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CHAPTER T

THE PROBLHcI ilND DEFINITIONS 0F SYMBOLS USED

statement gf t'he problem rt was the purpose of this study (a) to
devise labour saving methods for the eonstruction of sanpling inspection

tables; and (b) wiÈh these methods to develop a set of tables of single

sampling plans providing Iot quality protection aÈ a ninimum average cost .

,t,of inspecti.on per Iot.

Irrporbance of the study A number of sampling inspection tables

have been published, notably those developed by Ðodge and Bornig (+) wtro

based their caLctúations on cerüain approximate formulae, thus effecting

a great saving in computative effort. rn the present study the sane

approximate fornulae hrere used; however they v¡ere evaluated here ¡'rith

labLes of the lqconple_te Bej:r-.F\qgt,ion (e) and Tab1es of the Inco¡rpl=ete

Gamna-F\rncùion (Z) to furüher lessen the work of compuüing.

The Dodge and Ron5-g tables give sa:npling plans that mÍnimÍze the

average amount of i-nspection per Iot, but they do not state what that

amount is; hence they fail to provide an estimate of the inspection costs

involved. Ibrühermore, the sampling plans they list ïriI1 ninirr.ize ühe

average cost of inspection only i^rhen the cost of inspection per piece in

the remainder of ùhose lots that fail to be accepted by sa.uiple is the

saJne as the cost of ínspection per piece in the sanple. .Since this is
not always the case in practice, the tables in thÍs stud.y were conrpiled

for a nr.¡mber of d.ifferent ratios of the two costs. Not only was the
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appropriate sarnple plan for each ratio tabulated, but also the relatíve

average a¡nount of the inspect,ion costs involved in that plan.

Definitions of synbols used

N = nt¡¡ber of pieces in Iot,

n = nunber of pieces in sample,

ptr = Iot tolerance fraction defectÍ.ve,

p = process average (expected) fraction d.efective,

M = püN = number of defective pieces in lot of ùolerance quåliüy,

m = number of defects found in sample,

c = accepta¡ce nurnber, the naximum allowab1e number of'defective pieces

in sa,mple,

PC = Consì&erfs Eisk, the probability of aecepting a subrÉtted Iot of

tolerance (fr) eualitf,
P, = Producerts RÍ-sk, the probability of rejecting a sub¡nítted lot drar,nr

a
from a product of process average ([) quality,

/N\ ST!

, t"/= fiqãJT}¡ = nt¡nber of combinations of N things taken n at a time,

b = eost (in a monetary r¡nit) of inspection per piece in the sample,

B = cost (in tf¡e sa¡ne monetary unit as b) of inspection per piece in the

remainder of those lots that fail to be aceepted by sartple,

C = b/B = inspection cost ratio,

Q.n = average cost (in the sa¡ne monetary uniü as b) of inspection per lot
" 

,or product of process average (þ) quality,

(D^ =ö^tg = relative average cost of inspection per lot for product ofYC " U-
process average qualÍtyt

p = fraction defective in general.

t. .....
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Prime notation was used in nr,¡mbering probability formulae in thÍs study

as fol-lows:

ftact formulae - no primes;

Formulae based. on the binonnial approxjmation I singre primes;

Formulae based on the Poisson approximaüion - doubre primes.

0rganization of the rer¡aj.nder of t4g thesis The renainder of the

thesis hras organized in the follow'ing manner. The general considerations

that influence t,he choice of a partieular meühod of sampling inspection

are discussed in Chapter rI. This is followed in Chapter rr1 by an ouü-

liae of t,he basic princÍples of samFling inspection upon which the tables

in this study are based. The htathenati-cal development appears in Chapter

IV under two d.isùinct head.ings, (a) sarrpling from a finite miverse and

(b) salrpling from an infinite universe. Both parts begin with a statement

of Èhe applieable exact formulae, from which the approxÍ.nate formr¡lae are

úhen derived. Finally, this chapter indicates how these approximate

formulae may be evaluated exactly with the use of Tab1es of the Incomplete

Beta-Function a¡rd Tables of the Incomplete Cla¡:rna-Iunction. Chapter V

""tt*- tt*"to"ã*-n.I**= followed i¡ the construction of the
Mini¡nt¡n $verage Cost Sanpling Tables (Table V), r^riüh numerical examples.

Tbe uses of these üables are deseribed in Chapter VI, while Chapter VII

comprÍses a study of the natwe and magnitude of the errors resulting

from the use of approximate formulae. Finally, a general discussion of

the problems encountered in the construction of these tables is presented

in Chapüer VIII, a-long with a few observatíons concerning the limítations
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of ühe methods developed here.

All tabulations are gÍ-ven in the Addenda, Tables I-V. lables I-IV

illustrate the different steps in the construeti-on of the Minimr¡m Average

Cost Sampling Tables, whÍeh are presented Ín Table V.
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CHAPÎEE TI

THE CHOICE OF A PÁBTTCULAE T{ETHOD OF SAI/trLING INSPECTTOI{

Sampling inspectíón, as agaínst total inspection, irnplíes that the

product that is to be inspected will be considered acceptable even though

a certain small percentage of the pieces do not conform to specifications.

The choiee of a particular method of sampling inspection wiJ-l depend on

certain general eonsiderations such as ühose described by Dodge and

Rornig (4, pp. 1-L0).

Lot Quality or Average ÇIrality Protection The choice of a meùhod

nay starü wÍüh the fixing of a specific value for the allowable per cent

d.efective, and then choosing eíther one of two kinds of sonsumer protection:

(f ) lot Suality Protection, in r+hich this value appli-es to a

finite lot.

(a) Average Qua1iÈy Proùection, ù which iü appties to the general

oufput of a product.

Tables based on lot Quality Protectíon åre most useful where each

lot is considered as a d.istinet uni-t ;as, for exarnple, where the product

goes out to a large number of consuners, each making only internittenù

purchases. 0R the other hand, when constant purchases of large shipnents

are being made the indívidual lots tend to lose their identÍty, and the

concept of Average Quality Protection will be more useful.

Singþ sa¡¿pli-ng or doqÞþ sanpf+gg À choice must also be made as

to Í.nspection proced.ure. Either single sampling, double samp15-ng, or
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nultiple sanpling may be ernployed with either type of protectÍon. Doub1e

sa-upling generally requires less sampling t,han single sampling, especially

for large lot siøes and a high grade product. Sing1e sanrpling however has

the advantage of being simpler, both in the use and the development of the :

',,

tables.

Tables of sample plans giving Lot Quality Protection and Average

Qua1ityProtectionwithaminimr¡ma^mounùofi.nspectionhavebeendeve1oped

arrd published (a) for both single sanrpling and double sanpling proced¿re. .



CHAPTER TTI

BISIC PRINCIPLES ft,fplCIyBÐ

The tables developed in this study are for single sampling and are

based on lot quality proùeetion with a minimum average cost of inspeeüion.

They are dra¡rn up for stated values of the inspection cost ratio, which is
the ratio of b, ühe cost of inspection per piece in the sarnple, to B, the

cost of inspection per piece in the remaínder of those lots that fail to
be accepted by sa^n,ple.

The general eonditions under which these tables are applicable,

and the principres used. i¡r their development, are the same as those

described by Dodge and RomÍ_g (+, pp. LO-L4, Zã-31), exeept for the

inspectÍon cost ratio r¿hich is introdueed here. They have therefore been

reviewed only briefly here. The basic requirements for the rnethod are:

(a) The specified degree of consumer protection shall be provided

for, and

(b) The average eost of inspection per ].ot shall be a ninimr¡m for
a product of process (expected) quality.

In-spection p.ro.sedule The inspeetion procedure Ís assrured to be ,

,:,.. 
t ttt'

as folLows:

(a) Inspect a sarrple of n pieces,

(b) rf the number of d.efects found. i.n the sanple does not exceed 
,¡:¡.::,,:,,..,;::

c, the allowabIe defect number, accept the 1ot. ' ; : :1

(c) If the number of defects found in the sa.nrple exceeds c, inspect

all the pieces in the remainder of t,he Iot.
(d) Correct or replace all defective pÍeees found.
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The protection aspect Const¡mer protection is defined numerically

by specifying values of:

(a) lot tolerance fraction defective, the allowable fraction

defecüive in a lot.
(b) Consunerts Bisk, ühe probability of aceepting a subnitted

lot having exactly lot tolerance fraction defective.

ïn thís study a Consurnerrs Risk of 0.L0 was used throughout. Hence if a

J-ot of worse than tolerance quality is submitted, the probability of

accepting it will be less ühan one tenth. The sample size n correspond-

ing to each value of c will be uniquely deternined by specifying Èhe

degree of prótection desired.

The econony .aspect For each such sa.mple plan (paired values of

n and c) there wiI1 be an average eost of inspection per lot for a sub-

raitted product of process average quality. Tbj.s cost will consist of

two parts:

(a) The cost of inspecti-ng the sample. thÍs is nb, where n is

the nr¡nber of pieces in the sample, and b is the cost of inspeetion per

píece in the sarnple.

(b) The average (expected) cost of inspecting the re¡¡aÍnder of

those lots that fail to be accepÈed by sa,aple. This is (N-n) Pp B,

where N is the ntmber of pieces in the Iot, P, is the probabílity of

rejecüing a lot of process average quality, known as the Producerts

Risk, and B is the cost of inspection per piece in the remainder portions

of tbe rejected lots.

Clearly ùhe first eost factor will be minjrnized by taking the
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smallest' sample thaü r,rill give the desired protecüion, that is, the value

of n eoffesponding to c = O. The second cost factor on the other hand

wílI be nininized by inspecting t,he whore lot, when it will obviously

be zero. the problem was to find the sarnple plan that ¡rrould strike a

balanee between these two cost factors so as to ¡nake their su4 a ninj-nim

for stated values of the inspection cost ratio, b/8.

;::,:::::;



CHAPTEN TV

MÀTIM,ÍATI CAL BACKGRO UND

Mathenatical probability formulae used in samplÍlg v¡ork are either

one or t'he oüher of two ü¡pes, depending on whether they involve

(a) Sampling from a finite unÍverse, or
' (b) gsmF1i-ng from an ínfinite universe.

In determinÍng ühe sar¡rle siue, which involves the conswrerrs Risk, the

sample is considered as being drawn from a finite lot, and probabitities.

are therefore based on (a). In deter¡nining the Producerrs Risk tr¡e samFle

is eonsidered as being drawn from the general output of product, a source

of suppJ-yr æd probabilities are therefore based on (b).

T. SAMPLING FROM A FTNITE UN]\ÆRSE

The probability of finding m defects in a randon sample of n pieces

drawn from a finite universe (lot) of N pÍeces in which the number of

defeetive pieees is M = p N, is given exactly by

/M ) rN-M)
P(mrnrNrg) = Yql \tr-il2

m-
Thg binoJaiql approximation lùhen p < 0.10 a good approxination

to eqrration (t ) is given by the n * 1st tem of the ,expansion of the
L nr nlMbínonial, |(1 -ä) +äl", ühat is*j

P(mrnrNru) g f(mrftru)

':: ti-: 1: .:
t:,;:.:.-.::-::

(1)
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where r{m,ft,ü) = (Ð (i - ft)
The approximation is aruived at as

M-m _m
(fr)

follows:

rMl lN-Ml
P(mrnrNrM) = Y 

\n-¡¡'l

I

l-NæF-

fli\ * lr 1. ^-1 'tî-,- 1 rq-nr-r1ll
_ t *./ "* (¡i_")i{ 1 | 11 

(1- ;). .. . (t- lry li (r- #).. . . (L-

ï\r' L t 
i li- fi). . .. (1- ff)J 

I

- (i) {i- ç)M-* {ft)* r'iw,n,M,m),

where F(Nrnri{rm) is tne expression Ín the large brackets.

Since log (r-x) = -x - *- tu... for lxl < t, it folIov¡s that
23

M-l * " __ r m-1 æ 1 __î lvl-m-l æ 1 -- r

#o i,i,fi, - 
#, j, åtgt- #r- j, *t¿t:

order L/Ñ , L/f , and, L/ (n-n)*, and. replacing

(fi)M gi"us ùhe approxi:nation

log F(NrnrMrm¡ I 
"u/ax = "P/z for the ma¡ci-num term nrhere m = (ft)u,

so that

p(mrnrN,r{) 
= (Ð(1- ft)}"-* {ft)* "r/e.

.:,.
1og F(ÂlrnrMrm) =

Neglecting terms of thà

m by its expected value

nJ (N-n)J

N-n).'
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Finally, setting F(NrnrMrm) = 1 gives the approximation (see chapter vrr
for'erors involved.)

P(mrnrNrM) * r(rn#ru)

¡r¡here e(rn,ft,u) = (i) tr- çtM-* rftr'.

(r')

the PoiFson approxirratio.n Dodge ¿nd Rom-ig (+, p. 43) state that
when p < o.1o and when#a 0.10, a good approxi¡nation to equation (1) is
given by the n * lst term of the poisson exponential distribution,
that Ís

P(nrnrNru) E P(nrpn), where p(nrpn) = dÏLPg.[ .

This approxi:nation is amived. at as follows:

From equatÍon (t')

P(*,ft,r,r) = (i) (1- #)M-* (ft)*

= M(M-J)::..(lot--ñlT) r, 4rMr,, x -B - m

mr 'l:=r. (lji) (i_ ä) (*) ,
NMwhich, when fi + 0 and M +- i¡r such a way tirat ff E pn remains constant,,

yields

' 1- m-1r __ M * -m mp(r,#,u) = L(1- ü)""(1- l) {r- $)'" (1- ft) 
* 

(p.,)".
r r'r

Henee in ühe lilnit

e(*,ft,ui + "-îÍe")l .
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From equation (1') we have also

p(mrnrNrM) ¿ p(nrfir¡n),

thus givÍng the approximation (see chapter vrr for errors involved)

Applicatil¡n o.f tbe fgre&oing approxj.ryr$ions tc t,he problep Equat_ 
,.

ions (1t) and (t"¡ are general equations applicable for any fracti-on

defecüive, p, but were used i¡a this sbud.y only for the specific case ,

where p = pu the lot tolerance fraction defective, a¡¡d where in turn

M - Þ.N.

lhe Consr.¡mer's Bisk, Pr: ís the probability of meeting the accepü-

anee criterion, c, in sarnples drawn from a 1oÈ of N pieces containÍng

exactly the tolerance number of d.efects, M = ptN, so that

c
Pc = Z- P(nrnrNr}4), when P = Pt," m=O

or, using approxi.rnaüions (1t) ana (ttt¡ with p = pt,

P(nrn¡NrM) I P(nrpn), where p(mrpn) = ":Pþ)n. (1,,)

(¿")

(¿)

', = å ff) ,'- çl*-* rçr*

an! % =å "Ï#Ét.
Equations (z') ar¡a (ett¡ may be evaluated eractly wit,h rqþles of the

Inc-onplele Beta-F\rnglign (6) an¿ lable.s of the Lncomplete Ga¡n¡na-Fi:nctlon

(z) respectively, as shown by Deming (5, pp. l8-uo).

,,-':- .t,. ìi'...-...:., .tl
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From equation (2t¡

e,
Pc = r (i) tr- ç)M-* (#)*, when p = p'v 

¡¡1=Q \ xr 'r lr ¡ìl

-o=1---1.
i *t (r.-*)ÞI."-1 d*
o

=L-I*(prq), where *=Ë

P=e+l
q = U-",

= I*(P'Q), where x = 1- ft

(a¿) 
,,1

(r¿)

P=M-e

q = c+1t

where the notatÍon Ï*(p¡q) for the incomplete Beta-funcÈion is that of

Pearson (6, p.vi)"

Fron equation (2tt¡

^ -P+tr m

p-=;9 "rlpon)-c *=o mt

Ptn
.r xc e-x dx

= 1--J
C-X{ x-e--dx

0

=[-ï(urp), vrhere u= jti,'/t et-U

P=cr
where the notation I(urp) for the incomplete Gama-function is that of

(gt t ) :',:',;:
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Pearson (?, p. viÍ).

TT. SAMPLING FROM AN IIfFINTTE T]NTI¡EBSE

The probability of finding m defects in a random sample of n
pieces drawn from an infinite universe (general output of a unifo¡rn

product) in whieh the fracti.on defective is pn is gi.rr"r, exaetly by the

m * lst term of the expansion of the binonial, ßt-nl + p ] 
nn th"t Ís

P(rn,n,p) = (å) (r-p)n-m pn (+)

Th-e Poisson approximat-ion Dodge and Ronig (4, p. 44) sùate that

when p< 0.10, a good approxi-u,ration to equation (a) ís given by the

m *lst term of the Poisson exponentiar distribution, thaü is

p(mr¡irp) I

This approxj¡naüion

From equation (a)

P(nrnrp) =

P(mrpn), where P(mrpn) =

is aruived at as follor"¡s:

(å) tt-oln-m pm

n_(n-r).:.. (ry 611f
mJ

(r-p)t (r-p)-* pt

= 
ptr(prr-q)r. r-.-{pr-p-4)- (r_ EB)o (r_p)-t,mJ r- n'

vrhich, when p -+ 0 and n å* j.n such a way that pn remains eonstant, gives

the approxination (See Chapüer VII for errors involved)

P(mrnrp) s P(mrpn), where P(nrpn) = (a"¡
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Appligation of the fo-regoÍqg approriqqb:lon !o_ thg problen The

Producer's Risk, Prr i-s the probability of failing to meet the aceeptance

criterion, c, in sarnpres drawn from a product of process average (F)

quality, so that

c
PP = 1 - 

n=t=o 
P(rn'n'P)' wtren P = F,

or, using approximation (4") with p = F,

P=-P "-Pt(õtr)T¡þ

(5)

c
1- ¿

m=0
(s" ¡

of thewhich, like equation (2")rmay

Iqeqfnplele Qqnqa-Function, that

exaetly w:it,h þÞLçS_

,

be evaluated

is

c -Þ11¡- rIItP = .l v 9.: tÞn,
'^ 

-InJ-m=u

7 *" u-* a*
0

= I(urp), where

pn

o

õn
= 

-a--
'/( c+I

=C.

(5n)
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CHAPTM, V

CONSTRUCTTON OF MINTMTJM A-V-ER.A,GE COST SA},IPIING TABLES

' The construction of ninimum average eost sampling tables giving 
';,,,..,..,',;,

lot quality proüection consists of the solving of three dist,inct problems:

I. Deterrnining sa:nple size;

ïI. Determining Producerts Riskt 
, i,,,,,,

III. Ðeterurining the mj.ni:num average cost of inspection per 1ot. "1";': "'"'
:;-:;:;'. .:.:::.:::The methods employed in this study are therefore discussed. under these ', .; ,;'

three headings.

T. ÐETEM{INING SAI.ÍPI,E STZE

Siyeê: Lot, size (N), lot, tolerance fraction defecüive (fr),
Consunerrs Risk (PC = 0.10).

To find: Sample síze (n) corresponding to allowabIe number of

defects (c = 0, Lt 2...) to give ùhe specified protection üo the consumer.

Method I - usi4g Tables of t,lE¡ Incomplete Eeta-Fr¡nstio! (6) These 
,,,:,t,,:.,,,1,:,,.;,,,,,t,,

tables could only be used where M = ptN < 50. Si¡ce they are so tabulated , ' ,:' 
'

:.-: .:-,:::_-:'

ùhat q I p, it $Ías necessary to use equation (r¿) r,¡here c < $, and ': . 
'

equation (S!) where s ¡H.-a'2
M-1For e <'Ë values of n were found from equation (f¿) by setting

P, = O. 10 gÍ.ving .':,.:,.',,'..'.
,.-..:..:...: :.

I--(prq) = 0.10, where p = M-c (zrl
q=ÈH.

n = N(L-x).
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This equation was solved for x, using linear interpolation in the tables.
For example, given N = L000, pt = 

'.Ob 
and e = g, it follows that

M=prN=50

p=M-c=48

Q=et1= 9.

Fbon Tables of t4g Inco¡np_Ietq Beta:[¡nctíon then

Ix(4erg) =.09160 forx =.?5
and lxØ?rgl' = ,L2062 for x = .76,
which by linear interpolation gives

t*(+Z røI = .10000 for x = .?529,

so that n = N(i.-x) = 1000(1 -.?5Zg) = 247 to the nearest integer.

For e t ry values of n were found from equation (3j) by setting
Pa = 0.10 gÍving

r*(prq) = 0.90, where p = c+l (z¿)

q=M-c

n=Àk,,

r+here agaín x Ìras found from the tabres by linear interpolation. For

example, given N = 500, p¿ = 0.0b, c = L3, it follows that

M=prN=Bb

P=Gll =1.4

q=M-c=lp,

Tableg € tþS InSoE¡l etg Beta-F\mct:Lon give

lx(LLrLZ) =,89559 for x = .66

and Ïx(L4r12) = .9141L for x = .6?.

By linear interpolation then

Ixft4r72) = .90000 for x = .6624,

so that n = Nx = 500 (.AOZ+| = IBL to the nearest integer.
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the nethod is illustrated in tabular fom in Table r.

Method rr- - using Tables o-f Èh.q rnco-mprete Gamrna-tr\metion (?)

For those parts of the sampling tables where M = ptN ) Ð, values of n
were found by settiag PC = O.L0 in equaüion (grr), givÍng

I(urp) =0.90r.where p=c (a,r¡

"=ry
This equat,ion was solved for u, using lj.near interpolation in the tables.
(wote: Since Èhe lot, siøe is considered infinite in derivÍ-ng eqr.ratÍ.on

(att¡, the value of n does not depend on N in Meühod rr) For example,

for p, = 0.02 and c = 5, Tables of t.hg rncompletg Gq¡¡ra-Function give

I(ur5)=.888L foru=3.?
a¡d r(ur5) = .90L8 for u = g.B . By linear interpolaùion then

I(ur5) = .9O00 for u = 5.?B?,

so that n = 
tvlc-tål - 5'?81 79 = 464 to the nearest integer.Pt .O2

This value of n r^¡as then used wherever ptr = O.0B ar¡d c = b regardless of

ùhe value of N except for N < 2OO0 where it was possible to determine n by

Method I whÍch i.s more aceurate. Method II is illustrated in tabular form

in Table II.

II, DETËT¿IVIINING PRODUCm,'S RTSK

GÍven: Samp1e size (n), acceptance nr¡mber (c), process average

fraction defective (ñ).

To find: producer's Eisk (pp), the probability of rejecting a
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submitted lot drar¡m from a product of process average (F) quality.
Ï'þ_t_hoQ=: Values of P, nn¡ere found frorn equation 16rr).r

PU = I(urF), r^¡here r =.r%¡çv lrGfl /

P=C.¡

using Tab1ej o{ the rqcon'Lple.tg Garnma-Fgnct,io$ r,rÍth línear interpolation.
For example, given thaf p, = 0.@, n = g?, c = 1 and F = 0.02, Ít fol"l6ws

that u=fr¡ ='@!32) =L,B?'B

and p=C=1o

1qÞJuS g[, åþ9 Inconrp&rte Qam.rya-Fr{Le-l;ioq give

I(url) =.5485 foru=1"8
and r(url) = .5885 for u = L.4n By rinear interpolation then

I(url) = .57? for u = L.3?L8,

so that PU = .5?7.

The tables presented in this study Ïrere drawn up v,rith three values of F

for each value of pt and. hence each pair of n and c values yield-ed three

values of Pp: one for each value of þ. A saving in time was therefore

effected by tabulating the '¡¡ork as shor,¡n in Table IIT

TÏ]. DETEF},iITN]NG THE Ì'ITNIIUIIM AIrERAGE CO,ST OF TNSPECTTON PER LOT

Given: l,ot size (N), sample plans (paired. values of n and c),
Producerls Ri-sk (Po), inspection cost ratÍo (C = b¡e, where b is the costr'
of inspection,per piece in the sample and B is the eost of inspeetion per

piece in the remainder of those lots that fail to be accepted by sa¡np1e).

To- figd: (a) The sarnple plan that will mínimize ö g, the average
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Cbst of inspection per lot for a product of process average (F) quality,
and (b) (pn, the relative anount of that cost,-u'

Method: Õ ^ i" composed of two parts:
U

(r) cost of inspecting the sarnple. This is always nb.

(2) Expected or average eost per 1ot of inspecting the remainder

Lhose lots ühat fail to be accepted by sample. This is (I(-n) po B.

follows that

Öc= nb* (N-n) r, n,

where P, is as defj-ned in equation (6r'). To find ¿¡s s¡nple plan üo

minimize Ö a it was only necessary to find the plan thaÈ would minimize

the relatiye average cost of inspectioltg¡t given by

,^+Yc=-3.i=nC*(N-n) Pp,

where c = b/8, the inspection cost raùio. From equation

calculated for each i-nspection cost ratiot c, a nr¡mber of

bei-ng üried untir a minj-nrrrn gg was for:nd. The conputing

by tabulatíng the work as shown in Table fV.

(e)

(ro)

(10) 9g *s
sanrple plans

was simplified.

the producü (N-n) p, was firsü punched in the machj-ne and then the

different multipres of n, ví2., Lon, gn, grf..., added to it, the results
being tabulated Ín rows. After a few minima had been found, they were

underlj¡red in red. succeeding minima were then found r,rith only a few

ürials by observing the trend. Finally, these mininum values of fa, were

rounded to three significant figures and tabulated along with the corres-

ponding sprqFle plans in Mininr.¡m Average cost sanpling Tabres (Tabre v).
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CHAPTF,R VI

USES OF THE TÀBLES

These tables give the combinat,ions of the sample size and allow-

able defect number that wiIL provide the specified consuner protection

at a minimum average cost of inspection per Iot, and they also give the

rerative amount of that eost. From this relative cost figure may be

obtai:red the average cost in dollars sinply by multiplyzne the relatj-ve

cost by B, the cosb of.inspection per piece in the remainder of those

lots thaü fail to be accepted by sample. These cost figures, besídes

being useful as an estimate of the actual inspection costs, serve as a

basis of comparison of different plans on a cost basis.

They will show, for example, to what extent inspection costs could

be reduced by a certaín deerease in the process average. This saving

might' then be cornpared w'ith the decrease in costs that would resuÌt from

the use of a higher lot tolerance per cent defective. Still another fonn

of savings in inspection costs could be effecÈed by the use of larger lot
sizes. Inspection costs relative to the lot size w'Í11 aIr+ays be lower for

larger lot sizes and, since these tables make this difference measurable,

Èhis difference ûúghù now be considered as one of the factors in setting

the price differential betr,seen small and large quanii.ty purchases.

Numerical examples are given belor'¡ to illustrate the method.

How to find the appgopriatg sample pla.q anjl the average cost oE

inspectioq g ]-ot

Iþe proÞIe¡n: Suppose the A,BC Co. is manufacturÍng a product ühat
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has been observed over a period of a year to have an average fraction
defective of 0.02, vrith only minor fluctuations Ín the quality from day

to day. They r*ish to set up a sampling inspection pran such ühat they
will be able to guarantee their customers that if any 1ot should have a

fraction defective of 0.04 then the chances that it ï"r:i11 pass inspection

will not be more than one in ten. For lots having more than 0.04 fraction
defective the chances of passing inspeetion u¡ilI then of sourse be less

than one in ten. The product is sold in lots of 500 pieces each, and. the

cost of inspeeting a piece in the sainple is about 16 cents vrhereas the

cost of inspeeting a piece in the remainder of those lots that fail to be

accepted by sarnple i-s aþout ?0 cents. lrfhat sampling plan w"ill insure the

desíred protection to the consurner at a mj¡i-num average cosb of inspection
per 1ot?

Ths s,olut,!qg: Lot tolerance per cent defective i-s 4 per eent, and

process average is 2 per cent, lot size is 500, and the ínspection cost

ratio is .i.6/.20 or 0.8. For these values the tabres give n = pOg, c = 5,

and relative average cost = 26?. This means that a sanple of z0g pieees

should be drawn at rand.om from each lot and inspected. The lot should be

accepted if the sample has five or less defective pieces, and rejeeted. if
it has more than fÍve defecüive pieces. The average cost of this inspect-

ion plan will be 23?(#O.2O) =#4?.40 per lot of b00 pieces.

HoJv tg compare alternatlrre means of redqcing inspecti.on costs

The þrobleq: suppcse the company r¡s'ishes to know how ühey could

reduce thi.s inspectíon cost, and to røhat extent.

: .:.- ,.: 1.;.: :,:
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Ïhe solutlgg: They night Ínvesüigate the possibility of ínproving

their manufacturing process to get a process average of L per eent, say,

instead of 2 per cent. Other faetors being unchanged., they would then

require a sample sÍze of only 152 with an allowable defect number of 3. t,,,,.

the average cost of the plan would then be J.46(SO.¿O) =#Z}.ZO per lot
of 500 pieces.

A second alternative would be to girarantee the consrrmer less 
,.

protection by using a lot toleranee per cent defective of b per cent .

instead of 4 per cent. Other factors being unchanged, they would then "'
require a sarnple of size 1?0 r¡I'ith an a11owable defect nr¡mber of b. The

average cost of inspecÈion would then be 1"?9(#9.29) =#3S.BO per lot of

500 p5.eces.

A third a}üernative would be to sell their product in larger loùs,

say of,size 1000" With other factors ühe same, the required s*nple size

nould then be 2?4 wíl'.h an allowable defect nr¡nber of ?. Average cost of

the plan would.Èhen be 245( $O.eO) =#49.00 per l-ot of j.000 orf e+.æ per

5Oopieces..'':.'...

All of the ùhree alternatives effecta saving over the method given ..',

in the preced.ing section, and although cost is only one of the rnarry factors .,: 
,

to be considered j¡ setüing up a sannpling scheme, a eomparison of the

amounts saved by the respective schemes should serve as a useful guide in

making t,he choice.



CHAPTER VTI

NATURE AND MAGNTTIJDE OF ERBONS

The use of the binomial approximation, equatÍon (Zr), and the

Poisson approximation, equation (etr), in determining the values of n
resulted in errors in the value of the Consr.¡merts Risk. Errors in the

Producerrs Risk resulted from the use of the poisson approxi.:nation,

equation (s"¡. The following is a brief study of the magnitud.e of ühe

errors arising from these three sources.

Erro.rs in lhe Qgpqqpçr_'q Risk dtlg to_ t,hg bipqqlal approxi-$ation

Equation (Zt) is based on equation (:.'), which j:rvolved two approximations

in its derivation, viz.:
(a) Neglecting terms of the order t/lf , t/rf and. L/(irl-n)" in the

expansion of log F(NrnrMrm), and

(b) Replacing n by (n/tg) u, and then seüting eP/Z = 7.

Although an upper bound to the error caused bl (a) can be found. in the

form of a f,unction of the variables involved, ühis function was found to

be too unwieldy to deternine its ma:<ímum numerical value over the range

of the tables. For the error resulüing frorn (b), however, a nr:nerical

upper bound was easily established as follows:

Assuming that terms of the order t/Ñ , t/na and, L/ (IrI-n)' can be

neglected, as they in fact tr'rere, it follows that

1og F(Nrngrm) s A* r

::.:,-1.:
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M-l m-l M-m-L
where A*= X(y/r,¡) - Z$/n)- ¡ (y/(t¡-n))u¡ y=0 y=O y=0

= f [g.-M - m¿-m ú-zm-+-*":u ' 1

?LN n ---T-n-*.J rorarlm'

For the maximum term where m = (n/N)M this general expression for A*

reduces to Þf/pN = p/2. Consider now the terms where n É (n/¡¡)M, in

particular those terms where m < (n/N)M, since these are the only values

of m for which equation (1t) was used in this study

Fron the definition of A* it follows that

{*r = A* * f+ - ##l so that A*-r s A*

if *-! < }{-m or i.f Nm-N ( Mn-n.n - t\-n

Thi-s last inequality is certainly true for m f (n/N)M sÍnce n is always

< N. Hence it follows that A*_t Í A* for m 5 (n/m)l4" Sir¿ilarly

A¡n-z Í A*-r, "tï. Hence A,.:P/Z for all m < (n/N)M, and

F(NrnrMrm) !e9/2 for all ealcr:lations that were based on equation (1')

(w:itn the assumption that terms of the order L/Ñ, L/tf , and. L/ (tU-n)'

are equal to zero) so that

P(nrnrNru) ( "P/2 
r{*rftru)

= 1.Ob1B f(mrftrUf) for p = 0.10.

Hence when n 1s deternined. from equation (e'), which is based on

eo¡rati-on (tt), and where p = pt < 0.10, the Consunerts Risk, PCr by

exact mebhods should. not exceed. the stated value of 0.10 by rnore than

about five per cent. of 0"10.
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Since A*-j. ( Am it follows that 1og F(NrnrMrm) may be negative

for srnal-l m ancl t,hus reeult in a Consumerts Risk that l¡il} be l-ge_s t,han

the stated varue by more than five per cent; hoi.,iever an error in this
direction r'rilI result in rnore protection to the eonsumer than is speci-

fied, never 1ess.

Bcploratory checks over that part of, the t,ables r,¡here n hra.s found

from the binomial approxirnation gave a Consurnerts Risk by exact methods

as low as 0.0856 but never greater than ühe stated value, o,1o. rn

general these ehecks showed that the error in the Conswnerrs Risk was

greater for 'ì.arger values of p, and smaller values of n.
U

Errors in lhe Consfimerrq Rislq due- to the Eoiss_on approxj.:nåtion

A method of óhecking the aecuraey of the Poisson exponential approxímation

to the binom-1al ltt-ol + pl" is given by Fig" b of canrpbellrs paperL - -J

(1, P. 1O0). I{owever it is not applicable here sinee the Poísson used

in equatÍon (2,,) is derived from the binomial [ti- *l ++]t .
[ $l $¡J

Etqploraùory checks were made over that part of the table where n

was found from the Poisson approxi.rhation. These gave a Consumerrs Risk

by exact meùhods as l-ow as o.o4b0 but, never greater than the stated

value, 0.1-0. The checks showed that the error in the Consumerrs Risk

was greater for larger values of p. and n/N.

Er-qors iq ths Producer ?s Risk Èg to tþe p_qisson approëi@tion

The Poisson approximation, equation (stt¡, was used here in place of the
r -'ìttbinonrial l(r-5¡ + F¡" to find the Produ.cer's Risk, so that Fig. 5 oft' 't

Canpbellts paper was useful in determining the error involved. Since
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P(crnra) in that paper denotes the probability of finding c or more

defects in a sarnple of size n when the expected number is a, it follows

that the Producerls Risk, P* is given exactly by

Pp = P(c*lrnra) where a = Fn.

Campbellts Fig. 5 gives curves of A, the first coefficient j¡r the

expansi-on of the ratio of the íncrements in probability due to a d.eerease

in n (fro4 -) and to unit Íncrease iJ¡ c. Denoting this ratio by r, we

have, using Campbel-lts notation,

F=@'P P(c€r*:å) - P(c+fr-râ)

= xJn - (terurs of the order L/f ),

v¡here A=å(ef1)(c-a) and a=Fn.
i¿'

Iù can be seen from Fig. 5 that the coefficient A, and henee the error

ratio r*r is zero for Pp * 0.45, positi-ve for P, less than this, Ðd

negative for P, greater than this, except for the small c values, where

the zero error wil-I occur for smaller values of Po than this. Since the

denomlnator in the expression

?=@'P P(*2r* ra) - P( cl-1 t* tã)

is essentially negative it follows that the nr¡merator will be of opposite

sign to that of rr. Hence the lower values of the Producerts Risk will

tend to be overstaüed and the higher values will üend to be understated

by the Poisson approximation.

An upper bound to the absolute value of the error ratio over the

range of the }¡tiaimum A.verage Cost Sanpling Tables can be established
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fro¡a an inspection of Fig. 5 as follows. ïn the tables

0.0000L<PP<0.700

and 0(c <46.

ïf c is replaced by et1 in Fig. 5, these boundaries of P, and c will
determine the region of Fig. 5 to be considered. The value of the eo-

effíeient A in this regi.on ranges from about-100 to +600, so that the

value of r, ranges from about -100/n to {€00/n. Hence for n = PTt which

is the louest value of n in the tables, the upper bor¡nd to lrol would be

established aÈ about 25.

However, since the snalÌer n values coruespond to the s¡naller c

valu-es, v¡hich in turn correspond to snaller values of lAl , it was

possible to establish a much lower upper bound than this by calculating

values of r- fronr the approximation
E

r, ! Nn, where o = å(eË )(c-Fn),

for expiloratory cases throughout the üa'oles. The values of the error

ratio for¡r¡d in this way ranged frog -0.025 to -1O.755. Hence the error in

the Producerrs Risk due to the use of the Poisson approximation in place

of the binonial should not be more than about three guarters of the error

in the Producerts Risk that would have been caused by the use of a value

of e greater by one than the specified value.

Finally a mrmber of values of the Producerts Risk were calculated

by the exact method and compared with the approximate values that were

used in the construction of the tables. These checks shor¡¡ed thát the

lower values of the Producerts Rísk hrere overstated and the higher values
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r{ere und.erstatecl by t,he Poisson approximatÍ-on, and, Lhus confirmed the

information given by Canpbef'l rs paper. The error in the Produceres Rìsk

in absolute value was found to be greater for large¡' valu'es of þ and

smaller values of n. The largest error observed oecurued iuhen the exact

method. gave a Producerrs Bisk of 0,695 as against 0"685 by the Poisson

approri-mation" This error. of -C.0L0 in the Producerrs Risk resulted in

an und.erstatement of the average minj-¡num cost of inspection of not more

-1than l" * per cent '
=
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DTSCUSSION

the bi¡onia-l approxim¿üion is a better one than ühe Poisson :

approximatÍon for deternrining values of n. However the bínonial was

evaluated in this paper with Taþlqq of the Incomplete Beta-F\¡netioq (6)

in which both p and q range from 0.5 to 50 ana lnerefore the use of the 
,,.

binonrial for finding n Ïras restrieted to the íotlow'ing parts of the '

sa:npling tables ¡

P. = 0.10, O.O? : for N = 500,.E

p. = 0.05, 0.04, 0.03 : for N = 500, 1000,.E

Þ, = O.O2 : for N = 500, 1000, 2OOO..E

Values of n for the balance of the tables h¡ere found using the Poisson

approximation which, according to Dodge and Ronig (4, p.45) is good

when pa < 0.L0 and when n/N < 0.10. Although in the tables presented

here, values of p+ never exceeded. 0.10, the values of n/N did exceed O.LO

over a consid.erabi," po"tion of the tables, ¡unning as high as 0. b0 in a

few exbreme cases. These hÍgh values of n/N, which were necessitated by i.i

theuseoflowÍnspectioneostratios,accotmtforthetab1esgivinga
,.'.

Consr¡nerts Risk as low as 0.045 when it shoul-d be 0.L00. However as a

result of these errors the tables will always give more than the specified

protection, never Iess.
:.

Themethodout1inedinthispapercanbeexbended'tothe"o'"t"*"t-

ion of minj:srïn average cost sampling tables using other values of N, p'
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F, C an¿ PC, with certain restrictíons on their range. For example,

since ühe error introduced by using the binonial approximation to

determine n increases with p¿r there exists a practical upper limit to

the value of p. when Tab-leq of t& fncomplete Bela-_Fr¡nglion are used to

fínd n. F\rrthermore since the error resulting from the use of the Poisson

approximation for finding n increases with n/N, this fraction as well as

p- must be kept reasonably low over any part of the sanpling tables where.E

T?bles o_f the fncompl_e3g GqnÌqa-F_\:nctio-n (Z) are used to find n. This in

twn implies that the inspection cost ratio, cannot be too low over that

part of the tables, since the l-ower the inspection cosb ratio thè greater

the fraetion of the l-ot that musù be inspected to nrini¡,rize the average

cost of inspeetion. Also if n/w is to be kept low, then the ratio þ/p,

must be consj-derably less than unity" ït v¡as found necessary in the

present tables to keep F/q I 0.5 in order to keep c S Ð, since that is

the greatest value of p given in Tables of the Tggggpå*g Ga¡4naa-Fuqçlio4.

.r.ì.1r *" u'.'ì\.
ii..- ::;-;;*,t ,.¿ e=¡ -:r. 

' tii

Õ^ 3\t ;i
\ f-- s !.. :.;F\ffsgi¡l;;3Í;"
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ÐEIERMTNING SAMPI,E STZE N ITSI¡{G IABI,ES OF TTTE TNCOMPI.ETE BETA-FUNCTÏON

(Ot=.@, trl=500, M=IO)

c p q x l-X
n

50û(,

Using eqn. (zO)
500(1-x)

ll-sÍag eqa. (, 
^

0

1

a

5

4

5

6

7

I
I

rc
I
I
7

6

6

7

I
9

10

I
2

õ

4

5

5

4l
si

il

.?94?.

.6690

.55@

.4æ

.5541

.7929

.9125

.8849

.9456

.þeg5

.2059

.s670

t4497

.55L8

.6459

s66

406

4Z
475

495

L0s

16e

225

276

s2ã



ÐETMMTNTNG SAI4PLE SIZE

CoI. (l)
P'c

Co1. (a)

u

0

1

2

et,c.

CoI. (g)

tÆ

2.906

?.7ãZ
g.o?4

fABLE TT

n USING TABLES 0F TI{E IN@MPLETE GAiUMA-FUNCîION

.Ù2

n=50. @
x CoI. (6)

2"gog

9.89.

6.9a4

.05

n=9,6.66
x CoI. (9)

115

195

¿66

.04

n.85.00
x CoI. (õ)

77

1"50

L77

pt

.05
n=AO.OO
x Col. (g)

58

9rl

195

.O?

n=14.89
x cot. (5)

46

78

106

.10

n-10. @
x Col. (5)

53

56

76

26

59

55
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