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We present an overview of the known results describing the isometric and closed-range
composition operators on different types of holomorphic function spaces. We add new results
and give a complete characterization of the isometric univalently induced composition operators
acting between Bloch-type spaces. We also add few results on the closed-range determination of
composition operators on Bloch-type spaces and present the problems that are still open.

1. Introduction

A topic of interest in the paper is the description of isometric and, more generally, of closed-
range composition operators on the Bloch-type spaces, in terms of the specific behaviour of
the inducing function. The goal of the paper is to present an overview of the known results
by emphasizing the intuitive idea and geometrical aspects of the corresponding conditions,
to contribute to the classification with few new results and to list a number of open questions
related to this topic.

One of the earliest results on isometric composition operators, acting on spaces of
functions analytic on the open unit disk, is Nordgren’s result [1] from 1968: if ¢ is inner,
then Cy is an isometry on H 2 if and only if ¢(0) = 0. Martin and Vukoti¢ have generalized
recently in [2] that, indeed, Cy is an isometry on H? for all p > 1 if and only if ¢ is inner and
$(0) = 0.

Since rotations induce isometric composition operators on most of the spaces, it is
of particular interest to determine the function spaces on which these are the only kind of
isometric composition operators. Such are, for example, all of the weighted Bergman spaces,
as shown by Martin and Vukoti¢ in [2]. They have also classified the isometric composition
operators on the Dirichlet space and, under the univalence condition of the inducing function,
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on some of the other Besov spaces (see [2, 3]). The isometric composition operators on the
BMOA space have been determined by Laitila (see [4]).

As for the classification of the larger class of closed-range composition operators on
spaces of functions analytic on the unit disk, the known results include some of the weighted
Bergman spaces (see [5, 6]), and some of the Bloch-type spaces, which we will state and refer
to in the next few sections.

In most of the cases, the general rule is that a composition operator is either isometric
or has a closed range, whenever the image of the unit disc D under the inducing function
covers a significant (in some sense) part of ). As we will see below, that stays true in the
case of the Bloch-type spaces, with a specific description of what the ”significant part” means
in this context. Note that this represents a logical contrast to the description of the compact
composition operators on all of these spaces, where the image of the unit disc under the
inducing function must stay away significantly (again, in some sense) from the unit circle.

2. Definitions, Few Basic Notions, and Overview of
the Existing Results

For a nonconstant analytic function ¢ that maps the unit disk D into itself, the composition
operator Cy on the Banach space X C H(D) is defined by

Cof=fo¢ (2.1)

with f in X, where H (D) is the space of functions analytic on . We will say that ¢ is the
inducing function for Cg.

Depending on the space X, one gets various conditions on the inducing function under
which the corresponding composition operator satisfies a certain operator theoretic property
such as, for example, being bounded, compact, invertible, normal, subnormal, isometric,
closed range, Fredholm, and many others. For general results and references on composition
operators acting on various spaces of analytic functions, see, for example, [7, 8].

For a > 0, the a- Bloch spaces B* (also referred to as Bloch-type spaces) are spaces of
functions f in H (D) such that

£z = Slé]glf’(Z)l(l - |Z|2>”‘ < 0. (2.2)

Each B“ is a Banach space with a norm given by

£l = 1F O]+ [I1£]

- (2.3)

The family of Bloch-type spaces includes the classical Bloch space B = B'. The spaces B* with
0 < a < 1 are the analytic Lipschitz spaces Lip,_,. Thus, for 0 < a« < 1, B* ¢ A(D) ¢ H*,
where A(D) is the disk algebra. In general, for 0 < a < , we have that B* ¢ B and so the
a-Bloch spaces B* form an increasing, uniform family of function spaces. Note also that the
Bloch space B contains H* and is included in all of the Bergman spaces L}, p > 1, while for
large @, such as a > 2, B* includes the Bergman space L>.
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For further references and details on these general facts about the Bloch-type spaces
stated above and more, see [9, 10].

The boundedness and compactness of composition operators acting between Bloch-
type spaces has been established in a series of papers [11-15]. We state the most general form
of these results and use the following notation: for « > 0, > 0 and ¢ being an analytic self
map of D, let

(1- =) 92|

. (2.4)
(1-1¢=)I°)

Tpap(2) =

We write 74, whenever a = f, and 7 if a = f = 1.

Theorem A (see [12, 15]). For a, p > 0 and ¢ an analytic selfmap of D, the composition operator Cy
is a bounded operator from B* into BP if and only if

Sup Tpa,p(2) < oo, (2.5)

zeD
and Cy is a compact operator from B* into BP if and only if

Iim 7pap(z) =0.
Preiieis $(2) (2.6)

Here are a few simple consequences of Theorem A and of some basic complex analysis:
recall the Schwarz-Pick lemma which states that for ¢ a self-map of the unit disk

(1-12P)[¢'2)] )

(2.7)
1-1p)°

Thus, whena = = 1, 74(z) < 1, and we get from Theorem A that every composition operator

is bounded on B. Moreover, the Schwarz-Pick lemma and Theorem A imply thatif a <1 <,

then Cy maps B* boundedly into B, since then Tpap(z) < (1 - |¢(z)|2)1’“. If furthermore

a <1< B, then Cy from B* into BP must also be compact. Note also that if ||¢[l,, < 1 and

Cp:B* — B? is bounded, then Cy is compact.

All of the spaces B* include the identity function, and so a necessary condition for Cy
to be bounded from B* into B is that ¢ belongs to Bf. Thus, for 0 < § < 1, every analytic
self-map of D that is in H* \ Bf induces an unbounded composition operator from B to BF.

In this paper, we are particularly interested in the closed-range composition operators
and, even more specific, in the isometric composition operators. Recall that the operator Cy :
B* — BF is isometric whenever

ICof 3o = N fllper VS € B~ (2.8)

Since every nonconstant ¢ is an open map, the composition operator Cy is always one
to one. By a basic operator theory result, a one-to-one operator has a closed range if and only
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if it is bounded below. Thus, Cy has a closed range if and only if it is bounded below, namely,
if and only if there exists M > 0 such that

ICofllps = M| fll5e, Yfe€B™ (2.9)

In particular, every isometric Cy has a closed range.

On the other hand, recall that the only (closed) subspaces of the range of a compact
operator are the finite dimensional ones. Thus, since a composition operator C4 never has a
finite rank (because ¢ is an open map), a compact Cy can never have a closed range. Hence,
a compact Cy can never be an isometry.

The first few classification results on isometric composition operators acting on the
Bloch-type spaces were done for the classical Bloch space in a series of papers [16-19]. We
present the classification in the form that appears in [18].

Theorem B (see [18]). Let ¢ be an analytic self-map of ID. The composition operator Cy is an
isometry on the Bloch space B if and only if $(0) = 0 and either ¢ is a rotation, or for every a in
D there exists a sequence {z,} in D such that |z,| — 1, ¢(z,) = a, and 74(z,) — 1.

The result provides a large class of functions inducing isometric composition operators
on the Bloch space. For example, if ¢ is an almost thin infinite Blaschke product fixing the
origin, that is a Blaschke product with a sequence of zeroes {z,} that includes 0 and is such
that limsup,, _, |B'(z,)|(1 - |z.*) = 1, then Cy is an isometry on B. For more examples and
the proof of the theorem, see [18].

For all of the other Bloch-type spaces, the result from [20] shows that the only isometric
composition operators are the trivial ones.

Theorem C (see [20]). Let 0 < a, a # 1, and let ¢ be an analytic self-map of D. Then the composition
operator Cy is an isometry on B* if and only if ¢ is a rotation.

Remarks 2.1. As already mentioned in the introduction, one notices a general behavior of the
functions inducing an isometric composition operator. From the two previous theorems, we
can see that if Cy is an isometry on B%, then D = ¢(ID), which further implies that o> C W
Moreover, in the case a # 1, ¢ must be a rotation.

This is similar to many other cases of isometric composition operators acting on spaces
of analytic functions. The general requirement is that ¢ (ID) covers a significant (in some sense)
part of I, or even further, that ¢ has to be a rotation. For example, if Cy is an isometry either
on the H? spaces or on the weighted Bergman spaces Al, with 1 < p < oo, then ¢ has to
be either an inner function or a rotation, respectively, as shown in [2]. If Cy is an isometry
on the Dirichlet space, then ¢ has to be an univalent full map, that is, one to one and such
that the area measure of D \ ¢(D) is zero, (see [3]). The complete determination of isometric
composition operators in all of this cases is given by adding the condition ¢(0) = 0.

A specific isometric requirement in the case of the Bloch space is that when ¢ is not
univalent, it has to be of infinite multiplicity and such that the function 74 stays close to 1
over some of the preimages of each point in ¢(ID). When ¢ is univalent, ¢ has to be a rotation,
and thus 74(z) = 1, for all z € .

Since every isometric composition operator has a closed range, and since the closed-
range composition operators are semi-Fredholm, that is, in some sense close to invertible, it
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is not too surprising that similar requirements on ¢(ID) and 7, play a role in determining the
closed range composition operators on B*.

The following Theorem D below classifies the closed range composition operators
on the Bloch spaces B% a > 1. The results are contained in a series of papers [21-23], and
we present their combined version. We need a few more definitions before we can state the
theorem.

We say that G C D is sampling for B* if 3S > 0 such that for all f € B¢,

supl ()| (1 - 1) 2 S| (2.10)

Let p(z,w) = |gp-(w)| denote the pseudohyperbolic distance on D, where ¢ is a disc
automorphism of D, that is,

zZ—-—w

: (2.11)

¢z (w) = w

We say that G C D is an r — net for D for some r € (0,1) if for all z € D, Jw € G such that
plz,w) <r.
For ¢ >0, let

Qeap={z€D:Tpap(z) 2 ¢}, (2.12)

and let Geap = ¢(2ca,p)- If a = B, we use the notation Q. , and G4, and if furthera = f =1,
we write Q. and G,.

Theorem D (see [21, 23, 24]). Let ¢ be a self-map of D and let a > 1. Then, the following are
equivalent.

(i) Cy has a closed range on B*.
(ii) There exists ¢ > O such that the set G q is sampling for B*.

(iii) There exist c,r > 0 with r < 1 such that G . is an r-net for .
Moreover, if a = 1, then (i) to (iii) are also equivalent to the following.
(iv) There exists k > 0 such that ||Cyalls > kll¢alls, for all a € D.

Note, for example, that when a = 1 and ¢ is a rotation, 74(z) = 1, for all z € I, and so
G1 = D. Thus, Gy is trivially sampling for B and an r-net for I for any r > 0. Therefore, (ii)
and (iii) are true. Part (iv) of the theorem also holds true if one takes k = 1.

If ¢ is not a rotation and Cy is an isometry on B, then wheneverc = 1-ewith0 <e <1,
we have from Theorem B that G;_, = D. Hence, as before, G;_; is trivially sampling for B and
an r-net for ), for any r > 0. Again, part (iv) of the theorem is true with k = 1. Thus, we get
a geometric description of closed-range (or isometric) composition operators on these Bloch
spaces as composition operators for which the inducing function ¢ has a 7y, function that
stays away from zero (or is close enough to one) over a set with large enough image.
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The geometrical aspects of the restrictions on the 7; function are particularly
interesting in the case when ¢ is univalent, since then, as a consequence of the Koebe one-
quarter theorem, we have that

_ dist(¢(2), 3(D)
=@

7p(2) (2.13)

For the isometry case, this implies that ¢ has to be a rotation, and for the closed-
range case, it gives a deeper insight on the boundary behavior of ¢, providing a number
of interesting examples and counterexamples.

For example, one gets that if ¢ is the Riemann mapping from DD onto the slit disk
D\ [0,1], then Cy has a closed range on B. Or if ¢ is the Riemann mapping onto the
simply connected region in ID created by taking away an infinite countable number of slits
and pseudo-hyperbolic disks connected to the slits, one can get either a closed-range or a
nonclosed-range composition operator Cy4 by controlling the size and the placement of the
pseudohyperbolic disks. For more details on these examples, see [23].

It is not too hard to see that if Cy has a closed range on B* for some a > 1, then Cy has a
closed range on B“ for all « > 1. On the other hand, the slit disk example from above provides

an example of a univalent map ¢ such that Cy has a closed range on B* only for a = 1 (see
[21, 23]).

3. Further Results on Closed-Range and Isometric Composition
Operators on the Bloch-Type Spaces

In this section, we present our results on the classification of the isometric and closed-range
composition operators Cy : B* — Bf. As Theorem A from the previous section states, not
every such composition operator is bounded. Thus, the boundedness condition on 7y 4 g plays
a natural role in the characterization of the isometric and closed-range composition operators
from B* into BF.

In general, depending on the choices of « and f, a composition operator induced by
a specific, fixed function can behave very differently. We illustrate this with the following
example, in which the inducing function is one of the nicest univalent selfmaps of the unit
disk, namely, a rotation.

Example 3.1. Let ¢(z) = Az, with [A\| = 1. Then Cy : B* — BF is

(a) an isometry, whenever a = f3,
(b) a compact operator if a < f3,

(c) an unbounded operator if a > S.

Note that (a) holds since |¢'(z)| = |A| = 1, and we have that

1Caf Nl = 11f © Bl = F O] +supl £ O] (1= N=F)” = |l (3.1)
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The other two cases follow easily from Theorem A, since

(1-1=P) @l

= (1-128) . (3:2)
(1-1¢=I) (1-16)

T p =

As for many other spaces, a condition that ¢ must satisfy whenever Cy is an isometry
from B% into B, regardless of the choices of a and f, is that ¢(0) = 0.

Proposition 3.2. If Cy is an isometry from B* into BF, then ¢(0) = 0 and

sSup Tg4p(z) = 1. (3.3)

z€eD

Proof. Note first that the identity function e(z) = z belongs to each of the Bloch-type spaces
and has norm one. Thus, since Cy is an isometry, it must be that ||}[|z = [|Cpel|zs = ||e]|p« = 1.
Let ¢(0) = a. Using the function f,(z) = 1 — az, we see that

! ! ﬂ
1€ falls = 5o 9lls = |fo(@)] +supl £, (92 19/(2)| (1~ 2F)
=1-]af+ |a|sup|¢’(z)|<1 - |z|2>ﬂ =1-af’ +|al(1 - |al) (3.4)
zeD

=1+ |a| -2|a]*.

But since Cy is an isometry and || ful|z« = 1 + |a|sup_ (1 - |z]>)* = 1 + |a|, it must be that
|a|*> = 0. Thus ¢(0) = a =0.

To show that sup_.;7p,ap(z) = 1, we use another type of test functions. For a € D,
let ¢,(z) be the function such that ¢,(0) = 0 and ¢ (z) = (¢,(z))", where ¢, is the disc
automorphism of I defined by

a(z) = 1”___7“ : (3.5)

az

Using that (1 — |z*)|¢l,(z)| = 1 - | (2)]?, we get

9all e = suplers(2)]* (1 1)
zeD
(3.6)

_ _ 2\* _
=sup(1-Jgu(a)")" =1
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Hence, since Cy is an isometry from B“ into B?, we have that for any zp in D

1 = oupl| ol = supsuppas(2)(1- [ya(d(2) )
a€h aeD zeD
> Sug Ttﬁ,a,ﬂ(z()) <1 - |(Ifa (4)(20)) |2> (3.7)
ae
> 7pa,6(20),

where the last inequality follows by choosing a = ¢(zp), and the fact that ¢,(a) = 0. Thus
Tp,a,p(2) < 1, for all z € I. On the other hand, for any a € D

1= ||Cpallgs = sup 7pap(2) <1 ~ |@a(2) |2> < sup 74,4(2), (3.8)
zeD z€eD

and thus, sup_;75,ap(z) = 1. O

Note that in the more general case when Cy : B* — B has a closed range, $(0) does
not necessarily have to be zero. Still, without loss of generality, we will consider only the case
¢(0) = 0. This is possible since the disk automorphisms induce invertible (and thus closed
range) composition operators on every Bloch-type space. Namely, if $(0) = a, we have that
$a(z) = ¢a 0 P(z) is such that ¢,(0) = 0 and Cy, = C4C,,. Moreover,

. a 1 [1-a
Ta(2) = I < () 39)

and by Theorem A we have that C, : B* — B“ is always a bounded (and an invertible)
operator. Thus Cy : B® — BF has a closed range if and only if Cy, : B* — B has a closed
range.

Theorem 3.3. Let ¢ be a selfmap of D, let at, p > 0, and let Cg : B* — BP be bounded. Then

(i) Cg : B* — BP has a closed range if and only if there exists ¢ > 0 such that the set G, p is
sampling for B%;

(ii) if Cp : B* — BP has a closed range, then there exist c,r > 0 with r <1, such that G q,p is
an r-net for I

(iii) if there exist c,r > 0 with r < 1 such that Gq,p contains an open annulus centered at the
origin and with outer radius 1, then Cy has a closed range.

Proof. The proof of (i) is similar to the proof of Theorem 1 from [23]. Since Cy : B* — B is
bounded, by Theorem A, we have that 3K > 0 such that 7y 4 4(z) < K. Thus, if Cy is bounded
below by M, and if c = M/2, we will show that set G 4 g is sampling for B* with a sampling
constant S = M/ K. We have that for any f € B*,

ICo fll e = SUP Tg.00(2) (1- |¢(Z)|2>u|f'(¢(2))| > M| £l (3.10)
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and since
2\* 4 M
SUP Tiap(2) (1-16@1) 1F @] <ellfllg = 5115 (3.11)
2€Qcnp
it must be that
M{(fll5. < sup Tpap(2) (1= 1) I ($()]
= sup Tpap(2)(1- [9)) |f (#(2)] (3.12)

ZGQC,,I,!}

<K sup (1-fwl)"|f @)].

wEGC,,,(,[;

Thus sup,,q, (1~ [w|?)*| f' (w)| > M/K]||f |3, that is, G ap is sampling for B* with sampling
constant S = M/ K. The other direction of the proof is fairly similar, and we leave it to the
reader.

(ii) Let w € D and let ¢, be as in the proof of Proposition 3.2, that is, the function
defined by ¢,,(0) = 0 and ¢}, = (¢,,)". As shown before, ||¢||3 = 1, and

920 © $lls = s1tp Ty (2) (1-lgw($2)[) (3.13)

Furthermore, assuming that Cy is bounded and has a closed range, there exist M, K > 0 such
that sup, ) 7,,4(2z) = K and

K2 5up () (1= [ ($(2)]")" 2 M. (3.14)

But since 1 — |¢5,(¢(2))]* < 1, there exists z,, € D such that

Tap(Zw) 2 % (1 - |qfw(¢(zw))|2)“ > % (3.15)

Thus, for ¢ = M/2 and r = \/1 - (M/2K)1/“, we have that for all w € D) there exists z,, €
Q¢,q,p such that p(w, ¢(zy)) < r,and so G qp is an r-net for I.

(iii) Let Cy : B* — B’ be bounded and assume that Ge,a,p contains the annulus A = {z :
ry < |z| < 1}. Suppose that Cy does not have a closed range, that is, there exists a sequence of
functions { f,,} with || f, ||z = 1 and such that ||Cg fullzs — 0. Since sup,,(1-1z[*)"|f,(z)| = 1,
there exists a sequence {a,} in D such that for all n,

(1-1aaP) | fuan)] > 5. (3.16)
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For any ¢ > 0, let N, be such that for all n > N, and we have ||Cy fy[|5 < ce. Then

sup (1-fwf)”|f(w)]

we Gc,a,ﬂ

< sup () (1- 19@)) 1f2(9(2)] (317)

ZGQC,,I,!}

1 Py : 1
< 2231;(1 = 12P) 12 @@ E @ = <lICo fullys < = = &.

Considering further € < 1/2, we get that each a, with n > N, belongs to the complement of
Geap- Thus |a,| <rg <1and a, — a with |a] < 7.

On the other hand, since || f,|l3- = 1, a normal families argument implies that there
exists a subsequence {f,,} that converges uniformly on compact subsets of D to some
function f € B“. But then {f, } converges to f' uniformly on compact subsets of I, and
since supwecmﬂ(l — [w?)’|f;(w)] — 0asn — oo and Gcqp contains an infinite compact

subset of I, we get that f’ = 0. This contradicts the fact that (1 - |a[*)*|f'(a)| > 1/2 and so Cy
must be bounded below. Hence, Cy has a closed range. O

Example 3.4. Let ¢(z) = z?, and let Cy : B* — BF. Then

% = (1- |z|2>ﬂa<$' 19
-z

deﬂ/p(z) =
1+ |2f)"
For z € D with |z| > 1/2, we have that (1/2%)(1 - |z]2)/™* < Ty 4 (2) < 2(1 - |2[*)P . Thus

(i) if a < p, we have that 74 4 5(z) — 0O as|z| — 1, and so Cyp is compact;
(i) if a > B, we have that 75 4 5(z) — oo as |z| — 1, and so Cy is not bounded;

(iii) if a = B, we have that (1/2%) < 744(z) <2, thatis, A= {z: (1/2) <|z| <1} C G120
and so Cy is bounded below and has a closed range. Recall that Cy cannot be an
isometry on any of the B“ spaces.

Note that the same conclusions as in Example 3.4 hold if we choose ¢(z) = zk k eN,
or even further, if we choose other particularly nice functions, such as, for example, finite
Blaschke products. The sufficient condition, as we will see later, is the boundedness of the
derivative over points that are mapped close to the unit circle.

As for the boundedness of the composition operator from B* into B’ when a > f in
general, we mention the following useful condition which might be known, but we could not
find it in the literature.

Proposition 3.5. Let 0 < f§ < a, and let ¢ be an analytic selfmap of . If the composition operator Cy
from B* into BP is bounded, then ¢ has no angular derivative on 8D, and if E = {{ € dD : |p(g)| = 1},
then the (linear) measure of E must be zero.
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Proof. Recall that if ¢ has an angular derivative at a point § € 0D, then |¢({)| = 1. Thus, if the
set E is empty, we are done. If not, recall further that if ¢ has an angular derivative ¢'(¢) at ¢,
then for any sequence {z,} in ) that converges nontangentially to ¢, we have that

hm ]' B |¢(Zn)| _

noow 1|z,

19'(@)| = lim [¢'(zn)|- (3.19)

Also, if ¢(0) = 0, it must be that |¢'(¢)| > 1. For more details on angular derivatives, see, for
example, [8].

Without loss of generality, assume that $(0) = 0 and suppose that ¢ has an angular
derivative at some ¢ € oID. Hence, whenever {z,} in D converges nontangentially to ¢, we
have that for large enough n,

<1—|Zn|2>ﬂ|¢’(zn)| N 1 (1_|Zn|2> B ,
(-19eP)” 2\ (- 19GF) ) (- (peof)”

Ta,p(Zn) = — 0 (3.20)

asn — oo, since (1 - |zu*)/(1 = |Pp(za)?) — |¢'(¢)I* and |p(z,)| — 1. By Theorem A, Cy
cannot be bounded from B* into BF.

Furthermore, by a result from [14, Corollary, page 71], if the set E has a positive
measure in 0D, then ¢ must have an angular derivative at some point of 0, and so Cy can
not be bounded from B% into BP. O

Recall that Theorems B, C, and D consider the closed-range and isometry classifica-
tions of composition operators acting between the same space B*. The following theorem
looks at the determination of closed-range and isometric composition operators acting
between different Bloch-type spaces, namely, the case when a # .

Theorem 3.6. Let at, f > 0, a# f, and let Cy from B* into BP be bounded. Then

(i) Cy can not have a closed range, except possibly when 0 <a <fp<1,0r1<p<a;

(ii) Cy can not be an isometry, except possibly when 0 <a < p < 1.
Proof. (i)

Case 1. Let a > . We will show thatif a > pand p < 1, then Cy bounded implies that ||$[|. < 1
and so, by Theorem A, Cy is compact. Thus Cy can not have a closed range.

This follows from the more general fact that if Cy : B* — B? is bounded, then for
0 <e <awehave that Cy : B** — BP must be compact, since

2 P ’ 2 p ,
1|z (2) ¢ 1|z (2)
(=) ol < (1-1¢2)[) sup< J 1)

e —, (3.21)
(1-1p@ ) <0 (1-]p(2)]°)

which converges to 0, as |¢p(z)| — 1.
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So,since 0 < ¢ = a—p < a, we have thatif Cy : B* — BP isbounded, then Cy: B — BF
is compact, and since f§ < 1, it must be that ||¢||o, < 1 as shown, for example, in [14].

Case 2. Leta < .

(a) If « > 1, then each Cy is compact and thus can not have a closed range. This follows
from the fact that

(1-122) 19| _(-ED)lee)
(1-lp@P)" — 1-l@l

Thap(2) = (1- |z|2>ﬁ e (1- |z|2>ﬁ “ (22

The first inequality is true since ¢(0) = 0 and so
1 1
a1 S . (3.23)
2 .
(1-lp@P)" (1-12F)

while in the second inequality one uses the Schwarz-Pick lemma. Again, since
$(0) = 0, we have that 1 - |z|*> < 1-|¢(z)[*, and by Theorem A, C4 must be compact.

(b) When a < 1 < f, then again, each Cyp is compact and so, Cy can not have a closed
range. This follows similarly from the Schwarz-Pick lemma and Theorem A:

(1- |z|2>ﬁ|¢'(z)| i (1-12P)1¢'2)]
(1-1p@ )" 1-1p(z)[’

<(1-1p@1) (1= 1) ~ 0

(1-1=0) @ (1-1zR)

(3.24)

as [p(z)| — 1.

(ii) Since every isometry has a closed range, by part (i), the leftover case to consider
when determining the isometric composition operators Cy from B* into B/ is when 1 < f < av.
We will show that in this case also, the composition operator can not be an isometry.

(a) Let 1 < < a. Then, if Cg : B* — BF is an isometry, we have that |||/ = 1. Thus

sup(1-12) (1- =) ¢/ (2)| = 1, (325)

zeD

where (1-|z)?™ <1and (1-|2%)|¢'(2)| < 1-|¢(z)[? < 1. Therefore, the supremum
is 1 only when both parts of the product converge or are equal to 1. This implies that
the supremum is attained at z = 0 and that |¢'(0)| = 1. But then, by Schwarz’s
lemma, ¢ must be a rotation, and rotations induce an unbounded composition
operators whenever f§ < a. Hence, a composition operator from B* — B is never
an isometry in the case 1 < f < a.
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(b) If 1 = p<aand Cy : B* — Bisanisometry, then, as before, [|¢||5 = 1. In the proof of
Theorem B in [18], it is shown that this is enough to imply that either ¢ is a rotation
(but then Cy is not bounded) or that ¢ is such that for every a in ID there exists {z, }
with z, — 1, §(z,) = a,and 74(z,) — 1.

Let {ax} be a sequence of points in ID such that |ax|] — 1, and let {zx} be such that
¢(zx) = ax and 7(zx) > 1/2. Then, as ax — 1,

=) (1 - |Zk|2> |¢’(Zk)| 7p(2k) . 1 396

Toa1(2K) = — = — > — — oo, .

¢,a,1\<k 1 ( 5 - N 1 - N\ * 1 ( )
|$(z0)] (1-laP)” 2(1-lal?)

and so Cy : B* — Bis not bounded. O

Note that in the proof of the previous theorem, we have shown that in general,
whenever ¢(0) =0, ||¢[lzs =1,and 1 < f < a, then Cy : B* — B* is not bounded.

We state one more result on the isometric and closed-range composition operators
on Bloch-type spaces, which takes care of the classification in the case when the inducing
function ¢ satisfies extra conditions. For example, we show that the only univalently induced
isometric composition operators are the trivial ones, that is, the ones induced by rotations.
This is similar to a result from [25], where we have shown that a univalently induced
composition operator on B%, a#1, has a closed range if and only if ¢ is a disk automorphism.

Theorem 3.7. Let a, p > 0, and let Cy : B* — BP be bounded.

(i) If ¢ is univalent and not a rotation, then Cy is not an isometry.

(i) If a# B and if IM,r > 0, r < 1 such that |’ (z)| < M, whenever |¢p(z)| > r, then Cy does
not have a closed range.

Proof. (i) Let ¢ be univalent, not a rotation, and such that Cy : B* — BP is an isometry. By
Proposition 3.2, then ¢(0) = 0 and sup__;7pqp(z) = 1. The function f(z) = z is such that
Ilfllz= =1 and so

1=|Cofllm = SUPTyap(2) (1- |¢(Z)|2>“- (3.27)

Since both parts of the last product are less or equal to 1, there is a sequence {z,} in D such
that 7445(z4) — 1and |$p(z,)| — 0. Since ¢ is univalent, by the Koebe distortion theorem, it
can not be that |z,| — 1. Hence, 3zg € D such that z, — zy, $(z,) — ¢(z0) = 0. Again, ¢ is
univalent, and so zo = 0. But then 74, 5(0) = |¢'(0)| = 1 and by Schwarz lemma, ¢ has to be a
rotation, which is a contradiction. Hence, Cy is not an isometry.

(ii) Let a# p and let AM, r > 0, r < 1 such that |¢'(z)| < M, whenever |p(z)| > r. If
l¢llc < 1, then Cy is compact and does not have a closed range. So, let { € 0D be such that
$(0)] = 1.

If B < a, the boundedness of the derivative as |¢p(z)| — 1 implies that ¢ must have an
angular derivative at ¢, and by Proposition 3.5, Cy is not bounded.
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If a < B, then whenever ¢(z,) — 1,

_ 2 b /
— Zn

Tpap(Zn) =

Thus Cy is compact and so it can not have a closed range. O

Note that part (ii) of the previous theorem together with part (iii) of Theorem 3.3 show
that, for example, if ¢ is a finite Blaschke product, then Cy : B* — BF has a closed range only
when a = p.

We finish with the following two open questions.

Question 1. If the composition operator Cg : B* — B’ is bounded, is the necessary closed-
range condition in part (ii) of Theorem 3.3 also sufficient for any a, f > 0? By Theorem D, this
is the case whena = > 1.

Question 2. Are there any closed-range composition operators Cg : B* — BF when a and f
are such that either 0 < a < f < 1 or such that 1 < § < a? By Theorem 3.7 part (ii), if there is
such a Cy, then ¢ will not be a finite Blaschke product.
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