
THE UN IVERS ITY OF MAN ITOBA

ANALYSIS OF SHEAR

SUBJ ECTED TO

l,JALL- FRAME STRUCTURES

LATERAL LOADS

BY

V I St^lANATHAN

SUBMITTEÐ

IN PARTIAL FULFI

MAST E R

G.

A THISIS

TO THI FACULTY OF

LMENT OF THE REQUI

OF SCIENCE IN CIV

GRADUATT STUDiES

REMENTS FOR THE DEGRET OF

IL ENGINEIRING

l,liNNIPEG, MANITOBA

OCTOBER 197?

ffi"u i'ltv i ¡i.î¡'¡
\\'* ' / ,t/

ì

ku**u l$'''



AET(}I CT.rLT D CE,¡fE }I T S

The author o¡ateful'rv ael<nolu'ledcres the financial

support cf the }Tational Feseareh Corr,ncj.l nf Ca,na.da.

The author sineerelv expresses his thanks to hÍs

adviser Dr. G. Þ. l¡orris for his excellent ouidance

ancl. assístance rendered d¡-rrincr the preparation of this

thesis.

FIso, the autho:: greatl.r appreci.ates the help

gir,'en bv ' Prof . F. B. Þinkney. His criticism a.ncl

guiclance in the cornputer proqram \uere invaluable.

Fj-nallv, thanks are exten<]ed to Mr. F. ¡t. Godse,

Chief Structurai Engineer rvith a Fírm of Consultincr

Engineers in ï^Iinnipeq, fcr reading the thesis and hj-s

valuable criticisrn and to the Co¡nr:uter Centre '
Uni-versitv of l.lanitoira for allottincf eomputer tirne for

the preparatíon of the eornputer procrram.

I



ACKNOl¡lLEDGEMENTS

CHAPTER

I

TABLE OF CONTENTS

I NTRODU CT I ON

l.l
1.2

1.3
1.4 tions

Introduction
Revi ew of the Prev'i ous
I .2 ( i ) Frame Anaì ogy
1.2(ii) Finite Element
0bjectjve of Study
Assumpt'ions and Lim j ta

l^lork
Methods

Methods

PAGE

1

1

2
2

ll
l5
IB

20

20
21

26
33
36
3B

42

42
45
4B
4B
52
55
59
65
75

76

B4
92

II GENTRAL ANALYSIS OF STRUCTURE

2.3 Sti ffnes s Method of Anal Ys i s

2.4. Condensation Process
2.5 Method of Elimination
2.6 Summary

III SHEAR WALL ANALYSIS

Z.l Introducti on
2.2 Analyticaì Model (Structural

Ideal i zat'ion )

on
sh and El ement Types
i ffness Matri ces
Elment
Transition Element
Transi ti on El ement

i or El ement
i ffness Matri x
erpolation of internal
nts and Correspondi ng
on to Sti ffness Matri x
near Interpol ati on of
Di spl acements
duction of End Rotations
of an Edge

3.'l
3.2
3.3

I
E

E

(
(
(
(

S

L
D

M

3

n
I
I
j

e
i
i
0

cti
Me

St
ge
fr
ght
ter
St

Int
eme
ati

Li

)Re

trodu
emen t
ement
) Ed
i) Le
ii)R'i
v) In
gment
near
spl ac
dific
s (i)

3.4
3.5

3.s (ii
3.6 Summary

ii



CHAPT E R

IV

VI

APPENDIX

APPENDIX

APPENDIX C

APPENDIX D

ANALYS I S OF FRAME

4.1
4.2

4.3

4.4

Introduction
Sti ffness Matri x for Be
4.2 (i) Stjffness Matr
4.2 (ii) St'i ffness Matr
Sti ffness Matri x for Co
4.3 (i) Stiffness Matr
4.3 (ii) St'i ffness Matr
Mod i f i cat'i on to 'beam s t
beams f ram'ing i nto shea
4.4 (i ) Left End of B

into Shear l,Ja

4.4 (ii) Risht End of
i nto Shear Wa

4.4 (iii) Both Ends of
i nto Shear Wa

0r
0r

or
or
ES
1t
Fr

m

xf
xf
umn
xf
xf
ffn

wa
am
j
eam
I
eam
I

a
't

i
I

r
e
I
B

I
B

I

End I
End 2

End I
End 2

s for

ami ng

Framì ng

ill

PAG E

94

94
96
98

102
105
108
lil
112

il4
ll8

I66

167

167
t6B

t 7l

175

tB0

194

?07

V

Frami ng 121

125

- Four Storey Shear Wal I - 125
Frame l^li thout 0peni ngs
in Shear l^lall

5.2 Examp'le 2 - Ef fect of Openì ngs i n l4l
Shear l.Jal I

EXAMPLES

5.1 Exampl e I

5.3 Examp'l e 3

5.4 Examp'l e 4
- Six Storey Shear l^lall 145
- Thi rteen Storey Shear I 56

6.1 Conclusion
6.2 Recommendati ons f or Further lrlork

LIST OF RIFERENCES

l,lal I - Frame
5.5 Compari son of computer requi rements

for the three examples

CONCLUS I ONS AND RECOMMENDATi ONS

Ai tki n's Method

Computer 0rgani zati on

User's Manual

A

B

LiProgram stìng



CHAPTER I

INTRODUCTION

1.1 INTRODUCTION

In recent years? coRstruction of taIl buildings has

increased enormously. The trend in modern tall buildings is

to have rigidly connected frames, providing spacious interior

areas? and stiff interior shear walls for the elevator core

and stair welIs. fn addítion, shear wa1ls are sornetimes

provided. on shorter exterior faces of buildings. -These

walls, in conjunction with frames, provide additional

stiffness to resist lateral movements caused, by wínd or
- ,ç¿

//' 
îùLç

earthquakes, hencegi serving structural and non-€t,ructural

functions. The increasing number of shear v¡alL-frame

structures has produced a need for a better knowledge of the

interaction forces between the wal1 and the frame in or<ìer

Èo permit more economical designs

The shear wall is usually considered to be the

principal lateral load- resisting element in taIl shear

waIl-frame structures. At one time it was cornmon practice

to consider the shear wall to be a vertical cantilever beam

resist,ing all of the lateral load. This resul-ted in very

uneconomical designs. It has since been recognized t,hat the

1
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frame substantially enhances the rateral stiffness in two
ways. Firstly, the beams framing into the shear wa1l
provide resisting momenÈs rvhich tend to red.uce the shear
wall deflection. secondly, toward the top of the structure
the frame rather than the shear wall tends to resist the
major portion of the Lateral shear. ïf the shear walI alone
resisted the lateral loads, it would deflect as a free
cantilever as shown in Fig. 1. 1 (b) , while if the fra¡o.e arone
$/ere to resist the lateral load, it would deflect, in a shear
mode as shown in Fig. 1.1 (c). Since the shear wa1l and
frame are interconnected aË each floor leveI, interaction
forces are developed between them. Thus, the combined
action results in the deflected shape shown ín Fig. 1.1 (d).

1.2 REVIET¡7 OF TIIE pRE\/f OUS I^:IORI(

Many investiqat.ions have been carried ouL

wall-frame structures in the elastic range. They

classified as frame analocy methods and finite
methods- vtrork carried out on these two methods is
reviewed here.

1.2(i) FRÀ¡{E A}TALoGy T4ETHoDS

on shear

can be

elenent

briefly

tl this met.hod the

bending elements which

characteristics of the walL.

analogy for a structure.

wall is ídealized as a series of
approxirrnat.e the structural

Fí9. 1.2 shov¡s a typical frame
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Rosenblueth and }Ioltz (1 ) presented an approximate

method of analysis f or a rigidly jo5-nted. frame rvhich

incl-udes a single shear wal1. They assumed. that the drift

of a frame in any storey was proportional to the shear

acting on the given frame in that storey and, the moments and

shears j-n girders supported by a shear wall were

proportional to the flexural slopes of the defLect,ed wall.

In their studlz the wall was idealized as a beam on an

elastic foundation, in which the reactj-ons were proportional

to the rvall rotations rather than to it,s displacements. The

pioblem coul-cl then be treated following the procedure of

successive approximations described by Newmark (2I) for

bea¡ns on elastic foundations. Two methods were gíven for a

suitable first configuration which could then be improvecl by

successive approximations. Col-umn shortening and foundation

def ormations \^rere neglect,ed in the analysis.

Cardon (2) developed expressions for the' lateral

stiffness of various tlzpes of beam and column arrangements.

He expressed the angular deflection at all points rvith a

second degree differential equation, taking into account the

effect of bending and shear. The main assumptions in this

approach were that the properties of the wa1I \^/ere constant

throughout and that the forces acting on the wall- \^lere

contj-nuously distributed over the height of the building.

Gou1d (3) replaced the frarne with rotaÈional and.

translational springs, linked to the centre line of the



shear \,va11 v¡ith rigid. bars concentrated at frame leveIs. He

used the finite difference technique in solving the problem.

The interaction moments at each storey leve1 were included

in the beam equation by replacing them by statically

equivalent equal and opposite forces at floors above and

below. The assumptions t{ere the same as those in Cardonrs

(2) paper.

Shear wa11-frame structures have also been analysed by

replacing the beams with a continuous lamina of equivalent

stiffness.

Hubert Beck (4) proceeded on this basis and piesented

an approximate meÈhod which furnished simple formulae for

the d.etermination of statically redundant values. All

redundant values v/ere combined to form only one single

unknown function. Hence, only one differential equation had

to be solved in calculating the.unknorvn function, instead of

having a system of linear functions. The assumptions maáe

\,vere that all connecting beams had the same distance from

each other and that the stiffness of all beams, except the

end one, were the same. The end bearn had one-hal-f the cross

section and one-half the moment of inertia of a normal

connecting beam. The wind load was assumed distributed

uniformly throughouÈ the height of the building.

Bandel (5) introd,uced an eneïgY method' in which he

replaced t,he shear waII by an equivalent truss r âs shown in

Fig. 1.3. He used a power series to represent the applied
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loading and the minimization of potential energy yielded a

set of linear simultaneous equations. The axial

deformations vJere neglected and only rigíd foundations were

considered.

Riko Rosman (6) used the same continuous system method

as thaÈ used by Hubert Beck. The integral shear forces in

the continuous connections of individuat piers were chosen

as the redundant functions. He dealt with only a single

concentrated lateral- load at the top of the rvall. The

assumptions \,¿ere eiactly the'same as .Bandel's as far as the'

properties of the beams and the stiffnesses vTere concerned.

A. L. Parme (9) published a paper on shear walI-frame

structures where the procedure consist.ed of relating the

total load. at each floor 1eve1 to the displacement of that

floor and the two floors above and below. By lvriting an

equation in terms of the relative stiffnesses of tl"

dif ferent elernents at any leve1 | a set of s'imul'Laneous

equations was obtained which could then be solved easily.

The assumption was made that the lateral displacement at

each level- v¡as the same fo:i the shear wall and all columns.

The axiat deformations of the.columns and the elongation and

contraction of the outer fibres of the shear waIl were

neglect,ed.

An iterative analysis procedure was presented by Khan

and Sbarounis (8). The shear waII-frame structure \{as

analysed as an analytical- model consisting of a sTÍear wall
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system and a frame system. An initial deflection of the

shear walI alone was cornputed either directly or$rlth a set of

curves that was presented. By forcing the link beams

between the frame and shear wall system to be constrained to

foIlow the distorted form of the wal-Ir âs shorvn in Fig. 1 .4

the bending mom.ents throughout the frame could be

determined, either by moment distribution or by an

iterative, modified slope-deflection procedure. Hence the

interaction forces on the wa1I for over all equilibrium at

each floor leve1 were obtained. An iteration technique

employing initial and final deflections and rotat.ions at, the

end of any cycte in conjunct,ion with free waII defLecÈions,

as a starting point for the next cycle of iterationrwas used

to determine the final mode of the deformation of the

combined system. Consideration was given to the effects of

foundation d.eformations, 1ocal yielding of the waIl, axial

and shear deforrnations, torsion of the frame, shear walls

which do not run the fu11 height of the building, and to the

problem of the determination of the effective widths of

floor slabs which can be taken Èo act as beams. For design

purposes, a set of influence curves was given, which showed

the dist,ribution of storey shears between shear wall and

frame members for a range of wal1-column and col-umn-beam

stiffness ratios and for several different forms of applied

Iateral loading.

Clough, King and trnlilson (7 ) developed a computer
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program for shear wa11s acting in conjunction with a frame.

The stiffness method employed included f1exural, shear and.

axial distortions of the members. However, the floor slab

was considered to be rigid in j-ts own plane, so that axial
deformations of beams were neglected. The assumption was

rnade that the building was laid out in a regular grid
pat,tern with each floor leve1 constrained to translate but

not to rotate under the acÈion of lateral loads. It was

furthur assumed that the shear walls were of uniform widÈh

throughout the entire height -although variations in

"tiftrr.=s were aIlov¡ed.

1.2(ii) FÏNITE ELEMENT METHoDS

In these methods the wall is idealized as a system of

elements, the behavior of which is similar to that of the

rea1, continuous structure. The structure is then analysed

by evaluating the properties of these interaconnecting

elements. Fig. 1.5 shows a typical shear waIl structure

divided into finite elements.

C. V. cirijavallabhan (1+¡ dealt with a shear waII wiÈh

openings, by finite element method. He discussed the stress

distribution in the shear waIl with openings and predicted

more accurate values for the bending moments, shear and

axial forces rvhich act upon the Lintel beams when the shear

walls are subjected to lateral Ioads. He also discussed the

effect,s of changes in material properties such as Poissonrs
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ratio upon the stresses in shear walls and bending moments

and axial forces in the connecting lintel beams. He

developed a program which employed the conventional

procedures of matrix structural analysis. He observed that
the stress distribution in the medium depends upon: (1)

external load distribution, (2) relative stiffnesses of

lintel beams and shear wa1l, and (3) the value of Poisson's

ratio of the material used.

The linearly elastic pJ-ane stress analysis of a shear

wall may be carried out using finite element idealizations.
However, when the connecting beams ¿ire slender, existing
types of elernents are not suitable since they can not be

connected with line elenrents in bending. I. A. Ilacleod (15)

developed a new rectangular element which has a rotational
degree of freedom at each node. This element overcomes the

difficulty of combining line elements in bending with plane

stress elements. He discussed. the tlzpes.of displacement

functions used and the derivation of the elenent stiffness
matrix. He developed a program which can include these new

elements together with line elements in bending. The

program is written in Algo1 and uses the .-direct stiffness
¡nethod of solution. Some guidance in the proportioning of

finite elements for shear wal-l anaJ-ysis was given and.

comparison of finite element solutj-ons with a frame solution
was made for a wa1l with trvo different patterns of openings.

This technique shor,¿s promise of bei.ng most useful in the
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analysis of shear wa11s lvith openings.

Recently, R. G. Oakberg and I'Iil1iam üIeaver ( 13)

analysed a shear waIl-frame structure by finit,e element

technique. The finite element model included rectangular

openings in the shear wa1I, and edge pilasters. They

employed the nnethod of substructures in the matrix stiffness

analysis. The method took account of the effects of shearing

and local distortions. The authors developed special

elernents which were used to combine with elements in
bending. A program was written in Algol and the method of

subst.ructures allowed the solution of .a fairly large. problem

in a reasonable amount of computer time. Using the

substructure analysis, only the displacements at the

connection points and the corresponding acÈions were

retained and the lateral loads were applied only at the

floor. levels. The base was assumed to be fixed. The

results were compared with those obtained using the deep

column method and the discrepancies in the calculated

rotat,ions at the connection points were considerable. For

larger shear waIl height to width rat,ios, the discrepancies

between the tv¡o sets of rotations were reduced. Therefore,

this method would be suitable for lower ratios of height to

width and the deep column method would be more economical

for higher ratios.
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1.3 OBJECTIVE OF STUDY

Computer method.s are indispensairle for the analysis of

large structures, particularly in dealing with the finite

element technique and most of the methods, as discussed in

the previous section, lean heavily on a digital computer.

The choice of a method depends on whether the most accurate

method is sought, regardless of the arithmatic labour

involved or whether a practical method with a minimum amount

of calculation or input data is desired.

In many instances, a series of openings are provided

eilher for architectural or environmental reasons, thereby

reducing the efficiency of the shear wall and altering its

deformation characteristics. Other factors affecting the

shear wall stiffness are thickness, material properties,

height to width ratio, stiffness of beams framing into shear

wall r width of openings and position of openings relative to

ttre edges of the wall-.

A complet,ely rigorous analysis of a shear wall-frame

structure generally requires extensive computation. In view

of the approximate nature of the design wind, earthquake or

blast loading assumed in the ana11'sís and because the

material properties can usually be estimated only

approximately it is often felt that a completely rigorous

solut,ion is not warranted.

Several authors (11 r13r14r15) have indicaÈed. that the

finite element method gives better results than other
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methods. Unfortunately t,his method often gives rise to

storage problems in the computer and becomes very

uneconomical for large structures. However , íf certain

kinematic assumptions and other approximations are used,

this problem can be overcore. It will be shown here that

fairly large Structures can be treated. on finite element

id.ealj-zations making the best use of the available computer

storage.

Hence, the object of this dissertation is to develop a

,method of ãnalysis o.f shear: rva1l-frame sbpuötures'subject-eC

to laterãl- loads. . !'lith an ultimate ai.m of develop-i-ng a

fully automatic sol-ution technique with a minimum

computational effort. Shear r'¡alIs with or lvithout openings

are considered' and €he study is limited.to linear elastic

analysis onl-y

The analysis presented herein uses the matrix st,j-ffness

method. While treat,ing the wall on f inite element

idealizations, a special kind of element with a rotational

degree of freedom at each nod.e is required to combine the

shear wal1 stiffness lvith those of beams framing.into shear

wal-l. Such an element is given by R. G. Oakberg and Ïfill-iam

trr]eaver (1f ¡ and also by f ..A. Macleod (15). The element

presentecl by the former authors has been used in this

analysis. The rnatrix red.uction process has been intensively

used herer ì.rtilizing the 'fact that the loads are applied

only at t,he framing levels or at joints. A s¡zsternatic
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procedure is adopted in the analysis and finalll', a computer

program is presented wherein the input consisÈs of the joint

coordinates, material properties, coordinates of the element

divisions in the shear waIl, beam and column properties and

other general information.

Certain kinematic assumptions are made which will
simplify t,he probl-em r,vithout much affecting the accuracy of

the results. However, due consideration is given to the

following points.

(i) Irlhen the thickness of the shear wall of the lower

level differs from that at the top in a real shear wall
problem, the element stiffness propert,ies at the lower

levels are changed Ii-nearly in relation to the thickness.

(ii) If the value of the elastic modulus is different

at different levels it is possible to easily incorporate the

different moduli into the computer program.

(iii) The st,iffness matrix being symrnetrical, only

one-half of the banded matrix is stored in order to save

storage space in the computer.

(iv) As much advantage as possible is taken from

symmetryr ând identity of substructures in particular, in
generating elernents, nodal coordinates and the stiffness

matrices ¡
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1 .3 ASSUMPTIONS AND LT}4ITATTONS

The assurnptions made in the analysis are brief j-y

out,lined below. Certain kinematic assumpti-ons reduce the

number of generalized coordinates and in a few cases reduce

the band width of the stiffness matrix. Wherever necessary

these assumptions are explained in detail with mathematical

derivat,ions in subsequent chapters.

(i) The shear wal-l is assumed to run the full height of

the building and t,he floor slab at each framing level

d,ivides the v¡all- into segments. Hence, Èhe number of

segments in a shear wall is equal to'the number of storeys.

The middle surface of the slab is assumed to coincide

exactly with the framing l-evel.

(ii) Each floor slab is assumed to be infinitely rigid

in its own plane. Hence, there is only one transverse degree

of freedom at each floor Ievel. Consequently, the axial

deformations of.the beams are neglected.

(iii) ft is assumed that plane transverse sections

through the shear wa}l at a1I floor levels remain plane.

(iv) The force-displacement relationship at any level

of a shear wall is related to those at adjacent levels only.
(v) The shear wall and the col-umns of finite elemenÈs

comprising it are of uniform width throughout the height of

the structure. Hohrever, the thickness can be varied.

(vi¡ The frame has the same number of bays aÈ each

framing Ievel.



(vii) The structure is assuned to have

pinned bases and all connections are assumed

(viii) External forces are assumed to be

at the corner nodes of a shear wall seqment,

(ix) The coordinate system used in

shown in Fig. 1.6.

19

either fixed or

to be rigid.

applied only

or at joints.

the analysis ís

the

and

. F'IG. 1.6 POSTTTVE COOF-DTNATE DTRECTIONS

directions shorvn are assumed positive for both forces

clisplacenents.

(x) The structure is assumed to be linearly elastic.
(xi) Only rectangular panels are considerecl and no

inclined members can be treated in the prooram.

(xii) Only rectanqular finite elements are considered

in the shear wall analysis.



CHAPTER rI

GENERAL ANALYSTS OF STRUCTURE

2.1 INTRODUCTTON

The use of "Numerical Methods" is inevitable in

analysing complex structures which reguire reasonably

accurate results in a short .tirne. *n: numerical methods can

be divided int.o two ty¡ges, (i) numerical solutions of

differential equations for displacements or stresses and

(ií) matrix methods based on discrete-element idealizations.

In the former case, for any particular structural
configuration, the eguations of elasticity are solved either

by f inite dif f eience technioue or by d,irect numeri.cal

integration. fn this approach the analysis is based on

mathematj-cal aporoximation of differential equations and

applications of these methods are restricted, due to

practical limitations, to simple structures. ïn the second

case, however, the st,ructure is first idealized into an

assembl-y of discrete structural elements with assumed forms

of displacement or stress d,istribution and then the cornplete

solution is obtained b1z combination of these distributions

in a manner which satisfies equilibrium and compat.ibility at

different joints. Methods based on this approach have

20
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proven to be most suiÈabl-e for the analysis of complex

structures.

The two possible approaches in the matrix analysis are

(i) the stiffness method (or displacement method) and (ii¡

the flexibility method (or force method). In both cases the

conditj-ons of equilibrium and compatibility are satisfied.

The flexibilitlz method involves ferver equations to be solved

than stj-f fness method. For large structures, horvever, the

difference is insignificant. The main advantage in stiffness

method is its systematic approach which is well suited. to

progranìming. The fl-exibility method r<irquires the exercising

of judgement in t,he selection of suitable "redundant' force

components and this choice has a significant bearing on

the accuracy of the result,s obtained from a computer

analysis. Hence, the flexibilty method. is best suited to

hand calcul-ations. Present day .matrix structural analysis

usj-ng the computer is based mainly on the stiffness method

and this method has been adopted in this study.

2.2 ANALYTICAL MODEL (STRUCTURÀL IDEALTZATTON)

The first step in matrix structural analysis is the

formulation of a discrete element mathematical model which

is equivalent to the actual continuous structure. The model

is necessary since it establishes the finite number of

degrees of freedom upon whích matrix algebra operations can

be performed. This is accomplished by equating energies of
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the continuous and discrete element systems. A typical

analytical model for a shear wall frame structure is shown

in Fig. 2.1" The model essentially consists of rectangular

panels witfi shear walls and columns connected by means of

beams. The shear walls may have openings in them or there

may be shear r^¡alls connected by lintel beams only.

The frarne portion of the structure is composed of

columns and. beams which present no difficulty in the

formulation of their discrete models. with this discrete

system, the energy equivalence leads to .exact representatíon

of the frame system. However, for the shear wall it is

necessary to use approximations. The shear wa11 is

subdivided into a number of smaller elements wit,h fictitious

boundaries and rvith assumed displacement distributions

within the elernents. As the number of elements is increased

the solutions for the structuraf displacements and stress

resultants shòuld tend to the exact values for tFre

continuous system. The nodal points are consid.ered to be the

segment corners, intersections of the centre lines of beams

and columns and intersections of the centre lines of beams

and edges of shear walls. The shear çvall is assumed to be

divided into segments rvith boundaries at the various levels.

This is shov¡n by the dotted lines in Fig. Z. 1 (a) .

Although.othe beam depths may vary and centre lines of

adjacent beams and the centre lines of floor slab at any

level may not coincíde, this discripancy is considerd to be



l ] l -l

I 
sn

ea
n 
I 

rR
A

M
E

 
I

( 
o 
) 

G
E

N
E

R
A

L 
S

T
R

U
C

T
U

R
E

 
( 
b)

 
ID

E
A

LI
Z

E
D

 S
T

R
 U

cT
U

R
E

F
IG

 , 
2.

1 
A

N
A

LY
T

IC
A

L 
M

O
D

E
L 

F
O

R
 A

 
S

H
E

A
R

 W
A

LL
 - 

F
R

A
M

S
T

R
U

C
T

U
R

E

I 
sn

ea
n 
I 

F
R

A
M

E
 

I

.

lv (,



24

minor. Fig. 2.1 (b) shows the idealized structure.

In the stiffness method it is necessary first to

ascertain the degrees of freedom at each joint; i.e. the

generalized coordinate system. A sample shear waIl frame

structure is shorvn in Fig. 2.2. All degrees of freedom are

referred to a globaI system of axes as represented in Fig.

2.2(b). It is evident that each node has three degrees of

freedom. But with some useful assumptions the total- number

of degrees of freedom for the whol-e structure can be reduced

considerably. Since the floor slaT¡s are assumed to be

infinitely rigid. in their or^rn planes, .a singÌe horizonLaL

degree of freedom at each level- can be considered,. This

means that all nodal poínts at any particular level undergo

the same displacement in the horizontal direction. Each node

has a degree of freedom in the vertical direction. If the

assumption from classical elastic theory, that pl.ane

sections remain plane before and after bending, can be

applied to the shear walI, the left hand and right hand node

points of a shear rvall at any particular level undergo the

same.rotation. Further, this can be geometricalJ-y refated to

the corresponding vertical displacements of these nodes.

Therefore the roÈational degree of freedom can be suppressed

at these nodes and t,he stiffness propertj-es accordingly

modified. This also leads to the fact that any beam end

framing into the shear walI has only a vertical degree of

freedom at the junction node. In the subsequenL chapters
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these modifications are presented in mathematical terms. All

other nodes namely those at the beam column junctions, have

a rotational degree of freedom. These are represented in

Fig. 2.2 as H, V and R. In the sample frame considered,

there are 30 nodes and if there are 3-degrees of freedom at

each node, the total number of degrees of freedom is 90. with

the assumption described above, the number is reduced t,o 54.

This will be the number of equat,ions to be solved in the

st,iffness analysis. The lateral loads are assumed to be

applied as a series of concentrated 1oads, P, at the floor

låveIs.

2.3 STTFFNESS METHOD OF ANALYSIS

Having idealized the strucÈure as a system of discreùe

elements and ascertained the degrees of freedom at t,he

different nodes, the next step in the analysis is to

d,etermine the stif fness characterstics of irrdividual

structural element,s. For this purpose, the strucÈure is

subdivided into a shear walI system and a frame slzstem.

In the shear walI system, the shear walI is subdivided

into a number of finite elements. The stiffness of each

element is computed first and the element stiffness matrices

are superimposed Èo give the overall stiffness matrix for

the shear wafl. In t.his process of developing the stiffness

matrix for the shear waIl, cerÈain internal nodes can be

suppressed as wilí be explained j-n arÈic1e 2.4 of this
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tion is done, as will be explained

e shear wal1 force-displacement

ces and displacements at the shear

However, in the frame system, t,he

into di screte elements consisting

connected by rigid joints. The

f. these members are evaluated

are superimposed at the comrnon

fnesses at the nodes comrnon to the

uperimposed to give the overall

ructure

ionship between the nodal forces P

nodes) and their corresponding

placements) forms the basis of the

generalized form this can be

(2.1)
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Or, in symbolic form this can be written âsr

i-Pj= tKl lDl (2. 1a)

where P Ís the nodal force vector and D is 'the nodal

displacem.ent vector These are rerated by the structure
stiffness matrix K. P, K and D are expressed in generalizecl

coordinates. The order of IKJ, . as explaíned earlierris
dictaÈed by the total number of degrees of freedom for the
structure. The main diagonal stiffness coefficients Kii are

always positive. rhe subscripts rir and tj, represent
generalized coordinates and tKij I is the stiffness
coefficient which represents the force in qeneralized

coordinate direction i, due to a unit displacemenÈ in
generarized coordinate direction ), with all other
displacements zero. Therefore, the off diagonal erements in
the stiffness matrix namely Kij for ílj, by Maxwerlrs

Reciprocal theorern, are symmetrical (Kij =Kji for i/j).
since by definit.ion, the stiffness coefficient is the

force developed in generalized coordinate direction i due to
a uniÈ displacement in generarized coordinate direction j,
the problem of deriving the element stiffness matrix ís
handled systematically by givíng the jth coordinate a unit
dÍspracement, holding all other coordinates at zero

disr¡Iacements. The resulting forces at all other coord.inates

due to this unit displacement form the coefficients of the
jth column of the stiffness matrix K . The formulatÍon of
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the complete stiffness matrix can be achieved by giving each

coordinate a unit displacement (treating one at a time)

holding all others zero and evaluating the resulting forces

at all coordinates.

The purpose of dividing the structure into discrete
elements can no\^/ be more clearly understood. Because of the

complexit,y of the structure, the amount of work involved in
deriving directly the overall stiffness matrix bqcom"es too

involved, if not impossible. Therefore it is necessary to
have individual stiffness matrices and then by superçrosing

these matrices, the over all stiffness matrix. for the

structure can be obtained. As a demonstration the beam in
Fí9. 2.3t which has two degrees of freedom at each end, is
considered. The force-displacement relationship for this
beam can be written âsr

ti{li

Kl1

Kzl

K¡t

K¿11

K1z

Kzz

K¡z

Kqz

Kl¡

Kzs

K3g

K43

K 1¿l

R2t+

K ¡¿l

Kqq

(2.2'

2.4 (a)t

overall

Now considering the

connected at node

structure stiffness

two-beam structure assernJcly Fig.

2, it, is desired to arrive at the

matrix for nodes 1 12 and 3.
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equilibrium equations for the two can now be

S,

\z t¡ t-T ltl l'"J h, t¿ \s \J lo'l

?;,i: ïl iîl,iïl l:: Tunn; ïi 1T!
K+z K¿: tJ LzJ Ld L*u, ^a4 

*e s tJ L"J

am - Bi Beam - 82

t,ion of these two equations yields the structure

matrix,

[t,. \z t¡ \.¿ \s \ri tt]
l*r, \, \t \q, \s 5.1 lgl
l*rrRtzt4r.trl 5¿ tstrl ,l"r[

=l r 2 l\ ¿ (2'3)

l*n,.Rqz K+z vnn*nitlslul ìzl
l*r,-Ksz Ks3 ^s¿ Estrl ltl
L*u, Røz Ko¡ Kø4 Ke s tuJ L+J

use of the common node'for the two coordinates, the

the matrix is only 6X6. this structure stiffness

mbolically put as 2.1(a)
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can be

In] = rKl tD]

where x is a sguare matrix. By introduction of joint

constraints(support conditions), the st,iffness maÈrix can be

made non-singular. Then, by confirming to the law of

matrices, the joint d.isplacements can be found by solving

Eq. (2. 1a)
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(2.4)

To satisfy compatibility, all member ends framing into

any particular joint undergo the same displacement as does

the joint. Therefore, once the displacement vectoi D has

been determined from Eq. 2.4, the member end displacements

(which are the sarne as the corresponding joint

displacements) can be incorporated into the individual

member force-displacement relaÈionship to calculaÈe the

member end forces.

.1 .9. InJ 
-= 

txl lo] 
Ï (2.5)

where I represents any member.

In tfris stud.y all element stj-f fness matrices are

expressed directly in the global system to avoid

transformaÈion of stiffness matrices and force and

d.isplacenent vectors. This is convenient because the study

is limited t,o struitúres : with rectangular frames and

shear walls which can be subdivided into rectangular

segments. Three kinds of element stiffness matrices are

required for the analysis -of this type of strucÈure: (i)

finite element stiffness matrix, (ii) beam stiffness matrix

and (iii) column stiffness maÈrix. The finite element

stiffness matrix is used for the shear wall and beam and

column st-ì-ffness matrices are employed for the frame system.

They are treated separately in Chapters III and IV

respectively.
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2.4 CONDENSATIO}T PROCESS

The lateral loads due to wind or earthquake are assumed

to act only at the joints or at segment corner nodes. Also,

since the shear wall is primarily designed to resist Lateral

loads it, is furthur safe to assume that no external load is

ever applied to any interior point oi a shear waIl. Since

the shear waLl in the present analysis is treated by finite

element idealizations, there is always a problem of storage

and addítional computationaL work. The purpose herein is to

demonstrate how the storage problem can be avoided making

use of the assumption that j-nternal nodes are not loaded

externally.

Consider a segirnent of the shear wal1r âs shown in Fig.

2.5(b). Assume, for the purpose of analysis that the segment

is subdivided into a number of finite elements having tn'

external nodes and rmr internal nodes. The nodes marked rEt

are external nocles and those marked t I I are internal nodes.

In order that continuity between the segments should not be

brokenr the nodes on the top and bottom edges of each

segment, are considered as external nodes and alI other

nodes, where no external loads are applied, are considered

as internal nodes. The equation of equilibrium , can now be

writ,ten as

p =[K] D
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L.e
{:1=tï" il trl (2.6)

where P denotes the external force,
K denotes the stiffness matrix

and. D denotes the displacement vector

The subscripts E and r denote the external and internal
nodal actions respectively. For the sake of simplicity, 1et,

each node have rc' degrees of freedom, the stiffness matrix
rK' wil-l then be of the order (n+m)c X (n+m)c.

Then since the internal nodes are not loaded, pI is
zero, and.

fiJ =tï: ;J [i
Therefore without violating the law of matrices, the

¡h,ove expressi-on can be expressed by the Lwo matrix
equations

= KEE Dn*Knr Dt (2.7a)

(2.7b\

From the second equation,
-1Dr = -*r, *ru ou

Substituting for D, in equation (2.7a),

PE = *"" ou**u- (-*rit *rJ o"

P = (K -K K-]E EE Er rr *r") ou

which relates the external nod.al forces to external
nodal d.isplacements onIy. Thj-s reduces the resuttant
stiffness matrix to the order of (nc X nc)

Pn

0 = KrE Dn*Krr Dt
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:Therefore,

-1
Leduced = h¡ -br Krr Kle

Thus the inÈerna1 nodes are suppressed. with a

subsequent saving in storage.

2.5 METHOD OF ELI}4TNATTON

The elinination phase and the subsequent expression of

the stiffness matri-x in terms of the external nodal forces

and external nodal displacements follows "The Method of

Aitken" (17 ) which is reproduced in Appendix A. Referring to

this appendix the following' correspondence of symbols will
be used.

(2.8)

and -CA-18 = -K K -1 KEI II IE

With rnr exÈernal nodes and rmr internal nodes , the

over all stiffness matrix can be written âs r

[: ,J=[,.,: ;'1

Krr Krz, *r" t,*t,@ Kr(,,+*)

Kn(n+m)

K1r,+t) (n+1) K1r,+t) (n+m)

K-nI K
nn

K(n+r) r

K1r,+r) (n+m)

(2.e)
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Rearranging the terms as per equation (2.8) r wê have

Kçr,+t) (n+1) K(n+t) t

K1(n+1)

@
Kn(n+m)

(2 .10)

lst pivotal
row and Kr.
i""riï".-'(n+m) (n+m)

pivotal
element

null matrix

0

The aim is to recluce the *U, mat,rix in the expression

(2.10) to a nuIl matrix. The process as we see in Aitken's

method, procluces the required matrix on the bottom right
corner to replace the existing null matrix. To achieve this,

the ordinary Gaussian elimination technique is used. To

f¿'6ilitate easy prograûmirg, the backward. decomposition is

adopted. Let the final matrix on the bottom right corner of

express j-on (2 . 1 0 ) , be represented, af ter reduct,ion by tOl .

In the backward decomposition, the first pivotal ror.r is the

Iast row of KïI, as indicated in expression (2.10). The

first pivotal element is the last element of K ,II

i.e K. in the above expression and the cofumn bel-orv
(n+m) (n+m)

this is to be made zero. In general this process can be

written in a simplified form as follws:

K,. = K..- K.. Xr-J r-J l.J

Ç

Kt1
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where,

|1| is the pivotal row and K is the pivotal eLement.

tir and tj t are any typical row and column,

respectively, that undergo subsequent changes.

The matrix [Q], which replaces the nuII matrix,

represents the expression -^u, *rrt KI" . Since we are

interested in the expression (EE -0), the null matrix in
equation (2.10) can be replaced by Il"which gives directly

the required expression. The flow chart of the above process

is presented in Fig. 2.6

For the purpose of comparison it is interesting to noÈe

here that the direct procedure to obtain the expression,
-'t

bn -tt * tr- \u
involves an inverse of a matrix of very high order, two

multplications and a subtracti?r. This is very uneconomical

from the computer point of view. On the other hand, the

reduction process explained in this chapter involves only a

single operation whj-ch takes care of everything relating to

matrix operations in t,he above expressj-on.

2.6 SUMMARY

The general analysis iprocedure

follovring steps:

is summarised in the

(i) The shear wall is subdivided, inÈo a number of

finite elements and individuat element stiffness matrices

are evaluated from the element properties.
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FLOúI CIIÀRT FOR CONDENSATION OF INTERNAL NODES

START

/ no w - 1, NTII,IBER oF TNTERNAL \
\ DEGREES oF FREEDOM ,/

PIVOTAL ROW L = TOTAL NUMBER OF

Rol.Js -N+l_
PIVOTAI ELEMENT = T(L,L)

DOI=1rL-l

-l-

DOJ=1rL-1

K(t,J) = K(L,J)/K(L,L) = C

K(r,J) = K(I,J) - K(r,L)*C

END

FIG. 2.6
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(ii¡ The stiffness matrices for the elements in a given

shear waIl segment are superimposed to obtain the stiffness

matrix for the segment. The inÈernal nodes for the segment

are then condensed off, using force and kinematic

assumptions. This gives the force-displacement relationship

for the shear v¡alI segment corners "

(iii) Beam and column stiffness matrices are evaluated

individually from their respecti-ve properÈies and they are

superposed at their coîrmon joints to give the frame

stif fness matri-x.

(iv) The frame stiffness and the shear wall st,iffness

are combined (the stif fnesses of the two syst,ems are

superimpoçed at the connection points between them) t,o give

the over all stiffness matrix.
(v) The support condition is incorporated in the

stiffness matrix formulated in step (iv).
(vi¡ With known applied loads at the node poinÈs, the

equations of equilibrium for the whole structure are solved

for the unknown displacements at the joints.
(vii) Knowing the segmenÈ corner d.isplacements found

from step (vi), the forces in the shear wall are calculated

from direct multiplication of individual shear wall
stiffness matrices and their corresponding segment corner

displacements.

(viii) The beam end forces and column end forces are

calculated in a : similar manner, knowing their end
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displacements and t,he individual stiffness matrices.

(ix) Finally, the reactions are calculated,.



CHAPTER IIT

SHEAR WAIL ANALYSIS

3.1 INTRODUCTION

fn most practical cases, the shear wal1 properties do

not change for any particular storey, that is, between

adjacent framing levels. Therefore, it is most convenient

to calcul-ate the stiffness matrix for each shear wal1

segment separately and then to combine the matrices to

obtain the stiffness matrix for the overall shear wall. In

the finite element analysis of the shear wall, it is obvious

that conventional plane stress elements, which have two

translational degrees of freedom at each node, are

unsuitable to take into account the interaction between the

shear waII and frame, or to combine with line elements in

bending. Therefore, a third degree of freed.om, namely the

rotation at each node, becomes absolutely necessary. The

question still remains as to whether all the interior nodes

should. also have the three degrees of freedom. The third

degree of freedom, namely the rotational degree of freedom

at the internal nodes, can be suppressed, or simple plane

stress elements for the internal ones can be considered.

This type of approach obviously tends to reduce the accuracy

42
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of results. However, the three degrees of freedom at each

node involve increased computational work and. increased

storage requirements. A compromise can be struck between

the two approaches. A number of papers, the most recent of
which is by R. G. Oakberg and fVilliam Weaver (13), point out

the above facts. Oakberg 'and Weaver separated the edge

elements and interior elements and introduced a new element

called the .transition element. The stiffness matrices for
these elements are presented later in this chapter

C. V. Giri javallabhan ( 14) has done :-considerable work

on element shape. He subd.ivided â model shear wall into
discrete elements. Triangular elements were used for
discretization, and IaÈer, rectangular elements were

adopted. To obtain accurate results, he subdivided the

sÉiucttire into 1 1568 triangular elements with 918 nodal

points. Employing the d,irect stiffness method, the nodal

displacement vector for the given boundary forces vras

determined for the complete assemblage of fínite elements.

The sa¡ne model problem was again solved using 264 discrete

rectangular elements with 334 nodal points, without altering

the other properties of the wall.The nodal displacements

obtained by the two analyses were compared and it \^/as

observed that the overal-l displacement patterns were the

same. Strains and stresses in each element were computed

from nodal displacements in both cases and the results
agreed. very wel-l. The solution obtained \Á/as suf ficiently
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accurate for design purposes when 264 recÈangular elements

instead. of 1r568 triangular elements, were used with about

one-third the total number of nodal points. Consequently,

further analysis of the shear waIl was made with rectangular

elements only.

of using rectangular elementsAdditional ad.vantages

are 3

(i) ease of forming the element mesh and generating

nodal coordinates. Only coordinates of one horizontal row

and one vertical row need be included among the input data.

In addition, the divisions in the X-direction are const,ant

throughout the height of the wall
(ii) increased flexibility and decreased number of

elements when coarser elements are used.

(iii) since, in the shear waIl problem, more degrees

have to be consid.ered at. some of the nodal points, the

smaller the number of elements, the smaller the amount of

computational work and storage requirements while forming

the nod.al equilibrium equation.

(iv) ease of. systematic generation of element

stiffness matrices in the globaI axes system for the

structure. Hencer Do transformation of the matrices is

required.

If the existing stiffness matrix for any element has a

coordinate system other than the :global coordinate system

then it is taken as the loca1 system for the element which



then is transformed

transformation matrix.

global system
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using the

3.2 ELEI4ENT MESH AND ELEMENT TYPES

Followíng the method adopted by Oakberg and Weaver, the

element mesh for a typical panel is shown .in Fig. 3.1.

Sincer on either edge of the panel, there may be beams

framing j-nto the shear wall, the two extreme vertical rows

of elements are considered as edge elements to combine with

beams in bending. These edge elements have three degrees of

freedom at each of theír nodes; two translational and one

rotation. The interior nodes need not have the rotational
degree of freedom since they are not di-rectly connected to

bending elements. But to satisfy compatibility at the nodes

between edge elements and interior elements, a new element

called the transition element is introduced between the two

element types. That is, in the trvo vertical rows of

elements adjacent to edge elements. They are further

classified as left transition elements and right transition

elements. A typical action of the combination of the three

types of elements is shown in Fig. 3.2. ït is clear from

this figure that the trvo nodes of the transition element

which are cornmon to edge elements as well have three d.egrees

of freed.om, whereas the nodes that are conìmon with interior

elements need have only two degrees of freedom. Therefore,

for a transition element, there are altogether 1 0 degrees of
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EDGE ELEMENTS 
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FIG. 3. I ELEMENT MESH FOR ANY TYPICAL SEGMENT
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freedom. The stiffness matrix as

Weaver (13) for these two types

here.

given : by Oakberg and

of elements are employed

z¡2 + n) a,

(3.1. a. )

3.3 ELEMENT STIFFNESS MATRTCES

(i) EDGE ELEMENT

An edge element has three degreés of freedom at each of
its nodes; two translations and one rotation. It Èhus has

twelve generalized displacements, as shown in Fig. 3.3. The

symbols ral and 'b' denote the width and the depth of the

element. The displacement functions for this elemenÈ are

the products of linear and cubic polynomials in the

dimensionless variables E= x/a and n = y/b as follows:
o1 (6,n,d) = -(t-E) (zn3 -:¡2¡a, - u (r - E) (n3 - n')u,

-E(2n3 - gn2)d+ - ¡6(n3 - nt)uu

+ (1 - E) (2n3 - 3n2 + r)dz - b(r - E)(n3 -
+ E(2n3 - 3n2 + 1)d10 - bt (n3 - 2n2 + n)dr2

uz (E,n,d) = QE3 - gE2 + r)dz + r n(€3 - zEz 1 t)d3

n(283 - zEz) d4 - ^ n(E3 - E2) do

+ (r - n)(2E3 - tr]^+ l)d' + a(l - nì (83 - z¿2 + q¡a,

- (r - n) (2E3 - zEz)arr- ã{r - n) (g3 - E2)drz (3.1.b.)

where d is the element d.isplacement vector and t1 and u, are

the two displacement functions.

These functions provide identical rotation for adjacent

edges at each corner of Lhe element. Since the ad.jacent

element edges experience the same rotation at each corner,
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TABLE 3.1

STIFFNESS MATRIX FOR EDGE ELEMENT

p-p-pp-p-ppp-ppp-p
| 2 3 4 5 6 7 5 9 10 2

-pßBpßß-pßßpßß2 2 3 5 5 6 5 I 9 2 11

-pßy-p-ßypß'tp-ßy33366699912t2
pp-ppp-pp-p-pp-p-p
4 s 6 I 2 3 10 2 t2 7 5

-pß-ßpg-ß-pÊ-ßpß-ßs5622321II258
-pBy-p-ßYpBrp-ßy6663331212L299
p-ppp-pppppppp
7 5 9 10 2 t2 1 2 3 4 5

pßß-p8ßpßß-pßß
s8921tL222355

-pßy-p-ßypßyp-ßy999t272L233366
p9ppppp-ppp-pp
i0 2 t2 7 5 9 4 s 6 t 2

p8-Ê-pß-ßpß-ßrpß-ß
2 tl 12 5 I 9 5 5 6 2 2

-pßy-p-ßypÊ"(p-By72t21299966633

where,

p = 13b+2la

l2

T2

!2

9

9

9

6

6

6

3

¿)

â

(t-u2)

35a 5b

p = -l]bz *ua-3la
2LOa 24 40

p = (u-À)

4

p = 9b -2),a
70a 5b

p =-9b -la
10

70a 5b

p^ = (r+u)
¿-

4

P = -13b+Àa
35a 5b

tp = 11b--ua*la6-
2L0a 24 40

tp = 13b--ua-3Àa
420a 24 40

tp =-13b-*ya*la
l2

420a 24 40
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13a + 2Àb

35b 5a

9a - 2\b

70b 5a

-l-3a + Àb

I7a2-ub+3Ib
210b 24 40

-I3a2 + ub + 3Àb

420b 24 40

= -LLa2 + pb - Àb

2l_0b 24 40

= I3a2 - ub - Àb

420b 24 40

35b 5a

=-9a-Àb
7Ob 5a

b3 + "3 -uab*3Àab
105a

.3
-b

105b 72 40
t

a'*uab*Àab
105a

-b3

140b

3a+

4072

uab * Àab

l-40a

b3+

10sb 72 40

"3 -uab-Àab
12

and

À

l40a

1-u

140b 72 40
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the shear strain is zero at four points on the element. The

stiffness matrix for an ed.ge element is presented in Table

3.1 . In the stif fness :matrix I E is the modulus of

elasticity, '/' is the Poissonrs ratio, and. rtr is the

thickness of the element.

(ii) LEFT TRÀNSrrroN ELE¡4ENT

Oakberg (18) introduced a transition element between an

edge element and an interior el-ement to assure d.isplacement

continuity. There are a total of ten generalized
'displacements for this element. as shown in Fig. 3..4. The'

displacement functions for this element are as follows:

ur(E,n,d) = -(1-E) (zn3 -:n2) dt - b(r-E) (n3 - n')ur.r- tnd4 + (1-E)

(2n3 - ?n2 * 1)d6 - b(l-E) (n3 - 2n2 + n)dg + E(l-n)d, (Z.z.a)

,rr(6,n,9) = n(1-6¡dz + tnd, + (1-E) (1-¡) dl * E(l-n)dro (s. z .¡)

The symbols are the same as for the edge element and.

the stiffness matrix for this element is presented in Table

3.2.
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?A3LE 3.2

STIFFNESS MATRIX FOR LEFT HAND

TRANSITÏON ELEMENT

s-00-0e0_0_0'_00123+s65892
-0-00-e00-0-02235s573 0-02r0

95
oe

45
o-0

Et

0ócl-{-(Ìe-ó-rrccr
45838

o0-e-0cr
4544292995

e_ 0_ -cl e ó -0 -ó cr -e -ö5 5 5 2 z 2 t0 s s 'z

00-0-0e0-0-e-e
65892t2 45

-0_-ó_-0 -0 -ô 0 0 ô 0 ôs 7 3 2 l0 2 2 '3 5 '5

333
-0 -0 --ü

-e -0 -d cr8389

e-ecr
2I05

cr-0óao-d
533

'(r-u2)

-00ao-e-e0cr9299545442
e-ô-0{-a-0
575552

where,

$ e l-3b+2Àa
35a 5b

g = 1l-b2+¡,a
2]-0a 30

8=À-u
5-

4

Q = 13¡2-la
420a 30

0 - a +Ib
3b 3a

S=À*u
2-

4

Q = 7b -la4-
20a 6b

Q = 9b -2).a
70a 5b

Q = 3b fÀa
20a 6b

þ = (À-u)b

24
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0 = a -Àb 0 = a -Àb5-7
6b 3a 3b 6a

ô = a +Àb
l0

6b 6a

c = b3 *2Àab
l-05a 45

ct = (À+u) b

24

-2o --b9-
30a

c = b *Àa
4-

3a 3b

and

| = (1-u)

' -2o=þ
+

2Oa

a
c = b' *Àab

,8

L40a 90

o = b -Àa9-
6a 3b
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(iii) RIGHT TRANSTTTON ELE¡{ENT

The right transi-tion element is actually the mirror
image of the left hand element with the axes rotated. through

180 degrees. Therefore, the stiffness matrix for this
element can be derived from that for the left transition
element by rearrangì-ng the terms and using the

transformation matrix. First, the left transition element

is rotated through 180 degrees about the Z-axisr âs shown in
Fig. 3. 5 (a) where the element d.isplacement vector has

components ordered from 1 .to 10. Considering this as the

local syÞtem for the right transition'el-ement, the stiffness
j-orr element.

sínce the stiffness matrix in the globaI sysÈem is d.esired

components 1 to 1 0 of the element displacement ':vector are

first rearranged as shown in Fig 3.5(b). Accordingly, t,he

stiffness coefficients in the Iocal system are ïearranged to
give the revised stiffness matrix for the right transition
element, again in the local system. This matrix appears in
Table 3.3. To identify the two coord.inate systems used,

locatr system has primes in them

The transformation to the gIobaI system is through 1 80

degrees about the Z-axis of the translational displacement

vectors only. This transformation matrj-x is presented in
Table 3.4. There is no sign change .for the rotation
transformation. Finally, the following . matrix operation

produces the required stiffness matrix ; for the ..righÈ
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(r-u2)
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ct
9

EI

TASLE 3.3

STIFFNESS MATRIX OF RIGHT TRANSÏTION

ELn{ENT rN THE LocAL SYSTEI'I 'sr'

-0-e0ao-e-004245q9s929
ó-eó-40-Óe-0d'2 5 '5 5 5 7 2 l0 5

-e0e-e-0-e0005123926s8
ó0ó0-0-0-e-ó-0's 2 2 '3 2 i0 5 7 3

-d -e $ cr c cr -e- -Ô -d^5 3 '3 3 9 5 I 3 I
0-0-e0od-0-e-{r
s92942454

-ö-0-0clctÓe0-c'7 2 't0 5 2 2 5 5 s

00-e-0-00e-00
26s845r23

-ö0-ó-0-e0-000-t0 5 7 3 5 5 2 2 3

c0-0-e-d-c00c-
583845333
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TASLE 3.4

TRAIr{SFORMATION MATRIX'T'

000-1

0-1

00-1

00-1-

00

00

0

01 0 .0

0-1

00-1

0 -l-

o

00

0

00

00

0 -l-
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transition el-ement.

where S is the stiffnessr
S I is the stiffness matrix inr
transformation matri-x.

s =TS'TTrr

matrix in the global. system,

the 1oca1 system, and T is the

+ (x+a/2) (y+b/z) ds

(3.4a)

The final stiffness matrix for right transition element

appears in Table 3.5.

(iv) ÏNTERÏOR ELEIV1ENT

An interj-or element has two translational d.egrees of

freedom at each of its nodes; giving eight generalized

d.isplacements. The stiffness matrj-x for this element was

presented by R. J. l{eIosh (16). The element, and the

assumed generalized coordinates are shown in Fig. 3.6 (a).

The origin is chosen at the centre of gravity of the

element. The displacement functions (obtained. from Lagrange

interpolation formulae in two dimensions) are as follows:

q

u2 (abd) = (x-a/2) (v-b/2) dz - G-a/2) (y+b/z) d¿ + (x+a/2) (y+b/Z) d'6

-(x+a/2) (y-b/Z)dt, (3.4b)
where u, and u, are displacement fr¡nctions
and d is the element displacement vector.

The sid.es of the ei-ement are parallel to the x and y

a>(es and are of length a and b, respectively
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EI

TA3LE 3.5

STIFFNESS MATRIX FOR RIGHT TRANSITION

ELEMENT IN THE GLOBAI SYSTEM

o-e-00-cro-0-00-a
4245495929

-0ó-0þe0-00-0-cr2 2 s 5 5 5 7 2 10 5

-0-0000-0-e0e-e45L2392658
eó0ö-0-0-0-0-ö0s52232I0573

-qee+o-n-cr00-{,453339s838
o 0 -e -e -cr o 0 -e -0 c.9 s 9 2 9 4 2 4 5 4

-0-0-0-0-c0ö0óa572tos22555
-0ee-00-e00-e-09265845I23
e-ö0-öó-0ö-0ô-ó2tos7355223

-cx -c! -e þ -c cr c -0 -ô cr9s83845333

(r-u2)

S = T Sr TË
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The stiffness matrix as gj-ven by R. J. Melosh (16)

appears below.

Ktt *rI
K=

Kzt Kzz

where,

Ku=

K21 =

2a11 + 2ã44

all - 2ã44

-au - ãq+

-2aU + ã+4

ar2 + a44

-a12 - a44

-412 - a44

412 - 444

2a11 + 2ã44

-2aU + ã44

-a11 - ã44

412 - 444

-412 - a4l+

-a12 + a4q

412 + 444

SYMI€TPJC

2a11 + liUU

all - 2ãaa 2a11 + 2ã4¡*

-a12 - a44 -a12 + a44

412-aq!+ .412+aq4'

a12 + 444 412 - ar+4

-a12 + aq4 -412 - 444
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and

Kz2 =

2a2, + ?â44
SYM}€TRÏC

-ZaZZ + åq4 2a22 + Zâuu

-uZZ - à++ 
"ZZ - 2ârrr, 2at2 + ZàaU

a22 - ZàuU -^ZZ - ârt+ -ZIZZ.' å4a 2a22 + 2ä4a

in which

ëhr = Etrr tr:72¡ x

art = EtLL (irÉ) xE

azz=.r?,x6i

ã,+4=,r?r*,#*"

b
ffi

å++ = ,? * ,#ro and aq4 = ,r?, *.+

rE' and 'þ' are the modulus of elasticity and Poissonrs

ratio, respectively, and 'tr is the thickness of the

element.

Substituting these values in the stiffness matrix, the

matrix expressed in the local system as represented in Tab1e

3.6 , is obtainecl
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In the expanded

terior element can

KU Klg KtS Ktz

form, the equilibrium

be written as follows:
Kp Kt,* KtS Kte

, 65

equations for the

dtI
dt3

dts

ðt7

ðr2

dr,+

dl ô

dt8

P1

P3

P5

P7

Pz

Þ'4
P6

P8

Kzt Kz¡ Kzs Kzl Kzz Kz,* Kzo Kzg

Ket KeO KeS KgZ KgZ Kgr* KeO KAg

. The terms are rearranged according to Fig. 3.6(b) .to
give the stiffness matrix for the interior eLement in the

global system. This appears in Table 3.7.

3.4 SEGMENT STIFFI'IESS MATRIX

As mentioned earl-ier, the shear wall stiffness matrix
is generated segment-wise and then the combination of the

segmental matrices yields the required shear wa11 st,iffness
matrix. After the segment is subdivided into a number of
rectangular finite elements, it is desired. to develop the

stiffness matrix that will relate the nodal displacements

and the corresponding actions of the nodes .that lie along

the top and bottom edges of the segments. As was discussed

in article 2.4, the nodes that lie along the edge are termed

external nodes, while the remaining nodes in the segment are

designated internal nodes.
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TABLE 3.7

STIFFNESS MATRIX FOR INTERIOR ELEMENT

IN GLOBAT SYSTEM

(r-u2)

c
1

-c
2

c
3

o
4

ct
5

d
4

-{
7

c
2

ct
23

-o24
d

4i
CT

42
--0

47
-{

62
ct

25
d

84

Et

-4

ß

-ct

ß

e

ß

ct

-ß

where,

c = b *Àai-
3a 3b

c =-þ *Àa
3-

3a 6b

G = b -Àa5-
6a 3b

= a *Àb
3b 3a

= -g_+ Àb

3b 6a

and

}. = l--u
2

dc
45

Bal+4
c-û
27

ß-a
22

-û cl
2t

-ßd82
--c o43
ß{64

-ct -ct d'
472

ßa-ß
628

-ü,ctd'254
-ß"cß846
cto-û
234

ßaß
244

ctd{
412

B-aß
422

= Àtu
4

= À-u
4

= b *Àa
6a 6b

= a -Àb
6b 3a

= a *Àb
6b 6a
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:Generation of the stiffness matrix starts from the topmost

segment and the topmost ro\^¡ of elements. If all the

elements in the segment are to be considered in one step to
form the segrment stiffness matrix, there is a problem of
storage. To avoid this, the elements are consid.ered

row-wise starting from the top most ro\,r.

The top most row of elements, alongr with their nodal

actions are shown in Fig. 3.7. considering each element in
this row in turn, the correspond.ing element stiffness matrix

is generated. The ètiffness matrix fo,r .the whole is
formed by superimposing the stiffnesses at common nodes.

Since the top row of elements is pictured in Fig. 3.7, there

is only one lateral displacement along line 1, which

coinci-d.es with the centre line of the floor slab and is
considered as the framing leveI. The matrix for this top

ro\d can be written as

where subs

and, 2, respecti

Asase

considered an

generat,ed in a

at the nodes a

[ *rr- xrzl r"c¡'r -1

ttr..tI Kzr Kzzl
LJ

cripts 1 and 2 denote the nodes on lines 1

vely.

cond step, the next row of elements is

d the stiffness matrix for this row is

similar manner. Once agai-n, the. stiffnesses

long line 2 are obtained by superimposing the
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values for the elements in the ad j acent two ro\¡¡s. The

procedure is illustrated in Fig 3.8 and the corresponding

stiffness matrix is as follows:

Ktr Kp

Kzr (KzzYl xzz*Z) Kzg

o Kgz Kgg

Considering the nodes on line 2 as internal nodes , 'I' ,

and the rest as external nodes, tBt , the previous stiffness

matrix can be rewritten as

0

Q,
KtE

c?t.l.

where the superscript denotes the rows.

The terms can then be rearranged and partitioned as

follows.

*Í3 *l+. â

r{'I
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from which the matrix can be reduced to the form:

(KEE - KEr

as explained in article

r
| 

*'tt
I

L 
*'tt

which relates the d.isplacements and forces at the nodes on

lines 1 and 3, only, the effects at. the internal nodes being

suppressed. This appears in Fig. 3"9.

Next, the third row of elements is consid.ered, and

after the stiffness maÈrix is generated for the row, it is

combined with the previous stiffness matrices as illustrated

in Fig. 3.10. The resultant matrix has the form:

wl
't 11

l('31

0

As explained in the previous paragraph, the terms of

the above matrix can be rearranged and the red.uction process

repeated for this new matrix. the resulting matrix _has the

70

The previous matrix has the form:

Klt-1 Krr)

2.4. This gives the reduced matrix:

*tt, l
I*tr, 

.J

Kt 
13

*'rs o Kg33

K3
43

0

)
"3q

*uI
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form:
,r'*tt

H-
K,li.

*tu

*íu

This process is repeated for all the rows in the

segment, treating one row at a time until the bottom edge of

the segment is reached. Fig. 3.11 shqws the :noda1 actions

for a segment, developed in this manner. The final

stif fness matrix at this step . is the required segiment

stiffness matrix.

The shear wall stiffness matrix could be formulaùed by

developing the stiffness matrix for each segment in turn and

superimposing them along the common edges. However, there

is a serious drarvback in this, from the computational point

of view. To illustrate, consider trvo segmentsr âs shown in

Fig. 3.12. For convenience' the actions at the segrnent

corners are differentiated, from those at the internal nodes

on the common segment boundaries. :The stiffness matrix for

the two segments can be written as:

Ktt Ktz Ktg Kt,* o o

Kzt Rzz Kzg Kz,* o o

Kgr Kgz *ååt *åi, Kgs Kgo

K,rt Kuz K
45

Kuu

Kos

K+s

*ut

!+2 K1+2l+3 t¡l¡

Ksa Ksu

Kgg -KS4

0

0 Kuo
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It is obtained by the combination of the two matrices

for segments 1 and. 2. By rearranging the terms in the above

matrix and treating nodes 1 , 3, 5 and 6 as external and

nodes 2 and 4 as inÈernal, the reducÈion process can be

applied to condense off nodes 2 and 4. If this is done, the

zero terms in the above matrix are replaced by non-zero

terms¡ due to cond.ensation. Consequently, the shear wall

stiffness matrix becomes ful1, and. unless further

simplifying assumptions are made, a great deal of

computational effort and large storage requirements result.

To avoid these 'problems, kinematic assumptions,

described in the next section, are made at the shear walI

segment boundaries, in order to produce a banded shear wall

stiffness matrix.

3.5 LINEAR I}]TERPOLATION OF INTERNAL DISPLACEMENTS AND

CORRESPONDING }4ODIFTCATTON TO STIFFNESS IVIATRIX

From classical elasticity theory, it is reasonable to

assume that the plane sections of a long slender flexural

member remain plane during bending. The assumption is

therefore made here that the plane transverse sections

through the shear wall at all floor levels remain plane as

the structure is subjected to lateral loads r âs illustrated

in Fig. 3.13 (a) .

This assumption has two useful consequences:

(i) There is linear variation of vertical and
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rotational displacements along the boundary between any two

segments.

(ii) The rotation of the left end of the boundary

equal to that at the right end.

3.5 (i) LINEAR INTERPOLATTON OF DISPLACEMENTS

IS

In Fig.

ends. A and B,

displacement

represented. as

3.13(b), DA and % are the displacements at

respectively, of a segment boundary. The

D C at any point Ct between A and B, can be

De= Þ n * 3nt "A. L"B
(3.5)

(3.6)

For the two shear wall- segments shown in Fig. 3.14, it
is assumed that the stiffness matrices for segments 1 and 2

are formed separately and the stiffness coefficients along

bound.ary J are superimposed to give the following

equilibrium equations for this portion of the structure:

D
'l_

D'2
1]'3
1],4

Ps

Ktt

Kzt

Kst

0

Kst

Ku

R,,

*gz

0

Ksz

Kts

Kzg

*r,
K,*3

K
53

Ò

0

Kg'*

Ku,*

0

Kts

Kzs

Kgs

0

Kss

Dt

D2

Dg

D4

Ds
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The aim here is
displacements D 1 and

matrix in (3.6). For

boundaries J and

and D4, respectively.

Let Cr=b/L and Cr=a/L where a, b and L are as denoted

in Fig. 3.i4. Then from equation 3.5:

79

to relate the displacement D 5 to
D3 in order to reduce the order of the

simplicity, the displacements along

are represented by symbolic vectors Dg

Þ,1

Þ'2
Þ,?

P,*

Ps

Substituting
Ktt Ktz

Kzt Kzz

Kgt 
^r,.0 0

Kst Ksz

D--
5

Eq.3.5a

Ktg

Kzg

K¡:
K¿¡

K
53

q Dl+czDz

into Eq. 3.6,
Kts

(3.5a)

( 3.7)

( 3.7a)

4x1

Dt

Dz

Dg

D4

tror-otro,

0

Kz+

Raq

0

Kzs

K¡s

0

K
55

or

t*r-,.

(Kzr

(Ksr

(Ksr

cIK1s)

C1K25)

C1K35)

(Ktz *

(Kzz r

(K32 +

0

(Ksz o

c2Kls )

czKz 
s 

)

%oru)

c2Ks5 )

Kl.s

Kzg

*ag

K,r g

Ksg

0

0

Kgu

K,rq

a

+

+

+

0

+

D1

Dz

D.
J

q*

PI
Þ,2

'J'3
P4

P5 Glr(s5 )

5 x4
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The number of unknowns is thus reduced to 4. However, there

are five equations, the last of which is redundant. AIso,

the stiffness matrix in the above equation is not

-symmetrical. To achieve symmetry, the fifth equation above

is expanded as follows:

CIPS = C1(K51

Eq. 3.

Expanding

PI=(Klt+CtKts)

PZ=(K21+C1K25)

Adding Eqs. 3. 1'l and 3 .9 ,

P1 + C1P5 = l{x11 + CrKrs) + Cr (Ks1 + clt(ss)J Dl +

I (*r, + c2t{15) + c1 (Kr, + + (K13 + C1K53) D3%Kss) J k

P5 = (KSt * CtKss) O, + (Ks2 * CzKSS) D, + Ksg Dg

Multiplying both sides of Eq. 3.8 by C,,

+ C1K55) Dl + Cl (K52 + c2l(s5) Ð

B can be multiplíed by C2 to

C2PS = C2 (K51 + cIKSs) Dr * % (K52 + C2KSS) Ð + eKsgDg (3,10)

the first
Dl + 0(u

Dt + (Kzz

two of
+ CzKts)

+ CzKzs)

Eqs. (3.7a)

Ð + KrsDg

Þ + KzsDs

+ C1K53D3

give:

(3.8)

( 3.9)

( 3.11)

( 3.12 )

( 3.13)



Since, from sYmmetrYt

rewritten as
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K15 = KSl, the Eq. (3.13) can be

( 3,13a)

( 3.14)

Pz+ %Ps= (Kzl * crKzs + %Ksr* et%Kss) Dr+ (K22+2c2K25 n cr2xuu) ry

* (Kzg + %Ks3) D3

,p5' is the external force vector at C, a þoint between

A and. B. Si-nce it is assumed that the external forces are

applied only at the corner nodesr PU can be taken as. zero.

AIso, the fifth of equations (3.7a) is redundant and can be

omitted. The finat matrix after reduction is thus:

Pt + ctPs = (K11 + 2clKls+cr2xur) o, + (Kr, + %Krs * crK52 + c1c2K55) D2

+ (Kt3 + clKs3) D3

Similarly, ad.dition of Eqs. 3.12, and 3 - 10 yield's

p2 + c2p, = lt*rr- + c1K2s) + cz (Ksr + clt(ss)Ì or * I (Kzz * %Kzs) + q

(K5, + q*us)j Ð + (Kza + c2K53) D3

orr since K52, = RZS,
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The stiffness matrix in Eq. (3.15) is symmetrical and

it can be noted that Kt$ ZU, K U, and K U, remain zero after
the reduction. Also , K 33 , K3r+ , K ,+3 and K ++ remain

unaltered. In other word.s , only the :-rows and columns

corresponding to the terms which are related to the

displacement that is being reduced are altered. These are

represented by rohTs 11 and L2 and columns J1 and. J2 in Eq.

(3.15).

In general, if 'K' is the displacement being reduced

and rIr and rJ' are the displacements to which rKr is
råt.t.a ly an expression of the form

%=CfDt*CZD.f
the terms in the Ith row and Jth ro\,ü are altered as follows:

Ittr
ncht

Jttt
fG^f

LtÏt
fcf^t

. . . . (Ktl * 2c1|(lk + etzfO) . r, .(KU*%Kïk+cflJ1(+ClCrKpç)

. . (K¡1 + crKx * %Krr + clc2Kkk) . . (K¡,¡,+2cr**iqtq.r:lrl+c1KKl)

....K1¡*CtK,¡
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where L is any other term, related to I, J or K, that

-undergoes subsequent changes. Therefore, the actions that
are not directly related to I, J or K do not undergo any

change during the modifícation

Any number of internal nodal displacement vectors on a
boundary between two segmenÈs can be related to the end

displacements in turn and the size.of stiffness matrix can

be correspondingly reduced.

3.5(ii) REDUCTTON OF END ROTATTONS OF AN EDGE

When a beam with a large bending stiffness frames into

-a shear waIl at any Ievel, there is a considerable amount of

local deformation at the junction. ThÍs results in
artificially large values of rotational displacement, since

the moment applied to the shear wal1 by the beam is applied

as a concentrated couple at a point, rather than being

distributed over the finite beam d.epth. The error is reduced

for comparatively slender beams. To avoid this problem, the

rotations at the trvo ends of a shear wal-l segment boundary

are assumed equal. this assumption is consistent with that

made earlier, that the plane transverse sections through the

shear wall remain plane during bending. The assumption is

also equivalent to assuming a rigid horizontal stiffening

rib attached to the shear walL at each f l-oor level.

Consequently, the rotation at the ends of the imaginary rib

can be related to the vertical displacement at its ends.

This approach not only avoids the problem of local
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deformation, it also reduces the number of generalized

coordinates by tv¡o at each segment boundary and, hence,

reduces the number of equations to be solved. The

corresponding m.odification to the shear wal1 stiffness is
outlined here. The reduction of the beam end rotation at
the junction of a beam and a shear wal1 j-s explained in the

next chapter.

Fig. 3. 1 5 (a) shows an imaginary stif f ening ri-b AB on

the boundary betrveen tr,vo shear wall segments 1 and 2. The

displacernents of the rib during loading are shown in Fig.

3.1s(b).

It can be seen from the figure that
Sin g = ðB/L2 =-dA/Lt = g

(since, for smal1 anglesrsin0= 0 ).
Also ,

LI = L-\ = [,-ds = -da

;;

Thus,

I (dB-d¡) = | or
t 

( 3.16)
e = (dB - ðe>/U

where 0 is the shear v¡alI rotation at each end of the

stiffening rib. Thus, the end rotations can be related to

the vertical deflections at the ends of the rib. Similarly,

the force components (rotational) at the tr¿o ends can be

rvritten as.

(mg + n¡) /L = -p¡ = pB
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FIG. 3. 16 DISPLACEMENT VECTOR FOR

REDUCTION OF END ROTATIONS
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The stiffness maÈrix for each shear waII segment can

Èhus be modified using relaÈionships of the form of Eqs.

(3.16) and (3.17 ) to reflect the reduced number of degrees

of freedom for the segment.

Fig. (3. t A¡ shov¡s the displacement vector for a typical
segment. Fron Eqs. (3.16) and (3.17),

d3=dS=

and

-P2 =P4=

. The equil j-brium equations relating

components d ,to d 
U 

and force components p ,to
( 3. 16a) empl-oyed to eliminate d ,' and d, , are:

d'+ - dz

T-
Þ oPs

L

( 3.16a)

( 3.17a)

displacement

PS, with Eq.

( 3" 18)

D-1

P2

P3

P4

p5

*rt-

Kzt

K¡1

K¿t

Ksr

Ku

Kzz

Kzz

Kqz

Ksz

Kts

Kzs

K:s

K¿s

Kss

d1

%

d,* - dz

L
d4

d,* - dz

Ktg Kt'*

Kz s Kzq

K¡: K¡4

Rql Kqq

KSg KS,*

Expanding each of the Eqs. 3.1 I,
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B9
pr = Ku dI + (Ku - ry- ry % + (xr,+. 

ry+ $) d,+

Pc = Kc-t d., + (Kro - K23 - K25) ò, + (fZ4 + K23 + K25) dr,T-T-T--r
P3 = K31 d' + (K?? - K33 - K35) dz + (Kgq * {Eg + K35) d4-,L:rTT--ñ

P4 = K,rl dt + (K+Z - Kr+g - K,+S) dZ + (Kr+4 + Kr+3 + K45) dq

T-LLT
PS = KSt dt + (KSZ - KSg - KSS) dZ + (KSr+ * K53 + K55) d4

( 3.18a)

From these equations,
p3 = K31 dr * f (K:z- Kgg - KsS) d2 +

TLLL
Ps = K51 dI + I (Ksz - Ksg - K55) d2 +

1 (K3a a K33 + K35) dq

L-TT

T LT--TL
Ksg

L
Kss

L
)dq1 (K54 +

pz - (ps + ps) = (K21 - Kgr - K51) dr + [,*rr - Kze - gil
T T -T- -i -L- -t

- I (Kgz - Kg¡ - Kss) - I ß52 - Ksa - xss)? d2L-rTLT-T--'
*[,*ru*K23-1u) - t (K34*K33*Íis) - r (Ks,*oKs3o*us)¿ E

LLLLLLTTJ

(K41 + K31 n K51) d1 * { (K,rZ - K,+g - K,*S)
=T-TL-T--r

+ 1 (K32 - Kgg - Kss) + f (.K52 - Kss - xss)ì d2

r-fTLT-I-J
n 

[.,*uu 
+ Kr+3 * 5U) * I (*ru - Kss n [gl) + r (Ks4 + Ks3 + K55)l d,+

L -f L T -I: L T- L')

P+*P3*Ps
LL
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p 3 and p S are the external moments corresponding to

displacement comp.enents d, and dr. Since the structure is
assumed to be loaded by horizontal external forces on1y,

moments p 3 and p, are assumed to be zero. In any event, the

corresponding equilibrium equations are redundant, and the

equations relating forces and d,isplacements at : the top

boundary of the segrnent reduce to the, Eq. (3.19) shorvn in
the next page.
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3.6 SUMYTARY

In summaryr the shear wal1 stiffness matrix is
generated by subdividing the walI into segments, each

segment representing the portion of the shear waIl between

two consecutive floors

Then proceeding from the top segment on any wa1l and

working toward the base of the wal1, the following

operations are performed for each segment:

(a) The segment is subdivided into a rectangular finite

element array

(b) Using the procedure described. in Section 3.4, the

interj-or nodes for the segment (a11 nodes except on the top

and bottorn boundaries of the segment) are condensed out of

the segment stiffness matrix. That is, the matrix is

modified to relate forces and displacements along . the top

and bottom boundaries of the segment.

(c) The stiffness matrix for the segment is

superimposed on that portion of the shear waI1 above iL,

Then employing the assumptions discussed in Section 3.5, all

nodes along the upper boundary of the segment, except the

end nodes, are condensed off.
(d) Final1y, using the assumption that plane transverse

sections of the shear walI remain plane during bending, the

rows and columns of the stiffness matrix correspond.ing to

the rotational degrees of freedom at the ends of the upper

boundary of the segment, are eliminat.ed.



When all segiments

stiffness matrix relates

applied to the shear

resulting displacements .

After the complete structure has

relationshíps described in Section

calculate the moments and rotations .at
shear waII at each floor leveI.

: 93

have been considered, the resulting

vertical and horizontal forces

wall at each floor level to the

been analyzed, the

3.5 can be used to

the edges of the



CHAPTER TV

ANALYSIS OF FRAME

4.1 TNTRODUCTTON

The generation of the stiffness matrix for the frame is
easier than that for the shear walr, since the frame is
already idealized as consisting of.discrete elernents, the

elements being beams and columns. The individual stiffness
maÈrices for the beams and columns can be calcul-ated.

exactly, in closed form, usi-ng the principle of virtual work

or classical theories. HoÌ,rever, to be consistent, the

stiffness matrix for the frame should. be calculated with an

accuracy comparable t,o that of shear walI stiffness maÈrix.

For this reason, onry effective lengths of beams and corumns

are considered for the purpose of anarysis. By effective
lengt,h is meant the clear length between supporÈ faces.

However, t,he beams and columns have finite depths which

result in discrepancies between the member end displacernents

and the corresponding joint displacements. The stiffness
matrices for the various members can, however, be developed

in terms of crear lengths and then modified to relate forces

and displacements at the joint. The joints considered

to be rigid and as shown in Fig. 4 .'l , any point in the

94
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hatched portion undergoes the same d.isplacement. The

reference point is taken as the intersection of the centre

lines of columns and beams for any particular joint.

The member local coordinate :;system is assumed. as

follows:

The X-axis l-ies along the axis of the member and axes y

and Z are para11e1 to the principal axes of the member cross

section. They are assumed to be positive according to a right
hand coordinate system. :Wherever necessary, the local

sV-stem is identified with primes.

4.2 STTFFNESS MATRIX FOR BEAM

Since it is assumed that all floor slabs are infinitely

rigid. in their own planes, there is a rigid bod.y translation

of the beam in the horizontal direction. In other words,

the axial deformation of the beam is consid-ered negligible.

Hence, there are only four displace.ment components to be

considered in developing the stiffness matrix for the beam.

They are shown in rlig. 4.2. ft can be noted that the local-

coordinate system for the beam coincides r^rith the global

system for the structure. Flencer flo rotat,ion transformation

of the beam stiffness matrj-x is required. With the four

generalized coordinates, shown in Ï.ig. 4.2, and ignoring

shearing deformations, the stiffness matrix for the beam can
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be v¡ritten as follows:

ßLT
_a

I

'l
I

I

I

_!-

ßL_T

ßL
2

ú
3

-ßL
2

-ß -ßL_T

Á-l\9
lu
I

I

I

| -Ê!-
t2

ßL-T

ßr2-7-
o

(4.1)

bodies AB and CD. Let

AbeDAandP4,

E

of

3L2
--o

whère B =128T/L

and I are the modulus of elastícity and. moment, of inertía

the beam, respectively

The t,ransformation of the stiffness matrix to the end

reference points is achieved by the folLowing procedure.

4 .2 (i ) STTFFNESS MJ\TRIX FOR . END 1

Member BC is connected to rigid

the displacements and forces ::at

respectively, where

De 

[:]

Pa _ ['^l

l,^,1
forces

ectors,

dAlrdA, and pÀ',
pAZ are the dis-
placement and

force components
respectivellz at A.
at B can be

DB and PB. ,

Similarly, the displacements and

represented by the corresponding v

respectively.
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The force transformation from B to A is achieved by the

following transformatj-on :

(4.2)PA = HAB Pu

where [,^,1 
_ [' 'l [",]

'o = 

l.,^] 
' HAB = 

[,, ,] 
and Ps = 

L,l
For the rigid body translation, the dísplacements at B

can be expressed in terms of the displacement at A using the

displacement transformation

I.''l =[' "1 I'^'i
[*,J [' 'J þ,J

It can be seen from equation (4.2) that

DB = (rlrf % : (4.3)

The displacement transformation from D to C can be

written as

-1 T(HcD * )' Do

Ë,Ì|'.j L. :]
rn symboric formr.o 

a =
(4.4)
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vrhere

['Hco = 
I

l'-

nao is the force transformation matrix from D to C.

Considering member BC in Figure 4.2, the force at B can

be rvritten âs,

nu=^uuou*^uaoc (4'5)

where K¡n relates force at B due to displacements at B,

K SC relates force at B due to displacements at C, Du is the

displacement vector at B and D a is the displacement vector

at C.

Substituting for Ds and DC from equations (4.3) and

(4.4).
TPs = hs HAB*

But, from equation (4.2) ,

Da + Ksc(n.o ) Do (4.6)

PA = HAB PB

Therefore, substituting for PB from (4.6),

pA= ("*KBBHABT) oA* (nou^ra(HcD-l)T) oo (4.7)

It is clear from this equation that

:: P =K D +K DAAAAA-DD

where

K = (H K H T ¡ is the force vector at A due -to unj-tAA AB BB AB



\ ;'- l: i:,'-: , _ ':l

displacement at A, with DB = 0,

and

K eo = (Hn¡ Kuc (HcD-l )T) is the force vector at A due to

unit displacement at D, with DA = 0.

It shoul-d be noted here that :-the stiffness : matrix *uu

reflects deformations of member BC only. From equation

(4.1),

ßL/2 -ß BL/z

\n= ,\c =

v..AA

ß(tl +

ßLL(LL +

101

(4.8)

l:,

l:;l
\u

1,,

B'lt -gL/2 g2 /ø

Therefore,

KAA=HAB

ofr

HT
AB

d
TJ

ßtau-z-

Itcu
2

ut'au

1Ð
2

ß (LL + Lcs)

2
t.u) * Ur.r'
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SimilarIy,

KAD = H¡g

which

"f,D

-l T(Hcn )

orce transformation matríx

following t,ransformation.

I r ol lo.l pcr=l-* 
'l ü:::

Kgc

:l
ces

\,
redu

-P ÞLæ
2

l: Ito
-þ Lcs

T

-þ Þ(holg)
2

p (L¡Lp * ks (LL

T
+ LR) + Lcg2)-T-

-þ q_ + Les)

2

STIFFNESS MATRTX FOR END 2

The force

from C to D is obtained

(4,9 )

Â

,l

)

'he

the

ÞDr

Þù2

4.2 (ii

T

I'

Ir

using

ofr

where XbC

displacement

due to a unit

, ?CZ and PDrr

ce components

pectively.

pD are the-2
atC&D

-1
PD = Hc¡

aLCis

P6 = KCC DC + KCB DB

is the force vector at C

vector at C I and K Ce is the

displacement vector at B. Da

(4.10)

: (4.11)

due to a unit

force vector at C

and Dg_ are the

PC
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displacement vectors at C and B, respectively.

SubstituÈing for Dg and D çfrom Eqs. (4.3) and (4.4),

-1 1
PC = Kgg (H6¡ ) o D+ Itts H ¡gT oR

But from equation (4.10),

-1
PD= HCD PC

Therefore,

(4.12)

-1-1r-,7pD = (Hc;i Kcc (n.Jn )') % + ("co' *." "p, ) oe (4.13)

It is clear from the above equat.ion that

-lKDD= HcD- tc
-1KDA= Hco Kcg

Again, KCC

BC only.

From Eq. (4.1 ) ,

Kcc =

P

-P

Therefore,

D
t-

(H co-l) and

T
H ¡g'

and K O refl-ect the deformations of member

-P3B
2

P'"3
3

and Kçg =

-Pttt
2

?É_
6

PLce

.P

Lcs

T 2

KDo
-1

CD KCE

0l

I

d

-1
(Hco' ) 

T

P

- P l..cts

T

-fls
2

Pj.'t
3

ILp



Or
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(4.14)

? T
ho=

T

10

-tR 1

K¡¡ K¡¡

KoR Koo

3

L¡

1

I

0

âsr

K=

-P (Ln + Lce)

-P (h + LcB) PLR (LR + L6) * ?tO'

And

K DA = " ao-l * cg nêgT

_p _plg
2

P r-æ þ "o'2 -6-
Or

-P - F(t¡, o !P
2

KDA = (4.15)

F (r,n * LCB) F(I¿r,n + Lcts (L¡ + Lp) + LCf)
226

Note that KDA '= K AD 
T, in accordance with the

Maxwell-Betti reciprocal theorem.

The final stiffness matri-x for the beam can be written

Substituting for I!¡ , KAD, K¡6 and K ¡p from equaÈions (4.8) r



(4.9), (4.14)

beam as shown

and (4.15)

in Table 4. 1

105

r r¡/ê have the final matrix for the

4.3 STTFFNESS MATRfX FOR COLUMN

Each column has three degrees of freedom at each of its
ends ' giving rise to six generalized coordinates as

illustrated in Fig. 4.3. rn general, the stiffness matrix
for a planar member is given by,

AEo
L

0p

þL
T
0

þ

where P =

F r,. þr2 o

226
12EI/L" and E and I

001
IP Pu I

æ I

2l
- Pr, ?,* I2 6l
001

Iþ -Í-L I2l
-Fl PL'? I2 TJ

re modul-us of elasticity anda

AE

t

0

AE

L

0

pL
2

þL2
-ä-

0-AE
L

0 -þtT

moment, of inertia, respectively. shearing deformations are

again consj-dered negligible" The above st.iffness matrix is
expressed in terms of the local coordinate : system : for the

columnr ês shown in Fig. 4.3, where the primed axes

represent. the rocal system. rt must therefore be given a

rotation t,ransformation to transform it to the global system

before the translaÈion is performed to refer the stiffness
coefficients to the joints.
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TA3LE 4.].

STIFFNESS MATRIX FOR BEA},I

u:o(i,r+b¡ i-e lu,r**bJ
-¡

I err(Lr * ,cu) *t+ | -B(Lr . T, | ,rr*u * u 
t*-çr, 

* ,*) * Br2s

t-- 1-l r-- __q
I tat-

Synmetric
l--- 

--t..-
I'l BLno2'
r ßLR(LR * tau) + "
r--3
I

where

Ê = t 2Erli.lu



REFERENCE
POI NT

REFERENCE
PO¡NT

Lcc
Lr
Le

BEAM
Þ

, BEAM-È--

I07

GLOBAL AXES

fx'
ds

,dtoo

c,
(J

Y

DISPLACEMENT
W¡TH RES PECT

VECTOR IS GIVEN
TO GLOBAL SYSTEÈúl

CLEAR LENGTH

TOP RIGID LENGTH

BOTTOM RIGID LENGTH

LENGT H S

ztz,;
=l-¡lql
():

+
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The rotation transformation matrix is given by

[o -1 o o -1 oJt--l
lr o o 1 o o l

lrto o I o o 1lR= I I

lo -1 o o -1 o Itt
lr 0 0 r. 0 0l
lo o 1 o o r jt-

The stiffness matrix in the global system can be

obtained using K = RKT RT (where the prime represents the

local coordinate system) . This matrlx operation is shov¡n on the

108

matrix from B to A and D to C,

e given by

next page.

4.3 (i) STIFFNESS IJTATRIX FOR END 1

both

HAB = and HCÐ =

As shown for the beam,

PA = HABP'

and

DB = "Agt 
o^A

where PA and P g

respect,ively, and DO and

displacements.

10
01

-L0
T

l. ::;'

represent 'forces

D - represent the
ts

(4.18)

(4.19)

at A and. B,

corresponding

0

0

I

sformation

systemr 'âr
The force tran

in the globaI

I r o o-lI,,-Itl
[-ta o t]
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As before,

PA = (H¡g Kge
.-t

DA. + (HAB KnC (HCÐ

KRA DA + K¿O ÐO :: :i :. :::

Kgg and K gg are taken from equation

110

T

) ) DD

:- (4.20)

(4 .17) . Therefore,

T

Iha )

KAA=
[e o

I o AEIL

L-,''' o

o -Its

10
01

1

0

0

- ptnf
ol

p* ßlll ll
of.r

KAA

KAD =

p

'0

-P(\+t,rr/Z)

-/ (uÈ Lççl2)0

AE/L

0

+

0

0

þE lL

0

- f Lcc/z

( 4.21)

(4.22)

0

pfrc

þrß &B * Lcc) * þ 5rcz

Similarly, K¡¡ = H¡3Sgg (uC¡:I ) Thus,

lll Ïl
| -p
lo

1,.,,

100
010

-L901

from which

Ken =

0

.- ÆlL

0P&s

-F
0

+ l¡¡)

-þ <t+ * Llq)
2

P(Ws+Lskc+htcc*Lccz)
226



4.3 (ii)

Therefore,

-1 -17
KoD = H C¡ ftC (HCn )

and

-1
KDA:Hç¡' KCeHêe

Thus,

Kpo =

orr

hD=

By

(4.22) ,

D'D

Pc

STIFFNESS MATRTX FOR END 2

Proceeding on a similar basís to that above,

-1HcD' Pc

Kcc Dc + Kcts ÐB

-1 T
Kcc (HcD* )''DD + KcB no"T DA

or po = "cD-t 
Kcc rH*ìl ¡ D c+ dt Kcs HAsr D¿

P Læ/2

lL0

PÉ-
3

111

(4.23)

(4.24)

(4,25)

from equation

T

o I{l
101
, tj

þ0
0êE
Lec o[|:l L

1

0

0

þ 0 (Lr-Lcùp
0 ÁElL 02

þtr'r *tcc) 0 ITþ%+r4.)+ PL,JTË
T

symmetry, KDA = KAD Therefore,



-F
0

0

- þE/L

0

Pc"

LL2

6

(þI= + trt

* !cc)
2

0

Lcc + Lg !..)*
2

P ""i' '
l(DA =

4.4

SHEAR

(LT + Lcc) þ

Combining equations (4.21),

have the stiffness matrix for
I x¡¡

K= 
|
I

L*oo

This appears in Table 4.2.

MODTFICATTON TO BEAM STTFFNESS FOR BEAMS FRAMTNG INTO

l¡iALL

IÈ was pointed out j-n Section 3.5 (ii) that large local
distortions tend to occur in a .;shear walI where a beam,

represented as a Ij-ne element, frames into it. .A procedure

for eliminating the rotat.ional degree of freedom for the

shear wal-l at the point was discussed. Since the beam has a

rotational degree of freedom at its end, this cannot be

directly combined with the shear wall stiffness at the wall
beam junction. This section deals with the modification to

the beam stiffness, if either end or both ends frame into
Èhe shear walI

(4.26 )

.25) and (4.26) ,

AS

(4.221, (4

the column
K¡¡ I

I

KDDJ
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4.4 (i) LEFT END OF BEAI{ FRAT.ITIüG I};ITO SHEÀR T,,,ÌALL

Fig. 4.4 shows the 1eft. end of a beam framing into a

shear lvall. The nodes are designatecl bv A, B and C. In the

overall sÈruct,ure, the displacement conponents at À, B and C

are d1 to d,, as.represented in the figure. But when the

bearn is isolated, it has four clegrees of f reedom,

represented by the displacernent vectors dI, dJ, dO and c1" in
the figure. Às can be seen from the figure, the stiffness
factor corresponding to d" cannot be direct,ly combined v¡ith

the shear v¡aIl stif fness . Therefore, l:y geometr:y, the

rotation of the bearn v¡her:e it meets the shear wal1 can be

expressed in terms of the vertícal shear walI disnlacenents

as follows:

t = (d2 d1) /L

Sir'.rilarly, the beam encl noment

junction can be expressed as

pJ/t = -p1 = pz

where | = shear wall r.rid.th and

vector. L{ith the above relations,
and there is subseguent modification

(LI ,27 )

at the shear rva.I1-beam

(4.28)

p stands for the force

d" has to be elir.¡inateC

to stiffness at nodes

A, B ancl C.

The stiffness matrix relatíncr forces ancl d.isp1u."*.r,t=

at A, B and C can be written as:



F
T

O
O

R
 L

E
V

E
L

S
H

E
A

R
 W

A
LL

I'J F
IG

. 
4.

4 
LE

F
T

 E
N

D
 O

F
 B

E
A

M
 F

R
A

M
IN

G4

dl dJ

B
E

 A
M

 IS
O

L.
A

T
E

D

IN
T

O
 S

H
E

A
R

 W
A

LL

dK

du

t. j: i., i.:
 :

iì.
:;

ii,
,

l'.
:.

F ts ur



p1

v2

PJ

K21 (K22+\r)

Krt

Ktt Ku 0

Kt,l

K,¡.1

Kx.¡

KrJ

0

Krx

KJK

Kpç

Kt,lç

Ktt

K,ll,

Kxr,

K6

tçr

K6

E
q
dz-dt
-r
d Ĵ

d4

116

(4,29)

(4.29a)

(4,29b)

(4.29c)

Substituting for prr p2 and p'
Pi=Kttdt+K12d2

or
dznS4dg+K:l

LL
l
L

dl +K.¡,f

7
pJ

L

-t
L

Pr-PJ=
ru

(K¡+X"t¡
T-

Combining equations (4.29.a) and (4.29.c),

(K11+fu¡)dr*ft(rz
T

c*,rtn5dJ ðz -
L

5tt ou

L

(4. so)

K¡<

L

d3-

n = (KZI-Kf,f) dt + (KzZ+K1J+KIJ) % * Krr d3 + KJ¡ d4

L

Pr = -5g dr + (K¡r-U
T

d2 + KJK d3 * KJl d+

d,*



(4.29.b) and.

+ f txrr+xrrl9z

a¡rd combining

*pJ={tr21-xtr)
LL
+ (Krr*5rxl) dS *

L

equations

- ru.l ? dr

-\L2-
(KÏL+KJL) d4

T

(4 .29. c)

*Kr,l*f
-fL

(KJr+KJr! E
L)

( 4. 31)

Lt7

( 4.32)

( 4, 33)

P3

From equation (4.29) ,

= - \<' dt + (Krt+KKJ) dZ +

T-L
and

- - KlJ: d1 + ß6+f'''¡ ¿t *
LL

As before, p¡ is the

our analysis, this is
(4. 33 ) can be .combined

Kl¿. dg * KKL dq

K1¡çds***lu.Þ4

l-n

to

external moment applied at J and

zero. Therefore, equations (4.30)

to give the following matrix.

(K11+K¡r¡)

E
(K21-K1,1-K¡r¡r)

L7

- KrJ
T
- KrJ

L

(KU-l (K¡1+K¡¡)
L -ï-

(K22+Ktt+2K1¡r+(¡.1)

TT

Kt<t

Ku

Klc(

KIx

* KKJ

-ï-

+Ku
L

- K-n¡

T
Kn<+Kü(

T

- KJL
-r-

KrI*KJL
T

Kxl

Ktr

(4.34)
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Since there are only four unknov/ns, the equation for p.¡,

in equat,ions (4.29) is redundant and hence omitted. Thus,

the rotation d¡'at the left end. of the beam is transferred
to dl, dZ, d 3 and d4r without affecting the symmetry of the

stiffness matrix.

4.4 (ii) RÏGHT END OF BEAM FRÀMrNc INTO SHEAR WALL

This is illustrated in Fig. 4.5 and the nomenclature is
the same as for the previous case

:- dL= (d+- d)/L : (4.35)

(displacement relationship)

and,

W/L = -p3 = pq (4.36)

(force relationship)

Proceeding on a similar basis as for the previous case,

the stiffness matrix for nodes A, B and C can be written. .pL,

being the external moment, ',is taken as zero for our

analysis and writing out the expression for

P3 - Py'L and P4+ Vr/t'r

the f inal stif fness mat,ri-x can be obtained as follows:
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L2I

4.4(iii) BOTH ENDS oF BEAM FRAMING INTO SHEAR IÁIALL

Fig. 4.6 shows an arrangement ::of both ends of beam

framing into shear wall. The two rotational degrees .of

freedom, namely d¿: and d¡r have to be modified. :These end

rotations can be expressed as follows:

: dJ= @Z dl/L1

: dtr: = (dq dg) /L2
where L1 and L2 are widths of shear walls
Writing equilibrium equation for this set-upr wê have,

sulcstituting for d.¡' and d ¡ from '(4.38) and. (4.39),

K11KU0
K21 (K22+K1¡) KZ.r

0 K;Z fU;

: (4.39)

: :. (4.39)

after

P1

P2

P"1

0

Kzg

K.lg

00
Kzu o

K,ll o

d1

%

dz-dt
T
d3

d,+ _ dg

-

L2
d4

( I+. r+o )

p3

P¡

p4

0 Kg2 K3t (K33+lqa() KgL Kgq

0 Kt¿ K6r KLg K1¡ 0

K,+g K¡+q

there are four unknowns and six equations. ..Equations

for p¡r and p Lmay be treated as redundant. ::Accordingly, the

stiffness matrix has to be modified.

Substituting for p¡,

PJ = - K.Ll dt + (K"lZ+lfu,¡) a, + (K"lS-KJt) dS + KIL dr+

-ñ-EEE
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or dividing throughout by L1,

PJ K,:,1 dt + (K,rz+K,l:) a, + (fu3-l<¡r1,) cl3 + KrL dq (4,41)
= - -|rLl - - LI, Ll , Z -T:¡ fp, L]LA

"1

Similarly, substituting for p¡r

123

L2 Lz

Since by geometry the beam end. moments can be expressed

as

PL = - KU dt + (Ktz+KLir) O2 + (K¡3-Ki¡) d3 + K¡¡ d4

EI ,1

- 5]L' d3 + (l(21+9 ou

L{e L2 LtLz

Dividing throughout by L2, we have

PL = - Ku¡ dr + (Kp+K1¡) a, + (!,r-!C d3 * Kl,l, d+ (4.42)

re LtLz A LtLz L2 t'rz LQz

P¡/I'1 = P2 and

. 4/tz = - p3 = p 
4

Combining equations (4.41) and, the first of (4.40),

Pt - P,f = (Ktt+KJ,T) dl + (KU-K;2-K,T,T) ð2 - (K¡3-K¡r¡) dg - KJL da

Il ñã Ïù ffr u lrtz ltz
(4.43)

and combining . equations (4.41 ) . and the second of

(4.40),

PZ+PJ = (KZf-l(zu-K.Ll) d1 + (K22+KIT+K¿fKfa*l(,1,t) d2 + (K23-K2¡+K.IS

r1 Trr;z rrriz a2L7

( 4.44)



Similarly, working on pL, p 3 and pU,

Pg-Pl = (-K3J+KL¡) dI + (KSZ+KA;-Kp-K6,) dZ + (Kgg+Krc<-Kgl-K¡¡l{p) d3

6 T--rúz \T :urLz Lz E A7

+ (KgL+Ktu-K1¡) da

Tæ

t24

(4,45)

(4,l+7)

and

P**PL = - KLt dt + (KLZ+K.'.) dZ + (Kr+g+Klg-Kll) d3 + (K4,++Kll) E
L, LüA l'2 L'LZ 14v 62' (4.46)

Combinj.ng (4.43) to (4.46) and treating p ¡ and p J as

zeror wê have the final matrix as shorvn belcrn¡.

(K1I+i(JJ) (KU-tt2-t(JJ) -KJ,3 * KJl,
Lr' f ï7 Lr LtLz

,*r'F-H, (Kzz*Krr*2&q*5d <Kzsþi$H+l ,ä*-Hl

(-IU+\¿/ (K32+K3.¡-KrZ-t(u) (K33+xO-2K¡¡K¡¡) (K3¡+K3r.¡-Ki¡)
Ll Lf,z Erz-r.rrz TW E L7

-!¿ (Ki.z *-þ) (K,*g*KIg5+) (Kq4

L¡LZ LZ L{C L2 LZ'

P1

PZ

P3

Pa

-5&
LIL2

dt

d2

d3

4++Kr¡)

w



CHAP'FER V

EY.A¡4PI,FS

Four examnles are presented in thís .chapter to
demonstrate the analvs-i-s proeedure. The results of the fi-rst
three examples are comr¡ared. trith those obtained in previous

v¡or]< and the nereentaqe rlerTiations 
. are nresented ín tabLe.s

for each case. Before pr:oceeding with d-irrerent examples it
is necessarv to pre<liet aonroxìnatelv the numÌ:er of elements

reguired to produce a realistic st-rlf ¡tt"=o for a shear wall.
Therefore, tjT:is has been st-ud.-i_ed ín the first examnle and

the results are p::esented in gr:aphs. Due to the
unavailabilitv of relevant experirnental results for: th.e

prob]em, the resrrlts are comnared r.víth the wo::k ca::rierl- out
by other classi-eal- meÈhods.

5.1 ' ïxÃ14'pÍ,:n "1' '-" FoÎr_p." s'm?']rlr 's++.r¡Ãr!, rÌ7\T,r;+'rAltTr . t^rf-'r'Trfi[Jm

OPEI'lÎl'l-G S''Iî1'eËFl,AR- 1nâ.1,1,

The structure shor,rn in Ficr. 5.1 is anah¡sed for the
load.ing shown in the f.i-qure. The strueture and the loaclíng

are identical to those consídered bv.R.G. oakberg (18) v¡ho

solved the prob-l-em bv stiffness method usínq sub-stnreture

analysis and also bv a deep column method, in whíeh the

shear rvall is represented as a deen eolumn. -

12s
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TABLE 5.1

PROPERTTES OF STIEAR I,IAIL

Modulus of Elastícity For Al1 Storels = 3r000, ksí

Polssonrs RaÈio For All Storeys = 0.25

Story Heíght I,Iidrh

w

H
o

B
o

Bt Hg H, Bn Thick-
NESS
Edge
Element

Thíck-
NESS
Rema-i.
nder

1

2

3

4

12 r0r'

]-2t}tl

12 t0"

12t 0"

18r0

18r0

1Bf0

18r0

6t6n

6t 6tl

6 r6rr

6 r6rr

6 r0tr

6 r0rt

6 r0il

6 r0rt

4 r0tt

4 t0rt

4 r0''

4 r0il

3r0rr

3r0rr

3t0rt

3r0rr

2t 6n

2.'6"

2t 6tl

2t 61t

24"

24"

24"

24"

16"

16 tt

16 t'

16il

gtt

gtt

gtt

gtt

TÀ3LE 5,2

PROPERTIES OF BEAI'{S

Beam
No.

Clear
Length

Left
Rigid
Length

Right
Rigid
Length

Modulus
of

Elasticity

MomenË
of

ïnertia
.I!an'

Cross
Sectional

Area.)l-n-

B1

B2

2210'l

22t0,'

0

L2"

T2"

L2"

3000 ksi

3000 ksi

69675

69675

6s6

656
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TABLE 5.3

PROPERTIES OF COLT]MNS

Column
No.

Clear
Length

Top
Rígid
Length

Bottom
Rigid
Length

Modulus
of

Elastícíty
ksÍ

MomenÈ
of

Inertia
-t!an'

Cross
Sectional

Area
j:n2

C1

î2

l_0 t9r'

9t6n

15"

15"

0

15"

3000

3000

26L12

26LT2

384

384
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The suh-strueture analrrsj.s is base<1 on the stj_ffness methorL

and uses fj-n-ite elernents for generatinø the shear wal1

stiffness ¡natrix. The deen column method. is arso basecl on

the stiffness anal'rsi-s but. idea't i-zes the shear wall- as a

deep colurn¡r. The prone::tios of the sh-ear rval.l-, bea¡ns ancl.

columns are gj.ven in Tables 5.1 , s .z and 5.3 , resneetive-1rr.

No openincrs in the shear: rvall are consi-dere<1 for thi_s

example.

The structure lras anaLvsed u-.inc{ 20r 48, 80, 120 and

180 elements Der shear l¡al I seqrnent anti the results r^/êrê

colnpared v¡ith tjrose ohtained bl¡ tbe suh-stnlcture methorl.

(also rvith var.¡inq nrrmhe::s of ere-ments) and v¡i_th those

obtaínec1 bv the rieen eolurnn meth.ori 
"

Fígs - 5 .2 , 5 .3 and 5. 4 shor^r pJ-ots of rateral
displacements at th.e ton f-].oor leve_]_ foi the th.:ree t.,,pes of
analvsis. The vari-atíon in disrrlacement lvj-th numlrer: of
elements j-s more nronouneecT- for t!..e suh-strueture ana.lr¡sj.s

than for Lh.e ana].r'sis nroeer{.u::e descri.hecl in this strl<1r¡" 'Fhe

rotational component i.n th.e srrh-struetur:e anal.vsis !.¡as ver:\¡

i-nconsístent due to loeal- defo::r'ration at- the vla1l. beam.

connection r:o j_nts. Tn the present a[¿frrs_.í-s a]-l_ the
displacernent eomnonents convel:ge frorn a loi.¡e:: value to a

higher value Índi.eati-n-q' tha-t the moråel hecomes more f.texible
as tj:e nrunher of elem.ents is inereased. Co¡nnar j.son of the
plots for the three eases shorvs th.at the ¡nodel emnlor¡ed 'in

this studv and tha{: rtserl in the suh-structure anal,rsi-s v¡h.ieh
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also emÞlor¡s a fj-nite elernent nodel, are more rj-ctj-A than

that usetl ín the d.een eolrrrnn method. rt should be exneeted

t'hat the finite eLement morlel <leveooed. i-n this studr¡ r¿i-1.1 be

stiffer than that deseriber{ bv oakberq. For the latter
moC.eIr the tur::ealistieal-J-rr largre local di_stortions at th.e

shear v¡a1l beam junetions (these loeal- d-i.storti-ons have been

noted in other investìgat-íons fi0 t14) ), vrill ei_qn_i_ficantlv

increase the flexihili-ty. on the other hand the kinematie
constraint aoplierl at the floor leveLs v¡i-11- cause the forrner

moclel to be sliqhtl'¡ stiffer .than i_t 
.sh.pultl be.. .

IÈ is <1í-ffieult to d.etermi-ne r¡¡hetåer or not ths shear

rva] L model used in this strrdr¡ should t'e sti-ffer: than tho
d'eep colrr¡rn no<1el-. l'IhÍIe in generaLr âñr¡ fir-nite e-]-erîent

rnod-el- o\,rer estim-ates th.e st-i-ffness of the st-rrretrrr:e, the
deeo coltrnn ¡ro<le1 assunes nl-a¡re transr¡e::se sec-Licns aÈ a:rI

sl-lea:: v:ali- crcrrs-seci:ici:s. Iience, j-t too or¡er est-inrates the
shear r.ra-Il stirfness.

l-ricrs . 5.!i , 5.6 and. 5 .7 sho'¡¡ p_l_ots of force corirnonents

obtained brr the th.ree methods. The râtes of convercrence with
incr:easirr.g nrr'r!:e::s of erements per shear r+alI sêc,.ment, are

approxinateh' the salne for the tr.ro methods emplor¡j.ng finite
elentent idealizations. The results of the present analvsis
are ín close aqreement with those of the deep co¡.u¡pn rnethorl

rather tjran t^¡-{-th those of the suh-structure anal_vsis. Th-i_s

suggests that local- shear . r,¡all deformat-ions har¡e a

significant bear-tna on the final results o
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TABLE 5.4

LATERÀI, DEFLECTIONS (ÌN)

TABLE 5.5

CONNECTION PoINTS VERTICAL DEFLECTIONS (rN)

Framing
Level

Top To Ground

Finite
Element
Method

sub-
Struct
ure
llethocl

Dífference

0.ô82

0.0592

0 .0 349

0.0132

0.084

0 .060 1

0.0351

Ò .01 31

2.t+%'

1 .52%

0.575f'

0.76%

Framíng
Level-

Top To Ground

Finíte
Element
Method

Sub-
Struct-
ure
t'lethod

Difference

5

4

3

2

-0.0149

-0.0151

-0.0'¡ 3g

-0.0094

-0"0154

-0.0156

-0.0141

-0.0095

3.35%

a 'rslJ.J/ù

1.4LIfo

1 .O6fo
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TA3LE 5.6

CoNNECTION POTNTS ROTATIONS (nmr¡nS x tO-3)

Framing
Level

Top To Ground

FiniËe
Element
Method

sub-'
Struct-
uré
Ilethod

Difference

-0.1 49

-0.1 4g

-0. 1 36

-0.091

-0,101

-0.117

-0.114

-0.0f16

32.2%

21 .5%

16.2%

5.570
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since the suh-structure analvsi.s was ma-de on fi.níte
elenent i-rl.eal-izations the fJ-nal results are cotnnared w-ith

tlri-s method an,J. th.ev are presented in Tahres 5.4, 5.5 ancl

5.6. The l-ateral and vertica-I defleetions al:e in excellent
ag'reenent, the nax-i_mÌ'm dev_iatj-on beíntl onlr¡ 3.31Ã. The

d,Íscrepane-i-es in eonnection point rotatíons, hor¿ever, ranr:red

up to 32.2f0. Tile hj-crlr nercentage variation Ís primarj-lr¡ <1ue

io the locaL distortíens at the connect.ion po-i-nts. r¡he

effect of Lhis can be r¡ell unde::stood. from the connection

poÍni forees . whe::e the devíaticn. ranqed up to 211Á. The

values of shear: foree in shear v¡a1-1, calculateiÌ b1z the tryo

methods are ín goor-ì aqreement.

5.2 'E?|åi.1t'P'Lçt ;' 2'r' Þ'FFECT OI.' 6pg¡111r1ç-c. .Ilr ST¡F,?.p..ì¡A.LL

The structur:e shornrn irt F-ig. 5.1 , v¡i-tlr_ a shear rualr

rvidth, T{, of 14t-0"r \^ras anah'sed fir:sthz wíth a sol.id shear

walI, and then vtj-th a shear wa-'l-L wj-th Èhe onenínÇs,

indicaterï <lotted in the f_{.qure. Other prooert-i-es of the

structure wet:e as tÍsted in TahLe 5.1 .

The resrrl.ts obtained tÍère co¡npared v¡ith cor::esnondinq

values renorted b' oa-llbercr and tnteaver (13). The p_1_ots of the
lateral defl-eeti-ons of the shear wall with and without
openings are shovrn in Fig. 5. B . rhe shea:: walr lateral
deflection an<1 bending momerrts at. various revers are
presented in Tahle 5.9. ft can be Ëeen that the onenincrs in
the shea:: v¡alI tend. to malre the model more frexj-bler âs the,,
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increasc the d,eflections bv anprox5.matelv 30%. The

comparíson of the results bv the !r¡¡6 ¡nsfþ6ðs shovrs thaL the

percent.age tlevj-atj.on increases if there are oÞenj-nqs in the

shear rsalI. Thl.s is n::edo¡ninantlrr due to the constr:aint that
\¡¡as nrovid.ed. at sh.ear waIl secrment borrndaries. As the depth

of the línte1 bea¡ns betr^reen the ooenínqs Ì¡ecorqes srnaller,

the assumptíon that pJ-ane transverse secti ons th.rough the

shear rvall at the floor levels ::emaín plane after bending,

r.¡i1l no more be vatl-d.. Therefore, for smal.l orren-i-nqs in the

shear v¡aIl- and v¡hen the denths of Ij-ntel beams betr"¡een the

openings are large, the ¡nethorl outlj-ned in thj.s stud\r mar¡ l:;e

ernnloved. For l-arcle onen-í.nçTs, the shear wall mar¡ bê treatecL

as ü'¡o t'alIs eonnectecl by Líntel heams as íl-Lust,rated in the

next examp1 e.
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5.3' F,XAÌ.íPLî 3' '-' 'SIX STOR-Ì','Y cÎr!'AR' r¡:!ALL

As a third examole, shear walls connected bv l"ink

beams only, ís analr¡sed ancl a stud'¡ on the effeet Poissonrs

ratio on tl-re fj-na.l results is made. Fí9. 5.9 shor+s the

Étructure and loadj.nq r.¡hieh are identíeal to those anal'¡sed

þy Gerrnan Gurfinkel (12) and. the f-i-nal results are comnarecl

vríth his solut-i-on rvhi-eh r.¡as based on the cantilever mornent

distrihution nteLh.od. The DroDert,ies of the sh,ear wal1s and

beams are Þresented. i_n Tahl-es 5.1 0 and 5.1 1 .

The plots of lateral deflection vêrsus heíqh.t for both

the methods is shov¡n in Fig. 5.1 0 . Tahl-e 5 .12 shor^rs th.e

Iateral deflections obtainecl Ìrv both the methocls and the

oercentage der¡l-ati-on. The dj-f ference in results ranged unto

15 .2f, at the f irst floor level. The discrepane\¡ red.uced with

increasinq heíght. Às ean be seen fron the PL.ot of lateral

defLection, the rnoclel- analvseci bv the oresent nethod ís mord

flexibl-e than the eantiLever moment rli-stribut-i-on method. A

studv v¡as performed to see the varíatíon ín deflecti-on ancl

force comÞonents wi.th dj-fferent values of Poi.ssonrs rati-o.

ft ls observed that deflectj-on anrl force comñonents varj-ecl

from híqher va]-ue to lor.¡er value v¡j-th inereasíng va]-ues of
Þoissonts rati.o. The r¡alues of Þo-tssonrs ratÍo used for this

Þurpose vrere 0.2, 0.25, 0.3, 0.35, 0.4 and 0.45. mhe

dif ference for the tr^ro extrene cases was never more tlr.an .59l.

The fo:lees eaJ-culatecl- hrr the tr"ro n::ethorls are in good

agreement. The maximum Þercentage cleviation for axj-al foree
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TABLE 5. i O

PROPERTIES OF BOTH SHEAR I^IA],LS

TABLE 5. 1 1

PROPERTIES OF BEAMS
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Storey Height I,IidÈh

Modulus of
Elastícity

(KS1)
Poisson t s
Ratio Thickness

1

2

3

4

5

6

30 r0"

10 r0"

10 r0"

1g rþrr

10 r0il

10r0rl

20'0fr

20 r0f'

20 r0"

20 r0il

20 r0"

20 r0'r

5000

5000

4000

4000

3000

3000

0.3

0.3
0.3

0.3

0.3
0.3

L2tl

L2"

L2"

12"

L2t'

12"

Beam
No.

Clear
Length

Modulus of
Elastícity

(KS1)

Moment of
Inertía

(ina¡

B1

B2

B3

20 r0"

20 t0rl

20 r 0rr

5000

4000

3000

T3824

L3824

l-3824
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is 1.44 and fo:: bendi-nç¡ mornent is 5.9. The variation of
results rvith resrrect to shear foree rry €e ni-l, hor¡lever. There

is a goorl agreement on the bendinq moment of the r-tntel
beams as rvell. for the purpose of eomoarj_son the results or
the force com.Þonents lrrr both meth.ods are Ðresented in Tal:les

5 . 13 to 5. 1 6 n Frorr sv¡ünetr:r¡ cons_iderations, th.e results are
presented onlr¡ for shear r,¡all s1 . Forees on shear v¡aI] sz

are exactlv the sarne as that for s1 excent. that the signs

are rer¡ersed for ax-rl_a]- fo::ee al-one. Fig. 5.1 1 shor,rg the

shear force, . axi-al foree and bendinq moment for 
.lefì-_ 

hand

shear rvalL an<l. Fiq. 5.12 shor,¡s the defl.dcted shape of the

vrhole strueture. As can be seen from thj-s fiaure, the

shorteninq and- the el-on9at.i.on oç the sh.ear wall srlges caused

vertíeal <tef I ections at the conneet.i on no-i-nts betrveen shear

v¡all and bea.ms rvhj-eh in Èurn causecl bendincr moments on the

beam as the 'load was transformecì. from reft .to r-iqh.¡. This

gives a clear: pícture of the interaction of shea:: rvalt antL

beams. These bendínq mor¡.ents and shear forces on bearn ends

in turn act on the surfaees of walI due to whieh there is
local deformation at Lhe connection po-i-nt betr.,een r¿a.lr an<-1.

beam. This is anot-her important reason for transferr:-ì.ng the
connecti-on ooint rotati-onal stíffness to trvo entls or the

walI at âDrr ¡3¡¡j-errlar ler¡el, hv relat-i-ncr th.em to ve::tica'l

disnlacements, therbrz avo-ì-di.nq anr¡ loeal deformatj-on. rt is
th.e raoment, raLhe:: than the shear at the end of the bean,

that causes the loeal. clisÈort-i_on of the v¡ali_. _
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Result by Finite Element Method
Result by Cantilever }{oment

Distribution Method
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TASIE 5.12

COMPARISON OF LATERAI. DEFLECTION

Framing
Level

Lateral Defl-ection (in)

Difference
Finite Element

Method
Cantilever

Moment DÍst rn

7

6

5

4

3

2

Ground

0.230

0.1_95

0.159

o.L24

0 .089

0 .0s8

0 -000

0.213

0.L79

0.1_45

0 .111

0 .078

0 .049

0 .000

+7,47"

+8.2L7"

+B.B%

+70.57.

+].2.47"

+L5.27"
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TABLE 5. 1 3

COMPARTSON OF SHEAR FORCE ON LEFT HAND SHEAR I^IALL

TABLE 5. 1 4

COMPARISON OF AXIÀL FORCE ON LEFT HAND SHEAR I^IALL

Framing
Level

Shear Force (KIPS)

Difference
Finite Element

Method
Cantí1ever

Moment Dist rn

7

6

5

4

3

2

Ground

10

30

50

70

90

130

130

l-0

30

50

70

90

130

130

Ní1

Nil

Ní1

Ni1

Ní1

Nil

Nil_

Framing
Level

Axial Force (KIPS)

Difference
Fínite Element

Method
Cantilever

Moment Díst tn

7

6

5

4

3

2

Ground

4.84

9.72

1_6 .19

22.48

29 .79

36.28

36.28

4.9r

9 .85

L6,4L

22.80

30 .21

36 .78

36 .78

-L.447.

-L.347"

-1_.36%

-L.42%

-L.4L%

-L.373"Á

-L.375i¿
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TABLE 5.1 5

COMPARISON OF BENDING MOMENT ON LEFT HAND SHEAR I^IAI,L

Framíng
Level

Bending Moment (Kip. Ft)

Difference
Finite Element

Method
Cantílever

Moment Dist tn

7

6

5

4

3

2

Ground

96.85

94 .34

-76.29

-450.42

-L004.22

-L774.42

-s674.42

98.t7

97 .02

-7r,77

-444.09

-99s . 84

-7764.33

-s664.33

-L,3614

-2 ,7 37"

-5.97"

-L.4L7.

-1_.767"

-0.562%

-o.L76"Á
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TABLE 5.' 16

COMPARÏSON OF BEAM END MOMENTS

Beam At
Framing
Level

Bending Moment (fip. ¡'t . )

DifferenceLeft End Righr End

Fem Cmd Fem Cmd

7

6

5

4

3

2

-48.43

-48.75

-64.68

-62.93

-73 .10

-64.90

-49.09

-49.43

-65 .61

-63.84

-74.13

-6s .76

-48.43

-48.7s

-64.68

-62.93

-73 .10

-64.90

-49.09

-49.43

-6s .61

-63. 84

-74.L3

-65.76

r.36z'

L.402

r.447"

L.44%

L,40%

L.337.
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FIG.s.IE FINAL DEF'LECTED SHAPE OF STRI.¡CTI.IRE
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5.4 EXAMPLE 4 - THTRTEEN STOREY SHEAR ÍJALL-FRÀME

. A practical example is given to irlustrate the

efficiency of the program in analysing large structures. :.A

typical floor plan of the building considered is shown in
Fig. 5.13. For the purpose of illustration, only one lateral
section, that on column line (N), is chosen and other
simj-Iar sections can be analysed in the same manner. since

this is only an ill-ustration of the analysis procedure, the

wincl pressure and other material properties are assumed to
be constant throughout the height of the building. Fig. 5.14

shows the transverse section of the building on column rine
(N) .

The building has a flat plate floor system and hence,

portions of the slab are treat,ed as beam erements in t,he

transverse frame. The equivalent width of slab that can be

treated as a beam, carculated, using a proced.ure outlined by

Khan and Sbarounis (8), is 10 feet. Other properties of the

equivalent rink beams and. corumns are given in Tables 5.17 t

5.18 and 5.19

The basic wind pressure assumed .is 26psf .

Therefore,

!,Iind force at each f roor revel upto 13th =26x(8+11 .17)x11 .17

=5500 lbs =5.5K
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TABLE 5.17

PROPERTIES OF SHEAR WALL

TABLE 5.1 B

PROPERTIES OF BEAI"IS

Storey
lleight

(Fr)
I^Iidth

(Fr)

Modulus Of
Elasticity

(Ksi)
Pois son I s
Ratío

Thickness

L-5

5-L2

13

LL.L67

LL.167

12 .500

16 .0

16.0

16.0

4000

3500

3500

0.3

0.3

0.3

8.0 rr

8.0rf

8.0"

Beam
TyPe

Clear
Length

Left Rígid
Length

RÍght Rigid
Length

Modulus Of
Elastícíty

(Ksi) (í14)

B1

B2

B3

B4

B5

B6

15 '9"

7r3rt

22t6'l

l-5 t 3"

7r3tt

22t 6"

18"

0rt

1g"

19"

0tt

18"

p"

18 t'

1g"

0tt

18"

1B tt

4000

4000

4000

3500

3500

3500

5200

5200

5200

5200

5200

5200
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TABLE 5.19

PROPERTIES OF COLU}û{S

Column
TyPe

Clear
Length

Top Rlgid
Length

Bottom
Rigid
Length

Modulus
of

Elasticity
(rsi)

Moment
of

Inertia
(1.t4)

C. S.
Area
(in2)

c1

c2

c3

c4

c5

c6

c7

c8

10 | gt'

10 r10'l

10f2"

10r6r1

10 ' 2l'

10 r6"

l_1tg"

11r10"

L2"

Btt

7_2"

g"

L2tl

gtt

T2"

gtt

0rt

0tt

L2"

gtt

i2"

Btt

L2"

Btt

4000

4000

4000

4000

3s00

3500

3500

3500

10, 000

l_0, 000

10,000

10,000

l_0,000

l-0,000

10,000

10, o0o

346

340

340

340

340

340

340

340



For the top most f l-oor Ieve1,

161

wind force =26X(B+11 .17)XG.Zs

=3000 Ibs =3.0

The values of lateral deflection at each floor level
are shown in rig. 5. 15 . The force components in t,he shear

walr at different levels are given in Figs. 5.16, s.17 and.

s. 18

The maximum half band width for this structure \^ras . 1B

and the maximum number of equations to be solved was 126.

The storage requirement was : approximatery 1 75K and . the

example was run on doubre precision. The. execution time was

observed to be 0.53M. rn commercÍal terms the cost of
running the program \^ras approxímately $ 1S
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5.5 COMPARISON OF TFIE COTPUTER REQUIREIVENT FOR T-IE THREE

EXAI\IPLES

As an illustration, Table 5.20 is presented to show the

different requirements from the computer point of view for

the three examples solved in this Chapter.

TABLE 5.20

CCN4PARISON OF COMPUTER REQUIREMENT

.-:...........r.::..:.1..:".:ì., 
a ::r.: r.ì:.;,ì.:.rt.li..l

166

Exarnple No. of elenents
per segment of

shear wall

storage

requirement

Execution
time

Cost'
Factor

,4

1

I Eoreys
gays )3

48 17 6It. c.24¡1 3,C3

6
3

3

Storey.s
Days)

48 17 6K 0.41¡Í 3 .91

(rg
4

Sfore-
ys

Bays)

54 17 6K 0.53M 5 .00



CHAPT!ÌR VT

COI{IELIISTO}IS A}TD RECOTÍ¡{FNDATTO}]S

6.1 collef,tlsrorl

A procecl-ure Jlor an effíeient and economical analvsís of
shear v¡aIL-frame struetures s¡hjec{:ed to lateral load has

been rrresenùerl. in this stud'¡. Forrr examples were givén to
demonstrate tj:re ana-lvs-i-s p::oeedure and the efficiencr¡ and

economv of the eomnuter Droqrarn. Ðesnlte th.e fact that the

þrograrn cloeS not USe auxi liar:r¡ storaqe, f airlr¡ larae

nrobLems can be run eeonomícalIv with a reasc,nahle a¡nount of
computer ttl-rne.

comparisons were macle v¡.i.th another f :rf-níte erement

method anrl tp¡o different methods v¡hích Ínvolved. idealizing
the shear wall as a cleerr column" These co¡nna::j_sons shor^r that
most of the d.-i-snlacements and forces careulated br¡ the

various methocl s agree wj.thin ênrrroxirnatel'¡ 5%.

unfortunaterv, exaet results are not ava_i_Lable for
comparison pul:ìfoses .

The comnarl-sons suriqest that large loeal rotatíonal
deformaÈions at shea:: t¡all-hean junctÍ.ons occured v¡hen usíncr

a conventiona-l- fi.nite eler¡ent reÞresentaÈion for the shear

rvaIl. The assurnnt-i-on em.n]-oved in this stu<1.v , thaf üre p]-ane

167
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transverse secti.ons of the sh.ear warl at the floor levels
remain nlane duri.nq load-ì-nq, elirni_nates the larqe local
deformations. unfortunatelrr, th-is assrrmntj-on imposes a

potentíalhr si crnif-ieant constraint on the shear wall
displacer"ents r Þalît_i-eular]_v f_or sh.ear rva_lls rrrj_th onenj_ncïs.

Hovrerzer, th.e cornparisons suqqest that the effect of the
constrai-nt on the careul-ated disnracernents and forces ís
mínor, both for stnrctures v¡_i-th so1_i-<t- shear rr¡alls ancl those

wíth open-í-nqs. Nevertireless, it does ra-i-se the questíon of
the iust-r'-f.icati-on for the representation of the shear rval.-'l

by a fin-ite element morlel, vrhen' the constrai-nt is
subsec¡uentl.v imnosed. As wourtì be expectetl., the resul-ts
further indieate that oneninqs in the shear walr p::o<1uced

sígnífícantlv inc::easer1. hori-zonta-l def-lect-i.ons.

rt' v¡as ohservetl that chanqes ír,. poi-ssonf s ratio d.-í-d not
have a si-crnifieant ef feet either on the def leetion
components or the force co¡nnnents.

The r¡J-ots or deflection and force
varying nu¡.]:ers of eLernents per shear v¡alL

that anv shea:: v¡aI-l seqrnent har¡ing 50 to 60

should r;roduce a reasonabl.r realist j.e

rvaLl.

6 .2' 'IlF,cor.$/,p,1rrlÃ+rrrolts FoR. FTIFT_HI"R. r.ÐRr¡

Beeause of the laek

it is recommended that an

of an rtexact-rl

experimental

comnonents wi-th

secment Ínc1_i.cate

f i niÈe el-ements

sti-ffness for the

analvt-i.ea1 p::ocedrrre,

stutð.v of såear wal-l
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frame structures be undertaken to corelate with the various

approxì.ma.te anal-.¡tiea1 procecl.ures.

Sinee the âssumr:t-ì-on of a lj-near variation of
displacements at the floor 1er.¡e1s of the shear waIl imnoses

a potentía1h¡ sicrn-ì-f-icant constraínt on the shear rva-t-l

displacements, a studr¡ should be perfo::med to f j.nc an

alternate arrproaeh to the srrppressínq of excessive local
deformati-ons at th.e ry¿11-bea.m eonnect,ion noj_nts.

Instead of assu¡ling a. 1ínear variatr'on of dj.srrlaeemen-ts

aLonq the shear rváIl secrment'boundarJ."=, a culrÍc .varíation
ín the d-i-sr¡laeernent Þatternr ãs shor,¡¡ in Fiq. 6.1, shotr_Id be

tr-í-ed.

_ l-r]]onR SL.\B

Pn5111¡1¡
DE}-I-,EC"r'Ef)

ôIìIc ltr¡ L
s !r-7\ Dll

Frc. 6 .1

This wou]tl. d.ef{-nitelr¡ inerease the aecuraev of the results
r+ithout much of an alterat:Lon to th.e storacre reouirement ín
the comÞuter proc-rram.. But thj-s v¡oulr{ not arzojr! the problern

of local deformati.on. This &pn::oach v¡ould great_hr inerea_se

t'he accuracl¡ of the results for: shea:: v¡al-ls with oneni-ncrs.

Thís kínt1 of disnlacement pattern would relcnri re the

-"â-- -(___
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ntoclif i cation of the RFIDÌ.Ï subroutine in the comnuter program

and the ineornoration of th.e mocl.ifi.e<l stiffness in the

strueture stiffness matrix of the I{.AIN pLosl:am.

The rectancru'l ar fj-nj-te elernent nuts gevere restríctj.on

on nesh refj-nernent. Às a further studrrr ¿ c,n:acl.rilateral

element for shear r.ra-l-ls shoul<1, be tried. r{.eeentlrzr more

refíned rectanqrrlar: elernents ha.r'e been develorred (13r15).

f .A. .r,[ae]-eodrs el-enent (15) is one of th.em. These elements

could be -inco::porated int,o the rnodel. outli-necl in this studr,r.

. The Proqram is lj-rrìited. to lateral load analrzsis. The

same prograril could be morl-ifj.ed to take aeeount of more than

one load vector. This wj-l-]- permit an\r suitable combinatíon

of load-i-¡cr fo:: design Ðurnoses.- rD the nresent proc.tra!î, the

rearrangí-nq of the ecruatj ons after develonj-ncr segment

stiffness matrices can be a.void.ecl to save a consirlerahle

amount, of exeeution tirne.
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In a structural analysis

often necessary to reduce the

matrix,

APPENDTX A

:AITKEN I S METHOD

by the stiffness method it is
order of a structure stiffness

(A.1)

( where Kes ,. KEf 
,

and E and

I represent the o

This can be accomplished by the relationship,

-1( = KEg - Kft Klt KtU . (a.e)

Normally, the matrix KrJ is of very high order.A direct
evaluation of matrix Ksinvolves an inverse of t-his high order

matrixrtwo multiplications and a subtractiory which becomes

uneconomical from the computer point of view. : Aitken
-ldeveloped an expression (V = CA B) simil-ar to that

contained in Eq. (a.Z¡, from a general matrix of the form,

K.f\ S

ET

rdr

[*o I rrrl=lil
L*r, i *r,.|

Kll._ and K* are suh-matrices

of these matrices)er

l-75
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(A.3)

by a simplified Gauss

null matrix
in which O is

This method can be used as a powerful tool in the
static condensation. This needs, only rearranging of the
terms in Eq. (4.1) as per Eq. (A.3). The null matrix can be

replaced by KEE.

. By perfoming Gauss el-imination of the matrix (A.3) till
A becomes an upper triangular matrix, the null matrix o is
replaced by a ne\,v matrix of the form -cA-18 which is the
required expression for the stiffness analysis.

Proof

Let!=CA (A.4)
-1

l-: i -:l
L"o-i"*l

elimination technique

ubmatrices as in
can be expressed

":=" l

where C, A and B are s

The Matrix (Ä'.4 )

(A.3 ) .

by the two equations,

(A. s)

Performing Gauss elimination -for the '.first of Eqs.

(4.5), matrix A is replaced by an upper triangular matrix
(say 'U' ) .

The equation can thus be rewritten as
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(A.6)

[:-i,]
Now consj-der the array

from which

::UX=F

![ = LU+C:O since
from

?_
Ir- -cu

Performing Gauss elimination once again to make C a

nuIl matrix, O is replaced by another matrix e. That is
multiples of the first row of U are added to successive rov/s

of c so that elements in the first column of c are replaced

by zeros. Further additíon of second row of U to the rows of
C can produce zeros in the secorid. column of C.without,

affecting its first column since U is upper triangular. A

similar operation with F added to roh/s of O is performed.

This operation is equivalent to the following expression

[t I ol I u

[ *ì] []-ill [][]
¡¿ is a nuIl matrix

the previous operaÈion.

-1

Therefore,

(A.7)Q = LF = -CU -1f,

and
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From the first of equations (4.5) we have

-1
:.X = A- B

and from (4.6)

x-

Therefore, u-lF=A B

Equation (.A,.7) now becomes

ì
Q = -CA-IB

Hence the proof.

The reduction of A to U ,followed by that of C to O can

be performed simultaneously, treating the rovrs of C for the

purposes of elimination as if they belonged to A, pivots

being chosen only from A. The relevent matrix operation is

then,

-1
U .,F

-1

un

n

f" i "

l--î-
It r r

isa
rAt is

Ëj l
it. lower

othing bu

1"" i ""1
= l----l---- I

[i,a+c i r,el

trianguf.r *.trix which when

t rUr and

where, tJt

multiplied by

; ::LA*C = 0

.- ':L = -CA-1Thus,
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and : r'.'; ;LB = -Ca-19

which is the required expression.



APPENDIX B

COMPUTER ORGANIZATÏON

8.1 PURPOSE

The program performs a linear elastic analysis of shear

wall-frame structures from the known material properties and

over-all dimensions of the structure. The results consist of

joint displacements, forces in the shear walI(s), beam and

column end forces and reactions. The shear wall is analysed

by finite element idealizations.

8.2 PROGRAIIIIING II{FORMATION

The program is written in FOTRAN IV (version ) for

the IBM360 comPuter.

8.3 CAPACITY

The storage capacity is .:dependant on the following

varibles:

NSH Number of shear walls

NS Number of storeYs

NN Number of joints

NBM Number of beams

NC Number of columns

180



MAXX -

MAXY -

Maximum number of vertical rows of

elements in any shear wall and

Maximum number of horizontal ro\^zs of

elements for a segment of any shear

181

finite

finite

wal1.

The dynamic st.orage allocation is used and the array

area for this purpose can be determined from the known

values of the above variables. By numbering the joints in a

particular sequence the maximum half band width MBAND of the

structure stiffness matrix is given by'

MBAND = (N1 *2+1-NSH* 2) *2 (8. 1 )

where N1 = NN,/ (NS+1 )

The number of equations NEQN to be solved for the

structure is given by,

NEQN = 2*NN+ (NS+1)-2* (NS+1) *WS¡i (8.2)

Denoting the storage pool as Z, the 'equatiôn that

decides the storage area is,

I = 6*NN+37MAXX + (NSH*NS+NSH+308) MAXX+ (NSH*NS+NS) MAXY

+NSH (31NS+21) +4NS+7 (NBM+NC) +NEQN{. (}'BAND+1) +674 (8.3)

As explained in Chapter V, any segrment having 50 to 60

finite elements prod.uces a reasonably accurate stiffness

matrix for the shear waIl. In this case, the values of MÀXX

and MAXY may be tentatively restricted to 8. With the above

simplification and denoting by 21 the storage required for

equation solver and 22 the rest of the storaget
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21 = NEQN* (l4saWo+t ¡
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(8. 4)

?,2 = 6NN+47NSH*NS+2gNSH+12NS+7 (NBM+NC) +5506 (8.5)

and

'Zi = 21+22

where MBAND and NEeN are as gj-ven by Eq. (8.1) and Eq.

(8.2) respectively. z' gives the storage required if MAXX

and MAXY d.o not exceed 8. otherwise Ëhe value of z given by

Eq. (B.3) should be used.

An indication of the size of the probrem that can be

hand.led is given in Table B. 1 .

TABLE 8.1

SIZE OF PROBLEM FOR VARIOUS VALIJES OF ZI

zl 10000 20000 30000 40000

Itlurnber of
Bays 2 10 2 10 10 10

lù¡nber of
Storeys 30 4 98 T7 30 42

I

lù;rnber of shear r¡al1s considered for 2 bays is one and. that for 10 bays

is 4.

Approximate core requirements are:

zl

10000

20000

50000

40000

Single Precision

134K

L74K

ZL4K

254K

Double Precision

174K

254K

334K

474K
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8.4 BASTC MESH UNITS FOR SHEAR WA].l,

The basic mesh unit for the shear warl is a rectangular
erement. the program generates the mesh automatically if
the x coordinaÈes of the nodal points of the erements in
x-direction and Y-coord.inates of Èhe nodal points of the
eLements in Y-direction for a shear wal1 are given.

In Fig.8.1 if the values of X,r XZ....Xrand yrr y2,...
l-

"tt 
are given the mesh is automatically generated. for the

shear waIl under consideration. m and n are the number of
the element nodal points ín the x and y directions
respectively

8.5 PROGRAM STRUCTURE

The flow chart for
end of this section.

MATN

the complete program is given at the

Reads the input

storage area. It allocates

and call-s subroutine SWF.

SWF

required for allocating the

storage for the various arrays

Reads all input ::data, forms the strucÈure

stiffness matrix by calIi-ng subroutines SEGMT, REDN, STBEAM

and STCOLM. It stores the' stif fness matrix ::and the load

vector in one dimensional arrays. rf a joint is constrained

to move in a particular direction (support cond.ition fixed
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I'

c
o
E
cf¡o
Ø

o

.g
(l)

-L.

FIG. B.I BASIC MESH UNIT FOR SHEAR WALL



or pinned), a very large number is ::inserted :;in the main

diagonal of the corresponding row in the structure stiffness
matrix and the corresponding externar force component is set
to zero. The equation is solved by calling equatign solver
rNsoI, and the joint displacements are printed. Then it
ca1ls the subroutine FORCE, which calculates the force in
the shear waIls and the reactions on ,the shear : wall base.

The subroutine Lo4uLT is called to calculate and print the
forces on the beam and column ends. Finally, the reactions
at ot.her support joints are calculated and printed.

SEGMT

Generates ::stiffness matrix for a segment and

condenses off the internal nodes starting from top row ,,to
bottom ro\^r of elements ':using the condensation ì process

exprained j-n Article 2.4. The proced.ure is explained in
chapter rïï. This subroutine r.in ..turn :carls one .of :,the

following subroutj-nes srEDGE, srrNT, srLTR and srRTR

depending on the type of element under consideration while
d,eveloping the stiffness matrix for any row. The matrix is
returned as ST in two dimensional array.

REDN

Suppresses the internal displacement vector
along any edge and the rotation at the two ends of the edge

and returns the modified stiffness matrix as AK.
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STBEAM

Generates stiffness matrix for a beam

STCOLM

Generates stiffness matrix for a column.

FORCE

Calculates forces in shear wal1 and prints
, them. The stiffneàs matrix for shear walI for this. purpose

is stored as srsH ir a two dimensional array. The first
subscript in the array denotes the shear wall number and the
second denotes the position of the coefficíent in the
stiffness matrix for the shear wa1l. Thj-s is, incidentally,
stored as a banded matrix in the form srsH (r,K) where r .=

L, 2, 3...number of shear walls' and * = *11 ,. KZZ, RS3, K44,

KSS"'*rr.,, RIZ, RZ3, ....ì Kr, ,n+MBS - 1t and K is given by
'4 lì

IC-- - -T¿- *-II- *T2
- "K22.

\' _ _._
Additional storage

n is the number of
the half band width for

- - {1,*s

\

equations

shear walI.

for shear walI and MBS

-1
is

..,!.-.: .-r.
',:.\ " ' r' -: l:'i;

\ 
-,invo1ved.

TNSOL

Symmetric banded in core matrix equation
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solver used for the displacement solution. . A is the
stiffness matrix stored in one dimensional array stored in
the same manner as explained fo:: the second subscript of
srsH. Here band widtb is the maximum half band. width of the
structure stiffness nratrix and number of equations .is the
total number of equatlons for the structure. The load vector
stored as B is used, for back substitution and returns the
displacement vector as B.

MMULT

Performs

of in calculating beam

matrix multipllcation and is made use

and column end forces.

STEDGE

element.

STI,TR

: Generates

transition element.

STRTR

Generates

transiÈion element.

Generates ::: stiffness matrix ::for edge

stiffness matrix for lefÈ

stiffness .matrix for right
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STINT

Generates stiffness matrix :..for an : ínterior
element.

CÀTVRT

Converts input data to real numbers.



FIOI^I CHART FOR MAIN PROGRAI"Í



189

READ STRUCTURE INFORMATION

ALLOCATE STORAGE

READ GEOMETRY OF STRUCTURE

AND COLUMN PROPERTIES AND

, SHEAR WALL, BEAM

LOADING INFORMATION

PRINT ALL INPUT

DOI=I,NUMBER
OF SHEAR WALLS

FORM STIFFNESS FOR I
FROM LINEAR PROPORTION

OF THICKNESS AND
ELASTIC MODULUS

INCORPORATE IN STRUCTURE
STIFFNESS MATRIX

¡S I> I8>
R TO ANY PREVIOUS

ONE

NO

S J<NS
a

ETRIC TO PREVIOUS ONE

DO Jçl = lr NUMBER

OF STOREYS
J=NS-JJ+I

FORM STIFFNESS FOR J
FROM LINEAR PROPORTION
OF THICKNESS AND
ELASTIC MODULUS

FORM STIFFNESS FOR

SEGMENT

ADD STIFFNESS ALONG

coMMoN.EDGE , RE-
ARRANGE EQUATIONS
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REDUCE INTERNAL DISPLACEMENTS
ALONG TOP EDGE OF J

TNCORPORATE MODIFIED STIFFNESS
MATRIX IN SHEAR WALL STIFFNESS
MATRIX AND STRUCTURE STIFFNESS

MATRIX

DOf: I

OF
, NUMBER
BEAMS

FORM BEAM STIFFNESS
MATRIX

MODIFY STIFFNESS
AND INCORPORATE

IN STRUCTURE STIFF-
NESS MATRIX

INCORPORATE IN STRUCTURE
STIFFNESS MATRIX

DOES EITHER
OR DO BOTH ENDS FRAME
INTO SHEAR WALL ?-¿

YES

\\ tt'



DOI=I,NUMBER
OF COLUMNS

COLUMN STIFFNESS
MATRIX

INCORPORATE IN STRUCTURE
STIFFNESS MATRIX

INTRODUCE SUPPORT CONDITIONS

PRINT JOINT DISPLACEMENTS

DOI=I,NUMBER
OF SHEAR WALLS

CALCULATE FORCE

PRINT FORCES AND RE.
ACTIONS IN SHEAR

WALL

DO I = IIT{UMBER
OF BEATüS
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CALCULATE FORCES
IN BEAMS

PRINT BEAM END
FORCES

DOI=ITNUMBER
OF COLUMNS

CALCULATE FORCES
IN COLUMNS

PRINT COLUMN END
FORCES

CALCULATE REACTIONS AT
OTHER JOINTS IF ANY

PRINT REACTIONS



ELOI^I CHART FOR SUBROUTINE SEG}fI



START

DOM=I,NUMBER
OF ROWS

DO K = I, NUMBER OF

ELEMENTS IN M

¡S
K LEFT

. ELEM2

NO

YES

ADD STIFFNESS ALONG
COMMON ELEM. NODES

YES

193

ADD STIFFNESS ALONG
COMMON NODES AND

CONDENSE OFF MIDDLE ONES

YES

\,



APPENDIX C

:: USERIS }IANUAL

C. 1 PROGRAM TDEIJTIFICATTON

SWAIFR¡IE - This program ::performs a linear elastic
analysis of 1aterally loaded shear wall-frame structures.

C.2 DESCRTPTION OF STRUCTURE

rn describing the structure all joints are numbered. in
sequence starting from the base and ¡s¡¡erin| them frorn. left
to righÈ as shown in Fig. C.1. The shear walls, beams and

columns are also numbered in sequence from left to right
starting from the base. The shear wall is d.ivided into
segments with boundaries at the various Ievels as shown by

dotted lines in Fig. c.1. The coordinates of the joints aïe

expressed in a gIoba1 coordinate system, the origin of which

may lie anywhere

Each shear wa1l segment is subdivided into rectangular

finite elements. The vertical rorvs of elements should extend

the ful1 height of shear wa1l with -constant width. If a

segment has an opening, there should be atleast one

horizontal row of elements in the segment, above and below

the opening. The segments of each shear walI are numbered

L94
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independantly from bottom to top.

A shear wall is similar to another one in the sarne

structure only if all the properties and dimensions are

identical, except that the thickness and modurus of
elasticity can vary in the same proportion at correspond.ing

points of the two shear wall_s.

A segment is similar to one above it only if all the
properties and dimensions are identical, except that the

thickness and modulus of elasticity can be proportional aÈ

corresponding points for the two segments.

C.3 INPUT

Except for descriptive heading cards, each data card is
divíd.ed into 1 0 column f ields unless otherwise mentioned.
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IATA CARDS:

(a) Job description - one card - to contain a job description

which is printed out as a title over the output

(b) Structure infonration - one card

Field 1 nurnber of shear wa11s

Field 2 number of storyes

Field 3 rumber of beams

Field 4 mrrber of colunns

Field 5 nunber of joints

Field 6 nrmber of 1aterally loaded joints

Field 7 np.ximm nurber of vertical rows of elements

encoLntered in any shear wall.

Field 8 raxirr¡.rm number of horizontal rows of elements

encor-¡ntered i¡ a segment of any shear wal1

(c) Joint Inforra.tion - one card. for each joiat

Field 1 joint number

FieldZ joi¡rtx-coord.i¡ate(ft)

Field joint y - coordinate (ft)

Field 4 support condition

Blank - Non slrpport joint

F - Fixed support

R - Rotation release (pimed support)

If field 1 is left blank on nth joint information carrl, joint

number is taken as n.
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(d) t Incidence Table

One set of cards for each shear

One card for number of vertical

shear wa1l followed by two cards

wal1.

lst CARD Field 1 -

Field 2 -

Field 3

wa11

rows of elen'ents in the

for each segment of shear

shear wal1 number

nunrber of verlical rows of elements

If the shear wal1 is similar to any

previous one, the shear wa11 nunber

to which it is similar should be given

here.

of the shear wa11.

segment number

nunber of horizontal rows of elements

rpå¡lus of elasticity.

If left blank, it is taken as the

value for the previous segment. Default

r¡a1ue if first card is blank = 3000 ksi.

Poi-ssonr s ratio

If left blank it is taken as the value

for the previous segment. Default

value = 0.5.

If the segment is similar to the one

above, it nay be entered here as T -

othenn¡ise blank.

2 cards for

Card 1

each segment

Field 1

Field 2

Field 3 -

Field 4 -

Colunn 41
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Card 2

(Segnent

incidence

table)

Field 1

Field 2

Field 3

Field 4

joint number of node I
joint rurmber of node J

joint nunber of node K

joint nurnber of node L

Joi¡ts I to L for a given segment occupy the

postitions shov¡n in Fig. C-2

Node J

Node L

FtG.C2

(Field 5 - are used only if there is an opening
to8

jn the segment Lmder consideration. )

Field 5 - bottorn row line ntrnber of opening

(Ihe first rohl line of a segment is

its bottoin edge ilcreasing with horizontal

rows of elements.)

Field 6 - top row line nurnber of opening.

Field 7 - left colunn line of the opening.

(The first colunn line for a segment

s its left vertical edge increasing

with vertical rows of elements.)

Field I - rigþt colunn line of the opening.
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(e) Coordinates of Elerent Nodes in X and Y Directions

The input format for this 8F 10.3

Either case (i) or case (ii), which ever is applicable, should

be used.

CASE (i) shear wall is similar to any previous one.

ONE CARD:

Field 1 thiclcress of first elenrent of the first segment

of the shear wall wrder consideration (FT)

CASE (ii) shear wa1l is not similar to any previous one.

S-sets of cards for each shear wal1

SETl-Fieldlton

v;here n - m¡nber

of vertical rows

of elenents in the

shear wa1l +1

x-coordinates of bor-rrrdaries of

vertical rows of elements starting

frorn left vertical edge of shear

wall (FT)-use as nìany cards as

necessary.

ST 2 - Field 1 to rn Y-coordinates of boundaries of

lvhere m = total horizontal rows of elements, starting

nurnber of horizon- from base line proceeding toward

ta1 rows of elenents top (FT)-use as nany cards as

in the shear wa1l +1 necessary.

SET 3 -'1 sub set for each segnent of shear wa11

number of subsets = nunber of storeys

Field 1 to p Thiclaress of elements (FT)-use

where p = nunber of as nany cards as necessary.
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vertical rohrs of . (NOIE: thicloess of any vertical

elements i¡ each row of elerents for any segment

segment of the shear is constant for that segnent)

wall under considera- Start w'ith a fresh card for the

tion +1 new segrent.

(f) Bean infornntion - one card for each beam þroceed in sequence

from 1st bean)

Field 1 bearn nr.urber

Field ?, joi¡rt nunber at left end of bean

Field 5 joint nrnber at right end of bearn

Field 4 supporting colunn width at left end of beam

(Ff) If the beam left end into shear

wall, width = 0

Field 5 zupporting colrrrn l^Iidth at right end of bean

(F"f) If bean rigþt end i¡rto shear wa11,

ruidth = 0

Field 6 lrbdulus of elasticity of beam ßsi) If this

field left blank, value of E is taken same as

preceding beam. Default value = 3000 ksi

Field 7 l,bnrent of inertia (in4) If tlr-is field left

blank, value of I is taken same as for precedilg

bean. Default value = 1000 in4
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(g) coluin rnformation - one card for each colunn þroceed. in
sequence frorn 1st colunn)

Field I colunn number

Field 2 joi¡t nunber of the top of colunn

Field 3 joint number of the bottom of colunn

Field 4 top zupported bearn depth [FT)

Field 5 bottom supporred bearn depth [FT)

Field 6 lbúrlus of elasricity 'E' (ksi) If this

field left blank E taken same as for pre-

ceding colunm. Default value = 3000 ksi

Field 7 lbment of i¡rertia ,f , (in4) If this field
left blank, I is taken same as for preceding

colunn. Default value = 1000 in4

Field 8 Cross-sectional area rAf (inz) If field left
blank, value is taken same as for preceding

colum. Default value = 100 inZ

[h) Loading rnformation - one card for each laterally loaded. joint

Field 1 joint number

Field 2 horizontal load



C.4 Exanple Problem

The input data for the structure

shear wal1s are identical and the

the v¡al1s is shor,rn-r in Fig. C3.
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