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rl\lT,ìlt rlucliiol\l

'.llhrì xs¡411;rt,5 cf cl-L.r:ect, n¡:cclL:,cts. r-lj.:lcc-i, sl.-r.:.Ìts ¡ -1lre,.: rr.crlìLc'jî 
"

c.jj re ct, ,l-j.iri 'r,s.. ,?ní-l j.n.,'eïsc ]-j-ni r,s j c.cllT f¡:eouent.'l-;r :r-n l.llelr.rr¡ ,:nd

-r,coo-l orÌi¡" end i r. ordet: 'r-,o c.l ,?,ï.i.f-\z -r,hc i,n.'r,erre,l_¡'ii_ousiri-p of iih.ese

conce;r'Ls jn -¿a¡:iolr.s ¡.1-qçl¡rlj,c and iol-.oLozj-c;-l- s;'tiens,l.:e Ce"i.j_¡e-i,hern

i-n ;: c ate¡.:o ri c ¡rl- rl¡t:ne.r: a,nd at'teiii¡i Lr-. Ce¡j-r¡e es l13nir ¡l-or-rol:tj,c s ¿ls

¡'ossi,ì-'i,c ihe.t' are incJellnCel'i; oÍ l;lle c iie3or¡1 " end f or tl:,ose c,¡ncetts

th::.'r, c iln-r:t lf o i-¡f orren r;olr jrte¡ -e-:'l,l:nr-.J a s å,rle str:ri.l'r1,, So':c j.,:.1

acllnotl.l.i:cl-¡ÊiïLOrl¡r.:¡- e-rrl dlr.c to S. r'J¡cle.ne a:rcÌ i:'" B::.:r'ge*ss r:hose nîoÊ-ìrs

l.rere rlse(! ¿¡s soLillce trrlt,er:i_:i.



CH]\P1TP, TI

.BIiSIC J]EIîI¡]ITIOI'T,S OII Ci,.TEGORY TH¡IORY

De,{initiqll-]." l! categorj¡ C j-s a cl-ass of objects lir B.

together i"¡ith e. farrdly oí rilsjoin'u se'bs ttom. (i"rB) one for each

orderecl pair (l,re) of objects. ìllrite f : ri-)B for f C Hom"(iLrB)

a¡'rd call f a morphis¡n of C r^li_th domain 1l and codo¡-nain B" irssulne a

rule whicl-r assigns 'bo each r:air" of morphisrns f: Ä-Þ8., g: B -> C

a, uniaue nor,ohism gof : i--ÞC called the oroduc-b morphism r,rith ¡gof

definecl only ii'the codomarn of f is the domain of a. In additj,on r,.re

have tt¡o a;.ions:

4.1 If f: :l-)8, g: B ->C and h: C-)11,. then h(gf) = (hq)f .

!:"2 To each object B there e:iists a mor¡hism l',: B-)B such ilrai;

lBf = f and gIB = g for í: -A -)8, g: B -)C"

1 ei13¡lç." The objects of C.;jl.I be denoteci by Ob(C) ancì the farniJ¡r of

disjoi"nt sets b;v Horn(C).

-ll ca-iegory rna3r be com'pletel¡r descrrbed by its norphisms, ignori-ng

the ob je c'bs.

Let C be a, class of rrmorphisilsr" f, g, h, Ín -',,thich a cornposi.te

goÍ is sometimes defined. call a moroh-ism u an identit¡' of C if

t-rof = f whenever uof is defined and gou = g i:henever gou'ìs defined"

The a:iiorns are:

B,l The product h(Sf) is defineci iff the pr.oc'uct (gh)f j-s defineC"

'¡jhen ejther is def'Íned the¡' a:'e equal,' Thjs i;rinl-e produci r¡ill

be rrj tten h¡;f .
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B " 2 " Thc tripl-e rlrodr.r,c',, hrll j" s r-iefj ner.i -";henevi:¡: i:ot,h n..,.ccluc-ls lr'¡

æcl irf a::e ie.fj nec,i,

B " 3 " --or ei,'ch ncr:nlr-i-sn f oi I ihr-:::e er:i-si i den-1,:, i;i as u. ancr- r.rl sucÌr.

, t..'i;h¿:i,. u,'.i atci Í1,- ¡rr,: cJef:.nr:C"

tì..en;::1î-q. The'i;l.to cÌe.fi:i-';ions alle eeuii'::,1-en'l-," Hoi.rer¡.:r-:L.n th.e act'-ra.l_

COnS-b::¡c-br Ong Of t¡:ri Orr-s Ca.l;eqori FS ryâ r-.rStr-â-l l.:r r.¡cr fl,.e fj rs,i, de-íl_i nj tj on

t'¡hile in the e-iarli-naiion of absti:.:rc-f cr.!ucricìti-,:.s the scccl'rd one'is o-ftr:n

useci .

!gf!-:i!lol?. -l,n ¿¡, ce:te-gor;y C a norrhi_sn € ; /,-+ll i_s s.rj_d io be

jn'¡ei:'bib.l.e (or" an Ênr.l'ì r¡âl erce) j--f ih.e::e :i-s a irtor:Ðjrj,sl'a er : B --::.. l:j.th
Ie"e = L,i, anC e,er = .l-g. ff e ! o:j'îi,î il:rs 1.r...tt-itt.r,e ancl is i^lri-t-ben

et= ê-1 .

jþjjlj:ii_q-f-'1" f\';ç sþ,ject-" rrf' ¡: eateqorl',t C zre sa-i.rJ to l-.e eou,j-vaLeni j-f

L!.err: er{i- s'r,-" an i-nrzcrti-ble € : /i --}B 
"

leil-nfi]'on- I! . .,:l no::phi-srn k; -l: ->B ,i s s,rirJ bo j''c llonj-c in C if j-t is

left, cancel-laloì-e; i.e., jf !{q = k\ jmtrJ-ies Q = "L

"le-I:l¡l. !.o{!_5. Ðr-rajl;l a raornhj,sia lç: :':-->! j_s saj-iì -r,o'De et¡i_c i.n C ií it
j,s.';j::l-ri c¿:rce.llabl.e: :i "e", iiÇK - nf( jtncl.res q.=\

a!)e.il¡:rj't,jcn b" :.t1 object, T :ls -qejcl ft be tei::rj_na.t_ jl C j_í to elch

object r, ihe::e 'i s e:t¿.,c-Li--\' one ilornhj_si¡ h: .i: -)T"

lle-t'jt-Ltig¡*_]_" I)u:-ì".i-¡', e.n objr:ci, f in C is srj,J io be -ili tj-al if to

ea.ch ob ject ,ll therÊ j ¡ e-,.'¿,.cil--l¡ one i[c]ri:rhi--sJlr l{ . -Ì-->,."

iìe¡tarlrs. -l-f T i-s -t erillin¿.1,- thcn ihe onl"r¡ i'no.rnl.i-,qj'n talli-r- T --> ü i-s .-ihe
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identi- by morphi stn. FurLirer'¡nore* äxJZ tl'Io termin a) oì: jects i-n C a-t"e

eqr-rival-ent, sj.nce -¡e then ha¡¡e a uuioue cl : T -) Tt ( TrTt both

terni-nal) and a unítue ¡3 : Tr-> T. Then¡lr : T -) T aorl¡9 Êl mu-s1;

irecessan'il;'be'r,he idenii-t;: moz'phis¡n on T. Si-mjJ-a'r:l-;iap ís -t'hen

iÌre j-Cenbrt¡,'mo:r"chisu o:'l Tt ¿:nd hence -' and þ ar,'e j-nl¡e:'tibl e '¡j,th

o =f r -l-t/3=alr
if

Dual_I¡r j_-í. I is ¿n initj_n1 el,r,jeei, of c ihen the icientit¡' rn6to¡t"t't

1s 'bhe onl¡r nioi"ph:ì-sni iaking r-)r' ln¡-rlogouslS' tr'ro i-nitial oÌljec'r's of

C are equ-j-r¡al-en'b.

E¿arai¡Le s of _ Oeterg::ie s

l-" The categoL:¡r Ens of sets h¿.s as objec'bs a.l-I se-Ls iil.s,

ancl as nor''J.hisns al.] func-¿ions froin S ì,o T. In th:Ls cate2:oi:;'z -T;þs

llroni-cs ar.e -L,he :i.njecii ons ancJ the epies ar'e the su:'jecti ons" This ass-er'

tr otr-':, i¡j-Il- be ,oroved a,t a le.ter stage.

2" The categor.y Gr of griou-ps has as objects all- grotr-ps arcl

lllorÐhisms al1 group homornorphisms" The ntoni-c ntorohisins are ihe mono-

ilorl-;hi-stls and the ePics are the epitecrlrhisns"

3" The ce'r,eÊ-:or;-y' ',b of al.l- abe.l-ien ,3rou¡ls ìras as objeets all

ebeli âx €t:ì:olfils ancl mor¡hi srns all abelisn sroup homomorf¡his;iis. irgain 'i,he

nlonics al:e nlonojtorchi sns :ncJ the epì-c s are ,ql"ou-D el''i-mo::nhj-sl'ls "

+. The catesor:q i'îcn of alL monoi-ds has a.s objects all monoids

.ri,rB - - encl as liicr'¡l:i-sms aLI nonoicì Ìrorcon:orphisrns. i\gain nonics al'e

lnonoÌTr.oïilhi sms and el:Lc -q a-:re ellltrior¡hi,. srns '

5. The ci:te3or'¡r Ens-;(- of ¡oint'ed sebs. B;' a pointed set l're mean

a. non-empt;,r set, P 'sith a sel ected el el'nent x ca.l-l.ecl the r'l¡¡se ]roi n'',11 of

p" I mo¡phisn f ; P-)Q of poi-ntecl sets i s a fu.nction on the se'b 1' to



ihe se'o I r.:hich ca.r.rj-es base poini;s fo br,se ¡oi,iri;s"

6 " The c¡r.te!,'oïi/ 'l'or-11- o'enotes -l,he c¡ì1,e.Íìol:i¡ o-f nci-nieC i,o'¡o-ì-o,3-

i-cal spaces. The ob jec"s 5''e -tcnol-o3i eal staces ..,¡i th a desj ¡¿n¡ierì

base ooln-i:r end i,hl norlhisräs a,i'e cr:n'1,-iluoLr-s irra,ls f: .i+Y llhjch seld

ihr: l¡ase noj-r'L; oÍ -'i jn'i,r: iþa ìri-Lsc rroj-n-r of lf.

B . r,e-L I be a.i'lr. o ¡r'i:i. r.J-J-¡' 6¡.1ore,J se'b, .f,et ihe eleuents of L)

he f,lr:: cb j,:cts o,f tl:e c:,.-r,c¡,'cr:;,, l:-){- ,.ri.th -b}:e -qei l{oil,. ( a,b) ei'i,her cirrn-uy

or ccnsistin,3 of e:r¿rctlJ. one e.l-ement ('¡¡ut a É b) ,

ll_gj.fni_tjl.q_8. Ior' ,3-Ì11¡ cate¡io::¡z C., the c::teeort¡ l.ior-'lh (C) hr-s ¿:.s objects

'bhe nor¡hisr-ils Íl: r: -+ B of C ancl c,s nor¡hisÌns r'i: f ----)f.' tl-r" ra1::s

iri = (arb) of ilornh:Lslrls ¿,r : .¡.-7 1'.t e-ntl lr: jì+'.lr cf t su-ch thri; ihe solrå-re

f
.i --------------+ B
rllrI a lb| ^r IJT-\t,
't.....'....."..............................-?t

Tire coiirnosi-i;ioir of 1;r¡o lnor-i--,]'rj-särs i s .ío::r-il.ccì b;¡

on ton of t,he seccnil ¿nd e:lisi-nci ì:l.c inn:ii-on,

.þi,l,nigpg 9. l fu:rc-bo:r i-s e inan of cate¡oi:i-es" hc::e expli cj-tl_rr a

cc.;arl:ni fulnctorl jl: Cl--+C consj.sts of ln oh,ìccl fl:lt-lc1:,i on. lf a:rd a

:rt¿l.--,n'ìnt ft-r,îsii,.t ¿.r-l so r.ri:itì;en I, The oìrjec+" fu:re'b,i.on s5s-i-,<ins to each,

I
oìtjr:c-u B of C- ¿',n onjcc'b F(B) of t; 't-,he ira ¡j-n.q fì-r,nc'i,i.on ¡ssj.¡rtrr f,o

each rncy-l'rÍsrn.11, i3-2¡r c:f (ct) a nor¡hisn -[(f): F(B)-r¡1¡t) oi (C )

i.ir strr:h ¿r r'ra.\¡ il'ret n(lb) = lirí¡) arlcl Ìr(r:-Í) = (l(t))(ir(.i)) i^rhene¡¡er qí.

i s clefi ilerJ.

connluie s.

nas-b:rn¡: -i;he -l,ir:s'b scu.erie

llef i niti-on L0 Ea.ch categor.;i t cleie::ni-:r.es an oÐDosi'i,c c::i,er:o::¡¡ Co.ll"
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The objects oí Co-Ð a,¡e r.hc sane ob;ec!¡s Éls C -.':l-ri le ì-he morphj-sms

f-)í-, .B-) r, of CoÐ e.r.'e in. one-one cclire-snondence r,l,i th nior'¡hi*sirrs

i: ¡i-)B oi C. 'i:->i-;:t- = I '¡;;r i -q cef :-necl jn CoP r:rhcn sf i s c'efinecl

_i n C. ìiiote i,ha*, -r,he co-Come1n of f-x- i-s the dolnain of i an:l -í;(- i s

i;roni r: i í,.i f i, s e-,i c "

1þi_j,. ,f!_i-_o¡_l=1 " r: corz¡r'j.¿:¡t, functc:ir G; Bon -> C ls c¿l-Lecl e con*,rrå-

v ari- ant, f ilnc'uor. on ihc c ete..ôr\¡ F to Ç. ;.ie ìr rv^ 1( I q) - I O( ¡)

G(gf) = (G(f)) (c(r))"

.l)ef i ni tj-on .l-3 " ,ii su.bc aì,e¡lor¡r D of C corsi.sts of a subcl-¿rss of 0b( c)

s,nrJ a subcla.ss of Horn(Ci) clenol-,ecJ b;i Ob(f) ancJ Ho;l(ìì) i:esl:ecti.-¡eJ-t'¡ such

'rll I i

I) i-f i. €, ob(D) . tÌren 7 ¡,, c Horn(1,') "

2) i1*,F éHorn(1)) ,r.n.ì v¡7 ts rJefinerl i.n C, then

or/t € lionríl1ì.

jl) iÍ a.ê Horn(l) ¡r".i €l : i.-)8.'íhen,i.R é Ob(fl)

r)efinj i,j o4,-!1, ,'llÌre su'nca,tegor-¡r il of C is s:icj i-¡r be f illl if

Ho:r"( ..,.tì) = Hor,i,l(:'lrR) -Íc:: ..try i'-r13 ê 0b(Ð) "

&Inrg-f-g-. inreli¿n grolrps anC ¡bel-ian group hoinoirlo::¡:hi s¡lts f ocin a f¡-r-l l.

sLr.bc;Ìrr,ei:Ðl1l¡ of the clr'r,e¡ior:.v of îr'oLr-îs ¿nrj hotllolrrci:chi s¡rs"

I-jçj' -?.-i" i-,ei C -

li = mori-.hisll:" Lei; P Ê Cl: ancì l-ei;lil be the sei o-f aI] mo:r¡hi-si'l-q of

'rbjects i.n lJ irhen ihese a::e ccnsiderecì es bei-n[: in C' Tilen < F"J\l)í's

.r Ílu.,l- 1, sub c atep:or'¡/ of C.

lg_eq,!_: Fcl-.1-ol";s tr:t-¡¡iaIh','rroll r,he cleÍ-in'i -,,ious,



CI]APTER TT:I

i'iOì{O ÀI.I]-) EPI IN CERTAI}] CJ|TECI'JRIES

i,',/e nor,¡ wish to in.¡esti-gate the equivalence ofl nono and one-one

anrJ also the eoui'.'alence ofl eti c anC onto. That i sr ',.^re ¡¡isÌr to

esta.bl-ish in r¡hich categories these are ecu-ivalent concepts.

ÐeÍl-nitíon I" Â ccncre-Le ca.tegory is one i^rhose objects a::e seis anC

-r;rhose ii1åps ¿.re a subcl ass of the cl-ass of set f¡.netions.

llgqlg¡f_ l. Tn evet'y concrete caiegory one io one irnplies on'i;o"

lf_qgf : Let f :1i -)B be one Lo one ancì g"h: C -> ji be such tha.t,

fos = foh. tt r(:x)Í h(r) for sorne x G C then (foa)(:"1 =

f (p: (:r ) ) / f (h(x)) = (foh)(:r) 'bi¡ Cefinition of one-one. O.E.l-1.

Igeçg_qJL_2. In the caüegory of sets iirljo implies one-one.

Proqí: ide prove the conti:a-positi-ve" Let g be a man r¿hich is no'u

abe:ebe. Let g; Sf -)S, r.:here S¡ ancl 52 aJe seis, and S(sl_) = g(sZ)

buÌ: s1 f "2. 
Now let LL, k: T -> Sl- be tr.ro riians r,¡hj-ch map T on-bo s1

and s2 respectir¡eJv. Then goh = golr hut ny' l<" Q"E"ll.

!þeqfgg_1" fn ilre category of pointed sets mono implies one-one.

lfoqÍ-; l:gain T{e Ðrove the eontra-positir.ze. Let g be a maÞ uhich

is not one-one and ret g: (s1rr1) -> (sz, x2) be su,.ch that g(x1) = ).2

and g(sl) = g(se) iiith s1 / uz. Let h.k: (f,t)-> (S¡,x1) su.ch that

h(t) = k(t) =:i1 anj h(T-t) = s¡_ and k(T-'L) = s2. Then goh = gok

but h y' ,*. Q"E. rt.

ThC_gI-gt_L" fn the categor'¡r o-F topolosieal snaces mono i-mpl-j-es one-one,

?r'oqf.: Let 51 and Sp be tr.ro iopolo3-i-cal spaces ancl assltne -f; -s.'-)S2

*7 -



o-u-

i.s a coniinu-ou-s rnan suci-r tha-, f(s) = f(st) ¿i:rcl s /rr" LetT

be an¡r topologi ca,l- space -Íro¡n the catepor;¡ ancl l-e t Í,Ìrh- : T-)51

be i;he consiant rnaps onto s ancì sr respecti.re);r. Then g.h are

ce::tainJ-y continuous and fog = Íoh bu.t g/h. Q..bi"1).

llefinii;i-on 2" Let S be an aririi,::arily given set. By a free object

on i;he set S in a particular al-gebya:r-c sysi,e¡ 1fe tnea¡. ån object F jn

thai; system together rvith a morphism f : S ->¡' su"ch that for every

norphi s¡lr g: S ->-l{ from the set S i-nto another ob jec-1" l( of i;he sysi;em

there e>ists a unique nrorphism h: !'-> X satisfyi-ng ihe coirunutatj-vit5r

relaiion hof = g for" the folloi.ring tri angle:

I
a .->t
\/\./\/
-\,/h'\/

ìi

(See tól pases lO)

Definition J. irn algebr':úc s¡rsten is called eo,u-ationall¡r defined if

its si;rricture i s cjefined bJ, a f anil;r of identj-ties or equaiions.

Consider a pertieul.ar eouationally defineci class of algebr:aic

systens calJ-ed 3 -systerns r¡hich are defined by the oner.¡.ùions f 1, f2 - -

(n.ot necessaril"v cor-r.ntal:1e) such thai f f, i" an n(¡l ) - o¡.- operat'ion,

ni.p) finite, anC sone set of ideniities involvi.ng these opere.ti-ons.

Given a sei of s;rmbol-" l-, r*¿ " ] a tree Ç -s;rstern vìeJr þp

con-structed r'¡iih these s¡'rn'bo)--s as seneràtor-*" The c::ocess is to consider'

a.l-l e,çressions buj-lt f::oin the ¿eneraLors and ì;he oper.ations and then
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nake onl¡r the identj-fications reouiT'ed b-v the Ziven se'b of j-dentiiies"

The resulfi¡l' set of eou'ìrza-lence c.l.asses can ihen be consj.dered as s-

C -sys'Letn"

Tþggl.g3*5" fn the ca.tego:ry of allCl. -s¡rsiems i.¡ith C -homoinorphi-sms

as maps, mono i-s eouir¡a.Lent to one-one.

Proof: Let,4"B be 6-s.",tstems and f: :i-)B a C -homono::nhism"

Th,en jf f(a) = f(al) and a / at r're carl Þr'oceed as fol].ows:

Denoie b¡r F th.e -free (J--syoej;etn on one ,genere.tor x. lle-f'j-ne

grh : ir -),¡' b.y e(>,) = a, h(;<) = e"r " Sj-nce g ancì h a-i:e defineci on

'che generator of f they can be e:rtendecJ uniquely Lo C -homo-

morirhisrns. Then fog = foh br-:t g/ n, l"¡.-"11.

Some e:<arnnles of ecu-ati onaLl-rz cìef -'' necì s¡r-"tetns are groujlsr rings.

1ì--inoo'u Ie s .:ncl rnr:noid s "

Theorem 6" In a conc.r'ete cate,3or;r a lrlaÐ i-s epi jf jt is onto"

lgoq-ir l,ei; f: ri -)¡ be onto. Let grh : B-> C be su-ch tha-t,

gof = hof . Now suppose there e;ists bÉ B su-ch thai g(b)y' h(b) '

Then sinee f i s onto take a. Ðre-image of b. lei ii; be a. Then

ef(a) = ,:(.f: ( ")) /r(t ( n)) = n i(a). cont,r.adiction!

Therefore onto implies epi"

Ïæç¡ç¡-1. fn the ca.te¡ioi:-v of sets eni is'equrvÀlen{ to onLo.

!g-loj: Let g:SL-) 52 be noi onto" T,et h;Sr-)S3 such that

h(s) = s3 for all sé SZ,

l<: sz-),sl su.ch that k(s) = "3 
t fo" aLL s/ g(,sr) a,nd lc(s) = s,l

fo:r aLl- sée(Sr) ¡rith s ]'/ ,3,

Then hog = Ì,;og itu-L g fl;" (l,E.D.
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I+-ç*,Xet! .9.. In tne clrte¡¡oi:;' oÍ itoj.ntecì sets epi irteans o¡:to"

lf-qpi: Let 5': ( S f , 
-'l) --+ ( S 2, x2) be not ontc .

T,e'L h: (.52,:r2) 

-2 
(.S1, r¡) ì-re str-ci-:r ihat h( s) = s_i f or al .l

sê (.SZ-)tZ)" h(x2) -x-ì.

iet k: (.52,:<2) 
->l53r::3) 

such. thet ii(s) = sr for-' al-l s e r:(S¡-) -::,

¡n.J].:(s)_"J'fo:r.aI-]-seSì2-.g(Sl)_:.2.a''rcll(:.c)

TÌl:n llog = l{oE bt:,'¿ h É ir" 1.E,ll.

Thgo-ïiÌr1_ 9, -fn ihe c:ter¡or.'.r,/ of e]-I -LonoLoqic:..1 s¡aces e¡j- j nn] -i-es onto.

lf-o-p.l-: -lf- f : ,S 
->U 

is noi onlo" T,et Ur = (arb! r¡j--¡,h ti,.e trjvi-a-l

tcno)-t-rg¡,r. .i,e'b ¡'-.h: U-'+Ul be .j-ven 'nir g(t) = a for ¿¡l .l ì, É U ¿:ni

h(t) = a jf b€'i(S) anCh(t) -ìrr'.,ítdr(S)" Thensof =hof bu'l,

It # !;" Q"tÌ.ii"

!þqae..n- ".Ì0" fn the c::-Le..icl1¡¡ of ¡¡1.Ì- Ír1ou-.ps ep,i implies onio"

f g,o,f : ,¡ssr.,rrt Í: H -+G (H r.irr'ì G ,3rorr-") j.s n.ot, cn-Lo and -forn *,,he

Íree lrroriuci, of- G r.;ith lL,se.if i.rrbh tire subgroua f (H) ana.Lgana.tecl

JI

n = tT - /,-\ 1.r

l- \ r1,r

Def¡ne ¡,:.h: G --+ii b.lr r n::nnin- G onto the .first, coìr\r of G i¡r. li anrj

h i'na¡pi-n¡r G onto i.,he seconcl cop¡r of G j-n ü" B:¡ cons'u::uctir:n of the

analga:rated Þroclu-c'u, these ina:s coinci-de on f (H) . '-L-hen gof = ho-[

'bu'b 
,c É tr. '.Ìi'" 

l).

lçl'rçr_[f" The ouesì;ion- o-{ nono an.J eÌ¡j has nol bren cct:il]-etel-l'3l1sr¡Jêrecl 
"

ilhere ¿lre a¡Ðarentl¡i sorlle c,:te.o::i es r.r'lrere the ensrl;e,r's lre n.e'¡ knollo.

/.(""?., e1:i irnl¡ri1; onto jr fhr c'tero::l' 6f r.i-nco"\



CHADTTR V

PF.OrIUCT,S,:JrT ji C0 -r)ROI]LTCTS ll'i CIiTECTORf ES

lie nol+ l¿isir to forüi¿rl-i-ze-the concepts of di-:rect nrocli-r-ct,s,

çr,rLesi an l:r'oiiu-cts, su-m of spacesr cJii'ect su:n: a¡,c.'l free nr'ocjucts. l.!Iollg

rriih rr¡¡'ious construeti ons ...re sha,Il e:l¿n:-ne al so cert¿-rn chara.c'Leri za-

tions of rnonic anci e'cic inorphisilts.

Ðefinition l-. Let t be any ca-tegory. ì)efine the c::.tegory 
*if 

C as

havingobjec'bs i,=1I, { ,,t.,tce I}

end { l,i} i éI is e collec-uj-oir of objects froin C j-ncje:<ecl bi, I, and

mcr..ohisias ç -I,et,t *.'I ('ÉIl>r 1,-)Bi+here ç'isa.set

na,c telling I -> J (bol,h j-ndexl'nq sets) and a. coi-Iection of mor"phislns

{-r'1..6 ¡ in c r.,her. a¿.' -:'¿-Þ B 
r,r".r. 

Define a, com}rosii;i-on of

mor.9hìsmsa.s@to*.=.ø,,"oit|*,-l't..}"Q,,,l¿.er}>

!Cj-¡¡il:.q;fl, I'ior¿ ciefine the su.b-cate.go::;, C I of. -iT C ujrere C 
T 

ha.s

as objects all those objecLs of -¡i 
C l^ririch have -r,he s¡¡iiie inr-''ìering set

I-, and as mo::Þhisiris all- aCrnissj-ble norphistns bett¡een such objects in

ì1 c having the rclentity map on T. Then CI is ¿¡. su-bcatep:orJ¡ of ì1 c

b)t lemma l- ofl chacter I-t.

Ðei'jnition- 3. Then def-i,ne the sub-category Ct of CI irhi ch has as

objects all 'i;Ìrose objects of Cf r¡he::e the collection { ur} ie J is such

th¿.. b e ach .ii* i-s equ-al to a fj--tecì oì: ject i:i of. C , anc ¿.s ilorohis¡ns al.l-

ndn,i u.ibl-e ¡,ro¡:ì:irj-sils be'br,reen su-ch ob jec-Ls in Cf " Then C t j.s ¿ fuJl sril¡-

,-^\caiegor;ø oÍ .C- , þr' letn,ta L of Chapier: ff .

- lr -
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Remarks. We can consider C as being imbedded in Ct, fo" let F be the

sovåriant functor taking Cç+0r where F is defi.neC by

f(a)->(f , tE ¡ iÉ IÞ where Ai = 1.' for aII i e f. I{ A,B eC,end 9^sìA*ß,

F( !? Æ) -t (Vt, (tei I i e r\) r,¡here uet is the identity map on

I and Qi = .Qj = { for all i and J.

i¡Ie wiII often denote ob jects in categories Cl ano CI by t o* i € I

l^¡hen it is u¡derstood that lse are using a fixed indexing set I and only

the identity mçs on f ,

llelin:ition L. Let D* denote the sub-category of Mtorph ( ff C¡ i¿hich has

as objects those objects of !Íorph ( Îr c) which r'¡hen considered as

rnorphisms in TfC have as their domain an object in Cr and as their co-

domain an object in CI, md morphisms the ordered pair of morphi-sms in

Cr and CI respectively which make the followi-ng diagrani commute'

v(IrtA1tiéI> ---) (IrtBitic Il>
'l\ t ir

(r, (c:- rierb> v o (T, \Dir i e rl>

This clearly forms a, ' sub-category of l'iorph ( .iT 
C) .

Definitionj. Define the sub-category D1¡ of D*to consist of those

objects l¡hich as morphisms in li- C have a fixed element, A of CI as

their co-domain, æd as norphisms tirose pairs <Q r Id > e i,D*where Id is

the identity nap on A ancl \¿ = < Ir$(itié I\> i-s such that ( i = 9-'t

(fixeO) for aII i e I.

Definilion ó. Dually define the category G-É to be the sub-category of

Morph ( n C) which has objects those morphisms in TI C having donain i-n

CI and co-comain in Cr. Defi-ne the sub-category G¡ìs of G{- analogously
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i;o Ð.," ',:hich nolr ila.s obje cts th.ose ¡rcr"Þhisrns in ¡l C he.vi-ng r,rona:.n

T
f-i;iecì in C' anC co-don¿-in i-n Lll " The niornhisns of ',,hese catesor:Les

are ciefinecl si rnj-i-ai'l.lt to those abo-"'e.

!çiU;-t¿ppj, Define a cateqori cal p::oduct to be a ierntj-nel object

Ðefinitlon 8" ,Defrne a cate,lor:':i-caI co-¡::ocìu-r:t'bo be an ini-ii¿L objeci,

:Lir G -)í-

l+qorg¡-1 . í,nl¡ ti.io co-'or'oriuci's ¿,r-e ecuj vil-lnt,

P::o-qi: Oonsider' 'biro co-'prr:cìu-cts ol = 1 et'r|ni I c' 6 i lt*o
p = <¡t'rlfr. I c'é il>

i¿ .t F=<ttilrtr.t/cIl> .',1 tc

idJ ..,:<-iln¿r¿ér-l> J T

uirere P. =Pfo:r elli€I ancl Î O,l"r,o'bestheicjen'bi"J,man.
c

Then botl-r. cO and \ a-re u-nj-¡u.e b¡,- iþ¡ Cefinj-i;ion of co-oi"odu-cf,.

Then since the identi't¡r rnor.phj-sm on( f, { n, I i CI } ) :s

ce::¡¡i-nh' en aclmi-ssibie norph'ìsm iir the la:r3e souäre" Therefore

\co = Ip. Siinil-¿,r'L:¡CC4 =1,-. The::efor"e 4 =co-l- encl

q( and ¡3 eJîe eQuir.'elent" aì"E.1--ì"

Theoi:eln 2. ii:l¡r -t-,iso produ-c-r,-s .:re eouiv¡-llent"

!fpp_{r Ðua!- ai:gunen-t, to pr"oof of iheor"ent i-.

fç!us_r. If < ,F
i;hen F is non-Ì c.

are mo::phisms ancl <F is a'eÍ'ined ancl tnonic,
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lf"-gj: Cons1deYf o4 =f o cêt a i¡le r.iish ì,o shot+ ih¿-i -r,his j.mo.lÍes

4=(Q"
rîn4 =(3 rc then y frt> - .( 'n.),
i,e"., Qê ) ?Í = (<¡3 ) co . ,But b;r assurnption -<F i^ra.s

monj.c. lience 4 =tQ. O.E"ll.

Lq¡gl-o 2. " If n , F ere mornhi sms ani Yê j-s clefineC' ancJ epi-c

then a/ is epic.

Erg_q{t Consi der 7¡ø = (o < " 1re wj-sh to shoit -bhet thi s itnplj es

4 = Q. If 4¿ = cc ct i;lren (z(< )13 = (to.<)fl sj,nce

x/5 js deiinerJ" Therefoi:e 4 (VS) = co (,W) l¡ut ori4 is

er,:-i c bJ¡ assuuno-Li,on, Theref or-e 4 - A , a.rl. il.

i!þ-o-gs¡r.r" iet to,<I, { !'¡li€It>-t.t-f BilieI}>

be:Lnii,jalinG,i)(-r.;here to =1tot, l-rl iCr)> . Thcneech

(Þ i is mon-i-c in C :-f Horn"(-r::rB) i-" not empi,y fo¡: ¿rll pai-rs (irrB).

ProoI: Consider

ta I I<v+

i.lhere Ci = jl¡ for all i 6 f end sorrle fj-xeci i é i,. and

* =< g;l t lr'. []>i" a rnornhj-sn sr¡-eh tha.'b I j, i:"i -Þ C¡ is ihe

ideniitt¡ tnorphisn on ii ancj lâ i 'is anJ' other aclnrissÍble inornhisrn

lor ) Jl ¡" Then there e:rists a rr11j-¡¡ç rno::pii'isn V = (lC, ?(>: o -> p

such thai; the a]:or¡e Ci-agr'::rn corn:nrltes" Then '¡e nust hure?l te = V

r:nieir inipi::es th:r'tz[; ' ,i' n,. Bui *t = Tnr,rnn since V¡

is ceri;a-inl..,¡ I'ron-ic tìren b¡,t le¡r,rl¡. I i.'e have @f' ¡nonic, ']"B.Il.
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R"¡n,rgjæ. fn the cate,gories oÍ seis-, nojnt'.-'d sets.. anC topoloSri cai-

snaces the cons't a:ri rnaps g¡uareniee tha.t iìoin" (t,re) / ó " Tn ¿¡l3ebraj,c

s"!'sterns ',-he O hoinornor¡hj- -sms gu-ar"an tee tbis"

1'l:_e-q1;-qtll.|1". ff each (P¡ i"s inonic in C ancl cPtis monic in the

ca.tep:ory of sets then ç is ¡nonj-c j,n .iÏ C.

þo-qi, Let,þ: ( r¡{ c:-li6 rÌt-,. Jl{ o¡ | i 6 Jl >

,."rlrere a -<e\ I-¿'Cd- D,o,r¿rli,e Il
lrle r..rish io shor..r that ..L = co " I i:rrnlies thai 4 = I ,..rher:e

T = < 7" 74x I lr é Klt
r È < ""{trlkéKt>

l,Toi^l since ,g.4- cce Y bJ, assu¡int-ion',,hen -'o4'= r-'oVl

but ap' is mci'r'ic b¡,' assu:lptj-on" IJence 4' = I '

.¡rlso -,(,cxt4x = cPt,(x¡Úk

but, V' txt = y'( kt Therefo::e - 4, (,rlk = ,O,, * rVk
ancl sinee UY'(*lot"s assulrted to be lnonic" -',hen 

"( ¡í = Vk

for= al-J ke K,

The::efore 4= X j-.e",

þuqggg á. ff tp is non:'-c in

Proof: Su1:oose thaÌ; q

r
sucÌ-rthat ap.ct : ao.oÚ

I/
irlol.r consider' -1. as beinr in -íi C j-ndeled 'bv 

a-n
I'

ce,:rcij-n¡l-ii;, 6ne" Thai i s: l'le e:ltencl 4" 'uo

, t,
b¡, l-ettine ,( =<7,'r4'>i.:here 4t, T->

tl
ancj 

"( 
: jr, = :ir._-> B¡, Si-n:ilar.)-;¡ exten.cl t

Ï C. 'r,ve then ha.¡¡e:

rl

e ,i_s monic.

1 C, 'bhen each t2 ¡ is rnonic in C.

rf : ã.' -t tsi
" " ,rl¿

jnde,.:inr¿ set of

a mor'¡hj sm in T C

J ¿ncì c¿u:cl f = I
tt

to a ¡lornhisn i-n
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- "L 
\0'\

! 

-t'ct)= 

t;,,t 

- 

e.'(1,cr)) .l

T'hen ee¡:iâ_iïr:l l/- \Q \ = q- Y " Ru'u A_ i,s tto:rj-c lt,.,r ¡.",-..,-n-ij-cr ''i'^j ch

jrnplj,e s j,ha'¿ t - y l.r¡i.ch i-n tu-r-'n iin¡Jjes 'r,hat \" = Y"., i,.3.,

Q j is nonj c" j, sj-rnj ) ¿-¡: e::¡Dnenj: r:c::l-;s Ío:: :n;' Q i. Ô.I. il.

,ìç1"la¡.l:e" tQ noni,c in Ti0 rloe-" no'l., .impl¡r th.:'l- tQ t j t r,noni-c jn 'r,he

caLegor\,t of set-", llor con-qj.der'l

l_lt:-[

V' : -f --> ,f i:he::e ,I is o-f c,::rcl-i-n aLii,¡i ? " anr-l

t¿t 2 ,I - ,¡ l{ ':heril c:-r'C i{ = J. '

I,et, the ob jects o.f l-, bcl nc inde,-recl be sets ui th the f o.l-.l.or^:i.n¡ stru-.-ilr.re:

I--------åJ 
-_--#ri

t,tt] t a r- ''r. r'r,¡t"cr,o\ 
1.r u,, (nrss,,r î ¿rt.aN)

-,,,r-ff1':'
l{r:,.; sunnose th¡'b \e\ =q_y . Th.n sjnce Q2_(.!.2'1ô Ql(,.1) = É

e¿lch \j = Vi" Hence q isrnonjebu.l;eerta:-n.1,¡z qt j,sno-r, ll:onic

g'i n ce j n the c a't e¡tor;r o,l se-r,s nonr.c j,s eclui.r¡ a.l-ent -bc one -oÌle ¡rltcj

I ¡ - r I / ^\(¿ '. '.' = q t..; 
"

þe*gr-qn (" If q t r's e¡r-c in the categioi';r oÍ s,::Ls an,rl each Q i j s

erj-c i-n C then q i-s e'¡ic j.n Tt C,

]--.L"gg|: Sunnose \9 = Ú Cg " i'ie r:i-:h to 5113r¡ f,h'-r', then necessaï-

ilv I.- = f . i{or: \t.qt= trt gtandb:,assumpt'i.onr.?t

i-s e¡i c. Thei:ef o:':. n\t = yt ,

-i:Jso ?t,g,r.., Q i = Yv,r¿l lQ L " tlu'i, eaclr {Q ;_ i-s assumecl to be e¡:i c"

The-r-efore tgtrl = VV,$) Íor al.l i " l{ence Yl = f arrl q j: erj,c.

/l î¡ ']')
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!b.egï"gp_'/. If co is eni,c in -lr. C then each. @ i i-" epic j-n C"

f*fq_q{r Suppose thar, V t'o-j = tr"o@j j'n C rthere t@ r:I -Þ J"

Then e-.i1,enc-l T , ancj U rr 'to nornhi,sns in -|1 C as fol]-o'nrs.

Ì( t, J -> J is t'he irìenti-t;' map on J and each

R

'(i)" þ'(i) -re'(i)
t/.\ e.:cen'b 4 tr .";hieh takcs B,r.r-? C t¿=r. 5r'benC I(r, r 9'(J./ r,ø \-rl

iT C slrn:'-Iar"I;'. Then clearl.y 
"l 

te = Y o (o ¡¡.d the::e-:f,ore

- Y since by assurnption ro is epic in ìT- c" ijence

l@

TJto
trro

4

4 " = V "-, i.e.., rP i is eþi-c" Q.E.ll.

l¡,ie nor,t gi-rre actual consti:ueii-ons of prociuc',.s anci co-prorJL:-ct's i-n

cer-bain categor=i es,

/\( a) Partial l-rr orclerecl sets"

Consj-der t,he categor¡r Dr)i- ,¡¡s¡s { ¡l}r.u 
f 

is a col-l-ection o.f

objects from the category P* clefined in Chapier If . Then consider" a

terndnal oì:ject in this categor¡r"

- ìî: (Tf 

" 
{ìrd}>

T,et ø = ( (o', I-¿|>n" ,o3, otþer object in this categor¡.. Then b.1z

cleflni tion there e>d -"'ts a- u¡ieue niorÞhi srn { : ¡¡, - > ìi such that ùhe

foll.or.ring di agr:rm is com¡tutat-i-ve,

q T,l 13¿ l c'e I Ì oJ+
fr 1,,
I

l$oi.r sin-ce T.Je hâve amap T:- t Bi ->r.i for all i€ I ',,;here Bi is

Íixed, then B;_ n1llst be such that Bi -3 t", for aLI :- é I" Sj¡liLarl-v

Ci f l.¡ for al-l i É I. But since 
\ 

: Ci-> Bi then C;_ f Bi.

Hence Bi i-s ihe greaiest lor¡er bouniii-for the coll-ec'uion { ,t, } "

Dually the colprodu-ct is t,he urri-que na1¡ j-nto the lea.st upner hound of



rrJ

l.,ir: -nll.a¡ij6: i .f 
"I ')"

(¡) Li,i'etcl::,i cf re'l-,s.

le-¿ 1.t, t S; t j c r\) le i,r oìrjecì; jr :lf " -i='i

:l = -,V, -ìì ::n¡l .l.s:'',, i = <.14 , l,i: I i c- r])b,: sirch i;hr,1:,
-- t

e;cìi ,i; j,s 'i,hi-: j-n jec'i,i-ol ir:¿¡t o-í Si in';o Tì "

lllcc,q.'l.-iì. f : (r" t,-:nlic- r))->(t-" tt:', e i]>
r.rbrare Ti. = 'Ìl fc:i: ::.1.1 i É f j s ',he cc-pz'r,rcìttci :iir iji--ì:-r ç¡'f¡. l-;'¡¡ri.

liq!É: i,e.i 4 : ( :1" I s¡ I i e r!)-r(r- | i,Í; li e I 1>
be ¿.'ni¡ oil-.cr objecì,.

llhen conri.rjer¡

J"'/ f = l'i'i\
ti" I < t",\. .I
a l, r¿t'b ì "(- I{*} l.{.,t.i!+1-:-,j.er-

aliri rieÍj ne V : iil ---l ií bi'

\P ( t) = { i (sl ) r,lle::c si -j s the r-r-nj'r¡uc e.l'ç¡-Leit'1, oî

S¡ :;uc¡. r,h rt Í; ( rr; ) = t, 
"

l-ìec¡:use of i,hr: Ì,,ror---er-Li.r-;s o.t 'i' ¡t r.l tltt jlr;ccti-orr t,ri,.s t,i¡ \ i'le

l.:no-rr tlr.¡-i- for e ¡.ch -b E iL' bl'rere c,-lr-sts ¿r, ì-1-.Lj-eue i ¡rncì si_ s;r,r.ch. 'rh:.'L

f i ( ui ) = t" lfhe;-l \p j--s cl,e:::l;' r:r lc; ,i:s:1,:-l-c ¡nor"plt:'-sn a'ni a'-l.so

Q fi = {: fo:: ¿rl-l j €'f ,

::.1-sc- l:cc¡:t-,.se o-ü ihe Ll-tti,oLr-c¡tess: oÍ t'he '-.ri:.'r: -i-i¡¡;3c oí rr-ii' 't, Ê T ::e

cIc¿Lr'l"r' h¿r¡e (g bein8, Llni.cLr-e. î,.ii. i)"

llio¡" .l ei t ,,¡ \ ,, u -¡ i-.c ;rn ei: jtcr :-i-. r;J :':rd r ^t I - Ti ,' ;- lte

'r,l:le c¿i:--ies:l-en 1r-i:oliiìci; oí. ì,le l,-; . I.e'', r¡-i : l:) 
->,,,.; 

l-tr: 1-he li:o-

jcc-L;i.c:-t r1:¡s.
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!!ç_oËery_,*g" p :<r" f;.il i érÌ> -> < r,{ ei I i ê l} } i-rhe'e

P¡ = P fo-r: aLI i ( f i-s i;he pr"odu-ct'.p=<la.rlf¿!>no

l3g_qí; Consi,d er

^ = lr¿l- i

,ì 
-€ 

r j I

.o I I'tæ
' o< = {<. t. t ,
a 

- 

.l"rl

i';here e:1r, ls1 lie rÌ)-><r,{li\ier}
other object"

fef-ine ç as rp (") = ({l-(") , q Z("),T 3(s), - -o(i(s) )

Then cl-ear.J-,rr te is an admissible rnorlrhisin ancl fu-r'iher flicP = - i

for al-I ié I. hlsorÇ is nnioue for su-ttpose there erists a

4 : B -à F satisf¡ring the concJi'ui.ons. Then P i4 = f1 for"

al-l i € I"

Therefcrez¿(s) =((f(s)-or z(s), c( i(s), )

fo:r all sGS" i.e., ç =V Q"E.Ð.

(.) Cateaory of r:ointed sets.

T'et {tsi, "jl}iGr be a¡ objectin clf, t"rhei:e each (s:-, xi)

is a poin'r,ed set, Let T =. q ( S:- - ,ri) u (ro) a¡cl define the injection
¿e I

maps fi- : 51 -) '¡ 'o.t

Theorem

irrhere f

i-n Uri.s

Proof:

+. 1..) = <rt-l \ uf /

,.¡ t"rl = ,."
f

LO_" f : 1I, I Si, xi. I

c a,i,egory.

Let (Ur,* ) ne snJr e-¡hç¡

"i/ xi

iC i))-,(r,
= Tl for al-I i

I icrl>
'ì s the co-proCuci

ltt
€1

poj-nted set and consi der
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:¡Ìler:e q = (fd , t{;1 ) js í,rn¡'ci.,he:: oi-rject, in Lhr.; cri,eîor.'',."

,':,ai-l . lte.c¡rL:-qc o.í r-,he pi:or:,e:¡i;i e-" oí- lll :,¡:rrl thr-- f¡)s i'ie ilive f o:: everr¡

-L.mrl-L, E r: r, -t ..,.. ;l l-li-t.l..rlLr: i i-nd si sil.r:h. ilf.at f:(si) ='t,.

Tile;l rii:-f.ì :¡e ç bi'

Q(t) = qi(s¡) foi:t{ r{o

g (,.o) = /w

q j_s clel:l,y a-n rcì¡1,-ì-5"ib],e äloi:p.his,.r enrJ f,.t-,,l:cl: 9'fi = { j_

lar all i €. f- "

,,..'l-so., \0 j s trj-ntr-c -5ec;lt,:-5ç' o-f the r,:-Llj-llu.enes;s ol" ¿i o"6-¡-¡i1¡1¡¡ç í-oi:

r:ve::-;r'l; ê Tl , i, I -,:o i, i-,e., -'i.i i,l'nr,.: e'.jsi-,s -rr,ot'ht'l: l:1:ll 1\

such.i,ha'i, L.,ij - q., thcn \(;) - {¡(si) = q(t)

f c:: ¿r.l i -¿ + ,'-e i.rr1 4 (.':o) = q (r:o) . Thcrl,ío:''c

\e j,s cert:,¿r1l--!¡ Ll-ni-.'x^. (ì.1:i.li"

Te'i; (S:., 'i:l ) -i É -¡ ìrc :,'1 nì-rj¡; çr¡ i.'ilf -|117.. r'-n¡ /S-i., -,i) is

e noi_nterl se+." I,et Pi(- be -e,he c¿::t,esi ¡n rl::oCuct of i;he co.l .1 ec'ui-on

:urJ Ir; -¡ br ttsc :-.r.'c,i1c-t,i-o'n:1 'Ì of r:r)i'o-. Ito ("j, ..j).

TÞqr"-qrr:--J,¡." ::':(-1, l.eirtt i e rì)-t(r, t(s¡.,,':-)rie r-l)
--¡here n = ( r.r. (:ri\) illd j¡jìi- = l-){- fcr "l .1 i € l i-s t,he ¡:rticduc-u j,t-l

'l;.Ìri s cat,e¡"¡¡r,'.¡"

þ-q-r2L':: Le-u f , ( l, t(1,'Lo)r i e I]) 
-t < l. {r.st --i) I i € :l } >

be anciber: object j-n :).'-)í- i:her=e f = (f¿ , t (i:) 1 ) sr,ch 'r,bii

f1 ; (T, to) ----> (S:, xr) .r,nrì -i;(';¡) = :.i"
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P"
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I

(,f
\ - j;

1- 
1' '(

(-si, "i)i , u ,

alsopiÇ= Íi.

sabi sf]¡i-ng1 the

P:4 = f1 for.

I.
i¡(t), )

m

l^rirere ç is deÍ:ineo'hy

r+ (t) = (f,(Ú) , fzltl^ t', (t),

Then certa:nly tp is an acJmissible rnor¡hism and

ldoi.i P is unj-or:-e for suo'ïrose ther:e exi-sts a 4
conciiti.ons that { i-s an a-.,lnti-ssible rrorphisn ¿¡cl

atl iéf.

Then t:i1 (t) = f i ( t) for al..l. i G

i..e", 4 (t) = ( rt(t), rr(t),
j-.e., 4 (t) = t{2 (t) fo¡r all t,6

Therefore ç is unÍrlue. ?.ä"ir.

(¿) Category of Tonlogica-'l- Sraces"

let { Ti} i e f be an object in CJ t.;her.e each T1 j-s a tonotogical

sp ace ,

T,et U - ' Tj i'¡here each Ti is con.sidered as a se''' and then define

the finest topologl¡ on LJ i:h.ich rnakes sasþ injection ma.n Pi t T; -¡ U

continuou--s "

ThçprçI-E" a : ( r,{ r,r t i e Il
I

ui = U fo:: all i€ T ancl p =< to¿, { p,-} > is the co-produci; i-n

this ca.tegor;v"

frqof: Lei f: <I, { T:-} ié rÌ> -><r., {,Sil i € r } } t'¡her"e

any other object in 6 ;'ii" Then considerr=1Ì¿, { r:}> be



p ={ei}

j\o
{ t,} i

î".J
{tr} l

cj U

r ={ri}
C-T -.+ S

',.lhere \P is ile-fi.neC as

ç ('.r) ti ( n: )

lrhere 'b¡ i-s ih¡-: u:rioue pre-i,mage of e Becer-:.se of thc

pro'oertj-es of li tl-¡ere e:E-i-s-Ls a uniou-e i and 'r,i foi' each- u ê U,

su-ch that F; (ti) * r.r," Then e.l.elr:l.tr tP Pi = -l¡ and -qince ea.ch í-;

is ccntinuorrs b;r assumption, ther ç is con-Lj-nr-rous (see I'i"

Bolr.r'ba].:i.., To¡:ologj-e Gene:;:¡.i-e, Cha¡te-r:s f 8c If¡ !a8e ll ¡-rropos:'-i;ion

6). No'.: I is lr-niou-e, for slljlÐose the::e exis'Ls anoi.her a.d;ilissible

nor¡his¡n î(, e>:hjbii;j-n.1 tìrese prcÐer::ties" Then { ii = fi, for all

i € I. Then becel-se of the u-nj-queness o-f'the nre-i-tnage of an,,i'

u € U t( rnv"st J:e defj-ned e,'rac-b,l-.' as V " There-f ore ç j-s

¡¡'i aue . Q" !1. D.

Noi¡ Ie 'u I T: {t,i ¡ i é f } >r:e an object j-n Of :rhe::e each Ti_ is

a tolol-op:ical- sÐ:-ce. let Tìi = .l-t-fn be i;he ca:liesran L'¡:oduci of
cêT'"

the sl:r,:ces r'¡j-th the nL:ocluct i:o¡roJ-oe.y clefinecJ on T-)f . Then eacjr of

the pro jectj,on ïÌî-¡r Di : T'r-> Ti i s continu-o'.rs 
"

I!-egl.ç:rl-1.. 'n: <r,lT'j-"licrÌ>-><r.f T:. I j e iÌ>"':ltcre

| --( Í*,Ip: Ì > inc' each Ti" = Tìí- j.s the ¡rodLrct'

llo-çÉ, l,ebf: q'r: { si¡ j €ll>-t.I,1 Titr e i}> r'¡here

S: = S for alJ j- i-s ¿¡ l,oaologlca,l s!ace: ltte ¿¡no-bher ob je c+, of 1,-¡,ìí,

Then con.si der:



P = {¡..¡J
T

q1

,S

tri l
1'^

tr:l

ieI

r: = lrrJ
je

-::hc-:o I i- s dcf :.:rcci ls

tQ (s) = (.i¡.( o). fz(r) , ri(s), - - )

Th:n cl.cn,-r1 l',r lrSQ = í-; í.or ¡.1 I j e --l- ancl S_i.nce e:rch 1t1, rrni f¡ :rr"c:

ccni.i.nLr-ous" 1;hen e i-s co:'t-i,jnì-r,oìr-s ( see i\l , tìou-:r'n¿:jij.¡ To¡cl.o,..ij e

Ge:rer':rl.e.., Cl::'niers I & -l-:ì:, nÍre'e s 28-29- nr'ot:o.'r,i-tion )r) " Then {p

j s a.l so r-'Lnjî.ue. for" slr.llìrosî Ì,here e,'tj-s-r,s at¡ li-ì¡l-1.ss,ib.l e no,rr,hj"srr 1

s¡ì;i.s-ír¡-i''t¡' 'i,he conCi.¡i r¡ns tblt,

f ) \ i,s coul,i,iru-ous

2) I,\ -- f¡ fri' ¡..11- -'ì e f

Theu n. h (;r) = f ; ( -r.) rirl'li.c'b i.:rt],rJ i.,'' s ',,hatl- \,'

t (,.) = (r.¡(l) " i:r(-'). - - Í¡(-x) - - ) = Q (.')

f or' all :l e S. ll.'iiel:c"r'ior'e lL i t tlnj-'rtr,e.

(") ilat,eqor*,, r¡f ..,i:or.tns.

l,e't (f, i Gj , ¡ e rl) be a,n objec'r,

å p:riolr-p, Let iflr bc t,he fr'ec iì-r'oduct of i,lre

i nje c1,.; on rì.r"'oLrrr. ¡'',o1l1ç¡i¡¡r:l1r j.sirt ',,¿lllj-Ìt:j Gj 
->

:ro::i o-fl I er-i]r ofl€ r:.t-i,',,h 'l,il e{- e.l-c'äl?n+r, lrs 'i,llrl

-ii'lc.) = -¡.11. =rnr"d._:._,-1,

1' n.e o i'l't't -r r t . î : ( r,
:;j:e::e r = (f"L, \:.r't

llr.oof: 1.e.,, -f: ( _l_,

.':.= (IJ. , t,f:(
be a¡¡.ol,he¡ 61,.,r;ect i_l:

LG¡ r j et. l) 
->(r, 

L(¡¡')¡_ri e tiJ>

tc, r j- e rl>->(r" {n¡ ¡ i e -L).:'hei:"

G, -)i " Thcn c ons:'rd e:':

ìrì

^r^l-' fÌ. i q
L

ll i lr n i,l¡ o-l

r¡(a¡) =

¡nc.l



lr,rl i € I

¡l

-!ê¿ I .1.-
r,lno- i={iil , Y

:rhe:re q js riefiner,{ b:¡

V (-\:,¡- -':,j - - ïn) = f '/r) tr(:r) ,í'(::) - - f'-,(.-)

Then (¿ j-s a Êï'oìLÌl ho:lrorno::ih.jsn sj.nce

\p lnu].l r,ro:rd) = tr (Irrr) r-2ÇL) - - ín (1t,,.,)

= ll ¡ lr¡ o lt¡ oln'-L' -l ) -:) _-t 
)

=i¡

rø {("r, - -ri,.')(''It -'-?'- -r{ntl}=r(r,l- - -xnrl' - -.''r')

= f1(;.'r) fz(,:<p) - - f,-r(:"nL fr(t'-r') - - f,n(""nt)

= (fr(..1) - - rn(r,r,)) ( 11(,.1') - - frn("'nt) )

=Y(>r1 --,';¡) I (,,i.'--xi'at)

Eu::'i;ner, Y j.s ì1nj_.u.e for rf T js anoiher' :roulr hoiriomo::phjsLn

saNjs-f:j¡in¡¡;4 pL = f¡- for: a.ll j É I." then { (r:;) = fi(xi)

and hence z( (-'rf - - rn) = z¿ (xi) - - 21 (rn)

= fi(xl) - - ç,.,(.rn)

= (€ (rrl - - nn)

i- , e " .. I j-s u.niqu.e " l. il. ll "

i'iou jet at,{G;-l i éI}> be anobject'incIi:he::ee:rchG¡ i-s

e p:Ì'oun" Let G-)(- = TIG¡ be the cli.rect ¡rcrJì)c-r, of the G;.

Def'ìne p.1 to be the p:rojecti-cir ho:lolnoi:pìri 5¡¡ tairin¡i Cìr--z Gi'

Theo¡ery-!5" n;1T, { *r" I i G l-}>-t<r, I G¡l ic r} ) trher"e

,-! =<i4 , I piï> enc each Gi--){- = ç-;i , i-s the procuct'

pi:qofr T,et,g: <r,{ nill gr})->.r, { G¡l¡- €r} } r'rhere

e = <t d, { g¡ } ) anC l-li = ¡- (fj->reC grou.c) for al.} i G r. be



anotheï ob..,ìl ct -\.of lJ ¡ "

The¡:e-[oL:e ç

rri q ':,1

ar'

Then con.si-der:

l'= {ri}

i: = f":',11

r':l-.,ei:e ç ,i s cleí,'iLleri b:¡

Q(h) = (:ir(n),r'2(h)"

Ttlcn q(rn) - (.lclr,t,Gp,

e ,],

ief

to,,ï i

t,,
tn, ]

ô-ií-

I
vl

T-I

.'. ll.\
I \ - -/

'I 

^

I

\ ¡ t.-
, '-\f

¡,qrl tg (irtr) - (.r;-(nr';) . .r,"2(hk) , - - c,¡ (hrr) .

(..., l:i) '"r(t)"..r(ir) ."(Ì'),

( g, (ii) . irr(h) , -- ,:,i(ì-.) " --)

-./r-\ - - \-l \:r,/ J

= q?(¡) 9(r.)
j s cert:lj,ni.;i a pr:ì:oull lro¡no;ilor.'rìrj.s¡ri. l,.l so cle¡-rl--''

fo:r :,i-!) i e l-"

irioir ç i.s ur.i-¡uo . ío,c srr,r-r'uose li.e¡:g- e:ci,sÌ,s ¡,:¡ ¡'l-h3¡ :"r'.'ou.rr hollo-

r,rr:r:nhist.r \ : T-Ì ---+G sucìr thai l¡ 4 = c;; Íc:: ¡l ,L i e :i,.

Ther l: n (.1) = gj (h) rri¡j,ch i,nrl.jss 't,hr't

11 (¡l *- (r,r (n) . '2(l), : c¡ (l), - -)

= tg (h)

There-io::e \ = V
( .,:) Ca'e,e lo:ri¡ oí. i oe.l- j. rn

i-s urio'ue" Q"¡l .tr.

Cf .:he:-.c e lch .1',¡- j.s .,.-n ¿;.-ì¡e,l j, ¡¡.

sr-r-äl o-í the rjts. l',et, \¡ ire

ret l'r\ j e t'.e
i{rolu), i,e'c, S = lt -/r i l-',e

th.e i nie c1;ir¿e l.,.ciiror.aor'::hi sn

À¡(o.i) = (o,o - -. ¿rjl

-l

q

o^
->tl 

:¡.i cleí.inecl br'



- tt)

Theor:-em-.Jó. À: ( r,{.,.i1. GI}>-¡(r:{ s,i lic-r} > r^rne¡e

I -<iæ ,{t1}> anC Si = S íor al.l j-€ fe is'r,he co-n-r:or-iì.r-ci.

Prco-f : i,e'1 ,!¡:(f"{r,i rr ÊIi>+(,r. lur rr e I\> r¡here

g à< f/. , tgil> ii¡, an abeli rn qroì,r-Ð hci-nonorrrhj-sn foi: alJ- i,

Hi = H (Íj:red ab:.li¿n lrc,r_o\ íor e .l,l j- be anoihez" oìr jcct in G,,-,,-.

Then consiCer:

r l 
^- 

{rj}
I il i(-I s

r l,td I I.t ..=lr¡ì v
| --t r € - ' -' 

> H
i.:here |.p is cìe{ineC as

\€ (r,1 , s.2: - - ei., o:o --) = ¡¡.f (af) + ta2_(¿?) - --F lt-¡(r:.i-)

Then \9 i.s :,r a.l,re.l,i¿-n zrlolrÌ) honoiiior¡hj-g¡.,r s;i 'rce g (c,,o, - - o) = 0

:¡r d

.p {(D1..¿)o - - ¡ri,- o-o-) * (r'1", a2)!, - - rj-"--.o-o --)}

= rP ( r¡-+ar,-){-, a2-+ez':i-: ai,+iri--)í,. ai-+"1.-)(-, - - "j-"-, o, o - - )

= i!.: (a1.re1ìt) i- - - + ,1i(a-¡'rr¡-)í-) - !r-j+-l(njr-ltt) + - -.r "¡(a¡lr)
= g.f (el.) + s.l.(nt*) + - - *,qi( u:) * gi.("itt) r- - - * r.j( eiì:)

-- ø1("r) +':Z(.az-) 1- - - + gi(¡.i) + et(alr:) + - - * g¡(a¡tt)

= (p(al 
' e?: - - 2i¡ o.o - ) + ç(ol_r,, 3.2',t-, - -.j-tt_, oro.,-- )

lìlrthc:: ç j.s ruij-ct"lc -f'or su¡¡o:,-e t,here e-r.;j-s'r;s air a-ÌreI-t a.n !al:oLlp hono-

irto::pìri,sn satir,sfi.j-nç: Lhe concij-tj,on thai { À j - ,,,-, for" aLl j e :i.

Then"

T 
(."1., - - €i, o - - ) = \(a.1, o,o - ) +{ (o, ?:?-: o,o * - )

+ - - + \{cro, - - o" ai_, o, - - )



--4 4,1 a1) +4\2(a) - - r4À1(a:)

= gr(nr) + '¿2(r2) + - gi(ai)

= g(al, - - ¿i, o -)

Theref or.e ç is u-nictLr-e. q" E"Ð.

Ìiio,¡ l-et < I, { r:\i I a €f })fre an objeci in CÏ'.:ll.ere each

l:i_ i_s an abeli en grou¡" Let P =ìT:ii be ihe dir"ect nr'odu,c'b

oí the ,,-j.t". Then .L.et, li : P -)i¡ be the projection homo-

nor¡hi sns of P onio A i .

Theorern r?, ¡: <r. { P-Lt iG rl>-><r, I ri[i€]])-";here

? =<1,4,{ pi} > ;nd P;_ = P for aì.l i ( f j.s the nroCu.ci"

F::oof- ; Si rail a:: prcof as to tha'i; -f or gTrou-ps.

]ìç.tUlks, iili're coirstrr:,c'r,ion o,f the co-pr'ocìu,ct, f or" lrouÐs i nvol-r¡ed

the ír'ee ¡r'odl."ci l.:Ìri-Ie th¡.t for abelian El:ou,ns i-nvolved the direci,

sun" This i s becau-se 1,he free lr::ccJuct of abel ierÌ3rou-l:ls i s j-tse l-f

no lonoer an abel-ian grou"p"

( A) Categor.y of ntonoi cis "

The construóion of the produci er:rd co-product are iCentic¡l-

r.:j th that, for groups.

i,.Je no¡¡ '¡isjr to exa¡rj_ne ftrrther efrj-c and not-ri-c mans íor

rroclu.cis and co-rt'ocjucts 
"

&epfS¡:*I8" Consjclelr !L,r":o co-procìucts, one in the ca-begol=y G¡-)í-

¡ncì the oiher i-n Gg-)i, mC consider a rior¡hism ê bet'¡een lhese

ii.¡o ob jec'bs where O = a{ ôi}r V ) and each €'¡ :-s epic' Then ç

jls e]li-c.

i'roof : l)i ¡.g¡3111a-i,i ca]*ll¡ -'¡e have :



lll i 
?,

ê I .l'J ¿ü
Bl BP

-zg-

ç

4ìrì

l;here T is an;r o-,,h.er object jn C anC

I'ie r,:: sh to shorv th:t { = f; l'lote

erele = E Q.

l,'il-r.st 'ne conn.u.ta,'l,ive -ìn -r,he sense ihab ?¿= f :'ê i bec ause

each obrìsc'r, is a- co-product. l,{or'; deíj-ne the mâp f¡¡¡¡ tL1 i-n'r,o

T to be4- Ír¿=UtP f ; s;nce4@ =Úco Then becaLrse o-f -bhe

cornrnu-t¿:ir.vitrr defin.ecl above ,¡e har¡e 4PrtO, = 4 ç Fr'=E'o t'.=

f P. O-, Iriovr hl¡ a.ssut'irptj-on eech ê i is en'ic, Therefo::eu 3 a "- '

Tfr!-6f,
Hence ,-^re harre a, uni.cue se'¡ of lna,¡s f::on l;he collect,i on { n;} j- 6

-''nio l? for 4 ancj t Sj.ncc p' =1 P'rl ,." ini tÍ a.L, then

,,.1e rou-st have a u¡iou-e in¿,n Bì(-> T Ír:r the col-lection of nraps

f ' ={ fi }. There-fore "( = V . i.e" \a is ecic. Q.E'D"

Ðr-ial.l)¡ f o:: f.l.lo prorìuets one in caiegor"¡r D7ìí i,Lni one j-n Ðg-)í- ancl

a rnorlrhisnr I betr.;een-i,hese t,.^:o obj-^sis xhe¡e ê =<lêrÌ, to )

¿:nd ea,ch ê i j-u ¡ronic, th.en t¡P is nonic.

* 
,,'t"-

I
:/-

z!

J
T

r.rhei:

th at

Pl
i-ne

at 'r,he sous-re above



çiit,PTilÌÌ

1,.',.1"ç_'l _!Iir.US _f lt

.ire nojl ',,¡¡nt i;o e:ra.nj.lre -i,he corcel-',is oÍ <,¡i,rec'i; .l j-l'rj ¡ c ¡'tr:Îr:::j-c ai-l;r.

.i:g:jn j -i, :"ri l--l- 'oe seetr ih¡t 1,he ccncep'u of :¡ rJ-irec-i; l im-'i r, c:.n be ce.t-

e3orical-l;- che:'acierlzeci , Cer'i,ein ouesij-ons rle3r::cìitrs troir:,,c ¡:r-cl enic

no¡'rhlstirs 1,1i,.1--ì- al so l¡e anst-le::ed.

!çj.i,_n-if¿çn lr_ r: c'.ircc-r-,eci sei, j'i is a se'b h:vj-n,3 ðì T'e.l-ai;j.on É cleÍine.i

on i,'u" such j,h¡-t

V

C4LI.QQU,ES

f) iÍe(€ lri

2) ifoteg

'f ) :'LÍ {,6

i_rc.r_ l.lr_-t- Ï/:l. o ,l . 
j 

"

s ¡-id to be o.rcler"

:i-n .Pi "

ihetn o( g €(

,ëÉtr ',-,hcn o(ÊY

Ê i:i thcn ihcre e:r-i-sts a yg Ìti

i. rae,p { : ii 
->Mr 

i¡herr: ir ancl

prese.r:'rzi-tr3, j-f t¿hener¡pr" 4 a- S

such thaì;4Etr êgY.

,, tji ' tr.'c .lj.y. e:cd s,:tr :ì ¡

j.n !i then S t,rl 3 + ('6)

lefÐ,i-l¿qgl. i,et Tf C ì:c the c:tetor;rr r"rir.,ìr ob;:c-Ls ( i1, t l4l d é irl>

r:here i'Í i.s a cìi.r'ectecl se-l, .':ncì ,': n is a.,r obje ct jn C for' all o( e ì'l

ui'r,h the a,J,Jecj co:tcji';j,on Ì;h¡t j-f "( *'6 in i'i 'tj-Len +'i-.,ei:ç is a u¡i,oue

li:o:'nhi-sil Trf i*n C sr,elr -l-'hr.b T[j ; iro.----?-'* ,rird morrhi*strs

e = ( g', tenl qe n!) r:ir,:re

i-î i'ec'becì sci,s iri ancj j'!r ¿¡nd Qx ,

i_r I. th.:n -"h: f o-ì- l_oli n- di. i:.'!:'y

t - betl''eenq I s ''1 Cl-aic" 1rr4-Sa-/.r./-'r^ l'l^'-

<

c oinrrrute s;

B
. to¿

r)

I*,{,-
Lì!'çt'La)

-?_9 -



|erßf!¡. iilhe coll,ection r:f ira-s { Tf /t } .!re- j,n the sense ',,h:t j,[

<lf Í y j-n r'Í,hen iil T ê=Tiv
f, .¿ al

llefi ne a coä¡osi,-r,ion o-f n¿,ìÐs as

\¡.é.g =<!a'oro^tlø tút- lole frrQ'(<)é'n'1,
-r -e -r- -? rl -tV!<"') ¿ol

Then CeÍi-ne the cat-,eEo:'r¡ Ì.ro¡..'r.,h (Tg) rn::losou.sl¡r to Ì'iorph (îiC).

Iþç-ql'ç11--L" ff ç t j.s rnonic in the cat,eÊ:or-r¡ of sets ancJ eech. 9* is

nonj-c in C'bhen I ìs rnonic in Ï C.

l,,,le i.'ish t.o shot"r tha-t, rP "T = to o E implies that

Si-ncere c\=oe ü then . t4t = tø t lt r:hich jrnttl-ies that V' -- ú t

since ç 
I r.;as assu,lrte cJ -r,o be nioni c,

'J-ioç-_,- 1^.=2,_ Í, but 4'(v) = tr t(ry 
) " Ther.eíore'tl'(o/) o( Ù (.() e(

,T,r..l7o.= -z,,..l f* i¡u'b €otn" assunicd 'uo be incnj-c foi= eacirclé /2

fr:rr a,l ,l o( c /-4't" Therefo¡:e sj-nce 4.'= I '

:nrÌ 4 - T. ;'a þ¡.1r+ T = y " Tl:.rcfoi.c lP i: nouic" î.il .ir"ta' 
'¿
If ç j-s irlon:lc in iÌ I th:n each r? jls iïonic i-r:r

P::rrof :

Theorern 2 ,

ta ,t 4
P¡sof : SuÌtpose 9'-" >( = tþ ,o V i¡ie rlj sh to shoi.; -ul-t¡i, 4 = 6q

Let(":t.rr-' B*

V ,, , ,, /r_, B-,

þIe extenil 4rt :,-n,.ì Ï " to tI C" i,le il o this as fol..l oi^¡s. SuÐnose

€ 
t : l.r -> lljr. Tl:len .l-e-r, 4' aniJ Y t bolrl be 'r,he irlen'bit¡r

maps on.Þ1. and ler; e'"ah 4o, ,ru the irjeni;i-i;;r rnap on ìl * fo.r TÍT .

Sirn-rì1.er:1¡r cJefine each',Yo, Tl-renç o4 = teo t i':hrch" imnlles that,

4 = V r.:hi-ch in turn i¡aìrlies iha-u 
"Cn 

= lo., for al"I cg é ì,i" Ther.e -

f-ore ç is.'to:r:Lc" 'L'lLis constrti-c'bio:: l:orl:: Ícr",:-l ç -.,:. .
YE

r: clual t¡rce of ar,lunen-b shcr.rs'uh¿t \p j,s eir-i.c jn -îÎ- C jf çt i,nC

,.t
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each r.€q are monic, and if \g is epic in T:9 then each r{<

is noni.c in C"

l¡rle now construct a new subcategory of ìT C.

Definition h. Let C 
* be the subcategory of -= consisting of

those objects of -lT C j¡dexed by the same directed set I{, and alI

morphi-sns in between such objects which consist partly of the identity

mqps on the dj-rected set M.

ï,et F be the covariant functor where

F: C 
-¡gm 

defined by

F(A) -> ( M, t A4 \ '(€ v\ l> where 4". = A for ¿11 "r-e wt

F(v ¿ n) -> .t, : (M, \ A*\"reml)->(u, t B"(ì '<e n \)
Note tirat F Ís a one-one functor in the sense that there is a one-one

correspondence between objects and a one-one correspondence bet¡een

morphisrns,

Delinitlon 5-" Define the image of t under the functor F to be C{-,

Then tr is a subcategory of Cn c

Remarks. Note that for any object in Cx each r-ij is the identity

morphisn on 4".,

neË¡f!¿gn é" Let D* be the subcategory of Morph ( Lrt) which has as

objects all those objects of Morph ( T_9) r+hich r¡hen considered as

morphisms in 1l_$ have domain in t m and codomain in fs, aird as morph-

ísms alt adm:issible morphisms between such objects in Morph ( I_ç) "

Definítion ?. Defj¡re the subcategory D¿)(- of D-x- to consist of those ob-

jects of D-x- which as morphisms j¡r ft-_Ç hruu as their domain a fixed

object lr of SM and as morphi-sms 'r,hose pairs ( lOr,.e) e D-)(- where Id is



the identity morphj-sm on A and where,.Q = <J ,,\-\¿,c l4€ Mi>
is such that .{"< = g -x- (fixe¿) for all e( G M"

Ðefinition B" Define the di-rect limit r,lritten Iiq to be an object-+
norphism

.\|
J-11 U¡ l-Ill-tl- aI

(M, t B* ù 't e M l> in C'r which makes the

'.P : (M, \4". I a e MI> -) (M, \84\ "r. M\)

Theorgln 3. Any two direct lim:its are equivalent,

PJoof: Consider twc initial objects of D¿-)i which conialn these

direct limits"

(M, tA".t¿" M\) 

- 

(M, tB".ta' M\)

ltI" I v
.t,

(lf, tA^t.toM\) --+ (M, tC^tr.eM\)

l_,rI" Itt
.L

(M, tA..ra. M1> -- (Mr tB*r¿e Mì)

rahere (M, (B*tae M\> and (M, tC"(l¿eMl) arebothdÍrect

lin-1ts, say \Lmr1 and lim,2, Si-nce both objects are initial then

there exists unique morphisms \.{. and v¡ w}r-ich nake tLre díagrams

commutative. Hence in the læge square \oQ- is the unique

morphism makíng this cornmute. But certainly the identity morphi-sm

is an adruissible nrorphism" Therefore \"Q = identity rnorphisni on

Iim L sindlarly q-t = identitl morphi-stn on lim !" Therefore

\ = q- -I and IÍm I and lim,2 are equivalent. Q.E.D"

hle now construct the direct linit i¡r so¡ne f a¡niliar categories.

( a) Category of sets.

L€t t So\nur., be a collection of sets indexed by a directed

set IvI and let Ñf Ue the nrap fron So 

- 
S O if '( i (: in M. Let



- f? -

T = u So, anC ciefine an eou,j--¡alence r.elati on oir T as f olJ,oi.¡s"

p: - c¡. ) ií there erisis a V ê r4 sr-rch, that')q 'rl
_ r -Úe { y ,f , t ana rror( 3.-)= urr( îfr) = f y

Thi s i s cert:-in-.1-;r a-n ecuivalence rela-ti-on.; i "e,

lì ø ^. ç" - jrnnlies c '\, q

rlõÀa
-) ,ql al q/

i) tr È I ,t ry r. 
-) 

j* !-/

Nor,; consider T modu-l-o ihis eouivalence z'ela-tion( -= ) . Denote this
_ t-by 'r'/ ="

ThencJefine 
Lt 

T/a b). 
\ttoa-- [S-) i¡]re:re

I n ì i" the eouivalence cl-ass of g^." -ä j-s cer"tain!-¡,' a setì ô( ' -o( o(

map. T-r,,io naps 1T "^dT- ag-r:ee j-n the sense tha-r, if \iF, S E >

o{ fl a¿

',hen -f ê
s-a,>

ê(

coru.'lLr-te s

13

tê
t-
| "rt

\y

T/=
.\4

Let, T" = T/="

Tlr:or.en 1,. < I'f- { T,lrG i,i} > irher"e T- = T*for a)) -'ê 1,1 is the
)'4 rl

Crrect limi-t"

Proo-f : 'i,le r¡ri sh to shot^; that

tt:<
r¡rhei'e ìi

Cons.i-d e:r

r") < i'i, {
Jæ

< i,Í, {



'¡bsye U
o(

.\L

l¡

Thr.n o,,nlr

= U (fi-';ecl) r1'or el.l crC- i,ir a.¡d f

i s su.cir ti-r a-r, i i lnü:t, :ìsl'ee

-(9il

.i,î ar-ìj¡ o.rh.c.r ob jcc r

Aa¿

lll.::: ìl'le ll " :l_.Â.
e

corûìÎr-tt,e s.

ç j-s a rrell. ceî,i,ned inap"

,: ,l

Then deÍine a,s f ol -l-or,;

ç[r*] =

Beti-rLrse of i;l] e cor:inu.i

a,nlì aJ.so

(ali =îtO,ry

ì',1 oir \p j-s L,¡jcLie" for

I rij_sf -,¡i -- Lnr çnr.d j ii.¡n

Tl-rcrr Z îi (r' ) = F\E¡'-o/g(

j-.e ., T( [ :.a J =

cìÍss [" l.'ê( '
il'herefore A = T

S:

f (¡
È( cl

¡1",-r l/r T,tZ

L
4

l.r. f "

{.b) Ca'L,er.ori, o-f lroi-nieC Set"r,

Lei; (S- . r* ) - ' l'ro ., nr].rr¡!¡i1¡¡r. o.f rro:L.i.s'j:v '|/ \ " q(' ' ê( "ol é i'' '''
lt rA

o" o? fC q( â( f3
:'f.ai-n'halre the rìisjoin-f wrion a,trd -'-or'r,r eoLrir'¡l-encc,

One ec1r,r--ì-val.ence class l.ij l,'ì. coni¡r-¡ n aj I ihe elenen-r,s

ìr¡r this eou.j-valence r-el¡.ii oil anci set

(T, io)

:"¡ere l;s cor':'"e s.crcl s -i,o [ ,,., ]

o= u (s
<

)

;n l2)

-icr al.L ¡( € .11"

su¡Ðose tha'b 'r-here eicis-bs a tiro:.lhi_strr T
Lhet, 

"( 
ilL= f * :'.o:: a.l-i o? é iri.

' 'e('
(L ) = e I i.a ] -fcr eve.r:¡., eciu.iva]-ence

sets i.;i-Lh ¡renr,j-nrìs

ii 4: ¡3 in j'i.

c.l. asses as Ì-'re-io.l:e .

): Then ::e.cluceq/



Tre:'l rie,[:,ne

TT" (gn )

lu.r j,le r i, i

Tf g í)a!Tf]r'

lln : l ''ìo(

= f,:*l
rrf , (s",

rn th"c sense

ot ) 
-->l'ta 

ca

-l-,1" p-L +.1.a r',j.i."-¡ ,tr..

Il c_or-e¡i 5" (
.1t-'¡¡¡.. ¡3r,'p¡r- "\ Ê

?l:ocf : T,e-i; f

ilio-':

-='nnno (- 
'- \ - ('

" rD4 I

be an-r¡ otirer' object in

TÌren the cìi".:.:¡¡ ¡,t.'

/^ \
\-o( o( )

lï.o(

lT'

t (Tr, to) 
"( 

14 ê Ì"i ) > ,.'h?re

i - .f.rr¡. ti -',cCt l i t,j.t"

(r¿" tr<!)
__> < 1\Í.

!o) ( a :ii :recl cJi ree-r,ecl

ir],, " "

TI-..ê

',:r: I I iieí:ì ne cl n::l .

\ ,r) r.,!f:n t\ "r 
'.,n.,

t^ \i,r(r." r:€.1

(T, in)¿

c ciriJrr-l-i,c s .

= (T, in)

t(sn " :";n ) \,r.e ir l >
t(p, -1")*\4 e i'rI >
set) ilor ever:¡. { e Ì'i ,

'.)Þ/

f*93

necessa:i,I¡r
C O¡r'ii-nl rir: S .

r>

lq\'- cA -, É( .r

f-*
úc)

Ì"f

i'i
,

t3Trì
ei

I
' 

no)

.i,^) \¿.e i,".0(

f-
.^\.¡*et'i

CA

(

ns j-d er

iuj, .l (s* ,

I¿I
.T

i'1. tis"."
q j s de-ir

e,t

Îi _ tç"i
) l*e i\r t> 

-> 

(iri" L( T,

Í = {i*}
iÍ i> 

-t( 

i'i {(r-'.1 .. ) la. e

crl
o(J -¡-_ iô

r.; liei:e

= fo. ( c.( ) , ç) (t,o)

\>
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Tlren -r,he _o::oc.f.' f oll.oi:s ì;hrou,3h a.s f o:: seis , -î:. E" ll.

(") tategor'¡r- of To,:o-l,ogicaJ Spaces"

-,,et, { X<L*if bu a col.l-ection of topological- spa.ces r..rith

con-r,inuous rlais 7i F, i -> :i iÍ 4 ( A in l,i. su-ch

--v-n -t 
rd r' (

il-,i' = il j._Í-,sêsl inij"ttu¿
l',f or¡ l-ei U X -be the cli-s joi n'l un:'-on of the se-bs ,i_ an,i Cefrne an

ly q/

equi-valence r.el-ation as in sets. T,et T = U \4./:. Define itu/ o?
as be-fore. \lo',¡ rieíine the firrest topoloíjj/ ol T r.:hi,ch inekes each of

the if continu.ou-s r^rhere ä* md iî 
O 

agree in the orerriorisl),

descrj,beij sense. l\Jor,; iÍ P is æ.)¡ other iopological sÐ¡ce then if

f ; S -> P for all¡¿é l"i, ihen the djagr.arnol et'
_ßrl '

cC

\ 
'->: I 

tr' 
cor1rn,,.t?s

j,f d (F in I{.

IÌl=-qium--6. < ¡1. { T lré },i})r,rìrere T = T for al-Ic{é i{ is the
.l

di.rect -l-ini b,

Eree¡_; I,et f -río(,{{-l):<i'Í. f liu, Ì"1}> -r <}i,f p).e ø }t}>
t;here Po = .r .for eacho(C'i'i be an¡r oiher oì:ject in Ðnìi,

Con.si rJ er

( r,,- { 5r.,,e ri} > I = {-t¡ 
< rr-{ \t-,e },} >

lrT¿ I I ç\k r=fr! J'
( i,t..{.1¡}/6Ìi}> 

r'oc¡ 
< ì-.f pol¿ej"i¡ >

r.rhere ç i-s riefinecl as follor.:s:



?[,,-ì = r
Tlren clc¡rl.--þ ì-t, = :1*

I-ie:rce þ is con''.i,nuo'.r5 (

* (eor)

f or al-l o( é

see reference

t,I

to I'tr . ll curh ¡r; j. on

P ¿,le 22.')

i\ioi^l b.:¡ a-n â-r5jrïïen-r, ¿Ialogou,s io tha*r, for sets r¡e see'i,h¿¡i ç j,s

uricue" î"fl.11"

(.Ì) Ca"cegor¡r of Grou-os.

l,et { Q,t,.¡i be a collecti on of grou-ns and let ìÍ é¡" 
"- ó/'4r Þ¿

homoinorphistn frorn G*-t Gt Frovided 4 sf in Ì'i' such that

-v-o - ünlï = ¡i"¿:t4sf -<èrinit"

i,ve define an equivaleirce reLation as fol-Iot¡s:

',ìe sa.,, ¡" G G i-seru.iva] ent,'l'oo-€ GorÎ thereelists a

. 
-1, 

\ _ -úl^ \ Thiãú ì ur(3 sucir tha'r, ,,o¿ (,ro.) = T; \!rr) = r1 ¡, " .Lnr3

re1ati,on clj-'.¡jr.res the elernenis s É G* f or" alI or into cÌi sjoin-b

eoui rral-enCe classes. The nrociUCt of tt'¡o eqr-r-:ì,rra]on.ce cl âSses i s

founcJ b-ii takin3 the equ-:r-ira.Lence cl-ass of ihe product of tito rellres-

enta-r,j-ves o.î these çl a5srìs j-n ihe sane grouÌ1 . Thi s j-s aL-¡a;fs

posslble because oi the c-ii-::ectedness of t"i. Then let G 
€ be 'bhis

sei of eor-rival,ence cla.sses. These clas,ses cleaÏl-v forin a grouir" l''le

define the injection honomorphisnt To, OOT|.(q* ) = t 
ç1 "

Cer'Ì;a,i nl;r ìi* i" a. hoinomorphistrt an'J f r-rr-fher ìîo, and Ï^ a::llee

in 'the sense pr"evi ously described"

l{oi.; .l-et H be an-r¡ other ,.g1'ollp an4 let' f ' -[t G- -> H be a colJec-' {} o{

i;icrn of homomorohis;ls such +'heL ¡ttl
Go(

(\
Lr (3

,.,
J '/t
ä comnrutes i-fuÊê in i'i.



-i8

!tg.ql":l-7 ,¡<f
di rr-., c t ii trii i ,

il-qc.{.: I.et !' =<i¿ , { i' } >.(

;":he,re Il = ll .rior al_,1 .lé i,t l:ev
Cons-i Cert

for.i,l. I o(é .:t -:s z

i.i'>-t cil, {
ta

i, in.t ,'".

0e
ì-õtto,' - !-Ì

H l<c{
; (, . { .l-cx

alllrr sNþç¡ ol:jec

iiil>

<l'r"{ G l-te)a

-t!ê( I

+
<r'i, lG<l<é

ç js.Je-f:r:rec
tæ

k: G

c er"'l:. ai:r,i-;'¡ \O i- s

ç {.r*,J

Qt=n:nl

,',¡illti-l' ¡ Ìi: I r:
'to¿

l

J
JJ

e"s -[o]-.t-or.ls:

H sr-rch -bha'i, 
" t :, ] = 'r: o, ( r- )

a gltclrÐ honolnor;:l-r.j-sn .[or

s lt \ - lI i I I * lTlo/'v' !1.

Þ[ e.tr t ?.vrJ i';he::e Vl, t 
?-

f (c - q ) = f (, I f (.- ü-'" ",'.' l¿ v '' tr' Y

ø [ ri",J ot tnrj
þ[s,-.J-l.tul

Ðnc þ t,o, f
d

for olé i'î"

rrg:ai n ç i s uni oue by a:-¡:unen'¡s si-¡ri I ¿y i,o those f or sets 
"

( ") Q-elesqry--ol--l'.isrsgi,s "

Const::ucii-on and l:roof of theorein folJorvs e:iact).¡z as in ihe case

f or 3rour.s "

( f ) ÊC!e*e'ç¡ry_qÍ_ lÞsl-ijil,_e_oUrrs "

cti e't, T *Lct,¡ ì:e :-i col-lec'r,i on of el.--e.l i 3n 3l:ollll;q i,lrr-le:^:eci b.l'' Ì. ¡n'J
A

JÍt. ,re i-,h-c ¿c,r'ri :s:i.lrie ì16'1ç¡'¡r".1'is:r .Írc ;, -', -? -' t.f e/ -e/t i-i. ,,i"d-t/tí

deÍjne nr r¡¿j-r.r;.:.lence :r:e.i atioi'r on ih': e]-ene.nts o! C, u Ío; all oz€ j.,.

Then

i{ }> .ì"ir {

l"e

ç

l<e

i'rl t

j,il>

eG

)
Ya

'I ^!lî r-,

IJc'"'l



eS uâ.S cjone j-n'¿ne c¿ì.Se fc,r 3t:ou-rls. The SLxl Oí- itiO eOurivs.lence

classes i.s cleíinerì to l.le l'J*ln f t¿Ol = t " tt * trrl rrhere 3 r,

Ðnd gt¿ ¿r-r:e l:elresentatives of I g orl :;ncìtS Ol 
'in ihe s::me

ebeli-an group .l:y . Thi-s i s f:oss:-bLc lleciuse of 'r,he c j'r'ect'edness of

IuÍ, Tlrcn cl-ea::l-J¡ the se'b oÍ ec]u:va.lence cl,asses Ío::n an abeli¿n grou,p.

llenote tire set of ec¡ui valence classes by ,i " r)ef i ne the ínjecti,on

rnaps Ti : r-.-Þ ."-blo ä.(ao,) = [^-,J" Clea-r"l¡'' this i-" a'orato,

]rornomornhisn for T*(ao) = [ 1o, I ancì

î (q--+r; ì- Í, i,ul =[g-J*[å] Io, -qrt -e . -, .Z_ , -?t
=tr( r-,) + ì1. (

1¡ ê,

9--or ),o
that, if ìi

a)
/, -t ito' rg

O p î"rcc ir thc sÊrÌse!-u::-r,her' l¡q, anrj t, 
ß 

¿ìS¡rec j íì

:tor ery' j,n ü- then tirc Cj ¡,rra¡l
ß

-l

^ 

tt-==,t,
!

.oorÉco(Ijr ì jtI.,e f"i Ì).,:jr:::c j. =:,
,.c(rq(

=< ía., I ÍJ ) : ( ii , f ' t-,u i',Ì> -tcl., ,{ n-t -(- i,} >

(fj:recl abeli.:n group) for aJ l¡(é l'i be ani¡ oiher'

- ì ={ä-l ,-L\- - C ì I

1:l> -={--'}.,..r{

C Oil]jllü-ut? S "

for allo,é lÍ is aTheorem B.

di rect, lrrni-r,.

i_fg.oir Let f.

r.¡frci.r,. G = G"--"'- " d

'- -)i
obJecr, : n tJ¡

illhen consider:

(ü,{

i¿
( l,i ,{

,ti Iot

I
GI

c¿

rl.¿e"el

J'
j, l'¿6

ø?

¿C,

ç

Ìi)>

¿ G ì'íI >



l'iotc thal, ¿,q¡i-n e¡ìch

i,l-.¿rt x < ¡t in r'l 'uhen

Ðefine

þto-,1 = fo

hoüiornorph:-sl,r.

.e [1*]

t I e;lrol

- iro

j,s ¿ur abel-i ân grolrn

Á
-l\t sJ

hoirorno.r;rhi s¡n sLr-ch

l+
1_

I
--)
''ß)
-fror-n tl-.e nlmnell i-n r.hi-r:h (p Tras

colnnute -q.

( no ) " Ilncier this ciefini-t,lon tç, i-s certai-n};i ¿

Ir'13

I

{ tt'

G

t",l)
2

( ,')-t
2

þ ( r:"
1

c /,.ì r
t'i

¿

1) = L.\
I

t'*J 'u ti¿l )

l,"l .¡ l.') )' *, 'tr'
oJ I tê [-

'iol: ¿t.)-)-^'ê Ì'i

-1\

=ç( t
-- tr\

- þ['
¡-'

¡F¿r{-,ìrcr ç 
-ìî

4

c'l e-iined 
"

,ii¡tain, \e j-s

inle sh ¿il-l- nor.l

li¡r "

Ileplgllj_. Consiier.:

Lr-n'i cr ue Ìl;,r rrr:g'LrÌiients sì ni-Iar

er',an¡-ne f r-r-::'i,h.er' ¿þg ç¡i-6:sf-i cn

those for sets" î.E"Ð"

lnonj-c alrd epic; naps i-n

to

o-,i

X

, d-ß rrIf each n t- is e¡-lc lhen eacL: if i,s epicr.
d*q/

Fr_qo-!t ¿lu.nl-.ose T" 7t*= o oA,4 , i',le r.iish io sÌrot¡

ton.ri,cl er an¡r oihe:r: object S f"o,u tlr.e -s¡¡rre ceteEorlr

T- ø : .l j-r.. -> S be arjn-rssij:l-e i",ror¡hisms. itlo''; ì;he-)

ir t,i.^ sclre i:ha-i; ii = -( ¡i F Thcll rirce cacir
vflà2

Ti'o(

--==_,
{

v

th a'" iìren

a¡cl let
)rl S

d

ìié i-s

<=q "

I',iì-t sI,

epi

¿iqiîee

c ì:¡'



- lLl -

;ls sullcti. on. t.le h:,,¡.¡e

\ te Tf = e fie Í*tu j r¡nLi es \ fic. =

Ì'Iol: deÍj."e ):loï,i!,i -r-,- Í4 : .i*- 
--.¡, 

S Ìt-,, f n = Y\ f .(

-'1o:: ¡ll,l ¿( ccn;lri-neci i n the clr a-i.n " T'l--¡en si.i.r.ce lf

i : i n:,-Li r.1- i.'t ll , " ì;hen t.ber,; s.'1i .r't,S ¿l r.r.ni..1Lte tl¡ir !q :

srich .Uhei Ll-ie cii.î.rir¿:ìÌ¡

ITd

s_>
à

ùe

s,.

The::eÍorc \0 = \ Tçd

,.¿ re
= \( 1f.*

= t Îç*J

-l i-m -_> .S

.If_q.oqç:¡1-_LQ". In th.ose c atep:or-,'j. es

.r¡i..r.¡cn r¡rer;i oris.l.l' is ad:ri stri.b]-e ¿r¡.J

,lL

¡nç fþ¡¡ ¡ 1:¡çlr TiJ 'loni c j Ir':l j ci

}:rçj, Çonsj,cle.r

f*
S coLilt,iute s.

l_.:i eltl c .

i-n i.¡hi,eh i;he l¡:r:ti"cu-,1-al:' constrnc-tj oi-.

jn l.:h,i.cjr .,ncno i.s e.r lLiva.l en.-b to one-

t,hat e.',ch 'Ìfo{ i-s lronj-c 
"

ì i ..,. *> l,_Lf I
__-_> s _>o4cÈ

o¿
,1nj

_>;s. _¡
o

iià
¿l

se

Su.jrlose ih:'b sl an,,^'Ì s2 ¡:r.r'e tiro e.l-enteni,s of S o, su-ch -'.h¿ii;

1i,,(s¡) = T'("e,)" Th^i-i i,l:er"e c::,,,ists a. Xc lt su.ch thaiY>ratattcì

-t., ' 
-t¡ 

\ 1 - âf
T[" ( s: ) = \ ( sr,l b'rt sil-ce e:rcl" Ii.. 'i s onc;-one 'r''' r-.cl;¡-'{-,i ¡n

then s1_ = 'q2i i"e"_. i1"¡. is one-one, ?.¡: ":-1.

lqll-t¡.llu., -Lf the bl'no'bhesj-s of -fl-r.e l::er¡j ou-s i,rcoreÌ'i j s irel:ìretr.eci bv

,lequ:j-r in? ',-ira.L e ¡ch tloi'lrÌrj-srt 1|.f i.r i'oni-r' onl.t, ¿,,¡c1,./or ih,ai, 'bhe

t,::::iicul.a,r cons-i;r:'uctron of t,h¡ L!gis not arjnissible then r-t seelrs to

be en one n oue si;j-on is 
"o 

rh.e-f,he:: e ¿r.cÌr TToa i s ¡lonj-c .



l!þeoren LI. Suppose that

in lforph ( 1t_9) such th^e,t

-42-

- < .t p"(), \p> 1c aJâ ar¡'nissable norlphisn

clwaia and eo-do¡aatn e"e both ínitial
e

tl¡e

ê

"".l
K

--)

objeets for subeategorlee Dr*;r 
"tU' k* "f MorpÞ ( tg). fihea lf eaoh

€n is eplc then 14 - tig(,e*)) Ís epic, where V = Eg,(e), is d.e-

finetl. to be the naique nap fron fi5('.S".) -+19(ik.)iauoh taat

rÏj e", - V TT{ .

B¡oof r Gþnelcler .T(6

-, u.n (S" ).

J \,r
rI.'

nhe¡e eaoh oo 1s epie.

Liet 8;rbe an¡r. other obJect fu ü) sueh that; n ancl V a¡e two

a,tmissabLe norphisns fron UIr(*", ) lnto lß:sush thêt' "r|F." - lTi-o1 o

Nþte that:. the above cliagran nust be, eonmutative. Now d.efine the map,,

fron S,* ínts l[to be tlq Ts - Ígrîa sinee.\g = Xg tsy ühe

o}¡aracteri.zatisn sf 1{m (g* )¡ 3Þcausc of the conmutativity of the

above ttdagtan wE;havc nirå e ,t = \r€tT,a - Ur{ïTo ,, lrr[Ö.s .

Si.nce or. is eBfc by assrrnptlôn we have r\rl. - f tf ä før all.

e é U' Eence we.:have a nnique eet of norphlsns frø tKoÌ into

|F,i, llhen beeause ti'- ttl| ls an', initial object in ft* usjmust:

have,:Y=\ ,i.e.¡'If.. Lsepicforsll 4e ü. Q'E.D.

@3gþ. Whether q 1s nonfe if eaoh ,aq is nonic seêma to be., a¡r

open guestion¡ a lthough ctualþ fron axamples wilieh will be referrecl to

in the next sha pter it seens safe to aesu!¡e that this- ís not the caÉe.



CII:I'FTIiR \lI

,!N,,t-!r RÞ9_ _l, ryqlä l]lr*c/t TE_QC_ iì l.E Þ_

The concenl, of an i-nver'se .l ilrii-r, r..r:li-bi,en lin i-s r¡el. l llnor¡n i,n

r¡a::ì olr,s ro¡ol o,r:ical- a.nrJ ¿¡-!,.:eb:r¿¡j-c s'bru-r,'t,t-Lz'es. Iie she"l I noir Ðlroceecl -r,o

girre Er catelio1"j c¿.1 defj-ni i,i-on io.],:LI atr:i :ir¡e the constru.ct'i r:n in

v::lious ca.'uegor-'-i-es. lrrr::,i-n ce:ltd-n oues-t,i.ons.r:ega:rdin.., rnoni.c ¡nd enie

ina¡s ¡¡i .l-l 'be 
an sHert?cì 

"

jje;L¡=ql-_tl-qg-*!. iie no'¡ construct â l1êr¡r categor;r .!C f,.olrt C l;hici-r hes

r:bjects {l}it r{ Ll 
ueI""l) r'here luir is a cii.rectqd sei ancj each .l' *. i.s an

objecÌ; f::oin C r.¡iih the adclecì coudjl-,ion that if * f 13 jn l,Ír then ihere
I

e;iis'bs a uni oue inorì:hisrt if f , i -> ri crrnl¡ that j-f <r/t s ¿r in l'il
o/êT-/'

.. -/t- 
ú -E1-hen. ìI(- t, =n--, " ¡ncl h¡vj_n. rno::rhj_sns cql - < e',i¡-*l < e ,--? \

- / __l ,,il
r,;h.ere I ' : Ii' - > Ì'i" (¡ot¡ clj-r'ecl,ecJ set,s) j,s an orcler nreserv:Lnfi rû...p

anrl e ach Lo i .!,

cli ap'r ¿-ùli

\0 d

ilefjne ¿¡ compositi-on o-[ in¡ls

-ro *z Ì < .or'o tr'r{ @rrror,t-") -ar*\

Then -forrr the cE'beeo:'¡r' üror'r:h (åa).

','lllef ini-tlon ?. ije-f i-rc d'r

al.l- those objecis of li C

. ',. lse'i; I., ' ¡nci rs inor"ìrlìj-sr:s :l- l

io be i;he sr,r'ncategor\r ot lt 0 l;hirjr has as oi-.je cts
2-

';lÌli-eh a.re i-ntiexed bl¡ a fi,recl oi*::eet'eci incier-:inl"

¡dni ssi.bl.e mor"niri slirs -oel,;'teen such ol-'iect,s in

B

ql

rO
ß

.p'c -' )

<ê. H

c olrr.lrLt-l.te s .

', -r'(¿l c- ,-t" | '
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C ¡,¡hich consist partly of the identity map on l{t.

Definition 3" Defj:re Co to be the subcategory of CTt which has as

objects all those objects of dt ( Mt, ( A<t,<-e MJ ) for which

A( = A € for aII 'r, ¡3 e ].{t and all admissible morphis¡ns between

such objects i¡. Cl4t, such tJ:at if V = ( Id, tq*I) has ((^= Qr3

for all o(,¡3 e H'

Let F be the.one-one covariant functor where

F : C 
-t 

go defined by

F(t?¡-;(Mr, tn<t 4e M'!>

F (u¿AB) 
->l1 

= (Id, \t¿olore M'l> where

tl<z A 
->B 

for all "r-eMl "

Then we can consider C as being naturally ímbedded in T-9.

Iefinj-tion lr" Let K be the subcategory of Plorph ( Ltl which has as

objects those objects of Morph ( I-tl which when considered as morph-

isms in [-C t arrs their domain 1n Co and co-dom"in in dt 
"

Ðefinition 5. Define the subcategory KA of K to consist of those

objects of K t¡hich as morphisms i¡r !j tt.o" as their co-domain a

Jixed object ¿. of Ci{t and morphisns those pairs (r.Q,rÅ) where Id =

identity on A and V = '( Irt{¿* t *o Mr\) is such that

tp¿ = l¿ ll- (ffxed) for all 'c e Mr.

lefinition 6" Define the j¡verse limit written Ë+ to be an object

(. Mt, tAo t ot e Mtl > of Co which makes the object

r = (. Idr,trtr¿I) : (Mt, tAnla-e M'J>->(MtrtB".l*e M'J)of K4

term:inal 
"

Thgorem I. /rny tuo þ4 are equivalent'

Prqof: Dual argument for theorem 6, chqpter !"
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'r,ie ,ror"r t'i.¡e 'ùh,c ccn::,ti:uc-bi cn of the ]il: i,n sonc f elii.l,i. i-r c¿:te ¡cl'-i es.

{ n) Caier:orrr of Se'i-,s.

-i,et 
l l*\,í e i:it be a ccl-l.e c-t,icn oÍ' seis i,nde-:lecJ ìr¡r Nlrç cli,::r:cted

sc-i, lir -,iith Lr-ni.ru,e inornl"rsns T*ê, lié-->,i,4 :if < É € i,tr l'il

¡.rr,r *-* d = '.lÎ",y j-:i o( ¿ 
G! é y in L'ir"

Le i; t{ ó be ihe srri-..sei of the c]j-i:r:ct, ¡::oclu,c'L Tf li q consisii-ng

o.f 'bh.osc fLrn.ei;i-ons x = tx¡1 su.ch 'r,h¿:i, f or: el,',cl-r. ¡:el ¿¡'i,-l-ct-r. o( É € in

i!1t r.re ha,¡e rff ( - * ) = ',., , The projcc'fi on ll¿Ðs Tré ;rr:e

d ef i ned 'r::l- Ti-G . -n- 

-> 

_(- é such tir a.t iT" ( r) = li ." . Then

each T.s is certa:1nl..y' atr adr,ljssj-b.j e no::¡rrist:r"

lþ1..ts!-?. ( i"it, t i:raei'tr3 ) r,rÌ-.er:e each il = i"- is ¡i'r

i-nr,'e.r: se I rrni- t "

Proof : ]¡y'e r;li-sìr 'úo sh.oir t,h¡t

ff = (ÎJ., tî-u.Ì > : < H',{.x[ t ae $']> --> <-t.1', {X.,,lo¿c. È', 1>
j-s an ini ii a) ob ject of tjre cate-orr.' li-."

L,e.i, f = <rÅ : { r*}), ( i.'i', tT,.¡orei,rt})*(,', 1x*\ 4 . rit } )
ire ¡¡.ri ¡¡*,r',pr objec-r, i.n the c¡.ter¡o::r¡ ii.- -::L'ere elch f-o, i-s such il"¡i

r)
_ê

<-J-- -gSli*

f-1
cornt'nLr-'ue s f or
eech d- t e in i:Ír "

Tlr.en corrs) r)çr:
Tf = {.ir¿}

4l j,'jt, t x: 1ot É rujtl>
A4af lrÅ

( iit, {t^ I ota i'rit \ ) -------------> < l'it, i,"i. t a( e 1¡t } >

:..nr.r deij.re t0 : ( i{t, {. T,.lo{ É, luit¡¡-r(ti', \:l; l¿e i'ir) ¡¡¡

f-{3



-t-t_lrr ì

LO:T

ç (¿) = x = {x-}-.!*,re x*=f_.(t,)

Then ç j,-s cerJ,ai n).;¡ tt aclinissi-b-l-e mor"r,hist 
"rnlu 9<ú)is a un-i.oLrc

Ot<l

element r:f ,< 'oecau-se of the conmu-batirrit¡¡ of -1 ). :'l I.so

l,ç = f-- for ¡.rl..l--¿é i,ir " Clea::l-l¡ þ is unj-orle f or. srrnr:o.qe:G/v

'r,here e:d_st,s a nor.rhi srn ,( sati sf r'in5,- i,he condj_+,i on fh "L ã:4 = f) o,

f.or aLI<é l"lt, tnenT(t) = t ={ x*} suchthat T=f_ (t) ,

j.Ê", 4(L) = {i (t) l' = .*o (t) " 1"E.1. 
a' q/

\ q-' ' I

(b) tateeo::¡r o-f l'oin'¿e<j Sets.

Const'uction and nroof of theorern silnil¡r t,o those for' t'he

c a te ?or'¡r o Í se t:; "

(.) e ategor';ri o.f To¡ol.oqj-cal Spa,.ces.

Let i Lfn irit be a cc.l-l.ec'bj-on of topolosical slraces ìnrJei:ecl

blr the di-rected set ilit ir:!.'th tnor¡hisms ccnsist1ng of conti-nuoLr.s nans

iÍ , -I,_-> T if d:,-J i-n i,ir a¡rj su.ch th¡t l7F ,¡' = 7Tt.
v Ó ^2 

(' d F ê)

Then defj-n.e T ¿¡s fo:: se.r,s. T is a sr:-i:snace of the clirect nrod-

ucl; hevi.ng the topo.Log:rr inclu-cecl on it as a subspace of the direct
æ

nroduci,, Then eech nrojeci,j-on nan ìT : T

sets i s conti,nuous"

æ6

Tf-e.glql..3,. < Ì,ít.f t t -'e l';thr r.¡here T-. - 1'-for al-L*G }ft j-s ¡
'tr g ' n

Iin.

ifgqfr T,et -[ =.1d,.{f ht <l'i' .{ S l-'u l.i}>-' < irtir.{ r ¡--6 iit l>l'J' ) d ) t â¿

rrhe::e .S -- S ( f j.'lecl t,onoJ.o:-j.e:1, snacer\ f o:: al] * 6 luir -" ¡nri the
*2

r ' l js srrch th¡tCol l_ec.Laor-r. \ t_o,



I

'ì s rje-fineri as

o - -€:-) 

--J 

I

f.,\ = r /-l

i¿ ( -")

cornnllr,te s j-f 4Ée jn ¡ir

I,L

tc(e ii'l >

'l-€*\/

.\ ./,t*\ ./'e
\/

( i,i', {:rf,: o' e i,t' }) îi1lrd ( r,i', { i'i' ) )

1
I

i_

lc( e ¡,ît5>

Consi der:

( r'it

:th.ere

Toc

1
rir

l*e

q.

, {so.

!g

(€i

ît

> ( I,it, 1

Then. T* rR_ = f < I O:t.

contj,nuou-s llr' ¿.ssLr-nlp'bj-on

to l\i, Bou::b:1.:i, nepe {a
lLgain \e j-s unj.o,ue i¡\¡

l:)' ¡¿ (s) = ri = (x" i su-eh Ì;hai

= t i l.l t' ì 'oL \u/ t

a.l-.Ì ¡( e i"ir ¡llcl since e¡,cÌr -{- d :ì-s

-r,hen U- j s cont,i-n-u-olt-s ( see refe::ence

)"

ariÊ-urrerlts siiti I e-r-' io iire one f or sets " Q- g" l.

( A) C a.iegor¡z of G,:ot-i.ns 
"

Tei, '{, C" !o( êllit L'e a col-l-ection ofl ç¡ror-rps i,ncìe-r:ed b¡¡ a, cìi-reci;ecì

se i;

nt' 
tj

to

t(=

Òo
G

i{t su-ch th¡i TTlt i s 'rÌrc u-ni.^rre o::olll hornomo-nlris;n -frorrL

---; [}
-o(

jf o(å ç.s i-n i,ir anci frp Tiå = 1Fl . Ðeîine G€

be ¿r subset, of ',,he d:-rect, nrodu-cj: consj.si,i.n:i of tho.ce Í-unc'bj-ons

t -':r\ such -bhai .for each ::ela'i;jol:L ê( å L3 j-n ii ft$ (::a ) - x<

i s 't,heir ¡ ?l'ou,-1 , lleÍine iire pro jec-bton honiollornh:i-sms

T.r : G" --_> 3O b.rt

'L'rrç.qsl !, ( 1[' r t G: I'r e ur] ) uhere -: = G

= 1f*l

for al-l-CÉ jr.lt j_s



- i ta\

i'¡ i ni/el: se li-ni L 
"

proor: Lei; f =<la- Jt-\r: . ì,Í1 I L'¿éú' ft-, lilt, t Llq6li'Ì >

irh,ere Hd = H (fi:<ecì .grolrn) to. *1]"'e Ì''ir be a.n-ri or,he:: objec'b in

i(¡i r.rhere aç.¿i:¡ { -f - . I 
j-s sr.l-ch 'Lh.at the cÌi agr arn

t)

c l:rnr,rte :; "

Consi cie:::
o€

. i.i'r{ C ¡-'¿- Ì:,tit\ > 1Ì'{l { Gu\-ze l'it} >

e I 1 t-<tl
. i,it: l rul¿€'t|'Ït 

-+.,ut', 

I f+ l¿c-Ì'lt ) >

,-:lr.ere t€ is clefj-necl as <¡¿ ; ll -> G - b¡r-

e (h) = ìi = tÍ*, (h) \
Their þ is cert,a:n-L;r . :3rot'rc honoilorphisi:n since

\o -; 
,'ill ,- l*' 

(i) anc

1'é (grez) = { r.,(z1rz)} -- {r*(:r-) i*.(ez)}

= :';:;"j 

""';("2)t

1r111-f',1.n¡- 1îç= t for"l. l<éit.
e/r o/

lrlor.r Ç i,S tl-n1O.ue ^ '-r)Or SuÐJloSe thez'e elij S-r,S ¿¡ hoinonO¡'¡hi Sm T

sati-qíyinlr the condi.tion -i:hai îu\ = f)u -'tor aLl'¿ê i'ir'

Tlicn T $) = x = { t*ttll I because of the r,ra;.' li i:as cieíj-neC"

rìu.i f i (rrif = ce /¡) j.e." ç (h) =7?ì i,r:'r.' io- a-l"l
'õlt

iíé+-
\/f;\ ,/ 

''p

H

G oê



- llr/ -

\ --q_ i-. e , ., rR- ¡-. ¡1-¡j.qlr-ê , 1, E. rr"

The construc-Lion of ì:he Pn, -,1 nrccf

anci abel-i a¡ groups are sj.nj-Jar"

l.'ie nor': r..li-sh to änsr.ier' a fel.l cu-esti ons

n ¿.r s i-n the i nver se Ii ¡li, t .

oÍ the t,heor"e¡ns f or irrono-l cj s

he H"

Theref oye

.l-i r.r+-

ro = lii¡ ( e )\ 
--..- \ O( j
+

Li rn

Ihen the pr:oof

chaÞter' \¡ "

re gar'cì'ing epic ancj nonj,c

lÀe-9I3L-5-, Slrlmose that e = ( (P*\ ,q) ís a-n acJrj,ssj-i:l,e lûor¡-rhi,sln

j-n i,iornh ( Ilrl su-ch tha.t, the ciomain anC co-do¡r¡j,n are both rnitj-al

ob jecis f or: st-',bc¿¡t,erio:lj es Ì(,, and Ì{¡ " Then j,-f each Öo( j s inonì.c

then q = lim ( 
"., 

) i-s rnoni-c, where 1¿g ( en) ts dual to f++( e<).

Proof: l-i'i aqre¡rmabical] l¡ '¡e har¡e

( tr..

I
I i,l\-- o<

ise

)

cju¿:l-

.' 1-

I

,f o.

lJ <_
a(

er'¡u.ilent to ihe Ìlr'cDf

/i <- i:
ê

lou
i3 ¿:-- B

Ê

oÍ theorem

¿r

II,

å>- î:
Tl:S.p"on- ó" llonsrce:r lir (S* ) " S.. <---l S"+

Then t_ir_ eaclr ìTj i s nroni.c t.hen e¡,'eh -froa is rnoni c "

Proe.i: I-lr-1 ¡1 erp'Lillent io th.e oren !, chaniei' V"

Ììelna-i:!:s.

9=Ii-m(<-
,,insenhl-es.

a. ccun-Ler

fn. 'Lh-eor'ern 5 each 9.( being epic cìoes not' inmJ;' 't,l-rat

9< ) j-s e-i.c " ile ::efer tl-re i:eacler t,o l,l . llor-r¡bal;j- " Theor:'j e lles

J.ir¡r"e i¡ [ì]rar,: trc -iJ,f , r¡¡ " ?-i , e:..erci-se 12, f or il-re outl-i ne of

e:.:¿ul¡J-e. i,"rthc.. e."lr T,j bcirg e¡ic in t.heor:er 6 cloes not i-rut]..'¡



- 'iti

1,h:.t eacii fio. r-s eri.c. The reicìer j-s ar'¡-in iref e::reij to J:,he sanle

cferc'ì se 
"

rt seel¡ls saf e -''o Ðssul'le i;hat cu'a.l-J-;1' e acil e< lrtonic i'n

fÌ^Leor.ern l-1, cirapter V ijoes not, iripl;r tnai; ¡¿ = lirr! ( g" ) is rnoni-c"
.¿t



BfBl lOGB-rif¡Ii

i 'aolr-ïb¿:kj, lJ" ]l=.nfq].q,q_-.r=9,.Çç:rerll.g. l,j-r're fÏf . Ch1i,-i-ri"e f & f:l .

ilerll ..-n , Þ a:: j. s "

,'iJrebre. t,ì.¡::e If" Ch.aoj,'¡re fJ. Her:na¡" Paris"

" Theor"i e lles :Insenb,l e s. l¡l i.r¡q l-. Char-',i tre f -i.f ,

He r:1¡:n. P a.r:i s "
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Prem?r:kq" ide c¿¡r ccnsider C as T:eing inùeddeci in Cu, fo" Ie'b F be the

ccvariant functor taking ú 
->CÊ 

wher=e ìr is defínecì by

it(¿) (I, ti'Í | ie I!) .f.olhere i':¡ * 1, for all ie I. lf A.Bcc'ènÅqAì¡:A-rgr

F( I ,s)-r(qt, 1gi I ie Ii) uhere et is the icìentity måp on

T anci Q i = ,4 j = \A fc¡r all i end i.

r,/e uiII often cjenote objects in categories Ci anC CÏ ìry tl'il i e f

rqhen j-t is uncierstood that ?re Ðr'e uslng a fixed indering seti I and only

the icientity maps on Ï"

Ðcflni.jilan b, Let Ð* deno'i:e t'he sub-category of I'forph ( n C) i+h:ich has

as object's thCIse objec'i;s of T'lorph ( Ti t) r'shieh uhen ccnsiderecl as

morphisrns in TfC have as theír domai-n an object in C! and as their co-

clomain an objec'b in CÏu Ðd morphisms the ordered pair of murphi-stns Ín

tr anci CI respectivety a*hích make the followÍng diagran commute.

(ïu {:iiliel\) Q't(ï,tBiråe I\)

\l fv(ï, tcir íérl> q-> (r, {Di ri c rl>

This cleas"ly f orms 4 r, sub-caiegory of i"Iorph ( 11- C) .

¡efiniligrì_á, Ðefine the sub-category D,,, of Üf to consist of those

objects wl¡-ich as norphisnts j:t Ti 0 have a fixed elenent ;; of 0Ï as

their eo-domain, æd as morphÍsms those palrs ( q, Icl > é i,r*where Id is

the identiùy map cn r:i ancj L{ = ( Irt9iti e I"\) is such that (i = Q*

(fi¡:ecJ) for all i ç I.
/i;el'l-nr.'!:,-r-p¡r-o. ÐuaLty cjefine t'he sategory dç to be tJre sub*category of

-*tn 
" 

t l.¡t¿Ícir has objects those rnorphistns in Tl C having dc¡aain in

CI anci co-clomain in Cr" Ðefi.ne the sub-category C;f of Gr ernalogously


