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.A,BSTlìACT

FJìEE IÀTT]CtrS GEN.TFJ-TED BY

PAP.TTAILY ORÐE]]trD SETS

by l{a.:::r'y .lahser

Let P be a partia.l-J-y o.rd-ei:ed set" FL(P) is the

fr'ee lattj-ce generated. by P p:ceserving exisfing binary

joi-n a.nd. mee'c ilt P . .{ c¿r,r-asi-Ord-er is const::r.:.cted. on the

lattiee pol¡momj-al-s or¡er P in terrns of cer'-bain |deals

and cìual ideals of P i urLder -bhe ind.uced par-Li-al- order

tlre qu-o¡ien'b set is the lattiee Fl(P) . Ä charac-berir'abiott

of !'I-l(P) is derived. and a genef'a7-i-zal:ion of a-theorern óf

Sorki n on the ex-bensioa of isotone ntaps is proved.

1i'l and- 'iL are fa¡rilies of finite subse'6s of P

such 'chat every el-eme:at of i4 lr.as a least upper bou:rd in

P and. every elenent of ')L has a greates-b lot'¡er Ìlound- in

P . FL(P ; Í4, T[) , a generaliza'Lion of rtr(P) , is the

free la'ctice gener'ated by P preserving joins of elements

of ltI and. meets of elements of n . The results on

Ff (P) are extended to FL(P t "rt'i, n) ' å.s an application'

eertain results of R"À" Ðean o31 eoapletely free lattices

are d-erived."

The resu-lts concerning Fl(P) and" Fl(P i 7¡î, n) are

applied to solve the t¡ord. problem for free prod-ucts of

lattices, partially ordered. free prod,ucts of lat'r;ices, and.
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elxalg?-Iäa{;ed- free lrrocì-r-:-C-'cs \'rì1ere -bire a':ra-1-ga::a"bed- su-bla-btice

1s of fini'te l-eng'rh-

A la-'ctice L gene::a-bed by a par-bialIy orderecl set P

is saíd ''r,o aol¡.it ca.nonical rellresen'ca'í;i Oirs if every el-eilent

oflcanbe-f.epresented.byapol¡rnomj.a].o]rerPof

sh.or'r,est leng-bþ l'¡hic.ì:r is t:-nique llp -bo coLtmu-ta-tivi-by and'

associa-'civity. those free produe-bs a.nd 1:aflbiaIly orclered'

free procl-tt-cts of la'utices that ad-ait cano¡::'ical representa--

tions are charac'uerized.
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The constru.etion of free ;.:¡river'sa1 al-gebras \r¡as first
accouprisir,ed by G" Eirkiroff (see Ll7, Ci:ap-ì;er 4). Birk"-

ho¡lf 's cons-u'rrrc'tion essentiall-y defínes, 1il a highly

non--effec-i;ive naïl-ner, a eong,jaelt-ee rela1;ion on 'the algebra

of pol-ynolials over the gene.ra'uing set, \l-h.itr¡.a¿r [fO]
¿n¿lysed -bhe s'i;nrctrre of the free lattj-ce genera.'r,'ed. by a
'bol;ally rr-nordered se'L; ire d-efined a qi;-asi*ord-er on the

lattice poJ-ynomial-s j-n an e:Îfective manner and. ''uhus \:r'as

able to give an eff ec-bive ccns'bruc'o'i on of the collglalence

relatj-on yiel-ding the free -l-attice. :L::roi:.g l-r-i-s ccnclusions

\îes 'Lhe resu--'l-t that every elenent of the free l-at-biee cail

be repr."eseirted by a poJ-y..noieia-l- of shor'uest l-engtlt r'¡hi-ch

is uni-qu-e up to commu,r,ativi'by and associa'uivity, that ist
tl¡.at the free lattice admi'os cano¡ríeal representations.

In his analysis of the problem of enbedcl.íng 'l attices

in compl e¡nented lal;tices, DihEor-bh L+l bad occasion to

di-scuss the lattices Ft(P) and cF(P) generated by a

par'uia}ly ord.ered set P . To constru-e-b !-l(P) he d-efined-

a quasi-order on 'ü1te lat-bj-ce poJ-¡momial-s ín an inductive

mam:.er, r'rhich en'ca.iIed. knowi-ng the quasi--ord-er on a lower

level on the polynonials and- not just on P ; thus

effectiveness v/as lost, Of rrlore import to our t''lork, he had

occasion to introclu-ee certain elenents of the generating
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set, the lorser and upper c'overs, in a very speeial situ-
ation. Th.ese eovers lvere fu-rther exploited by Ciren and

:
Gfåtzer [zJ in their extension of Dilworthr s results on

embedd-1ng lattiees i-n complemented. lattices"
In t¡] Dean completely analysed CF(P) and-, general-

izing Vhitman's meihod, he shorved. that CF(P) admits

eanonieaL representations.

In [¡"] Dean eonstrueted. Fl(P) and- a generalization

Ft(P ; rttrn) , the free latti-ce preseï'v'ing more general sup

and. inf in P, in terms of certain ideals and. d.ua1 ideal,s

of P , Our eonstruction of these lattices is essentially

that of Dean; hoirever, vre u.se the results of Theorems 7

arrd 9 of Deant s paper to- dellne the o.uasi-order that
yield-s these lattiees. this approach ad"heres more el-osel-y

to the ncovern approaeh mentioned. above; covers are now

ideals and- dual id-eals of P , rather thaa el.ements.

For d.id-actic reasons it rvas thought best to dj-vide

this work into tvso parts--one treating Fl(P) and the

oth.er treating Fl(P ; Wrn) . Consequently aì-l sections

relating to (Arn) concepts are marked with an

asterisk ("); it is reeommend.ed that the read-er omit these

sections at first reading"

A speeial ease of Ff(P) is the free prod-uet of
latti.ees.. Sorkin [gJ d-iscussed- free products of lattiees
and- solved the problem of v'¡hich'are finite sets. One of
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the tools he used v/es the fact -bhat isotone maps--and not

necessarily lattice honomorphisms--from the faetors to a

lattíce can be extend.ed to an isotone map from the free,

prod.uet to the lattice. He also presented an exanpl-e'

showing that the free product does not al'rays admit

canonlcal representations.

In Chapter ï of this v¡ork lve present the basic naterial
needed. in the analysis of Ff(P) and. Fl(P ;Iilr"fI) ; most

of these results are v¡el1.-hrov'ln, althou.gh assignment of
specific references can be rather d.iffieult"

In Chapter II vre present the constn:-ction of Fl(P)

essentially due to Dean [3-1 , lTe charaeterize Fl(P) and',

as an application of these method-s, vre present a generaLiz-

ation of Sorkint s theorem on the extension of ísotone

maps. In Chapter fIf these results are extended. to

Ff(P iflrfl) o Yfe apply these results to derive the

results of Dean I¡l eoneerning CF(P) .

In Chapter IV the results of Ghapters II and. III arer

speeialízed to free prod.uets, ¡m¿lgamated free prod-uets,

and the eoncept we ehose to cal1. partiall-y ord-ered. free
prod-uets" ïn these cases the upper and- Loi.¡er covers-

red.uee to e]-ementg of the faetorso

Chapter V-I summarizes the results of this work in the

context of the ttword- probl.ernn.

And now a v¡ord on notationl The lattice-theoretic
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notation- is explained in ihe text" Set-theoretie notatj-on

is standard.; r'Ie need onJ-y raention that set rrnion and.

interseetion are d.enoted by U, n ivhile r t ^ are usecl

for t' join" and nmeetn of lattice po1¡rnomials" Set

d-ifference is d-enoteti A - B , The symbol ç is used- both

for the concept 'rsubset'r and for the quasi-ord-er d.efinecf

on the tattice polynonials; there wi1-3- be no danger of

eonfusion. lrlaps are written on the left; thus fg i-s g

foJ-l-orved by f o

The theorems and- d.efinitions are numbered- consecutive-

1y in eaeh chapter. Ir. referring to a theoremr definitiont
or seetion the chapter nusber is given only if that theorem,

definition, or section is in a ehapter other than the one

in v¿hieb the referenee is mad-e. Thus, for exampl-et

"lemma 5tr ref ers to lemma 5 of that ehapter whj-le

'rDefinition 3.2tr refers to Definitíon 2 of Ghapter IÏI.
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CHÂPTER I

Ï]qIRODUCTORY CONCEPTIS

1. Posets and latti-ces.
,{ reJ.ationa1. system (p ; < ) with a binary rela-

tion
the fol].or','ing three properties ho].d r

1) Rq€l=e;¿gq, for al-l x € P, x *( x t

2) Anj¡Lsynrae:Lrie_, for a1.1- x, y € P, if x ( y

and. y( x then x = ¡r t :

3) Transjtfyç_, for al-l x, y E z € P, if x r( ¡r

a.nd. y< z then x-( zo

the rela'cion

nent x(y isoftena1.sowritten V>x, ff xSf
and x * y r'¡e wri-te x (.y.

ff , in additi-on, the property

4) fora.ll xrye P either x<y or y<xi
ho}is then the ord,er.

P is said 'to be a ehai-n"

A bj-nary relation C. that i-s reflexive and. trans-

itive, but not necessa.rily antis¡nnmetrie, is said- to be a

quasi-orcler, lemma I' on p. 21 of [n states:

1" le4lna. fn an¡r quasi-ordered set (S ; C> defiae

x-¡r ç'¡hen xgy and yEx" Then:
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(i) .v is an equ-ivalence relation on S i
(ii) if E and. F are two equivalence ctasses for

N, then xÇy ei'bherforno x€8, y€I,orforall
x € E, y € F ;

(iii) ttre quotient set S/* is a poset if E r( F
j-s d.efined. to mean that xÇy for some x e E, y ê. tr.

ff (f ; < ) is a poset, A a subset of p, and
ì

x € P, then x is said to be an u_ppql Þoì¡:rÈ of A if
x ). a for all. a €. A. x is said to be the þaq'!, u=lpgr

þguJl<l, of A, denoted by sup A (or sup" A if the poset

P is to be stressed ) if
(i) x is an upper bouncl of A i
(ii) if y is an upper borrnd of A then x ( y,

The eoncepts of 1gv'¡C_q þoì¡rtd and gægggÊt l.o_t-v_eg bo_UIÈ,

d-enoted. inf A? a;re dual to the above. It is clear from

the definition that if sup A (and duaI1-y inf A ) exists
it i;ts unique,,

A lattice I is a poset in which every set consist-
ing of a pair of elements has a least rlpper bound and a

greatest lower bound, \fe denote sup [*, tl by x V Ír
It joi¡rrr, and. inf {x, y} by x A. y, 'meetn. It is to be

stressed- that in this ¡¡rork V and. z\ are used only in
a lattice, i.e. r'¿hen al-l pairs have a sup and an inf.

A lattice I can also l¡e thought of es an algebra
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with tv¡o binary operai;i-otls, V and- A , satisfying:
f) foral] x€1, xVx=xlrx=x;
2) forall xry6T, xVy-yVx and

x Ay - yz\x i

3) foral-l x, Ttz€L, xv(yvz) =(xvy)vz
and xz\ (yn") = (xny)n z,

4) for al3. x, y€ tr, xV (*ny) = xA (xvy) = x,
Tl:.e connection betvi¡een these tr,vo approaches to a lattice
is provi-ded by:

x ( y j-s equivalent to x V )r = y whieh is equi-
valentto xAÍ=x (tfJ p.B)"

A lattice I may or may not have a greatest element

and a least element; if I has both a greatest and a least
elerc,ent it j-s sai.d to be Þgfr4ggA_- A:ry lattiee I may be

embedded- i-n a bounded lattice rrb. To constrnet rb from

I Ì"¡e ad join two s¡æbols 0 and 1 to t i tb = f !{0, ú.
the partial order on lb is the.t defined. on I along

v¡ith the requirement that 1 ) x for a1.l x € trb ancl

0 ( * for all x e Ib. Thus, for a11. x € trb,

1Vx=1, 1Âx=x, O\./x=x, OAx=0,
iYe should rike to point out that even if I is bou¡rdeä

lb consists of two more eLements than I ; the reason

for this approaeh is to preserve a degree of effective-
rless in certain constructions, because for an arbitrary
l-attice L there is no algorithm to decide rvhether or



not I is bounded.

If I is a poset sueh that al_L subsets have a sup

and- an inf then I is sald. to be a c_oel]Jq*Lq ]-gåticg. By

the me'thod of ,,completion by cutst,, [f] p. LZ6z

2. lqm4e. Any lattiee I can be embed.ded as a
sublattiee of a complete lat'uice lt+.

Finally we mentlon a r,retatheorem, the prineiple of
dual-ity:

Bri"ncíp_Le or9 .d.ga_]-jty. A:ry theorem about a poset

remains trr¿e if
are interchanged.

The prineipl9 of d.uali'cy vuill be referred to rather frequ*
ently in the sequel in order to reduce the 1ength of
proofs.

2. IdeALs, hgmomgrEþ_i_sgÊ. bel"editer}| sets, agqåsoþeg_aeps,

let (r;<) beaposer.

3 " Ð€fgf_tipg" a) A subset I of P is said to
be an iJlgel of P if :

(i) x€f and y-(x inply y €I î

(ii) x, y é I anit sup [*, y] exists im.ply

sìrp [*, yl € r "



b) A subset D of P i s said. to be a du-al id.eal

ofPif:
i

(i) x € D and Í 77x inply y € D i
(il) x, y € D and inf t*, yJ exists inply

f ì /^inf t*, yj É D.

\Íe observe that P itself is always an id_eal and a dual-

ideal. Al-so, since the empty set ø satj-sfíes the eon-

ditions vacuously, it wilì. also be considered_ to be a;r

ideal and. a d.ual ideal even if P is a lattice" For

lat'cices this díffers from the usual convention.

4. M3. If (r¡ | À 6 A ) is a famity of ideals
(res-o. dual ideats) of P then [ìCr¡l À e f\ ) is a]l

id.eal- (resp. dual- ideal) of P,

Proof : T/e prove the lernma for the case of j-deal.s

and- invoke the principle of duality to establish the

result for dual ideals"
(i) let x€. [ì(r¡l Xe A) andret y<x. For

each \AA x€IÀ and.thus yê. I¡. Consequently

y6,[ìtt^lreA),
(ii) tet x, y € fi(r¡f \ € 

^ 
) and :-et sup [*, "iexist. Then, for each ÀÉ A , x t I € I¡ ancl so

sup [*, yJ € rx. Thus sl¡p [*, y] e fJ(r,rf ¡ e A ).
Thus fl{r^l X e A ) is an ideal and the J.emma is

estab].ished..



lerura 4 implies i;hat the ideals and. d,u-al ideals of
P form closure systems (IiToore famil.ies, in the tenrino-

]-osy of [r] ). Thus ( [1] p, 112):

5. !g4r!&Ê, the id.eals (resp" dual id.eals) of a poset

P form a eomplete lattice und.er set inclusion , If
(ff l À€A ) :-s a family of id.eals (resp. d.ual ideal-s)

then inr (rr lÀ€A) = iìCr, | Àe ¡,1 anct

sup (r¡, I \eA) = f-ìitlt is an ideal (dual ideaL) and Ut^ç.r).À'\

6. Definition, a) For each x € ? the set
t1 Cl ,1(xl = ty I y ( xJ i" said. to be the g.iggilet}, id_e-al-

generated by x ø

b) For each x € p- the set [") = {v ly ù*l is
saÍd. to be the pqi¡rç_i_pal èq?L i4_ea1 generated by x o

To justify this definition it should. be noted. thatr

7. lqmma. ("] is an ideal. of P and is the set
j-nterseetion of aì-1- id.eals contai-ning x ; [") is a dual

id-ea]- of P and, i-s the set interseetion of al]- dual id,eals

eonta.i-ning x o

tfo_gg.: 3y condition a)(i) of Definition 3 every

id eal of P eontaining rc Ínclud es (*l o

(i) T,et y €(xl ,i.e" y(*, and. J-et z (ye
Then u(*,anclso z €(xl .
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(li) let Ír z € ("i and let sup {v, "\ exist.
since yt z ( x ttren srlp {;', 4 ( x. Thus su-p {r, ,} € {*i.

õ^-^vu'Þçe,-rvnt1]- the lero¡oa is established. for ("] and.o

by du-ality, the lemma also holds for [*).

a\J.

said. to be

Ðeli-niti_q¡. An ideal (resp. dua]- idea].) I is
a ps-eg.4lo_-prlnç*pg1 ideal (resp. dual ideal)

it ean be obtained by taking a finite sequenee

joins and meets of principal id.eal-s (resp,

dual id.eals).

of?if
of binary

principal.

The pseudo-prineipal ideals (resp. pseud-o*principal dua].

idea]-s) are a subl-attice of the lattice of al]- ideals
(reslr. dua]- id"eals) ana eould be described- as the sub-

lattiee generated by the principal ideals (resp. prin-
cipal dua]- i-d.eals ) .

The eoncepts of ideal and dua1. id.eaI. can be weakened

by requiring only that order be preserved.. This leads to

the concept of þçlqçêi$gl,y setÞ"

9 " le€lnllion. A subset I of P is said to be

a hefe_di_þ€Æ subset

if x€f, l:(x
xry€P.

(resp" dqal h.efç:lltary- sÈçj-) of ?

(resp. yÞ") inply y€ I foraJ.l

Every irl-eal of P is clearly a hereditary subset,

and du-ally. The set ("] is the smal.J-est hereditary
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subset conta.lning x and. ¿x) is the sna.llest dua.l

hered"i-L;a.ry subset containing x. The families of here-

ditary su-bsets and, dual heredi-bary su-bsets of P are

a.gai'n lattices, but in this ease

sìrp (r^l \ 6 
^ 

) = LJtr.i X €. i\ )

rvhenever tfXl X 6^) is a family of hereclitary (resp.

dual- hered-itary) subsets of P, Thus thç sets of here-

d.ita.ry and. d.u-al- hereditary su-bsets of P are dis'uributive

lattiees, and-, ind-eed, sublat'bices of the la'ctice of al-l.

subsets of P. FIe recall that a. distributive lattice is
one vrhere one, and hence both, of the follorvíng properties

ho].d:

1) fora1.J- xrysz €I x/\(yvz) =(x¡y)v(x¡
2) foral-I x,Írz €l xv(y^z)=(xvy)n(xv
As in the case of ideal-s, one can define !j;-qullg-

Þqlqe]_part hereditary and. d.u-al heredltary sets. A case of

interest in the sequel is ivhen sup [*, 
"] 

and inf [*, yJ

exj-st only when x ancl y are ggtr-P-ar?þl9, i.e. iryhen

eíther x --( y or y ( x. Jn this ease the eoncepts of

ídeal and. hereditary set coíncide, and. d.ual.Iy.

10.

a lattice,
(i)

Definition. Amapping f: P-}Lr where Ïr is

z)t
z).

is said to be a honlpqqlph:lsg if
x, y e P and sup {*, y} exists inply

r( sup {*, y} ) = r(x) v r(y) i
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and-

(j-i) x, y € P aind inf f*, yJ exists iraply

f( inr {*, yJ ) =r(x)rrf(y) o

rf P is a1-so a lattice this concept agrees q'ith that of
rtlattice homomorohismn .

A weaker situation is:

11, Dçåini_tlon. Amapping f : P-Þl ? L alattiee,
is said. to be an isotone n,'aE if x, y € P, x ( y inply
r(x) ( r(y) "

0f course, the concept of trisotone map" is meaningful even

if

3. Free lattices.
lattices of varíous d.egrees of freeness ri'ere diseussetl

by v,'ìritnan [fo] and. [ff] , Di-tv¡orth [+] , and Dean [:] , l:"] .

7-2. Defini-tipn, (wnitman [fOÏ ). The free lattiee on

^^4/ 
gg4gralgls consists of a set X of eardinaliW íw{, a

lattice d-enoted. TT-'(.vt{); a:rd, a set injeetion
(p : X + Fl( *w) such that
I

(i) q(X) generates FT("ç+v) î
I

(li) if I j-s a l.attiee and fo is a set mapping

fo : X ? I then there is a lattice homomorphism
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f !Fl(,tw) *ÞI suchthat tl=toc

13. D*efj-nit1_9g (lilworrh [+J ), The f-pg lgt_,ri_qe

gqq_,efqt9-É þX q p!Êqt P consists of a l_attice denoted

Fl(P) and an injective homonor-phism f i p + f,l(p) such

that
(i) (D(P) generates Ft(p) "?

I

(ii) given any l-attiee I and homomorphì_srn

fo : P + tr there is a lattice hom.omorphísm

f : Fl(P) *¡ I sueh that t 
1l = fo .

14"

latiiee
d-enoted

!e{¿+f_!r-o¡' ( Dilwor.th [+J ) . The -çggg_r*ete]tr .free
ßq+g{gjgg þ¿ a æSg-!. P eonsists of a 1attice
cF(P) and an isotone injection 9: p + CF(p)

such that
(i) p (P) generates CF(p) iI

(fi) given a lattice tr and an isotone map

fo : P -), I there is a lattice homomorphism

f : CF(P) *Þ I sueh that f I - fo ô

Certain speeial eases of FI,(P) wi]- be dj.seussed.

in the sequel" let (I¡. | \ g 

^ 
) be a family of nu1araIIy

disjoint lattices indexed. by a set A. lhen Utrrl ¡, e À )
can be regarded as a poset P i.,,here sup {*, yl and.

¡')inf t*, yJ exist íf and. only if x, J'€ IÀ for some

\e A;thus x(y if and.onJ.yif xry€f,Xforsome

^ 
f 

^ 
and x --4 

y in that l¡. fn this ease Ff (p) is
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said. to be the fgee pg_o_dgçt of the tattices (frl , € 

^).A:r alternative d-efinition is:

15 . D.egi4it]-94- If (lXl À 6 A ) i= an j-ndexed

family of lattices then the f¿çg p.qgg!"S-! of the lattices
(f,^i Xø f\ ) consists of a lattice I- and an indexed

family ( g^ i Xe n) of lattice injections 9f t I¡ + r
sueh that

(i) U(ctlr\)lÀeA) generates ri
l.\ /\

(ii) given any lattiee lr and lattice homomorphisms

fÀ: l\+lr r \gAr there i-s a l-attice homomorphism

f : l+lr suehforeach ÀeA ff¡=fy

The concept of free produet of lattíees can be extend.ed.

in tv,¡o clirections. fhe first is t

16. JSÍj.ut;þåge'. I,et (i,,1 i ,\ € A ) ¡e an indexed

fanil-y of 1-a'btices, let 11: be a lattiee, and for each À ç A

l-et Vi: M + l\ be a la.ttiee injection. The gg1þ^am.juþ9
l^ t\

-treg plæ-qæJ, of the (r il Å € A ) over ill consists of a

lattice I and. lattice ínjections I,f r I¡ + I sueh that
for each À,¡ eA f¡fi= l*rl,t., sa'cisfying:

(i) Ut f¡(r¡) I \ei\) generates I t

(ii) given any lattice lt and lattice homomorphi.sms

f \ r tr\ + I' such that for \,¡. e-A f¡ f¡ = lF¡ thea'

there is a Lattice homomorlrhism f : I + li such that
-êrn 3

' tf^ = tÀ'
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'Ihe coneept of a-ma'l gamated. free prod-uct r âs vre1l as

that of free product, is o*uir-e general and. properly belongs

to the field of uníversal algebra. An alternative
generalization of the concept of free prod-uct is peculiar

to laritice theory. let the indexing set A be a pgggj.

let P = [J{l¡ I )te A). A partial order

on P by:

(i) íf x, y 6 l,\, ), e /\, then x:( I if and. only

if x(y in l¡ i

(ii) if \*A, xê l'\ and yêTr, then x(y
1f and onJ-y if \ (Í .

Hor,,,ever, if x, y are íncomparable sup {*, yJ and

a'\ínf f*, yi v¿i1 be consicìered only if x and. y are in the

same lattice. iYith this restrietion on srrp and inf Ff(P)

is ca.J.l-ed ihe paqb:þLlJ: g.rdigre-È fr_eg pro{u-ct of the

tlr I Àe A).

Ð

Exa¡iple 1.

Fig" 1

Let 
^Fig" 1.

e]-ement

11 y Ér¡
W"

w

be the poset depicted in
let l" have a smallest

flren if x (, Tut

is the least u-pper bounü

y. Hov¡ever, by the above

sup {*, yJ rvi]-l not

of x and.

convention,

exist,

approach to partiall-y ord.ered free,{n alternative
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prod-ucts is provid"ed by:

17. D_efjqitjgn. tet A be a poset and (r¡l ,teÀ)

be a famil-y of l_attices -indexed by 
^" 

The æåli3l1g
ordered free pro_duq;[ of the (r¡ i \ e A ) consists of a

lattiee I and, l-attice injections 
îÀ3 r,^ -+ I sueh that

if À<¡,.f^(x)
satisfying:

(i) U(l\l \e A) generates I i
(ii) g:iven a latti-ee rf and lattice homomorphísms

f) r lÀ + lr sueh that if I<¡* f^ (x) 
=< | 

(f ) for all
x É lÀ, y € li", then there is a lattice homomorphlsm

f : l+I'' suchthat tf,r=fX forall X6A.

*4. lflrJD=eJguetuïes.
The eoncepts of Ï¿-ideaIs, fl-dual- id.eals , (}ft r?I)_

morphisms, and. Fl(Pi h,trT ) serve both as u¡.ifying eon_

cepts and genetaAizations of the ideas outlined ín Sections
2 and 3. (see Dean [¡"J.)

18. gefinition, tet (p ; <) be a poset. Á-lr

(nr? )-"tntg_tr-*rg. on P consists of trvo families 'futr fl
of finite non-enpff subsets of p such that

(i) A eA implies t}rat sup A exists t

and

Y € Tþ,

(ii) A € Tl implies flrat inf ¡, exists.
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A general.ízai"j-on of both icìeal and hereditary subset

is provided by:

19. De-finitíog. a.) A subset I of p is said. to be

arr 7(-¿_ae4 or P if
(i) x eT. and y<x irnply y e T j
(ii) A C I and A, ê'frl- inply sup A g L

b) A sul¡set ¡ of P is said. to be an ll-au+ id"eal-

ofPif
(i) x6D and ylzx imply y ÉÐ;
( ií ) A C D a:rd A, e' 7I ím.p1y inf A 6 D.

If 1n consists of al.l paírs x, y e p sueh that
f1sup {*, y} exists and n eonsists of al.l- pai-rs x, y € p

such that inf [*, y] exists then the concept ot'Ji.¡-iaea]-
(resp. 'fl-e-u-al ideal) agrees r¿ith that of icieal (resp.

dual ideal) " If 7l¿ = 'n = ø then 'hl-iaeats are here-
ditary subsets, and dually.

.As for ideals lre find. that:

20. Lernrn?. ff (I¡i \e A,) isafami1.yof fi'l-iaeats
(resp" Tl-dual i-deat-s)of p rhen f)(r¡lie Ä)tsa:Ír
'?Tl -íaeat (resp " }'l-dual idea].) .

?rogl: The proof of a) is presented.; that of b)

foll ows by duality.
That lìtf t i ,l E /r ) is heredita.ry follows exactly

as in tremrn a 4. f,et A é 1n anit Acfì{r, l,tu/\).
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then for each \e A ÄGIÀ, and so sup.A. € fL. Thus

supA €, l^ì(r,. I f e A).
rhus fl(rXl ¡. € 

^) 
is an 'hl-iaea;.- of p.

Thus the fi-iaeats and. 1!-o-ua.t id-eal-s form closure sys-
tems and 'r,he a.nalogue of lemma 5 holds.

0f interest in the sequ_el is:

2L, Iru?. let 14r?1 eonsist on1y of chai-ns" If
(rr I À Ê A ), is a family of 7îf-iaears (resp - fl-cuat
iC.eals ) ttrea

sup (rxl À eA ) = U(ri | ¡el\ ),
P{o.gE-: Thi.s is elear since in this event ??*i¿eats

are id.entieal r'rÍth hereditary subset-s, and. duall¡r.

As in the ease of i-deal.s, (*] is an kl-iaeal-, the

smallest 'iÌl-iaeaL eontainíng x, a.nd d-ua.lIy for [*).
Pqeg(þ_-.p i elpal 7ll -l=a1erc. and pÞ.egd_q-pliirqipgr ?þM
j-deal.s are defined in t-he obvious ma.ruler..

The concepts of isotone map and homonorphism can be

integrated, and genera.l-i-zed in the same ma-nner. tret p

be a poset and let T' be a latticê..

' 22. Ðefinit:pn, .A- map f : P + I i-s said to be. e.n

(nr? )-mo"phisra if the follorving three properties are

satisfied:
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(i) f is ì-soÌ;one;

(ii) A e1t1 irnplies that Vrt-ql = f (sup A) i
(iii) ¿en inpliesÌ;hat Ar(a)=f(inf A)c

rf ?4 = 1'l = ø rhen an ('hl,fl)-morp:nism is an

isotone nap, If 'ln consísts of al1- paÍrs j-n P rvith

a sup and. tl[ consists of all- pairs in P rvith an inf
then an ('hi rl? )-*orphism is a homomorphism.

The various free lattices of Section 3 can be con-

síd.ered as specia,l cases of FI,(P ; 'l¡1 , 4î) t

23" Definition, The (t)flr iU-lTee lattiçe generated

by a poset P with an ('I{ ,fl)-styu-cture consis-bs of a

lattice Ft(p , 'illrtÌ'l) and aA ('Ìiirlí)-:-n¡ection

r: P -+ Fr(P ;?fl,'/l)
sueh tha.t

(i) g (P) generat'es FI'(P ;'J;ttrfl) ;

(ii ) given a lattíce I and r,;rr ( lÍ'i,fl )-norphism

fo : P + tr,'bhere is a lattice homomorphisr.

f :FII(Pta,fl) -+l suchthat ff=to.

rf 1n =n=ø,chen Ft(ptu,hî) =cF(p), rf '4il

consists of al-l pairs in P rvith a sup and 7L of al1.

pa.irs in P with an inf then Ft(P t n,F( ) = tr't(p) ø

Yfe shoultl stress thaü Il(P ;']flrfO :.s more than

just a u¡ification of the concepts of Ff(P) and CF(P);
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both partial-l¡r ordered- free products a-nd. arr.aiga,natecl free

produ-cts are forns of neither Ff(P) nor CF(P) anö yet,

as rvi1l be evid-ent in Chapter IV, they are special cases

of Ft(P ;1ilr?l). Nor need 'Jn , fl. consist solely of

pairs:

E:!¡:¡np-19_?.

e

Fig, 2

generate I'l(3 ) . O(x, y)

relatlon identifying the

I,et P be the lattiee
depicted in Fig, 2. Then

Fr(") =P and cF(?) =Tl(3)b'.
rf 1"1 = Ø and 14" consists

of exacily the set {u, br 
"J

then Ft(P t']nr']|,) is the

qu-otient latiice of FI(3)b

und.er the lattice eongruenee

0(1, avbVc) v¡here a? br e

d.enotes the smallest congruence

elements x¡ S..

We close this chapter by observing that a1.1. of the

concepts presented here ean also be clefined- if 'Ìft , Vl

includ-e infinite subsets of P, \üe exclude this case frou

our diseussion because it v¡ould cause difficultles i-n the

construction of Fl(P iF4r/l) ,



C}LAPTER TÏ

FL(P)

In this ehapter the eonstrr¿ction of Ft(P) due to

Dean f¡"1 i= presented. Ff(P) is eharaeterized and a

generalization of a result of Sorkj-n [9 J o]1 the extensiorr

of isotone maDS is proved,

1 . !a.t ti c e--po 1v-n9r0j-als- 4!g-,e--qYglg.

let x be a set. A lattice pqlpom:L_al is an expres-

sion involving elements of X and two binary operation

symbols v and ¡-\ o Each lattice polynomial A is assig:recl

a length .1.(¿) , the nu¡nber of oeeurences of elements of

X in the pol¡momial, A technical definition of a lattiee

pol¡rnomial 1s presented by mathematical induction on the

length:

1. Definition. (i) ff x 6 X then x is a poly-

nomia]- of length 1, that is, {(x) = 1.

(li) If A and B are polynonials of lengtb' !t,

l.Z then 4..- B is a pol-ynomial of length /1 + 'l* i'e'

L(¿- ¡) = /t¿) + !rB) ø

(:-ii) If .4. anil B are pol.¡rnomial.s of length l*

12 thea .4. -.3 is a po1.ynomlal. of length lf * 1r, íoe'

l(¿^.¡) = /(t) + lt¡l c
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(lerinition 1 continued)

The only lattice poI¡rnomials are tirose that can be

obtained. in a fj-nite mm'oer of steps from (i), (il), and.

(iií).

lhe set of lattiee polyn.omials on X is denoted. by

\?(x) "

2, leena. If A é w(X) ttren l(a) ) t ancl

I (a) - 1 if ar:.d only if A é X.

Nov¿ l.et P be a poset, 'y-/ith each polynomi.al A

is associated a pseud-o-principal id.eal of P? 4r the

lol¡ç-t q-Q-ger of A, and- a pseudo-principal dual ideal l,

tlre Upps¡r c_oJer of A, These are d-efined ind.uctively:

3a) !çfi-qlfi-qrl. (i) rr ,tt¿l = 1r ioê. A é P,

then A = (A], the principal ídeal of P generated by Á..

(ii) If A = Ao=- Â, then å = Ao V Af , the id-eal-

join in Po

meet in P,

lhe upper eover is defined. ín a d-ua1 'manner!

3b) Dejtni_lrpe" (i) rt lte) - L then Ã - [¿),

the principal dual id.eal. of P generated by A"

(iii) If A = Ao--.. A, then A = Ao A A' the ideal

(ii) rf A = Ao,*-, A1 then I = loA. ãi , the dua].
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(ii.:-) rr A = Ao,.- Al then Ã = AoV T1 , the d.ual

ideal- join"

idea]- meet,

Intuitively, elements of \ï(P) represent elements of
Fl(P). 4 is the set of all elements of P bound.ed above

by A and-, d.u-al.ly, Ã is the set of al-l- elements of P

bound.ecl belorv by A.

4. tr€g$-A" ff A€\'{(P) and x€4, y€l then

](( YO

Proef : The proof proeeeds by inductíon: on .{.(¡)"

(l) rf .{tal - 1 then A c P, Thus å = (el arrd.

E- [lf). Gonsequently x(A and. A(l'. thus *(y"
(ii) Now J-et n ) I and let the conel-r'-sicr¡ of the

theorem hoJ.d for al-J. polynomials of leng-bh ( n. let
,tt¿) = x1o Thus either A = Ao--- A, 01' A = Ao-- A, v¿here

.t(Ao) ( n and. .t(ar) 1r'.
ïf A = Ao =- A1 then A = Ao V Ar ancl.

Ã=ÃoAfr=ãof-l f' r,et y€l;thus yÉÃo anc[

y € Tl , Then, by induction, for al1. % € Ao_, z < y.

Thus Uo C ("J and n si¡uilarlyr 1l=Ç 
(y] . By lernma L"7

(yl is an ideal.. Thus 4 = Aott Ç (fl . Consequently

if x€A then x<y.
ïf A = Äo,-r A, the result follovis by the principle
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Thu-s, by induction, 'r;he l_einma fo_l-lows.

5. Ço_Lol_L" a) rf A € î/(p) and. x € Ã therr

4 Ç("j "

b) rf A € i'¿(p) and x € r\ rhen ã Ç[*).

2. Construction of Fl(p) 
"

An equivalenee relation is defined oïl !'I(p) , rvhere

P is a poset, \?e shor.¡ that the equival-ence cl-asses form.

a ]-attice and. that this lattiee is FI,(p) " The first
step is tlr.e constmction of a qu-asi-order q oj:' W(p) ,

a generarízation of the technique of i¡/l:it¡aan [r0] , DÍl-
worbh [4] , and- C]ren and. Grätzer LZ7 ,

6. Def¡¡rj=-tjlge. ff A, B € \',¡(p) , set AÇ¡ if it
fo]-lows from the ru]-es (1) to (6) below:

(r) A=Bì;
(2) ÃOE *Ø ç

(3) A=Ao-Al rvhere AoÇB and AtC¡ j

(4) A=Ao^41 where aoÇB or ArÇB î

(¡) 3=Bo-Bt r"¿here AgBb or ¿ÇBr:.
(6) 3=Bo,---31 where AÇBo and eCBf J

7" ,l_.q¡na" ff A, B €\7(p) ancl ACB then
a) AÇE and. b) ã'G¡ o

2L
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EroÉ: The pr:oof of a) is presen'üed; -bhat of b)

folloivs by cluali'ry.

The proof is by induc'bion on ltol + ,(C¡l , rvhich is

clear. Thus it may be assu¡ned. thar! ¡. ÇB does not fol-
Iow by (f)"

If .f.(¿) + .('(g) = 2 then A C B must foltow by rute
(2), Thus ÃCl E+ø. tet xe Ãf-\Ð, Bf coroll.5
.q.C(xl andrsince x€B and. P isani-d,ea.l-, (*]ÇÞ o

Thus 4ÇE o

lVow let f(A) + l(¡) = î 7 2 , and assume that the

conclusion of the lemma holds for all A, B € Yf(P) sueh

rhar ,t(¿) + l(¡) (n o

If AC 3 folJ.ov¡s by rr:le (2) then the conclusion

folloivs as above.

ff ACB follorvs by nr1.e (3), that is, A = Ao-.-Ä1 ,

Á.oCB and. A1 É8, then AOÇg since

,t(Ao) + .0(3) < {(A) + .((¡), similar:.y A1ÇÞ and, sj.nce

E is an icteal, O = Oo y Af GÐ c

If A C B follows by rule (+) then A = Ao,--- A,

and, sâtr Ao C B " Since i(Ao) + {(¡) 1n then AoÇ E, ,

Thus 4 = Ao,.1AfÇAoC3',

If A C B follor,vs by rule (¡) then B - Bo-_,81

and, sâyr AÇBo . Sj-nce l(t) +.{(Bo) <n -bhen {CBo c
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Thus ÁÇBoÇBoVBt=Þô

If A C 3 foll.ows by ru-te (6) then B = Bo aB1 ,

A C B^ , and. A C B-, " Thus by the inductive hypothesisO':I

AÇBo ancl 4ÇBf . Thus AGBo[-l Bf =Bo,¿\Bt=g .

inr=, by i,raJt:-or", if A c; -; ;A Tru,
d.uaIIy, Ë* C. Ã ø

Using the result of this lem¡¡a v¡e þrove:

B. !-gp:na. The reÌation C on W(P) is a quasi-

order; that is, Ç is reflexive and. transitive.
Erg€,: That Ç is reflexive fo1-lows from zrrte (t) "

The transitj-vity of G is established by induction
o31 I(l) + f(¡) + .i(c) )r3, v,ihere A-ÇB and BC.O ô

If either A CB or B ÇC follows by rul-e (f) the re-
suJ-t that A C. C is clear; thus in the proof it rvilJ- be

assumed'bhatneither ACB nor 3CC fol-lov¿sbyrrrle (f)"
tet A(:3 and 3(=C,and].et .t(A)+.t(¡)+.1(c)=3.

Then i(A)=.t(B)=ltcl=1. Thus AEB fottovisby
nrte(z), í,e. ÃnÐ.+ø. since BCcTBCÇ by

lemmaT, Thus f ng+ø r and so AÇc byrule (2),

Nowr¡emayassumethat AÇC if ACB and.

B Ç c anir ,{(a) + {(¡) + ltc) 1n o

let A .E B and ¡ CC , and 1et

.t(t) + .((B) -F l(c) = tt a
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If AÇ B follov¡s by rule (2) -i;hen, proceeding as

above, ¿. C t . If B G C by mle (z), -bhe du-al argu:nent

establishes that ACC.
ff A C B fo1-lows by rule (3) then A - Äo--"41 ,

AoC B , and. arÇr , since

{(Ao) + .[(¡) -{- f(c) ( l(a) + [(B) + 0(c)

then Ao C C . Si-milarlry, A1Ë G , Thus, by rule (3),

ACC ô

If A C B fol-lov¡s by ru1-e (4) then A = Ao^41
and., salr AoC 3 " Thus, by 'uhe ind.u-cti-ve hypo'chesis,

A.GC and conseoruently, by rule (+), A Çc o

If B ÇC follows ìry rule (5) or (6) the argument

is the dual to the above-. fhus only tlvo cases remain:

B=Bo-81 , ACB byrute(5)rand BCC bymle(3);
and, dualJ-y, B = Bo a3, , A Ç 3 by rule (6), ancl

B C'C by ru]-e (4) 
"

If 3=Bo-31, ACB byrule (5), and BC'C

by ru1.e (3) then .r1. GSo ¡ sây, and BoC c , BfCc o

Thus, since l(a) + ,[(3o) + l(c) 1.n, AÇC o

The other case i-s the dual,

Thusif AeBrCÉvr(p) v,'here ACBe 3CC then

Â C C , thus C is transi.tive also, and so C is a

quasi-ord.er.

Thus, by trenqma 1.1, there is an equival-enee relation
æ on v/(P) v¿here A - B if and. only if A C B and
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3 Ç A , For ea.ch À € l'¡(p) the equival ence cl-ass of A

modulo tu is d-enoted. <A>, Thu-s v(p)/* is a poset

rvith a partial ord-er

For alt A, B ¿ \?(P) (A) ( <O Íf and only Íf
ACB .

9. lg-4:aa" 'it(P)/* is a lattice under ( ; for each

A, B É yii(p) <Ð v (B) = <A *-B) and. A) zr. (B) = (A,^.8) o

Proo,l: By rules (f) and (i) of Definition 6

ÄCA.--B and ¡ClL=-8. fhu-s <Â)

(B) ( {a--B) ; that is, <4.=, B) is an upper bound. of

t<,ù, <B>Ì .

Norv ]-et C € \¡i (P) and. (A) ( <c), (B) ( <c). rhus

A CC and B GC ; thus, by rule (3) of Definition 6,

A..--BCC; i,e. <A-B) ((c).
Thus ê-B) is the teast u-pper bounct of {.<o), €)} o

The seeond half of the conelusíon follows by flre
principle of dualiff.

Now r'¿e shorv that P is embed-d.ed in W(P)/u 
"

10" lçgga. ff A, B. € P then l\ (- 3 in Yf (P)

ifand.onlyif A<B in Po
Proo!: let ACB;then AÇ8,, Thus (rilÇ(¡]

and so A é (Bl, that is, A < B, .

Conversely, if A<B then B € tê) =Ã and.
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and B€(Bl=B;thus Be lñ¡. Thus ftlp+ø
and so AÇB .

11, !æ- a) rf A, 3 € p and. su-p {,t, "l 
exists

then slrp {ê, Bl - 4..-, B o

b) If A, B € P and inf {4, BJ exists then

inf tA, Bj ,..- A-^-B o

Proof : The proof of a) is presented.; 'chat of t)ì
follovs by d.ua1ity.

In P , A ( "op {,o., BJ airil B --( sup &, B} , Thus

by len:rra l0 A C sup ß, BJ and B C sup {¿, R} " Con-

sequently, by nrle (3) of Deflnition 6,

A-B Csup tA, 3]"

Now Â-,B=A\./B and Ae A,, B€S_;thus
A, B € A V B and., by hypothesisr suÞ {¿, B} exists'
Since,{ VB j.s an ideal of P sup {¿r ¡Je,a-.å, = åV3 o

Atso sup tl, 3J e sìrp lã;E ; tlrus

slrpF;-STfi+-=*e + ø.
Consequently, by rul.e (2) , sup {A, ¡} C A - 3 c

Thus sup te, 4 - A- B

L2 . D_ef,ini tlo¡. A map I t p --:.. W (p) /* j-s defined;

if A ÉP then 9(A) = (A),

13. !qmnq,. Y r P -+ w(p)/- is an injeetive

homomorphism; that is, ? is l--1 and. preserves existing
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sllp and. iÐf "

Pæpf,: (i) ,i is injeerive:
let A, B e ? and. f (A) = f(B) . Thus (A) = (¡)

andso ÄCB and. ¡.Ç4, Thusrbylernma1-0'r A<B
and. B<4. thus g(a)=lD(B) impliesthat A=Bo

(ii) Iet A, B € p and tet sup {Ä, B} exj_sto

Then

\D(a)vg(B) = G)V(B) = (A.--B) =(sup ß, BJ)= f(sup[a, BJ).
(iii) rr A, B É p and. ínf [A, BJ exis.ts then

this case is the dual of (ii). .

Thus r'ze have este.blished the le¡rna.

Now v¡e need. only show that the pair ( c¡, ttt(p)/,-, )

satísfi-es the u:riversal inapping property for Ff(p) ô

let l bealatticeandlet fo:p+l beahomo-
morphism. \Ye define a map F : iV(p) + I by induetion
on the length of the elements of rf(p) t

(i) if .{(.r)-1ri.e. Aêprrhen F(Ä)=fo(A) i
(i.i) if À - Ao - Ar rhen F(A) = F(Ào) v ¡(At) ,

(iii) :.r A - Ao^ A1 then F(A) - ¡(Ao) A ¡,(ta) ø

L4, lemma" let x € P and .4, 6 \¡/(p) .
a) If x€A then to(x)-<¡,(¡.) ê

b) rf x € f rhen ro(x) ) e(a) c

P_rgpf : Sinee b) is the dual. of a) , only a) need. be

proved. The proof proceeds by induction on /(¡) .



rf .{(¿)=i. rhen

x ( A and thus fo (x)

is clearly ì so i;one . )

Nory let .t(e) = il )
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.4.ÉP andso A=(¡]" Thus

fo(A) = ¡'(¡,) (Ä homomorphism

A-AoflAr andthus x6le

,,[{ar) ( n, ro(x) ( r'(Ao)

e.11

Â-

If Â = AonÀ,

and, x€At. Since

polyaoruial-s of J-ength

I and assune a) to be -brue for
( n " since l(.t) ) 1, either

4o...-,4., or A - Ao^41 for some Ao, Af € W(p) .

then

/(Ao)

Thus

let

an

x

ATo-

À=

ro(x) < F(Ao) ( ¡(Ao) v F(AI) .

I and, similarly,

A.VA- CT, Thuso r-
ro(x) --( F(Ao) V r'(ar) : F(A) o

A.cr.
I-

; X€

and. fo(x)<F(At) 
"

to(x) (F(Ao)/\¡(A1) = F(.ô,) o

ïf A - Ao._-A1

r = [y ç P I fo(y) ( ¡'(Äo) rz ¡'(Al)J o

is an id-eal of P , If
( ro(v) ( F(ao) v rlar¡
C I and sup {fo, yf}

= fo(Ío) V fo(rr) an:.d

, ro(vr) < P(Ao) V r'(ar) . Thus

Thus

id ea1,

'r'?e first show that I
and z<y then fo(z)
so z €f, If VorXl
then fo(sun [vo, yi )

ro(yo) <r{ao)v¡(Ar)
sup tÍo, yJ e I , and

since l(¡o)(n,
solis
v¡henever

id-eal of P o

eÂ'-o

Since I

A then

v€r
, ancl

exists

Ls an

Thus tbe len:ma is establishecl.
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15. kB+. If A, B é v(P) and. A Ç 3 then

F(A) < F(B) .

!fp-rc_{: The proof proeeeds by induction on

.L(¡) -Þ i(B) )z 2 .

If i(A) + .{(¡) = 2 then A, B eP. lhus ACB
implies that A < B (le'*a I0) " Thus fo(A) < fo(3)

and. so r by the d-efinition of I' , F(A) ( ¡'(g) o

Now let lt¿l + .t(¡) = n ) 2 and. let the conelusion

hold for all pairs v,¡hose lengths ad.d. to an integer ( n .

A CB must fo]-]-orv from one of the rrrles of Ðefinition 6'

ff A Ç B fo].Iov,¡s from rule (1) the result ís clear.

If AÇB follovrsfromrul.e (2), i,e. if f l-l Ð,+ø '
-bhenthere j-sarr x6P suchthat x6.Ã, x€B ø

Thus, by nenma 14 ¡ F(A) ( fo (x) ( ¡'(¡) . Thus

F(A) ( ¡'(¡) .

If AqB fol-lorvs from ru1.e (3) then A = å.o-.-,41 t

A.GB, ArcB. since l(ao)+.((s)(n' F(Ao)<F(B)

and, similarly, F(At) < F(B) . Thus

r(A) = F(Ao) v r(Ar) < F(B) c

If Á" C.B fo'll-oirys from rrrle (4) then À = Ao,^.Al

and., sâX¡ AoÇ B , Thus, by the induetive hypothesiso

r(Ao) < F(3) ; so

F(A) = F(Ao),n.F(a1) < ¡'(Ao) ( ¡(¡) o

îhe dual argr:ments apply if the quasi-i-nequality

fo].].ows by rnle (5) or (6).



Thus if A -- 3 then F(A) 
-{ 

et¡) o

16. _Ct_qo.]-]-. If Á., B € t"¡(p) anci A - B then

F(a) = F(B) .

Thus lve can define a map

f z w(t)/- --+ I
by

f (<A>) = F(A) for alr. ¡, é \y(p) o

1-J, T¿ç_qga. f z W(t)/* -=+ tr i-s a lattice homomor-

phism and- tf = to c

EfgAE: ,it(P)/^. is a lattice by lemma 9. The map f
is v¡eI-1*defined. by Corol1" 16. .A1so

r( (a) v (B) ) = f( (¿.--' ¡)) = tr'(A- B) = F(Á.) r,z F(B)

= f ((A>) v f((3)) ,

antl d.ual.ly.

Thus f is a l-attiee homomorphism.

Nowlet Ä€P. Then f(A)=<A);tbus
f f (a) = f((A)) = F(A) = fo(A) . Thus f c? = fo .

Thus the proof is eomplete"

Sinee P c1-earl-y generates W(p)/^. Iemma 1J shows

that

18. Thggrem (Dean [¡"] I, The pair ( l, w(p)/* ) ls
the free'lattiee generated by the poset P , ancl so

w(P) /* = FL(P) .

3o
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3, Charac t-e-ri-z A-t-Lq4.- o L lU,-(!-)- "

let I be a l.attice generated by a poset P . A

problem of some interest is that of finding neeessalTr ancl

sufficient conditions on I so that I, be isomorphic to

Ff(P) . Dean solved the comesponding prob]-em for cF(P)

( [3J , T]reorem 6, anil Cha.pter f II of thís work) . In
Theorem 7 of the above reference Dean states a sufficient
condition for I to be FI(P) , provided. that I is a

sublattice of a completely free l-at'bice; however, his

condition implies that Ff(P) is isomorphic to CF(P)

( t¡] Theorem 4)ì ana so does not contríbute to the problem

beyond, his result for CF(P) , In this sectj-on the prob-

l-em j-s solved, modulo the strt¿cture of the pseud.o-prinei-pal

ideals and pseud,o-prineipal d.ual ideals of P .

19. Theoges. let I be a lattice generateil by a

subset P . If P is regard.ecl as a poset r¡eder the

partial order Í-nduced. by I then there ís a lattice
isomorpb.isn f,ron T' onto Ff (P) extending f t p + ¡'f (p)

if and only if the fo1-J-owing two eonditions hold:

(l) a) for a]-]. x, y e T' such that (xl [ì p and.

(vl l'l P are ideals of P

(xwvlnP=(("1 [ì P)ü((vlf^ìP) 
'

the id.ea1 joín in P r and- dua11y

b) for all x' y e I sueh that f*) fl p ancl



ly) f^ì P are dual ideals of P 
32

t*^y)flp= ([")llpl 9tfollpl e

the dual ideal join in P i
(ii) given xo, *1, lo, y1 ê. I' such that

*oA*r(foVr'' xoA*1 {"r, xi{oovyt, ie[0, 1J,

then there is a p é ? such that
*o Â *r ( n ( rov yt o

20, Corol]., Cond"ltion (i) implies that, for all-

x € I , (*l l^ì p is a pseudo-prineipal ideal of P anct

[*) f^l p is a pseudo-principal dual ideal of P ø

throughout the proof of this theorem ("1 (and dually

[x) ) denotes the set of _a11 y .in I sueh that y ( x

(d.uallyr Y ) ") and not just those elements in P ø

First the necessity of the cond.itions is establishecl,

I may be taken as ut(P)/"- if v¡e identify P and (f(P) o

Three lemmas are proveil:

Z1-. I;enma. If A € W(p) then

a) (<+l l'l p = ¡, , ana b) t1l.>) f^\ p = Ã ø

Proof : The proof of a) is presented., and. b) fol1.orvs

by d-ualiff,
let p€((rùll-lp. Thus p<(A) andso pC',{o

Th-us,by, lemma7e pC4,thatis, p€A" Thus

(<Ðl fì"Ç¿ e
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Nov¡let p €å, Thus, since pCl', Fl-ì ¿*ø o

Conseo.uently pC A, that is, p < <,{) . Î}rus

p € ((A)l [ì P and so åÇ(<et n P ,
rhus A = ((Ðl [l P .

22. tenma. If Ao, Af € y/(p) then

a) ((Ao)v(Âr)Jfl p = (((ao>1 íìplg(((ArXn p)

and

b) f<ao)n(ar)) f^l p = ([(Ao)tl-ì p)9f f<ollf^l p) e

Proo!: Part a) is proved; part b) fol-loias dua11y.

( (Ao) v <Aùl fl P = ( (Ao ---Âil ll p

= .4.o.--Al by Lemma 2I,

= uo9ol.

= ( ( (ao>1 lì n) V ( ((Aìl [ì pl

again by Ïemma 2L.

lemma 22 establishes the necessity of eondition (i) "

23. lemma. tret Ao, 41, Bo, Bt € W(p) and let
<Aà A. (Aì ( (bo) rz (Bù , (Ao) ,n. <Aù { .urt , and

L(Ai> *("o) V (81) ? i € {0, rJ . rhen there is a p € p

such that (Ao) zr <41) ( p ( (Bo) V (Br) ø

Proof : sinee (Ao) /\ (Ar) --( (lo) v (Br) then

Ao ^ Af G Bo --, 31 in fv(p) . Fov.rever, for i €. {O , tl ?

Ao ^41 4 q and. or.4 Bo -.-, B, . Thus the above retation
mu-st be derlved by an application of rule (2) of Definition 6,
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Thus Ç--q I uo ,- BL + ø . ter
--------rì _rìp t Ao.-Al I lBo - 

Bl ; thus .4,o ,-rA1 I lp * Ø, and. so

Ao^41 Çp ,

Similarlyl p GBo - Bl .

Thus

(Ao) 
^(Ai> 

(p (Go) v(Bl o

Thus ive have established. the necessity of the conditions,

To establish the sufficiency several lemmas are stated.

let f^ : P -Þ I be the embed-ding of P in I ; thato

is, for all x € P, f^(x) = x .' o'

24" trenma. For all x € P

a) (*l [l P is an ideal of P ,

b) [*) f-lP is a du-al ideal of P .
Proof : This is clear since ("1 [ lP = r, a:rd

t")lP=1.
25, tr€nma. Cond-ition (i) implies that fo : P + tr

i-s a homomorphísm,

Proot: let x? y € p and. let sutr {t. ,rl exist,
Then x v y ( 

"op [*, y3, Thus

fo(sur fx, yJ) )ro(x) wro(r) o

By lenuoa 24 and- condition (i) a)

(xwvl[-lp = ((*][ì pl¡]ttvi{lpl ,

and so (x v y] f'l p is an ideal of P , Sineè
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x, y € (xv vl f-l p, 
".*p[", y] € (xV yl [i p . rhus

"upl*, yJ ( * v y , and so to(sur{x, yJ) = fo(x) vro(r) .

This argument and the dual- inply the truth of thÍs

lemma*

Consequently vse have a map F ¡ W(P) + I extending

fo èuch that the correspond-ing map f : Fl(P) -) I is a

lat'ciee homomorphism. The map f is cl.early onto since

P generates L " The injectivity of f follov¡s from¡

26. le¡nrna, Condition (i) implies that for all
Ae\,r(P) a) A=(F(A)l[lp anit b) E=[e(a))flpo

Proof : ?art a) is proved and part b) fol-lorvs by duality,
The proof proceed-s by induction on ,{(A) c

If {t¿l-1 then ¡.Êp andso F(A)=fo(A)=Ao
rhus A=(all-ì p=(F(A)]fì P.

Now 1et n ) f and assume that the result is true

for al.l- Iattiee poì.ynomial.s of length ( n . let ,((A) = n .

ïf A = Ao ,^.4, then

(r(a)i = (F(Ao)nr(A1)l = (F(Ao[ flrr(Ar)] . rhus

(¡tall [l p =' (p(Ao)l n p fl (r(Ar)l fl p

= A fl¡.-OI

= ; -sj-nce ,t(Ao), ({ar) (n 
c

If t = Ao ---4, then (F(A)l = (F(Ao) v ¡'(Al)J o

since .1.(Ao), .l(ar) ( n

(F(Ao[ n P = Ao and (F(41)] f-ì p = Al o
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rhus (F(Ao)] [ì p and (F(Ar)] [l p are ideats of p ana

so, by conditi-on (i) a),
(F(Ä)l f^l p = ((F(Ao[ n ")V ((rqar)l [ì r¡ "

Thus

(F(AIfl" = ooüo, = Ao

Since F is surjeetive this lemma al-so establishes

Corol].. 20.

27. I,emma. tret A ÉW(p) and x € p a

a) rf x < F(A) then x C ¡. in \il(p) t

b) if x ) e(e) then a G x in tv(p) o

Pro_of: Part b) is the dual of a) and. thus we give

only the proof of a),
rf x (r(a) then x € (F(a[ fì p and thus x € "r ,

Thus î.1 | d + Ø and the result fol.1ows.

Now rve state the erucia]. lemma:

28. le.nna. If A,B€ïr(p) and F(A)-(ttu) then

A Ç3 O .

Proo!: The proof proeeeds by ind.uctiorr on l(g) + f (¡) "

If {(e) + ,(Cgl = 2 the result is elear.
Iet n ) Z and l-et the conclusion hoId. for a1l poly-

nomial-s y¡hose lengths add to an integer ( n , tret

.t(¿) + I(¡) = 11 .



37

f,f Ä€P or B€P thentremma2T establishesthe
resu]-t"

rf A = Ao - A1 then F(A) = tr'(Ao) w ¡'(Ar) ( ¡(¡) .

Thus, for i e {0, ]-J ,

A.iCB andso A(=Bl"

¡(Ai) <F(B) and .{(ar) + 1(¡)<o;

If B = 3.ô ^ Bl the dual argunent applies "

The only remaining ease is 'uvhen A = Ao ^41 ancl

B = Eò=--,3t ' In this case

F(A) = ¡(Äo) n ¡(ar) < ¡(Bo) v r{ar) = F(B) o

If there is a;ra i € {0, lJ sueh that ¡'(Ai) ( r(s)
then, by indu-cti-on, Ai G 3 and thus Ä CB o

The d.ual argument applies if there is an i e [0, 1-]

sueh that F(A) -( n(sr) "

Olr the o'uher hancl, if for aJ.ì. i e {O, fJ
¡'(Ao) np(¿r) {utur) and ¡(Ail {u(Bo) v F(81) rhen

conditi-on (ii) implies that there is a p € p 
"oùí that

¡'(Ao) n ¡'(ar) ( p ( ¡(Bo) v r{r1¡ "

29. Gorol]-. F(A) = F(B) implies that A -3 ;'

Thus f is injective and so f-l z T¿ à trf(P) is
an Ísomorphism. Clear].y f-l extend.s I , Consequently

ihe proof of Theorem 19 is complete"

Bylemma2T itfol-lowsthat ÀCpCB. Ihus ACB ø

Conditions (l) a), (i) b), and. (fi) are independent;



y,¡e erlLibi'b 'úiït) e:{eûp}es ''co ill-ur-s-bra-'ue ihi-s, i'b lray be

i:Õ'oed -i;h.a'b ín bo-bir exa-rnp,l-es Goro-'l-l " 20 þslds.

E;<a¡ip]-e 1.
<4*--¿1-::aâ!?'+-.<=

le'b I be 'cbe La-i;-bice de-pic'ted in

rÊ,

(.?
te, Ðe eJ

Ìlal I 1:r 
^Tt 

I\

ever, since b We = z er\(bv"lllp={"ob,cJ ø

(¡J [l p = f¡J and ("1 l^ì p = [rJ ,

botir of rqhi ch are ideal-s, Thus

( (rrj n P) V C tcl [l p) = {r, "} " Ho¡v-

Fie" 1" let P *

generates ï, " Co

in 'bhi-s case:

Þ

.\ \ ^t) a) lar_Is

d. in
.P
faÍ].s I

b vd ?

cond-i-ti-ons hol-d,

The cLual of

fails "

Fseruk:å.

The oth.er

this :-ai-'uj-ce is one i.¡-here only (i) b)

let I be the lat'cice depicte

!'ig, 2, let I = {a, b, ee dJ

generates l. Condition(ii)
bVd.=z =â,,Â.c" Thus

a^e(lrvd, anc{t 7

a Ae{a , a$lva, "{
and z Çr c

The otl:er eonditions hold for ïo
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This is an exanple to show th.at (ii)
may hol.d. and. Coro1l. 20 a) may faí1.
let P = f*, b, "l . Then

(yl f-ì p = {^, b} and sup [", b] = e

thus (y] [ì P is not an id.eal.

In the d.ual lattice Goro}l" 20 b)

fails.

Fig. 3

A question relatecl to the result in Theorem 19 is:
givenaposet P a.ndasubset a of Prlvhatintrinsie
cond-iti-ons on P and a are neeessary and suffieient
for the lattiee generated by A in Ff(P) 'bo be ísomor-

phic to FL(A) ? A partial ansrver to this question is
provid.ed.. 

L
let P be a poset and. J.et Q C'P , iTe d.enote by

,

b

30"

(i)
Theorem" I.,et the follovr¡ing conditions ho].d:

a:-r rrJ €"$fql ,if rflq and

S(ro)

the set of pseudo-principal ideals of P whieh are

obtained. by taking.joins and meets of a finite sequenceì

of principal ideals of P generated by elements of A o

\Te d.enote by .Ðtql tlie set of pseudo-principal dua1.

ideals of P definecL dual-ly" As above, Q(P) in Ff(P)
I

is id.entifi-ed rvith P -¡

a) For



40

.l ll q are j-deals in A then

(r9.r)lq = (rna)g(¡[ìql ,

. ancl

¡ f-ì O are dual ideals in a then

(r r7.r) f^ì q = (r fì a) r? (r [ì o) ",

(ii) gÍ.ven ro, 11 €. &(e) , Do, DI € .8(A) such

(ro9rr)[ìr, =ø , and

n {roÇrr) + ø

n (oogrr)[ìo + ø.

(ro 9r.)
then

{ro I rr)

¡) ror al:. r, J € lJ(q) , ir r [ì q anci

that, for each i é {0, 1} ,

(ro9rr)f'lr, =ø ,

Then there is an j-somorphism from I , the sublat,uj-ce of
Ff(P) generated by a , onto Ff(A) , The restriction
of this isomorphism to a is fq : Q + FI(Q) . 

tLPrqgir We sh.or,v that tire cond.j_tions of Theoren 19

obtai-n.

tet x, y € I and let (*] n A and (yl [ì O be

i-deals of 0 . By applying Coroll. 20 to Ft(p) ,

(=] fl p , (y] fl " 
are pseudo-principal ideats of p and,

since A generates tr, ,

(*J fl P, (yl [ì p € $.(q) .
Now (xl[ì rflq=("1 [ì o and (v][l pf-ìq=(y]flQ,

and so are ideals of O . Thus, by condition (i) of our
theorem



r-1+1
Lrr"i[ì pr I ((vJr^ì "ü[l q = ((x]tqlgirol[ì ql .

Since, by theorem 1-!,

(xvyl l-l " = ((xl flp)Vf fyl [ì "l
lve find. that

(xvyl[ì q = ((x]flqlVrt"if-lqt.
Thus eond.ition (i) a) of lheorem 19 holds for I o

The truth of (i) ¡) is established in a duar manïrer.

Nov¡ let xor *l_r yor yr € ¡,, xo Â*1 (yov y'

"t$YorzYI, xoA*r{t, forarr i e[0, r] .

Then there is a p €p such that
*o A*r (n (rovtt

rhus fxo ,r xr) fì (rrtr = ø and (vo v r/ [ì [":. ) = Ø

for ai-l i e [o, rJ anit

[*oA*r)lì{rowvj[1 " + ø.
Thus, applying Theoren 19 to Ff (") ) .z

[r t"ot [l p) I r¡"rt ñ rt] l r(rrl 0 pt = ø
ancl

[t troi [ì "t {l c cv"] [l "l] ft c t*r) [ì pt = ø
for aII I e [0, fJ , and

[rtr;i [ì plgrrvri t^\ "Inß[*o)[ìprg([=rlñrl] + ø.
thus

[rruj0"i9rrvr: n"f n [rt*"rllp)gr¡*rtfl "t] 
fln+ ø,

that is,

[*o A"r) lì r fl (vo v rfl fl" |.lq + ø e

thatis, [xozr*r)[-l(yovrflflq + ø ô
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Thus tir.ere is a q. € a suelt that
*oA*f(q(yoVyto

Applying Theorern 19 to I , our result follows.

4" Sorkints theorem.

Sorkin tg] proved a rather surprising result: if trÀ ,

À € A, and I are lattices and, for each À. € A ?

fÀ : l, + I, is an isotone map--but not neeessarily a

lattice homomorphism--then the fÀ, À € 
^ 

o can be

extended to an isotone map from the free prod.uet of the

I\ to Tr . ID. this section a generalization of this

result is proved." The proof is mueh simpler than Sorklnf s,

everl though he eonsidered. only a special case of our re-

sult.
let I be a 1-attice and l-et I* be the eompletion

of I . lYe eonsider I as a subset of f,* o

31. The_qrelq. let P be a poset and .fo : P + tr

be an isotone map. then there is a map f ; Ft(P) -+ L*

such that fT = fo satisfying:
(l ) 'f is isotone;

(ii) if fo preseïrres al1- exlsting sup (resp. inf)
of pairs ín P then f preserves join (resp. neet) in
Fr(P) ;
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(i:-i) it each non-enpty pseud-o-principal ideal of P

is a set u¡rion of fínitely aany principal ideals, and.

dually, then In(f) ç I o

Proof.: For each Â € vr(p) define q(A) = Vr^(a)ru
and f-(A)
or1 i(e) 3

(r) if lttl-1ri.e. AcPrthen F(A)=fo(A) t

(z) if a = Ao - A1 then

F(A) = $(Â) 
v F(eo) v r(ar) ;

(¡) if A=Ao^Al then

¡'(r) = f(a) n F(ao) n r(ar) ø

32" leqlqa. a) rf x€¿ then ro(x)<F(A) o

b) rf x € I then to(x) Þ ¡'(a) ø

Proof: Part a) is proved; b) fo].]-ows dually.

We proceed. by induetion on ,f tll 2

If l(A)=1then Á,€P;thusif x€¡. then

x ( A and so to(x) ( ro(l) = I'(A) , sinee fo is

isotone.

Now assume that n ) f and that the result holds for

arr A€\Y(P) suehthat ft¿)(n, let i.fn =r;then
either A = A.o - A1 or A - Ao ^Al- c

If A = Ao rr A1 then x € A impl.ies fo(x) € to(l) o

rhus ro(x) ( $tal 
( 

${,tl 
w r(no) v r'(ar) = F(A) ø

rf -4. = Ao ,^41 then A = -A,o f'ì or_ . If x € A
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then * € Ao and- x € Or= . Thus, by the ind-uctive

hypothesis,

fo(x) ( F(ao) and ro(x) < F(À1)

rf y€Ã then x<y (lernrna4). Thus fo(x)(fo(v);
thus fo(x) (, z for all z € fo(l) . Consequently. fo(x)

is a lovrer bor¡-nd. of fo(Ð ; that is,

ro(x) ( Afo(ã) = 9(.t) c

consequently ro (x) < F(ao) ' fo(x) ( r(lt) n and'

ro(x) ( fial . rhus ro(x) < F(A) .

33. CoroL]., For a]-]. A € w(P)

${a) ç r(a) ( fral Ò

\[e now state the crrreial lemma:

34, lenma" If A' B € \Y(P) and A E B then

p(¡,) < F(B) .

Proof : The proof is by induction on /t¿l + l(¡) -

A gB must be d-erived. by 11les (f) to (6) of Definitj-on 6.

If a = B the result is elear; thus vre need only consider

rrr].es (2) through (6), and we may assune that À + B G

rf lfÐ * I,G) = 2 then Â ç B must be d'erived' b¡r

-rrle (z); thus there is a^n x €. P such that x € I [l g o

îhus, by lsmma, l2, F(Â) ( fo (x) ( F(B) o and the result

fo].]-ows,

Now assume t:nat Jtal * IG) = n' ) 2 o
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If A C B is derived. ihrough ru-le (2) the proof is
identical with that presented. above.

If A C B is d"erived by ru-le (3) then A = Ao - Â1 e

Ao Ç¡ , and- At Ç¡ . Thus, by the ind.uctive hypothesis,

¡'(Ao) (¡(¡) and F(At)(¡'(¡) " sinee AçB then, by

Lemma?r 4gg; thus fo(A)gfo(g) anilso

vto(A) < Vro(¡) . rhus 
?(A) 

( 
çcs) < F(3) , by

Coro].].. 33. lhus

F(A) = $(a) v r'(ao) v F(Ar) < F(B) o

If A g B is derived- by ruì.e (+) then A = Ao ^Al
and, sân¡ Ao C B , By the ind-uetive hypothesis,

¡(Ao) (p(¡) . rhus

F(A) = f(a) r.F(ao) n ¡(Ar) ( erAo) ( F(B) o

The dual arguments apply if A ç 3 follows from

zule (¡) or (6).

Thus the lemma is þroved'.

tr'rom the above lemma we conelude that A - B implies

that F(A) = F(3) . Thus vre ean define a map

f : FI,(p) + lx by f (<A>) = F(A) for al]. A €, t'r(p) " If
<A>, <B> 6Fr(P) and (¿,) < (3) then ¡, ç B ; thus

F(A) <F(B) , that is, r((t)) (r(<B)) " rhus f is
isotone. tr'rom the d.efinition of F on poJ-yno¡tia1s of

length 1 it is elear that t?= to . Thus (i) follows-

35. lemma" If for al1. x, y € p sueh tbat sup {*, y}
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exists fo(sup {*, y}) = fo(x) v ro(r) ttren for a1l

.4., B € tv(P) F(¿ ' ¡) = F(A) V ¡'(¡) .

Psgg-!.: rve observe that [x I ro (*) ( ¡ (¡) v r(¡)J is
an ideal of P . By lemma 3Z this ideal includ-es 4 and-

E and- so incl-udes A.zB , Thus if z € fo(¿'.¿¡) then

z (e(A) v F(B) ; that is, q(e ..-, B) < F(é,) v F(B) and so
I

F(A ..- B) = F(A) v F(B) o

This lemma and the dua]. establish (li)"

To establish (iii) *e consider the ].attiee lb of

Section 1.I. Und.er the convention that yg = O ancl

Aø=1o (0(^t;^/Â\â-b foral1 A€w(p). Nowwe,
T ^'r f\a/ L r

need. only observe that 0 < F(A) < 1 for al]- A € ìT(P) t

thus 0 and 1 are never imaEes u¡-der F and thus f
maps to I .

It was observed by Professor Grätzer that part (i) of'

lheoren 31 holds ín a more general situation¡
let K be any lattice of which. P is a subset. lhen

there is an isotone f ¡ K -+ lx extendi-ng fo " \Te ean

define f by f (x) = Vro(("l (-ìp) for a:.3. x € r e



fn this chaPter the

exterrded to Fl(P i Tiir'fl

extension \'¡e derive the

cF(P) o

*I CH¡.FÎER TTI

Fr(P i ï1'1,11)

results of GhaPter ÏÏ are

) . As an apPlication of this

resul-ts of Dean L3i concerning

1. Fr(P ; "!]?o 'il).

let P be a Poset and ].et there be

structr-lre d-efined on P . \ii'ilth each Á'

rate a pseud-o-prineipal ')¡1*i-deaL A and

/l-duaL ideal f as in Definil;j-on 2r3z

J-" Ð-ef,i.Jt¿j¡-i.çg-

Ã= [.t) i

(i) rf A€P then A = (aj ancl

arl ( 1n, ?t) *
d: Y¡(P) \'re assoc'-

a pseudo-princiPal

(ii) ir
lTl*íð.eaL join

ídeal meet in
(iii) ir

'Trl*ídea]. meet

ideal join in

t.-:AI then

and- Ã = Ão

A

then

=ã o

A=Ao
in P,
Ð.It

.4.=A

in Pt
PO

= Ao VAf ¡ the

Â

^1 , the 'J1, -d:u.a]-

SincerforanY x€P, (xl

arrd [") is arr 7l-d:ua} id-eal of

corollary rer¡.ain true in the ('lnt

The quasi-ord-er Ë on \T( P)

A = 5r\Âr ' the

v l' the 7t -d:u:a]-,

is arl 1t'|.-ídeaL of P

P Tersma 2"4 and its
'1'l)'-case.

is d.efined in the

,-- A-OJ.

anil ã



( "Ì¡'(' fr )-case exactiv

and Þ refer to ( 'iil,

2

follolvs

Defini'üion.

as in nefinÍtion 2"6,

?f ) -eovers .

If A, B €, \,/(P)

to (6) below:

e>rcept that

set ACB ifit

¡Q

-?
Â.

(r)
(2)

(3)

(4)

(5)

(6)

from rules (1)

A=B i

Ãng{=ø i

B

l)

Ao oAl
Bo*Bl
Bo ^B]-

A CBo-
A CBo-
AGBo

¡. cBo

rvhere

v¿here

v¡here

vrhere

and.

or

or

and A gBì 
;

onJ.y

?

if

a1 c3:"
ArçB i

A Ç81 i

the fact that Ç is a quasi-order fo1lo'ovs exactly

as in Chapter II and. so -the equivalence rela'bion N is
defined on Til(P):

\T(P)/^' is a l-attÍce exaetly as in Chapter IT and.

\ye can define the map I t P -+ TI(P)/- vrhere <¡(a) = (A)

for all A € p " That <¡ is isotone is elear, and the

proof of injectivity is Ídentical with that in Chapter ff.
The proof that f 

j-s arL ( A' 7l )-mor"pnism fo]-¡]-orcs if we

replace lemma 2"11 by:

Defi_nif.ipß. If A, B € W(P) then A - B if and.

Â CB and. B Ç¡. o

é, = Ao.*_, A,

4 ' I.,eml4?l. a) rf [*o, oôo, *rr_rJ GP ancl
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{*o, .cø, xrr_r] €, 711 then

sup {*o, ..ôr ",,-tJ 
w ("""(xo--.xr).-...vx,,-Z) u xn-l .

b) rf f*o, .Òø, xn_t} GF and {*o, ooc, xn_r3€n

then

inf t*o, . o. , *n_tÏ N (. .. (xo ^ xr) ^.. n " Âxp-e)^In_r .

Prqgl; The proof of a) proceeds exactly as that
presented. in tremma z.LL. Rule (¡) must be applied several

times and we must observe that
(...(xo-xr)-coc\./xn-Z)-"rr_I = *oV o.. V*o-l i

sinee f*o, ooo, *n-t] Gxo V"." V=,,_l atrct

{*o, ooôe *rr_tl €, -rn 
e

srlp {ro, ..o, rr"_* € *o V,.. Vxn_l o

The proof that the pair ( tp, W(P)/,- ) satisfies
l

the u¡-iversal mapping property for Fl(P '; 74, fl) proeeeds

exactly as in Chapter If . \Te need. only observe that if I
is a lattiee and fo : P + T¡ is an ( n(., fl )-norphism then

the set

r = [y€plro(v)<¡(Ao)v¡,(Â1)], Ao,A1 €w(p) ?

i-s an 'flþiaeaL of P , and. dual1y"

5 " Theorem (Dean [:"1 ¡, The pair ( (f, w(P)/". ) is
the (nr7l)-tree lattice generated by P , and. so

w(P)/- = Ft(P ;nrn) .

The characterization of FL(P i Arn ) is.provided by;
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6. TþgqÏgg" I,et I be a l-at''uice genera-i;ed by a
subse-b P . ff P j-s regar.ded- as a poset u:rd"er the

pari;ial order indu-ced- by I then there is a lattice
isomorphism from I onto Fl(P i 'l¡1, 7l) extending

Ç I P -+ Fl(P i ?t(, q) if and onty if the follorving tvro
I

eond-itions hold:
(i) a) for all x, y { I such that (=l f-ì p and

(y] n P are 7ft:ídeals of P

(xvylfì P = ((xl[ì P)V((y]flp),
the I)l-i-ùea7. join in P e and clua.lty

b) for all x, y c I such 'bhat t") ll p and

[v) ll P are ?t-dua]- ldeals of P

["ny)fJp = (ix)f-1 
")V(ty)f^ì 

p) 
e

the /[-dual ideal join in P i
(ií) given xo, *L, xo, y1 € r sueh that

-oA"r(yqvÍ1, xorrxl{u' xi{uoVy' iefo,r} ,

then there is a p €P such that
*oA*1 -(p (yoVxt,

7 , kggE. Condition ( i ) implies that, for a1l
x € I , (*] fì p is a pseudo-prineipal ?ii-iaeat of p

and. [*) f-ì p is a pseudo-principal ?t-auat ideal of p o

The proof proceed.s exactly as that of Theorem 2.19.

TIe need onl.y obserwe tlr.at condition (i) implies that the

injeetion fo : P + I is ar1 ( tl|, ?¿)-urorphism:

50
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le',i {*o, cco? *',._rl (nL. Fcr each i (n-I
(xrl fl f is an 'ìL-íaeal Appl¡rilrg condition (Í) a)

repea'ced.ly,

(it) a) for a].l xo, ooo, xn-l €P

(xo v.o. v*,r-f [lp = ((xo1 l-ì p)9'.'9((*rr-rl l]nl '

(xoy,., V*rr.-rlf^ì " = ((xo1 [lpl 9...9((*rr-r]fJpl
ano.

{*o, ooc, *n-r1 Ç((xo1 f^l pl 9...$t(*o-rl 0pl i

thus

supþo, .oo, xir-il €. ((xol f-l pl 9...9((*rr-rl fl "l
and so

suP {"o, '¡oi *rr-r} ( *o V "' V*rr.-l o

The reverse inequality is obvior¿s. The d.r-ral argument

app1.ies if {*o, ooo, xn:.t] 6. n o

-A useful eorol-la.ry to Tlr.eorem 6 i s s

8. tllgore.g. a) If the ]a'u-biee of ?f-ideats of P

is dístributive then condition (i) a) of Theorem 6 can be

replaced by

b) If the lattj-ce of 'f[-d:u:al- id-eals of P is d-istri-
butive then eond-ition (í) b) of Theorem 6 can be replacecl

by

(it) b) for al]. xo, ooø? xn-r € p

fxo,\.., A*o-r)[ì p = ([*o)flp)9".-pt[*,._r)[ì pl 
o



3lç__€r 
"ìrG

'fe observe
.4--.ai s an }it"-icleal-

!e-ü / x^,

XOt èøø9

f-üllen \x^ v øoo
TJ

f)ïcv'ê a);

fii:s'u 'bha-i;

for al-]- x
o 'o l *rr'.J' €

xn_l € ("]

v *rr-tl Ç'
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-ï;iie .Li:'u--bh of b) forlows C-u-allY"

(i,) a) inpli-es that ("1 [^l P

€],:

n , anÖ let
flp;

( "l " Tirus

( (xoi [ì "l 
g " "' I ( (*o*rl ll tl (*o V e o o V xrr-r1 fi n

(*l [l p

ancl

{"o, ooo, xn-:ri Ç ((xoi fl rl g """tP (("rr*rl [\ pl ,

an 7i{-id.eal-. ConseqnentlY

=.,pf*o, o.o, xn-rÌ € ((xol fl plI "'-9 t(*,.--rJ [J pl

and- so sur [xo, o ê ó , xn-t] € (xl ll 
"

IJolv ive riurst prove "Ûhat

( (oi [ì p) r? t ty] [ì pl

for all x, y 6f, . Since P g+aerates I the elem.ents

of f can be repsesented by la-btice pol¡i-nomia,ls over P o

I'Tore folmal}y, riïe d-efine a 111ap F ¡ tl(?) + tr ind-i¿ctively

on Ì;he l.eng'r;h of e-Lemea'us of Ïf(P) r
(r) if A € P then r(A) - Á' ",

(z) .if A = Ao -.-,,{, then F(A) = F(Ào) y l(a1) ;

(¡) if a = Ao-*Al then F(A) = F(ao) nF(ar) o

Since P generates I F issurjeetive"
Thu-s r,,,e rreed only show tlta.'c Ar B e t¡(p) ampties

(xvvl[ì P =
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(F(A) v F(B)J fì " = ((F(Ä)l n p) I ((F(B)l fì nl .

{r'e proceed b}, in,Lu-etion on lt¿l * .{(¡) .

If ,{t¿l + ,{t¡) = 2 then A, B € p and so rhe

result fo]-].ov¿s directly from condltion (i') a).

let n ) Z and assume tlrat the result hold-s for a]-].

pol¡rnomial s v¡hose lengths add to an integer less than n .

let lta) + lC¡l - n , Then, by the cons'crn¿ction of ir(P) ,

!?e can find- polynomials Ao, øoa, Ar_1, Bo, ooê, Bs_I

in ï/(P) sueh that
F(¡.) = F(Ao) v vl(Ar_l) ,

llao) + o.o + f{l"-r) =,ttal ,

ancl

F(B) = F(Bo) V ... VF(1"_r) ,

f (lo) + .ôô o ,t(s=_r) =,tt¡) o

For each meaningful index i either Ai 6 p or

Ai = X-rY , N-, Y € !T(P) , and. S-i 6 p or Bi- = X,^,Y ,

X, Y € l,f(P) " (llote that r or s may very we1.1. be

equal to I .)
ff A-* € p for al.l i ( r-1 and. Br € p for alJ.r_-J

j r( s-i- then, by eonditioa (i') a)

(F(A) v p(¡)l [ì p = (F(Ao) v.., vF(or_r) vr'(Bo) v . ". vp(¡"_r)]
ll"

= ((F(ao)l n r)V .."V ((F(Ar_rll [ì pl I rr¡,(Bol] [l pl 9..,
"..V((F(Bs-rü [ìpl
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= ((F(Ao)v... vF(t"-ril[l pl {Z tfr(Bo) v... VF(u=_rl]flpl
= ( (F(¿ll [l P) Y ( (F(B)] [l pt .

Otherrvise assurte for the sake of simplicíty that
Ao = Do 

^Co " Then

F(A) = {e(co) n ¡çlo)} y r(a.) v o. - VF(a"_r) ,

and, since l(ao) + ôoo + /(4"_r) ( n ,

(F(A)l l^ìp = [t (r(ro)] ll pl /ô ( (F(DoI [ì rl]Ç ( (F(er)l fl nl g

rer c = ( . . u (Go - or) -,",Y. 

til;;î':1:1."

and- D = ('..(Ðo-.Al)--.'" 
-Àr-2)-4"-1 o

Then, by the d.istributivity of the -rþid.eal.s and the

induc'bive hypothesis,

(F(AI f-l p = ('(r(cl fl rt ô ( (F(D)l fl pl ø

Thus

by distributivity. Now /tcl + .{(¡) < 11 and

L(¡) + {t¡l ( n . Thus, by the indu.etive hypothesis,
((F(A)l n pl I ((F(B)l n p)

= (¡(c) v p(¡)l [ì tu(¡) v e(s)] [ì " v

noting that ô = n . Hovrever,

r(a) y F(r) ( (e(c) ve(s)) A (p(l) v r,(3)) -

Thus

(F(A) v F(B)l [l p Ç((F(AI n p) Y ((e(¡)] 0 p) .

sute since (F(A) v ¡(s)] fì p is an Dl-iaeat

((F(rtl [ì pt g ( (F(B[ [ì "l = [r cu(c[ [l pl g ( (F(B)] lì"1] ô
/"\ {( (r(r)l fl pl I i rur¡ll fl pl}
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( (I.,(A)l fl et fz ( (r'(¡)l [ì p)

Thus the 'üheorem is proved 
"

Ç (F(Ä)viu(¡)llp

f t rnay be noted that the proof of the theoreu. hold.s

trrie under the seemingJ.y weaker condition Ì;hat the lattice,
d.enoted temporarily by I\{ , of pseud.o-principal ?t-i.Aeals

be dis'brj-butive- However this is rl.lusory; the lattice of

all fl-ideals of P is isomorphic to the lattice of id.eals

of the lat'cice I{ and- so is distributive if IvT is ( [1J ,

p. L29), Â dual. statement cJ.earJ.y hold.s forbhe t|-,a:ual-

id.eals 
"

Nov¡ let P be a poset and tet a G p , fn attenrpting

to generaLí2,e Theorem 2"3O to the (fttr1l)-ease v¿e note

'chat an ("nr'n)-stnretnre is tied.-i;o the specific. poset

consj-d-ered.. Thu-s if P has an ( nr 4 )-stru-c1¡¿re it is
meaningless to consid.er Ft(Q ;"inr'n) rrnLess Q = P or

Hoivever, if rve l.et 'Iflt and. nt be defined. oll a ,

then the theore¡o can be stated-. As in Chapter If r'¡e J.et

.8(q) denote the set of those pseud,o-principal ?ft-i-dea]..s

of P obtained. by taking a finite sequenee of joins and.

meets of principal /ft-id.eals of P generated. by elements

of A . The dual eoncept is denote<i. by Jf('a) . I,fe denote

the join of 'h[-iaeal.s or 'L*duaL ideals of P by

and. the join of f{t-ideals or f¿t-d.ual ideals r¡f
I ,

by

v
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9. !þçgSg" fet 'r;lte fol-lov¡ing cond-itj-ons hold:

(i) a) For atl r, J € ,ç(a)

¡ f^f e are 7i[r-ideal-s or a then

(r 9.r) [l q = (r fl e) I t.]

and

t) foralr- IrJ€,ü(e)
.l f^) q are '{'-dual idea].s of A

(r9¡)lJq = (rno)rlt,r
( ii ) given Io , 11 €. 

"Q( 
q) 

?

'bhat, for eaeh i € {0, 1} ,

, if t[ìq and

[ì ql ,,

lJa

then

ll0) i
Tì
"ol

r [ì e anct

Dr € firc) sueb.

(rogrr)fl1, =ø, (Ðogor)fJt, =ø ,and
(roÇrr)fl(oogrr) +ø

then

(roÇrr) fi (rogor) f-l e + Ø .

lhen there is an ísomorphis:l from I , tÌ:.e su-lllattice of

F}(P i 4, 'il genera'üed by a , onto Fl(Q í 'f¡!', ':4"1' ; the

res'brietion of this isomorphism to a is
(f, : Q + Fr(q ;74r,fi')',6

The proof of this 'theorem is
of tha'b of Theorem 2.30.

It should be noteC. that the

the ( 7lr, '4 )-stru-etare orl P and.

on a is that postulated in the

theorem. thus, for example, let

|n be the set of al1- pairs in P

a v¿ord.-for-word" d.u.p]-i eate

only relation betvreen,

the ('þr', /[' )-s'bmcture

two conditions of the

Iti' =.ï=ø rand. l.et

that have a'sup, and.
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7l the se-b of al-l-

theoreia Provi'd-es

genera,ced" bY A

'1-'h o

r¡-I-,(P)

6 lflo and l-et

since $lr(xr) 
( f'?t(x) for

v coo o?t(*rr-r) (fltt*l '

pai rs i-n P 'th-a'o have e"rl

a conclition for ''che lat-bice

to be i-sornorPiric -i;o CF(Q) "

Äa in-teres'ci n8i clit-es'cíon is r given j,r'vo s-L1i-i-c',cu-res

( i¡t .¡t \ an¿ ( '/ì'it, ?f) ore a poset P , when wí1l
\,r¿oE t(ot *'-- \.¿¡I, ',L'

tire ( i,,lo, flo)-free lat-u'iee l:e isomor=phic -bo the ( ii¿tt TIL)*

free l-a-'c'bice? The ansv¡er is provi cted in the fo-1-lovring

-bireorem and- its corolla"rY"

10, Tþ.e-qgpg," consj-cler ( (|" 
' 

F:L(P E iiio,"il)) and

( p., , Ft(p i 'rtiL, iL)) " lhere is a La-E'cice hoironorphism

f : Fr(P i ffio, 'fi) *+ Fl(P ; Iìlt, llL)

such that t Ípo = 'l.- 
if and onJ-y if everlr pseudo-

prineípa} "-ftaaeat is afL "hioaaeal and. , d-ua]-]-y ' every

pseudo-principal- /ly*a:uul id'eal is al:' Tlo-au'ut ideal'

E::q-qå: \'/e fírst prove the î'ifrr part' By the irniversa'l

mapping property for I'l'(? í ii|o, llo) (lefi-nition 1"23)

r.¡e need onry show tina'E ft 
is an ( 'fi", 7?) --n-orphism'

Sinee 9 t is acL ( W, "fla)-raorphism it is clearly

isotone

let {*o, oooe *r.-f}

x = su-Ð {"oo ooor *o.-13'

each i(n-r, f.'(xo)
By Corol-J. 7 aPPlied to Ft(P ; k!1, 'Ì1L)

inf;

i-n

the set

f^ì r¡ri "l 
Ir = t|;t(( fr(xo) v e -e v fr(xn-l)J



is a pseud,o-priacipal 'lflr-i.aea1- of P ; ihus, by the

condition of the theorem, I is a:r T\o-ideat of P ,
sinee f*o, ..o, "o_tJ €'/flo antl {*o, .o., *,,_t3 Çl

f, = s'up {*o, :.n, *rr_t} € f c

This implies that fr(x)
thus f1(x) = rfr(xo) v ..c v flt(*rr_r) o

This faet and. the dua1, along ysith the isotonicity
of ?y inply that ?, is an ('fÍo,7l-.,J-norphism and so

the existence of f follows"

Now we prove the rronly if'r part" tret

f : Ft(P ç fro, fr) -+ Ft(P ; fr(t, IlL)

be a lattice homomorphism sueh that t fo = (b ; let
I be a pseudo-prineipal IÍla-ideat of ? " By the

constrtrction of Fl(P i 'IIt, ftl there is a

y € ¡'r,(p | ?l/L, flt) such that flr{r) = (vl fi yrf "l ô

and l-et x = 6up f*o, o.., *n_tJ . Then ftE) ( y for
eaeh i-(n-1-; thus fr("o) v.oo ufr(xo;1) (y ø

Sinee Vl = t (f o and. f is a lattiee homomorphism

f( go(xo) v coo vfo(*o_r)),-(y I

since f*o, coø? *n_t3 €'tno ancl fo i-s ao (?4orTI)-
morphism, fo(*o)v ooo u9o(*o_r) = flo(*) " Thus

?r(*l = f fo(x) (v and, by the d.efinition of y e N ÇI"
rhus I is an ?lÇ-ídeal.

58
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This result and

part.

Thus the proof

its dual ertablish the "only ifrl

of the theoremr is complete.

!?e should like to rem.ark that every pseudo-prj.nci-pa1

ffl-r-i-L"u1. need not be a pseudo-pri¡gþa1 fi^-id.eal.LV

IndeecL, if no = Ilo = ø , ?[t consists of atl pairs

in P with a sup and. ?lL of all pairs w:ith an inf , then

Fr(p ; 4o, frJ = cl(p) and Ft(p i ftt, flt) = Ft(p) . rhe

theorem then states the wel].-hroynr relation between

cF(P) anil Fr(P) . rve note that an îl¡o-iaeal is a

hereditary set and e1-earl.y every pseudo-prÍncipal icleal

of P is a hered.itary set. Holveverr âs the following
example illustrates, it need. not be a pseudo-trrrincipal

hered.itary set-

Exemple 1.+

?b-

tr'ig" 1

ever P ís not a

"r
to

b1

bo

let the poset P , depieted. in Fig" 1,

eonsist of the el-ements à., b.,, "i,
bir "i, i - 0r 1r ... . The partial
order i-s as indicated in Fig" 1,

For any non-negative integers i, j
sup {^f, ,¡} = ck , where k is the

greater of i, j . Thus P is the

ideal join of (ar] and (b-] anil

so is a pseudo-principal id.eal. How-

pseud.o-principal hereditary set.
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11. Coro$. There is a lattice isomorphisn (onto)

f : Ft(p ; no, flo) -+ Ft(P ; It\r, 'ftL) such that

t c¿o = ,Pr if and" only if every pseudo-principar V4o-iaeaL

is art V?-r-:-d.eaL and conversely for pseud"o-prineipal

ft-ideals r and , dualIy, every pseud o-principal l'î'o-duaL

ideal is an Tî.r-dua]- id.eal and conversely for pseud,o-

principal'fr.r^a-:ual- ideals

Proof : \Te need- only observe that if
f : Fl(P t h?o, ?L) --+ Ft(P i fut, ht)

and. g : Fl(P i')tLa, flL) *" Fl(P i fuo, flo)

are lattlee homomorphísms sueh tlr.at t ,f o = ,ft a¡rcl

g 9f = ?o then fg is the identity restricted to flr(ll
and. gf is the identity- restrie'sed to fo(f) ; since

(|o(P) and frCel are generating sets of the respective

lattiees fg and. gf are the identity maps" Thus they

are inverses of eaeh othero and. the result foll-ows.

fn eonclusion, we remark that tire Sorkin theorern,

theorem 2.3I, remai-ns tnre for Fl(P îArn) rvith the

obvious proviso that ideals are replaced by ?L-iaeals and

duaì.ly, Part (ii) should be replaeed by

(li) if fo preserves sup of all sets in }n (resp.

inf of al]. sets in n ) tnen f preserves join (resp,

meer) in Fl(P i A\TL) e

The proof is an obvj-ous analo¿çy of that presentecl in
Section 2,4..
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2. Cornple Ì;e-l-L_ :[re-e_ -IELtb:L qg s .

As a simple application of the resulÍ;s ín Section 1

we derive the main results eoncerning CF(P) in the paper

of Dean I¡]. tVe note that cr(P) Ís just FL(P i ø, ø)

and that the concept of Ø-iAeal- (resp. þ-,duaL ideal):

coineid,es r'¡ith the coneept of hereditary subset (resp.

dual- hereditary subset) . þ-id.eal and þ-d:ual- id,ea1 join
is set u:ri-on (lenlma 1.21).

J-2. theorem. fn the constru.etion of CF(P) fron
\{(P) m1e (2) of Ðefinition 2 can be replaced. by:

(23) Ar3€p and À<Bo
Proof: If A, B €p tben EfrZ+ø is equivalent

to ^{ <B o

r/e neecl on].y show that if /t¿l + /t¡l > 2 al!¿[

- 
tt\E I I B + ø thea the result A ç 3 can be obtained. by

applieations of nr].es (1), (2'), (3), (4), (5), (6) 
"

This is done by Íaduetion on ,f(A) * l(l) o

If A = A.o r-n Aa then A C 3 impl.ies that Ao Ç B, r

A1 ç B andr by induetionr Ao EB, Atr ç3 can be

obtained by replacing role (2) by ru1-e (Z'). Then AÇ B;

foI]-ov¿s by applying nrle (3). The d.ual argument applies

if 3 = 3o.'^.81 o

If A = AonÄ, then Ã = Io U fa 
^"rrd 

so 
,^r

(Ã. U El) fl B- + ø, that is, one of ro 0 å, Ã11 I g
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is non-emptyr sây Ã" f^l þ. + ø . Then Ao ç B and so

A ç 3 can be deri-ved- by applying rrrle (4).

The c[ua1 argument .applies if B = 3o -- 31 o

thus we have established Ðeanf s constnrction of

cF(P) ( [3j , Definition ]-).

13" Theorem,( ß] , Theoren 4) " Fl(P) and cF(P)

are identical if and only if P has the following two

properties:
,.\ . -(i) given x, yt z e

onlyif z=x or z=y ?

and dua1ly

P t z= sup {*, y} if and

(ii) given x, yt ?r P , ?, = inf {*, y3 if and

on1yif z =r or z -yo
?roof¡ It is elear that ideals of P are hered.itary

subsets and. dual].y. Thus, in viev¡ of Coro].I.l]-, rve need.

only shorv that eondítion (l) is ecluivalent to the require-
ment that alJ- pseud.o-principal. hereditary subsets be i-d.eal.s,

A d.ual requirenent ho].ds for condition (li).
Assume that a1.1- pseudo-principal hereditary subsets

are ideals and let z = sup {*, y} . Sinee the join of

hereditary subsets j-s set union, the pseudo-principal

hereditary subset ("] U (y] is an ideal, and

{*, vI Ç ("1 {-l (vj " rhus z, € (xl lJ (yl and so z -( x
or z<y. But, elearl-y, x(z and. y<z; thus
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z =x or z =yralldsocond.ition(i)holds.
Now assume that condition (i) holds, let I be a

hereditary subset of P ; cl-earl.y x €. I and y r( x
iiaplythat y€I. tret rcry€f andlet sup{*ry}
exist. By cond.itíon (i) either 

"op f*, y] = x or
Crsup t*, yf - y ; that is, sup {*, y3 € I " Thus every

hereditary subset 1s an ideal.
Consequently the theorem is ¡l-z'ovecl.

14 " Theorem., let I be a lattice generated by a
subset P . rf P is regarded as a poset rrnd-er the partial
order indueed. by I' there is a l.attiee isomorphism from

I onto CF(P) extending 9 r " 
+ CF(P) if and on1-y if

the following two eond,itions hold.:

(i) a) for aI1 x, xo, ..c?

r ( xo v .., Vxn_l inplies that
i ( n-1- , and dually,

b) for all- tr, xo, n.o?

*)r*o Ao." Axn_l implies that
i (.n-1 ;

(ii) given xo, *;, yo, yt €¡,, xo Ax1 :(Íow11
implies that either *o A *f ( Íi or *i ( Xo v f1 for
some í é {0, 13 o

Ploof : The lattice of hereditary subsets (resp. d.uaL

hereclitary subsets) of P is a sublattice of the lattÍce

x - €Ptl-r
x ( xi for some

xn_I € Y

* 2 *i for some
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of a].]- subsets of P and so is distri-butive. lhus we

need on].y show that our eondition (i) is equivalent to

cond.itj-on (i') of Theorem B, specialized. to Fl(P i Ø, ø ) ,

anct that orlr eondition (ii) is equivalent to condition

(ii) of Theorem 6.

Condition (l) a) of our theorem is equivalent to the

requirement that
(xov ... v*o-r]0" = ((xol l^l p) U ô-. |.-l {{*,r-rt[ì3)

for all xo, ...? xn_I €p ; this is equi-valent to eond.ltion

(i') a) of Theorem I because I = U for hereditary sets.

The d.ual establishes the equivalenee of eonclitions (i) b)

and (l' ) b) .

YIe note that our eondition (li¡ 1s stronger than

condition (if ) of Theorem 6. Thus rve need. on]-y shor¡¡ that

our condition (ii) holds if r is cF(P) .

Since CF(P) = FI.,(P i Ø, ø) eondition (ii) of

Iheorem 6 holds" Thus if *o A", $ t, and *i { Is V Í1
for a1-1- i e {0, r} and if xo A x, (yo V yI then

fxo A"r)l'l (vov vr] fiP + Ø. lhus

[*o  . *r) n t( (vol t, ") U ( (vri f-l pl] + ø
f^\

and so either [xo À xr) | I (yo] + ø or
r-\

[xoÂxr) ll(yr] +ø, whieh eontradicts the hypothesi-s

that *o A *, { tr- . This contradiction establishes

conditj-on (ii) of our theorem.

Thus the proof is complete.
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15, Cqqoll. ([S], Theorem 6). let T be a subset

of CF(P) and. ]-et f(f ) be -bhe sublattice of CF(P)

generated by f . A necessary and sufficient cond.i-tion

that f (T) be isomorphie to CF(Q)' , where 0 is a poset

isornorphic to T , is that, for any t, to, ,oo, tn_I € t ,

t <to V,", Vto_t implies that t (ti for some i (o-1,
and d.ually"

Proof: We need onl.y observe tlnat condition (ii) of
holds in f(T) because it holds ín CF(P)

is a sublattice of CF(P) õ

In the sa¡re vein we ean answer a question ]-eft

unanswered by Dean:

16, Coro11. I,et a be a subset of

Theorem l-4

and r(r)

l(a) , the sublattice of CF(P) generated

isomorphic to Fl,(Q) if ana only if, for
(x v yl [ì q = ( (xr f'J q) I t ry: l'l ql aair

[*nv) ñ q = (f*) l e) Yrrut flql è

cF(P). Then

by Qris
a]-]- x, y €r(A)

Proof : \Ye apply Theorem 6, noting that eondition (ii)
holds vaeuoitsl-y because r(a) EcI'(P) c



CT{APTER IV

FREE PRODUCTS

We apply the results of the previous two ehapters to

free produets, partial-ly ordered. free products, and. a

speeial ease of amalgamated free produet, For a partia1-l.y

ordered set 1n general there is no direct way of finding
joÍns of ideals and dua1- ideals nor of distinguishing

which are pseudo-principal. For the special cases discussecl

in this ehapter, hovrever, there is an explieit algorithm,

in ,temas of the lattiee stnreture of the factors, that
resolves these questions.

1, Free prod.uetg 
".

let A be an indexÍng set and let (f'¡. I À e A ) te

a family of mutually disjoint lattiees. As outlined. i¡¡
Section 1,3r the set ? - U(¡l | ,leA) ean be eonsiderecl

to be a poset; if x, y €P we say that x (y in P

Íf and only if there is a À €A such that. x, y € I¡
ancl x<y in IÀ" Consequentlyif x€llc yê. trF,
À s l.+ 6 A , then sup {*, y3 (resp' inf {t, y3 ) exists if
and onJ.yi,f À=F, inv¡hichease sup t=, yl =xVy
(resp. inf {*u yJ - x A Í ) in n¡. The free product of

the lattices (r,r I ÀÉA ) is ( g, r'l(P) ) , fhe

restriction of P to IÀ Ís denoted by f,l anil is a

lattice injeetion" ûnless there is d.anger of .confusion
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we denote lattice joín and. meet in Fl(P) and in each

lÀ by the sarne s¡nnbols V and A . We first establish

the structrr.re of the pseudo-principal ídea1s and dual

id.eals of P . As throughout this work the enpty sett

even in a lattiee, is treated. as an id,eal and a dual i-deal"

1, tremma. If
su-eh t]nat for eaeh

of l^ then U (t^

(rf l X€A) isafamilYof sets

À€A fÀ is an id,eal (resp. dual id.eaI)

I À é A ) is an ideal (resp' dual-

r fì r¡ is an ideal (resp.

be an id.ea]. of P c

ideal) of P o

Pr.qo:lt tret each IÀ , À É A , be an 1dea1 of trÀ .

(i) tet x,ye.P ¡ ye.U(rxl xElt),and x--(v

Then there j-s a À€A sueh that y € I.i Ç I¡ " Thus

x € I,f ancl, sinee IÀ is an id-eal of I,À r x € Ï¡, ø

consequently x€ t(r¡ I xe A).
(ii) tet N) y € U(rr I I e À) ancl let sup {", v}

exist; then there fs a àg¿f sueh that xr y € lr and'

sup t*, yJ = x w Í . Sinee the IÀ are mutuall.y disjoint

soarethe IÀ;thus xry€Ir anclso xvy€IÀçIo
Thus U(I^ | .\ e A ) is an i-deal- of P ' The prin*

ciple of d.u-ality establishes the result for dual ideals.

2, lenma. If f is an ideaì. (resp. dual idea].) of

dua]- ideat)and. À€A then

tr¡.
Proof: I,et I

P

of
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(i) let x€rfltxr l€lxrand v<x' Thea

y€r andso Y€ïfl!¡.
(ii) let N,ve rfìr^' Then x'Y€r ancl

x y ! = sup {*, y} €, I, that is, x V y € f l'ì r,¡ o

Thus r [ì l^ is an ídeal of I,À . The dual argument

of coìlrse a1.so aPPlies '

3. lemmq. let I, J be ideals (resp. dual ideals)

of P . For each À€ A
(r vr) n t\ = (r n r\) v {.r f-ìl^) c

(tyre. right-hand. side refers to ideal join in trÀ ')
Proof : Let I, J be id-eals of P " I VJ is arn'

ideal of P and. so (r V'r) [ì r¡ is an id'eal of tr¡ c

Since both r l'ì rr ancL 
- .r fì r,^ are id.eals of I,À included

in (r v.r) [ì r,¡ , (r ff o^)V(rfl onl c (r vr) l1 o,r o

to prove containment i¡,i the otTrer clireetion we observe

that the set I¡À 1s an id.eal- of I'À for eaeh À € 
^ 

o

Thus by lernma I the set

ï, = ((r ll rÀ) v (r n rÀ)) U U (onl¡ +À)

isanid.eal_of p. sinee I= utrf^ì o*l ¡eA) rancl

similarlyfor J' IrJGf'" Thus IVJÇI'and'so

(r vr) fl rr cr' fl o^ =1r fll¡) v(rt"^) o

The d.ual argrrment establishes the result for d'ual iOeals"

4.. ï,emma. If I is a pseudo-prineipal ideal (resp"

pseudo-principal dual ideal.) of P then



(i) r f^'l Lx = Ø for a-rr but

(ii) ir r [l l^ + Ø rhen r
ideal (resp. principal duaì. id-ea1)

Efee{,: Foranyid-ea1s IrJ of P ancl À€A
(r n J) n lÀ = (r Íl lÀ) A 1.r lì r,¡) . rhis fact, along

vsith the result of Ler¡ma 3 establishes (ii); we need. on]-y

obserrre that in a lattiee pseudo-prineipal ideals and. d-ual

ideals are -orineipal,
Part (l) foJ-l-ov¿s from the obserwation that if x € IÀ

Àe A, then, in P , (*] frof = Ø if l- + À and from

the faet that pseud,o-principal ideals are obtalned. from

a finite sequence of principal ideals,

As before, vre eonsid.er the set W(P) of polynomials

over P " \¡/ith eaeTr A € W(P) l¡re assj-eiate a pair of

elements of l\, for each À 6 A , provided they exist,
ivhieh v¡e eall the À-covers of A o

5, Definition,
the generator of the

d.enoted. by åx , and

a; if ênr\=Ø
d.oes not exlst.

b) rr Àe A
the prÍneipal d.uaJ.

¡\ anil is said. to
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a finite number of À€A;

Î I lÀ is a principal
of P.

a) rf ÀEA and glJr¡ +ø tb.en

principal ideal ¿ fl r^ of trÀ is
is said. to be the lower À-cover of

vÍe say that the lower \-eover of Ä

and A: f-l r^
-^ideal AllIÀ

be the upper

+ ø then the

X-eover of

generator of

denoted by

Ai-tf



-rìAll
not

LX = Ø then r','e say that the upper

exist.
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\^|-cover of A does

Iniuitivelyr each A € yf(p) represents an element

<A> of Ft(P) and if [" € t^ I x ( <a>\ + ø then ÀÀ

exists and A.r = sup (x e lr l x ( <Ð) . The dual state-
ment holds for Ã\ .

6 . Goroll.. I A^ exists) ana

Ã - LJ t irtl | ¡À exisrs) .

Proof: This foLlows from the observati-on that
Þ- ) and thus if I ç P then

= Ufrllt.r I ,\eA).

lle novr d.escribe an a1gorithm that ean be used to find
-\A¡ and Ã^ foreach Àgn, À€vr(P) c

7. Lqm4a. (i) If A ê. P ancl A 6 fÀ then

A,r=Ã\=Ä and. Lf,¡la areundefinedfor f +À,
(ii) rf .A-, BÌ, c €ly(P) , A=B.-zc ancl À€A

then .Ãt is defined. if and. only if Fì\ and c\ exist,
and. È'r = F\ v õÀ o

A.^ is defined. if and onl-y if at least one of I'f, CÀ

exi-sts; Äx -- 9x if only B^ exists; Ax = 9^ if only

C. exists; .4., = B, V C. if both B. and- C. exist,
-/r-^

(iÍi) rf a,Brc€rv(p), A=3,rc anil X€A

then A\ is d.efined- if ancl only if BÀ and. gX exist,

A = [J((AÀl

Uto^ | xe ¡,
ï



and. 4., = B* Â C,. .
-^ -^
=\A. i-s d.efined. if and

-\ -\exisis; A -B ifonly
ir\

^*l- +€ ^+'l^^^.t-vl.r-!ùv I-L ó. u Içd-Þ u

ìî\ ?\.b exl-sts; .s.

-\if both B an-d.

from tremma 3. \Te

7T

\\
of F^, õ^

if only

exist.
only

then

The dual

one

?i:,\

G\
need

exists; Ã\ = FXn C\

Proof: This follows

obsen¡e that if I is a lattice and tr, y €. I
("1 v (vl = (* v yl and (xj ¡,. (y] = (" n yJ c

facts also hold: [x) v [y) = [x r.. f ) and

i") n [v) = [*v y) .

A+ö. lemma, Jf À, ¡r€A Â € \¡/(P) , and A¡. , ¡ÊÅ

exist then À= f .

If,o"eg: åX e A
- -L¡-4¡(Ã--. A¡€xx

ition of the par-bial

Thus, by tremila 2.4¡

L,eu ; thus, by the defin-
I

P , vre conclude -r,hat À = ÉI

A speeial case of sor're interest in the sequel occurs

srhen the free peod-uet of two lattiees is considerecl"

g. !€mea. let lfil =2 ¡\, = {0, 1} .. Then for
each n 6 W(p) exactly one of the follov¡ing four
possibilities holds;

(i) 5, Ã'
(ii) Âr , Ãl
(i-:.i) q , Ar
(iv) Ão , Ã1

-;lL. îJl' ç /{

- --LL rand 1l' e

order on

exist and,

exist and.

exist and

exíst and

ni.l*1 tÃ
r T'O
^o9rL
To ;1¡'L g l!

Â "A--o'-L

do not exist;
d.o not exlst;
do not exist;

do not exist"
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Proof : These fou-r condiiiuns are elearly mi:i;ually

excl-usive. By lemma B ihe first part of each cond-ition

implíes the second. Thus ll'e need. onJ.y show that for eaeh
. : -./-\A € T¡(P) the first part of ai least oÐ.e of these four

cond.itions hol-d.s. \{e proceed by induction on the length

of the e]-ements of Yf(P).

If Â € w(p) aÌ1d .[(,ql - 1 then either À € Lo or

A € 1., and- sor by tremma 7, ei'cher (i) or (li) holds,
I

tret n > I and assume that the lernma is true for al-l

lattiee polynomials of leng"bh

{tll = i} ô

If A = 3 .--, C and 4o does not exist then, by

!çnrmâ. ?e nei-ther Bo nor g.o exists. Sj,nce .4f g) ( n ,

,ttCl ( n , the eonclusion of our lemaa can be app]-ied- to

B and. C , and. vre find that ãf and. õI exist; thus

Ã1 exists. A sÍmilar ârsument shorvs that if 4..' d oes

not exíst then 6o exists, thus A must satisfy at least

one of the four condi-tions of oir.r ]-emma"

If A = B ,^. G the dual argument establishes the

resu]-t,

This result can:rot be extend"ed to those cases where

Al

Exagrple- 1. L,et A = [0, 1, 2J ancL for each X€ 
^1et l¡ be the trivial lattice: trÀ = ["XJ . Then



73

(ao ^ a1) .--, (ao ^ ar) ,v (ar..-- ar)

has nelther lower covers ìr"or uþDer eovers.

10. !€mqa, rf A, B € \Y(P) then A n B- + ø if ancl

on1-y if there i-s a À € 
^ 

sueh that E\, 3\ are d.efined.

-\and A"<B,..\- -,^
!r-o-g-f-: If À[l Þ+ø thenthereis a À64 andan

x€lX suehthat xCA, x€Ð" Thusrbylemma4r
-\\Ã^< x ( Þx ; that 1s, ÃÀ< BX .

\
If Ã\u B\ are d-efined and- ÃÀ< Ð\ then', since

Ãxe Ã, Þr€Ã andso Þ-re f fl¡-. rhus ffll+øo- -/\ -/^

l-1. leq¡ga" let Ae B € '',Y(P) a":rd Â Ç B . Then for
eac]n À€ 

^a) if A¡ exists then Þx exists and A¡ ( B\ ;

b) if ËÀ exis r,*s then Ã\ exi-sts and, Ã\ < Ë'\ .

h€: By temma 2.7 A Ç p, . rhus ¿ [ì rX Ç g [ì rx o

sinee Ant¡*Ø, B[ì 
"^+ø 

andparta)follows.
Part b) is dual to a) and. so the lemma is es'sablishecl,

L2. Tl-eorem, The qu-asi-order Ç ou W(P) satisfies s

rf Âe B € ri (P) then A Ç B if and only if it fol-
]-ows from one of the follorvins cond-ítions:

(r) A = B i
(z) there is à À€ A sueh that fx, B\ exist ancl

*x,r{ \¡xi
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(3) A=Ao*Ar where AcÇB and arÇl;
(+) A=Ao^41 where LoçB or AfÇB i
(¡) B=Bo-Bl vrhere gÇ3o or ¡ÇBf i

(6) B = Bo ^BI r,¡here e Ç Bo anci A ç Bl o

The re]-ati.on ¿! orl W(P) , where -4. * B if and only

if A Ç 3 and B Ç ¡. , is arL equivalenee relation and.

w(y)/* is a lattice. For eaeh À € A the napping

f,l t lÀ + \Y(P)/* , vrhere if x € I,x then fx(=) = <x) t

is a lattice embedding. the system ( fx, X€ A ; Yf(P)/* )
is the free produet of the (I¡, l,Xg¡f) o

Proq!: This folloi'is d:-rectly from Theorem 2"18 and

lemma 10"

13, Goroll. tret A be a subset of /\ such that

À € A - /\ impJ-ies that lÀ is
of Theorem 12 may be replaeecl by

(2,) a) there is a ÀeA'

a chain. Then rule (2)

such that ã\, BX exist
-\,and. A SÞx; or

b) there is a X 6 A such, that 4., 3 É lX antl

A (B O

Proof : This result is similar to Theorem. 3.LZ . 'Te

need on]-y show that if A, B € Yl(P) and A Ç B then this,

fact ean be derived from successive applications of ru1-es

(1) 
' 

(2' ), (3), (4) 
' 

(5) 
' 

(6) " rr?e proceed by nathematical

induetion on ,0t¿l * ,t(¡) o

rf .tfn *,fl(¡)=2 then Aç.3 derivesbyrtre(2f)b)"
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tet lt¡l + J(¡) = ¡ > 2 and let 1;he result be true

for any tr,¡o pol¡momials the sum of v¡hose lengths is less

than 11 . Jf ft¿l+/t¡l=$ and AÇB then,inview

of the indu-ction hypothesj-s r Yy'e need only slrow that this

quasi-i-nequality can be d.erived by a single application

of one of the rules (1), (2t ), (3) r &e' from pol¡roomia]-

inequalitíes of shorter length. Thus rve need- on'ly consider

the cese rryhere ¡\ ç Þ,x ancl I € A- A '
If ,{=C*--,D, Cr}€,Y¡(P) ror B=CnD then'

A ÇB can be d.erived by an applieation of r=l:-Ie (3) or (6)

respectivelY"

If 3 = C r-.D then at least one of 9\r lX r say q-X

exísts or both 9x and. _ p, exist" In the former case

ÞX = 9.X and. in'uhe latter ease å\ = pxv PX; sinee IÀ

is a ehain 9r, V 9' = 9\ or lÀ r say C-\ " Thus in

either case Ux ç Lx and, since .{,(e) + -¿(c) ( n ancl

A cB can be derived. from A ÇC by using rule (5)r the

result ho].ds,

The case ivhere A - c .^.D is d.ual to the above"

Thus the corol.I.ary is establj-shecl'

\le now state tbe eharac terízation of the free product:

:r4. þ-qee. let L be a lattiee and. ret (r¡ | tr€A)

be a family of sublattices of T' v¡hose set union generates

T, . there is a l-attiee isomorphism from' I onto the free



76

producr of (rÀ I À g n I extend.i-ng eaeh 9l if and' only

if ihe following three eonditions hoJ-d':

(i) given X,¡€Ae x€l¡' y€tp,then x<y

implies that À= pt
(ii)a) given x€IXs T¡% eI,rthen x(vvz?

*{t, *{" Ínplythatthere a;re l', zt €IX sueh'

that yt(f ? z'(, and- x<yuVzt t and'd-ually

¡) given x €lX t Yt e €T, then xllÍ fxz,

"}.V , *Þu inply that there à'te Y', z1 €lX such

that y')Y ? z')r, and x->Y'rrz' 7

(iii) given xo, *1, Ío, Y1 € r, , then

*oÂ*r(YqV11, xozrxr(ot, xi(toVYt I

Í 6 {0, lJ , imply that -Lhere is a À € A and a z É lX

sueh that "o A =f ( u ( fo V Yt o

Proof r This is an application of theorem 2.L9 to the

ease of the free prod.uct of lattices. Gond.ition (f ) is

equivalent to the fact tb.at the set union of the IJ¡ as a

subset of Il is isomorphic to the poset P d-efíning the

free prod-uet.

Jn view of Coroll, 2"2O eond,ition (ii)ls equivalent

to condition (i) of Theorem 2"19' We need' only observe

that if Ie J arre id.eals of a lattiee and x {f , .i= then

xCIv.f if andonlyif therea:re *o€f , *L€ J

sueh that * r( *o v xt , and. the dual fact for d-ua} ideals'

Cond,ition (iii) i" just a restatement of eondition (ii)



77

of Theorem 2.L9.

As an application of ou-r nethod,s \re prove a special

case of a theorem of J6nsson i.g] " Jónsson!s result, ho]-d.-

ing for eertain algebras of ';"'Ltich l-attiees are a speeial

case, is proved, j-n an entirely diff erent manner.

15" l€Æ. let (f f I X € /\) ¡e a family of nrutual]-y

disjoint l-attiees. For eaeh À € A let MX be a sublat-

tice of lÀ . If I is the free produet of (lXlÀ€/\)

then the sublattice of I 6enerated by U{tot^ | X g A I is
isomorphic to the free prod.rr-ct of the family (m¡, | À 6 

^ 
) "

!_g.p-p_{r We appl¡r Theoreu 2"3O. Denote the principal

ideal of lÀ generated by x É fX by (x1¡ , and the

duar-conceptby [x)^, let P= ¡Jtr^lX6/\) and.

a - Ut*tt lX gAl , rn vierv of lemmas l, 2, and 3

condition (i) a) of Tlrecrem 2.30 ís eo-uival-ent to:
(i') a) for atl J, J €'t(o), and \ 6 A, if

r f-l rc^, ,r f,l MX are ideals in ]lX then

{cr fl r^l V(.r I r¡l} l-ì m^ = (r n M¡) V 1,r f-l i'-r¡) ,
the join on the right being that of ideals of MÀ ,

Using lemmas 2? 3, and 4, if I €. $(e) ancl

r [ì r¡ * Ø then there is e]r. x € lrt^ such that

f f-ì r,¡ = (x1¡ , Condition (i') a) needs verification only

ir rf,ìl¡1/, J[lo,r+ø'. rhus rnlx=(*]x 
'

.rl-ì r¡=(r1¡ t xs y €Mx' clearrv rf-l*^ e J ll*^
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are i d.eals of I\1tr r
(1 ta(rllrÀ)V(Jlf l¡) = (xvyl>,, and

(i n ii{x) v q,i l^ì rø^) = (x v ri^ [ì r-r^

since x, y¡ x V y € MX , Thus v¡e have established condl-
tion 1t' ) a) ,

The d.ual argruent establishes cond.ition (i) b) of
Theorem 2.30.

To establish cond-ition (ii) let Ion fl, Do, Dt be as

in lheoren 2.30 (i-i). Then flrere j-s a X € A such that
{ror?rr) l^ì (oo9rr) lr 

^+ 
ø.

However, ro g t, 6 &(A) and lo S l, e ÐG) and clear-
Iy neíther is disjoint from tr¡ ", Thusr âs above, there
are x, y € Lt" such that

(ro 9 rr) n tr\ = (*lx ,

Thus y (x anil so

(oo 9D1) f'l rÀ = [r)^ .

{ro9rr) l(oo9or) flm¡+ Ø ,
and coadition (ii) is establisheil.

16. lbçgçe.g- xet lfii )r and1et (g^,\€Aír)
be ure free procruet of (tx l X € A) " tret A gA 

"

r,- llr rn.lr,.,) l¡g¡tl is a sublattiee of ¡ if and only\J. JÀr-¡
if IÀ is a ehain for each À € A e

PIoq!; let lÀ be a chain for eaeh \É/\ . T/e

need only shorv that gfven x, y €.L- l_Jt f¡(t¡) ìXe A)
then neither x v' y nor x. A y can be e]-ements of
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S^( 
o^l 

'
anil l\ ,

À€/{ " It is convenient to iden'i;ify Ç¡(l¡)

let xV¡r=z €lX rvhere IX isa chai-n. Äpplying

Theorem 14, z (x or z (f ; for otherwise there vroulcl

be xtryt €lX, xt(*r y'(y and. z (*tVy',
rvhieh,, sinee lÀ is a cbain, inplies that " ( *t or

z (yt, Since x?y(z ? z =| or z =S. Thusíf
xVy€lX ej-ther x€lx or y€I,\"

The dual argu-no.ent hol-d s for x A y ø

To prove the converse Iet tr X , À € 

^* 
, not be a

chain. Then there are d.istinct elements x, Íz z É lX
suchthat xVI=z, Since lAl >r thereisa pglt
distinct from À . I,et d €,f and eonsider the pol¡r'nom-

ía]-s A = (x .-, d) ,,rz , B = (y .- d) .,-rz in V{(P) " By

tremma?r Ã\=F\=2, Al=x, B\=y. Since ÃX+.t¡,
¡^ * ÞX then neither A nor B represent elements of
IÀ . fn view of f,emm¿ $ they cannot represent elements of
Ly, I# À " thus <A>, <B> e t - ur Qr(r¡) I ¡ e¡x) ov l.

Since -LCz, BC7 ireconclud.ethat A.ytBÇ2.
Noiv ã\=z and S--Þ¡=xVf = z; thus z Ç4.-B
and. so z .* A '.-B , Thus (A> V (B) € f¡(fX) . lhus the

converse is established-.

Finall-y rve note that, by tremnas 1- and 4, every non-

eiûpff pseud.o-prineipal id,eal (resp, pseudo-princi-pal d.ua1.
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ideal) of P is a set r;¡ion of flnitely nany prineipal

ideals (resp. principal dual- id.eals) of P . îhus, by

Theorem 2"3I¡

L'¡ . The_qrera (sorkin [g])" If (r.x | \6A.) is a

family of lattices, l¡ a lattíce, and., for eaeh À€A ,
f\ : tr¡ + tr is an ísotone map, then there is an isotone

map f from the free product of (r,f I À64) to I
such that t P^ = f.\ for eaeh À é A .

* 2 . Pafli af Iy___q!qo_e re_d__Þg e__prg-Èqq_te .

let the indexing set A ¡e a poset and. i.et (frlÀeA)
be a fanily of pairwise lt"¡oint lattices. As outlinecl in
seetion 1,3¡ the set P - U(r,x I Xe Àl ean be considerecl

tobeaposet;if xryÉlX then x<y in ? if ancl.

onlyif x(y in l¡randif x€[xt T€.Lyt
À+þt then x.(F j-n P if andonlyif 

^(ts' 
If

we ].et the familles n and n consist of all pairs

x, y € P sueh that N? y are elements of the same lattice

À then Ff (P i hl, n) is the partially ordereci free

prod-uet of the (l.X I fe A) . Äs in Section 1, we d.efine

À -coverso

18" lemma. let (Ix I Ie A) be a family of sets

suehthat IÀËlr foreaeh À€4" Then U(r¡lÀ€A)
is an Zl-íaeal- (resp. 7l-auaf ídeal) of P if and only if:



B1

(i) II is an id,eal (resp" d.ual ideal) of lÀ for
eaeh ÀeA i

(il) if rr +ø and F(À (resp. ¡)À ) ttren

rF=Its'
Prqqf_: Yfe consid-er the case of jil*íð,eaLs and invoke

the princip1.e of dual-ity in the ease of 7t-dual ldea1s.

let I = Utr^ I Àe A) be ar1 ?il-id.eal- of P o

Since ø is always an ideal vre need only consid.er the

easervhen I)+ø, If x€Ix and. yÉIX, y(x,
tb.en y<x in P;thus y€I and.so y€I¡,, If
xry€I.x thenrsince xry ê. l\, {*ryJen. Thus

x vy = srlp {*, y} €r ; collsequentry r. Vy é rX . thus

fÀ is an 1d"eal of l¡ and eondition (i) is verifled..
Let F(À, f\+ø rand x€Lt-r. Thereisa_

y éIX andso x(y in P;thus xeI andso Ly=Ly.
Consequently eondj-ti-on (ii) is verifieil.

1o prove the converse assume that condj-tions (i) ancl

(ii) hold; we show that I ís an 'lT1-ideaL, Iiet x € I e

x€I'¡randJ-et y<x, Thus x€IX. If y6l¡.
then, sinee I\ is an ideal of tr\ , y É I\ ç I " If

v Ç f then y € \y" where ¡ ( À and, by cond,ition (li),
yêTÍgI" Thus x€I and y(x inply y€T o

let xryÉf , [*ry]€,']n"'Thenthereisa À€A
sueh that x, y € !X, Thus x, y 6 fX and, by eondition
(r)' sup{*ry3=xVyÉI.xçI . Thus I isan
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'rt1.-íriea-L and -bhe leirr:iia is estaj:.,.ished 
"

19. .lçI-+r+-A- let f e J be ?it.*id-eal-s (resp" 7i--dua]-

j-cìea-l-s) of P. I'or each XgA
(:r v;) ll rx = (r ñ l;.) v (r ff 

"^)
F_{.-o_qF_: the proof C.u-p1ica''r;es t}rat of lenma l, \Te

need only obser'.;¡e tha-'r; "Gne oi:-ly diffieul''cy occrlï's '¡,¡hen

tr (\ r \ r, / rì
\r r rrrÀ/ V \J I I l¡) i= l¡ , -[irbhis case 'i;he set It
of lemrna 3 can be .r:eplaeed b¡r -i;he ?4-ideal

C¡* l''r - \ ,- Õ - .lt(r ¡ lr,,r) v (.r t ì i,¡¡J t_j {U{rr. i ¡r.}À)}

2A, kry:1g" If I is a psei.r-do-principal "lll-i-Aeal

(resp, pseu-d.o-principal 12*C,v-a.L ideal-) of P 'uhen

(i) I fì r., = g or I for all bu'6 a finite number

of À€:A i

(ii) ir r í-ì r¡ + ø, r,À then r fl l¡ is a p:,:íncipal

ideal (resp. principal d.r:.al id.eat) of l¡ ,

the pz'oof is an obviou.s generalíza-'rion of that of
lgn¡n¿ { o

In T.¡enma lB i,,¿e note tirat for an A € gf(p) , À € A e

it is possible for ¿0r>,+ ø and yet for ¿flr¡ not
'L-o be prineipal. Indeed., å need not be a set union of
finitely nany principal ,Ïf-ìdeal-s. The du-al obser-vations

hold for A. .
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Example 2.

Fig. 1

fn ord.er to define À-eovers we

-bli" Foreaeh A€w(p) and À€A
they exist, rvilJ. be elemento nf t.ÞrrÞ rJ-L JÀ 

"

let A be the lattice
Fie. 1" let x €Ta , yClu,and
Iet l" have no greatest element.

Then E-_y = l" . Consequently

x_tJ is not a fÍnite u:rion of
prineipal ?i[-id eals , nor is

rr
x_,>._l I I le a principal id_eal of I" o

depicted in

introduce

o AÀ and

]-attices

rif

the

î\

2L. ne"tí-fiijr;ipn" (i) ff À É p and A € IX then.
\

åX = Ã^ = å, ; 4¡^ exists if and only if 
F" <À anit

4f. = I if f < À ; Ãl* exists if and only if Ì*ÞX anct

ÃF=o if ¡/>^I
(ii) If A, B, c €tv(p) , A=8..-,C, and À€A

then Ã\ is defined. if a:rd only if F\ and d\ exist
and. lx = F\v d\ o

AÀ is defined. if and only if at least one of BÀ ,
8¡ exists; 4f = EX if only BX exists; AX = gÀ if
only Gl .exists; åÀ = ÐX V gX if both exist,

(iii) rr Ae Br c € w(p) e A = B.-.c, and. À€^
then AÀ is defined if and only if B\ and g¡ exist
and Al = Ðtr a g.x o'

Ã\ is defined if and. onl-y if at least one of E\, G^
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eris'us; lI\ == ã\ if onty îî\ exis-i;s; ,{\ = õX if CIi1lv

õ\ exis-i,s; l\ -- ]l\A. öx if bo-bh exist.

22" -Qgfq.JJ. a) For each A € rq(p) , AÀ e rx for
only finitely rirany ,I, € A "

b) For each .4, € ri(p) , l\ e L¡ for onry fi-rrÍ,cel¡r

nany À64 o

23" !_qsaa" tret Àe n, .A.€v(P).
(i) Tf å f'l T, þ Ø, tÀ u'rr.err A I r¡ i-s 'bhe ,orin-

nìrTqJ iÄaql ru¿rJG,- **-..., ùf l,l genera-i;ed by Ax ; if f fì L¡.l Ø, I
'uhen ¿ i I LX is -bhe p_r:ir:citrla"l dual ideal of tr\ generated
. -=Àþy/.o

(ii) If A n t\ = tÀ and IX is not a pz.Íncipal
j-deal of I^ -'r;hen åx= t € tL ; if f il l\ = t\ e;nd

tr\ is not a príncipal C_ual ideal of I,X -bhen

;i-\ ^ r .bJr=vç.JJXô

(iti) rr å [ì r,^ = Ø 'bhen 4¡ is underined r if
Ã f-ì r^ = 6 then Ã\ ís u¡d efined,*

(iv) If A [l rx = tÀ and tx is a príneipal ideal
of ltr 'ûhen AX = I e fR or åX is the grea-best elemen-b

of lx i if Ã [ì r¡ = lX and t\ is e principa]- d.ual

ideal of IX then lx = o € t3. or Ã\ is the least
e] ement of IÀ, "

Pg,ggår Thís ís a straight-forr,rard calcurationo usi-ng

leum.a 19 and Definii;ion 21,
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As an illusiration of part (iv):

I¡-a+p-}-e*L let A be the poset depieted j-n Fig. Z.

? - For each À€ A let l\ = ta¡Ì .

Then u.' f-l trx = tÀ for all À € 
^ 

;

o n àa = àr¿ and. gg\= 1 if À(r¡ "l.:*
I

¿z
I01

Fig. 2

24. lcg;ga. If Àr¡.€: Ae A€rv(p),and år,Ãts
exist then À( y, .

åqagg: By tremma 23 ¿ f-ì rx + Ø and t. ft r,¡, + Ø o

xet xe 4[Jlf c y€Ãnt,*; b]'tren¡ra 2.4 inthe (lnrn)
ease * r( y and sor by defÍnition of the partial order onr

P, À(¡,r. . .

Zj. t_erngg,. a) If ¡. É lX , B, G € w(p) ,.

AÇ8..-,c, oSu, and. ¿St -bhen Þ_-=¿_c_¡€rX, ancl

A < Br-,9, .

b) rf B.^.c Ëa , B $e , and c $a then

-\\

B,-\C" € lÀ, and ffiF^ < ¡. o

Pqo-€r we prove a) and Ínvoke duality in the case of
b),

Because of the hypotheses f n _8,-_g. + ø . Thus there
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is a F-€A suchthat Ãfì¿-.-^g[lrr^+ø. since
| .---_ t

-aìÃitt'¡** Ø , ?7\ . Thus, by Xemma l8r Þ>._Cllf,¡ ç pt ô

Thus B.r-,C. exists. Ïf B't-,C. = 1' then either B.

-^ 

-^
or 9À = I r saY ÐX = 1 . (The only ease not immed.iately

obvious is Þ-:-*Ç\= pXv CX; bythe definition of L\
either Þ¡ or 9x=1.) Then ÐnlÀ=lx an¿so
--tìÃllB + ø , that is, A qB , contradieting the hypothesís

of -bhe lemma" Thus Þ-_:¿-c- x É Ix and , clearlyr .& 
=-( 

B-_:¿.-.Q.x.

This argument and. the d-ual establish the lemma.

26. Irqn¡nê- Tf A, B, C, D € W(p) , A. nB G C .- ¡ e| .+^-å,--B S C, D, and Ae B SC v.D u then there i-s a À€i\
sueh that Ã-ÃE\ e l¡ anä Ç :z-Ð, € l\ , and,\

r--Ë'X / ñA,--. .lJ S C t-- D1 "

!¡oofr By the definition of the quasi-order on W(P)

rxBflç-_l+Ø.
Thu-s there is a X € A.' such that

Ã-;îT'tr-t[l r^+ø.

-\

Thus A nB"n Ç_y:Ðx exj-st and,, as j-n the .pr,oof of
lemma25¡ ATîn\+0, c:¿-Drf 1. Asintheproof
of lemma 10 it fol]orvs that I:;5\ ( C u, D, .\ æ/\

We observe a]-so ¡

27. !eq4a. If -4., B €W(P) and AqB, À6/\ 
?

then
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a) if .4.\ exists then BX exists, and 4X ( ÐX î

b) if Ex exists then ãx exists, and Ãx < F\ .

fn vieiv of lemmas 25 and. 26, theorem 12 sti1l holds in

the case of partially ord.ered- free produets; \Ye replace

condition (2) by:

- 
=\¡ 

Iano J|- \ J)\ .
-^

ile should. like to point oilt that one could very Yrell dis-

penee v¡ith the requirement that Ã\ + O r B-À + I ; this,

ho¡ever, ivould. entait investigating infinitely many u-pper

and. lov¿er À*covers in order to determine v,¡hether or not

A Ç B , In the approaeh ',ve chose to follorv 'bLri-s dete-rmin-

ation is effectiveu in view of Corol-l-. 22.

'I,Ie obserwe that, nrith the obvious ¡rodification,

Coro}l, 13 hold.s in the ease of partially ord.ered free

prod-uets.

Theorem 14 holds if we replace its cond.ition (l) by:

(i) glven ÀrF€A' x€lXr I€rF then r<Y

implies that À ( ¡,- .

lemrna 15 hold.s with no ehange in the statement of the

result, The proof in our present case proceed-s exaetly as

the proof given, provided. that one obsern-es that if

I, J € "q(A) and r |.ì r^ = 1,\ then r lì ru¡ = M\ ancl so

(2) thereis a À64 such Ã^elÀ, B¡€I,¡ 
'
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((rt l¡) V t¡ f^l l¡)) I i,r¡ = (rn ivr¡) V ç,iO iø^)

Parenthetically, it may be reraarlced. that the method, of
Jónsson tB] alluded- to 1n the d.iseussion of lemm¿ 15 does

not apply to this ease.

Theorem 16 also hol-ds in our case. \Te need only
observe that, in the notation of Theorem 16, ãI = O if
it exists and È\ = 1 if it exists. fhus the upper and..

lower À-covers of a and. B are as given in Theorem,16,

tr\¿rthermore, since A\, ÞX * 1 and. Ã\, EI + o , neiflrer
A nor B can be equivalen'b to an element of \v , Lt + À.

sinee pseudo-principal ?t-ideats need not be finite
set unions of prineipal 1ft*id.eals, and duarly, it ís soae-

what surprising that the equ-ivalent of Theorem 1? holds:

28. Ltte_o.le_q. tet 
^ 

be a poset, (IX I I€^) a

fanily of lattices, and L a lattÍee. rf for eaeh À€A
there is an isotcne map fÀ : tr¡ + I sueh that À<¡r
implies r^ (x) ( rp (V) for alt x 6 tX r y € tp then
there is an isotone map f fron the partially ordered

free product of (rx i ).64 ) to I ; for each À€A
t?^=fX.

Prqo_f: Define fo:p+t by fo(x)=t¡(x) if
x € lx . Then fo is isotone, Referring to the proof of
Theorem 2.3L in tb.e (?ftr f])-case¡ yrê need only show that
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F(A) € f for al]- A € ìf (P) . Ee observe that if
A = B r-,C then

F(a) = V{ro(¿¡) l+¡ + t) vF(B) vF(c) .

This hold.s because åX = 1 implies that eitber gX or

9\=1rsâl E¡.=1. Thus 4fìr¡=¡l-lrr andsoif
x € A I lr^ then ro(x) ( p(¡) ( ltl) v ¡(c) . since

{ ÀCA I gx exists and. Ax + rl is fÍniie then F(/.) €. I
provided that F(B), F(C) €, t .

A d,ual- argr:ment applies if .4. = B ,^. C .
conseclu-entl¡r an incluetlve argr-i.ment establishes the

theorem,

x-3 . &ne-1gepa!eg--€rc=9- pg!'+_e3s 
"

ÂsinDefinition1-.16l.et lÀ, À64, M be

lattices and l-et Yxr lrf + lx be a lattiee injeetion for
eaeh À€ A .. Matters rvill be greatly sirrrplifíed if M

is thou-ght of as a sublattice of eaeh r , and thus

À + ¡r irnplies lX fl trf = M , with this convention in
mj-nd let P = utt^ | ÀEAl o lye define a partial order
on P . let (x denote the partial order on trx . sinee
M isa. subÌattieeof lÀ foreaeh X€Arif xry€M
and À'f €A then x(xy if and,onlyif x(py" tret
x' y €P i if there is a À€N such x, y €lx thearve
define 

"<y if andonl-yif x(lf tif x6tX,
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y €. l¡. , ¡ + f , then vre define x (.y if and only if
thereis a z e hf suchthat *-(,X" and z (i,.y.

29. Le_gga. The relation
a partial- order on P n For each \€4, (t is the

restrietion of

3rq-€,¡ To show that

x€ll and. x€Ly, tret y€Ly. Since x€U
*(r"t(rrf , zt?.M rif andonlyif x(vy. This

and. the dual argument show that
Now vre show that
1)

2) let x€frr Í€lFrand. x-(yr T-(x. If

\=Ì*, thencJ-earl-y x=y" If À+ f thenthereare
,I, ,Z € u sueh that

* (x "r (F r (¡zz (,1" .

Thus ,t(F"z ancl so "r(>,22. Thus, since (X is
antis¡rnmetrier x = zL = z2 , Thrrs * (/*" (,^ * and so

x=5r. Consequently

3) let x€rit t€L¡re z(.Ív a¡tiL x(y(zo
If À * ,r,c , l^ + v then there are uL, u2 6 t¡ such that

* .-() ,r (f y (f uz Kv, o

Thus ,t{yrZ and. so "f ( ^22 
, Thus * (X z, {, z o

Conseqieently *(t. If tr=¡e or f =V simiJ-ar

arguments ho1d. Thus
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Consequ-ently

the d"efinÍtion,

Thus we have nroved the lemma,

r.Te now define alr ( |ri, '¡¿)-structure on P. i 74, n
consist of al1. pairs {*, y} sueh that there is a À6/\,
x' y € h . rt is elear that Fl(P t n, n) is the free
productof (r,,f lÀe 

^) 
amalgamatedby M.

F{e first extend Xemma 15 to amalgamated free products.

30" Theorem. For eaeh ÀÉ^ let Ml

the sublatticesueh that tW Ç Mi Ç li , Then

amalgamated free product of the (I,r | ,f E A )

by lj(*r | ,l e A ) j-s ibomorphie to the free
(M¡ I ÀeA) amargamated by M e

mus t
(l¡, I

I,et

Fig"

be a lattiee
of the

generatecl

product of

\[e

l.r a

note that the free product of the (MX I \eA )

amalgamated by the same sublattice as the

6A) z

Examp_Ie 4 "

ee

P

3.

lo
It
1f
.tu

r,

be the poset depieted in
tret

= L^, be e, aJ ;
= [", d, eJ ?

={",dlo
the free product of tro ancla

Fig" 3

In



aroalgamriteä b¡ir M ,

bVd., d.Ve =e
e=þvd.ve=bv
Mo={^rbrcJ;
IÍ1 = {", el t

Fig.4N={"3'
Then in lr , the free product of Mo

ancl Mt amalgamated by N , b Ve + e Ve . Thus the

sublattice of I generated by Mo U Mf is not i-somorphie

toLt6

Ile prove Theorem' 30 by applying Theorem 3.9, let
? = Utt^ I À€A) as above and r.er A = U{u^ I À€A) o

tret h', fiLo consist of alL pairs [*, y3 EA sueh that
thereisa À€Ar xrÍÉ1r,. Then Fl(Qil¡rrnr) is
the free product of (M.r | À€A ) amalgamated. by M o

IYe analyse the structure of 7{-ideals in .[(a) ancl

invoke the prlneip1e of d,uaJ-ity in the case of 'll-d:uaL

id eals of &ql e

T,-1
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b Ve = e Ve
and thus

ô

I is an 7/l-ídeaL of P then r [ì O

,

^

e cv
let

31. Tremma. If
is an I1f -i-deal of

ret f*, yJ ê Ïtl, ,

then x, y É lX and

supe [*, yJ € r fle

, thus x? y€Mf eÀ
t *^ ; thus

Srogr.r r 0 q elearly a hereditary subset of A

oo
is
x,

so

yerOo
x Vy e. I

€4.
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Given an ,¡¡t _ídeal- f of A we deflne ilre set
(r]ÇP; (r]=i"€Pi*(y forsome yÉ13.

32, !=Epg. If I is an ft'-ideal of A then (IJ

is ar:' Tft-iaeat of P .

8fqot.: (I] is cl.ear1y a hereditary subset of p 
o

let {*, yJ e U, x, y €. (IJ . Thus there is a À€4,
x, y € ll and- there are xtr yt e f , x (xr r y:(yt o

If x'r y' € Ml then [*', y'] e. 'ïL' and. so

xvy<x'vy'6r" ff xt€L[¡r yf e *f, À*f ,

then * (À *t and. there is a z €. M such that
yr(¡z(fy';thus z€, I and.so xVzeL ancl.

xVy(¡xVz. Similarlyif xr€Myt y'€*f, À,

þr y distinet, then there are ,L, ,Z 6 iit sueh that
tr(x"r(r*',
y (x"e ( ry' o

Thus uLru2eI andso ,.-y12€f and- xVy("f vzZ,
Thus in each of these cases x v y e (ïl o

Gonsequently (I] is an "l\[-ið,eaL of p c

33, treru+a- If I, J are 7¿t -ideals of A then
(rôr] = (Iiô(tJ 

"

Fqg€,r Since, for al1. n , fuL-id.ea1- meet is set
interseetion vre need onl-y prove that (i f-l ¡] = (IJ fl t¡l a

crearry (r fl ¡j Ç (rl fl t¡l ê

I,et x €.(I]OttJ ; thenrhere are y 6,t, z€.J
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suchthat x(frz, Jf x€1.\r yeT¡t, z€L, and
\,\
^+f 

, À*v thenthereare y', zt €. ¡,{ suchthat.

*()"'(tr" and. x(lrl (uu. Thus y'€r, z'€J
and so y',rzt e f l^l¡; consequently x € trf^l ¡l .

Similar argunents, as presented. in the proof of

lemma 32, apply to the other cases in which x (y, z ø

rhus (lJ lJ C¡I G (r f-l ¡j , and so the lemma i-s

established "

34" trqmma- rf r e oQ(e) then r = ti fl e] ;
Preef; C1.early (I n e] E f ; thus we need onl.y show

that I C (I [l e] . fn vierv of the definiti-on of *Q{O)

a¡. inductive argìxnent applies,

If f is a pri-ncipal ?þi-deaL of P generatecl by an

element of a then c]-earl.y I G (r ll q] sinee r [l q

is the prineipal '7¡[-idea1 of a generated by the sa.me

element.

let r G (l [ì q] a¡rd J Ç (¡ [l O] . rhen

r ôr Ç (i l qj zil(r [ì e] = ((ï fl el ôfr 0 qll by remrna 33."

rhus r ôr Ç ((r f-l¡l I ol = ((r4r¡,) [l a] .

arso r E (r fl ol G ( (r \7 ¡l ll ql and. similar:.y

r c ((rr7¡l fl ol " rhus r gr Ç ((r9r) fì Ql .
consequently r c fr ll O] for art r € .!.(0) , a:rcl

the lemma follows.

35. lemma. rf rrJ € $tOl then
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ri9;t[ì o = riíla)Vt¡lqt.
þ-o-o-l: since r [ì q, .l f-ì q c (r g.ll l'ì q and since

(r9'rr'q 
,;"nï, ö;'i:; Ç (rg,r ñq ù

To prove eontainment in the other direction we note

that, sinee I, J g -X0) ,

r = (rnelc((r[l elIfrfì ql] ,and.símilarr¡r,
r e ((r ll e) Vt¡ [ì ql] i

rhus r Vr Ç ((r fì a) Vf¡ n ell .

C].ear]-y I = tf] [l q for al]. fr¿'-ideals ï of A ø

rhus (i 9¡) fJ a Ç (r I q) l?r¡ ll Q) .
Thus the lemma is establishecl.

lemma 35 and its d.ua]- establish condition (i) of
Theorem 3.9"

36. tr,cma- Eet r € S(e) , D e ,firc) and tet
tfrn+ø. rhen rfJ¡|la+Ø.

Prqof : By lernm a 34 and its dua1- I = tf f-l e ] ancl

D = þ [ì O) where " [ )'r is d.ua]. to ,,( ] ', , Thus

(T fì al [ì ir fl q) + ø .

ret x e Cr fl o] I i, [ì ql ; rhen rhere are rc z € a
suchrhat z e r[lq s y gtl,lq, and y-(xr(z " Thus

y ( r, and thus y e f fla . Consequentþ

r fl¡lq = (ina) nt¡nq) + ø .



lenna 36 inplies cou.di tion
thus Theorem 30 is established..

(ii) of Theoren 3.9 and.

Parenthetically it may be observed that flre method. of
Jónsson tB] al]-uded- to rvith respect to lemnra 15 is a].so

applieable to Theorem 10"

tr'or a¡nalgamated free prod.ucts in general upper and.

l-or'¡er À-covers eannot be defined.. Hoivever they can be

d-efined. if the amalgamated. sublattiee L[ has finite lpn&Lb

n - 1 " \Íe recal.l that a poset has length n - 1 if and

on1y if there is a chain in the poset with: n dÍstinct
elements a¡rd- no chain of the poset has more than n

distinct elements ( if] p. 5) " In the remainder of tb-is

section M wi1-1. be assumed. to h.ave length n - 1 o

35. Iemma- If I is an '|ft-iaeat (resp. 'l(-d:ulal
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idea]-) of P and I f.l

id.eal (resp- principal
Proofr ff T. is

r fl u is an id.eal of

every non-empty' su-bset
ñI llM is principal--

lhe dua1. argr:ment

M + ø thea I fl ¡,r is a pri-ncipal

dual ideat), of M "
ân }fl-iö.eal- ihen, as in lenma 31,

M , Since M has finite length,
of M has a maximal element; thus

applies if I is a^E Tl-AuaL ideal.

36"

th.en the

Definitlon- a) rf x€
(xl IIM is

P and ("1 f-ì M+ø
denoteil by co(x) ; ifgenerator of
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t--¡\ål

of

co(

fl r'r

b)

i")
x)

= ø then co (x)

If x€P and.

rì --llM isd.enoted.

is und.efinecl.

i s u:id uf i-ned- "

lx) I lM + p

by co (x) ; if
ihen the generator

i")lt M=Ø then

\I/e now proeeed to analyse the stucbre of pseudo-

principaL j(-íd.eals and Ít-d:aat- ideals. As above, if
x € lf then (x] and (*]X are respeetively the

prineipal- ideal generated. by x in P and in l' ancl

d-ua11y"

37 " Sogg-1À"

x(y then Co(x),

x(

38"

and (xJ

("1 I I ri"
b)

If x€I¡r Í€rF, \*¡" ancl

co (f ) are d-efined- and.

co(x)("o(r)(ro

fl r¡.
=ø e

Ifx

lenr¡na. a) rf x € lx then t"l fl lr = (*lx

= (co(x)l¡., F+À r if eo(x) is defined.;

f f À , if eo ( x) i-s und efineil -

€ rx then [") [l lÀ = [*)r ancl

^[x) I l"r = lco(x))¡ t f +.\ , if eo(x) is d'erinect;

i") I "f = ø z f +,\, if co(x) is undefinecl.

Froof: Part b) is dua1. to a) and thus we need. onay

prove a).
c:-earr.y ("1 fl t\ = (*lx , ïf f + \ ancl

("1 0T.,,r+ø thenthereis a y rof suehthat y(xo
3y the d.efinition of the order
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co(x) exists and., by coroÌl. 3'1 , ("i I "* =_ {"o(*)J¡ e

sinee eo(x) € tF for all f € A then (*: f-l tf = (co(*)J,*

if c (x) exists.t v1

39" leq4!a. let A'CA and. l.et (xx I ,\,C N ) be a

famil.y of mutually incomparable elements of P such that
*À € l^ for eaeh À € At . Then

a) [_f 
( (x^1 | À e n' ) is an ?i[-ideal- of p if ana onr-y

if À , F € Ao and co(x¡) exists inply eo(x¡) ( =1. t

b) [_l( ["^l I À € A') is arl 2 -auat ideat of p if
anil onì-y if ) , 

¡.t e A' and Co(x^) exists imply

co(x¡) Þ *f
Pro_ql: Part b) fo]-]-ows from a) by the principl e of

duality.
T,et r = lJ{("^j | À€A') be an ft-ideal of P ancl

Iet À, ts € A' and. Iet eo(x¡) exist. Then

eo(x¡ ), *F € Tf" and. eo(x¡ ) , *F € t ; thus

eo(x¡) V xf €f and so there is a v e lt,r such. that
eo(x¡) v *,. ( *, ' Since x¡ ( xy then þ= y ; thus

co(x^ ) v xF ( "f and so "o(*)) ( =F "

To prove the converse 1-et x, y € I ancl [*, yl €. A i
thenthereisa À suchthat xry€l,X and. f zv€A'
suchthat "<x,.r y(*r. ff \+F then co(x¡)

exists and x ( eo(xn) . Since eo(x*) ( *u then

co(x¡) V y ( xy" (Th-is is trle because if À + y thea
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Y (À 
"o(xy) (, * , anõ- so

"o(îr.) rz v (¡ "o("¡.) V co(xy) (, *v .)
Si-nee xVy(À"oþf) vy then xvy e. ("rlEr * rf
À=F=v thenelearly xVy €(*u7 Çf .

C1early I is a h.ereditary subset of P o

Thus f is ar1- ?4-ideat, and. the J.emma is proved.,

40. tren¡na. let xÉfÀ¡ I€Of "

(i) rf À= ¡ then ("J lty] = (xny] and, dually,

[*) [ìfol = t*vv) ô

(ii) If À*p then

a) C"l [l fv] j-s non-enpty if and only if at
least one of eo(x), eo(v) exists; if only eo(x) exists
then ("1 f^l fvl = (eo(*) n y] and similarly if only co(r)
exists then (rl l-ì tyl = (x n"o(r)l ; if both eo(x),

eo(r) exist then ("1 I tvl = (x ¡"o(r)l 1--J("o(x) ny] i
b) l"l ll tV) is non-empty if and, only if at

least one of Co(x), Co(f) exists; if onl-y Co(x) exi-sts

then t"l l-l iv) = [y v co(x)) and simirarly if only co(r)
exists then t*l [ì tv) = [" v co(r)) ; if both eo(x),
co (r) exist then ["] ll tv) = [x v eo (r) ) [J lco (x) v v) o

P¡oof : (i) i.s elear"

ile prove (ii) a). By the definition of the partial
order on ? , if ("1 I ty] + ø then one of co(x), co(tr)

exists. ff eo(f) exists then co(f) ( f " Thus
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x neo(r) ( ", y ; eonsequ-ently (x r.."o(v)i C (xl ll ty: o

let eo(x) not exist and let z € (xl I ty: . Thus " ( *
and., sínce co(x) does not exist, z 6 l¡ . Since z r( y

then z çco(v). Thus z (xnco(f). Thus

("1 l-ì tyl = (x ¡ 
"o 

(r)J .

A simil-ar arglxneÐ-t applies if onl.y co(x) exists.
ff both exist then, in vierv of the above argument, !Íe

need onry show that (*l [ì iyl Ç (x A "o{r)1 [J (co(x) A y] ,

let z €("1 [-lCy];thus z(x,y and. z€Tv ivhere

v +À or v+Í"+ rsây /*À. Then z.(eo(x) and

z (y ; consequently z ( eo(x) n y r âs above. Thus

("1 [J (y] c (x nco(r)i U ("o(x) n yl .

Applyíng the prineiple of duality, (ii) ¡) is estab*

lished, and. so the lemma is proved.

\Te now proceed to d-escribe the join of pseudo-prineipal

771-id.eaLs 
"

4L. Definition. ff Àr¡€A anil À+¡t thenwe

define elements 
"f t*, y), c|(x, r) € tx , "!(r, x),

cf(r, x) e L,^ for each x é lX r y €Lf and each integer

i >o
a) "|(r., r) - x ana efi(r, x) - y ; if "l{*, r) ?

cf (v, x) a.Te defined. and co (ef (r, x) ) does not exist
then "f*.{", y) = o}t", x) ; if eo("f (r, *)) exists

then "f*r(*, y) = "l{", r) v "ot"f(r, x)) e
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efia(v, x) is defined simitarly.
) cli", y) - x and cf,(r, x) = r; ir c](x, r) ?

tfu, x) are defined and. co(cf(r, x)) does not exj-st
then c,\.(x, y) = cf {", y) ; if co(cf(r, x) ) exists
then c|r{", y) = cì(*, y) n co(cf(v, x) ) .

c{ir(r, x) is defined simi].arly,

tre recaì-J- that the integer n _ 1

the lattice M .
is the length of

42, lemma. let À+ l* andl-et xe tÀ, ye IlÞ.

exists then

exists then

) c](*, r) .

Then

Proof : lYe prove a) and use the prineiple of duality
to estab]-ish b) "

rf neither eo (x) nor co (v)

a) if co ( of(r, x) )

"o 
( ";i(r, x) )

b) ir co(cf(r, x))
co (c$(r, x) )

exi-st then "f,(r, x) = y
and there is no;thing to prove.

Thu-s vre may assume thatr sâr, eo(x) exists. sinee
eo(x) ç "|(*, v) and eo(x) ç "f{r, x) for a1I. i > o ?

"o("|(*, y) ) and eo("f (v¡ x) ) exisr. tet
*o = eo(x), co(y), or co(x) v eo(r) , whi-chever applies;
if i ) o ret *i = "o("|(", y)) V 

"oC"f(r, x)) " Then
XOt ..o? X,, € M and *o( *r( .ô. (*o. Sinee the length



of l\f is'.-I-rtherei-s a jr 0<j(nrsueh-"1:t
tj==j*1 . If i>0'bhen
*j = "o(")(*, y) ) V "o("f(v, x) ) ( "iàt", y), "f1(r, x) .

thus, sinee *j € nt , *j ( "o("}*a(", y)) _( "¡*r and

tj ("o("ji1(r' x)) (*¡*r . rhus

"o("]*1(r, v)) = *j ( cjfl(r, x)

ancr "o("f*1(r, x)) = *j ("|r(", v)
Thus, applying the induetive definiti-on of "| , "f ,
\, r lci(x, y) = c]*1(x, y) and "f(r, ") = "f1(r, x) ; consequ-

ently "o{"[(r, x) ) ( "]{", y) o

Â simll-ar arg'u$eiLt applies if j = 0 , and. so the

lsmin¿ is proved,

+3. lenlna. I,et r6l¡r y €Lf". Thea

a) if t =Í* then ("J v(yj = (xvyl , and if
À + tr then (*l V (yi = (")(*, y)l U (efr(r, *)1 ;

b) if ), = /,^ then ¡x) V [y) = [x A v) , and if
\ + tr then [x) V ty) = [c]f ", y) ) lJ [cl'f v, ") ) .

Efqg!: Part b) is the dual- of a) o and thus we neecl

prove only a) "

ïf À =¡. the result is c1.ear.

rf À + p then, by lemmas 39 a¡;d, 42s

("){", v)] [J t"f,tr, =)] is an t4-id'aL or p ; sinee

x ç e|(x, v) t y ç ef(r, x) rlren

(*l v (yl g (c|(x, y)] [J {"f{r, *)] e
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To Pror¡e containrnent in tire other d-irection we observe

that, for all i > o , "fri*, y) ( "){*, y) V "ftr, x) ,

and similarly for "fir(r, x) ; since "){*, y) - x ,

"Í(v, x) = v F/e rind that ")(*, r) € (xl v (yl anir

ef(r, x) 6 (xl V(yl . rhus

(")C", y)l ¡J("f{v, *)ì Ç(xl v(vl ,

and we have established the ]-enma,

llppl-ying lemmas 40 and. 43:

44" Leqpa" ff M is of finite tength then every
non-empty pseudo-principal'lîl-ið_eaL (resp. pseudo-prineipal

ft-d.ual Ídeal) is a set union of a finite number of
principal Î[-ideals (resp. prineipal jl-dual- ideals).

By lemma 38:

45 " ler!*A" ff M is of finite length ancl I is a

pseud-o-prineipal'ti,l-ideal (resp. pseud-o-prinej-pal /:-duaL
idea].) of P then

(i) r f-ì r.l is either empty or principar in trÀ for
eaeh I€A t

(ii) for a1.l but a finite m,rmber of (À, ¡) € AX A,
I n lÀ = r f-ì r* and. is generated by an element of M o

Thusr âs in Definition !, we ean define upper ancl

lower .\-covers for each A € Ty(p) o



46. Ð_efrtf_1qiqp. tet Ä e

a) rr À€A and afìrr
principal ideal ¿ [l rX of

be the l-ov¡er ),-cover of Â

r04

\r(P) c

+ ø then the generator of
lÀ , c1enoted 4À , is sai-il

; if 4nTx=Ø thenvre

that the lovrer \-eover of Ä does not exist.
b) rf À€A and ÃnT.,^+ø thenflregeneratorof

the prineipal dual id-eal f t t^ of lÀ , d-enoted ãX , is
said. to be the qlur-e-q À-çgLer of A ; if Ã n TX = Ø then

we say that the upper À-cover of A C.oes not exist"

the

to

say

Àn
'1'l c

^c/\ ,

dualIy"

Corol]- "

and. dually;

A. É

if

l

^-À

- I\,f for only finitely nany

,AFÉI{ then 4À=Ll^, ancl

As in Lemma 7 tve can describe an algorithlo to ileter-
mi-ne A^ and- EÀ for each À € A and- A € w(p) . 'IÍe

obserwe that if À, ¡ € A and 4I , "o(êy' exist then

co(¿*) ( 4^ . Thu-s, by lsmma {-Oe if A-, B É w(p) and

C = A ^.8 then C X exísts if and only if A¡ , B^ exist
and 9,r = 4,X A BÀ "

Similarly \.,'e observe that if C = A.._-,3 then CÀ

exists if 'and only if at least one of AÀ , åX exists"
To d-eseribe C,^ rye obserwe that LF, þf e Tf - M for
only finitely many F.', .". t f, € A distinet from À ;
thus vJe can define *1, o q . , *" sueh that for eaeh i
*i exists if and only if at least one of {F'. , Ðf.
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exisÌ;sand,x.=A-Rti = 4Fr t å,tr r or A,"r t Þ,t, t vilrichever

applies. Then

9\= "à(..""à(")(*o, *1), x2) ".o, *")
vrhere *o = AÀ, åÀ, or Ar V Þx , whichever applies.. lhe
dual case also applies; the dual of "i is
x:- = Ãtsi, EFir or gFin 6f'r , irhichever appties, and

"rÀt\'\
^o = r! r -D ¡ of ÃÀAF" . Thus:

48. ],-qg}qa. (i) If A € tÀ then 4À = ÃX = A ;

{ts, l* +À , exists if and. only if eo(a) exists and in
this event A¡^= eo(A) f Tlt', F + À , exists if and only
if oo(A) exísts and. in this event Ãf^= co(A) ,

(ii) Tf Ae B, c €w(p) , À64 , and A = B.--zG

then lÀ exists if and. only if B), õÀ exist and. in
this event ÃÀ = u\ V GX .

A¡ exists if and. on1y if at least one of å¡, gÀ

exists and in this event

4^ = "I(,.."à("){"o, "1) , x2) ".. r. xr) o

(:.ii) rr A, B, c €w(p) , À€A , and A=B,--.c
then A¡ exists if and. only if Þ¡, 9x exist and in this
event åÀ = Þ.f 71 CÀ .

¡\ exists if and onl-y íf at teast one of B\u õ\
exists and. in this event

Ãx = rå( . " ""à(c){xo, x1) , xz) .6 c, xr) .
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49. I,ernqe. If a, B € lv(p) then f [ì g + Ø if and

only if there is a À € A sueh that T\ ' Ir \å¡.
Lro-q€.: Since Ã\ € Ã and B, É Þ the condition is

stlï I t_ el_ enE "

-ÕIf Ãllv+Ø tb.enthereisa À€A suehthat
r-Íl E O r^ + Ø, rhat is, lrÀl t tgj + ø ; rhus!-- f | , .=x

\Ã^< BX "

Thus Theorem 12 holds in this eases

50. Theoqe-m. let M be of finite length. The quasi-

order C or1 W(P) satisfies:
If .4., B 6 V¡(p) then A Ç B if and only if it fol]-ows

from one of the fol).owlng cond,itions:

(t) A=B t

(2) there is a À € A sueh that l\, B\ exist ancl
.\A"r( 3. :'-À

(3) A=A.-AI wh.ere AoEB and, AlqB i
(4) A-AonAl where aoÇB or AIgB;
(5) 3=Bo-81 where ¡,ÇBo or AçBf ?

(6) B=3o.-BI rvhere RCBo and. ACBl.
The re].ation p on W(P) o where A ru ! if and only

if A Ç ¡ ancl B Ç ¿, is an equivalenee relation ancl

,N(P)/* is a lattice" For each À € A the mapping

9^t lX + w(p)/- , defined as ?^(*) = (x) if x 6, tr¡ r

is a lattice embedd.ing. rf x € M then fr(*) = fp("¡
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for al1' À, ¡'€A . The systen ( g¡, Àe A ; w(p)/- )

is the free prod,uct of (f.f I ¡. g ¡, ) a.nralga-nated. by M o

coroll" 13 also holds in the present case. \:re observe

that if .4., 3, C € w(p) , if lÀ j.s a chain, and if
Ãx< Þ -eÀ rhen I\ -( *o or A\ < eo(xi) , 1 (:- ( r o

Now *o = 9À or 9^ , lvhieh-ever is greater; thus if
r\ t rL--- 

^ t- -õ ¡ ,-'n -^ î\ ./ / \A"(xo then AC¡ or ACc, If Ã"<eo(xr) ttren
.=\ ..A" ( xi . If lF:- is not a chain then

ãÀ < "i ( Þ><8¡i ; thus Ã'fr < co(rÀ) ( l--qr. , Lfa

not a ehain" ff 
"f, 

is a chain then 
":_ 

( å¡i or 9,,,

and so Ãr-i < co (Ãx) ç Þri or gr, ; rhus A Ç B or

A G c . The d.ual argu:nent appties if tr;T^( o^ -

Because the join of pseud_o-principal Z'ìi-íð.ea1,s and.

?,-dual id,eals is rather eomplicated, Theorem 3"6 is the

simplest charaeterízation of amalgamated free produets.,

Theorem 16 generalizes as3

51. lbegJen_, let f Al > f and

be the free product of (l¡, | À64 )

lattice lii of finite length. let A!

be a chain for eaeh À€N . Thea

r- U( Tx(r,x-M)l xÉ/\')
is a subl-attice of tr .

let ( f^, ÀáA; r)
amalgamated by the
q 

^ 
and let I,À
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ho_qå: tet ArB€'n(p), ÀÉA', C€r^_u,
and let A '.-.8 nz g . rt su-ffices to show that A - G or
B 'vÇ .

Since A--BCC then -A-rBÇC. Also CÇ¿._._8.
ff, sâyr C ÇA then C rvi-, Otherrrise C CA\;3
must follorv by nrle (z) " By coroll. 13 ín our case there
is a f €A-/\ suchthat õ'r<A.-ËÉ. Sinee

À--BÇC, 9/r exists and 4>z_Ð¡(gf . Thus ef(gf
and so (C) e,f*; si.nee C € lX r À * fr, this i.nplies
that c € ¡n , contradicting our assumption about c è

Thus either A uÇ or B-C o

The above argument and- its dual establísh the tleeorem,

Tre nore rhat r - u ( ïfrl, | Àe A') Ís nor always
a sublattiee of T, ¡

EEamp].e 5. tet A= t", bl and. Iet x, y be

unrelated elements of T^ sueh that xVy = z. let
1, be a chain anil let t. fl % = {"J " If I is the
free produet of tr" and l¡ amalgarnated by l"! then
x, y € I - % , but x v y 4 r - % .

By Theorem 2"31 and Tierama 44 Sorkinrs theorem applies
to amalga:aated free products:

j2" Theorem" tet (fX f ÀgÀt be a fanily of
lattices and. let M be a sublattice of finite length of



l\ for each À€ A " let I be a 1-attice, and for
\€A 1-et fX : l^+ I be an isotone aap such that
restrictionsofal1- f\, À€^rto M are equal.

there is an isotone map f fros the free prod_uct of
(lX I X g A) amalganated by iyT to I ; for each X

f is an extension of tÀ o

f09

eaeh

the

Then

the

e/\



TIIAPTER V

CANONTCAI REPRESM{TATTONS

fn this chapter the results of thapter IV are applied

to solve the problen of canorrieal representations for free
products and partially ordered free prod.uets.

1. I_lr_tr_otj.ucto4E eonçç-ots.

Let I be a latti-ee generated by a poset P " As in
Section 2.2 there is a urrique mapping F ¡ W(P) -) tr

extend-i-ng the erebed-ding of P in I . ff A € W(p) ,

x ê T' , and. F(A) - x then we say that A rqprese-nts x
in Yf(P) . Sinee every elenent of Yf(P) has finite length

we can say that A € W(p) is a ¡ainimal reÐïesentation of'

x €. 1' if
(i) F(A) - x ?

(ii) if F(3) - x then .f.(s) Þ "Lftl .

To define the concept of canonieal representation we must

define the eoncept of tvro pol¡momials over P being

equivalent up to commutativit¡r a.nd assoeiativity. This

concept is defined. by ind-u-ction on the l-engih of pol¡mom-

ials "

1" nefiq-itio+. ff A, B 6 ff(p) then A j-s said to
be qquiv_al-eJrh Lo- 3 Ep to eonmq.tativity qnd as.ggc_igti_vity,

d.enoted. A = 3, íf orre of the foll.owing holds:
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(i) {t¡l = It¡l = 1 and. A = B ;

(ii) there are Ao, Al, Az € \r(P)

(Ao 
-41) =Ar r B = Ao -, (At-- A2)

(Ao ^Ar) --^42 , B = Ao --(At.^.42)
(iii) there a;re Ao, Al, Bo, Bt É w(p) such that

Ao = Bo , Al = 81 and A = A.*AI or A1-Ao t

B = Bo ..-,8, or 81- Bo ; or, duallyr A = Ao ^À1 or

Al^Ao r B = Bo '-.81 or Br,'^.3o ô

2, Corol]-" (i) For all Ao, 41, Bo, Bt € w(P) ,
Ao *-, of * 3o .^.8, c

(li) rf A, B, c € w(p) and A = B .-, G then A

can be vr-ritten as Ao -Ä., r-z . " o oAr-1 , Ai € W(p) e

whererforeach ireither Ai€p or Ai=Bi^Gio
Th.is representation is r::rique up to a perautation of the

integers O, 1, .oor r - I .

(iii) rr Ae3,c6w(p) and. A=B,-.c then A

ean be written as Ao ^AI .,-\c o. ^Ar-1 , Ai € Yf(P) ,

ivhere, for each i , either Ai € p or A:- = 3i * Gi, o

This representation is unique u-p to a pernutation of the

integers 0, 1e ooo, r - 1 ø

ft is clear that = i-s an equi-valence relation anti

is preserved und-er ,-/ and .r\ o It al-so is elear that if
Â = B then F(A) = F(3) .

sueb. that

; or, dually,

t
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3. Definition. If x (. L then x ís said. to admit

caponica]- rçpte€entq[b-i-o+s in Ïf(P) if , for any tr.'¡o ¡ninimal

representations ArB of x, A=3" WesaythatÏ
ad-mits qq4.qqte:?l rep-f€-ae4!çLl1-q4E in W(?) if x ad¡nits

canonieal representations in ly(P) for al1. x ê T, .

A problem of some interest 1s that of dete::utining

rchen Ff (P) or Fl(P ;'ûr'fL) admits canonical represent-

ations in 17(P) . fn general this is a rather j-nvolvecl

problem. A special case is:

4. .!e¡41a. (Dean [¡] , Theorem !, Corol]-. 1, p. 245) 
"

CF(P) ad-oits eanoníeal representations in w(P) e

\?e now state several lei¡mas contr'ibuting to the problem

of canonical representations in FI(P) . If A é w(P)

is a minímal representation of <A> 1n Ff(P) then Ä

1s saíd to be a minimal polynoraial.

i" temma. rf -a.e B €w(p) ,. A-B o and f [ì g+ø
then there is an x €, p sueh that A +'B * x o

Eroo:[: Since B; Ç A then, by L,emma 2.7 E å Ç A o

Thus f[l¿+ø;Iet xe Ãf-ì 4. rhen ¡'cxGA.,ancl
so x -.4 6

6. lemma. let Ao, A' Bo, Bt € t¡¡(P) anil l-et

Ao - Â1 o 3o ^BI be minimal pol¡rnomials " Then
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Ao -A.'* Bo,^8, c

Proof: Assu:ne that Âo * Äl - Bo ^81 , Since both

are mi-nima:. .t(Ao) + ,((Ar) = ,{(ro) + f(Br) o

Now Ao - Af Ç Bo^81 and so; for each i € {0, 1} ,

A:-ÇBo^Bt and Ao-41 çBi o

Also Bo ^Bl Ç Ao -- AI " By lenma 5, since Ao --,À1r

Bo ^BI are minimal. represen,tations, this quasi-inequality

is not derived by rrJ.e (2) of Definition 2.63 thus either
rr:.le (+) or ru].e (5) applies, Rr].e (+) implies that there

is an i ( to, 1Ì such that B:. G Ao - A1 " Thus

Ao -Al - Bi and , sinee L(Bi) < !.(ao -- ar) , then

Ao - A1 is not mj-nimaJ." The d-ual arglxr.ent applies if
ru]-e (f) is involved. Thus the proof is complete,

7. tremm"a. let A, B € g(P) , A ^, B , both being

minimal po1¡rnomials. Iet
A=Aorcø"oAr_I, r)1,

where eaeh À:_ € p or is of tlr.e for:n C ,^. D ; l.et

B = Bo=, ooo -Bs_1 e s >I ?

where each Uj € P or is of the form. E,^.F . For eaeh

i (r-1 , jf ,((Ai) > f then there is a i ( s-I such

that Ai *"i and ,{(ar) = l(Bj) , a¡d eonversely for each

i (s-1 c

Prgof; Oi Ç B = Bo V oo. uBs_l . By the hypothesis

or1 Ä. and- by Definition 2"6 one of the follorving three
L
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cases n.ust ho]-d:

(i) there is a i ( "-r sueh that Ai g Bj ;

(il) A:_=c,-rD and-, sâfr cqB;
(ii:.) Ãi_ [l q + ø
If ease (li) hold.s then, since Ai E c ,

Â CAo-- .cc -Ai_I ..-C-Âi*l ,Jo..-Ar_l ÇB ÇA o

Thus Ao- .,. VAi_t--rC--,41*I- o.o --rA"_a -A , eontra-

d-ieting the minimali'riy of A , si-nce ,{(c) (.t(Ar) .

rf case (:-:-i) hotas then :-et * € Ã.., f'l g ; then

aic * Ç¡ " Thus

ACAo--,oo -Ài_1 --¿x.*-Ai+l- ono VA"_l CB ÇA y arrd

so Ao 
- 

o oo VAi_t -r x -JAi*l :r ø ø. lzA"_, - A " Since

l(ar) ) 1 this at-so contradlcts the ninimality of A o

Thus ease (i) applies. rf l{lr) < .{(A:.) then

A çÀo-- o.o -Ai-I-Bj*Ai*l\--lcc..--,t{"-1 ÇB Çn ,

again contradicting the ninimality of A . Thus

{(B¡ I þ .(.G) . consequently ,((B¡ ) ) r and, as for Ai ?

there is a k ( r-1 such that 
"¡ Ç oo and lf 4l y' !-{rr).

If k + i then, sinee Ai Ç At ,

À - Ao \./ oe' 
-Ai_l -Ai*I -/ øø" -Âr_l ?

again contradicting the minimality of A , Thus k = I
and so Ai E Bj ÇAi , that is , Ai - uj . Sinee

ft¡.) >l(Ai) ancr. l(A:.) þ!ßl tnea l(ai.¡ = {{rr) .

Thus the proof is eomplete.
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2. Canonical reÌlresentations in free irroducts.

Sorkin tgl presented. an sïample illustrating that in
general the free prod.uct of la-'utiees need not admit cârlol:'-

ieal representations. lïe first extend. this result,
I,et lAl ) r and let (l¡ I À e ¡¡ be a family of

muf,rrall-y disjoint lattiees. ¡l,s in Chapter IV 1et

P = U(r¡, I À e ¡,) . let I be the free produet of the

(lX | À e 
^ 

) " \'Je make continual use of the results of

Seetion 4"1, espeei-alIy lemma 4.11, Yfe remind the reader

that A .< ! implles that ¿. and B have identieal upper

and lower covers, by this lemma.

B" lemma. If there is a Àe ¡\ and x, yc w € lX
suchthat x and- y àTe incomparableand- xvy(w
(or, duaI1y, x n y ) w) then I does not ad¡li't canonical

representations 1n \f(P)

Proof: let ,"+À and-J.et d €ff " Iet
xvy =t €1.X, z (w. I,?eeonsiderthepol¡momíal.s

A = x .=,((y --d) ^iv) o B = 2,.-¡((y.- d),^.w) . Then

,t(.t) = /(B) = 4 ancl A + B ø

Usíng the al-goriihm of T,emma 4"72 4X = åÀ = u ;

7I ;\ ^ ^ D îY ã/.---!A" = B" = lv i zv? Ð-)t? ^ r B- d-o not exist if y + X o

We note first that A æ! . Sinee x < z then ¿ ÇB;

sinee åx= z then zÇA and so Be A. Thus ¡' æN o

lÏe now show that A Ís minina]..
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a? b

both

J(c)

Let A*C, C e 1'1(P) " Since år*
thus {(c) > 1 . let .[.(c) = 2. rf

in different lattices, then 9¡ and

exíst. Â similar situation is C = @

>20

If ,[(G) = 3 then there are two eases; G = Co.r-, Cl

or c = Co^Gl .

Casel. C=Co-Cl , I(Co)=2 and. Gt€P:
Since õ'\ exists then Cf € lX and- Co = â z-b where,

saf¡ a €lx; thus b €Lv? v ÈX, Sinee å¡=z
then C1 = z. Thus Ç= (ar-b),¿z t a €lXr b êTv

t#Ào
since A E c, (y .-' d) .a.w Ç(a .-.b) u z o

:\ ,/[y r--dl-. w' - w $z = 9x and- C v is u¡rdefined- for
y + X . Thus the above quasi-i-neo-uality eannot derive

through ru]-e (Z) of Theorem 4.L2. Thus there are four

possibilities 3

a) (y-,,d)^.*Çr;

b) (y=d) ^wÇa'-b 7

c) l--d Ç(a,.'-lp)¿z i

d) qE(àt*.b)'-z c

fn a) TY.-f:t = * and ã\ = z ; thus, bY

lemma 4.11e case a) is imposslble.

Similarly, in b) (y .-,-d) ,^.w\ = y and â '-.b^ is
undefined; thus case b) is impossibl-e,
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AÀ then c, + õ\
E^

C = â -zb t
:\u carÌnoE

,--.b . thus
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fn c) ¿ Ë (a ^b) .-, z . Since È¡, = d and

(-a,lb) v 2,, is u-nd.efined, this case is a1.so lmpossible.

Case d,) also carurot hold. sj-nce w \ = w ,
| - \ r V(âoÐ)¿Zt=Z' anq. W<.2 o

Þ-

Thus Case 1 ean¡rot holcl"

CAS-ç_?. C=C.^CI , l.{Co)=2 and. CIe P3
Thus C=(a--b)^.G' arbrCl€P. Since C\exists
C1 € l^ and, safr a élX; thus b ëTy, V* À"
=XG'- - lv implies that Cl = * , Thus C = (a--b)^w o

Now C Çe ; sinee G\ = w and. 4l = z the quasi-

inequalit¡r cannot be obtained by rul-e (Z) " Thus one of

the following four situations must ho'ld.¡

a) c Çx ;

b) c ç (y..-zd) -,-w ;

c) â .-,b Ç¡. i
d) w ÇA o

Case a) irnpJ.ies that 9x = z ( x o

Case b) impì.i.es that z = 9x
Case c) inplies, si-nee P-.q.b .! = b , that {y existg,
Case d) implies that z = .4¡ ) w .
Thus Case 2 cari::-ot hold.

Consequently !(C) > 4 and. so 3. and B are min'irn¿f"

Thus I d.oes not ad-:nít canonical. representations"

The'dual. argurrent applies if x and y are ineompar-

able and. xÂ¡r )w. Thus the lemma is es'bablishecl.
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g. I-gHa. let À,¡rei\, À+f ,and1et l¡,I1,
I

not be chains. Then Tr does not admit canonical

representations in w(P) o

Proo:l: let x, y € l¡, be incomparable and. l-et

d..,, d,., € ls be ineomparable. let x V y - z anil
r' I I

d.l 
^. 

d2 = d . YIe consider the polynomials

A = x.-((y-d1),-(y--,d2)) , B = zu,((yrd1),-(y'd2)).
Then .{(l) = .0(¡) = 5 and. a + B o

Using the algori tbm in lemma 4"7

A.x=9\=" i

4,.. = 8,, = d' î-r -r
Lrr By are u:rdefined for \) + Àr ¡ t

Ã', B¡/ are u-adefined for all Y € 

^ 
o

lfenotefirstthat A-8" Sinee x(z th.en

A gB ; since ã\ = z and. A\ = z then z ÇA' and so

B Ç¡, . Thus A ^/B o

I[e now show that A and B are minimal pol.¡momiaì-s.

l,et A-C, c€\{(P). since A hasnoupper

covers then ,{,(c) 7 2 o

If .((c)=2 then C*a,--.b, àr1o €Prsinee
C has no upper covers,

Otherv,rise, sj-nee 9À = z ancl Qts= d u C = z'-td. ø

Thus (y .t- dt) ^ 
(y u d.2) Ç z .-, d. ' Sinee

(y -- dr) n (y ' d2) has no upper covers then either

a) (y*.di)çz-¿d r i=1or 2,
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or

b) (y.-ar).-(y--,d2) Çz or d.
Case a) inplies that di = y :- di 

*( 
, -- q,, = d ,

eontrad.ietiag the incomparabiliÍry of dt and dZ c

Case b) is also imposslble sinee (y .-- dr) n (y -, d2)

has both a lower X-cover and. a loiqer ft-eover.
rhus ,i(c) )t3.
If .t(c) = 3 then either C = Co -Cl or G = Co ^CI,

If C = Co ^ G1 then either Go or Cl € P and. so C

lvould. have an upper cover. Consequently C = Go - Gl and.,

sâYr Cl = e €P. If 0o = a--¿b , â, b €P, then,

since C cannot be equivalent to a shorter pol¡rnomial by

the above argrment, then a, b, e are in three dlfferent
lattiees and so C rvould have three lower covers. Thus

C=(a,,-.b).-e, a'rbnc€P" Sinee 9À=2, e=z,
Ilowever, a and b mrst lie in dífferent lattices ancf

thus 9- ¡, rryould, not exist. This contrad-ietion indi.eates

that "t(c))3 o

If ,[(C) = 4 then there are t¡qo eases; C = Co -C1
and- C = Co^Gl ø

Case 1, c = Co.--,CI : Since A Cc then

(y ..- d1) ^ (y' dr) Ç c , sj-nce (y -d1) ,- 1y -, ar) has

no upper covers eitb.er

a) yv,diÇC , i =f or 2,
or
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b) (y =- d,1) ,-- (y -- dr) Ç to , say.

Case a) implies that di ( ÊF = d , vrhich contrad-icts

d (di .

fn case b) Co., co,, exists, and so l{co) ) 1 .

Nors to f E,-.r' ; for f(co) ( ¡ and. so either .t(e) = 1

or lte) - I , and- thus Co rryould. have an upper cover,

which is irapossibl-e si-nce (y..- dr) ^ (y r d2) has none.

îhus Co = E-F ; thus C = E,-,F-CI . Sinee ¿(C) - 4

\¡re may assurne that .{(¡) = 2 . The previous discussion

has shown that C can¡rot be equ-ivalent to a pol¡momial of

shorter length; sinee G has only tivo l-orqer eovers

E=â,--.b t àrb Ép" Sinee "((C)=4 rthen FrCl€Pi
sinee Qtr = z , 9f = d- it follorvs that

G = (a,^b) -- (z =, ¿) o .

Thus, sinee y ..- d., Ç C is impossíble as above, either
a) (y ..-,d1) ,-(y u dz) Ç a .^.b 

'
or

b) (y.-- d1) .^ (y --, d2) q ø ¿ ð. .

Case a) is impossible since 8.,^.b has upper eovers

a¡rcL (y -- d1) .- (y -- d2) does not"

Case b) implies that either
(l) y .-- di C z ,-, d- for some i ; taking lower

f -covers we get the eontradietion di- ( d;

or (ii) (y r- dt) ,--. (y -- d2) E z or d , v,,hieh is
jspossible since both z and d have upper covers ancl
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(y ' d1) ,-. (y -- d2) d.oes not.

Thus Case 1 carrnot ho1d.

Çass_Z. C = Co^.Gl ¡ Since C ÇA and C has no

upper covers one of the following four must hold.:

a) c Çx ;

b) c C(y"',dr)^(y--dr) i

e) roçA i

d) c- c ¡. .' l--

Case a) iraplies that õ\ exists, and. thus lt eannot

ho].d."

Case b) implies that z = 9¡. ( y and so ean¡rot holcl.

Sinee A q c Ç Go, C1 cases e) and- d) inply that A

is equivalent to a pol¡rnomial of length ( 4, of which the

previous discussion has disposed. Thus Case 2 cannot hol-cl"

Consequently l(Cl )t 5 and thus A, B are minima]-n

Thus the ¡rroof is compl-ete"

10, I¡ernma, let X, fr-, yZ be distinct elements of

A and. 1et I\ not be a ehain. Then I d.oes not adnit

eanonica]- representations in W(P) o

Proof: let x, y € fX be lncomparable, and 1et

df €lt1 , dZ€LfZ, let xvy-l., Asintheproof
of lemma 9, 1et

A = x--((y.-d.1) ^(y--.d2)) , 3 = zv((y-d1) ^(y-d2))o
Asintremmag A'N. Also l(A)=,e(¡) and A+3.
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l/e observe that

4\ = Ðx = ø ;

Lr, Bv are rrndefi-ned for a1-l- y + À i
Ã', F' are undefined for a1t ]/ € A .

17e show that A, B are minimal pol¡rnomials, tret

A -C , C €W(p) " Sinee A has no upper covers

nG)Vz.
If .L(c) = 2 then c + â.ab , âr b €.P, since

G has no upper covers. Similarly, sinee C has only one

lower cover, C * atb e a, b € P . Thus J(C) >3 o

If Í(c) = 3 then either c = Co nC, or

C = Co - CI , The fo:mer situation is impossible sinee
11 ..t
!. (C) or SiCr) = 1 and so C would have an ir.pper

cover. Thus C = Go.--Cl and, sày¡ CI = e € p , Sirce

C has only one lower cover then Co = â. zrb t àt b € P ,
and e € lX . In order that C have no upper X-eover

a? b 4fX, Now ACC; thus

(y = d1) ^. (y,-.d2) Ç (a .,-.b) - c o

Sj-nce (y .- dr) ^. (y ' d2) has no upper covers th,e above

quasi-inequality cannot fo11ow by usi-ng rrrle (2) of
îheorem 4.L2" Thus one of the following three hol-clsc

a) (y...dr)^.(y--d2) Ç" ;

b) (y .*-dr) ^(y-d2) g â nb ,

e) there is an i € {0, 13 such that !,-tdi C C o

Both c and. â,^.b have upper eovers and. so neither a)
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nor b) can holti.. Sínce y --di has a lower fi-eover
and. C d-oes not, e) cannot ho]-d.. Thus /f C) > 4 o

If i(C) = 4 there are tvro eases; C = Go- Cl

and. C = G.^CI o

C?Se-l.. C=Co-G1 : Since gf existswemay
assulte that Co. exists. Since C has no other loler

covers either LßJ = 1 or .Ø{Co) = 3 " Jf !.(C; = 3

then, since Go ean Jrave no other lou'er covers,

Co=ã.,,-¿(e,.-'.f) v¡here a €lxr êrf €P;then
t, = b € p and., sinee C has only a 1ov¡er X-cover,
b é lX . fn this event, however, C * (aV b) r(e,--.f)
and. so A would be eo-uivalent to a polynomial- of length

3, an eventuality that the pz'evious discu.ssion rejeets.
Thus /(co)+3 andso co=à€l¡. Thus t(cì -3

and, in view of the above discussion, Ct = b ,nC, ,

b Gp , and !{cr) = 2. Thus C = a.-(b nC2) .

Consequently (y .t- dl) ^. (yr- d2) Ç à ,.-¡(l --. cr) r âr1

eventuality that can be rejeeted exaetly as the sltuation
when C = (a,-b).'e , a, b, c €p e y/âs rejected above.

Thus Case 1 cannot holcl.

Case ?. C = Co ^ CI : This case is clisposed of
exactly as i-t vras in lemmà 9.

Consequently ,[(c) > 5 anÈ sor si-nce ,0(¿) =.F e

A and B are ninimal.. Since A + B the lemma follows.



If f X is a chain for eacli

thus, by lemma 4r

À€ A then

-t2L

I = CF(P) ;

r1. Leqma (Sorkin [g])" If lÀ is a chain for al]-

À6/\ then the free produet of (lxl À€A ) admits

canonical representations in \'[( U(lx | À64)) ô

If lÀl = r ,say A = fÀ] , then the free produet of
(LX I .f EA ) is IÀ and so every element can be repres-

ented by a urrique polynornial of length I ; thus l¡
aùmits canonical representations in \?(lX) o

There is only one ease not eonsid-ered. above. this is
thecasev¡here lÀf=2 ¡sây A={Àr¡-J, Lf. isachain,
and. lI is not a chain but the join of any tv¿o inconparable

elements is maximal in lX and the meet of any tr¿o ineom-

parable elements is minimal in T.r¡ . Thus I 1s Qb

r¡¡here A is the disjoint uni-on of r.¡¡rrelated ehains. ITe

show that in this ease the free prod.riet does admitr

canonieal representations. We reeal.l that I is the

greatest element of Qb and 0 is the small-est. As usual,
r l-.v = .L'¡U tÉ "

l-.2. lemma.

A,, does not exist
not exist then 0

_tL
and if A, exists

In the above notation, if
then Aç1 and.r dua1-1-y,

Ç ¡, , If A. * exists then
-¡

then o ..- T/¿ ce o

A € w(P) anil
_ t)-if A' does

ACf"-r4..-r
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åfg.gg: Ve need onl¡r eon.sider å,^; the resulis for
ølIJi¡-' follow by the principle of duality"

\
Tf A does not s¡ist then, by Jienma 4.9, Ã^ exists;'-: lL\

then ACÃ^(r and so ACl o

Now assu¡re that L_f exists, \?e prove that

A Ç 1- Af by indu-ction on /Cal .

If l,(¡) = I then A - 4n, ÇL "- A¡*,
I,et /(A) - n ) f and- let tl:e result hold. for any

polynomíal shorter than n o

If A = 3,^. G -bhen Ð.f and çf erist, by lem:na 4"'f ,

Since B and. C are sl:orter'uha$ .q. -bhen B Ç1uÐyt,
C Ç- 1r- gf . Sinee ,i* is a ehain we may essume that
a 1m nhu-s 4,.= B¡r by lemma 4"'7i thus BÇrv4,.
=J*\:¡,t" 

rri 
-|- -f 

wJ !çLrLa'rol, t/r¿t'rÐ !=:! .-f-

and so aÇ3r't ^,=-LU*f

If A = B .-.-' G then tre may assune that ei'bher only

B ,, exists or bo'bh 8,," C, ovi o# Tr C,, d.oes not exist::- f zy., *F v^¿u v' ;F qvvv ¿rv '

thenr âs proved. a.bove, C Ç 1 " By the indu-c'r;ive hypothesís

BçttåI*-1--'4f ; thus B-'cË1uLi"" rf both

B,r, Ç,, exist then, by the inductive hypothesis,-r
B (: I - Þ.1*Ç 1-- åF and C Ç 1.t: Sf Gl .',åf t thus

Ä = B1zC CL.- Lf
Thrrs the lemma is proved 

"

13. lgi!p.g. The free product of f X and tp admits

canoni cai 
""p"u = 

en'i;ations .



Jn vier+ of the princiPle of d.ualÍ-by rve

\-./ o è r t--,3^ l
-)--L-Ar-1 t B = Bo

.4.. is an element of P or is
l_

simi-larly for each Uj o

eaeh i ( r-f there is a

Ai - Bj , !-(Âi) = .0(lr) , and. conversely for eaeh

Proof : -A-ssu:ne 'uhat

i-s a snallest integer n

.tC¡l =.[(¡) -n u A-B
nal polynomj-a1s "

If I}=1 -bhen

A=B " Consequen-b1y

By lemma 6, A =

versa, j-s inpossible"

A Ê Ao- ooo

v¿here each

c ,---D , and.

ff for

A' B e
n. )r

the leinma is f al-se "

such that there are

, A+B, and A,B

P ; thus A.^,8
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Tiren t'irere

A, 3 € r:¡(P)

are mini-

i-mp].ies that

then, by tbe m.inima1.j-ty of Á' and.

cl-etermined. by i , and conversely"

f r [oe ooø, r-lJ *+ {0, o,o, =-1J
g 3 {0, coo, s-û *Þ {0, oo,e r-r}

su-ch that Ài_ - 3f (i) for each i
for eaeh j ( "-I ' If s(f (i)) +

B, j isuniquely
Thu,s there are mappings

and-

r-1- and. uj - Ag( 
¡ )

then, si-nee

L:'* Ae(r(r)) , -4.^l Ao--, n"" J Ai_t-Ai*l J o." -Ar-l e

contrad.icting 'che ¡rinimal-ity of A" Thus for eaeh

i -( r-1 s(r(i-)) = i and, sirrril-arly, for each j ( s-r

r(s(¡))= j. lhus r-s and frg a'Te pernutations

of {0, o c c ? r-1} , By ihe m.ininality of n ,

Ao - AI and. B = Bo ^Bl r or vice

älay assulre that

rsrs>1e
of ì;he form.

j ( s*f such that
j("..1
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Ai = Br(t) slnce ,{.{ar¡ = f(¡r(i)) . Thus ¡. = B ,

contrad.icting the assr:mption about Ar B .

Conseo,uently, itt view of tremma 7, we may assume with-

out loss of generality that .8'(¿o) = 1 .

If Ao € Ot^ then, since Ao Ç B and' L f is a ehain'

we apply GoroJ.l-. 4.13 and. find a i ( s-f such that

AoÇBj " rf ¿(B¡) =t then oo(Bj; thus uj e.t¡,
and, using CoroJ-l-, 4.13 and proceeding as in lemma 7, we

find, that Ao = Bj " thus the above argumelLt wou-1d epply"

If .l(¡* ) > r then there is an i 
-{. 

r-1. sueh that
J

tj-Ai and liar)=.0{rr)>r. Thus i+0 a¡rd.

Ao ç Ai ; consequently A - -4.r.- o. n V Ar-1, agaírt

contrad-icting the minirna-1ity of Â o

Thus we may assu:rre that Ao € lx and that no S "¡
for al1- j ( s-f . Sinee Ao Ç B ' 9.X exists ancL

Ao ( Þx . Now Ao $ 5^ for aLI i ( =-1 since

A^Ç8.. Sineerforany xry€lXr xVn=xry or 1
uJ

we may assume, without loss of generalityr that

Bo. V 81,. - 1 ' Yfe may assulte that Bo € lX , for if

Bo, Bt 4 lX then, by the above arguments, there a;re

i, k + O such that 30 ç Ai and BI C Ak ; sinee

Ao ( b^ r 1^ then Ao Ç Bo .-. 81 Ç Ai r- Ak ancl so

A - .A.r.--, . o c - Ar_1, eontradicting the mininal-ity of A .
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Consequently Bo € lx ' Since 1 = Bo - BI- t

1'BlÇBo-81 . Since Bo<1 then Bo-Bf Ç1r-Bt.
Thus

Bo-BI- lrBI c

By f,emrna L2, either Bf C t or 
"t* 

exists ancL

3rÇ1-Bl ,,' If 91 g1 then Bo-BI-1, eontradiet-

-riag the minimalitY of B . If

3o( 1 ?

3., Ç 1 .-, B-¡ then, sinee
-r

Sor Br Ç t- 1*c 1 t-,Bl* Bo *-,81 .

Thus Bo - BI - 1 t--, 81 ; sinee Bl 
. , Bt .. exist then

-=* -=À -F
.(Br) ) r , again eontradicting the mininality of B . .

Thus our origi-na1 assumptions about A and' B

cannot al]- holcl.

Consequently the free produet admits ea'nonieal.

representations "

The results of this section ean be summarized. as:

14. Thegrem* The free produet of the l-attices

(f¡ I À € | ) adnits canonical representations if ancl only'

if at least one of the following holðs:

(i) lAl - 1 ;

(ii) aJ-I- I,À are ehains i
/...\ lÀ | a ,r (r I .r .i^ ^ ^L\r-r-r-,,¡\I=2 rsaÍ A=[À,¡r'[ , tr¡.isaelnair ,

T¿ I



and l=Qb rvhere

ehains.

r2g

is the C.isjoint u¡.ion of u¡rrelatecL

*3 . Canonica1_ rep_res_eqþ-a_t_ions iê_pertially_ord g_red free
prod-uets 

"

Let A be a poset and l-et (ll l À € A) ¡e a family

of lattices ind.exed. by A. P denotes the poset intro-
duced in Sectíon 4"2. let the partially ord.erecl free

prod.uct of the (f.l | À€ A ) ¡e denoted by I . 3T the

discussion in Secti-on 4"2 the ealeulations j-n lem'ras B, 9

and- l0 apply to partially ordered. free prod.ucts"

If there are two ineomparable À, 
¡,,- 

€, f\ and. if IÀ

contains tv¡o ineomparable elements whose join is not

maximal in l\ r or ivhose meet is not minimal. in I \ t

ther¡ the calculations of lemma 8' apply; -thus I does not

adnit eanonical representations. A similar situ-ation

occurs if À, É are ineomparable, l\ is not a chain,

and there is a v 6 A such that v<\ r rr{¡c or
t¡y >^ , v à ln ; the \r of lemma B ean be taken as a.n

element of I
If there are three mutually incomparable À,, tL, y€A

such that I r is not a chain then the ca]-cu]-ati-ons
,^

presented. in Lemma 9 sholv that I does not admit canonical

representations ia \Y(P) o
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If À , f are j-ncon.parable in A and LÀ, 
"f 

are

not chains thenr âs in lemma 10, I does not admit

eanoni ea1 representatíons.

If I is a ehain for alI À 6A then, by lenma 4,

I admits canoni-caI representations"

There is onl-y one ease 1.eft to consider:

For eaeh 
^ 

€A , if l¡ ís not a ehain then ej-ther

' (í) fora1.J. v€A either u>>, or y<À;
or

(ii) IÀ is of the form Qb , Q a disjoint union of

incomparabre chains, A' = [f1h flr À are incomparalleJ

is a chain, TÍo is a ehainforall ff€A' , and. v>x
(respn e <À) and ¡t€A' implies that Vrlu (resp,

'r, <l*)"
To dispose of this sit-oatíon l.et I be a ehain ancl

1-et (p* | i € I) be a family of posets sueb that, for'l_

each i € r , Pi- has an ( ?rtr, 7) -strueture. let
P - [il, I i €, T) be a poset such that

(i) if x, y €Pr then " (y in P if and on1.y

if x<y in ?i i
(ii)'if x€Prr Í€"j, i+i,then *(y

if and on1-y if i <j o

ive define m= utwrl :. € r), 7L = urn¡ i € r) as

the stmeture on P .
There is a natural embedding of W(Pi) l.n W(p) for
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each i € f By an abuse of notation Ai d-enotes the

(fri, I) -lovver cover of A in Pi ancl A its
( ?1, 4 )-loiver eover Ín P , and dual\r.

15" tesga" If A€ï/(pi) , i €I, then

a) AflPi=Åi and e[-ìr, =ø ir j>i i
rJ

b) r[ìrr=Â-i and rf-ìr, =ø ir j<i.
. lqq_of : Á, simple inductive argu:aent will do" Ve neecl

only observe that if J' K are ?{-ideals of p sueh that
a! -\¡ I I p. , K I lf, are fr|r-íd.eaLs of pi then

(.r,v r) f-l r, = (¡ 0 pi) 9 qr f-ì rr)
where V denotes join of "lîîr-ideals of pi and. V denotes

join of ?fl-id.eal.s of P -.

The dual situatíon, of course, hords for 'll-,a.ua]- ideals,

16. Goro1l. The quasi-order on \f(p) defíned by

( n, n) restrieted. to r,V(Pi) is the cluasi-order on w(pi)
defined by ( 'h¡, fl i) .

Prootl In view of Definition 1.2 we need only show

thatif A,B€w(pr), i €I rthen Ãnþ.+ø if anct

onry if Ul¡ìEi + ø .

c1earl.5r -i [l ei. + ø ímplies rhat Ã l] g + ø ø

Now ]-et ¡ lll + Ø ; then there is a j 6 r such

that rfJgfl", +ø. rhus Lû", +ø and p[ì "¡ +ø o

-Bylemma'L5 j=i andso ¡ill¡. +ø.
Thus the eorol-l.ary foJ-1ows.
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L7. temma. If A€w(rr), B€w(rr),and. i<i
t

then A CB in w(P) .

Proof : i7e establish this le'¡rna by induction on

,{(a)+.{(¡). rf /(a)+l(¡)=z then A€pi,86"¡
ar:.d so A<B; thus AçB o

If B - G --D, C, D € n(l-), then, by ind.ueti-on,
d

A ç c C¡ c

If B = C,rD, C, D 6 w(Pj), then, by ind.uctíon,

A ç C, D ; thus A Ç B .
The dual argr:ments v¡ork for i. o

18. lemma. ff A € W(p) ís mininal then there is
an i €f such that A €W(fr) "

Elgg{: i7e proceed by induetion on .1(.q) o

n-If .l(A) = 1 the result is elear.

If A = B .-, C then 3, C are minimal in W(?) . By

induetj-on there are i, i € I such that B € W(fr) ?

G€w(rr) , ff i+ j thenrsinee I isachainrwemay
J

assu:are that i <i . Thus, by lemma 17, 3 çC and so

A -C , eontrad.icting the minimality of A " Thus i = j
and so A € w(rr) .

[he d,ua1 argument holds íf A = B,a,C o

Thus the lemma follows,

19. Thgoree. If FI(P' î fiti, fl) ad:nits eanonieal

representatíons in W(Pi) tor each i € t , T. a chain,



ñ+ /-E-nen -h'!(-H t

w(P).
Proof:

I ll
4¡ .,'? \lilr 71) admits ealr,onical- represen.tatÍons in

let A, B € w(p) be minimal and let A a-,9 ,

l(l-) =.ú(¡) " By teruna 18 there are i, j € I such that
I € \r(Pi) , B € rr(Pj) .

If i+ j wemayassumethat i(¡" Then .(,fg =

=!,.G) >r and sor bytemma j, F[l¿+ø. Iîol?ever

B E A . Appfying Definrition 3,2, if B = Bo - Bl then

Bo Ç ¿ ; but Bo € v(rr) and, sor by lemma L'l, -4. Ç uo ,

. Thus A - Bo , contrad.ieting the mininality of À o

If B = Bo ^ Bl and Bo ç A ¡ sâÍ, thenr âs above,

A - Bo , The dual argumelrts hold. in the other trvo e.ases,

Thus i = j and., by Coro1l. 16, A /¡/B in -W(Pi) 
"

Thus A=3
Thus the theorem is proved.

thus

20" lheorem. The partially ordered. free prod.uet of
the family of lattices (fx| \€A ) admits canonical

representations if and only if either all l¡ are ehains,

or for eaeh ,\ € A sueh that I \ is not a chain either
(i) foreach f6A either f<À or fr)\;

or.
(ii') lX is of the forrn Qb , Q a disjoint u¡rion of

incomparable cb.ains, 
^ 

= {f, Al f,¡^ incomparable}
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is achain, tf* isachainforal-1 f,^,and V >\
(resp. v<À)and F€^ im.ply v>f(resp. v<f).

Proof : Yíe apply Theorem 19 and- Theorem 14.

Ïle d.efine an equivalence relation = ola A t \ = ¡,,
if and only if there is no V €- A , Tv not a ehain,

stric.:LlJ¡ between À and. f . By eonditions (i) and (ii)

= is an equivalence relation and. preserves the partial

ord-er orr A . let I = A/= ç I" is a chain rrnder the

induced partial order. For eaeh í € f J.et

pi = Utt^ I Àgi ) " r,et ffii, FLi be the sets of al.:-

pairs i-n the sarne lÀ for al1- À g:. o

If l\ is a ehain for al1- Àg i then

FL(Pi i lTii, H) = cF(Pi) and so admits eanonical

representations .

If there is a À e i- sueh that l\ is not a chain

then, by eond.itions (i) ancl (ii), either Pi - I,¡ and so

FIl(Pi l'\, fli) afuaits canoníca1 representations, or ItÀ

is of the foru. Qb and Pi = r^ [rl nr where

M = Uf tnf f rÀ ineomparable) . rn the latter case M

is a ehaín and. so FI¡(Pi a'îlti, fl) is identical with the

free prod.uct of lÀ and. M ' Thus, by Theorem 14 t

FT,(Pi f 78, fl) adraits canonj-eal representations"

Applying Theorem 19 the resu.lt follows"



TÏ{.,TPTER VI

SU},,[,JARY A],{D CONCLUSTONS

The ma.i-n results of this disserLation are best deseriì:ect.

in ter¡rrs of the coneept of u'he Ïio*qÈ prcÞ].gg. The rvord.

problem ís applieable to any universal algebra., but here
tve sha]-]- resirict our d-iscussion -bo lattices, The u-sual

forrnulation of 'uhe word problem is (see Evans LçJ and LøJ,
and Gri.tzer lll , Orap-i;er 4, in each of whÍch the rvord_

prob-l-em is s'uated for u-niversal algebras) r

let Ao, Bo, ¿ o o i Ar-1, Br-l be lattíce pol¡rnomials

on -bhe fini'r,e set S = {*o, *rr_fJ . Given any two

Ia'c'bi-ce pol¡rnoniars ¡., B on s , find an algoritÏ¡n to
d-ecid-e, v.rhenever L is a lattice and. âo, ô o s e an_l €- T,

satÍsfy the relations
Ai(.or .oo, an-r) = Bi(ao, ..., an_l) for all

i ( r-1 , r'rhether or not

e(aor .oc, an-l) - B(aor .oor rrr.-l) ,

rf c € '.V(s) then c(ao e è è ø, ân_l) clenotes the
element F(C) € I rvhere F is d.efined. as F(xi) = ai
for al]- i. ( n-]- , F(X - 

y) = I(X) v F(y) , and

F(X ,\ Y) = F(X) n l.(y) for all X, y € \'f(s ) o

For lat'üices the above probrem was sorved in the
affir"m.ative by Brans Lil ø

rt is natru.ral to at'cempt 'Go extend. the probrem to
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either an infinite set s or ar1 infini-te number of
relations. The major dravvbaek to such an approaeh is that
in generar one v¡ould. have no effectÍve v,/ay to d.eternine

whether or not a speeifie infinite set of elements satisfies
a specific ínfinite set of identities.

For the v¡ord problen, in view of the nature of free-
ness, one need only eonsid-er the ltmost free* lattice
generated by S satisfying the relations A:- = Bi for
alr i ( "-1 ' Thus a satisfactory approaeh to these

difficulties is to Iet s be a poset p and. to 1et the
set of relations be a]-l relatíons compatlbre vrith some

(lft,, ft)-stntcture on P " This teads to the problem of
d-eiermining rvhether or not two pol¡momials A, B e rv(p)

represent the sâ.me element of F¡(P ; ?Q, 1) , If p is
infinite the aforementioned. difficulties still remaill,,

However one can discuss the rv-o-rrX p-r-obleq mqd,qþ a given
mathematieal struc'bure on P :

Given A, B € W(P) o is there an algorí.thm that
reduees the problem of whether or not a, B represent
the sane element of Ft(p ; 1r(r 7l) to a problem regardins
the given'mathematical strrrcture on p ?'

Y,Iith this point of view Seetion 2"2 provides a

solutíon to the word problem for Ff(p) modulo the

stnrctrure of the pseud.o-prineipa]. ideals and pseudo-prineipal
d.ual id-eals as subsets of P . síe11ar1y the .d.iseussion
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in section 3.1- solves -brre vsord- problem for Fr,(p ; 7,lrn)
noduI0 the stz'cture of the pseudo-principal )ll_.'ð.eaks
and' the pseudo-principar ft-dual ideals as subsets of p :

The diseussion in chapter rv solves the word problem
for the free product of rattices modulo their lattiee
st*retu-re, a:ad that for partially or.d.ered free prod.ucts
mocLulo the lattice strucl,r*e of the faetors and the partial
ord,er on the indexing set.

Ghapter rv also shov.¡s that the rvord problem for the
free produet of lattices amalgamated by a lattiee ïd of
finite length is solvable mod.ulo the lattice strueture
of the faetors and the partial maps 

"o and co . ïf the
amalgamated lattice M i-s finite then the question of
whether or not eo(x), co(x) ex'st for some elenent re

of a factor and, if either exists, r.,,hat it is, is effectively:
eomputable. Thus if M is finite the word. problem for the
amalganated. free produet is solvabre mod.ulo the lattiee
structure of the faetors_

opetl

lYe

in
conelud'e by mentioning two problem.s that are l-eft
this study.

Problem 1" can our results be extended. to infinitary
lattiee operations; that i-s, what ean o*e say about
Fl(P ;'lrl¡'4) if 'Ùrt, 7¿ contain infinite subsets of p ?



Problem_ -?. Can the resul-ts of Cihapter V

tc arbitrary posets? That is, find lLeeessary
conditlons on p so that Ff(p) (or Ft(p ;
admits canonical representati.ons-

1?R_Jv

be extended

and sufficient

n,v0 )
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