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ÀBS'NÌÄCT

In Lhls thesisr the v¿rlatlonal nethod ls used to determine

an upper bound to the gror.rnd state ener&r of a system of a posi-tron

and a negaLivo hydrogen lon" Tïo triar wave; f\r.netlons are used and,

the better one of the two is employed in obtatning the ]j-feütme

of the s¡rstem agalnst two photon pair annlhllatlon of the positron

with an olectron fron the ground state of the s¡rstem, The thesis

also includes shorb discusslons of the varlational method ancl the

gecniretry of the syetem under consideration.



ACMIO,TÃDG'mNTS

It is a pleasure t,o thank Dr" 5" l'1. lieamtan for the suggestion

of the problem" His eonstanL interest, help and guidance gr"eatly

contributed Lo the devel-opmenL of the problem to its successful

concluslon, and ùo the Ínvestigatorfe general lccor,rledge of

mathematical ph¡rsice as r'¡ell as conputatlonal and research i;echnlques"

The lnvestlgator also wishes to thank G. 0czkowekl for his assistanee

ln checking the lengþty computations, and the Faculty of Graduate

S'r,udies and äeseareh of the Universlty r¡f Ì"lanit,ol:a for provicting

fin¿neial supporb in the fc¡rm of a Graduate Assistant,ship"



CHAI{ER

ï"Ti\lTilODUcTIO¡l o õ c e ô o

ïi. I'!n vAlìIATTOiliÂL ML'Ì'HOD . o Ð o

ÏÏÏ" THI' SYSTTII'I OF FOUR CHARG|ID PA,ÌTTCI¡,S NJ ÏiE ÀliS;ÌIJCiì OF AN Ð O

¡JXTI]RI\]AL FTT]LD

TABTB OF CONflINTS

tr/. TI{li GììOl.lND sTATil i:ll'IrF.GY 0F TIrß SYS"ùitl't 0F A I,OSITR0N AiJD A .

NIGATTWì IITIÌICGII}Í IOi'I

V" TM! MdAIù LIFI]T]]',[ì OF A SYSTBI{ OF A POSTTNOII S\JD A MIGATTV¡]"

ITYÐROffiN TON AGATI{ST T'''JO PHOTON .ANIfTIÌTT"{TTOITI FR.OI4 TH!]

G,q,OUND STAT1ì OIl TI{I SYSiI!I}Í

vï"c01''fctJ.ìsI0NS cóoû,ù

A'PP|II.IDTCTS - Q O

PAGii

I

'j

10

16

t')

26

28



CI-IAPTER T

ïNTRODtlCTI0Ì'I

The obJect of lhls investigation ls to deterqnine, theoretically,

the nature of the interaction of a posltron with a negative hydrogen

lon, in the absence of an exbernar field" More specfflcarry, it is the

purpose of thls study (1) to carculate an upper boi:ncl to the energr ancl

the v¡ave function of a posltron - negative hydrogen lon system in the

ground state 3 Q) to dete¡mine the mean llfeti:ne of t,his sletem agalnst

two photon annihilatlon of a positron - erectron palr from the ground

sLate.

Ttre interacLlon of posltrons with matt,er has been the subJecL

of prrevious lnvesLigations by a number of workers, sueh as tr{heefer,

Hylleraas, Ore, De Benodetti and others" T-he discovery of posit,ivo

eleetrons, wtrich were predlcted by Dlracas theory, uras lnrnediately

followed by a serles of investigations in order to prove that thes

parbieles e:dnlbited the propertles predicted by Dlraccs theory. Thi-s was

aceompllshed by obsenring experimentally the creation of a positron *

elect'ron palr by f- rays from radioactive sources" The reverse process,

r¿here an electron - positron pair annlhilate wlth Lhe emissÍon of / * raye,

was also invesLigat,*d.l ïn t,he latter process, just before anníhll¿tion

occurs, an electron - posiLron pair may fo¡m a stable, hydrogen-Llke tl,¡o

parbicle s¡rst'en or atom. The existenee of this quast-stable s¡rstem was

first suggested by S" Mohorovlðid"2 Thl" s¡rstem was glven the name

1 Lo J. Thibaud,
2 S" MohorovicÍ-c,

Physlcal Revieg, 58:86t, 1940.
Astron. NSgLrL, 253t9h, L934.
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ttpasitronl-umtt by hrarko When posiLronlum is formed: lLs qtrantum states

are similar to those of hydrogen, the nain dl-fference being that the

redueed ness of posÍtronir.¡m is about one half that of the hydrogen atcrn"

The effect of this ís that the energies of the posit,ronium states are'

about one half the energles of the eorrespondlng hydrogen states, while

the linear dlmensions of the r.¡uve functlons are about twice as 1arge"

fi; ls possible ttrat poslLronium ls forrned in an exeited n f O

sLate' rn such a state it sunrlves rong enough to emit a llne of the

characteristlc optical speetrum in its t,ranslt,ion or transitions t,o one

of the ground states: the splns parallel t3S trÍplet or orLhoposit,ronium

or the splns antiparallel tls slnglet or parapositronium, from rd.rich it
annihllates" These two states differ substantj-atly in thelr arurihilation

properbies, because of the ed-stence of selection rulee which pr.event,

the annihllation of the 3s utat" with the emj-ssion of two I - rays. The

annihilatiotr of an electron - posltron pair from the si-nglet spin sLate

occu.re roainly as two photon annihil¿tion, while that from the trlplet
spin state as Lhree phoLon annihilatior:,3 Frcm the point of víers of

perturbation theory, the two photon anrrihll¿tion is a second orcler process

while three photon annihil¿tlon is a ùhird order proces$" Thus, pair

annlhll¿tion through the hisner orcÌer, thrce photon process ls less

11ke1;' to occur than througþ two phoLon annihiratlon" Arso, the rower

order process has a shorfer lifellme; that ts, the llfetime of singlet,

3 De Benedet,tl and Corben, Aryllq! Ilcv. of ììr:c" Sçí., 4:I9I, Lc)ih,
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pocitroniurû is 'Trr= /,2îx (o-'o secso, v¡hile for Lriplct positroniirm it
ls tTlr= ttts /Tr, , for annlhil¿tíon from the grouncl slate"4 Th"

ar:nlhil¿lion r¡sl,es of bot,h singlet ancl t,rlplot posif,ronl',rm have also becn

obt,ained experlmentalþ" 5

The system of one positron ancl one elc+ci;ron Í:¡ not the only pos-

sllrle bouucl sysLem involving the positrorr. IL has been shown theoreticall¡,

l'r'ra't' syst,ens consisting of two ¡rosfLrorrs and an eleetron or tvro el-ectrons

and a poslt,ron aI¡;o have srnall positive bincling eircrgies agairist

clissoclation lnto any of thelr eonstftuerrt par"t,s.ó Thu blnding of tha

posltron to cortain atcnnsr lons or rnol-ecul-e¡: has also been eonsiciered."

1he lnvestlgatlon of ttrese lat,t,er systens is particularly' interes't,lng irr

that lt sheds new lighl'. upon the lnte¡nc+"ion of posiLr"ons w-lth gases and

solldsu ll'he annihllatl-on rates of an electon-positron pair.in such atsnls

syst'ems are sut;stantlally rlifferent fron the annthi.lation rates of free

positronium.?

The d;'¡¿¡nica1 stabillt¡' of the system of a posltron and a nega"bive

hydrogen ion has been theoretleally-establlshect by A, Ore"8 ü*u showe tha.t,

s'.rch a s;"stem posesses a poslLlve blndirrg ener€nr of at reast, "02 ev

4 A. Oru alld J, T," Powefl, PU¡slqel ,1gy_!çrs, T|;rL()g6, Lgl+g"

I ¡1" ûeuLch, Protr.tl ss fn tlrreL¡:ar P-hl'¡;1qg J: l4l, l)5j 
"L- J. A" 'l'uheelt'r, Annn l.l " 'i, Acad, Sq!,, laî:2I9, 1g/+6,

7 De Ben*ctettl anãìñrrren¿f,'tellîr ftli!:. Scis, 4.:tÇ1, irg5i.
ö A" Ore, Li$.vg¡:å* ol Berlren Ycarbogk lio. l, Bcrgen, lilomray, Lg5,Z"

ü" ttytt* .-F&;"
.8" Ilylleraas and A" 0rc, ,,f,y:-lce.] Rev.Leg, 'lItl+9j, !gl+7"
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against dlssoclation into a positronium aLom ancl a hycirogen atom, The

åvail"abllity of alkal-l \¿&ldes; conrnercially has Ied, recently, 'bo some

experfmental l"nvestlgaL'ion of Lhe lnberacLlon of tire posl-tron wltir the

negative Ìryclrogen 1o,r.9 In this thesls, the blntiing of the positron Lo

the negative hydrogen ion is establ-lshed with a hlgher bincì-ing energr

than that obtalned by Örei, and aLso bhe bwo photon annitril¿Lion rat,e eif

an erectron-positron på.lr out of the grorind state of sueh a syst,cm ls

eaÌculatecl" The natttral- erctention of this work is 1,he compr-rt¿tlon of the

angular correlabion of the pholons from posíiron anni-hiLation 1n the

s¡rst,ein of a positron and a negative hydrogen ion" This work ls a't, present

being carried out, trnder 1:he dlrection of llr. S, l{. I,leamtan, by G.

Oezkot¡sk1 and the investigl.tor" The corl:esponcìing experj¡rental aeasunnenis

of Lhe angular correlatl-on of the photons from palr a,nnlhibt,lon ln the

s¡rstem of a positron and a negative hydrogerr ion havc arready treen

obtained.lO T'he paral.lel problem of the interaction of a positi"on with

a hel-ium atom was invest,igated by G. Oezkowslci and is reported ln his

ùhesis * Il

?^n" f. Stewart ancl Tl" Il. i,larch, l-iUæ_!çg.l þy!eq, l22t'15, 1961.lo Tbi.Ì.
tl C" Oczkc¡wski, 'Ilìe s'¡sten of a posi+.ron a;rd a hclj-urn atcrn, a thesis

sut¡mittedt"t eUiiversit,y,
of l4anitoba in partial fullfilment of the requirements for ùhe degree
of l,Xaster of Seience,
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CHAPTSR IT

TIM l¡ARTATTONAT ¡TTIIOD

There are relabively few phlæical systems, whlcir obey ihe t¿ws

of quauL'.un mechanics, for whieh Schroclingerrs eq:.ratlon is capable of

e><act solutiono frr bhe maJorlt,y of physical eases appro:ri.nration neì,hocis.

have bo be used to solve Schrociingerfs equation" If for a given pro'blem

there exisls ¿u r-elatecì problem capablc of ç-røct :rolution one nËy use

perturbation methorìs for obi,airring an approxliute soli-ttion. Arro¡he¡

useful approxÍmation urethod is the so called l,iKil approxirrabion methocl

which requires that Sehrodinger?s equal,ion for Lhe problem be separable,

A very useful method, vùiich does not, require a solvable rel¿tecl problern

or a separatrle Schrodinger equation, is the variational methocl"L rct Jt

be the llamiltonian operator of a phl^;leal s.ystem and ft the orbhonorrrsl

eigenfunctiors of thie operator" Consider any function f in Lhe FIiII¡ert

sps.ee associated hr:ith the physibal s¡ætem; we have ¡

v = Tc'('
Hft= ,,(, (/",(;) -f;,
"89= 4¿;Z/,

'Ihus the e4peeted average of lhe tlamilt,onian for 1,he syst,em In the state fis: 
1u) = !1!+: ß_v:4_Ð\"/ (yg) (Y,V)

I rhe variatic¡nal meilrod was first used by Lord äayleigh in
1873: lTregry o! lgu¡rd,Vo1. l, Sec, 88o



1¡there as usually,

where T represents all the configuration space of Lhe physical s¡rstetn,

rhat,is, (y,v)(tl = ( I";Qt,+c;H/r)
= î T"ic¿((;,HQ,)
= f T ¿i c¿ (Q,, e; (¿)

: T I ,î ", E, (,!¡,(,)

=T-ïciC¿E;14,'¿u
: Z lc¿l' É¿ O

¿

IÆt 6o be the s',nallest eigenrralue, then:
(n) (Yv)

(ú,x) = lrt h
T

(ttl ) ¿'lc¿\t

ilrt i Y *)
(Y,Y\ = ( lctQ,

=- z l clc;
(J

= zi.¿[" i, i;i] ). Ço

(v rú)l{ence ?-tr Í-s an upper bound to lhe ground s|¿r.ie enerry of Lhe

physieal s¡rsten, and ^{/ is an approxÍ-uration to Lhe wave function of the

ground state " ffi : Eo when 9 -- q. , the ground staLe

wave functlon of the syst,em. The better Y approxÍmales the grouncl

state wave functlon e¡f Lhe ph¡rsical system, the closer the upper bound

approxitnaLes the actu,al r¡aIue of the ground state ener&r of the physical

system.

An upper bound lo the first exeited state ener6¡ of the system

Eo

ã c; f;)
J

( ,(; Q;\



1s obtainecl b¡r choosing a trlal wave functlon Y

to /" t.t the sense that ry, q,) = o ,, so that

vriLlr Co = O , Thus in equation (D :

(y,v)
Ileplacing all the ç.r' by Et we get:

(n) >, Ë, t"'!. E,
(ry,, v> l

since cor' o and 6" does not enter lnto the suin" rf V is orbhogonal

to the ground state wave functÍon +-hen (WY) is an upper bound to the

energr of the flrst exciLed sùate and V is Lhen an approximatiori to

the first exctted state wave functÍon"

ã. lc¿l1 Ê¿.

f1

r¿hich is ort,hogeinal

y= 1<iy't,
I

Ïn cerbain cases it is possible to choose a t,rial- wave function

V , to be orthogonal t,o the ground state wave functÍon (" of the

sy'stem, without the erpllelt knowledge of t,he grounci state rcäve fime'bion

f" ' Thus, for e:empre, if the grounci state of a Lwo electron s¡rstem

ls a singlet spin state so that /" is a spattal.ly sym,netrlc funeti,ori

of the eleet,ron coordínates, then lf the first excit,:d. state ts a tripi-et

spin star.e, '{ *y be choosen orthogonal to /. simpþ by taking lt
i,o be a spe.ti-arl;,r anì:is¡rmmetr"ic function. To be ¿rble t,o deterrni-ne an

upper br:unrl to a i"irs'L excited state in other cases, the expllcit

knowlecl¡;e of the fom of the ground state uavt¡ funetion wonld be requ.irecl,

su that, the trlal functiorr could be chosen orbhogorurl to it "

Ïn the maJority of problerns, one is not, merely lnt.eresteci in
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obtaining jusN er,ny upper bor¡nd to the eigenvalue of Schrodlngerts equallon

for l,he system, but usu¿Ily the goat j-s t o obtain an upper bouncl whieh

ls not far removed. frcrn Llie act ual value of tlie erler&f Ievel" tly choosing

the trlal t¡'rave f'unctlon to be a function of a seü of variable sealar

parameters, Y=Y((,P,1,,,') , the upper bound to the energr level is

obtained as a fr¡netion of these paranneters:

(H) = ffn, 11,T.)
The minirnizatÍon of (n) with respect to these rrariable parameters yields

the least upper bou¡rd to the enerry )-evel, for the particular type of

i,rfal f'unction chosen , Tf the upper botind turns out to be very elose t,o

Lhe actt¡al energ¡ level, L.hen the coresponding trial l+ave function may

be a gooci approdrnation t,o the actual wave functlon of the state und.er

eonrsideration"

The choice of the trial frnction is usualþ severely restricted

by the faet t,haL the integratir:ns, which enter into the er¡aluatlon of

({, n +1 r cannoü be worl<ed out expli-cLtly, or for that

nat,ter caried far enough ì,o facilital,e numeri-cal currputablon. In

eerLain case:i it nu:y be possible to choose t he tri¿ìl funetion of the

f<inn a/= 
/(qp,, 1 ,/"{fl , where pari; of tt,, /(n,p,/,' ) is a"n

expl-lcit, i'uncti-o¡t of u¿riable scalar paranet,ers and all- Lhe coordj-nates

of the sf,sai)ërl exccpt þ , whl-le t,he fixrclional d*pendencc on Lhe

coordir¡at,e þ is nob specifie<ì. i'ne probleni is Liren reduced bo one of Lorver

order' , 'Lhat is, the r¡a:'lational problem is replaced by an equivaleni;

cltfferential eqriation, which is then solved numerica1ly"2 FinaILy, the

.2 i;'or a díscussion and applicatlon of thls method seet G" 0czkowskir p!" -e-i!.



natrrÌ'e of bfrc ph¡'sical problem may guiCe one

dependence orr rer+vafn coorcl.Lrrates.

As an e:campler let us eonsider a tr'1al funet,ion for a syetern rrf

two el-eet'rons and one positron:(Geornetry ancl coord.i¡rates defÍned in the

diagrarn" )

rhe fact that for ¿rn eieclron*positr.on system t,he ground state wave

f\rnction is * e' 'n' , where f ls the tnlerparbiere ctistanee and a.o

ühe first Bohr radius of the hydrogen atcnn, suggests for our trial funei,ion

a rJependenee on the coordinates li and â of i,he fonn:
_ (<î,, F q)

+^¿e-
where o< and f3 arr; variable seal¿r parameters" I\ri:herrnore, the faet

that the probabitlLy of the two electrons being at the same point in

6påce ls zero, ( tnat is, f,= ô is imposslbre) migtrt, leacl o¡re No ehoosE;

il depend.ence on {* such that !(ti.:,o\.o"

ioa

9

ehoice of functiqrnal
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TFlii S:r:JTiiM 0¡' !'OUR CHAllGtiD PAiì'Í'fCi,tìS Iì'i TÌ'Iiì AESiÌ{dli 0F A}l IIXTÌIIU']AL i;'TlliJ)

The comput,ation of an upper bounci bo the energy of the gr"<rund state

of a sy:tem of a posl-tron and a ne¡pLive hyclrogt;n ion requires a thorou¿¡h

knowledge of the geometry of the s¡/str.ùr, Consider a sysbem of four

parblcles - a nueleus of eharge Ze, two electrons and a posibron, 1n tht:

absence of any exbemal field:
e-

c.-
Choose an origin of coordinat,es at the posltion of Lhe nucleus. Ì¡ie are

eoneerrred with only the relative motion of bhe four parbicles, as i.t is

on\y the internal motíon and strueture of the syrstem which det,ernrines

Lhe state of the systen" Since the mass oll the nucleus is rnuch larger

'bhan the n¿sses of the electrons and the posibron, we shal-l neglect its

motion and 'breat it as ffu(ed.

The flrst, thing one must decide upon is the ehoico of a eoordinate

s¡rstem, This 1s in parb dictated by the choice of trial wavc funet,ion,

which will be introduced 1n the nexb chapier. The ccnfigur"atlon of the

s¡rsten fs cornpleteþ speclfied by the speciflcation of the slx lnterpar*

l;fcle distances, whiclt speeify lhe relative positions of the parbleles,
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and ¿i set, of three angles, whlch speeify the orlentat,lon of the s¡7s'bem

as a wlnole in spaee, Let tr, l. , !, be the posi_tion vectors of the

positron and Lhe el.ectroru; respecl,lvely and lt'ri, 1r= I f, -3rl ,

f.^a = lf,-f!l and Ç.2= lf.-frf . T'he seb l, r;, ß , t., tt
and rl,r of inteqg:,rtiul-e distancos hrlll b€ Lhe generallzed eoûrdlnates

of the s;rstem, if the lrrelevent orientation of the system in spaee is

suppressed. This choiee of generall-zed coordinates is by no neans the

onþ method eif speelfylng fhe relative configuration of the s¡ctem, but

it.is the one which best satisfies the three eonditlons: (1) ttre

Ilaníltoni.an of the system ms,)r be expressed as a reasonable funetion of

these coordinate$.' so that it, does not complieate excessiveì-y the integ-

rai,iorrs involved Ín (9,r1+), (Z) me element of volume of configuratlon

spar:e may be wrlt'ben as a sÍ-mple expression involving as nÊny of these

lengþts as possible ( and any other generalÍzecl coord.i¡r,ates to neke a

total of six)" (3) The trtal functÍon for the system nray be reasorrabþ

chosen in terrns of the interparbicle dj-st¿lnces. The first of these three

eondl1,ions, especially, imposes a severe rcstriction on i,he tSpe of

cor¡rdinate systen which may be us,:d" For eræmple, in the corrflguratlon

of tlte s¡rst,em, the coo::dj-nat,e lengirb {, may be replaced b)' an angle

fzt, *nich is t,he angle i:etween tixf. arrd -[,^f¡, lhough in teyrns

of this set of coordiru.ces it was found possible *uo writ,e clcmrn the eleme:nt

of volune of configuration space, it was not possii:lc; to write down the

llaniltonian of t'he system and st,iIl do Lhe lntegratlons entering into

<H7 o

As menl,iorred above, t,he conflguration of ihe s¡stem is; eoinpleteþ
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specified by the set of six coordlrwtest fl. , whlch speeify the rela'Llve

ÞositÍons of the parLicles, and the set of tlrree angles, JL , whlch

specify the orientation of the system in space ( with r.espeet to some

fi:{ed axis in space ). The wave function of lhe sysLen in il,s ground

state ( ttrat, is, wj-th zero angul-ar momentum ) will nol depend upori bhe

orienLatl-on of the system ln space; that is, ft %t) , The Hamil-tonian

of the system ln the absenee of an exLernal fi,:Id is also independent of

the orientation of the systen in spacel H=H(?J . Ílence, after the

lntegration over the set of angle eoordinatos JL r the proÌrlem red.uees

1,o the form:

('t) --

,thct",' /7 ï'eÌ)rr'.'tìen'L:¡ tìtr.l ,'r ilf't; cLIr¡e clenr;nl; rrl' vo},.il'ne o1' e onfl-¡;ur'¡¿t,lorir
sipä,cql . î'häs, as far ¿rs i,hr¡ computalion of (rl) i"; ucnccn:r€:cì, ti;r: sef; of

t,i-iree arr¡.1leu fL , rohich spe ci.ûy the ,¡rie¡-rt¡ri,iolr e¡.il r,iie :;.r,$L,.:r! i-rr r;pacc-:.

n,¡r,i¡'oe neqlegt"jri,

ConglcÌr::r n¡¡zin the r;.1':;ten cf Íour pirt.lcLes, witlL orl¿;in at i,Ìre

position ol-. the fixcC nucl¡:,is. Let 1,, tr, $, bc the pûsìit,ion r¡ecLors

of Nlre posiLrotr ¿rnel the two eleetror¡s, wheï'.: tr? (z,rl,, ê,) rrl,i

f.E (xr,fr, Zr) wiLh re:;pect Lo ¿ eartr:¡:j-an coor,iiii¡if;e r:j,rtern f'i-xecl iii

:rpaee" f-¡:ù JS = ( 4ret, (r) , in spircrie¿r1 nolar corrrjÍn¡,iLr:s, wlrenc t,li*

v.ecLor" ft h¿rs iLecll c'hg:;eii û,:; r',iìe po-krr l,'{i,-}, l;.r:.: 'L;},*: 'i::Í:rtr..tli¿ì-L ani{l-r: Ifl

( *t*, uQ) vrfl d ç
4

Jtt 'ç

tprX) d1



mess,.lreC f¡.or,'r the p}:nc df ¡1, anci fr "

'- 
(o',il, ,2')

îYie element of volume of configiur¿rtlon spaee is lT = llt, dtf, Jtt,
Let (9, e, Q) be Lhe I,luler angres rshlerr speci.fy biie ori¡¡ni,at;iorr of

blie rtLriaTi.glelr definecl by tiLe vect,ors !, anci tz, wlth re::i,rect lo thc

ff:ced Carlesl¿n eçror.dinate s;rlt,em" l'hen,

',6\ $_

13r, Åt!r' Jr, J{, J,z, 4,rrly, Jt,

= rì rr, rì. 4t,^ê â,*, l,qlrl" { I J'e ,IcP

whene ql = (1,-C.1 . t,Iow, d?!t. t'Jïr/{¡ *t,,,,.u fl¡= - dôrr€3 ; thai;

is d3-fr. rrfrl'nrJfr.wtiere f¡=lf,-fil , B*t f;r¿. \t+g*+trìg$l
+.iieref'ore 2 ts -- aQ 4 #; arid W = h .. so t,liar.

á3!, = + d.qlqrlcp,
d,ry t r^fsqr.\t ¿\"tq_¿\ Jti.ltìt 4u .{lqe /vJe lg

ã. /' X J, -n-

I X è f^ rt 4,,ì, lq dq d.r', d q, dt, 4(,

& [ 4rfl" ,èr)

rr"

J

I rr, 
{u 

, ?t\

I So* Apperrdtx i: j,,lemunt of Volumrr of Corifi¿þr"¡.tlon S¡:aee for
tl-le. s¡"stem of a Positr.t¡lr ancl a l.iegp'l.ive i-Ìyri:'oger: Ton.

ø
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i¡etweerr Jr Xy'z an6 t,x!,

- i-- t, * -nu)

= -t V'r + LLV

r*here f(: Ë , Wl I mås$ of t,he el,.,etr.r:n, ¿! : cir;irge of the

erectr<rn, 
'r,' 

= l+ r fr + h ror ¿'e t, z, J

arrcl wher.c .f ,. = 
(x¡,!; rt;) for ¿'o¡.2¡ j. o F(:r a r¡el_I bel'raveci

functlon ry , äsing the cilver€iencû theorem, we o}¡Lain

J*vLP/.r = Jru")'Jr
- 

l\'l- Lao

wh,.;r.e t.. s'Lands for al; confl¿¡.'rratlein space, H¿,nee , a.s far.¡rs tli<:

computation of (fl) for the system is coneernecl

' (YH^+,) = -t (*O.gÅt +.eLf u*/J,t
Jrt

E t, [tv+)'lr + t' J v *' ¿ r
Tß

For f . 
^{,( 

q ,r.r f', rî., flr, fl, ) , sÍnce

r^, 3 (t.* g,t * zrt)\-

\= (x]. I"'zÎ)":
f3 = (xr'* !: r zl)"
ri" = [tx;+)" + (1'-!,)t + (+r-t)tf '.

t'.. = [(r,-t,)' + ('1,-Í,)' * (zs-',)']7 *
f"t = lLxt,-x")t r(!t-¡.)t + (ts- r-'-)tJ '

The liamlltonian of Lhe system is

fl. -I*(V,'+V.L+Pr') + t^(+-t, i

is rlefr-ne<i as the anglea¡rcì wlre;re (t

']he ,îqt-lare clf the Gr.acjj-enb of the2 See AppencÌix IT I

tonf i.g;ruLiori Space.

we obtaln:2



H9g

+ 2+ry t''+,tìl-q' *' l?t Irø f, I,

r[(#J"

*?Q e3 q¿+Íl-f'
' àfL à4, r,4.

. (+l)'-(#)z + L(#,)'* 
^W,)" 

*'(?Eq,,)'

1 2_y. 29 fi*ti -n! L 2!-tt àfì¡ rj 1r vlt

+ *(i-\ i t,-
'lìrus, in the comp'.iLatir:n of'

a9 a-v7q ?h

. tlt
àft

lìt" sli - 4". +

?T
?ftt

r, tÎ¡

*"olh; ol -

?y. .t'* qi - c' øe
à\t fs f., 

-- t Ttt

ä+ Ðv
1rt) , H aP :.,t ,.:qirlvalcrii;

?3 2l
à ti, )rì¡

2l ct¿
âÊr t\"

ú*qî-tå
4- 4t

nl + fj- (i
4t {i-

r-5

?9 vìi+ r"i -4i.?tt f.rs fu

lo 1-he air'cve frxTn.
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CIIAPTIiR Ï.V

THU GROtll'iD STATia iiNIlllGT 0i¡ TH,i SYSTlilúr 0F' A POSII'ROII A¡ìD A NliGf{TIVii

}I']TNOGJ'N ÏON

The sl'stem of a posltron anrl a negillivû hydrogen is¡r ls stabl-e

Íf i;herre exlsts a state of tirc s¡"sLen wit,h an ener-gy whicl'¡ ls lower LlÊrr

the surn of the energies of the con$titusnt ¡xrts lnto which t,lie system

might di-ssoclaLe" The systern of a positron e.nd a negatfve hydrogen j.on

oan dissocÍate j.n a nurnber of dlfferent ttåyË: Il ean elissoelate lnto it,s

f our coltstituent par"Licì-ee , into a positron and a negative hyclrogen íon,

:Lrrbo a posltronium atom and a Ïrydrogen at,om, eLc. 'llie total energT of

a free posit,ron and a free negat,i.ve hydrogen iori 1n t,he grourrd st,¿te ls

sinrpfy't,Lre ener¡gy of the negative hyd.rogen lon, whleh ls - t.Ottt1 f; €

'lhe; sun of the enerf¡ies of t,he free positronhm and hyclrogen a'Lons ís

-, - t,1-Lt T.+'- , if both are in their growrd states" Cì-earl¡', the most

lavour"abre mocle of dissoclation of the s;vsten of a positr"on and a

negative hy-drogen ion is into ¿ pu:lì;ronium atom and a lrydrogen a'Le¡rn"

.if the r)nerFlr of the s;.,stem E(ttie')<-l.f fi, ,n"n flhre system is stable

irgairrst any mocte of dfssociation, anri if c(ti<') ) -/.r fj tnern ttre

systen ls urisitable ancì iissoeiates spontaneously into a posiUreiniun atsm

and a hyclrogen atono

The fact that the most favour¿rble ¡nodi-, of dissocla-bion of the

t;ystern is into a posltroniri-rn aton and i-r Ìrycirogen at,ccn sr.:gge¡it,s tÌrat íf
i.fie sysLem is bound at. all, ttren it proloably' resenitrles rnost eloseþ a

posiironiu¡n at,<xn loosely 'oo,¿nd to a h¡rqipogen aiom, i'Jrith ihis in núnil



I'i

¡l.nd árssuning that the s¡"st,en 1n its gr'Ð:.rfiii:;tate is sliiglel r^¡ith regarci

¿o the two electrons ' we take as Ður first t,ríal wave firncLl-on for the

system lhe space s¡nrunetrie funetÍon of tlie eleet,r.on eoordln¡rtes

| (af,+Fr'ìr+t\) - (TrL+F\+qt\
þ: € + e- É þr+Qt

where the coordinate s¡r*L,em used is deflnecì ln t,he eliagr"am:I

Nuclco t 0

ljl-nce the element of volume l¡ does noì; eoritain t,he eoortlinat,e {3
explicitly while t,he Ïiamlttonian Coes, iü is necessary to choose 1l = o?Lt
t;o as to be able to conrpute (tt), To f'acltftat,c i:hc cornputatlon of thu

t;erm ( O, ¡rÞ1 we have to take ff.ostnce fi, ørrn r¿xpres$ed ås

¿r fu¡etion of the other lerrght,s anrl an an61e, ís not elarlieltþ- lntegrablc"

2
c-le.ctton

3 ¿l¿. f rcn

Írinee 4-þ=o ¿-ø-=o,t'i rfu

4= -o({L--ë, #= -îë,

I postt loa

naking l¡se of tlie above stated symrnclr;r ef 4 , .t,hc aveït:.Ll€j r.rf ther

,þ
?1, -F þ,

I S"u also ütiap*-er fT.

¿þ
â tit = -Pët

-o(øs



LB

iîa,nilto¡rl¿Àn nÀy 'oe w-ittens 1## where

( Q, xÓ) a *þ (oç,t t,'ß| * rr) (ó", ö) + I <r ( û, (r)

+F^(Q,,{+-#.] {,) + zo(P(ø,1+-+ 
#"1 {J

+26'(4,,{+,+ - #. \ Ð] " I 
zt (4,, fi þ) r,r(4.,t+)

* z- (Q,,+,þ,) * ,(0,, t, A) -zz (4,,i +J + 4¿ (Q., \ +,)

r o ( Q,,hh) - z (Q,,t 4,) -^ (ö,,i,ü - z ( Q,, È,+J]
(0, ö) = 2- ( Q,, 4,) + z ( 4*, 4r)

All tlrese i-nnerr product,s are tnùegrals of t,he L;rce

5l,r(n, 
ø) l,^( c, D) r^ J.r

whore A,

ancl where

o

B, C rD are paraneters and a, L, e, à,, h are inte¡4eys,

æ Yl+f

t !*rn,'1
o lr'r I

Iienee

where *qB,r), ßú,grr) , fî,p,r) are ìromogeneoLis funetiorrs of

degree of hcHnogeneity of -7, -8, and -! r"espcctfvel;¡" Ttrus

(x). # 4.('þ')- + e2o( g4-4:)- K ? (t,l,c) ?A fA

(nr) = t ¿t ('(;a t) * eL ß ("t,PÏ) i
? rø, F, r)

wh<;re L-- t, C= # " Tlius the nrinÍ¡Lizatlon of (4.)nufti, rcspect to

2 Su* Appendi.x TïI I 'l'¿rble of Integrals .r Íjee Appendix fV: Ei,raluatiorr of (x) using the trial f\nctlon
^- 

Árt + fl'+rf) -¡rr¡p|,¡tdg)
e +€ 'o

,r" l" 4 otq 't'



oile of t,lie para"rieter-sn

e <H) : 20(

Ðo( K

ç(=

lhe mini¡riz¿tion wii:h respeet to the other two parameters vEas carried

out nume¡.icafqÅ wíth the f ollerring results:

(t')*,.- z *"i76.,(, KL4; -r'5050¿, +:lQo
.l'or' *, = .J298 KEt , "ZSg& â

p -- .2529 K tL =. "5C58 *.
T = .5086 Kf.z

¿2. 

- e/vvv ¡ov¡r' 
4o

where ão" 1s lhe íoi'rÍzatlon enerÉy of bhe hycrogen ¿Nom and is the

nost crTnmonly used uniL of atuuic efleT"g!-r r*hitc 4, ls the radius of Lhe

first, Bohr orbit' of lhe hydrogen aiom and whrieir ts l,he nost c<xmnonll.

'used u¡.r-lt of atcfiLic iength" the swr of the enrargies of the Ìry.drogern

al;om ancl the positronium at,om is e ¿Eo. - ,, ó 7To , rothere the ness of
'bhe nucleus of the hydrogen atenn is taken to be infiniteþ large" Thus

q,

,Llr/L

T
(ù =\ /¡rrh q

nay be carricci or-ri ciireci;þ:

+

ß
¿.*

{ß-=o
e

Kzz

K¿4

r_9

a-o U!ó) s (-r"5oooo +r.5o5oh) #"
Qdl ¡. & 

/\''rvry l 14o 
(

= "oo5o4 ã = "Ocæ7 ei/o -

'l'his slts¡ls Lhat a syetent consfstlng of a poslf,ron anci a negative hyctrogcn

íon san exlst in a bound etate r¡rtth a binding enerÐ/ of at Lcas.i; , O 7 eV"

4 th" numerical ecxnputat,ioïrs were can.iecj out on the lþn<Ìix C-I5D
conrputer-of the universiLy of Ffanitobcr computatir:n cen.Lre.

5 Trrts agrres wtttr the resurt obtai*ed by A" ore: lh:,rs_leql lg$.gg,sj2665, L951"



-ßqt9lr+rQ*fr,nl - t*ç*ptls't 4rf¡) za

ii V- e- f e j-s chosen as the

tri¿r r,¡ave funet,ion, it ts st,l[ possible Lo perform all the necess¿Àïîr

integrat,lonsn .As w'ith the previous firnction , ry (f ,, Lrf¡-) = 9(t,/r,Î*\
and #=t ,#"=o
#, = -vVr- t{9s , 11,= - F^rz-

,r.hus (,r) -- ry+# wht¡re

¡ ak¡ +zet)&,,.',t) + zFf (nr,{+ " +,- #,1*r)
r (p,-:r(n,,{+ -S, lv,) l"ni (v",1+ + fr -#,,1Ð
+Lrt(r,,L+.+" #l u) + L(prt"s)(^f",{,+++--#,,1 -,)]
Þ *f- 2z (u, i*,) tr+ (*,, It-ül't") *, (*',{i*.tJn)
-, (t,,t,v) - zt (e,,t+) +zt(y[t-+rl^g) ,L(-Pr{i"'i,19) -, ('{.,íoü

t ?-t- s - a*, --9s
!^p, , m = -8 ^+r- enq,

¡rr¡ct (^Y, ^Y\ =
Followlng lhe s¿rme

(tr)*.-

(Y n9) - t [^to l+zpttz['Kl",tt

J:or 0(

p

T

r

z (*", +") + z (a1", ryt)

proeedure as with

= - 1"5Iós32

't1^øLpv

< ,l+'12

= 1,024

= "0844

ó 5** Appencifx V: ¡lvaluatlr¡n of

¿ 
Oq t ptn+ r rr* 8 rt)* 

; 
( tqt [o,rt t g rg Ç¡ ) 

"

t,he pr-erious function, we ob.i,¡rlri:6
g_t
ea.
-L4o
I

4o
.L
4Þ
.L
4o

(l) f,:r bhe trial srave l'une.t,iorr



i{e¡ice

ltrus, the bindlng önerry of the system of a positron and a negative

hydrogen ion agalnst dlssoeiation lnto a positronl',-nr a't,orn and ¿r

n¡rdrogen atom ls at least "228 cV,

- (-r"5ooocx] + I"5IéBJ2')
^aL= "016832 fr:,

= "22'/99 e\Ì,

g_"
24n

EI



'THU }{¡ìAJ.J LI}.L'I'T"fl OI¡ A SYSTE}''I OF A POS]TNOI'I AI'ID A Iì]'GATÏVI] il";DRCffi]N TOii

TTGATI'JST Tv.JO P}{OTOI'J ANNII.IILATION FROi"f TII¡ Cfi,OU}]D STATE OF TiIjI SYS?EM

'fhe lifetirne, T , of a posltron apÍnst two pÌroton annihlla.Liorr

in g metlir-un for whi.eh the density of eleetrons at the position of the po-

slt,ron ls e , fs glven byl

CI.{APi'ilR V

r.rhr-,re Qr' # 1..;

r-epr"esents an average over tlie init,lal s¡rin cüates of an eleet,r"sn

positron pair. rf th¡: inrt,iar sta.te of ""he pafr is de,fl-niLely.knornn-r to
he s;inglet. J:hen thr arrnihilabion r"¿¿te L;c;conres

J-
T

E rtlPe-'.t

the cl;lssical racilus of tfir: electrorr, .lhis reslrlt

sinee in lhe above cast+ the pair l.s 1n a tripli:t spin state for L¡i¡nee:

quarters ol' the tirne, frr:m whlch two plroton anrrihilation ca¡not oeeur.2

lor the ease of tv.ro photon antrihilation of an elcctr.on-nosltrr¡n irair
:lrom a s;¡rstem of a positron and a negatfve hyclro¿çen ion in i-bs ¡4roulci

srtat,e, the wave function of -bher inltÍal state ts given by

X(z,s) = 'Q (t, s) f (2, s)

whe¡"e +(al) is tbe s¡,"mmcl,rie spaee fr-rnetion of the system, s¡tnmetrte wilii
'respeet, to Ùhe eleebrons 2 anci J. Slnee tÌre total wave funct,ion lnust Ì:e

anbisymneLrle wÍt,h respect ì;¡: th,.: ir-rtcrehange of Lhe two like fcrm_tons

2 ancr 3r then t,he spin funcLion ,e,tJ¡rrust be anLis,¡rrmetric: l(2,3),-.filrt),

'))

J-
?

1
.t.

I

Jauslr and iìolrrltch, ThSqÐt qI llhotru" a?{ l,leqt,rorw o p^ Z(:c)"
L'irapter I, page 2"
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Ïf q , P are the norrnelized eingle electron spln funet,ionsr then ari aïr-

tÍsyn'unetri-c spln function of the system is

!(z,t) - # Lo{rr) Pra) - P(') xß)J xal

i'.or definitness let r.ts assume that t,he positron annlhtletes 1¡rltir electron

2, then to doternúne the contrlbut,ion to the annihilation rate, we r,orite

{ (z,t) - h'<@\ þcs) oKl - *h L'K')pol + Nù qþt|,<b\ - thþdlW+,OøùJdol
3 d, ft,t) t l.(r,s) - * 53 h,s)

lie nobe that or rhese rhree opln srares onry fr6,t). hþalpOl-flCt)*dþft¡
is a normalized, singret spirr function and ttre probabtrtty of the

electron-posi'l.ron pair being ln thls singlet state is the squ,åre of the

coeflcÍent or { (t,t) t" the above equat,ion. Thus the pair wilr be in the

singlet sLate one quarter of t,he time. Hence, slnce t*ro photon annl1iitrxtion

occurs only out of ùhe singlet stat,e, Lhe Lifeh,i¡ne for two photo4 pair

annih:i lation out of the grorrnci state of a syst,cm of a posibron ancl a

rregai,ive hydrogen 1on ls given by

f a +(4Ttl''ft)
lìrrthennorre, thie annihllation proeess. of a posit,ron annihil¿ttng witpr an

eleetron bound to a nucleus, in the lo'rsest order is a seeorrd orcler

proüess, wltir a neL crlnsenrat"lon of eners¡ anC rnomentum, for r,¡hÍch a

t yplcal Feynnran d.ia¿',ram is:

Js

\lt
\

rlq
t -L

t,



Zl+

fltre annihiLatiorl with eÍther of the elec|rons is nob affected i.ry t,he

oiher' and since there are two electrons, with equal electron densities

at, the posltion of 't,he po.sitron, the annthilat,ion rate finally beecrnes:

f = l.f ("n q'(") = er qz 
çe-

lJslng t,he same not,atlon as Ín chapter rv, the densiLy of el,rctrons at
the positíon of the posit,ron, in the system of a positr.on ancl a iregatlver

liydrogen lon , :Ls given byl

( = (å)'

wher-e lî ls Lhe element of voltrne of configurratlon sp¿ìee of t?re four
part,iele systom,lntroduced fri ehapter ïfï as ,t4. Jç /2q
and S,-rrn' rcf lX " The svmbol lt ,ls an erement r:f vo'ume

for a three part,icle confi¿ç-rretion:

ú2-

r
gTrL J t *t'ce,, f",r,) l', J ?

ßT3 J'*(!,,.t,,tr)t/ç

I

Tn thÍs case l1' ¿4 ltl" n Let tr= (qre, Ð ( in spherie¿rl

polar eoorcllnates) rebt,ive to a polar axi_s fÍxed in spaee, arrcl let
!, ?(tr,trF\ relatlve to lt as the polar ax1s" Therefore

lTs = t¿¿tntê ¿nî /e /c7 1r¿tax /<lp
=. r," P.t ¿th x /q /q 4x /a,

where L lL, = -atmo le /( /¡l 
"
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r{ence )¿f =gtrzol| where /r' C"qt¿taxlqdrrolx €

blrr ot ,it= 1'* L'-ztìfi eôol; Lhererorc zrlr./rir= l qfrat,l.al4,

that 1s -Js,tt x /x -- ,i.!!, and. lt - \Q\ /t,lq J f,, 
o

-ar"rre*, rt* rnÐ - (rqtrr,r+tfr, F rìr)
Uslng aþ - e_ f e_

as the unnorrallzed state function of the s¡rstem in the ground state

( with values of bhe parameters as determinecl fn Chapter IV ), we obtairp

hence F= I+"gl+L 10-10 sec, thus the mean lifeti¡re of the system of a

ptlsiì.rott and a negative hydrogen ion against truo photon annjhllatíon

from the ground state is about four ti¡res as long as that of free singlet

positronium 1n the 11S state, for r,¡hich the llfetime 1s about 1,25 10-10

uua.lo

f k,þ,r,[) =

3 Rpp*ndix V'u The Density of äIectrons at 1,he Position of the
Positron ln a System of a Positron anci a l,íegallve llydrogen Ton in i'Ls
Grourd State "4 De B"n*detti and Corbefl, 9¡," g!!", p. 7.g6"
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CIIAJ:II;R VT

CONCIUSIOI\IS

T'he following faets about, the interactÍon of the positron r^rÍttr

the negative hydrogen Íon have been established: 'fhe system can exist in.

¿r bound st,aùe for short perlods of time,sub.iecbto pair annihll¿tion of the

posltron v¡lth one of the elecLronso The growrcl stale enerÐ¡ of the bounci

sleten E" ( - L5L6B32 (atomle units of enerry ), that is a

binding energ¡,r of at least ,228 ev agafnst its most, favourabre mode of

dissociatl-on into a h;rdrogen atom antl a positronium atom" ïlhus the

binding is strong errough to ensure stabiliLy against dissociatiorr due .Lo

thermal collisions rrlth other systems. The groun<l state functlon of the

sy-stem can be approxi-nrated by the wave functlorr

.,. t f -(<trPlr+rt+6ti¡)f= f@)Le, + e-

where o( = "22O

F t 
"l+72

I ¡¡ 1"024

f t .0844

iJsing t,his approrclmation for the wave function of the grounci state of

the system, the llfet,Íme of the system against two photon anrrihllatÍon

of the positron wit,h elther of Lhe two el-ectrons Ís fou¡rcl t,o be:

T ? 4.941 I0-I0 sec"

'Ihls is about four t,imes the Llfetj¡re of free positroniun against two

photon annlhilåt,1on out of bhe singlet ground state. fn ord.er to lmprove

'(lo

-La.

4
J-
4o

- (rrr+ fn.+ a'tt tptr)]



these results furbher, the

rurder the dineetfon of Dr"

usLng for a trial wave func

x ' (t + ,oL tJ)[ --
*" (i te¡m has been introduceci to take aecount of the mutuar repulsion
of the two electrons in the syetem, AIso, since {r""*n be exnrsessecl as

a relativeþ sinple funetion of the other coordinates, all t,he int,egraLs;

involvect in (Yr#l) cnn be e4prlcitry evaruated, RecenL improvernent,s

Ín tho met,hods of det,ermining rower bouncls to eigenvaluesl may nake it,
possible for one to carcul¿te a rower bounci to t,he grouncl state enerry

of t'he syst,en of a posit,ron anci a negative h¡"cirogen ion, and in conJunetfon

with the upper bound to determlne more closely the grorrnci state energy

of the s¡rstem"

lnvestlgator,

Sn M. i,Ieamtan,

tion
Qfr+pti.+tft+

27

together hrith G. 0czkowekl and

is investigating the problem

Jnr) - (rr¿r tl,rr d?, * Ê ril)lr-e. I

.Ir No làzley, l,qryqf Bounds- f'or jii&enyglles, i'hysu Rev,, .l2O311rlr, lg60
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API'ril{l,l.X I

!ili:,1"r,Ì'iT'tF V'ÜUll'il üji C0hiI'iGiiiiAîï0N SPACT, ¡'0i:l Tllil S:t3T'Iþi 0F A pO,STT1?-CÌ,J

A,NÐ A 'liiiGATIVlrì IjYDnùü:ìì'i Ì0Ìr

O¡r:isÍcler t,he corl-Í'i¿;u:::rtforr of tìr,,- ::ys1;em ¿ls tiefi-ne:d iri C¡apter

i-ïl ' po lj" 'urie wlsh to ev'aluet,s
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