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S U¡4I.1ARY

The pnoblêm treated here is concerned with the rnixed lleibull

dist:ibution whicb is widely used ín tife testing. Suppose that the

failu::e population can be divided into subpopulations, each might have

a diffe¡ent type of failu¡e. For estimating the parameter:s of such

rnixed population model, the moment and the maximum likelihood estimates

have been considered. The corresponding asl¡mptotic variance-covar.iance

matrix is given.

ThÍ'ee types of the models have been discussed in Chapters 31 4

and 5. The methods of obtaining the moment estimators and the maximr¡n

líkelihood estimators have been de::ived. Illustrative examples of

these three cases (by gener:ating data) are included. SoTne of the

compute? flowcha¡ts and programs have been enc.Iosed in the appeñdiceS.

- fv-



CHAPTER 1.

TNTRODUCTTON

It is our: evenyday experíence that many of the items,

systems, or materials which we use suddenly go rout of orderr. For

instance, the steel beam under. a load may s:ack or: break; the fuse

inserted into a ci¡cuit may bu¡n out¡ the wing of the airplane under

ínfluence of forces may buckle, or the electroníc device may fail to

function. Suppose that fo:: any such component (or system) a state we

denote as I failu:re I can be defined. Each has íts own statistical

assessment of the life char:acte¡istic. Assurning a single homogeneous

population of units, the life chaLacteristics have been r^relf developed

drring the last thinty or mol?e yeal?s. hl:ren items are su-bj ected to

test cêrtain complex situatíons a¡ise. It is necessa::y to stud.y such

situati ons, particularly the underlying faih::ne tirne distr"Íbution of

items under test.

Reliability theory establishes the regul-arity of occu:lrence

of defects in devices and methods of pr"ediction. In general, it is a

method of evaluating the quality of a unit or a system and is defined

by R(tlO) = P(X > t), where 0 is the parameter of the und.erlying

l-ife distribution f(xlo). If 0 is unknown, the ::eliability is

estimated by dÍffe::ent methods ,

In oudet? to assess the reliability, we usualLy start fiion t}}e

observe d data- the necorded lives of some or a1f items subi ected to

testror to perfo::mance unden eithe¡ actua.l or simulated conditions.

Asstnne that the component success o¡'failr¡r,e data which are
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used for retia¡ility estimation are governed by some parametric

pr:obability dist:ribution. There ane certain r^re11-knor,,rn families of

failu::e tirne distributions which have been successfully used in life

testing problems. So one may find it necessary to identify the

family - (a group of rêlated disb:ibution), justify them by experiments,

statistical tests or by certain well-defined assumptions. For

ínstance, if the device is a valve which ís supposed to open or to

c1ose upon demand, we rnight identify the binomial distribution as ours

parametric probability dist:ribution. Let us consider the pressure in

a boiler.; the boiler does not operate if the pressri:re is too low and it

bursts if the pressure is too high, so perhaps the no?mal- dÍstr.ibution

shouì-d be used. The exponential and Poisson distributions are used

when faifrres occur' at a constant leveJ. of intensity which does not

vary with the accunulated service.

A g¡eat deal of modern statistical lite?ature on the

exponential distnibution is concer:ned with estimation r:nder" conditions

of censoring or trurìcation. It is coTnmonJ-y encountered in the

statistical arìalysis and assessment of data arising from life-tests

ur¡der la-bonator.y o:r service condition because it car::ies strong

implication with regard to the underlying model.

The family of exponential dishributions is the best known and

most thoroughly explo:red, Iargely thl'ough the ïork of B. Epstein and

his associates (Epstein, 1958). The exponential distr"ibution has a

nunìber of desirabl-e mathematical- p:roperties. One important pxopenty

of exponential distribution is that it is tforgetfu-L!, i.e. ìrnden the

exponential- failu¡e time model, if a unit has su¡rvived t hours, then

the probability of sr:rviving ari additiona.I h hours is exactly the



same as the probability of sr::rviving h hours of a br:a¡d new itern.

The?e ê-re st?uctures which have this property, Fo¡ exampJ.e, at any

houl of time, the future ].ife of an elect:ric fuse (assuming it cannot

rneJ.t pa::tially ) ís pr.actically rmchaaged as long as it does not faiì..

The Weibu-I1 disùribution was suggested by the Swedish

physicist l{eibul1 and first used in a paper (1939) dealing r^rith the

breaking strength of mate::iaIs. It is interesting that he proposed

this dist:ribution, apparently without :recognizing that it is a

parìticular case of the extreme value disb:ibution, conside::ing only the

c]-ass of fail:r,e distnibutions of the form F(X) = I - e>A{-ó(x)},

r¡hene 0(x) is a positive non-dec::easing function.

The WeibuJ.l distribution provitles a vet?y genet?al. farnily of

distribution in which certain othe:r wel-l. kno¡¡n distributions figu:re as

special cases. It is a¡ irqportant model for: life-testing problen.

lleibull- dish:ibutíons a?e c].oseli related to exponential_

functions. It has one additional paraTneter called the shape parameter.

this rnaybe the reason why in the past Weibu].l distributions have been

widely used in pr"ocedu::es fo:r the analysis of life-testing data.

Du:ring the last few yea::s, Weibull estirnation has been

g?eatly aided by the development of linea¡ weighing techni.que for"

mixturìes of distributions which enables one to estimate Weibu]-l para-

mete:rs fuom obser:ved data.

Kao (1959) Mann (1968), Lawless (1972), Mann, schafer and

Singpr::wala (1974) have done extensive wor:k on the l{eibu-l1 tlístr.Íbu-

tion. Sinha (1976) studied the WeibuLl distrÍbution ftom the.Bayesian

viewpoint. It is. of practical importance to study a situation where

the unclenlying failure time dístribution is a rnixtr¡:¡e of tlro or nore



distributions. But it is not easy to estimate the parametet?s of the

rni-><ed distributions, pa::ticularly fo¡ the rnixed lleibu_lJ. distributions.

In 1958, Mendenhall and. Hade:: gave a method fo:: obtaining the

estimates of the pa-r"arneters of mixed exponentially distnibuted faih:::e

time dist¡?ibution from censored life test data. It is in fact a

par:ticulan case of the mixed Weibull distributions .when the shape

parameter is known to be 1. In 1965, Cohen gave a nethod fo::

estirnating lleibull parameters based. on complete and censor:ed sann¡r1es,

For. the rnixed Weibull disbribution " the¡e is difficulty in estirnating

its parameters. Not much wo¡,k has been done on this prob].em. ft nay

be usefu-l to try to develop a method fo:: estimating the pararneters of

a míxed Weibull distr.ibution, although it follows that the computations

invofved would not be simple.

A study d.one in this paper ís conce::ned with moment and the

maximum likelíhood estimation in censoned sampl_es f::om the rnixed

Weíbu.l.l disb:ibution. The technique of such p::ocedu::es has been

discussed under the three different tl4)es of the rnodel, treated in

Chapters 3, 4 and 5. At fii?st, we would like to give a genenat rnodel

fon this rnixtr¡re-dist¡ibution.



CHAPTER 2.

TTIE ¡{ODEL AND ITS LIKELIHOOD FUNCTION

2.I The Model

Assume the parent fail:re distributíon is rnade up of two

subpopulations, eaeh having a cr¡nulative pnobability distribution

defined by:

': 
" 

'

Fr(t)=:.-.-,[-(fl] i o<t<- (2.1)

:'j.:':

and the density function:

r,(tlo,,r,) = (þJ r"'-'.-t (#J (2.2)

(e.>0, Pít0 i=1'2)

Let the two subpopulations be nixed in pr:opontions

a¡B (ß=1-a), c, ßà0. Then the cunulative dist::ibution of

the paz'ent population is given by

r(t) = crFr(t) + ßF2(t) (2.3)

a¡d the density fr:nction

r(tlc,0r,0z,p'rr) = "(þJ -tt'.-{ (Ð} - ,

(*")(F,) .n'-'.*[,-(#" )] e.+)



Let

and

G.(t)=r-Fi(t)

c(t ) = 1- F(t)

(2.s)

2.6)

The pnobability function G(t) is the proba.bility that a u¡it wil-l

sur¡¡ive to time t and is called the sur¡¡ival function'

Assurne that, as soon as an item fai1s, the cause of failule

is knol¡n ä¡d the su-bpopulation fuom which the item belongs is

identified.

Suppose n items a::e chosen randornJ.y f::om the rnodef (2'4)

and subjecteal to the l-ife-test, whích terrninates at a fixed tíme, T'

Dur.ing such time :r units have failedo oi frorn subpopulation (i)

and r, + !2= T .

Let T. be the time passed since the jth item was put to
l

test an¿ t, be the length of life of that tiTne. If t' < Tj , the-JJJ
jth itern is said to have failed, othe:rwíse it is said to have

sr::rvived. The pnobability of sulvival of the jth item is given by

g.=p(1.>T,)-l-lJ f(t lc,or,er,l1,p, )dt_t-)

l

=".-[ (uÐJ . '.-[ (Ð] e.7)

For convenience, assume that al-l measì]nements of time are in units of



T, the test terrnination time.

so Q=Q,=".",f (#)Ì +ßexpf (#i, j=1,2,...,n.
' t \"r/J [ \"2 

(2.8)

Let x = t/î then (2.6) becomes

c(xr)=,.*n[- r-,, 
J+ßexp{ i'}

Particularly, for: x = l, r{e get G(T) = Q ,

and r.(r)=' ."'{ (#)}' i=r.2.

2.2 Likelihood Function

For a given random sampJ-e of n units, the pr:obability of

::, units failing due to cause (1), ,2 units failing duê to cause

(2) and (n-r) units survivíng is the multinomial: -

p(".,"r,r,-"1r,) = ----ii-- torr(r)J 1 tßF2(T)l 2 tc(T)ln-r'

(2.e)

Hence the conditional density of obtaining the o::de:red observations

x- . x.--...- x- - for siven r- and x.. s I isl-I' L2' ' r]¡. ' ' .L 1l
l-

oi
(r.!). f.(x..)

p(xra, x12,..., *io.l"i,*ii < 1) = a l=1 r' rl (2.10)
r - r- u 1¡¡ r

L'ì'



The likelihood function L of the sample is given by

. = G+r rc(r)rn-r o', u', ,i, u,-r, , 
"r!rrrr*"r,

n ' 1 (f)J * u ""n{ (ü11] 
'-" 

""'u"'on t = G-)r L" ""n I

'[.i.(=J"li*,n' .- { F=}]

" 
[!,{=J 

:,1-',n'.* [ Ffl]] ( 2. 11)

The nethod of moments and the method of maximum likelihood

will be used to estimate the par:aneters of the probability density

fu¡ctíon (p.d.f.) (2.4) in the following eases

(l) The mixtu::e paranete:: cr knolÌn; pf=p2=p , 0I * 02 r:nknown.

(2) cr unknown; p1=p2=p o 0I, 02 unknown.

(3) a r:nknown; pt * p2 , ÊI* ê2 unknown.

The asl¡mptotic va::ia¡ce-covar:iance mat¡ices for the maximum l-ikelihood

estinatês (MLE) v¡í.lI also be obtained.



CHAPTER 3.

THE MIXTURE PARAMETER O IS KNOWN, THE COMMON SHAPE

PARAMETER p AND 0I, 02 UNKNoWN

3.1 The Moment Estimation of the Parameters

We consider the densÍty function

r(xlc,p,e,,0,) = o(ft.r*P-] ""'[ (+)]. ß(s%)xe-l .-{ (*JJ (3.r)

Then the sth non-central moment ís:

," = q j- *"*n-''* le)]*t 
o t \4/,

. +P i, **-' "-t (Ë)ì,"

SS
== "o! r<| + 1) + (t - c)o! r(1+ r)

= <:¡ rtlr ("Ut-,,t) (s.z)

Since the mean and varia¡rce a¡e equal to I = ui and

var(x) = ui - tuil' , ::espectively,

/r L\I I /orl*erf) 
"'au=(;)'(;)\, ./



0n taking the

var:íation

cv

As an exaTÍple

neduced as

(3.3)

(3.4)

. Then (3.4) can be

(3.s)

Table 3.1 is an abridged table for the coefficient of
e.

variation with Þ. l- and. tr^, wher:e f. = * , with known palameter
L

,ttTP
" = ä . (Othe: ranges fo:: p, l, and À, can be obtained by using the

sub:?outine TABLE which is enclosed).

Fon a given sanple coeffícieot of va:riation, we may obtain an

approximation to the estiT¡ate p* with corresponding estimates ei"-L
*and AZ by cornpa:ring the walue of the coefficient of va¡iation from

tabi-e 3.f. Such estimate" po, tT and ef wiJ.l be cal.l-ed moment estirnaÈs.

I'l-rer"e is another? technique which rnight be used to obtain the

uoment estimates. One might l-et s = 1, 2, 3 successively in equation

(3.2) to set up th?ee equations a¡d use them to sol-ve fo:: the thr?ee

the coefficient of

1
z

l-

')'



TABLE 3.1 THE MIXED WEIBULL COEFFTCIENT OF

VARIATION (Ii = OilTP)

1

Coefficient of
variation

Àt \,

0.50069

0.50100

0.50570

0,51375

0.52315

0. 52715

0. 53174

0.53712

0 .54422

o.55222

o.55725

0.55826

0. s7098

0.57537

0, 58004

0.58550

0.59157

0.60001

0 . 6l-l-l_r

o.64745

2. ro

2,r0
2.t0
2. r0
2.00

2.00

2.O0

2.00

1. 9s

1. 90

1. 90

1, 85

1.80

t. 80

1. 80

1.80

t. 80

1.70

L.7 0

0.600

0. 500

0.600

0.400

0.600

0. 500

0. 500

0.400

0,420

0. 500

0.420

^ 
lrl F

0.420

0.600

0.500

0.500

0.400

0.300

0.500

0. 300

0.650

0.+50

0.450

0 ,650

0.650

0.650

0.350

0.650

0. 615

0.650

0.615

0.620

0. 615

0.650

0. 650

0. 350

0.650

0,550

0. 650

0.650

cv was computed for assigned val-ues of p, 0, and 02. Table 3.1

was set up in such a way that the coefficients of variatíon a¡e

monotonic.



unknowns p, 0, and 0Z Theor:etically, these three

unknowns can be obtained, but there a¡e a .lot of practical p:oblems

when one tries to solve three non-linear equations. Even though it is

not hard to eli¡ninate 0. (i = l on 2)o the problem ís that a unique

solution for 0i (i = 1,2) wiJ.J- not be available for: any starting

value p. fn fact, it is hard to say which of the sta¡rting points

fon p ís neasonabJ-e to use.

3,2 Maximurn Likelihood Estimation of the Pa¡ameters

The logar:íthm of the .likelihood firnction j.s

rn,, = 0"(#) + {"-"rø"þ "",[ (,*J] . , "",{-(¿l)}]

+ rrlna + r2tn9

o1 r (x-.T)P r
+ E | [np- gno., + (p-l).ønx., .¡ +pgnT - -+- |

j=r L r rJ "t J

'2 r (x^.T)P r
n 

,1. fu"n-u"0r+(p-1)0nxr'+pønt -t- )
(3.6)

Taking the first partial de::ivative of l,nl, with respect to 0lo ê2

and p, we have



r_
-L--+ A-l

-t
=:- + E L.0n(x..T)l -

J --r

?_
-Lt (x-.r)P

L_l

ei

ô &nL
ã¡

2

'2
.r_ 

(xr.r)P
J -t--q-

. f Ë,*,,)] ,.

r]-^lo1

.1(=-)
o2

o2

.x_ 
(*rit)P Il,n(xr.T)J

qp 
þ,"-", 

"",[-(*,J] (*^,,) + (n-')8.""{ (Ð}

fffi

n Tt
-t
;= * -t [ln(xr-1'1¡ -

J-r

"1
.r_ 

(*riT)P lln(xr.T)l
I =-L

(3.7)

(s.B)



-(n-r)tP(¿nr)C*- * FLI"t "z

lâ_
. ll- ?^ _L

+ j+ 
=L + x [f.n(x,.T)]D D . II

J -r

,f
E (x,-T)P tl,n(x,.T)l

-L' -LI

1-o
-L

I{hen the

equations

vl -

_ '2
- *- x (x^.r)P tr.n(x^-T)l/.J

r + (5exp{rP(L 
Ð}

partial der"ivatives are equated to zero, the

are
l3__L^

1 I (x,.r )P
(n-r)TP c j=t ''l

-1 '1

estimating

(3.e)

(3.10)

( 3.11)

þ2 =

'2
I (x".T )P

\

-14-
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and p is the solution of

l?_

e(ô)= -(n-r)rÊ(r,nr,(t-il) - +- ? - ,!r,u,,,*r.r,,

wher.e

lâô rr,

+ r [Í.n(x^.T)] - + ¡ (x..T)p t.a.n(x,.r)l
i =t zJ 0. i =1 -Ll l-l

AJ

-,2-+ [ (x^-r)P [Ln(x^.r)] =o (3.r3)
U -:-i zJ zJÔ l-r

(3.14)
r * r$r .""['u[i - 

ÐJ

By setting the ex¡l::ession (3.7) - (3.9) equal to zero, we

have three equations with th::ee unknor¡n. Theoretically, these th?ee

r:¡knourns can be solved, which wil-J- maximize the likelihood, at least

l-oca]]-y .

We would l-ike to point out that when d = I, the sanple

becomes a censored sanpl-e from a singte two paxaTneter Wei-buJ-L

distribution. In this case, equation (9.4) can be simplified. as

-15-



equation (27) ín A.C, Cohenrs paper (1965), Equation (3.U) and (3.13)

are the same as the MLE (l-1) and (12) in the same paper. So it is

::easonable to tr5¡ to use simíla¡ methods to iterate p in equation

(3.9). substituting the monent estimators ti , ti into equation

(3.9),' we have

(3.15)

:tI
l--

1 - (tt+'Ì 
(3'16)

'e- 0 ^'JI2

,Èrt*l
and here 0i , tZ (ti al-ready obtained) and c (= i , known ) are

t?eated as constants. The value of pt' read. from ta-ble (3.1) should

provide a starting point to use in the iterative solution of the

equation (3.15).

Afte¡ we obtaíned the val-ue ÊO (sa5'), the iterative

process of Mendenhall and Hade:: (l-958) can be used. ì'Ie obtain ô,

and 0^ fuom (3.1-1) and (3.12) in terms of k, and substitute thern in
z

(3.14). (3.14) is now of the f¡,oin h(i, i) = i , oot "o" 
rrti, il is

-16-



essentially a non-negative function of (ô, Ê). Alsoo for: any fixed.

p = p^ , k is bounded between 0 aad I . The co¡rect value of ji- -0'

is the solution of the equation h(Ê, $o) - û = o .

?_aL
Let î" = ê.Ztp , and t- = t (*1./o,) so the.L r' j=t '--ij,-i,

equation (3,11), (3,12) and (3.1-4) become:

î _ (n-:: )k .:
"1 - --il- ' Jl

.L

î (n-r)(f-il -
^c - -------ã- + vo

k=
r+(å)""'{ i-L}

Then by using sinilar techniques as Deemer and Votaw (1955) the good

approxftnation to k (fo¡ which Ê = ôOl can be obtained.. Since the

distribution is assumed to be censo:red at time T, and.

f(tlp, oi) = (ä)tP-l ."r{-(e*Jl we have

r(t) = ä J' .n-'"*{-H} *

= , -.""f-ld\ì'[ \'rlj

(3.17)

(a.tB)

(3.Ie)



Then

where

r(t lt < r) =
L.'-'."'{-(,+)i

' .""{-(+)}

D-fut Y=x' and

f(t lt < r) =

À. = 0./TPa1-

i.."pt-rLlll-a----------
r - exp{-(:J}

whe¡e 
" = å We get

For. this nodel the l-ikelihood

.-{ (Ð}
Le

^;' (' -.*nt-ril)"t

- ".ø"þ - ."n{-(r^.)t

at
-pt Y.. L ]{-- -

j=r- a: 
= j=r ai

r. 13.I ,ì

r.i.
.CnL = constant -::.([nl .) - l-trl_ni

l?. ll.v. 11,d)¿nL 1 .L'f Íì- 
- 

------:-,oni ^i xl r - expt-1f¡ltr-

1

.t
""p{-(þ}l-

and

setting this expressión equal to zel?o, we get

-18-



v.
I = 

-r . 1

r_ 
^. 

exDt*(:-)]-JL _ 
^-l-

i.e. the MLE of l: is the soiution of the equationI

(rr-ir)(e>+tþ-rl = r (3.20)
.l

So vre may conside:: î- as a function of v.. for a given value".r
Ë=ôo'

Table 3.2 gives the value of !.rs fo: arbitrary lit" .

Let y = min{f,, ir} and fo:: convenience let us label- it as sub-

population (1). Fro¡n ou? sample we pick y as defined above a¡d

obtain the co:::responding I graphically from fig. 3.1. let us

represent this I by Î0, . l{e now solve fon to , the sta,rting

value of k fr.orn (g.tZ), viz.,

- a n-r?_y+ko{_ìol ( 3.21)

rf oo = h(io, Êol - io equals zerrc, v¡e ane done. rf not,

consider: the sígn of DO. If DO < O , then the value of Ê which

satisfies D = h(*, É) - fî = 0 and pnovicles a sol-ution to equations

(3,U), (3.1g) an¿l (3,19) rnust be such that Ê < io; s inLirar:If i > io

if D^>0.
U

Letting fr(t, pO) = 1fu

wher"e "=(g)""pt*--5 ß.22)a -l rl2
r - dv . a(nti, ôol)

a ')^ ^h (r,po) dk h'(t:, ôo) d]:

-]9-



TABLE 3.2 THE vALUE oF Ài *o ii FoR THE EQUATToN:

(1. - î.) (exp{i-}-r) = r1 'l - ,\.
l_

À,-value Ír-.r.1rr. l. -value Ç. -vaJ-ueI 'a

0. 01
0.07
0.13
0.15
0.17
0. 19
0.2I
o.23
0. 25
o .27

0, 01000
0.07000
0.12954
0 .1+873
0.L6720
0.18479
0.20138
0.21090
0. 2 3t34
o.24475

0.49 0.34068
0. 51 0.34620
0.56 0.35854
0.61_ 0.36914
0. 66 0.37832
0. 71 0.38633
0. 81 0.39964
0.91 0.+LO22
l_.01 0.41881
r.2r 0.43190

TIG 3.1

T¡IE GRAPH OF THE EQUATION:

(À-i)(exp tþ - rl = r

l.-value Ç. -walue] "r

0.29 0.257]-5
0. 31 0.26863
0. 33 0.27925
0. 35 0.2A907
0.37 0,29816
0. 39 0.30659
0.+1 0, 31441_
0.43 0.32169
0.45 0. 32846
o -47 0.33478



rhen I =-n'ti,i^l{-r
dk"dk

Choosing

. dv T1 1 lwhene -; = - v(n-r) | -1A + ----;;.1dk Ft^i ",^i )

.. dD
*J\ = - --- ,^ ^ ¿l-I + h-(k, Po)(::o*)

do = -Do

kl =kO +dko

"Ðo-"^r---_---------o 
rnn'<,to,Ool(þo)

(3.23)

(3.24)

(3.2s)

(3.26)

This ite:¡ative pl?ocess can be repeated until- the desired degr ee of

accuracy ís attained. The estimates of 1.1 and \Z are then

obtained by substítuting the solutíon fon i into estirnation (g.fZ)

and. (3.18)a¡dthæ â, arra ô, are obtained Aom î, and Î,

In practical work, we expect the probability of l?1 = O o?

o2 = Q to be r*ery sma3.!., sinoe, r¡hen ¡:. ..= 0 , no definite

infe¡ence can be dnar^m a.bout the pallameters, so it may be necessary to

choose n and T farge enough to avoitl such a situation.

Onee we got ô0, ana ô0, fo:r a given value fio , compa¡e

ô0' and êo, with uår_ and. uå, (which had been nead. from table

3.1), nespectively. ïf ô0, - ef, = o ana ô0, - uä, = 0 then ô0, ,

-2r-



0OZ and pO are the nequired maximurn likelihood estimato?s.

Other:wise, su-bstitute 60, and 60, thus obtained in (3,1-5) and

(3.16) to get a nevr Ê = ûa (=.y). UsÍng the same method as discussed

earlier:, we get new estimates êr, and ôr, (say) and compare them

with the pr:evious results. If they agree, r'rre stop and !¡e get the MLE

ô = Êr, â, = ôr,- antl â, = 6r.r. rf not, put ôr, and ãr, into

equation (3.15) and (3.1-6) again arld nepeat the same procedures r]rlti,t

the proeess conve?ges .

3.3 Va::ia¡ces and Cova¡iances of the MLE Estimato:rs

Taking the second denivatives of the equation (0.6) with

respect to 0r, 0, and. p, r'espectively, we have (see (3.7), (3.8) and

(e.g)):

ft' l(".""{ 
(ÐJ.'""'{ (Ë)i) " ,"-","-[ ("](Ë)

-px- x)
H
1

- c (n-r, .-[- ("*JJ ' ..n 
[- 

(+)](ä)l

(fr)

fffi
^1

r?- z.r- (x|t)P
1- --ã- - ---------ã-ei ei

-22



V = 
["""'{-(ÐJ.u '"'{-(Ë)l'(n-::) expt (ËÌ(Ë)

-2
2 E (x^.t)P

¿1
I =1 "

)
e;

,2

- | (r'-")rrp - (,,-"lr2rp l/rp\ 2(n-¡)krP - 
rr '¡lr("r¡t)o

Lìî- -f-j\4/ -;l-.;î --I-
"]-

dqi, = 
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ar.rr,'u] el il'4 -,i 
\e'¿"

ffi
.""{ #l(Ë)]

I

- Ê2 (rr-, )
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2(n-r) ( 1-k )rP

e:
2

. "2
t

0:
2

'2
2 I (x^.T)P

l=1--4-
t

â -!,nL

d u^

k(l-k) (n-r )r 2P

lL
e;

- 2(l-k) (n-r )rP
g"-2

,2
2 E (x^.T)P

z1
I =l--_..------ã-

e:
2

Tn
't

e;
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a (n-n)TP ( l,nT ) exp

crP ( ¿nt )

-/tn\
\ orl ß (n-r ) tP ( r,nt ) exp (PJ

or

1.m
-1--T-
P

-,2(5to2 j=r

-l

't"1,
r^

trn(x-.r)l' (x-.T)P - -å -Ll 1-r z
p

[¿rr(*^.t)]2 (x^.T)Pzf z7

= (n-¡)('nr)2*nfutin - ur' + 
(1-k)(f - e2)l

Luíoi.l

(n-r)(.r,n1¡212r (i - g=})% 
) '

'L' '2

-ol(þ i tøn(x.,.,r)J2{*''.r)P -|
"l j=t +r rr "z

rl.ql= (n-:r)(r,nr)2rt *,-*,[fu - f6



- (n-n) (.nnt) 2rP

a2LnL - -
402401

f,.1

,ir,i. tøn(xr.r)J2(xr.t)P
t l-r

t[n(xr.r)J2 (xr.T)P

l- :. l-k I
Lq. q-l 'rt'2----T-

P

Yc

-rþr ;-2 j=r

^ ô 
2.(,.ra

so ----õ- =
ðp-

k(r-k)(n-r)r2P llnr)2 ,h - Ð'

- (n-r:)(r,nr)2tn (L - tåi)

?1

t .i_ [1.r,("r.ìr)]2 {*rrt)P - þf l=.t- 2

lt. + r^_-2-
P

')
-a¡ [ ¿n(x^,r ) ]'zJ¡-r

(n-?) k(l-k)r2P

"t "z
- a 

2grr|

a 014 e2

(xr.T)P

(0.2e)
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I tî)
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= ([' ""'[ (*,J]* u "*n{-(Ë)il '"-"".,{-(PJ]
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* (t-t)2(n-:r)rP¿nrl 
" /tn\' --- u, ) ^ 

\C,)

"2

, {1-t< ) rln-:,)rPlnr :1, 
(*''t)P t!'n(x','T)J

\%

i ^ a2 g.nL - :<(r-t)(n-r)t2PtrrT ,t I ., (r-k)(n-r)TPtnT-'=' ãFãõ; - ---q--'q - u; ' - -- ,=-
o2

¡ (x^"t )P¿n(x^=t)
. i=l zJ zJ 

èz LnL

e| ôorôP

The asymptotic vaniance-cova¡iance natrix of (ô1, ô2, ô)

can be obtained by inve::ting Fisher'rs infoz'rnation matrix:

- a 
2.{,rrl,
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L
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" a e1a 02
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(lgos ) app¡oxjmates it

a 
2lnl 

I

ar2 |1 
lô1,ô2,ô

cl
â -.{,n1,I

ae,anl

lô1,ê2,Ê

ôr'ô2'Ê

^tðt L.'t,l- --:-î-l
dDt
'l^

lo1'e2'P

by

a 
2[nL

- ãel6;
I u,,u, ,u

-1

(s.ss)

cl
â -.Q,nI l

tlâe; 
I-l
o1r u2:P

.""rôr,Êr 

I
.""<ô2,Êl 

I

"tôr l

#[
v(er) cov( 0r,0, )

"{ôr)

The above results ar.e valid only if the samples a:re large.

The bias diminishes as the sample size becomes Ialge.

3.4 llÌustration

lfe suppose that the subpopul_ation (1) and the subpopulation

(2) have the distr"Íbution functions:

-31 -



=F,(x)=r-.-rf-r#)l (3.34)- t \"r/J
I / Pz\l

vr= Er(x) =:. -."'t-lã-Jl (s.35)

nespectivel"y. Let the two subpopulations be mixed. in pr.opor:tion

c:ß(= 1- o, We generate 50 observations fuom the subpopulation (f)

by using the function

I
l- lPr

"r = 
l_ 

errn(r-vrl (3.s6)

and 100 observations from the subpopulations (Z) ly using the function

1

", = 
[- 

,ru",r-ur,]F' (3.37)

where yt and y, ar.e random U(0,1) variates.

Suppose the population parameters a::e assigned as e = l/3,
g = 2/3, 01 = +ooo, e2 = 6000' p=p 

I=p 2=2 ' a¡d the test
tenmination tiine, T, is 97 hours.

The subprogram cEN p:.ovided in the appendix gives these I5O

observations, in which subroutine RANS fon r:andom numbers f:con U(O,I)

has been used.

EXÁÌ"ÍPLE 1 : (c = 1/3 is known, p1=p2r 0a, g, unknown )

Use the subpnograrn GEN for 0Ì = 4OOO, 02 = 6OO0 and

p=2. We have



TABLE 3.3 THE SAMPLE FROM SUBPOPULATION (1) (nr=50)

141.9301
12.4836
36 .8+22
43. 9 238
69.9857
79.3363
45.2993
35.7572
10. 9996
7]-.0011

11. 1163
72.8493
24.O082
29. 3049

l_l_0. 0193
1l_8. 461_8

34. 4604
81. s9 88
56.7194
8.7451

24.5941
66.7386
76.2410
56.4898
47 .4235
59. 489I
65.0193
63.0705
97.7687
77 -7436

52.7]-74
L37 .37 27
48.0882
70. 8291
40. 5259
59, 571-7
52. 5409
69.1037

97. 3814

27 .O4I4
86,074s
56.9093
7 3.6127
49 .4165
16.2287
35.4843
13.8501
87 .r8e2
67,6381

TABLE 3.4 THE SAMPLE FROM SUBPOPULATION (2) (n2=100 )

6f.4761
58.9189
58. 0472
76.6547

Lr2.6527
80.0557
12. 0040
40. 1066
36.3229
20.5436
77. 3403
33.931_6
52.5389
78. 4084
67.0875
55. 0424
77 . L88L
37 .5!+2

79.37rr

7 4. +209

33 .47 82
2e.932I
41.3338
47.629I
80. 3243
27.6235
96.35+2
79. 1817
99. 0928

186. 8052
89. l_316
59.7743
16. 6700
58.1224

f50.9445
l-67, 579J-
30 -7973

139. 3956

39.9106
169. 3876
106, 9338
34.8444
58. 7548

!+9.7707
123. 0466

89.0096
27 .6430
27.7697
79.0902
98.1420

143. 73 69

15 5 . 1094
50. 821_4
u2 Âoqq

57. 5187
35- 0464
4s. 887 6

26.4205 r20.4062
178.8535 58.5754
155.8303 56.8428
129.4308 73.0130

96. 6894 87 . 9453
45.1910 29.9543
76.7872 47.+747
32.0990 77.tr2s
47.6793 136. 1780
6l_.9176 20.5321

176.931_6 I00. 8320
87.1532 45.0725
5J_.4669 53.2425
82.6031- A2.028I

109.3131 IIO.6927
20.4790 47.6058
77 .5957 l_8.4s98
35. 8555 64.4958
60.4849 64.8205
+.3977 80.0s22

Now fo:r n=nl+n2 = 150, 1= 97t 11 = 44,

the data a:re sunma::ized by:

?2 = 78

33 -
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150
;= x x./150 = 0.7059803¡

.a
a= -L

^2= 0.1-6U389. rt follows that (..r)' = ä = 0.32+Stt and the
x

coefficient of va:eiation of the nixed sarn¡l1e with 150 data is
cv = 0.5696586. Reading from table 3.1_, we have the rnoment estinates:
*rÈrt-*p- = 1.875, el = ll rP = o.+rz5x(97)1'87s - 22:17,lrso a¡d.

¡l ,-" tr*el = li tP = o.615ox(s7)1'875 - s662.1-860. Keep ri ana o] as

constants, substitute them in the equations (3.13) and (3.I4) a¡d use

p = 1,875 as a star?ting poínt, iterating p with equation (3.f3). I"Ie

get pO = 1.8530. Substitute pO in equation (3.1-l-), (3.19) and

(3.14). Using the technique that we mentíoned. in section 3.2, the

fi::st and the finaL iter:ations a:'e given in the following

TABLE 3. s(a) FIRST ITTR.ATIoNS (wrrH fro = 1.8530)

"2= (,¡,u qJ) 
l.r,

h(ûu,Éo) Dok o,rt e^ v1J2 1r

0
1
2

o.2717 2509.41,60
0,0692 ]890,1760
0.2123 2327,9s60
o,2262 2352.1270

7+r7.7850 7.0962 0.123s
3526.1450 6.5013 0.1333
3279.1030 3.6386 0.2156
3265.s570 3,5406 0.2202

-0, 1482
0. 0642
0. 0033
0. 0000

TA3r.E 3. s (b ) FINAT, TTERATTONS (I{ITH io = 2.O2s7)

k
u e_

u_L "u2 h(k.r,lo ) Du

0
I
2
3
4

0.1766 4629. 9920
0.05L1 3784. 4860
0.182s 4669.1990
0.1959 4759.4330
o.l-959 4759.9470

17671_,9000 10.8050 0.0847 -0. o9l_9
7584.1710 8.]18+ 0.1097 0.0586
7085 . 10f0 4. 33i_8 0. 1876 o. oosl
7034.2030 4.10s0 0.1959 0.0ooo
7033.9640 4.1040 0.19s9 0,0000

- 3+. -



since lôr-u,, - uil ana lôru,, - u;l are not

equal to zero, r4¡e substitute 6rU,, and ôaU,, in equations (3,13)

and (3.14), use i^ = r.ASeo as a sta¡ting point and d.o the same0-
iteration;we get ô. = r.eSOZ and 6. = 2ggg.22'O, ô^ = g3f2.114o- --L 1 ------ z

Continue the íterations untif the estimators satisfy the equations

(3.11), (s.lZ) and (3.13). The results are 1isted belol,r with

cor:r:espondíng moment estjmates, MLE al-ong with the populatj.on

values .

Population
Val-ues

Moment MLE
EstiTnates

P

ot

0,

2

4000

6000

1. 87s0

2217 .4+60

3279.6950

2. 0257

4759. 8470

7033. 9640

And the. asymptotic va¡iance-cova:¡iance can be obtained by

chaaging the signs and. substituting the MLE ô = 2.0257,
1^0t = 4759.8160 and 0z= 7033.9840 in equation (3.27> - (9.92)

The desi-:red nat::ix is given by:

1,.,,*.-,

-A0.44Lx10 '
_Ã

0.1375x10 "

-0. 3274806x1_0

-0 . 5L63375 xto

0.231231x104

_1
_.1-l

l



;, 
:iii,]

; 

[."'*,

8398373

1510531

In the t?esults we obtained before, there are la:rge gaps

betlreen the estimates and the accurate values of O. (i = 1,2) It
-aappeans that 0i is quite sensitive even to a very snatl change in

ô . Even though ô is just increased (or decneased ) by 10-4 , the

value of 9. l¡i1J- incr.ease (or decnease) at least by I.OOOO (This

is rarhat thê output shows), Since ô is. function of Tô o lô. - eil
is large. This also explains the large va:liances and. covariances fon
a-agf and O2 .
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CHAPTER 4

d IS UNKNO}JN, THE COMMON SHAPE PARAMETER

p AND 01, 0Z UNKNO!ÍN

As Mendenhall and Haden have discussed in thei:r paper

(1958), there may be a case where the two subpopulatìons may be nixed

with unknown pr:opor:tions c and (]. - o) . We therfo:re, extend.

oir:: study f:ron th::ee parameters to foun parametens, Fo:: solving the

estimations of the paraneters a,.01, 0, and p, the p¡oced.ures alle

essentially the sane as in Chapter 3.

4.1 The Moment Estimation of the pa¡arneters

The coefficient of variation is the same as given by (3.4)

except that d is not known. So in the table of the coefficient of
va:riation, we will have 5 colunns instead. of 4.

A similar technique is used here fo¡ getting the moment

estimatíons of a, 0r, 0, and p

TABI,E 4. 1 THE MIXED I'IETBULL COEFFICIENT OF

VARIATION (À. = e.,/TP)

Coefficient of
variatíon

\z

0.48029
0. 48095
0.48306
0.49695

2.20
2.20
2.20
2.20

0. 200
0.400
0. 200
0. 400

0.450
0. 350
0. +50
0.350

0. 500
0.400
0. 600
0. 600



0. 54360
0,54406
0.55670
0.55726
0.55762
o .57 r27
0.607L2
o,61177
0. 61495
o .6202I
0. 63015
0. 83904
0. 84492
0. 87946
1.46597
f. +9440
1.52330
1.57829

1.95
1. 95
1.90
1.90
1.90
r.85

I.IU
I.7 0

1.70
1.70
r.20
r.20
I.20
0. 70
0. 70
0.70
0. 70

0. 300
0. 305
0. 305
0. 305
0. 305
0. 300
0. 400
0. 300
0, 300
0. 200
0. 400
0, 300
0. 200
0.400
0. 200
0. 200
0. 200
0. 400

0.420
0.420
0.420
0 .415
0. 415
0 . 4l-5
0. 350
n u(ô
0. 350
0.350
0. 350
0. 450
0. 450
0. 350
0.450
0. 350
0.350
0. 350

0.615
0. 620
0. 615
0 .615
0. 620
0.620
0.400
0. 600
0. 500
0. 600
0. 600
0.400
0,600
0.600
0. 500
0.500
0. 600
0. 600

cv r^ras computed for assigned values of p, 01, e2 and d . The

ta-ble 4.1 was set up in such a way that coefficients of va-::iation a¡e

monotonic.

4.2 Maximum Likelihood Estímation of the paÏ'ameters

Most of the maxi¡num likelihood estimating equations here are the

same as in section 3.2. The only thing we have to find is the MLE of

c!. I,¡e take the fi:¡st partial de::ivative of equation (3.6) r^rith

respect to CI .

+P = ("-", [.."[-(Ð] .-{-(Ë)J]

l-W
-38-
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(4.1)

(4.2)

(4.s)

(4.4)

(4.5)

,. = " .""{-(,+)l

0 '"'[ (-*Jl+ ß exp{-(PJ}

r * <$r ."n {tnct - L)}

Rewrite the MLE of 0r, 0r, p and together h'ith the M¡E of a,

obtained by setting exp::ession (4.1) equal to zero, we have:

^ -1
n

rla^
¡ (x-.r)P

r-l
J -r

t
-2
r (x^,r)P

¡ l=l- "
o2

^ ta
e(pl = -(n-r) tPs't (I-* *3) *\0 a /'.l 2

'1
t l,n(x. .T)

J-l
I --r

I (n-:: )
n

â - i(n-r)tP
"t- "l 

-

; - (r-û)(n-r)rÊo2- 
- 

o^

and ff is the solution of

fr Tt
'r:+::+pp
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whe:re

(4.6)

(4.7)

_1
a
þ2

We wiJ.l use the moment estimators of the parameters as the

starting val-ues fo:: the iterative soJ_ution of the equations (4.3) _

(4.7 ) .

In fact, when p = 1 is known, the equations (+.S¡, 1a.a¡

(4.5) anal 4.7) a::e the sane as equations (4.1-o), (4.11), (4.1-2) and

(4.13) in Mendenhall a¡d. Hadenrs paper (1959) setting

r. = etltP = e./T , í = I' 2, So it rnight be:reasona.ble for us to
use a similar technique to find out the estimatol?s fo:: 0r, 0r, c aad

p whích we discussed above. Note that ín this case we have

dv

dÊ

t-l+ - +\ I
= - (n-n)v l!-;g - + + -l=.= | "o"=.=no.ding 

to (3.24)

L ornr "znz I

4.3 The AsJrmptotic Va¡ia¡ce-cova::iance of Estimations

We need to take the second. derivative of equation (9.6) !¡ith
respect to a only, as the others a:oe the same as in section 9.3.

Using equations (3.7)" (3,8), (3.9) and (4.1-) Ì¡e obtain the following

l?esults :
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t
d &nL : the same as in (3.27)
ô0;

-2d J¿nl,----:î= : the same as in (3.28)
oo2

^2^ _A J¿NL

--::F : the sanne as in (3.29)
dp

^2^ _d J¿NL:--i::=- : the same as in ( 3 . 30 )
a 014 02

è2 LnL# : the same as in (3.31)
d öldP

^2^ -
{;{! : the same as in (3.32)
dþ^dD2'

è2 LnL - (n-r)k(f-k, k(n-r) + r, (I-k)(n-r) + r',

;7---"3-----?------7-
(+.8)

a2LnL - k(l-k)(n-¡)TP Ð 
2!,nL

ãqãõ= ä= q (4'e)
J 0þU1

ð2LnL - k(l-k)(n-r)TP è2 tnL
ãì--ãõ = i+' r-ù.raßoi ôcâ0,

-+l_-



# = k(r-k)(n-::)rP('"')(#J =*fF

asj¡mptotic variance-covariance mat::ix

be estimated by

ô1,62,â 
'ó

cov(ê.,ôr) cov( êr, ff ¡

"(ôr) "o.'{ôr,â)
v(â)

(4. rr)

So

(0f,02,(r,P)

a2tnL-- ,
a0i

the

may

,'0r,, I a2!,r,¡l a2¿rnl Ï- ãe¡€;l - ã';ñl - æ;¡¡l 
I

l6r,ô2,â,ô lâr,ô2,ô,Ê lêïôzô ",,rtl

,'ur,r l ,'r,'"l ,'unrl I- ;a| - ãê;ãdl - ã';ãFl 
I'lô1,ô2,a,ô lê.,êr,&,¡ 161,ô2,â 

^l,rn 

I

n'nr'r-l - a',r,, | |- 

-1u,,u,,n,¡ 
61u,,u,,, 

^l"l

#l
lU, ,Ur,", n_]

^ ^-tcov( o, ,t ) 
|

^^lcov(0orn) 
|

".'(;,ô) |

I

"(Êll

= 

[.'',



4.4 Illustration

EXAMPT.E 2 (c, p=pr=pr, 0r, 9, r:rrknorm )

Using the same samples as in exarnple J., by treating a as

unknor^m, we have n=150¡ T=97, rl = 4+, ?2 = 79, :rt-Ï:a-T,2 = 2g,

I = O.7O598OA o "2 = 0.1617389 and cv = 0.5696586. Reading f:rom

table 4,1, we have the moment estiTnates pL = 1.g75, c* = 0.3025,
tc***ei = ri'tP = 0.417sx(e7)1'875 - 2217.4460 a¡d el = ll = rn

0.6175x(97)1'875 = 3279.0gS0. Using the method hle mentioned. in
section 3.2 anö 4.2, we::eplaee âr, ô, a¡¿ â in equation (4.6) and

:l***(a.7) by 0t, 0Z a¡rd a . Taking p" as a starting point and

ite?ating p r¡ith equ.ation (4.6), we eet iO = l,B54O. Substituting

it in equations (4,3), (4.+), (4.s) and (4.7), we have ôol = 237f.5840,

0OZ= 3274.+gZ0 anal rO = 0.3350. 3y successive iteration as

díscussed. in Chapte:r 3, we obtain sever:aI tables s imi].aÏ' to table 3.5.

One such table is nepresented below.

TABLE +.2 RECORD 0F ITERATIONS I,IITH p = 1.8b4

t_u u_L
ô- ô1.72 11

t, h (ku 
'P 

)

0
J-

2
3
4

0.27L9 2520.9040 7+49.2570 O.r+231 4.8375 o.]713 _O.l_006
0-08s3 1947.8750 3s13-sf2o 0-3093 6-7350 0.1293 o.O44o
0.1993 2297.7920 3316.1230 0.3305 3.8597 0.2058 o.oo65
o.2226 2369.3400 3275.76L0 0.3349 3.4891 0.2228 o. ooo2
o.2233 2371.5840 3274.4970 0.3350 3.4783 0,2233 o. Oo0o
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Pr:oceeding as in exanple (f), we obtain the final results

tabulated below:

Population
values

Moment
Estinates MLE

p

c

ol

8z

2

0.3333

4000

6000

1,8750

0.3025

2217 .4460

3279.6950

2.0284

0.3280

4746.08s0

7l-56. 5582

f'"'""'

And the asJ¡mptotic va¡iance-covaniance mat¡i>< is given by

o.42t"to-6 -o.9.r4o6xro-2

-5 -20,1338x10 " o.4o2oxto-'

o. 59340 rr-03

^-r-l
-o.32ss2x1o-z 

I_t I

-0.50796xf0 * 
|

0.66844x1_02 
|

"lo.zgl69x10' l

275.381s I
473.s0e3 

I

-0. oooura I

o.oturoa j

r i- u uru, nt

I

t

8322003

l_621338

14. 82886

-34.99499

0.oo222l



The var.iance-cova:ríance matrix of the MLE in Mendenhall

and Hader (1958) (i.e. p = 1 (knov.m), â = 0.0098, ê, = Zg+.1

-^and OZ = 355.2) as

[.,',

cov( ô1,ô2)

"(ô2)

.o-ri â, , ô, )

v{ôr)

-254 .1632

607.6025

^ ^ 
--'1

cov(o.r,c) 
|

.."Ce^,a¡ Izt

I

"(â) __l

o .236181 I

-0.116e86 I

o. ooo688 
_l

covar]-ance

unknown and p = 1, the asymptotic variance-

oI, þ2r c ard Þ turns out to be

v( 0- )
I

co.,,{ ôr,ô )

cov(ôr,ô)

v(&)

.on( ôr,i )

cov( ôr,$ ¡

cov( ô,p )

v(Ê )

: 
f-iozs
I

L

Assuming p

matr:ix of



5957. 4680 0. 100379

10944. 03000 -0. 342091

0.000693

Compar"ed to our resul_t in examples 3.1 and 4.I, the variances

of the estimatol:s appear to be small_ and this is due to the small value

of f (see the comments on page 38).

3. 03448J

s. o2ee6s 
I

-0. ooorlo I

o.oo24sl

= 

["''"""



CHAPTER 5

s, THE SHAPE PARAMETERS pl, p2 AND

êL, 02 ALt t NKNoWN

In a previous study, the rnixed Weibull distnibution had

been t¡eated as

+ (r-s)(t) u-' .""[- (ÈrJ]

'"'{ (#)J (5'1,

r(tlor,or,o,p1,rr) = "(af *n'-t "-f (,+Ì

, r.,-.,r(FJ -n'-'

5.f The Moment Estimate of the Parameters

Since the "th ,rorr-""nt"al moment is

,: = u} f].".n'-'.""{-(,*JJ,"

r(tle's'o,pl = "tfol n-t."r[- (+)l

In fact, one might consider that the shape par'ameten p may not be

the saTne for the two subpopulations. Novr suppose that pI + p2 , so

the l,leibul-l distribution may be presented. as



. g* 
fl,.".n'-'."'{-(#)l ."

SS

= p r<|.lce, )nt * !l-oÞ r'cþcr^16Pl Pl t P2 Pt-- 2-
(5.2)

That is, we have the first and second non-centl?al_ monents:

11.;-
ul = <5r t<fr ,ft * (-1-a) .tfl ult
'Pl PI t P2 P22

22
t^^.oP.

u^ = (É:) r(j-) o.' + 2(l-0) ,f4-l ul,
' P! P2 t Pz 'P2' 2

So the variance is

,,(*) = ul - cujl2 = p rtlrcF - ',ut_", ,r?, uYz t Pt PI t P2 'P2'

[ .r t]l2
- lþ r,:, un¡ * ..-", ,.*, .it 

I

[t 
Pr' P2 P2')

Then the coefficient of var:iation is



cv 
*,- (

! rrlt uft* 'tr=Ð ,<l; ul'Pl . Pl r P2 p2

l-

I
)

r12
- tt "L' 'i'-]

The ab::idged table of the coefficient of variation

cor::esponding to pf,p2, o, 01 and 0Z is given in Tab1e S.l-.

Ìlhen the samp1e coefficient of variation is obtained, the
**+'r'

cor.::espond.ing values ni, nr, c", 0l and e, can be obtaineil by

interpolation.

TABLX 5.1 TIIE MI}GD WTIBULL COEFTICTENT OF VARIATION

D.(r. = e./r 1)

coeffícient of
var:iation

\zÀtP2P1

0, 92733
0. 94875
0.95048
0. 97s01
0.998++
1.00003
1.02055
r.02]-97
1.04570
r-.04770
1.08996
1.09176
1.09255
1.09306
1. 09441
1.111-93

1, l-
l-. l-'1.1
1.1
1.0
1.0
1.0
1.0
1.0
1.0
0.9

0.9

0.9

1. t_
1.0
1,O
0.9
1.1
1. l-
J-. 0
l_. 0
0.9

l_. J_

l_.1
1.1
1.1
1.l_
l_.0
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0. 300
0.300
0. 305
0, 305
0. 305
0. 300
0, 305
0. 305
0.300
0. 305
0. 300
0,300
0.305
0. 305
0, 305
0. 305

0. 400 0. 56
0.400 0.56
0.39s 0.56
0.400 0. 56
0.400 0.56
0. 395 0. 56
0.400 0.56
0.395 0. 56
0.400 0.56
0. 395 0.56
0.400 0.56
0.395 0. 56
0.400 0.57
0.400 0.57
0.395 0.57
0.400 0.56



1. 11209
1. 11374
I.lr477
1. 11662
l, ]3776
I.l_3945
l-.16015
1.14t_89
LI+226

1. 00
1.00
1. 00
1.00
0.90
0.90
0.90
0. 90
0. 90

0.300
0,305
0. 305
0.305
0. 300
0. 300
0 ,300
0.300
0. 305

0.9
alô

^o
0.9
0,9
0.9
0.9
0.9
0,9

0. +00 0.56
0.39s 0.56
0.400 0. s7
0,395 0. 57
0.400 0.56
0.395 0. 56
0. +00 0. 57
0. 395 0.57
0,395 0.57

cv r^ras computed for assigned values of pl, p2, 01, e2.' and d . The

tabl-e 5.1 was set up in such a way that coefficients of variation are

monotonic.

5.2 l"laximum Likelihood Estimation of the parameters

P1' P2' cr 0a and 02

rn', = ¿n #, + (n-n) ,"F.",{-(#J} .'"",{ (,*Jl l
+ r'I.Cna + r2l,n(l--a)

<*,.r)nt l- .Q,n er + (nr-l)[n(xr, ) + pfr,nT -.-:L--]

'2 I- (*^. r lP2 
-j

,!r l]*, 
- t'ne2+ (pr-l)øn(xr.) + prr,nr þi::l ,..-,

o1 l-* .t_ lu'n,l=a L



Differentiating

in tucn, then we have

(5.2) Lrith respect to 01, or, a, p, and p,

"r¡ (x-.r)
-:-r -L]

P1
p.

ô l,nl - k(n-r)t '
ãã:- - 2to1

o1
- ã-+"t

j=r
e1

â.{,nL - (r-t)(n-r)tP2
èoz 

,'z,

_ k(n-r) + 11

t?^2 P4
X (x^.T) '

z1,2

"z el

(t-k)(n-r) + r"^
2

--_-ß-_

â.{,nL
ã;:-'1

p.

- - k(n-¡)T rlnt
- ----[-

t?-

+l*p1

p^
-(j.-k)(n-r)T z.e,nT

-_T,

"1 l- t*,.r¡nt l
j]r'"("rjt) f -h]

l- t*^,r¡n'l
t -a;] rs'sr

â,Q,NL

aP2

wher.e

i (n-n)
n

r + rg,.""{(#) (,+)

I{hen the partia.l- de::ivatives are equated

equations are:

to zero, the estimating

(5.s)

(s.6)

(s.7)

(s.8)

(s.10)

t4_^tcr=-+n ( s.11)



And pt, pZ a:re the solution of

-L

^ P''
k(n-r)t *

of

^p^â - (r-k)(n-r)t '
t o2

- 1 p"
x (x. .T) '

_L-t
I =J-----;-

-1

Yr^_2 p^
E (x.,.T) '

-i-l zJ
+ J--

,2

c2(i) =

p.-l
(xr-T) 'l
----*-|orl

l?^
2

í2

ôJ(x^.T)'l27 1---.:-_l
"zl

( s.12 )

(s.ro)

(s.14)

(5.15)

1â-
.L

p1

F

t(f) (r')

?- l-_Ll
+ t r,n(x-.T) lt -

-Lì Il=-L"L
=0

^p^(n-r')(l-k)T'(!,nT)_--:-
e^

2

,2
+ X 4n(x^-T )zl

I =-L

respectivel-y, whe¡e

l+ :-

(s.16)



We wíl-l_ use techniques simil-a¡ to Chapter 3 and. 4 for
finding the MLE of d, e1, 02, p1 êrìd p2 . We keep nl, Ol, Ol

and cr as constant, substitute them in the equation (S.lO), and

iterate fo: p, using p; as a starting value. I,Ie use this iterated
jlesult pof, say, togethe¡ lrith 0f 0, and a , substituting them in
the equation (5.L5) and iterate for p, 1-,"irrg pl as a starting

value. We continue in this mannen r¡ntil we get the values of p,

and p, such that they both satíslr the equations (5.]4) and (5.1S).

This kind of looping will take quite a l_ot of conputel? time. once

these two values are obtained, we may obtain gf, gZ and c by

using the simila:r technique that we d.iscussed in section g.2 and.

section 4.2, It is quíte difficul_t and time consr:rning to get these

five estimates which satisfy equation (5.11), (S.l_2), (S.13), (S.14)

and (5.1-5).

fn choosing pl- oo p2 to start first, we prefer to use

Pt in subpopulation (l-) which is defined in Chapter' 3 (That is, take

the rninimum va.Iue of these thto sajnple means and define it as a first
subpopulation ) .

Asl¡mptotic Variance-covariance Mat¡ix fo::
a^ur, u^, (!, p, and p^

-L2

The asJrmptotic var:iance-cova:riance matrix of

(ôr, ôr, ô, ôr, ôr) is approxirnated by

ça _



"tôfr at ôr, â, )

^.)a(el)

cov( or r o, )

.'r( ô^ )z

a{êr,â)

a(e2,d)

a(a')

.o,r{ ôa,â )

.or.{ ô, ,â )

"(â)

"{ 
ôr,Ê, )

.tôr,ir)

"(â,Êr)

"côfr

cov( 0r rpr)

"o.r{ 
ô, ,ô, )

eovlâ,ffr¡

v(Ê, )

-1

v(or)

.{ ôr,i, )

"( 
ôz,iz )

"( 
â,ôz )

"(ôr,ô, )

^ca(ni )

(s.17)

whene
cl

"<alr =-l$l
I l^* 

lg1r02rcrp1rp2

D

zÊ(n-r )t' 1
.-.----.-----;-1

oi

ol
;ã
ei



(ii,i,'"',"t''l-l
(s.rB)

- lìtr-i,," -")r'î' z(r-t)(,,-o)rô2 'z[-E-----{--F,

- l+)"3 .*",,,i'l (s.le)
\ êjl:=r ,: l

^t
, ^ 2, Ðt 9.¡,1ato , = - .-.-----=-l

^ztdtt I
l^
lor'er'c,nr'Þ,

- li(r-t)(,,-ol- - L-77-

k(n-?) + 11 (r-t)(n-o¡ * o', 1___F- _____rr__- 
) 

(s.20)



t
. ^2, â -.l.nT,

L^¿
dD

'_L

- i(,,-")rÊ1(¿.,r)2 l. cr-ilrÊ'lt t "l
. -1

p1

_ *ô,-l . :.a,) i1

.(iJ 't
t [.{,n(x- .r)]2 (*- .r)ôt

-Ll -Ll
(s.21)

(5.22)

,^2\ ,'O,' la(p2r = - -:z-l
oPr l^- 101,02,d'Pt'P2

- tr-t)(r,-o)rô'tu.,r)' [.,

---%-- l_

T,)

.(i) .; Ian(x't)]2 (x2.r)P2
\ ert ¡=1

ol
a(0r,0r) = ft;";l* -lôr,ô2,;,;1,;2



ô ^ PrfPc
k(Ì-k)(n-r)r * ----+þ;r--

øl a2

- a2¿rrr, I- ãoF;l
l^
l0r,0,,c,P,,P,

^2^ -latô.,â) = 
"Ëll^l0trer:d:P1rP2

- lirr-il<"-",rô,1--t-----::--l
I cÊoi ]

,'urr" I--ãaql
lôr,ô2,â,ôr,;2

.{ôr,ôr)= ÉËl
lô1'ê2'â'ô1'Ê2

- l-Êt,,-"lrÊtu.,, /. ,r.-*,rôt\

L--E- t- L /

( s.2o )

(s.2+)



- (it ;i' t*,'t)il u"t",,'l

.<ôr,irl åhl

n-r )T
^t^oL az

- ,'u.," I- - ãeJã;l
| ô., ô, ,ô,Êr,Ê,

or' o, 
'crPrrP,

ti. +ô^ I
' '(l,ttr)Ê(r-i)

- ,'un, I- - ãP;ã¡;l
l^
I e1' 02 

' 
a 

'P1,P2

-2- I

atôr,â) = ftËl
le1'02,d,P1,P2

Pô
k(I-k)(n-r.)r'---------::;õ-_

oB0|

(s.25)

(5.26)



,l
â-l,nl I- - ããão-:l

2tl^
101r 02 

' 
a,P1rÞ2

tl
.(ôr,ôr)=-S*l

z !l^
le1,02,a,P1oP2

r^ ^ tô.+ô^l -r
- lk(t-k)(n-r)T ' ' (r,nr) ILE
- a2¿r¿ I- - ãp;¡¡:l

! zt
lô1'ô2'â'Ê1'ô2

cl
.{ôr,ir)=-#äl

t^
101'02'a'P1'P2

- ll"-"rrÊ'(u"r)(1-i) /- i*ô' \
L----E- \'- % i

.^^l
-1,;) .3 (*2.r)P2 n"(*2.r)l

\ e!/ i=r -' 
_j

(s.27 )

(5.28)



a 
2l.rr, 

I

al., âc 
It^
| 01,02,d'P1'P2

a2trr Iaro,p2) = - ñt%l
-l^

l01o02rarP1rP2

I^ ^ ô"
lk(l-k)(n-r)r'r,nT-l------^-
LU
,'un"l- ãeFl

l^

le1r02rarP1,P2

(s.2e)

(s.30)

a 
2¡nl 

Ia(d,Pl, = - ã5r;l
| ô1, ô2 , â,Pl,;2

P.
_ k(1-k)(n-r)T r.(,nT
---------.T-

e-
-L

1]*lr
aB

rå.*rl" u_l

(s.sr)



^làt l.r, Ia\P, ,P^, = ;-------l" I ¿ öÞtdPcl* -l^ ^ ; 
^

I 01 , 02 , a,p1,p2

cl
â-!,nf I- - ãn,ã-Pri

| ô1,ô2 
'ô'ô1'É2

(s.32)

5.4 lllustration

We assigned 0f = 250, ê, = 375, c = 0.3333, pf = f, p2 = 1

and T = 650 houns. lle generated. 50 obsenvations a¡d. 100 obse¡.vations

frorn subpopulations (1) a¡d (2) as the same i¡ section 3.4 and 4.4

and. r4re get the fo1lowing sanpl-es:

TABLX 5.2 TIIE SAMPLE |ROM SUBPOPULATION (1) (rrr= so )

2It.+832
53.2834

l-27.8581
285 .2824
5+7. 3520

87. 6436
44. 981_2

269. 5200
s48. 719+
70.8s35

175 .4812
99.7688

f53. qne''
20.2+58

349 .8+88
910.9799
28.5336
40. 83s 9

f04.5854
187, 3612

50.1170
4s.1315

393- nÂ39
183.0842
370. 9638
108. 1031
121. 5087

98. 3575
5.1163

353.663s

561.4687 617.2304
83.2134 901.3647
.7-50ß0 247 .0877

207.L253 260.294]-
95.2040 27.6767

251.9786 550.6755
131.8994 460.7363
294.4s2I J_37.l_630
336.3872 1079.6ô20

+.5376 ].3.26+2

- 6.1 -



TABLE 5.3 THE SA],{PIE FROI{ SUBPOPULATION (2) (nr=1qg ¡

f98.996s
12.6528

385.8967
209. Ss70
]-92.724L
199. 5567
168. +152

92.4667
+3]-.2675

8.2283
258. +r77
567,1623
218. 8362
62,l-384

112 . 3546
290.7202
149.1163

71.8515
87. 61s1

1101.2350

19 8. 2433
31. 0559

1337.151-0
163. 8347
72L 0405
+46. 7805
362.5A32
110, 2134
585. 1977
124. 9406
284. l_9 38
tr7.]-270

1991. +l_10
630. 1501
58.7085
68.1725

7 0+,4907
747.3177
320. 8911
70,t238

653,5061
410. 5151_
920 .922I
110. 4131

s5. 1178
+3].8437
tqr.8717
637.5363
3+7.8881

64.6036
918. 0566
l_91-. 268s

88.5051
27 .5493

320. 6489
257.5600
601-.5539
181. 0456
r22.7632
721.5310

558.2910
1096.6160
r-347. 0 810
' 119. 6205

82 . 3419
62.2855

521.0239
381.9235
244.6254
l_44.1181
430.9328
9+.0527

228.2L20
r02,5474
514, 8305
29s. ô079
5r3, t872
37.7467

1l-1.9181
219. 8885

23r.7297
750. 7640

s3,234?
632,05l-7
72. s529

1+8.9624
239 ,3262
844.9895
75.5520

382. 5886
14.4903
s8. 4981_

335 . 3662
7r. ]-792
95.2729

587.4726
446 , 7385

17 .7 +OI
209 ,1385
363.9187

EXAMPI,E 3

Using the above samples, we surmna:rized the data as below:

n=nI+n2=l-50, T=100¡ rI= +7. L2=86 a¡d n-r,I-r,2 = 17 .

The rnixecl sample mean a¡d va:ria¡ce ane i = 0.4731393¡

s- = 0.233+213. The coefficient variation is cv = l_. O21l_29. Reading
,l ¡ttuon table 5.1-, we have the moment estimates: pi = I.OOO, pZ = f.OOO,

,i * it P;'
c" = 0.3025,. u. = ^î 

* "¡1 tr - 0.3975 x (650t'.000 = 258.J747 and
* * P; ì .ì^^u)= 

^i 'r 
2 = e.56 x (os0)1'000 = go3.geg7 t[e keep e], el, el

-.t

and c as constants, substitue thern in equations (5.I4) and (5.16);
rlusing p, as a starting point we itel?ate pf in equation (5.14);

we then treat the solution constant ! substitute it in (5.15) a¡d (5.16),
**¡l*together r^rith ef, e2 and a ; now using p2 as a staxting point,
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we iterate p2 in equation (5,15), substitute it in equatíons (5.1-4)

and (5.16), use the p:revious sol-ution for pl as a sta:,ting point and

ite¡,ate pl again in equation (5.14), We continue this procedure

until we obtain estirnates of pl, p2 nhich satis4r the equations

(5.14) and (5.15) (with ef, ol, o* substituted fo:r thÍs correspond-

ing palarneters ) . After r^re get the val-ues ôOf = 1. Of 0995 , Ë0, --

f.0l-4502, put them in equations (5.1I), (5.12), (5.13) a¡d (5.16).

Repeating the p::ocedu::e as in example (f) ana (2), we have the fi:rst
set of the foJ-lowing ?esults.

Êf=f . olo995, ôz=r. or,*soZTABLE 5.4 RECORÐ OF ITERATTONS WITH

0 r,, h(Êu,Ë1Þ2 ) D,,u k 0- 0-u uJ- 1J2

0 0.2260 270 .+67 3
I O. O24o 2L9. 448+
2 0.L786 285.4924
3 0.2058 2 65.36 57
4 0.2065 265.5383

I780.0320
389.9832
368.1550
364.31_23
364.2158

0.3390 17.244+ 0.0548
0.3160 8.3455 0.l_070
0.3336 4.275t 0.1896
0.3367 3.8519 0.2061
0 . 3367 3. 8420 0. 2065

-0.r7I2
0.0830
0. 0tl_0
0. 0003
0. 0000

We continued the sanne itenations rmtil such 5 estímators

satisfied the equations (5.11) - (5,15). The final- results are listed

bel-ow:

Population
Values

Moment
Est iÍiãte s ¡{LE

D--_L

P2

c

ot

oz

1. 0000

1,0000

U. .J'J.JJ

250. 00

375.000

1.0000

1.0000

0. 3025

2s8 .37 47

363.999?

0.981-898

Ì.031s62

0. 3402

230.6272

398.4226
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In orden to estinate the va¡iance-covariance mat::ix, we

eva.luate the partíal de::ivatíves (5.18) - (5.32) and the desired nat¡ìx

fol]-ows as:

"(ôr) .o.,(ô.,âr) "o.rcôa,â) "o.,{ôr,Êr) .o.,{ôr,ôr)

v(ôr) "on(6r,&) cov(ôr,$r¡ .o.,'( ôr,Êr )

v(â) ."-'(ô,fr¡ .""{â,ir)

"(ôr) "or(ôr,ôr)

v(ô, )

3388.723 -l-995,220 f.074998 _0.001988 0.C07728

4+s4,6090 -I.43448 0.031-931- 0.00707+

0.0020sI -0.00000L -0. 000012

o. oooooo o. ooool1

0.000000

Settins Þ- = J- and Þ^ = L in Mendenhall and Hade:: t s

paper we have the asl¡mptotic vaniance-cova¡iance matr:ix fo¡ ôI, ô2,

o, P1 and P2 as to1-Lows:
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v(ôr) cov(ôr,ô2) cov(ôr,&) "ov(ôr,ir) cov(ôr,fi2)

v(ôr) .o-r(ôr,â) "ontôr,Êr) .orr(êr,$r¡

v(â) cov(ôr,Êr) .ov(&r,ô, )

v{Êr) cov($r,$r¡

v(ô, )

850.1-950 52.00306 o.o374t 0.001559 o. O4l_91_o

1629.6560 _0.10827 0.09299 O. OO+03

0.000644 -0.000003 -0.000019

0.000002 0 . 00002 6

0. 0000Qf

The variances of the estimato¡s incr"ease considenabl-y as p1: p2

inc¡ease (in ou¡ case pt = 1.OOr p2 = 1.00 . See the conments

on page 38).

. Note that alJ. the pr:ocedu:ces for solving the moment

estinates, MLE and thei:¡ asymptotic va¡iance-covariance mab:ix have

been prog:rammed. and. are given in the appendix.

The data had been generated by using the cr¡nufative

dist¡ibution

y=F(x)=r-.*pt-t*)]
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(with no loss of gene?ality, we may set p = O = 1)

It follows that x+ø as y + 1 and x + O as y -r O .

So in or:d.e:: to genenate a ¡epresentative sample, one should be careful

that neither too nany J.arge nor too many sma1l yts ane used.

Tables fo¡ the rnixed lleibul-I coefficient of va::iation (cv),

ta.b]-es 3,1,4.1 and 5.1 a:ne abr.idged because the value of the panameters

can take on values on the whole ¡:eaI line. To suit the example

used'and fot convenience, we rest::ict them to closed intervals.

These tables give the values of the cv associated with each

possible combination of va::ious values of the parameters. To

il-l-usb:ate hor47, h'ithout any l-oss of generality and fo¡ simplicity,

take tabl-e 3.1. Lêt 1.70 < p < 2.IO, 0,300 < ll < 0.600 and

0.350 < À2 < 0.650. We fír.st keep p and 11 at their nespective

l-owe: bounds and. increase \, from 0.350 to 0.650 by O.O5

( Remank: the magnitude of the incnement depends on the deg:ree of

pnecision desi::ed). We then increase À, again by 0.05, and start

\Z fuom 0.350 to 0.650. We ?epeat this process until 0f = 0.6000r

and each cv is calculated. Now, we íno:ease p by, say, 0.05

again afrd obtain a whole new series of cv. The hrhote p::ocedr::re is

repeated. Ìmtil we find the cv !ùith p = O.50(0.1)2.10

Ths:e is r.oom for: further investigation in this plrobl-en

and I hope to continue workíng on this project for a whiÌe.
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L.,-...
cCc

i C SttBEOUÍr¡IE : CoRcoE
c
c
cl
c I PROGRÀü!rE FOR prtiDING ÌlOtlENT ESTI¡tÀ1E OF p 0 LÀ¡rBDA1
C I LÀIIBDÀ2 ÀìÙD ÀLPEÀ
C I sgERE ItE LET LÀüBDÀ1=ÎH81À1,/(T+*Pl LÀjrBDÀ2=f gElÀ2,/(1tr.O)
ct

( 46 pR It¡T7 t C, f,I ÀT,0.t A1, Àlp¡tÀ,8 Ä TA 1 , B ÀT À2- tt7 ?00 FoFnÀr(.1',2r,r P1=r,F?.4,. p2=t ,87.4.1 ÀLpHÀ=r,F?.5,. I r ,¡qEÎÀl=r,p10.5.r rSETÀ2=r,f10.51

I 5 SfJBiìO ftlr ì{ E CORCOEIL,K.t¡,T,N.l.t{zì
6 REÀL x (200) ,Y (200!
? REÀr, pt20001,0t2000),À(2000l,B(2000),c(2c001,v12000t

( 8 so¡tt 1=o
9 SU ¡r2=0

_ 10 su!,! l=0
( 11 5û¡{4=0

12 CÀLL cEN l¡r't,N2,f ,Y,T)t3 DO ¡¡0 J=l,L
( lt¡ Suta4=SÛttr¡+ ly (Jl /Tl *r2

t5 r¡0 su l=s0u3+Y(J),/T
t6 DO 50 t=l,K, 17 sûn1=su¡{t+Ytll ,/T
l8 50 sûtt2=suit2+ f:( f I),/Tl +*2
l9 S¡lE.\N= lstl{1+S¡t!.31 / (K+LI

. 20 V¡D2:f SU¡{2+S¡r¡,tu- lstt:l.t+Sûrr3} *+2/lK+Lll/(K+L-11
21 cV 1=v^ 9 2/ lsr{tÀN**2)
22 sc v= SO RT (cvl)
23 PR I HT. S H ã ltN, VÀ R 2, cV 3

. 24 PR I{Tq , SCV
. 25 9 FollTÀÎ Itt',r?HE COÌì¡'FICIE¡ÍT-VAPÌ!.1IoN = t,p10.8t

2(t CÀLl TÀBL ! (t', Q,4, B, C, v, ¡tl

: côrpÀprsrorr qrrr !sE coEFFrcrDN; v¡ErÀTro¡¡ Fpotl rRE. *r,{EDc sÀ¡-rolE -!'dÐ TI|E c-v TÀ8LE
c

27 rrt=it-l
' 28 Do 60e I=l,tI

29 rF (sCY. PO. V lrt I colo 5C0
30 IFlSCv,cT.vlll .¡rtíÐ.ScV.t1. vlr+11) GOIO 520

!. 31 600 coì[TIr[ûE
. 32 PR rrrT, scv

33 GOlr 900
( - ...34 500 pHAr=P (Il

35 OH À T=0 trt
36 ÀL pÍÀ= I (fì

( 
. 3? BÂTÀ f=B (:) +T*to8AT

38 BÀ 14 ?=C lI) *t**P?àT
39 pRt TT 00, pft À1,g{lÀ?,llp{â, BÀ{r!, BATÀ2

(- 40 GOTO qoo
l¡1 520 Ps!l={p(I)+PlI+1tll2
42 0R ¡¡î= (0 I I) +Q (t+ 1l | /2

(. 43 ÀLPnÅ= (r (r) +^ tr+11| /2t¡4 BÀT¡1= lB lt) +B lI+il I ,.21.T**0HÀT. 45 BATÀ?= lC trt +c (I.1) I /2*T**PHÀT

(. c
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(; C ollcE lHE irrLE(St BE oBTÀINED !flE v-c trÀTRIX CÀN ALSO BE FcnìtD.c

c
I tl8 CårL ü LEO"|D (L, ñ, N, T, PHÀT, O ftÀr, Ol ll r, r. t I Z, ¡-LP HA, X, y)

cc,
( ; 49 Pn rl¡11

50 I F6Þ{ÀT(r.lr,. r). ..i
s1 900 8n1$Ft¡( 
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Er¡D
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c
c
c
C SLBRO0?IùE : TÀBLB

ic' .c
cc --------ct
C I T!.BULÀTIO{ TIIq CO¡ç'FïCT E}¡T VÀIIÀÎION IIIt¡I ÞÀRÀ!.!E!PR P Q IC I LÀ¡IBDÀl LÀI'BDÀ2 À¡ID PRO8. Iqll-c

,.- c .--..c
53 SUBTO.TTINE TÀBLEí9,?,À,B,C,V,HI i
54 9EÀLp(20001,ot2oo01,À(2000),Bt200ot,c(2000),vt2o00t. 55 nElL -qp1,Àt'2,ÀFpÀ,ÀBt,ÀB2,Dl .D2.".1.Ê,2.Èt1.t¿i2.cv2,cv356 r=1
57 PRrr¡T800
58 800 FORItÀÎ {¡1r,27t,651r_rlt
59 PF rll18 20

' 60 820 PoF,tÀr (2?l(,.l',eSr, ' ¡ '¡61 PF rrrT5 00
62 500 !oÊ..tÀT (27X,t1r,2\.2!jp'1,11\.2Hp2,6x,r¡EpîoB¿8j(,7HLÀíBDIl,4X,

I 1 7grÀ!BDÀ2,6T,2HCV,4X,rl')
63 PRrr¡r8lo
64 830 FOR¡,ttT (27Í,. t r,65x,r ¡ r¡, 65 PR r !tî8 40
66 q40 Fo?rff:12.t1,66 {i_rl I
67 PR rlr?8 50

| 68 q50 r'cFi.tÀT tz1\.tlt,65x,rlr)
69 ÄBt=0.42
7O 101 À82=0.615

Â 71 200 ÀPaÀ=c.3. 72 3C0,.:P1=1.95
73 -'r50 ÀP2=1, g0

ø 7t+ ¿t00 Gl=c¡r{À (l.,/ÀPt)
75 c2=cÀ ut!À 12.,/À p t)
76 c3:i!À[]!Ã ( 1. /Àp 2lg 77 â4=r;q !r{A f2./Ap2t
78 D1=tq¡.{*Gt*?tB1**(1./Àp1l/à,p1
79 D2 = ( 1- ÄR.FA) *c 3 *¡ B2 *r ( I .,/À p 2l /Ap2O 80 ü t=D1+D2
81 Fl=2+À?FÀ*G2*\ts1** (2./^p1l ,t!.p1' a2 E2= 2i ( 1-ÀR FÀt * Ê,4*AB2*,1 (2. /ipzl / ApzA 83 ¡! 2=E 1.+D Z
84 vÀ 91=t':2- ð I '1.t285 cV 2=vÀ p 1/ (i,t 1*+21

O 86 cv=sop s (cv2!
A7 P lll =Àpl88 o (rt =ÀP2O 89 À (I) =¡-BFÂ' 90 Bllt=ÀBl
9l c{I} =À82o 92 v tn =cv9l ÀB 1=tB1+0.005
94 I=T+ 1

G 95 . EFF t=c. 625
96 ERn2=0.31' 97 EFF l=2. 10g 98 s¡R4=0.6r5

- 84-



101 ERn T= 0. 41
1(t2 ERR 8i1.90' 10 3 rPR 9=2.0 5
104 rF(ÀB1.t1.ERR7.ANÐ.Àp2.cT. E8R8) COlO 400- 105 fp(ÀB2,rT.E?F2.ÀnD.tp2,cT.EFR8l GOlO 60
106 rF lÀpFÀ. LT. ERq2. ¡.ND. ¡-92, GT. F9F8) cOlO 62
1O7 tF (ÀI' 1. I.t, E:i R 3. _4 ]¡D . À p2 . GT. EB 18) cOlO 64
108 lF (AP2. GT. ER39ì GOTO 66
'109 rFtÀBl.LÎ.EAF7.q!¡D.¡.p1.cÎ.EiF6) GOTO350
110 rFfìB2.f,T.EF?1.-' rD.Àp1..G1.EpR6) GOTD60
111 IFIAFFÀ.LT.EpF2.À{D.Àp1.GT.EF96) cOrO 62
112 rF lÀPl. GÎ. 5Êr?6) GOTO 64
lll I¡¡tABl.LT.Er-)rr7.tND.ÀppÀ.GT.¡'8r5ì colo 300
114 r!'lÀ82. LT. ERF t. ÀrfD. ÀR!'À. Gl. En15) colo 60
115 tF(ÀBFÀ.cT. E!Ê5) cOlO 62
1t6 IF(tB1.11.EnR7.ÀtD.^82.G1.BlRr¡) cOTO 200
117 ÎF lÀS2. cÎ. ElR4l GoTO60
118 lF(AB1.LT.ERR7l GOîO 100
119 60 ÀB 1=0.42
120 ¡82=¡ B 2+0.00 5
121 fp faB2. r?.gRR t. Àr{D. Àp2. GT. EppS} colo 400
122 lF lÀ¡2. LT.5RR1. -q!rD. Ap1. cr. E8RÁl colo 350
123 rF (¡t82. LT. ERR 1. ì$D. ÀtîÀ. CT. FFF5I cOTC 300
724 TT fAB2. LT. EPPI) GîTO 2OO
125 62 ÀB 1=0. 42
126 , À82=0.6t5
127 ÀF FA=À P FÀ +C.0 0 5
12A JF IARFÀ. LT. E8f2. At¡D. Àp2. GT. EF¡8) GOTO rtOO

129 ÌF ( À F FA. LT. irì C 2. .À¡r r)..121 . cî . lFR 6) GOTO 350
130 rF l{8F¡. Lî. ERE2I co?o 300
131 6t¡ ÀB't=o. ¡¡2
'132 nB2=0.615
13t À F FÀ=0.3
134 ÈP l=àp 1+0.0 5
135 rF lÀ p 1 , t,T. ERF.l. t!¡D. Àp 2. cÎ. p¡s8l co10'400
136 rPt-tPl.LT.ERR3l GOTO 350
131 66 ÀB l=C.42
138 AB2=0.615
139 ÀR FÀ=0.3
140 .ÀP1=1.95
141 ÀP2=ÀP2+0. 05
1tt2 rP l.tP2. LT. ERRgt GO10 r¡00
141 ú=I-1
'144 . CÀLt SORÎ t¡i,P.O.à,8,C,91
1l¡5 DO 15 r=1,Í
1t¡ 6 pR!IT700,p (ft,0 frt ,À (rì , B tn,c ttt,v(rì
147 700 FOPXAT (27X, I I r, 1Ì, F5, 3,9X,.PJ-J,3I'¡?-l¡, 5X,F9.5, 2X, F'9. 5, 4X,F?. 5, 1I,r |I"
1r¡ 8 t 5 cot{ÎIt¡t8
149 PRrìYT86 0
150 860 FoP'lÀ1f2.7X,rlr,65t,rÌ!l
151 PR r!18?0
152 870 FO P I À1 l27f ,66 ( I -. ) I
I53 PETI'RII
154 ETD
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?c .c.cec
c
c

snBFoû1r!ùE: SORT

e : t------ ----------l
c

9Cì
c

155 suBÞOrrTtNE 50ÊT (R, fr,0, V, r¡, X, yl
e 156 REÀL t (K),o(F),slKl,v(K),x(r(l ,YlK)

151 ¡I=K
158 2 N=n-t

g 159 Do 1 I=1'I
' . t60 J=I+1

161 r?lYtrì.L1,{{.fi1 €OqO 1
ø 162 Tts'{ Pl= Y l.t)

163 ||Ei,f f,2= r' (J I
164 TE r! ?3= v lJl

.b 165 f 9{P4=tJ (J}
165 îE ü P5= x lJl
161 Tsl{ P6=0 lJì

o 168 Y{.]}=Y 11)
169 U lJì =ll fI)17O C t.rl =g lIl
172 tl l"ì =F (rl

. 173 f.lJl =x {ll
e 174 Y (T! =1I: Pl

175 tl lJl =T ¡ir P2
776 V ( Il =l EltP 3

!¡ 177 s l =TE g¡¡
1?8 X lrl =18ìrP5179 0lTl =T El,! P6

e 180 l ccr{Tr NIJE
181 rr({.Gr.2) Golo 2
182 PBtitn !¡

e r83 E{D

e
¡b

¡b

,¡ã

¡-

.r¡

gctt
. C I RFÀNFIÌGE TÍÌ9 COEFFTCIENT VÀRIÀÎION VÀLI'ES }'ITII P O I

C I LÀI't8D!.1 IÀTBDÀ2 ÀIID ÀI,PEÀ 'l
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c
c
c
c
c
c
c

.c
c
c
c
c
c
c\c
c
c
c

18t¡
185
186
187
188

c
c
c
c'c
c
c

sltBRouTr¡¡E : flt EOnD

IETEED FDR FIt¡DING ilÀXIüUtt LTKELIHOOD ESlt¡lÀîES OF p oTINTÀ1 T!I ET À2 ÀIID ÀLPBÀ

stt8nouTrNE ÚLEoÍ D I Rl ,82, i3 ,I, p, O,1 rr ET À 1,1HET À 2, À, X, f)
r?EÀL X (200) ,Y t200t
REÀL ¡ 1 ,:t 2,81 ,82, À [, À 5, K 1, K 2,K ,1,Þ ,Q,EtÞ, ÀLOG, À BS
P8ÀL L r¡ LP, LN¿0, f, r'¡¿ 1 , L NL2
I TecF:ì P1,!ì2,R3

I}I193À!TO{ FOR FT!IDI C P CO ÍTEPg TIIã1A1 TIIË1À2 ÀTD À¿PIIA À98
POU{D IN C-V T¡ì9IP ÀND KEEP IT ÀS CONST¡I T

'NflE Î.ÔG I.TKELITIOOD TNXCTION FlF P ÀI¡D FOB O

50 r 1=_1" *o/T[ ErÀ.t
T2=-Ð* *P/Ît 9?À 2
{ 1=ÀÈ E IP f? 1l
I(2=(1+ 11. -Àt *E)rP (T2)
K=K1 /l< 2
cÃlL sry5 (P.0,T,31,92,:(,Y,S1,52, S IÍ{ 1i S tt í 3, S 5, S 5, Sû¡12, srf r4, ¿5, L6l
.tt= l_ ( a3_f5-L6l * K* F**0* ù LOc fÐ ì,/îBEfÃI
A2= l- le3- L5-tó) * (r -Kt * t1** pl +ÀLoc (1) ) ./T'rtETI2
Bt=L5/O
82=L6/P
À4 = 5U r 1/1nE?À 1-Stü 2
À5=s!JlÌ 3/T gET[2-Sr¡tt4
l$ !0=,i 1¡B 1-44

c

189
190
191
192
193
t94
'tg5
196
197
t98
199
200
20'l

202 L¡¡ t.,=, ?+ I2_À5
203 LNL 1=¡.;lS fLn LPI
204 L¡¡Lz=¡ ss lr LOt
205 ERp l=c .00 1

206 f F tl,.t:1 . LE. ERR 1. rt lrñ. L {L2.18.?i"1) GOÎO 70
2O1 IFILì:L2.1E. BRRII G01O 71
208 pRrTT, p,0,T!tE1À f ,1HEÎÀ2, À, L l¡LO
209 0=o- 0. 000001
210 ÎF l9, i E.2.5t colo 50
211 G()TO 80
212 71 rF ti¡{t 1.LE. ERRl} COîO 70
213 PRr{r, r

27! pR r ¡¡l, p,0,THETÀ 1,ÎÍETlt2, À, LILP, ¡.rL O215 . PR r$1, r

216 O=o
217 P=2.'191156
218 51 T1=- T+ r,O/lrlETÀ I

.?19 -.--._ T2=-,rj*+p/Tfl ET¡t 2



I
i'--"- 220' "'-" Kt=Àrprp (r1t ---
! zzt K 2= K t + ( 1. - À) * Ex p (T 2l
I 222 K=K1/KZ': 223 cÀll sûl'tlPrO,T.9.1 ,R?-,'(.,\,t,1,S?.'SUr1,Sp¡,t3,55,56,Sttll2,Sr¡rg.L5,L6l' 22tl Àt= (- (93-L5-L6t r.KtT**O*tLoc (T) ) ,/TftETAì

225 À2=l-lR3-ì.5-r6l*(1-K,*(f,*i,p)+ÀLOG(T)l/lft9TA2
226 R1=L5/O
221 B2=L6,/P
224 À4=Sltt 1/T ¡IETÀ I -sûI2' 229 À5= SÛfl 3,/1it ETÀ 2 -Srt ú4
230 L¡t LO: À 1+ B 1-À4
231 LN LP=A 2+ I2-À5
232 LIL l=À8s lL Lpl
233 ltIL2= À BS lt¡rlol
234 IF ILNL 1. rE. DtR 1. ¡-ND.L[L2. t E. ERB 1] coTo ?O
235 PPT}IT.P,O,TTETÀ1,1tIETÀ2,À,Lì¡LP

. 216 rF tL}Ir t. LE. ?ÊR 1l colo 50
237 P=P+ 0. 000 001
238 rF (P. L8.2.5) GOTO 51

. 239 GO10 80
240 70 9R I!ùT?00, Þ, O, TH'TÀ 1, TÌiETÀ 2, À
2tt.l 700 FORt{Àflrtr,2X,r p=t.p12.7.' O=r,Ft2.?,r 1¡.¡¡1¡1=r,110.5¡-l .' r IHETa2=r,pi0.5,r 

"toUOt¡g¡1y=r,r7.5)c
C FOP À GIVEr¡ P ÀrrD O lfg }î.L.E.OF ÎHE1À1 T¡TETÀ2 ÀI{D ÀLPHÀ CÀII BEc por¡tJD 3y usrrc T5: strBpRocRÀtrlì!E üÀùÐn
c

242 cÀ¿LtaÀt{Dll(p,0,r,R1,82,R3,y,x,À83,ÀÐ4,Ap1l
t

243 R1=ÀBs {?It?T¡1-^B3t
2t14 82= ÀBS (T H El Ã2- À 84ì
245 83= â8S tÀ-\pll
246 EFP=o.0000001
2tt1 tFl31.LE,9RR.ÀND.ts2.LE.EBR.ÀÈD.Bt.LE.BRRl GotO 9OO\

. 248 9f.lET,ll=ÀB 3
. 249 1!t81,12=À84

250 À=Àp 1

251 P=P
252 O=O
253 GOTC 50
254 U0 pl rNr8 00. p, Q, THEÎÀ 1,TrrEÎÀ2,t
255 8Cî Fnp¡tAT lt1t.2X. rN|.r SOL0TIO¡| Fo9 p=l.2 TO p=r,F?.5,r O=1.2 To O=.,I -r'?.5, r TEtfÈt=r,F10.5,r TFETÀ2=r .F10.5, r pfoB=r,F7.5t
256 GOTO 850
257 90C PR I Ìt19 20, P, O, ÀBt, À84, À P.l
25A fì20 popIAT(r1"2X,, p=r,F7.4,r o=r,F7.4,i 1¡iE!À1=r,Flo.5. I tttglÀiI r,F10.5, r pFoBÀtsrLfÎy=r;F7.5)

.c . .c
' c. cÀLcûLÀTE THE ÀSy¡,IPTOTIC VÂR-cov FoR p,o,1HE?Àt,TEETÀ2
: C '¡I1íl ltLE VÀllrES

c
c

259 !=5
c

260 cALL v À RcOv (n2,R3,F1,î,p,o,À83,À84,À,X,y,¡tl

261 PRtt¡T950
262 t5o aoanot l.'t ' . ' rl 

- .263 85n PATÍP X

264 EnD

c
c
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c..c.c
c
c
c
c
c
c
c
c
c'c
c
c
c

265
266
267
268
269
270
271
272
27t
27g

275
276
277
274
279
2AO
2A1
282
283
2A4
285
2A6
2A7
288
2A9
290
291
292
293
29¡t
295
296
297
29A
299' 
100

' 301
302

. 303
30q

c-j c
c
c

sttBtottltNE: llÀ x D¡l

I
I PIIÙD T!lE !1ÀXIr{Í}t LIKELTfiooD EslI¡rÀTES Or rg¡t¡rI À¡ID ¡ILPHA IJIIERE P À¡ID O ÀRE GTvE¡¡
I

t

i.

sûBcoulit¡8 J,t¡ NDH lp,o,s, R1, R2,N.Z.s, AB3.À84, Àprt¡E¡_r z l20cr ,t¿ (?t1t)t ,o(6oot..r t¡not ,eiã,é,öl¡iiìi*r,¡rz,¡crREÀL À81,À82,S1,S2,Àp1rÀv1,EXp
r{TEGE'TI P1,R2
pR r¡lT7 10

7'10 Fo9¡t¡r (/ 2y.,11Clt-rll
PRt{T600

600 FOn{Àî l2f, r t r,1!8},,r I r}
PRINî7OO

?00 FOFMAl t2X,' l t,t,t.L1'1HÀ1, 12x, 6H?fl 1TÀ1, l lr, 6gTIrE1A2, 1Oy, 45ÀRpÀ,t__ 
_.___ _ -1uv, 

13 x. 4HG rKt, r i x, oio ¡v¡,rrI, ; i ;;' ---""
PR rïT7 20

ITflE?À2 I

I

720 FO,ì,rÀT 12r:,. I 
" 

108x, r I,lsrr{ 1=0
st{2=0
s!trr 3-0
srtrt4=0
L l=0
L2=0
DO 200 I=1,n1
rF lz {fJ .GD.S) cc10 100
stril 1=siril 1 +ALOC !? tl /sl
sufl2=srJi:2. {z lrl /sl **o
GOÎC 200

100 L1=lr+1
200 coulr uE

L=R1-L1
S1=:;I$2/t,
DO 2¡¡0 .I:1 , R2
IF (r (Jt . c;t. sl coTo 220
su¡t3=s!El+ÀtoG lc (Jl /sl
sotf 4=srlIr¡. lit lJ) /S! **P
GOTO 240

7-2O L2=L2+ 1

240 coÙ.f I NûE '
|tt=pZ_L?
52=SrJtJ¿,/t
X=S 1

I=s2
rF (x. LÎ. t) x1=x
IF lY. Lr. fl x1=Y

lEE TÀBLÐ FOF TIE EeûÀTIOr¡ : -.

I lL.{lt Bti À-y B trR 1} *Erp ( 1,/¿ Àü8DÀ-11 = 1r=tC 3os
306 8=0. 0 t
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t
C

307
308
309
310
31t
312

c
c

7 G=Ê- (1. / (ExP ( 1.,/Bt:1) )
ofKl=B'
¡t lK, =c
8=B+0.005
K=K+ 1

IF (K.LT.601) cOlO 7

31.1
314
315
316
317
3r8
319
320
321
322
321
324
329
326
327
128
329
330
33 t
332
333
334
335
335
337
338
339
340
341
312
3 4:l
344
345
3{5
347
3rr8

K=K-2
nO â I=l,K
IF{X1.GT.n(r}.¡.lD.x1.LT.¡{(r+11) colo 5rFlÍ1.80.Ítr)) coro 6

8 CO N TiN I'E
PRr¡¡T,X1
STOP i

5 8= lo (r+ 1) +o (11 | /2
GOTO 10

6 R=(otr))
10 ÀB 1=a

X=s1
Y=Sz
IF ll.,LT. ¡rl çoTo I
rF( .L?.L) G0TO 2

t L3= L
¡t3=ü
GÔTO IT

2 I. l=¡,1
ü3=L

4 L=r,3
ÀK 1= ( À 81 -:i) + L/ ( ¡r-L- T'
I=¡t l
ÀB 2=Y+ ( 1- Â'i( 1l *r,/ l¡¡-l-l!)
ÀÞ 1= lL+at1* l:¡-t-r,fl ),/{

3 Àv1= I ( 1. -¡p1) *FT9 ( 1.,/Â81-1 . /Ae2ll /Ap1
¡,GK=1./ll+ÀV1l
À01=¡,GK-ÀK1
SS l= I1,,/ 11.-ÌP1l +1.,/rtptl,/N
ss 2= 1.,,, {f-+ (À3't *+21| +1.,t { r (AB2**21I
Dl¡1=-ÀV1* (l:-L- It t lSSl+SS2l
Dv2=ÀF1/ t1.. (ÀcK*+2) +DV1l
ÀB?=À81*S4*O
AB¡¡=À82+S+¡.P
pRT¡,¡?5ôC, Àr1,À83, tÐ4, Ap1,Àvl,ÀcK,Dv2

500 FoP:i¡tll2,x,rlr,1l(,r'10.4,5!,F12.u,\x,?i2.4,5t(,D1O.rr,Sx,Ft0.q,5r,
1 F !0.4,5 Y, F1t. 4,3x, ' l rl

AK2= Àr 1+ D!r2
ÀB 1= I+ ¡ I(2 + f {- L- ü) ,/L
À82=Y+ l1-ì-K2ì {. (ll-L-l.tl ,/¡t
ÀP 1= ll+ ¡.K2+ fN-r-ü) ) ,/
Àr1:ÀK2
FRR=0.001r01
Dv3=IBs lD it 2t
.rFJÐI¡3. GÎ. i:IR} GOTO 3
PETr[1950

950 ¡,oRil!ÀT (2X,' | ' ,108X,I I rt
PRTr{1520

520 FOP'rÀ1 ( 2X,110 (r-') )
F F,T I¡R I¡
ExD . :..

3fr 9
350
351
,35 2
353
3 5¡l
355
356
357
358
359
3ó0
361
362
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c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

SûEnOÍJTf¡fE: VÀ RCOV

363
364
.36 5
366

:llllllTil¡9 vÀRcov I R1, R2, N, 1, p, O,?¡r EÎÀ 1,ÎlrErÀ2, À,x. y, ü¡REÀL X t301) ,Y (100t
llM t t0, 1Dt, K1, R2.K, P, r, r ErÀ1,rBErÀ2,À,Exp
MîEGER Ii 1,R2

cÀ LL- s t,É (p.a.T .R1. R 2,X, r, s 1,s2, s3, s4, s 5,s 6,s7,s8, L5, L6tF 1=L5
R2=L6
K 1= ¡ + PIp ( -t+* p/TXeTà r)
K2=K 1+ l1 . - \) * EX p (-4** p/1' tl FTÀ 2l
K=K1 /? 2
11=ll{ _P1l:2} +1*'ù (?*pl *{* (1-K),/(rsErÀ1**q}
À2=2t l¡f-P1-R2) *T** Þ* r/ lTpFTÀl**l,
Àl=ì'll lT ¡i E"À 1f+2)
A4 =2+ s 1,/ f 18 ST ¡t 1*a,3 

'v 11,1) =- lÀ l-¡ 2+À ì- À t¡l
B'l= lI- Þ 'l -î21 ,. lF++ {2+Þ} ) +K* ( l -r,} / ITHETÀ2++0t
82= 2* t$-p 1-R2) *T* * ã* l1-K) / I T[ qTÀ2* * 3l
83=1?,/ /,Tu''l \2**21
Bq =2*S2,/ {1'lt-e îÀ 2**3t
v (2,2ì =- (-i 1-S 2 +q j- 84)
Cf = (N-R1-t2) +K* t1-r(l /(À* (t-Àl I **2
C2= lx * lÌ{-¡l-p2)+q1)/Ä,r.+2
C3= rll-K) È tn-R1-p2) +p2l /0_Alt12
v (3,3) --- (c 1-c 2- c 3t
Dl= (ì{-P 1-R?ì * (Àttc (T) *+2 } +T** (2*pl
D?=D 1* K* ( 1 -,r.1 * ( 1..till¡'TÀ1 _1 .,/TH ETÀ2t *,È2
D3= l{-r1-e?ì * I tt¿Oc (T} } **2 t *T* *p
11=Ð3 '¡ IKlñ'rrr]\,t.It-Kl /Tfl¿r I2l
D5=1"1Þtir)/p
D6=s5,/!¡IETitl
D7= S6lT¡IET¡ 2

367
368
36 9
:t7 0
371
372
373
11q
375
376
377
378
379
380
381
142
383
384
385
385
187
388
389
390
391
392
393
'1?1 v lu,4) =- 1¡2-¡4-ns-oe-nzi
19? Pl=- tì¡-n1-!2ì *6* (1-K) * (i+È l2*pt l396 ¡:2= fTfiFT¡.1*+2) * ¡r¡:ri2+*z¡ '- - ' ',

397 1(1 .'t-l =- (t¡1/E2l
199 F1= I'r-FI-e2t *r+*p*K* t1-Kl399 F2= A* f1-À! *¡lrETÈt*+z
199 v 11 .1t =- (11/'¡21
191 H1=- (t'- F 1-n 2l * (r++ p) *K* ( 1- K)402 H2=t * lt-À) +rqETÀ2**z
It03 v 12,11 =- (,,!1/q2lIt04 v,l2,1l =v ('t,Zl
¡05 v13,1)=vli,'t)
406 Í 13.21 =v IZ .31,¿O7 PRINT950
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4Oa .'950 
FOprÀ1 (r1"51fiÎH8 tNFOp¡tÀîIOX üÀTRIX Oi p lriETtt TïErA2 A:tD ÀLpïÀ1.q09 r=3

4ió no 600 r=i,:rq11 PPIII'¡650, (v (1,.1) ,J=1,ì!)
412 650 FORÌ,tÀTl,/ 2\,lFzO.9l
413 PRr{î, t I
414 600 CO [?Iù:rrE
415 CÀLL INVS {V, ü)
t16 RETLRN
417 El{D



c
c
c. C SÛPFCSTINE : Iflvs
c
cc. -------- :------- ------.c l. I
c I StrBpROGRÀti FOR TNVEFSE ìtÀlnrx I
c I 'l
c -------=
c

:_
418 SUBRoI¡T rliT: ÍNVS (À,f!',)

019 Dr¡{E}¡sroll lt(10,101
420 Do 200 K= 1, tl
t¿21 À (K, Kl =- 1,,/it (¡i, Kt
422 Do 50 I=1,¡l
tt23 rF (I- K) 30,50,30
424 30 À (I,Kì =-A(l,K)*À{K,Kì
425 50 CONTINÍJP
426 Do 100 I=1,ü
Ir27 Do 1c0 J= 1 

' 
I

tt28 tP ( tr-K) * l.r-Kl I c0,100,90
429 90 À fl..lt =À (1,Jì -À {I,K} +À (l('Jl
430 100 col¡frlfrlE
431 ¡o 20C .t=1,q
tt12 IF (J-r) 180,200,180
433 'l8C À lK,Jl =-Â l?(,J) *^ fK,K)
434 200 C0Ir Tr¡i tlE
435 no 250 f=l,ìt
q36 Do 250 J=l,iìt
437 250 À (T'J¡ =-À ll,Jl
438 Pnt'1T670
439 6?0 pORTÀT tr0r,66rt1,rE ÀsYnPtoTIc VÀnrÀNCE-COVAFIÀllCE ¡1ÀÎF-IX OP P lllBTÀ

-l 1Ít9TÀ2 À LP$ Àl
4t¡0 n0 ? r=l,f
441 PRr{T 8, (À (r'Jì ,J=1,í}
4tt2 I FOE!¡Î l,/ 21,5Ê2î.61
443 7 CO¡l?i N ÛE
444 RETITP!¡
OO5 END
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cc
c
c(. c
c
c

sttBPottlr¡IE: stt tl

(-. c I
C I SIIEPFOGFÀI' ¡OE GETîING Î¡IE SII}'
ct
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