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ABSTRACT

This thesis is devoted to a problem in the representation theory of the symmetric
group over C (the field of complex numbers). Let d be a positive integer, and let S,
denote the symmetric group on d letters. Given a partition A of d, the Specht module
V) is a finite dimensional vector space over C which admits a natural basis indexed by
all standard tableaux of shape A\ with entries in {1,2,...,d}. It affords an irreducible
representation of the symmetric group S,4, and conversely every irreducible representa-
tion of &, is isomorphic to V), for some partition A\. Given two Specht modules V), V,,
their tensor product representation V), ® V,, is in general reducible, and hence it splits
into a direct sum @ V™ of irreducibles. This raises the problem of describing the &,4-

equivariant projection morphisms (alternately called &,;,-homomorphisms) of the form
Vi ® V, — V, in terms of the standard tableaux bases. In this work we give explicit
formulae describing this morphism in the following cases:

o Vig—1,1) @ Via—1,1) — Via-1,1),
o Vo ®Vy — V5, where A = (d —1,1) or (2,14 %) and ) is its conjugate.

The isomorphism V), ~ V" induces an equivariant projection morphism (which we
call a g-morphism)
V)\®V)\—>V(d) ~ C.

We have found explicit formulae for this morphism in the following cases:
A=(d-1,1), (d—2,1,1), (2,1,...,1).
Finally, we present a conjectural formula for the g-morphism in the case

A=(d—-r1,...,1).
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Chapter 1

Introduction

From the general theory of representations and characters of finite groups, we focus
on the representation theory of the symmetric group &, over C. We use the Specht
modules associated to the various partitions of d as the realizations of the irreducible
representations of G,. In this thesis we exhibit explicit formulae for certain equivariant
projection morphisms of Specht modules.

If G is a finite group, then (for us) a representation of G will be a finite dimensional
C-vector space V' together with a group homomorphism p : G — GL(V). A sub-
representation W of V' is a subspace such that p(g) stabilizes W for each g € G.
The representation V' is said to be irreducible if it has no subrepresentations except
W = {0},V. ltis a fundamental result due to Maschke that each representation is
a direct sum of irreducible representations. Moreover, up to isomorphism G has only
finitely many irreducible representations, and their number equals the number of con-
jugacy classes in G (see [21]). A summary of the general theory of representations of
finite groups is given in Chapter[2

In general, there is no explicitly known bijection between conjugacy classes and
irreducible representations for an arbitrary G, but it is known when G = &,. We briefly
describe this below. There is a bijection between the conjugacy classes in &, and the
partitions of d (see [9, §4]). A partition \ of d is a non-increasing sequence of non-
negative integers, whose sum equals d. A partition is associated to a Young diagram,
e.g., the partition (3, 2) of d = 5 has Young diagram
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A standard A-tableau is a Young diagram of shape A where the boxes contain entries
from the set {1,2,...,d}, such that the entries are strictly increasing along the rows
and columns. Let B, denote the set of all standard \-tableaux. The Specht module V/,
(see below) is a C-vector space with a basis naturally indexed by the elements in
B,. (For simplicity, henceforth we will identify this basis with 5,.)

For notational convenience, we will write a tableau as an array. Then, for instance, a
basis of V(3 2) is given by:

8—134 1 3 5 1 25 1 2 4 1 2 3
“”’2)_{[2 5 ] {2 4 } {3 4 ] {3 5 } {4 5 }}'
In general, the dimension of V), can be found by using a combinatorial formula called
the hook length formula. Each V), carries the structure of an irreducible representation
of &,4, and conversely each irreducible representation of G, is isomorphic to some V.
We describe the construction of Specht modules in Chapter 3

If \, i are two partitions of d, then in general the tensor product representation

Vi ® V), is not irreducible, and hence decomposes as a direct sum of irreducibles. For
example, V(3 2) ® V(22,1) decomposes as

Vi) @ Vizz) @ Vs, @ Vizen) © Ve, © Vi1,

(However, no such general formula is known for arbitrary A and yu.) If V,, appears as a
summand in V), ® V,, with multiplicity one, then this raises the problem of describing the
projection morphism

T VeV, —V,

in terms of the bases B\, B,,, B,. Of course, 7 is assumed to be G4-equivariant, i.e., it
should be compatible with the action of G, in the natural sense. In this thesis, we give a
solution to this problem in a few special cases.

For d > 4, we have a general formula
Via-1,1) ® Via—1,1) = Vig) ® Vig-1,1) ® Via—2.2) ® Via—2,1,1)-
In Chapter [4] we give an explicit description of the projection morphism
Via-1,1) ® Vig-1,1) — Via-1.1

in terms of the basis B4_1,1) (see Proposition 4.2.3).
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For each partition A, there is a conjugate partition, denoted by X, whose Young
diagram is the transpose of the Young diagram of A. If T' € B,, then its transpose
Tt € Bx.

In general, there is an isomorphism V{;4) ® V) = V5 for any A (see [8, chapter 7]). In
Propositions|4.2.8|and |4.2.10|respectively, we give explicit formulae for this isomorphism
in the following two cases:

A=(d—1,1), (2,1,...,1).

For any ), the one-dimensional trivial representation V{4, always appears with mul-
tiplicity one in the tensor product V\, ® V). By identifying V(4 with C, this defines a
G 4-equivariant projection morphism (which we call a g-morphism)

9)\1‘/,\®V,\—>(C.

In general, it appears difficult to describe 0, in terms of 5,. In Chapter 5, we give
such a description in the cases

A=(d—1,1), (2,1,...,1), (d—2,1,1).

The results appear in Propositions [5.2.1] and Theorem respectively. Finally,
we present a general conjectural formula for 6, in the case

A=(d—-1,1,...,1).
w_/
r times
All the results above were obtained as follows. We wrote a set of MAPLE routines to
calculate all equivariant projection morphisms of the form

VeV, —V,

for arbitrary partitions A, 4, v of d, in terms of the tableaux bases. Then the formulae
were conjectured based upon several computational examples, and finally proved using
the straightening rules for tableaux.



Chapter 2

Representations and characters of
finite groups

2.1 History

Since the discovery of group characters by Frobenius at the end of the 19th century, the
development of group representation theory has been spectacular, and the theory has
shown powerful connections to other branches of mathematics. It makes an appear-
ance in areas of pure mathematics such as invariant theory and the theory of symmetric
functions (see [17]), and in areas of applied mathematics such as quantum theory and
nuclear physics (see [18]). The fundamental theory of complex (or ordinary) represen-
tations of finite groups was almost completed by Frobenius and Burnside. Schur later
simplified the rather complicated theory of Frobenius to a considerable extent by using
a lemma now called Schur’s lemma.

2.2 Notations and Definitions

The main resources for this chapter are [2, Chapter 2], [9, Chapter 1], [10, §41], [14
Chapter 3], [15, Chapter VII], [20, Chapter 1], [21, Chapter 1].

Throughout this chapter, G denotes a finite group. Throughout this work, all vector
spaces are over C (the field of complex numbers). The general linear group, GL(V),
is the set of all invertible linear transformations from V' to itself.

Definition 2.2.1. A representation of - in V' is a group homomorphism

p:G— GL(V).

4
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If p is understood from the context, then we say that V' is a representation of GG or
that V' is a G-representation. If dim (V') = n, then V is said to be a representation of
degree n. We will frequently use the notation g v instead of p(g) (v). For w,v € V,
g,h € G and ¢, d € C the definition above implies that

1. g(cv+dw) = c(gv)+d(gw),
2. (gh)v = g(hv),
3. ev = v, where ¢ is the identity of the group G.

Since p (g) is a linear transformation in GL(V'), the corresponding matrix of this trans-
formation, denoted by A} = (ay;), is simply the action of p(g) on an ordered basis

{v1,...,v,} of V. According to our conventions,
n
gvi = Z Qij Vg,
j=1

i.e., the image of v; via g is given by the i-th row of A‘g/. This leads us to an equivalent
definition for a linear representation of G.
Let GL,, stand for the group of invertible matrices of size n x n with entries from C.

Definition 2.2.2. A matrix representation of G is a group homomorphism
w:G— GL,.
This means that, to each g € G is assigned a matrix j1(g) = M, € GL,, such that:
1. M, =1,
2. My, = My My, forany g,h € G.
In the notation above, A" A}” = A}, hence
G—GL,, g— A;/q

is a matrix representation. Conversely, given a matrix representation ¢ — M, one
can define a linear representation G — G L(C™) by letting AS” = M;l with respect to
the standard basis of C". Hence the two concepts are equivalent.

Example 2.2.3. All groups have the trivial representation, which sends every g € G
to the 1 x 1 identity matrix.
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Example 2.2.4. Let (G be the dihedral group Dg, which is a finite group generated by
two elements a and b where a* = b?> = e, and b~ ab = a~!. Define the matrices X and

Y in GLy by
01 1 0
X = Y = )
ol ]
Notice that X* = Y? = I, Y ! XY = X L. Hence we have a representation
p: Dy — GLo

defined by
p(a’t) = XY’ where, 1<i<4and 1<j<2.

fl1<r,s<4,and1 < wu,v <2, then
plav a*b’) = p(a'v’) = XY = XY XYY = p(a"b*) p(ab’)

forsome 1 < <4,and 1 < j < 2. The corresponding matrices for each g € Dy are
as follows:

w@=na®)=| o U ww=| 3 o] @@= T

and,

T I BIC I [ AU R et

N I BT R

Definition 2.2.5. Let G be a finite group, and let V' denote the free vector space on the
set of variables {x, : g € G}. Then dim (V') equals the order of G. Now the regular
representation of G can be defined as follows: forany h € G andx, € V,

hxy = Thg.

Example 2.2.6. Consider the cyclic group C; = {e, g, g%, g>} where ¢ is the identity
element. Let V' be the free vector space with the ordered basis

{Ze,xg, 202,243}
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Then the regular representation can be defined via the following action:
JTe =Ty, §Tg = Tg2, §Tg2 = Tg3, §Tys = Te,

2 . _ 2 . _ 2 _ 2 _
G Te=1Tgp2, § Ty =12Tg3, §° T2 = Te, §° Tgs = Ty,

and similarly for other elements in G. The corresponding matrices are

AY =

g

—_ o o o
o o o
o o~ o
o~ o o
o~ o o
— o o o
oo o R
oo~ o
o~ o o
—_ o o o
o o o R

Definition 2.2.7. Let V and W be two representations of GG. A linear transformation
0:V — W s called a G-equivariant morphism if the diagram

v 4w

commutes for all g € G.

In terms of matrices, suppose that I and W are of dimensions n and m respectively.
Let M be the corresponding n x m matrix of the linear transformation. Also let the
matrices A‘g/ and Ag’ represent the actions of g with respect to ordered bases of IV and
W respectively. Then 6 is a G-equivariant morphism if the corresponding matrices
satisfy the equality AY M = M A}V for every g € G.

A G-equivariant morphism is also frequently referred to as a G-homomorphism in
the literature.

Definition 2.2.8. Let V and W denote two representations of G. We say that V and
W are isomorphic, denoted V' = W, if there is an invertible GG-equivariant morphism
0:V —W.

Henceforth we will sometimes drop the explicit reference to G if it is understood from
the context.
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2.3 Subrepresentations and Reducibility

Definition 2.3.1. LetV be a representation of G, and W a subspace of V. We say that
W is a subrepresentation of V, if W is invariant (or stable) under the action of G. In
other words, foreveryw € W andg € G, gw € W.

Example 2.3.2. Each representation V' has two trivial subrepresentations, namely W =
V,and W = {0}. Others are called nontrivial subrepresentations.

As we know, if f is a linear transformation between the vector spaces V' and IV, then
0(V') and ker 0 are vector subspaces of I and V' respectively.

Lemma 2.3.3. For any equivariant morphism 6 between the representations Vand W,
the subspaces (V') and ker 6 are subrepresentations of W and V' respectively.

PROOF. Let w € §(V'). Then there is a vector v € V such that w = 0(v). Let g € G.
Thengw = g6(v) =0 (gv), hence gw € (V). Also, since # (v) = 0forany v € ker 0,
then

0=g0(v)=0(gv), whichimpliesthat gv € ker6.

So, 0(V') and ker 6 are a subrepresentations of 13 and V' respectively. O

Example 2.3.4. Let G = G3 be the symmetric group on the set {1, 2, 3},
G = {e, (12), (13), (23), (123), (132)}.

Also, let V' denote the regular representation with basis {z, : a € G}. Clearly,
dim (V) = |G| = 6. Let W be the one-dimensional subspace of V' spanned by the
element >  z,. Then IV is a subrepresentation of V, since for any « € G,

ceG
045 mgzg xagzg Ty

oceG ceG ceG

This example will be used later. Of course, the same construction will work for any finite
group G.

Definition 2.3.5. Let V' be a representation of G. If V' has a nontrivial subrepresenta-
tion, then we say that V' is reducible. Otherwise V is called an irreducible representa-
tion.

Thus V' in Example is reducible.
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Lemma 2.3.6. (Schur’s Lemma) LetV and W denote two irreducible representations of
G, and 0 : V — W an equivariant morphism. Then

1. either 0 is an isomorphism, or 6§ = 0;
2. ifV =W, thenf = c - I for some c € C (where I is the identity map).

PROOF. Part (1) is clear from Lemma As to part (2), let c be any eigenvalue of
6. Then 6 — c I is an equivariant morphism from V' to VV with a nonzero kernel. Hence
0—cl=0. O

Definition 2.3.7. Let VV be a vector space with subspaces U and W. ThenV is the
direct sum of U and W, writtenV = U & W, ifevery v € V' can be written uniquely as
asum

v=u+w, ueclUweW.

In this case, U and W are called complements of each other.

The question now is, if V' is a reducible representation and W is a subrepresentation,
is there a complement of W in V/, which is a subrepresentation of V' as well? The next
proposition answers this question.

If W C V is a subspace, then a linear map 7 : V' — W is said to be a projection
morphism if 7(w) = w for all w € . Such a morphism always exists. It is sometimes
called a ‘projection’ in the literature.

Proposition 2.3.8. Let V' be a G-representation, and let W be a subrepresentation of
V. Then there exists a subrepresentation of V., which is a complement of .

PROOF. Let m : V. — W be any projection morphism. Define an endomorphism
7V — Vby

1
W) = — gﬂg_lv.
) =15 2

geG

Claim 1: 7% is a projection on TW. To show this, we have to prove that
1. Vv € V, then 7% (v) € W, and
2. Vw e W, 1°(w) = w.

Letv € V. Then g~'v € V gives m (g~ v) € W, and therefore g7 (¢! v) € W, since
W is invariant under the action of G.
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Now, for any w € W, 7 (w) = w since 7 is a projection morphism. So, 7 (¢~ w) =
g~ 1w, which implies that g 7 (g~! w) = w. This proves Claim 1.

Claim 2: 7 is an equivariant morphism, i. e., h7° = 7% h for each h € G.

Let h € G. Then

1 1
hn'=— hgmg ' = — hgmg ' (h'h)
G| |G|

geG geG
1 _
=@Z<hg>w<h9> 'h (lethg =1b)
geG
1
:?Z brb th=71"h.
‘ |beG

Now, by Lemma[2.3.3} ker 7° is a subrepresentation of . Hence
V=r"(W)kerr’ =W @ kerr’. O

In the next example we will try to write the given representation as a direct sum of
irreducible representations.

Example 2.3.9. In Example [2.3.4] we have a subrepresentation W of V' generated by

z= Y x,. Towrite V as a decomposition of irreducible representations, let W’ be the
ceG
subspace generated by 2’ = > (signo) x,. To see that W' is invariant under G, let

oelG
o € G. Then,
az = Z (signo)ax, = Z (signo) T4
oceG oeG

= (signa) Z (signa) (sign o) x4, = (signa) 2’ € W',

oeq
Now define the projection morphism
O:V—WaeW, &, =/ (z (signo)?z’).
If « € G, then
a®(z,) = (az, a(signo)2’) = (z, (signo)(signa) 2’)
= (z, (signa o)) = ®(z4,) = P (ax,),
hence @ is an equivariant morphism. Let Y be the kernel of ®. By Lemma[2.3.3} Y is a

subrepresentation of (5. It is easy to check that the set

{85(12) - $(13)j :”Ue - 37(123)/, 35(23) - $(13)/7 55(132) - $(123)1}

Y1 Y2 Y3 Y4
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forms a basis for Y. The next table describes the action of G on Y.

a€G Y1 Yo Y3 Ya
€ Y1 Y2 Y3 Ya
(12) | y2—va | 91— ys Y4 —Y3
(1 3) —Y2 Y1 | Y4 — Y2 | Y3 — Y1
(23) Ya Ys Ys U1
(123) —Y3 —Ys | 1 — Y3 | Yo — V4
(132) | ys— 11 | ya — y2 —Y1 —Y

Let U be the subspace of Y generated by the set {u;, us}, where
u =y +Yy2, and  us =ys+ s,
and similarly Uis generated by
Uy =y1+y2 —ys, and Uz =y3+ys— 1.

The next two tables describe the action of G on wq, us, Uy, us. It follows that the
subspaces U, U are invariant under this action.

a€eG Uy Us a€eG Uy Uy
e w1 U € 7:[1 172
(13) —uy | Uy — Uy (13) | —uy — uy U
These subspaces have the following properties:
1. U N U = {0},

2. Each y € Y can be written as a sum of an element in U and an element in U. For
example, Y3 = (Ug — Ul) + ﬂl.

Hence, Y = U & U. In fact, both U and U are irreducible G-representations because
neither one of them has a subspace invariant under the action of G. To see this, suppose
that F' is a nontrivial subrepresentation of U. Say F' is generated by the element f which
is a linear combination of u; and us. This means that

f = pui 4+ quo, for some p,q € C.
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Now since F' is invariant under the action of G, we have o f € F for any a € G5. Let
a = (12),and assume (12) f =t f for some ¢t € C. By using the table of the action of
G on U, we have

(12) f —t f =p(ug — u2) + q(—ug) —tpus — tquy = 0.

Since u; and uy are linearly independent we have t = 1 and p = —2¢. Doing the same
calculation for « = (13), we get ¢ = —2p, which implies p = ¢ = 0. A similar proof
shows that U is irreducible. So, U and U are irreducible subrepresentations. Altogether,
we have written the regular representation V' as a sum of irreducible G-representations,
as follows:

V=WaoWaeUal.

In the next chapter, we will discuss a more direct and shorter method of finding the
irreducible subrepresentations of a symmetric group representation.

Theorem 2.3.10. (Maschke’s Theorem) Let G denote a finite group. Then every finite-
dimensional representation V' of G is isomorphic to a direct sum of irreducible represen-
tations.

PROOF. (By induction on the dimension of V'). Note that a one-dimensional representa-
tion must be irreducible. If V' is irreducible, then there is nothing to prove. Otherwise, by
Proposition[2.3.8] V' can be written as

V=waeW.

Since dim (W), dim (W’) < dim (V'), by our induction hypothesis each subrepresenta-
tion is isomorphic to a direct sum of irreducible representations, and hence sois V. [

Example 2.3.11. Maschke’s theorem may not hold if the characteristic of the ground
field is positive. For example, let V' denote the regular representation of the cyclic group
Cy = {e, g} in characteristic two. It is easy to verify that W = (z. + z,) is the only
one-dimensional subrepresentation of V. In particular V' cannot be written as a direct
sum of irreducible subrepresentations.

The following section gives a method of constructing new representations from old
ones.
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2.4 Tensor Product and Kronecker Product

The main resources for the following are [2, Ch. 2], [14) chapter 19], and [16} §3.5].

Let M, N and P be vector spaces (over C). A mapping f : M x N — P is called
bilinear if for a fixed m € M, the function n — f(m,n) is linear on N, and similarly for
the other argument.

We will construct a vector space 1" (depending on M, N) such that for all P, the
bilinear mappings f : M x N — P are in a natural one-to-one correspondence with
linear mappings f’ : T — P. More precisely there is a bilinear mappingg : M xN — T
such that the following diagram commutes:

MxN___[f P

Y

f=[fog

Let F(M, N) denote the free vector space on pairs (z,y) where z € M,y € N. Let
D be the subspace of F(M, N) spanned by elements of the form

(z+2"y) = (z,y) — (@ y), (v,y+y)—(2,9) — (2,9,
and

(ax,y)—a(x,y), (:Jc,ay)—a(x,y), acC.

Now, let T" denote the quotient space F (M, N)/D. Let x ® y denote the image of (z, y)
inT'. Then T'is spanned by the elements of the form x ® y, and from our definitions,

(r+2)Q@y=2y+r @y, 20 yY+y)=r2y+zrY,

and
awy=r®a=a(r®y).
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Equivalently, the mapping
g:Mx N —T definedbyg(z,y) =2 ®y
is bilinear. Given a bilinear map f : M x N — P, it gives a linear map
f:F(MN)— P, (z.y) — f(z,y).

We have an inclusion D C kerf by bilinearity. Hence this induces amap ' : T'— P.

The vector space 7' is called the tensor product of M and N, and is denoted by
M ® N. If (x;)ier, (yj)jes are bases of M, N respectively, then the elements z; ® y;
form a basis of M ® N. Also, if M, N are finite-dimensional vector spaces, then so is
M ® N, and clearly, dim (M ® N) = (dim M)(dim V).

Now, if V' and W are representations of G, we can define a new representation V' @ W
by the formula: g (v @ w) = gv ® gw.

When a representation is written in the language of matrices, the notion of the tensor
product translates into the Kronecker product of matrices.

Definition 2.4.1. Let A = [a;;] and B = [by,] be two matrices of size n x m and p X ¢,
respectively. Then their Kronecker product is defined as

(IllB cee almB
amB - apmB

Notice that the size of the new matrix is np x m q. The standard properties of the
Kronecker product can be found in [10, §52].

Lemma 2.4.2. Let A, X be square matrices of sizen and B,Y of size m. Then
(AXB)(XXY)=AXKXBY.
PROOF.

(AR B) (X ®Y) = [a;; B [2:; Y] = [>_ (aix B) (; V)]

= [(Z airxr) BY] = AXKBY.

(Also see [20, §1.7] and [13].) O
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Let G — GL,, and G — GL,, be matrix representations, with M, € GL,, and
N, € GL, theimages of g € G. Then their tensor product representation G — GL,,»,
is given by the formula g — M, X N,. Indeed, by the lemma,

(M, X Ny) (M, R N) = (Mg, X Ngp,).

Example 2.4.3. Consider U and U from Examplem Let (12) € &3, from the tables
of the action of G5 on U and U, we have:

1 -1 = 1 0
U _ u _
A<12>_[0 —1]’ A(”)_{—l —11'

Hence
1 0 -1 0
=~ 1 -1 1 1
U U _
0 0 1 1

which gives the action of (12) on U @ U.

2.5 Characters

The concept of a character is a milestone in the theory of group representations. It can
be used to obtain information about isomorphisms, reducibility and the decomposition
of given representations. The main resources for this section are [3, chapter 1], [9], [10,
§55], [14, Chapter 13], [15, Chapter 3] and [20].

Recall that, for any square matrix A, the trace of A (denoted tr A) is the sum of
entries on the main diagonal. We recall some properties of the trace. The proofs may
be found in [14].

Proposition 2.5.1. Let A = [a;;] and B = [b;;] be two square matrices of size n. Then

1. r(A+B) =trA+ trB,
2. tr(AB) = tr(BA),

3. tr(AX B) = (trA) (tr B),
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4. for any invertible square matrix T of size n, we have tr(T AT~') = tr A.
It follows from (4) that a linear endomorphism V. — V' has a well-defined trace.

Definition 2.5.2. Letp : G — GL(V') be a representation. Then its character is the
function x? : G — C, defined by

X" (g) = trp(g).
We will sometimes write " (or even Y) instead of x” if confusion is unlikely.
Example 2.5.3. In Example[2.2.4]

X(e):tr{(l) H:z, X(a):tr[_? H:o, X(a2):tr[_é _H:—z.

Recall that, in a group G, we say that an element y is conjugate to an element x
if v = t~ 1yt for some t € G. The set of all elements conjugate to z is called the
conjugacy class of x. Conjugacy is an equivalence relation, hence conjugacy classes
partition G.

Proposition 2.5.4. For any finite group G':
1. Isomorphic representations have the same characters.

2. Conjugate elements of G have the same characters.

3. IfV and W are two GG-representations, then

WVEW VAW and (VEW VW

4. IfV is an n-dimensional representation, then x(e) = n.
PROOF. To show (1), let V and W be G-representations, and g € GG. Then
X" (9) = trA;/ =tr(M AgVM_l) = trA;V =x" (g),

by part (2) of Proposition [2.5.1] and Definition[2.2.8] Now let x and y be conjugate in G,
so there is t € G so that z = t~'yt. By part (4) of Proposition [2.5.1}
X (@) = x" (7 yt) =tr A, =t (A AY AL =tr(4)) = XY (v),

which proves (2). Now (3) is clear from proposition Since AY is the identity matrix,
we have (4). O
The next corollary is a direct result of (3).
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Corollary 2.5.5. Let V' be a G-representation, and let
k
V= @ W™ where m; is the multiplicity of W; in V/
=1
be the complete irreducible decomposition of V. Then:
k
X(9) =Y mix"(g)
=1

forany g € G.

Definition 2.5.6. For any vector space V' over the field C, the dual space, V* is the
space of all linear transformations ¢ : V- — C. In other words, V* = Hom (V, C).

Now suppose that V' is a GG-representation. Given g € G and ¢ € V*, define g ¢ to
be the element in V* which sends v € V to ¢(g~'v). It is easy to verify that this turns
V* into a G-representation. If A‘g/ denotes the matrix of the action of g with respect to
an ordered basis of V, then

Ay = ((49)7)
with respect to the dual ordered basis of V'*.
Now we list some standard results in the theory of characters.

Theorem 2.5.7. 1. Any two GG-representations with the same characters are isomor-
phic.

2. The number of irreducible representations of GG is equal to the number of conju-
gacy classes in G.

3. IfV is the regular G-representation with irreducible decomposition

V ~ @m@”ﬁj

k
then m; = dimW;. In particular, |G| = dim (V') = >_ m?, where k is the number
=1
of non-isomorphic irreducible representations.

4. For any G-representation V', and element g € G,
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PROOF. The proofs may be found in [9, Ch. 2], [20, p. 37] or [21, Ch. 2]. We include a
proof of part (4). Let A = A;/ with respect to some ordered basis of V. Now Al = T,
hence all the eigenvalues )i, ..., \, of A are roots of unity. Since ||)\;|| = 1, we have
P

X = ;. Hence

n

@ =@ =Y £ =Y R =)

i=1
O
Example 2.5.8. Let us reconsider Example [2.3.9,. We have seen that V' has irreducible

decomposition B
V=WeWaeUaU.

All the theory above is illustrated by the following character table.

XV AV XY

el 1] 1| 2| 2
12)| 1| -1] 0] o
13)| 1| -1 0] o
23 1] =1 o] o
123y 1| 1]-1]-1
(132) | 1 N

e The rows corresponding to conjugate permutations are identical.

e The representations U and U have the same characters (notice their columns),
so they are isomorphic representations. Hence, the complete decomposition of V/
may be rewritten as

VeWweW oU,

e The dimension of each representation is the value of the character at e € G. In
accordance with the theorem above,

&3] = dim (V) = dim (W) +dim (W) + (dim (U))* =1+ 1+ 4 = 6.
e There are three different conjugacy classes in G3, namely the identity, the 2-cycles

and the 3-cycles. We have found three non-isomorphic irreducible representa-
tions, and hence there are no others.



Chapter 3

Representations of the Symmetric
Group; Specht Modules

In this chapter we use some combinatorial tools (specifically Young tableaux and straight-
ening rules) to describe the irreducible representations of G,. We will construct an irre-
ducible representation V), (called the Specht module) corresponding to each partition \.
The main resources for this chapter are [8], [9],[13] and [20].

3.1 Young tableaux

Definition 3.1.1. A non-increasing sequence A = (A1, \a, -+ , \x) of non-negative in-
tegers is called a partition of d if \; + \o + -+ + A\ = d.

For example, (5,1,1,1),(2,2,2,1,1) are partitions for 8. Sometimes we may write
them as (5, 1%), (23, 1?) respectively.

Definition 3.1.2. A Young diagram is a collection of boxes, or cells, arranged in left-
justified rows, with a non-increasing number of boxes in each row. Listing the number
of boxes in each row gives a partition of the integer d that is the total number of boxes.
Conversely, every partition A of d corresponds to a Young diagram.

For example, the partition A = (3,2,2,1) = (3,22, 1) of 8 corresponds to the Young

19
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diagram

Definition 3.1.3. A Young diagram of partition A with a distinct integer between 1 and d
in each box is called a A-tableau, or simply a tableau. A standard tableau is a tableau
which is strictly increasing across each row, and down each column.

The following is an example of a standard tableau for the partition A = (5,2, 1, 1).

35|67

1
2
8
9

Let T'(4, j) denote the entry in row ¢ and column j of T'; e.g., T'(3,1) = 8. The number
of standard tableaux corresponding to a partition \ is denoted by A*. It is calculated by
the following formula (see [8, 9]).

3.1.1 Hook length formula

Each box in a Young diagram has a hook length which is the number of boxes strictly to
its right or below, with the box itself counted once. Let A\ be a partition of d. Now

[ (hook length of each box) -
For example
3t 3]1
h = =2, for
and
513121
hE2 = & 63, for

T 8.5.3.2-1-4-1-2-1

N |~ | 00
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In each case, we have written the hook length for each box in the box itself.
Henceforth, as a notational convenience we will write a tableau as an array. For
example,

1 3 5 6
2 4
7 )
8
is a standard tableau for the partition (4,2,1,1).
Example 3.1.4. Letd = 5 and A = (3, 2) with Young diagram . Now
5!
R ——
4-3-1-2-1 >

and the standard tableaux are :
{134 1 3 5 1 25 1 2 4 123}
2 5 12 4 "1 3 4 13 5 "4 5 ’

3.2 Specht Modules

Our goal is to describe all the irreducible representations of G,. Following [8, Ch. 7], we
construct an irreducible representation V), (called the Specht module) corresponding to
each partition A of d. In brief, the main idea is the following: we describe a set of rules
(called the straightening rules) which convert a tableau of shape A into an integer linear
combination of standard tableaux of the same shape. Then the Specht module is ob-
tained by factoring the free vector space over all \-tableaux by the subspace generated
by relations coming from the straightening rules. These rules have their origin in the so
called 'First Fundamental Theorem of Invariant Theory’ (see [1}, Ch. 2]).

Let W, denote the free C-vector space on the set of all (not necessarily standard)
Young tableaux of shape . For any ¢ € G, and a tableau T' € W), the action of gon T’
is obtained by permuting the entries in 7'. That is to say, the (i, j)-th entry of the tableau
gTis g(T(i,j)). Thus, W) is an &,-representation.

1 2
Example 3.2.1. Let (12) € &3, and let [ 3 1 € W), then

[22)-[3]
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Now we define rules to change a non-standard tableau into a linear combination of
standard tableaux. These rules constitute the straightening algorithm. They will lead to
the construction of all irreducible representations of G,.

3.2.1 Straightening Algorithm

Rule 1. Column interchange:
This rule enables us to interchange two adjacent numbers in a column with a sign
introduced. For example 1]

[ 2 5] [ 2 5] [1 5]
34 |l=—-—|14 | =12 4| =-—
1 | 3 | 3

W N =
(G2 TSN

However this rule might not be enough to get a standard tableau. For example,

4 3] T4 37 [1 3 127
52 =-|12|=|42|=-|43
1 5 |5 5

Rule Il. Right to left interchange:

Let C;, C;,1 denote two adjacent columns of the tableau 7', and assume that they
have lengths [;, ;11 respectively. Fix a positive integer £ < [;,1. Given an increasing
length k& subsequence a = (ay, as,...,ax) of (1,2,...,1;), let T'(a) denote the tableau
obtained by interchanging the (a,,7) and (r,7 + 1) entries in T for all 1 < r < k. Now
the rule allows us to replace 7" by the linear combination ) 7'(a), where the sum runs

over all such subsequences a of a fixed length k.

Now the straightening algorithm is as follows. By Rule |, one can always ensure
that every tableau has increasing columns. Define a spot in a tableau 7' to be a pair
(a,b) such that T'(a,b) > T'(a,b+ 1). If T has increasing columns but is not standard,
then it must contain at least one spot. Choose the unique spot (k, ) in T" satisfying the
following condition: for any other spot (', ') in T (if any),

i <4, or i =i K <k.
Now use Rule Il on T', and continue the same process on each summand in the linear
combination. It is proved in [8, chapter 7], that any tableau 7" may be changed into a
unique integer linear combination of standard tableaux by repeatedly applying rules |
and II.

"Here = stands for the successive replacement of tableaux using the straightening rules.
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1 2
Example 3.2.2. We would like to straighten the Young tableau 7' = | 4 3 |. In this
5

tableau the columns are strictly increasing but the second row is not.

12 2 1 2 1 1 4
T=|43|=|34|+]|45|+]25
5 5 3 ] 3
(2 17 2 17 1 4

=3 4|-13 +12 5

5] 4 ] 3

2 1 1 27 2 3] 2 5
Si;=|34|=1]34|+|14]|+]|34
5 5 | |5 ] 1
127 [1 37 [1 47
=|34|=-|24|-1]2 5],
5 | |5 | |3 |
2 1 127 [137 [1 47
SS=|35|=135|-]25|+|2 5].So
4 4 ] L4 ] |3
127 [137 [1 27 13 1 4
T=134|-|24|-|35|+]|25|-|25
5 | s ] |4 ] 4 3

Given a tableau 7, let St = > «;S; be the unique linear combination of standard
tableaux obtained by straightening 7. Now define () to be the subspace of W, spanned
by the elements T" — St for all T'. The proofs of the next two Theorems may be found
in [8, Chapter 7] and [20, Chapter 2].

Theorem 3.2.3. The subspace (), C W, is invariant under the action of S,.

Hence the quotient vector space V), = %

Specht module associated to the partition \.

is an G4-representation. It is called the
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Theorem 3.2.4. 1. The following set
{T + Q.| T is a standard tableau in W}
is a basis of V.
2. The Specht module V, is an irreducible representation of S,.

3. If X and 1. are two different partitions of d, then V\ % V,, as G 4-representations.

Since the conjugacy classes in G, are in bijection with partitions of d, this gives all
irreducible representations of &,. Henceforth, for simplicity, we identify T" + (), with T,
and regard V, as the vector space with basis B, consisting of all standard tableaux of
shape .

Corollary 3.2.5. Let \ be a partition of d. Then dimVy = h*.

PROOF. This follows by part (1) of the previous Theorem, since the number of standard
tableaux of shape \ is h”. O

The Specht module V(4 _1,1) is called the standard representation, and V|, is called
the alternating representation. It is easy to check that V/,) is the trivial representation.

3.2.2 An Ordering of 5,

It will be convenient to have a total order on the basis 5. The following ordering is
adapted from [13, §3.1].

Definition 3.2.6. Let T denote a standard tableau. The row-list of 7, denoted RT is
the sequence (71,79, . .., 74) such that the integer i occurs in row r; in 7.

Now we order the tableaux in the reverse-lexicographic order of their row-lists. Let
T, S denote two tableaux. If there is an integer j such that

RT; < RS;, and RT;=RS; foralli> j,

then we say that 7" < S.

Example3.2.7. LetA\ = (3,2, 1,1), T =

CU s
o

o8]

Clearly T < S, since RT; < RS; and RT3 = RSs.
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Example 3.2.8. Let A = (3,2). The Specht module V{3 ) is of dimension 5, and its
basis is the set

sty L LT s T e s T[S

It is easy to check that they are listed in increasing order.
The next example illustrates the action of a permutation on the basis B,.

Example 3.2.9. Let B39 = {T1,...,T5} be ordered as above, and let g = (12) € 5.
Then
1 35 2 35 1 35
A A B e B P R B

by the straightening rules. Using similar calculations, the action of g on V(3 ) is given by
the matrix

[ -1 0 00 0]
11 000
Alyl=] 00 =100
00 —-110

| 10 -1 01

There is a similarly defined square matrix A;) of size h* for each partition A, and g € &,..

3.3 The Character of 1,

Recall that in &, (the symmetric group on d elements) every permutation can be ex-
pressed as a product of disjoint cycles in a unique manner. A permutation 7 € G, is
said to have the cycle pattern (1*1, 2%2_ ... /d*¢) if its decomposition contains «; cycles
of length i. Similarly, the sequence o = [a, an, -, ay] is called its cycle type. Two
permutations are conjugate iff they have the same cycle type.

For example, in &4 the permutation (1356) is a product of one 4-cycle and two
1-cycles, hence its cycle pattern is (12, 4) and cycle type is [2,0, 0, 1,0, 0]. The identity
permutation has cycle pattern = (1) and cycle type [6, 0,0, 0,0, 0]. Moreover, since
> i «; = d, each cycle pattern can be identified with a partition of d, where the part «;
is repeated ¢ times.
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3.3.1 Frobenius formula

This formula is a tool to compute the characters of all irreducible representations of G.
Let A = (A, Ao, - -+, \x) be any partition of d. Given a cycle type o = [ay, -, ayl,
let C,, stand for the corresponding conjugacy class. Introduce independent variables
x1,- -+, Tk, and letz = (xq,...,z;). Define

Az) = H (z; —x;), and P.(x)=a]+---+a} forallintegersr > 0.
1<i< j<k

Also, if f(x) = f(x1,--- ,xy) is a formal power series and [ = (I3, - , ;) is a k-tuple
of non-negative integers, let

[f(2)]; = coefficient of 2 - - ¥ in f(x).
Now define the specific k-tuple | = (11, - ,l}), where
h=M+k—1,1L=X+k—=2,--- 1 = A,

which is a strictly increasing sequence of k£ non-negative integers. Now we can find the
character of V), for any g € C', by using the Frobenius Formula,

d
A ] Pj<x>%’] . @.1)
(11, k)

(See [9, Chapter 4] or [8, Chapter 7, Lemma 4] for a proof.)
In particular, from Proposition[2.5.4, we have h* = dim Vy = x* (Cla0,..0))-

Example 3.3.1. Letd = 3,A = (2,1). Thenl = (3,1). Suppose that C, is the
conjugacy class of the permutation (12). Then o = [1, 1, 0], and hence

XBV(Co) = [ (w1 = w2) (w1 + 2) (2 + 23) (2] + xg)o}(?»l) =0

Remark 3.3.2. We have written a MAPLE program to find the character table for any d,
which works by building the polynomial expression in for every A\ and extracting the
appropriate coefficients. The rows of the table correspond to conjugacy classes and the
columns correspond to Specht modules. For instance, the character table for d = 3 is

NONBVCENBVREY
Cooq | 1] -1 1
Chig | 1 0 1
Cisog | 1 2 1
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The dimension of each Specht module can be read off from the last row. It follows
immediately from the Frobenius formula that x*(C,,) is always an integer.

The next example illustrates the fact that the tensor product of two irreducible repre-
sentations is in general reducible.

Example 3.3.3. We would like to find the irreducible decomposition of Vi3 1,1) ® V(3 1).
The following is the character table for G4. The additional last column is the character
of Vi2,1,1) ® V(3,1), which is given by an entrywise multiplication of the columns for y(*1:1)
and Y (see Proposition [2.5.4).

(@ [ B0 [ CD [ (@D [ (LD | Vi) V)
Cooon | 1] -1 0 1 —1 —1
Cong | 1 0] -1 0
Ciozoo | 1] -1 2 —1 1 1
Coiog | | 1 0 —1 —1 —1
Cuoog | 1 3 2 3 1 9

Since each representation of G, is a direct sum of the V), assume that
Vig,1,1) @ Vizny = n1 Vi) @ na Viz 1) @ nz Vigo) @ nu Vig11) © ns Vi),

for some non-negative integers ny, ..., ns. By Proposition [2.5.4} for any g € Clo 0,01,
we have

XV () = ny xW(g) +n2 XHV (g) +ns X3 (g) +na xBHD (g) 405 XY (g).

This gives an equation —1 = n; — ny + ngy — ns. Repeating the procedure for other
conjugacy classes, we get a system of five linear equations in the n;. From their solution,
we get the decomposition

Vo) @ Vizy = Vi) © Vi) ® Ve @ Ve,

Proposition 3.3.4. For a partition \ of d,

Vy V5
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PROOF. Note that
X" (g) = x"(9) = x" (9)-
Therefore, by part (1) of Theorem [2.5.7, we have V, = V. O
The next results will be used later in Chapter[d] They can be found in [9, Chapter 4].
Lemma 3.3.5. For any conjugacy class C,, of G4, we have the following:
1. X9=(C,) = ay — 1;
2. X(d_Q’l’l)(Ca) = %(@1 — 1)(@1 — 2) — Q9

3. x422(C,) = L(a; — 1)(aq — 2) + ay — 1.

N[

PROOF. Recall that for any positive integer n and any complex numbers z, y:

(x+y)" = Z ( Z > "R yk (3.2)

k=0

Now, for part (1), let A\ = (d — 1, 1), therefore [ = (d, 1) , and z = (x1, x2). Hence
X(dfl,l)(ca) —

d

[(:cl —x) [[ P (ar)“j] = [xl 117 (fv)“j] - [xz 117 (x)‘”] :
(d,1) J (d,1) (d,1)

J
We are looking for the coefficient of x‘f 9. Since

d
[1P@)% = (2 +22) (@3 4+ 22) - (2 + 2d)
J
— (ZE?I + oy xfllrl Ty 4+ ngl) (x%OQ 4.4 l’gad) .. (xilad 4+ .. 4 xgo‘d)7

and since > i o; = d, by (3.2) we have:

2

X(d—l,l)(oa) =a; — 1 asrequired.

The proof for parts (2) and (3) are similar, and are omitted. O



Chapter 4

Equivariant Projection Morphisms

4.1 Introduction

Assume that A, ;. are two partitions of d, and V,, appears as a direct summand of V, @V,
with multiplicity one (see Example[3.3.3). This determines an &4-equivariant projection
morphism

eV, —V,.

(Here we have identified V,, with its isomorphic copy inside V\ ® V,,.) By Schur’s lemma,
the projection is uniquely determined up to a constant. In this section we explicitly
describe such projections in terms of the bases B, etc., in the following cases:

e Vig11) ® Via-1,1) — Via-1,1),
o Viuay @ Via—11) — Vig,1a-2),
o Viay @ Vigra-2) — Vig-11)-

The results appear in Propositions [4.2.3] [4.2.8] and[4.2.70|respectively. Throughout this
chapter, define the elements

c=(12), and 7=(12---d) (4.1)

in &4. The next lemma is useful in checking the equivariance of a map of representa-
tions.

Lemma 4.1.1. Let H be the subgroup of S,; generated by o and T, then H = &,.

29
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PROOF. The permutation group &, is generated by the transpositions
(12),(23),--+,(j+1), -, (d=1d) for1<j <(d—1).

We will show that each of those transpositions is in H. Notice that 7 o7~! = (2 3) and
7(23)77! = (3 4). In general,

T, i+ )T =0 +1,j+2), forany 1< j < (d—2).
This implies that H = G,. O

It follows that a morphism 7 : V), ® V,, — V,, is equivariant if the diagram
VWweV, ——V,
0| s
VWev, ——V,

commutes for g = o, 7.

Recall that we have a basis B, of V), and hence a lexicographically ordered basis
By, of Vi ® V.. Using these bases, let M denote the matrix of 7 and A}* the matrix
describing the action of g on V), etc. Then we have an equation

Vy Vi, _ V, _
(A @ AV M — M AY = 0.

Example 4.1.2. Let A = (2, 1), and suppose that we want to find a projection morphism
m:Vy®Vy — V). SincedimV, = 2, let By, = {T1, TQ}, and

Br={T1 T, i @T>, To @ Ty, T, ® T5}.

1 2
ayy ay)
) @ PN RN
Assume that 7(T; @ T;) = a;/ Ti + oy To, hence M = | 3 (5 |. Our problem
Qa1 Qg
1 2
agy ayy

is to find the coefficients ozf";) fore, 7,k =1,2.

As in Example|3.2.9, we have APY = [ —Lo },and

-1 1
1 0 00
qengqen_ |1 -1 00
7 7 1 0 -1 0
1 -1 -1 1
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We want M to satisfy the equation
(ABY R ACDY M — M AZD =0,

which means

10 00] e off o aff

1 -1 00 a%) a%) ag a%) -1 0
Lo o et e |l e | L]
vt ] Lol ol ] [a) o

The left hand side is a matrix of size 4 x 2, so we have a linear system of eight equations
(k)

in a;;”. We get another eight equations from 7 = (123).
1 -1 -1 1] [af) aff aty o
1 0 -1 0 oty ol B ol ol [ -1 1 } _ 0
bt 00| el o) |7 fal) o L1 o
10 00] |ap ag agy af)
After solving the equations above we have
ayy ay) 1 -2
off o || -1
1 2 -
L INER
Qg Qg —2 1

up to a scalar. This numerical method can always be used for any A, i, v. If there is no
non-zero solution, then it implies that V,, is not a summand in V) ® V,.

Remark 4.1.3. We have encoded this method into a set of MAPLE routines in order to
calculate all equivariant projection morphisms of the form

Wev,—1V,

in terms of the standard tableaux bases. (That is to say, we explicitly calculate the
matrices A; from the straightening rules, and solve a system of linear equations as
above.) All the subsequent results were obtained by calculating several examples using
these routines, then conjecturing formulae based upon these examples and then giving
formal proofs.
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4.2 Formulae for projection morphisms

Let A = (d — 1,1). The following lemma is found in [9] Exercise 4.19].
Lemma 4.2.1. Assume d > 4. Then we have a decomposition
Vid=1,0) ® Via—1,1) = Vi) ® Vig—1,1) ® Via—2,2) ® Vig—2,1,1)-

PROOF. By Proposition[2.5.4] itis enough to show that both sides have the same charac-
ter. Leta = [, ..., ay] be an arbitrary cycle type, and C,, the corresponding conjugacy
class. By the Frobenius formula and Lemma3.3.5, we have

1
X(d_lvl) (Ca) =y — 1’ X(d_2’2) (Ca) = 5 (al — 1) <Oél - 2) + Qg — 17

X (Co) = S (= 1) (a1 =2) —az,  X'V(Ca) = 1.
By Proposition [2.5.4]
XVt ®Viamin () = XD (C,) X (Ca) = (an = 1),

e XD (Ca) + XD (C) + X172 (Ca) + X 12D(Ca) =
1+<O&1—1)+%(a1—1)<041—2)+O&2—1+%(@1—1><041—2)—062:
(g —1)(14+a; —2) = (ay — 1)
This ends the proof. O
For d = 2, 3, we have special cases

Vay @V =V, Ve @ Vg E Vig) @ Ve ® Ve

Note that
1 34 .-+ d 1 2 4 --- d
B(d—l,l):{|:2 :|7|:3 :|7}
Write -
T, = Lo bt d Jforl <k<d-1.
k+1

(The notation k:/+\1 means that the entry k£ + 1 has been omitted.) Then we have an
ordering {71, T3, -+, Ty_1} of By_11). Let o and 7 be as in (4.1). The following
Lemma shows the action of o and 7 on B4 7).
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Lemma 4.2.2. Assumed > 3 and X\ = (d —1,1).

1. The action of o on V) with respect to the basis B, is given by the matrix,

-1 0 0 - 0
m -1 10 0
-1 0 0 1

which is interpreted as follows:
oTly = -1Ti, and
ol, =T, —T,,whereT, € B,,2<i<d-1.

2. Similarly, the action of T is given by the matrix

11 0
A = :
~1.0 0 1
100 |

Thismeans 71T, =Ty, — 11, for 1 <k<d—-2, and 7T, 1 =-1T;.

PROOF. For (1),

2 e d
ale{l s ]:—Tl,(bystraightening). For2 < k <d—1,we have:
0Ty =0 1 2 EkE+1 d
k41
2 1 -k kgl e d] o
= by straightenin
bl (by straig 9)
! 2.--k/ﬁ\1~-.d'+2k+1-~-kk/+\1---d
kE+1 1
=T, —1T.

For (2) we just follow the same technique as above.

12 - d-—1 23 - d
TTy1=17 d ] :ll }:_TL
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Forl <k < d— 2 we have;

cr_g | L kR d
k1
2 3 o k+1 kt2 -1
k2
:Tk+1—T1. D

Proposition 4.2.3. Assume d > 3. Then the projection

0: Via—1,1) ® Vig—11) — Vig—1,1)

which is defined by
i1 2—d ifi=j=k,
0T, @ T;) =Y oF Tp, where 6f; =4 2 ifi=j#k,
k=1 1 otherwise,

is equivariant.

Notice that the result agrees with Example 4.1.2]

PROOF. To show that 6 is an equivariant morphism, it suffices to show that ¢ # = 6 g for
g=o,7. Assume g =o0,andi=j =1,

d—1

(M @T)=0[2-dT+ ) 2T
k=2
d—1
=—2-d)T1 + 22 (T, —T1) (by part 1 of Lemmal[4.2.2)
k=2
d—1
=dTy+ (-2)T1 + (-2)(d - 2) i + ) 27T},
k=2
d—1
—Q2-d)Ti+) 2T
k=2
The right hand side is:
d—1

0o (@T)=0(-T1®-T)=0(TieT)=2-d)Ti+Y 2T, =001y ®Th).
k=2
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Let g = o, and let 7 be an integer such that 2 < i < d — 1. Then the left hand side will
be:

o0(T; ®T;) :U[(Q—d)Ti—i—i2Tk]
o
d—1
=Q2-d)(T,-T)+(-2)T1 + > _2(T — T1)
ey
d—1
=Q2-d)T,-2-d)Ti+(-2)T1 + (-2)(d = 3) Ty + Y 27T},
=%
= (2—d)T1+(2—d)Ti+i2Tk.
ki

The right hand side is:

Oo (T, ®1T;) (i —=Th) ® (T; = Th))

=0
=0T, —-T,Th —T1 T, +T1 ®Th)

d—1 d—1 d—1 d—1
=Q2-dTi+> 2T —> Ti—Y T+ Q2-n)Ti+Y 2T
k=1 k=1 k=2

k=1
k#i
d—1
=Q2-dT+@2-dT:+ > 2T
hi

which is the same as above.
The case of T; ® T; where i # j and both are different from 1, remains to be checked.

QU
QU

—1 -1
LT =0y Th=-T+> (T, — T)
1 2

d—1 d—1
=T+ > Ti+> (-T1)
k=2 k=2

d—1
=(1-d)Ty+ ) T
k=2

£
Il
£
I|
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The right hand side equals

o(T; ®1T})

(i =T) e (T; =T))

1

k=1 k=1
d—1

(2 — ﬂ+§3&—ﬂ
k=2
d—1

(1 - Tl + Z Tk7
k=2

which is the same as above. Thus ¢ 6 = 6 o.

0(
9(®T—T®H—E®T+ﬂ®ﬂ)
d—

I
fm&
M
e
_|_
l\D
|
5
_l’_
gl
[\
ap

36

For ¢ = 7, we will show the equality 76 (T; @ T;) = 67 (T; ® T}), for the case

1 = j = d — 1. The other cases are similar. By using part 2 of Lemma4.2.2| we have:

and

d—2
Q(Td 1®Td 1 =T ZQTk+ 2— Tdfl]
k=1

&

—2

k=1
d—2
= 2T +22-d) Ty -
k=1
d—2
= 2T+ (2—4d)Th,
k=1
97’ (Td—l ® Td_l) — 6 (—Tl X —Tl) - 8 (T1
d—1
=Q2-d)Ti+) 2T
k=2
d—2
- (2 - d)Tl —|— ZQTkJFl
k=1

=70 (Td—l X Td—1)~ ]

2(Ths —T1) — (2—d)Th

2-d)T

® 1)
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Definition 4.2.4. For every partition A of d we can find another partition of d, called the
conjugate of \, denoted by \. If we look at a \-tableau as an array, then ) is exactly
the transpose of this array.

For example, let A = (3,2,2,1). The Young diagram of shape \ is

while for \ it will be . That means X = (4,3, 1). Also,

if 7' =

co O W

1 2
, then T" =13 6
5

~N &~ DN

The hook length of the (7, j)-th box in T is the same as that of the (j, ¢)-th box in the

transpose of T'. Hence h* = h’.

Lemma 4.2.5. For any partition ,

V(ld) ®QVy= Vx.

PROOF. See [8| §7.3, Corollary to Proposition 3]. O
lfA=(d—1,1),thendimV, =dimV; =d—1. For1 < k < d — 1 define
S
Sy = A , wherer=d—Fk+1.
T
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Then B, 14-2y is the set of tableaux

(

1 d 1 d-1

d—1 d

\ S1 Sa

Lemma 4.2.6. Assume d > 3, and A = (2, 1972)
respect to BB, is given by the matrix

—1 0 0
A 0 —1 0
(~)? (=1 (=)
More precisely,
d—1

38

1 2

d

Sq-1 ),

. Then the action of o on V) with

0 Si1 =Y (-1)**1S, and 0 Sy =S for 1<k<d-2.

k=1

For g = 1, the matrix is

(~1)7 (-1t (1
(-7 0 0
AN =
0 (-1) 0
0 0 0

Thatis, for S; € By, and1 <1 <d — 1, we have

SH

-1

7‘51:

e
Il

1
Also,

78, = (=1)? Sp_1,

(_1)d—kz+1 Sk

(-1* (12
0 0
0 0
—1)¢ 0 |

for 1 <k<d-1.
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PROOF. It is clear that when 1 < k < d — 1 we have ¢ S;, = —.S5;. Let us check the
casewhenk=d—1:
21 1 2 2 3 2 d
3 3 1 3
ag Sd—l = . = . + . + .. 4
d d d 1

d—2
_ Sdfl + Z (_1)d—k+l Sk
k=1

-1

U

=) (-1)"HS;
k=1

Similarly,

d—1

TS =) (—1)HS

k=1

However, when 1 < k < d — 1 we have:
S

TSy=T - , (wherer=d—k+1)
T
_d -
[ 2 r+1] [ 1 r+1]
3
- : — (—1)%2 :
r+1 (=1) r+1
- 1 - - d -
= (—1)*S,_1, where r+1=d—(k—1)+1. O

Recall that 1,4 is called the alternating representation. Let B4) = {U}, where U =
1

is the only possible standard tableau of that shape. The next lemma shows the
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action of the permutations o and 7 on U.
Lemma 4.2.7. With notation as above,
1. cU =-U,

2. 17U =(-1)U.
PROOF. This is clear from the straightening rules. O]
By Lemma|4.2.5] we have an isomorphism
II: Viay ® Via-r,p) — Vigaa-2).

Proposition 4.2.8. With notation as above, the morphism 11 is defined by
d—1
NURT) =Y o Say,
j=1

where
(—=1)*12 when i=j,

(—=1)7T1  wheni # j.
PROOF. We want to show gII = IIg for g = o,7. First,let g = c and: = 1. By
Lemmal4.2.2] we have:

o(UT)=(cU®cT)) =1I(-U®-T,) =11(U®T)

d—1 d—1
= Z Cvjl Sd_J =2 Sd—l + Z (—1)j+1 Sd—j'
j=1 j=2
On the other hand,
d—1
UH(U (034 Tl) =0 2Sd,1 + (—1)]+1 Sd,J
Jj=2
d—1 d—1
=23 (D)"Y (=1 (=Say)  (LemmaBZE)
k=1 =2
d—1 d—1
=2 (1) Su Y (<1) Sy
j=1 j=2
d—1
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Now, assume ¢ # 1. By Lemma|4.2.2]

Mo(URT)=N[-Ux(T;-T)] =1 [-(UT;)+ (U®T)

d—1 )
= — a;?—l Sa—j + Z a; Sa—j, (since i # 1)
Jj=1 J=1
d—1 d—1
— Sd—l +Z Oé; Sd_j +2Sd—1 —{—Z(—l)]—H Sd_j
j=2 j=2
d—1 d—1
=3 (1S =) ol Say,
j=1 j=2

and

d—1
clIU®T;) =0 Z ol Sa—j

Il
Q

Sa_ 1+Za Sd]] (since i # 1)
1

d—1 d—

(=D)L S, + Z —S4_j) (by Lemma[#2.6)

M

k=1
d—1 d—1

= (=1 Sy ;=) alS.y, (oylettingk=d—j)
j=1 j=2

=Moo (URT,).
Secondly, when g = 7 and i = d — 1, then by using Lemma |4.2.2| we have:

Nr(U@Ty)=I[(-1)" U (-T1)] =1 (-1)YU ®Ty)

d—1 d—1
= (D)"Y af Sy = (=1 |28+ > (-1 Sy
j=1 j=2
d—1
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Now the other side is

d—1 d—2
H(U &® Tdfl) =T Z a?’l Sd,j =T (—1)d251 + Z (—1)j+1 Sd,j

j=1
d—2

d—1
_1)d2 Z (_1)d7k+1 L+ Z J+1 Sd i1
k=1

7j=1

By setting £ = d — 7 in the first term we obtain

U

-1

— 2 (_1>d+j+1 Sdfj + Z (_1)d+j+1 Sdfjfl

<.
Il
—
U

-1

=2 (—1) S + 3 (~1)E S,

[\

-1
=(=1)*Sg 1+ Yy (-G, i =T71(U®Ty,).

1

U

J

As the last case when i # d — 1, we have

(U ®T;) Z FSay =7 ()81 + ) af Saj
j=1 j=1
d—1 d—2
= (D)"Y (D) 4 ol (1) Samj
k=1 j=1
d—1 d—2
= > (=DMS+ (=) > alSa i,
k=1 Jj=1

and

NrUT) =IU[(-1)"'U® (T41 — T1)] (oy Lemma[d.27)
=1 [(-)"' U@ T+ (-1)'U T

d—1
_ (_1>d+1 a§+1 Sd—j + (_1)d Z ijl- Sd—j
=1

42
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In the first term, when 7 = 1, the value of ¢ + 1 can never be equal to 1, hence this
expression is

d—1 d—1
= (=)™ Sy + Yl S| + (-1 [2 Sic1+ Y (1) Sy
j=2 j=2
d—1 d—1

= (=1 Sg + (=) Y aft Say + (=1 Y (<17 Suy
j=2
-1
_ (_1)d+1 a§+1 Sd—j + Z (_1)d+j+1 Sd7j~

j=2 j=1

<.
Il
N

By setting k = j — 1 we have o/"! = (—1) a}. Letting t = d — j, this equals

§ =

d—2 d—1
= (=11 o Sa—(kt1) + Z (=1t s,
k=1 t=1
which completes the proof. O

Example 4.2.9. Letd = 5. The projection 11 : V(15y® V(4,1) — V|2,13) can be described
by the matrix:

-1 1 -1 2
M= -1 1 =21
-1 2 —-11
-2 1 -1 1

For instance, the first row can be interpreted as

I(U®Ty) =—S1+ Sy — S3+28,.

By Lemma4.2.5, we have an isomorphism I : V{ja) ® V(g 1a-2) — Vig_1,1)-
Proposition 4.2.10. The isomorphism 11 is given the following formula:
d-1 (=1)'(d-1) ifi=j,
U ®S;) = Z o' Ty_;, where o) =
=t (—1)it! if i
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PROOF. We want to show that g Il =1l g, for g =o0,7. Letg =0 andi =d — 1. Then

d—1 d—2
MU ®S4-1) =0 Y of ' Ty ;=0 (=) Ty 4+ (=) d - DTy
j=1 j=1
d—2
= (D) (Tuj = T1) + (-1)*(d— 1) Ty (by Lemma[d-2.2)
j=1
d—2
=y (-)Ty;j+ (-1 (d-2)Ty + (-1)*(d - 1) T
j=1
d—1
= (_1)d Ta-j
j=1
On the other hand,
d—1
Mo (U®Sy ) =I(-U® Y (—1)*1s,)
k=1
By Lemma4.2.6| and Lemmal4.2.7] this is the same as
d—1 d—1 d—1
=> (-D)"FIU @ S) =) (- [ o Ty
k=1 k=1 j=1
d—1 d—1
=D (DD A=) Tap + ) (D) Ty
k=1 Jj=1
#k
d—1 d—1
=> (-D"d=D)Top+ Y (D)"Y Ty
k=1 k=1 j=1
#k
d—1
=(-D)"(d-1) ) Tup+ (-1 ([d-2) > Tuy
k=1
d—1
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Fori # d — 1, we have

d—1
U® S =0 Z Oé Td j
7j=1
d—2
=0 ot Ty_j+ (=)' 71| (oy Lemma[d:22)
7j=1
d—2
=D o (Tay —T1) + (1) (-Th)
7=1
d—2 d—2
= Z Oé; Td,j — Z Oé; T1 + (-1)2 Tl
j=1 j=1
d—2
=> i Ty~ T [(-1)' (d = 1)+ (=)' (d = 3)] + (-1)' Ty
j=1
d—2 d—1
=> ATy~ T [(1)2] + (1) Th =) o Ty
j=1 j=1

By using Lemma[4.2.6| and Lemma[4.2.7]

d—1

Jj=1

The argument for g = 7 is similar. First, let7 = 1.

d—1
Nr(UeS)=0|(-)""U®Y (~1)¥*15,.| (by Lemma4.2.6, and Lemma[4.2.7)
L k=1
B d—1 d—1 d—1
=1 |{U® (-1)’“54 =) (1) > Ty
L k=1 k=1 j=1
d—1 d—1
=Y (=D (DA =) T+ Y ()" Ty
k=1 j=1
#k
d—1 d—1 d—1 d—1
= (d — 1) Ty — (d — 2) Tor = Ta = Tlm
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whereas the other side is

U

-1
H(U &® 51) =T Oéjl» Td—j

1

<.
Il

d—1

=7 |(-=1)(d—-1)T, 1+Z Ty

<.
[\

QL
—_

L Jj=2
B d—1
- (d— 1)T1+Z Td—j+l - (d—Q)Tl)
L 7j=2
d—1
= T; =17(U ® S).

When i # 1, we have

46

= (=D -1)(-T1) + > (Ta—js1 — Tl)] ( by Lemma[d.2.2)

Nr(U®S;)=0((-1)""U®(-1)*S;_1) (by Lemma[4.2.6] and Lemma[#.2.7)

=-NMU®S;_1)=— Oéé-fl Taq—j

= (-1 (d-1 Tdk+z D)™ Ty (

_ (_1)d—t+1 j'vt + Z H—l

Zt

(lettingd —k =1t)
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The other side is
d—1
U® S =T [ Ol Td —j
7j=1
d—1
=7 | o Ty 1+Z j “Ty_j| (sincei # 1, and by Lemma[4.2.2)
7j=2
d—1
= (=)™ (=T) + > o (Tajpr —Th)
j=2
d—1 d—1
—_ —1)1 T, + Z Oé; Td—j+l — Z CY;- T
j=2 J=2
= ()T + | (1M (d = 1) Tucpr + Y () Ty
I o
[ d=1D)T 4+ (=1)" (d=3)T1] (etd—k+1=t)
— (_1)1 T1 + (_1)d—t+1 jvt + Z l+1 T] . (_1)1 2T1
L ;ét
— (_1)d—t+1 irt_l_z l-‘rlij :HT(U®SZ)
;ét
This completes the proof.

47

Example 4.2.11. As in Example [4.2.9, the projection 11 : V(15) @ V(g13) — V{a,1) is

described by the matrix

-1 -1 -1
1 1 —4 1
P= -1 4 =1 =1
-4 1 1 1

For instance, the first row gives the equation

H(U@Sl):—Tl—TQ—T3+4T4



Chapter 5

Equivariant g-Forms on Specht
Modules

5.1 Preliminaries

Recall that (see Proposition 3.3.4) we have an equivariant isomorphism
n:Vi—V5 v—n,

Moreover 7 is uniquely defined up to a scalar. (If n, " were two such isomorphisms,
then by Schur's lemma ! o %/ : V, — V) must be a scalar multiple of the identity.)
This defines a morphism

0,: ViV, — C,

by the formula 6, (v ® w) = n,(w). We can identify C with the trivial representation V(g
by mapping 1 € C to the unique element in B 4.

Lemma 5.1.1. With this identification, the morphism 6, is G ;-equivariant.

PROOF. Note that,
Or(gv ® gw) = ngu(gw) = (gn,)(gw) =n,(g7" gw) = nu(w) = O\(v @ w),

hence 0, is equivariant. O

We call 6, the g-form associated to \. As explained above, it is uniquely determined
up to a multiplicative scalar. If By = {T1,...,T}, then 6, can be represented by a
matrix of size h* x h* whose (i, j)-th element is 0, (T; ® T}).

48
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Example 5.1.2. Let A\ = (3, 2). Then a calculation similar to Example shows that

4 2 2 1 -1
2 41 2 1
0(3,2) is represented by the matrix 21 4 2 1
1 22 4 2
| -1 1 1 2 4]

This suggests that @, is represented by a symmetric matrix. We prove this below.
Proposition 5.1.3. Given v, w € V), we have an identity 0, (v ® w) = 0(w ® v).

PROOF. Define a new map f, : V), ® V, — C as follows. For basis vectors T', 7" € B,,

let
nrer 1 IT=T" 51
g "o ifTAT. '

Although f, may not be equivariant, we can define an G -equivariant map by letting

WTRT)=Y higTegT).

g€,

By the uniqueness proved above,
Or(v @ w) =& hy(v®w),

for some constant ¢ (independent of v, w). But hy(v ® w) = hy(w ® v) by construction,
which completes the proof. O

We can thus define a quadratic form @) : V), — C by the formula
Q,\(U) = h)\(’U X U).

fgT = > asS,then fi(¢gT ®gT) = >, a% > 0by (5.1). Hence h)(v @ v) > 0
SeBy SeBy

for every nonzero v € V). This proves that

Proposition 5.1.4. (), is a positive definite quadratic form.

In this chapter, we give explicit formulae for 6, when

A= (d—1,1), (2,172, (d —2,1?).
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Finally we conjecture a formula for the case A = (d — r, 1").
Recall that we have defined permutations
o=(12), 7=(12...4d). (5.2)

To check that a form @, : V, ® V, — C is equivariant, it is enough to verify the equality
(v @w)=0(gv®gw)forg=o,7andv,w € B,.

5.2 Formulae for 0,
Proposition 5.2.1. Assume d > 3, and A = (d — 1,1). Then the g-form
Ox 1 Via—1,1) ® Vig—11) — C

is given by:
2 ifi=j,

VLT = {1 ifi # j

PROOF. Leti = j and g = 0. We want to show that 0 (T; ® T;) = 0 o (T; ® T;). By using
Lemmal4.2.2

0o (T;2T;) =0T —T1) ® (T; = T)]
=0T -T,0T —ThoT,+ T ® T
=2-1-142=2=0(1;T;).

Now let ¢ # j where i # 1 and j # 1. Then

0o (Ti©T;) =0((T; —Th) @ (T; —T1)]  (by Lemmaf4.2.2)
=0T, -ToTh —ThoT;+ T ®T]
=1-1-142=1=0(T;®T))

Now let i # j, and eitheri = 1 or j = 1. Say ¢ = 1, then

The calculation is similar for g = 7. O
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Proposition 5.2.2. Assumed > 3, and \ = (2, 1972). Then the g-form 0, : V@V —
C is given by

(d—1) wheni = j,

6(5, ®5S;) =

(—=1)"™*1 wheni # j.

PROOF. As before, we will explicitly check only some of the cases.
Case (1), wheni # 1,7 # d — 1. We want to show 0 (S; ® S;) = 0 ¢ (S; ® S;), for

g =o,7. By Lemma[4.2.6]

and
07(S;®S) =0[(—1)" S, ® (=1)4S; 1] = 0(S;1®Si1) = (d—1)=0(S;® S)).

Case (2) when ¢ = j, ¢ = 1. By using Lemma |4.2.6| we have

d—1
0T (Sl®51>—(9( dz+1s®z d]+1
=1
d—1 d—1
=0 (=)™ 8; ® S;)
=1 =1
d—1 d—1
=(d=1)(d=1)+> > (1) (=1)+*
=

= (d—1)* = [(d—1)(d - 2)]
=(d—-1)=0(51®5)).
Case 3):i=j,i=d—1,and g = . The proof is similar, because the action of 7 on

S is the same as the action of 0 on S,;_;.
Case (4): i # j , and both # 1, d — 1. Follow the same technique as in Case (1). O

The partiton A = (d —r, 1"), 1 < r < dis usually called a hook, due to the
appearance
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of its Young diagram. A basis element in B(,_, 1~y can be distinguished only by the se-
quence of numbers in its first column (second row onwards). For p = (p1, p2, ..., p:), let

215

T, denote the basis element whose first column is (1,p1, pa, ..., p,). €.9.,

D= |W|

will be denoted by T35 4.

Lemma 5.2.3. Let A\ = (d—r, 1"), whered > 2 and1 < r < d. LetT, € B,, where
b= (ph b2, 7p'r)- Then

-1, ifp; =2,
O'T et T )
’ Ty+ > (=1)Tsp,.pp, Otherwise;
i=1
whereas,
(=D T2 (pr41)(pr—141) ifp, =d,
7T, =

Tipr+1) (pat1)(prt1) T ; (1)’ Tg (P14+1) (it D) (pr41) otherwise.

PROOF. Let first 7}, € B, such that p; = 2. That means

I ag -+ agr
2
T,=| P2 , where a; € {3,4,--- ,d}. Then
| pr ]
— a0 Ggp—1 | 1 a1 - ag_r—1 |
1
ol,= | P2 =—| P2 = —T,.
L Pr i | Dr i

However, if p; # 2 then

I 2 a - agr2 2 1 a -+ ag—ro2

P1 P1
ol,=0 | . =1 .

Pr DPr
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12 a - ag—ro2 2 p1oar - G2
h 1
= . + . +

Pr pr
2 Pr Q1 - Qd—r—2
h

- . )

1

= Tp + (_1) T2p2~~-pT + (_1)2T2p1p3~-~pr +oeee (_1)T T2p1p2~~pr

=T, + Z (_l)i Top - pipr-

Now, let T, € B, be such that p, = d. Then

[ 1 a - Gp—1 | 2 (al + 1) s (ad_,._l + 1) ]
D1 (p1+1)
Tl =17 5 = : ,
Pr—1 (p’r—l + 1)
|4 | |

andif a; € {2,3,--- ,d—1},then 7T}, = (=1)" Ta(p,+1)(py_1.41)-
Finally, when p, # d, the last number in the first row is equal to d. So, we have

| 9 T
+1
R _| D (by straightening),
Pr (pr +1)

— 2
= Tlp1+1) (pa+1)(pr+1) T (1) TQ (Pr+1)--(prt1) +(=1) TQ (p14+1) (pjﬁ)...(pr+1)+

U ) k) - rD)
This ends the proof. O

Notice that this is a generalization of lemma |4.2.2 The next example explains the
action of G5 on B3z 1,1)-
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Example 5.2.4. Note that B3 1) is the ordered set

1 45 1 35 1 25 1 3 4 1 2 4 1 2 3
{] 2 | 2 .3 .| 2 . 3 ;| 4 }
3 4 4 3 ) 5

= {T23,T24,T34,T25, T35, Ty5}.

Then the action of o on B(31,1) is given by

-1 00 000
0 -1 0 000
qein_ | 1 =11 000
v 0 00 —100
1 00 -110
0 10 -10 1|

Also, the action of T = (12---5) on B3 .1,1) is given by

[1 -1 1 0 0 0]
1 00 —-110
gLy _ [0 10 =101
T 1 00 000
0 10 000
0 00 10 0]

The next result concerns the partition A = (d — 2,12). Given two basis elements
Ty ps> Ty g € By, let m be the number of indices ¢ such that p; = ¢;. Moreover, define
n to be 1if p; = g2 or g1 = po, and 0 otherwise. For instance, for the pairs (2, 3), (3,4)
we have m = 0,n = 1. Similarly, for (2,4), (2,7), we have m = 1,n = 0.

Theorem 5.2.5. Assume d > 4. Then the g-form 0 : Vig_211) ® Vig_211) — Cis
defined by

(

3 when m = 2,

0 (Tplpz ® qu qz) = (—1)n when m+n =1,

\0 when m =n = 0.



CHAPTER 5. EQUIVARIANT Q-FORMS 55

PROOF. We have to show that 6 = 60 g for every g = o, 7. Let T}, ,, ® T, , be an
element in the basis of V(4_21,1) ® V(4—2,1,1). We have the following cases.

(I) Assume g = 0.

1. m = 2. This means p; = ¢;, Vi = 1,2. To show that 0 o (T}, p, @ Tp, p,) = 3, We
have to look at the following subcases:

® D = 2, then 00(T2p2 ®T2p2) = 0(_T2p2 ® _T2p2) = 3.

e py # 2, then

0o (Tplpz ® Tmpz) =0 ( (Tm p2 T (_1)T2p2 + T2p1) ® (Tmpz + (_1)T2p2 + T2p1))
= Q(Tmpz @ Tprpe = Tpipy @ Top, + Ty py @ T,
—Top, @Iy, py + Tap, @ Tap, — Tap, @ Toy,
+ T2p1 ® Tplpz - T2p1 ® T2p2 + T2p1 ® T2p1 )
=3—-14+(-1)—1+3-1+(-1)—1+3=3.

2. m+n = 1. In this situation we have the following subcases:
e p1 =q = 2,thatmeans m = 1 andn = 0. Then
0 (T2;D2 ® TQQQ) = (_1)0 =1.

The other side is 0 0 (1%, ® Toy,) = 0 (—Top, ® —Thy, ) = 1.

e p; =2, (or ¢y =2),and p; # q1,p> = ¢2. Thatmeans m = 1 andn = 0, so
we have
9(T2p2 ® T(hpz) =1

Now, the other side will be

0o (T2p2 ® Tq1p2) =0 ( —T5p, ® (quz — Tsp, + 12y, ))
=0 ( _T2p2 ® TQ1P2 + T2p2 ® T2p2 - T2P2 ® TQ(]l)
=—14+3-1=1.

e p1 = q1 # 2. Then ps # g2, which implies that m = 1 and n = 0, which is
similar to the second subcase in part (2) above.

e p; # ¢ and none of them is 2, but p» = ¢o. This case is the same as the
third case in part (2) above.
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e The last possible subcase is m = 0 and n = 1. That means p; = ¢, (or
p2 = q1). In this case,

Q(Tmm ®Tq1p1) =—L
Then

QU(Tme ®Tq1p1) =0 ( (Tmpz — Tap, +T2p1) ® (Ttnm — Ty, +T2q1>)
=0 (Tpips ® Toypy — Tpip ® Tapy + Tpyp, ® Tagy
- Tsz ® Tq1p1 + T2p2 ® T2p1 - T2p2 ® T2q1
+Top, @ Ty py — Topy @ Topy + Topy, @ Thy, )
=—1-(-1)+0-0+1-1+1-3+1=-1.

3. m =0and n = 0, that means py, p2, q1, ¢ are all pairwise different numbers. So,
we have
0 (Tplpz ® qu q2) = 0.

However, for the other side we have to check the following possibilities:

e p; =2, (orq; = 2), in this case

00(T2p2 ® Ty q2> = (_T2p2 ® (Tq1 o — Tag + T2‘11))

0
0 ( _T2P2 ® Tlhgz + T2p2 ® TQ(D - T2p2 ® T2q1)
0.

e When none of py, q; is 2, we have
HU(Tmpz ®Tq1 Q2) =0 ( (Tmpz - T2pz +T2p1) ® (qu @ T2q2 +T2q1) ) =0.

(I1) Assume g = 7. When r = 2, then by Lemma ([5.2.3| we have:

T = {T2 (p1+1) if D2 = d7
p .
T(p1+1) (p2+1) — 15 (pa+1) T 15 (p1+1) otherwise.

1. m = 2 then 6 (1, ® T),) = 3. For the other side we distinguish the cases p; = d
and p, # d, and the discussion follows part (1) above.

2. When m + n = 1, we have exactly the same cases as above, namely :

® Dy =g =d,thatmeans m = 1 and n = 0,
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e po=d, (or qu =d),and py # @2, p1 = ¢;. Thatmeans m = 1 and n = 0.

® Dy =qp #d.i.e. p1 # qi.
® Dy # g2 and none of them is d, but p; = ¢.

e m = 0andn = 1. That means p; = ¢, (or p, = ¢1), and none of them is d.
In all those cases the proof follows part (2) above.

3. m = 0and n = 0, that means py, p2, q1, g2 are all pairwise different numbers. So,
we have
0(T,®1T,) =0.

For the other side we have the following cases
® py =d, (orgs = d),
e none of ps, ¢ is d,

and in each subcase the proof follows part (3) above. O

5.3 A conjecture for the hook diagram

In this section we conjecture a formula for 6, when A = (d —r,1")and 2 < r < d — 2.

Let p = (p1,p2,-..,pr) and ¢ = (q1, ¢, - - ., q,) denote two increasing sequences
such that T,, T, € B(g—,1~). Define m to be the number of indices 7 such that p; = g;.
On the other hand, let n denote the number of ordered pairs (i, j) such that

For example, if
p=1(2,4,6,8,9), q=(3,4,5,6,8),

thenm =1,n = 2.

Conjecture 5.3.1. The g-form 0 : Viy_,1ry ® Viq_1ry — C is defined by

((r—l—l) whenm =,

0(T,2Ty) =< (=) whenm #randm+n=r—1,

0 whenm +n < r — 1.
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This conjecture would generalize Theorem In future we will try to find a proof
of this conjecture, as well as find similar formulae for other partitions .
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