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A'Ðstract

llhe charged nuons detec bed by meson tel-escopes are bent

as they p¿rss bhror-rgh the ea.r" Lhes mapSnel-i.c field. Ttlesö

particles have energies much redi-rced fror.,r the energies of

ths primary protons " Coi:L#equently, they rnight experiðnte

large deflections uncler the influence of the earth¡s magne bie

fielcl, One of the purposes of this thesis ls to rleternrine

Lo what degree this process influences meson telescope

ob s ervations o

The calculations talre into account thab muorls are pro-

duced at different heights with different energies, that

energy is dissipa|ed as the charged particles traverse the

afrnosphere, ancl that muons decay in f li¡rÌ:.t. Dis tribution
cLlrves are presented for the deflection spec t,rum for dif *

fer.ent viewing directions in an equatorlal plane. It is
found that the shape of the curve is not ver)r sensii;ir¡e to

changes in the viewing direction in this p1ane " Ttre maximum

¡,lr,.i'l-ecti-on -eor rnuons of lil<e sign is about "õO radlans and

Lì:ie averåge deflection is about 
" 
09 radians in a coordian be

system in which it is possible to describe the deflection uvibh

one. a,ng 1e " f t is concl-udec1 th.at corrections for this Lln*

eert¿linty in the vievuing directioir, ûlthough not negl:L¡rible,

r¡¡ot-tl<l gi-ve little additional informa tir¡n in 'LelescoÐe obs*rva*

tj-ons wibLr the present sbate of Lhe art of cosmic ray teloscopes"

Liouvil-le ! s theorern 1n classical form j-s investigatecl

with emphasis placed upon i.bs application to cosni.c ray

problems . The theorem is presented j-n a pedago6ric fa shíon"



Liouvil-le i s theorem is shoru¡n to be valid in a given elec; t.i:o *

magnetie field in a phase space in which the Newtonian

nornenì;a åre used as coordinates. The relationship bel,wec::t

bhe intensity of cosmic rad:r,ation and ihe density in phase

sp¿rce :Ls derived. Liouvil.l-e t s 'bheorem is shown to be the

link betv¡een 'T;he intensiti.es o.f radiati-on in different

vierruing directions at thre same observation point. flr coll'*

servative f ietds u isoti"opíc radiation at inf init¡r impl i,es

l.sotr.opic raclia bion evei:yvrhere. ConservÐ.'Live fielrls alontr

canïlo i, prorluce the diurnal- variati-on,

A slight mocl j-f ioation of A;iford 1s model. for the Ciurrial

variation is given as an e,rralnnl-e of the breakdovun of Liourii-llers

theorem" A f rictional ef f ec i whicÌ: caurses the breakdown i-s

introducecl when the cosmic ray particles braverse regions of

burbulence in the magnetic f ield, Since Lir¡uville¡s bhreorem

has been shovøn to be val-id in a given electromagnetic f it'rl'd u

l,hat is, one v¡hich is a function of position and bime only,

it j-s conc-Ludecl tha t Lhe presence of the particles in these

tur.bulent fielcìs mus t inf luence the f,ielc]. An analyti-ca1

argumenb does not aecompany this quali'bative statemenf "
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CFlT\FTF]R OT\IE

Introdr-rcti-on to It{eson. Defleer|:ion Calculetir¡ns

Liou.¡i1l-ets theorem i-s of Len epplied to cosmf c ray

sLuclies of isotr.op;r" ït is u.sed to show that an¡f isotropy
that:is observed cannot be dire to interacl,ions'between

particl"es and corrs orva tive f ielcls " Thi s i s cli scus sed in
part II,

Exper":imentalI¡r, å detectíng der¡ice which is able to

di-scern cìiroci;ions can be usecl to investigate the existence

of isotropies in the pri.mary cosmic radiation" A oorunonly

used device which supposerlllr þs.s this pr"opert¡r is the co smic

rs.y Lelescope " In prac bice, a co sm j-c ra.y tele sco ìle counts

parti.cles comi.ng from a. finÍ1,e range of directions" There

âre four fu.ndamental factors wl:lch affecù its directlonal
proper bles ,

1'he primary cosmic ra;r particles are benL as they pas$

through the earthts magnetic field" To aeeount for this it
is necrJss¿ìry to caleulate fhe as¡impNp¡1" dir<¡ctions of ùhe

part.icles, the direc'bions of motion that the primarles have

when they first come uncler the influeïlce of the earthts fielcl,
0flten one speaks of the as¡rmpto ¡i* cone of aceeptance of the
detector" This is the solid angle contaíning the asl/rnptobic

ciirecl;ions of approach that significantr¡r contribu.te to the
lt)courrtÍng rate of the detector" rt vuas shovun by K. G* lilccracke¡ì'/

Lhat the rrar"ia tion in thre asymptotie. coires of acceptanee f}'om

station to station woul-d mean that dii'ferent sta.ì;ions vuor,tf.d
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sóû Bn s.nisûtropy in tho pri.rnr.ir;r i:¿.dj-abion in tlåf:{.-'er€r:t

ruåìyrJ. Bec¿¡use of ttie natrrre of bhe eerrùh1s znrignotie field,
purt,J.cles wil-l undorgo larger. de.flectioris a i; 1o1",¡ la bitudei:

tli'sn et )::.:lgh 1aÈlùudes, ?nercfor'çu ln 6,;ener.rltr- l-r¡w .l-stitricie

s-L¿r tj-ons gïnroi]-l oul, bho anisoûrop,v 'bee¿iuse oÍ. tholr widqr

rorlos of åccopb$ncc " Thoy also vrirl sillf't tho piruso ar:ti

rs<iuco the amnribuclr of tno anisoirop¡r. 0n the otirer- handu

'blto hÍ.git Ia'bi Lude s'bür ti-ons nore fai thÍ'u1L¡r ::of 1oc t tl:re aci:ual

anisntropy. Thð phas* ls rûorÕ or loss prrserved and Èho

ainpl-itr.r.de is Iar{lerbhan fcr low Iabitudo stål,ions. ïn
add'ition tc' Ita'i'ir¡g i:he oil$ù:'vsilon sùaiion at a hLgh l-aùiLucle u

the offscLs of.'doflocbions of the priruaries cun be:nini¡nixo<i

by sol-esùing peiri:icl-es wi'Uh high energ:ies. i{ågh enrrpjl¡

partieles are bent io èì lesser degre*, By sel leciirrg higir

enorÈ,!y pariicleË howuvero counting rates &ro redricod"

Socondlyu ùiro rilûsoTl$ doie¡eted 'by eosmic rål teiescope

ü.y,e tire resul'b of decu¡r of' pions wl:ich in turn vúerö produeed

i:. eoll-isions by the prirnar¡i' protons. Ons vvould exp*ct that

"ln gener;rl the direc'cions oi.'i;Ï:e ¡ne$ûTrE *ìnd n1-ons r,vould þe

d j"f'f'r¡renÙ 'bhan 'bha b r:il Lhr¡ Sraront particleu but from cûns€Ì"vo,*

Ùlon of i:ronentun:l cor:sldera bio¡rs u tl:.a L, i;hei-y' c1l-reettons \lrou1d

be col-li*:ated ín sor¿e crrne about the dir,:etiou of tire primary

proton. Tho qLrtsÙj.cn remaÍns as 'bo hc¡w cl-osely col-ll-rnaÈecl
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are tho mesor'Ìsj to t,h.* primary particles" l{igh energy

eol.lisions proclu.ce closel.y collÍmated second¿t"i** 
(z) 

" The

deco.y of a pion into & muon and a neutrino is accompaniecl

by smal-ï angle sea*tering and the muon ï¡eam is onì-y slf ghtly

mort cli-vergent than tl¡e origiiral beam" The Ìralf wf dLh of the

m.Llon clistriblrtion exceeds 10 only in ease of very low pion

energi,os " The pion rigtdi t;r ha.s to be less than 1 Bev /e
bef'ore the spread of muons is import"nt(3). A comrûon pro-

cedure used in dealing rvith cosnic ray telescopes which de*

tect high enerpjy mesons only Ís to assume that tÌre secondary

parti-cles are collima ted in the direc tion of Lhe prlmar¡'

particles,

iliesons are scattered through small angles as the resr-iJ.t

of el-as1,ic coltislons in the a'brnosphe re. The spreading

e¿rusecl by these collisÍons Ì:as treen dealt u,ith by Ror*i(*J"

The effect is usually' neglected.

ïn practice, me son telescones coun'b particles coming

from directions conbained in a f j_nite solid angle " Quite ob*

viottsly then, bhere is a spread in the viewing dlrections one

consldoz's due to the geornetr¡. e¡ the telescope " If only' the

solid angle of 1,Ìre terescopo is reduced in size the counting

rate is also reduced" To maintain counting rates and Lo de*

ct"eâ.se'bhe solid angle requires larg:o detecLors seoarated by

large di- s tance s .

The final aspect v¿hich affects the directional'proÌrerties
of the Lelescope is'bhe deflection r¡vhich mesons experience as

they pass through the earth!s mÍtgnebic field, Bonnevier and



s*,rob"*g(5) investigated tfris aspect of the opLics of cosmic

ray teteseopes " They considered tr.icing a particle of a

given energy, 1 l3ev, along ibs tr ajectory frc¡m the observatlon

point up to a given heightu 20 lN'n" They did this for verticalÏy

orientaiod telescopes only. They found the deflection as a

function of the magniti,rde of the earthss magnetie fleld and

the dip angle, Fbr a viewing station at l$innipeg (clip angle
ô877"I¿t and magnetic intensity B Ë 0.6054¿, gauss) the value

of tire def lection calcula ted was approxima tely lo . No a tternpt

was rnade to account for the facù that inesons are produced at

dif ferent levels in the atmosphere, No attempt vras made to

investigate horv the deflections changed with energy6

It was the purpose of this study to mal<e a more detailed

analysis of the deflections of mesons in bhe earthrs magnetic

field in order to dotern,ine whether, and if necessary howu

one would take this into account in determinlng the vlevuing

directf ons of a cosmie ray telescope. The l¡¡ay bhis uras done

was to deterrnine the theoretical distribution curve, the re-
latlve numbe:rs plotted against the deflections of the mesons.

This project was a contim-ration of rn¡ork unclertaken by E" Hung(6)

which vras motivated by experimental observations ln the cosmic

ra¡i'laborator.y of Dr" S. Standil(?)"
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Czu.PTER TVllO

Approach Useci to Detormine lt{eson Deflections and Intensity

The investigation of the deflections of inesons in the

earthî s magnetlc f ield reqlìired that three rather obvious u

but nevertheless importantn l-tems be taken into account"

First, mesons wibh opposite cliarges are bent in differont
dfrecbions. Secondly, the magnitude of a particlers deflec*
tÍon depends u.pon its height of producbion in the abmosphereu

which ma;r differ from partiele to particle; and upon its
energy lvhich changes as the particle påsses through the atmos*

phere, Thirdly, the meson are unstable particles and decay

in ftight, A procedure had been establlshed by Harris and

" (8) rq\Escobar'"', and Hung*-/ for finding dlfferential lntensities
of mesons at ground level which consldered these points. This

procedure was modified in such a way as to enable the calcu*

lation of tLre disbribution of the deflections undergone by

mesons cou,nted with a cosrnlc ray telescope" For the sako of

e orirpleteness mucli of the approach used by }iarris and Escobaru

and }Iung v¡ill be re s ta ted .

The follorn¡ing basic assumptions are necessary to the

development of the fundanental calculations:

i ) The prir,iary particles undergo all their deflec tions

outside the atrnosphere. This is usually a good

approximation as the depth of the aNinosþhere is

mueh smaller than the radii of curvature of' the

primaries, v¡hich have large energies " This meåns



that the primary particles undergo rectilinear
motion in ùhe atmosphere.

ii) Secondaries are degraded in energy; thereforee

their racìii of curvature are small compared to

the depth of the earthrs atmosphere and hence

their deflection cannot be ignored"
à.. \iii ) 'ftre surface of bhe atrnosphere is considered to be

a plane above the point of observation"

Ív ) The eartn! s magnetic fleld is talren bo be constant

throughout Lhe depth of the atrnosphere"

v) The primary radiation is independent of time and

dj-rection at the bop of tite atrnosphore,

vi) the pions, r,vhich are producorì in coll-isions by the

primarfos with particles in the aLncsphereu decay

lmmodiaùoly into muonsê

vii ) The pions and muons åre collimated in the sârne

direction as tlie primary proton at production,

This assumpùion togeti:.er rvith the previous one per*

mits one to igno:"e pions as fer as clefloctlons are

concerned u

viiÍ ) nre produc tion of mesons Èhrou6,;h pion decay occurs

continuousl¡r througtrout bhe atinos jrhere, Therefore

the production occurs continuously along any nath

considered 
"

ix) The primary protons åre merely' absorl¡ed exponent*

iall¡r ín the a tmo s phere r,vi th a rons tant a ttenua tion
lengln L. 'Ihat is, L is independent of energy,



>i) The seattering of mesons in air is talren to be

negligible "

There are tlvo coorrli-n¡Ne sysì;ems to v¡hlch referonce wlll
be i:rade " In both systerns the origin j.s ]ocated at bhe point

of observation, and both systems ai:e chosen'bo be right handed

or btrogonal bases 
"

Recalling tha t the magne tic lnduc tion, .Ð, is taken to be

eons tant v¡j-th height, it is convenierrt to choose a coord"i.nate

s¡rstemu to be called systern K, (x, ye z), such that the ø axis

is anti*parallel Lo Þ (figure 1)" The y axis is in a plane

corrtaining the z axis and the gecnagnetic a,.ris dlrected
tor¡¡ard the geomagnetic north" Tkren the x a.xis poinbs toward

the geomaenetlc eas b. thls coordinate s¡rstem is especially
suited for considering defleciions of charged particles in
the earthr s magnetic fiel-d since the deflections are the re*
sulL of the moving chargets spíral motion about the lines of
f orce . Tneref ore , irr Lhe i( coorci ina te sys tem bhe d ef lec tion
can be g;iven by the change fn the azimuthal angle, Aø"

The coordlnate system wh,ich has the verticar direction
as the Z axis v¡ill be callerl system Kl (Xu ye 'Å) (figure l ) .

I{ere t}re Y axis points toward tne geographicul north and the

x aris toward the geographical eest, This coordinate system

j,s convenienb for descr"ibing o-r'ientations in the laboratory.
The iransforma tion betr.¡e en coord ina te sys tems ltl and K

is given in appenclÍx one n

In fÍgure l, the ti:a jector¡r sf a mêson in cocrcìinate

system i( is shown. Tho following syrnbolsu given in
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Fig,ure 1. Path of Positj.ve lViuon In Earthr s Magnetic Field
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depth of ått'¡rosphere aù observation point
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*- angle between CIz and vertic.ll
resistlve foyee of alr upon lneson in flight
,-1(gm sec-'cm)

gravi-'bationat acceler,ation , cm soc-Z)
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Liniverssl gas constan'b (O1rne cm (grr rnole ) 
-l-

(oabs)*r)
.*7dcnsity of air (gm cri ")

the path Ìength of the trajecLory measured

from O upward (gm cm*z)

teinperature of atnosphere ("abs )

unit vector anti*parallel Lo the tangent

vector of the particles trajectory
7 corresponding to direction of observatj.on

the angle between Oz;.ahd !, : .. , : .

= -v! veloclty of Ìnuon (cm **"-1 )

P

ò

T

T

lo

Q

V

Before derlving the eqrìations r¡¡hfch are necess&ry for
ihe oalcul-ations perhaps a word should be said aboub the

general procedure to be followed" A telescope ¡¡rith a given

orientation is taken" (Here only dircctions in the equatorial
plane v/ero considered but the argument is nob rostricted to ,, ,

this case") One t?ien considers a meson of a given churge

wÌ'lich arrives at the teloscope wi th a ¿iiven ênerglr" The

me son? s tr"a. jectory is bhen extended back to the top of the

atnosphereo allolving for energy loss b), the particle during
fligltt" Once ùhis has been achievedu the nulnber of mesons

producecl at each point along the trajectory, whicle have the

proper energy at production to Ju.st reach the telescoÞe with
the correct amount of ener6lyu is found. fhe no:çt stelr re-
quires the determinatlon of the probabflity that a meson pro*

Cuced at a given poinb on the tr'ajectory rn¡r'bh the righb amount

of energy will not rlecay before reuching fho terescope" The
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trajectoryu the number produced at each point, and the pro*

bability of survival, will be sufficient to calculate the

nurnber of particles arri.ving at the belescope v¿hich satisfy
given.conditions"

For the purposes rec1r-rireci, the delbermin.ation of the

trajec'bor¡r of a muon is equivalenb Lo finding the deflection
of the partfcl-e togetLrer v¿ith the path lenp¡th s and the angte I
at each point of the trajectory"

The deflecLion can be fonncl by consldering a muon in
flight, The equation of nrotion is

but

equs

-4æ4t

Therefore,

#= -rþ #-I4Æ = -l'{.ê + FT

llowever u 4 =v. Applying the chain rule and dividing&

- q¡2'xÐ +f
-t'- c-

+=-t!
F 

^-.F = r!
; = - vT

Take i;he dot prodr,icb with Ï of both. siiresu remembering Lhat

T.!=trmpties rhar ffi.? = o

á.rP. - FAT ç (5)

Subs ti buLe this re,sr-llt inbo equation (4 ) bo g:ive

-G#-Tffi=-$!:o+

C)1"

#= 4=

(1)

FT

\á )

(5)

bv v"

(4)

(bl

('/ )
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j¡rom the definitions ,4'--d!-, so that,(

d.t' - g-g'!-!s""rts
Recalling that Ê=(o,or-6)z equation (g) yields

Áry= 
Sfr.as

Árl = -¿e ?o /s
ãrà= o

'ltlese equations give

Å.(rr*;r!) = å?fr 
ds(t -;7r) = t?É ls(r*+iTp)

r¡¡trlch can be lntegra ted to give

!^tWJ= {"ffi å-s' = -iJÉ+as'
One can wri tø fi,+iTlo = "oX."ta1t 

,g'f:, 'fherefore,

T* r ¡Tl =.o'.'nl' u' fØo-'[t+fr ¿'t'J

fhe third equation Ín (9) yields the result,
-j-1 

= coi"istant

One can also v¿rlte

T - n,,,' e (* ^f "+*/l *A c.trt e

0n comparing components of T, it is folrnd thab cos

Thls implies that ê = constant and sin @ =constant"

ø = ø'-fiaas'

(B)

(e)

within one per cent for 3O< R+5<6000

the residual ranÉle ab any point along

an åpproximate expression for p ås a f

t - I /S¡.S -o.oozo?)F- ¡r\æs )

lhe follovring empirical formula which

(10 )

(1r )

(rz¡

(rs)

(r+ ¡

@ = cons tant.
Ilence u

(rs ¡

gmc

the

unc t

15 â

*D
fi ",

tra je
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c cura t
v,¡here 
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P is obtained as a fi.,ncLion of
PV =ryfrtr

M
Cn subsfitui;inE

P=(o-slfl
¿lrrd p=Ø- ÍIT-J
into (f7 )

I-RT
I Yt7@- H)

value of ß-used was 287O cm, nv_, - 1.9'lo Ir @nT

The

b,ha t

The

into

*L2

subsbitution for p and P from eouations (fO¡ and (20)

equation (fS¡ gives the resultn

QG)-do = -23?oR8 f'f 91't-- -o'oozor] TCH)d"st

7{ J. Cs6+Á+s, J lõ-¡r)
v¿here the usual function nota bion has been used 

"

From the def initio¡rs of J , S, and Il it is seen th¿rt

Ás= &
c'tre À(¡tl)

il by usin¡1 the ideal gas }¿rr¡r.

(rz ¡

(rs ¡

Vihen tÌ:.is is suì¡stituted inio (22)

^q(H) 
= Íß) *fo -- î|pé.tï*.- o oozo! #, #o-, G3)

^da\p rs t_n radt-ans.

Sì-nce J i s the angle be tween ? and ttie vertical i t is
ct ear tha t c o s ). = e,T = Q{ o r +,u^6'-*',fr ..^ d )' ( ¡a';*e".= d**eepa{ +'( cr''e)

or cõc ) -- ro'.'^{'**e P;wl * * îí^-t" (24)
cos J is then a function of Ø u. ú'und @ aré constant angles,
If sirr / is exr;anded as a Talrlor serj-es about I = Øo, cos f,
becomes cos I = ßi". |'nrxe fn;* $" + aQ "^o{" - b#' ryfu - AP3+1"

+ Al(&t--...J+c,û!.¿^''oroo (zb)
z1

By rearranging terrns and br,rking the series only as far as

necessary for the calculations (t2) one gets

r,,'-a)H)= <-'t)o + ,aøt'*o^e c,o.f"b4uü- *l G6)

a p)n t'*,¿e e,"fo f t*fl + 
^øTH)f

(ro 1

(osns)-1 (for dry air); so

(20 )

(2I )

(zz)
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v'rhere cos Jø -- rn',t.', {',o'^o ava'{" u t'tft f 'col e

Equation (22) can be inbegrated to ¿:ive

Sra¡= fu¿U'--= {p7}vo c.trq. À(H')
Ectruations (Zn¡u (20¡, and (Zz¡ constiLu.te a seb of

coupled inNepçral equaLions r¡¡hich are difficult to solve in
closed form" ühe follovring ser"i-es of successive approximatlons

can be used to sol-ve ì;his set of equabions:

i) InitÍally choose AØ(tl) = O

il ) Substitute into equation Qg) to give initial values

for cos f, (H)

iii ) SubstÍtute into (ZV ¡ bo f ind S (ri)

iv) Puf the values of S (It) bacl< into equation (%) to

obtain nerv values for A Ø ftl)
v) Find refined vah¡.es for cos ) fHI in equation (26)

fron the AØ(U) above" In turn, find S(Ti) by

using the cos ) tn¡ in equation (27) " Repeat

steps (fÍi) to (v),

ïf tl.ie series eonverge then repeLition of bhe above process

gives values which are cl.oser and closer ùo the cor::ect.

solubions, Some criierion can be established to deterrnine

where the series can be termÍnat,ed,

Once the trajectory has boen for-rnd, the next step is to

get an expression "1or trLe number of a.osons produced at each

point al-ong the tra joc tory " Sand* ( '3), olbert ( 
'+ ) , and llarris

and E*cobar(15) developed such a rerationship" Empiricalr;r

it v¿as deber¡nined that at the top of the atrnosphere the numben

of mesons produced per gr¿rrire per seconcl s Ëer s teradian, in a
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given direction r¡¡ith resir:inal ranses at prc>dnction in the

res,:ion iì'to p'+dR'; G(R')dR', vias such that the relationsÌ:ip

Gß,) ¿Rt = A (a+ R',)- ^¿&t eB)

t¡Jas valid, where ÃuQ um are perameters " It was reasoned that

onl¡¡ îrarr could depend uÌloi1 bhe observabion noint and directlon,

since the counting ra^te for hig;h energy nÌesorrs rn'oul-d bo in*

clependent of these fe.cLors" In facL i.t rvas shov¡n thab 11år! is

a function of the geomagnetic cu'boff'rigidit)'c¡nry' Tnereforeu

th.e empirical dif ferential range spectrurm at production should

bo v¡ri tten as C (if 
r 
ra )dR/ . AL a poinl, belor,v ihe top of the

atrrosphere t} e number of rne sons produced v¿ill differ frorn the¡

number produced at ühe top of the atmospher-e by a faetor

which accouttts for the exponenLial absorption of the printar¡r

prctons " thus at a point belov¡ Lhe bop of the atmosphereu

the riunber of rnesons prcduced per grarr,e per secondc For

s l,eradian, in a p;iven directlon, suctr that the residual- range

at procluction ts 1n 'bhe region Il' to It'+ ¿p'u is given by

G (,('¡ a-) st¡þ ( - t/t-) (2e )

where y is the atrnosphere transversed by the prímary proton

before prodr-rction and L is the eonstant atüenltation length

for the absorÌrtion of the primary protons. From tkre assLlmp-

tion of rcct ilinear motion y= # where l i* the angle

which ttre negative tangent to tkre protons trajectory nrakes

with the vertieal " 'lhis of course j-s the sane 2 ^rsociaLed
v¡iLh the mesonr s motion aN production since the meson is co}-

limated j-n the samo direction as tho protc"'n" By putting in

the experimentatly determined valu-es of A,



'¡ ,lsi* i{ ï04 gm*2 *^2 =**-l stero.d

) =,# .';rc[*i#^J e-'*""2' &nÃ',ro,
for loO(n+s<6000 gt "*-2 

(16)'

Since negative and positive parbÍcles experÍenco de-

flections jn opposite directions, they are treated separately.

'his means bhat it is necessary to have separate range pro-

duction specNra which depend on the charge" To find these

quantlties G4 and G-, wirich r^¡ill- be indicated by G- where 6:=tt,

it is useful to recall that because the primary particles are

predomi-na'beI¡r pr"otonse conservation of charge rec¿uires that

nore positir¡e then negative secondaries bo produced. 'Io

account for this one introdu-ces the positive excess at pro*

ducùj-onrf. f, iu cjefinecL by

ar* lLj

3

on5 5"58; and L, LzO grn cm*"u

[(Rnsro' - (G*- G-)' I'r-¡Çff¡ã
r,vhere G++G- = c(Â+Sra).

G*+ G- = G((+S,c)

and G+ - G- = +tc ((+s¡ @)

z
Ihe solution to these equat

Gr= * L, + Y f( R+s, a- )] c cR"s, ø'-)

Tf Lhe oxpressj-on for G(R S,a ) from (SO¡ is substituted

Go-( R+s, o-) ÅR = !þ +irr( + s, -,]ffi+-'A+ [l2" l ¿'t

- -' o;'P*o¡'"&-'yr4 ß
In v,iords, Go.(R+ Sra )dR is the nurrrber of rnesons with signo.-

produced aù a point S along a trajectory, ln a given directionu

per grane per second E per s Leradian, and v¡hich have energi-es

at produetion in the range R +S to Iì. + S* ¿n" If these

particles survive the deca¡r proces s ancl reacli the telescope

(sr ¡

Tlius

(zz¡

ions is
(ss ¡

;tnra j....

(34 )
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they will have residual runges in
Lei üI(R+S ) be the prol:a'bi1it¡¡

enerpìy R*S will- surti ve a cl is tunee

the l¿ibora bor¡r frane is
./ur' = --L.,^s'æ

wlrero T'=T/dT:GTl and ,ì.is the mean tife rime of tlie

mesons in a frame at rest,. ThaN is, the rate of change of
probabilit¡r a b any bime is proirortronal l:,o the probabiltty of
survivaÌ up to that point. The element of time,

ár=& =-'4f=Gfw
Then Lr.pon subs ti tution into e qr:a Nion (gS )

the region R to R+dR,

that a neson produced with
S, The lav¡ of deca;. in

Flowever,

dt^>'
lat'

Tìl.rrrc

1tuhen tÌ:.i s

A=Lr-F@
'ry = þ(Ås

tr-, / p6Z
is integrabed,

k[@J= {Ëåtr 
={'ffi'"'

Recaltin6i eqLtation (ff ¡, one sees that

ft Ås' = yø
tj, ¡F- T6

Therefore e upon subs t,il,ution eql-ra bion (+O)

æ({+s) = -e4dì" fï#]
If Aø is expressed as a function of Jì s¡6

a funcbion of ¡l and li"

Ås
f trT/{-l=f-a/cz

(os ¡

(36 )

(37 )

(¡a )

(ro ¡

(40)

becomes

(4.2)

F] then úJ is also

(4r )
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Using the results contained in equations (23) u (ZO) 
u

(27) u ß+) and (+Z¡, it is possible to find expressions for
various types of intensity " 'Ihe number o-f par bicles of
chargeCl v¡hich reach the telescope lvith residual range R to

R* dR and v¡hich are produced ab a point Se in dS, is given by

Gú-(K* S ¡ a) dnrÅ'S at( 4' s'' o) (ffi)

.õ\ +[-!rtrn+',-,J,gg.iff[i*,r,J * .Ås an 
{¿"+)

c-" zo;.i I n*'¡,*l'- |

ïf this expression is integrated over the length of the

trajectory, o to S(D;n the result is the number of partlcfes
of charge G- which reach the telescope v¡ith residua] ranges R

to R + dR, Thfs Ís eommonly called the differential inbensity"

Thus, the differential intensity spectrum for particles with

charge o- u in(RrT") , 1s given by

"o ^in(R,J" ) = I + f + ln tcno, "lrMrX+[:,H,:ù #, 11,
ft;tpo,õ'tpro,o*4- 

t

where the ir,tlg*ution over S frorn O to ,S' (.o) tras been replaced

by an integration over Ïi by utilizing reletionship (27),

Notlce that Nhe in'bensity is a function of the telescoÞe I s

vievring direc bion To . It is reaciily seen that bhre corres *

ponding integraÌ intensitqlat(,T")¡ can be found when the in-
tegration of the diffenential lntensity is carried out over R,

Ttre lower lfmit of R is the minimum energy needeci by a meson

in order to be counted, 'Ihis is determined by the tel,escope

geomotry, This limít must be consistant with the restrictions
placed upon the calcula|ion by equations (f0¡ and (SO¡. Thess
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-rÐ:r'brir: ì; jr-o¡rs ¡-:lurce üin upl?or liicj- i: upon l:ho i-¡Ì;g¡1ru i;ic1" Tt
h*s t¡erln cs'bliliûted íh¡.i Less ths,¡: on$ p#r cenl $Í' fll:* por''biclss

eÌ¡:û i¡6nored i:¡r åinpci.slr:¿-i' i;ile cons1,¡¿nts of thestl 1j.r¡li.i;$ { 
'7 ) "

îå, fi"\= Jh,' [ "î D +! t {{a+E 4]###e [#*,1 4¡# d N â t

,çrr2 e_a¿t ptn,¿-l -t 
{ 46}

rrI:"

ps

tr¡

"¡ fr

o r"o l.tr t lì u lf , a)= .o:i of '+#ú!l
.i.'f ict^.rs wtri.cî: 

"*ul*u 
U;" : 

bsle

R* anri r-vhiclr ai:e Ðr'ocl.uceld L

,:ti ii ¡nl.r i ¡ri'
l',J. r vr ¡

w (s ¿, (, ) =. f f 
!, t+ { o- frn* s, o,J ffi. #c t 

-a#, rr'W| ##u,
Jff' ''l1, 

ûl"r zv¿t &ú-t' {r¿"i }

'fi:c Õquû'Ðiûns dt;:':i-vcel h*r'* ,çt¿eï.,Ð

c.ÌåstriL)uLion cuT'.í,/o of Llie de,-il-estioils

r'ilìülÌinl{ Li-:c 'be}oficrf ps,

süopû

n tho

Fj-r:allyo i,h.e numbÕ1" of'

witit s,ssi-r1"ÌelI r"ùrT:ges Bl
irrinli:û Hl tti HA, t¡i (HZ, iìp ) ,

:,¿ g,:]d tr: o b til lyi a

und*i.E:*ne¡ by ne sçìirË
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Numerical Computa tions

lhe deflection in the earthss magnetic field undergone

by a lneson of charg€C, which arrives at a telescoÐe in a

given direc bion, depends upoTì the residual range, Ru at the

observation point and upon the height, H, where tl was pro*

cluec+d" Because this is so¡ it is possíbIe for particles

v¡ith different rangese RI and RZ for example, to be bent the

samo amount u AØ, providecl they aro produced at different

heights, Hl and H2" Given an R ¿rnd a height of production,

H, equations (23) u (26), and Ql) can be ernployed to give a

unique value of Aø, li'Jhen ùhese values of R, llp and bØ are

substituted into Lh.e integrand of inLe¿¡ral (+Z ), ttre numben

of particles produced at height I{u with residual range R at

observa ulon ls given by the value of this inte6çrand. These

are not necessarlly the onl¡r particles which undergo this
ileflection, Aø, To obtain the distribution curve one must

add up all the particles which h.ave been bent the saïne ameLlnt"

'Inelvay this was done is the subject of ùhis section,

Because an expression could not be found analytically

r¡¡hich gave the dis tribution curve for a given vievring ciiroc *

tion, it was necessary to construct a histogram lvhich Ín the

Iimit as lhe intervals became small would give the smooth

curve. One way of cloing i;Ìiis was to break up the R-II plane

into rectangular boxes bounded by bhe lines of constant R and

FI " Corresponciing to the i ¡TlI Uox there is the number of
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particles wlLich have residual- ranges i n the interval Ri_, to RÍ

and which were produced at lleights betv¡e"r H¿_, and ,t4" This

number was found for eaeh box in the Ì:lane by using equabion

(+Z¡" In princtpleo the boxes in Lhe R-Ii plane could have

beon chosen so small tha1, a11 the particles associated lvith
a box underwent approximately the same deffection. An

average cieflection u¡as found usinE the values of the deflec*
tions copresponding No the RqH nairs at the corners of the

bo,.r. T.he number of particles found for each box l,uas then

associatod r,vitir the åverage deflecLlon for that box. ,The

spectrum of deflections was divided into intervals and v¿hon

it was deterräined in v¿hich interval the avor,rge defrection
for a gi.ren box fel] the number of particles for thab box was

added to the existÍng sum of particles in that interval " \¡fhen

this lvas done for all the boxes in the R*II plane the histogram

\¡úa s obta ined 
"

Int,egrations were approximated using the trapazr:Íd niethod

as this r/ì/as deemed sufficient to obtain results lvi-th satis-
factor:f acclrracy" The top of the atmosnhere was taken Lo be

11 : 1OOO g* "**2. 2OO g* "*-2 l¡/as taken to be the minimum

residuaL. range req.uir"ed b)' a mesorì in order that it be counted

by the tele scope o Thi s lov¡er e nerg)r ci.rtof f corres ponded ap*

proximately to the lower energ.y cutoff of the non'rotr:ting
cosnio ray telescopes of l)r, S, SLandil and i1" Brigg;s at the

UniversÍ t¡'. ef iitani to¡u(js) T{re maxirnum value of the residual

range at obse rvat:i-on rvas taken to be 44OC go "ro-2. The reason

for choosing this value lies in the faot tkrat R+S must
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s¿ìtisf¡r st a1] points along bÌre Lrajectory bhe relaLion
lOO < R+ S< 6000 g* ***2 in orcler that relatioris (fS) and (30)

be valid. l-or a telescope located on tne påral-IeI of latiiu.de
passing thr.ough ïdínnipeg¡ 64.4oN, :ìncl in the clirection j-n the

lÉ
equåtor"ial plane, Í= O, tliat mal<es tl'ie 1e¿ist angle r,vith ttre

verticaÌ, the apparent depth of the atmosphere 1s IOOO/cos 64"44
-2 -egm'üm , or 1600 gm cn'-. For any other viewì"n51 clirec*

tion j-n the equ¿ìtorial planeu7, the apparent denth of the

abrriosphere is girren 5u looo/cost cos ö4"4o g* "*-2. 
The

maximum value of R-l-S for any vieuring dire.;cLicn is anproxi*

mat,ely the sum of ii ¿lnd the apparent ciepth of the atinosphere.

Siric tly speaking theref ore, the maxirnum residual ran¿¡e aIlov¡ecl.

in tirese calculations does depend on the viewing direc bion;

horn¡ever, since the calcula tions $/ere performed for snrall I t s

onl-ye this depencience w¿r.s ignored " llo te bhat the cåse of

large f can be readity baken into account wiLh only a srnarl,

rnodificaiion" In practico there are fimits placed upon the

nunbe;r of t¡oxes one can consider in the R-li plane and on the

s:Lee of the intervals consirlered in the deflection spectrum,

As the carcri.lations were coniputerizedu these limits v/ere re*
la becl to the finite cepaciù.v of the computer memory u-nit ancl

by the finite spoed r¡vith which 'bhe eomputer operates " rt was

,Lecided that.ol radians urr¡urd be e reasonable magnitude No

takc for the sj-ze of the intey'vals along the Â{/ ax:-s of il:e
cìistribution histog;ram" The basis for Lhis decision was the

facL l;hat Lhis would give about for by points beLween zero

deflecti.on and vyha t lyas estima becl j;o be tìre maximum" The

* Fo" cle ,f ini.tion of I *u" page 72 "
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sÍze of the boxos in the R-iI olane were originalry chosen to

be AH =4O gm cm-z and AR= ZOO gm "^*?, This corresnonded

roughly to the ]imits of the capability of the 1620 IBl't

computer, ft became evldent after examining initiaL results
that the size of the boxes would have to be changed" Síork

v/¿r.s transferred bo tÏ:e TBIti{ õ60 v¡hen it became avail-abre,

All equations and expressi_ons u/ere put into forms that
sJere convenient for numerical computation. The follorving is
a ]1st of rolations adapted for computer manipulation of the

IIJI\{ 560:

Í) The atmospheri-c height rvas divided into 160 in-
bervals by i,vriting 

^-..c¡,r_z
//= H(N) - rc+a- +oN l'^'

= zoo - +(N - ar) P "^'
= +o-'+(t'J-6r) Tõ"

fi) The intervals of residual r'ange at observationu R

ï\rore given by

ft= ß,(t) - tl'(oo- L T o'*' L= tt2r " " 'lo 
(49 )

Tho intervals of R and I{ defined here indicate
hov¡ the R*II plane vras divided into boxes in order
to facilita t e tl:lr n umerícaI computations 

"

iii ) Equabion (23),

^þ( 
ß, H) = -yfuÉJ 

T*;=nm 
o.ooz"tJ Hl #,o,

r.J = t¡l¡ 1ì
¡./ =12,23¡. 6l I
N = 6a\63)""61,! - e-)vv) 

J 
(48 )

rrvas converted into a usefuf form by writing
uß)=-iT#ffi,¡t (+) N=/,¿ . .. /é;

=-o,o186754.3q'-ft^! 
P¡*"s AH =#o 1"'t<'¡ã'

U(t6t) z - o. o1g7 S+S nT ( 16Ù

tooo - ¿/(Ñ)

(so ¡



ând

vß) = f s¡'s
(-5é'rff+S {Ñ¡

Tnen
,,J

.A$(A)N) =Ë. {uu:'¡v 
¡r,'-¡

* D7.

N

Aftt,il = Z
Nttzz

¡!
Af tt, rt) = 

_ärf- W 
+ ol {t,rt -')

tlC¡t'- t)V (¡'¿ t-t

Her"e bhe d'ifferent forms of AØ(f,rX) correspond

to different ranges of I{" AH was taken to be
ô

40 gm cm " in the definition of U(ü)" However,

in'fact, Ati has Lhe values 40, 4, and u4 gr **-2
depending on ùhe range of H one is integrating
over. Notice also tha t in equs. L¡lon (SO ¡ a special

si Li-ration exists for U (161) , This arose because

mathenaticatly equation (ZS¡ diverges if H j-s

allov,¡erl to take on the value D" Ttre expression

used for the density was found by aoplying the

ldeal gås .l-arnr to the abrnosphere. 'Ihis implies

that the a trnospher.e is of llmitless extent be*
o

c¿lus. A*Jr#, , where h is the he ight of tÌre

atmosphei'e in crû" T'his in turn r,leans that E ls
taken as ì:einp; constant to iníinity and that mesons

are produceci ever.¡whore n lllthough the factor åc*

countÍng for ineson decalr, is an exironentj.al with

+ua

d

)+

((N')

u(^

lo

+a!(trtt- t)

.. t I

N

¡l=az,L3r""'61

(51. )

+ 4l(ArN-4

N =é2¡63r-" -/61

(52 )
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exponenb proportiona] to Afr and limits th

of mesons with large Aø to sma]l values;

necessary to restrict the values of AØ in
numerical calculatÍons to finibe values.

can be done by not integratlng to the very

the atmosphere or by inbroducing a new exp

for the clensity in the last interval of he

The latNer effectívely constrains the aLmo

to a finite region in spaco. This tiras don

fornally D*i{ = 1 g* "**2 wù s subs ti tuted int
ideal gas law to f ind l,he densi ty " ït sho

no ted tha t if the in terva I o f hei ght e A IT,

causes the dif f lculty is small u the nurnber

mesons surviving to the telescope will be

and hence it Ís not a matter oÍ gre¿it impo

ln which of these tr,o¡o l¡/ays this interval i
1v) Equatton (26)u which gives the eosine of b

between the negative tangent vector and th
'c;ra à(H) ; {,ûn 7o + N^ [trt"^ ê @ lo [aøG) - g

+F,,rôät 
. r 7

Ar'^€ ú1, L-ry + 4
was wrifben

it
+

rh

tJ

re

ig
sp

number

is
he

Ís

op

SS

ht
he

v¡h

th

IO

A

en

f
n

H.

¿æ.2(t{) = €,crq 2o + ø¿^t' Êthe <*l/rb#

-JP;^ t' e* u ùl' [:f '4 
"') 

-
z

L)

c

and cosTo = ¡a-'îttß"^eî-*.-'do

v) Equation (ZZ¡o giving the
s(H): f 

u-4!:
vo cú{ )lIl'J

hic

f

all

anc

tre

an

ver

q
DII

el

e

h

I

e

ated

g1e

u]-ca

+ cøn( '.-"e

path length

,ìrj - a.

]t
'(Lt N

I,

l7
(55)
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'.:;;"= 
t.^o.o [*att.**,] ::1,,1,1 (ba)¡'t'=2 

^/=¿)5) f

.,r,=É r.r[#,*,,*h,rl: :: .],,çN'=2? N=¿1lt3r' t'f
rr

srr¡ = t,""'^[*rr,r*h;i::-i] ,, IN,:22 F v-t'(' 't 
¡l e 6ar63r..-_ rtt

vi ) Equai;ion (+V ) r¡¡hich gives the nurnber of parbicles

associated with a box in the R*Ii plane,

\¡/as evaluated in steps.

Yrr) = ! [t*¿nrt,]#i*;i,,Fî## (ss ¡

EpsLoil (¡) = --9J{ a/ú'r,L) = -8.2651t1a- Al (¡/r L)

18i"
flr.en tÌre

tele s c ope

produced

n(m) is

number of particles arriving at tÌ:e

wi th residual ran€1e R (L ) , havinp: been

j-n the interval of height H(t\i-I) to

x(^i,L) = Y(r{) +f(ru-r

oxcept lvhen N=22 and N=6

lo
ancl X(¿e¡L) = Y(ø27+\(tt)

/o
Finally !ï(ÌirH) became

X,zzt¿) = Ycer) nYß!

W(N tL) = X ( N tl-) + ¡¡N, l-t)

],lotice bhat tR/2 \,vås not iirclucled

cuuse only the rela'bive number was

(se ¡

(nz ¡

(sa ¡

].n rilt(flrLJ be-

of importance
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ånd

The

*¿6
A-d is the sane for all

val-ue of the deflection

folind fromwas

V}II.l

r
nl= !l t$@-r,r-t)+a/rrv,L)+ ¿/(r{J¿-r) +/ôt'(N-¡)L)] (59)

Lf L'

Oncethedeflectionandrelativenumberforthe

id-L box was found, the N-L box was brcken into

4 snall boxes " 'ikre rela bive nr'¡mber was taken to

be \|ü(li, L) for each of the srnaller boxes" I'our

average def"l.ections corresponding to the four

boxes created vilere determined fror¿ the value AN

assigned to the centi:r of the N-L box and from the

values of the deflection at the corners '

Tho avorage deftection for all- the partlcles

counte<ì g;i'ren hry tlie ratio of the rveighted surn of

the deflections and the sum of the relati.ve numbers"

ol = so/se (60)

The computations vrere done in the fol-lowin¿5 order:

The sign of the partlclerc p wâs chosêrlo

For a given value of L ancl R=R(L), A ø(t{) l¡IÐ's

set equal to zero f'or all N.

Cos l(n) was deterrnined. for all Ìi from eq*ation (55).

From equation (54 ), S (IT) r¡ias found for all l'Ì.

New values of Af, v'te,e deterrnined from eq*ation (52).

Àrornr values of cos 2tuI were found from (55)"

New r¡alues of S (¡r ) v'/er€ founcl from (52 ) "

If the ne,/v value of S (161) ciiffered in absolute

value frorn the prorrious valu.e by rnore than I g,* 
"**2

interv¿1s "

for the N*L box, AIle

rx/

i)
11 /

r:l-l J

iv)
v)

VLJ

vii )

vrr_l )
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buù }ess tiran 9OO gro *^-2 the computations v/ere

repeated frorn step (v), If the critical differ-
ence u/as less Lhan 1 pyo "*-2, the new values of

S (N ) vi ere us ed in the ensr-ring s beps 
"

ix) The steps from (ii¡ to (viil) r¡¡ere repeated for
all ùi:e dif feren'L r¡alues of L.

x) Ttro rel¿r bive nu'rnber associated with each main Ì:ox

was found fronr equations (55), (56), (5?), and (Se¡"

xi ) The deflecbion associa'bed v¡ith each main box was

found from (SZ ¡ "

xii ) The defl-ec bions and the relaIir¡e nurnbers associated

belonged and th3n the appropria be rela bive number

\¡ias added to "b,he existing totaf for that intervaL"

xi-v ) Ttre average deflection was found ,

xv ) Tkre whole process rvas repeated for par'cicles vuith

the opposj.te charge to give the distribu'bion cul3ve

for the ¡¿ielvin€l direction chos enu I o

Three pieces of information had to be supplied beforo the

numerical v¡ork could be startecl " Firs!, bhe value of lrats in

equation (Ss¡ had to be given" Because rrar! changes slowly

with viewing clirectio*(11 ) one val-ue vriìs used for all direc*

tions" "a*u ïvas taken as 510 gr "*-2{zo). 
secondu t}:e posi*

tive excess at prociuction, f(o* *, a ) ,rvas replaced by the

positi've excess al sea level, because the forrter \4,¡å.5 rrot

knov¡n(z¡ ). The triventy values for f tnl vrere read as data in

xt_r}.1

with each of bhe smaller boxes was found.

IL r¡¡as deterr.nined in v¿hich interval each def l-ec tion



the prograï1 (appendix tv¿o ), F'in¿tIlT the ternperatlr.t'e r,nJ€.s

determinod at various Ï:eights fron daba for The Pas, Ìtlanj-tol-.,a
(zz\

¿r.s th:-s ll¡as the only data availeble' ', fncorporating; bhese

values in th.e equatj.ons described previou-sl-v, a progr¿ìm lves

vu,ritten for the IllL{ õõO v¡hich quickl;r gives the requi,red

his ùogram for dif ferent val-u.es of gamma (appenclix Lhree ) .

Because of the limi'bations of tire IEl\{ 1620 conputere

saùisfacLory results were not obLained u¡Ìren atLempts 1¡/ere

made Lo calculate the distribntion histograûÌ on tkris machine,

u.sÍng the boxes in the R-ri plane method " lin alLernative fìro-

cedur.e v,¡hich v¿as tried is briefly prosentecl here for Lhe sake

of cornpletoness; å1so bec¿ruse it nriglit be â convenient sta.r bing

point for future calculations.
Àgain an atNerrrp-b v,'as nade bo coi.lsiruct a distrj-buticn

hisbogryam v¡ith "Ol- radian j-ni:ervals along lhe AØ axis " This

rnethocl amoi-rnted to integrabl.ng equåtion (+21 in the R-I'I p1-ane

b e triye en contours which corï'e sponded to cons tan b value s of Aø ,

the deflection in the K coordinate s¡rstenr, Às vrritten, equation

(+f¡ coul<1 not be integrated analyticall-¡'o br:'L this difficul-ty

l¡J¿ls overoomc b¡¡ f itbi ng surfaces for tt'e rela Ui ve number as a

funotiorr of I't and 11, a.ncl for R as a function of A/ and lT.

pol¡r¡çpio1* of fifbh orcler lÂ/ere fit by tire Ie¿rst sguare methrod

to a group of points generaled in a previous proÉlram" For

each ¡:oinL, f'oul, col"ï'espondi ng qr'rantities \Ìliere specified, Lhe

cleflecl,ion, tire rel-¿rtir¡e n-urnber, the Ïieight, ancl the residual

r,?n€ìe at observation.



In the argument bl'r¿..t follows the syrnbols defined bel-oltt

v¡ill be used "

rilf I"i1\ri

RN'(tìrfl) relative number cf particles corresponding to åt

height of production Iî and a residual ran¡re at

observe 1,i-on R

P defl-ecti.on (radians)

iì residual r¿ìnge at observabion g* "*-2
Ple PZ values of Ceflection alcng contours v¡hich act as

lirnits for integrertion Ín equation (+l¡

Ë.1, Hz limits of integrution for Fl in equation (+17

IN vras assu-med tirat tL-Le relative nunber, RN (iì, Il)u coulcl

be repï,esentecl sufficientl¡r well by a fifth orcler pol¡r¡e1n1*1

in R and H,

*- number of particJ-es v¡ith deflections betr¡¡een t'¡¡o

s'pecifieil values of A ø "

RN(n, Ð = É*,rtr¡i-rHt-'
.r+å < I

and bhaL the residual range R could

fifth order poJ-¡rnomial in P and I{e

K(f,¡r) = ,f,t, Dr& ,!_t ufu-t

a+{ s?

Tf eqLl¿ltion (+l¡ is inLegrated

bhe R*Il plane alonp: v¡hich P has the

tivelyr'bhen lhe nu.lnber of partj-cles

Pl and P¿ is given by
r | ßÑ (ß 

'Ð ÅR !"t-lANun =J ¡
Cn substitution from (61)

be apor"oximated 8.s a

(62 )

between two contours ln
values P I ancl PZ respec*

rr¡i th def lections betvveen

(61 )

(or ¡



lili [iiú = 1," J::,Ê,')1,,,;" 
ßi-'Ht-'dR / H

I;y integra
nlz

Lr\l[ili = I

Ju,

1¡'rtren Pl and Pz were subs ti turted into ëqr).a tion (62) , R (p r , H )

and R(pZ, H) vrere founcl es po\trer series in Ii. Fþorn these

series, the pou/e rs of R (pr ,H) ancl R(p2,¡I) \i/ere obtainocj * T'hoy

wí-ire wr'í j;l,en

6t{ et, ul = Ê. a #e'\ H^-'
,i=t 

(66 )

ting over R

Ê'f utlo'nu)i-'tu
'i:rir=; i t6<et,tt)

r,vhere Ql;rt1

and fr; tet., t4¡ =

Equations (65), (66), and (69) were combi-ned to p;ive

= E-ä^ro-'
l=t

"H'¿ 
L

ANun= | ZL,r,tr.'_l,*i

t =5i+t'Ë" å'*' (t) ¡¡t-t

(e z"l ¡

t=t

l"ina1ly, lntegration over Ii gave the

åNur,,t = Ê,i,'r¡[î,+t fei*z)r!- 
a;@)t')

r

- 5;+t -c,, L4,l

i¿+i 1?
This method of ob Naining the dis bribution of cieflection

histog,ranl lnias programmed for Lhe IÐl;1 560 cornt:uter, It did
not give sa bisfactory resL:-lts " becaLrse the polvnomials vúere

poor approximations to Nhe ac'¡ual func i; j-ons 
"

(6s )

(/.t (ft tt)
i rj

(67 )

(6s)

H*-,J Ht '¿H

required relatio
gi **t-l gr r*i- ' ì rÆrr F+4-' J I

(eo ¡

nshi pu

(zo)
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CHA}'TER TCUR

Discussion of Resu1Ns

An elementary consideration of the deflections of mesons

in tire earthrs niagnetic field r¡¡ould lead one to believe that
the distribution curve for mesons of a given sign v¡ould be a

function describing sorne lrind of peak, That is, smal.I de*

flectlons correspond to rnesons v;irich \nJere procluced ne¿lr the

observation point or Lo mesons produced v¿ith large energies 
"

Not nanyexponentially attenuated primaries reach the lov¡er

layers of the atmos phere to procl.uce mesons ; and there are

fewer mesoTls producerl v;ith large energ:ies as the ¡rodLrction

spectrum employed indicai;es * On the other hande ono v¡ould

exp<; c t f ew neson*s to have larg:e def lec tions " Large de flec bions

corr-esponcl to nesons produced in the Lrpper regions of the atmos*

phere" Since mesons decay in flight, fer¡r v'¡ould survive the

large distances necessary to reach the telescope. As the sur*

vival probability is controlled by an exponentiaL factor it

is likely that the dis tributj-on clrrvo for def l-ections v¡iIl

behave in a sorner,vhat sirn.ilar manner for }arge deflections o

For r¡ery large values of the clefleetion Lhe rel¿tive nrimber

of parùicles should tend torn/ard zero" Betvreen the extremes

in deflection one would expect the two facbors, one pertaining

bo the. nurirber of particfes produced at a given height and the

o thor concerrring the survival- probability of the mesons n to

procluce a maximum,

The qualitalive argllrnent doscribed above is indeed supporfed
quanti-tati.ve

by thé
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curve" Bxanr¡:1es of the type of cllrves obtained using the

progren given in the appendix are given in figures '? and'Õ"

1']rose curves corresponci to viewing direcLions of ganxma eclual

to 5 and +25 degrees respectively " 'r'here aro tu¡o peaks, one

for each type of cir.arge " The positive particles suff'er nega*

tive cleflecbions whil..e Lhe nega^.bive Tnesons r-r.nderg-:o positive

deflections " I'jo tice Lh¿r t the maxlrrtum deflec tion is approxi -

mately,5O radiitns or about L7 degrees for both positive anci

negative mesons, lhe average cleflections have been cal.culated

in the same program and r¡vork out to be roughl¡r .095 radians

or about 5,4 degrees in the K coordlnate sysÙen" TTre results

indicate that bhe distribui,ion curve in the K system is not

s€nsi-ùirze to changes i-n the viewing direction. ÏL is 'oerhans

useful- to knov¡ thai; the time iaken to calculate eleven ciis*

tribr"r.tion his tograms v','as about three mj.nutes '
It was mentioned prev'i ously tha t the K coordinate s)¡steirt

in v¡hich all the caLcul-ations were performed is not the s¡¡stem

usually used to describe events and orientations Ín the }abor*

atory" A nost convenienb coordinate system in the cosntic ray

lahoratory i-s tlre Kt systen described earlier " A program waS

i,vr.j-tl,en for the conputer v¡hich convertecl the cleflections u AØ u

in the I( coordinate s)¡sbem to the K? systern in lerms of the

zenith and azimtrthal angles ê and Ø" In additionu the angle

betr¡yeen the negative tangent to the particle ls motion ancl

'bhe clirection of .l,he telescopo was ealculated for given values

of A,ø " This angl-e was called o( " For vievving directions
vgrven Ðy o equal to 5 and +25 degrees i;he value of d'
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correspond.ing to ttie average <ieflections was approximately

3"8 degrees "

The progrs.m Lr.sed to deberr:rine the dis Lribltbion of de*

flection curve coulcl be easily'modified to fincl a numbe:: of

oLher quanùities " Tt coulcl be used to find intensities. The

rnodification involved in fincling differential and integraL

intensities would require the limiLs in equation (+Z¡ to be

changed, To find Lhe differential intensity equation (45)

r¡¿ould be used and to f incl the integlral intensi by equa tÍon (+ø¡

would be used " 'Ihe program for doing ltris is given in

appendix fou.r. Once the inbensi ties have been f ou¡rd for a

nurnber of viewing directions, ttre opportuni ty arises to deter*
mine the exponen'bu n, in the experi.mentally used cost forrnula u

-z -- -foc o-Aê

where 6 ls the zenlth an¡,ile in the I{.'system and Io is the

vertic¡rl intensi l,y 
"

By integruting eqllation (47) over the v¡ho1e rånge of R

but over a narrolr/ range of H one can determine the number of
particles which \n/ere producerl in a given 1a¡'6" of the atmos*

phere and which are counted by a telescope in a given rlirec*

tion" In additionu tne åveråge height of' production could be

founcl by dividing the sum of the weighted heighLs of pro-

duction by the sum of the woi.ghNs u tho number of partlcles

counteci" A further bit of information can be obt¿ined

relatively easily if one determines the average height of

produc bion for particles in a given narrovJ r¿ìnge of lì " T.hen

one can see hov¡ the aver¿lge hci¡rht of oroduction changes tvith R-
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The prog¡ram for doing this is given in appendÍx five.

No attempL v,r¿:.s mado in the theory to account for 7T-
mesons being captur.:d. Thus, the procedure emnloyed in tho

precedinp; secLions urould not prodict a positive temperature

effect lvhich is the result of the totaÌ cross section per

unj-t volu¡ne for -îTÁeson capture decreasing with increasing

temoerature. Howerrer, the influence of the temperature of

the atmosphere on counting rates can be investigated if one

keeps in mind the limitatj-ons of ùhe theory" The effect that

woufd be calculatod would invoLve the change in densit¡r of the

atmosphere or equÍvalentl¡r tire change in tìre average heig;ht

of produ;tion in cm" v¡ith temperature" The data for the

ùempera ture corresponding to dif ferent helghts, FI, r:an be

chernged b)¡ simply changin¡¡ the dala cards. It should be

noted bhat it is difficult to obbain reliabl-e da'ba about hhe

teinpera ture di stribuLion in the a'bmosphere p p€ìr ticularly so

if one wants bhe change in the ùemperaLure dis'bribution rvith

timo,

Changes ln counting rates with fluctuaLÍons in pressure

e an also be handlecl v¿f th the existing techniques " It woul-d

involve changing the veltre of bhe height of the top of the

atrnosphere in ¡.* "n,-2 
j-n the nrogram and adding or subtracting

lovels of' H in the inLegr:ation involved 
"

^t
Finallyu orìe shoutd note that by changing valuos of *rFrð I

and trait the program can be adopLed to give results for differ*

ent obgervéi bion locations ô
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Ci{IiPTER FIVlI

C c¡nc lus i ons

The di s tt'ibuti-on curve for bire cefloctions undergone in

the earthts magnetie f ield ìry mesons cou-nted by a telescope

satisf;r1¡1*certainconditionsÏvasfouncl'Foracosrnicray
belescope, i,' an equâto¡'iaf plane, looking south' Y= Ou the

asynptobic directions at producLion of the mesons countedu

]jurre all contained in a, tone a'bout the axis of s)Ïnmetry, the

telescope{s viewíng direction, witir a one half apex angle 1l'5

clegrees " The average def lec tion was p:iven by a ilalf apex

angle of õ"8 degrees, That is, on the averagle tne dirr:ctions

of tÌre mesons at procluction nake an angle of 3.8 depirees rvith

the vieriving clirec bion of tlie tolescoÐe " Íhe results obtained

fronr other dir"ections given by Ùhe angle 7 were similar.

I-b i-nust be said ttra t tlie lnag;nitrrdes of nieson cìefl-ec fions

aro not so large Nliat 'bhey j-n themsel¡;es compl-etely destro¡r

the d-i ï'ectional properties of tLre cosmic ray teleseope. Ïn

the present state oÍ' the art it Ís protrably unn€cessary to

oorrect for the bending of -rnesons *s the other Llncer br-''in'bies

introduced b--,. the f ini te sotid angle of the telescope and

the spreacl in th.e asymp'Lotic clirections of the pr:j-maries å're

predornin¿ìntu However", it is conceivable that as the rssolving

poV/or of clj-rectional detectin64 devices imÌrroves the spread ln

eff ee t.ì ve vier¡ving directions caused by meson deflection night

have to be Laken into account" One possible advance would be

bhe <levelopment of a c.osmic râ;r telescope that woulcl dif*

ferentiate between posj-tivety and negatively churged nlesons



with relatively high energíes,

but det ecting 1.ovu energy mesons e

Tire distribul,i-on curve obi:ained coul-d be used as &

histoqram witÌi intervals of AØ equal to "OI radians to ¡qive

'bhe number of particles counted wÌ:ich irave suffered deflecbions

be'bween tr¡,¡o valrres of a fl in the I( cocrdin¿rte system. The

trvo values must,liffer by more than "01 radians" A tabte has

been constructed which can be used Lo convert deflectÌons in
1,he K coorcl.inate system to deflections in the Kîcoordinate

sys'bern"

-56

A telescope of tirj-s b.,,rpeu

has been used(zs)"
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THEOREÌrí lrP F'LIE]) TO COSI,,IIC TìAYS
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Introduetion to L!ou"¿tl}ers Trieorer.i Ánplied 'co cosmle Reya

IÈ 1s often enlig.;Ïrbening in dealing rulth proble'rns otncelcn-

i,.6g cosrrie råy lntensitles to om.ploy a theorem fro¡:t e'batistical

mechanlcs, Llouville 0 s theorem" CoRslde:" a phaso spêìc€n Lhe

coordinaTos of r¡ui:ieh ure ihe generalfzod coe:'dinates and

¡4oneratised monen'ba of the cosrrllc ray partictres, and in whlch

thor,ê û,t.e enou¡4h poin'be sü tÌ:a| one c&n talk sbout a donsity

of pclnts tn pÏraso sp,see, Lio'¿vi"l-lets theorem $&ys that undei'

ee3.tnin condåtåonn Èhe tlonsity i.n phaso Fp&ce is consls.n'b in

tlniCI ü,s ons nov8s eilong the påih deiermined by the equations

of rnotion of tllo system" It ís tho purpÕso here Lo presont

th.e conclitic¡r:s nôetsssry for tlouvillets theoren to be val-:i-d

snd 'l,o aseertain vuhen tlie bkieorei:r is applicablo to condittons

f'crrnd Ín eosmtc ray prot:lernsu Itì ordor to elar'lfy the rsssÛI1F

for i:rsakdown of t¡o theo:.r:n the problem of tho diurnql T¿iPi-s-

iion j-s pr:esented ûs en tx¿impie"

The eounting rai;e of a tüunùing cievLce at the top of l'ho

eltorrtospl:er'Ê which cletects partfcles ¿rbovr¡ tlie sutoff ri6çfdåty

eayr 'oe relat,oci io iì:re clensi'cy in phaso space" This rola'bion

Ðf cou¡slo iS the Oonnet'bicn 'bc;'tween Liouvillees 'choorom and

cosmic r"o¡r phlrsLt,$ o l|i:e pllï'pü se Ûf ha''¡ing $ dÍrecticnal

detecbing clsvlce is to bo abie to <lete¡'mino the directiofls clf

arrívuÏ of the pri:nerry cosiuic ray particlös " Does tho e;c1sù-

ötlto of pr,*ferred direcùions irnply Èhair sourees of cosinic
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rays lie alorrg the associaLed aspn¡:totic directions? The

asympbotic directions take into account bhe bending of the

charg;ed particles through t?:e .terrestrial magnetic fleld 
"

As suming LiouvilIe I s theoren is valid for co smic ralr na::ticles

ås they traverse space, that cosmic radiation is isotropic

and independent of the observation point at large distances

fron the êapth, and that only corìservali ve el-ec tric fields ac to

then one can say rlha t tire radiation is isotropie near the

earth, f n other v'rords, the counting rates for particles

above the cutoff ri-gidity are the same in any direction" An*

i-sotropies cannoù be created by conservative forces acting on

cosrnic ray particles as they journey through space lf these

forces are consisteet i¡vith the conditions of LiouvilIe I s

bheorem. Under these conditions an observed anisotropy is

inciicative of an anisotropic distribution of the sources of

cosmie ray particles " It is shorr¿n later thal, a Lime inde*

pendent electromagnetic field which is a flrnction of nosition
only (ttre trresence of the eosrnÍc ray parbicles cloes not in*
fluence this fielci to åny significant extent) sabisfies the

conditions of Liouvilleîs theorern, Sueh a field cannot

therefore create an ani¡;otropy" On the other ]rand¡ åfl irregular

magne Lic field r'¿hich interacbs lvith the particles in such a

v/ay'that the field is influenced by Lhe particles to a signifi*

cant exi;ent does not satisfy the constraints necess¿ìry to

apply Liouvillets theorem.

In the develo'crnent of the theories concerning the origin

of variations in the counting rate r,ryith direcNion, suclt as
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tlie dj-r.irna1 variationu it is irnportant to remernber thut any

mechanisrn proposed inust be such bhut ít violaLes the conditions
necessary for Liouvillers theorem to be varid or lt rnust in*
vo1\¡e non-conservabive forces, or both. Thus, the arsument

of Ahluv;alia ¿tnd ljessI"" (tn)rÌrot i,he ciilrrnal variation was

due to ttie drif t veloc ity of particl-es in the perpenclici,Iar

electric and magneùic fields associated with tlle solar wlnd

wâs neg:ated by D" n Sternr s irnplementation of Liouvillets
(25\

bheoremt --'" This theorern can be used as a test to elinina Le

the possiblility that certain mechanisms èìre responsible for

observed variations,
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CFr:'" F'IErì TVÍO

General theorv

Before å stal,enent and proof of Liouvillers theorem is

given, a brief'rerrrnrl i, presented of sone of tÌre relevant

fuLndamental noLions of sta"bisLical mechanics,

A system is a ph;rsical objeci of interest. In cosmic

ray problems a chlrrged parLicle is a s;rsbem. The collection

of atl systerns of lÌre sârÍ1e stT'ucture but distributed over a

range of differenb possible states is called an ensemble"

llere ùhe ensemble shall mean bhe colleclion of all cosrnic ray

parti-cles " Each system has n degrees of freedom and is

clrarac berized by the rreneralized cocrdinates ql e qZ.-" er, *nd

the generalizeci momcnta pl, Þ2,",.ph" The staLes of our

systerns are specifieci by the generalized coordinates and

generalLzed momen.ùa of the partÍcf es, 'l'here are threr: degrees

of froedom per svster¡" Phase sÌlace is å concepttr-aI -lluclidean

space vuith the generalized coordina'bes and nLonenta serving

as lhe coordinates. Phase snace therefore has 2n axes. For

each sys ten of tho enseroble thel'e is one point in phase spåce "

f''or statistÍcal purposes there is no need to dis uinguish

beLween irrdivi.dual sys'berns, f t is sufficj-en'b to içnor¡¡ the

nurnber of' systens aL a given ti¡rie wh.ich correspond to d j.fferent

regions of phase sÐ¿r.ce, The ensenlble i-s considered 'bo consisb

of sucti a large nurnber of systeins tirat the distribu.tion in
phase space 1.s continuous " Then bhe densit¡i or distribution
fnnc bion, P (q, p, t ) , is def inecl as the nunber of poinNs per'l

uni t volr:mo of phase space o Ytihen this is knov¡n tkie ensemble
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is regardecl as completely specified. Th.e number of systerns,
n
d x, in rhe rsnge ,dV,l¡-- ÁT^/ô,16r.....4^ i, siven by

[,t = F(T,f ,L) *l,tX-i. ¿în. lG,/ä,. . . .l ¿e^

statoirrent of Liouvillers theor.em 
jè' a'1' t8 ) 

"

Consider an ense;mble of noninter¿rcting s¡rstems o rvkrere iniLially
17= .4-X,."-' ÅT^4, .-- ..4^ i. to be regard.ed as the elemenb of
volume in phase sÐace and fl(nrpri) is the density in nhase

space " The phase space is consÍdered to have no sources or
sinks. rn other worcls, systems are not creabed or des broyecl.

Bach sysLem moves in accordance wlth Hamiltonr s 
"q,r" 

tions of
nlo t ion

Ø =_4,^ u#*=1l
"l;or equivaleni;ly v¡ith bhe follorring forrn of Lagranger s equa Li6ns

of mo biorr , o/A&ì r .p
4\Æ)- # =o
æ 

.¿11

Each point in phase spece moves under the resLricbions,,¡.

imposed by the equabj.ons of notic¡n of the correspondinp-;

mechanical s)'stem. consider at one instance of tirne the

volume elemenL dTu the boundary of which is formed b), some

si.rrface of neighboring system points. The position of the

s)'stem points defining the volume change wj_th tirne hence it
appeÊìrs that the shape and volu-me of the region rnight change

lvitlr bime. Liouville r s theorem sa-1's trat the volume elernent

oT is constant with respect to ùime as it is follor¡¡ecl along
its cìynanrical pa tl:, Ar1 equivalent s ta tement of Liouviller s

theorem r¡¡ourd be Lhat the density in phase sp¿lce as one noves

v¿ith the region under consideration is constant wibh respect
to ti-me 

"
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lhis proof t¡¡ill make use of tne continuiLy ecir-latj-on in

phase sp¿ìce, Ïrere are no sources or sinks in phase spacee

Consider the vofu¡ne element i-n phase Space at time Lg

dv = Á1, Å\^ dê," ' ' /ê^

Tiris volune element is regarded as bein51 fi:<ed Ìn the space "

I b does not move r¡.¡ith the s¡rstem poinNs it contains ' the

nr-rrnboï" of poinl,s in this volume at tirne t

Å,,t = ( (\,ôrr),ÅX, " "' Åî^Å6,'' - -' /G*

l\s tiine progresses the slrstem points in rrhase space move. In

a tlrne ft system points will flow across eachrrfacettof f,he

vollune element" 'Jhe number of points entering in time fa
'l;hror.rg:LL blie face lccatecl at Q¡ and perpendicular Lo 1,he ai

axis i s 
p 1, î* Å7,,41. "" ' dlu,äî,¡; " ' 'dl^ ilf '- /d^

lnne rrirrlb er

t,he .,¡o l.L:.Ìrle

ni*Âli; *

of points entering throug;h the o l,h er ttfacetu of

el.e;menL perpendicular to bhe a¡ axis in time ft nt

'¡virere onl¡,l terärs uo to fir-ct order in clq are

l.'he 'u.facestt pernendicul¿r to tkre jl axes can be

s inrilar f a shion . Theref ore , bhe change in ì;he

particles in the volume elc+ntenL, dV, in /t is

-(f * ?8 ¿3;n )(h " g+aX;\ /1, ' . Å1,-,Å7i*'

[ ( ¿¡t) = Ë, Lr tæ¡-W) * ( 4,r, * &#,c)]'t,
Dividing by dV

fr= r(#)=-[e3+-%;)*(
Eins bein notation usedu i = ls 2p , o

cons idered 
"

hanclled in ¿r

number of

áf , "' 4^[t

a7n*t, /ê^&
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Thercfore

#=- LrW.?&)+(&fr,\'
IIo v¡ever , llamil ton I s equa Llons are

q, = 2l ^"*l at''r=-?Hlr-åc¡ 4
t'herefore,

anderru 
#= -(fr,i, * 

ffi,n)

r(#.#) =((#r,-#ur)=o

Õþ

*fr,f'!

P i" a constant of the motion"

The fact tha| f i* a constant of ihe notion implies that

the vol-urne elernent is constant along the pa'bh of the motion,

Conslder an -inf initesinal voluirre elernent in phase space e dT.

As time proÉjresses the system polnts defining the vofume v¡ill

nlove ancl the volume may have a different shape and volume"

T'he number of points contained in the volurne l'¡il1 be constani;

i,,¡ith time " If some system were to cros s the bounciary it

would at some titne occtllty the posibion of a bor-rndurlr point.

Since the motion of a s)'stom is uníquel¡r determined bl¡ its

l.oca.tion in phase space at a given t j-rne, the sys tem lvoulcl

tr¿ive1 ùogebher wilh tne bou.ndar¡'point thereafter" Therefore

the number of system po:ints within a given volume elemont is

constant with tirne. Since clll =¡07 is the nlrmber of points in

#=&fr*8çt' .Ç6+, =o

,*
d ¡ at UII 1"lrûeS

o= dff-ú =#*Å"+ç ¿,(dz



l.Iorn;ever , #=" 
and f = coi-)stantu therfore 4T is a constant of

the motion,

It has been sjeen tha t Lionvil.le ? s theorem requires that

the equetions of notion describing each s)ttem can be put intr:

the forrn of Hamiltones equations u It is r-tseful to enquire

.r,vhether the motion of chargod particles throu,gh an el-ectno-

magnetic ftel-d can be described by the equalj.ons of the

Iiamil-tonian form"

Consider a nonrel-ativistic particle in a p;iven electro -

magnetic field lvhich is coripletel¡r deiermined by a given

scal¿r.r potential p and a given vector potentlal A. 'fhe

potentials are fu-nctions of position and time only. T'he

electr"ic f teld, E, and the magnetic induction, _Ð, are g;lrzen

in terms of the potentials in c"g"su units by

I =Vx4 II

E =-+"#-rç J (1)

'Jkre Lorenb z f orce on a ckrarged particle in an eleo tromagnetic

field is given by
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f=T[E-nitvxfll Q)

Substitnting; for Q ernd 4 from (I)

f = l[:vi-i'#**(sxvx4)] (õ]

fg" o, alx='r,te# W- 
oe (W W)

= "r"#. n giþ o wr# -W"+ ry'$ - rxW

= 2(û'Y) -f 'v4x

'Y (4)

but
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Ilowever y.Vflx = /Ax - 2þ
/.t ¿t

as can be seen from tho definition
bive since 4 is inciependont of Ur.

fonvkû)f,= # -#-#
SuLrsùituting from rquation (6) into (õ)

Fn=Trg#+2-!*3a-*#l
since å is indepencienb of [, nx= 4+Ðdvv
l,Then thÍs is subs ti tuted inùo (7 )

of' the convec tí vet

Therefore

Define f.,,1

Then
F* =2u7r

Lagrangets equations

(5)

deriva*

u=s/v-T+

where ex = f .ft = r*
T?rere fore the e qua tion

Å(*) -"7TÑ

#-#=#-#
Taking all. berrn:; to orre side and defining
l=T-U

dJH -ZL =od.* ¿x

The o Lher La¡rrangian equations are found

A lianilton:'-¿¿n can be defined in the usual

¿(w.)

(6)

dF
are of the forrn

-Qx

(? )

r,-4 T= +^n'
of motion becomes

(e)

(e)

(ro )

(u)

(rr ¡

the Lagrang:ian as

&+¡

in a similar fashion.

vray where one defines

(L2)
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Lhe general-ized rncmenta by

4¡= h.= 
ymv¡+þA¡ (rs¡

where i=1, 2, 3^ Flamiltonss equations,

*r= 3#r, and d", = 4ì
are then varid in the ccrse of a charged partic].e in a given

electrornagnetic f ield. lvote that it was necessary for / and

A to be lnclependent of the particle velocity"
La¿irangj.an and }lamil-tc¡nian equaLions of r:otion can be

found Íor the case of rel,ativistic par.ticle.["0) 'ftu relativistic
Lngrangian is 

- lt -r

L--tv\ocz(,-Ë,)Lo +tt's)-eC (ro)

where rr is the velocity of the particle and ).Ìrlo is the rest
mass " 'Jhe momenta t p;t used in tire clerivation of H¿rmj Ltonr s

equations are defined by

ñ.. = ÐL\¡ ã-'.;
'flrc¡ Ha.milLonian,

u=nr".'|,.(#"

Because the motion of a charged particle in a gS.rien

electÏomagnetlc field can be described b¡r HamilLcnrsl eqltetions,
Liouvillet s theorem holcs in a phase sÌlâce lvhere the coordin*
ates are the coordinabes of the particlos and the general-ized

momenNarê=v¡'1r¡+.e d as seen in (f¡) and (f"/¡,
Liouvillers theorem gains importance in cosmic ray physics

from the fact that the densit;r ín the phase space corresnonding

to the ensemble of cosrnic ray particles can be related to the

count,ing rate of a directional detec ting device " Consider Lln

.4

H(

7þ = Plo9 ,, + 3-- Ao l^v,\72 c "
'Fr!,Ê) 

(: ttl¡frir- L . tJrererore

)ßt, ?dn)'*{f¡ - 
$nY)1+ 

(f1- Z'ÍJJí.I,

il"z¡

(ra ¡



idera I de tec ting;

which come from

solid angle C¡r.
(. . - .Þuppose that dN

to the a;ris of

ins trument

direc i,ions

Tne cross

time db" irtomentum here i s defiled aS mass tintes velocity.
The tv¡o inutually perpendÍcular components of momentnm of a

given particle perpendicular Lo the axis of the cone are

bouncled b¡' dp, and dp3 respectively, if the particl-e is counted,
tha b is u dp, and dp3 def ine the limi Ls of momenta specif i"ed

b). the cone, Together p, , dÞ"u and dÞs specify the solid
ang1.e " I t is seen that the solid angle o Cwu is given b¡¡

'du¡-- (M)(W)- = 4ß'4#t-lÐ (rg)

In time te a beam of particlos would travel a distance

gL along the clirection of tho infinÍtesimal solid an6çle from
frtL

the apex of the cone defining the sol-id angle. the lateral
spreading of the beam in t is confinecl to the areå þ4ß¿\(Á,ftt),qE_/t yÞ\ t_
'Since the solid angle is infinitesimal ttie normal dÍrection
to this area is parallel ùo the radii of tkie defining coneo

llhus from the deflnition of solid angle the above expression

is obtained for dur"

Let abe the number of particles per unit volume of
configura tion space 'i,vi Lh components of rcomentum between p,

and pr -l- dpr paralle1 to the axis of the cone. Theâ¡ the dirf

particles counted in time dt at t will have come from a

configuration vol-ume el-ement

Åv= d+vÅ* (zo)

* 4'/

r¡¡hich 1oc;ks at nri-mary particles

contained within an infinitosimal.
secfional area of the devlce is dA.

v¡i th components of mornenta, parallelparticles

the cone e betv¡een pr and pr+¿fr are counted in
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wilere dA is the cross sectional area of Lhe detecLor and

u=# " Then

NoN only do the dlü particles wi'bh com1ronents of momenta along

the axis beNwoen p, and p1* dpa come from a volume element

dV in configuration space but they must also come from a

volume eleinent dVp = ¿nt dpZ dpf in momentu-m space " This

means that the number of particles counted in dt at t, at
the positi.on of dAu v'rith parallel comnonents of momentr.lm be*

tween p1 and Þ1 -ì- dp, come fron a volume element dvdvp in
phase space, Therefore,

dN = ç av â"V.p ez)
where f iu the densiL¡r in phase space of the cosmic ray

part-icles at the position of the telescope and at momentum

P1" tquations (ef¡ and (22) give the rel.ationship between

P and o-o
I

r=çåv6 Q5)

Iþom (f 0 ¡

át= oåV ( 21)

Substj-tuting inbo (22) from (2O) and (24)

.ÅN = f dVtÅV = fÅ.,^rf,t/f, d-A "Åf eb)
Now the number of particles lvith components of momentum

parallei to the axis of the cone, counted per unlt areap per

unit times Þ€r unit sol"Íd angle, Nt, is given by

,r'= ffip = f r.C,'/ô, = e-4#dt e6)

(24)
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The connection between the intensity, lJt, and the density

in phase spacu, f , Ìras been derived for the case v¡here th.e

l{er¡¡tonian momenta vyero used as coordinates in phase space '

For the case of cosmlc ray partÍcles in an electroma6Suetic

f ield Liouville¡s theorem was shovun to hold i-n a phase Space

where ttre momenta given bY

4;=4r'u +t(Lil Q7)

where #'; =ynr$ and I refers to the 1th particle, ïlr" St 
"rrrr(3o)

showed that Liouvflle!s theorem is sLitl- valid in the phase

space r¡¡hore the f;'are the rnomenta" The volume elenent in

this phase space is 411 Ålr---.a7^Åfi ' /f,l.n * volume element

ln the phase space in which LiouvilleNs theorem has beon

slrown to be valid is dï,'-'-' Å\^/ô, - /Ó^ '

The relationship betr¡¡een these trn¡o volume elements is

ÅT,' --. Å3^ 
^f 

, dß'"= dlfit " d1^¿ei"' ' 'â(^'
where J is the Jacobian corresponding to this transformation.

Ttre Jacobianr if = = l

a(xt-- T^G,. .f^)
This is so because

# = îia,'#i=o,W,= effi ,'&,=fit
Th.erefore

=l 1zt)



rhen dL, "" /l^d6,' ' ' /fþ' = Á),

cons Lan b along the clynamical pa th 
"

Ttre rosults o.f Liouville0s theorem still apply in

(02 n' ) phase space. The densit¡r in nhase snåce is constarlt

âS one f ollows a volune elemerlt along its pa Lh. If cosrnic

ray particles only interact r¡rith conserv¿ltj-ve elec bric and

magnetic f ields wii;Ïrout signif icantly aff ecting the f ields;

that isu if the fields are alvrays functions of position and

time, then tiouvillets theorem is valid as bhe particles

travorse space" If this were so¡ and if one assumes thab

far avbray from earth the cosnic ray radiation is lsotropic

and independenb of position 1,hen one could conclude that the

radiation ln the vicinity of earth is isotropic"

In a conservative field the change in the magnitude of

the momenLLrm of a par"ticle in going frc¡n the oÌrservatj-on

point bo infinity is independent of the path" Therefore if

cosmic ray particles which arrive at a detector near bhe

earth froi"¡ dif f erent clirections bul vui th momenia ecLu.al in

rnagnitu.clee are tr.:ced back alcng i;heir Lra jectories to in,*

fiinit¡l they have equal niornenta at infiniNy, /rlolg the tra-
jec bories the density in phase space is constunl because of

Liouvillees theorem. ff one ä.ssu.mes that at infiníty tlie

density in phase space depenCs only upon the ma6-;nitude of

the momen'bum, then the phase space densitie s are constan l,

f, o'r ;he trivo trer jec iories . Referring, to equation (26) one

can conclu-de tha b the intensities in all- direcf i.ons aro

equal; the radia'Lj-on is isotropic " If the fiel-ds are not

*50



f: _¡*' Lr -l-

s beudy and tLre electrio field is no lonÊ.er conservative then

in general tracing particles v¡i bh the same momentum at the

observation point back atons their respective trajecbories

r,vill leao to diflerent momenta aL infinity. In this casee

oïLe cån no longer såy thúr.t radiation v'¡hÍch is isotropic at'

infinit;r is isotropic at the observa'bi-on pointe even though

Liouvillers theorem is valido 
,

so far it has been shown that if a s.-¡stem can l¡e dos*

eribecl b¡r l{amittonian eqr'lations of rnoNion, Liouvill e I s

theorem Lrolds. This does not meen Nhat the theorem is

autonie tic¿i1ly ne¡¡atecl if the sys temt s eqLla t j-ons of rno tio-n can

not be pllt inNo Hamiltoni¿rn form" In order to cleternine

somo condition which vyill inrlicate tire bre¿'rkclolun of Llou-vlller s

theoreÌ1i consicler the follotr','ing' SupÐose that the çleneralizec]

form of Larg,r'ange I s equations is used,

Å.(+tri-*=Qí (zs¡
æ"* oïi

wlrere Qi = l¡.Aþr.. i indicates the general-ized ccordinirbe and
4Ti

j the particle. Einsteln sltmmation no'La1,ion is usod here

and in v¡hat follov;s, I3y defini'bion

Ther:e f ore

'd.^ - *'= 
%,

sirrc e Ht6r X,r) = Gi 1; -LcXr?, t)
their o, = 

l::T, 
- *ç Ai, + ii df ;- rfvdT, -?hÅf

,Sub s ti Luting to" 
ftr)

.Åa < li,ad; * ( f¿ - e;JÁfri -% i*

fr=#, (50 )

(or ¡

(32J



= *vÅx; + 

ftr^f, 
r #¿r (ss)

ls in (SZ1 and (Ss1 are independent " 1'herefore

cients in tlie bln¡o equ.ëttions one ge bs the general-,

n equations u

=D.L )
2C;

=-ï!+a; t {ra)
e-ï¡ J

Iers theorem a term appealls on the right Ìrand

inuÍty equation in phase spåce is found by

+ V.(¡r¡ =o .dL ffi+ft.VP+fv'i=o

#,-+,% + Pa# +gffi=o (ro¡

ltion of the conï/ective derivative
(ra ¡t"#"W7="

r ai and F)1 from eqì.råtion (¡+)u ti:e above

bur 4u tþffft)

ntla

e fÍ'i

clnia
a'.
[.t

ó
uvil
cont
Ðp
7F

åce

+ x;
efin

+r
gfo

ciiff'ere

ting co

llamil t

(sz ¡

The

eql.la

i zed.

tlte gener¿rlized

=Q

ïn Lio

slde, The

ana lo p;y to

In phase sp

2e7r
Using the d

de
Åk

SubstiLutin

becomes

+ 2-q; l/c; r"([#r,'M,
- -þ "A;\ t)_f¡

If the general-ized forces are funcNions of
momenta, Liou-ville r s theorem breaks clox\¡n"

#
Åto
d.r

or
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Cljirl'T[fi THREtr

Diurnal Variation and Lior-rvillef s Theorem

0bse-i.r¡ations indicate the pres ence of a diu-rna1 varia tion

in the cosmic ray intensit¡r in the equetorial plane with an

errnplitude of about 0"4 per cen'u(8'l ). This corresponds to an

anisofu'opy in the radiation reaching earth rlvith thc maximurn

occuring when the detecting device is 1-ooking backt¡'¡ard a1on65

the earth!s orbit and the; minimum occurlng when the ciirec'Lion

of observation is forv,'ard along the earthrs orbit"

If ths naciia bion is assumed to be Ísotropic and inde-

pendent of position at infinity, if on€ considors steady

f ie1ds, and if Liou-ville r s theorem is valid, then the rsdia*
tion in directions'¡vhich are accessible is isotropic in the

vicinity of the earbh" To explain the observed variation in
inbensity one can try to eliminate at leas b one of the three

conditions vuhich together nredict isot:.opic radiation near

ear th .

$u-ppo s e tha t the f irs t tv¡o cond i tions are met but a

meehanism is proposed vuhich exple.i ns the observed anisotropy
as i,he result of the breakdown of Liouviller s theorem in a

ste;ady electromagne i;ic f iel-cl. It ha.s been s¡hown that
Liouvil-l-e I s theorern holds valid in a given electromagnetic

fielde even if ùÌrat f ield is time dependent " l'}.re theorem is
valid both for the Canonieal. and ti:e Nelvtonian momenta" Thus

a contradic'bion arf ses as the bhircl conclition is meN if Nhe

ffrst L,wo concìitions Ìrold. Any attompts lo explain the diurnal
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var.is.tion v¡hich rely upon sLeady el-ectromagne bic fields to

desbroy the isotropic nature of the racìiation seem doomed ì;o

failure" One only needs to confront the irypothesis with the

exis tence and ramifications of Liouville I s theorem"

mechanisn by vvhich the

tive field, In effect,

s t"rrl ( 31 ) and tn"uu* ( s3 ) have

gradient is set up along

drift velocity" 1'his in

r¡'rould have resul-ted from

above,

parker(3't) and Axfo"a(35) h.'uu separabely proposed

essentially the same mechanism lvhich they have successfully

used to predict the diurnal variation" Their rnodols give tlle

observed directions for the aniso tropy .and al-so the observed

amplitudes of the variation in íntensity' They have attri*

buted the v¿rriations in intensity to the exisLence of time

dependent electromagne 1,ic f ield s in the forrn of moving

irr.egulariNies in the magneLic field beyond the orbit of the

eartli, and to a breakdov¡n in Liouvillets theorem. The point

of jnterest here is that their nechanism involves the break*

dolvn of LiouvilleNs theorrem in the prese nce of an electro*

magno.tic fietd" Tne naive viewooint, wLrÍch automatically

relagated to oblivion any hypothesiso relying upon electro-

magnetic fietds ùo clestroy the validity of Liouville!s theoremt

must be sc¡utinized more closely, Liouvilleis bheorem has been

used bo argue againsN the plåusibility of proposals for the

isotropy i-s

what happens is that a densit¡t

the direction of the electromagnetic

turn, nega tes the anisotro py v,¡hich

the existence of the drift velocity

a tteniptecl to show the

maintained in a conserva*
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inochatri sn proclLlcing t.he diurnal varia tionu such a s Ah1ur,'¡aLia t s

ancl Des slere s (tt ) , whrich reqr:ired no thing more than an ap-

propriate sLeady electrornagnetic fiel.d " 1Ïre theorem has been

shown to be val-id in such a given fielo. on the oùher handu

.&xford only requires a parNicular electrona{{netic fietd in
his rnodel. l{is argument hor,.lever irnplicitly conLains the fact
that Liotr.vill e I s theorem breaks dov¡n" lìovr is Niris seemingly

paradoxial situatiorr resolved?

Ïn v¡Ìrat follows å. sligh bl¡r modified version of Axford t s

model- shål1, be presented " rr'r essence 3 tl cont,ains i,he sane

fea bures as the Parker rnodel and procluces the same results.
T'lie c1i.f'ference between the tv,ro presentations is one of approach

only.

To begin rruith, i b is necessary to state that the rnagnetic

field is bo be considered as being i:rade up of Lwo parts 
"

There ls a reptular part and a fructuaiing; part superirnposecl*

The reg;ular part of Llie field j-s tire trgarden hoserr model pro*

posecl b), Parker (3? )" lleay, the sun0s equaùorial pì-ane a

plasma escapes from the solar corona" The Cirection of this
solar r,vínd is approximabely radial and its velocity, of the

order of 5OO krn/sec, is indicated by VS" Becallse of the high

conductivÍty of the pl,asnau bhe lines of magnetic induc bion

å.rÊ lockod in l,he plasma and are earried radialì-y outvyard

v¡ith a velocity V3 i38 ) . At any given ',,ime, con,sider the

shape of a line of mag;nebic induction as shov¡n in figurÊ.folr¡""

Suppose that the ltne of force is the result of plasrna es-

caping from a reg;ion about point A at tiris time. lhe sections



Figure,-1. A Line 0f l,iaenetic Induction Fþozen In the Sola:: tr',Jind
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Figure 5. Relationship Betv¡een Vectors 4x & and Vs
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ïf one substltute s f or r-/L

ß = V, ft,-'-4-r.A"i*Ði +( {<ørt'+ø^i)¿]
I*l and -li- are parallel. J\ Iine perpendicr-rlar to Ð is then

perpenciicular to B, l,þom the cliagram this means that

Vs = ftaavy (2 )

nra
In the coorclinaLe systen moving lvj.th the velocity of

l,ho solar wind there is onlY the

f ixed cooldinate sys tern in v¡hich

Vs there is an induce<l electric

E++VrxÉ=o
Theref ore

E -- +Vsß/¿i"Q
b,ut

hence

VS can be

p,t^e = c-a-Y

c L -- V5 <-a-='j"
I

substiNuted for from (2) s0 thal

9t = 2-rz þ,.)*Y (+ )

This resnlt will be useful Iater"
'Ihe f'luctuating lart of t]:e magnetic -field has the

effecL of scabtering the cosmie rây particleso Thrbulence in
i,he sol-sr v,¡ind causes lrregularities in the rnagnetic f ield "

Tkrese irregulari bies move lvi Nh approximatell,z the velocities
of the solar rn¡ind " Axford uses the anal-opjy betureen the motion

of li¿¡ht ions in å rnagnetic f ield Ín the Ðresence of heavier

neutral a boms and the notion of' eosmic ray parti-cles through

the ina6uei;ic field irr"eqularities" No attempt has been

slrccessful- in justifying the use of this analogv" If there

is jusbificaLion for employing it, one can shov¡ thab LÍouvilleIs
theorem cannot be apulied j-n this situa tion.

map;ne Lic f ield, Þlrom a

the solar r¡rind h.as a velocity

riera (3e ) given by
lê\(ól
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A eonvenienl, plåce to start in i,Ìre analysis of the notion

of' cosrnic ray partictes throug;h an elec trornag;netic fietcl p ås

described above, is 'bhe v'rriting down of the appropria te

Boltzmannr s equation"

ft+y.r#*å( ÉuLerÉ) %= ('*). (b)

where f (4, \, t) is j:ho disbri'iru'blcrn functi

rây parl,i-cles v¡iiti itrass tæl and charge ee F an

regular parts of the fields, ancl ('t\" ,- the

of the dis tritrution fltnction as a resLilt of
'burbulenL regions of the magnetic field, frr

'Lakin¡,: the lowes.b order rnoments of the Bol-tz,

and inbograting" ( See apoendix si:c") ane the e

conserv¿ì'i;-lon of momentum equations 
"

eln_+v.(n{)=JtW).{',
æ

where n is the clensit,¡r in configuration spacee g is the

streaming velocity of the cosnic ray particles and S is a

stross tensor which can be apnroxirnatecl by V'! =V(*^tt)
See appendix six" fn orcler to evaluate the effect of the

c'rltisions wif h the 'blr:rbu-lent re6lions of the magnetic fielrl u

Axford envoke s the analop,lr of Ìight ions colliding wi th

heavier neutral atorns (tfo), He uses a simnle Ìîean free pabh

argunent, where I ir the mean coll-is ion interr¡al. Ttte ef llec t

of collisions is to rearrå.nÉ{e tire veloci l,ies of the particles

i¡l|b no'L to change their densi'b¡r in confi¿ììuråtion space '

L+ (/'v)!
2f

on for the cosrnic

d I are the

rate of change

collisions with

e re srrl l,s o f

mann equÐ.tion

ontinuity and

= -*v,S * e^(ç*!tx!)-*f( *lïÅf

(6i

(7)



Therefore

[ (*þ).]l' = o

Fi"orn the analogy, the "iverage ehango in rnomentum per collision

of the particles is lrrh (Ur - U) r rnrhere J io the solar witrd

r¡el-oci ty and consequently the uoproxiina te veloci t-tr of the

turbulent regions of the magnetic fie1d, I is the velocit;r of

the parl,icle. See appendix sÕven" 'lhi-s change in the mo*

rnenttrrn on the ever&ge takes clace in tineÏ. Ttrerefore the

ùveraËìe force pel: uni'b volume of confieìu-rabion sÐace due bo

co]l-isions is given b¡r rylyr-lt" 
sinc . [('fÐ"ÅI=o' thaN is*

since there is no rate of change, because of collisions, in

the nurnber of particl-es per unit volume of config5uration

*59

spacee ani/

collisions
particles

chanp-o o f

change in the monentum per unit volume cat-tsed b¡r

must be due to å change in ihe ittomenbum of the

already in the volurne" Therefore bhe rate of

nomentum per unit vol-urne due to co}lf sions mr-rst be

*!('î#).v Á3u- = ap(v,-a)
'bha t

J ( gf).g- '/'* = o#'V' - a) 
" 'oul-d be noted that in the above discussion a

ike force is introdu'ced" This means that

s 'bheorem brealcs down since frict:ì-onal forces can

eeted as gene::alized forces Ín the ÏIamiltonian

It wlll now be shov¿n that ihis type of 'force is

with the conditions (#]. *nt assumed to satisiÍy"

he continuity eqltation for the distribution -functioti

This ïnerrns

(B)

a-rII,

fric tio

Liouv il
only be

equatio

consÍst

Conside

r (4,J, t

J II

-I
er

tr
a

nt
U

II

I

n

tf

r
)

ft +?-&") + ?(+t'.i',
2* ?X; 2v-; =ô



or gþ."'"rþ.\#,
rvhere i = Lu 2, 3s and i refers to the vector components"

Nor,¡ supÐose Nhat y=k * f. where Jr* is the Lorenbz force

and rde is tl:re average force due to col,l-tsions, Then

7k* 
y.v++ j!.Vn{r * f.-v"h+ l-v s + {- Vr,'É =o (1¡

liorvever V'V=O since v is considered to be independent of ;c"

'Ihero fore
,t*s vt "+,v"t = -n .v"+ - $v",ú (rz¡

buL V".& 7 o t so tha t
rvY\

#þ" -r'ot*# 'on$ =-f.'vnt-fv'1. (rr¡
îets is I3o-Ltzmannr s eor-Ìa'bion. Eclua'bing the riglit hand sides of

(5 ) snd (rs )

(gþ). = - l.' v"+ - lvÞ'f. (:"+ ¡

suppor* f.-,&t(yr-Y) . Then V,'l= -3-&¡ . us ing these

rera rions one can evatua re J (*), ,A3 v' ano J ßY) U Å3v 
i

60

* t-ZYi + LTL = o' v ?Y-ì r) 2 (r; (r-o )

The second integrral can be integrabed b¡r parLs bo give

J (#). Åtn = 3-&,?a - 3,?<¿rn = o (ro )

if one takes f = 0 at infinity. Similarlïu integrating ï:y

parrs 

ï #it /?* = r'k'l+ v Å'n -J o*'U';- 'r;) aþ arv

= 34. ø!+n.lr'(tr-4g) = altzLVs-!)
(1? )

J f çå1. Å3n =t*'J.¡ /'" - iÅ't/s;-w) ?þ a''
(rs ¡



- 61.

So fa.r. it has t¡een shown bhat th.e friction-Iike fc¡rce

introduced r' is. consis tent vvith.''r,he, assumptrons rnade. aboút

the effec.t of collisions" To shor¡¡ in detail that the ap-

pnopriate form of Liouville e s theorem brealcs dov¡n recall
rbha'b

ark + u, *þ, + r"; 9Þ, *+',.H = o

or # = -tV,'É
Ï1oi¡v'eve:: Eo=*..( yr-g),q""{ Vn'-81 = e ) thei'efore

Integrating this equation,

I -- l-^ e3'ft,2É (zr¡,1.= to -
Notico that ¿& + o. Ihis mearìs Lhat Lior-rvillers Lheorem is

not valid here, The fact that f is an exponential function

of tj-rne is indic¿l tive of tlie not-ion LÌ:at particles under a

fricLional force bend toward a limiting velocity" In this
phas$ space this meåns that the densi-t¡' ¡qtr"tion tends toward

infinity along a surface of constant velocit;y Vg and tends

torryard zero elselhere,

Tkre friction*l-ike effec'b arises because of ttie prrsence

of furbulent regions of nagne bic f ield. llov'¡ever Liouville r s

1,heoren has been shown to ]re valid in any given e]ectro*

magne l,ic f ielcl . llhis parädox can be can be resolvecl if' one

could show that bhe cosmic rÐy particles in passing bhrougÌ:

the ti-rbulent regions of thr¡ nagne tic f ield, modify the f ield

in such a r¡/ay that one can no longor conËider the field to be

a ¡:,iven function of position ¿'nd time only" lhe field i"ìov¡

dL= -$ vo'L&'(U,- s)] = *tÅ'År

(18 )

(rs ¡

(zo)
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t^/()Ltlcì l-lü've i:c¡ clepopci alsc rrn ¡he vciocities of tLie p;'r.ì;icles "

Iìeì,r-irning to tire rlevoLo¡:;nent of bhts expiünei;ior¡ of slie

d.iurnei v¿triÉ,'Lion, equatior:s (6 ) , (?) n (8 ), snd ('t ¡ ca¡i be

colub ii're,J to pjive

4 +V.(n4)--ov*

an<l Çþ +(s.v)y =-*v(* ^")*tG+!!rÉ)* +(v'- l)
P¡,oviciod u c'ir*nges siol,riy cL'r*1¡arecl to the; tnean col-l-isi'on

tu'i,-lrí¡$, . e &nq chr: gyrofroqu,erìc] rUr--.99-.. i;h.e left hand sicie of
Irnc

(?õ)" 4-4- " can bo ne¡¡ler:teci. Thenxl'^å=-Ëv^+t (E+*4x!)*+(v,-4) tt'o¡
3m

Ttre nodel useo ho::e slialt be linrited to bìro eclj-ptic
-t(plane,' In this ¡:Iano zriag;r'r'etic fielel linss of force form

Archim e d e s spirals u and the t:iecÙric f ield is perperrciicular

to the plane às indicateci b¡- eqr-ralion (g ) " T¡ a ci¡cul-en

ri:¿1ictr abcub Lhel sun rryirÌch eontå,ins il:e oilrthls <¡rbit the

fieids ,;r.t o consicioreci to be vqlry ::eg,¿ular encl T Is large"

Liu.ì;side the per1meì;cr" of i;lij-s region the fieLrls aro eollsirlored

-to be very turiiulon'L and ?is sruall" Cyiinrlricel pclar c0*

o*¿ip¿¡ùes {Àne shosen anc Ì;h.e unit vect ors in the princLpal

di::ect:|ons are ûu ø, i. Seo fi¡qure six,. Xts the ün¡11-t:

b e i;we en the uCt.i'n:g1 tÐ i;Ìre m¿ ¿¡ne t ic f i elcl a:rd ttre rad iríS

1¡oc ùor'" J'. Ís thle r¿eloci t¡r of.' fire solar w j-no " The¡n

9= B*øXE'ßc.'"ff
r = I VBcÃr\ßç_=,vw\/Þ-.rì {Z$)

;=it
ttt= tLnt +u($+u¡&

I"þo;n the s¡rn:metry of tho clc,Cel- 2== and fn=constant on bho
?q

1¡or,rncì¿:r:y' wi Li: {:ì-le 'bur}:ulertt rr'lg;icn. I ù -L ¡: s s su'i:tod ti:e' ì;

* Cyti n.trical modification of Axforcì r s mocìel

t22-3

/ {r'< 1
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Figuro 6" Turbulent Region of l\tagnetic Field

Bounoaa/ oF
.TURA ULENT REC,ION



bhings

in ùhe

(24) ib
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change verlr slor,vly a s one cros ses

Ê oi"""tion. Therefore ?--=o " rn
o8

\¡/as assumed that
Å,tl = DU + g.gtt =o
æ-ñ

hut 2- =?*

or --=AN
ïlecauso parrticles do not accumulate in the circular rep;ion

and the region is not evacuated of cosmic ray particles U*

on the boundaries of the cavity" that iss U"=0 on the surface

of the sun and on the bounclary vrith the turbulent region,

Becaus e of QA¡ U* = 0 everyvrhere 
"

f b is now possible to subs bitute these conditj"ons to-
ge ther wi l;h the expre s s ion f or l! f rorn (q ) into equa tion (Z+)

wri tten in cylindrical polar òoordinates to girre

e= -# qî *E^L+"ßc'otxâ'** (ryßøaxf""w¡ïø'x$
3rn a/

+ u.ßr,.a.x â)] + (/, î -'tøî- thâ) 
ez¡

After substituting ua=ú u the component equabions can be
Þtc

4f =fu.=o, theref'ore V=î?n- and

.*L = 4o?þ.=o
oljÅA 

= 
o (26)

the ecÌÍnt,ic plane

Cerivin¡r equation

v¡rit ten
o uÍ + 4,rc{{ XLh-#

t'(l + qr|nl.unT- 4t + o

- @Tùluf -
Equations (ZA ¡

^'i rza
5! vv

I ^z+Å.rrt =
-r- 

I €3^n

together rruith equation Q) can be solved to

4lr o

.¿ß
d,tw

dn
d,ru

'4e
dru

= -Vs

=O

= -Vs c'xtTtaa-

Qb=

f,*r:]'J)/"^
[,, * 

(a"rA^^'r)L1

J {ze )

(zs )

(oo ¡
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ls ëarthf s orbit 'r,he fielci is

('¿sz)

> ta be wi th t,he su,rì n In addi tion

(õõ )

3rn shov'rec'i balanced the effects

ic fields has been clestro¡re6l by

¡utside Lhis region" t'he choice

=o el-iminates the possibilitY

reaming, Ll _- 0 " By se tt ing (: o

hab

tß,qú\Y (f + ¡c
take place a density.gradient

ni; can be desLroyed by having a

-ì
ifi-.¡¡oY ¡e J

that at the

c infinit.y
)
þLD J

cles co*rot

)

lvhich S tev

y in static

ic field oL

i tion '# =

iic ray stre

Ís seen th¿

9s=9v1.
}/}rl Yfi -

eaming bo 1

Lis gradien"

I
Lr^r?¡

tha

oi:

+tÌ
ol-

to

=O
-_-a-

'ti c

tL

=Q)

lnt

:it¡
re ti
>nd i

r srni

Lt i

s tre

thi

I'h = 1¿,L'
If one assur.rrei

r e gul.ar" a ncl 'l' €{o ô s

Át=
t^4=

The cosnic ray par

it c¿ìTl be seen tha
Á.m 

=vln
The densí ì;y gracii-e

of the drifl veloc

the tu:cbr-rlent rna gn

of the boundary co

of obtainin¡¡ no co

in eclrra t:ion (zq) Í
cz 2B_
f,r, ut

lherefore for no s

must be prosenL-

turbulent rep_:ion pl?osÊnt.

Tt should be fioinbed out that the rnodel assunted here is

consis bsnt with sternts *"*u.ro"rt 
(+') if T= @ . Setting

!!=o and ^l = æ j equa t j-on (Z+¡ become s

(55 )

ilcluations {f:¡ ancl (23) can be combined to girre

'afi-+v.(nv,)= (v's'v) /'¡ (so)

rqhere 5 t* bne di-a¡,;onaI dif fusivity tensor v¡ith 4,,=tczT and

w. - I clî is ¿l cooT'dina.te sysLen with one axis parallel

¡'**'fl

C? Vrrt = .g €
5-r",
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to å" The streaming velocity parallel Lo B is

m tlu = /4Vr,, - Ks Vu lvl

or L(tt = Vt,,-"#V,,Ú'"^)
'3

rf f=æ
V¡,m=o (rz¡

Eouå t-'Lons (¡¡ ) an¿ (Sz ¡ can be comb ined to give

Lutm = 3eE
t4 ."¡'l cL

ilhj-s is ì;he sane expr€ssion ob bained by Ste¡'n t." t # e

ru¡here the â direction r"o¡as bhe c'lirection perpendicular to the

rnag_:netic fielcl .

F'inally¡ the moclel described above is only applicable

Lo parti-cles whj ch are af f'ec ted by the turbui-Lent re6r j ons o f

the map,nebic field" 'ihe uoper limit here is loÎt "u"(Í1)
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Conclus ions

Liouvil-lers theorem i'uss ,sho tn¡ n to be r,'alid r¡¡hener¡er the

ensemble can be described br. Hamilbonr s equations " Tlie gen*

erali-zed forces must be such that they can be taken into the

liamiltonian. LiouvilIe î s bheo¡:em holds in any electrornagneLic

fiold v,;hich is a funcLion of ;oosition and Nirne only and whj-ch

fs not influonoed Ð.n approciabl,e anrou-nt Ï:y the prese;nce af

the co srni c ray par ti c lcs .

Tt appears bhat the exislence of v€ry turbulent rnagnetic

f ields causes t,he par t,icl-es to be scatNered in sueh a manner

'L,h¿rt the avera€4e force ac tin.g on i;he ¡:articl-es is a frictÍorr*
l.ike force " If one assl-ines tjre ex,'rstence of such a force,
the ctiurnaL variation is correctl..i pr eclic bed, , This u of

coLll's û e calls es the breakclov,;n of Liouvil-le r s theorern. 'l'he

ferc t that this lorce inust be elecùromagnÊjtic in na Lu.re nromp-Ls

one 't o s.ry tha t the part,icl.es inf luence tÌ:e ntagne ti.c f iel-d in

sorûe walr; otherrvise one vvo''tlcl be facecl t¡'ith a contradiction

to Li.ouvillors Lheo::emo

Ttre cytindrical ntodificetion of A.,,cford. 1s noCcl f or' lhe

diu::nal var.i,ation pred j-ct,s thrt; observed resull,s " It oredic bs

tha-b for parbicles above lOrt ev no variation will. 'oe oÌ.;seri/ed 
"

Fbr Iow €jnergl/ pariicles tl:Le idealized moclel of a perfectly

re¡rular lietd in fhe caviNl¡, f=æ, must be abandoned" the

fl-uc.tuatinpl part of the field is, in fact¡ Þresent to soûle

d.e¿1ree in t,he cavity- a.n<ì hence the verlr Iow einergy par"ticl e¡s

lvj-l-L he sc¿il,tered enoug?r to rnj-nimJ-ze, if not vu'ipe out, any



- ó'l

an-tso rr.op¡r. The modei perLa.ins onl;r to r:aciiation in the

eclipNic p,Iane. lfuhat happens outside this plane is not

discus seci ,

It is the existence of time depenclent fielcr.s in tkre foi:m

of lurbu.lent re¿,;ions of magnei,ic field to¿r,ether v,;rth bhe break*

dorrun oÍ' Liolrvillers tireorem v;hich no 1-ong;er ¿rIl ov¡s one bo con*

clude 'that radiation is isotropie near bhe e¿rth íf one

a s s u.ne s i s cl bro ¡ry far al¡/ay o

r\ fjnal point i.n regards to the friction-fil<e effecb is
ilha t ùhe ac tua f mechani sm rn¡hi ch produce s this ef f'ec t ha s no t

been explained " L,nly a qualitative idea of' what reight take

place has been sugrgested *
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A,FPEI{D]_X STK

äior,ronts of Boltzinann! s Eqriatior,(13)

disf;r.lì:utir:n funetion for
ït is a.ssuined that f goes

soîne functlon of v*Iocityu

sr¡e¡lo'n shall be Õver

ion s'ilåcö ei, i:I poånt :r,. In

carr be¡ cjr:finr*d by

t(s t*,t) Å3 n

1 indleste a sír¡il¿ir type cf

s the

fion.

J) l¡e

f-:." i -f l ul.l -L gr¡

$up.pose ihat f(-vuirt) i
tÏ:e $rrf3ilinillð ;,rlriler ct>r16 ldeya

ùo ¿6r.0 a'b 1nf':iniì:y. L3't Q(

Je on1y. .rtlI ini:e¡.r:ra'Lions i

vol-oc i';;v sp¿Àc€ " li1'ren

rn(&,t) = Jl Å',t

is ùh,s dians! ùy ån conf'Ígriìral,

e,tidi'cionn a quunti t,¡i -Q(g, t )

r^ õ-(& Ê) = J ot u)
.{ ber ûver ¿1rlji quentit.v s}rul

ûvrlrâgrJ veilue 
"

:is å prelilainury s'Lop to fincling .bhe reqrrired rucfiìûnts

of tho 3olù¿utann ôquütiori 1,Ìirce usef'ul integr-ai-s Ért e invosti-
p;;rbecl. fhe Einsi;ein sui]ìlt{tùiofl yrc¡tation is used }rere with
i = l_, 2, 3o

(I)

(3)

¿ù-

t.f J

?Y*'

-ËrLq*lJÙT_
-qo

@t2vi

L-("8!
c¡f n 6J"æ

aL-
5

,ôo f:

F I-.-Jì
-,-ftL"_

'#).

=w-
!3r =

ô.-,
rLU.e---a-+

^ñ

/aI
\AF

J 
(a&)/3n =

, J o-r $*'

åJJ+*4
-L trv

'W¿'"
i.on is

ã %=(

2IæJ
tJAv=4-,\,
lrfsu

.3I,v =
n',
infini'

'= {l?
er-lu¿."i:i.r

>* -û.
Ð)d 1

Je'rÞÅ"
:

J. t +þro'
gra'bi.n¿r 'l:y pn

J "¿æ 38,
# - Í" .-,t-UJü ! e \, ú U

JqH#r^'"
BoL l,z¡runn ! s

3þ* o

ïnte

ïla n ,:,



sincs E = Æ-ñ^^
'¿tie rr:i te o f

col-Ii slons '

z4+ y 3+ +'H

t'o -f!n,l thû lowesb i¡r'der rncntents of ther

equabio:t; thab is, Lo j.rri;egrate tire ðqLlatir;n

Q = 1.. Eq'-latl-ons {1) , (2 }, (Ú } û¿ÀTl ';}ren be

"Ðhe 'usriÌ1$ olt the le:l-t he.ncl sicie of ('3i to gi

2ß+@-^Eæ11 =Jf 4k),ñ'4*

, å 'being tlie

ch*ngo c¡f thtl

none collieion forcesr ' (#)"
distribubi-on fr-lnci,ion due tr;

Tn tho ease of cosrtic ray parti.cies ir"&versin¡1 c¿n olecfro*

ma¡<netic .flie¡1d

Áv s-
E- YYn

ar:rcl a(ffi=o
7t:-
To finu i;l:ro i'irst rrdÐï" morïent of Boltzmarinls equaLion,

'bire ir:tegrril of 'cire Ðqu*ìLf on after eash ter"m has ïroen :nulti-
plied by Ju set -9 = Jo r.rg;å.in erquations {f ), {2), (i5) can he

Lt$ed i;o e v¡ìlLi¿i te tito 1eÍ't hand si.do " L"nen

(.4 i

.L i1

Bo1 Lzrnann ! s

{às i¿ is, set

ueed to IntegrrLt'ei

(l* L YxÊ )

n 'Iheï,ef'rrr.e equatior: (5 ) l¡ecomes

ffi +v.(na ) = f ( 3þ)" d,'* (o )

"::!)* a,L.,F"çtl
at ?Y;

've

,Å3 n

si*c" ?r(#)=,
-l

?@4) + 2_ [* (Yy")J

"t DX¡

T?ie¡ second terrt in tliifl elqi-iåttion can T:e written as

(5)

-ftfolv(4#)I
Ðvi I =Jo ('H"Ål 

{z)

(B)



* 8Í9

*r Ivr,+¿'v 
+kzJo"Jo "u1-*Jo"ïd''

='i't o-f','t iÏn"'r*,J'o þ/'; rk,Jqtl'tnÌ
:Lú,u u a_/-z 

(9)o+l l*åt f

Now aeI'.'.ne a rtrndom veloci. by 99 = J * Bs uuhere E is the

¿tvora€!€ vel-oci.ty ancl g is the ve¡loctty of n partlclo" Then

õ= +.1 (v-!l +l'v=o (ro)
r}?.v v

Substituting; for v in erepression (Ë) and recalling tliat

€ = 0o 'Lhe sc¡cond term upon intogeation bec,rmes --e 
t {aEyf*ail a a^!'!!,+L7"\ + ?nt:';fr+Ñs)l

++l l*nß[ Ì
fir tensor notstion ti:i-e can be writtÐn ås

V-@!tl)+V-(nõÜ;\
Tlhen tiris is subs tl tu'bed f'c¡r' the socond 'berrn, equa tion {S )

b0come g

ÐJrÐ +v.(rv{t!)+v.(næ)- ^# = Iv(it),}tn (re¡5r-
However , V. hA!) = n !'v! 4 ! V' (ru 4) 7 and from

equa tior: (6 )

A[v'trf¡l=
?nereroro 

v-@g4\= n!'vu + !!GL\.åt"-92#

.\Isr¡ ^& = ú- , o.4.o^- l= uÉ+ 4# (1õ)
àto\'and 2*L = rnAS+AWTt- 2Í

On subei,l Lulion of tho resuli;s of (f f ) into (tZ¡
nÐ#+ø!.vs + s[ (?*).d3v +v S - * =Jo(r#)!t" (r+]

tl(*)./'" -4W

{r} )
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lvhero ! = r"[-g is ea]-led 'LT"to s-bress 'i"enËor"

rf i;l:e clisÙrtþub.i.ort 1n 'bh¡l voloclby Bpåce fo:" (¡¡ is

sph*r"ical}y syürcetr"lc tl:.o;l the off diagonal elemente of 'ä are

u*nü; 
i":? ,^)*r=!?+P++ "4P.b'+F;

Ïher:efors 
= ¿ ,(Y\ ".{ 2!+)

7X r DXz

Jf#).¿t" ls tlie raie of clrungo of densiíy in con*

figtu.ra'i:i.o¡i si)ùc€ r.¿irich resi¡Its f:'otn cr¡llisione cf cosmic r&y

pa::t j-cles urt'bh irre¡¡;ul-ciri'Llos in Ùhe rnagno'blc f ield . 'Ihe

efi'ect of'tiieso coltlsions is to i"edlstriì:uLo tire volocities

î: =+ tr'

oÍ' i,he parttcl-es sueh tïlat in a coo::dånate slrstorn moving: with

t¡o ii'r,ogularitiee itie¡ p*r'bf-e les eppe$r io o:lecute a r**n'lort

w¿rlk i;Tfpe of ¡:ltotion" (++) T?ro clonsity in conf iguriì bir¡n spåce

ts Lrnofí'r¡c'Led b;r cctlislcnsn 'firersfore lGÐr/3o=o
,,^lr(*). Åto i.s i:hts rate or' *r,**g* of tror*tnùum per

urrit volu.r-¡:o of configuration spacÐ, IÍ ihs cirango in tnomentuut

j.n e coll-åsion on th$ ûvtrs{gö ís fl{l - Ë}, v¡}:sre -V is the

'vo-l-ocity of tl:e trr<lgu^larities and u is '¿ho üverùËe voloclty

of tho parttcles, ¿ind if is 'rho ¿ìversge f:i¡¡e¡ botwsen ca}*

l:îsions, tiien tne Ërv$rsge force por r.rnit 'volumo equals r-,ln(V-U)
7

Thore i'ore

+a ag:) = v(tu.') 
,r*,Ðys

[t ßl) d3n = e (y-s) (ro )
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Tf atl those assumpilons are riie,dou tire u trû ¿lnd fj-r'st

moments of Boltz¡itannes oqu¡]iion giv,e ttre eont'inuli;y and the

ûÒnsoilva l,ion of rlomentum equa'ci-ons.

?'4 +V'(n'l)=o )¿rl
anci aj + 4'vu = -Lv@6")+*(€+! rÐ+*(Y-'))

¿*.

l-n orcler to be ¿lblo

npproxim¡r'r5es õ fy
Èa woriË r¡ith ec¿uabions (1?) A;cforri
l-1

C6

(l'z )
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,\PPENDTX SþJVEN

Averag;e Change in ivlomerltum of a Lighb Particle
in Col}ísj-on with a Heavy ParÙicle

Consider tv¡o l:articles of mass m and l''{ respectively"

The particlos are to be treated as srnooth elastic sphores"
m¿ìss i\{iS intially.at rDstt

$utr.rpo se tha t i-n a coordina te sys bem in lvhich^mas s m has vcl-o Óit-v

Yo and collicie s with rnass li ¡¡'! n
äng1e A as shown in figu.re 8,. After Lhe col.lision n$ss m

tras å veloci-uy v with zenj-th angl e @

has a velocity V at a zenith angle G" Then the conservation

of momentum and energy equat,ions are

fò,nwÞ =Y¡nv-c,or¡.@ */"lV<'tn € momentum along z axis (1)

o =lrav¡otào+My^¡44€ momenturn J z axis e)
w5: = !oir'* g.{t (5 )-?_TL

ItrIiminating @ and -u- betv¡een (1), (2) u and (3 )

\r/= f.¡ryr't6c,ø¡.O ì(4)
(rwt+M )

consíder a beam of identical particles of mas,s m and

vel_ocity .l¿r, unifor.mly distributed in the xy plane " If D is

the distance beti,n¡een eenters e the ef fectivo area presented

for cottisions is nD2. The probability p(0,ø)d0 dþ of a

collision occuring at a point (OrØ) in ê to ê + de anO { to

I n Uø measured from 'bho center of mass ivl is given b¡r the

ratio of the effective area presented for colllsions by thj-s

::egion to I the to tal , ef fec tive area 
"

Ttie ehange in the momentum of mass m for a cotlision with

poÍ-nt of impact at (9, f)) is the negabive of the change of

momentum o f the ma s s h{ . l'\"om (¿' )

(5)
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l'i61ure Co}lision Betv¡een ti5rht Farticle and I{eavy Particle



AlJe, ÉJ = ffi 
* (øe i.'otll*pv't( ^^i4ac4-e'&'i 

(6 )

0n the avcriiÉr;e the change irl mornentum oÍ' ¡ire pa:'ticles of

r:r1ä:rs r: iirat ciillide ås
rl4^= Jd/e,d) A+* ( u, í) /'e á'/

Conl:1-ninE (5), {13}¡ and (t)

fr- = y,M l+ läeo^fe (ø"@lL+pioet^f4*r...r,þ1l.ol¡
- r,'L 

0m+w)tr J _o y=.

=Æ,fr J'huo^30;.eÁ/&(v'n+m)rr Ùo 
o

= vq%rY4"

¿**nrl

íf ¡n<< ¡ô
û

^4* = Ynroß (s)

The eaieulaiicn w¿s perfor*red I'or. bhe ra,se r¡vh@re mãss lt{

li{Bs &ù rest. If nuss h1 has an initia} velociiy Jo in-i:he

reeb ff,';åi:rçu then

ñ^= *!o -rwy-" 
(e)

(?)


