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Abstract

Recently, there has been a growing interest in using Generalized Autoregressive

Conditional Heteroscedastic (GARCH) models in the finance discipline. The discus-

sion will begin with an overview of the GARCH(P,Q) processes and its properties,

with an emphasis on the normal GARCH(1,1) model. The highlight of this thesis

lies in the two numerical examples investigating the usage and performance of sev-

elal GARCH models. The first example features the fitting of six GARCH models

to the returns of the Standard & Poor's 100 daily index (January 1991-December

2000). The second example explores three GARCH models utilizing the risk-neutral

valuation of call options via Monte Carlo sirnulation for the Standard & Poor's 100

daily index (January l981-December 1993) and the Standard & Poor-'s 500 weekly

index (Januar-y 1991-December- 2000).
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1 INTRODUCTION

Introduction

It has been well documented in financial literature that many financial times series,

such as the foreign exchange r-ates and returnsl on stocks, often exhibit interesting

empir-ical properties. The following four propelties have been the subject of extensive

studies:

1. Financial times series are often leptolcurtic. This means that the distribution

of their returns have a higher- probability mass around the tails ("fat tails" )

and a higher peak at the mean than that of a standard normal distribution.

2. Financial time series are often heteroscedast'ic. This means that volatility2 is

time-varying and non-constant. In other words, the volatility of returns ar-e

ser-ially correlated.

3. The squaled values of the returns exhibit a high level of correlation whereas

the values of the retulns do not have much correlation.

4. There exists clustering of changes in returns i.e. small changes tend to be

followed by small changes and vice versa. This characteristic is also known as

u olati,li,ty clustering.

In order to illustrate the aforementioned characteristics, consider the daily closing

prices for Standard & Poor's 100-share index3 (S&P 100) recorded fi-orn January 2,

1991 to Decernber' 29,2000 and its retur-ns for that time period.

Figure 1(a) and Figure 1(b) illustrate the dramatic plice variability over time,

suggesting a heteroscedastic nature. It miglrt also be worthwhile to note here that

lUnless specifred othelwise, the return series g¿ in this thesis are calculated using y¿ : * f 
jt) 

,
\P¿-r z

n'here p¿ is the obser"ved price at time ú.
2volatility is a measure of the variability in price over some period of time and is t¡pically

described as the standa¡d deviation of returns.
3Dividend payments are excluded here.
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the price var-iability seen in figules 1(a) and 1(b) tend to be grouped in periods with

Iow and high price fluctuations. Perhaps this indicates the existance of volatility

clusteling.

Figur-e 1(c) exhibits leptokurtosis with the high peak at the mean, thin midr-ange

and "fat tails". The leptokultic natur-e is also reflected on the retuLns' kurtosis value

of 8.05, a value almost thrice as large as that of a standard normal distribution. The

QQ-plot (Figule 1(d)) agrees as well.

Plots of the sample autocorlelation function (SACF) of leturns y¿ and squared

returns y! are given in Figur-e 2(a) and Figure 2(b) respectively. It is evident here

tlrat the rnajority of the sample autocorrelations for g! are significant, indicative of

a dependence in the data.

Plesented next is another example which also clearly exhibits the stated char-

acteristics. It is a simple model h : e?-f¿ (e¿ is a Gaussian white noise with

valiance a.2) considered by Gouriéroux (1997) where the process gr¿ is (weakly) sta-

tionary having variance Var(y¿) : 3o2 and conditional variance, given past values,

Var(y¿lE¡-1): o?rt-, that are dependant on the lagged residuals. Since E(ef") :

o?" 
T,rl@ 

anð, E(y!):3!5o!2,the kurtosi, ir 6(v) - 35, which is substantial in

value. As for the correlation of y¿ and yf processes,

PY*: 0 for ,k > 0,

| , irk:',
pou' : 1 o.rr42ilb if li : 1,

I| 0 ifk>l.\-

This clearly shows that even a simple

dependency of variance with its lagged

model can generate very high peakedness,

residuals and correlated gf process.
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(a) SACF of returns 37¿

(b) SACF of squared returns grr2

Figure 2: SACF for the S&P 100 dataset
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General time series rnodels, such as the Autoregressive Moving Average (ARMA)

models, fail to àapture the above phenomena the majority of the time. Addition-

ally, gener-al time series models have a significant limitation - the assumption of

Itomoscedasticzty (constant volatility). In this thesis, several Generalized Autore-

gressive Conditional Heteroscedasticity (GARCH) models that have the ability to

successfully capture all the above charactedstics often seen in financial time series

will be discussed. Option pricing based on GARCH processes, following in the spirit

of the papers writen by Duan (1995), Duan et al. (2006), and Hafner and Herwartz

(2001) will be explored as well.

For furthel insight on ARMA and GARCH models, refer to Abr-aham (1983),

Appadoo eú ø/. (2005), Appadoo eú ø/. (2006), Ghahramani and Thavareswaran

(2007), Ruppert (2004), Tsay (2005) and Wei (2006).

5



2 GARCII (P,Q) MODEL

2 GARCI{ (P,Q) Model

In 1986, Tim Bollerslev introduced the GARCH model, which is an extension to the

ARCH model pioneered by Robert Engle (1982). The general GARCH(P,Q) rnodel

for the time series y¿ is given by

alYt - (O,ht),

or: ffi4, (2.7)

PA
hr:r+t a¿a?-.¿+Ð 7¡hr-¡, (2.2)

i.:L j:7

where P ) 0, Q > 0, a ) 0, a¿) 0, lj¡ )_0,Y-t: (At,yr,...,At_t) and Z¡is a

sequence of independent and identically distributed (i.i.d.) random variables with

zer-o rrean and unit valiance (i.e. Z¿o:.9' (0,1)). it is easy to see that {y¿} will reduce

to an ARCH(P) process when Q :0, and {g¿} is just white noise when P : Q :0.

There is an alternative replesentation for the GARCH(P,Q) model as described

in equations (2.1) and (2.2). By letting ut: U7 -h, (to is known as a martingale dif-

felence sequencea), the GARCH(P,Q) model can be intelpreted as an ARM A(R,Q)

representation in y!:

Pa
a? - u, : u l-Ð"na?_u+ t g¡hr-¡

i:r j:I
PA

y? - u, : a *D"no?_o+ t 7¡la?_¡ - ut_¡)
i.:1 j=I

PAA
<+ (1 - f a¿B¿ -lOiai)u| : t) * ", -Ðg¡Biur-,

i:I i:I i--1

ó(B)a\:a*9@)",
nø(ur) : 0 and Cou(u¿,ut-j) : o for j > 1.

(2.3)
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where

ó(B):t-lóßi, 0(B):t -lgrBà,
i:I i--7

ó¿: a¿ I 0¿, R: mar(P,Q).

Stationary assumptions for yl having the ARMA(R,Q) representation will be

rnade here, and they ar-e as follows:

1. AII zeroes of the polynomial @(B) lie outside the unit circle. This assumption

is needed as it ensures the LL¿'s are uncorrelated with zero mean and finite

variance, and that the process yf is weakly stationary.

2. There exists a sequence of constant s {tþ¿}such that îf: ( oo, where the y'¿'s

i:o 
oo

are obtained from the lelation ,þ(B)ó(B) -- P(B) with ,r/(B) : 1 * Drþont.
Refer to Appendix I to see how theTl-weights can be obtained for-any rfo-,tionury

process.

Consequently, the autocorrelation function (ACF) of yr2 will be exactly identical as

tlrat for a stationary ARNaA(A,Q) process (Thavaneswaran et al. (2005b)). This

implies that the kth lag ACF of yl can be calculated using

\,rltn Þu*r
tu" i:0

PÀ:oo'
\- "¡,2

k'n
2.L Kurtosis of GARCH(P,Q)

The following theolem calculates the kultosis fol a GARCH process in terms of the

ry' weiglrts (Thavaneswaran et al. (2005a)).
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Theorem 2.1. Under th.e stati,onarity assumpt'ions and fi,ni,te fourth. moment, the

kurtosi,s ¡1(ù o¡ th,e process (2.3) i,s giuen by

¡1tu): E(ZÐ

E(zf)-lq(zÐ-lÐ,þ?
i:0

and tlte uariance of the y! process zs

oo

Var(Y!) : o'">,',þ?
i:o

1 n oL(Ktu)-I\
uhere oi : * and, ol : Var(at) : +

f¿,' r-Qt-Qz-"'-Ón'
L'
i:0

Proof. LetVar(u¡): o', and recall that Z¿ have zero mean, unit variance and finite

forth moments. Taking expectations of (2.1) yields the following unconditional mean

and variance of returns:

E(aò : 86rt;zù : E(\/ht)E(z,) :0,

var(v¿) : ø(a?) : E(fu7?) : E(hòE(z?): E(hr)

Florn (2.3), \Me can see that

ô@)a? : u_r 0@)",

€> ,,2- u *þ(n\ a å 
'aí : 

ó@) 
+ ffiu,: ó(B) 

* 
àtþ¿ut-¿

<+ Var(y2r) : 
"'"ÐrP?
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Now, observe that

o?" : var(a? - nò : n(aÐ - E(h?) : E(h?zf) - E(h?) : E(h?)[E(zÐ - r),

which r-esults in

v ar (y2,) : E (h?)[E (zf) * t]Y, rt'?

i':o

IVloreover, by the definition of a variance, equation (2.3) also leads to

(2.4)

var(E):E(aÐ-lø@?)f

: E(h?zt, - lg(h,)l'

: E(h?)E(zÐ - lg(h,)l'. (2.5)

Equating equations (2.a) and (2.5), we have

Now the corresponding kurtosis is

E(hÐE(zt)

lE(h,))rlE(z?)1,
E(Zf)

E(zî)-lv(zÐ-tlD¡p?
i:0

which completes the first half of Theorem 2.1. For the proof of the second half, notice
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that from (2.3),

var(y¿):ffi:o?,
and that, flom the previous derivation,

vtu)- ø(at) 
-n@1)r\ -@W- "l'

so that

var(s!) : E(aÐ - lø@?)l' :6!1rrrl) - 1l : "',î,Ê,
¿:0

which, in tuln, produces

' 
oÍ'(K(o) - 1)

uu - ---ã.-'\- rl,?
,L tz
i:o

¡

To illustrate Theorem 2.1, the 6(v) un¿ ol f.or tlie ARCH(1) (or equivalantly

GARCH(1,0)) model of the form

at: f hrzr,

hr: , * atA?-t,

where zrnß N(0,1) are simply 6@) : t!'-ug:i) 
and. o2,: 6;1¡1rl - i)(1 - a?)

r - ùc{1

respectively.

2.2 Estimation of GARCH(P,Q)

A commonly used method for- estimation is the maximum likelihood estimation

(i\4LE) metliod. In this thesis, MLE will be used to provide an appropriate esti-



2 GARCH (P,8) MODEL 11

ffu,lY-r):#

The likelilrood function is the product of f (ytlY-r) from a set of n observed values

At,Uz,...rUr, that is

nrate for the GARCH parameters, namely O : (a,et,. .. ,ep,0t,.. ., þò.

Consider the conditional density of observation ú

¿(O) : Í(arlYo)f (a'lYr) ...Í(a"lY"-r).

Maximizing this likelihood, or equivalently, in logalithmic form,

rnr(o) : i f-1,"1n,¡ +rn(f (e)] ,\/21
ú:1 L 2 "' "")'

provides the maximum likelihood estimate of all the parameters.

2.3 Forecasts based on GARCH(P,Q)

Using nretlrods similar to those used for the ARMA process) pledicting y|+¿ @ 21)
based on past observations can be easily done. Based on observations E1, U2, ..., Un,

let g'z"({) be the /-steps-ahead forecast of a2^+t.

The linear filtel representation of the GARCH model (2.3) in terms of ,ry'-weiglits

is given by

Ó(B)a'"*¿ : a -r 0(B)u,+¿

A ^,2€ AÃ+¿: Oel*un+( 
*Iþtun+¿-t +... + 1þ¿-tun+t*Iþ¿un +....

Hence, the l-step-ahead forecast of. y2^*n based on n observations can be represented
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a'z^Q) : ffi . Ésun I €r1,n-r r e2un-2 * "'

wlrere €¡ (j > 0) are constants chosen to minimize the mean squared erlor. By

expressing the mean squared er-ror as

E[(a'^*n- a',@))'l: El({u,+t-11þtun+¿-t+. '. + tþ¿-tun+t*ú¿unrtþ¿+tun-t+...} -

{esun * €tltrn-t * e2un-2+ . . .})']

' E[({u"+¿ * 1þtun+¿-t+ . . . + tþ¿-tu,+t} *

{(rþn - es)u, I (rþ¿+, - et)un:+ . . .})']

: E(u|+ù + 1þ?E(u?"+n_) -r . ..+ rþ?_rv("?,*r)+

(rþ¿ - eo)2 E("?") + (rþ¿*, - er)2 E(u?,_r) + . . .

, o2,lt +,,þ? + . . . + rþ?-tl * "t îf,v¿+j - €.j)2,
j:0

tlre mean squaled error is minimized when tþ¿¡¡ : e¡ for J à 0 since u¿ is a martingale.

Tlrerefore, the l-steps-ahead minimum mean squaled error (MMSE) forecast of A2r+t

is

a',(t) : #Ð + ú¿un * tþ¿+tun-t * ú+zun-'z+'' "

Using conditional expectations, it can be further shown that

a'"U) : E(a'**nly^, . . ., a)
a: 

ó(") 
-f tþ¿un I tþ¿+tu,-t * tþ¿+zu,-z * ' ' '

L2
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following from the fact that

(

E(un+¡.an,...,a): I 
untj¡ if j < 0

|. 0, ifi>0

Similarly, the /-steps-ahead forecast for the conditional variances given a history

of returns, denoted by h"(Q, can be obtained with ease as

h^(!) : V ar(y,¡¿lyn) . . . ) Aù : E(a2**rlan, . . ., At).

2.4 Forecast errors of GARCH(P,Q)

Based on n observations At, Az, . . ., An,Iet y'z"(t) be the /-steps-ahead N4MSE forecast

of A2,+¿ and let en(l) : A'"(4-U'"*¿ be the corresponding forecast error. The following

theorem (Thavaneswaran eú ol. (2005a)) formulates the /-steps-ahead forecast error

variance Var(e"(t)) in terms of the kurtosis K(g) and the tþ weights.

Theorem 2.2. The(.-steps-aheadforecast erroruarianceVar(e,(l)) for any GARCH(P,Q)

model i,s gi,uen by

( " -)'(o,r-r) r ¿-t r
Irar(e,({)) -\t- ór- ör-.:-.- ó^)'-- -/ 

lr*î¿;l\-,' L ã -.1

L','lt;
J:0

wh,ere Ô¿: a¿ * 0¿ and" R: mar(P,Q).

Proof. For a stationary ARMA process, the variance of l-steps-ahead forecast error

13
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with ellor- variance ol is

V ar (e,(!)) : o',lt . irnlL::rl

Using the results of Theorem 2.1, we can clearly see that Theorem 2.2 holds. n

2.5 Normal GARCH (1,1) model

The simplest of the nontrivial GARCH processes is the normal GARCH(I,1) rnodel,

for which

atlY-t - l/(0, h¿),

at: JhtZt, (2.6)

hr: a -l aß?-t I þtht:, Q.7)

wlrere u,r ) 0, ar ) 0, h > 0 and. Z¿ 
ol9 ¡¿(0,1). The strengths and weaknesses of

GARCH models can be investigated by focusing on this simple model.

By using the martingale difference equation ltrt : a7 - ht, equations (2.6) and

(2.7) can be interpreted as

u? - ur: a 'r as1-t + 7r(a?-, - ut-)

<+ u7 - oral-r- gta?¡:a ik- pfltt-t

<+ (I-órB)a?:r+(1 -þrB)u' (2.8)

so that

t4

(1 - óLB)(I* rhB -r tþzB2 + . . .) : (1 - hB),
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from which we obtain

tþo: I, 1þt: at, tþz -- at(q t þt),

tþs : at(ar t þù2, tþ¿: at(at + 0r)o-'

and

iø;:1* a?r+.,l(a1,_þr)'+...- r+ o? 
=.Lv't I*l\u|Yrl '' 1_ó?i:o

2.5.L Kurtosis

Recall that for any random variable Y with finite fourth moments, the kurtosis

is defined by I{@) : "l(!r- 2!!r))1. with stationarity conditions in place, the
lvar(Y)12

following theorem provides the kurtosis of gr¿ for a normal GARCH(1,1) process.

Corollary 2.L. Consider the GARCH(!,I) model in equat'ions (2.6) and (2.7). The

kurtosi,s of y¡ is giuen by

nrtu\ - 
3(1- Ö?)r\'- - 1_ó?_2o?

where ót : at r gt < r, o2u: 
oi6(') - )(1 - 

Ó?) 
and. o2u : 'L-þi+ai ' 7-Ó,

Proof. The kurtosis, according to Theorem 2.1, is

6@): E(zî) 
- - 

3

E(zf)*til(zÐ-tlËø; a-z 
[r 
.&]

i=O

3(1- ó?): r_6r,*^7,
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which corr-esponds to the result found in Bollerslev (1986). Moreover,

^, _ ol(N(o) - Ð _ ol(N(u) - t) _ 016@) - L)(1 - ó?)
v1l- æ - rS,¡r lr* "?=l 1-Ó?+"?

4*, l' ' r _ó?)
2:U

and the unconditional variance of y¿ is o?,: . 
a 

t : , ' nu I-ó, I-at-0t'

It can be shown that if I - ó? - 2"? > 0, then ¡1@) s f,. This consequently

implies that the normal GARCH(1,1) process has a heavier tail distribution than

that of a standard normal distribution. See Appendix iI for an altelnate proof of

Corollary 2.1.

2.5.2 Estimation

From n observed ralues Yn : (At,Uz, . . . ,An), theestimates of the nolmal GARCH(1,l)

parameters, Ô : (ù,ãr,Ér), 
"uu 

be obtained by maximizing the conditional likeli-

hood function

¿(o) : f (arlvùf (arlY') ...f (a"lY"-r)

:ü(#) 
"*o ( *)

ol equivalently, by maximizing tlie log-likehood function

l' r(o) : -+ Ð (uUr") + r'1rin¡ . +)zfr\ tu/
/n\

: -l ( nhen) + ![r,,{n, ) + z?]) ,2\ ' ,:, "')'

where y¡ a:nd 14 a'-e as equated in (2.6) and (2.7) respectively.

16
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2.5.3 Forecasts

Equation (2.8) can be rewritten as y! : e I óta?-t * ut - /tu-t. Taking conditional

expectations, the one-step-ahead ((.: 1) forecast given past observations can be

expressed as

a'"Q) : E(a',*tla,, . . ., at)

: E(a + óg2, * un+t - þßnlan,. . .,At)

: a -l ótU2^

since E(y2rlUn,.. . ,At) : y2* and E(un+lAn,. . .,at) : E(unlan,... ,Ut) : g.

Similally, the l-step-ahead forecast, for ¿ > 2, can be shown to satisfy

a2"Q) : E(aT*r\a,,...,uù : a-l ólaZG),

a'"Q) : E(a',*rla,,''', at) : a * óß2"Q),

L7

a'.Q):a+þ18y2.((),

-. o /.\ u)
Itm yilt) : ;-----ì-.¿+co L - EI

a'"(t) : E(a'^*nla,, .'',ut) : Ø I óß2"( - 1)'

By repeated substitution, we get

implying that

Tlie conditional variance forecasts are obtained in a similar fashion.
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2.5.4 Forecast errors

Based on the unconditional variance o2a, tlne error variance ol and the y'-weights for

a normal GARCH(1,1) process as well as Theorem 2.2, the l-steps-ahead forecast

error valiance is

Var(e"({))

1_ó?+ù?

For' la1 + þtl < 1, equation (2.9) converges to

(2.s)

Var(e"(t)) :

2.5.5 Simulation

ol(K@)-ÐG-ó?) a2t

1- þ2, + a'z, 1-(ot*0t)2

Using SAS5, ten samples of the normal GARCH(i,1) model, following equations (2.6)

and (2.7), were simulated with a : 0.1 and various combinations of a1 and þ1

values that ranged from 0.1 to 0.9 and 0.05 to 0.9 respectivel¡ under the additional

requirement that a1 -f 0, < 1. Each sample v/as generated using 2000 observations

with an initial 'burn' of 500 observations to ensure stability of the process. The

kultosis values of y¿, as well as all significant ,k-th lag sample autocorrelations of

botlr y¿ and y! were then tabulated in Nliclosoft Excel (figures 3, 4 and 5).

The rnajority of sample autocorr-elations for yr2 shows strong presence of signifi-

cance and an exponential decaying pattern, wheleas the sample autocolrelations for'

!¡ ãÌe mostly not significant (except when a * 0 is close to or at the nonstationary

boundary i.e. a * 0 :1) with no obvious pattern. See Figure 6(a) and Figure 6(b)

sSee Appendix VII for the full SAS code used in the simulation presented here. SAS codes for
the simr:-lations presented in later sections are given in Appendix VII as well.

18
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Normâl GARCHll.ll simulãt¡on
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Figur-e 3: Kurtosis values of 3r¿ for the simulated nonnal GARCH(1,1) modei
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]|!
.fJf

(a) The 1st and the 10th lag are weakly significant for g¿

::.:: ::,.:,a g.::.,:,.:. .,' ..r.,::: :2F

(b) An exponentially decaying SACF with the 1st up to the 11th significant
lags for yf

Figure 6: Sample 1's SACF of E¿ and yr2 based on the simulated normal GARCH(1,1)
process with ø : 0.1, o : 0.5 ànd p :0.25
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for an example. As seen in Figure 3, the kurtosis values for all simulated processes

exhibit values larger than 3, which indicates a leptokurtic nature. Additionally, the

kurtosis values have a common theme of aquiring even larger values when a * 0 is

in the close proximity of 1, the nonstationary boundary value. The simulation wolk

done here does suggest that the normal GARCH(1,1) model possesses the character-

istics mentioned in the intr-oductory chapter.

23



3 OTHER VARIATIONS OF GARCH MODELS AND THE
STANDARD STOCHASTIC VOLATILITY MODEL

3 Other Variations of GARCH Models and the

Standard Stochastic Volatility Model

The GARCH family is capable of incorporating nonnormal conditional distributions

as well as valying specifications for the conditional mean and conditional variance.

A remark by Bollerslev et al. (1994) puts this into perspective:

The ri,chness of the fami,Iy of parametrtc ARCH models i,s both a blessing

and a curse. It certai,nly cornpl,icates the search for the 'true' model, and

Ieaues qui,te a bi,t of arb,itrariness rn the model selecti,on stage. On the

other hand, the fl,eribility of tlte ARCH class of models rneans that i,n

the analysis of structural economtc models wi,th ti,me uarying uolatility,

tl¿ere is a good chance tltat an appropriate parametric ARCH modeL can

be formulated that will malce tlte analysis tractable.

In this section, thlee GARCH models, namely GARCH(P,Q) with conditional

ú-distribution, GARCH-in-mean (GARCH-M) and GJR-GARCH, and the standard

stochastic volatility (SV) model will be briefly discussed. The inclusion of SV models

in our discussion is justified by the fact that SV and GARCH models have many

similar capabilities.

3.1 GARCH models lr/ith conditional ú-distribution

Tlre normality assumpíion,y¿lY¿-r - l/(0,h,¿) and thus Z¡ - l/(0,1), may not be a

viable option if the estimated standardized residuals 2¿ d,eñvedfrom observed leturns

and all lelated par-ameter estirnates, exhibits nonnormal behaviour (e.g. N{ò ¡ S¡.

If a situation like this arises, an alternative to the normal distribution could be the

standardized ú-distribution, Z¿ - t(u), amongst others.
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Determined by the degrees-of-freedom, u ) 2, the conditional density of y¿,1or a

standardized ú-distribution, is

-/z*1\ u*7
\ 2 ) r. z?j- 2t@,lY-,):ffilt*;t) I

where the gamma functiono, l(a) for a ) 0, is defined as

I
f @): Jo 

,a-7"-x¿*.

Note that with the parameterization, Var(Z¿) : 1 for al u > 2, justifying the

narne standardized ú distr-ibution. The parameter estimation for a l-distributed

GARCH(P,Ç) model will now involve maximizing the log-likelihood function

,nr(o) :n,n(,1ift)

- 1s [,-," / z,' \1-ià 
fm(ni) 

-(,+ 1)rn(1 .;t))

wher-e O : (ø, u,ctr,...,ee, h,...,0p).

3.2 GARCH-M model

A GARCH-M model is being considered when the conditional mean term p.¡ for

ylY: - (pt,ht)

/=- _
At: þt -f l/ h+Zt

oOtlrer notable results for the gamma function are l(Ll2) : 
^/T, 

f (1) : 1, l(o * 1) : of (o),
and f(b) : (b - 1)! for positive integers b.
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is a function of the conditional variance h¡that follows a GARCH process. A plausible

specifrcation of p.¿ may take the form of

lrt: v + 
^\ñt

which follows an intuitive notion that expected returns relate to a positive lisk-free

interest rate r and risk (measured by hr).For most assets, À should be positive to

reflect that an increase in risk increases the expected returns.

3.3 GJR-GARCH model

It is well known that futule volatility of financial markets have the tendency to r-eact

differently in the event of a rise in price versus the event of a fall in plice (asymmetlic

volatility phenomenon). As investigated by Nelson (1991), the impact of a fall in the

US stock market on the volatility fol the following day is much larger than that of a

rise of the same rnagnitude. Glosten, Jagannathan, and Runkle (1993) present the

GJR-GARCH model to address this phenomenon.

The GJR-GARCH incorporates additional information at time ú-i with a weighted

gr1, using the indicator valiable

r_1t-i. 
-

1f at-¿

if ur¿

to describe the volatility asymmetry. For a GJR-GARCH(P,8) model, the condi-

tional valiance will take the folm of

PA
h, : r+ !(aa + ail¿-¿)y2r-, + t 1¡hr-¡

26
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where the palameter-s are usually constrained by, > 0, a¿) 0, a¿l a) > 0, and

ß,)0.

3.4 The standard stochastic volatility model

Due to frequent changes in volatility, it is appropriate to model volatility by a random

variable. From discrete-tirne returns data, volatility cannot be observed directly as it

is a latent variable that is not traded. In order to intepret volatility as a variable that

can be modeled and pledicted, SV models specify a stochastic process for volatility.

Tliis approach differs from ARCH models, which specify a process for the conditional

valiance of returns.

The growth of SV literatule is less rapid than that of the comparable ARCH

Iiterature. The gleater popularity of ARCH models is simply due to its ease of

estirnation via maximum likelihood, whereas the estimation of SV rnodels is not

trivial due to the existence of the latent volatility. Nevertheless, SV models are a

natural choice for modeling random volatility.

The most widely used SV model is perhaps the standard SV model of Taylor

(1986) r,vhere a lognormal specification for volatility follows an AR(1) process

at: otZt

ln(ø¿) : d * PIn(o¿-1) -l qt

wittr lBl 1 !, Zr'':i ¡,¡(0, r), nro'N' N(0,o|),ln(a¿) - N (- "-, j^\, and the
' \1-p t-P'/

processes {o¿} and {Z¿} are stochastically independent.

Using the properties of a lognormal distlibutionT, the second and the four-th

27
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moments of y¿ are given by

With the above results, the kurtosis of g¿ is

ø@?):E(o?)-exp (*.ffi¡
n(aÐ : E(oî) E(z,n) : t ", (& . #)

1ç@):ffi:Bexp(&)

and tlre variance of yl is

var(y2,) -- El(o?z?)'z) - lø(olz!)1'?

: (var(o!) + fnþ'zr))'z)E(zÐ - lø@?)l'

:rn@?)t'þ(m.') -']
:tø@?)t,[r*o (&)_,]

N4oreover, the ACF of y! can be obtained provided that E(Zf) < oo and l/l < I.

Following Jacquier et al. (7994), the autocovariance of y! can be expressed as

C ou(gzt, a?-o) : C ou(oz,, o?-r) : t n( n?\12 1 "*- 
( "illu) - tl- LL\ut)J 

l"^P \r _ p, ) 
- ,)
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Hence, the ACF of yl at lag k is tiren

Poo' :
Cou(yl,y!-¡,)

V ar(y!)V ar(a\-*)

"",(#) -'

'*,(&) -'
",(&)-,
,"",(&) _,

pk

for any positive integer k.

Sometimes the assumption of a heavy-tailed distribution for the error process

{Z¿} llaay be mor-e appropriate than a Gaussian assumption. For instance, if {Z¿}

assulnes a standardized ú-distribution with variance 1 and degrees-of-freedom u ) 4,

Lhen E(Zf) :Y as opposed to E(Zf):3 for a normal distribution.
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4 Example: Standard 8¿ Poor 100-Share Index

4.I Datasetdescription

With its induction in 1983, the S&P 100 measures performances of 100 major U.S.

companies across diverse industry gïoups. As previously mentioned, the S&P 100

dataset used in this thesis covers the period of January 1991 to December 2000

inclusive. There are a total of n : 2531 price index observations, p¿, with per

observation r-ecorded at the close of each trading day over the 10 year period. The

dataset, which cornmences at the plice of po : 153 and terminates at p2536 : 686,

attained a minimum price of 146 in 1991 and a maximum of 833 in 2000.

As for the retulns t Ut : t (#), the first return is observed àt A, : -0.013

and tlre last at A25st : -0.008. The average r-etu¡n is a srnall positive value of 0.0006.

Table 1 summarizes some of the basic statistical measure of. y¿. Prelirninary gr-aphs

and SACF of y¿ can be reexamined in figures t(a)- 1(c) and 2(a)- 2(b) respectively.

Values

Mean
Valiance
Skewness
Kurtosis
Minimum
Maximum

0.0005924
0.00009726
-0.2855339
8.0452076
-0.0751646
0.05606i6

Table 1: Basic statistical measures of y¿ for the S&P 100 dataset

4.2 Fitting a normal GARCH(1,l) model

Recall that returns y¿ exhibit the characteristics outlined in the intloductory chapter.

This indicates that a GARCH process may be a good candidate to model g¿. In

this section, the S&P 100 dataset will be fitted following the nor-mal GARCH(1,1)

30



4 EXAMPLE: STANDARD & POOR L00-SHARE INDEX

volatility model. By adapting methods presented in Chapter 2, the S&P 100 dataset

can be modeled with little difficulty using SAS.

Returns (y¿), conditional variances (h¿), and standardized lesiduals (Z¿) are con-

nected by equations (2.6) and (2.7), where parameterst ,, o, and ft are estirnated

with the iViLE method. Using SAS, the estimated values are presented in Table 2.

Parameter- Values Std. Error t value Approx. Pr > lú

u)

d1
a

þt

4.977 x 70-' 7.2622 x 10-' 3.94 < .0001

0.0510 0.004561 i1.19 < .0001

0.9454 0.005066 186.59 < .0001

Table 2: Parameter estimates for the S&P 100 dataset based on the normal
GARCH(I,1) model.

Obselving the t-ratios of the parameters, it suggests that all three par-ameters

are significant. Hence, the estirnated conditional variance is

Â¿ : 0.0000 004977 + 0.051yf-, + 0.9454îu4. (4.1)

The maximum likelihood estimates of the unconditional valiance and kur-tosis of y¿

are then lespectively õ?, : --_ 
y-: 

0.000138 un¿ 6(v) - 
S(1r-- dll -I-at- h 1-ó?-2ã?

10.861806, which are relatively close to what was recorded in Table 1.

Initiated by the valiance of the complete sample of returns (fur : 0.000 0972Ð, îLt

and. 2¿ for ú : 1,...,2530 ar-e recursively computed and then tabulated. Displayed

in the table below are some of the values.

Figur-e 7(a) depicts the time series of volatility estimates JT, fro 1991 to 2000.

The plotted volatility estimates, with respective median and mean values of 0.00832

8å1 can be treated as an additional model parameter to be included in the estimation procedure.
In this thesis, h1 wiII simply be assigned the value of the sample variance of returns and not be
estimated.

31"
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Date t
l^

Ynt L¿htU+

02-Jan-91
03-Jan-91
04-Jan-91
07-Jan-91
08-Jan-91

22-Dec-00
26-Dec-00
27-Dec-00
28-Dec-00
29-Dec-00

U

1

2

,f

4

2526
2527
2528
2529
2530

-0.012599
-0.001057 0.00009726 0.00986229 -r.2775
-0.018345 0.00010055 0.01002727 -0.1054
-0.002562 0.00009561 0.00977806 -t.8762
-0.074276 0.00010805 0.01039478 -0.2464

0.023153 0.00030694 0.0t757g77 t.S¿tS
0.004026 0.00031802 0.01783303 0.2257
0.006066 0.00030198 0.01737747 0.3491
0.001605 0.00028786 0.0i696651 0.0946

-0.008472 0.00027277 0.01651586 -0.5729

Table 3: Values of the estimated conditional variance Â¿, estimated volatility \ñr,
and tlre estimated standardized residuals 2¿,based, on ût, dl and Ér from Table 2.

and 0.00931, range from a minumum value of 0.00468 (December 27,7g93) to a

maximum value of 0.02389 (September 14, 1998). The second half of the returns

series appears to show higher- volatility than the first half. The clustering phenom-

euon is evident hele with a consistently high estimated volatility for some periods

and then low fol some. To further emphasize this point, Figure 7(b) shows in more

detail a yeaï with high volatility (2000), represented by a dashed line, and a year

with low volatility (1995), represented by a solid line. With an estimated value of

h :0.9454, it is no surprise that large volatility are clustered together-, and likewise

witir low volatility.

4.3 Diagnostic checks and forecasts for the normal GARCH(l,1)

model

To ensure the fitted normal GARCH(1,1) model is appropriate, the examination of

the standaldized resid.uals, 2r: JL, is needed. The sample mean and valiance of

2¿, calculated to be 0.0602 
^rd 

o.{gk71-, aLe very close to the theoretical values of 0
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Figure 7: S&P 100 volatility estimates based on the normal GARCH(1,1) model
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and 1 r'espectively. However, the skewness (-0.4596) and kurtosis (5.6012) values of

2, indicates that the model assumption of normality here may not be ideal. This is

also r-eflected in the probability distribution curve and QQ-plot as seen in figules 8(a)

and 8(b). It seerns that a heavy-tailed distribution would be a better choice over the

current standard nolmal distribution.

34

-Ë.6 -t.4 -f.2 -: -l.e -0,< c.¿ I.Ê Ì i.:
¿_h.ìÈ

(a) ProbabiÌity distribution cuwe of 2¿

l¡.m1 e¡n¿lIt.

(b) QQ-plot of 2¿

Figure B: Glaphs of Z¿ fo,- the S&P 100 based on the normal GARCH(1,1) model

Figur-es 9(a) and 9(b) provides the SACF of tlie standardized residuals and its

squared counterpar-t. These ACFs are examined to see if there aïe any evidence of

serial cor-relation or conditional heteloscedasticity in the terms 2r. H"r", the ACFs

fail to suggest any significant form of correlation ol' heteroscedastic nature in the

standaldized residual series.

Overall, the GARCH(1,1) model with the estimated conditional variance de-

scribed in equation (4.1) appears to be an adequate fit. Aside from the visual diag-
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nostics plesented thus far, other form of diagnostics such as the Ljung-Box Q-statistic

(Ljung and Box, 1978) can help to furthel investigate model adequacy.

To folecast the volatility of returns of the S&P 100 index, refer to the recursive

equations from Section 2.5.3. Table 4 shows the volatility forecasts fol the next 5

trading days based on the GARCH(1,1) model where îtzsso:0.00027277. Figure 10

shows volatility forecasts for 253 tr-ading days into the future, assuming that lz253e to

be a low of 0.00002 and a high of 0.0006. As l, -- oo, the volatility folecast, 6"Ø,
will convelge to the value of 0.0117509. The rate of convergence is dependant on the

combination of a and p parameters.

Table 4: Volatility forecasts based on the normal GARCH(1,1) model for the S&P
100 dataset.

4.4 Comparing the GARCH(I,I) models

It is commonplace in plactice to compare the forecasting pelformance of different

models. The choices of models used in an empirical study are largely dependant on

a numbel of constlaints such as exper-tise level of researcher, the amount of time

allocated to research and software availability, just to name a few.

Table 5 lists the parameter estimates and their respective standard errors (in

blackets) for the S&P 100 dataset from five different volatility models along with the

normal GARCH(1,1) model estimates discussed earlier. The five models being con-

sidered are as follows: conditional ú-distributed GARCH(1,1) model with a constant

mean r; normal GARCH(1,l)-M model with conditional mearr p,¡: rj-Àt/ñ; normal

GJR-GARCH(1,1) model with a constant rnean r; and GJR-MA(1)-GARCH(1,1)-M

35

Holizon (days) 1 2 ò 4 t, oo
Volatility 0.0165012 0.0164865 0.0164719 0.0764574 0.0164428 0.0117509
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(a) SACF of 2¿

(b) SACF of Zr2

Figure 9: SACF of 2¡ and. 2r' to, the S&P 100 based on the normal GARCH(1,1)
model
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Figure 10: Volatility forecasts for the S&P 100 based on the normal GARCH(1,1)
model
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for-two conditional distributions, normal and ú.

The GJR-MA(1)-GARCH(1,1)-M model is defined by

YtlY: - (l-tt,ht),

Ut: þt * et - ttt + t/htZr,

:Q*

:{;

which connects returns y¿ (ignoring dividends), conditional means ¡4, conditional

valiances â¿, residuals e¿, and standardized residuals Z¿. The GARCH(l,1)-M and

GJR-GARCH(1,1) models are as described in Chapter 3.

Due to complications with SAS9, the palametel estimates and respective stan-

dard errorslo for the normal GJR-MA(1)-GARCH(1,1)-M model were obtained using

Microsoft Excelll as discussed in Taylor'(2005). The results for the conditional t-

distributed GJR-MA(1)-GARCH(1,1)-M model estimates were directly taken from

Taylor (2005) as well. The parameter estimates for the remaining models were ob-

tained using SAS.

A commonly used method to select an appropriate model from a fixed set of

models is to compare either the Akaike information critelion (AIC) or the Schwarz

Bayesian information criterion (BIC) obtained from fitting the considered models.

esee Appendix IV.
loSee Appendix V.
11Al-l Excel frles for this thesis can be obtained athNIp:f f seetonglim.thesis.googlepages.com,

þt:r+^\ñt*\e¡-r,
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The AIC and BIC are computed as follows:

AIC: -zlnI(ô) +2P,

BIC:-ztnI(O) *Pln(n),

where O it th" value of the likelihood function evaluated at the parameter estimates,

P is the number of estimated parameters and n is the number of observations. A

model with a smaller AIC (or- BIC) value indicates a better fitting model. By this

token the conditional t-distlibuted GJR-NIA(1)-GARCH(1,1)-M model is the best

here, although the simpler conditional t-distributed GARCH(1,1) fits nearly just as

well.

The diagnostic graphs for the five GARCH models are displayed in figures 11

to 15. The diagnostic r-esults here are similal to those previously discussed for-the

normal GARCH(1,1). With the exception for the conditional heterosced,aslici|y of 2¿

for the normal GJR-GARCH(I,1) model indicated by Figure 13(d), the other models

appear to provide an adequate fit with no sign of serial correlation. Figure 16 and

Figure L7 are the projected volatilities based on the parameter estimates from Table

5. The spikes for the three GJR models are more pronounced in comparison with the

non-GJR models. Over-all, the estimated volatilities from all six models resembles

one another quite closely.
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-t.5 ,i,: _:.1

I Probability distribution ctrve of 2¿

l¡i:G! ù¡xÈr:òc

(b) QQ-plot of â

.1

ûã:

..
.. :.:ùt

(c) SACF of i

(a) Probability distrib

(d) SACF of 2r2

Figure 11: Diagnostic graphs for the conditional ú-distributed GARCH(1,1) model
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Aulocorrêlat¡on of Rssiduals of Z hat

(c) SACF of i

ll.rx{l t{¡n.il..

(b) QQ-plot of 2¿

(d) SACF of 2r2

Figure 12: Diagnostic gr-aphs for the normal GARCH(1,1)-M model
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Z_h¡ü

(a) Probability distribution cr:u,ve of 2¡

Autocorrolat¡on of Ros¡duals of Z_hal

(c) SACF of Z¿

i-:-L0r:
%tut 6ìht¡1.¡

(b) QQ-plot of i

(d) SACF of 2r2

Figure 13: Diagnostic graphs for the normal GJR-GARCH(1,1) modei
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-2-Ll
Ìórb¡1 Si¡¿11ó3

(b) QQ-plot of 2¿
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'ti,l¡

.::4,

::.: I

ÄuÎoÈóäels!!on.olts69id.ual9 :óf_z röi¡r.

(c) SACF of 2¿

(a) Probability distribution ctrve of 2¡

Autoconelation of Rcsiduats of Z-hatsq

(d) SACF of 2r2

Figui'e 14: Diagnostic gr-aphs for the normal GJR-MA(1)-GARCH(1,1)-M model
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?-l¡t

(a) Probability distribution carve of 2¿

Autocorrélat¡on of Résiduals of Z_hat

I .r:: :.:. r.,.:.: ..1'-.:4.tt:::::::':r.: ì:.rr,rt-:ir r:r¡tJw&ndtdÊf@6r;:.ì.: ::: - i

(c) SACF of Z¿

Figure 15: Diagnostic glaphs for the
GARCH(1,1)-M model

, 
,; . ,': ,1 autóCäñatáûÈf roítgséi¡ûds, oiá.tiatÉq , ,

(d) SACF of 2,2

conditional ú-distributed GJR-MA(1)-



4 EXAMPLE: STANDARD & POOR 100-SHARE INDEX 46

Volatility
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Figure 16: Estimated volatility for the normal GARCH(1,1), conditional ú-

distlibuted GARCH(i,1) and normal GARCH(1,1)-M models
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Figure 17: Estimated
NrA( 1 )-GARCH ( 1, 1 )-rvr
models
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5 Option Pricing with GARCH Models

5.1 Risk-neutral measure

Following the GARCH frameworks discussed in the previous chapter-s, consider- the

structure for the real-world measurel2 P:

UtlY-t!' N1rr,hr),

ut : llt * et : [tt t t/h¿zr,
1-

þt:r-inr+^{ho,
Pa

tz¿ : ¿¿+ Ð a¿e?-¿+ t þ¡hr-¡,
i:7 j:l

wlrere y¡ : ln(p¡) - h(pr-r) are the log returns that define the information sets

Y: {Ar-¡,f > 0}; r denotes the continuously compounded risk-free rate; À is the

constant market price of risk; and Z, : W+ 3. ¡¿(0,1) is the standardized
t/ht ¿'i'd'

r-esidual. The typical parameter lestrictions apply as well: Ø ) 0, a¿ ) 0, 0¡ 2 0

and ff, "o+D?:r0¡ 
< 1.

Definition 1. A pricing rneasure Q i,s sai,d to satisfy th.e IocaIIy rislt-neutral ualuat'ion

relati,onshi,p i,f

. rneasrr,re Q i,s mutually absolutely continuous with respect to measure P,

. LIV4 d,i,stributes lognormally und,er measure Q,
Pt-t'

. EQ lt-,n-,] 
: er, and,

l2Sometimes known as the physical measure, the real-world measure assume that a more risþ
asset, on average, command a highel rate of return than a ìess risþ asset. In contrast, the risk-
neutral rneasure assume that no extra compensation is required for additionaÌ risk.
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o varQl^{a) ln-,] : varP 
t- e) ly-,f omost surety wlth respectL \P'-

to measure P.

Fail option prices can be obtained in the GARCH setting using a risk-neutral

measure Q, as defined in the definition above by Duan (1995), with the following

theorem.

Theorem 5.t. The locally rislc-neutral ualuati,on relati,onshtp i,mplzes that,, under

pri,ci,ng Q,

utlYt 2 N(rr,hr),

Ut: l-It + ãt: p,, + JhrZr,

Ft: y _1n,,

PA
h, : a + t a¿(ët-¿ - 

^Jht4)'z 
+ D þ¡hr-¡,

à:t j:r

wlth, 2t: Zt * À ,g N(0, 1).

For the popular GARCH(1,1) model, the conditional variance under rneasure P

is

hr!, +lafi!-'r* þlhr-t

whereas under measure Q it is

' a . t ¡ã
ft,t : u * lo1\Lç1- À)' + 7t]hr-t.

Theorem 5.2. For a GARCH(t,L) model under pri,ci,ng measure Q,

o the stationary uariance of õ¿ equals to . ^-^!^ -
-'" I-(1+À')or-þr'

c ët'is leptokurtic, and
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-2Àua1
1 - (1 -t À2)a1- p1'

. couQlft'h*'] :
i/ lÀl < \re: ';--PJT"'

Similar results can be obtained for r-eturns with different GARCH specifications.

Tliis simply requires replacing the residual variable, e¿, in the conditional variance

under measure P by ã¿ - 
^JE 

with everything else unaltered. Fol instance, the

GJR-GARCH(1,1) model leads to

¡-. P.. , t^ ,22 r ^*--^--lrì .z\2 , o1t^rLt: u) -r lalZl-, * al max(O, -Zr)' + 7lrtt-t

hr9 , + la1(2¿a- À)' + ai max(O, -(Zr-r- À))' + \tlfu-t

as seer inD:uan et al. (2006). To ensure that the conditional variances remains

positive for the GJR-GARCH(1,1) specification under measure P, the parameter

restrictions alec'l> 0,ar ) 0,ai > 0 and &>0. Noteaswellthatthestationarity

conditions for the GJR-GARCH(I,1) model differs under measure P, which is a1 *
ail2+ h < 1, from that under Q, whicli is (ar *ai.¡rr(À))(1+À2) +aiÀn(À)+ fu < 7

whele l/(.) and n(.) stand for the standard normal distribution and density functions,

respectively.

Anothel noteworthy specification fol pricing options is the AR(1)-GJR-GARCH(1,1)

model used in Hafner and Herwartz (2001). With returns defined as relative price

clranges lrele, i.e. at : Pi-þ-], the structure under measure P follows
Pt-t

UtlY¡'- N(Pr,hr),

Ut: lrt I et: th + \/ht\,

lrt:11 * €At-t,

hr: a + fafi!-, * a{ max(O, -Zr)' + þllto-t,
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\Ãiher:e ?J and { are constant pa,rameters. Under the risk-neutral tneasure, the model

takes the form of

atlY¿ 2 ¡v0.'o,to),

lJt: þt + ët: p,t + t/hrZr,

llt : T,

h, : , + [a1(Z¿4 - Àr-r)' f a] max(O , -(2r-, - Àr-r))' -l 7lhr¿,
, ul€ut-t-r
l. 

- 
_" \/ht

where r is a constant risk-fi'ee interest rate and Zt : Zt I Àt.

5.2 Black-Scholes and GARCH option pricing models

Developed in the early 1970s by Fischer Black, Myron Scholes, and Robert Mer-ton,

the Black-Scholes (BS) model is influential in the valuation of option prices. The

price of a Buropean call13 option on a stock with no dividend payments at time ú

based on the BS formulation is

Cft : prN(dù - ¡1"-r(r-t) w@r),

_ tn(prl K) + (r + o2 lz)(T - t)
ot/T- t )

-dr-oJT-t,

(5.1)

wlrerep¿ is the price of the underlying asset at time t, K is the str-ike plice, r is the

risl<-free rate (continuously compounded), o is the stock price volatility, and T - t is
the time to maturity of the option.

l3Generally, a European call (put) option is the right to purchase (sell) a particular asset for a
specified amount at the time of maturity. For an American option, the right can be exercised at
any time during its lifespan.
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Following GARCH processes, the terminal asset price under the measure Q spec-

ification, for log returns with maturity at time 7, is

t,_ r r _lpr:pt""p l1r - ùr_: )- h"+ f ""t^ I' q 2 ¿-t
¡ s:f *1 s:ú*1 I

: kexp(At+t I At+2...+ Ar),

and for- returns defined as relative price changes, the terminal asset price follows

T

Pr:Ptllftl-r*õ")
s:ú*1

: pt(I -f ar*t)(t * a+z) . ..(I + yr).

With pT at hand, the discounted theoretical fair pr-ice of a European call option witli

exercise pr-ice K can be obtained with

Cr: P* 6Q[mar(p7 - K,o)lY] (5.2)

wlrere the discounting factor is D* : 
"-r(T-t) 

for log returns or D* : (1+r)-("-¿) for

returns defined as relative price changes. Using Monte Carlo simulations of returns,

equation (5.2) can be approximated by

^ D.åCt: 1\mar(pr,r - K,0)
i,:t

for N simulations deliver-ing terminal asset prices {p¿,r,L < ¿ < N}.
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5.3 Implied volatility and delta

In pr-actice, implied volatility and delta are two impoltant palameters in option

pricing. This dedicated section will cover a brief overview of them.

Implied volatility is the o value that determines the current market price based

on the Black-Scholes formulation, given that the exercise price, current price, risk-

free rate and expiration date are known. In a sense, implied volatility may be viewed

as the amount of volatility the market is currently observing.

Tlrere are culrently no explicit formulas of o expressed as a function of K, p¿,

r, T and C¿. HoweveL, oi'mptied can be obtained using iterative search procedures

suclr as inter-polation or Newton-Raphson, among othels. Plotting oàmplied velsus

tlre moneyness ratio, fr,ø, a specified maturity date, produces a U-shaped graph

known as a volatility smilera.

Belonging to the set of "Greek letters"15, the delta of an option measules the

sensitivity of the option pr-ice to changes in price of the underlying asset. The

delta measurement is an important element especially in hedging, which is a risk

rnânagement strategy. In general, delta is defined as the first partial derivative of C¿

with respect to p¿

Lr:q.
dqt'

Fol a Eulopean call option determined by the BS formula, it can be easily shown

laSee Hull (2006) for a tholough description on volatility smiles.
15The Greek letters consists of delta, theta, gamma, rho and vega. Theta, vega and rho re-

spectively measures the sensitivity of C¡ to changes with respect to t, r and ø. Gamma measure
sensitivity of delta with respect to p¿.

Ðõ
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that the delta on a stock with no dividends is

Lft:N(d,) ¡ern(d,r)ffi

: N(dr),

- 6"-r(T-t)r(¿r\d1,' -'dp,

with dl defined as in equation (5.1).

measure Q, Duan (1995) derived the

Incorpolating the GARCH specification under

delta at time ú to be

A¡ : þ* gQ

wlrere 7@r>x) is an indicator function and D* is the discounting factor'. As discussed

pr-eviously for equation (5.2), the GARCH delta here can be approximated via Monte

Callo simulation.

5.4 Data analysis

The main objective here is to explore the use of GARCH processes in pricing options.

This involves pararneter estimation, simulating and comparing call prices and deltas,

and evaluating the performance of various rnodels thr-ough volatility smiles.

Three diffelent GARCH rnodels, specifically tlie GARCH(i,1), GJR-GARCH(1,1)

and the AR(1)-GJR-GARCH(1,1) as described in Section 5.1, will be used in the

analysis of two datasets: the S&P 100 daily index series from January 2, 1991 to

December 29, 2000 (as previously used) and S&P 50016 weekly index series fi'om

January 2, 1981 to December 27,1993. Verification of the four characteristics men-

tioned in the introductor-y chapter for the S&P 500 index can be visually inspected

in figures 18 and 19.

16The S&P 500 index is based on the performances of 500 major U.S. companies and widely
regarded as the best gauge of the U.S. rnarket.

lryo,'*"-'lu]'
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Figur-e 18: Preliminary graphs for the S&P 500 dataset
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(a) SACF of returns g¿

(b) SACF of squared returns gr2

Figure 19: SACF for the S&P 500 dataset
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5.4.L Parameter estimation

Firstly, the GARCH(1,1), GJR-GARCH(1,1) and the AR(1)-GJR-GARCH(1,1) mod-

els under measure P are fitted to the indices to obtain the parameter estimates. For

sirnplicity, dividend payments are ignored and r assumes the value of 0%. Once

again, I use Microsoft Excel's Solver tool to estimate model parameters (see the

results in Table 6). I also atternpted to estimate the parameters using SAS and a

Bayesian estimation software called WinBUGSlT, but with little success due to con-

vergence issues. Note that the unconditional variance ol for the GARCH models

under measure P are as follows:

57

GARCH(1,1): olY

GJR-GARCH(!,|): ol L

AR(1)-GJR-GARCH(1, I) : o2o Y

7-at-0t'
a

l-crt- 0.5a*-p1'

(1 - €')(1 - e1- 0.5a. - B1)'

Most of the estimates are sirnilal across the three models for the S&P 100 and

for- the S&P 500 dataset as well. Clearly, p1 has a large influence on the conditional

variance /z¿. High persistency of shocks in volatility is evident for- the GARCH(1,1)

model as dr *p1 is close to 1. The same can be said for-both the GJR-GARCH(I,1)

and AR(1)-GJR-GARCH(1,1) models as their lespective cûr * 0.5cûr. * Ê, values

range from 0.9493 to 0.9955.

5.4.2 Monte Carlo simulation

With exer-cise price set at K : $1, half a million simulation runs (l/ : 500,000)

corlesponding to different maturities, moneyness ratios and initial conditional volatil-

ities h1 are carried out to obtain GARCH call prices and deltas. The Excel tables in
17Go to http://www.mrc-bsu.cam.ac.uk/bugs/ for more information on WinBUGS.
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figures 20 and 21 reflects the simulation results for the S&P 100 daily index series.

For tlre S&P 500 weekly index series, refer to the tables in figures 22 and 23. Prices

based on the Black-Scholes formulation are included in the tables as well.

Observing from deep out-of-the-moneyl8 options to deep in-the-money options,

the disparity between the GARCH option prices and the BS plices generally decrease

in magnitude. The same can't be said when the comparison is done acïoss the {
oú

scale. The price disparity becomes larger in magnitude for higher valued initial

conditional volatility. Moreover, the BS model almost always underprices for deep

out-of-the-money options and the underpricing is more pronounced for deep out-

of-the-money options with shorter maturity times. The comparison between the

GARCH deltas and the BS deltas exhibit sirnilar pattelns to the price comparison.

The tables in Figure 24 and Figure 27 report the implied volatilities for the

GARCH call prices seen in Figure 20 and in Figure 22 respectively. For the S&P 500

index, results obtained from a stochastic volatility pricing model by Heston (1993)

are displayed along with the GARCH rnodels for comparison. The sirnulated call

pricesle and the implied volatilities for Heston's model are tabulated in Figure 26.

Featured in Figule 25 are graphs of the implied volatilities for the S&P 100

ind.ex, and likewise, the implied volatilities for-the S&P 500 index appears in Figure

28. Clearly, all plotted graphs exhibits the characteristic U-shaped smiles, or in some

instances smirks. The concavity of the volatility srniles flattens out considerably as

time to maturity increases in duration.

Focusing on the volatility smiles for the S&P 100 index, one can see that the GJR-

GARCH(1,1) smiles and that of the AR(1)-GJR-GARCH(1,1) are strikingly similar.

184 call option is out-of-the.money when p¿ ( 11, in-the-money when pt > K and at-the-money
when pr : l(.

1eI would like to thank Dr. Paseka for providing me with all the simulated call prices for Heston's
model. See Appendix VI for an overview of Heston's modeì. The parameter estimates: ,3 : 0.1299,
ô: 10.98, ê:0.4152 and ô,1ê:0.02253, and the volatility risk premium À:2.52 f¡om Eraker
(2004) were used in the simulation exercise.
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Figule 20: Simulated call prices for different maturities, excercise plices and initial
conditional volatilities for- the S&P i00 daily index. Biases are as a percentage of
the Black-Scholes' prices. Prices are recorded as 10,000 times.
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Figule 21: Simulated deltas for different matulities, excercise prices and initial con-
ditional volatilities for the S&P 100 daiiy index. Biases are as a percentage of tlìe
Black-Scholes' deitas.
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Figure 22: Simulated call pdces for different maturities, excercise prices and initial
conditional volatilities for the S&P 500 weekly index. Biases are as a percentage of
the Black-Scholes'prices. Prices are recorded as 10,000 times.
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(b) Based on GJR-GARCH(I,L) estimates
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(c) Based on AR(1)-GJR-GARCH(1,1) estimates

Figule 23: Simulated deltas for different maturities, excercise prices and initial con-
ditional volatilities for the S&P 500 rveekly index. Biases are as a percentage of the
Black-Sclioles' deltas.



5 OPTION PRICING WITH GAR,CH MODELS

Cornpared to the other two models, the GARCH(1,1) overprices for-out-of-the-money

calls and undelprices when calls are in-the-money. The overpricing (underpricing) by

the GARCH(1,1) model is much more evident for longer (shorter) maturity options.

In addition, the GARCH implied volatilities here appear to be sensitive to changes

in the initial conditional variance h1. This can be visually verified by examining the

vertical placement of the smiles for each of the three maturities.

For the S&P 500 index, the AR(1)-GJR-GARCH(i,1) and Heston smiles notably

stands out whereas the GARCH(1,l) and the GJR-GARCH(1,1) smiles holds a close

resemblance. Though the smiles of the GARCH(1,1) and the GJR-GARCH(1,1) look

similar, the GARCH(I,1) overprices for out-of-the-money calls and underprices for

in-the-rnoney calls. The Heston model underprices almost always and the AR(l)-

GJR-GARCH(1,1) model however overprices regardless of situation. Unlike what was

observed for the S&P 100 index volatility smiles, the impact of h,1 on the GARCH

smiles hele are marginal.

5.4.3 Simulated versus observed

To investigate the performance of the GARCH models, comparisons will be made be-

tween the GARCH volatility smiles and the observed volatility smiles for a randomly

selected day in our sample. For the S&P 100 daily index, the landomly selected

date is October 27, 1993. The random date for the S&P 500 weekly index is Feb-

ruary 17, 1993. The available obselved market data are rather limited and do not

offel infor-mation on deep out-of- and in-the-money options with extended time to

matulity. Hence, the discussions here will be lestricted to short maturity near the

money options, ¡.". Y = 1. As before, Heston's model will also be included in the
t<

evaluation only for the S&P 500 index. Keep in mind that the parameter estimates

for the GARCH models were derived only from time ser-ies information, which may

64
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Figur-e 24: Implied volatilities based on simulated call prices for the S&P 100 daily
index.
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Figure 25: Volatility smiles based on simulated call
index.

prices for the S&P 100 daily
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Figure 26: Heston's closed-form stoch.astic volatility pricing model for the S&P 500
r¡/eekly index. Prices are recorded as 10,000 times.
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Figure 27: Implied volatilities based on simulated call prices for the S&P 500 weekly
index.
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Figur-e 28: Volatility smiles based on simulated call prices for the S&P 500 weekly
index.
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result in a poor fit between the simulated volatility smiles and the obser-ved volatility

smile.

The simulation process to obtain call prices on a specific date will be initiated

with å1 assuming the estimate Â¿ value where ú is the time being considered. For

instance, hr : 3.00 x 10-5 will be used to simulate the GJR-GARCH(1,1) call prices

on October 27,1993. Refer to figures 29 and 31 for all the h1 values along with the

pt, K and 7 - ú values implemented in the simulation exercise here, as well as the

lesulting simulated call prices and implied volatilities for the three GARCH models.

The figures that immediately follow display the corresponding volatility smiles.

The volatility smiles in Figure 30 indicate that all three GARCH models or,er-

price options relative to the observed plices regaldless of maturity. The dispar-ity

between the observed values and the GARCH models generally decline as we proceed

Irorizontally from left to light on the 
pj 

a*is, with the GARCH(1,l) model being"K
the closest to the observed. Although graphically the disparity may seem large, the

differences of the implied volatilites are actually no larger than 0.01.

Figure 32 features volatility smiles of calls with a time to rnaturity of approxi-

mately 4 weeks and 8 weeks. Unlike previously seen in Figure 30, only the AR(1)-

GJR-GARCH(1,1) model have the tendency to overprice options. The GARCH(1,1)

and GJR-GARCH(1,1) models however mostly overprice out-of-the-money options

and underprice in-the-money options. The Heston model, on the other hand, under--

prices options for both stated maturities. Once again, the disparities between the

obser-ved and GARCH implied volatilities is no larger than 0.01 in magnitude.
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Figure 29: Observed and simulated call prices and its respective implied volatilities
for- the S&P 100 daily index on October 27, L993.
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Figure 31: Observed and simulated call prices and its respective implied volatilities
for the S&P 500 r¡ieekly index on February 77,7993.

0.æ4

I ^"-Í ""*o 
c.û2o

0.018

0.s16

0.514

a¡l*-4!g4

. ObæNed 

-GARCtr.{r,t} 

* *GJR€ÀRCH{j,1)
r - -1fr{!}GJR6ARCHí.1} ry ry Hesl@

Ð.924
E| '--o g.o3o

0.s18

0.016

0 014

0eÊ

. cbseed 

-GARCI-à(1,1' 

@ @GJR€,qRCH{1,1}
¡ a EÁIi(1!GJR_G{1CHí1.1I æ ø Hesion

Figure 32: Observed and simulated volatility smiles for the S&P 500 weekly index
on February 17, 1993.
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6 Appendices

6.1 Appendix I: t/-weights for a stationary ARMA (p,q) process

Any stationaly ARMA(p,q) process can be written as

Zt- þ: ót(Z¡-r- u) +...*óo(Zr-p- p)Iat-?ßt-t ?sar_q

<+ a@)Øt - tt) : O(B)a¿

<+ Zt - þL: ú(B)at

where a¿ is a white noise process and v(B) : 
ffi 

(ol equivale nÌry r+1þß-túzB2+

: 
ffi). Equating coeeficients of Bi i'\Í(B) : 9!Ð___ _ \_, ó(B)

will then yieid the r/-weights.

As an example, consider an ARMA(1,l) process (1- üB)(Zt* p): (I- 018)a¿.

Equating coeeficients of Bi , we have

r +1þ18 *tþzB2 +... - 
r - o1B

'"'- 7-óß
<+ (1+ tþ18 * tþzB2 + . . .)(1 - órB) :7 - 7tB

<+ 7+(rþ'- ö¡-)B +(rþr- ótÞ)82 + (rþz- órrþz)83 +... - I- e1B,

will reveal the ry'-weights as

Bt rh-ót: -0t =+ th:ót-0t

B't ,þ, - órh:0 + tþz: órh: ór(ó, - 0r)

.:

Bi: tþ¡ - óttÞ¡-t:0 + ,þ¡ : óttþ¡t: ó!r-'(ó, - d1) for j > 0.

74
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6.2 Appendix II: Alternative proof of Corollary 2.1

First, since A? : htZ?, we have that

ø(aÐ : E(14) E(z?) : E(h,).

The nrean of 14 and h!. are given by

E(hù : E(a + aß?:* þthr-)

: a-r a'E(a?-r) + hE(hF)

--a*(ar+0,.)E(h'-r),

so that

E(hr) - (at + 0t)E(h,-r) :,

E(hr\: ----!--\'"Lt 1-(ot+0t)'

For h!, we have instead

E(h?) : El@ -t ata?_t + þrhr_ù21

: a2 * 2aafl(s!_1) + zaprø(hr-) * a?E(at_r)

* 2afi1 E (a?_rhr-ù + p? E (h?_)

: a2 * 2aa1U(h¿-ù + zaprU(lrr-r) + Ba?E(h?_)

* 2a1 fu E(h?_r) + p? n (n?_r),
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so that

E(h?) - e"? * 2a1þ1 + p?)E(h?_r) -- ,, -t 2a(q + 7ùE(rto_ù,

and, finally

E(h?):

:

Hence, the kurtosis is

Ir - 3al, - 2at0t - 0?)ltl - (q + 0)l'

\çtu) : El(a,-E(aù)nl _ n(aî) _ E(h?)E(zf) _ 3E(h7)

lE(h')l'lvar(y¿)12 ÍE(a?)l' lÛ(h,)E(z?)]2
3a2(t + at -t 0ù

[t - za2, - 2ar0, - {J?)][t - (a, + 0ù]

l,l'
Lt - ("' + þ'))

311 + ar + Érl[t - (ar + É,)]
I*3al-2q&-p?

3(1- ó?)
r_ó?_20?,

where Öt : at I 0t.

6.3 Appendix III: Lognormal asset pricing

Definition 2. X is sai,d to ltaue a lognormaL di,stri,buti,on wi,th parameters ¡-t and o,

z/ln(X) has a normal di,stributi,on with rnel,n þL and uariance o2. In other uords, X

has the distri,bution of eP-toz , where z zs a standard normal random uariable.

Let X be a lognormal variable with mean p, and variance o2, Z be a standard nor-

a2+2.,(.,1+p,) lT_T#Tñ
1 - (3af + 2aú1+ p?)

a2(t+at*0ù
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mal variable with cumulative distribution N(r), and K be a constant. The following

properties applies:

1. E(X") : E(en(p+oz)) : enu+(no)2/z

2. Var(X) : Var(ep+"") : 
"zu+o" 

(eo' - 7)

3. E[max(X- l(,0)] : E[max(eþ*oz - K,0)] - "u+o2/2¡¡(d) - KN(d- o) where

, h(#) I ¡1, * o2

o

Proof. Since X - su-toz and the moment generating function of Z is NI2(t) :

E("") - et'/2, the nth moment about the origin for X is

E(X") : 87""fu+"2)¡ : 
""u 

B("""t)

: e"PMz(no) : enua(no)2/2

- -np+(no)2 /2
t

and the variance for X is

V ar(X) : E(X2) - lE(X)l' : 
"2P+2o2 - (eu+"2 /z¡z

- -2pi2o2 _ -2¡r*o2

- ^2u+o2 / ^o2\c - 1).

Now let ,4. denote the event that X : ¿pioz ) K. Therefore, we can wlite

Elmax(ep+ot - K,0)] : E(("'*oz - K)1"): fl("u+ozlt) - KE(IA).
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However, we can calculate

E(eu+oz Ia) : 
I^"r*"'h"-"'/2d,2

: [ 
"*+o' 

l, I 
"-{r-o)' 

/2 d,z
J ¿ t/2r

- 
"u+o2 

/z ¡¡ e4a" * ") : ep+"" /2 N (d.),

and

EQò: P(eP+"z > K)
ln(K) _ p,:P(Z'--î)

- n, (rn(þ) + P') : r,o - o,:" 
\ o )-"¡u-u)t

, lu(*) * ¡.tI o2
\\,'rtlìd: '^ .

o
n

6.4 Appendix IV: SAS estimation issue

One possibility as to why SAS fails to obtain parameter estimates could be due to

its inability to apply ol recognize appropriate constraints at various local maximum

points. To illustrate this issue, see the following example:

o Let Xt, Xz, . . . , Xn be independent identically distributed random variables

fr-om l/(¡r,o2) where þ: o2 :0.

o Considel the estimation of d with the sample mean X and sample variance 
^92.

o Using results from Example 2.8 from Shao (2003)

J"6-o,S'-Ð4¡/(o,t)
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where

and p¡ : El(X - 0)*), lc :3,4.

Since X¿ 
u'ki 

N@ d), thus ps :0 and. ¡L,a - 02 : 0Q - q. Hence 0 :N is a better

estimate when 0 < 0 <2, and â : 32 when 2 < á < 3.

6.5 Appendix V: Estimating the standard errors

Aside from obtaining the parameter estimates by maximizing the log likelihood func-

tion, it is also of interest to estimate the standard errors of the parameter estimates.

Hele, O denotes the p parameters of the model so that O : (gr, ...,00)' is a p x 1

vector; 06 denotes the true value of O; the conditional mean and vaLiance, IL¿ ald h¡,

of tlre leturn !¿ are known at time ú - 1 from information Y¿-1 and are assumed to

be differentiable; and the standardized lesidual Z, : W+ are i.i.d. observations
! ltt

fr-om a distribution whose density function is f (ZlO).

The MLE, denoted by O, maximizes hiI(O) from n observations by solving the

p equations

irr(eò: 0, 1 1i < p
t:l

where s¿(O) is known as the score vectot (p x 1) derived from the paltial delivatives

of the logarithms of the conditional densities l¿(O), that is

": (; ,^'-,,)

¿,(o) : rolÍ@,ly-r, o)l : -] r"¡n,1o )) +tn[¡(2,(o))],
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where

¿¿(o) : rnff (v¡lY¿-1,o)] : -f,m¡n,ço)l+tnl¡12,(o))l

Suppose that of the p parameters, the first rn appear in ¡-4 and ä¿, with the remaining

parameter-s (if any) defining the density function f ØP) The genelal formula for

the first rn terms in the score vector is

s,(oo¡ : 4Z'):' ( +\ * a(zùz? - 7 ( Ø\ .r 1 i 1 mt/T, \¿eo) ' 2h, \¿eo)' -

with the function ø(.) determined by the density function of the standardized r-esid-

rals Z¿. For example, when Z¿ is normal, a(Z¡): 1 and when Z¿ is the standaldized

ú-distlibution with z deglees-of-freedom, a(Zr) : ' J .t 
=u.u-z+Li

The analytic standard errors for non-normal conditional distributions can be

calculated by estimating ,40 (or B¡ in place of ,4e) of

t/"@ - oo) 3 ;tr1o, a;t¡,

and by estimating A;l BoA;t for normal distlibutions from the asymptotic resuit of

'/"(O - Oo) 3 ¡/(0, 't;1øo4;t)

where the elements in the p x p matrices of ,46 and B¡ can be estimated by

Â. . :_1 + ætL(o) : _! /d, tn ¿(o)\
"z't n!,_aede,- "\ d0d0j )

1n
Ê¿,¡ : - ;>, s¿(0¿) s¿(0 ¡).

t:I
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TIre following is an alternative estimate of As, given by Bollerslev and Wooldridge

(1992), that can be used in place of the above to avoid second-order derivatives:

For illustration, consider the GJR-MA(1)-GARCH(1,1)-M model defined and es-

timated previously with residuals e¿-1 . When Z¿ is normal and O : (r, À, 0, u, ct1, ai, 0t)' ,

rn : p : 7, the recursive formulae for the paltial derivatives are

# : G, \fr;,€t_Lto,o, o, o)' - o4H!. ## (6.1)

# : (0, 0, 0, r, e?-t, It-te?-t, hr-r)' - 2(o, t .iil¿-1)e¿-rff * pr%-. $.2)

When Z¿ is t-distributed, an additional parameter ¿z defines the density of the stan-

daldized lesiduals. The equations (6.1) and (6.2) will suffice to define the first seven

terms of the vector as the eighth term is zero. However, the final term in the score

vector is

8L

Â3y : :nl; (Ð @ . #, (#) (#)l

eP:fiyce)t- In(z¿) (u + t)Zr2

2 - 2r¡r-2y'

where

.(+)
c(u) : ,G)6ø-Ð

ry2
,¿r,I+:7 + '" v-2

and
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6.6 Appendix VI: fleston's option pricing formula

Heston (1993) provided a closed-forur stochastic volatility option pricing folmula that

can be evaluated rapidly. The fair price of a call option under Heston's formulation

is

Cf : Se-qrPt- Ke-'rP2,

where ,S is the initial asset price, 7 is the expiry time, K is the exercise price, q is

the dividend yield and r is the risk-free interest rate.

The telms P1 and P2 are two calculations of the probability that Yr : ln(Sr)

exceeds ln(lf) when the state vecto, (Y,V)' has initial value (Ys,l/6)' and dynamics

Y¿: ln(,S¿),

tr 
- -2v¿ _ u¿t

d,Y: (R+uV)at+t/vdw,

d,V : (a - cV)dt + et/Vd,Z,

where o,, c, R, u and € are parameters and the correlation between dW and dZ is

p. The telm P2 is the probability obtained for the risk-neutral measule Q when

R: r - e, u - -0.5, and c : b, which gives the price dvnamics

dy 9 ? - q - o.bv)dt + ^/v 
ait¡,

dv9@-bv)dt+et/V¿2,

wlrile P1 is the probability obtained for measure Q* when R:r - Q, u:0.5, and

82
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c:b-pe,whichgives

dY v ? - q + 0.5v)dt + J-v¿'Ãt,

dv V- 
@ - [b - pe]v)d,t + e,/Va7.

The conditional probability that Y7 exceeds ln(I{) is given by a standard inversion

formula:

P(Y,2rn(1{) lYo,vo) :}*+ 
l,* o"l{#@lor,

with z : J l and Ãe[.] representing the real part of a complex number (see Kendall,

Stuar-t, and Ord (1987)). Defined for all real numbers rp, probabilities obtained from

tlre conditional characteristic function of.Y7, denoted by g(ç), follows

g(ç) : 
"c*DVo*i'eYo,

where

c: Rr<Piiae-zln -rr" (=#)l ,

n_ h(7-e'r)
e'(I - ke-T)'

h:c-pegi*w,
h

h, - 2tn

w : t/ Øegi - c¡z - e2(2u9i, - e2),
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6.7 Appendix VII: SAS codes

i \') \] t i t {r'+ * ii+ \'a.i itik \^ t ,*+ *^t itit.*t tt,***r:tt I

åiET nurn_ob.g = 2ûû0;
or! ! J¡,tEvo

ÈlEt àl-phal = C.'¡Í

DATA llarxìã lGaich_l_.i. ;

rlo saaple:1 TO 10;
lag_y = &st¿rti
laE_h = &3iart,.

ÐC I : -500 TO Á:rurt_obs;
l: = &crnÊga ì iàlphâ1" * Lao,_,.t**Z + &beLaL * 1ag_l:;
y = SQRT(h) * RtNIio-R (L234s);
V^ : vt{2i
:aç_h : h;
iag-3r : Y;

:ì L.'U:t:L! UU-lU:''
trlJa.

î¡t¡ '
RUN;

ûìS PDF EII-E=" I : \liÐ rr,-,èiGÀË.CH ( i, l- ) . pdf " t
O!j5 lJtiAPh.:U¡ ()ll t

PROC UNMRIATE lATå=itlorma:Garch i l-;
-Y3F:. y;
EY earrple.'

RUN,.

PROC ÀIXCOREG lÄTÀ:Nôt'malrSarch i i;
i{o)Ei y = / riARCli:(F:1,Ç=L)t
EY sàmpie;

RUN,
QUIT;

oo5 GR.APrí:qS OFF,.
cls FÐF .iiosE,.



6 APPENDICES 85

/ 1. )t ; k * i: 4: 1: * T * * Í- jj t:i r/'

/ + ;ìiÞI:T :,1f ÀqËT f, /

PROC IMPORT ÐATAFI;.E='.D: \5Pi.rlù.ilit' CUÏ=SPItC;
GETNÄI4ES=YES;

RUN;

j \ L * A * * ! * x * t, i t: * * "¿ t * i * * *, * * * k * * ): t * i i -t * t t i * * * *: t t, i * * î t * /
,tt F:-: ì!O¡¡''-i:., Ç-è.tiilrií.1., !.i TA çI: P.åF.AÌ.1EïZF. iSTli!F.T:ìíi +.:
/ k f ;: tt * * * + * , I * i i * t Ì ?r I * * * tj i- t i * * :! t: {: -Ì ì i * * !: {- } t- * * + i; l' * * * * + t a: /

PROC AUTOREG DATfI=SF1C0 ;
IitDEL F.erl-:rn : / G-qF.Cä=(P-1,¡J=1) NCII¡î¡

RÌ'N;

/ t * -ì: ! * ì , t .! ì * + ri * t. :i * -t * È * .¡ i q .t * * *, i i t * * 4 -t y t ù ù , k .t t \ + .i i

,'* [:': ''-:¡,i\ii. i.:, i)-i: ']O tf i I].t;1.".'"0ì lìi'] :l'-¡,îEJ i.i
/ t ¿, + \'\ *+ i * +'.t +-,J i * * * * * L i*** I Èt i *a*j ù i k + * * t I i * + k /

PROC À,U9OREG Ð.1.T4:SP:t0;
t"fouii ËeÈurn: I GA;\Çn=(p:L,Q:L, :"íEåN=SQRT) ;

RT'N;

1* *:i {r rr i_ * a * t r) * i i* a- rr ir J: i i * * i. Ì i * 1 a nr r:+ * ii 1':j r: r:ii *:r Ì fi i J

;Ì F:T i (.-iÀ?:Ë f r. r I TO .iET ?3.Fel¿I?ãs ESTII',!3,T8.,c */
/* i i ! * t xt t k t \ia + t ìr d lria, i Ì +r*,rr.t ? 1r:lai t/ Ì Í * r. x-t u i t * x /

PROC MODET Ð41-À:SPlCû;
PgRüs onègå ,0i. aì¡:hal .0L beiä .9 df 6;

/¡ rr^-.-. *^ì^! i,,

ieLu.rn = r;
,/" V"iria:,cÊ :i.c,,ili .,/
H. Ret'iirjn : emega + aìÞhäi *XIAG (FnS lÐ, Retu::n* *2, .YSE . Retrìï:ì !

+ beiàtXiAç (H. P,=turn, ilisE,Retìjr:n),.
,/* Erril: di:1iiri-.lìtr,lÌ1 * /

EË.Rü.çJ{CIE:. Returr - t (H,Retur:ì. df ) ;
. ! F-i: fìr: r' ¿i:i -;

FIT Return ./ Þ1AT¡ìOD = Ì,ï1RÇUAF.Ð? FIM!,.
RI'N,

¡ t \'^ 
^* 

t l: * *t t * * * **, *.i i ! {:1 Â * i j: * Afr r'i * q \"\'t+ t t * * 
^ì 

t.i I
,'+ l-*1 1:Ìi-f:ÀË/':: l : ì '1,1 ll:l': r¿?3Ì.'li':i:-! :'{:,irvf FE'c t /

! t ., t * t * * , 2 i * * * ,: + z i * * * * -, i u * * t: t , i J/ * * * t .t -¡ * + * * , .i i * * x /

PROC MODEL ü¡à:.4=5PLC0t
PAÈ\S .negà .01 alphai .01 aiphal .01 beta .9t

/+ ¡.1,:-r- F1.,,-i"a: a,'

Retu¡:r = l:;
,, { \tr r..l r,...3 4. ,.ì¿' , ,'

:F ZLAG(PESID.Fletr.irir.) > û TEEN
H. F.etu!-n : +ro.ga + a lpha i rXL¡.c (RESf Ð. Rei',l:n* *2, l.fSE . B.etl-lÌn)

- be¿à*XlÄG (ä. Return,HSE. P,et.,¡r.n) ;
E:,SE

Il.Retul:n =,r¡ûegä + (aiahal +
alphe2 ) t>:LåG (RESïÐ. Rei..:rn* *2, MSE. Reili!n) +
betå*XIAG (Ii. Return, MSE. Reiuln) t

1+ F'i. iì.¿ r.d¿: ':/
F:T Þóf rt t.r / \aFTËn:, = À:¡Þ^ITÃtñT FiV- .

RUN;
QUTT,.
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j i ! n *r', i t r**f:-r'i i !a.: r', i + **-ili i ! ***'t i * * *'n r:.i i * *.**j: r.-i * r*.t /
./F ìir'¡ì-"ifAì. iìÀ;iiil; ll.11 Ç"4:,i, CFMON ç l1:,?A .glT4Ui,AT::O¡¡ t-l
/'. , * ù *t i t'L ): z * A i {: * i i t * ìi I *i * i-¡ i {: * * *i.* r't * t +-t r-t: + -i i):.* -i È* i* i
?iEf ncbs:5t00ttr; i* l! c't:;1:rr-iiat:.:ns *l
åLET T = 4; 1r i-i.a"-i.i.-ln¡rtì.1r.í.ry'*./
1.¡. f ¡ = 1]; /1t CÞÊ-¡rejiic,l ::isk-i::ee ::å--¿ './
*LBT p = C.8; ,/' :::ir-i-;l aeiL:: !':ice ?/
åi,ET K = l; ,,. 9*L: j.I:* !Ì:icê +¿/

I6LET cûìega = t,ACQ1L6É26;
åiET alpha = 0.L2ü533186;
ee LnT beta = û.84419ù8,32¡
ïLIT Lani:da = û.12ótBS592;

ÐATÀ sin,'
vãI'!i€ : 0; S : 0; callSun : 0; caliPrice : 0; deitaSu¡n:O; del_ta=0;
deltaP¡:i-ce:0;

rOj:1TO&r:llrs;
z = o¡ 1z = 0; h = 0; Y = 0; sum = 0; infc=o..
ih : û.6dr {eonega/ (1_ealpì1a_,!betà) ) ,

r'* C1iF,,-:ä (lr ri ,:,-cì,::: !t:-ci::,J :..L.ircr-ir-; Q *l
Ðo i: -100 !Õ &T;

| 596336',t ,
h= &ùn:eqå+ (&aiþhà*(iz - çIambda)*r2 + el:eia)*Ih;
y: &¡ - 0.5ih + sqrt(ì:J*z;
Lz : z; lh = I-r;

:F i > 0 :äil; s,-:n = e,i,:l + y,.
IF i. > 0 îËE¡; ÐLTTPUT;

El,:Ð,

-- _: ê7nir1r f,,.J - (! 
=.aptjLll:l , / ¡....:: çr- .r.¡...i.C .jt --,..__f

i" r.5-^,.: rr¿- rl.Ë ;¿r_i ::t:¿-,._. "¡
val-'ùe = nar-(0, S - &(),
cal-lSun : call,Sunr + vai-ue;
ca.IP¡ice = e.:p (-&r*tT) *cailSun,/&rrobs;

/T ,.-,: -.,- -+-.-, +t"^ -t-1-^ + J: Lj;r Uç:Ld i
IF 5 >= ãK :tïFtl,l itfo = 1t
clel-ta = inf.*5/&-5;
deiiaS:m = de-Ita5'.'rn + iÊita,
deicaP¡ice = e:¡-p (-,1r*3i) *del-tàsæì,/&ncb$,

TÀ!:ì.

RT¡N;

ÐATA results;
SET srm; IF i=6n.5=,ee i:&Tt

RUNt

PROC PRINT iÀTÄ=resr,:lts;
VÃF. caliPrice dei-LaPric*;

RUN;
QUIT..
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/ tt *i*.*.,-i Í * iitrÌ r a *-i**, r r * ^+.t.t.î.tI*,.t + + t-L*.k-,-i + *^ i \+ * * j
,'' bJK-çâ¡::*t \!, : I 'r)La tF::OlÍ t tE-!?ã |-'ìltJZ.¡iZlCä 'k /
/ 7 t* r* trù*t *j:*ù'ii* *i:* l i:/ * *x \',i** *.r.\"li i * *.t:.r'i t * * r+.t,**, j

à;.ET ncbs = 5C00'l,i; /* f ,:: ¡:.nr.r:.at:..:rs í.7
3¿LET T = 4; ,1i :ire-t. -::r¿-:-,::il,y 'k /
::-:ET l = Cl,' .1';::e-i:Ê:l;c r::l:-Ír-e": ¡:*:e +l
'ïLET p = 0.8,' ,/- l.;ì.:.-,:;Ji. ã:r;llr. rì,:iir--*'¡'
àfET Ii : 1; l' 5t:'1Ì:É rltc¿ + /
åLET on',ega = C,CùA1ZL365¡
àiET aLpì.ra = A.Q61A385ô8;
!:T.ET alpha_sta¡ = t.,i9C386i39¡
å:ET beta : 0.S310955Si;
tLET la¡,.bcia = ii.LC8!92440:

ÐATA sin;
vaiue : 0; 5 = 0; cã11-5u¡ft = 0; cai-IP:ice : û; delta5r¡e=O; de:*"a=0;
cleltaPrÍce:0,'

tÖj=1TÙ&r:Qbs;
z = o¡ Iz: o; h = 0; .y- = 0; sum = 0; infc=o;
1l: = 0.64* (,tenìeqàl (1-&aìçha-O,5*&alph¡_star-ebeta) ) t

I* CTE-,;¿Ëar¿' :ì ,-,./ì5ì- -.1.;^:-,.' -5-,4tjrÊ ? +,/

l)t) i= -100 TC &T;
: : rann(rI (696336);
h : &cmega + (&alplrãi,(Iz - .!lanb.la) **2

+ &alph,r_5¿¿rÈ (rßax (0, -rz ì &1"ènÙ3ciâ) ) **2 + &bÊta) *lht
y = &r - 0.5*h + .eqrt (h) ! z;
1- - -. tL - L.

:F r > 0 :¡¿EN s'i:tr = s'im i v,'
:E i > O T¡iEI.] OUTPT'IT;

El.il;

S = &F.*e;:p (:rum) , '' 
i å.:ser j:r::L.r+ à: eÏ..n.irlr i./

,;{ a.r:^:.:r:¿- I.t-,: r"jt j 1.¡.i45 */

vai-ue = na::(O, S - &X) ,
c¿i-ISun : cai.LSu¡:r + vã1ue;
callFrice = e]:p (-&r*&T) *call-Sur¡lúncbs;

-i- riå::ì:-å-!+J ;lìe di-:e',/
iF S >= áK T!ÌEN ínfo = l¡
cielta = iní.){S/&p;
cÌeltaSun = deliàSun * delta,'
deitaPrice = e::p (-&r*&T) *CeIlaSu:n/e::obs;

f Ìit.

RUN'

ÐÀTA 3esuits;
SET sini,' f E j:&nÕbs &e i=,!T;

RUN;

PROC PRIIIT .lÀT.å=resr:1ts,'
i¡AF. cailPrice deiiaPricÊ;

RUN,.

QUIT;
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j t ,x x * * ù ! { Ì f * } i t * + a * -i t 4. + ) t- l .t + 7. ). t u k ù i 1 4 i. r + .r r d l ,r t * * { * 
^ 

-i l , * }: }: /
jx Ä{{iì-,;,rr-cÀr¿ Hr, :} CÀiÌ, CPIIC¡; ¿ ÐIITA SIi"!t?r.åT:OI.J *i

t t i, x * t t i i t: * 1 t., i * *Ì* t i t *'**t* i * * X r t:-, I

åiEi rcbs = 5CCìCO; ir ì:,î:inr¿1¿:i¡:1",:;'/
.,t iìr.¿-:...-a1Tt-ri';,: i /

.* -.;ti.iì ,r--ar r,,^ì.^c r/
/r Ê:¡ii-¿ ¡r;.-- ;,'

tiet v = C.tClC69294;
tiet xi- : -A.Cià6t?48'ì; .' , -4]ì íàïåneiÊr *,/
te iet cnega = 0.0Ct]ùL9379;
?1et alpha = t-1 . t6785ri5'76;
?iet aJ.pha_star = t,û963i4809,
?¡iet beta = C.839995ii7;

DÀTÀ sint
valüe = û; ,s: 0.' cai.rProcl:0; c¡iiPr:-ce: A¡ cìel-taSun:0.. cieìta=O;
dellaPrÍca=û;

!Oj=1TC&n.i-.:Ì;
z: O; :z = A; h = 0; y = 0; prirci = 1.- i.::f¡:O;
ili : 0 . 64* (a+nega / ( ( l-caipha-û . 5i ça1pha_.:tar-&beta) " { 3.-6zi' t2} ) ) ;
la¡nbcia=0¡ -2:-a.nbcia= (.çv - &r) ,/sqrÈ (Ih) ;

.i * ¡.F. (:) -i:rJIì-Glt{lli (1, -i r::'_cic: p:-.c:r_.j r:ea:uL.: i i7
lC i= -100 T'ù &T,'

z = Ìa:.n!l (696336);
h = icnege r (aalpl:a* (12 - llambcìa).*2

+ &ã:pha_sta::* (rnar (O, -iz + .llar¡bcla) )**2 + &beta) '\Lh;
y = &r + sq:-i (h) * z;
l_a¡nbda = (&v + &zi*y - er)/sq¡t(h);
Lz = z¡ -:-.h : h¡ li-an-bda : iarnbda;

iF i > 0 TiìEif prôC = p¡cCr(L+y),
IFi>OTEE};ÛIJTPUT;

EÌ,iût

q 
- 

.FrF¡\l -- -- :\.!air.!, r.,J - urJ I.¡!Ju. ?' t1J::':L t-1Lt¿t=.Jt. 
=.\trlLj !

I i ;-alct-:.¿¡;t-:: 1-i:+ :a:: ¡::ic: *,'
value=r.ax(O,5-&K) t
câIlP-roci : cal-i.P:;oci + vafue;
callPrice = (L+&r) ** (-ôT) *cailPrcd/çnobs;

j'* ,:'á-îÌ.ìtäL+; the iç-t¿ -,,
tF s >= ùt( :F-iN itrio = r;
delta = irfc*S/ep;
Cel-taSr¡n = cie.l-taSurr + cie:ta,
dslta-p¡j_ce = (t +&r) *. (-åi) *deltasun,/&I:obs,

trÌ.-¡.
RUN;

DÀTA ì€suits;
SET sin; JF ì=&¡cbs &6 i=&T;

RT'N;

FROC PRfNf l.q:.q:resuì:s ;
\iÄF. cal 1P::ice ieltaP¡ice;

RUN,.

QUTT,
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