at = 1ot 28

(AZ04) into (A3 vields
1 ) Lo : | EW e
e U o AT S O G ol S TN 0 I .
frat= fat o ,
(S ND]

matrix is proportional to the

€, @xpression

may be substituted into equation (A1)

(A b)
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whenre [E], the effective stiffrness matrix, is

H

e - 1 ] T
5 S o — atenessss . ¥ V]
Lk Lk G ot [ = + Gy } L

and EEH, the effective incremental load vector, b

o m

X ; 1 v .

Ll el L < [ =l | Ll ()5
g V)
a wni}

A dintegration ovole starts  with  known

values + e Tuedt ) 3y Gwe (e arnd Lwe )

. A

.
{akly  and CED are calowlated from ecguation CRE &

solution of eguation (A2.é67 will proviode the {aw

oy

can  be substituted into expression (AL 4 arnd (E

produce LAl " and {aw ), respectivelyv.
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RS UELL RS THE DISPLACEHENTS CFULL)

SELECT EXTRA INFORMATION (@ - BRIEF, 1 = FULLD
?
1

YOU ®AY VIEW EITHER VELOCITY AND RCCELERATION DATACO)
OR BENDING MOMENT AND SHERR STRESS DATARC1)

SELECT TYPE OF EXTRA INFORMATION (@ OR 1)

?
e

YOU MAY HAVE THE ANIMATION PROCRAM ERASE THE WHOLE
MOVING PORTION COMPLETELY BEFORE REDRAWINC IT IN
YHE NEW POSITION OR INTERLACE THE ERASINGC AKD
REDRAHING FOR ERCH LINK

SELECY ERASING TECHNIQUE <@ - INDEPEND., 1 = INTERLACE?
?

1

PO YOU MISH R LISTING OF INPUT? (@ = WO, 1 <YES)

?

L]

YOU MAY VIEW EITHER THE WHOLE OBJECT
(MRCROSCOPIC VIEH) OR OHE EXPANDED
DETRIL C(HMICROSCOPIC VIEW) OR CHOSE
YOUR OWN VIEH C(CUSTOMD

SELECT VIEW EXPANSION FACTOR (@ = MACRO, I < nICRO, 2 = CusSTOH)

?
1

EXCEPT FOR REPLIES YO PROMPTING HESSACES
YHE PROGRAM 1S CONTROLLED BY THE FOLLOUING
FUNCTION KEYS -

CF-KEY @> = TERMINARTE THE PROCRAM

CF-KEY 1> = FREEZE THE ANINATION AT THE CURRENT FRAME

CF-KEY 2) - CRUSE THE ANINATION Y0 HOVE BACKHARDS

CF-KEY 3> - CAUSE THE ANIAATION TO HOVE FORWARDS

CF-KEY 4> = SINCLE STEP ANIMATION TO PREVIOUS FRAME

CF-KEY S> = SINGCLE STEP ANINATION T0 NEXT FRANE

CF-KEY 6 = RE-ARRANCE OR RE-INITIALIZE SCREEN FOR THE TINE HISTORIES
CF-KEY 7 - START POINTINC TO SUCCESSIVE NODES FOR TImE HISTORY SELECTION
CF-KEY B8) - SELECT A NODE FOR TINE HISTORY

CF-KEY 9> - RS PER C(F-KEY 8>, BUT STOP POINTINGC TO HORE NODES

CF-KEY 18) = RE-START THE ANIMATION AT THE MACRO/MICRO PROMPT

CF-KEY §1) - REQUEST ANOTHER SCREEN-FULL OF TIHE HISTORIES

CF-KEY 12> = NAKE HARD COPY OF CURRENT CRAPHICS SCREEN

CF-KEY 13) = WELP TO EXPLAIN KEYS C1.€E. THESE HESSACES)
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Figure 11. Showing (&) the unloaded vibroimpact

system of reference [11; (b) the beam's total. kinetic
and strain energies before and after the first impact
at 10.67 msecs; and (c) beam shapes at different
instants 1in the period during which chatter occurs.
Material properties of the system are given 1in
Table 1
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Young ‘s modulus

Density

Cross section AA°
width
thickness

Damping

Restrained point
initial displacement
initial velocity

0.3»10% 1be/in=

0.283

1bm/in™=

in
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inxg\_

(a)

1 rigid support

2 restrainer

Figure 15. Showing (&)

scnanstic of a two-dimensional

arig () the restrainer

exziting earthanake.

in/sec \\f>/ %(//.

(¢)

the material properticsg L) @
U-firame piping system:
tocetion and  direction of the
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Figure 19. Acceleration spectra of the piping system
of Figure 15 when excited by the filtered
earthquake. The piping is restrained by a material
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Figure 20. 1The effect of increasing x, from (a) 5.0
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Figure 21. Acceleration spectra of the (&)
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System properties appropriate to :
reterence L11] reference L21]
Beam
Young ‘s modulus 0.178=10% lbe/sin= 0.2:210% 1be/in%
Dernsity 0. L83 1bm/in= 0.286 lbm/in®
Cross section
width Ol in 1.0 in
thickness Q.02 in Q.25 ir
length 4.18 in 17%.488 in
Stop stiffness SEHP 1be/in LOS lbesinm
Damping ratio 0.0 0. 003
Nature of. 0.0 1bf Q.1 sin Abbii4.t
excitation oG (R-G)T bt

Table 1. Material and external load properties pertaining to
the vibroimpact systems considered in reterencs L11 and L.

+ the § is the dirac delta function.
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Total kinetic or strain enetragy
just before the first impact
El earancs. R Kinetic Htrain
'( i ) (1beoin=lO®) (1beainulO=)
in )
- 0.1 4.7 H.0
- 0.2 2.8 1 i
- 0.5 2.8 e
Table 2. The eftects of verying b on the total kinetic and
strain enerqgy just betore the first impact ot the

vibroimpacting beam of reference [11.






