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ABSTRACT

It uas KarI Pearson r¡ho |n f90O dlscovered the goodness

of flt crlterlon and shoued that lt foLloued the chl-sqrare

dtstrlbutlon. Ihls slgnlftcant dlscovery provlded the

tmpetus that has nade the Chl-square dlstrlbutlon onE of

the most useful ln applled statlstlcsn Its range of appllc-
the

atlon is nalnly accounted for by/non-paranetrlc character

of many chl-square tests"

In this thesls ls glven sono lndleatlon of the varlety

of experlmental problems to uhlch chf.-square may be applled,

Supplementlng thls ls en hlstorlcal survey uhlch traces the

orlgtns of the chl-square dlstrlbutlon back to the nan llho

orl"glnally dertved lt ln L8?6 the German nathe¡natlclan

Eelmert. In eddttlonr severaL nathenatlcal derlvatlons of

the curve ars glvenr and lts propertles lnvestlgatedn
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TNTRODÜCTTON

One of the most useful dLstrlbutlons ln applled statls-
tlcs is the chl-square dfstrlbutf.on. It forns the underly-

lng dlstrlbutlon for a multltude of statlstlcal testst

lncludlng goodness of flt tests¡ and tests of lndependellce.

Although the chl-square dlstrlbutlon uas orlglnally
dlscovered ln 1876 by the German mathematlclan H. IIelnert,

tt was KarI Pøarson !n 1900 r¿ho lntroduced the goodness of

ftt crlterlon ar¡d shor¿ed that Lt asymptottcally followed the

chl-square dlstrlbutlon" Pearson0s theoretlcal concluslons,

however, were later proven to be entlrely accurate only for
the case tn r¿hlch the nuII hypothesls provlded exact values

for the expected frequenciesn For the case ln vhlch popu. -
Iatlon parameters must be estlnated fron sanple daÈa, Slr

Rona1d Flsher f.n 192¡+ shor¿ed that the dtstrlbutton of the

test criterion has one less degree of freedom for each such

Estlmate made" EIls theoretlcal concluslons uere subsequently

backed up by various pubLlshed sampllng experlmentsn

Dru Fo Yates, trho lntroduced the correetlon for contlnu-

lty f.n I93l+, H. Mann and A. Irlatd, who arrtved at 8n €xpr€ss-

Lon f or the rrbestrr number of classes. ( I9h2) r and George

Barnardu roho resoLved problems of Lnterpretatton relatf.ng to

the 2 x 2 contlngency table (I9h7)e vrere others who played

slgnlflcant roles tn the development of the goodness of flt
and other chl-square testsu

Because of lts lor¡-pârametrLc naturer the cht-square

test has found appllcatlon ln many stattstlcal reaLms"



Holever, this by no tneans spells the extent of chi-squarors

contributlon to statlstical lnference. In additlon, lt iras

val,uable applicatlon ln fests of lnd.ependence, homogenoity

tests, estinatlon of arbltrary parameters, experlmental

deslgn and Ilnear regresslon.

Ther€ ar€ two basic forms of the chf-seuare statistlc,
the continuous form and the discrete for&. Continuous chl-
squaro ls d,eflned. as the sr,l.¡n of squares of n lnd.epend.ent,

nornal-ly dlstributed varlables, each with zero ¡nean anil unlt
variance. In notatlonal form,

? 2 (xr- f¿)*úÃÊ,=? , where the Xi are: NID(lr,d)

n ls called the number of degrees of freedon"

The probabillty denslty functlon of the contlnuous chi-
square statlstj"c ls glven .þy ^,e

fi(ð= V¿@) 
fu)*'n+ ,) o4/^ L æ

f(*) rr tho gan¡na functlon of g where (n) ls deflned. as
r*2

[-(m) : lx^-u-*dx
/o

Dlscrete chl-square j,s defined 1n terms of the observed

and, expected, frequencies resultlng from performlng a rand,om

experlnent a glvon numl¡er of times.

Fornally,
t^,

vrhere k 1s

0i ls t'he

h¡ rÂ
- Çlo;-E;l "

-É¡jot -L

the nunber of classes of. frequencies

observed, frequency 1n the lth class, I : l, 2.,.k



Ei ls the expected frequency ln the lth cLass.

Thls ls the goodness of flt criterlon. The nunber of :

degrees of freedom n ls f.nterpreted as the numberof lndep-

. ondent expected frequencles. As n becones lnflnltely Larger.

the dlstrlbutlon of discrete chl-square approaches that
( of continuous cht-seuâIêe

In thls thesls I r¡111 dlscuss the rnathematlcal derl-
vatLons of the chl-square dlstrlbutlon, descrfbe lts proper-

tles, expLore tts hlstortcal orlglns and background¡ and

foLlow J.t tbrough to lts applleatlons ln nodern statlstlcs.



' çHAPTEL.¡I

I'ÍATHEMAficqt DERI Vqm oNii 0F TEE-OEIîSPF'ì EE DISTRTBUI,T0N

1. MATHEMATIC{t INDUCT-I ON

By defLnltf.on, f= þ,Xl , vhere the Xl ere Nl'D(orI)

Letn=I
lhen 1^'= N2

{tx)=ffi=,
Put'E = X2

[ = S'/7
)v --J-

Tf - a{Y
.v

o o e(y) =!n-ãL., o¿Yzæ
ad7

r -Ì,4 -=-- 'L ;

Ass¡¡me Z.Xtl.s a úl ^^u 
show u¡rdor thf.s

ErÞ ¡--+. tolY¿æ
But {ATf de \ -¡'r'18 

xlt * jff" n-% @o)nt t ô 2 il'o'¿ *

:'Lu-+ to¿4^¿*
^X¿ fol,lows & dlst. wi.th I d.f .

rà
ù.

f.E n (Oe I) -

¡-d¿-X2¿

. i=,

tt1+! i l

-/ {.a *z- Ai 3.8
. d-r

Letu=xf +fi
at

V=Xé
n+Å

e ,rr. -g 4-l
o o 8(tÐ = 

-I-,¿ 
¡ \J "

assunptlot¡ that

*dL.o

+ oe o -å

, OZUZæ

,OLÙ¿æh(v)
aæ 11Ë)

-*
-n- ù



the Xles aro lndepondent.

U and V ts glven bY

t C) ¿'U1o4t .,. ' o ¿Va€ '' "'.|'.''::

are NID(Or I) f olLous

degroes of froedon.

U and V are lndepondent sLnco

. ". Jotnt donslty f unctf.on .of
v -t u *-f ¿ -u+yrew

t.
'j......

.Y aad Z ts glvon bY
\,'ã' A. z-V LÐìtJ -¡a

n zzLYv =Þ

on,of Y,Is glven by

'Let Z = tÍ :

' dZ = Yd'r;

e c Probabli.f.ty donstty functlon of Y. bEconnes /v\

r( tå vr-árv-ïi¡*;ili : K;+y+:' r [:1, ¡f -'dr
{\ l^tu./ \¡ v,/

/s

,U + V ÍJ =Y-Z
,\f Y=Z'

ilr -Li= L
fid
ll ^ "lÍe r{

denslty functlon of
ãtr z.- Ë (v-z) Eu. -e.-itã

Illty donslty functL

'='t(v-r1+- ' ¿=- 
'

Y = Ti + V foLlol,¡s the ûhf.-squ,âa@ di.strlbutlon r¿tth

L degrees of freedono

By the prlnctpLe of matbematlcatr lnductf"oa,

c

9e

n+
'e

o9

xi.

n

' 'a. ¡{t 1

, ñr'- 'y' t l^*= ft,lti , uhero tbo

the chl-sgr¡are dlstrtbutlon t¿lth
.,'.

,t

â€ã-t- [ @
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2. -GAMMA D]STRIBUTION DERTVÂTTON
' 

oa,

- ( -X rfi\'l t.tDefine l(n) =J: x d)t

thenf(x) =-"-xÉ ,oÅxLæ
fún)

is a probabillty density functlon called the gamma functlon

rolth parameter rr"

The nonent generating function of the gamna distrtbutton
ts Mx(r) = E("t*) = Gho*(t-')X^-'¿X

, f 
*- 

r,rf -t) 'o^',-i , -,=-*=Iæ.- X"'dXItrn' lo
Let U = X(]--t) X = ïI/L-t

du = (1-t) or dx = dull-t
J,.= [a-""T-'" ¿uMx(r) = trt") j.,d:r Ð 

-

=hd]orú"):ù^,4¿t
Let u.s flnd the distrlbutlon of the sum of two independ-

ent gamma varlates, XI and X, llith parameters g and m

respeetively, Its noment generating fur¡ctlon is
It(xL + x2)(t) = E("t(x1+ x2)) = E("t*I etx2)

= E(ut*r)E(etx2) = Mxl(t)Mxe(t)

= 1 
" -1 

= ___* , which ts the M'G.F"
( fìt)Jt ( I-t)B ( I-t).H,+m

of a gamma variate wlth parameter Â + n.



. o SurU of 2 f-ndependent gasma varlates r¿tth parameters I

and B respectively !s a gamma variate ulth parameter I + m.

Theorem i-

If x rs tr(g,o+) then Èfry)l is a gamma variate r¿ith para-

neter *"

-uxgJl*
Ler u =J3S- du = J: S {x"-À ;n- cr e

AIso X -1.À=

\/ tl *ri -¡* -

and g(u) du

vhi.ch shows

parameter å.

Theorem ?

From the resuLt ln theorem 2 lt
ntù/

abll-ity density function of */x ls

-É ít +^\+-lj- -¿ 
* Le 'v /

ræ

o-'[ãÏl ; X7Å¿

cr.[Ñ ) 4¿ t't
.t -!..

= ;--t U 
**du

<- lËi
that u = àCx -F)2 ls a ganma variate vith

åX^ ts a gamaa variate with parameter E given that
â 2ß,t, râ 2

l^:.e ixi=H'' i=t 6"

follows that the prob-

and the probabillty density f¡¡nctlon of il* t,
l- _Q. Ç AlT-t¿4ew*
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L Tltr l,{On5l'il -CI.EÌ'IEBIIING 
FU-l'lCTLqlI TECH}TIQüE

Cotrsld'er the probabillty donsity functlon

r d+-t n-M^ t oz 2{Lær(x) s¡j: /r )
¿"/orffi)

ìjfhoro n ls tfre num¡en of rtdogrees of freedom¡ro

Tho moment genorating funotion of X 1s'

t,'x(t) = E(on*) *
f 
* 

oÁ .,*-[ | ,,,

)oe. ,Ã d^

X= ?U
J.-2t

{{ = edU
L-?t.

¡E( -n-v,.,,\ñ-ã/L

tffit o \!- acJ

'^n/a

I
I

ç 'u*;!'

I- ( o,.JrYl

Lr"txiftf

=rrh@l Ë-G4+x*-,'Jx
rôt u :(å-et)x

ã_

du = (ryilox

" e{x(+}

= (, '.r\m/ÂU - or-¡- I ¡4 â.

.n, z ¡ +\ ,- o¡-^+sx|) =f E(,-o^Î) =Nt7;a, \E I .,- .rr\-¿ !, -¿ 
=n 

-.

slnce al,l" the Xf havo tho same distnibution.

"a du
l- at=ã%)



o

Mxie (t)

e

. . M.,r?( t)
.&'ì

tet if = Xi2( 1=Atì
2

,vA.

= F(¿'n' J

I

+raË rlarr /-"¿

gU= xi(j.-2r)dxi dxi = -l_çl]ljll-êt

t'
(t - ,\ J-\rT/&tf ct L /

J.s the M"G"F. of tho ;orovious df stributlon.
â-

the.iprobabillty de:rsi'ly fuact L? ofu., l-
e. I /.¡x\tt-l ^-'t\/?'''. I r{' \ .--.¿ñl/L I 4Ls g( '/u ) = -nm/¡aþa\t'' )

', cL I Le/

\./ +lâu
A;= >J t-ât

""" Y,x??ù =ÚYxlU!'

ruhich
:

e.

:

l,- nrìôr¡,-r¡f¡'Þî ñ TIT¡ÞT'Íri\ rPT ôlTf'^ Ll.,:!vl'l.rl' LLuv )J,t-rLq vArrv¿!

,

h rll 
^$J-rJ l¡\¡r Àr¡Á u J. vrr g

â.Í1'4 lvÏk = 1AL. e Ì'¡no]3ê
L-t

'\
r¡l^.1 ^Itit s eo.ua'i;!on represen'i;s a hyporsphero ln n-dlnonslonaL

spaco, r^rlth radl o, f" c If vo conslder l* u, a paranoter,

ã,* ¿l

rn

äX: , X, N ro (o' r)

i=l
I

o ¿ d..¿*
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tlien depend|ng upon the value og/c vJ€ have a famtS-y of

concontrÍ.c liyperspherss v¡ith conËre the orlgln. In 2-space

He can represen.,t 2 of these lryperspher@E (nor,¡ clrcles) as

åx-

r¡¡here á/ rc w
element of radlus

For ¡l-space¡ lt can be shown that dv, the element of

volume betveon 2 hyperspheres can be expressed ln terns of

d{, the olersen'b of rad,tt¡,s, by the folLor¿lng f,ornula
' L'/ñ'It^tqv =N /. 4'/\ o lrhero K ls a constanto

We also $gX that the -Jolnt denslty f unctlon of the

xf.gs is å. ¿- 4Æ- 
= Jq -q, - 

d7o'-

Thus u¡e can f,ind the probabltlty that a randon value

ot I Ltes xr¡ the intervaL¿/'. rt is
- r{i

-h.¿ 
.-* 

dv =Å.

-47" n-t ,,
=Ce / dq

u_ 
d2, 

K l^_,J,í

= +(d) 
¿'l , o zd LoD

Si.nce c is independoa-b oî X ,(Tr^,\ {d -the properf;y that | þ{ÁJd',t =

r€ .t1 /ou
{ -'l/a 41-t

" ic¿- ñ, dd_ r0 6l -¡/o

$Je ney soJ-ve for it uslng
¡
a



B

=[ñ

| , ì. r

dfte du
-êr)au

I

e3

c

ac

ee

tho probabLlLty donslty f ':.nctj.on

{t*t:þrc) -L- d7* 
O'n-t

Ler v = d* 4* üV-

dv s 
^N'¿l 

,n=#
11 | \ I

Thon" ¿tV )dV ¡B
t^

u a-t. v ^-'/x
Ãa-',, rf,+)asr

Tho probabtll!y donsi'øy f nnction of,

dv

ot N r.s

tÍ^ 
Jts

n ls caLLed the number Ef. dogrooo of froedon.
supposo nor, rJe havo p lf.noar h,ourogenoo¡fs constre,lnts

on tho xtrssu Each of, thoso eoastratn'i;s rs ropresontod by

a hyperplano fn'corsectlng f;ho n-dtnonsj.onai, hyporsphoro

through tho orLg'Li:,. rhts wi-11- res¡¡i-t tn a hyporophoro ot
tho s&B@ radLus buÈ of one dluonston lover, Thus, vf.th these
P rlnoar honogenooLr,s eonstrsLnts tho <ilstrLbqtton ronELne

tho saüon excopt that f;ho nunþor of degroos ol froodoa
ehangos f,ron ¡r to n :'.'o
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CHAPTEB IT

MÅTT{qM{|LCAT pEjicErPTI0N 0F TIfl CIg-SOÜ-ARE DISTBÏBUTI0N A}r,D
TTS PROPERTIES

DESCRTPMON OF THE CItr-SOUARE FÜ'NCTTON

The probability density functlon of the chi-sqnarê

distrib¡¡tlon ls given by ]H") (lto)-u'n-47*
u e''* I (æJ

r.¡here r¡, is ihe ¡¡r¡mber of degreos of freedoro"

As prevlously shovrn, ûhis cont1nuous distrlbutlon l,s
ofn

that follot¡od by the sum of squares,/independentLy dlstrlb-
uted nornal- variates r¡ith zøTo means and unit vari-ances

( standard ¡rormal vari.ates).

Note that
o. , l:"^)^/'
ffiáffi1 *Lt )*,,. (^^)1-'

d1* -eM*

An appllcation of leHospitaLss Rule (qJ.I times shows(2)
this Limit to be zeroe Therefore the chl-square curve !s
asymptotic to the positlve X-axis, and, i.s sker,¡ed to the right.

-t - i7"
-2-:l

Also, for /Tì>a-

n. /^^\^/t-l
)JJrn I ^. /
'¡7'n o

Therefore 'the left end-polnt of the

f or rv:>L is the origf.n"

The extrema of the chl- squ.are c¡¡rve

settlng the fi.rst derivative equal to 0.

-r%,e. =Q

chl-sqtlare curve

are found hy



\¿

a
LetX=X.

! = ¡ x^"-'u-Mo

¿r/dod:#@tg- t) /*-X- il^- + n- 
*^ f'*']

u_*^ft-ro_, {¡* ù(/ù_t}: o
n-4= O implf.es {=*

^-+-'= 
o tmptr-tes 7 = e

l) å -'I = o f.mprleE x = Fr-2rN2
Iisirag the second derlvative test, i.t can be verifled

t^/
tha'b t!¡e ma:ii-mum of the ehi.-square eu,rve occit1's at.ß = n-2

BEARSONI AT{ DT STRT BTTTT ONS

KarL Pearson has shor¿n that the standard frequency dls-

trlbutions may be roprosen'ted as solutf.ons of a eertain

differenttai. equation, In partle'ri.Iar, the chl-squ,are cilr\re

can be characterized as a s¡Pearson type III curvem e and as

such can be wrftten i,n the follouing forrn:

Y = c(x- F)^-;'"1(x-t4, x7tr-r

t¡here for the chi-square cu¡.rvee

f.¿-0, tr=Br4=.L22
u_OI,ÍENT$ ANp Cg'futANTF

Iì: has been shor,¡n f.n Chapter I 'Lhat Èhe noment generat-

function of the ch$.-square distribution

dz o trzo

ing

1s given by
(t - at)^/"

r ât¿1



il.
From thise trì¡e can easily obtaln tho monents of 4',

¡u,' = M'É)/t"o = -t(t - a-g )-'/^-'(-t) /*= o - rn - l.r
. ,l

Fj= M'4)lt =o = n(-m/a-r)(r-àr)-ñ/a-à¡-a) J¿*.
= F+ ^)e = ."1*+ â--n

Therefore, Fa= Fl-(t,j)" = n * zr,--uÎ= xt
Similarly, all other nomeais may be obtalnod"

IÍor.lover, Ì'Je can also obtaln the moments dlrectly" For

oxample, tho moan ls
/*

F=E(Ë) = ),d{fûÅr
.(*.u,vñ/a-l -ill,= l4fur--q dq.

/o ¡ tE/ 4 
.& ^^ | ,e_7

= J=. l'+\'^^ [ z^'i.-d'/ar^
W)[æt Jo/' -< \)/\

Sinco /-t*o1¡ = nl-(n)
l f ^/o*'r^\ -(^\F =ffi/ta út'if frJ= o

I fã/ ,LIn the saae naìxnorr H@ caa obtain the other no¡aents of
.o-,{L

.¡\ - /l.o

-ê' fornrura for the rth ruonent about tho origin can be

obtalned fron the gamme cistrlbutlon" The rsth nonent about

the orlgi.n for the ganma dis'i;riþution ls gtven by
.ttr 

-.1- [*^-q-d,rr''-t+)2, .
lrn =7fi7 l. -a x' dd
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= Lh{n)= (rn)(n + L).".o(m + r - r)f@)
.r 4

Sincc åÍ^ tu a ganna varlate rilth paraneter

rsth raoment of the cbi-square dtsirlbution 1,s

n
2

, tho

The factor 2r resuLts fron the lac'a that nult,LpLylng a

varlable by 2 nuittpi-ios i.ts ralr Bonents by 2r.

From the mo¡¡en't generating function, it fo1lov¡s that

the eumula¡¡t generatlng function

K(t) = log M(t) = IoB ß-2Ð' 2
êo f^ , \''

= - ì1 los (r-et¡ =q/W
2

From thls, the rth eunulant is
h = (r-1)1 }r-Ln
Thj.s can aLso be ob'calned frora tho gaama dlstrlbutlon.

Slnco tho rs th cumuLaat for the gamms, distributlon ulth
paraneter n i.s Kr = ¡c(r-I) I = n /-(t), tho rth cumulant for
chl-square is given by Kr = 2r' [Cr> /g\ = 2r-)-çr-].) 3.n

l2l
From the no¡ronts r.¡e find '¡;hat:

(L) cosfflclent of sker¡¡noss = Y, =

q-1- aî r.,.*cl^^r^-V - Å-/v(2) coeff icl-ent of kurtosi s= ðx= jË - 3 =
.fe

o t 0. v' Note that ,U,rn Y, = Åi--rn ðo- = Q

F^ = aÀf(n.+*) = (n)(n + Z)(n +1 )...,(¡¡ + Zr - Z)
t (ø-\
I Là/

m--
12

fn ->êê /n -à o¿
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. Thls i.ndlcates that the chl-squaro dlstrlbutlon tend.s

to normaJ.lty for large ¡te

SFECIAI, -CASES; DEGAEE$ 0F ¡'nEEDol4 ONlr AND Ît¡lo

Let us now @xa¡oine the speclar cases lvhen the d,egrees

of .f,roedom, ¡le of the chl-square dlstrlbutlon are I and 2.
caSo. J 1). --¡L:= E

Ihon the oquatlon of the curve reduces to

. v-. .-d2n o.-ro¿Ør =*.ß-'¿

Its graph is as f,ollolvs3

"/a'A

Case (2) n-1
rhen y *&o$fr\,L o¿- d,^t Ð

a^æ
!c{' t¡

Its graph ls as follov¡s:
Y

This is the same'dlstributlon as fhat f,oflowed by the

and unlt va¡'lance u
squaro of a nor¡aal variate wlth 0 nean

ASY-itiPToTIC pISTR,ItsrlIJ_OJ oF çlrr -s QUArìg

Asymp'cotically, chl-squaro follo¡ys a nortrat distrlbutlon,
This ¡vas lnciLcated prevlously v¡hen 1t vras 

,shov¿n 
that t¡i t¡re

I1¡¡ft both yf and ,f,, approach O. .4, formal proof now

f,ollov¡s " Tha nonont generatlng fr.inctlon of the chl-square
distrlbutlon 1s glvon by _I x_e . Howevurf tr,.

(1-zqz
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momont generatlng functlon of a dlstributlon does not always
afv

exlst. But the characterlstlc f unctlon, E(o'u^) , f. = tJ-I,

aluays exLsts andr llke the monent generatlng functlon e

uniquoly characte rLzes tts distributf.on.
Tlre eharaei;eristlc funoÈione (C"F") fo¡r the ah!*sgÉare

' distrlbutton Ís Øxft) = I

roso@"r(!)

n
(¿-2LÐZ

e'Let y =J6lÞ, vhere F = * .,td d= 2n
Å ¡+u ,r( /g\ ,

. Then PY(t) =4

-l=-Þ -B f roe, li-sll
ia-, 2 L r' \ "Jñ/J

sr.nce logr(r +tç¡ =fi-$+ 1: -+."..
and totttng -?.if. = É_ 

\r2ä*

rosrþv(t) =ff" ä[ #.Êeif -#ì* -.,,J
A

o 

u o rtl roso4Þ &) = -E
¡n ->r ú

e t ,- d;
o @ Ii.m Q"G) = etã rohich ts the C.F. of the standard' /¡^ ->oâ U

normal dlstributLon.
Thus, ehi-square asynptottcatty follows a nornal distri-

bution"

Flshor has shor.rn that f,ox rm=?ot WF ts appro:clmat'ely
¿

normaLi.y distributed with rnea,n = , {2n and varlance = Iu':



Thls: cqn bo Proven qulte read'11y3

r¡, /- ê.- | V tt[(')ar*-tamá Ä/
^ 

t t \t

" P(ffi ¿ X+ùarn )

tochnlquo I 
g ua. M.G,F " of Z'þ¿

+'. r tñï\Ë l,l E(&- I

(l- ât )z 
mi/a'

É{i¡ (nt þqi
,IY

TTt,
.¡

= F( ÃñjL x*+ aK.t$'+am)

E B(çL^L Xïæ+m'l- Xffi' )
' ^/, ^ â

E, o6Çg L Åtï + x )ùam â'\ar¡r

Ifnere Z lsr a nand.om vanleble normally dlstnlbuted wtth O

moan and. unlt variancoo

Thus, to tost tho slgniflcance of a val:uo of basod

on more than õO degroes,.of freed.om, one can tneat

as a normal deviate with mean 0 and. vanianco Iu

In ad.d.itlon, ]¡llilson,and Hllforty have shown that
_2 _.

1s approxlmately normally d.istrlbuted with mean l-9zn and.

varlance 2 o Ganwood. (fOOO1 has sholvn'that this apprnox6
9n.

lmation is better than thaù of Fls}.er8s,

REPRODUCTTVE PROPERTY

The sury ?f k indopondentl.y d.istnibuted. chl-squares,

rvith n1 , r¡,- ooor\- d.ogrees of fneed.om nos;pectlve$, ls
e chl-squar.e v¡ith . degrees, of fneed.omo

Thlsr can be provod uslng the moment genenetl,ng funotion
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L6

whlch ts the M"G"F. of a chl-square vith 3,^' degreos of

.freedom" As a corollarY:

If t,he sun of tt¡o lndependent posltlve varlates ts 
*a

varlate t,lth nI + n2 degrees of froedonr and one l.s aÍ
r ri --- !r-- -r 

¡É

!,tth n1 dogrees of freedom, then the other ts a }. slth .

Ð,2 d.f " 
,,.rÂ

Thls foLLor¿s from the fact thate slnce the A.rs aro

lndependent e

- l¡r
= (1-2r) T Mf(r)
'n2

dâ(t) = (r-et) T

(r-et)- otå *2

e.
ooM

A theorem whi.ch has usoful appllcat!on ln hon¡ogenelty

tests J.s tho following onee due to Flshero
ú

ÐI SHERr S TI{EoREM

Let A be a sun of squares of n lndependent norrnaL

standardlzed variates Xlr and suppose A = U : tr uhere B ls
a quadrattc form ln the X1, dlstrtbnted as 17 wl,Júb h degrees

of f,reedon" Then C Ls dtstrlbuted, as li1wffi,h n-h degrees

of freedom, and f.s lndependent of Bu

' The proof may be sketched as follo!{ss

Since B ls a quadratlc forro f.n the X1 and ls dlstrlbuted

as r;¡lth h degrees of freedoro, B ls a sum of squares of h

orthogonal llnear f Bnctions Y , Y*¿. e c c e. Yro of the X1" Fron

' the'theory of Ltnear transfcinmati.ons, 'tc@ ean flnd n-h further
\/v\/functlonslh.,,[h,n.t..,Y^whj.eharenutua1Iyorthogona1.and

'þ- ,rà 1Y?orthogona1toY1,Y29ocouYosuchthat.åXi=#,,,
:,r
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the X1 are NID(OeL) then the

Y1

IT

aro

We

A

can be

NLD(Or L)

have u
rñLv.a<^ Â¡

t -l

shown that lf

= B+C = fr$ltc =þviu ävi
t-t ?=htt. 2v.4

c e C=-*.-"1
t'nn

ls a sum of squar€s of ¡¡-h lndepend-

ently nornali.y dlstrlbuted standard varlables and thereforo

foLlor¡s the ehi-square distributlon r¿tth n-h degrees of

f reedor¡"

This theorom can be extended ln the follor,rlng !ray3

If A = B3o B2o ..".86 ç Cr

vhere u = äfu*and Bo, Í. = le o. *k ls a sum

of n1 variates Y1 which are independont linear
h

of the X; anA Zrn;:m, then C Ls di.strtbnted
h. L'l

n- âmÅ degnees of freedom, lndependently ofr_tt-'

THE PARTITION THEOREM

.å. converse of this theorer¿ ls the partttlon theoremo

It gives the condi.tLon under whLch each nember of a su¡s of

k sums of squeres $JilL be lndependent}y distributed as 1( c

Thts theoren states¡

ï.,et the sum of squares of tho n varlabLes U1r U2.. oUrl

be partiti.oned into a sum of k suns of squaresr QI Q2"o"Q¡

trith f 1r t2t u o uf k degrees of freedon, respectivety:

of sqrlares

functions
&

ø,s I rsl8h

the 81.
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The nocossary and sufff-cj.ent condltlon that Qt, Q2...QO
^r^aro stochastical3-y lndopendent and distributed as Â ulth

lr ¿¡ 4rrlr rZ n..er¡ degrees of freodonc r€spectlvoly, ls that:
t¡+î.r+fv =ItI¿A.

thls 'ühoorom forms the 'ùheoroticaL basLe for the analysls
of variance"
plsrnrtìu.ngN. 04 rHE QuDBAJlg^.l'pRM_rN rrrE ¡txpoNENT_oF irgE
}ruLÏI VA.RT ATE NORMA I, DT. STRT BUTT ON

Another property uhich has very fnportant appllcatlons
fnvolves the distribution of the quadratlc form ln the êxpoÍr-

ent of . the rnultlvarlate norr¡a1 dlsirlbutlon"
Let X1 , XZru,.\havo tho foL3-owlng Jolnt dlstri.butlon:

t(xix2..o4n) r¡ (-rføffi .;"p@
vhere X is an nxl column vector

F fs an nx1 column vector
\

V-I, the inverso of the varlancoçcovêplance natrlx,
ts a synanetrlc nim matrixo

Tì
Let Q = (X-u)'V-r (x_pi

tqlrhe,monent generatlng funetion of a is M*(t) = E(¿'- )=(rl
ttll"'lñ*tr| / g,,/ lrvl

'exp W -a4fft q)'dx,dx^.,, d y-

- Notei*l =¡s'-e r '-r- r-e'1fffiffi^"*p
I
| | t tt

=-v--=-t^ j=utl
It ¡ l\tr7À

c \- o'.rJ 
^

a\-f4
o e Q foLlovu u t{^dlstrlbutton vith n degrees of freedono
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RErAgr oNsIiI PJrp oTTTER pI grR.rFuII pivs

(a) NoRMAI, Dr srELBUqroN

( I) By deflnltion, chl-square ls tho sum of

squares of notmal, standardlzed varlates.
(2) It has been.shorun that ch!-square is asymp-

tottcally normally distributed wlth mean n

and varlance 2n" Fi'shor has shor,¡n that,Ñ
ts approxlnately normal-ly dlstrlhrted r¿tth

:

f erty have shor,¡n that th ) ls approxlnateLy

normal rvtth mêan ( I-å) and varla:rce !>Lt 9_a"/4

(b) GAMIL,q ÞlsqRrBUTr oN .Â -,,r
n tr¡at + =+,X;NID(QI)1' a sa'na

variate ulth parameter II. This property simpLlfles the
' 2 -r+*derlvatlon of many other properiies of(A e

( c) BEIA U;SrRrÞurr olq

) o 1l'Ll

denoted by

Bt ls

6(.(,u")

Be Ls B2(X)

81 and Br"

B 1(x)

There are tr,¡o types of Beta variatest

The probabllity density functlon of
!-t. -îrn-lx lt- x)

The probablLlty density function
1- t

=X
6(L, m) (t+ x)^o^

O LNLæ

.!.-t . ffi-l ,rx (-x) dx
('

uhero B(Lrn) = I

)o
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It can be shor,rn that if x and Y, a7:e tndependent gamma

dl
varlates lJlth parameters .q a¡nd ¡¡ respectlvely, then X

K+Y

Ls a Bl varlate vlth paramete"t i, and n" AIso, å ls a 82

varlato vlth Paramotot, i. and m. 
Y

Fron thls, and knoving the rel-ation betr'¡een the gamna

and the chi-square distrlbution, the follovlng theorem ean

be stated:

If the lndepondent varlates X and Y are dlstrlbuted as

Chl-seuâre lrlth n1 and nZ degrees of freodon respectlvely,

then E-.=-. tu . BI variato r¡tth'parameters n1 *d ae r a]1dX+Y&nn

7
-==æ{v/rn
dom, and

T'
v

I

I
Y

ls a B2 variate vi.th parameters ït *d þ '

(d)

r,¡here Z

ZandV
(e)

fr¡hefe

ulth n

STI]DENT 1S T DI STRT BUTI ON

The random variable t is deflned by t =
-J'ã'is n(Orl) and V is'Â wlth n degrees of free

aro lndeponden'b.

F DTSTRIBUTION

The randora varlable F is deflned as F

and, U are tndependently distributed as

and n2 degrees of freedom respecttvely.

Y/m'
=€u lm*

chi- squares
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CHAPÎER TTL

Elsro RI cAt DEVEL9PWI,ÏT

The flrst known derlvation of the chi-square distrj.bu-

tlon uas obtalned by Prof . !ri" Eelnert of the Polytechnlkum

ln å.achen, Germany in the year L876. In a very general

paper, entltLed mOn the Probablllty of the Sum of Por¿ers !n

Errors of 0bservattons and Some Related Questtonsrrr lfelmertt

working on a speclal case of this problem, derlved by mathe-

matlcal induction the distrlbutlon of n normally dtstrlbuted

standard varlateso Tr'lenty-flve years laterr Karl Pearson

rdas to name it the chl-square dlstributlon"

In Helmertts paper, he first sets up the multiple

integral that must be evaluated tn order to obtaln the dls-

trLbutj.on of the sum of the mth powers of n errors ln observ-

atlonse and proceeds to solve it for partlC.ular vai-ues of m

and. n, glven that the errors follou a spectfied distrlbution.
Having first deal-t r,¡ith the uniform dlstrlbutlon, Hel-mert

then proc€eds to the case ln vhich the errors are normally

distrlbuted. Substitutlng the Gausslan function lnto his

origlnal- fornula, Helmert obtains the requlred distrlbutlon

for the cases n = I and 2 uith m = 1r2 and 3" He then con-

cerns himself exel¡¡slveIy wlth the probLen of what happens

r¿hen m ls ftxed at 2, stating that for thts value of the €x-

ponente rrthe mathemattcal treatrnent is nost convenlerltr¡.

Using the results he obtained for n = l and 2, he easLly

extends hls findlngs to n = 3 and h" These calculatlons non

strongì-y suggest a general formula for the distrlbution of
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the sum of squares of n stand,ard normal varlates wlttr n

arbitrary. A formal proof by lnductlon vorlfles thls

hypothesls, and the chl-square distrlbutlon has been de-

rlved for the flrst time.

KARL PFAIìSON

The cltl-square distrlbutlon seems to have boen neg-

lected, untll Karl" Pearson rodlscovered lt ln 1900. In hls

classic paper 1n the Ph1losophlea1 Magazlne, he lntroducsd

tho goodness of flt crlterlon, and establlshed lts dls-
trlbutlon. Slnce aÌl goodnoss of flt probløros up to that

.L
tlme were solvsd, by vlsual lnspectlon, the V- test has

turned out to be one of the ¡nost useful ln statlstlcs.
Pearson starts off by considerlng the nultlvarlate

normal dlstrlbution, ; 7 =Zor-q of a system of varlates

vllth zeyo neans, where q is a quadratic forn" He deflnes
aT
/t" to be Q and proceeds, by transforning the elllpsoid

,^
7 - A lnto a hypersphere, to develop lts distrlbutlon. The

result ls that he expresses P, rtthe chances of a system of

errors wlth as great or greater frequency than that denoted.
/Ø - tYx tn-t tby norasP= 
)on I d^

f 
* 

^*Áb*n_,rll/o '<-

He next expresses thls probablllt,y ln power series form,

fron thls dovelops the flrst probabllity table for the

distributfon.
Fearson then applles these resuJ.ts to the goodness of

probløn. The problero ls that of decld.lng whether a set

and

f
flÈ
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of observed frequencles can be reasonably consldered under

random sampling to have arlsen from a partlcuLar theoret-

lcai- dtstrlbutlon. In other uords, lt must be declded

vhether the frequencies to be expected under thls distri-
butlon aro compatlbLe with the observed freqaencies" Pearson

flrst assumes these expected values are knownr and deals

wlth an (n+1) fold grouplng of frequencles under the sole

restrlctLon (vhich !s crucial ln order for the test to nake

any sense at aL1), that the sum of the observed frequencles

equals the su.n of the expected frequencies. Slncethls

fixes one of the observatlons¡ Hê have left onLy n varlables.

Theso he assumes to have a nultivariate normal- dlstrlbutlon,
and by a compLlcated transformatlon to poLar coordine,tes he

obtalns the result that the quadratlc f orn Q = f =þ,nï*'
rahere n1 ls the 1tr6 expected frequency (known a prlorl)¡ and

el ls the 1¡¡ devlatlon of the observed frequencynnJfrom¿rni"

Thts result, the goodness of fit criterion, Pearson aptly

refers to as belngrrof very great sinpllclty and very easlly

appllcab Iefr.

One calculates thls result from the data and flnds the

correspondlng P, the probability that a rEndoni sanple of

observed frequencies from the 
.hypothetlcal- 

distributlon uill
glve a more extrene value of 7 , If P is betueen .1 and n9¡

the hypothesls of a ttgoodtr f lt J.s almost always accepted c

thls value of P, Pearson notes, can be calculated directly
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f¡om the por.Jer serles formr or fot m¿¡3 can be obtalned

f rom hls tables. Ilor,rever, these tables, r,,¡hich givo p as

a functlon of I and nl = n + r, are not compretery accurate.
Thls is because Pearson assumedr ês long as the only rlnear
constraint among the observatlons rvas that lmposed by fix-
ing the totar sample size, that nl coulcl always be taken as

one more than the number of cerrs. rt uas sir Ronald

Ftsher who shor¡ed more than twenty years later that the
number 'of degrees of freedom used, by pearson sas not comect.

Pearson concruded tn hrs or{n paper that if the expect-
ed frequencles had to be estlmated from the sample, the dts-
tribution of the test criterion uourd remain unchanged. He

A ,e.
compares 7 based upon the true theoretical val_ues wftf¡/s
based upon estlnates fron the sample data, and says the
folloulng about the dLfferences betr,leen them¡

ttI thlnk lre may conch¡de that I onLy dlffers fronls by terms of-the orAãr of-tne ãqo.*", of theprobabro @rrors of the eonstants-of the sampl-e
dl strlbutl on. ,! -

Thus he malntalns (although as Cochran notes, ltwlth

sone slgn of hesitatlon,,¡) tnat estlnatlon of parameters 
æ

fron the sampre data does not modf.fy the dlstrlbutton of I ,
and ln particular, lts degrees of freedo¡n" Fearson t¿as to
sti.ck adamantly to thls concluslon untll L}ZZ.

Although Pearson grantede and indeed hlmsel_f showed

( 19L5) that the degrees of freedom had to be reduced by one

for every Llnear restrrctlon lnposed upon the observatlons,
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he drer¿ a dLstlnction betvteen thls ar¡d the esttnatlon of

populatlon paraneters. Thls ls cLear uhen he sayst

ttlf the sampl-ed populatlon ls not kno¡'¡n ve can
only put f õr thã¡ margtna-l -totals the values
glvên-by the sample ttself and test from thts
ãubstltütlon the- degree of dlvergence from
Lndependêrtc€. rl

As Fisher polnts out, hor¿ever, Pearson never suggests

any correction for this. Pearson state s (L9?2)z

q¡fe certalnl-y do not by using sample constants
reduce ln añy roay the random sampllng degrees
of f reedom. - lrfhat r'¡e aetually do ls replace
the accurate value of f u unknown to us and
cannot be for:¡d, by an aþproxfuoate value, ulth
the same Justtftcatlon as the astronomer
claims, rlñen ho calculates hls probable error
on hts obserr¡attonsl and not on the-nean square
€rror from an lnfinj.te populatlon of errors
unknown to hlnu r¡

sI& RoNAlD Fr SHER

It r¿as Flsher, who f-n papers ln 1,922 and L92\t flnaIIy
cleared the lssue up, at least theoretf.eally. In hLs L922

arÈtcle, Flsher dealt prf.nclpally t¿tth the zxZ contlngency

tabLe. He shorled that nI, whlch is entered lnto Pearsonrs

table along v¡Lth the calculated 7* to obtaln the corrgspon-

dlng P, shor¡Ld be tahen as one more than the degrees of free-

don J.n the dlstrlbuti.on" Slnce ln a test of tndependence of,

tr¿o attrlbuteso the marglnal totals are used to estimate the

expected frequencles, they are consldered flxedo Thts leaves

onl"y one degree of, freedom by uhlch the expected values

mtght dlffer from the observed valuesr not three¡ âs Pearson

would c1aln. Fisher also polnts out that the sane probJ-ern
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can be examined by testing the dlfference between tr,ro pro-
portlons, using the normar approxlnoatton to the blnomlaL

dlstributlon. Thls proeedure shouLd be equtvalent to the
^,^'n testr but only lf the degrees of freedour are taken as

on€, ulII the two tests turn out to be identlcal.
Flsherts theoretlcar concluslons r,Jere þacked up by sâ¡n-

pltng experiments on the 2x2 table conducted by yule (LgzZ).

By comparing values of observed /1, 
"^L"ulated 

from 350

tables with r0o observations each, agalnst the v arues to be

expected fron the -theoretlcar dlstributlon, he found that
¿È

the two sets of 'L I s were compattbre only lf each table was

assumed to have a slngle degree of freedom

Flsherts Lg24 paper deals r¿ith the generar case ln
whtch popuratlon parameters must be estlmated ln order to
obtaln the expected frequencles. Flrst he points out that
the dlstributlon of 7 r+lll depend upon the method of estlna-
tlon. Reasonably enougho he chooses to estrmate the par-

.e-
ameters t'n such a way that q ls a nlnlnum. He then shows

that if the number of observatlons is large, this method ls
equivalent to that of maximum 1lkelihood.

Fisherts naln accompllshment in this paper ls shoulng

that lf a slngre estimated parameter ls used to caleulate
,Lthe expected frequencies, the resulttng 4- dlffers from the

,l*true'zL by the square of a quanttty normarty distributed
vith unlt variance. slnce thls quantlty has â slngle degree

of freedom attaehed of it, rt is evldent that for each estlma-
ted parameterr one degree of freedon ls rost fronr the dtstrl-

^,6-butlon of '/L 
.
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thus Flsher cleared up the issue theoretically. Pear-

sone hovever, taking up a nelJ Ilne of defenser stlll maln-

tained the degrees of freedon for a 2x2 contingency table

should be three. He claimed noÌ{, and as late as L932t

that flxtng the marglnal- totaLs created a rrspurlousrt CofI-

tlngency table and that the data should not be arranged ln

a 2x2 tabLe at alLn Many others aLso questloned the logtc

of havlng conÈlngency tables wtth lrflxêdrr marglnal totals.

One rEou}d expect that ln nany experiments, the marglnaL

totats r4¡ould change fron sample to sanpl€.

GEoRG.E BARN"qRD

George Barnard, examlnlng the phllosophy of the slt-
uatlon fn i.9\7, resolved the problem wlth great thorough-

nesso IIê verlfled that alfihough LogLcally three dlfferent

klnds of tests of lndependence cai¡ be exeeuted on the data

in a 2x2 table, each j.nvol,ves only a single degree of free-

dom" The approprlate test depends upon the abstract plcture

the experlmenter has ln nlnd. Hol¿ever, the adoptton of the

corr.ect ptcture depends upon lnformation not alr,lays supplted

ln a reaL situatf.on" It ls thls lnformati.on that determlnes

thE differences betueen the three testsu

lfhat Barnard refers to as rtlndependence trlals" corres-

ponds Logically to the case ln røhlch the marginal totals are

allol¡ed to vary from sample to sample. For exanple, ln test-

lng the hypothests of independence betr¡een marriage adJust-

ment and l-evet of education, one l'¡ou1d not expect the nunbers
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J.n eaeh category to remain flxed frona trlal to trlal" How-

evor, since two parameters nust bo esttmatod ln order to
test the hypothesls of lndependence¡ and the total sample

sJ.ze ls flxedr u€ have left onLy h-2-1 = I degroe of freodom.

Barnard¡s rf eomparatlve trlals¡r correspond loglcally to
the sltuatton ln r¿hlsh one set of narginal totals ls flxed.
Here the nuII hypothesls ls that the proportlon ln the two

categorles are equal. For example, one nay have two urns,

A and B, each contalnlng balls labelled elther I or II. The

nuII hypothesis ls that the proportlon of balls marked I Xn

urn A equals the proportion of ba1ls narked I ln urn B i.s
equal to P, say,' It ls assuned that the nunber of balls ln
each urn i.s flxed (although these two totals are lndependent).

Horr¡evere thts means one parameter (P) must be estlnated"
Furthermore, ftxlng a set of marginal totaLs lnposes an add-

ltional- lfnear restrlctlon on the observations. lhus agaln

!¡e are left ulth a single degree of freedomn

trDouble dlchotomyn trlal ls the name given by Barnard

to the situatton r¿hlch corresponds logicatry to flxlng both

sets of narglnal totaLs. An exampler &s pofnted o¡rt by

Cochran (L95Ð r 1s FLshents sell-knor¿n tea tasttng experlment

i.n whlch a Lady at.temptsto guess whether mlLk or tea r¿as

added flrst in her cupo rn the test situatlon, one classlfi-
catlon comesponds to what quantlty ls added firstr and the

other classificatton, to r¿frat the Lady guessed Has added

flrst. Slnco she knew how many cups were of each klnd, lt
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ls assumed she natched her guesses to these numbers. Agaln

the nul-I hypothesls ls that of lndependenco between tho tr¿o

classlflcatlons, but noro there a?e throe Llnear restrlctlons,
corresponding to flxtng the tr¿o sets of marginal totals and

tho total sanple size. Ilouever, there ar€ no estinated
parametors slnce flxlng all the sub-totals and the grand

totaL permlts the exact cdculatlon of the various proba-

btLltles" Again we are left vith one degree of freedom.

Barnardt s paper s¡as a valuable contrlbutlon" Ee shos-

ed r¿hether the marginal totals Ln 2x2 lndependence table

are lnterpreted as being flxed or not from trlal to trlal,
.&

the resultlng A 'has ln elther case one degree of freedom.

BesLdes the ¡¡degrees of freedomt¡ battle, the goodness

of flt test provohed dLscussion on other polnts. Sone of

these polnts are concerned wlth the mlnlmum allor¿ab1e numbor

of observatLons per cell-e the optlmum numbor of classes ln
the observatlonsr and the need for a correctfon for contlnul-
tY.

¡mNIMIru NU!ßER 0F oBSJ.RVATToNS ANp TnE C-gr!,TiNUrTy C0RRECTIoN

There are a variety of proofs for the llnlttng dlstri-
butLon of the chl-sqaare criterion. These lnclude Pearsonr s

orlgf.nal derlvatlon, and Cranerss method, vhieh nakes use of

the characteristic functlon. Morgenstern (1958) has given

a proof based on nathematlcaL lnductlon. StilI a¡lother ts
Rybarz0s proof (Lgíg) usJ.ng the asyrnptotlc normaltty of the

Polsson distrlbutton (an ldea originally stated by Flsher)"
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AIt these proofs, hor,lever, have ln common one assumptton,

and thls ls that the total sample slze ls large¡ arld that

the theoretical numbers ln each class are not too small"

Thore are two types of approxlmations made by these

authors that make these assumptions necessarys

(1) Rough approximations which include Sttrllngts
approxlmation to the factorlal and the omlsslon of all but

the flrst two terms of the Taylor series expanslon of

log (r + x) = [ - E2 o n3 *,o.o
23

Q) The approxlmatlon of a dlscrete dlstributton by

a continrrous onoo

In Pearso¡r¡s orlglnal proof , he toolc tho observed

mul-tlnomlally dlstributed X18s as each havlng a normaL

dlstrlbutton about the aorresponding expected valuer rnl. As

Cochran polnts out, this immediately conmitted hin to a

large nunber of observatlons per ceII" Camp (1931) has set

bounds on the naximum error lnvolved ln this.
Hor^rever¡ lt ls not necessary to rigorousl-y nrake the

norrnality assurnption, It nay be alternatively assumed that
the discrete dtstrlbutlon of the test cri.terion can be

approxlmated by the continuous ehi-square distributÍon" This

assumptlon arlses from the fact that, in order to facll.ltate
the calculatlon of the tabular probabtlltles correspondlng

to different values of 1Ï, one must replace a discrete sum

by an integratlgn over the approprlate reglon. The error
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lnvolved 1n both types of approxlnation lncreases as the

sample sLze decreases; however, lt ls lnposslble to set an

absolute lower bound on the penlsslble nunber of ob-

s ervatlons.

ltlhat is adequate for one appllcatlon nay be unsultable

for another. although many statlsticlans dlsagree on tbls
polnt, the generally accepted rule ls that the total sanple

slzo should be at least 50, and that the ¡ûln1mur¡ allowab1e

ce11frequencyshou1dbe5.Anr¡¡lberofstud,1eshavebeen
madE on thls, so¡ne of rvhtch I shall now refer to.

H,oel (1938) performed a study 1n whlch he concludod

about the flrst type of error (rough:, approximatlons) that
n the actual error conmltted by uslng the customary flrst
approxlmatlon ls much snaller than.the order of the neglected

terns rvould indicate, and therofore the range of appllcablllty
sf P 1s wlder than has been. supposedrr.

Neynan and Pearson have studled the problem when the

sample sLzs ls ten" After performing a sanpling experlment

they conclud,ed, that the exact lu dlffers fron the tabular
.Â

n" by very l1ttte" In the reglon of slgnlficance fron ¿01

to .trOe the greatest difference between tho two Prs Tyas

.061, and 1n most cases vtas far lower"

In the cas€ 1n v¡hich all ex.oectations are smalI, but

Ëhere ls a large nrinber of degroes of freedon(Cochran sug-

gests no less than 60) r the nornal approxlnatlon to the cl¡1-

square dlstrlbutlon nay be used. Haldane (193'/) has worked
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^p-out exact expresslons for the nean and variance of L r that

can be used for thls pu,rposêe For an rxc contlngeney tablet

hls resuLt for the nean of fl* ts (æ.lJl-e.Ð.e.t{, vhere N ts
N.T

the sampLe slze. Hls expresslon for the varlance ls'very
cumbersome. Dar¿son (L957) has substltuted a simpler but

equlvalent expresslon:
.a-var ( 7'-) =*35 " (n¡u1) (n2-t2) o*S (uruz)

where r¡l = (r-1)(N-q)
; N-I

¡r,1 = (e-t)(N-e)
ll;t

trlá Ri' -r' -N-2
l\JáCi'*-cà

ur=

vz=
N-2 '/

uherø 11 ls the sum of the entries ln the Lth rowr sJxd

"J the sum of the entnies in the Jth col,twnu

To correct for the bias i.ntroduced ln assumlng that
the dlscrete frequencies ean be approximated by a contLnuous

distrlbutLonu Yates (f93h) suggested subtractlng .5 from the

absolute values of eaeh of tho devlati.ons, before squaring

therno Thls adJustmont, called Yatesr continr¡lty correctlon,
wllL lower the value of Xâ and yleld nore exact probabl.Lltles.

Yates himself stated that ¡¡the worker wf.ll not be led badly

astray if he applf.es the ordtnary chl-seu,âTê test (aften

comectlng for eontlnutty) to tables glvlng expectatlons as

Low as 10, 60 Ï-ong as the corr€spondlng dlstrlbutlons are
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reasonablY sYmmetri câltr .

In the same paperr Yates offers an exampLe ln whlch ttøo

of the expectod frequencies a1e between 2 and 3. He concLudes

that the exact results are ver.y ueLl approxlmated by uslng

/åfoog lrlth the contj-nulty correcÛlono

Fisher stated hls bellef that r¿hlIe lt !s permlsslble

to deal vtth frequeneies liko 2 or 3 (along t¡ith the co¡,-

tinulty cor.rectlon) Ln a 2x2 contlngency tabl@r for all other

cases the nlnlmun aLlowable oxpected frequency should be ,.
There seems to be some confusion here, as welL as ln other

parts of the llterature, about the dlsti.nctlon bettleen

observed frequencies around I and expected frequencles

around 5"

.A,s r¿as stated before, the conmonly accepted practlc€ ls

to alLow a nlnimum of five observations per cell" If thls

condltl.on ls not satlsfted¡ adJacent cells arê to be pooled

untiL it ls, t¡ith a resulting loss ln degrees of freedon

(number of addttlonal degrees of freedom lost = number of

pooled cells)" Cochran (L9rÐ polnts o¡¡t that this can b@

a dangerous practlce, especlally in flttlng be11-shaped

curves such as the normal" Thls ls because dlscrepancles are

often likety to appear at the tails, uhero obsorvatlons are

r¡ost scarc€" It ls Cochranss beLi.ef that the recomm@nded

mlnlmum of 5 Ls too conservattver and that too rlgfd an appll-

cation of the rule may result ln a substantLal Loss of poll€ro

Hov¡ever, he adds that thls ls Jr:.st an optnlon slnce not
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enough research has been done to make the test qulto cl,ear"

One study, however, has beer¡done by Neyuran and Pearson

(1931). They concluded after performlng a sampllng exper-

lment that the error vill not be large Lf the groups whlch

are pooled eontaLn only a small- portlon of the total fre-
quencyo In any casee they polnt out that tf tAeXT based on

pooLtng ls f.nslgnlfi.cant, there ls no problem, slnce the

true minlnum Za wouLd shor,,¡ a stllt better flt.
For reference, I have constracted the fotlowlng tablo

v¿hlch shotps hotr¡ varlous statlstlcans feeL about the lssue as

a whoIe.

Author

Pearson,
KarL

rt'å:",

Yates,
Fo

Recommendatlg!¡s

Makes no speeifi€ F€conmêÍÌ- 380n the General
ations but states that ¡tu,o Theory of Mul_-ce}l ( shouLd) be tat<en so t5-pte- Contlngencyrl
snall ihat its contents are BKArV)ge 191-6,
vory smal-I compared utth the pp L+7-L58.
slze of the sanple¡¡.

Mlnlnum expectatlon should
be 5, except in the case of
the 2x2 table, r*rhere fre-
quencles of 2 and 3 nay be
dealt wlth using Yatess
eomectton for continulty.
¡¡The r'¡orker iøtl-t not be ted
badly astray tf he applles
the ordinary chi-squaretost (after correctlng for
contlnuity) to tables-
glvlng expectations as loi¿
as 10, as long as the
corre sponding di strlbutions
are reasonably symmetrlealn,
No mi.nimum sample sLze ls
demanded, but if small-est
expectation ls less than
5OO, continuLty correctlon
shouLd be usedo

Source

¡¡StatlstlcaI Methods
for Rosearch hlorkersrl
llth edltión,
Hafner Publ" Coo,
NoY" t L95O pp 93I

r¡Conting€ncy TabIes
Involvlng Small
Nunbers and the
Z* testtru JBSS
Supi-, Vol,. Ir193h,
pp 229



guthor

Snedecort
G.

YuIe, G.
and

Kendall,
It
Ivl r

Cramer,
Ii.

Recommep{atloJrs

frNo expected number should be
smaller than fr and when
possible, all should be 10
õr more"'(The correctlon for
contlnuity) is uell uorth
naklng if any crttlcal de-
cislon is lnvol-vede especlaLly
if the numbers in any class
falI belot¡ lO""

The sample slze shouLd be
¡lreasonably large eoe It ls
dtfficult to say exactl-y
t¡hat constlt¡rtes largenesst
but as ân arbitrary figure,
$te nay say N should be aÈ
Ieast 50" No theoretical
ceIl frequency should be
smai-L" Here agaln it is Liard
to say vrhat constitntes small-
ness but 5 should be regarded
as the very mlninum¡ a:rd IO
1s botter¡¡ "

The nini.mun expected fre-
quency shor¡Id be LO.

35
Souree

'rstatlstlcal Meth-
ods¡r IorEa State
Col3-ege Press r.
Ameso -Iotiae 19Lr0r
pp 168-170.

r¡An Introductlon
to the Theory
of Statlstlcsfl
Charles Griffln
and Co, Ltd. t
London, L937 tp. +æ..

¡¡Mathematlcal Meth-
ods of Statlstlcsr¡
Prlneeton Unlversl-
tv Press. Prlnce-
tón L9\6i p hzo r"
¡rlntroductlon to
Mathenatlcal Sta-
tlsttcs'r ¡ J. hlylte
& Sons Inc" e N.Y. 1

L947s p. l9I.
,e-ttg¡s ?t Test of

Goodness of Flt¡e
'AnnaLs of Math-
e¡oatlcal Sta-
tisticsr Vol..23z
L952s þ" 33tF

Hoe 1,
P"

Coehran
hl,

r¡The approxLmatlon i.s u.sual-
Iy satLsfactory provided
that the (expected values
are) 7 l" tl

For the 2x2 table, Fishet¡s
exact test shoul-d be used lf
the sample size n¿-ZO, or if
2O{nz-þOe and the smali.est
expectatlón is less than ,"
Foi ¡l z 4o , A* shor¡Id be cor- ,
rected for contlnulty, lf the
smalLest ex'oectation ts less
than 5OO" ilouever, for tables
r'¡ith nore than I degree of
freedom arld some expectatlons
under lrÁ* should bã used,
uncorrected. If alL expectatlons
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SoureeAu.thor

ofU^ o

NU}4BER Ä.ND hrIDTH OF CLASSES

The cholce of the proper nunber and r¡tdth of the

classes for the goodness of fft test has aLso been subJected

to scrutinyu These are inportant declslons, slnce dlffer-
ent chotces nay change the result of the test. Lfllllans
( I9t0) gives a simple example of thls" Conslder the

folloulng frequency dlstrlbuti.on, where the dashed Ilne

represents the dlstrLbutton under the nnll hypothests, the

nuneraLs I r II, III and IVe one sot of class frequencf dlvls-
lons, and II and ltrl, another set"

Then [eunder the four-fold dlvlslon yreras 11

Be commendatt orìg

å.r@ less tr:an 5r but there are
nore than 60 delrees of free-
dom, uso the normal approxtma-
tion to the exact dlstrlbutlon,
uslng the exact nean and varfance

0bserved
Frequency

2l
20

Ll
10

)

o

ryz*ss#)z+(ro:å5l
2 + (20-ß)z

æ T6.7? slgnlficanf; at the ,% level,
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the nost thorough s tudy in thls area has been done by

Marrr¡ a¡d Wald ( 19h2) , By naxf.mf.zing the po$,er f unctlon of

the test at abo¡¡t the polnt v¡here the power ls å (accord-

i.ng to Cochran an. ¡larbltraryn but ¡treasonabLen cholce) I the

theoretlcalLy t¡bestrr number of classes k energes as

â-
But Z under the

( lo-10)2 + (lo-1o)2=
30 30

k =rtstàGrFc
r*lI-Þ-z

uhero J rlaz
,/c

tuo-fold dlvlslon Ylelds fi* -
O, r,¡hi.ch 1s non-stgnlflcant.

erfL
lHa.'t :4

and 4 ls the destred levøl of slgntflcance. At the

,% level, c J.s l"6¡to

the class llnlts are then chosen so that the number of

theoretlcal frequencles in each class ls equal to S" Choos-

tng the class Ltmits ln thls way has the obvlous 
"5u"ot"g"

that lt romoves the subjective elenente although lt ls a

falr3.y conpLicated pnoced,ure, and requlres that the data be

ungrouped,

Although Mann and I'fald rlgorously proved thei.r flndlngs

only for very i-arge N (¡¡>\LSo a¿ the l/" Level of slgnlftcance)¡

they naintaln that their results hold f or sanple sLzes as

Low as 200" For sample sizes even smaller, lt ls thelr
beLlef that thelr results stLll hold approxtnately.
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CHAPTER IV - ¿.PPIICAflONS

G9oDNESS 0g FIT. lEsrs
(a) GEIERAI GooDNESS oF Frr

It ls often ¡¿lshed to test uhether a set of ob-

served frequencles resultlng fron some experlment are CoE-

patlble vlth the frequencies to be expected !f the data

came fron a partlcuLar theoretical dlstrlbutlon.
Let the totat samplo sLze bo N, the nunber of classes

of frequencles (cells) k, the observed frequencies n1 t nZ

..".Dk¡ and the exPe"cteSfreeuencies mrl , m2lh.nmf¡l'

Then the crlterlonf=.\!fl#+lwhere flnn¿ = 2 tm{= N
íst

glves a measure of the trgoodness of flttr. Assoclated wltb

each such calculat ea I ls tts degrees of freedon, the

nunber of lndependent observatlons ln the sample' For the

goodness of flt appllcatlon lt can be interpreted as the

number of cLasses k less the nunber of independent restrlc-
tlons lmposed upon the theoretlcal and observed frequencles.

Oulng to certaln assunptlons made |n the derlvatlon of the

l-lnltlng dlstribution of , each Such restrlctton nust be

llnear and homogeneous. Ihe one unlversal restrlctton (wlths

ont whlch lt becoraes very difflcult to lnterpret the test) fs
that 2n"lt =, â-rrwi' 

"

If thls ls the only restrlctton, the degrees of freedom

becono k-I. 0ften, however, other restrlcttons are lnposedt

such as requlrlng that the arlthmetlc means of the observed

and expected frequencies are equal, Sonetlmeso alsoo the

expeoted frequencles are not knor*n a prlorle and they must
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be estlnated fron the sample data. lhat ls, paraneters of

the hypothetical dlstrlbutlon are estlmated by the tnforma-

tlon at hand, Slr Ronald Fisher has shown that each such

estlnaled parameter has the sane effect Ls a llnear Goll-

stralnt and therefore causes the degrees of freedom to be

reduced by oneo For example, in fitttng a nornal df strlbu'-

tlon to observed data, usuai-Ly both the mean and the varl-

ance of the dlstrlbutlon are not known, and consequent}y

nust be estlmated from the sample. Ihls lnvolves the loss

of tvo addLtlonaL degrees of freedom.
,0(

the calculated value of 7 , together wlth its degrees
&

of freedon, ean be eompared to a tabular 7t . If the ealcula-
.*

exceeds the tabular t r at the chosen level of slgnf.fl-

eâr¡c64 r Ìile concLude that a syst@n of devLatlors such as that

observed wllt occur less than 1OO"( % of the tlne under random
1"e

sampllngr and therefore/reJect the hypothesls that the ob-

served sample fo1lor¿s the theoretleaL dlstrlbutlon that

ytelded the expected frequencleso

lhls test was dlscovered by KarI Pearsonr l,ho showed
.â-

that the Z erlterton asynptotlcally follor¿ed the contlnuous

chl-square distributlon. Thls would tndf.cate that the sanple

slze should be large and that the frequency Ln any onê cell-

should not be too J.ow. As a general rulee the ntntnu¡¡ expect-

ed frequ€ncy ln a¡y one cetl ts taken to be 5i lf thls coII-

dj.tlon i.s not nete adJacent ceII f,requencles are grouped to-

gether unttl lt Is. This procedure has the effect of
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reduclng the d,egrees of freedom by the number of pooled

ceIls. Slnce tho sensttlvity of the test ls then dlnln1shed,,

thE poollng technlquo ls not to bo greatly encouraged.

The fact that v¡e a¡.e uslng a contlnuous distrlbutlon

to approxi¡oate a d,lscrete set of data would also lndlcate

that a cc¡rectlon for continuity ls deslrabJe. The conmonly

accepted, one, that proposed, by Yates, lnvolves the sub-

tracti.on of.5 fron the absolute values of each of the

devlatlons, beforo they are squared. It ts of practlcal

value only ln situatLons v¡h€re there ls a single degree of

freedom, ]n this case, since there ls a very linlted number

of posslble values tor A* , it ls obvlous that the dlstrlbu-
&

tlon ls d.lscrete. By red,uclng the calcuLated X" e Yatesl

correctlon factor partially co!'ipensates for thls.
e-

The I test for goodness of fit 1s treated, as a ofr€-

slded test ln most cas€s and the hypothesls of a gooó f1t ls

reJected, whenever a caleulated statlstlc exceeds a crltl-

cal value that correeponds with a particular.level of slgnlfl-

cancs, To reject the hypothesls under test whenever a cal-
e"

cul,ated 7- statlsülc is so small that the probablllty of lts

occurrence r¡noer the glvon hypotiresis 1s less than 4- r is to

adnlt that there is the possiblllty in flttlng frequencles

or cgrves that the fit can be too good" Ir¡ some areas of

ressarch a two-sj-ded test of this type 1s useful in detect-

1ng so¡ne d.iscrepancies ln the conduct of the experlnent such

as non-ranclomness 1n the observed sa¡npleo
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(.b) P.ARrrrIoN oF-DEGREEi] 0F FREEDOM

If the goodness of ftt test is signlficantr lt !s

often of lnterest to tnvestigate vhere the dlscrepancy Iles.

I.rIe can then test the signlf icance of any l-inear funcfton

of the devlatlons, L = f e1"fuy- q1), where the gt 
ï"

nnmbers chosen ln advance" The test crlterlon ls X' =

r and i.s approxlmately distrlbuted as chl-square
Var(L )

uith one degree of freedon. For tests lnvolvtng tho Polsson,

blnomlal or normal dlstrlbuti.ons, Cochran ,liglÐ has given

speclal fornulae for var (L)" As an exampler conslder the

fltttng of a Polsson dlstrlbutj.on to the data shown ln the

table be loto. (nt- trl)2æ rl

o

I
2

3

h

h

6

,2
6Z

5B

lz
7

3

\T "61
77 "O)
62.zB

JJ. 2o

L3"56

l+.39

o,l+0

1.31

o "29
10.13

3.L7

o"l+4

L L"qz 0" 18

lotaL 2h0 240"00 L5.92

The totaL f = þt**,fl\^= Lr.gz r¡tth 5 d.f o !s stgntfr-
L=O f r t rr

cant at the L% l-eveI" The large'contrlbutlon from t = J

attracts attentlon, and therefore tJe test the devlatlon
I

llL = B3- 13'= 5Z - 33.16 = L8,l+le" !'or the sttuatf.on ln
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uhtch the Polsson mean m must be estlmated from the datat

Cochrants formula for var (L ) is

r,lhere N ls the total sample slze, af,d m is the estlnate of

rtro In our exampler
.^-/n = ZLmt;

I tl
tv

var (L) =33.16-

= 3"88. = L.6167
2+O

(33." (6)2 l-r * ß-L,6L('1)4 = 23.31--"Eõ- L a3W J
A

and Án = q*äÌ'z = L\.59 ¡ signtf icant at the L% Ievel.

It 1s thus seen that the deviatton eorrespoft"* to

1 = J constltutes the naJor part of the total 1 . Cochran

points out, hor,rever, that for the test to be strtctly valld,

the devlation should be picked out before seeing the data'

If the test is appliedr âs here, t^o a devlation that looks

unusual-Iy large, the calculated A uiII be too hlgh.

A slmilar investigation may be performed when fitting
the binonial or the normal dlstributions" In these cases

Cochranfs formulae for var (L) are¡

(I) Binorrial distributior!, parameters n and p

Var (L ) =
¿
á evz^r- (fut\¡z {fep1(l-npÈ--

where fl = samPle estlmate
A^4q=l-p

N = total nurnber of

rT

ofp

observatlons
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( 2) Norma L-dis_t¡iþl¿-t¿_on

var( L ) =&:,2^t- (2e:n:.)2- ( ácid,Lnùz- ( á eimi ( Si: s3) 2

N NS2 2NS+

ruhere

dt = (midpolnt of lth class) - (sanpi-e mean)
-t

Sé = sample estimate of variance

TESTS OF INDEPENDENCE

(a) r x s Contineenev Tables

By arranging the data into an r x s contingency

table, it is possible to test the independence of 2 attrl-
butes A and B, divided into s and r classes respectively.
The contlngency table may appear as follows:

ott otz 0,s Tr,

oet ozz mL2,

0* .trJ 01, fr.
LL.

ort o,.2 ot, I 0", Tt.

T,¡ T.a T.J T.s m
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If the classlflcatlon of indlviduals lnto colnmr¡s ls

lndepeadent of the classification of lndlvlduals lnto 3oltst

then the Joint reLative frequencles ln the body of tho table

dlffer fron the product of the marginal frequencies by

amounts equal to chance f l-uctuatlons, The expected fre-
quencies E1¡ for the body of the tabl-e can be calculatedt

under the hypothesls of lndependence between the rou and

colu,nn classiflcationsr as prodncts of the tth anA Jth

marginaL totals divided by the total nunber of frequencles

ln thE table" Glven that T1, , f.i, e and 1.. represent the

lth rsiJ totale the Jth column total, and.the grand totaL

respe ctive lyt
T: -f.$tJ = 'il,i'.

Tho use of tho marginal totals and the grand total ln
the calcuLation of the expected frequenctes in the table

fixes these total-s in the sense that the sarnple spaee for
the purpose of caleulatlng the probablllty of the observed,

,f requencles conslsts of aII posslble tables v¡lth these Eêl-

ginal totals. The ehl-square statlstlc ls calculated as

t¡lth degrees of
.{X

Large t- causes

and one may uish

coverlng a Bors

freedom equal to (r-1)(s-1)n A sufflclently
reJectf.on of thl hypothesls of lndependencet

to partitlon I v¡lth the obJect of dls-
spectfic reason for reJecting the hypothests
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of lndependencee

Lar¡caster (191+9) sbowed that every r x s contlngency

table can be reduced to (r-1)(s-1) tuo by tr+o contlngency

tables ln a unlque uay and such that the sum of the slngle

degree of freedom chl-squares ls equal to the orlglnat la
obtalned from the r x s table o

The comporrent slngS-e degree of freodon tables can be

constructed as foLlows¡ For each frbquency tn the Last

r-I rows and S-I columns, there is a 2x2 table havlng thls
frequency ln lts lowor rlght hand cell. The remalnlng

three ce1ls are composed of the frequencies above ar¡d to
the left of the frequency chosen for the lor*¡er rlght hand

ce 1I"

For example, for a 3 x Þ tableo the 6 conponent Z x Z

tables are

0!1+0p+013
+O2y+O22
+ 023

0tt++Oet+

031+ o3e
o o3h

o 
zL*o zz

o3r$^oee

011+021
orl+ ou
+ozLoozz

031+032
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Ktmbali (19t0) has given fornulae for the ñ | s of each

of the component tables that do not requlre knoilLedge of the

expected frequencles. Each of these formulae ax.o of the

same form as that for an ordlnary 2x2 table. As a resultt

coroputation of the slngLo dogroe of freedon chl-squares

requlre;no more effort than the computatlon of cht-sQ[arês

from (r-L)(scL) ?Å2 tablos"

As ,ar¡ example conslder the 3:Û table. If the observod

frequencles and marginal tablos aro

Kfunballs s

orr ore orr rrì

oz', orz 0, fl'l

1,.

o¡t orz olq mÀ1.

T.¡ T.4 rnL.À ry

formulao are

t..KtrI(T.eOtI-T.I0I2) TI" ( T.202L- T.LOãz
'TI.T2.T,.T12(T L.* TZ") (T..8 Tlz

4à-/ul

c.

¿Lr 83

,^{e'
As=

T1, Fzi(oir" orz) - orr(o4i " ozz)] 
-1- TI.T2.T.3(TI"o TZ") (T"I+ T.2)

11 . [To.r(orr+ orr) - o. r(orr+ orr)] 2

T3.T2"1"2(Tr.* T2.) (T.I+ T,2)

-4,t+ r 'r0 )-(o +0 )(o +0
T3,

(ott* ote* g

T"3(TI.* T2,)(l.L+ T 
"Z)
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(b) Ë-x 2 tables

Iherx2tabLelsa
tabi.e. It can be represented

Category4 Category Proportton

aa

a

L

4.l¡

XI "r xi- nr- P.,= TtLnì

xz oz' xz oz Pz= þ
n2

xt trr x" &r Pt=&,
ItrP

Tx T-r* T ^1-P -ñ*To

special case of the r x I
as foll-ot¡s¡

2

r

The X1 refer to the observed values.. A short-cut
4-An-^^

raethod of caleurat tns fl- ts siven by /--=.f ,XiPt - PIx
lv-' 

^ ^' Pt
¡sith r-L degrees of freedomc

As a further step, tt nay be deslrable to test r¿hether

the value of P ln the flrst rl ror'8 dtffers fron the value of

P ln the next 12 rotl¡s, where rl * 12 = F.
4
^

a may be dlvlded lnto 3 components as follot¡s¡ e

Degrees of
Freedon

Dlfferenee bet¡¿een Pes ln flrst 11 and Last 12 rows I
Vartatlon aaong Pj.ts v¡ithLn ftrst rI rorJs 11- t
Variatlon anong Fl u t t¡ithtn last r'2 polrs F2-- I

r- I
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A separate 7 can then be calculated for each con-

parlson¡ Thls ls done by subdividlng the sum of squares

I LXiPI - þTil J.nto the three rerevant components and then
| +-' I''dlvldlng eãch eomponent by Pft

As an €xampler eonslder tho foll-oulng h x 2 table
Proportlon
ln Cat"TotaI

n P

L

2

3

t¡.

o "019962
o" ghoo38

o.016367

o\-
X¡

4P=
4=

u

Pç=
U

,n (J

roral {s7 = à Xi p, - êfx
i=tffi l'$

Shere ls
the f lrst tr¿o

two ror¿s" To

data tnto the

¡a (861(0.04(({6L+ 
"""_+ (6_l)(O.0lZ}22) --oære67

(¡ r¡ ) ( o. ar9962)

= jL"2l, slgnLficant at the L% Level"

evldence tn the data that the value of p ln
rolrs dlffers from the value of p ln the last
test thts hypothesi.s, rçe flrst conblne the
follorolng 2xZ table¡
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Proportlon
ln Cat.

P

land2
3 and l+

l,le can now obtaln the followtng

Rorgs I and 2 vs" Rotus 1 a.nd l+

-A rs

= gO.6Ze

RoTóI I vs, Ror'¡ 2

sf.gnlflcant at the L% Level.

= 0.30, not slgnlflcant.
Roro 3 vs" -Bgr,¡-þ

= 0.35, not slgnlflcanto
From thls ¡¿e ca.n conclude that the stgnlfteance of

*orlginal zt wlth 3 dof o lras due to the dlfference tn
value of P ln the flrst two rows from that ln the lasË

IOIIS ¡

In general, one nay divlde the rows lnto any nunber

of groups, based npon the experimentert s dlserotlono Then

the varlatlon Ln P ar¡ong the groupseand also wlthtn each

group may be tested for sLgnlflcâÍrc€e

the

the

tuo
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(c) 2x2tables
Tho 2x2 contrngency tabre may bo represented as

follows:

Totals

X, xz T

Yl y2 Tv

Tl r2 r

Ftsher has developed an exâ,ct

Ee has shown that the probabllity of
glven by

p= (T1lT2t Txt Trt) I

where Xit" and Ylrs
ar@ the observed
values

Totals

short-cut method of calculating ls glven by
e

1-

The subtraction of f, rêpresents yatesr correctlon
2factor¡ which ls advlsable for tables wlth onty a slngle

degree of freedom.

A
A

L

test
the

forthe2x2câsoe
above table ls

xlå x2t Ytt Yzt
Hls method rs to carcurate the probabltlty of 2 x 2

tabLes as extreme or nore extreme than the one tn questlon,
with the narglnal totars assuned fixed" rf the sun of
these probablllttes is ress than the signtflcance lever¡ the
nurr hypothests of lndependence ts reJectedn For exanpree

conslder the table
t9 L0

L2 2

rFr

-T/*
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The follovllng tables r¿ould be consldored more extreme

1B T1

13 I

The three probablLlti.es for these tables r¿ould be

summed and lf the total- felt short of .O|t the nul"l hypothe-

sls r¡ould be reJected at the ,f¿ level of slgnlflcance,

Cochran (L9r9) recommends that thts test be used when

the sanple slze ls less than 20, or r¿hen the sample stze ls
less than hO anA ono of the expected frequencles ts less

than ,.
(d) Comþtntne of ContÍneenev Tg,bles

It often happens that we obtaf.n a nunber of

tabl-es rolth slmll-ar data, but from different testlng areas.
Â

Some or aLl of the lndlvlduaLl ¡s nay be lnsignlftcant.
Howeverr ldê can galn an over-all picturo of the slgntflcanca

by poollng both the separate values otl*and thelr degrees
,*

of freedon to obtaln a single value for each. The ?L test
nay then be applled as lf the data cane from a single tab1e"

lhls nethod has the dlsadvantage that tt takes no

account of the signs of the dlfferenees ln the dlfferent
samples, Hencep ês pointed out by Cochran (195\), tt lacks

poþ,er ln detectlng a dlfferoncê that shous rlp conslstently

ln the same dlrection ln all or most of the lndlvldual
tables.

An alternatlve procedure ls to lmnedlately pool the

L7 L2

1l+ o
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data lnto one tabler ând compute Z* 1o th" usual llâf,. Hol¡-

ever, thls 1s posslble onl-y lf the theoretlcal, probabllltles

are assumed to be the sane in each of the tables.

A thtrd procedure, appllcable only to 2 x 2 tablese

ts suggested by Cochran (Lgfu). One computes the separatø /
values, and adds them, taklng tnto account for each tabi.e

the slgn of the dtfforence betr¿een the observed proporttors¡

Sfnce f' 1s approxlnately normall-y distrtbuted ulth mea¡ O

and unlt vari.ance, the sum of S lndependent I values ls
approxinnately norrnally dlstrlbuted t¿lth mean O and varlance

go Theref,ore the t est crlterlo nZ = # 1s approrlmately
'l ra standard normal variate,

Cochran partlcularly recommends thls test lf the

totals of the lndlvidual tables do not dlffer greatlye and

lf the proportlons are alt ln the range .2 to "8o If these

condltlons are not satisfled, addttlon of tïay'-ts tends to

Iose poverc

(e) Ëoefflclents. of ContlfrEe$cy

A neasure of assoclation between qualltatlve data

arranged ln some neanlngful way ln a eontingency table ts
provlded by Pearson¡ s coefflcient of contingencye It ts
glven by c =
observatlons"

#
llUu+X' , where N ls the total nunber of

1,^

there sre other such crlteria such as c' = ,7t ,
N( r_ r)

appllcabl-e to an rìxc table, where t ls the smaller of r a¡d

Go Thls erlterlon ltes betr¿een O and ].



53
-\

( f ) Ana lEjsf s 9f Varlance
A-

It shoul-d be noted that tneA test of lndepend-

ence between trao groups can be ropJ-aced by a orte-Way anal-

ysls of varlance on the ¡neans of these $TotlpSe Elther

nethod is satisfactorY"

For an I x c contingency table, the F-value f,ron the
n*

equf.valent analysls of varlance is rel,ated to the -Â wlth

(r-1)(c-I) = h degrees of freedon as follows:
â.p = '{ Cq=e),k (r-l^)

rohere I Ls the total nunber of observatlons

IESTS 0F EogogIüNErrY

(a) mx n contlneenev tables

conslder the f ollouing problem. l*Ie are glven n

samples, each sample dtvlded j.nto n classes' hle ulsh to

test the hypothesls that the frequencles of the classes for

each sampS-e fall lnto sone ratlo¡ sâÍ 9¡3:3¡I for o = 1.
The problem nay be presented tn the followlng eontlngency

table;

1

2
c

c

o

hi

f 's t
are

the

In thts
hat can

type of experlment,

be calcnLated,. For

three useful

nuII hypothesls

there

each,



tu
ls the sam€: that Ln each of the m sanples, the ratto of

the frequencles of the n classes ts D1: D2... Dn , for some

lntegers D1e D2....Dr, . The al,ternatlve hypotheses for
eacbe however, dlffer. Follor'llng Snodecorrs notatf.on,

â-
these î. t s maV b3 descri.bed as f ollorus;

( 1) sum {*
e-

For each of the n sanples a fl. r¿lth (n-I) dogrees

of freedom ls carculated. The expected frequencies for the

cell Ln the i¡th sanple and the Jth elass rstll be gtven by
n,r
f ), 

,, 
, i = l,À... 

'.Ìr1Unzui .'.
these w7t s r¿11I themselves each gtve tnfornatton on

rohether the hypotheslzed ratio is belng follor¿ed tn the

corresponding sample. Vfe nor¿ add the ¡n values of d-L, each
a

with n-l degrees of freedomr to obtatn ,a 
¡¡sum- d" 

"j.th,
m(n-1) degrees of freedom. Thts su.m- 4*^^y b" stgnlficant
even lf arr lts components are insigntftcant. The arterna-
tive hypothesis is that the population ratios dlffer from

those hypotheslzed, vtth no dtsttnctton betvleen excess a¡d
deflclt, that lsr no dlsttnctton of slgn. Thls distlnc-
tLon ls removed by the squaring of the devlatlons ln the

â-
J

conponenÈ '/L I so 
â_

(Ð Pool-ed I
In thls 7t, the n sanples are treated as one

large sample. To carcarate lt, tJe use the observed totals
BI, BA, nn"Bo together wlth the correspondlng expected
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totals
nT tì.'l- n -r

-Ü-:- r-!3!- t.,, um t

áDv LDt z7i
This ttpooled, 7& tt has n-I degrees

alternatlve hypothesis is that there is a

tendency toward devlatj.ons wlth a common

the samples deviate ln the same directlon

thetlcaL values. n ,

(3) Heteroeeneitv -Z LJ
ThIs is obtained by subtrâcting the trpooled lr rl

tt ^rÀ tl
fron the sum 7" o It hasn¡'[(n-I) (n-1) =

(m-I)(n-L) degrees of freedon" Ït measures the tncon-

slstency of the devfations of the sample ratlos from the

hypothetlcaln That isr the alternatlve hypothesls states

that there are deviationsr signs conslderedo

(b) HOMOGENEITY OF VARiANCES

Bartlett¡ s Test of Hornogenelty is used to test
ee,?e

the hypothesis that 4 =6t = oe eo =4Ã.r,uhere the Oi

are the populatlon variances correspondlng to the k lnde-

pendent sample variances, SI2, SZ2r.,.S¡2, conlng frona

samples of sizes n1r n2en.o trk, respectlvely.

Bartlett has shown that
. V. --n -2'L n. )-ng = ( ZLrr- 1)-J rog s - Z[_(nt-r)(tog sr'U

i=1- -

r,¡here E 2 
=

a.2rJl

k
and C,

=1+

the correction factor,

of freedom. The

predomlnatlng

sign; that ls,
fron the hypo-

L
.t

llÈ', 2Í:-L- - r -'l
t(-k:Tf f Uni- r) z$L'L)J
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-/als dlstributed approxinately as 
^ 

with k-I degrees of

freedom. M j.s calculatednfrom the sample and conpared uith
the appropriate tabular 7* .

( C ) HOMOGENEI TT OF CORRELATI OI\T-COEF¡'I gI ENTS

Consider the problem of testing whether k

correlation coefficients rlr T2un"o16 can be regarded as

1s approxinately normaLly distrlbuted r¡lth neaJr = .5 In

r¿here P, 1s the popui-atlon correl-ation coefflclent.

I = ls the varlance of ri calculated from the tth
ar-3
sampi-e of slze ni. Tables have

for lmmedlate converston betr'¡een

been publlshed that allotor

å and 4_.

, tT uetghted mean of the Z,

= Z-fu;-s{z; -2,)n
l=l

= f(^,-s)zl -
ls approximately a L wlth k-I degrees of freedom. Tf the

nuII hypothesls that the correlatlon coefflelents are hono-

geneous ls accepted, then a pool-ed estlnate of the true

Eay be obtalned by converting 7* Au"U. to ro
(d) comFrpgtNcn. TNTERVALS ANp rEST.s 0F trvpoTHESES

FoR qa 
"

e
X. j.s deflned as the sum of squares of independent

normally distributed variabLes ulth zero rneans and unlt

L

r.etZw -ZWk
A,¡- IIhen N q f@Ð?-t/ñ

2ún^-àz;



dlstrtbuted wtth mean fl and

It follows then that
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the X1 are nor¡nally
a

varlance o- .
¿ /'. -rX2[Xi - X] _ which ts equal to

(n-I)s2 ls a 7Àr¿rtrr n-l deg"S, of freedom, slnce Í,e lose
cra

one degree of f reedom J"n estimatlng ¡tl o

such that

= .gl

.a
n .o^s )

"971.

e.
Sinnilarlye the hypothests that Ct equals a certaln

â.

constant Ct" can be tested by eompllng the statlstlc;,
e-2'f, = (n-1)e'

,:a9¿ .r
and comparlng it r¡lth the tabular 7t for (n-1) degrees of

freedom"

( e) GENETTÇAL APPLTcATToNÊ

( 1) Mendelian Eatios
The chi-square stattstlc ls weII sulted for

testlng the goodness of flt of observatlons to genetlcal

ratlos. Breedlng experlments, that are deslgned to provld@

tnformatlon about the nodê of Inherltance of certaln

Theref ore lro can f ind 12 .OZ5 üLd ft'.g25
Prob. (X:,,, L lr;}f L 7l.rr)

orProb. Øn-¡)s* /- cr^ L fta=')s^

Ç 
Qt^'1"

r,¡here ?L2.OZ5 i, that value of flo ,oeh that P(l^>

= .o2l and 2.gI5 ls such that P (l^7, llrr, ) =
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genetlcaL characterlstics, conslst maln1y of crosses be-

tweonselected lndlvtduals. The progeny that result fron

a cross are then ldentlfled and classlfled accordlng to

the presence or absence of a partlcular characterlstlc;

as exhlbited by the appearance of the lndivldual" Genetlcal

theory ls responsible for the ratio of hlnds of lndlvlduals

that one expects given a certaln hypotheslzed node of ln-

herltar¡ce. For examÊer lf one makes a Cross betueen two

flllaI generatlon dri,plold J.ndtviduals ln whlch tr¿o locl are

lnvo1ved, and lf the locl are on separate chromoso¡aes vlth

a condltlon of slmple donlnanee at each, then one should

expect a ratio of 9AB : 3 Ab: 3 aB¡ lab where A and B are

characterlstlcs at the first and second locl respectlvely

and, a and b are thelr rospectlve alleles (Sinr¡ott €t aI

Lgro) 
"

The genetlcal hypothesls that gives rlse to the 9;3¡

3¡I ratlo can be tested by means of a chl-square statlstlc
that ls calcuLated fron a randon sample of observatlons

drawn fron the population !n questlon" lhls chl-square has

three degrees of freedom and lf lt ls found slgnlflcant one

concludes that the 9:3¡3¡ I ratlo ls not the correct nodele

The deflclency tn the nodel nay be that the locl are noü

lndependent and/or that dontnance at one or both of the

loct ls not the case. Chi-square wlth three degrees of

freedom can be partitloned lnto three partsu each with onc

degree of freedor¡, ln order to flnd r¿here the dlscrepancy

Ilese
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To do thlsr !r€ construct three orthogonal contrastsr vith
the follovtng coefflclents¡

(r)
(2)

(3)

P

Each contrast

freedom. Contrast (

ratlo at the A locus

where FI = 9/L6, Pz

@
I
L

I
9 /L6

results ln
1) neasures

*o ÍL

ÊÞ êÞ

-3 -3

r-3
-39

3/tç L/L6

wlth one degree

devlatlon from

AÞ

I
-3

-3

3/L6
.LaL

the

of

3¡r4

2+
lrr

kl = I, V2 = le k3 = -J,, ktr = -3

n = total sample slzeo

Contrast Q) leads to a þst of the hypothesls that

the B locus segregates Ln a 3¡1 ratto and d*=[leouB-3(Ab*r6J2

where the

kI=leE2

n ? p."hi

Plt, a¡e.the same as ln the previons testr and

=-lrk3=-lrkh=-l
Contrast (3) Leads to a test for llnkage or for Ln-

dependence betr¿een the two locl A and B,
-rL r - -.)V" = Inn + 9(au) -.t,uo * "0 ,'ñâ- P¿ At'

= 3/L6, P3 = 3/L6t
'lu
Pl¡

d-'/t" ln thls !,ay enables one to locate

the null hypothesls more speclflcally.

+

where the Ptus are as before and k1= 1, k2 = -3, k3 = -3

kl+ = 9"

Partlti.onlng

the dlscrepancy ln
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(2 ) BLOop GROUP ESîrl,$TrolI

Stevens (1950) used. the chl-square distributlon

in developing a good.noss; of fit tost for the spocial sltuatlon

1n which observed phenotypic frequencios wero compared' to

those elq)ected. undelr a genetical hypothesj's'

In particulan ho lvas concorned lvith the estimation

of gene frequencios 1n genetical populations that were

class'ified. according to the A-B-O blood group sys;tem' He

üs€d. a mothod. developed by Bornstein (19õO) ' to obtaln

efficiont estimates of the three proportiofis. Donoting the

phenotypes and. their numbers by O, A, Br and AB, and' their

total number by n, the fir"st estimates of the frequencles

of the genes Ar Br and. 0r are given by

1rffip = J.- {ã-
sl = x- ¡ça-
rr = J*
These preliminary estimates, v¡hich are inefflcj-entr

have a sum which falìls short of 1 by tho quantity

D = 1- (p1+q1+r1).

Efficient estlmates - arb.'.f ound by transf ormlng tho

prelimlnary estimatos as follovrsl

p = pl (1+ D/2)

e = o1 (L+ D/z)

r - (n1+ D/z) (r+ D/2)
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The pneliminary estimates pI, ql 
"nd. 

tl, addod. to 1-D.

ft is easlly shown that the transformed. estlmatos Pr Qr and.

a)n add. to I-Oz/4;.and. sj.nce D 1s the d.iffenonco between unity
and a number. betiveen 1, and. O, falrly close to 1, D is' a quan-

tity that ls very srnall- in absoLute value, and. O2/+ ts

considerably smaller, If one applies the transformatlon

to the gono frequencies, a second. time t,}re d.iscropancy of

the sum of the revised frequoncies from unity becomes D4/64

and one sees that this can be mad.e arbitrarily closo to zero

lvlth ropeated application of the transformation. Ono conclud.es

thatE(D) = O.

It can be shown also that the var"iance of D is; Iry
and with the assumption that D j-s normalf.y distributed
2rÐ2'(t+r/pq) i" distributed as; chi-squane with one d.egree of

freedom. ThÍs; ls the criiterion thrat can be usod. to testì-;f,þs,

gonetic hypothesis Ui.at, the neLative freg uencj.es arê in
equilibrlum.
GET]ERAL ESTTI|,ÍATTO}I OF PARAJfTTERS AND TESTS OF HTPOTTíESTS

(a) Comparison of Estimates and Parametric Vslues_

Let X be the estimate of a paramotor E" Then when the

nrxîber of obser.vations n is, Large, by virtue of the central
limit theorem, X vuiIl, tend. to be normaLly d"istributed around E

with variance inversely proportional ¡s hr såy V : v/n, whore

v is a function of E and not of oo For example, if E is the pop-

ulation mean, then v is o-4 , the populatlon variarìcêo



62

To test the hypothesis that X comes from a population

havlng parametric vaLue Eo, that ts Hel E = Eor u€ can use

the usual normal devlate test to compare the difference

x - E9 ts lts standard €?ro1l¡ Hor,¡ever, thts ts equlValent
Â^¿'to urlting]|= (X-86)Ar where X is the square of s, standard

normal variate "Xátrr.t 
one degree of freedom.

This test can be generallzed. quite easlly to the case

of 2 parameters. Suppose that X and Y are the sample estl-

mates of the parameters E and N, respectiveLy. In the llmltt
X and Y r¡11I have a bivariate normal dlstrlbutlon around E

and N respectively. Let Vt = It and VA - v2 be the
n1 n2

variance of X a¡d Y, respectlvely. Then the hypothesls

Ho¡E=Eo
N = No can be tested bY

l,rhere ? ls the correlation coefflclent betueen X and Y a¡td

has tvo degrees of f,reedon.

(b) Probabllitv Ellipseé

A confldence interval for the slngle parameter

E wlll- be given by X ! Zo V(X) e assuming that X ls '

normally dlstrlbuted about E' Zs Ls the v alue associated

r¿lth the unlt normal curve such that the area r¡nder the

curve between -Zo and Zo Ls l-Pc

In the case of tllo parameters r.¡e

,ot

7- uith two degrees of freedom such

choose a value for
that the probabilitY is



L-P that the polnt representlng the

parameters llos vltthln the eì'llpse

equatlont

63

true va1uEs of the

havlng the foLLoulng

the dlff,erence Xf Xe 1.s stven bÍ I " S =få " ålu.nL rLZ \of oZ 
J

= f(x-,g¿2 - 2P(x-Eo)(Y-No) +(Y-No)l 
-1õ-LvrZt¡r v:rÀrr v/lr YZNz J I-P'

. as ln the case of a confldence lntervaL for one

paramoter, the vaLue of P ls someghat arbltrary. Stevens

(LglO) suggests that P = "2O ls a good cholce. The'probs-

blllty ls .80 that the polnt representlng the itrue vaLues

l-Les wtthLn the e1l,lpse. Tho ¡tstandard elllpsstr is that
. ,af

obtalned by puttfng ?t = J. 1n thls equatlon. The prob¿-

bl3-lty ls .39 that the true values w!,I!.ì.te wlthln the

standard elllpse. SXnce the nedlan of A wtth 2 degrees

of freedom f.s 1.386, puitlog1¿2 = L'386.lnto the equation

glves uB ran ellf.pse uhtch has a probabllLty of "lO of GoIl-

talnlng the polnt representlng the true paranetrlc vaLu€so

Thls eIllpse 1s ealled the. probable el)-f.pse.

(c) Çorrtgartsqn of Lsgþs gf data

Suppose roo have 2 sanpLes of, slzes n1 and n2

drawn from the sane populatlon and yleldlng estlnates X1

and X2e ¡€Spggtlvely, 
'of e parameter Eo The varlance of

where v Ls a functlon of E aLone" Thereforer to test tho

hypothosl.s that the tuo sanpl.es co¡ne fron the sane popula-

tton r¡t th respect to E, that ls Hs ¡ EI * E21 ve can use
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,f=ft41
. ol \.2, 

,.,ï,

ulth one degree of freedon. ì ':

the general,tzatlon to the case of üvo paraneters

fo1lor¿s dlrectly. Let X1 and Y1 be the 'eCttnatee of the

parameters E and N respectlvel-y fron the:flrst sanpLør and

XZ and Y2 be thelr estlmates from the second. Let

v1 ( +. * å^) ue the varlance of X¡ x2and v2 (*- + Lr ' :

' 4 'D1 nát

thevar1anceofY1-Y2.Thenthebypotheststhatthe
sanples come from the sa¡ne populatlon, 1.€. Eot EI'= E2

Nr - Na

.1stestedbyl*w1thtwodegreesoffreedon,uhere
¿Lr-

"Á" - ì-+rr li*l-*¿t - 2F( r-z)(Yr -Yz) *'(Tr- va)21r-P- fv1(!+!) vrva(r*!) v2(L *!ì,
I nI nZ n1 n2 'r1 oZl
L-J

" (d) Heteroeengltv of ,more-[han-t],o sgts ofJXpta

Supposê ?,6 have t> 2 sanpLes and we rslsh to

test uhether they come fron tho same populatLon rlth respect

to a certaln parameter, E" Let the sample slzes and the

estinates of E be respectJ.velys ûL¡ 3l2ri-r.ntand X1r XZ,

o 
" oX,go Lot Ë, O"

be the vrelghtod

hypothosls: He t
,f= z[x'- xJ*

Þ¡ V/¡ni

the varlance of, X1s snd Let T = 4n;\t
2mt

nean of the estlmetes" Then Þ16 can test the

El= F = eeoeo = & by the crlterion
wlth t-I degrees of frEedom"



meters,

fron the

mean.

Now let us conslder the generallzation

/¿o)

to tuo para-

estimates of NE and N. Let Y1 , YZ ....Y¡ be the

t samples, and let I = LrytrY be thetr uelghted
lmt

Then the hypothesis that the t sanpi-es come from

the sane population ulth respect to the parameters E and

N, that is,
Ho 3El = E2 * ...,..Etr

NT - T\T ì\T

^.I - t2 - oo.ooorlt

AP' IX¿. X)(Y-Y)
=:'-' Jvx/rní'vr/^,

?. (r,- xNY - v)
+

+8,
with 2t-2 degrees of freedom"

(e) Approximations Mado And Their fmprovement

The tests described in this section are not

exact. In the first place the distributlons of the estl-
mates are not exactly normal, and secondly variances of the

estlmates are not known exactly. Stevens (LgrO) suggests

that the rellability of the tests increases with a sultable
transformatton of the data. rt ls werr knor,r¡n that trans-
formatlons that stabiLLze the varlance also make the

dlstributions more normal"

INDICES OF DISPERSTON
e-

a can be used in the sltuation uhere a goodness of

fit test to the blnonial or Poisson distributton 1s requlred,
but ln cases where the observed varues are so fer,¡ that lt
ls not worthwhlle to obtaln expected values. rn this case
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crltsrla are avalLable that vLlt test vhother the sanpLo

verlsnce 1s compattble ulth the theoretlcaL varlange'

(a) Brnoniai rnciex

Fortheblpomlaldlstrlb.utlonrthelndexof
drspersion rs 7;., = iZtrtÊ' +'Í'W
whero X1r X2r... X¡ are the nunber of s¡¡ccesses for each 

"

, i. of k sampJ-os of n trlai-s"
, (b) Po{,ËsErlan-Indox

Fors1tuat1ons1nrrh1chþ1sverysnaI1andn,.
ì the ¡fnoù¡IaL lndox of dlsperslon reduces tovery Iargor Ene ol.noüI¡¡r- År ueÅ vÀ ïÌv"to;"^' ::i*-â \ r".' ilÀ

the Polsson lndex of dtsperslon, l¡n= 2{A¿:x I

Lot X
l

Thls crlterlon can be used for testlng the hypothesls tbat .. '

..
Ëhe data come floq a Potsson dlstrtbutlon"
r,TNEqR REGRESSTONJN N X 2 TABTES

Suppose that l¡s have a contlngency table ulth N r'äws ': 
a contalnlng. denotedand 2 coLumr¡sr lne columr¡ contalnlng.observatlons

by XJ, J= 1...:Nl the other column contalnlng observatlons
.'

,denoted bf Y3r J = L:,""N" 'let N, = XJ * YJ denote 'the ' 
.,

'marglnal totalsn Let PJ = L be j.nterprotod as the observed ' .

tT.''J
{- !^proport1onof.successes1ntheJrgne¡oberofthosamp1e"

Íhe sltuatlon may arlse ¡¿horo there J.s a varlatø Z{t asslgned'.
., | .'

. ,.; to each of the rovs, rahlch ls ltrnearly related to P¡.

Alternatlvely lt nay bo possLble to asslgn'such a varlate



to the rolJsr âssunlng that

order" Then a contlauous

be }lnearly related to the

presented as fol-Ious:

fatl lnto somê

may be created

lhe problem

they

scale

P¡rs.

6Z

natural

uhleh t¿lIL

nay be T9-

zP
ĴI

nYX

B

x1

:,

xN

Y1

v2

v*N

nI

nN

Pl

D.N

zL

oJ

tJ

z

r ty' T

b of P¡ on Z¡ls

xJ* YJ

IJ
oJ

^Let P be an estinate of P from the total sample:
r\ ,/\/p = z-hi .=

áry
Then the regresslon coefficlent

b = ám,(ei-"l(zi-7*)
á'm¡ (zi-7;)^

where Zw ls the wei.ghted mean of
,6

ThelL for regrosslon, with
n fu. 

-/tt 
il

d,^ = l2Y*r-Trlá^izillt' . Li=' 
! ' T\¡=' -,)

Lr-'T.J

the Z¡" ¡

one degree of freedomt 1s
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The total 7 from the N x 2 table

as foIlot¡s¡

Cllnical Change

6F

can be parti.tloned

Degrees of
Freedoq

1

N-2

N-L

Regression of P¡ on Z3

Deviattons fron regression

lotaL

As an exarnpLe, consider the following data. One

hundred and nlnety six hospital patients lrere classtfled as

to the degree of tnfiltration (a measure of a certain type

of skin damage) and change in condition after l+B r¡eeks of

treatment. The total X^ , 6.88 r^rith l+ d"f ., ts lnstgnift-

cant. However it ls noticed that the Pj (tfre proportlons

of patlents r¿ith severe infiltration) decline steadtly fron

the ¡¡markedly inprovedtr Class to the r¡'trorse¡r class" thls

suggests that a regresslon of the Pj on the clinlcal change

might provide a more sensitive teste t

In order to compute the regression, we assign the

scores lo 2, Le 0 and -l respectively to the five classes

of cllnical change:
Degree of
Inf i Itration lotal-
z i 0-7 8-L5 N.i P-r=Xrln: N¡Zt _

Marked Inprovement 3
Iufoderate I mprovement2
Slieht Improvement 1
Stationary

1,rl orse

11 727 L54z L6
53 1311 r

ft
5B

0
-12

IIJ

4z
)o
oo
L¿

"trz
oJO
.28
"20.08

0
-t

TotaL 141+ L96 r84



'2nt7;ÐV-*¡i-
(3) + (15)(

6g

á^i=rf
P(t

= (7)

(.26531)(1- "2653Ð (th)(3) + (Bt+)(2)

-

(-12) (-r)-!&)'
L96

= 6o666, stgnlficant at the t% leveL.
,^

The total, A has nou been subdlvided as fol-lows:

z)

&.l

Regression of P3 on 23

Deviatlons from Regresslon

d"f"

I
?

t¡.

6.67

o ^2L
6.88

TESTS 0F SECOND-oRDER TNTEFACrI0N

âx 2 x 2 Factoria.l ExP-qqiments

In a factorial experiment vith three factors each

at two levei.s, the naln effects and the interactlons can

be tested by an F statlstlc, as is well knownn Hollever,

!t ls al-so posslble to use the goodness of flt criterlon
to test the second order inte¡actlon"

If the three factors are denoted by A, Br and C¡ and

the levels denoted by I and 2, lta c4n set up the followlng

contingency tabLo.

4.2A1

B1 B2 B1 B2

C1 C2 Ci C2 \., I C2 C1 Ct Total

xI x2 x3 &* x5 Y.rr6 x.7 xg n

Mt YI2 M.
J

Mk M-) M¡o "7 MB n
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In thls table, the x1 are the observed valuest

the Mi are the expected vaLues, vrhere lxy=2ff "o = n'

example uslng this method can be found ln an arttcle

M. Kastenbaun and D. Lamphiear (L959).

To test the second order or ABC interactl0n r¿e

uhether the Bc lnteractlon is the same for A1 and 42.

nuII hypothesls is that

MLi.Mz = NI1/M6@w
or M1 Mh M6 MT = Me M3 M5 MB

Because of thls relatlonr æd since 21"1X = rr

and

An

by

test
The

which ls flxedr Hê have only to estimate six of the Mirs"

Therefore r,,s have left B-6-t = I degree of freedom.

By the nethod of maxinum lihellhood, the best

estlnates of the M1 ares

Ml=XI+k M5=x'5-k

M6= x6 o E1r 
- 

'\t l-
"2-n2 Þ

M3-x3 k MT=*T*V

Mh=Xhun Mg-xB k

where lÈ ts found fron the eqnation

( x1+ k) (x4+ h) (x5.rr h) (xr+ x) = (x2-E) (X3-k) (x'-k) (xg-E)

The criterlon /L =

ulth one degree of freedon tests

3-factor lnteractlon"

Mi
the

lx' - M'

null hypothesis of no
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r" X S X t FACTORIAL EXPERTMENTS

The foregoing test can be extended to the general

(r x s x t) contingency table. In this case, estlmatlon
j

of the pararÅeters u!11 involve the solutlon of

(r-1)(s-1)(t-1) thlrd degreo equatlons, and the resultlng
^,4.f--wiIt have (r-r)(s-I) (t-1) degrees of freedom' In

general, the nuII hypothesls of no seeond-order interactlon

for an (r x s x t) contingency table ts gLven by

-Prst -Piit = Prsn l-iitcffi ffir-
r¿here i. = Ie 2e uoor-I

j = Ie 2e 'ooS-I
þ = L, 2e on't-L

and the PlJh,, are the paraneters of the multlnomlal dis-

trlbutlon
/ 

^ , r -rr -l-r tt ..fli i'hA= NL TT{-P'¡À't 
T- lI Tl-r'y.ìiih ' ¡
¡'i/Ru

for 2f2 rûi¡r* =Ni iÀ

and 222?,ço = Ii y h '

sl¡lce solvtng the ( r-1) ( s- r) ( t-I) sinultaneoi¿s

equations !s extremel-y l-aborious, Kastenbauq and Lanphlear

0959) have given a computatlonal procedure Hell-sulted for

a desk calculator.
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-NA}r-LA¡JJET R"Tq rF¡s TÊ

Non-para¡aotric tests are those v,rhlch do noü depend

!,!^^h ôh,' hñ-+iCUlar freqUenCy diStfibUtlOn, ngf Any paf- .LrlJ wÅ¡ ÉÀiJ ¿lJú¡ v

tj.cuJ-ar pel:aneteI. lhe first non-paraneÛr1c test developed

t?as the goodness of îli tesb itself ' Tlvo othors which

r'¿i]l be Ciscussed ¡totv ale ihe Ûest for medlans and Frled-

Ear¡ss tvo-rvay analysls of varianco test"

I'GDi.A1'l T¡'S1l

Consid,or iho proUlero- of testing the hypothesls that

il¡o pcpulatio¡1s, d,onoted. by X and, Y, havo the same modlan.

Let X1 e XZ . c o ô XNlr and yl, Y2t "..Y¡2 bo the ordered

saupJ-cs fron the ä and Y ;oopuJ.atlonse respectively, and lst
stics fron tho conbånod

onbined sanple by Z.

should expect tho nunber

ual li1 ,. and thq aumber
Tual Ne" '

T
have'the follollng

tlon:

' This is the sam€ distribuiion as that follor,ved, by

'che f:requoncles In a ZicZ contingency tabLo, under the

hypo'chesie oî inclepeno.onco. ihe corrospondlng contingency

1^- 1¡1a¡ order staüiN1+N2 .,*, e¿¿v

ncis the nodian of the c

hypo'chesis is truer .w€

oxcood, Z, say Mir to eq

o:'.coed 'd, say M2, to eq

b fo1lol'is thaÈ M1 and Àt2

ric probabilit,S' ¿itiribu

17ry'1-/u-!r. u29 o-o e s

ñ^-.^l ^ T\¡rrÉ¡i¡lj..i-\J e lJ{,

T f ¿:1¡t n;:l l¿i v¡¿v ¡¡5*

^.1 \r 0 õ {- l-,a {-l.r¿ i¡ - d v¡¿ç¡ v

of Yes th¿rb

-f J.- r: !a ^¡i V VÁ¡\:l

bypergoosoi

-, Í¡¡ú \srg

Nt * I'l-z

M1+ Mz

nr\
ltzl

/x.
{*i

e^J a
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(N1+ N2) (t'tt+ M2) Mt+ M2 NI+ N2

The null hypothesis that the tuo populatlons have a
,e-

'common med,lan can be t ested by the 1- criterion uith one

degree of freedom. Hov¡ever, !f either N1 or N2 ls less

than lO, Fisherr s exact test should be used.

This test is easily extended to more than tuo samples"

Suppose we r,¡ish to test ruhether k populations have the

same median, Let î be 'che median of the k combined sanples.
I

If M1, i = Ie 2, no.k is the number of observations from
,+hthe lur¡ sample that exceeð. Z, then the distribution of

MIr M2r.'..M¡"is 
,{r

g (M1r M2r"..Mk) = JI-(Hî
This is the same distribution as that follov¡ed by the

frequencies in the foltouing Lr. x 2 contingency table, under

the hypothesis of independence:

table is

Sarnple I

Sample II

Sample I

Sanple 2
;.

o,

e

k

ze"..Mk) = t(Hù l#r)

('lufe<iian )Median Tot

Nr- Ml I t'' N1

N2- Mz N2

Median Median

N1-

N2-

M1

v12

M1

NIz

t\t r

¡\Ttt2

Nr-- Mk Nk

M 'r\T
^t



The null hYPothesis maY be tested

with k-l d.f " For thls proble^ l* ^y
owlng form:

A , . [ , / Þ -.rL
ry = N(N-t) f#(^rnL- n; z!flL)

^74*
by the þ criterion

be put tn the foll-

I

ttr/ra/,1

?*r(N-2rrnv
FRTFDMAN'S 2-I¡JAY-ANALYSIS OF VAFf,éNCE TEST

Friedman Q937) proposed a non-parametr!c propedure

for use aS a test for differences emong treatment means

in a randomized-block d.esign' Hi.s test involved ranklng

the treatments v¡ithin each bloch from lovest to highest,

and then determining the probability that the different

col¡:.mns of ranks came fron the same populatlon. After

ranklng, the procedure requires the sun of the ranks for

each treatment, and the folloroing criterion as a tost of

the nu|I hypothesis of no differences aaong treatment

means: 
AL = rà 2rÎ-gb(t..-r)

þt (t+t) 
,

where t is the nunber of treatraentso b is the number of

bl-oct<se and ri the surn of the ranks for the ith treatmentn

This criterion 1s approximately distributed as ehi-square

roith t-1 degrees of freedon. lhe approximation is poorest

foi- small sums of t and b, but in this case exact probabil-

ity tables ean be used'

I.oLERANCE tIMrrS,

In the manufacturing of industrial productsr limits

beyond r'¡hich only a small fraction of items !s expected
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to faII are constructed. These limits L1 and L2 aTa

catLed tolerance Llnits.
I.€busassumethatr¿lehaveapopulationv¿hichls

â

normally distrlbuted uith nean Fr *d variance d ' To

find tv¡o symmetrlc tolerance }Ì$its such that the probabll--

Ity ls P that loo(L-2Ð/" of the populatlon lies betr'leen

these tr,lo llmits, .ure solve the follovlng equatlon for

zL-p, , ,p.+ 
azve _ (x - qI

| _t_t -*o*dX = l_âE| .W-o
/¡¿-oL¡-e

For example y L-28 = "ji glves the tolerance ltmlts

as fL L 1.960.

Suppose now that þ Is knor'¡n but that cr ls not"

Let s be its sampi-e estimate, Then the condttion that

.$t I S,( $ill include at least Q-2Ð% of the population

ts that

s!. >
âg\

JBut '/L =

o

67r-. or 7o

ooS.=
6 -

lry*
l/L
l-\ n-l

If P ls the ProbabitltY

of the population is included

repeated random sanPi-ing, then

ftL

that at least LOO(L-1Û)%

betr¡een these llnits ln
/ 7 -'\= P has thevr (s/e7-'-ft,

Ti-,/
/m-t

solutlon

7{-Fe
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1r

by

In the general

nay be shown that
0 -,4 - "L-E

case, uhere bothþ and Cr aro unknownt
il

the value of{ is approxlnately glven
r. I \lr -n ãnl

Therefore, the sanple tolerance limits aro

ú¡r- sz,-.w, Å¿+sz,-,w )
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cHAPTr,tR V - N0N:çE}ITRAJ.' ¿,

DEFINI TI9N AND DESCRIPTiON

,!^ ." .. -L r5 oefined as the sum of squ.ares of n lndependent

random variables that are normally distributed t'¡ith zeTo

neans and unit standard deviations.

Constder nol,¡ n independent and normally di stributed

varlablesr EI, E2t"..E' uith meari's A1r LZ, An and each

with the same standard d.eviatioll du Let Xi= El- A1'
,&

Then non-central I is defined bY

n/tù
The distributlon of 'L' can be shol'ln to be

I,)
¡tu)=

- _..A, -y*frî)n/t-ta f. _.,À^ r ,a r&*xrl-t/^s frt ) ll+7:ì +({'x) +r''W | À ñIæËrr
uhere À is the parameter of non-centralityt

and n is called the number of degrees of freedom"
.6

moment generating function of 'lt !sThe

M(t) =
(¡tl-et)

, L¿t/*n
Ì¡<(L-zt)¿

The rrfl cunrulant can then be shown

Kr = 2'-t(r-1) å (n+r)" In particul-art

KI = n +À= F.f,e 
^

K2 = 2(n + 2\)= øi.
K3 = 8(n + 3\) '
Kr* = hB (n + t,)

to be

1Î= 2(t,-ñ = 2*
â. ¿.r 

- Õ.r L=t a

ry' is a generarized form of -L^.
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AFEIìOXIMATIONË TO THE ¿ JI-STRIBUTION
,À

( a) lhe Z -aPProËirna'hþg
^ttL

The distributlon of i- e vibere
Þ

P=n+2À=1+--À- ecanbê
n ff /r¡+À

approximated bY that

vhere 1. = (n +À)3 =n+2À

^,&-of 7 r,rith r degrees of freedomt
An+Þ

¿¡t+ â À

r is in general- a fractlion"

(b) The nqrmal gPJ¡roxtma:Llgn

Flsher has shov¡n that tffif is approxtmately

nally dj.stri.buted ui-th r4ean {ã, and variance 1"

1s a sinllar approximation to the distributlon of
a

Furthermorêr ø'j approaches normatity ig,!"=-tt'*
Patnaik ( 19ts9) has shown that a A'o(m+ x)-

4¡+èÀ

fIOI-

There
,e

dllvo
.xT- 

ø

!s

approximately normally di-stributed ulth aean

and variance 1'

LPPT¿ICATIQNS!FTHE.i{0}I;qEryTR}'tDISTRIBUT.ToNT0THEpgEnn rurycTl om op tnsts

suppose ÏIe xriish to 'cest the null hypothesis that

a randont sample of observatlons, EI , EZ, "oE¡1e comes from a

popnl-ation normalty dlstrtbuted wLth mean 0 and variance

:¡. !s Kn=áfi" rf we wish to

conrpute the pouer of the testr u€ mu.st find the probabil-

ity that this criterion exceed,s the critical value 
,-f:

¡¡nder some alternative hypothesis. Let thts alternatlve
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the

hypothesis be thaübi come fron populatlons ulth untt

variances but dif feren't mean'si AI , Aze'o"Ao' Then the

distribution of non-contral 7* can be used to supply the

pov¡er function, given bY
/æ
I n /ry'n/'\ ]'t'n
l-^iLN/Àlon

whore rh" "/;tî rrypotnesrs !s that ì, = áAT= o, and the

alternatlve hypotiresj-s is the composito hypotheslst
-nl

lncluding the f amily of 
_alternatlves 

for whlc1f At = \ '
can also be used toIhe non-central'/L distribution

determine tho povter of the goodness of flt test. The

crux of this test is that lf lli denotes the observed fre-

quencies and Nfi the expected frequencies, then

y!e+++t u uhere k is the nunber of classes,
; N-n; _,â-
approximately distributed, as 7 v¡ith k-I degrees of

don"

Patnaih ( 19b9)

tlons are NP1 rather

is
free-

has shor,¡n that if the true expêcta-

than frlTt-r u where 2ß =5:Tf; - L, then

{ (m t rrl ;;r )e
.L ivP;

"l^t*.r aL tt

is approxlmatety distributed as non-

r¡Ith k-I degrees of freed.ome t¡lith this result,

one can determine the powor of the goodness of fit test of

any slrnpLe hypothesis (speeifying probabtlttles T[¿ ) r¡ith

respect to sinpte aLternative hypotheses (specifying probab-

lltties P1)" Knowing the polter funetionr severpi- f.npor-

tant problems can be sol-ved. .A.s exa¡nples, Patnalk cltes
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the f ollov"ing:
tt (1) For a given sample size t{ anci number of

groups k, vrhat is the chance uÎ establishing the lnadeciuacy

of the null- hypothesis, using a given significanco level?

(2) For a given k, how many observatioris are

rrêcessary to give a chance, say of 9orô, of establishlng

signiflcarrce at t-tre 51, Jevel?

(3)}-oragivenkandN,hovulargeadepartureof

HlandHowillbedeÈectedvyithagivenchance?||

Il-lustratlons of theso applications are given by

Patnalk (1949) 
"
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SUI$:ÍARY AUp DIFCUSISION

The dtstribution of continuous chi-sqgare, defined

as the sun of Squeres of standard. normal variatesr r¡JaS

originalLy derived by FoRu Helmert j.n L8?6 by mathematlcal

induction. Chapter I glves this derivatlon as l¡eIl as

throe others.

0nly the normal distribution, to l'rhich it is ln-
tlmately related, outranks the chi-square dlstribution ln
general usefulness. Accounting for thts are lts general

yet diversified properties, and it is r'iith application

!n mind that these properties are discussed, in Chapter II.
Of particular importance are the reproductive property of

chi-square and its identification tlith the exponent of

the multivariate normal distributi.on" The former property

facllltates the location of underlying areas of slgnlficance

r¡ith pin-point precision, r,lhile the latter extendsthe

breadth of chi-squares s inferential porlers to,parameters

of any distribuilon. Both form 'bhe theoretlcal baslsifor

many of the tests described in Chapter IV"

In noed of soae crlterion to measure the quallty

of eurve-fittlngrKarl Pearson introdueed the goodness of

f it statistic¡ or. dis.crete chi-squarer and establlshed lts
asymptotic distributlon as that of continuous chi-square"

As the oLdest of the non-trivial significance tests, as

vell as one of the most raidely usede ch!-sq.uare has aJl

absorblng, controversial history" In particular the

r¡degrees of freedom battlett, waged for over tventy years
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by KarI Pearson anci Sir Ronaid !'isher, has 'theoretical

and philosophical im,plications rivorthy of carefui study'

The flavour of thls a¡rd. other histc¡ricaI highllghts are

dlscussed, in ChaPter IIf.
Over the years chi-square has turned. into a¡¡ enorllously

useful d,evice v¡ith a range of applications far greater than

the specific problom to v¡hich 1t v¡as initially applled'

Although by no neans complel,e, the selection of tests ln

chapter IV has boen chosen v¡ith this rangê in nindo AS

well as covering the stand.ard. applications, including

goocÌness of fit tests, tests of lndepeno'snce, ano tests of

homogeneity, less weLL-knovln procedures are al-so investigated'

Ihese incLrrde tests of second.-ord.er interactlons 1n factoriaL

experllxents, bivariate confidonce ellipses, ano the estimation

of gene frequetrcies in genetical populations"

Chapter V contains a ciiscussion of the non-cen'tral ch1-

square distribution, discovered, by Patnaik 1n 1949. Par-

ticularly emphasized. is its reJ-atlonship to the central chi-

sauare d,istribution.
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