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TT{ESÏS ABSTRACT

This thesis is concerned with the problem

of determining under what conditions the identities
l^^f:-'- - :^rIUIU Irrt; f !1 @ UllI u!óu uf vv r vrr[qlrJ !

from a finite subset (a finite equational basis) of
+L^^^ i¡^.^+iri^^ ^F+^- ^ --^f ;min¡rw rer¡iew of theUIIEÞg IUSIIUf,UfEÈ. ru Uga é _LJlglllrlrrqrJ ruv¡uw v!

basic results of Universal Algebra, the problem is
consi-dered in its most general form, and some results
about the concept of deducibility are obtained. Then

the effect of the number of elements in a finite
a.l selrra. llnon its nnccacci¡n nf c. f inite eOlla.tiOnal

basis is investigated. Finally, further results in
the fiel-d are stated and d,iscussed. to provide ¿,

review of the research to date.
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CTTAPTER I

PREL]M]]VARMS

The ni:r¡ose of this eha.nter is to introduce
thc has'ie eoneervbs and theorems of Universal AlEebïâ

which wiJ-J- be required in the remainder of the discus-

sion. The results are presented without proof, and the

read.er is referred to G. Gratzer 's Unj-versal Algebva 13)

for fu,ll details.

'l - IInìversal Al sebras

Def-initÍon 1.1: A type T is a sequence of non-

npoet.ì rre i ntao'errreõuur -s, (n.r frL, ny, ...>, y < o(t),

where o(f ) is an ordinal nr,rmber called the order of

the type.

For each y < o(t), we introduce a symbol f^.,
-ry.

nq I I erl qn n¡cre-f.i nn e¡mJra-ìuarruq sr¡ vyursuaVIl ÞJllIUUI.

Def initio n L.Zz An algebra ffi = <A;F> of ty¡re T
is a.n ordered nair- where A is a -^- --^ja ^^+ rndru alr v¿uuruu ysII , WIf,sIs 4IÞ ø IIUII-VUJU ÐçU, Q

F = 41.^: f., f ^., ...>, T < o(T), is a sequ-ence ofu' L' y'
operations on A.



f is an n^,- ary operation, called, the real-Y/
/Tt

ization of f in 1*,L/ If n^. = O, f^. is a nullary oper-
-/ / ./^

ô+.r^h. +r.-+ iô o mqnninry f . ao = lø(--+ a. and soaþlvlLt ull4u ¿ù, 4 llloPPaIIó ty. n lr J ' --)

effeetivelv nieks out an element a = f ^.(ø) from A. We
l

will often denote fo by a in this case.

ïr&andhare
we denote the realizations "t +
Tf thar.e iq d¡ncrer of nnnfrlsinn^!p vqrrõvr

(tz)m, and (rr)p rkrus, in

@ =(A;F)and b=G;F>.

Def.initio.n 1.7: An algebra wil.l be said to be A-

finite if the set of elements upon which it is defined

is finite, and F-finite if the set of operations is
finite. * ",r*äãTrinite ir it is both A-finite and

F-finite. trlhen an.r*"* F-finite, so that the set

of o¡era.tions ha^ +1â^ +^w /tr F F \ .fe Willv¿ uyur s utvrru !rúÞ ulIU I uf lli v g) r 
1) 

t 
n_f. t n

ffi
vrite \JV = <¡' F 4 'Pti T'0, I'Lt r'n_I).

We d-enote by K(6 ) tfre class of all algebras of
tærype {.

algebras of the same t¡rpe,
in hoth algehra.s by f-7'

we will use the notation
-^-^-^f --^ --irl writeE;sllsl@I, Wç wI!



mapping õ: A --+ B is a homomorphism if
P /^ à., a.^ ,)õ = f^.(a^õ, â.õ, a.^ .õ)tv\oo' 'Lz *n -1' / v r *n 

-L-'--y- / - "y-

for a1-l f^. e F, and all a. e A. The concepts of endomor-y'r
phism, isomorphism, and automorphism are then defined in
the usual manner.

Tlafi'¡¡'lian I q.
wLVLL L. ¿/.

r.)+: Let tL and b e r(s). rhen aDefinition

eonsrrlenee re] a.tion on

.r \a^, a,-! a.v't)' t'/-
aut@¿!tsx.

^l

Ân anrr

fffi, ¡[

ivalence relation
= (A:F> if a. E- f -

=r(+,'h- 
"y 

\ -O) "1t

eonAisa
. /^ \o. lu / fmprfes

f'

'r^ ì /nlu- 1/ \v,/rt -r
v

_1)

ft1If 0 is a congruence relation on WU , T,re can
t%îdefine a factor algebra AU /O = <A/g; lÞ in the usual

.#
manner. ff õ: U{r 4 ft} is a homornorphism, then the
relation e on A defined by: a -- ¡(O) if and only if

¿REî

aõ = bô: is a congruence on ffi Fhrthermore, Üt, /n
is isomorphic to <Aô; F>. There are two trivial congruence

rol¡f'iñnq ñn rnrr --l æô1^?õ. +1a^ -^lqi.inn ¡f 6¡112'l jì-r. ôhÄ +1.ìôvr¡ urrJ @!óç UI 4. UIJç t Çr@ u Jvrr vr u V u-@IJ UJ J @lIU UIIç

total relation, where any two elements are congruent.

2. Polynomials Polynomiaf Snnbolsand

Definition
are functj-ons from A'+ A, defined as follows:

| 
^ 

c ,r,h:^ . ñea¡ h^'ì ìr ^sì --t â ^-F¡ -F 
fTI. O:. L!.e fl-af'y ,[:vryrrvurra!Ð ur orr Ð,I$ebÏa Vþ



/.\ - fr¡ \(i/ the proJectfons er(x6: xl, *n_L) = xi,

for i = O: L, n-1, are n-ary polynomials.
n

In practice, the function el is identified

with the variable x..

(il) rr l6(xg, ",.-t), p1(xg, *rr-t) ' ...
p - - ("^., x.^ , ) are n-ary pol¡rnomials,'n -r u' n-I

v
+L^- ^^ .i^ F (^ \/- \ -Úrrcrl ùu ro r, \Pg) yLt Ott^,-I, t^0, ^n-L, '

f (p^(x \ ^ (- x .)).+Z \iO \-"0, nn_L, t . . . vn_ _l\^0, --fI_L, ,'
7

/...\ -(iii) The n-ary polynomials of the algebra are those,

and only those, which can be obtained from (i)

and (ii) in a finite number of steps.

Tr^..^1 i +-. ^F -^r -*^* j ^f ^ .i ^ enllal i tw of fllnctions.!(¿UdIf UJ UJ Lt-Ar J PUrJlrUlUJ@rÈ rÐ ul1qar¿ uJ vr r urf

tr{e can extend this definition Lo a-ary poly-
nnmìq'l q rrlrora a i ¡ on oøLìÈrqvr¡ nrä'inql nlrmlror- hrr ennsidcr-rrvtrf¿orD, wrrurI U f Þ @II øI UrUf,@rJ VtUMG! lf4lrvçr, vJ uvlrÐruvr -

ing functlons from Ag into A. I,Ie need only replace

e1("^, x. . ) ly e](x^, x^., ...), y < q,. ThenIu'n-I-r-u-y'
everv ry-à.1'v nolvnomi¡l de¡enrls u-^'^ ^-r-- ^ Fi-i+e numberuvvrJ w-qLJ }/v¿JrlvIr¿G! uu_À/urauÐ uyurt wrflJ G Ilrff,u

of its variables, and every n-ary polynomial can be

extended to an s,-avy polynomial by the introductj-on of
rlnmmw wa.ri ahl es - Si nee everv (l.-ã.Tv nol rrnomi a.l i s essen-e4,!¡u e **r'

tiel'lrr finìte. ì+ i^ "-"^'1 r-- *^^t convenient to considerULALLJ I IIla Uç, ! U f,Þ uÈuallJ 1uuù



9

6) -ary polynomials , where Gt is the order type of the

natural numbers. I¡tre obtain essentially the salne opera-

tions on A as we would from the n-ary polynomials, n = O,

1 D rri-|h lþp adva.nta,s'e that r,¡e can discuss theLt

equal-ity of functions without considering their arities.

A nullary operation is an q,-avy polynomial

for every 6y, and nuLlary pol¡momials exist if and only
if there are nullary operations.

l¡Ie will write p(x^, x.s
VI

the set of variables upon which

is contained within the set {*^,bu'

x - ) to mean that
II- I

*l-ra frrnn*inn n Àa¡an¡T c
! qvyvlfv p

?
vvÞ^l' '"n-lå

Definition L.Tz flee n-ary polEomial s]'rnbols of
,æt)æe -C are def ined as follows:

/.\(i) x^, xr¡ x.^ . are n-ary polynornial
AJ _L 

-II-J

symbols.

(ii) lr p^, Þ-: p. r are n-ary polynomial
-J'

s¡rmbols, then so i" å(q, pr, ... pr, _f)./---y
/...\ -(iii) Tkre n-ary polyr-romial sprbols are those, and

only those,, which can be obtained from (:-)
and (ii) in a finite number of steps.
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Again,
F^- -- -Ml^j +v-ør,rut @r1 qrutuf @rJ

admit x^, x" s_1J _I

symbols.

*" 
".t 

extend the above definition
nr,linq-l ¡'v ?¡r¡ mn,l'- / ' \* -r ..,- - fI yf ng crause ( r_ / -ro

x..s : T 1 d: as 0-ary polynomial

Nullary polynomial synbols exist if and only
if nrr-ì'l qv¡¡ nnorqf inn ermhn] q avi qi in *ha f rmo f Tf'r! f¿qllqrJ vlu¿qurv¡r ÐJurvvrÐ uJ_t1u v

a. is a. ntl'l larv oneretinn. then ¡ will denOte the corres-J VYU¿

r'¡nnd i ns <rmrtlnl

tr{e will wïite p(x^, x.¡ x.^ - ) to indicate
- aJ -_L -r1- -L

that the set of variable symbols occurring i-n p is con-

tained within the set { *^, x1) x. . } Thre
\ -1,/ 

-I -IL- L e

expression p(r^: T-t r -) wilJ- denote the polynomial* +'--u' -l- -n-L'
svmhol r,rhieh resrlts frnm ren'la.eins ea.eh ôeell?r-ence of

x. by the polynomial symboJ- r. in p.
-f -t

ff infix notation is used for operations, the

same.notation will be used for the corresponding operation
^-*L^t €^- ^..^--f ^ÈJITUUTJ aÞt rur çÃ4u!!s, tlJ ao , n1. rrrs uuI1 uç/

make clear whether the operation * or the operation symbol

+ is intended. I,trhen only several variable sJ¡mbols are

involved in a polynonial syrnbol, we will use the more

.,-,.-'1 ',^+^-Ä ^F..usu_aJ- xs f-t zt lt v., {¡ , ]-ns-ceao oï !¡: I1t r.2:



As with polynomials, we will henceforth consider

all polynomial syrnbols to be lù -ary, unless otherwise

^+^+^,1Þ UøUçU.

Definition 1. B: Let p by a polynomial synbol of type
tu-ß!-{, and SJl, an algebra of type T . Then the polynomial

Êil
induced in [".Jb by p is defined as follows:

,

(r) 
". induces uT(*n, x.,: xn) ... )
-ffu'I'/

/. - \ _^ f (r:^, p_ .o , ), and if p.(11-/ ü' P fF .-r.=<), Lt, :n -r-'v -
induces p;(x6, xr, ...), then p induces

/

.e l^ \/- Ir^.\.I/n, !n^._lr,^0, ^y, ...,/.
lvT

Definition 1.9: Let P(3) denote the @-ary poly-
nnmiq] qrmhn]c nf f¡mo ? T¡han fnr f c It anrl ¡UJ-[1vv.*..*go,

n c P(* )- *e define:-ù/-- r ! -\lr/t_II -I

r (n \ - + /- h )
I \V^ V - I - 

L \V^t V 1 J..y'-,)' ajl - | ' -4/'-',)' :n -I'/ - "y- / - --y-

Tfren we gei an algebra of ì;ype T :

rãY# l-\ - ze(ø1. 1çV \L / - \:\(' /'
cal-l-ed. the polynomial algebra of tytrle T .

.- ";";;ary 
polyiT omial

algebra @ 
t"l (t ), using s,-ary pollnomial s¡rmbols.

t1
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3. S\rbterms

Definition 1.10: For each pol¡.nomial syrnbol p of
type ?, we define a set s(p) g p(f) called the set of
subterms of p:

(i) s(x.
--L

li;) rr -\*¡/¿¿y

f?
teÏ

A rrnl rmnmi ql qrm'La] n r'c o arrl"*am nf ¡rrsr aJrrtuvr Y rù 4 Èuu ugailt ua !

7

if q e s(p).

TrÏo cna¿þ of the occurrence of a subterm o ifvr s Ðuv u9r¡rr Y r¿

we wish to emnha^;-^ i+^ *^^i+i¡n in n âs .t.¡ell aS itSuv ulll_vrrqÐ lLç ! uÞ luÈf uJurt Jrr ! eù wçr! d

form. Let os(p) ¡" the set of all occurrrences of sub-
tarryns nf ¡ *.. .r-l e ^o1-)+!¡er! Ð \y/ = vÐ ¡1,7e with distinct occur-
rêna¡êq nf n qq o orr?rio* ¡f n aar.n*inn oa ,{i c*ir

f vVu-rlUflfó @È q-O r-rLCt

o]amonl-< ^" ^.r-lvu\v/.

are the partially ordered sets (os(pr); Ê
clear that the inclusion diagram for (os(B); Ë ) is a

ratravaa r-vaa J- the sense that distinct branches of
<os(q); g ) are disjoint for any g e os(p).

) = t=r}
is f (p^,

-Y'-J'

q/ 
"(¡b)

VrIe define
followsi rE qif
r(n-nl! \ V^ t . . . V - J .rv':1 )- :n _t.¿

/

¡ nqrì-'ì q'l nrÄo¡

qnrl nnltr if r c

then the ¡rrn"fru"

e .. ^.1-)/\:os (qi. fï'
^+ z^^(^\.vr \vù \y/,

AS

n iq

ê



t:1

Definition 1.11: e., r € os(p) are said to
nrrar]qn if i.lrcr-c av-ie*o * . ^o/t ) ellnh Lhqt. -|- ¿CX-LSLS u e OS\p7 Ðuur¿ u!!@u u * Q¡

;!=..

Iemma L.LZ.z If q. and r overlap, then g Ë r or

:::¿.

D-^^F' ÎF ^ ^.^^ T ãîe nnt comna.r¡lr1e. then therr ggg¡-¡¡ MI . II \.1 GIIU r @U!ç) Urrsrf UuçJ

inìlstm"tlrrt"ros of some subterm of p. But these

distinct branches are dì-sjoint, so ttrat i e q and

! ç r 1s ìmpossible. Hence, g and I r""a be comparable.

ì. +-+. loen-tft]es

Definition L.Ljt An identity of type T is an
affi?ôccinn nf 11¡ç^yrsÐÞru' ur u*e form p = g, where p: $ e 3(f ).

Definition 1.14: An identity p = g of type T
. -" . Æ'f .-*, .-holds in (/{, € K( ¿-.) if p and g induce the same poly-

""tnr"t t" ffi"

I.t5: Id(m) is ttre set of all identitiesDefinition
whìeh hotrt i" W. ff Kq K(T), Id(K) is the set of att-rtv¿v¡rr!Érr1

id-entities whÍch hold in every ffi, . f.

Definition L.L6z If X is a set of identities of type

T ,then I" is the class of all algebras W ot ty¡re ?
su-ch that each identity in X holds i" ffi .



I )¡

5 Ðireet and Subdirect h"od,uctst.

Definition L.LT: Let UL, = (4.; trÞ, i e I, be a

fami]r¡ nf e'l oo'lrr¿s Of the same t¡4pe. The direct product
nf the ¡lcretrr¡s lnW

Ub t is the algebra

fl-r fffi | ; - r) = <ffia= I i . r); ÞtL \[/uil r c +/ -¡sr-"il -

r^rhere the o¡eretionS are d-efined, as fOlloWs:

fr(pnrp.,, p,.,_r)(l) =ro(ln(l), 1,._r(l))/ - -'y- -'y

, *
- FE l¡ | . -\ror r_ € r, anq rne P. € då \A_. I r € L).

¿L

rf f = { o, L, "-t} , then we write
lryA fW - ¡rmB Bg ßüEVLo x \l[', x " ' x ULn-l for the direct product of the

fw rf"Balgebras. ff L/t i = U{" for al]- i e f , then we write
fffiT
H ld * f¡y fho,lironl- nrn,lrrn* cnrì g¿ff it a difeCt pOWefvt

ffi8Ìof L/L If, in this case, I = tO, L, n-Lj t then,
Fçìn

--^ -*--.!^ i ,ñ ,*we wl.rue vt

Definition r. rB: rhe mappins õ:.r Tf (mi li e r)+' ffi.
defined by õ.: p *È p(i) is calJ-ed the ith projeclion¡

^ i< o "^-^l'^-¡Li^* ^'^+^ ffio. Js a rromonlo-r'lnfsm on-üo uui.

I æ¡¿
Definitioq L-L9z A subalgebra Ð of il[fff]., li e r)

tmis called, a subdirec.t p.r.o.duct of the Abr, i e I, if the

restriction of each ô. to B is onto 4..
I
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- /Tì fÏr f^If Ut i = LJU for alL i e I, then hJ is

called a subdirect power of ffiL.

lf e. is the congruence induced by õ¡, lett f g *t
e. be e . restricted to b. Then b/n= g UL., and

f I f -l-

ñ t^ r. --\l[ (0. li e I) is the trivial congruence of equality.D¡ ' I | 
( r

f-ìnnr¡ez,qatrr. if { O- li e f T is a family of congruencesL 1, t
fm , f,ru^,. -\on an algebra \./{, such that ül (Oli e I) is the trivial

m
nôno-l-rrênne nf cn¡¡¿lity, then [/U i= isomorphic tO aq/ v 

Pr?
errhÄìroni. nrnÀrrnl. nf tha ¡l ochr:,g \JU/A ., i e I..I

rk
Definition 1.20: U[ i" subdirectly irreducible

rlAft'i€ -nav onr¡ rôhj1v of eonsrl.renees { O, l:- e f þ on UL,LL t r Ut orrJ r @r]f ¿J vr uv!¿ót 
s a , ¿

fr fn, li e f) being equality implies that O- is equality
t' - l-

forsomeief.

Birkhoff has shown that every universal
^r -^L-- i^ i ^^*^.1-¡hin tn ¡ sllhôiyôa+ ¡y¡Ärra* ^f sub_@16ç Ur 4 rù ¿ÐU¡trva j/rrlu uv @ Ðquu rr ç9 u ,ur vqqu u vf,

¡l'iroa-l-'lr¡ irroÄrrnihl o ¡l oahrqqu rr vu ulJ ¿u¿e q!õe

/-b. -L''ree A.]-gebras

Definition L.ZLz Let K G K(E), and let ø be an

ordinal number. The free algebla over K r,¡ith ø generators,
tr-

Äonn4a.r 'hrr # 1^\ - .-r' /^1. r..'urruusu r.rJ V K\d) = <iTC\C/i I')t is defined as follows:



IO

N(.i) f o(o) e K.

n-(ii) u]t O(o) is generated by xO, "1, *y' 
'

7 {a'
(iii) rf a^, &-tt à^,, t 7 19,: are elementsu.r./ffi

of an arbitrary algebra [Jt, e K, then the

mapping *" * ay ca,n be extended to a homo-'Nrr'l
morphism of ff o@) + \jl, .

ß"&/\l-ï' c,/ K(G/ ex].s-ús, ]--t r-s unlque up -to lsornor-

^- 
ñt \

nhism snceifir,-- + / \^'U?¿\q)(æ\/a ,rherej,rrrÐru. uyçerr rual-Ly, l,/ K\CI/ = T< \'ç ) / UK, I^¡

V/{t.Jt (f ) is the ¡olvnomial a.'loebra formed on cx variableL- \ e /

c¡mlra'l c onÄ ô -ìs f,he eonsï¡erìec defjnefl hw: n 
= 

q(O--)ùJrrruv!È, qrru vK ¿u *vlrus qç¿ r!!uu wJ . y 
- 

jar -K,

if and only if p = q e Ta(f)"

7. Equational uJdÐùcù

Definition L.22: K S T(f?-) -is a.n eoriational-'\ L /

iÄanti*iac ^" ** ?-JUC!rUrUJsÞ Uf uJlu (,

class

if K = X". for some set X, of

A famous theorem proved by Birkhoff characterizes

equational cJ-asses as those which are closed under the form-
qf.i nn nf qlrlrsl ocJrrq c lramamnvnh i ^s urvlr vr uuuur6v Ur 4ÞJ lIUlllUItIUt .VIa¿U llløóçÞ t øLtW u Ir vu u yr v-

ducts.
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^/--\ -i,et Þ(K/ be the class of subalgebras of
el crchr¡ s nf K Simi'l qu 'l rr ¿lof 'ì y n ttr'\ ' ñ/rz\u!õvurqÐ vr r!. ulrrrr@r!J, ucrrrl.e tl(K,) and P(KJ for

homomorphic images and direct products. Finally,
J-et HSP(K) represent U(S(p(K))). Then if K is any

class of algebr.", USp(f) :-s tne smallest equational
class containing K. r-r K = ittl , we write HSP(OL)

for the equational class generated by üL These

equational classes can also be defined as (fa(I())" and
/r^/fiÏ \\'r
\ru \ U¡,, /i i/ .

Tf K = X" is equational, then the free algebra
f\.over K on c¿ generators exists, and I o@) is isomor-

ñ, l \

nrria *a LN\d) rf \/g--. where n 
= 

q(0,.) if and only if(, \v //"Kt wrrure !- *.f,

p = q e IA(K). F\rrtheïtnore, the free algebra on u)
A- ffi'generators, çh o(al ) ÊW (t)/arc, satisfies precisety

the set of identities Id(K), and so completeJ-y deter-
mines K.



rB

CHAPTER TI

THE FTIIT'E EQUATIONAL BASTS PROBI,M4

This chapter contains a precise statement of
the problem with which this thesis is concerned, and

some very general results concerning this problem. AlJ-

the results proved here are well-known to researchers

in the field-, and are used informally in the various
Ðâ.lfers on the suhiect Sinee frll nroof s a.re not avail-r q¿! yr

able in the literature, however, they are presented here.

l. Deducibility

Let X be a set of identities of type T I'Ie

shall define what is meant by the statement: "p = q can

be deduced from X", which is s¡nnbolized by:
-t¿ l--P=9.

We first give the elementary rules of
f n'1 I ¡r.¡i n a.r vrlvw f¿r5.

inference in the

a¿w@J Þ

Definition 2.1:
/'\ I 

- v (in a*inar r¡ordq r^rê nâ-.\ 1/ r- x^ - ,,^ \ ¿!r v u¿re¿' -1J -\-/

deduce this identity).
/..\ |
\ f ! / p 

- 
q ¡ u - v

/. .\ Ilrìrl-ñ-7
\I¿I/ V - Vt V - 

I I V - 
f

Ð(po, Br, ... lrr_rl = q(q, qr, ... 9rr_r)



tq

/ \ -^(v/ If p' and g' are derived from p and q by

replacing rll o""rrtrences of x- 'by an arbitrary poly--- -i
h^%+ô¡ ^-*l^^-r Irrurrr-! ÐJrruu! r, then p = g l-- pt = gt.

Definition 2.2: If I is a set of id.entities, a

nrnof fror¡r L is a f inite seor¡enee of identities:
h-d
V^ - V^:U .q.J

n=ôgA Yì
-I 

_I

n=ô
f,t-! rr-!

su-ch that either p. = q. € X, or p. = q. follows from

nreviot:s irlentìties in the se.Jllêh^ô '1-r¡ *1ra ?r1r ôq Oflree vJ

inference. fhe sequence is said to be a proof of
P -=q -fromX.=.ir- r

Def inition 2. J: X F I = e rîlêârJ.s there is a
nzaaf fvnm Y af1i.t.\J\Jl- l-t\J111 ZJ" P=g.

tr{e note that by using rules (i) anA (,r),

that we always have l-- p = p. Further, rule (i")
can be erbended" to:

(i,r') r p(¡o, å_r) € P( r), then q = .%,

Pn-r = 4r-r l-- l(q, ... 9rr-r) = p(eo: ... %-r-).
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The proof of (l-r') is ir¡mediate by induction
on the number of operation s¡rmbols occurring in p.

Definition 2.4: The closure of X, denoted by f,
is the set of all identities which can be deduced from I.

X is closed if : = X-.

Defini'r,ion 2.5: X l- W means X F I = g for
each p = g e \{. Equivalently, we could define this to
mean W g t.

i{e note that if X É W: then Ï Ç \f , and that
| -.if X F- W, then lrr Ç Z.

ffX=r;/fT) +ho-v: Id(Ll{¿J: tg x is closed- Conversely,

if x is ctosed, then $fl- = V(T)/o, where p = g(o)
-'F ^-; ^--t-- 

,,'F 
--Lr d.rru urrrJ -Lr g = g e X, is an algebra wii;h fd ( õL ) =

X. Thus rule" (i) to (v) provide a comptete set of rules
of inference in the following sense: if p = q is satisfied
. d"fT l"m Iin \,I1, whenever X is satjsfied itr L/t , then L h- p- = q_.

2. Bases for Sets of Identities

Definition 2.6: A set I of identities of ty¡re T
is finitelv ba.sed if there exists a finite set hI of
,U"* of a*" T such that I,I = X.
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Theorem 2.7: If X is finÍtely based, then there

exists a finite set of identities Xr.,, € X such that

F -F
U

ttlproof: Let W = / g.' = q., I i = O: L) n-lj be a finite
L -J- -tr

set of identities such that I^I = f. Then InI ç E, so for
each p* = e*, there is a proof from X, involving a finite

set of identities E. C. t,- Let I^ = E^ {,! E_ U ... U E"-i \r v r n-1.

Since xo G x, Eo g t. Also, xo þ w, so ff = E ç to
rrn^.,^ F - FlIL¿Ð L^ _ 4.

Such a set X,,,.,, wiJ-l be called a finite basj-s for
x. rf x = ïd(üL), thJn:o will be called a fjníte

^^.,-+{^-^r L-^ì ^ 
m

ç\4u-@ururr@r u@ÐrÐ (FEB) for l,J{" .

The finite equational basis problem, in its most

^^^^-^1 ß^* j ^ +L^ ¡^ì r ^._{ .^^. tO f ind. . neCeSSa.rv a.nrl6çIIYI aL LWrrtLt IÞ UllÇ I UJIUW Jrt$ o J *--*

sufficient cond,itions for an algebra to have a FEB. A

z'al rtorl r¡¡ nhl crn i q t'hc fnl I nr^¡incr' æìt¡an o¡ o1æa'1^ /Yl*--o: grvefr afr argeora uu
ka

satisfying various properties, to determine whether Ut
has a FEB.



1. Ertension of Rules of Deduction

Def in-ition 2. B: Let p(:b, xn_l), g(4o, . . . år_r)
be polynomial syrnbols of type T Let p' a.nd g' be

p(p^, ... p- ,) and q(p^, p,^ .). Let r e e(7 ),
- 

-1i 
-I1- I - 

-1f 
-Ir- I

such that pr is a subterrn of r. Let t be the result of
â,,'r^^+-ì *.,**]-- ^ ,ÈuvÐvruuurrró g for pt in r.

s-l
rflten¡=nf------å = Ï=r'

S.,,
L

D-ef inition 2.9: p = q. F- T = L if and onty if
s-1

p=q l--- t=r.

't{e will use the symbol S to mean "either S.
J

a

S

Th.eorem2.lO: If p=g F y=L, then
IL-r-+

v - v I r - L,
l-

Proof: If S is Sr: then p = -g F p' = g' by a finite
number of apptications of rule ("). Tkren a finite number

of ¡nnlìnqJ.inn< /' \ ' Ivr a¡,_v¿reøurvraÐ of rule (ivJ yields p = -g |- r = t.

If S is S^, then we have by the first part of the theorem,-
-t

,t¡that p = g F- t = r: since, by definition, p = q L = -r.

/.-\ |ftren, byrule (ii), p=g l--f =!.

22



trrle note, in particuLar, that if p is a sub-

tenn of r and. t is the result of substítuting g for p

:^ M .,{-1^^h h 
- 

- 
|L:nI'. rnen.p=o l-I=!.

,s
Ler¡mia 2.LLz If p = q ¡: T = þ and if rr and

tr are obtained. from r and. t by substituting s for all

occurrences of ¡1r then p = g l-g- I' = t'.

Proof: It ís sufficient to prove the result for S = 51"

trnle reca].]- that, by Def inition 2, B, r arrd. t have subtervns

nr a.nrl ot ?esncetively. where pr :^ */* - ) and.S, @*q jtr rsÞj'Jçu å to LWO, .. " åL_,
/\g' is g(p¡: ,." &,._tJ" Let $r """ gå-f be the result

of substituting s for x. in p.r ". " pn_', and J-et p"

be p(S¡ ".. 4_r) and let g" bu g(4, .,. 4_r). rkren

rr ha.s T)tt â.s a, srrhterm- a.nð i.r i^ -r ---..ì-r^ ^rr ^,,tfStitUted.I IIqp _y qÐ q ÐUUUçIU, @M U -O a W¿Ul¿ I ÈUL

io" n".- s
Ttrusp=g F rt =tt.l-

Definition 2.L2"" Iet X be a set of identities con-
tqr'nr'ncr f.þo ìflanl-i*iac n fny i : -l Dvsa¡¡'r¡õ .,.- -*-..I1-fl-es P.-' = 9r, rvr L - Lt a, n,

Suppose the following sequence of d.eductíons holds:
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rS
n=ôlj-v=iå1 i¿1 l-:1

d

h=dl"*=fËp 4 r "1 :2

:

¡SP=q¡--t-=ro:fl. *o I -i,l_I

Then r¡'e say that t is obtainable. from r throuqh Xr

' lTand T,i'e r,irite ¡ l-- r = t. T?re sequence of d-ed.uctions

is calJ.ed. a T-sequence for r = t: or a T-sequence con-
nan{-inæ v *a *¡rçç vlr¡õ r uv u o

Tkreo.ren Z.Liz ïf X [-I- T = b then X F-- r = t.

Proof : The proof is i¡raned.iate from fheorern z"LO, and
- /...\rure \r_r_r-l,

^ -l'rneoretn ¿"L+z I
I t' ) . l-- h = ^ *?ra'n or' *1.r ar ¡ ¡'-LL L I- g - S¿ ur¡err e¿ ur¿ur -1, -S 9¿

Pronf : Thc r¡r.oof is bv indr:etion On k = the lensth of
¡ ¡rnnf fz.nrn I nf n = n Tf k = 1 #1¡a-¡ ¡q prvv! lrvu a u* :L , Lt -Cnen p = g € X

St*1
enñ r¡o l,rrro n = q þ-3- þ = O. f,¡hiCh iS a T-Se¡rrênr,êlL g -y \1t ¿u s f-uv\¿qvr¡vu

forp=g. 
I - I
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Ì,Ie now assume that p is not g and that the

theorern is tru-e for al-l identities which have a proof
from X of length ( k. fkrere are four cases to con-

sid.er, correspond.ing to the rules of inference (ii),
/...\ t. \ - / \
\ r-r-r- /, \ av/¡ ano (Y/.

C:.se l: Slrnnnse thpi. Tì = .r fn-l 1o-'¡q frnrn n = ìrì rvqÐu ¿o uq.VluÞe ,---- g .,- **-* -a f, JCCUff1ng

"""tr.= in the proof, and. hence having a proof of length
< k" fkren there is a T-sequence eon¡.eeting g to p:

r.q
p"=q.q=i,

rSn=^T.=nV Y ã VO

Let 51 = Se, and. J.et 52 = 51. fhen

ISn=dn=T.

'ãfur--
s,1 å1 l:1 å

ic q T-qêôllêi,lßê fnr n = n fznn !¿Ðs¿¿Ivult

frcco D" Ssrnnneo .tr^-t1^r-^ F.laOm î = f a.nð T, = 0vaÞç Lo pqyjrvÞç _i, - !L ¿v¿lvwÐ ¿lv¡u P - r qllu I ¿

o""ut"t'rrn ear].ier in the nroof - Then we have T-scôuÊnr¡êsø ¿¡¡v¡¿



¿o

connecting p to Ð and- r to g, fhe ju:ctaposition of the

two T-sequences Ís clearly a T-sequence for p = g.

frqca 3. .c$r¡nnca *l,ro# - "o 
€/'- \ '\,d,Þc -,/; i.:t.,LIT1,tUÞe 'Ena-Ü p ]s I u]or ... !n_1/, g as

^/ \t'r ^ ^ I where f is an operation s¡runbol, and-:\!O, " "' *n-L), -
p_. = e_.¡ i = O, L, n-Lt occur earl-ier in the proof.åa ¿L'

Th.en we have a T-sequence for each p. = !.j.. Suppose,

that for p^ = Q.¡r we have:4(J -.{J

'Y. =s t.L î =.l-:1 =L I ËO :1

T=qLq{-=f=2 2 ¡ :t_ +.

:

T=sFq-t-=q^.
í _n ! _tX._J {J

fkren we can constru.ct the T-sequence:

¡S çl^ l-¡/+ - \It = Et l- Ï'(Ib¡ .". %.-rl = r\!1.r !1.r ."" %.-rl

rS!z= Ëz l-'3- !(!., p1, "'" 3r,-r) = f(tr, 91, '-. %-r)

:

fS
åo = åo f* f(!o-1, P1, .." !rr-r) = f(go, !r, """ !r.-r).



Similarly, usÍng the T-sequence for p1= g1: we can con-

stmct a T-sequ-ence connecting t(.%, pr, ... !.rr_r) to

pl ^ \ rr-.-^rr-" r.ra r.r.-l .l ña+ .ì T_:WO, \t Y.21 ""' Pa-a/. rruø.lfJ, wç wrr! óçu c

sequence conrrectins f (s^¡ n." {^ ^, p-- 
" ) to q, which*(r-2' *ll-l-'

Ís f (o^, q - ). Ttre iu;cbarrosiiion of all these*n-r'
T-sequ.ences will yieJ-d- a T-sequence connecting p to g.

flo<a )r" S*rn¡aqo th¡t n is ðcr^r'r¡câ fr-nm rrl ?rr¡'iatr'l¡r'incrvJ r çyÅqerr¡õ

all occurrences of the varÍable x hv a toJwromìa.J svrl-:i -" *'-*. vr¿4

?^1 ^ ^-¡ -r-1^-+ ñ is sjmÍ-lsr'lr¡ rlez.¡..irad fr"nm nl F\lz.thar--UUr :, @!q, UIIQU j¿ ¿u uuu¿LqllJ \¿gI¿VELt f f LrIu :¿ o I uI UUçr,

sllÐÐose tha.t nr = Or OeeUrS earJ.icr. .r'ir Lhc nr^nnf. Theniá

Ïre have u, f-"fqrr"nce connecting p.r to gr :

rì =ô LLÃ,1 .:x1 |

:

p =q Fq-TI

UsÍng lern'na 2.11, lle can

Ín aLL id.entities on the

T-sequence eonnecting p

+ - ^1år.-r - Y "

renJa.ee a.1 1 oee¡a'rences of

right by -Ð thus obtaíning
-Eo g"

-t_

a

fktis completes the proof of the theorem.
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I --4" I\orual -U'oÏms

I€t X be a set of identíties of type T Then

the binary relation O on P(Z) A.efine¿. by p = g(e) if a.n¿

onþ Íf g = g € ¿ is an equivalence relatÍon.

Definition 2"L52 A set N g P(f ) of representatives
of eE:ivalence classes of P(T)/e is cal-J.ed a set of
normal forms of X"

fhus for each p e P(e), there is a r:nÍ.que

î c l\T tho z'anrssentative of the class lp]e, such that
ËN - '", vr¡v ¿v}/4

I
X t- p = þ^.o X iS Said_ i6 ygflrrae n *n nnmc1 fnm nÐ É :I\ ** -"-* gN'

^ 1aDefÍnition 2"L62 Iêt lü be any set of identities of
trrne ? - Lfe ss.w X, normalizes I¡tr if there exists a set ofv.r lvv e pvJ 

_

norrnal forms, N, for X, such that whenever ! = g € lt,
then p.. is q".. X is ca]-Ied. a no::naLizey of trri.Êl\ 4r\

I
Theorsn 2"Llz If X nor:nalÍzes I,,I, then X !-- W.

Proof : Let p = q e l{" Tkren X l- p = þ*.s and

-t I -x l-- -q = 9N. *t 3m t s gN, so x i- g = g. Thu-s,

z F r^i"



Corol.I.ary 2"18: Tf X S 'tnl is a 'normaLizer of I,ü,

:-
then X = ÏI.

koof: If X É: T/,I, ttren f 5¡fr, Since X h- t, W e E.

Tkrus X = Ìü,

I¡Ie nov consid.er the snecíal ease when

w = Id.( ffi, ), to" some algebra ü[ .

fheorm 2"T:g1 r,et x € rd(üLl" let fl)g¿ denote

the pol¡momial induced. ir, ffi by p, Tkren I nortnalizes

Id(m ) if tfrere exÍsts a set N of normal forms such

tïtat, for distÍnet p, g € N¡ (gh I Cgh "

Proof: Let 13 = o e Iö(fTl ì qna lor r\T he a set of normal'¡&u p - \¿ q ¿e\ \gflIr,/, arq rsu r\ u

forms of X as d.escribed. in the theorem" trnle must show that
n ìq n S..nno - t 

^ = d qn¡ r € -"/l*ffi \
5N ** ;et[" -r^--- x f- !. = !N, I = gigr azrd x ç Id( ("&),

w'hich is a closed. set of Íd.entities, r^i'e have that
,/ffi. -¡lt9 r - ,ffi r

!= gN e fd.(Ut), and g=gN.ld.((,å{,). Ttrenp=g € Id(UL)

-.%î1-.^ñ .r-.râ^+ .^ -. - Tf,zfrl r- +L-+ -.d /- \-- /-. \irliplr-es tnat pN = 9N . rd.( UU /; -Ena-L l-s, (lfV/frL = \gN/ffL"

Q¡r n mrre-f 'ha a cì-nao if *.harr Wefe d"iStÍnCt, We WOUld.* sN +svv ve åN,

/\lr\nave fna-c tlrviffi r (gN/ß.
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q llarr'ïrp'i anna nf Id.entities Modulo a Set of Td.entitÍes

Iet X 
= I{, irhere '[nI Ís a c]-osed. set of

id.entities"

DeFi.nÍtion2.2O: Letp=fuy =se W. Th.ese

id.entities are eg:Livalent mod.r:_]-o X Íf aod" only Íf :

-{?¡¿ u { I = g} l- r = s

- f ?lan()" Lp, dr=sÞl-þ=gn[ _ -J . Ã
lhis is an equivalence relation olr VrI. Ï is an equivalence
class, called. the zero class. hi/X d"enotes the set of
anrrirrqJanao olqq-**-ses.

Definition 2"2L2 Let N be a set of representatives
of the h.oo-Zeïo equivalence classes of trrT/X. M Ç I,tr is a

basis modulo X for N if X 4¡ M t-- m"

fkreorem 2.222 If M is a basis modulo X for N" then
x u l¿ þ-w"

Proof : Let p = g € W¡ u^tr¿ (! = q)^" the representative

o¡ [p, = g]. Then .E r/ M F (p = g)m, and

l, ' Ì t -xv t(g=g)m3 Fp=g. r?rusxui{[-n=g'

ff l{ = fa I fi? ) "n,l r is finite- thon r.¡^ -^^¡¿q \ v{¡ / aLLw L !Þ L rrt¿ uç, uLrsrf, wc ltuuu

only find a finite basj-s for a set of representatives
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N of I^I/x to prove that ffi n." a FEB. The theorem,

therefore, allows us to assulne that any identity holding
/Yin UL has a particular forrn.

M
To itlustrate this, let U[ be a group, and letd-

X be the group identities: x. (y-.2) = (I.y).2, x.I= x:

-1--1l.x = x: x.x - = 1, x -.x = 1. If r = s is an identity
ho]-dineinm.then

ø'
e 1 ' -lx U tf =eI l-- r.s*=1
¿-1 ?"and X q", år.s - = t\ r = s.\- -

ffi'l'htrs- in.l -iqnrrqq'ino fho l1ïlR nrnhfg¡¡ fOf LfÞ, We may"Ã ,
assume that every identity satisfied in &? "un 

be v-ritten
U

in the forrn p. = 1. If we add to X the identity x.y = y.x:
so that r" *u -O.rrrn grou-ps, then we can assume that
every identity has the form:

kklK
UIN-Ix^.x. .x -1

-r, -I -n-I
where the k_. are integers, with the understanding that

l_

k. = O means that x. does not occur on the left.
l_ -f

Sbppose that p' = g' is obtained from p = q
þV eha.nginrr Va.ri¡h1o crmhn1 c in qrrn?r â r,rrrr +hD+ distingte wqJ

¡¡r¡ioJr'la e¡mha-l - femain diStinCt rrrhâh hr - ^t and-14
p = q are equivalent modulo the void set of identities.
I{ence if p = q has at most n distinct variable s¡rrnbols,

we can) in rnolt cases, assulne that these s¡nnbols are

X^o X-r X-u' -L' -n-1



).-

/nA Flnrrir¡q lont Aloahrq<

Let

defined on the

ff],' = .4, G>.

&Á
K(f ) and Ut' € K( c ) be algebras

set A. Thus, ffi, = *, FÞ and

P(01) and P(&') autrote the sets

/1Íl
VLE

Þdtlç

l,et

Definition
P( üt ) = P( ffiL').

of polynomials of tT ana t[' respeciively.

2.23: ffiL ana m.' are equivalent if

Let f e F be an n-ary operation on A. Then
z Aa.rf e P( [nå,'), so there is an n-ary polynomial symbol

f '(x^, x.^ - ) e P(e ) which induces the same function
n -I1-I

^ a-i*-''1 --'1 --. fr-¡r o c l_. tharc js ¡ r-lnlrmnmì_alvrr õ. ullrrrqrrJ, ruf, 5 g q, urrsru fÐ @ lv¿Jrrv¡rrr

syrnbol g' (x^, x.- , ) € P(Ê ) r,¡hich induces the same
aJ -ffl-I

function on A as does g. We now define a mapping

p -Þ p'of l(A)-+ ¡(ø") as follows:
/.\(i) x_. -+ x_., for i = O: L,

--L -_L

(ii) r¡ p is f (p^e p. 
" ), and if p. + pl,

then 'o -* a ,r,,-.] o' - )l'-' 
--L -r

+ :n-r'

Sirnilarly, we define a mapping q -+ g' or P(c)-+ l(f ).

Tleis mapping makes precise the following pro-

cedure: for each operation syrnbol in p e p(t), we sub-

stitute the corresponding polynomial s¡nnbol of P(çr).



33

It is clear that the result is independent of the order

in whÍch the substitutions are made. Hence, we have the
f a] 1 ^r.¡ì ¡ æ.! v¿rvw rrfó.

- ^ ^ì.Lemma 2.242 For any polynomial synbol t of type

T or O', let t" denote (t')'. Then if p is
-(^ \ þ" is g"(pl, p" _ ).Þ\gO, ... ¡t*_att * y 1n_I

Iemma 2.252 p and p' induce the same functions
on A.

D-^^f . T€ 
- 

i ^ ". +Lô ]âmno ¡'ô 
^]aa,i^ì,õ 

eìlhh-ÍI.OOJ.: rr ! J-s xj, rne renma as Qovrous. Þuppose
-_L

h ¡n¡l nl in,lrrao the Same f11ilgljano nn A fnt i = Q,g.i *'." _r/! ¿$suvu

1. n-1. Tkren, by the def inition of f ', we have

that f(r^. þ -) and f '(pl lrr -) induce the:n-I- :n-I'
sarne fllnction on A.

r.n.*. 2.262 let x = {t(fu,...å,-r) = s"(%,...år-r),
v

l¡for g . G3. Then x F l = p" for all p e !(r).

Proof : TLre result is obvious if p is 4'i. SLppose that

ll is e(p^ 'o - ) ana that r l-- ir. = p'.' for all:'<.j- =_m_I' D :t :f

i = o: L, ... m-1. By rule (i..),
- I ^/ - \ --/..- tt --il \x l-- e(p_o, ... po,_r) = g(!ö, ... %_r)
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r l--e(på, ...%-r) = e"(!ä, ...%_r). rhus,

x F e(%, ... %_r) = e"($, ... %_r). But by

L----"
lP-V.

- a a/ ll/ l1 tl \ . llIremma ¿.èO: I \P^.: p "/ 1S p ÞO ¿' : ìn-I'

/Yî
Theorem 2.272 l,et UL = <A; F> be an algebra with

a FEB, -r,rl. Let 0t' = an; G) be an equivaleni algebra
tìwith G finÍte. Iet l,Il = { p' = e' l p = g e }üf , and

let X be as in Lemma 2.26. Then W' Ut X is a fEe for $'['

Proof: Let p = g € Id( m'). Then pr = qr e Id(Õ{,),
and so there is a proof P from I,,I of pr = gt. Then we

have a proof Pt from ![' of p" = g". But X [-- I = p",
g=g". SoXUtr{'[--p=q..

dwmCorollary 2.28: ff UU and WA' are eo-uivalent

F-finite algebras, then ffi has a FEB if and onty if
r'qe .
L/1,' nas a r'_r.jlj.



CTIAPTER ÏfÏ

M'FECT OF FTN]TEI\TESS CONDTTTONS

ft was at first supposed by researchers that
everv finite a.loebra has a FEB. The first results in
this direction were obtained by Lyndon l6], who proved

the conjecture for all finite ti,¡o-element algebras.

Lyndon i7] also obtained the first counter-example:

a finite seven-element algebra with a single binary
onera.tinn. Visìn fl6l tn-n nrnnosed the nroh1 êm of. vrurr¡ LrvJ v}/vuuu ulru lrvuruur

finding the smallest k for which all finite k-element
algebras have a FEB, and in the same paper, exhibited
a four-element algebra with a single binary operation
ha.vins no l'IlB- i\4rrrski irs examn'le f l i I of a, three-L+:l

ô'l ônôh+ -'l æô-h?ô r.¡i*l¡ o cinmla hr'¡e71¡ nncrqiinn hel-errterlu al-8eol'a wl.uil a $_LfIgIe of_**-, -*-,- --avfng

no FE'B shor^j'ed that Lrrndonrs f irst result was the best
¡acci?r'l avvuprvrv.

In this chapter, we present Lyndon's results
on the two-element algebras, and Murskiirs three-
element counter-example.

1. Postrs fterative c---+^* ^u.y ù uç]rrù

Post [lJ] gives a complete classification of
what he calls "closed two-valued iterative systems"

T}IE
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f- \(hereafter called Post systems,) , t¿hich are defined as

follows:

Definition J.l: A Post system is a set of opera-
r?tions F on the two-element set A = { O.1l such thatL'J

^/ \ -if f (x. , x. x. ) e F, and X-, X^, X are'f.' f^' f ' L' '¿' n
I¿N

either variabl-es chosen from amon8 "I, tZ, xn, .. . ,

n ( â) s or functions from F, then the function
f (xt, xp, 

"rr) 
e F.

The set of polynomials of any two-element

alrrehra. is then ^ Ð^^+ ^--^+^* -nd so Postts classific-ur6vurs ru ulrv¡r q rVÐU ùJÈuçlll, a

ation includes a classification of all two-element
-'r -^L-- +^ eolliva.l enee - No+ nna nf Þostt s@!È;sur 4È, u_1, Uv vyqr v u ç vst J vrlç vf r

svstems eorresÐonds to an a1sehra since he does not
require the system to include the projection functions.
In particular, r,i'e can immediately discard those systems

r,¡hich do not possess the identity function. From

Post's method of classifying these systems, we cannot

immerlia.te]v werifv whetheï â. svs+^ ^^*-^ *,herrrurruqlsuurJ vur rrJ a ÐJe Uçru yvùÞçÞù.|ë; u

identity function also contains all the other projec-
tion functions. This need cause no difficulty, however,
qinno hr¡ nnnqiðer.ino oanh qrrqt6l¡ aanoøo*a1rr ^¡,t-r ¿rró v uç¡u Ès .vct @ uçIJ t aLLu

assuming that it does contain the projection functions,
we can only prove more than is necessary by giving
ca¡qrcia nrnnf c fnr fl.ra eoma /rr- f.o onrrirr¡l oa.o ) e1 oa1¡raÈsfJøI G Uç !I UVI È I Ur Urrç Þ4llç \ q_P uv u\4ur v qrLf ruu / sróu vr s.



!,Ie can effect a further economy by omitting
algebras corresponding to systems containing only con-

stant functionS and (nossjblv) ¡-^icntìnn frrnnf i/ yr vcJçç *,,- --ons,

since such an algebra is equivalent to an algebra
with a trivial FEB: either the void set of identities
or x = x r,¡ill do. lle can also omi-t one of each pair
of dual algebras, which are defined as follows:

Definition Let f (xo: *rr_t): An -+ A,

Then the dual function F isDn^ rêT li 
- 

r | - ô

defined by: F(x^,-U
\ ^ /-v ì - +'l qt

"^ I / - r \^/.\,
fI-I V

Definition
element algebra,

rfm=
its dual

;l
n-r

. 'EF\ +â - +-.^
t !/ LÞ A UWV-

i s thc z1 r¡ohre

T,7.

;"

ì1< tor l9
- 't 

-^ì^- ^q¿6ç ur ø

m =.{0,r};r>,whereF= {tl t.F3.

Then the omission mentioned is iustified
lrrr J-.ha nltqorr¡¡t'inn lho4 *1ra nonnvqelurr úLLev ,rr= ,'oyying õ: O -+ 1, f -+ O

i q ¡n ì <nmnrnhi c* L^+--^^- dTT ^.^o ffiy.**-m Delween u'& anu Vt.

Post has shown that all of his systems can be

fin-ìtelv senerated bv flnetions chosen ffOm amons' the

following:

/+ ì n^--+-h+ ,Ér..h,
\ r./ vv!!ú uori u r *r.ctions : 0 and 1.
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/.. \ --(ii) Unary function: x' vhere Ot = I and 1' = O.

/.. . \ -.(iii) Binary functions, presented in dual pairs:

.Tnin. v r./ 1/vJ Meet:xAyorxy

N o I
0 o I
I t I

Equivalence: x = y

N o t
0 I o

I o I

Conditional: x = y

N o I
o 1 I
t o I

N 0 t
o o 0

I 0 1

$mmetric Difference: x + y

N o I
o o L

I L 0

SetDifference:x-y

"N 0 I
o 0 0

I I o

(iv) rernary functions: (*, y¡ z) = x(y v z),
[x, t: z) = x(y 2 z), and x + y + z. (rt is i,¡ell-known

that spmetric difference is an associative operation,
so that the latter is well-defined. )

(v) n-ary functions , for n ) 2: drr(xr, *p, *rr) =

t2tt" '"r, v tL*1" '"., v *1"2"4"'*r,.v "' V *l*2"'xn-r'



ïn the following sections, we shall list the
Post systems whích have not yet been eljminated. For

each, we shall list one or more possible finite sets of
generating functions. We shal1 then prove the existence
of a FEB for the two-element algebra with these func-
tinns nq nrrer-rf'inns- ¡nd henea for a.nv eouiva.lent finitevrvr¡p, urrJ vYv-r

el schrn Post t q nâmê fnr- f.ho qr¡qtem lfnr. evsm¡l ^ \
uróuuru. rvúu ú \rv- ---*-r-e, Ul,)

T

will also be used for the name of the alsebra.

2. Post UJ Þ UçTIIù ¿

The algebras of this group can be proved to
have a. ï'FìB lrsinr¡ Theorems 2-17 a.nð 2-19 on normal forms.

For each algebra 0L, *" list a finite set of identities
' a' --z fr rX( UU) and a set of polynomial symbols N( $[ ). ft can

readily be verified that these sets satisfy the conditions
on I and N in the theorems on normal forns, and so X( Ú¿ )

witl be a FEB ror 01, .

Ìrle list for reference the following identities:
Åâfdempotency: S.,: x v x = x; üo: ë- = I.l-a

^Associativity:L1,., : " v (X v z) = (x v y) v z;

A
ffio: {(y.z) = (*y)z

t.øuommutat]va-ty: l@ l2 ! V X, = y v xi b Zt U
A'*^^--+;^- ,---^. ffi / \ # /,.'oso-r'prrr-orr raws: ffirt ë v (>qr) = x; rur: x(x v y) = x.



',:' :l,l : ' :. :

TlieÈzi]rrr-hì.-i+.r. fl /---\ / \/ \lrÞurruqu¿vluJ. lJ.r: X V \yZ) = \X V y/\XV Z)

pr: l(v v z) = (^:r) v ("r)

Finally, so that there will be no ambiguity,
the last set of generating functions given for any Post

system will be assumed to be the defining operations of
the a.lsehra. in ouestion.

, \ (-¡ 
-/^ r (, \(i.) oU: {'3 r r(04) = { (¡')' = zþt N(oh) =

(,Ì
d ¡o, $, x1, xi, 4rr, xi, ...' " < e83.(-

u , o3 , x(oe) = x(04); N(oe) = { g., q} U(ii) 0r: t '. å y

N(04).

r1 î&@fr?(iii) sr: {nl ; x(rr) = t $r, Wa, Wr\ ;
f

w(s., ) = f ¡.'. \, (¡, v ( ... e (I., \r xì ))), wtrere
s-'"2?t-ln

ttaia

4o

^øXWU_XY_J

î- -(xV I- IE
-¿

(ir) sL,{u,o} ; x(.1) =

m(s4)= {q9 u m(sr).

(,r) s3, $o, t$ ; x(.r) =

rv(sr) -- {a$ * m(sr).

U

:(s, );

r(s, );
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II

(rri) s6,{r,0,r} ; x(rø) =x(s') u z(sr);

m(sr) =m(s4) u m(sr).

f ? ('
(v:.i) aU: {v, n} ; r(Ai,) = r(sr) u { $r, 6r,

ßr, 6 r,W 2, Ða,Ðr$ ; m(a4) = {nrr .... v p,,lnca:,

¡ ic ¡r tha rnrl¡ ¡- x. x_. with i, < i2 < ... a ik.,g.i *" -- "t'* -ir-i2' . . -ikt 
i

the p. are distinct: k, -( k, r( ... -( kr, and the pi of

the same Ienrrth are ordered lexieosranhieaIIv with res¡eetv!.1/uuU

to the subscripts on the variable synrlofs $.

flf(viii)Azt "{,o,,r,0j; z(A) =r(a') U{tvo=x¡

"o=9$, N(A2) =n(A,) *{g$.

.{t(ix) ar: { v, Â , o, tÍ ; r(Ar) = r(ar) {3

{= " I = r: "t = ¡}, m(ar) = m(ar) u { a}

(*)L¡ {*}o' {*, o$ ; z!r)= {=.0={,
x+ x= O: x+ y= V* x: x* (y+ r)= (x+ y-) * Z3 t
^-/^ r f ^N(q)={o,xi +(*; +( *(*' *Ir))),wnere

I¿rj-LN

tt' ie



l,+̂a

(xi) r.rr{*,

tr='l' = x, o' =

m(rr) = {rl "
1-.;;\ n . J

, 
t^"' "3' t -'

{ $,, 6r,&r,
{q,n *92*.'

'Ì or { *, ,, o, t} ; r(rr) = r(r,r) u
l, x + I = å', I' + y = ¡ * f t ;

-fgl 
" { n'l ; . rv(rr), but is not o !

"1 or{*,o,o$ ; x( ,t)=r(rr) u

xo=o:ë(y+ Z)=*y**r$; m( ,j)=
. * Pr,.l n < ¿o¡, where Pi is of the form

tinct and ordered as fo" a4 $ .

f?r?(a(xiii) chr d -, '3 or { *, n , o, r} or to, o , ', o, :-3.

:(Cl) = the set of identities listed for reference on pages

zo +^ )rn +^-^+L^- .-.*. d /.-r \ I)y r,o +v, rogerner wfrn t(x'/' = x: x V O = x: x0 = 0, 
?

x V I = 1: xI = x¡ 9' = 1, x' v I' = ("y)', I'I' = (*v V)'$;
../^ \ ç^ -X ^-/^ \ r , .,N(c4,) = T9, 1! U N(44) q/ t g'l p e N(44)J .

l¡Ie note that C4 is (up to equivalence ) ttre

two-element Boolean algebra.

/. \- f I(xiv) r,U: { " * y + z Y t r(tl) = a set of identities

asserting that x + y + z is invaria.nt under any permuta-

tion of tire varia¡fu "-n¡of". tooether with
¿vk;

-J'



N(L, ) ='4',

of the f

i,(i^
_La

X r....
-n'
x. + (.

-

(t _-

1 fo'"'
orm x. +

-r-1

x(L.) = l(L,,) U
'ty+zl; m(Lr.) =

("r) Lrt{"*y*2,

{.,=')'=", (x+v*r)'

m(rr) u {n'l p . m{ru)}

n( 6J , and polynornial symbols

+ (x. *¡. *x. )),
Ã-¿ 

^-I 
I

-1.731 4, Yr, , r<6Ï.f.r lL=
i1-

't

Jt

-vl+

3. Post Sr¡<f'am< TT

The algebras in consideration here are
{2nfn

Fr,: $æY andFl,:4Ð, d. ç forn>.2. Theproof of+ {. d + 6 ' nJ
the existence of a FEB for these algebras will proceed

as follows:
(a) We define "a fragment of the propositional

calculus containing material implication" (hereafter

called a Henkin fragment), and, show that in such a

formal system, a finite set of axiom schemata can be

chosen from which all tautoloeies are deducible as

theorems, using only mo.d.us *:t (l'te) as a rule of
inference.

/. \ 1r(bJ lüe show that from any finite two-element
&4/ìalgebra Ut = ( {0, Lþ ; F>: t¡here F contains the

conditional (a ), we can constru-ct a Henkin fragment L(m).
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(c) from the finite set of axj-om schemata of
L(tL), T.^re can construct a finite basis for fd(0t).

Step (a): The results here are due to
Henkin [4]. The proof is carried out for the case

when there is just one other logical coirnective be-

sides the material implication, bu-t, as Henkin remarks,

the modifications necessary for the more general re-
sult are notatÍonal rather than conceptual. Further,
this particular result is sufficient for our pur-
poses here.

Definition 1.42 A Henkin fraement is a formal+

system defined as folJ-ows:
(i) fne primitive symbols are a demmerable

setof variablesynbols3x6: xL, xrrr..., n(1ù¡

connective syrnbols: Þ and g, and punctuation
syrnbols: (, ), and ,.

(ii) A variable alone is a r¿el-l--formed forrnula (*ff );
if A and B are w-ff rs, then so is A ã B; if A- A-L'm
ere r,rff Îs- thon se i-s g(A-, ... A ), We allow the casept - __ ¿r_-L, m

fl = O: in which case Tde write g rather tfran p( ).
/...\ .-(i-ii) For each logical connective, Ì\re have a truth

f'¡hlc È'ho nno fnv n¡+aøì¡'l j-hlinoiinn hoinæ.usvru, urrs uttç f,vr lltquçI f4M}JIfu4ufull uElrlé.
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^t *ot*l
0

o

i_

I

I
I
o

I

Thus, if the variables in a wff are assigned truth
values chosen from {,o, lt, then we can compute a

corresponding truth value for the wff. ff A is a wff
conta,inìnrr variableS X^, X-, v r.¡o r.¡'rìt.c r¡l -u' r' "n-l' ruv ^O'

x.l , x.l .,, for an assignment of truth values to
! 11-r

these variahles- and At fOr the corresÐondjns'truth
valle of A.

(i-v) A wff A is a tautology if A' is I for every
possible assignment of truth values to its variables.

o

I
0

I

Definition 3.5. A

(i) 0,r, &", ... &

(ii) rr &, ..a ffi,
(iii) rr &r, ffir,

p(Br, Wr,...13*1.

schema is def ined as follorn¡s:

yf tnlb)2 areschemas,

are schemas, so is ffi, = Br.
& ¡rc qnhomq- +Lôh -^ "'^. trm or s Þur1çulGÞ, ulrçlI Þu f Þ

It is

we substitute

the result is

n
clear that if for each LU_. in a schema,

1
ñwff A= for all occurrences of LL rlrani -- "= wi'

ürPf A ¡ronertw P is said to ho]-d for
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a schema if and only if it holds for all wff's which

can be so derived from the schema. If a].]- wffts de-
û{trived from a schema [J are tautologies, then þ witl

be called an instance of a tautology. We note that
for every schema ß , there is a simplest wff derivable
-Ér?^h r'+ 1^1' õ1l.,aõ+ i 1-,llti no :r f or n.lI-UIII -LU UJ ÞiuuÞUJUuuflr6 

^. 
rur \Å' i.

Let an arbitrary set of v-ff 's andf or axiom

schemata be designated as axioms andfor axiom schemata

(tfris means that every wff derivable from the axiom

schema is an axiom). Let modus ponens (}4P) ¡e design-
-+^: -^ +t^^ ^-"'-^ouçu aÐ ,.r= o.r.6le rule at t*"""""", if A- and A^'--"1*"*¿
--^ .#Fr^ *L^* ffOm A. and A" :iÐ A r.rê nân ìnfoy [^.øf,s WII Þ, UIlslI 

t I 
nzt wç uaf,! fl4s 

¿

DefinÍtion 5.6: 4 proof from the assumptions V

is a finite sequence of wff's, each of which is an

axiom, an element of some set V of r,rff rs, or results
frnm tr.¡n nzanaÄing Wff lS Of the SeOilenee hV MP_ ff

A is the last wff of such a proof, we write V /- A.
Å -- " - ., /fï V = V: I,re CaII .É\ a ïneofem_" an0 1^l-fa-Ee /- A.

Definition 1.7: A HenkÍn fragment is said to be

axiomatizable if there exists a finite set of axioms

andfor axiom schemata such that every tautology is a

*haavan



lt'zrf

tr{e shalJ- show that every Henkin fragment
is axiomatizable with the followins finite set of
axiom schemata:

A1: Qr= (ü,r= ßr)
A2: (G,ro ßr) = ((ffir= (û,ro &r)) o fßr= ffirll
Az- tñ - n \ - trrfi *là l* Æ r* ÆA-3: ((r[r r &3, - \ \ \ugt - L&z)= Wllp Wl)

Tn :rlrlif.inn- there u"a { further axiom schemata jnvolvins
I UI UIIUI øAJVfTI Ð UIIUIIIA UG ¿!r v

3. Let xr: x* be distinct variables, and select any

one of the 2m assignments of truth values xl: x[

to these variables, and let gr be the associated value
of p(xr: *r). Let y be any new variable, and tet

*o r'o ai*l¡^v (-,Þ y) a y or x- ã y, according as xl"i "" ,^l - !- Jt øueuruarr6 ( 
l-

is I or O, for i = l: 2, ... m. Let Bo be

(Ê(*r, *r) t y) p y or p(xr, **) æ y,

accord"ing as ß' is I or 0. Then any result of replacing
each variable by some wff in:

xip (xi * */*"* Âo))-^-)
I .¿* J\^m4 Q /J"'/

is an axiom. This is done for each of the 2m possible

assigirments of truth values, thus yield,ing 2m axiom
cnl¡am¡*¡ lfaya the va.riahles nlav the ro] e of thev qr rúvlv u }/4uJ

UU- used- in d.efining schemata, so that these are indeed

schemata.
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We note that each axiom schema -Ls an in-
stance of a tautology. Since mod-us ponens preserves
r-1¡^ ¡-nnavrtr ¡F bejns a. taritol op-r¡. Henkin I s resrr.flvvrr¿õ wvlvõJJ ¡¿vrul¿r¡ Ð ¿uÐu

w'iJ-l show that the set of theorems is precisely the

set of tau-tologies.

trrre

Ì1rf v u{A!
A on¡l R qn,l

A-1, Ã2, and

be found in
r r ^ìLOSIC trut.

will make use of the Ded"uction Theorem:
/^--l/- B, then V /- A >8, for any wff ts

any set V of wffrs. This foll-ows from

the ru-le of modus pon_ens. A proof can

E. Mendelsohnr s Introduction'co Mathematical

Lemma 3.Bz Let x.l , ... x.l be any assignment of
III

truth values to the distinct variables x", x .IN

T,et A he R.nv wff containins no other variables thanbrrvv

x-, x , and let Al be the associated- value of A.L- n'

Let C be any w-ff . Def ine Ao to be (A = C) a C or
A? Ct according as Ar is I or O. Then,

o o / "oxl, xnl-4.

Proof: The lemma is proved by induction on the length
is one of the variables, the .proof^F ^ 

5rì--+ ;o AVI ñ. IIIÞU, f,l

is fumediate.
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Now suppose that A is B Ð D, and that the

lemma holds for B and D. We have three cases to con-

È¿uç4.

Case I: Bt = O. fhen B" is B p C. Also: At = (B = D)'

= L, so Ao is (a a c) a c. By the induction h¡,pothesis,
ool

"i, "; /- B Þ c. Using AJ, we get that

/- ts a c) a (((e " n) p c) ã c). so by MP, we get
ô o' ((e:al) rC) aC. ButBÞDisA"l' *r, / 

-
and (aaC)PCisAo. Soxi, x" f-¡".
Case 2: D' = 1. Then D" is (l p C) a C. Also, A' =

(¡ p l)' - l, so Ao is (a a C) a C. By the induction
hrmnl-t,aeio -o x" f 

- 
(¡ a C) p C. Consider the"Lt n

fol lowinrr eh¡.in Of deductiOns:

D/-BÞD (¡yarandMP)
D, (ean) ãc/- c (¡v¡np)
(t a l) p c /- ¡ p ¿ (ly leauction Theorem)

(ean)ac, (opc) pc/- c (¡v¡tp)
(oac) ac/- ((erD)ac) ec (¡v

Deduction ftreorem).

Thus, *i, f" l- ((e p n) p c) p c,

. Àoano Inr-s l_s -É\ .

Case 1z B' = 1: D' = O. Then Bo is (A a C) a C, and

D" is D p C. Tlren A' = (g p ¡)' = O and so A" is Aã C.

Rr¡ .nlro in¡lrrari^n .r^.*^rL^^_.^ ..o x: /_ (e æ C) æ C,ÐJ UtIs f IIU uU U JUrr ltJ-PU UJÌU Ð Jù ¡ nLt 
n

-ooland xi: "; /- D Þ C. ConsÍder the deductions:
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B, 82D /-D (¡vup)
BrB2DrD=C/-C
B=D: D2 C /-e' C

(szc) >crB2DrDz
(¡>c)3c,D>c/-

Deduction T?reorem).

Th:.erefore , ti,
hausts al.l possibilities when

(¡v w)
/. \
\ þy ueouc-cr_on'tneorem/

c /- c (¡v wp)

(ez n) p c (¡v

l. t- A 'l'n]S eX-fI

A is of the form 8.2 D.

Suppose that A has the form g(4., 4- ),r I' m''

and that the lemma holds for Ar: Or. fhere are
m

2-- aqcac ,la¡onÄ-ihõ ì'h^h +la^ -õõr'anma'nf nf fyrr*l¡a uaÈçÞ, us}/Eflqrlró u-Purf urrs 4ÈÈfóI[llErru ua ur u_ut]

values A.l " Ar c1'**^^^ +1^-+ we have such an assjsn-
l- m. 

uu-yyvùs urr@u wç r¡Gvç ÞqçIl arr euv¿b!¡

ment. Then Al Þ (41 e 3 (A' 3 A'))... ) is anI¿M
a.xiom. Rv m suecessiwc :nnlieetions of Tr4-P. we h.ave

-, nv rr

that Ai , ... L" f- 6" . S the induction h¡rpothesis,Im
xÌ, 

":^ /- A:,, for each i = 1¡ 2, ... m. Thus,
L'NL'

oñxì x" /:- I\" . This completes the proof of theL- n'

lemma.

Theorem 3. 9z If A is a tautology, then / 
- 

A.

Proof: Let x- x be all the distinct variablesL'n
+l^-+ ^ãh^-- i- 

^ 
F^- ^^^L ^F * -

u¡rqu GI,yç@a au d. For each of the 2-- possible assign-
mon-f o vr -t, At is l. Hence, by the preceding''-Yr' -'
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lamm- r'r rt j- rn ârhitrrrrr r,rff , and xi and Ao afe¿çlUU4, IMÞ alf @rUIUrCrJ wrt t L

defined as before, 
ï" 1""", 

torru."n of the 2n

possible sets Vr, = 1 xi, ";3 , that

v /-(Arc)3c.n

This entails that for any of the 2n-1 sets Vr.,._l =

J ".' --o f --^ L^--^ L^+L
l" ^1' ^n-l J , ws rld'vc uu t'rl

"rrÞ c, vn_t /- (a > c) a c

and (x.¡C)aC,V. /-(tpC) ãC.
'lf I ¡I- ¿

Rr¡ tl.lo TlaÄlr nf inn rï?lanram r.ra a'h*pr -aIn:

v^ . /- (x. > c) p ((a a c) a c)n-I n

and v../- (("..æc) ac) p((¿pc) ãc).
11- I II

Rrr Aã lra Ìrqrra il,ra fn'l-lan,rin¡.p.J t t/ t v¿lvw rr¡6 .

/- ((x. pc)p ((aac) a c)) ã (( ((x-p c) ac)p' " n "" n

((apc)ac))a(aac)ec).
Then by two applications of MP, we get that

v -/- (aac)pc.n-r
Continuing thus, for each i = n-1: n-2, 2, 1, we

obtain for each of the 2i possible sets V, = {*i, . . ."î 3

that V. /- (A a C) a C. For i = 1: this givesa'

x,ÞC/- (aaC) ec and (*,pC) aC/-(naC)ac.I.L

A final use of AJ gives /- (A a C) æ C. Since C is
any wff, we have, in particular, tinaí F (a;, A) æ A.
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But from A /- A, we obtain /- A a A by the Ded-

uction Tlreorem, and hence by MP, /- A.

/.\Step (b): lle now show how, from a finite
two-elemer**"*r fI- = a lo.lï : F>- where F con-r¡u króvuro v|U - \ l"r!.1 t t-t WIIçIç I'

tains the conditional, r,re can define a Henkin frag-
AúÆ

ment L(U{). r,et T be the type of L}L.

/.\ 
- - -uf€îr(i) The symbols of L(Ut) are the variable s¡rm-

bols,X^, x, ,n1deJ; theconnectives¡,"rn-' -<)' -n
l.rols a,re the o¡e--r-jan ¡r'h]ra] ^ f of trrne f ftrisvyUIGU¿UlI ÐJttLwwLÐt L t uf uJ-l/ç (, .

includes the s¡nnbol "Þ" for the conditional, which

plays the role of material implication here. \^le also
have the usual pu-nctuation s¡rmbols.

l;;) tfti"o r^rFf ro ^+ r./dffil o-o tha nnlrmnmiql c\r¿l 's or L\ubi are -,-..._** iyrn-
]^^'',Ì â ^-Fr +-ñ^uvJÞ vtr uJ-IiJç v ,

(iii) The truth table ror !(5, ... xn _r) t" ttr"
7

n¡¡var-¡'nø +ñ'r^-r^ F^- F -i- fffu_!rçr o u rutl u4u!ç a ut ! ^, rr¡ vu .

(iv) A wff is a tautology if, as a polynomial s¡rm-

bol, it induces i;he constani I function in &.

ft is clear that L(ffi) t" a Henkin fragment.

If o is a schema in l(ffi), we denote by s the simplest
/" - \wff (hence, pol¡momial synbol) obtainable from o.



53

,\t
slup (g): ff Ul, is an algebra satisfying

the cond,iiions or Step (b), then L(fl|) is . Henkin

fragment, and so can be axiomatized by a finite set of
axiom schemata: czr, dZ, dn Let qL, aZ, ... gn

be the slmplest i,¡'ff 's (hence polynomial s¡nnbols) ¿"-
yirro'lrla fv¡m n d,^: d lref.* ha r rrrr-iaþfg¿ n '" i-l<

symbol other than x, Jr, or any of the variable symbols

occurring in art d,rt ... %. If I is not a constant

(ntt1 1¡rr¡l f'n^*i ^'^ ''- fn
.r / LaLLv --on in Uþ , we will use I as an abbrev-

iô+-,'^h .F^- -.rU,uJofr IOf' 4_ ? x__.
-tr -l{.

Theoremr-
* A1: xäxË-
\y3x/ãx,

--l-=t
Þi.

&î
[rfþ has the following FEB:¡ =

-^,
-'l

A1: (xpy) a
P' ".$

A2:1px
-lig.-¿r

-a

d,.
-f

Proof: 41, A2, A3 clearly hotd in 0T Since ø, is

axiom schema of -'ffi \ 'L(U&), a, is a tautologY, so

M
= I hotds in Ub .

I¡Ie show f irst that if /- p, then
I . -zFFårr Õ- n - 1 Tf n is a.n exiñm ^r r/rls | +a^- aiiþg¡L [ -t, - -. s }/ rÐ GII o^Iulu Uf !\Uyl, utlsll E

p is g* for some i, or p can be obtained from CI. by
-f :1

uniform substitution of wff's (hence, polynomial sym-
\-hô ls , t'ô7 thê r¡pri:h'lo qrmlrn1 c of Cl=. fn eithef CaSe,"-t



0, = I F p = f. Now suppose that f- p and

/-p - g, and. that X l- l= I and XFptg= 1.

Trhpn hr¡ r ¡rlo S. T^r'e Can SUbStitUte I for ¡ to setuv óvu

x l--f:¡g=1. ButbyA2, x Ff sg=q. So

l-lx l-- g = 1. This proves, inductively, that if /- p,
-li;henX l-p=1.

i[ow suppose p = g e Ïd(CI'ü). I,{e wish to show
. ¡ --tÈtr\that X h- p = g. Since p = q- e fd(UU, we get by Al

that p:ãg= I and qã p = I hold i" ffi. Then pP g
and q ã p are tautologies and hence theorems of l(ffi).
By the first part of the theorem, X å- p Þ e : l,
and x l- g ? p = l. By A3, x F (grp-)pp = (pag)ag.
Using rule S, Ì^J'e can substitute 1 for p ã q and g a p

to obtain X, t-- I Þ P = I 3 q. Using 42, we get:
_lL t- 1] = q.

--nt'^T^t rô71- 5 | rc 'r'h^ õ ræ^hyas F¡ and Fl., n ) 2,vvrvrrqr.y ).!L. rr!ç arósut 
+ 4-

each have a FEB.

l-4. Post ffstems IfI

fhe proof in this section is essentially that
given by Lyndon, with improvements suggested by G. Gratzer.

Ttre algebras considered in this section are
.|ha f¡'l'l nr,¡inæ.
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F6, {{",v,")} or {{',v,r), *f

"7, {G,v,r), o} or {G,v,r), xy: o}

, j, { i*,v, "l } or {k,v,11, (*,y,r), "u}
c4, {l*,v,17, "ou$ or {l',v,rl, (*,y,r), icy: "ru$
tî, $ v,v, ù, u" $ or { [*, v, ,1, (',y,') , xys u" 

3

uZ, { G,v,,), u" $ or {G,v,,), dr,, * 
$

tî, { {',u, ,) , dr,, o } or {{*,v, ") , dr,, o, 
"u 3

I',Ie note that all these a.løehras have the o¡erati-ons
(., -, -\ ^*¡ .^,
\^JJ'L,/ qLLu 

^J.

Let X consist of the following identities:
(r) xx=x (z) :cy=yx
3) zîr) = Gv)z (l+) (*,y,y) = *y
$) (x,x,y) = x (6) (t,y,r) = (*,r,y)
ft) (*,yrr) = (x,xy,z) (B) ,!(*,y,r) = (wx,y,z)
(g) ,!(*,y,r) = (x,wy,r'-z)

tr{e note that x gi fo(rr), so that ttsp(fr) e X". t^Ie

noïr nïoeeed to show that Z" €- HSP(F-). so that I_ __:\-L/2

will form a FEB for Fr.
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/çlr^+ f !!EU vb be any algebra with operations
/-..- -\ ^,^¡ --- ^q*iafr¡jnæ ç rìhï ânv )._ w c A- çg\ÃrJ, L,/ ALLU ÃJ Þ4UJòr- J rL!é ZJ. rua aLlJ ^' J ç ñ'

oel]ne x s x Io r[eafÌ içy = x. usJf]g LrÌe loefrLl_utes
\- r.ro non oociìrr gþgtr¡ that this defines â.-nârtial4t yur u¿s

order on A.

Definition
Tlrarrlê14 crlhcc.l.' S

(i) *, y e

(:.:.) :.r x 
-<

Definition A dual ideal S is prime if
then either x-i¡ e S or xz € S.

/Yl
1.L2: A dujrl ideal in UL is a

e A such that:
S ìm¡'lioc thcf ïy € S, and

y¡andx€SrthenyeS.

whenever (*ryrz) e S,

Lemma 1.L4: If a -( b does not hold, then there
exists a prime dual ideal containing a but not b.

Ctro J-l ^ / -t trry.ic -ic - ^,,a1 ideaÌuo - I "l o \ o t. IraÞ rÞ d, Lrr,rProof : ï,et

containing a but not b. I¡tre shall nor,r shor^r that every

dual ideal with this property, if not alTeady prime,
n¡n ?ra nyn¡or1 .- extended tO a lA.rcrer rllla.l irjen.l With6ua quqr Jquar

thC s:me nz'nner-trr Tpl S'ho q ¡lrr¡'t j,tôôl na+. ryrvj/vr ur. -- * *ua-L lqeal, noL pr]me,

eonta.i ni ns a a.nd not h Then - hw def i ni ti on - S cOn-

tains some (urvrw) while neither uv nor u\,r' € S.

S$rnlrnqc i.hora ovi qla¡l ¡ n c R crrnh *l.rql- ¡rrr¡ ./ l-uul/-yvÐu UIIUI v u^IÐ uçu _lr, I s U ÈUUII t,IId,U jJL1V \\ U

and qu\.{ \< b. Let r = pe¡ and note that r e S.
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/l

Then we have the relations (n): ruv ( b and ruw -( b.
- / \ / \ . /^\l\Ow Or\urvrw/ = \U-: DTVTDTW ) Oy fdent11.y \9 )¡

= (rrubrvrubrw) by (6) and (l),
/ \ /-\\u, ruv, ruw/ Dy tne re.La-tlons (fi/¡
(u,rv,rrü) by (6) and (l),
r(u,v,w) ¡v (g).

This means that r(urvrw) -< b. But r, (urvrw) e S

/\so r(urvrwi € S, and hence b e S, contradicting
b É S. So such p and q cannot exist. Sìrppose, by

s¡rmmetry, that puv -( b holds for no p € S. Now let
çtqt - 4 -l ^,.-...7, p e St. ftris is a d.ual idealt ¿| j,qv \ ¿

nnf nnni'aìnino Ï. ^'t ^^ c' r crl qinne rrlrr¡ I - fOf allrrr¿rr6 u. ruùu, u 
= 

u , Þtrrus IJuv \\ ! I

p € S. Finally, the inclusion is proper, for puv e S'

for any p € S: r¡hile if puv e S, then we r,¡ould have

uv e S, contradicting the fact that uv and uw f S.
ø

Now tet ¡d be the set of all dual- ideals
&9of U[¿ containing a and not b, partial ordered by

set inclusion. The set union of any chain of such

dual ideals is a dual ideal with the same properties,
and so Zoyn' s Lemma can be applied to yield a

maximal dual ideal M with these properti_es. Then

M mllst he ¡rirne- fnr if nnt if. r.:n ha r¡rnnor]r¡¿r rtv u, uv -yr v_yur rJ

extended to a larger dual ideal containing a but not
b, contradicting its maximalÍty.
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Tkreorern
/T1.L5: U[¡ is a subdirect power of F^.

Proof : Let a, b e A such that a -( b does not hold,

and let S be a prime dual ideal containing a but not

b. !tre d"efine a mappins õ - : A + F. as follows:-aÐo
ô^-: x.-Þ t if x e S, õ-.-: x-+ O if x f S.

all ' ab
Rl

I'Ie show first that õ " is a homomorphism of Ub into
aw

11- Sinna :¡-rr c S if ¡n¡l nnlr¡ if v ¡nd v c S^ r^¡evfl¿vv4Ji.)'-2

n]ve ttrat (*v)o^- = lxò - )lvò - ) whenever x and y\-.J /vab / \¿vab/

are both in S or both not in S. Now sup'oose x e S

.Tand y f S, so that xõ_.'^ = 1 and Xð_* = O. Now
dU AU

xy É S, for otherrøise we would have y e S. So

(*l)o_- = o = l-.0 = ("ô_-)(võ_-).
dÐ du aÐ

Now consider (^ryrz) and suppose that
/ \ / \^lxryrz) € S: so that (xryrz)ô.O = l. Now, either

xy e S or xz e S. If xy e S, then both x and V € S:

| ^ \ /- \ -ân.r arê oêf ry^ ,VÒ -,ZÒ - ) = (IrL)ZÒ _ ) = L. At-'"abr" - ab' -- ab, \-) -) --ab

similar result holds if xz e S. Tf, on the other
/\/^/\/^/\r F s f hôn a¡l | - s kìf a-¡ v 1f o | -II4rIu, \^rJrL,/ F pt urls!! J\^rJrt,/ F p. uu-u J\^tJtLl -

/ \ " /Õ\ / \ " //\ /-\ " /-\\xyryrz) þX \Õ/: = \xY:TYrxyzl o]r \o/: \(): = rJr o$ \)/.
I^t^-lThen x1¡ f, S, so x f S and y É S. So we get that

/-s, irs. øÀ I /^ ^ ^ \("ÒabrlÒabr roub) = \U:UtzÒ " ) = v aS requlreo.

A- 
^ 

ic in¡looÄ ô l ^h^h^?¡l-rr'¡rÐO Orr" lS: -LnqeeO, a nomomorpnl-Sm.
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Let O - be the eonsruence on 0t :-rra.r"uoab "-

by ôab. We note that a # b(0.¡) since aõ.O = I

r¡hile bõro = o. Also, ÜL/n*n ,6. Noi¡ let J =

( f^l{ ar I a / r^ ,r^^- - ^+ L^1r j.^ lll Ç -.--r i ^r AI "a¡l a -< Ð qoes r'tor noro fn vb$t ano reï u =

fll (0.¡lo.o e ,r). r,et x 
= 

y(o), with * I y, so that

either * a Vror x < y does not hold. If x ( y: then
a- / -- ¡^^^ *^+ hold, and 0___- e J, and 0 -( O-_.. ThenJ \\ ^ u.usÞ rruu r. yx JÀ

we get that x = y(Oyx) r,¡hich is a contradiction.

SJniJ-arly, if x -( y does not hold, we get a contra-
diction usino' O __. Then x = y(0) if ana only if"-"_-,o _åJ

x = y¡ so O is the trivial congruence of equality.
A/r m

Then (,1[, :-" a subdirect product of the üln /g^-,AU

Èle o* i c o crr'hÄ ¡'zani nm¡or nf Fuf¡G u IÈ, 4 Èuuull EU U PUWUI W! I 
6.

Theorem 1.L62 X is a FEB for F-.

&a FnProof: If {,fL. x", then U[, i" a subdirect power of
,ErF6, so [.]L . HSP(F6). Tkrus x" c, ttsP(Fr). we have

already noted that HSP(T.) g x". Thus x" = HSP(F.)
l-l-u

- -- /- \and so Id.(F6) = X.
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The same technique will be used for the

remaining algebras in this section; in each case,

at]- that we must show is that the ad.dition of a

finite number of identities to X witl ensure that
the additional operations are preserved by õ^r^. It

AU

should be noted that the additional identities do

indeed hold in the algebra -'Ln question.

Theorem 3,]72 Each of F", Fq: qr, F2, Fl,
I)+v)

has a FEB._-'nand ¡'7

Proof : (i) ¡'-: { (*,yr"), )rJ: o} . ï¡,Ie add the
fLr

i,ran*ìr-¡¡. lr nl Ox = O. trrre must show that (O)O^_ = 6.\!" / 
du

But if (O)õ_,- = 1, then O e S. Since Ox = O for all
a9

x e A, O-( x for al-l x e A, and so S = A. But S is a

nrñnêyi qrihqct nf A. So we must have (O)O . = O.

('l
( ii ) r.: I lx,v, z7 , (*,y, ,) , xy Ï tr{e add the

identities: (ff) l*ryrrf = ltrrryl
(t:z) xlxry,zl = lxryrzT
(Lt) ylx,y,zf = xyz

(14) (*, (x, yrz),lt,y,z7 ) = "
r 1 /-^\ r ILet, Lxryrz) € U. BY \LZ)t Lx:V:zl S x: so x € b.

Tf noif.har rr n¡-r q. c S, f.hen ll¡À ¡¡À zÂ I -!! rrvrurrur J rrvr L = Ðt urrçrr L^uAbtJwdbt"uAl)J -

[1r0r0] = t as required. otherwise, suppose y e S.
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Ttren yfxryrz] € S, and ylxry:z7 = xgz2 so z e S. Then
f -s' rrÂ zÂ 'l = llrtrt] = I as required.r ^"ab , r "ab, - "ab ,

For the conlrerse, suppose [*õrbryô_brzô"Ol = l.

Then xô^,- = l, and yô^- = Zõ^-. So x € S, and y anð, zaþ ab acl

are either both in S or both not in S. If they are both
in S, then xyz e S. Nov'xyzlxryrzf = yzlxryrz] by (tZ),
= z(xyz) UV Gi), = xyz. Then ryz --( fxryrz] impties
-l-hal- f u -' of ' St and I xryrzTõ^,- = I as required.r -, L'-)Jt -r"ab

On the other hand, if y and z are both not in S, we

consider x = (*, (*rVrz)rl*ryr^7) e S. Then either
x(xryrz) = (^ryrr) € S, or xlxrV:zf = lxryrzT e S.

The first possibility cannot occur, since it would im-

ply that either xy or xz € S, and hence either y or z e S.

So l*ryrr7 e S, and lxryrz]õab = I as required.

/---\ c ?(iii) c,,: J lxrvrzl, (*ry,r), T{t x vy t. }üe add thea(J
/- -\].qen-El--t]-es: \r)/ xvY = Yyx
(r.6) x(x v v) = x
/--\ / \\rli \xv¿, x:y) =IVX

Let (x v y)õab = 1. Since (" u yrxry) = x v V: either

x(xvÍ)=xe Sory(xvy) =ye S. Soxõr.vyô"b=l

Conversely, if x v y É S, then by (t6), neither x nor
y can be in S. So xô-v yôu.b OvO = O = (x v V)O'O.
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/. \ -iL 1, \ - ì - , / \(iv) Ff; llx:v'z)t drr, xyj Let (xrvrr...y*J

be an abbreviation for (*, (*, . . . (*, (*, Vr, Vr) rv). . . rr)
, i.and J.et x- be an abbreviation for xr...*i_1*i*1...xn.

Note that the n is t'he nne crirrerl by dn. I¡tre add the

identities:
/-ô\ 1- / \(rÕ/ x 9rr\x1: .,. Lnl =

/-^\ - | \ /- / t I 2 n.(ryi gn\x1r...!l = (q,.,(x1:...znt! r! '...x )

/^^\ *- / \(20) fdentities asserting that Érr(51, ... Zn)

iS inVafiant Undor. rnr¡ ¡ê.mrrtrÈ.i.gn Of the Variable Syrn-

boIs.
-t\-Now suppose d (x.õ, , ... x ô. ) = L. Thenn IaD- nacl

1, (X-Ò, /...(X. .Ò "./(X..-Ò. i...lX Ò " / = I.- I ab l-I aþ 1+I ab n ab'
i ^ /-ñ\- L, and x- e S. But by identities (1ö) and

= "idrr(*, ,x2r...xi-lr*lr"Í*lr..."rr), so we get

1

for some

I
bOXÒ,

ao

(zo), *i
d.^(x.:...x-) . S, and d.^(x., x.^)õ^- = 1- as required.n'I'n''n'L'n'aD
flnnr¡orqa1 r¡ qrrïìrrnqê l-hat Á (u X,- ) e S. Then byp9LJ)ul¡uvqn\l!l,n.

/-^\ /- / \ I î.r\L9), (d. (x. r...x. ):x*, x--) e S. So either
ÍLIÍI

- / \/- / \ I n-lr /- / \ I n-ltorr\*1,...xil\dr.\x1:...xn) sx r...x ) = (drr(x1:...xn)tx''...x )

^ Yr- r r ll.is in S, or x drr(x1: *ì = x-- e S. ff this latter

'r"^r^^ *t^* --[^ 1 / \rroruij, urreru i( o,_ = 1: and d.__(x-õ_,, x__õ. ) = L, as' a0 - n'Iab- nab'
/- / \ I n-1.requ_l-red". It' no-t, tnen (drr("lr.. .*n) ,x ¡...x J € s
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and then either *t-1. s, oï (4.-(*, t...x.)r*lr...tn-Z) . s.'nI-rÌ

Continuing thus, either one of xn, "t-1, *5 , S, or

else (a- (*,, . . . x* ), *1, *2) . s. rf this latter hotds,'n' I' Tr''

12^then either x or x- e S. In any case, at least one

i^-i^-/\x- e S. and x-õ - = 1. Then d (x-õ -,...x ô - ) = I' ab n'lab- nab'
ec zonrrirarl

z t -lt J, 1 | \ . ¿(v) Ff : l lxrvrz), \xryrz), d,., r.y J . Clearly, the

identities (r) - (g), (n) - (r4), and (rA) - (ao)

wi]-l d.o.

z .r -11 (, \ - ^ t(vi) F-: 7 \xryrz), d , O, xy { Hava ì.{ôh+i+ies
I ' "/' "n' ,-¿ J

/r \ /n\ /rn\ - /-^\ /^^\(ri - \9): (ru/¡ and (fö) - (20) will d-o.

5- Post Svstems ïV/.¿vvvv¿

The algebras to be considered. here are the
f nl I nr¡'i n o.

¡)
D^: l0'=aÏz\)-(7Dtt tU, x + X * "Ï
D=2 fa, x + y + z,'Ì
,L2J

The method used for Post Slstems IIf will be adapted

here by introducing a zero and partial order into su-ch

algebras. This method w'as devised by G. Gratzer,
following a suggestion in Lyndont s paper.
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I{e note, first, that the following identities
hold in Dr:

/-r\ -l \\r'l cr\urxtx) = x
(e') ¿(urx,y) = d,(u,y,x)
(r' ) a(urxrð,(ury.,z)) = d(urd (urxry),2)
/l.r\ -/ -t \\ -r \\+' / o.\urx¡d(x¡YtY ) ) = d(urxry/
(:') g(g,",a(x.,x,y)) = ¡
(6' ) ¿.(gx,ð.(x,y,z)) = d(u,x,d(x,z,y))
(7' ) a(u,x,d(þy,r)) = ¿(þÞÊ(¡,Ê(gr¡,y),r))
/ôr\ ./ -lt -/ \\\ -/ -/ \ -/-/ \ \\
\Õ' / d \u.r1,¡, d \u, x, d (x:Yt z ) / i = d (u, d (!:E:{/: d (d (u.rg, x ) tY t z ) )
/^.\ -t -/ -t \\\ -(,, _ a(_ a1,,.."._\ -/ \\\\y' / g\urg:9(9:x:9(.xt[.:z )/ / = o\urx:u\A¡9\u:[rJl:d\u¡ytz ) ) )

/.nr\ -/ \\rulo(uru-rx/=u
/rôt\ -l -/ -/ \\\ -/ \\ro'i 1\g¡Y¡d(u:z:e\!¡)I:z)) ) = d\\:Y:z)
(rç') a(*yr") = d(u,d(x,[,2),

d"(d..(x,ryrz.), ¿(ura(x,yrz),d(LGryrz)rd(rry,z)rd(urx,z))),¿(u,xry))
(eO') Identities asseting that d(xryrz) is invariant

under any permutations of x, y, and z.

Th.e nurnbering and unnecessary repetitions in
the l-ist wil]- serve to make the a.na.losv r"¡ith Svstems lff
more immediate.

Let X-, denote this set of identities. Since X1Ë

r¡ /n ) "ro Ï.o..o1hq+ T{spfn I c 5- rrnr ttro n]-lJA \U^,/¡ We rrAue -ler con-
--r1J-

tainment, we consider any algebra 0il of the same tJæe as

D, satisfying Xl. Let u e A be fixed". trnle introduce the
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-F¡^'1 '1 
^..-ih- .t^F,i--ir-orrow-Lrrg aerrrrrtions' x 

^u 
y = d(tr*ry), (xryrz)'u-

-/ \ - /Ylxn,, d(xrytz)t and 0r, = u. Let Uür, le an algebra on

the sarne set A *" ffL, but with operations d, XÂ-- .¡.:

/\ft1 -1(^ryrr)u, and O,r. Th.us Uf ,, i" of the same t¡pe as F'r.

Now consider (f'): d(urxrx) = x. For the

fixed u chosen and any x e A, d(urxrx) = x. This
means that x^.- x = x for al.l x e A. Then x^__ x = xU -"u -

. I tlholds itr Ub... Proceeding similarly witn (e') - (9,),

'l.i'e see ti "t þ, satisf ies the identities (f ) - (g)

lised for Systems ffT. Hence, we can define prime dual
KXideals in Uü.., and prove an analogue of Lemma 3.L\,

*-,+1^ - *--*-^; ^wf,uu d, -¡ld,r r/-Ld,r urder defined in terms of x 4__ y. T?ans-

'rô+ihd ìÀnr.r-.,,--" /"nr\ ^ Â x= o-, lrro ttreraulfrg lqen],l_r,y \IU'/, We Bet 9u u _ _u-

identities (rB') - (ao') yietd the id.entities (ra) - (ao)
1'1 ;^+^: þ^* 1;v lrle def ine the aLrtehra. T)t bw edrtins tor1Ð uçu r wf r 
7. 

vvç usJ fltc ultu d,IBcIJr-é. D2 uJ ¿l'uq_,,b __

¡ the onerefi¡¡e - a (- ". -,)^, and. o as for Ût.up v$e v-ysrau¿urlÞ 
^ tfo J, \A>Jlz/çS d.rru. vzd,b l-UI

The alsebrâ. so rlerived is isomorphic to F'".
I

ït is clear, nor^i-, that
--^^F -i* cç-^!^*- rrr to obtain a_yr uvr Jrr pJ Þ uçlllÐ

/çsô-: {i¡ -+Dl
aþ vÞlt 2

r^¡h i nh sctr¡r¡toq rnrr r qnä h qrrnh

T^re eâ.n na.re.l I el the
hnmnmnrnh i sm

tl^tat, a -1 h rloes not hold.\i - *--"
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/ìíl
The same mapping is a homomorphism of UL* Do which

m
separates a and b. Then U{,2 is isomorphic to a sub-

direct por^reï of Drt and so tl É HSP(D2). Thus Id(D2) =

F qnâ r¡a Ìr¡r¡a .l.ha fn]-1 nr¡ìno.
-Lt ¿vr¿v,, +¿¿b.

T-heorem 3.LBz D, has X, for a FEB.

ftr-e.or.e-q 3rL9'. D, and D, have FEBrs.

Proof : Again, we must show that the ad.d.ition of a

finite number of identities wiJ.l. ensure that õ.O pre-

serves the ad.d.itional operations x + )I + z and xt.
For Dr: we add the following identities:

(A) g(grÊ(*ry.r^), x * y * ,) = d(urxrd(ury,z))
(B) x+y+z = d (ur¡+y+7 rð.(x+y+zrd (u, x+y+2 rd(x+y+zrx, y) ),

o (g, -*¿*=, d (-+¿+3¡ f, Z))))
/^\ -/ -/ -/ \\ \ .t(.. _ a/.,., _l\\ui t\u¡9-\9:x:o.\u:X:z) )r!+f,+Z,, = q\urxs!\utJtx) )
/ñ\ -/ -/ -/ \\\(u/ o\urxrd(xrx+y+zrd\xryrz ) ) ) = z

The u-translations of these become:

(a') a(xryrz) ¡r, (å * y + z) = I^r, I Âr, Z

(B' ) x+y+7 = (a+y+u, (yry+zrx,y)u, (5+¿+z ,yrz)u),
(c') (*n-- y 

^-. 
z)A- (x + y * r) =xA-- y^- zu-' u Lt- u-

/^r\ / / \\\D') f X. X + V + Z" CL(X"V.Z/l = X

Ilinq'l'lrr r.¡a q¡l¡l iâa'nf ìl-ìoc occavl--inæ l-t¡¡l- v r r¡¿ ¿rru!!J, wu euq identitie= a"lu]. urrró urra u n ' J * z

is invariant under perrnutations of x, y: and. z.
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trrle will now show that / \ ^\x+y*z)Òub

xõ. +yõ- +zõ.. Surrposethat(x+y+z)ô. =1.ao-aDa0ao
ff x, ys z e S, then xô_- + Vô_- -i- zõ^.'^ = I * I + I = 1.

aw ap av

| ^ -/ \Now suppose x t' S. ff y¡ z e S, then d(xryrz) e S, so

d(xryrz) hu (x + y * r) = *^r, Y hv z e s, by (R'),

¡nd sn x c S- nontradictinE x I S. So ai leasi one

ofy¡ z, sayy¡ isnotinS. Nowx+y+zeS, so

¡y (B'), (x + y + 7, (x+y+7rxry)rr, (x+y+7ryrz).,r)r, e S.

Sr¡ aiihar (v4tr4c \ / \ ¡ \w ur urrer \^,J , , ) A ,_, \x+y+7rx:y )u = (x*y+zrx, y)r, e S,

/ \ / -+.r+o -, o\ (-l \or (x+y+z)rtr, [x.¿ -rrr-,1).- y,,;y*7ryrz)ue S. The

first possibility cannot occur, for then we would have

r-hor- /-+.'+ol¿ x e Sor (x+y+z)4 y € S, Whichr,¡ould\-\'J -/^ 
1) 

\:!¡J¡4/ tr* ù " -,

imply that either x € S or y e S. So the second alter-
native must hold, and a similar calculation yields that
zeS. Thenxô" +yõ. +zô, =O+O+1=Lasa0-4040

requÍred..

Conversely, suppose that xõ.0 * Xõrb + zô.0 = l.

So either xô . = yõ _ = zò - = I or, say, xô - = yõ . = 0aD-abab-ab-ao
and zõ^.,^ = 1. In the first case, xt yt z e S, and hence

AU

*A, YÂr, z e s. gy (c'), *Âr, xnrr,Ar, (* * Y + z) =

xA.. y h_- zs and so x + y + z € S as required. In theu- Ll

qannn^ nqco q a | - - /- ' \
- J b and x, y,€ u. BY \D')t z =

(r, x + y t zt d(xryrz))u, and so either z xu (x+y+z) e s

^voA 'rl-"-\e S. BatzR.-d(xrqrz)=(rrtry).- e S- r.u \^tJta,/ , 
*,^rJta/ - \¿r^, 

1l

would impfy tlnat z Ár, * or z hu y € S: r¿hich is a contra-
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¡lin-|ia'n cìnaa

have that z n
u

x+y+zeS

neither x nor y is in S. So we must
/\\x + y + 7¡ € S, and this implies that

qq ronrrizarì

For Da: we add the identity: d,(xryry') = *.)
T%en fnr nnw x q fi, x 

^.. 
ut = d(tr*rut ) = x, So ut is-- 'u

a maxjïal element. Also, S is non-empty, so there is an

a-ìamonì- z c S o,nð. Z -(.. Ut. SO Ut e S. AISO, We nOte

that x ^ xr = d(urxrx') = ü = O--.---*- -- ,.u -- - \-")--)-- / * 'u-

Now let x' e S. Tf x e S, then xÂr, xl = O*

is in S, which is a contradiction. So x É S, and

xô = Q. Then (xõ, )' = I = (x')o -.aD aþ arJ

Conversely, if (xõ^-)' = 1, then xõ_. = O,'aoab
-Tand so x É S. Now ut € S, and ur = ut n.., rt -

' -/ ¡ '\ = (u'ox,xt) e S. So either,r'Âuo\u':xtx') - .u

ur^.. x=x€ S: orurÂ__ xr=xte S. Since rÉ5,u-u
- / r\x' e S¡ and (x')ô_. = I as required.

dU

This now completes the proof that every finite
two-element algebra has a FEB. That this is the best
possible result in this direction is exhibited in the

next section of this chapter.
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Á Mrru el¡ì ì t q TrhTÀô Iìt a-an* ônrrn.È67_ lìlyrmìrJ ê-,-- gg -llglllglr u vv qtt u------------*.:=:tr.:.

ÂlLet Ut be defined on the
a',set ì O, L, 23 with a

cinol a hín:r-r¡ ¡1¡lavoi-ì an
J vysl av LvLLt

d ennf.eð lrr¡ vrr, r.¡f t.h nnaz.a -

tion table as at left.

Consider the polynomial symboJ-s:

F: x-(x^(x- (x -(xx-)) ))n -L'-'¿'-) '-n-r'-n-r'
/ \/ / / / \\ \\and Li-: \x"x^/(x,_\x,,... \xt,\xzx^/) "." )).ft -L-1 -I1 -f 1- I --r -)-¿

rTltr{e shall show that for n 12, T. = G. holds in UU,'nn
but cannot be deduced from a set of identities in
whieh a.nv a.rhitra.rv tenn eonta,ins occurrences of not

more than n-l different variable syrnbols.

LI.*r 3.292 Let p(å^, ... x-,' ) le a polynomial
- '1, -Il-I

synbol of type (2) containing each of x-, i = O,
-_L

n-1. Then the polynomiat p(x.: *rr_t) induced by

.ñ1p in [J{, is a function depending on all its variables.

Proof.: For arbitTary xit p(2r2r...2) = 2: whereas

/^ ^ \ ^p12r2r...2, O, 2, ...2) = O: when the ith variable
is allowed to take on the value 0. Thus p depends

upon x..-f

N o I o

0 o 0 o

t o o 1

2 o 2 ¿
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ñnvn1 1rr1r7 11 . Tf n = ô c --l/Yl \
veéllr-raf'y ).-'-. * j. = - fd(uL), then p and q

"onar*-ã-"ut" variable symbols.

Definition 3.ZZz The terrn occurrence will denote

the occurrence of a variable symbol in a polynomial s¡rmbol,

and we wiJ.l use the notation b. t bnt ... for occur-r '¿'
vo¡nae af v v

o

Definition 1.23'. Tl,ro occurrences b.l and bo in a

*^r-- ^*i-f ^-*L¡l .r¡ r.¡ill Ïra n:l'lad qd iqnan+. in ¡ if r¡lvrJf rvllr¿Gr ùJl[uul y w tIJ uc çdIIçu @qJauvlr u lrt ], rr ],

contains a subterm p-p^. and b- is the left-most occur-:t:2' I

rence j-n p. and b^ is the left-most occurrence in p^,
-r1-a

or vice-versa. T\.ro variable s¡rrnbols x. and x. (with
-_L -J

nossilrlv i = 'ì) a.re ea.'lleri ad ia.eent iir ¡ if therg igyvppJv¿d ¿ - d/ ale suJauurlu urfuf

âh ^aolirranno Jr af v o¡lioao'n* tO an OCCUffenCe b^"1 "- -ti ** 
¿

of x in n. \.rle note tha.t everv occurrence of a"*-i*..9..

variable symbol x- in p is one of a pair of adjacent
-l-

AO O11TTãñ õã 4

3.242 Let p(x^, x.^ .) e P(<>), let
- -1J -I_t- I

induced potynomiaf in fl1,,, and

A. fhen the following results

/\
P\Xn: X^ -, )

V II-I

].et a^, a-,U' L'

hol-d:

L^ +L^Uç UIfg

n-r
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(i) i-r p(.^, u. .) I o, then p(a^, ... ..- . ) =w fl-I u rt-I

a., trr'here x. is the left variable synbol of p.
a' -l-

/..\ / \(ii) p(a.t ....rr_l) = 0 if and only if some.i = O,

or a- = â. ='l , where x- and x. are a pair of adjacent
lJ-t-J

va.riable s'wr¡bol s af n ¡aeei]l-ì-- identiCal.vL v t

Proof : (i ) ttis follows j:nmedia.telv fz'om the fact that. \¿ vv+J ¿

*--" - r^ ^ ^ 
..ñ / arur aLLJ at v ç n, if al: f Ot then ab = a.

/..\ -^ /- _ \ _ g. ff\ff i _LI' some a. = u, -Enen p(ao, an_L) =

à. = à. = I w'here x- and x. are ad jacent in p, then p
I -l 

-l -t

has a. srhte'rm ¡ n slreh that x is the left variable
--J:-¿ --L

of p. and. x. is the left variable of p^. Tf p- (r^, . . . a.^ . )_¿ I U I1-Iù

= O, or P^(a.,, .. , ) = O: we are done. Otherwise,
¿ V I1-I

¡y (i), p,(a^ a.^ ,)= 1- and p^(a^, a.^ ,) = l,*I' U¡ n-I -¿', U' n-I
and Þ-(a^, a rh râ -J = U. t'hen---* sl\*O, *n_l/.Y2\so, *n_1,

p(a^, a.- .) = O as required.
v 11-r

Convef^^. -- t ^+ ^/ - \ ^Ðç!J, !u u t,\@0, trr_l) = 0. Let Pt

be a subterzn of p such that p'(ao, .rr_t) = O but

all proper subterms of pr do not have this property. ff
!,' is a variable synbol, I^i'e are done. Otherwise, pl
l. - - o-nã r (q - \ / ¡ -- /- I I n!- r,a sr \*^, A.^ 1) f Vt P^\ân: ,,,4.^ . ) t w,

-J:-¿ I \J IL-I ¿ v It--L

Br-rt p- (a^. a - )p^(a^ a - ) = O. so each must-I' U' n-I'*¿' n' n-L'
/,". \be I (this can be seen by checkÍng the operation tablej.

Let x_. be the J-eft variable of p" and x. of p^. Then
-1 -r -J

â. = â. = t ¡y (i), and x-, x. are adjacent in p.
| | 

-l
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^^-^1'1 ^-.- z 2q. Tf n qnÄ ^ hAVe the Same leftWIVIIGJJ ).L). .u -!/ @rIu 14

v.tr.O**Oor", .nd the same pairs of adjacent variable
crm?ral< .l.han ¡ .--zfflr= q € rd\uul.

Proof : Note fÍrst that the saJne varj-able syrnbols occur

in p and. g. Let aO: rrr-I . A, and suppose p(a.:...rrr_t)

- 0. Then some a_. = O, or a. = â. = I, where x. and x.IfJi-J
a.re a.rf i¡.eent in n. Tn either r,: ' - ) = O.ur v qqdsuvlru !!r !. rrr vr ur¡çr ud,Se ¡ Q\46: aa_,

srppose p(ao, .... an-L) I o, Ttren p(ao , ....rr-t) = "i,
where Ii is the J-eft variable syrûbol of Þ: and hence of

a/\^g. b'Lrppose e(ag., .r._l/ = O. Ttren by the same reason-

ing as above, we would get that p(ao, arr_r) = O. Hence

/\l^^rô ô | + rì ôh^ ^*, equal a_. ThenY \ tO, oïI_L/ f " t dlru Èu llluÞ L
J.

p(ao, .r,.-t) = q(ao, tr.-t) for all a. € A. so

-- z¡t1 rp=ger-o\uü/.

Lemma 3.262 Let p be a polynomial s¡nnbol in which no

variabl-e syrnboJ- is adjacent to itsel:f . Thren every g for
trhiah - -ralP0 \ r--- rr--wr¡ru*.y -:å = -*(U[r) has the same left variable symbol
a.nd the spmê T)âirs of :d i¡neni r¡¡ri¡h]o qrmlrn] < as p.

h'oof : I€t ¡rv ì lra ?.r,j.l ..1_."¡ €-^f Vafiabl-eS.\fu, ... 2n_I/ us uu¿IU u-V J.J-tJlt.

symbol-s lh, . . . ð- , . Then q has the salne variable syrn-
'1J -f I- J_

'hn'l o 1\Ïnt.¡ n leoc -^ -.--+-ì^'l ^ --*'hô] y q¿l iqnan+ rLa i*cal+¡ .uvlÞ. rIUW \{ IIaÈ f,lU V dI JóUJS ÞJllll,JLJI ;!i tj,U.Ja,f:ef f U UU J tr:ie-Ll ;

otherr,¡ise, taking x_. = l: x* = 2 for j f í, we r^rould have
-a

/ -- \ / ^ " '.t \ ^p(xn¡ x^ -r) É U and e(xr.: x,_ , / = O. F\rrther,U II-I U' n-I
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if the left variable x= of p is not identical with_J

the left variable of g: then for *j = 1, xo = 2 fo"
-//\K f J, we '\^rouJ-d nave p\xo, ... xn_l/ = r, lrnrle

q(x^, x.^ -) = 2, since neither p nor g has a-'u' n-I
variable ad-jacent to itsel-f. Finally, if two variables
x- and x., i ( j, adjacent in p, are not adjacent in g:
-l -i'

then for X. = x= = l: and x,- = 2 for X I i, i, we wouldTJ'K

h¡r¡e nlx r. - ) = O. but q(x^, x -) I O.rruvv 'Y \,-0, '.n_L' - ) "--- a\--o, --n_L, t

This completes the proof.

Lenma 3.27: Let P be a word (that is, a syrnbol
F^øaA L.. i.,--#-n \ ' f Lrorlrecr uy JuxrJalosition) in the alphabet ( *t, "rrJ

beginning with xr: ending witlt x1: and not containing

^^*^ 'r^++^- ., i > 3. trhrthennore, assume that anyÈuil]ç rç u uÇa ^i,

| - -\(unordered) pair of neighbouring letters of the word

P is one of the pairs xL*D, *Z*7, xn_lxn, *rr*1.

Then P contains the subword x-,x^x=.
L.¿)

koof : The proof is a reverse induction on i, where

t * the missing letter. Sìrppose x.- is missing. Thel--n
ìnif iql qcmanì.. Of P iS XrXô. ff X= fOllOWS Xô, Ìt'e areL'¿' ) -
done. Otherwise, P has the initial segment *l*2*1"2.

Again, we have the two altez'natives of x, and xr.

Errentually, the next alternatíve must be xrt or P would

nnt nnnÈqin v-" "3'
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Suppose the result is true for >1 missing,

k > t. Let P be such a word with a_, missing. Then

x oeelt'r's in P within SUbWOfdS Of t'hc f¡m v4k vçuurÈ lr r wf url_Lrl buuwuf_ub Ur rJIIe Irr* *ta+tL*fa*f .

For each such subword, erase >11.*f. The resulting

subword" P' has I missing and satisfies the hy¡rotheses

of the lemma. S^ Dr r^^^ -' -- -- a.s a. slJrword. ând sinceu r ttoo nLnzn3 uÐ q Duvwvlu' QL

k ) 1: P also contains this subword.

Coroll,ary 3.ZBt ff P is a word in the alphabet
frt
t *f, t3, 

"r, I beginning with xr: ending with x5r

and wÍth the same pairs of neighbouring letters as

above, then each of x, ¡ xzt xt,: x must occur in p.r)+n

3.29: Let pr be a <rrhfam nf ¡ L
-! J!' vr an

I

the feft occurrence of p',
to b,. Then b^ lies

I¿

occurrence in pr which is not
anrl 1r ,n nnn.,f,..onnc :d iqaontvlrvv qq d qevrr u-

h"oof : Assume b, does not

cases to consider:
^ /. \tlase (i/: p has a subterm

occurrence of p, and b^ is

Then ¡r overlâns p-p^. I¡tre-L'2'
since b^ does not lie in p'

¿

J-ie in pr . I{e have two

p,p^ where b" ís the left
I

the left occurrence of p^.

cannot have p.,pog g',
-J-¿

. Hence prc p-p^ and the
- - -J-¿a

containrnent is proper for the salne reason. Then
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pt <, p. oY pt ç p^. Since b. occurs it pt, we must:_-I

L^--^ *t - - Rlt h is the lpf+ rrorìolr]a nf ¡ andrtGVç ]U j Pr . lqu ua rÐ urf,u ru! u vør rau¿ç vr -t/r
-II_J

hanno nf nl eanrraã inf.ìno t.hc hrrnni.hoeisvL.y,

^ /..\Case (ii): p contains p^p, ïrhere p- and p^ are as:'¿-L

above. The same argument holds.

ô^*^r'^*-- 7.302 Let b^ be an occurrence in pvvl v!!ol ,Y )_ 
a 

*tt vuvur

a.d ia.eent to the distinct oss¡¡¡¡snccs 1r and h Let"L --'" -1.

p' be a subterrn not containing one of these occurrences,

lrrA "ont.ininE at least one of the others not on the
]afl- T?ra'¡ h 'i.S the left OCCUffenCe Of pt.-""" "2 -"

Proof: b^ must occur in pr, since otherwise,2-

pr would contain a non-left occurrence adjacent to an

l""u"""n"e outside p', contradicting Lemma 3.29. By

Lemma 3.29, b^ must be the left occurrence in pt.-¿

llnr-nl l ertr 3 71 . Ipt ¡ ¡nô n hc non-o¡¡crl/./L. lvv yr -"-**appfng
-r -a

sirhterrns of n- Tjfl b- occurs in p-, b^ in p^o and b--* s.' -l ------- --- ÐL2 -2 --- 5-2' -'--- -t

i s a.d ia.eent to h +1^^- 1^ -h^ 1'ì e.re the I ef t occurTencesru uucjquula u wv O 
2) 

Ul¿çrr UI @rrq v2 or s uI¿ç IÇf u L

of p- and p^.

koof : Immediate from Lemm¿- 3.29.
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Lemma 1.12: Let br and bo be distinct occurrences

in n- Then therc avìqÈq a qêôrrênee of na.ir-wise diS-vrrvu vr yerr

ti; occurrences b: , b"^, ... b: , Tír ) L, such that
I ¿ TI .

li is bf, bå is br: and, for i = t¡ p, m-1, bl
f

is :disnanf. Ln hl-r. (Wu will call such a Sequence an"" "f.r

A-scnrrenne tn h and b^. )-"""1¿

Proof: fkre proof is by induction on the number k of
distinct occurrences in p. If k = 2, p is ¡0x., with
'Ì. f.ha nanrrzrahôe of x. and b^ the occu-rrence of x.n"t -t'" -- -i *--- -2 "' -i'
or vice-versa. Then b-. b^ Ís 'r-,he leolirerl ff-spnrranao

Noinr suppose such a sequence exists for any two distinct
occurrences in a pol¡momial s¡nnbol with fewer than k
distinct occurrences. Let p have k occurrences, and

let h a.nd h he distinct occurrenees in n- T.eJ-.j q]-sll_ncl occurt +¡_ ¡. -_- p
TC._

be p,p^. If b" and b^ both occur in one of p- of p^,_L-¿ I ¿ -L

the resu-lt follows from the induction hy¡rothesis.
Otherwise, J-et b. be in p- and b in n s$rnnnssr -r '2 -'" x2'

neither is the left occurrence of rr- or þ^. Let

o ,o ìbr' bit b" be an A-sequence connecting b, to the

left occurrence bo of p- . Let b.' . - be the leftS :-L K-t.I

occurrence of p^ and bi, ", . . . , b^ an A-sequenceK+r' ' 2

annnan*i-- L0 to b^. Since bi and bi,. are adjacent"-"6 "¡+l .¿ K Krt_
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and þ- and- p^ do not overlapo b-, bi! ... b:, b: -, ... b^:I

i s a.n A-seollenee eonnec,tinrr h t^ L ^- ^1^-''i^'lS modif i-u uvrrrfçu ,arr6 -l uu u2. rur vu v rvL

cation proves the result if either or both br: b, are

the left occurrences in p- and p^
-r -¿,

Definition 1.31-: trrle define a subset Kn-c I(<>)

as follows: P € Ta if a'nÄ nnlrr if "

,'; ; "";;,,: ;;";;;;r" "v,,¡.rs x,: x- -r- -n
/.-\(iiJ x, is the left variable synbol in p.

_I

/...\ -(iii) The pairs of adjacent variable s¡rmbols are
precisely: x-x^, x^x-, x -x . x x-.-J:¿- -'¿-)' -n-I-n' -n-I

By Lemmas 3.2\ and 3.26, if p¡ e € K., then
r-t

-- zl'fl rp=qe fd(U[). Furthermore, if pe K.nandp=q€
,/qñ \ïd(UL,), thenq.Krr.

fnparticular, F.rG €KrandsoF -G'Tr'nn'nn
nnholds in UL for each n.

Definition 3.3\z p e P(<Þ) tras property Pn if

-. å ^^-l -. -'F ¡clru urrlJ rr.

(r/ "o € f"-n
/..\ -(ii) There is an occurrence of x^ in p adjacent

-¿
botþ to some occurrence of x.r a+d to some occLLrrence of
x=.
-)
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tr{e note that tr' has P , whi}e G does not.nn'n

Lernma 1.152 Let x Ê Ïd(Ûl) ¡. such that any

identity of X contains occurrences of less than n

different variable s¡,'rnbols. If X l- p = q, and

p has P._, then q has Pn-n

Proof: Tf n is n- T^rê â""ê r1ñnê ôf'hom¡ìqa hr¡-b, -" la, . vufruf wrÐu, wJ

*".r"* ,.;r, l- p = q. clearty, it is suff i-
cient to show that a single application of ruJ-e S"

S-I
preserves P-; that is, if r = s + p = q and

L

nnc nf n ^v ^ haS P , then SO dOeS the Other. Weg v* Y .¡u" -n,

wiJ-l assume that p has P' and show that q also has

P The Other g:sc iq nrnr¡cä ín a Similar manner.n

since r = s e ra(ftr), the same set of
r¡ç¡ì oh] a c¡m'lra'l c -- 1- / -õ 

^ññ11võ J h f.Othvur r@uru ÐJlruu¿Ð Jl, . . . !_kt Ã \ tt, U(.:Ut.LL U l_I-L UL

r and s. trrie v-rite "(f,' ... If.) and s(yr, ... IO)

for r and s. Then for some pol¡momial syrnbols p_r,

-(^ \ .
ÐZt ... Pk, r\Pt, ... !t) is a subtenn of p and q is

the result of replacing this subterrn in p by the poly-
h^h¡-1 

^-*L^¡ ^/ 
\ .-rrv¡ur@r ÐJrrvvr È \p. , p._,) . We write r t and s I

-r -A

respectively for these subterrns of p and q.
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We note that r' can be decomposed into non-

nr¡er I ¡ nn-i n cr cr rhf-erms or1ir" form p-. These will be
I

called elementary subterros. Analagously, r,¡'e decomþose

sr into elementary subtenns. Since r and s contain the
same va.ri¡1¡1e crr-r-^r- -t --.r ^r COntain the Samev sr JqU19 ÐJ¡tIUU!Ð, I OIIU Ð

elementary subtenns. The left occurrences of two elem-
a¡l-¡vr¡ õ1i].+^ød in r t l* t l rz'o eã in¡en1. if ¡n¡ on1rr ifçIlu@IJ ÞqU UçtluÈ Jll f \! ,l Ors @ucjsvulru .ll slru vrrlJ

the r¡pri¡h]c sr¡mhnlq ther¡ ra'nl:r,a ìn r l=) "ro
ad iaeent- I-\rrthor in r Lher"e iS nO VAriable afi iaeent

' -'' :-'
to itsel_f. For if w is a.dìa.eent to itself in r ihon-' *Li -t
the left variable symbol o¡ p; is adjacent to itself

in r' and hence Ín p. But p has P_ and so the only

nairs of adincent variables are X_x^,...x _x. x x_.*-" -1-2' - - --n-l-nz -n-1'
Therefore, by Lemma J.26, r and s have identical left
r¡:riehl e <r¡mlrnl q- enrì idani'in¡l n¡.irs of ¡ô 'ì¡r-ent

¿çg!yq'¿lUv¿qvdavgl]

r¡nri ¡hl e srrmhnl q Tn n¡r-l-'í ottl er thc l cff. cl êmên*orrrv qf rqu¿u ÐJrrrvv¿ù. , uuç !çJ u çlg¡tlgrf u@f J

subterrns of r' and st are identical.
I,tre will call the left occurrence in an elem-

ont¡rr¡ <rrhfom ', Sgppofting OCCUffenCe.

hle assume that p has P. . Thus p € K, andnn'
sn È.hcn i< n c K-. fn p, thefe iS an OCCUrrenCe b^ Ofa - --n- --- t2 ¿

:r a.d iaeent hoth to an occurrence b of x and ¡.n_¿I_I

oeelrrrenee h nf * l^Iô mlìc-{- nrgl¡g that this alSOvTvL¿\2.¡tvluquvyf)-)
holds for o- The followins eâses exhaust all thea.

.- .". :pOSSI-Ol-Il-Il-€S3
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(:- ) Each or

(ii) rtro or

one inside.
/...\.\r1r-/ o1,

I

t. \ ^\ ]v/ une

two inside.

anlqrr¡ crrhl.a'm

subterm occurs

qn¡l h 'l-iac arrfcìÄaarru u7 !tçÞ vq uÈlug)
snd h Iio nrrf'si.de f t

)

lie within rr.

qnÄ h liac nrrtqiÄo rr qná
¡¿lfs v^

a-

1l'hv1t v^t
I¿1

"t ) "o)I'

and b-)
vt ) va2

I¿.

and

h
"ata

of

Ca.se li): Sinee n is nht¡incÁ frnm n hr¡ rcnl¡eino rt\!/.rrvl¡tyvJrvyJqv¿rlbf

-, 

-+'^e^ 
^-^-wJ Ð t ur¡çrç aru OCCl-lIfenCeS Of X- t Xn: and X? in q

....-f 
-a - 

)

hrr¡ino lho qqmo rcl¡ì:innqhin f- eaCh Othef aS dO b.,
I

'h ¡nA h Han¡e n h¡c Pv a2 qr¡q u2 Y lruu ¿ --
L / II¡

Case (ii): The occurrence inside ri rnust be the teft
occurrence of r' ( ly rcmme^ 3.29). rf the two occur-
rences outside rr are adjacent in p, then they remain
>,ìiqaonf cffor ?eÐla.einrr Tt hv St. ff the left".':
occurrence of rr is adjacent to an occurrence outside
T', then in q, this occurrence outside sr is adjacent
to the left occurrence in s'. But the ]-eft occurrences

of I' and- sr are identical. Hence q has P-.

(iii): rr b. ¡ b^: and bz lie in the same elem-
t-)

i^re are done, since the same elementary

in q.
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Assume that among br: b^¡ and b?, there is
I¿)

a non-supporting occurrence, but that not all three
occurrences belong to the sarne eleaentary subterm. By

ï,ommn 3 2Q znã ìts enr-nlI¡r-ieq- 1^ j¡ o ¡rrn¡¡ø]--ì/ . L/ qLLv ¿ uù uvr ulrqr rsÐ, 02 l-S a Süppoï-tJ.ng

occurrence, one of bì and bz is a supporting occurrence,¿ -,)

and the other lies in the same elementary subtem as b^.
¿

Assume that b- lies in p. and b^ and b- in p. Ther:f,¿):1^
I¿

----i ^Ll^ ^--L^r ^ v a.nd v a.re n.d ie.r'ent in r- and sovørfGUrç ÈJrttuu!Ð J- *rrq 4i crç 4uJouÇrru frf r,'r -z

there are adjacent occurrences 6f T+ and y- in s.
-t -2

TLren the left OC-'.vvanaa aF t in n js afliaeent in"- -2 --* åi^
C.

g' to the left occurrence of Il it pi_ i in addition,

jn n *La 1^+t occurrence of x -is a.d ìaeent to the','Ii^,..:2-"-"c,gUU¡IUUL
¿

^õî11TvòñÕa af v in n TTonna n l¡o¡ Þvuuur r çt¡ug v! 
^z 

!r¡ !-. . ¡lsIaçs \¿ rroÞ r .
-) -t il--2

It remains to consider the case r,i'hen b, > b^:
I'

h qva crrn¡arl-ì n--,-g occurrences. Thren in s1, there are

^rô^ õi1ññ^T+;Ad occurrences b:. b1. b3 of the variable4rÈu Ðu_Pìruf urrr6 L' "2t -3 "-

St¡mbOIS X_, X^. and X_. ItIe Can Constrj-rgt an A-Senrrenee-1 ', --2) "--" -t
for bi and b:, bl, bÅ, ... bL, bi, where s > o. A]-l

I)J-¿sl-

these occurrences are supporting: if, alnong them, there
I,¡ere some non-left occurrence of some elementary sub-

tetm, then the left occurrence of the same subterm
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Ïiould occur twice in the sequence, since by Lemma 3.29,
one can t'enter" and "leave" a subterrn only as a left
occurrence. Let P = x.x= x- x- xz be the correspond-| -¡ - )--L-2
ing sequence of variable synbols. ff P contains each of
x., x , then rr would contain at least n distinct
- | ' -r1'
a'loman-|orrr err1l*a'mq qnä ca r r.rr¡11]d COntain at leaS-U n

distinct variable sJ¡mbols, contradicting k ( n. Further,
if x. is missing, Pwould contain each of x., x=, x,

-¿ -L' -)' -n'
lrv Cnrol l ertr 1 )B Si nna v i s sl qô r qrrnn¡r|j rr ¿ . '- --^ -- '*-lg OCCUÏ -

-¿
rence, this vould again contradict k ( n. Hence P satis-
fies the conditions of Lenma 1.27, and so contains a sub-

r^i-ord xrx^42. fn the A-sequence, this yields an occurrence
-l-/È1

nf v c¡l ìoaanf hoth to an occurrcnr.e nf v end 2¡¡ occur-"'..2".4]øIfuc

rence of x-. Hence q has P
-)n

llçqa li-rl. Rr¡ frnrn] -l qyr¡ 3 zô l^ r. õ +Lô l a{.]_ ^.\rvl. DJ vvrv!!erJ ).)v, 'J2 1S Ine IeII OCCUffenCe

of I'. Assume that b= Iies outside rr and b. inside r?.)-r
If b1 belongs to the left elementary subterrn of rr, the

'l ammo i e nvnr¡aÂ SinCe the left elementary SUbterm Of Slu ulu¡¡r9rlUaI J Ðuu uE

has the salne form. Otherwise, by Corollary 1,3L, b. is a
!

clrnr¡nri.int 
^c?117-f.eneê- Henoe^ i- -I ihava -ì- r slrrlrtnrf.inoÐuyyvr urlrÈi vuuqtlçf,1u9. I¡srfus, alf È , UMIç fÞ ú uqyyvr urlrõ

oeeìrrrenee ho of ¡-. I{e .join b" in *ha lael- ¡nuuuul.lerrc- ,l ,r _, ,l Io Ine IeII occurïence

li of xp in s' by an A-sequence. As before, all occurrences



in jt, â-r.e sllnnôyr-inæ Tn *1¡i- sequ-en¿e, b1 adiOinSuf v u4yyur uf!tó. rrf, utrf Ð È r - ,¿

either an occurrenee Õf x- or ân occurrence of x::l -- :t'
In the first case, T,¡e are done, since bl is adjacent-
to the occurrence of xz outside s'. fn the second-)
a,âsê^ there â?'ê qllrìTìñr"iino 

^F?11TTÞnooq nf v v Õ'ñ¿luGÐu, ør u uqyyv euuúr r çtrusÞ 
"t laS :2: arlu

x= in sl, and the lemma is proved by the arglment in-)
^ /...\uase \ffl_/.

Tn o'ì-l aoeaa +hen, q haS P
n

Theorem 3.362 $f n.= no FEB.

Ð,^^-F¡ o e,,*-^ ^^ 
' fn 'ravvr. uuj,yuÞ= X g Id(UU) v'ere a f inite basis for

Id(Õï). There exists, then, a positive integer n

sllah -hqt cqah nn'lrmnmiql q¡mlral an¡¡¡vrfnr in \-r_rççuL L rLrE rLr L COn-

tains fewer than n variable syrnbols. fhen, sÍnce

X l-- e^ = G.^ and F.^ has P._, by the last lemma, G'nnnn'n
must have P . But G does not have P

n
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CTIAPTER TV

SURVEY OF OTHER RESULTS

Tkre aim of this chapter is to present a

sunmary of all the additional results known to the

author concerning the finite equational basis problem.

Tho of the shorter results, proving the existence of
a l'trlB for ¡nrr Ronl e.:¡n el crehr": enà anv ahc'l i 2.., ar**_r o_'oüP:

are presented in full detail. The remainder of the

results are meïely stated, with possibly an indication
of their proofs.

l. Boolean e I oohra q

Definition 4.1: A Boolean alsehra is a.n a.ls'ebra
I
Ð = Gtv t h t ', o, Þ satisfying the following
identities:X =$,"vx=xt x^x=x, xvy=

1,-

VVx: x^y= YAx¡ x y(y vz) = (*, y)v r,
x^(y^z)= ({ny) nr, xn(xvy)=x:
{v(xAy)=x, xv(y^z)= (*v{) n (*-vr),
xn(yvz)= (-nv) v(4az), oyx=x, 16x=
{: xYx.l=1, 4A{'=9$

dÌLet & denote the 2-element Boolean algebra.
We have already shown that fd(ß) f.u" a finite basis.

4
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Theorem 4.2: Let þ be a Boolean algebra r.¡ith more

,9. .ô.than two elements. Then Id(Ð) = Id(Á).

fProof: Since B has more than two elements, ÅO has a
r-1two-element subalgebra isomorphic to & ff p = q

. {r.oholds in &J, then p = q holds in the two-element sub-
O .daalgebra, and so in Ãs . Conversely, tet p = g € Id(6 ).

Ï.'r¡err¡ Rnnl osn q-l oohvq 'i q q crr'l¡,1 r'voa.| h^r.rôz nf t1-_,ì.e two_

element Boolean algebra (tnls can be proved by showing
+ì^^+ +L^-^ -f --^--a e¡¡i si,s ¡ nz,ima ìdaq.l qon¡zq-i_irulld u ullvJ. c d,Iw d,J v s }/r lrru * - -,lg any

tr^¡o distinct elements, as Ín Post Slstems IIf). Then
p

'-r,^+ h^ri -'.^ [4IJ : q trruÞ rJ rruru lrr d\/ .

CoyolLary 4.32 Any Boolean algebra has a tr'EB.

2. Abelian Groups

The major result of this section is due to
B. H. Neumann [12].

DefÍnition )¡ )r. A ^-^.,*T. T. ð F\Ml'

-t(G; . , , 1) of ty¡te 1211, O),

identities X (see paCe ,1).

Let K = X" denote the
õ7^ì,hõ ÕhÄ 'r ^+ T = <prl, O).6rVu-VÞ, Glfu Iç 

lñ
consrlrenee relation .r" LiglP )L \s /

qnÄ nn''ì r¡ if 5- Lr_p=q.

ryis an algebra U& =

s¡'J-.i sf r¡i no fho gïoup

equational class of
Let X also denote the
Ãof inod ?¡¡¡ ¡ Ê ^ ls-ì ir
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Rr¡ Tlreov.om 2 DD ¡nrr ì Äcnf.i l-.r¡ r

r-s equr-varenr modulo X to an identity of-

- l. , f \ -Lenma4.): Let'p(x^, x _)=L

rÊt tt,r 4r"t6¡/,- S"J;;, ";
d.enote the commutator subgroup of tÉ,"r.
p(x^, x -) = I is eouiva.'lent modulo5\rc7 - -. ::n_L/ = -" "4**

identÍty of the form:

e Ia(? ).

ret 01'(")
0

Then

Xtoan

d,^ ct_ q,
UIN-Ix^ . x-*. x '--* l:' = 1

ir -j- -TL- L

ì r .1 ^. / \ /-- .where fp'l e G'(n). (Note3 Øi = O will indicate non-

occlrïrence of x. in this forrn of the identity. )
-J

N1 ,\-
U[ ("1 is generated by [¡o], [In-r].

g

e G(n), so lpl = [q.][r] where lrl e G'(n),
QââF/^ 21 ?1- 1T ì vr T ! r T A-!= lx. | -lx. I lx. I -- * where

UIK-I

Proof:

Now [p-]

-h.r | ^'l@11q L \4J

Í, .i -' 1 - 5n . -. 'J -.: --t tO, tl, tL-t5 1.u: L) n-r): ano agafn,

Ê * = O will be used to indicate non-occurrence of the
.J

onrrir¡¡lcnno nlrq^ j'- ¡""^^r- j^- õr-- -^ fo f '^ I ¡ fdvyurvululaeu u¿q.;s rn quesrron. Since Ul(.l:.)/ $l^'(n)
slf

is aberian, lpl =[x. ]Êo ... lx-. l%-t["] =

r5rootrrr"' ..,*-rro-',n',,î""",g, e G, (n),

d^ q1 d. -' . ø^ d^.
IVIII-¿-IVIl-Ilx^ . x- x lr'1. lnen )- h- x^ ... x - p' = JJ.-{, -I -n-I I { -n-_L :
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-l'l',nen¿rP=r

.r'N
\, I

and X, x^ x,__1-,/ _I

i s ¡reei sel v T,rhâ.t

d^ d1VI
X^ Xr-1-/ -r

n-l
rv

-n-t
r'c ¡anrr'ìvoAru rvYq¿rvs.

('t.

-trv-n-r

Definition )+.6: Consider ül (ø ) =
0

the free group on 14, generators, and its
- M.tsubgroup (JL'(r"r ). An identity p = I is-g

comnutator identity if lpl e G'(a¡).

t-l-- P = l, and this

1ñ
"f (t )/2,
commutator

called a

l-
'l,n€'ñ1"èm L /t Letr. l'

has a basis consisting
kidentity å- = l, where k is the least colnmon multiple

tuof the orders of all the elements of tÆ- (if such k
Ã

\-\dexists), and commutator identities.

Proof: Note first that k is the smallest positive

integer for which -K = I holds, for if xffi = I holds,
then the order of every element divides m, and so k

divides m, implying that k -( m. Now if p = I holds
/Min UL, we can assume that this identity has the form:

€ 0ô cxr 0- .r
v I Il-! r r ì ^¡ / \x^ xa x.^ r p' - L, LB'l € ti'\n/.

a/ -r -ü-r

For each i = O¡ l, n-l: substitute x- for x- and

1 for the x. where j I i. !tre get that the following
a

aa qn 
. On-l

hold in {f-} : 5' = l, ... 1r'_'i' = f . Since k divides
il'\,
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cy.. we
1'

ihese

-l - 
12 -:

^.^J - lqrru J¿

have Ëha

Iatter iC

holds in
- I is a

+ \. ..L _ , l__ _-cYi _ 
"L â, À -l ' èi - L. AISO, sl_nce

entities hold ín 'll , r" must have rhar
¿i

f"t1 '
Ui . Tiìen L-, *tt : 1. or : 1 Í,- ., = I -

ü 
' 

- 
: 3 'É ='

conlmut-ator identiËy, since Ct(n) Ë G'(æ).

If no positive ínteger
A,r

holds tn Üb, ühen all Ídentities
ti

from E and comrnutator identitÍes.

such that Ak : 1

can be deduced

k exists
ßr'4

(

Corol I arv 4. B :

finitely based.

Proo f : Ler [p'] € c'(a¡).

Hence X, 5'.-y : J.x, ÃL : I

is abelian, then id(ûó) isrf fô

s, êcJ-

- -rÍ\'l'rd( ul, .

ú

Then

¡-

:J'ë l---pt:f.

3. Further Results

/\n\a/ rrlmaL Algebras:

,ì.,\
Def Ínition 4.9 : An algebr ^ 

,ri'U i s primal if ír i s

A-finite, ivith more than one elemenL, and if every functíon

f: an -à A is a polynomial.

. Rosenbloom [iSu] has shown thaË every primal
algebra which is F-finire has a FEB. Maclcenzie [9]
has províded a simptifíed proof of this result. For each
n ) 1, he exhibiis a primal algebra Ü1*,irfi n elemenrs

which has a FEB. Any primar argebra þ with n erements, then,
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can be assumed to be defined on the safi.e set A ,
fr1

so is eou'iwalent tO Ub . fhen bv Theorem 2 27.J rlrçv¿ vlr L. 1 
L

is ¡'-f inIte, then it has a FEB.

and
{

if ÀJ

(¡ ) lirect Products of Prima]- ru6çUr Aù

pefinition h.to: A ctass K = {mrr¡i . r! or

¡-l oohroc af f ha s¡me trrnc i s s¡id tn Jre in¡le¡c.,l.ent ifv,y vu rÐ Ðqru uv us rrtuç vgllu(]
whener¡er ,l rr I ì c T k er.e nnl rmnmi o'l orm'hn] õ +hwrlsrrcvsl. 

J, 
gi l-L s r ! @rç }JvlJrluIIIIal- SJfmOOfS, trnen

thefe jS a. ¡ol]¡¡nnr'o1 ¡¡*]^^'l - ^rrnh Lhq.|. n ,i-nÄrrna¡ .]-t¡^¿u s _yvlJlrvrll¿qr ùJ!rUUI tU ÞuutJ urloU ! frtuL,LçË¡j tlle
tu

same polynomial in UU_ as does p_., for each i e f.
l_ -,1

Yaqub lf7] nas proved the fotlowing:

Theorem L.rr: rrK= {ffir, Wr, ffi"g is
¡ f ìnif a inÄana-dcnt n-l aqq nf nrj¡¿.1 ¡.1 øehraS- thgnv¿ yr 4rts¿ @róu uI q.Ð, L

m= ffi,r" ffir"...x ffi,rn.=aFEB.

The proof of this theorem depends upon the
following lemma due to Foster [2], presented here with-
out proof:

ø
Iemma )+.l-Zz Let K be as above. An algebra þ of

the same type is isomorphic to a subdirect product of
sllhdirect rlôr.rêr^s of thc tr. if snd nnlr¡ if.vv v yvvYvf p v¡ 

-ti -- urru vrr¿J ¿r .

tu*_m-f¡a( IIE lfl llf 't ø r. / [\ \ru\ \¿r&1 j! wv' x ... x vvl b. rq\ AJ /.
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Yaqub points out that Foster uses only a

finite subset x E ra( fr}, x ffi, * ... x tlrr) t,t
his proof, and that the lemma can be reformulated by

,fu Mreplacing fa( [)[,r x ... x Ub) by X. The proof of

the theorem then follows easily by consÍdering ther
free algebra $ on dð generators satisfying X. Tf

Árâ Ââp = q hol-ds in Ut., x ... x Uü..r, then it holds in
&err"reach U[r, and so in tr which is a subdireci product

of subdirect powers of the ffi,.. So x þ- p = q.a-

(c) Semi-Groups

Def inition \.t3, A uni.forml{ periodic semi-gr,oup

is one satisfying an identity of the forrn:

m+k m

Def inition )1. f4: A permuta.tive semi-group is one

s¡tisfr¡-l'r:'o an i¡lanfi-fr¡ nf ].ha fe_,._ -Jrm:
X^X. X - = X ¡^rX z-\ ,.. X t -\--u-r Tl.-r -v\u/--ll(I/ -v(n-IJ

where v is a pennutation of the syrnbols 0, L, n-1.

Perkins [f4] iras obtained the following results:

Th.e.orem 4.t5: Every commutative semi-groups has

a FEB.

Theorem \.t62 Every uniforrnly periodic, permutative
seni-s'roun has a, FEB.



q'1

^,^,.s ^.Éa6r vu_v ur

h^+ tâ--.^lru u ft@vg

{o o\t,To ol

Theorem 4.LTz Every three-element semi-group has

a FEB.

Tki.eorem 4. f7 foffor¡s almost immediately from
Tkreorem 4.t6, since of the eighteen isomorphism-anti-
isomorphism t¡rpes of three-element semi-groups (enumer-

¡f.câ Jrrr Ïlnrqrrl-ha ' r-ì\
L vL pr -..- l-n LI ) ) t seventeen are permutative,

while the eighteenth can be shown to have a FEB u.sing

normal f orms.

Perkins has also displâyed a six-element semi-

matrj-ces under matrix multiplication which does

a tr'EB. The matrices are:

.{, o\ lol\ {o o\ {r o\ {o o\
' Io Ll ' [o o] ' [, o] ' [o oj ' Io L]

lå ì l\T-ir*^+^-+ ^'^d\ u / r! rlPv uçIl u ørll tr'inite êrnrrn<

¡rnr¡a ¡l .r ôt ,Lynoon Löl nas

Theorem l. -ô4.1ö: tr-very nilpotent grorlp has a FEB.

Hj-s result has been generalized by Higman [)]
as follows:

Tkr,eorem \.t9: Let K and L be equational classes of
^*r 1^* KoL denote the eclll¡tionn.l c'l¡ss of srolrnsóruu!È, @llu !ç U \o! UEff\J UË UIIU Ca**

with a normal subroup in K with factor group in L. Then

Tã(K^T,) ;o fini-|-plw hesed if er¡arrr crrrìrrrr in K ìc ni'lnnianl¿u \rrolrr fÈ f JrrruvlJ uquuq r! evu_d Q__*¡ *__ *_ _! lIIIyuucIIU,
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. *./-\ .and Id(L) is finitely based.

fhis is indeed a general ization, for let 01
abe a nilpotent group. Then the equational class K

øÅgenerated by l,r! has every group in it nilpotent, and-ñ
rd(K) = rd( tl ). since K = KoT, where r is the-rr

v
equational class of one-element groups (which is
trivially finitely based), Id(K) is finitely based,

by Higmanls theorem. Hence, Id(ru) is finitety
based. 0

The following theorem has been proved by

Oates and Powelf [15]:

I ^^l_neorem 4. ¿ui Flrê".1¡ fìnitc orôrrn hqq q ïrFIlì

(e) Non-distributive Lattices

ït is well-known

lattice contains one of the

that any non-distributive
€n1 -l ar.rinr oc aì1laâl oclrreq.I v!!vw f l1õ AÞ ÐUvqróv ur aù .
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B. Jonson has communicated to G. Gratzer that he has

-. /"" \
SnOT,rn t,na.[, Io(lvl-/ nas A I'fnlte þaSl-S.
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Kirby Baker (in an unpublished result) has

shown thaË there exist an infiniËe lat,tice with no FEB.

This infiniËe lattíce Ís. in fact. modular.
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