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Abstract

The l)el¿r,u¡tay triangulation of a. set of sites (points in the pla,ne) can be cleflnecl as the

tliangulation rvith the propet'ty that the cilcurncircle of ezr,ch tliangle is ernpty (contains no

site). I generalize this to ctef.ne em1tt'y-slto,¡te L'rirtngulo,tior¿s. Ãt empty-sha,pe trierngulation is

riefrnecl by a set of shapes rvith the property that any triangle ira,s a uniclue cilcumscribing

shape. 'Ihe Del¿r,unay triangul¿r.tion is the empty-shape tliangulation where the sher,pes

consist of the set of all cilcles.

Irr this thesis I clevelop a taxonorny for tria,ngula,tion algolithrns, clescribe ancl irnple-

rnent a plane srveep a,lgorithm for ernpty-shape tliangulations, clescribe algorithms f'or con-

strainecl empty-shape triangulations ancl an algorithm for higher'-climensional empty-shape

triangulations. I implement an algorithm fol computing convex-clistance-fìrnction Delaunay

tliangulations by extencling them to empty-shape triangulations ancl then extracting the

appropriate subtriangulation.

Two ploperties of the Delaunay triangulation are necessary for the colrectness of the

known efficient algolithms. I prove that the only triangulations with these ploper-ties ale

ernpty-shape triangulations.

I analyze, implement and measure the performance of Delaunay triangulation algorithms

on random convex polygons.

There is no generally acceptecl defi.nition of what a random convex polygon is. I give

several operational deflnitions, clesign effi.cient algorithms and implement some of them.



Acknowledgernents

I thanh Bill I{osliins ancl l)ereck Nleeli f'ol theil supelvision ancl useful fèedb¿rc]i rvithout

lvhich this thesis woulcl neveL ha,ve been completecl.

I th¿rnk Jucly GoÌclsurith for ploclcling me to get the thesis into sha,pe.

'Ihanhs to Robert 'firom¿r,s fol his caleful reacling of this rnanrLsclipt.

'Ihanl<s to D¿vicl Kilkpatrich tr,ncl Barly Sch¿r,uclt fol usefìrl cliscussions. (Ancl zr.pologies

to ìlarlv for fincling a ]role in his a,lgolithm.)

Ald specia,l th¿ln"l<s to all rny friencls rvho never clorLbtecl that I rvoulcl one cltr,y flnish rny

thesis.

Ancl extra special thanhs to Donalcl Knuth for TþX.

rlt



Contents

Abstract

Acknowledgements

Contents

List of Tat¡les

List of Figures

ltt

IV

TX

Introduction
1.1 Tliangulation Algorithm Taxonomy .

I.2 Locally Optimized lÌiangulations

1.3 Convex-Distance-Function Delaunay tliangulations
'L4 Constrainecl Delaunay triangulation

1.5 Delaunay Triangulation of Convex Polygons B

1.6 Generating Ranclom Convex Polygons I
I.7 Contributions of this thesis 10

1

4

4

o

B

Triangulation Algorithms
2.I Introcluction . .

2.L.1, Constraint ploperties

2.'1.2 lVletric ploperties 18

2.L3 Algorithm paladigms 2I

2.2 Flip Triangulation Algorithms 23

2.2.I Delaunay triangulation . 23

t2

T2

12

IV



2.'2.2 (ionstr'¿r,inecl l)elarLna.y tliitrrgultr,tiorr

2.2.3 Simple polygon Delaunay tria.ngula,l;iorr

2.2.4 Convex-Polygon Delauna.y tliangul¿r,tion

2.2.5 Convex-Distance-Irunction l)elaLrnay tliangulation

2.3 Incrernent¿rl'Jìriangula.tion Algorithms

2.3.1 Dela,unay tliangulation .

2.iJ.2 Constrainecl Delaunay trizrngulai;ion

2.3.:ì Simple polygon l)elaunay tliangulation

2.3.+ Convex-Polygon Delauna,y tliangul¿rtion

2.3.5 Special pol.ygon Delaunay triangulation

2.:1.6 Convex-Distance-Function Delauray triangulzrtiou

2.4 Selection Triangultr,tion Algolitlurrs

2.+.I Delaunzly triangulation .

2.4.2 Constr-ainecl Delaunay tliangulation

2.4.3 Sirnple polygon Deltr,rnay triangulation

2.4.+ Co¡.vex-Polygon Delaunay triangulation

2.4.5 Convex-Distance-Function Delaunay tliangulation

2.5 Sweepline Tliangulation Algolithms

2.5.I Delaunay tliangulation .

2.5.2 Constrainecl Delaunay triangulation

2.5.3 Simple polygon Delaunay triangulation

2.5.4 Special polygon Delaunay triangulation

2.5.5 Convex-Polygon Delaunay triangulation

2.5.6 Convex-Distance-Function Delaunay triangulation

2.6 Divide-ancl-Conquer Triangulation Algorithms .

2.6.1 Delaunay triangulation .

2.6-2 Constrainecl Delaunay triangulation

2.6.3 Simple polygon Delaunay triangulation

2.6.4 Special polygon Delaunay triangulation

2.6.5 Convex-Polygon Delaunay tr-iangulation

2.6.6 Convex-Distance-Function Delaunay triangulation

26

27

27

28

2B

r)()

r) ¿)

34

34

34
.ta
t) i-)

e|i

,1,

.to
+<)

44

44

45

+Ð

É,,l

59

59

60

60

61

61

62

66

DO

oo

66

672.7 Conclusion



Local Optimization of Triangulations

3.1 IntlochLcl;ion

3.1.1 Optirnal triangrilations .

3.1.2 S)rstematic'Iriangulations

3.1.3 Local tl'i¿ngulations 71

3.1.4 Locally Optirnizecl Triangulations . 72

3.2 Flips 72

3.3 Tlitr.ngle-Basecl Flip Rules 76

69

69

69

70

81

B3

90

96

97

r07

108

109

118

119

ii9
720

726

r41,

148

150

() ,l

.ì (.

3.6

3.3.1 Algolithms for GOl's
'J,'he DelarLnay lfriangulation

Testing FIip Rules

Systematic ancl Local Flip Rules are Genelalizecl Delauna,y ¡ulsg

3.6.1 Systematic local rules have the cilcumscribing ploperty

3.6.2 Rules rvith the circumscribing ploperty ¿rle systeuratic anct local

3.6.3 TIie only rotation ancl translation-invali¿nt systernatic local flip rule

is DII'.

3.6.4 The only systematic local homothetic flip lules ale generalizecl De-

launay rules.

3.7 Conclusion

Cornputing Empty-Shape Triangulations

+.1 Two climensions .

4.1.1 An implementation of the sweepline algorithm

4.I.2 Computing convex-clistance-function Delaunay triangulations

4-I.3 Boundins unboundecl "ciLcles"

4.1.4 Constrainecl empty-shape Delaunay tliangulations

4.2 Thlee or iVlole Dirnensions

4.2.7 Fligher'-Dimensional Convex Distance Functions

4.2.2 An Algorithm for lligher-Dimensional Convex-Distance-Function De-

Iaunay Triangulation

+.3 Conclusion

142

1 /lq

143

Delaunay triangulation of convex polygons 1-51

5.1 Introduction 151

VI



|<,)

5.3

5.4

Previous rvorlç .

Plelir¡rinaries

An¿r,lysis

5.4.1 'Ihe Circurncilcle Algorithrn .

5.4.2'fhe Divicle-ancl-Concluer Algorithm

5.4.3 'Ihe Incremental Algorithm

lt)mpirical 'I'ests

Conclusion

152

1 K'l

153

154

157

159

161

ltr)

6 Generating Random Convex Polygons

6.1 Intloclnction

6.2 Rejection

6.3 Itera,tion

6.4 Vectol

6.5 Bounce

6.6 'Iì'iangnlation

Ð.t)

6.7

6.8

L74

r74

6.6.1 Realizing a Delaunay triangulation

6.6.2 Realizing a Delaunay tlia,ngu.lation

ln

tn

O(nz) time.

O(n.) time.

1/t)

I Bl

IB2

184

186

186

189

rg2

193

194

195

195

195

195

196

196

196

6.6.3 Implementation

Dual

Conclusion

7 Further Work
7.I Performance of Delaunay tlianguiation algolithms

7.2 Is Locality Necessary?

7.3 Mole Powerful Flip Rules

7.4 Fligher-Dimensional Convex-Distance-Function Delaunay triangulation

7.5 Robustness of Delaunay triangulation algorithms

7.6 Convex-Polygon Delaunay triangulation

8 Conclusion

A DT - -r1- -c-æ = (rr?)r - abcy = (Rr2lL)o

7.7 Random convex polygons 196

7.B Prove lineal numbel of points generated by the itelation algorithm 197

198

20r

vlt



B D:I'I P1, D7' f s2, Dll'I -ot

C Calculation of badness rneasllres

D Miscellaneous function definitions

Bibliography

Index of Definitions

Colophon

208

2IO

213

2t7

245

24Ð

vllt



l,ist of Tabtres

2.r
,.,
¿..')

2.4

3.1

ao

J.J

.) ,l

Delaunay tlitrngulzrt ion problems

Publishect TrizrngrLlation Algorithms

Incrernent¿r,l Delauna,y 1'ria,ngula,tion Algolitluns 32

Dxecution time (seconcts) f'ol sorne irnplernent¿tions 67

Sorrre ploposecl flip lules 77

78

81

93

Some possible baclness measules fol triangles

2t
g,l

Some possible joint functions

% of flip graphs of each type for flip rrles

IX



[,ist of Figures

1.1 Voronoi cliaglam (solicl) ancl Delaunay triangulation (clottecl)

Constr¿r,int propelties

Nletric properties

Bounclecl Volonoi diaglam ancl constrainetl De]¿rtLna,), triarLgul¿l,tion

Ilxtra sheets in constlainecl Voronoi cliaglarn

Confonning Delaunay triangulation. Aclclecl points ¿lre marhecl rvith lruÌlets.

Ball for a convex clistance function

Flip algorithrn

Proposecl bucket olclerings

Circnmcilcle algorithm. Stack is in bokl

Cilcumcilcle algorithm. Queue is in bolcl

Boundaly size in circumcilcle algorithm (log scale) 38

Strip tangent to the part of OABC on the same sicle of AB as C . 39

Search for a Delaunay tliangle using an c sortecl list 39

Bucl<et search for a Delaunay tliangle 40

Graph folmed by intersection of buckets with a cilcle

Type I eclge AC is aclcled when sweepline le¿ches C

Type Ii eclge AC is aclcled rvhen sweepline reaches G

Circles thr-ough bounclaly edges tangent to sweepline

2.r

2.2

2.3

,,1

2.5

2.6

2.7

2.8

2.9

2.70

2.IT

2.t2

2.73

2.74

2.15

2.16

2.17

2.18

2.I9

2.20

2.21,

2.22

2.23

2

i3

13

15

16

I7

20
¡-) <

30

36

37

4I

+c

47

LR

Sweep tangent circles in the wrong order . 48

Boundary changes from aX AY B to aX AC AY B 49

Bounclary is LAfuIAXNXAYL 50

CAis a Delaunay edge . 51

Sweep algorithm 52



,) ),1

2.25

2.26

2.27

2.28

2.29

2.30

Ð r)1
L.¿ I

2.32

3.1
r)o

a.)

ò.+

3.6

¿.1

3.8

3.9

3.10

3.11

3.'r2

3.13

11Àd. fT

3.15

3.16

3.r7

3.18

3.19

3.20

3.27

3.22

aoe

Srveep algorithrn

P¿lr'tial constt'ainecl l)elaunay tlizrngula,tion--Cjonstr'¿lint eclges ¿rle in bolcl

ABC can be ¿r,clclecl to the tria,ngulation rvhen the srveepline reac]res r?'

hcorning eclges for' ¿r, site event

Outgoing eclges fol a site event

I¡incling the next cross eclge

IVIelging trvo tliangrilations

D ivi cle- anc|'- C onc¡rer triangula,tion

A veltical stlip. Constlaint edges

nonsystemattc

are in boÌcl.

ÐJ

54

58

61

63

64

oi)

It)A flip

Irlip graph for ¿r, seven site set T+

Dilectecl flip grzr.ph rLsing shortel cliagona,l T5

Neithel Greecly nol iVlinirnum lVeight triangulation is loc¿i 81

Delaunay tliangulation of ABC D is ABC, AC D

Sorne possible triangulations of P .

Possible clilected flip glaphs

Dilected flip graph using --81
Scattel plot for'flip rules

Regions arouncl a triangle
n

)iruoularxr TS(BC E) . .

Flip glaplrs fot ABCDB ancl A'BCDE.
Fj(ABE) and Fj(AC E) . .

Not a type I flip graph

Not a type I flip graph

D :TEC
Fiip graplr of A'B'CtDE'
Inserting C' in the triangulation of. AIBtDtE'
C E BDE ì ABD
Bither nonlocal or

D e ¿,RC

öl)

BB

90

92

95

96

9B

99

100

i00

101

r02

103

103

104

105

I.UÐ

106

707F+ (ABC) is convex



:1.24 Ii ¿ìr(l 1ll intersect thr-ee tirnes t()B

3.25 ll\vo cliffelent -1,'0 cnlves 'l0g

3.26 ABC is homothetic to A|B'C 11l

3.27 I( a,nc[ ,fl' intersect three times 112

3.28 Ii and a translate of II(P,3)lf intelsect thlee times. 113

3.29 Trvo common sLrppolt lines II4
3.30 5'¡'(/, /'}) 116

4.1

,|,
,t e

4.4

+.5

4. t)

4.7

4.8

5.1

|<Q

5.4

5.6

ù.t

Ð.¿J

5.9

5.10

5.11

5.r2

5.13

5.r4

Srveep algorithrn

Srveep algorithrn

Possible values f'ol whichcorner

in-right-tri is not a flip rule

[A,B,C] ancl in-rÍght-tri [A,B,C,D]

Regions for support-right-tri A B '132

cclf Delaunay triangulation f'ol a light tliangle 136

Selection algorithm fol right tliangle rvith rounclecl colner-s (solict lines) . 138

ì)elannay tliangulation where "ciLcle" is a hyperbola rvith asymptotes r*!/ -
0 ancl lJ = 0. I42

127

128

r30

131

4-g Locally Delaunay but not globally Delaunay

4.10 ABCD has trvo circumballs in the /* metric

144

146

154

158

160

160

r62

How Ap¡rpnytn¡1 cliv

lVlerging the tliangu

Division of P by p¿p

Actding p¿ to D¿-1

ides P

lations of two sub-polygons

J

Average triangulation time

The clual of a triangulation 164

Average eclge length 165

Distribution of 31-gon eclge lengths 166

A polygon with long eclges . 1,67

Average number of distance comparisons 168

Derivation of G! 169

496-gon vertex clegrees 1,70

Average numbel of flips 177

Avelage triangulation time L72

xlt



6.1 rf is chosen fì'orn the unifolm clistlibution orL fr'rrrir1, r"rn¿lx]

6.2 Acceptzrnce legions for aclcling tr point to P

6.3 IIorv the accepta,nce regions chtr,nge rvhen a nerv point It is aclclecl

6.4 'I'r'ee rotation tahes time O(1)

6.5 l)ivicling exterior of the hull into legions

6.6 Convex polygon eclges regarclecl ¿rs vectors

6.7 Adcting tliangle ;lCll
6.8 RezlÌizing a, I)elauntr,y trii,r,ngulation

6.9 ,4,86' clivicles the triangulaiion into three compone¡rts

6.l0 DuaÌ of trizrngulation ancl travers¿ll order' .

6.11 Nerv culrent tritr,ngle is lxeviously unvisitecl

6.12 Realizing a Delaun¿ìy tliangula.tion-O(n) algorithrn

6.13 il.'r'avelsai orclel fol anqles

t75

177

180

181

182

183

187

1BB

189

190

190

191

'l92

202

203

204

208

1\.1

4.2

lL..l

Inscribecl Circles

Quactrilateral ABC'l)

Cyclic <luaclrilateraÌs

I-ì.1 A countelexamole

C.l Case 1: yB not between '!JA a:n(L Ac 21I
C.2 Case 2: y¡ is betweerL yA an(I yC 272

xlll



Lna,gine ¿l v¿rst sheet of p¿per on rvhich straight Lines, ll'riangles, Sc¡Lales,

Pentagons, Llexagons, ¿rncl other figules, inste¿r,cl of rernai¡Ling flxecl in their

pla,ces, rnove fì'eely about, on or in the sur-face, but rvithout the powet'of lis-

ing a,bove or sinking belorv it, r'ery much lihe shaclorvs*-only har-cl rvith lurni-

nous eclges--ancl you will then ha,ve a pletty colrect notion of my country ancl

countLymen. . .

Our lVomen are Straiplht Lines.

Our Solcliels ancl Lowest Classes of lVolkmen ale 1'r'iangles rvith t'"vo ec¡ral

sicles, each about eleven inches long, ancl a b¿r,se or thilcl sicle so sholt (often

not exceecling ltalf an inch) that they form at their veltices & vely shtrlp a,ncl

folmiclable angle. Incleecl w]ren theil ll¿l,ses a¡e of the most clegrzrdecl type (not

mole than 1;he eighth par-t of an inch irr- size), they can haldlv be clistinguishecl

from Sl;r'aight Lines or' lVomen; so extlernelv pointecl ale theil vertices.

. . .a rvise orclinance of Nature has clecr-eecl that, in proportion as the'"volhing-

classes increase in intelligence, hnorvleclge ancl all virtue, in that same propoltion
their acute angle (rvhich mal<es thein physically terlible) shall increase also ancl

apploximate to the comparatively harmless angle of an lìcluilateral TÌ'iangle.

IhLrs, in the most brutal and folmiclable of the solclier class-cleatules almost

on a level with women in their lacl< of intelligence-it is found that, as they wax

in the mental ability necessaÌy to employ their tr-emenclous penetlating poweï

to aclvantage, so they wane in the porvel of penetlation itself.

Eclrvin A. Abbott FlatlandII]



Chapten 1-

Introduction

A set of sites (points) in the plane ca,n be connectecl into ¿r network of tliangles by .joining
pails of sites rvith line segrnents so tha,t no segments closs ancl no more segments can be

aclclecl. Thele ¿ìr'e many applications of tr-iangulations:

o A sttlveyol nLeasules the height of the grouncl at ¿ set of a sites, ancl then rvants to

flncl a surface intelpolating those sites (fol example, to constluct a contoul rnap).

Tliangulating the sites gives a polyhedral surface [32g].

e A mechanical engineer who wishes to ana,lyze a mechanical component can clivide it
up into flnite elements ancl solve the resulting equations. Tliangular elements are a
popular choice [341].

c If the sites replesent an image, we might wish to cluster the sites into groups that are

close together'. Triangulating the sites connects each site to others that are close to

ft [86].

e If the sites represent post offi.ces, we might wish to find the post offi.ce closest to

a given query location (tiris is called the post offi.ce problem [185]). For each post

office, the set of sites that it is closest to is known as its Voronoi polygon. The set

of all Voronoi polygons is called the Voronoi diagram [318]. The Voronoi diaglam is
clual to the Delaunay triangulation (see fi.gure 1.1) ancl can be constlucted from it in
time O(n ). To solve the post-ofrce problem it is oniy necessar-y to locate the Voronoi
polygon containing the query point [295].
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Figule 1.1: Voronoi diagrarn (solicl) and l)elaunay triangulation (dottecl)

If the sites r-epresent cities that we wish to connect in a porver grid by .joining cities

with straight power lines, then the gricl rvith the shortest total line length is the Ðu-

cliclean minimum spanning tlee of the sites. Using a general minimum-spanning-tree

algorithm to compute this lequiles examining O("') edges. 'Ihe trucliclean minimurn

spanning tr-eeis a subgraph of the Delaunay tliangtlation [78] (seefi.gure 1.1) and can

lre constrncted flom it in tirne O(n) [Z0l].

Other applications of triangulations inclucle such flelds as robotics [245], pattern

recognition [311], surface fltting [19], computer-aidecl geometric clesign [2Bg], geog-

raphy [255], geology 13271, alchitecture [233], medicine [20], computer- graphics [10],
forestry [324], VLSI [208], remote sensing [81], image processing [143], computel vi-

sion [114], and hyclrology 1167]. Aurenhammer [15], Bern ancl Eppstein [25], okabe ef

al. 12481, and De Floriani [74] survey many of these applications.

s-o'ì---
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'fhe lnost cornrnonly constltLctecl tlia,ngultr,tion is the I)el¿urna.y trinngulation. Thele ¿rre

trvo reasons for this;

1. there are f¿rst (O(n logri)) algorithrns for its colstnLction:

e clivicle anrl concßrer 1202],

ø r'anclomizecl inclernental [148], or

o plane srveep [122].

2. it h¿r,s nseful geometric propelties;

e Amortgst all trizr,ngulations, it optirnizes variorls triangultr,tion n.Leasrles. 'Ihese

inclucle

- rnaximizing the minimurn angle [2gB],

- minirnizing the uraximurn cilcumscribecl cilcle [21],

- rninimizirg the maximum smallest enclosing circlel IT1,266],

- minimizing the integral of the graclient sc¡ralecl 126I,272], ancl

- maximizing the mean inlaclius (pr.ovecl in appenclix A).

o 'Ihe cilcumcir-cle of each triangle contains no other site [78].

c It contains as subgraphs the convex hull, the Euclidean minimum spanning tlee,

tÌre Gabriel glaph Ii30], ancl the relaiive neighbourhood grapìr [312] of the sites.

o The length of the sholtest path between two sites along eclges of the Delaunay

triangulation is within a constant factor of the straight-line clistance [53, 90, 174].

o If rve cleflne a relation on the triangles by their order along lays from a given

site, then that relation is a partial order [75, 95].

The fact the Delaunay triangulation optimizes so many measures has led some an-

thors astr-ay in claiming that the Delaunay triangulation minimizes the sum of the

minimum triangle angles 1206, 257, 260, 2941, that it minimizes the standarcl clevia-

tion of the triangle angles [129], and that it minimizes the totaleclge length [89,295].
(Counterexamples to these claims can be found in appentlix B.)

'The smallest encÌosing circle clillers from the circumscribing circle when the iriangle is obtuse.
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1-.1 Tbiangulation Algorithm Taxonomy

'I'here h¿r,ve been about one hunclrecl papers publishecl describing tlitrngulation algorithms

(see tzrble 2.2 on 24). lfhe sulveys by Aulenhammer' ItS], De f'lori¿rni [74], FortrLne [120]

¿r.ncl Olçabe et al. [248] list some of these, but the only atternpt tr,t classifica,tiorL is rnacle by

De Floriani rvho clivicles t]rem i¡rto "static" (off-line) ancl "clynarnic" (on-line) zrlgorithrns.

ln cha,pter 2 I provicle a taxonomy for triangulation aÌgorithrns. I hope that my taxonomy

rvill plove useful to prograrnrners facecl with choosing f}orn a hunchecl altelnatives fol a

tlia,ngulation a,lgolithrn by helping them lealize that thele are really oniy a half clozen

choices; to lesealchers by cliscouraging thern frorn publishing a microscopic v¿rli¿rl;ion on a
pleviorts methocl ancl encorLra,ging them to fincl a new algolithrn; ancl to ¿ì,nyone who rv¿rnts to

unclerst¿lncl triangulation algolithrns by helping them to apply their intuition aborLt solting
algorithrns to l;his problern.

The one-climensional trna.logrLe of tr-iangulation is sorting; so I have acltrptecl l{nuth's
taxonomy for sorting algorithms [185]. I classify triangulation algorithms into Inclemen-

taI (e.g. [145]), Selection (e.g.lZZg]), Flip (e.9. [19]) ancl Divicle-ancl-Concluer algorithrns.

Just as rvith sort algorithms, straightfolrvardalgorithms of the flrst three types have',vorst-

case cornplexity of O(n'), cleverer algorithms can improve on this (for exarrrple Fortnne's

sweepline algorithm [122) 1s a triangulation by selection algolithm with rvolst-case corn-

plexity O(nlogru)), the Divicle-ancl-Conquer algorithm [202] has wor-st-case complexity

O(n logn), ard the randomized inclemental algorithm of Guibas et al. lI4Bl has average

(taken over all insertion orders) complexity O(nlogn)).

L.2 Locally Optimized Triangulations

A locally optimizecl triangulation can be deflnecl by a flip rule that determines rvhicli cliag-

onal of a convex quadrilateral should be includecl in the triangulation. The Flip algorithm
repeatedly applies the flip rule to acfiacent triangles in the triangulation untii thele ale no

flippable edges left.

The rule is generally chosen to select the "better" of the trvo tritr,ngulations of the

quaclrilateral. About twenty different such rules have been published, incltcling:

c maximize the minimum angle in both triangles [194] (this leacls to the Delaunay

triangulation [298]),
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lninirnize the ma,xirnurn a,ngle [19],

select the shortel clizr.gonal [233],

o rrr¿rxirnize the surn of the minirnum zr,ngles 143,294],

o maxinrize the rninirnum a,ltitucle 1138, 3J2], ancl

o minimize the maximum inraclius [2BS].

Fol eaclt flip r.rle we can also consicler a globally optirnizecl tliangulzr,tion. Irol the

m¿rximize-minimum angle flip rrle this is ,just the Del¿urnav tria,ngril¿r,tion. I'bl the shorter'-

clia,gonal mle this is the triangulation rvith rninimum total eclge length, 1;his is cornrnonly

callecl the [iMT (lVlinirnum lVeight triangulzrtion). No polynomizr,l-time algolit]rm is lgrorvn

for the X{\,VT. (It is one of the rerntrining open plobleus f}orn Garey ancl Johnson [133].)
Polynornial algolithms have been publishecl for only tr, ferv globally optirnizecl triangultr,tions

(othel than those that are the Delannay triangulation):

o the rninimize-maximum-angle lule [103] (O("r logn)),

c the minimize-maximum-eclge-lengih rule [100] (O(n2)),

c the maximize-minimum-tliangle-height rule [24] (O(",logz)), ancl

o the minimize-maximum-eccentlicity r.rle [24] (eccentricity is clistance from cilcumcen-

tre to triangle) (O("")).

If rve use the Delaunay flip rule, the Flip algolithm terminates with the Delaunay trian-
gnlation [194] using at most O("') flips [102]. If the flips are done in the right order then
on avelage only O(n) flips are required [1aB]. Do fast algorithms exist for the tliangulations
cleflned by other flip r-ules?

Two key propelties of the Delaunay triangulation are needed to prove the correctness

of the algorithms describecl in chapter 2:

o A Systematic property-there is a unique triangulation.

o A Local proper-ty-when a site is addecl to the triangulation, the only new edges are

those adjacent to the new site.



C IIAP']'TÌR ], LN?RO D LT CJ]' IO I\

Nielson altcl l"r¿rnhe [24]ì] clairn th¿r,t the rnin-rnax angle lule h¿r.s the systern¿rtic plopert.y.

It is eas5, to constrttct a five site counterexa,mple,2 but it r.voulcl be teclious to clo so f'or other

flip rules fol rvhich counter-examples exist, so il chapter 3I genera,lizecl all the clozen ol
so flip rules that I hacl seen publishecl to get .120 clifferent flip lules ¿nd testecl each of

these tr,gainst ranclorn convex penta,gols to see if I coukl f.ncl counterextr,mples to the tlvo

ploperties. I founcl cottntelexa,rnples to all of thern, exce¡rt those that rvele equivalent to the

Deltr'unay triatrgulzr,tion. 'I'his lecl me to search for the ploof clesclibecl in the next parzlgr.aph.

I prove that the orLly systematic local flip ltLle th¿rt is invaliant unclel lotations ¿r.ncl

tra,nslations of the cluach'ilateral is the Delaunay lule (section 3.6.3).

I prove th¿r,t t]re only systernatic loc¿rl flip lules invariant nncler. scaling ancl translation
collesponcl to geuerzrlizations of convex-clista,nce-function Delannay triangulations rvhich l
call em,pty-slt,ape trianglt lo,tions (section 3.6.4).

ifhis suggests that algolithrns a,s fast a.s Delaunay triangulation algolithms fol triangu-

lations other th¿n ernpty-shape tria,ngulations are unlikely to be f'ouncl. I{olvever', f'or most

site sets, these othel tliangulations clo not diffel by much fì'om the Delaunay tlia,ngulations,

so computirtg a l)elaunay triangulations alcl then applying the flip algorithm shoulcl wor.k

well in olactice.

1.3 Convex-Distance-Function Delaunay triangulations

The Voronoi cliagram ancl Delaunay triangulation can be clefined fol non-Bucliclean metlics.

Algorithms to compute the Voronoi diagram have been publishecl for the /1 metric by

Hwang [158], for the /1 and /"o metlics by Lee ancl lVong [203], folthe /o metlic by Lee [200],
for metrics where paths are limited to a flxecl number of orientations by Wiclmayel et al. 13331

ancì. fol a metric where paths can only go in a certain connectecl range of directions by Chang

et al. [a5]. These metrics are all special cases of N{inkorvski convex clistance functions,

where the ball ("unit circle") can be any convex shape. Chew ancl Drysdale [55] give

a Voronoi diaglam algorithm for convex distance functions. The colresponding Delaunay

triangulation can be easily computed from the Volonoi diaglam, but it is simpler to calculate

it directly. Drysclale [91] implements a Divide-ancl-Conç1uel algorithm for convex-clistance-

function Delaunay triangulation.

2Nielson gives a six point counteL-example in a. note correcting tlìis [242].
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ifhe ¿r.bove p¿rpeÌ's ancl the lrooh by Okabe, Boots anc[ Sugihala. [Z+8] give rna.ny applictl-

tions for these Voronoi clia,glanLs anc[ l)elauntry tr*iangula,tions inclucling cleflning response

¿rreas f'or emelgeltcy units in urban areas, schecluling he¿l,cl movement in a trvo-climensioua,l

seconclary storage system, analyzing rnalket ¿ì,reas7 finclilg minimum spanning trees, Steiner

tlees ¿rncl ne¿t.rest neighbout's in l;hese metrics, fincling largest ernpty honothetic convex

shapes, testing polygon containment, ancl planning lobot motion.

The a,lgolithrns3 clescribecl in chapter' 2 can be irnplementecl so tha,t they use only tr.vo

geometric tests:

o Is ¿r, point insicle the circle passing thlough thlee othel points?

ø Is a poiut to the ieft of a clilectecl line?

If the ball fol the clistance function is smooth (no corners) a,nd strictly convex (no flai spots)

then for any three points there is a unic¡re cilcumball [187]. If ',ve replzrce "circle" in the

flrst test above b\, "ball" the algorithm rvill rvolk fol this clistalce function rvith esseniially

the same proof of correctness.

If this is not the case (for example, the Nl¿rnhattan metric), the onter face of the trian-
gulation may have concavities, ancl the algolithms will break clown. It is possible to flx up

the algorithrns-this is rvhat Drysdale does fol the Divicle-ancl-Concluer algoliihrn, but has

only been done in the metlics /1 ancl /- fol a sweepline algorithm [297] and Drysclale lists

the implementation of a general sweepline algorithm as an open problem.

In chapter'4 I show that a simpler approach, using empty-shape tliangulations (which

genelalize convex-clistance-function Delaunay triangulations), is to flx the clistance function
and rouncl off the colners at an inflnitesimal scale. This produces a supertriangulation flom
which the desirecl tr-iangulation can be easily extracted, leading to the first known Flip,
Selection and Sweepline algorithms for convex-distance-function Delaunay triangulations
(section ,+.1.2).

I present a complete working implementation of my new sweepline algorithm for empty-

shape triangulations and convex-distance-function Delaunay triangulations, and implemen-

tation of the geometric primitives lequired for the other algorithms (section 4.1.1).

I give examples showing that algorithms for higher-dimensional Delaunay triangulation

'rvith the sole exception of the srveepline aJgorithm
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clo not rvork ilL getieral fol higher'-clirnelLsion¿rl convex-clista,nce-funcliol l)eÌ¿urn¿r\r tri¿r,ngtL-

l¿rtior (section +.2.1). I give a, Selection zrlgolil;hrn fbr higher'-climensional convex-clist¿r.nce-

firrrction Delauna,y iriangulation (section 4.2.2).

L.4 Constrained Delaunay triangulation

A constr¿rinecl tliangul¿¡tion is one lvhere celtain eclges trre forcecl (f'ol exzr,urple, triangu-

lating a simple polygon). In a constr'¿linecl Delaunzr,y tliangulation, sites ca,n occur in the
cilcrLmcircle of ¿r, triangle if they ale hiclclen from a tliangle veltex by a, constlaint eclge.

Algorithms have been prLblishecl for constrainecl Delaunay triangulation, using Incre-

ment¿r.l (e.9. [63]), Selection (e.g.1216]), Flip (e.9. [33]), Divicte-ancl-Conc¡rer-(e.g. [52]) anct

SrveepÌine algorithms (e.g. lZgt)).
Applications of constr¿rinecl DelarLnay triangulatiors inclucle constlucting flnite-elernent

rneshes f'or polygonal shapes [164], clivicling polygons into tria.ngles while avoicling srnall

augles [54], fincling shortest paths th¿rt avoid line obst¿r,cles [56], flncling the gleecly tria,ngu-

lation (this is formecl by aclcling eclges that clo not intelsect pleviously ¿rclclecl eclges in olclel
from sholtest to longest) [139, 211] ancl fltting a surfa,ce to ¿r, scatterecl set of sites ancl line
segments [76].

Using the itleas in the previous section, I can cr-eate algorithms for constrainerl Delaunay

tliangulation using arbitraly convex clistance functions, a problem not pleviously consiclerecl

in tlre literature (section 4.L4).

1-.5 Delaunay Triangulation of Convex Polygons

The worst-case lower bouncl fol constructing the Delaunay triangulation is f)(zlog,n) in'l
the real-RAlvI model [263]. If the sites to be triangulated form a convex polygon this lower

bouncl cloes not apply and Aggarwal et al. have found at O(n) wolst-case algorittrm [5].
Unfoltunately, it is too complicated to be practical. Devijver and Nlaybank [83] present

a very simple algorithm that is O("t) in the worst case a,nd O(nz) if we take the average

over all possible triangulations of the polygon. Chew [S2] gives a ranclomized incremental

algorithm that is O(n) if we take the average over all insertion orders.

nO(ø(")) is the set of functions -f(z) such that l/(z)l 2 Cls(")l for some C > 0 [144].
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ItL cha,irtel 5 I ca,lculate tlte ¿rveL¿r,ge time cornplexity of genera,l DelarLna.y tr-iangula.tion

algolithms over'¿rll possible trian.qula,tions of the polygon. ifliis is O(n) f'ol all tvpes of
a'lgolitlrrn, except f'ol the simple selection algorithm, rvhiclt is O(n3l\ ancl 1,he s,"veepline

algolitlrnr, rvhich is still O(nIogn).

Sulplisingly, rvlten testecl on lanclorn convex polygons genera,tecl by the methocls cle-

scribed in cirapter 6, ettclt of the algorithrns exhibitecl rvorst-case perfolmance, r'ather thal
the performa,Itce expectecl frorn ir,ssurning that ¿r,ll tria,ngtlations wele ec¡rirlly likely. It'or

example, the incrernental algolithm took time O(22). To implove this to O(n) it is nec-

essaÌy to insert the sites in a r¿lnclom olcler'. A similal ranclomization is requirecl to rnake

Divicle-ancl-Concluer tal<e tirne O(").
I iurplernentecl both of these ranclomizations ancl the resulting algolithrns r¿rn in 1;he

expectecl time on my test polygons.

1.6 Generating Random Convex Polygons

To test the analysis clesclibecl in the prececling section, it is necessary to be able to genelate

ranclom convex r¿-gons. Unfoltunately, there is no acceptecl clefinition of rvhat a lanclorrr

convex polygon is. For example, Sylvester''s problern [277]is to fincl the plobability ttrat the

convex hull of four ranclom sites is a quaclrilateral. Even fol sites clrawn flom the uniform

distlibution, this turns out to clepencl on the shape of the region from which th.ey ale drawn.

Random convex polygons have been generatecl on the computer by Crain [67] , r.vlio

used Voronoi polygons deflned by a Poisson point processT by Clain and NIiles [68], rvho

examinecl polygons cleflned by a Poisson line process, by Devroye [84], De Pano el a/. lB0] and

Abrahamson [2], who took the convex hull of random points, and by IVIay ancl Smith [226],
who tool< the intersection of ranclom half-spaces. I{or,vever, none of these rnethocls let you

specify the numbel of sides of the polygon.

In chapter 6 I describe efficient algolithms for each of the following methods:

e Pick n points from some clistribution. Reject if tìreir convex hull is not an n-gon. (We

can generate a convex r¿-gon in time O(nlogn) using this method.)

o Select points from some clistribution until their convex hull has r¿ vertices. (This takes

time O(/zlogn) where /z is the numbel of times times the hull changes, which seems

in practice to be propoltional to n.)
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o lfhe r¿ vectols complisilg the sicles of the polygon ca,n be r.egalclecl zr.s a point in. 2r¿_

clirnensio¡ral spa,ce. ]ibr the poÌygon to close, l;he vectors must surn to zelo. lfhis meals
th¿t the point must lie ort a 2n - 2 ciirnensional flat; so pick from so¡ne clistr.ibution

on this fl¿rt. ('Iiris tirlies time O(ziogz) since it is necessary to sort the vectors to

constluct the polygon.)

o St¿u't rvith a,n tr,rbitr:a,r'y convex polygon a,nc[ give each vertex ¿ì r'anclom velocity. If a

veltex is evel a.bout to become concaveT .,ve "bonncet' it from th¿t constlaint. If rve

perfbrrn O(z) bounces the resulting polygon shoulcl be "la,nclom". (Da,ch bounce rvill
talie tirne O(logz) since the event queue rvill have O(n) elernents, giving O(nIogn)
tirne irr total.)

o Choose a r'¿nclorn topologictrÌ tliangulation of a polygon. [Ise Dillencourt's constmc-

tive ploof of the lealizability of such l;rizr,ngulations as l)elaunzr,y tliangul¿r,tions [87] to
constluct ¿ì convex polvgon.

o lVe c¿rn tahe the clual of polygons proclucecl by the above methocls. For example, for
the fir'st methocl, this amonnts to taking the intelsection of half-spaces containing the

oligin.

I have implernentecl the flr'st thr-ee methods above ancl usecl them for testing the perfor'-

mance of the convex polygon triangulation algolithms clescribecl in chapter' 5.

Some othel' uses for my random convex polygons might be to determine how often
randorn convex polygons were unimodal [6] ancl holv often the minimum-alea ancl rninimlm-
per-imeter-enclosing rectangles ale clifferent f801.

1,.7 Contributions of this thesis

I clevelop a taxonomy of Delaunay trianguiation algorithms that allorvs us to use oqr in-

tuitions about sorting algorithms to understand triangulation algorithms ancl shorv that
this classification scheme deals with constrained Delaunay triangulation algorithms as rvell

(chapter 2).

Sweepline algolithms for Delaunay triangulation and constrainecl Delaunay triangulation
have been presentecl in terms of the dual Voronoi diagram. I give a clearer ancl simpler
presentation showing how the sweepline algolithm is a direct search for- Delaunay triangles
(section 2.5).

10
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I itnplement ¿¡ncl illustt'¿l,te ¿rll the Del¿r,una,v triargula,tion algorithms clescr.ibecl iu sec-

tions 2.2. 1,2.3. 1.2.4. 1.2.11.1. ancl 2.6.1.

I prove that the otrly s.ys1;em¿r,tic loc¿rl flip lule thal; is invari¿nt uncler' ¡otatiols ¿l,lcl

tra,nslations of the clrraclrilnter'¿r,l is the DeiaurLay flip lule (sectiol 8.6.3).

I plove that the only system¿rtic local flip mles inv¿r-iant uncler sca,ling ¿rnd tr-anslation
corlesponcl to genelalizations of convex-clista,nce-fiLnction Del¿r,una,y triangulations r.vhich

I ca'll empLy-sho¡te trio,ngu,lotions (section 3.6.4). I shorv horv to rnoclify Delaunity i¡ia1-
gula'tion algorith,ms to ¡rroclttce empty-shape triangulations ancl constr-ainecl empty-shape
triangr.rlations (section a.1). This also plovicles new algorithrns f'or convex-clist¿¡nce-flnction

Delarutay t-ritr,ngultr,tions ¿ìncl constrainecl convex-clista.nce-fiLlction Delaulav iliangrLlatio¡s.
I present a cornplete rvolkiug implernentation of the nelv sweepline algorithrn for ernpty-

shape tliangulations ¿ìnd convex-clistance-fünction Delaun¿l,v tr.iargrLlatiorLs (solving a, prob-
lern posecl in [91]) ancl implernent¿rtion of the geometlic primitives recluilecl for the other
algorithms (section 4.1).

I show that that this approach cloes not generalize to three-climensional convex-ciist¿lnce-

function Delaunay triangulation ¿ncl design an algolithm for this ploblem (section 4.2).
I also prove some results bouncling the complexity of three-climensional convex-clistance-

function Delaunay triangulation (theorems 14 anct 15).

I compute the average (tahen over all possible tliangrLlations) execution time fol three
algorithms fol computing the Delaunay triangulation of a convex polygon (section 5.4).
I measnle the pelfolmalce of the algorithms on lanclorn convex polygons ancl show that
ranclomizatiol of the algorithms is necessary to obtain the expected. execution times (sec-

tion 5.5). I also give an O(1) space algorithm for convex-polygon Delaunay triangulation
(solving a problem incorrectly solved in [S3]).

I give several opelational cleflnitions of "ranclom" convex polygons, clesign effi-cient

(O(nlogrz) ol better) algorithms to compute them ancl implement some of them (chap-
ter 6). Two algolithms I clevelopecl as part of algorithms fol convex polygon generation

ale intelesting in their own righi-a clata structule that allows generation of variates in
time O(logn) from a clynamically changing discrete clistribution (section 6.2) anct anO(n)
algorithm for lealizing a Delaunay triangulation of a convex polygon (section 6.6.2).

I prove that the Delaunay triangulation optimizes several geometrical properties of the
triangulation inclucling maxirnizing the mean inracli.s (appenclix A).

|,



Chapter 2

Triangulation Algorithrms

2.L fntroduction

'l'here have been over a htnclr'ecl papers publishecl on varions algorithrns for. I)elaun¿l.y ancl

non-Deiaunay tliangulation problerns (ttrble 2.2 or page 24).

lYe can classify DelaurLay tria,ngulation problerns using two orthogonal axes:

constraint properties lVhat is the nature of the constraint edges? Figure 2.1 shows ¿1,

la,ttice of the const-raint properties described in section 2.1.1.

metric properties What is the shape of the "ciLcle" in this metric? Figure 2.2 shows a

lattice of tlie metlics desclibecl in section 2.1.2.

Not included in this framework are non-Delaunay triangulations such ¿s the Greecly

tliangulation and the Minimum Weight tliangulation. These are discussed in chapter' J.

Section 2.1.3 describes the classiflcation for the algolithmic paracligms usecl to classify

Delaunay tliangulation algorithms.

Sections 2.2 to 2.6 sulvey how each paradigm has been applied to each Delaunay tri-
angulation problem. Where it has not been applied, I design an algorithm to demonstrate

that it can be so applied.

2.L.L Constraint properties

Note from flgure 2.1 that all the other Delaunay triangulation problems are subsets of the

constrained Delaunay triangulation problem. Simpler triangulation algorithms ale possible

fol these problems, so it is worthwhile to consider them separately.

12
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The Delaunay triangulation

Let 5' be ¿r set of points irL the plane. We ',vill call the iroints in 5' s¿le.ç.

lfo simplify the cliscussion we rvi]l assume that the set of sites is non-degeneru,te, thrt
is, no tltree sites are collinear'¿r,ncl no four sites ¿rre cocircular'. Degenera,te site sets cal be

rnacle non-clegenelate by a snall peltulbation of the sites. 1'his can be clone by moclifying

the conput¿¡tion of the geometlic primitives lather th¿rn ¿rctu¿lly moving any siies [g7].
'lh'e Delartnu'y tritngu,lutionof 5'is the uniclue trizr,ngulation of 5'such that the circumcir-

cle of each trizr,ngle contains no site in its intelior. Sites s a,ncl I a,r-e connectecl by a Dela,unay

ectge iff there exists a, circle through s ancl I rv]rich h¿rs no othel site on its bounclar-y ol in
its interior'.

The Voro'noi'polygon of ¿r. site s € 5'is the set of points th¿rt ale closer to s than to any

othel site in 5'. lfhe Voronoi polygons of all tlie sites foun a partition of the plane knorvn as

tlte Voronoi diagrurn of 5'. I'he Voronoi cliaglarn is the clu¿r,I of the Deltrunay tliangultr,tion.

Figure .1 .1 sholvs the Voronoi clizr,glarn ¿lncl Delau¡ray tritr,rgtLl¿1,1;ion of a, set of sites.

Thele is a strong relationship betlveen the I)elaunay tliangulation ancl three-clirne¡sional

convexhulls [94, 1a7]. The liJting rnap sencls eachpoint (c,y) to the three-climensiona.Ipoint

(r,y,r'+y\.The lifting map sencls the base plane to the paraboloirl z: 12 * y2. To ti¡t
a tliangulation rve just apply the lifting map to its sites to get a tliangulation embeclclecl in
tlrree dimensions. The lower conuer hull of a point set consists of those faces visible from
(0,0, -oo). The lift of the Delaunay triangulation is just the lowel convex hull of the liftecl

sites. ('Ihis follorvs from the fact that the lift of a cilcle is the intersection of a plane with
the paraboloid.)

If all except one of the sites are on a line, then any triangulation solts the sites in the

order in which they occur on that line. This means that ther-e is a worst-case lower bouncl

of 'f)(n logz) for any Delaunay triangulation algorithm.

Shamos ancl lloey [295] were the first to develop an algorithm that attained this bouncl.

See tlre surveys by Aurenhammer' [15], Foriune [120] and Okabe et ut. l24B] for more

infor-mation on the pr-operties of Voronoi diagrams and Delaunay triangulations.

Constrained Delaunay triangulation

Let 5 be a set of sites in the plane and E be a set of straight-line eclges (constraints)
connecting sites in 5. A point Ais uisible from a point B if the segment AB cl.oes not closs

t+
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a,n eclge of ll.
'lhe c:ortstru,inecl Deluunuy trio,ngu,lutionol(S',D) is the unique tliangulation of 5 such

that the circuurcilcle of each triangle contains no site visilile fiorn all three veltices of the

triangle in its interior' ¿rn(l the veltices of each tliangle are mutually visible. Sites s ancl I

ale connectecl by a constrainecl Delaunay edge iff s is visible from l, ancl thele exists a circle

through s ancl I lvhich h¿r,s no other site on its bounclary ol in its interiol visible to s ¿l,ncl ú.

'lhe l¡otrnded Voronoi ¡tolygon of ¿r, site -s € 5'is the set of points rvhose closest visible site

is s. Tlre bounclecl Voronoi polygons of ¿r,ll the sites folm the bo'Lu"¿detl Voronoi dio,gram of
5. Figule 2.3 shorvs the bounclecl Voronoi cliaglam ancl constrainecl Del¿unay tliangulation
of ¿r set of sites ¿rrtcl constlaints. Note i]rat All is a Delauna.y edge but that the bounclecl

Volonoi polygons of A ¿r,ncl B are not zrcl.jacent, i.e. t]re bounclecl Volonoi cli¿qlam ancl

constlainecl DelatLnay triangulation ale nof c[ual.

Figure 2.3: Bounded Voronoi diagram ancl constrained Delaunay triangulation

The dual of the constrained Delarnay triangulation is the constrainecl Voronoi cliagram.

This is formed by taking the bounded Voronoi diagram and gluing an extra sheet to it
along each constraint edge so that if you cross the constraint edge, you move from the base

plane to the associatecl extra sheet. If a Voronoi polygon is acljacent to a constlaint in the

I l'r
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base lllzrne, then it exteucls

sheets ih¿rt ¿rle gluecl to the

Vol'onoi clitrgltrm.

i¡rto the ¿rssoci¿rtecl extra, sheet. l,'igtLle

bounclect Volo¡roi clia,gltr,m in figure 2.3

2.4 sholvs the trvo extla

to f'orrn the constr¿r,inecl

Figure 2.4: Dxtra sheets in constlainecl Voronoi cliaglam

The lift of the constrained Delaunay triangulation is just the lowest tliangulatecl surface

which contains all the constraint eclges.

Chew [57] ancl lVang and Schubert [320] were the first to develop worst-case optimal
O(nIogn ) algolithm for constrained Delaunay triangulation.

Sorne applications of constrained Delaunay triangulations are listed in section 1.4. For

more on the properties of constrainecl Delaunay tr-iangulations see Joe ancl Wang [i65].
(They say "constlained Voronoi diagrzr,m" insteacl of "bounclecl Volonoi diagram" ancl "ex-
tencled constrained Voronoi cLiagram" instead of "constrained Voronoi diagr-am".)

A r-elatecl construction is the conforming Delaunay triangulation. The confolming De-

launay triangulation of (5, Æ) is the Delaunay tliangulation of 5'l ) 5, where 5/ is chosen

such that no edge in the Delaunay triangulation of 5' crosses an edge in ð. Figur-e 2.5

shows the conforming Delaunay triangulation corresponding to the constrained Delaunay

tliangulation shown in flgure 2.3.

The usual approach used to construct a conforming Delaunay triangulation is to repeat-

eclly acld sites on constraint edges that are crossed by Delaunay edges until the triangulation
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I'igule 2.5: Conforrning I)elzlunay tlia,ngulation. Actctect points are rna,rliecl rvith bullel;s.

is conf'olming [29,30,'150, 239,249,276,278,287,314,1130]. ifhis approach seems to rvorlç

rvell in plzr,ctice, though it is possible that v¿1,s1; numbers of extra sites would have to be

aclclecl. Ðclelsbr-unner a,nd Tan [10i] show that rvith r¿ sites ¿rncl nz eclges, A(mn) extr.a sites

can be re<¡rilecl ancl give an algorithm to fi.ncl ¿r conforming triangulation rvit]r at most

O(m2n) extra sites.

Convex-Polygon Delaunay triangulation

If the sites form a convex polygon, ancl rve are given the order in r,vhich they occul ar-ouncl

tlre lroundaly, the f)(zlogn )lower bouncl no longer applies, ancl Aggarwal et al. [5] liave cle-

veloped a worst-case O(n) algorithm. Chapter 5 is clevotecl to the analysis, implementation

ancl perfolmance measurement of several algolithms for this problem.

Simple polygon Delaunay triangulation

Definition. A polygon with vertices po,pt,. . .¡pn_r¡ ancl edges ei = p¿pi+r (cleflne p, as

po) is a simple polygon if

e adjacent segments intersect only at their shaled vertex: e¿ À e¿¡1 : pi+L.

c non-adjacent segments do not intersect: e¿ìej:Øif j +,i+L.

This is a special case of constrained Delaunay triangulation where the constraints for.m a

simple polygon and the sites are the endpoints of the constraint eclges. Furtherrnole, we

are only interested in the part of the triangulation inside the polygon. The incremental

I7
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algolitlrrn f'or constr¿rinecl Del¿ulzr.y tlianguLltion (sec:ii on 2.i1.2) recluires tiris comput¿r,tion

as one step.

The f)(n logz) lorvel bouncl cloes not a,pply in this ctrse either, ancl recently Klein ancl

Lingas [181] have presentecl ¿ r'andomizecl algolithm that takes expectecl lineal tirne.

In coutrast, calcula,ting the Deltr,unay tr-iangulation of the veltices of a simple polygon

still recltriles time f)(n log n) [a,290].'Ihat is, the constr¿r.ints rnalie the ploblenì. "easier".

Special polygon Delaunay triangulation

Triangulations of particular liincls of polygons tu'e lequilecl a,s steps in other geometric

problems.

A polygon is rrtonotone if there is a line / such that all lines palallel to / intersect

tlre polygon at most trvice. Yeung [338] provicles a O(nlogn) algorithm fol the Dela,una,y

tliangulation of a, rnonotone polygon.

If we clelete a site fi'om a Delaunay triangulation it is necessaly to retritrngulate the

Polvgon folmed by the union of all the tliangles acljacent to the cleletecl site. illhis l)eluruno,y

delel;ion poLygon is chalacterizecl by having the intersection of the cilcumcircles of all tlian-
gles formed from tluee vertices be nonempty. Aggalwal el, al.'s convex-polygon Delaunay

triangrLlation algorithm can be genelalizecl to triangulate Delaunay deletion polygons in
linear time [5].

A polygon P is a Delaunøy monotone polygon if there is a line which intersecrs eve¡v

intelnal edge of the Delaunay triangulation of P [321]. 'Ihese arise when a single constraint
is inserted into a constrainecl Delaunay triangulation, and theil Delaunay triangulations
can be found in lineal time [204, 321].

A polygon P with vertices po,...,pn is a normal histogram if the p¿ have ascenclilg

c-coorclinat€s, P0 ancl pn have the same y-coordinate, and all other vertices have larger
y-coordinates. Klein ancl Lingas plesent a linear algorithm for Delaunay triangulation of
normal histograms as a step in their linear algorithm for the Delaunay triangulation of a
simple polygon [181].

2.L.2 Metric properties

Defrnition. A homoth.ety h(t,,t,k) is a pr-oduct of a translation by (t,,tr) and a scaling

bv k.

18
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\f k l1 then the hornothet¡r has ¿r fixecl poilt P, so rve n'ill ¿r,]so c¿r.ll it II(P,,t). A set,4 is

a honzothet of ¿r, set B of there is ¿r, homothety ft such th¿rt II(B) = A.

Lay [tOS] ¿r.nc[ Coxeter'[66] (who c¿rlls them dilatal;ions) cover sorrre of the ploperties of
homotheties.

I will use slto,'pe seL to r*efer to an eclu-ivalence class unclel hornotheties. For exarnple. the
set of nl-[ axis-paltrllel scluzrles is a shape set.

Definition. A convex bocly is sh'icLl'y conuer if it cont¿rins no straight line segrnents in i1;s

bounclary [317].

Definition. A clilectecl tine / is a su,pporL line of a set 1( iff/ contains ¿r bounclaly point (zr

str,|t¡torL point) of If ancl 1í is cont¿rinecl in t]re closecl halfplane to the left of /.

lVe c¿rrL associate clirectecl lines rvith rrru ¡u1f'-pla.les to their left. A convex set ca,n be

seen to be ec¡ral to the intelsection of the half spaces associated with its support lines.

Definition. A convex bocly is smooth if thele is a unictrue suppolt line at each bouncla,r.y

point [195].

Definition. The polo,r' set 1í* of 1( is clefinecl bv

If* : {(ø, U)la* + by < 1 for all (ø, ö) e 1í}.

If 1( contains a single point (ø, b) # (0,0) then If* is the closecl half-plane ar I by { I.
The dual of such a point is its polal set 1l*. The dual of a closecl convex set 1l with (0,0)
in its interior is its polar set 1l*. See Lay [1gb] fol more details.

Boundary points ancl support lines ale dual-that is, the clilectecl line associatecl witlt
thedualof aboundarypoint pof I{ isasupportlineoftheclual 1(*. Smoothnessanclstrict
convexity are dual-if thele ale two support lines at a boundary point of /f , then, in the

clual there ale two boundary points incident on the same suppolt line, ancl the bounclary

of the dual will contain the segment joining these trvo points. In other wolds, If is smooth

if and only if the dual of 1f is strictly convex.

Defrnition. Given a closed convex set If with (0,0) in its intelior, then the conuer distu,nce

function f , R' -* R of If is defined by

19
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1f is c¿rllecl t]re òal/ for the convex clistance function.

Note that rve h¿rve generalizeci the cleflnitiol given by Chew a.rcl Dlysclale [SS] b.y allorving
the convex set to be unbonnclecl.

If rve let P/ be the point rvhele the ray O P (O is the origin) intelsects the bounclarJ, of
If tlren ¿(P,O) = lOPlllOP'l (see figrLre 2.6). T'he Eucliclean rnetric is the convex clistance

function of the rL¡rit clisc {(r,'y)lr'+y2 1l}. illhe lVIanh¿rttanmetlic is the convex clist¿r.nce

fìLnction of tÌre squ¿ì,re rvith cornels (0, 1), (:1,0), (0, -1), ancl (-1,0).

Figule 2.6; Ball f'or ¿¡ convex clistance function

Given a ball Ii , a circu,mball of a tliangle ? is a hornothet of that ball with the ver.tices

of 7' on its bounclary. We say that I( circt¿mscribes ?. If the ball is smooth ancl str.ictly
collvex then every non-degenelate triangle has a unique circumball [1BZ].

The convex-clistance-function Vor-onoi cliagram is cleflnecl just as in section 2.1.1, but us-

ing the convex clistance function to me¿lsule clistance. In the clual convex-clistance-function

Delaunay tliangulation each triangle has a cilcumball with no site in its intelior.
If the ball is not smooth then some tliangles rvill not have circumballs and the outer

face of the Delaunay triangulation is not the convex hull but th.e support hult [gI). (See

figure 4.6 fol an example.) At eclge PQ is part of the suppolt hull iff there is an inflniiely
large homothet of the ball with P and Q on its bounclary ancl no site in its interior.

Sirnilarly, if the ball is unbounded, some tliangles rvill not have circumballs ancl the
outer face is the support hull. In aclclition, some sites rvill be outsicle the the suppor.t hull
(See flgure 4.8 for an example.). W" can .-egalcl an unbouncled ball as having a corner at

inflnity.

If the ball is not strictly convex and the line thlough two sites is parallel to a straight-
line segment on the bounclary, then there may be an inflnite number of circumballs for a

20
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trizrngle lvith the trvo sites ¿rs trvo rreltices. Consec¡rertl.y, the l)ela,ulay i;ria..grLlation is

ambiguously cleflnecl. A sn¿rll ireltur']ration of the sites rvill solve this problem, so lve c¿ì¡

cle¿rl rvith it in the sane w¿ìy that other clegenera,cies are clealt rvith.
Il this thesis I fnrther generalize convex-ciista,nce-frLnction I)elaun¿r,)¡ tl'iangulation to cle-

fine tlre em'pty-.shupe triu,ngtt,lu,tion. If rve al'e given trset of baÌls ¡( such t]r¿r,t fbr aly tria¡gle
?' thele is exactly one ball in K rvhich circumscribes ?', in the ernpty-sha,pe tliangulir,tion
each tria'ngle has an empt.y circunb¿rll. r'igule 4.6 shorvs ¿n empty-shtr,pe tr.ia,ngulation
lvhere K consists of all homothets of a tritr,ngle ancl thlee hyper.bolae.

Table 2.1 shows the Delaunay tr-ia,ngulation ploblerns fol which tr,lgolithrns have been

publishecl. Chapter' 4 gives algorithrns for constlainecl empty-shape tr.iangulations, rvhich

are a slrpet'set of all the ploblems in table 2.1.

empty-shape
tliangulation

convex clistance
function

llucliclean Nlanhattan

constlainecl ls7
no constlaints a./1

LÐÐ] [2e5] I iSBl
simple polygon [l81 1801

convex polygon lf

ld

Table 2.1; Delaunay tliangulzrtion pr-oblems

2.L.3 Algorithrn paradigms

The one-climensional analogue of triangulation is solting. lVluch has been written on

the taxonomy of solting algolithms. One cornmonly usecl classiflcation scheme is that
of Knutlr [tB5], wlto classifi.es sorting algorithms into insertion, selection, erchange, ancL

diuide o'ntl conquer. If all except one of the input sites are on a line, then the triangulation
aÌgorithm functions as a sorting algorithm, so it should be no surprise that we can aclapt

Knuth's scheme to classify triangulation algorithms.

Flip

Bubble sort repeatedly exchanges adjacent elements that ale out of or.deruntil the sequence

is sorted' The number of exchanges is equal to the number- of inversions in the list which is
O("') in the worst ancl average case.

2l
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lìy exchä,nging nou-acl.jacent elernents il; is possible to obta,in a O(nlog z) trlgoril;hrn.

Arra,logously, zt, tlryt rLlgorithrn f'ol tliangrLl¿r,tion lepeatecllv rnoclifies a tr.iirngulatiol by

"excltanging" clia,gona.ls of convex clua,cL-ilaterals in the tliangula,tion that ¿ìïe "out of or.cler"

until the tliangulation is "sortecl". In this context to "exchange" means to flipl the cliagonal,

"ottt of ot(leL" means that the tliangulation of the convex qria,clrila,teral is lLot l)elaunay ancl

"solted" means that the trianeulation is l)elaunav.

Incremental

lnsertion sort insetts etrch point into the solted secluence in tuln. lfhis tahes time O(n) in
tlre rvorst ancl avelnge cases) giving O(",) time to solt n points.

I/sing a rtole sophisticatecl clat¿ structule, (such trs an AVL tlee) to store i;he soltecl

seqnence enables the inseltion to be carliecl out in time O(logz), Ieading to a O(rulogzr)

a.lgorithrn.

Anaiogously, ztn increme'nto,l algoritlzm for triangrLlatiol rlaintains a trizrngnlatio¡ of the

sites plocessed so far. Dach ne',v site is inseltecl in the triangulation in tuln.

Selection

Selection sort outputs a sortecl sequence by selecting the smallest elernent in a secluence,

then the next to smallest ancl so on. Fincling the smallest element takes time O(n), so the
total time tal<en is O(r2).

By using a priolity queue clata structule (such as a heap) that enables the selection to
macle in time O(Iogn) we can obtain aO(nlogn) algolithm (heapsor.t).

Analogously, a selection algoritltm for triangulation flncls Delaunay triangles one at a
time from the set of sites.

Sweepline

The sweepline paradigm is an important computational geometly paracligm that can be lsecl

to create a selection triangulation algorithm by flnding Delaunay tliangles in tlie or.cler that
a sweepline ctosses the lightmost point of their cilcumball. Although srveepline algorithms
are selection triangulation algorithms, they are important enough to be given their own

caÌegory.

o.-¡LL

ldefined on page 72
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'.fhe srvee¡rline a,lgolithm is a,nalogotLs to heap solt in th¿r,t it uses a pliolity querLe ctzrtn

stmcture to select l)elarLnay t-ritr,ngles in time O(logn) per l;r'iangle.

Divide and Conquer

lVlerge sort clivicles the sec¡rence to be sortecl into trvo ec¡ral sized sequences. 'fhese ¿l,re

soltecl r-eculsivelv arLcl t]re results rnelgecl to plocluce a flnaÌ solted sequence. Since the

nler'Éle step tahes O(n) time, melge solt t¿rl<es o(nlogn) tirne ove.-a,ll.

Ana,logousl.y, the Divide-ancl-Concluer tr-ia,ngula,tion algolithrn clivicles the sites into tlvo
eclual sizecl sets, LecttLsivelv tritrngul¿l,tes each set, ancl rnerges the trvo tlia,ngulations.

Published algorithms

Table 2.2 classifles publishecl tliangLrlation arlgolithrns using the a,bove scherne. 'Ihe grezrt

popula,r'ity of the inclernental algorithm is eviclent.

2.2 Flip Tliangulation Algorithms

2.2.L Delaunay triangulation

The flip algorithm for". the l)elaunay tliangultrtion constmcts an initial tr.iangulation ancl

then cloes Delaunay flips until no moïe flips ale possible.

Lawson [194] provect that the flip algolithm will convelge to the Delaunay tliangulation,
no matter what order the flips ar.e clone in.

The initial triangulation can be made by constluctin g a star triangu,lation by connecting

a site to all others ancl then filling in the concavities [ZSe], nnding a spiral path through
the sites and then fllling in betrveen whorls of the spiral 12221, by repeateclly divicling the

sites into two by flncling a path connecting sites [207], or by connecting sites to other visible

sites 1191.

lVe can repeatedly make passes over all the edges of the tliangulation, flipping any

eligible eclges and stopping when a pass is made without any flips [233]. Or, if we use

a list of tliangles to store the triangulation, we can check each triangle against its three

neighbours. Once a triangle has been tested it neecl not be tested again, so one pass over. the

tr-iangle list, with new triangles being added at the end, will suffi.ce. Figure 2.7 shows the

sequence of triangulations that this methocl procluces, starting with a star triangulation.

o.)
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F'lip Increrncntal SiclecLion Srveepline DivicÌe ¿rncl

Conquer

Llelaun¿ì,y

lriangulation
It9,1r9,161,
207 , 222, 269 ,

2Bol

7, B, 31, l]4,
42 <e

64,, 65, B2

115 I16 t19
123 13i 134
I JJ r45 14B

r50 152 lô3
168 t94 197

202 2r3 221
225,234,246
249. 253. 260
'294, 296 300

303 308
314, 327, 339
3401

120, 22, 37 , 40 ,

69, Bl,105,
L L2 , II3 , t24,
154, 175, tB3,
r9B, 224, 227,
229,271,28l,
305, 307]

122, rg9l 139,70,92,
104, 147, 172,
173, 199, 202]

const r¿inecl

Delaunay
triangulzr.tion

133, 23r, 252,
30el

L4, ,v 63, lùt

76, t42 160
169,171,181,
21,9, 220, 30t,
320 321

1201,216,218,
228,2+ll

lzs1 [57,165,236,
237, 2791

simpìe
polygon
Delauna.y
triangula.tion

[76,30r l63l L2 01

special
polygon
DeÌaunay
triangulation

181,1B2l i71,3381

convex
polygon
Delauna.y
tria.ngulation

161 [55] [83]

convex-
distance-
function
Deìauna.y

triangulation

I¿5 77, t2r
299, 2971

lor i<a rzn

200,203, 2051

non-Delaunay
tria.ngulations

[10 s,

3 25.l

136,138,
233,254,

139,211,2041 [2351

TabIe 2.2: Published Triangulation Algorithms
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Efficiency of the flip algorithm

In the liftecl tri¿r,ngulation each flip carrses the sulfã,ce to move dor.vnrvarcls. Consecluently,

ollce an eclge is cleletecl it can lLevel come b¿rck. Since there ¿rre (i) possible eclges there can

be ¿r.t nost O(22) flips.

2.2.2 Constrained Delaunay triangulation

llhe flip zr'lgolithrn is the conceptually simplest algolithm fol constnrcting the constr¿rinecl

Dela,unay tria,ngula,tiou. Cjonstmct ¿ln initi¿rl tliangulzrtion th¿rt cont¿r,ins all the const¡a,i1t

eclges. Do constlainecl Delaunay flips until no ûrore ¿Lre possible. A constrainecl l)elaunay
flip cliffels fro¡n a Delaunay flip in thal; it will not clelete a constr'¿r,int eclge. Ihe ploof of the

correctness is ahnost iclentical to th¿r,t f'or the unconstlained flip trlgorithrn ancl the rvor.sl;

^ / ,\case rs sllll (-/tn- t.

'Iìlie only clifrculty is that it is no longer trivi¿rl to construct the initial corstr'¿r,inecl

trinngnlation. Garey et al.ll32l give a O(nlogz) for this ploblem. Implementing this algo-

lithrr is the rnost cornplicatecl ¡rart of irnplementing the flip aigorithrn fol th.e constrainecl

Delaunay triangulation, since it lec¡riles trvo stages: flrst a plane su'eep flom left to right
that aclcls edges so that each site has an eclge to its left ancl an eclge to its right, ancl then

triangulation of the resulting monotone polygons.

There have been no publishecl implementations using this methocl.

In many applications, the constraint eclges form a simple polygon. lVe can tr.iangulate

the simple polygon and complete the triangulation by triangulating the sites that fall into
each triangle by any of the above methods. There exists a vety simple algorithm to trian-
gulatethesimplepolygon. Anearof apolygonisatriangle ABCwhereA,B anclCare
snccessive ver-tices along the boundaly, IABC is convex, ancl AABC contains no polygon
vertex in its interior. IVleisters [230] has proved that any polygon has at least two ear.s. The
ear-cutting algorithm triangulates a polygon in time O(""). It flnds an eaÌ in iime O(nz)
by testing (in time O(")) each of O(z) possibilities, cutting this ear from the polygon ancl

recursively triangulating the resulting polygon.

This algorithm has been proposed in [337] and [336], while [231] ancl [252] use it with
the flip algorithm.

A slightly more complicated algorithm, also with O("") worst-case complexity, directly
searches for a tliangle standing on a side that does not intersect a polygon eclge [51].

26
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Rolgers [31]] uses it rvil;h the flip algorithrn.

Itnplementors have tLsecl these sirnple O("3) zr,lgolithrns bec¿luse in their applications 1;he

nttmbel of constra'ints is srn¿r,ll relative to the numbel of sites, so the flipping t;ime clorninates.

lVe sltoulcl also note that thele has been much rese¿r,rch into fincling o(z log rz) algorithms2

for polygon trizr.ngulation. Such a,lgolithms rvele f'ouncl for special cases [50, 102, 153, 310,

313,3311], then general O(n loglogrz) algolithrns [178, lì06] anct O(zlog"n) rnnclomizecl

a,lgorithms [62,60,292] rvele clevelopecl before Chazelle founcl ¿r, cletelrrri¡ristic O(ru) algo-

lithm [aB].

2.2.3 Simple polygon Delaunay triangulation

lVe construct ¿ur ¿rlbitlary tr-iangulal;ion of the sinple polygon ancl then apply tlie flip
aigor-ithm. lVe have alreacly cliscussed tliangulzr,ting sinple polygons in section 2.2.2.

2.2.4 Convex-Polygon Delaunay triangulation

In this case it is palticularly etrsy to constmct an initial triangulation. Fol example, con-

necting one vertex to all othels will suffi.ce. Joe [161] describes a flip algorithm for colvex
polygon Delaunay triangulation.

2.2,5 Convex-Distance-F\rnction Delaunay triangulation

If the convex-distance-function ball is smooth and boundecl then the flip algorithm rvill wolh
in the same way that it does in the truclidean metric. If not, two difficulties are encounterecl:

1. We must flrst flnd the support hull and constluct an initial triangulation of that.

2. The convex-distance-function l)elaunay triangulation of a convex quadlilateral may

not contain any triangles, making it unclear which way to flip the diagonal.

ln section 4.7.2I present a way to cleal with these clifficulties.

'"(o(")) is the set of functions /(rr,) such that l/(z)l < rls(")l for a.U e > 0 [144].
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2.3 fncremental Tbiangulation Algorithms

2.3.L Delaunay triangulation

There ale trvo rnzr.in ways that a new site c¿r,n be insertecl into a triangulation. Watson's

rnethocl [326], is to scan through all tlie triangles, cleleting all those triangles whose cir--

curncilcles conta.in the nerv site. 'I'he cleletecl tlitr,ngles forrn ¿r star'-shtr¡recl poivgon.3 Nerv

triangles a,r-e then adclecl by connecting the nerv site to eac]r bounclar.y eclge of this polvgon.

TÌte list of botLnclary edges ca¡r be computecl by collecting all the eclges of the cleletecl polv-
gorts ancl clisctrrcling ¿rll the eclges thtr,t occur 1;rvice. Fol this rnethocl, rve clo lot leecl a, clata

stlucture thir,t heeps tracl< of triangle acljacencies. A simple list of triangles will suffice.

Anothel methocl, due to Lawson [194] connects the nerv site to all those sites visible
fi'om it. 'fhis triangrtlation is then convertecl to a Dela,unay triangulatiol by repeatecl flips.

lfhe only possible candiclate triangles f'or'flipping are the nerv tliangles that have.just been

cleatecl bv connecting the new site.

If the nerv site is insicle the convex hull of the sites triangulatecl so far, then ihe only
sites visible from it rvill be the thlee colnels of the tliangle thai it is insicle, so to simplify
programming you can start rvith a triangulation of sorne clurnrny sites lvhose convex hull
includes all the leal sites [202].

if the new site is outside the colvex hull of the sites triangulated so far, then the only
sites visible from it will be a sequence of sites on the convex hull. 1b ensure that this is
tlie only case that you neecl to consiclel in youl triangulation algorithm you can sort all the
sites in orcler of distance from the origin [194], or sort them by their' ¿ coor-dinate [65, 808].

Effi ciency of Incremental Algorithms

In the worst case, an incremental algorithm will require O(n) time to insert a site in the

tliangulation, since the new site might have to be connectect to all O(n) other sites. This
means that the total iime will be O("') in the worst case. A sequence of sites along a
half-parabola 12021is an example of this wolst case.

IVIost implementations of incremental algorithms pelfolm much bettel than this in prac-

tice for r-easons explainecl below:

3 1\ star-sltaltecl ytolygon is a polygon with a point in its interior from lvhich every other interior point is
visible.
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Insertion by Flipping when a site is insertecl into ¿r Del¿r,un¿r\, r;r-iangulation the only
nerv eclges are those acl.jacent to the nerv site, so the nurnbel of flips lequirecl is r/, the clegree

of the new veltex. If the sites ¿rle unifolml.y clisl;ributecl, he expectecl value of r/ is 6 ancl the

expectecl nuurber of flips is O(n). Ciuibas, I(nuih ancl S]rarir' 1148] gener'¿rlize this result to
slrow that l;he expectecl rmrnbel of flips is O(n) for ¿ny site set, proviclecl that the sites ar-e

inseltecl in r¿¡nclour olcler.

The other tirne-consurning part of irclernental a,lgorithms, is fincling the sites to initiall.y
connect the nerv site to.

If rve reolclel the sites such th¿rt the nerv site is outsicle the convex hull of the sites

tliir,ngula,tecl so far', it is necessar.y to search the convex hull of the sites. If the sites ar.e

rLnifolmly clistributecl ¿rncl rve orcler the sites by t]re clistance fi'om the oligin, the expectecl

nnrnberofsitesirLtheconvexhullis O@1ls¡ [268],givingatota.lse¿rrchtimeof O@413)[\g4].
If sites a'-e unif'olrnly clistributecl ovel zr lectangle, then the expectecl nurnber of sites in the

convex hull is O(log n) 1270], so sorting the sites by r coorclinate rvill le¿cl to a tota,l se¿rrc]r

time of O(rzlog n) [:]08].

If the nelv site is insicle the convex hull, it is necessary to flncl the containing l;riangie.

We can use the ptrltial Delaunay triangulation for this. lVe test the new site against

each sicle of a given triangle. If it is inside each side, rve have founcl the containing triangle,
othelwise the next triangle to be chechecl is the one on the othel sicle of a sicle that the site

is outside. lVe can walk act'oss the triangulation fi'om one tliangle to an acljacent triangle
until we find the containing triangle. If the sites ale unifolmly clistlibutecl, the average

number of tliangles intelsected by a line is O(\/n) (see below), so in this case the sealch

time is O(/") ancl the search time for the entire algor-ithm is O(n3/2) lt+S].
lVe can implove on this by leordering the sites so that successive sites are close together,

and starting the search for the containing triangle at the site of last insertion.

A fast way to clo this sorting is to clivicle an enclosing lectangle into ó buckets ¿ncl in time
O(n + ô) reolder the sites by the bucl<ets they fall into. Lee and Schachter [202] proposecl

using a serpentine ol spiral orcler (see flgure 2.8) and about /ã buckets. If the sites ar-e

uniformly clistlibuted, there will be O(1") sites in each buclcet and an average search time
of O(nr/a¡ per site, ancl. a total search tine of O@sl+¡. Sloan [300] repolts that for an

implementation of the above sclteme using serpentine ordering the observecl run time was

O(nr'oo¡ for sites uniformly clistributecl on the unit scluare. He suggests that this is because

fol the values of n testecl (< 10,000) the time for the O(z) flip operations clominates. Ohya,
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Serpentine

f(1)

rQ)

f Qt+,)

Spiral

Figure 2.8: Ploposecl bucket orclerings

30

Quatenary

Ili ¿rncl iVIulol;a [2a7]got simil¿r.r'r'esults f'or ¿r¡r impÌernentation nsing a spilal oÌ'cler.irg (a.bout

Oçnt'os, fol r¿ ( 32,000).

Ohya., Iri ¿ncl Nlulota [246] also triecl using n buchets so that there is an avera,ge of one

site per buchet and ¿t cluaternary olclering fol the buclçets. (The numbers in flgure 2.8 ar.e in
base 4 to mai<e the pattern clearer.) Ihe observecl execution time was O(n), fbr n ( 82,000.

Agishtein ancl lVligclal [7] solt the sites by the orclel that t]rev occul on a space-filling frac-
tal cnrve. 'l'his tal<es time O(n logn) f'or any clistlibution of sites. lfhe obser.vecl execution

time to compute the triangulation (not counting the initi¿l sort) rvas O(fifor n, < g0,000.

This approach is similal to using quatelnary bncheting without a flxecl number. of buchets,
ancl subclivicling any bucl<et lvith more than one site.

Note that for all the schemes that involve le-ordeling the sites, the Guibas-Knuth-Sharir
gualantee (that the expectecl number of flips is O(n) regarclless of the site clistribution) is

voidecl' Incleed, for sites on a half-parabola, sorting by e coorclinate, or spiral or serpentine

buclret olclering can lead to Q(nz) flips since the orcler of insertion could be the orcler that
sites occul on the half-parabola. The quaternary orclering scheme is designecl to be mor.e

robust by mixing up the ordering of the buckets. If the sites aÌe on a half parabola through
the bottom low of buckets, with one site per bucket, the total number of flips to plocluce

the triangulation satisfles the recurr-ence

0

1

r?r+zj(j+t),

(2.1)

(2.2)

(2.3)
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'l'he solution to this is O(zlogn.),'l so rvhile bettel thal the othel schemes, the nrLurber- of
flips is still suboptirnal fbl this palticular clistlibution of sites.

Rv ireeping all the interrnecliate triangulations, Ciuibas, KnrLth ¿ncl Shalir' [148] ale a,ble

to locate the insel'tion tria,ngle in average time O(logn) (avelage over ¿rll insertions ancl

all insertion olclerings, r'egalclless of site clistribuiion). \,Vhenever a triangle is flippecl, ol
subciiviclecl by a nelv site, ilstezrcl of cleleting it, they keep it alouncl, with pointels to the

trvo (if flippect) or thlee (if subclivictecl) nerv intersecting chilcl tlizrngles. Since the expectecl

nuurbel of flips to constmct the triangulation is O(n.), the tot¿rl space recluirecl is O(ru) on

avel¿ge. To fincl the insertion tliangle f'ol a nerv site it is just necessary to sta,rt at the

loot tr-itrngle th¿rt co¡-t¿r,ils aÌl othels, ancl move to the chilcl which contains the nelv site

until a lezif tliangle is le¿checl. 'Ihe total se¿lrch time to construct the triangulation is 1;hen

O(nIogn).

Watson's algorithm lf rve clo not heep track of triangle acl.jacencies ¿r,ncl use lVatson's

methocl of cleletirLg all tliangles whose circu¡ncircles inclucle the new site, lve can avoicl

having to search all the triangles by pre-solting the sites by r coorclinate. lVhen searchirLg

the triangles, if we cliscover one whose circumcircle does not intersect the vertical line

thlough the new site, then we know tl'Lat no latel site c¿rn be insicle the circumcircle of th¿r,t

triangle, ancl it ueecl not be checkecl lvhen inserting later sites. So, when inserting a new

site, it is only necessaly to check those triangles whose circumcircles intersect the velticai
line.

If the sites are uniformly clistributecl insicle the unit squale, we can estimate this number-.

A circle of raclius l? has a probability of 2R of intersecting a ranclom vertical line (ignoling
edge effects). The expected value of Ris Tl@fn) 12321, ancl there ane 2n Delaunay tr-i-

angles (again ignoring eclge effects), so a ranclom veltical line rvill intersect 3/z Delaunay

circumcilcles on average.

We also neecl to consicler the triangles that are Delaunay triangles of the sites to the

Ieft of the line, but whose circumcilcles contain a site to the r-ight of the line. An eclge of
such a triangle must be intersected by a Delaunay edge that crosses the vertical line, so we

can bound this number by consiclering the number of Delaunay eclges that cross a vertical
line. A line of length / has plobability 2l lr of intersecting a random vertical line [272]. The
expectecl length of a Delaunay edge is 3219r^/n 12321, and thele are 3n Delaunay eclges

31

^oþ(")) isthesetof functions"f(z)such thatcls(n)lSl/(")l Solg(")lforsorne c,D>0[144].



C IT AP'I' ]'H 2. TRL A N C: U I, A' I' IO N A T. C} O R]'T' TIIIT S

(ignoring eclge eff'ects), so rr r'¿lnclorn veltic¿r.lline r.vjll intelsect (6al3r2)r/n l)elaun¿rv eclges.

Hence, it only lrecefis¿lly to sealch O(t/") triangles, giving tirne O(rzl'5) for unifounly
clistrilrutecl sites. Sloan ¿rncl Flouisby [302] r'eport execution tirnes grorving a1; O(n,.u) for'¿ln

irnplementation of the above approa,ch.

If lve lecorcl triangle acl,jtrcencies, then the s¿r,me t.r'iangula,tion rvalhing, site r.eolclering,

ancl lieeping olcl tliangulations rnethocls c¿n be usecl as in flip irLsertion.

The Del¿r,una'.y tree, proposecl by Boissonna.t ancl'I'eill¿rud [:ì1], by keeping olcl tri¿ln-

gulations arouncl a,llorvs us to fincl the tlizrngles rvhose cilcumcir.cles conta,in the nelv site
in avelage tirne O(logz). The rnain clifference fi'om the Ciuibas-Knuth-sharil rnethocl is

that f'erver triangles are liept-the tem¡rolnr'.y tliangles cle¿rtecl rvtrile flipping that are not
in a partial l)elaunav triangulation ale not incluclecl. This s¿l,ves sp¿Lce, but mahes 1;he clat¿r

stlucture a little nlore corrrplicatecl since triangles h¿rve a varia,ble nr-rmller of chilclren.

A sirnilal scheme w¿rs pr-oposecl by Palir,cios-Velez ¿ncl Renaucl [253]. The main clifference

is that fol de.letecl triangles rve.just store a pointer to the site rvhose insertion causecl the

cleletion of this triangle, since each nerv tlia,ngle tha,t intersects it musl; be acljacent to
this site. When searching fol an enclosing tliangle fbl a new site, rve can rvallç on the
triangulation, starting at a triangle acljacent to the cleletion ctursing site. 'Ihey me¿rsurecl

¿r' total search time of O(nIogrl) for an implementation of this methocl fol n ( 15,000 ancl

uniformly clistributecl sites. They also cornpared this met]rocl with a simple tr.iangulation
walk scheme. This plovecl to be slower for z > 500 but solting the sites made a c[.amatic

clifference--in this case fewel than 4 triangles needed to be sealchecl fol each inser-tion, as

comparecl rvitli 24 for the hielarchical method and 35 fol unsortecl triangulation walkins.
(This is for-n : 2000.)

Table 2.3 further classifies the incremental Delaunay triangulation algorithms from ta-

l:Je 2.2 by the way inser-tions aïe carriecl out.

Watson's algoritlrm | [ei, SZ,85, 115, 116, 135, IbZ,IgT,25JJ60,g02,3iIA,W,
33el

Fiip | [34, 163, 296]
inside | [7, 36, 42, 59, 719, '123,131, 134, 14g, 150, 16g, 202, 22I,

234,246,294, 300, 3031

outsicle | [8, 65, 194, 308]

'ì,)

'Iable 2.3; Incremental Delaunay Triangulation Algorithms
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2.3.2 Constrained Delaunay triangulation

C,liven ¿t, colstr'¿irtecl ì)e-laun¿ry triangulzrl;ion rve can inselt a new site or ¿r new constr.¿li¡t.

Inselting a new site is clone in the sarne w¿ì,y as in t]re incremental Delauna,y triangulation
a,lgolithrn-rve cottnect it to all the sites th¿r,t it can see ancl then use the c:onstr¿linecl flio
algorithrn to get the new constr.¿rinecl l)elaurLay tr.iangulation.

To ilsert ¿r constr'¿lint ii is necessaly to clelete the Ä' eclges th¿r,t it inter-sects ancl then
insert tlte eclge. If b > I the lesult r,vill contain ole ol trvo non-trizrngulal faces--a p-gon trncl

a,nr-gort,wherep+r=l;*5. WeneecltocornputeasirnplepolygonDelauna,ytria,ngulatiol.

Tlris h¿rs been clone by ihe selection trlgorithrn [63] (section 2.4.3),the flip algorithm [26, J01l

(section 2.2.3), ancl the clivicle-arcl-conquer algolithm [169] (section 2.6.3).

If rve use ¿r rvor-st ctr.se O(È2) (e.g. selection) algolithm, then since À'is O(z) arcl thele
cotlcl be O(n) constra,ints, the rvolst-case execntion tirne is O(zl3). I-lowever, in m.any

applications, Å,'tencls to be sma,ll (f.e. the constraint eclges are sholt), or there ale not m¿Ìny

constlaints, so this tlpproach can give r.eason¿rble per.forma,nce.

In fìr,ct, the faces to be letriangulatecl ale Dela,unay rnonotone pol¡rgons (section 2.I.\
ancl lrence can be tritrngulatecl in tirne O(k), yiekling O("') wolst-c¿rse algor.itluns 1204,Jzf]|.

If lve clo not require an on-line algorithm, we c¿ùn insert all the constraints before cloing

any retriangulating. This leaves us with a set of simple polygols to I)elaunay triangulate.
If we nse an O(n log n ) algolithm for this, we obtain a O(nlog n ) for constlainecl Delaunay
triangulation [169, 320].

2.3.3 Simple polygon Delaunay triangulation

The natural way to apply this paladigm is to adcl veltices one at a time to the polygon,
maintaining a simple polygon triangulation at all times. In particular, if the polygon has

vertices PtPz. ..p' ancl {pn,pt 
"). 

. .)pki} is a subset of the ver-tices such that lt1 1 k2 1
.. . 1 k¿ we want the Delaunay tliangulation of the polygon pktpk2 . . .pk;. Unfortunately,
this polygon may not be simple (its edges might cross). lVe coulcl also tr.y aclcling the
constraints one at a time, but a subset these might not form a simple polygon either.

consequently, we must insert points in an order such tha,t p¡rp¡r...pk¿ is a simple

polygon. One way to achieve this is to flrst tliangulate the simple polygon (section 2.2.2).

Pick any triangle to start, ancl then add triangles that share an edge with pr-eviously aclclecl

triangles, one at a time. This introcluces one new vertex at each step. Each intermecliate

J()
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polygon is sirnple bec¿r,tse its eclges a,r-e eclges of t]ie polygon tlia,ngultrtion, tlncl hence clo

not intersect. The Delaunay tlizrngtLlation c¿ìn be tLpcltrtecl by flipping in the usu¿l,l rn¿lnner'.

Note th¿rt since sites are not insertecl in a lanclorn olclel the C,luibas-Knuth-Shar.ir.It481

result cloes not apply: lve cannot sny that tire expectecl nurrrbel of flips is O(n).

2.3.4 Convex-Polygon Delaunay triangulation

If the sites are the r¡ertices of a convex polygon then l;he tlvo sites to connect ¿r, nerv site
to c¿rn be f'ortncl in const¿l,nt tirne. If the sites ¿l,r'e inseri;ecl in a r¿r,nclom orcle.r the expectecl

tot¿rl numbel of flips is O(n) a,ncl the tot¿r,l time is O(n). 'fhis lesult was first provecl by

Cherv f 521.

2.3.5 Special polygon Delaunay triangulation

lVhy were 
"ve 

able to fincl a linear ,-¿r,nclomizecl insertion algolithm fol con-vex polygons but
not fol simpie polygons? llhe clifference was th¿t for convex polygons, '!ve wer-e gua,ranteecl

tlra,t polygons lihe pkrPk" . ..pk¿ rvele sirnple. So rve also h¿ve a, linear lanclomizecl inser.tion

algorithrn f'ol polygons with the propelty that a line joining a,ny trvo ver'l;ices cloes not cross

a polygon sicle.

Klein and Lingas [182] show that the sarne applies fol polygons with the property
tlrat sicles of polygons like p¡rp¡". ..pk¡ were eclges of the Delaunay triangulation or of the
ftrrthest-site Delaunay triangulations of the sites {p¡, ,pkz,...,px;}. Such polygons inclucle

Delaunay cleletion polygons ancl monotone histoglams.

2.3,6 Convex-Distance-F\rnction Delaunay triangulation

If the convex-distance-function ball is smooth and bounded then the incremental algorithm
will worl< in the same way that it cloes in the Duclidean metric. If not, two clifficulties are

encountelecl:

1. lVe clon't always know how to flip diagonals (see section 2.2.b).

2. Connecting a new site to all visible sites may add eclges outsicle the support hul1.

Drysclale [91] plesents an algolithm thai deals with these clifficulties in the case of non-
smooth balls. In section 4.1,.2I present a way to deal with these clifrculties in all cases.

34

5l'riangles of the furthest-site Delaunay trianguÌation contain a.ll other sites in their circumcircles
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2.4 Selection Triangulation Algorithms

2.4.L Delaunay triangulation

'I'he ra,ive selection trlgolithm just considers atl (!) possible triangles. \,Ve checli etr,ch triangìe
to see if its cilcur¡rcilcle is ernpty in l;ime O(n),leading to .a. O(na) algorithnr..

Cliven zr Deizlunay eclge rve can filcl the Delaunay tliangle on n given sicle of that eclge

by a simple scaln tlllough the sites on that sicle. We sta,rt rvith a canclictate site for the thilcl
site of that tliangle. If ¿rnothel site is insicle 1;he circurncilcle of the cancliclate triangle, then

that site becornes l;he nerv canclicl¿r,te.

'|he circ'umcircle ulgorithm 1229] starts by flnding a Delaunay eclge (for. example, by

fincling the closest site to a pa,rticula,r' site). \,Ve piace this eclge arct its levelse on ¿r, stack.

The a,lgolii;hm proceecls by popping an edge fronr the stack, flncling the Dela,unay triangle
on that eclge, ancl pushing the trvo nerv Delaunay eclges onto the stack. If rve push zrn eclge

onto the sl;ack ¿r'ncl its leverse is trh'eacly on the staclc, we remove both ectges.

Figule 2.9 shorvs the the seqttence of tliangles constmctecl. 'I\'iangles ¿rrouncl the convex

hull ale f'onncl flrst, then it spilals inwalcl. This is a clepth flrst sealch of the cluzrl graph of
the tliangulation.

If aclueue is used insteacl of a stack (figure 2.70), the boundary tencls to sweep across the

triangulation, ancl the size of the bounclaly is likely to be smaller'. A queue gives a breaclth
flrstsearchoftheclualgraphofthetriangulation. lìigure2.11 showsaveïageanclmaximum
bounclary sizes for each data structru'e, with sites tal<en from the uniform clistr.ibution over

the unit square.

Þ-or each Delaunay edge we clo a O(n) search thlough all the sites, so this algor-ithm
takestime O("'). Theeclgesstoreclonthestackfolmthebounclalyofthear-eatriangulatecl

so far, so the stack will have maximum size O(").The only clata structure neeclecl by this
algolithm is the stack since Delaunay triangies can be output as they ale computecl. If we

wish to construct the acLjacencies for- the triangles it is necessaïy to store lvith each edge

the associatect triangle.

If we lift our two-dimensional tliangulation ploblem to a three-climensional convex hull
problem, then the gift-wrapping algorithm [263] is just the circumcircle algor.ithm in dis-
guise.

.)(
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Figure 2.9: CircrLmcilcle aigolithm. Staclç is in bolcl



C I{ A P'I' 1l Iì. 2. ll' lI l A t"l Cl tl L A:1' I O N A L C,t O R t'j' II NI S r)l

l¡igule 2.10: Circurncilcle algolithn. Queue is in bolcl
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Figure 2.11: Borurclary sìze i¡r circtLmcircle algolithrn (log scale)

Speeding up the circurncircle algorithm

Sorting on ø A simple lvay to speecl up th.e seaïch for the l)eia.unay tliangle is to sort the
sites by ¿ cooldinate. All the sites in a vertical stlip rvill be contiguous in the sortecl list. If
C is a canclicl¿te site for the thircl vertex of the tliangle on AB, then it is only r.ecess¿ìr.y to
test th.ose sites in the vertical stlip with sicles tangent to the part of CABC on the same

side of AB as C. If we flncl a site inside the cilcle ABC, then we have a new cancliclate ancl

the circumcircle and consequently the vertical stlip to be checke{ rvill sluinh.

If we test the sites in the light order it is unnecessary to test sites outsicle the vertical
stlip tangent to the actual Delaunay aLc6 on .4-B. The optimal older is the order- in which

tlre sites are touchecl by the expanding veltic¿l strip (see frgule 2.rJ).
If the sites are uniformly distributecl in a unit square then the expectecl raclius of a

DeÌannay circurncircle is 3l@1/n) and the expected numbel of sites sear-checl is less than

lt/n' Uence the total search tirne to construct the Delaunay triangulation is O(n3/z¡.
Fang ancl Piegl [112] uses an approach similar to the above, though rvithout the optimum

searclt oldering.

3B

6the part of the Dela.unay circle on the sa.me sicle of AB as C
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FigLLre 2.12: Strip tangent to the part of OABCon the same sicle of AB as C

39

Figure 2.13: Search for a Delaunay triangle using an ¿ sortecl list
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Bucketing If the sites to be tliirrLgulatecl are uniforrnly clisiributecl, we c¿ì,n use buclietins
to implove tlre execrLtion time to O(n) in the ¿ìver¿rge case [i li], 224,227,:J1Tl.

lVe leecl to use O(z) bucliets so tha,t ea.ch bucket rvill contain O(1) - p sites on the
avel'age. 'Io fincl the thilcl site of the Delau.na,y tliangle to the right of the eclge ,,113 (see

flgule 2'14) lve need to flr'st sealch the buchets intelsectecl by the ectge ,48. 'Io ensur.e th¿rt

buckets ale not searchecl urtnecess¿l,r'ily, ihe olcler in rvhich the remaining buckets shouftl

be se¿uchecl is the orcler in rvliich they tue encountelecl by ¿rn expa,ncling ar.c through the
sites,4 ancl B. The buckets in figule 2.14 are numbelecl in the olcler th.¿r,t the.y rvili þe

sealchecl. lVe can stop the sealch rvhe¡r rve have sealchecl all the buchets to the right of A1J

th¿l,t intersect the cilctLrrcircle of the c¿rncliclate triangle. (In flgule 2.14 rve rvoulcl stop after.

searching bucket 11.)

1l
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Figure 2.14: Bucket search for a Delaunay triangle

40

A circle with

an average of 2-E

radius .B will contain an avelage of r R2 : c bucket corners) and intersect

= /¿ lrorizontal and 2R = I vertical lines. Considel the planar graph formecl
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bv tlre intersectiou of the buclçets rvith the cilcle (see figule 2.15). This h¿r,s c * 2h* 2l : ,u

veltices zr,ncl (4c t:l(2h'+21))12: e e(lges since the vertices insicle the circle have clegree 4

ancl the ones on the bouncl¿l,r'y ha,ve clegree 3. ]luler.'s fonnula, szi,,'ys

f : 2¡e-a
: 2+2c+3(/¿+/) - (c*zlt-l2l)

= 2Icllr+1.

(This is one rtote th¿rn the rturnber of btLckets, since it counts the exterior fa,ce.)

Figure 2.15: Graph formecl by intersection of buckets with a circle

lVliles [232] proves that the the moments of the circumraclius of a r-anclom Delaunay t¡i-
angle are ElBol:l(kl2+2)l(rÐk/2. Thelefole, the average numbel of buckets intersectecl
by a Delaunay circumcircle will be

4.1

b(p)

The number of buchets searched ,rvill

testecl. The optimum value of p will

E[trR2+4R+r]
f (3) r(512\7i ' '-la;-*;**1

7r p l7r p)'t "
23
-* -*1.p t/p

hence be at most ö(p) and at most pó(p) sites will be

depend on the amount of time it takes to test a site
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¿ì,Ìc[ th"e amoì.url, of tirr e it t¿r,hes to cornpute the nexl; buchet a,ucl test if it is ernpty. [f t]rese

tirnes a.r'e eclua,l the optimum value is abont 1, giving ¿rbout 6 sil;es tesi;ecl ancl 6 buchets

se¿rrchecl.

The total sear-ch tirne fol the rvhole tlizr,ngulation will hence be O(n ).
llb ensrtle that the total lunuirtg tirne is O(n) rve rnust make sur.e that the Lrpclatìng of

the stach takes O(1) tirne. lVe cannot just search the entire st¿rch fol the leverse of the eclge

1;o be ¿r,clctecl, since t]ris could take O(z) time. Ihe st¿r.clç is just the erlges rnaking tp the
bounclary of the tliangulatecl region ancl ¿rlmost all sites rvill appear- on this bounclaly a.1;

most once, so lve ,just neecl to maintain ¿r, table th¿rt contairrs fol each site a list of nointers
into the eclges on the stack thai it is the flr'st site of.

lvlaus [224] ancl IVIcCullagh[227] clo not se¿r.rch the bLLckets in the optimum olclel clefinecl

above. Insteacl they sealch ¿ll the buckets intelsecting a circle tlu'ough AB.If these ¿lre ¿r,ll

empty, they try ¡rroglessively lnrgel circles. Fang ancl PiegÌ [113] aclopt a similar appr.oach,

except that they se¿l,rch the bucliets in a bounding squale of the circle. They leport an

optimnm value of p of 1619. Tarvyclas [307] just se¿rrches the nine buckets a.cljacent to the
lrncket containing the centle of AB.

2.4.2 Constrained Delaunay triangulation

Wlren sealching fol a nerv triangle on an edge ,48 it is sufficient .just to test AC atd BC
to see if they intersect a constraint eclge. This gives a vely simple O(n2e) algorithm. Since

eis O(n) this is O("t) in the worst case. A simple improvement, implementecl by Lo [216]
is to flrst construct the triangles on either side of the constraint eclges. Once we have clone

this it is no longer necessary to test for intersection with the constraint eclges, giving time
O (nez + n2). In many applications there are only a ferv constlaint eclges-if e is O(r/n) th,e

total time is just O("').
Another possibility, suggested by Lee ancl Lin [201] is to construct (in time O(eloge))

the visiliility polygon from .4.. lVe can test in time log e whether a site is in this polygon.
Tlris gives a O(nzlog e) algorithm. Lee and Lin also suggest using a O(nz) algorithm [12]
to construct the visibility graph for the entile set of sites, which gives a O("t) algorithm,
but tlris is not practical since the space requirement is O(n2) ancl the visibility algor-ithm is

much more complicated than the simple Selection triangulation zr,lgorithm.

,1,)



C II AP']' Ii R 2.'1'R T A N CI U I. AT T O N AI, C} O RL'I'II N] S

Bucket Search

If the sites ¿rle uniforrnly clistlibute(l we c¿l,n consicler using bucheting. lllhe obvious tr,ppr.oach

is to store each eclge in the buclcets that it intersects. lVlten rve sear-ch a, bucliet, rve test

each site in the bucliet a,gttinst each constrzlint eclge intersecting th¿t brLcket. Fnrthermo-r:e,

rve clo not search buchets on the fal sicle of constr'¿l,inecl eclges that rve flncl in ¿l buchet.
'Ihere is a' ploblern rvith this apploach: it is possible io have f)(n.) constlaint eclges, each

of r.vhiclr intelsects A(t/") btLckets, leacling to Q(n3l\ stolage recluirernents. Fur.therïrore,
even if rve coulcl, bv sorne clevel cla,t¿l structule) r'eclnce this i;o Oþt),lve h¿r,ve auother
ploblem. 'l'he constt'¿rint eclges rvill divicle e¿rch buclçet up into an aveï¿ìge of Cl(/ã) r.egions.

!\¡hen rve search a bucket, rve lvill only consiclel sites in one of these legions. '.fhis means

tlr¿r,t we will have to sea,r'ch A(J") bucliets on ¿ver'¿ìge to flncl a site, so the tot¿rl se¿rrch tirne
fol tlre algolithnr will be tL(n312¡.

This problem tnay not be as b¿l,cl as it seems*rnost applications lvill not lvant to for.ce

¿¡ lot of lottg eclges, since this gtLara.ntees ma,ny skinrLy tliangles. In this context a. long
eclge is one that intersects O(t/") buckets. If the constraint eclges intersect a total of O(n\
lruckets (".g O(rt) long eclges, ol O(n) eclges that intersect O(1) buckets) then ihe total
storage recluirernents ar-e O(n)In this case, each bucket is intersectecl by an aver¿ge of O(1)
constraint edges, so we can still expect to fincl O(1) cancticlate sites per buchet rvhich gives

O(rz) search time ancl O(n) tirne to constluct the constrainecl Delaunay tr.iangulation.
This approach is acloptecl by Piegl ancl Richard [256] fol the slightly less gener.al problem

that occuls when the constraints form multiply connectecl polygons.

2.4.3 Simple polygon Delaunay triangulation

The visibility glaph (from a site) in a simple polygon can be constructecl in time O(n) [106]
ancl so the search fol a triangle standing on an edge rvill tal<e time O(n ) ancl the circumcircle
algorithm will take time O(n2). In fact, since in this case the Delaunay triangulation clivicles

the polygon into two smallel polygons we can do better than this on average.

Let us consicler the two extreme cases for the structule of the triangulation of the
polygon: a thin triøngu,lation (where the dual graph is a path) ancl a bushy triangllation
(wher-e the dual graph is a complete telnary tree).7

In the case of a thin tliangulation if we rancì.omly choose a sicl.e of the polygon to

43

TThese names come from Chatopadhyay ancl Das [46].
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constttlct zr Delaunzty tria,ngulzrl;ion then tÌre avelage tirne talçen sa,tisfies

Ð 7¿_l

?'(rr) : n + 1I ft;)
n7t

givirtg iime O(rzlogn). On the other- hancl, if rve ahva,ys choose the newly constmctecl sicle,

rve get

'I'(n) : n I T'(n * I),

giving a tot¿r,l of O(rJ).

In ihe case of a bushy tlizrngula,tion if rve ranclomly choose ¿r, sicle rve trlways get a

rvorst-c¿rse splii ancl t¿rhe time O('"t). On the other hancl, if rve ¿lÌrvavs choose the nervly

const¡uctecl sicle, in O(logn) steps rve get to the miclclle of the tr-iangula.tio¡r ancl after that,
e¿rch l)el¿lttna,y tlizrngle 1;hat rve fincl clivicles the polygon exzr,ctly into trvo, so lnn tilne is

O('nIog n).

In the ca'se rvltele tÌre tliangulation is a lanclom one florn zr.ll possible polygon triangu-
lations, the run time is Oçnzlz¡ (see section 11.4.1.)

If we lra,ve to a priori infor-rnation about rvhich sorts of triangulations ale most lihely
it rvoulcl seem best to altelnate between a lanclomly chosen sicle ancl a newly constmctecl

side.

2.4.4 Convex-Polygon Delaunay triangulation

This is similar to simple polygon Delaunay triangulation except that it is no longer necessar-y

to test for intersections with polygon eclges. See section 5.4.1 fol more cletails.

2.4.5 Convex-Distance-F\rnction Delaunay triangulation

If the convex-distance-function ball is smooth ancl bounclecl then the selection algorithm
rvill work in the same way that it cloes in the truclidean metric. If not, two clifficulties ale

encountered:

1. The dual graph of the triangulation may not be connected.

2. The triangulation may contain eclges that are not part of any triangle.

In section 4.1,.2I plesent a way to deal with these difficulties.

44
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2.5 Sweepline Tbiangulation Algorithms

2.5.1 Delaunay triangulation

Foltune's srveepline algorithur for the Volonoi cliagrarn [122] lvorhs by clef'olrning the plane

so th,¿rt e¿rch site ¿rppe¿ìr's at the bottorn of its Voronoi region. Cluib¿r,s ¿r,ncl Stolfl [i4g] give a
thlee-climensional intelprettr,tion. An infinite cone extencling uprvalcls is placecl at e¿rch site

so th¿lt the vierv from belorv is .just the Voronoi cliagram ancl space is sr.vept rvith a plane

that ma,hes the sarne angle rvith the base plane as the cones.

lVe cau thinl< of IiolttLne's trlgorithrn ¿l,s a selection l)elatLrLay triarLgr.rla,tion algorithrn in
the follorving way: 'l'he circumcilcle algoritirm extencls the triangulatecl region by searching

thlough all the sites for each eclge on the bounclary of the triangulatecl r'egion. T'he srvee¡rline

algolithm rnahes one pass from left to right ove-r the siies. As e¿lch site is encounter.ecl, it
is connectecl to t]re appropriate part of the bounclary. Dach tria,ngle is ackleci ¿rs soon as rve

are sule that its cilcumcircle is ernpty.

lVe lvill n¿r,intain th,e subset of the Dela,nnay triangulation th¿r,t is guar.a,nteecl lo be

present no rn¿rtter rvhat sites are to the right of the srveepline. lVe r.vill be able to inclucle

an eclge if we c¿r,n fincl an empty circumcilcle touching tliat eclge. Let AC' be the f)elaunay
edge slrarecl by Delaunay triangles ABC and ACD (see flgule 2.16).

+()

Figure 2.16: Type I edge AC is added when sweepline reaches C
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Consicier- the ilencil of circles that p;r,ss thlough the sites ,4 ¿rncl C'. T'he locus f'or.mecl þ\r

l;he lightrnost points of these circles is ¿r, br-anch of a rect¿rngular hvperbolas lvith leftmost
point C. lllhe circles rvhose centres lie on the segment ,joining the cilctLrncentle of ABC (E
irr figtrle 2.l6) tr.ncl t]re cir*curncentre of AC D (I'in flgure 2.16) zr.r'e tlie olly ernpty ones. ll'he

lightmost points of these empty circles form ¿r segrnent of the hypelbola (the pa,r.t lvhose

y coor-clina,tes ale betrveen th"ose of 1J ancl 1). lVe are interestecl in the first ernpty circle

th¿r't the slveepline passes over. This is the one colresponcling to the leftlnost poirt of the
hypelbola, segment. 'fher-e ¿rre two possibilities:

4ri

Typ" I edge 'I'he y coolclin¿rte of C is

eclge AC rnust be aclclecl rvhen the

Typ" II edge lllhe y cooldinates of l|
ure 2.17). The eclge ,,lC must be

point of the cilcrLmcicle AC D.

betrveen tha,t of .D ancl that of 1r (flgule 2.16). ifhe

srveepline rea,ches C'.

ancl I' ar-e both greatel or both less than C's (flg-

aclclecl rvhen the sweepline leaches i,he r.ightmost

Iìr'om the above it rnight seem that we need to know tb.e entile Delaunay tliangulation
in orclel to cletermine the edge to adcl next, but in fact rve only neecl to keep tracli of the

borurclaly of the partial triangulation, those eclges that coulcl potentially have a Delaunay

triangle on their light hancl sicle. lVe can ordel the edges of the bounclaly in an anticlochrvise

olcler', stalting flom the leftmost site.

Deflne STC(,48) (sweep tangent cilcle) of an edge AB to mean the circle through ,zl

ancl B ancl tangent to the sweepline at a point to the right of ,48. (Note that there are

two circles through an edge, tangent to a line.) The sweep tangent circle for a bounclary

eclge will be empty, since if it contained a site, a Delaunay triangle to the right of the
edge with a circumcircle to the left of the sweepline woulcl exist. The orcler of the eclges

around the bounclary is the order in which their tangent cir-cles touch the sweepline (see

flgure 2'IB), since if ABC are three consecutive sites on the bounclaly ancl the tangent

sPut the origin ai the miclpoint of. AC, ancl let C have coorclinates (ø, ò). The ci¡cle centres lie on the
line ¿ø i lty :0. Let the circle centre be (ca, y) (so z6 : -2ù ancl its rightmost point be (ø, y). Then

(, - ,o)' (xo - a)2 + (u - L)'

ç+!ù' : CIr-a)2+(y_ b)2

,'+zI,r-!2-@'+t'): o

rvhich is a rectangular hyperbola.
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Fignle 2.17: Tvpe II eclge AC'is a,clclecl when srveepline leaches G

point f'or SlfC(ÁB) is above the tangent point for STC(BC), then C e STC(AIJ) (see

f.gnle 2.'Ig), rvhich is impossible.

Initially the bounclary rvill contain just the leftmost site. lVhen we aclcl a type I eclge

AC where C is the new site ancl ,4 occurs on the bounclary in the sequence aX AY p (a ancl

B are sequences of veltices), the bounclary becomes aXACAYB (see frgure 2.20). lVhen
we add a type II edge AC (see flgule 2.17) the eclges DC and AD will ah-eady have been

incluclecl in the paltial triangulation (since we can frnd an empty circle entirely to the left
of the sweepline that touches CD rvith a centre .just a little above F). The bounclary will
contain aADCB since all new eclges are added to the boundary and edges are only cleletecl

rvlren their Delaunay triangle is founcl. The bounciary becomes aACB. At termination, the
bounclary contains the convex hull of the sites.

If AIIC are three consecutive vertices on the boundary and C is to the right of AB (i.e.
B is a concave vertex), then ABC is a potential Delaunay triangle, ancl" AC can be adcled

to tlre triangulation when the sweepline reaches the rightmost point of QABC (since then

OABC = STC(AB)) VVe will update the boundary whenever the sweepline reaches a site

ol the rightmost point of circumcircle. It is sufficient to maintain a prior-ity queue for these

events, olderecl by z coorclinate. The priority queue will contain a site event for each site
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Figure 2.18: Cilcles through boundary eclges tangent to sweepline

4u

Figule 2.19: Sweep tangent circles in the wrong orcler
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F-ignle 2.20: Boanclaly changes from aXAYB to sXACAy0

+{)
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to the right of the slveepline, ancl a cilcurncircle event for- conc¿rrriLv AIIC'on the bouncl¿r.v.

lVe initialize the c¡rerte to contain ¿rll ihe sites except the leftmost. lVe then proceecl b1,

lernoving an event fr-om the çllrene.

If tlris is ¿r circurncircle event fol tritrngle ADC' we can output the tr.ia,ngle ADC ancl

upclzrte tlre bouncl¿rry from aX ADCY p to aX ACY B. We lerrove events (if any) for X AD
anrl DCY ancl ¿rclcl events for X AC (if A is concave) anrl ACY (if ú is concave).

If this is site event for site C, rve neecl to fincl the bouncl¿r,ry site to connect it to.
Such ¿ site is gua,ranteecl to exist--consiclel an expancting cilcle through 6', ta.ngent to the
slveepline. The first site that it touches, sny A, is the site rve rvant. A coulcl occur.o¡ the

borrnclaly r¡rore th¿rn once (see flgure 2.21). At t]re collecl; spot on the bouncl¿lry a.YAyþ,
rve lr¿rve [' 6 rveclge(X AY).e

Fignre 2.21: Boundary is LAMAXNXAYL

lVe npdate the boundary from aXAYB to aXACAYB,remove the event (if it exists)
for X AY ancl add events for X AC and C AY (if they are concave).

lVe could search the entire boundary to fi.nd the spot r,vith the clesirecl proper-ties, but

ewedge(XAY) is ihe intersection of the half-plane to the right of X,4 and the half-plane to the right of
AY.

50



C I1 A P 1' trR 2.'l'RlA¡\rG U l, A:t' IO N AL G O RI'l' It M S

thele is ¿ better.' rvay. Siuce l;he tangent points of the STCs of þouncla,r.1, eclges tr,r.e orcterecl, qre

can ttse binary sealch to flncl acljacent bouuclaly eclges ,YA ancl AY such th¿rt C,'is betrveel
the ttr.ngent points of STC(xA)anct STC(AY). Norv, siuc(,Aci) c src(,yA)us:f C(Áy)uÃ
rvhele -B is the shaclecl legion in flgure 2.22.

Fignre 2.22: CA is ¿ Delauntr.y eclge

If A is empty then STC(AC) is empty and, since the tangent points of STC(,YA) ancl

src(Ay) ale in rvectge(xAY) ancl c is between them, tlien c e weclge(xAy).
If Ê is not empty, then let C/ be the ieftmost point in ,?. The circle thlough A a¡¡), Cl

witlr a vertical tangent at Ct is empty. By the same leasoning as in the previous paragraph,
C/ wonlcl be connected to ,4 when the sweepline leachecl C/, lvhich contraclicts X A ancl Ay
being adjacent.

When the queue becomes empty, we rvill have constmctecl the Delaunay triangulation
and the boundary will contain the convex hull of the sites.

Figures 2-23anc]- 2.24 show the sequence of events that occur. Circumcircle events acldeil

to the queue are shown as dashed circles, while those cleletecl are shown as dottecl circles.

Efficiency of Sweepline

The total number of events that occur is eclual to the number of edges in the Delaunay
tliangulation, which is O(n). The boundary is a subset of the Delaunay triangulation, so

its size is O(n).'Ihe event queue contains at most one event for each site, ancl one event for

I-r I
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Figure 2.23; Sweep algorithm
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Figrlre 2.24: Srveep algorithm
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eacìIl bottncler.rv eclge, so its size is O(rz). lìy using suit¿r,ble clat¿¡ sl;mc:tules (f'ol example, a.

heap f'or the cltLeue ancl a ba'lancecl 1;ree for the bouncl¿rlv) upclates ¿rncl searches o1 t]re eve't
qnetle ancl the bounclary can be clone in tine O(logz). The time to plocess e¿l,ch event is
o(logn) ancl the tot¿r,l tirne to cornprLte the triangrLlation is o(rr,logn,).

2.5.2 Constrained Delaunay triangulation

'I'he srveepline algolithm can be moclifiecl to compute the constlainecl DelaLLnzry tliangula-
tion. lVe still tnaintain a, sultsei; of l;he constrainect Del¿l,un¿l,y tritrngulation i;h¿r,t is glaranteecl
to be plesent no mattel rvhat sites ¿r'e to the light of the slveepline.l0 'Ihis obviously in-
clucles ¿rll the constraint eclges. Constlaint eclges that lie entirely to the left of the slveepline

can be tre¿r,tecl just lilie any other eclges. Constr-¿rint eclges that lie entirely to the right of
the srveepline c¿l,n be ignorecl until the srveepline leaches thern. Constraint ectges that cr.oss

the slveepline divicle the ale¿t betrveen the partial constr'¿r,inecl l)elanna,y t¡ia¡gulzrtiol a..cl

tlre srveeplilte into a nrLrnber of legions (see figure 2.25). lVe will ca,ll these constr-aint eclges

acl,i'ue constre¿inLs.

Figur-e 2.25: Purtial constrained Delaunay triangulation-Constraint eclges are in þolcl

5+

loThough not the maximal such subset a.s rve rvill see below.
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Definition. lf ¿r site is the leftnost poiut of a, c:onstlaint eclge then th¿r,t eclge is zttr irtcorrt,itt,g

edge of 1;ha.t site. If a site is the lightmost point of a constra.int eclge then th¿rt eclge is zru

orr,tgoing edge of that site.

lVhen ¿r site event for a site witir no inconing eclges is processecl the se¿l,rch fbr the
bounclal'y site to conrtect it to is confinecl to the piece of the bounclaly that bor-clers the
regiou the nerv site ìrelongs to since these ale the onlv sites visible fi'on the new site. l¡or
exanple, in figure 2.25 wherl plocessing the site event for ú', the bounclary to be searchecl

is ,just xY ¿lncl c'rnrLst be connectecL to Y (cornpa.e witrr flgu'e 2.20).

Ezr,ch piece of the bounclary can be stolecl a,s a balancecl tlee.just as in section 2.5.1. If
there ¿r'e ,t' ¿r.ctive constr'¿r,ints thele will be È + 1 pieces. These pieces c¿n be organizecl ilto
a bal¿lncecl tree rvith t]re constraints stolecl i¡r the intelnal nocles ancl the bouncla,ry pieces in
tire ieaves' lVe lvill cali this tree the constraint tlee. An in-olclel traversal of the constlaint
tree puts each bounclary piece between the two constlaints that form il,s top ¿rncl bottom.
Tlre number of constr¿rints is O(n), so the constlaint tree oniy rec¡rir.es O(z) space in the
lvorst case.

'r'he clueue is exactly the sarne as it is i' the o'iginal algo'itrrrn.

Circurncilcle events aïe processecl just as in the original algorithm. If the rightmost
point of the circumcilcle is on the far side of a constraint flom the inscribecl triangle, then
we could be sure that the cilcumcircle was empty of visible sites befor-e the slveepline reachecl

the rightmost point (see flgule 2.26).

Fignre 2'26: ABC can be aclded to the triangulation rvhen the sweepline reaches .E/
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If rve rv¿rntecl to m¿r,ilttailL t]re lnaximal sulrset of the constla,ilecl ì)ela,unay trialgultrtion
that is gtLaÌanteecl to be present no rnatteÌ rv]rat sites ale to ihe r-ight of the slveepline
lve rvoulcl have to scheclule the circumcil'cle event rvhen the srvee¡rline p¿ìsses the lightnost
point of the cilcumcircle mocliflecl by removing all the prlrts on the f¿l,r sicle of constrailts
(tlre unshzr.clecl portion in figrue 2.26).I{orvever', it is r¿rther cliflicult to compqte the ¡ight-
rnost point of the moclifiecl cilcumcilcle since rve rvoulcl have to fincl the poientiallv O(rz)
constraints th¿rt intersect it.

I¡oÌtunately, this is not necessal.y. lVe c¿n scheclule the circumcir.cle event rv]ren the
sweepline passes tlle I'ightrnost point of the unmoclifiecl circumcilcle. The olly r,vay this
coulcl cattse a problern is if lve encountelecl ¿r site insicle t]re cil'culncilcle on the fal side of
a constraint (in the sh¿rrlecl r'egion irL flgule 2.26). I']ris site coulcl only ca.se the.er'ova,l of
the cilcumcircle event if the nerv site enclecl tp being connectecl to ole of the vertices of the
inscribecl tliangle. llut this is impossible since these veltices clo not belong to the piece of
the bonnclary acljacent to the legion that the ner,v site falls into.

TheÌe are three stzrges to processirtg tr site event for a site C'; fll'st rve rnust cteal rvith
the incoming edges fol a site, then fincl a bounclary site to connect it to. then cleal lvith the
oLLtgoing eclges.

Incoming Edges Let ¿ be the number of incoming eclges. These eclges rvill occ¡r in slc-
cession in an in-oldel travelsal of the constraint tree, so we can flncl them (ancl the
bounclaly pieces that they separate) in time O(i + logn). The in_orcler traversal of
the constlaint tlee will look like this:

absXlCblXzClsz . . .b¿4X¿b¿p

wher-e the ô¡ clenote pieces of the boundary and the X¡ are left encls of constraint
edges (see flgure 2.27). We just need to moclify the constraint tree so that in the
in-olcler tlaversal the above sequence is replacecl by the single bounclary piece b6Cö¿.

Dach boundary piece is representeci by a balanced tree, so that we can construct this
nerv piece in time O(logn) by merging two balanced tr-ees by creating a tree with C'

at the root ancl ö6 and ö¿ as its children and rebalancing if necessaïy. To moclify the
constraint tlee we just neecl to clelete the i incoming eclges in time O(ilogn).

Find a boundary site to connect it to If the site has an incoming eclge this is unnec-
essary. Otherwise, the search is confi.necl to the piece of the boundary that borclers
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Figure 2.27: Incoming edges for a site event
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the legiotr the nerv site belongs to. We first clo ¿¡ sealch in ihe constr.¿r,int tree to fincl

tliis piece' lb cornpa'r'e the ¡relv site to ¿r, constraint, rve.just have to test whether it is

above ot' belorv. llhen rve clo a sealch rvithin the piece trncl rnoclify the event clueue just
as in the original algorithrn. Bach of these tal<e time O(logn) f'or a total of O(logn).

Outgoing edges Let .i be the number of outgoing eclges. Let the bounclary piece thzr.t C'

belongs to be Ö = boCbj. llhe in-orclel tr¿velsal of the constlaint tree will look lil<e

this;

uFGbDEp

rvhele FG anrl D[! ¿re the constlaint eclges that bouncl t, (see f.gule 2.28).

Irigure 2.28: Outgoing eclges for a site event

'Ihe constlaint tree must be modiflecl so that its in-orcler- traversal looks like:

aFGlt|XßblxzCb,z . . .b,¡-1Xrb,¡D E B

wlrere b'o=boC,b'j = C for'0 ( k < j,and.b} = Cbi.lVe need to split the boundary
piece Ö into two pieces at C. This can be accomplished in time O(logz) [185j. We
need to insert j constraints into the constlaint tlee which will take time O(jlogn).

The total time to plocess a site event is therefole O (log n + (j 1 o) log n ). The total time
to process all the site events is O(n togn) since the total number of incoming ancl outgoing
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eclges is O(.").

lllhe efücienc.y of pr-ocessing site events c¿rn lte implovecl sotnervh¿11; by notici¡rg that if a

site has incoming ancl outgoing eclges we lnerge trvo borLnclarv pieces ancl then split the¡r
apalt at the same spot. ifhis is turnecessaÌ'y, so we only neecl to mer.ge rv[en ¿1, site ha,s

incorning but no outgoittg, a,nc[ split rvherL it has outgoing eclges but no incoming eclges.

The total time to constluct the corLstlainecl Delaunay tlizrngul¿tion is O(rzlogrz) just tr,s

in th.e oligina,l algorithrn.

Seiclel [291] gives anothel srveeplitte algorithrn for constrainecl l)elaunay triangulation.
IIe proceecls by moclif¡,ing l¡oltune's algolithm [I22] for the Voronoi clia,gram to compute
the constr'¿r'inecl Volonoi cliaglarn. tt is simplest to i;hink of it as operating in a ba,se plane
(rvhich holcls the sites), plus one plane pel constlaint eclge. llach extra. plane is gl*ecl to
the base plane along its constr¿int eclge so that clossing the constraint eclge goes fi'om one
pla,le to the other. All the planes are srvept irL parallel ancl by apploplial;e clata structules
eaclr event c¿rn be plocessecl in time O(logz), giving ao(nlogn) algorithm.

2.5,3 Simple polygon Delaunay triangulation

Sorne simpliflcation of the sweepline algolithm fol constrainecl Delaruray triangulation (sec-

tion2.5'2) is possible if the constraints for-m a simple polygon-it is not necessary to com-
pute the part of the triangulation inside the polygon ancl each site has exactly two inciclent
constraints.

2.5.4 Special polygon Delaunay triangulation

If the polygon is monotone, each vertex has exactly one incoming ancl one outgoing eclge.

This means that we will never have to search the bounclaly for a site to connect a new eclge

to, so we do not need a fancy data structure to store the bounclary. Nor clo we neecl to
implement the geometric primitive that frnds the tangent point of a sweep tangelt circle.
Flrrthelmore) lve no longer need to schedule site events so that they are processecl when the
boundaly is colrect. Instead, we can just process all the site events fi.rst. Ihis amounts
to setting the boundary (which can now be representecl by a double-linked list) to be the
polygon' Then we schedule a circumcircle event for each tliangle for-med by a convex coÌner
ofthe polygon. To process an event, we cut offthe applopriate corner ofthe polygon, delete

up to two events (for corners containing the vertex that has been r.emovecl), and schedule
up to two events (for the two new corners cleated). It tahes time O(logn) to process an
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event, giving us ¿r velv sinple O(nIogz) algor.ithrn.

lVe c¿r.u use this algorithm io builcl u O(nlogn) algorithm fol simple polygon Delal-
n¿ì,)¡ tì'i¿lrlgtúation. Use a srveepline a,lgorithrn to clivide the pol.ygon into rnonol;one poly-
gons [263], Dela,utrzry triangulate each monotone polygon rvith the above algorithrn, ancl

melge the triangulations togethel with techniclue usecl in the Divicle-ancl-Concluer a,lgo-

litlrm. Dach of these steps ta,kes time O(nIogn).

2.5.5 Convex-Polygon Delaunay triangulation

Convex polygons ar'e monotone, so the algorithm clescribecl in the plevious section r.vill rvorh
f'ol this c¿rse.

2,5.6 convex-Dista'ce-Function Delau'ay triangulation

If the convex-clistance-function ball is stlictly convex, srnooth ¿r,nci bounclecl then the srveep-

Iine algolithn rvill wor'hin the sarrre rvay that it cloes in the Euclicle¿rn metric [2gg]. If not,
trvo clifficulties a,r'e encounterecl:

1. The partial triangulation (ancl hence the bounclaly) may be clisconnectecl.

2. The sweep tangent circle may not exist.

In section 4.1'2I present a way to deal with these clifficulties. Dehne ancl Klein [77] also
solve this problem, though in a clifferent rvay by creating two more types of events.

Shute et al. [297] give a srveepline algolithm fol the lVlanhattan metric. They use a
srveepline parallel to a side of tlie square ball for this metlic. This ensures that the bound.ary
of the partial triangulation is monotone, makilg site inseltion easy. This approach cloes

not generalize to other metlics.

Chang et al. [45] give a srveepline algorithm fol the orientecl Voronoi diagram. This is a
convex clistance function lvhere the ball is a circle sector, rvith tlie origin at the centle. They
use a sweepline that reaches the origin of the bali flrst. This approach cloes not gene¡alize
to other metrics.
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2.6 Divide-and-conquer Triangulation Algorithms

2.6.1 Delaunay triangulation

lfhe h¿r't'cl palt about the clivide-¿rncl-concluel zrlgolithrns is the ûre¡ge step.

lVltile it is possible to rnerge two arbitlaly l)ela,nnay tria.ngulations in linear time [176],
the rnelge step is rnuch sirnplel if the two trizr,ngul¿r,tions trle separiltecl by a line. In this
case, all the nelv eclges in the mergecl tlitrngulai;io¡r rvill closs the separating line. lVe cal
flncl these eciges in the olclel in rvhich they cross this line. Cliven one of these cross eclges /. 1ì

(seefigure 2.29), we c¿ìrt cluickly fincl the next one, LR' say. LRR' is a, l)elaunav tritrlgle, so

Ê11' must be a Del¿r.nnay eclge in the tlia,ngulation of the set of sites to the right of the lile.
lVe coulcl flncl the site r?/ by sealching all the sites acl.jtrcent to r? ancl all the sites .,clia.ce'l;

to 1,, but there is a bettet' rvay.

Figure 2.29: Finding the next cr-oss edge

Suppose L, R' and R" are three successive neighbours of -R (see figure 2.Zg). If .8" is
ontsicle CLRR'then since RRtR't is a Delaunay triangle of the right hancl sites, Q-B-B',?//
contains none of the light hand sites, ancl consequently no other neighbour of -R. coulcl be

inside LRR'' If A// is insicle CLRR., then.8.8'cannot be a Delaunay eclge of the merged
triangulation, so it can be deletecl and the next two neighbours of -B consiclered. We can

similally frnd L' adjacent to Z such tbat QLRLI contains none of the left hancl sites.

ot
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If I/ is outsicle CI'RR. then QtrBA'is an empt.y cilcle, ¿ttr| [,Rtis l;ire next c¡oss eclge

arrcl c¿r,n be irLseltecl in the triangulatiot If L'is insicle CLR.RI then Q LRI/ is a' e'rptv
cilcle, antl Lt R is ihe nexl; cross eclge.

'I'he first cross eclge is just the bottom hrLll eclge t]rat closses the ve-rtic¿r,l li¡e. I¡ieure 2.30
sltorvs the seclttence of partizr,l trinngulations ¿rs a,ll the cr.oss eclges ar.e fblncl.

'.fhe number of steps to clo the rnerge is O(n), since there is one step fol each nelv eclge

¿rclclecl ancl one step fol ea,ch erlge cleletecl.

If the sites a,r'e sortecl by :u coolclilate, it is easy to clivicle them into trvo ec¡ra,l sets

sepalated by a veltical line. Ìrigule 2.í11 sholvs how the tliangulatiors are mergecl togethe¡
to folm the final trizrngulation.

lllhis is the irlgolithrn clescribecl by Lee ancl Schachter in [202]. Cluibas ancl Stolfr give a,

mole clet¿r,ilecl clescliption in [1421.

Effi ciency of Divide-and-Conquer

If the sites ale uniformly clistlibuiecl on a rinit square, the expected number of Delaunay
eclges clossing a vertical line is O(Jn) (see the cliscussion in section 2.J.1). Ir¡om this it
might appear that (not counting the initial sort), the run tirre shoulcl satisfy the eqlatiol
7.('n) = O(J") +27(n12) which has solutiorrT(n) = O(n), but this is not the case. A ]ook
at flgure 2.31 reveals the problem. The typical melge is not along a line splitting a sqlaïe,
but one dividing a rectangle along its long axis ancl most Delaunay eclges will c¡oss this
line, leading to f)(z) merge steps. Ohya, Iri ancl lVIurota [246] report that the clivicle ancl

conqrrel algorithm cloes incleecl take time O(zlogn) fol n < 32,000 udformlv clistributecl
sites.

llowever, if the splitting is done on both hor-izontal and vertical lines, Dwyer. [g2] shows
that expected lunning time O(n loglogn) is obtainecl. Katajainen ancl Koppinen [tZl]
implove this to O(").

2.6.2 Constrained Delaunay triangulation

Chew [57] genelalizes the f)ivide-and-Conquer algorithm to constr.uct constrainecl Delaunay
triangulations.

Intermediate triangulations that ale to be merged together tliangulate all the sites in a
vertical stlip' Constraint eclges that cross a veltical strip clivide it up into r.egions. Chew
keeps track of only those regions that contain sites (the unshaclecl regions in f.gure 2.SZ),
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l¡igure 2.30: Nlerging tr,vo triangulations
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Figure 2.31: Divicle-ancl-Conquer triangul¿tion
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since othellvise 0(22) space coulcl be recluilecl.

Fig*r'e 2.32: '\ vertical strip. co'straint eclges a'e in bolcl.

I{e also aclcls virtual sites lvhere the constraint eclges closs the strip eclges. These ale the
wlrite sites in flgure 2.32. The viltual sites ale consiclelecl to be inflnitely far.away for the
ptu'poses of constructing the triangulation. (So they ale never considerecl to be inside the
circumcilcle of thlee leal sites.) When trvo strips are melgecl, the virtual sites that are on
their common edge allow adjacent regions to be matclied up. These virtual sites are then
eliminatecl. The acfacent regions ar-e then merged incLepenclently, by the same technic¡re as

in the original algorithm. Two stlips can be merged in time linear in the number of sites
they contain, so the algorithm takes time O(nlogn) in total.

IVloreau and Volino [237] have implemented Chew's algorithm. They moclifiecl the al-
gorithm to remove the virtual vertices. Insteacl, an AVL tree is usecl to keep track of tlie
active regions and match them up for merging.

Joe and lVang [165] sketch a Divicle-and-Conquer algorithm for the extended constlainecl
Voronoi cliagram' This could be used to construct the constrainecl Delaunay triangulation

6lr



C Il A P T' ]Ì TI 2.']'RI A N C: U I, ATIO N A I, G O RI'I' TI NI S

bv cluzr,lity.

2.6.3 Sirnple polygon Delaunay triangulation

'\ diagonal of a polygon is ¿n edge connecting trvo vertices that is interiol to the polygo¡.
I'he clivicle step of a. Divicle-¿r,ncl-Concluer a,igorithrn rvill ctivicle the polygorL a,t trvo ver.-

tices. lfhe eclge connecting these trvo veltices must be a cliagonal if ihe two srnaller pol¡rgons

a,r'e to be simple.

Ch¿rzelle [47] shorvecl that a cliagontr,l of a. siurple polygon ,,vhele etrch suÌrpoÌvgon has n/3
veltices c¿n be fouucl in time O(").Lee ¿i,ncl Lin [201] nse this lesult to clo the clivision fol
¿r Divicle-a,nct-CJoncluel algorithrrr. The rnerging of the triangula,tecl subpolvgons is clone the
s¿ì,ûIe w¿ìy ¿rsin the Del¿ul¿r,y tliangulation trlgorithrn. 'l'his a,lgolithm takes tirne O(nIogn).

An altemative 1;o Cltazelle's algolithm for cliagonal flncling is to triangulate the polygon
(see section 2.2.2). Using the tliangulation it is easy to fincl in linear time a cliagonal ,,vhere

each srLbpolygon has ru/lì ver.tices.

2.6.4 Special polygon Delaunay triangulation

It is easy to flncl a cliagonal in time O(n) that splits a monotone polygon in trvo rolghly
ec$ral subpolygons. Yeung [338] usecl this icle¿r to design a Divicle-¿ncl-Conquel algor-ithm
for the Delannay triangulation of convex polygons. Kao ancl IVIount f1711 use a simila¡
approach for Delaunay monotone polygons.

()t)

2.6.5 Convex-Polygon Delaunay triangulation

splitting a convex polygon in two can be clone in constant time. The

still take O(n) in the worst case, so the divide and concFrer algorithm
triangulation of a convex polygon is o(n log z) in the worst case. Section
average time over all triangulations of a convex polygon.

2.6.6 Convex-Distance-F\¡nction Delaunay triangulation

merge step coulcl

for the Delaunay

5.4.2 analyzes the

If the convex-distance-function ball is smooth ancl bounclecl then the Divicle-ancl-Conquer

algorithm will work in the same way that it cloes in the Buclidean metric. If not. two
difficulties are encountered:
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220
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215

,t Ð

16.48.5

Table 2.4: llxecution time (seconcls) fol sorne irnplementatiols

It is necessal')¡ to start the rnerge rvith the bottoln suppolt hull eclge (insteacl of þorrorn
convex hull eclge).

Deleting non-Del¿l,unay eclges coulcl cause one of the subtliangulations being rner.gecl

to become clisconnectecl.

Drysdale [91] plesents an algolitlim that cleals ivith these clifficulties in the ca,se of non-
smooth balls.

In section 4.1.2I pr-esent a w¿ìy to cleal with these clifficulties in all cases.

2.7 Conclusion

Although the worst-case per-folmance of the incremental, selection ancl flip algolithms for
tlre Delaunay tliangulationis O(n2), the use of bucketing can give average-case perforrnance
of O(n) with selection ancl incremental algolithms for most site sets, while randomizecl in-
sertion can ¿ttain avetage-c¿tse performance of O(nlogn) for any site set. Furthermole, the
flip algorithm tencls to lequire only O(n) flips when measurecl on sample clata. That is, all
flve classes of algorithms have compalable asymptotic performance. Table 2.4 summarizes
some measurements of the actual perfolmance implementations of some of the algorithms
on uniformly clistributecl data.

Needless to say, the numbers are not comparable across the boxes of table 2.4-only the
relative sizes are impoltant since the measurements are for clifferent computers at clifferent
times.

The actual execution times are roughly comparable-any of the algorithms shoulcl be
suitable fol' triangulating large site sets. The qnatelnaly incremental is one of the simplest
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to irnplement a.nc[ one of the best perforrners.

It rvoulcl be interesl;ing to nrake sirnil¿rr rne¿Lsr,u'eûì-ents f'ol some of the other Delaun¿ry

[rielngultr,tion problems such as constla,inecl Delaunay tria,ngula,tion.
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Chapter 3

Local Opt irnization of
Triangulations

3.1- Introduction

3.1.1 Optimal triangulations

There ale many clifferent possible triangulations of a set of sites. lVhich one is optimal rvill
clepencl on the application. For example:

c If the triangulation is to be used as flnite-element mesh we rvish to avoicl ill-conclitioned
equations. This means that rve wish to avoicl triangles rvith angles close to 180. [12].

c If we are using the tliangulation to linearly interpolate functions with a bolnclecl sec-

oncl clerivative, then the err-ol is minimized by minimizing the rnaximum circumraclils
of any triangle 1250].

e If the tliangulation represents a three-dimensional surface which is to be rendered on
a rastel clisplay, then we lvant to avoicl triangles less than one pixel wicle as these can
cause unclesirable artifacts [1 18].

o If the triangulation contains no obtuse angles then it can be used to cliscretize par-tial
clifferential eclrations in a way such that the resulting matrix is a Stieltjes matrix, a

desirable p'ope'ty for computation and theoreticar analysis [18].

Many alternative defrnitions of optimality can be founcl in table 3.1. The only point
of agr-eement seems to be that a triangulation consisting entirely of equilater-al triangles is
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optinrzrl.

llhis cloes not lecess¿l,r:ily tr,ppl¡, to trvo-¿rnc[-¿r-h¿rÌf-ctirreusional tr.iangulations, rvhere a
triarlgulatecl surface is ernbeclclecl in three climensions. il]hese ale often usecl for-sc¿r.tter.ec[-

clata interpolation in R2, rvltere a function value is speciflecl a,t a set of sites a.cl r'ust 5e

inl;erpolatecl.

Nacller' [240] shorvecl that the best shapecl tlitrngles for best /2 ¿rpploxim¿rtionl of a

cltLtrch'a,tic 1;' by linea,r polynotnials ale long in the clirection of rninimu¡n seconcl clilection¿r,l

cleÌivative of F anc[ r¿ùrl'olv in the clilection of rnaximurn seconcl clirectional cleliv¿rtive of l¡.
Dazevecto a,nci Simpson 171] shorvecl that the trizrngulation that gave the best /.o ap-

pÌoxirnatioll was ¿1, convex-clist¿rrtce-function Delaunzr.y triangulation where the ,,cir.cle" was

an ellipse rvith the long a,xis in the clilection of minirnum seconcl clerivative. Rippa [2781
extenclecl this to the besi /r, approxirnation, rvhere 1 ( 7: ( co.

Dyu, Levin ancl Rippa [93] consiclel sever¿rl optimzr,lity conclitions inclucling minirnizilg
tlre angle betrveen the triangle nolmals (also consiclelecl by Choi et o/. [bg]) ancl mininizing
the jnrnp il the nolm¿r.l clerivatives. Qua,k ancl Schurn¿r,l<er [265] try to minimize the energy
(thinliing of the surface as an elastic membrane). Brown [38] compuies a surfäce no¡m¿rl at
each ver-tex bv tahing the average of the nolrnals of the acljacent triangles ancl then tlies to
minimize the sum of the squares of the angles between veltex normals ancl acljacent triangÌe
normals.

There are also clefinitions of optimality applicable to two-climensional tr-iangulations
where it is ¡rermittecl to add extra (Steiner') points ancl to higher-climensional triangulation.
See Bern and Eppstein's survey [25] for.more cletails.

3.1.2 Systematic Triangulations

Definition. A triangulation has the systematic property if it clepencls only on the positions
of the sites, not on the orcler in which they are presented.

That is, the triangulation is a well deflned function fi'om sets of sites

If a triangulation is not systematic, the results of a computation usins

can be diffi.cult to reprocluce.

to triangulations.

the triangulation
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Itl ¿t sult e)' ol tt'i¿l,ngul¿rtious W¿r,tsou ancl Philiir [:tZS] tou¡cl oil5, three systenratic
triangula,tions:

ø tl'Le ùlininnrm lVe'ight triungulation (NIWllì) which is the trian.gulation rvhich rnini-
mizes the total eclge length of all tr-iangles [2111].

ø tlre Greetl'y Lriu'ngu,lo,Lion rv]rich is folmed by consiclering eclges in orcler.florn sholtest to
longest ancl aclcling them to the triangulation if they clon't intersect any eclge ir,h'eacly

plesent 122íì].

o the Delaunav Tliangulation, the clrLal of the Voronoi ctiagrtrm [261]].

3.1.3 Local triangulations

Definition. A tt'iangulation h¿rs the loco,l ¡troper-ly when the only eclges aclclecl w]ren a, site
is ¿l,clclecl to the triangulation ale t]rose acljacent to ihe nerv site.

The Delaunay trizr,ngulation is the only one of tlie three tr-iangulations rnentionecl above
rvith the local propeltv.

The loc¿r'l ploperty is particulally useful fol surface-fitting applications-aclcling ¿ì new
veltex will procluce only local changes to the sur.face [72].

The local plopelty of the Delaunay triangulation is also the hey to some of the fast
algolithms for its cornputation. The inclemental algorithm [202] wili make at most O(n )
clranges to the triangulation rvhen adding a nelv site, giving a rvor-st case of O(nz) time
to compute the Delaunay tliangulation. Guibas, Knuth ancl Sharil [148] shorv that the
average2 numbel of sites acljacent to a new site is O(1), so the incremental algorithm will
make an average2 of O(n) changes to the triangulation.

Tlre divide-ancl-conquer algorithm 1202,1471 for tlie Delaunay triangulation also clepends

on the local property, since it guarantees that the new eclges aclclecl when merging two
triangulations separated by a line are just those that cross the line ancl of course are or.clerecl

by their intersection with that line.

In contrast, the lVlinimum Weight Tliangulation cloes not possess any sort of local prop-
erty. Kirkpatrick [172] shows that it is possible fol the IVMT of n sites to share no eclges

(apart from hull eclges which every triangulation must share) with each of its z - 1 site
subsets.
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3.1.4 Locally Optirnized Triangulations

A flip lule cleterrnines which triangtLlation of ¿r set of four sites is opti¡ral. If the sites fo'n
¿ì corvex cltelchilateral, this ¿ttttounts to naliing a choice between the cliagonais.

Ciiven tr, flip lule, a.loczr'lly optirnizecl tliangula,tiol (LOT) is one rvhele etrch cluacft.ilate¡al

folmecl by trcl.jacent tlitrngles is optirnally tliangulzi,tecl. It can be colst'*ctecl ìry the flip
algorithrn, r.vhich lepea,teclly flips the cliagonals of non-optimal cluaclrilatel'¿l,ls.

A fliP rrle is systematic (local) if its LOll is systematic (local). If a flip rule is systematic
(local) then the flip tr,lgorithm genelates a unic¡re triangrLla.tion (cioes O(rr) flips in the wor.st

ctrse).

If a tliangulation is locallv Delaunay then it is globally Deltrunay [2gg], so the flip nile
tlrat selects the I)elaurtay triangulation of the c1ua,clr'ii¿rter'¿rl (D:I') is system*tic a.cl loca,l.

Nielson ¿rncl Fr'¿rnl<e [243] claimecl that the flip rnle "clÌoose the triangulation th¿rt rnilimizes
the maximum ¿ìngle in both triangles" is systernatic. lVhich flip r.ules ale svstematic ancl

loc¿rl?

Nielson [2a2] has given a six site counterex¿r,mple that clisploves his cl¿r,im a,bove. One
of the points in his counterexarnple can be cleletecl to yieict a fi.ve site counterexample. 'I.he

main result of this chaptel is to plove that such a flve site counterexample exists for cun,g

flip rule that is not a genelalization of the Delaunay triangulation flip ¡ule.

3.2 Flips

Lawson [t9+] intloctucecl the iclea of local optimization of a triangulation.

Definition. In a triangulation, if two adjacent triangles, ABC anrl ACD, form a convex
quaclrilateral ABCD3 it is possible to perform a flip (fi.gure 3.1) ancl replace the cliagonal
AC with BD to get the triangles ABD and BCD.

Any triangulation can be transformed into any other triangulation on the same set of sites
by a secluence of flips f193,319].

Definition. The fi\tgraph of asetof sites: Thenodesconsistof allpossibletriangulations
of that set. Two nodes are connected by an edge if one can be transformecl into the other
by a single flip.

3Throughout this thesis it is assumecl that the vertices of quaclrilaterals ancl triangles are given in anti-
clockrvise orcler.
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Figure 3.1: A flip

Figule 3.2 shows the flip gr.trph for' ¿r set of seven sites.

Definition. L f'Iip ru'le is a functiol F(ABCD) - {AC,1Ìl),either} rvhere ABCD is zt

c1ua,clrila,telal, rvhich tells us rvhet]rer the triangul¿ltion shollcl incllcle the cliago¡.aI AC] or
tlre clia.gonal BD. lVe must have.P(ABC'D) - F(BCDA) = It(CItAB) = tt(DABC).

Iror example, IVlirante [233] suggestecl a flip rule to select rvhichever of AC ancL B D is sholter.
'lhe flip rules th¿l.t have been ploposecl (see table 3.i )ale invaliant uncler tlanslation, sczr,ling,

arrcl (nsually) rotation ancl leflecti ot of AIIC'D. (This is why rve must allow the value either
for a flip mle, for if ABCD is a sc¡rare, a r-otation of g0o maps cliagotal AC to ßD.)

A flip lule that freclrently returns the value either is not vely useful.

Definition. either(i-) is the set of quaclrilatelals (regalclecl as points in Rs) that flip ¡rle
lI returns either for, and sirnilarly fo," AC(F) und BD(F).

trb' example, if r' is the flip rule "choose the sho'ter criagonal" then

AC(F)={(rr,!/r,12,!Jz,rz,a3,ï4¡aa)l(r1-*r)rt(ar-y")r>(r2-ra)zt(ar- aù2}.

If F is a goocl flip lule then AC(-i?) añ BD(F) shoulcl be open sets ancl either(¡') the
bounclary between them.

often a flip lule can be deflnecl by a function / : R8 -+ R such that AC(F) = {xl/(x) >
0] either(f) : {xl/(x) = 0}. For example, with the "choose shorter cliagonal" flip rule
we can use

7:J

flip

f (rt,Yt,x2,!2trs,lJs¡ra,Uq) = (rr - rz)2 * (n -

If / is continuous then AC(Ì') will be an open set

For the rest of this thesis we shall assume that the

respect to a good flip rule and it never gives the value

ut)' - (r, - rn)' - (y, - yn)z

sites are "in general position" with

either.
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Figure 3.2: Flip graph for a seven site set
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A flip lule ¿lntottrLts to ¡rtLtting clirections or the eclges of the flip graph, pointirr.g to the
tliangrtltrl;ion th¿r,t the flip lule prefels. This procluces a directetlflzp gruph. Figure lJ.3 shorvs

¿r, clilectect flip graph using the "choose the shorter clia,gonal" flip r.ule.

(0,0) (7,0)

Figule 3.3: Dir-ectecl flip graph using shorter diagonal

Note that a flip rule cannot assign arbitlary clirections to all the eclges of the flip graph,
since the same convex quaclrilateral can occuï in many different tliangrilations. In flgure 3.2
parallel lines wiih the same clash pattern corresponcl to flips of the same quaclrilateral, so

must have the same direction.

Definition. Ã locally optimized triangulation (LOT) with respect to a fiip rule F is one

where the flip rule rvoulcl not change any diagonal.

This corresponds to a sink (a node with no outgoing edges) in the clirectecl flip graph (e.9.

the top and liottom left triangulations in flgule 3.3). Of course, with a bacl choice of flip

(4,3)
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rule l;he flip glzr.ph rnigirt not have ¿1, sinli ancl ¿r,Ioc¿r,lly optirnizecl triangulation rvill not exist.
lfhe rn¿lin I'eason for stuclying LOil's is that vely simple algolithrns exist fol compul;ing

thern.

Definition. ifhe JIip ulgorith,m, for constmcting a LOT t¿rlies an initial tliangulation ¿r1cl

lepeateclly perforrns flips using the flip lule until no mole are possible 1207, 2JJ].

'I'he initial tliangulatiort coulcl be pelrt of the problem cleflnition or rnight have to be corn-
putecl b1, ss,t. other methocl.

Definition. The incrementol algorithm aclcls sites to the tlia,ngula,tion one site at a time.
ilhe ¡rew site is connectecl to a]l the sites visible flom it. The flip algorithrn is then usecl to
consi;r'uct a LOT of all the sites consiclerecl so fa,r. [1g4, 202]

A proglam using either of these algolithms rvill go into an enclless loop if there is ¡o
locallv optimizecl trizlngulzr,tion. In the next section we rvill plove that LOifs exist fol a

b¡oacl cl¿rss of fLio rules.

3.3 Tliangle-Based Flip Rules

There h¿r,ve been many clifferent flip rules proposecl (see table 3.1). All except the last trvo
rules in the talile fall into the cl¿rss of tliangle-basecl flip rrles.

Definition. A barlness Jitnction is a function b(ABC) -* R.* or R- which measur.es tlr.e

"badness" of a tliangle ABC, that is, we woulcl prefer a triangle with a small value of
b(ABC).

Wlren ABC is an equilateral triangle b(ABC) shoulcl be minimizecl. Unless b(ABC') is a
climensionless quantity scaling can affect its value. For example,if b(ABC) is the perimeter
of ABC then halving the length of each side will halve the value of b(ABC). I{owever', if
the area of a tr-iangle is kept flxecl, the minimum value of the perimeter occurs when the
triangle is equilateral. Since, in triangulating a site set, the total areais flxecl, there are no

clifficulties caused by using badness measuïes that ar-e not climensionless.

Sometimes the triangle property is maximized fol equilateral triangles (for example, the
size of the smallest angle). In this case we just use the negation fol our baclness measure.

There are many possible choices for a badness measure (table 3.2). The only requir-e-
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l,et tlre "b¿xlness" of a triangle be the quantity la,Iã-J{fr
rvhere r¿'is the length of the rninirnurn altitucle ancl r¿ is that
of the longest sicle. Choose tria,ngulation that rninirnizes
maxirnum baclness.

f.lll
L - -l (u' f u)*

Similal to above, except minimize root lue¿lrL scluale
b¿lclness.

[304] ¡n'¡" - 1fi),
Nla,xirnize minimum angle n both tlinrLgles r94l -cvæ
lVlinimize rraxirnurrr angle n both tr-iangles []9,24J 7.o
Ciro ose short er cliagonal of c¡rtrclrila,t elal f233 Drl
iVlaxirnize the surn of the minirnurn anqles l+3,2941 -cVt
Let "clualitv" of triangle be the inr¿clius cli"ided by the cir-
cumladius. Choose the triangulation whiclt maximizes the
harmonic rnean of cluality.

[20e] ?,'lR)-'

Simil¿r to above, except maxim ze geornetrlc mean r40l ?,'lR)o
Similal to a,bove, except rnaxirnize ¿rr thmetic mean 1401 -r I tÐt
Sirnilar to tr,bove, except maxin ze lfl tirnum cluality [126] ?,lR)*
IVlinimize the minimum circuurlaclius t23r ¿_-
Ivlaxirnize the mirLimurrr nratlius 2141 ¡æ
lVIin mize the max mttm nraclius [288]
IVlaximize the min rnum altitucle [138, 3321 - lt.'*æ
fuIaximize the minimum value of area of incircle d¡rict"cl lly
alea of tliangle

[214] (-r'¿ lL)*
VIax mize the minimum area, [2r4
lVlinimize the alithmetic mean of "sliver.iness,,, the qunntity
Perimeter'2 /Area

1282,2831 (P'lL)'

Minimize the maximum "sliveriness", the ql,ontity
Per-imeter2 /Area

28+l (P'lL)*

Let the "gooclness" of a tr-iangle be the ar-ea cliviclecl by the
square of the perimeter. IVlaximize the minimum goodness.

[325] eLlP')*,

Let tliangle "quality" be the area clivided by the sum of the
squares of the lengths of each sicle. Maximize the geometric
mean of the qualities of each triangle.

l2r7l i-a\
\cP +æ¡7 )o

Choose the tliangle with closest circumcentle. [3281 doo
Minimize the standard deviation of the tr.iangle 

"ngl"t [32e] s2

Choose the shorter diagonal providecl that the tninimum
angle is above some threshold.

rÐol

IVlinimize "irregulality", the quantity Ð(¿(O) - 6), ,

where d(p) is the degree of p p:A,B,c,D
11971

Let / be the point where the diagonals of ,4BCD inter.sect.
If AC is the shorter diagonal we select it provided Il4 <
AI /IC < 4.

li0el
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Table 3.1: Some proposecl flip lules
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p
^/

û
*c

p:a*b*c
o,bc

-A
R: abcl\L)
-r = *2r\f P
_u, = _2Lla

-r lR
-nr2 f L

-cla
-'l P
Q-C

blþ - a)
A = o,/ t¿,

rt: t/P -TaW=-F

P-
A-

-?'ñ : -).A lPæ

Smzrllest angle
lVleclian angle
Lzlr-gest angle
Length of Ìongest sicle

Length of sholtest sicle

Pelirneter
Procluct of sicles

Alea
Raclius of circumcircle
Raclius of incilcle
Lengih of sholtest aititucle
Ratio of inraciius ¿r,ncl circumraclitLs
Ale¿1, of incilcle on ale¿ì of tliangle
Ratio of shortest ancl longest sides
IiÌ'¿ction of perirnetel t¿ken by shortest sicle
Diffelence between longest ancl shortest sicles
iVleclian sicle cliviclecl by clifference in other two sicles
Aspect ratio (Lalgest rvidth cliviclecl by srnallesl; r.vic[l;ir)
Dccentricity. Signecl clista,nce fi-orn circumcentle to tri-
a.ngle. Tahe the negative loot if circurncentre is outsicle
the tliangle.

Stanclarcl cleviation of the triangle angles.

Perimeter measulecl by /- metric
Radius of circumcircle in /- metr.ic
Radius of incircle in /oo metric (see appendix C)
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Table 3.2; Some possible baclness tneasuïes fol tliangles
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rnents ale th¿rt it be urLaffectecl lty tr-anslation a,ncl (usutr,ll.y) I'ota,tiotr ¿rncl tha,t it be rnirLi_

nizecl (in the sense rnentionecl above) for ec¡rilatera,l triangles.

Norv lve neecl ¿r wa)¡ to measLtte tire joint bacluess of trvo triangles.

Definition. .L,joint Ju,nctio'n is a function /: ft+2 -- R,* ¿r.ncl R-2 --+ R- thal; is corrmu-
tative (f(r,y): f('y,c)), *ssociative (/(u, f(a,r)) = "f 

(Í(r,ù,t)) ¿r.cl monoronic (if r ) lJ

l;lrerr /(:u, ,) > f (A,")).

Definition, A triangle-baserl llip ru,le Ò¡ is a, flip lule

( o" ir f(b(AC D),t)(Atic)) < f(t)(ABÐ),b(uc D))
t)rØBCD = 1 nD ,t ¡itç;rc,n),I)(ABC))> IU)(ABn),t)(BC,D))

I

I either othelrvise

rvhere ô is a b¿r.clness function zr,nd / is a .joint finction.

Irol exarnple, if rve take b(ABC ) to be lAßl+lBcl+lAC'l (the pelirnerer-) ancl /(r, y) = :vlu
we get

( ot if lACl < lBDl
I

bf(ABC D) : \ BD if lACl > lBDl 1

I

I either otherwise

rvhich is the shorter'-cliagonal flip rule we encounterecl earlier.

Definition. If ¿r is a baclness function ö* is the set of flip rules ó¡ rvher-e / is any .joint
function.

For example, ,B* is the set of tliangle-based flip lules rvith the cilcumraclius as the badness

measltre.

Definition. The total bad,ness B(T) of a triangulation using b¡ consisting of triangles
Tt,Tz,...,Tnis /(b(fi), f (b(fù,...,f (b(T"_1),b(1',,))...)). Nore thar rhis ctoes nor clepencl

on the ordering of the triangles.

Theorem L LOTs always erist for triangle-based flip rtiles.

Pnoon' If the flip r.le prefers T/ to T we can take T/ asTl,Tl,Ts,...,Tn.
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.t ( I (, t)( t'í).ô( 7'j) ), /i )

I ( [ þ( t' t), b(' t'2)), rt' )

B(T)

That is, every time a flip is performecl the total baclness is clecreasecl. Since ther.e are a,

flnite nurnber of tliangulations there must be at least one triangul¿r,tion rvher-e no flips rvill
be performecl. n

Tlre lVlinkorvshi clistance function lr(r,y) : + {/+rP +IlP whel p f 0,tæ satisfies

the conclitions of zr. .joint function. (!Ve tar,lie the sign of /o to be the s¿ì,rne as r ancl y.)
/-(t,y): rnax(.r,y) is not m.onotorÌe, but rve ca,n still prove that LO'Is exist f'or.flip lules
usin¡¡ /-.

Theorem 2 LOTs ulways e:rist J'or fl,i'p ru,les using l*.

PRoor'. We olclel l;he triangles of T such that ö(rr) > lr(7'r) 2 . . .> t ('l'.). Define the total
baclness ll(T) to be the sequerce (b(Tr),b('lr),...,b(7.)). lVe use lexicoglaphic or.cleling

for total baclness.

Norv, if T/ is ¡rleferrecl to T by the flip rule ancl is formecl by replacing T, anct ?rl

(i<;j)rvith{ancl{(Æ</) thenmax(trQi),b(Tj)):b(T¿)>max(ö("[),b(Tí))=b(T,).
Ilence,'i ( Èso B(T') = (ö(71),...,b(I'¿_r),b(T¿+,.),...,t(TÐ,...). Now,¿r(f,) > ö(Z¡+r) )
'"lr(Tn) >* b(TÐ but ò(7,) > bQÐ so at least one of the ) signs must be a >, say tt(:r^) >
b(T^+t) = bTh) and ó(?¡) > bQÐ for Å.. < rn. Hence, B(T) > B(T,) anct liy rhe same

argument as befole a LOT must exist. tr

A similar argument shows that LOTs exist if we use /_-(¿,y) : min(¿,E). We shall

extend our cleflnition of joint functions to include l*,1-* and /¡. (We can regarcl them as

the limits of the joint function I, as p --+ æ) p ---+ -oo and p ---> 0 respectiveiy.) We will
write öo insteacl of b¡o. Some possible joint firnctions are listed in table 3.3. The names of
the triangle-based flip rules in table 3.1 can be found in the last column. (The frrst entry is

(o' I o) * insteacl of la' f a - t/Zl4l*. The reacler can check that these two rules are identical. )

Defrnition. Lor(br) is a locally optimizecl ti'iangulation using flip rule ó¡.

Definition. The flip rule b¡ is systematicif. LOT(bÐ is unique (that is, has the systematic

property).
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N¡.tvtu D¡;scr¿tprloN
I.-æ
l-1

Is

lr
l2

/-

rnin(e-, y)
1l(tll:ul+ tllyl)
l!ù'u I

¡rl + lul
,/i' +Ê
max(c, y)

Table lì.3: Some possilile joint functions

Tlre example in flgure 3.3 shorvecl that Lor(Py) rvas not svstematic.

Definition. CIO'I(|I) is the triangulatiol rvith the minimum totalbaclness with ïesDecr ro
flip rule ö¡.

GOT stancls fol globally optimizecl triangulatiorL. If 0¡ is systematic tl,ter LOT(|¡) :
Gorþ f).

Definition. lfhe flip'tLle b¡ is locul lf Lor(t)j) has the roca,l pr'operty.

Tlre Greecl)¡ tliangulation is u LOT(P1). The fuIinimurn Weight tliangulation is the
GOf er). Neither the Greecly triangulation nor the Nlinimum lVeight triangulatiol has the
local plopelty: The Cìreecly tliangulation ancl the IVfinimum Weight triangulation of the set

{A,B,C, D} in flgure 3.4is ABC,IIC D. Now we aclcl the site E. 'I'he Gleecly triangulation
ancl tlre lVlinimurn Weight triangulation of {¡{, B,C',D,8}is ABE,BDE,BCD. BD js an

eclge of this tliangulation that was not in the triangulation of {,4, B,C,D}, ancl of conrse

BD 1s not adjacent to E.
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D (0,3 (4,3)

A (5, 1)

BE
AC
BD
CE
AD

J

3.61

4

4.12
5.39

:

Figure 3.4: Neither Greedy nol ]Vlinimtm lVeight tr-iangulation is local

3.3.1 Algorithms for GO?s

No polynomial-time algorithm is known for the lVfinimum Weight triangulation [263].

c (3,4)

E (4,0)



C T1 AP']' ]I R 3. ], O C: A L O P']'] N|L'I A']:IO ]Y O Î']' ]IIAN CI U I, A'I:T O N S

Plaistecl ancl I{ong [258] ctesclibe a O(logn.) zr.p¡rroxirrration to the Ni\,VT. llaszelski a,¡cl

Schum¿lcer [21] ttave usecl sirnul¿r,tecl ¿nnealing to apploximate the lvM¡11.

Polynomial algorithrns a,r'e lçnor,vn for only a ferv GOTs. Iìclelsbmnnel el a/. [103] gel-
elalize flips to inselt albitrary eclges ancl clevelop an O(n2log n) algoritlim for GOil'(^¡*).
ìleln r¿l al [2a] h.a,ve gener'¿lizecl this npplotrch to compúe GOlt-(b.o) i. the cases rvhe¡e

ö* has tlte onchor pro¡terty. ö* has the anchol plopelty if e¿l,ch tliangle r.vith the worst
lr¿rctness has ¿r'n a'nclzor. An anchor is ¿l vertex th¿rt must be inciclent to a nerv eclge crossirLg

tlre opposite sicle of t]re tliangle in any irnprovecl 1;r'ia,ngulation. In particular) ^læ) -(ttæ)
ancl d* h¿r,ve the anchol pr.opeltv [24].

Eclelsb'un.er ¿rncl lllan [100] give a, o("') algorithm for Gon(u".).
The bmte-force algorithur fol the Greecly tliangulation l;al<es O(rf) time ancl O(n2\

space' In 1979 Ciilbert [.t37] irnprovecl the tirne bouncl to O(nzlogru). It was aimost ten
years before any further irnprovement rvas macle. First, the space lequirernent rv¿rs reclqcecl

to O(n) [139, 210] ancl then the time recluirernent rvas reclucecl to O(n2) 1204, J22] ancl
finally to the optimal O(n log n) IJZJ].

All the fast algolithms listecl above are lather complicatecl.

Fot'any baclness function b,GOT(b_-oo) can be computecl by searching the O(rt) trian-
gles that contain no othel site, fincling the one that minimizes b, ancl arbitralily completing
the tliangulatiol. The naive implementation of this algolithm takes O("n) tirne (since it
takes O(n) time to test if a tliangle contains a site). This can be implovecl to O(n3): for a
given site P, solt the other sites by their angles lelative to P gettin g e t, e z, . . . , e n_t The
triangle PQ:Q¿ rvill contain ¡ro othel site if IPQ tQ¿ is smaller- than lpele ¡ for r < j < i.
Consequently, all site-free tliangles rvith PQi as a sirle can be founcl in time O(n) by scan-
ning tlrlough the Ç¿ while keeping track of the minimum IPQ1Q¿. All site-free t¡iangles
involving P can be founcl in time O("') (including the time to solt the Q¿), and all site-free
tr-iangles can be founcl in time O("").

For some baclness functions this can be improvecl-Edelsbrunner and Guibas [g6] show
that the minimum area triangle (and hence GOT(L_'*)) can be founrl in time O(n2) ancl
space O(n) by topologicaliy sweeping the clual arrangement of lines. The dual of a point is

a line ancl vice versa, ir such a way that incidence is preservecl [49]. The dual of the sites is
a set of of lines that partition the plane into a subclivision known as an arrangement 1146l.
An edge in this clual allangement that is a subset of the line Ç from its intersection with
Iine P to the line Q is clual to an angl.e PQ R th"at contains no other. site. The smallest
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aÌgle is clu¿ll to an eclge ir the ¿trr'¿lngernert, so the s¡na,llest ilngle anci hence GOI'(a_"|)
c'.arr ¿rlso ìre founcl in time O(n2) b_y topologic¿rlh. srveeping 1;he clua,l a,r-r.angernent.

Dppstein [108] ploves that in the case rvhere the sites folrn a convex polygon GOT(a_*)
is the farthest site Delaunay tri¿ngula,tion, rvhich can be computecl in time O(n) lll.

I,bl baclness nìea,srlr.es, ó, thzr,t ¿l,re minimizecl b5, clegenera,te triang_les (such as A, a tr.ncl

r), the ploblem of cornputiugGO||(b-*) falls into the class of n2-harc[ ploblems for.rv]rich
rto sub-clutrcha,tic algorithms ¿lre l<norvn [251]. This is bec¿l.use the pro¡lern of cletermi'i'g
rvhetirel thr-ee sites ¿rre colline¿l,r' is z2-harcl.

lf the sites form a convex polygon, Klincseh [184] clesclibes a clynamic ploglarnrning
a'lgolithm fol the lVlinimurn \,Veight tliangulation (GOT'(P1)). lVe c¿r.n generalize this to
corrrptrte GOT(bI) f'or any tliangle-basecl flip rule ö¡ fol sites on a co¡vex polygol.

Algorithm L GO:f (b j) oJ'u conuerpolygon.

Let¡t1,P2,'..,p,"be theveltices(inorcler) of theconvexpolygon. lVewillconsicler'7r,,.,.¿
to be the same as p¿. The b¿rsic ictea, is to courpute B(i,.i), cleflnecl to be the total bachress

of the Go:t'(l).f) for p¿,yt¡¡1,...,pj.

fori;=ltozdo
B(i,i + I):= i¡l¿v,¿¡¡r,

for,t:=3ton-1do
for¿':=ltondo

B(i,i ¡ k) :: min¿a j<i+k f (B(i, j), f (b(p¿pjpk),8(j,k)))

identity¡ is cleflned by f(identit\¡,*): Í(r,identity¡): x. Fol example, iclentityo =-I
and identitA-t = a.

This computes the badness of the GOT-the actual GOT ca:r- be extlactecl bv the usual
dynamic programming backtracking technique.

The algorithm uses O("t) time ancl @(n ) space.

3.4 The Delaunay Tliangulation

Let P be the set of points pt¡pz¡.

Definition. The Voronoi Ttolygon

Definition. The Voronoi diuurctm

B3

'rPn'

V^ is the set of sites closer- to p¿ than to any

Vor(P) is the set of Voronoi polygons for all

other site.

sit es.
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lt c¿rn be sirorvn 1263,274] th¿Lt if no fbul sites ¿l,r'e co-circu|lr', the st¡aiqht-iine clual of
Vor(P) forns the Delaunay tliangulation.

Since there is only one Volonoi clitr,gr-arn of ¿r, set of sil;es it follorvs th¿t 1;he l)elal1ily
triangulation has the systernatic ploperty. I'ulthelurore, if a, new site pz+r is aclclecl to p
the Voronoi polygons {V.pJi : -I,. 

. .,2} can only get smaller. L\s Vp,,+, takes territo¡y awa.y

frorn tlrem' ihvo Voronoi polygons that were not acl.jacent inVor(It) cannot be a,cl.jacent

in Vor(P * {1'r,,+r}). So eclges in the Delaunzry trizrnguÌ¿r.tion of P * {I¡n+L} that ¿rre not irL

the Delaunay triartgulation of P clo not connect trvo sites in P--they ntLst be aclizr,cent to

¡r,-,.1. ifhat is, the Delaunay tr.iangulation h¿r,s the loczrl property.

Now' a tliarLgle AIJC in the Delaunzry tlizrngulation colresponcls to three u¡rtualiy
a'cljtrcent Voronoi polygons, V¿,Vn anc|Vç. llhe bonnclary between trvo a,cl.jacent Voronoi
polygons V¡ uncl I/¡ consists of points ecluiclistant fì'om A ancl B ancl closel to to A ancl ll
than to any other site. The point cornmon 1;o all thlee bounclalies is eqtLiclisttr,nt fi'om A,
B and C so it is the cilcumcentre of ABC. It is closer to A, B ancl C than to any other
site, so the circumcircle of ABC' contains no other site of P. This is callecl the ernpt)¡-circle
property. Contrarirvise? any triangle rvith the ernpty-circle proper.ty must þe a tr.iangle of
the Delaunay triangulation.

Definition. The flip rule DT is the rule that chooses the l)elaunay triangulation of ABC'D.
That is,

DT@BC D)
AC if tlre Delaunay triangulation is ABC, AC D
BD if itis ABD,BCD
either if ABC'D is a cyclic quaclrilatelai

Tlre eqnation of the circumcircle through A = (r¿,y¿,), B = (rn,al) ancr C : (rc,yc) is
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llre point (r,y) is outsicle the circunrcircle if ancl onl.y if g(r,y) > 0. So,

DT(ABC D)
AC' if g(rp,'t1D) > 0

BD if g(x¡¡,'yo) < 0

either if g(:u¡1,Uo) = 0

Theorem 3 .B* = {D'I:} (I.hut is, iJ I is a joinLfu,nction R¡:Dlt'.)

Ptoor. Let Aßc' D be ¿r, convex c$Ltr,clrilate'al rvith the Del¿r*na)¡ t'iang*lation ABC', AC'D
(flgrrle 3.i1). lVe caÌ ¿ì.ssttrre tb.at IAC B ancL lC AD ale a,cute a,ngles. trbr', if IAC: B is obtuse

Figule 3.5; Delaunay triangulation of ABCD is ABC,,ACD

then IBAC is acute (part of same triangleas IACB) ancl IACD is acute (quach.ilateralis
convex) ; so we can interch.ange A and C to mahe the statement true. A simil¿r arglment
works if LC AD is obtuse.

Tlre circumcentres of ABD (say F) and ABC (say ð) both lie on the perpenclicular

bisector of AB. Consider the famiiy of circles through,4 ancl B. As the cir-cle centr-e moves

along the bisector from infinity above AB (the side with C ancl, D on) to infinity below,
the part of the circle above ,48 gets smaller and the smaller pieces are containecl in the
larger ones. The circumraclius gets smaller as the centre approaches AB, has a minimum
when it reaches AB, and tlien gets larger again. Since C lies in the circumcircle of ABD,
E is lower than J7. By a plane geometly theorem |.110] if IACB is acute -O is above
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A/J ¿rrrcl II'(ABC|) < R(ADD). Simila.rly R(CDA) < R(C'Dtt). (r? is rhe raclius of rhe

circumcilcle-see table íÌ.2.)

So, for any,joint function f , f@ØRC),R(ACD)) < /(A(ARD),R(C,Dl])). llence
R1(ABC D) = AC'. D

Since -B* is zt singleton set, rvith ¿r, slight abuse of nota,tion lve also nse -B* to nean the
single elernent of this set.

Theorem 4 For any site set L)T(DT) is the Dela,unu,y trittngulrttion.

Pnoor. Let AB(] be a, non-l)elaLLn-ay triangle of a LOT(DQ. OABC' (the circurncircle of
AIJC) rnust contail anothel site, sity X, on the opposite sicle of BC flom,4 (,,ve ca¡ relabel
to rnalre tlris true). A line from ,4 to X rvill closs & finite number of tliangles. Let llC'D
be tlre seconcl of these (aftel ABC). DT(ABC'D): BC; so D rnust be outsicle OABC.
So 1;he the palt of QAIIC above BC' is inchLclecl in the par.t of CßC|D a.bove it. l-Ience

X is in CBC'D. Simila,rly X is in the circumcilcle of the thilcl, fourth ancl evely triangle
clossecl by AX. Let the last ancl seconcl last of these be QRX and PQR respectively. Then
DfeQRX) = QR; so X is outsicle CP}R.Contr.acliction. ¡

Since the Delaunay triangulation has the systematic ancl local pr.operties tliis also shows
tlrat A* = DT is systematic and local.

LOll(-a*) was one of the flrst tliangulations consiclelecl 1192] ancl can also be pr-ovecl

to be the same as the Delaunay triangulation (see appenclix A).
The Delaunay triangulation can be calculatecl quickly, with very simple O("r) algor-ithms

ancl reasonably simple O(nlogn) algolithms. The re¿ùson for this is the local pr-oper-ty of
the Delaunay tr-iangulation.

Theorem 5 II F is a local fli2t rule then the'incremental ulgorith.m to construct LOT(F\
of o, set of n sites will reguire at most i@ - 2)(" - J) fl,ips.

Pnoor. Consicler what happens when the incr-emental algolithm is usecl to construct
LOf@) of the site set P, rvhere F is a local flip rule. When we aclcl p,, the only flips
that are performed are those that add a new edge acljacent to pn ancl each such flip aclds

suclr an eclge. So the number of flips to adcl p,, is just the clegree of pn in LOf @) min¿s
tlre numbel of sites it is flrst connected to. pn is initially connectecl to at least two sites

because Ttn lvill zr,lways be visible to two sites in a triangulation of pt,...¡pn-r. I{ence the

86



CT( AP'TD]T 3. I.O CAI, OP'I']MLZA'1:]ON O¡' ?'RjAN C] U I, A1'IO N S

rlttlnber of flips is a,t rnost r¿ - ll ancl the tot¿rl nurnber of flips leeclecl l:y the ilcr.ernelt¿rl
algolitlrrn to constmct LOT'(P) is at most j(n - Z)(n - J). ¡

Theorem 6 Tl¿e incre'nzenlc¿l algoritlzm ccr,n rer1u,ire i@ - 2)(" - 3) ltips Lo co'nsLrLtct u

LOT'(lt) (tr' a local t'Ii'p rule) oJ a set oJ n sites.

PRoor' lVe rvill show th¿r,t ihere is ¿r site set where the inclenentzr,l a,lgolithm for the
I)ela,una..y tria.ngulatiol recFriles tr@ - 2)(rt. * 3) flips. if Á = (u,,u,2),ll : (b,bz),C :
(",t''),1¡=(l,r/2) lie on thehalf pa.ir,bola ¿: ufy ancl0 ( ¿ < l¡ <c< r/th.en
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d'+do d d2 l
ú2+a'| e t¿2 1

l¡2 + l¡'t b b2 1

c2+c4 c c2 1

= (d- ")(d-t)(d- ")(r- n)("* ö)(ô- o)(n+b+ c+ r/) > 0

so DT-(ABC D) = ¿ç .

Nor,v, consicler th.e site set P: {pt - (n,rr),p2 = (n_ I,(n- 1)t), ...ptr = (1,1)}.
DT(p¿pspzpt) : p¿pz so p3 is outsicle CIt¿prpt. Similarly, p.r,ps,...,p.i-t a.r'e ¿rlso oltsicle

Op¿It"pt; so pip2pr is a triangle of the Delaunay triangulation of p1 ,. . .,pi. By the same

Ietrsoning pip3p2,pip4P3,...,pipi-Lpi-z are also tliangles in the Delaunay tliangulation of

PL,.'.,Pi. That is, ir¿ is connected to evely other site in the Delannay triangulation of

Pt,.",p¿' When the incr-emental algolithm adds p¿ to the triangulation it is initially co1-

nected to ¡r1 ancl pr-l only (these are all it can see because P is a convex polygon), so i - 3

flips mnst be performecl. Flence the inclemental algorithm requiles a total of l(n_ Z)(n_ J)
flips for this site set.

Theorem 7 If F is a local flip rule then the fl,ip algorithm can require at most +(n-z)(n_1)
flips to construct LOf @) from any triangulation of a set of n sites. It rloes not matter in
what orcler the fligts are done.

Pnool. ConsiderwhathappensafterweperformafliponaquadrilateralABCD,replacing

cliagonal AC with diagonal BD. We now have the LOT(F) for ABCD; so wherL we go on

to consider other sites in the triangulation, because of the local propelty the only eclges that
can be added are those with at least one end a site other than A, B, C' or D. Consequently
the eclge AC can never be aclcled. That is, an edge deletecl by a flip will never be adclecl by
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¿urother flip. Dtr,ch flip cleletes exactlv one eclge. 'l'hele are ('j) possible eclges nncl ¿r,t least

2r¿ - 3 eclges in the flnal tr-izrngulation, so the m¿rxirntLm nurnber of flips ir (i) - (hr. - i\) =
tr@-z)(n-r). !
Theorem 8 l'here eris\s n set of n s'ites so !,hut !ot' o,ny systerntdic flip rule F' Lhere is rtr¿

initial triu,ngnlution J'or which th,e flip algorithnz rerl'Lr,ires O("') flips to constrrLct l,OT'(F-),
regardless oJ the ortler in which the fli1ts are rlone.

Pr¿oon. l'lie site set P is cleflrLecl as follorvs (rve will ta]ie rz as even): The sites p.,.. .,?n/2
lie on the circle rvith centre (-100,0) and ra,clius gg.5 rvith

p¿ : (-100 + /(eg.b), - (il")r,iln) x (-0.s, ;1n1.

Tlre siies pln¡z¡+t,. . .,p,, Iie on the cilcle with centle (100,0) ancl raclius 99.5 rvith

,if n') x (0.5,i1n).P;+,rlz: (100 -

(See flgure 3.6.)

T

Figure 3.6: Some possible triangulations of P

Any tliangulation of P must include the eclge prp2 since it is not intersectecl by any

otlrer possible eclge. Similarly edges 7r2p3, ...,p¡,n¡z¡_ tpn¡z,pn¡zp¡nlz)¡tt...,pn_1pn rÍrLLSt

be in evely trianguiation. The sequences of eclges pflz . . . pn/z and, p@12)+r. . . p,, clivicle the

triangulation into three inclepenclent pieces. lVe shall only be concernecl with the miclclle

piece' Each triangle of the middle piece has two edges that cross the y axis and one e{ge
of the form p¿p¿¡1.

If we move a point up the y axis from (0,0) to (0, 1) we closs each tr-iangle (of the

middle piece) in turn. This deflnes an ordering among these triangles. Associatecl with
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tlris orcleri¡Lg is tr, secluerrce of the r-rinrllers 1 to r¿ * 1, exclucLing nf2. lfhis seqrLenc:e is

foltnecl by associating the nurnber i rvit]r a, triangle rvith ¿rn eclge p;p¿ç1 (the associa,tecl

seqttences ¿rle rvlitten belorv each tlia,ngulation il figure Íì.6). 'lhere ¿r,re trvo possible types

of cluaclr'ilaterals in th.e triangulation of the micldle piece:

e those rvith thl'ee colners in one piece a,nc[ one in the other. ifhese ale of 1;]re f'orrn

piPi+rpi+zp; rvith associatecl subsequence'i,i¡ 1. I'hese quach'ila,terals are not convex

so no flip is possible.

c tlrose with trvo col'rers in each piece. These are of the folrn pipi+rpjpj+1 lvith trvo

possible ¿l,ssocial;ecl subsecluences i, j ancl .i,'i clepending on lvhich rvay the cliagonal of
the c¡rach'ilateral is charvn. A flip in the tliangultr,tion collesponcls to exchanging a
ptr,ir of a,cl.jacent nunbers in the sequenc:e.

Thet-efore, a flip in the triangulation cor-responcls to changing the nurnbel of inversions

(pails of elerrents th¿rt are out of orcler') in the secluence by one.

Now consicler the tliangrLlaiion T forrnect by joining p@lz)t. to all the sites in the left
lr¿r.lf ancl pnlz to all tlte sites in the right half. It has ¿r,ssociatecl sequence I,2,...,@12) -
I , (n l 2) + 1 , . . . , n - 'I r,vith 0 inversions. Now consicler the triangulation S for-mecl by .joining
pn to all the sites in the left h¿lf ancl p1 to all the sites in the light half. It has associatecl

seqnence (nl2)+'1,...,n-7,1,2,...,("12) - l rvith (("lZ) - 1)2 inversions.

Therefore ((" lZ) - t )2 flips are lequilecl to transform T into S. Now, if it were possible to
flncl a sequences of flips that tlansformed T ancl S into the LOT(F) in less thun l(n12)_I),
flips we could transform T into S in less than ((nl2) - 1)' flips merely by tlansforming T
into tlre LOT(F) ancL reversing the flips that transform S into th,e LOT(F). tlence either
T or S requires at least i(@lZ) - I)' = O(n2) flips. tr

Theorem B might seem to suggest that an O("') algorithm is optimal for constructing
the Delaunay triangulation but l)elaunay triangulation algorithms do not have to use flips.
The local property also lets us merge two disjoint Delaunay triangulations of z sites each

it O(n) time. This leads to an O(nlogn) Divide-and-Conquer algorithm to construct the

Delannay triangulation [202).

In practice the O(n2) worst case does not seem to occur ancl. the performance of the flip
algorithm is competitive with that of the Divide-and-Conquer algor-ithm [120].

If rve nse the incremental or flip algoriihm to constr:uct LOT(br), whele lr¡ is not local,

although we know that the process of repeatedly performing flips will eventually terminate,
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l;irele is no r-e¿ìson',vhv exponentially na.ny flips rn¿r,v not be lecess¿rry to constluct LO'I'(,lt¡).
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3.5 Testing Ftip Rules

By using the badness measuÌes in table 3.2 each combined with the joint functions in
table 3.3 we can cleate 120 flip lules. We woulcl lil<e to flncl out which ones ale systematic

and local.

Consider a set of sites that forms a convex pentagon. If the flip rule does not retuln

I

'Ê ñ%
\" 
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clilectecl flip glaphs
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either fol arl.1, of l;he 5 subsets of size 4 (clutr,clrila,teltr,ls), thele ¿re onlS' feu. possible cliff'erent

clirectecl flip gltr.phs fol such a set (see flgure iì.7).

o T5rpe IV: No sink. No LOT exists. lVe plovect this rvas irnpossible for tlia,rgle-basecl

flip rules.

o I'ype III: lfrvo sinks. LOil is not nniclue. 'lhe flip rule is r.ot s5rsfign¿¡fiç.

o Tvpe II: One sink. llhe flip rule is not local; The (uniqrie) LOllì of ACDE is

ACE,CDDsitce llC is preferrecl to DAbú ADE,ABD,BDis the LO'II of ABCDE.
The eclge AD is a new eclge in this tliangulation tr.lthough it is not a,cljacent to B.

o ilìvpe I: One sinli. A flip lule rvhich is systematic ¿r,nct loc¿ll rvill ahvzrys give this r.esult.

If the flip lule lettu'ns the v¿r,lue either for any cluach'ilatelal, rve classify the flip r.rLle ¿r,s

type V. Since either shoulcl lesult with probability zero in a goocl flip rule, a type V flip
glaph is a lvitness to the fact that a flip rrle is not goocl.

To test our tliangle-based flip rrles we generate "random" perLtagons ancl then for e¿r,ch

tliangle-basecl flip rrle classify the type of the clirectecl flip graph. If any type ill graphs

are founcl, then rve hnorv that that tliangle-basecl flip lule is not systematic. If any type Ii
glaphs are founcl, then we l<now that that triangle-basecl flip rule is not local. If any type

IV graphs are founcl, we have macle mista]<e somewhere.

Of course, even if our flip rule gives us only type I graphs this doesn't mean it is local

ancl systematic. Perhaps orrr set of test pentagons was unluchy, or- perhaps the flip lule is
local ancl systematic for pentagons but not fol other site sets.

Fol example, considel the flip rule -.81 (marimize the sum of the cilcumraclii). The
clirected flip graph fol this rule can be obtainecl by reversing the eclges of the directecl flip
glaph for ,31 (minimize the sum of the circumradii). Reversing the edges of the type I graph

in flgure 3.7 gives anothel type I graph so --B'1 will always produce a type I graph for a

pentagon.

Flowever', -r?1 is not systematic as flgure 3.8 shows. Figure 3.8 is the directed flip gr-aph

for the four corners of a squale and a flfth site insicle the square using -.81. (The fifth site

is inside the circumcircle of any three of the othels so the middle triangulation in frgure 3.8

is tlre Delaunay triangulation of the set. So, in the directed flip graph using DT : Rta
both arlorvs point to the micldle tliangulation. Reversing them gives frgure 3.8.)
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FigrLre 3.8: Directecl flip glaph rLsing -r?1

lVe lr¿rve ah'eacly seen that L'OT(R.) zr:ncl LOT(-cr"o) a,re the sanre as the Delaunzr.y

triarrgulation. Other flip l.rles rnight also be the same as DT1so if the flip grap.h is type I
lve checl< to see if the LOI is the same ¿ìs the Delaunay triangul¿tion.

5000 pentagorls wele generatecl by taking points fi'om the unif'orm clistribution rvitliin
the unit circle until their convex hull f'orrnecl a pentagon. (This is the itelation rnethocl

f'or genelal;ing convex polvgons clescribecl in section 6.1ì.) The results ¿Lre snrnln¿ìr'izecl in
table 3.4.

The flrst thing to be notecl about table 3.4 is the set of flip r-ules tha,t proclLrcecl type V
flip graphs.

The leason rvhy A1 ahva.ys gave ä type V flip graph is quite simple. The slrn of the
¿l,reas of the tliangles making up a cluadlilaier-al is .just the al'ea of that quach'ilateral, ancl

this will be the same rvhichever way the cliagonal is clrawn. Conseçluently Ar will always

give the value either-not a very useful flip lule.

ø- cloes not always retuln the value either-it will only clo so rvhen the quadrilate¡al
has a side longer than both cliagonals. However', it is easy to see that this will always be

tÌre case for at least one sub-quadrilateral of a pentagon since the longest cliagonal or sicle

of the pentagon will be a side of at least one sub-quadrilater.al.

Similar explanations can be found fol the other rules that gave type V flip graphs.

The seconcl thing to be noted is the set of rules that always proclucecl the Delaunay
tliangulation. As well as A* and -ûoo, as we woulcl expect from section 3.4, this set

includes the rules -r1, (-r f R)u (-r2l t)s ancl øöc1. Ploofs that this is ahvays the case for
some of these rules can be found in appendix A.

This discover-y might prove useful in programs that compute the Delaunay triang¿latiol
since it is possible that one of these rules could be calculatecl in less time than it takes to
test to see if a site is inside the circumcilcle of three othel sites. Ol one of these lules ma.y

be less vulnerable to numerical erlor when the four sites are almost co-circular.
The third and most important thing to be noticecl is the remaining set of rules. None of

g2
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re rvere no type IV flip grap

Table 3.4: % of flip glaphs of each type for' flip rules
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rule C-6 C-1 CO C1 C2 C6
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them rvele svstern¿r,tic ol local. lfhis contra,clicts Nielson ¿ncl l,\'¿¡,n]re [243] rvho, bec:a,rLse of

tLe close sirniltr,r'ity betrveen the ctescliptions of -a* a,ncl 7- (see table íì. t) assurnecl 1;ha,t

7æ w¿ìs systernatic.s'

Atrothel r.rle that might be thought to be system¿tic ancl local is Ëfl. At first sight

it lvoulcl ¿ìppe¿ì,I that the proof in section 3.4 shoulcl work if the rvolct 'circle' is lepla,cecl

thloughout by 'scluare parirllel to the axes'. Unf'ortunately, it is not ahvays possible to clra,rv

suclt ¿l ,square through three sites. lror exa,rnple) no sclu¿ìl'e palallel to the axes c¿ìn be ch'¿rvn

tlrrough the points (0,0), (1,íl) anct (4,4).So, rvhile we c¿n flncl a smallest enclosing sqnale

fol this tria,ngle with r¿l,clius 2, this square cloes not have t]re ,,empty sqna,re property" ancl

the proof in section 3.4 cloes not apply.

If 1 < p < æ tlien it is possible to flncl ¿r, ball in the /, metric thlough any thlee points,

so Al is systematic ancl local in these c¿r,ses. (l'ests conflr'm thai it always procluces type I
flip graphs for.' pentagons.) I{owever, the tria,ngulations that these rules ploclrLce ale clqals

of the Volonoi cliaglatn ttndel the /r, metric so these triangulations ale gener.alizecl Delaunav

triangulations. (Though these rules are not rotation invalizr,nt.)

lf rve exarnine i;he scattel plot of type I ancl Delaunay percentages shorvn in figule 3.9

(rules that gave any type V flip glaphs have been excluclecl from this plot) there is a str-ong

col'relation betrveen these two percentages, which suggests that a rotation invali¿nt rule

that always gives a type I flip glaph will always give the Delaunay tr.iangulation. This
result is provecl in the next section. In section 3.4 we notecl that constructing a locally
optimizecl triangulation for a flip lule that is not local could take expolential time. The

authors cited in table 3.1 managecl to construct LOTs fol several clifferent non-local flip
rules, presumably without needing an exponential number of flips. Horv is this possible?

The answer lies in the fact that all of these rules agreed wittr DT more than 50% of the

time on a convex pentagon. Consequently a LOT for- one of these rules of a typical set of
sites will be identical to the Delaunay triangulation except fol a number of isolatecl 'islancls'
of a few acljacent triangles. The flip algorithm will perform quite quickly on the part of the

tliangulation that is the same as the Delaunay and exponential beh.aviour on a small set

of non-Delaunay triangles will not cause any problems. Nielson ancl Flanke [243] comparecl

LOT@T) and LOT(1..) for the same set of sites ancl found 90% of the trianeles to be the

same.
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"Nielson has rvritten a note correcting this enor lT42l.
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3.6 systematic and Local Flip Rules are Generalized De-
launay rules

Definition. The lines malçing up th.e sicles of a tliangle ABC cltvide the plirne into seven
regions (see flgule 3.i0). lVe rvill clenote lty ARe the legion that is acl.jacent to the sites ,4

ancl 11, but not C. Ttre regions ¿u'e open sel;s. Tireir union is the plane except for the liles
Al], llc' . ancl AC.

Figure 3.10: Regions arouncl a triangle

Definition . F+ (ABC ) is the set of points in the plane fol which the flip rule -F woulcl not
clroose tlre triangle ABC. That is, if D € AEc then D € F+(ABC) itr F(ABCD) = BD.
lVe can similarly cleflne F+ (ABC) in the legions ABC ancL ABe . In tlie r.emaining regions,
the quadrilateral is not convex, so the flip rule must choose the interior cliagonal. This means
thut ABC is included in F+ (ABC) andTEC, ABe , ABC- are exclucle d. Fo(ABC') is the
bonnclary of la+ (ABC), and F- (ABC) = R2 - (F+(ABC) + FI(ABC))

Definition. Let Fo be the set of curves FoØBC) for all possible tr-iangles ABC.

If F : DT, fo is the set of all circles. This is intimately relatecl to the empty-ci¡cle
property of the Delaunay triangulation. The curves in Fo fol some flip rule F act in a rvay
similar to circles for DT.

Figure 3'11 shows fo for F : .l*. lVe have rotated ancl scalecl so that the longest
triangle sicle is (0,0)(i,0). The black dot marks the position of the tliircl triansle vertex.
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'I'his plot rvtrs PlocltLcecl numerically (ancl sorne of the .jaggeclless of the cu¡ves nre sa,nrplirLg

irltiftrcts), lf¿rnsforcl [151] ancl Porvar' [262] give anzr,lytical clescr-iptiorLs of 7$.
The inter-esting thing to note is that sorne of the culves in flgur.e 3.11 (the trvo clashecl

cnrves in pai'ticular) intersect at points othel th¿rrL (0,0) anct (i,0). lVe rviLt prove that this
is rot possible f'ol a systernatic local flip rule.

llhe basic icle¿r, behincl the proof is illustratecl by figule 3.12 rvhich shows j.st the trvo
cl¿r.shecl crtrves fì'om figure 3.11. ilhe flip glzrphs fol the pentagons AllCDll ancL A,IJCDE
ale shorvn in figule 11.13. The bolcl an'orvs in flgure 3.13 fotlorv fì'om the placenent of the
sites i¡t flgur-e 3.12. Ibl exarnple, the clilection of the lefimost bolcl alrorv in flgure 3.13 is
& conseqrlence of the fact th¿rt Ae 1;(BDD) (1;@nE) is rhe r-egion outsicle ^/L@DE)
in flgure 3.12.)

If 7* is svstematic ancl local, both of the flip glaphs in flgule lJ.13 must be type l-this
me&ns that tlie remzr,ining eclges must be as shorvn in l;he flgure. This is iurpossible since it
requit'es both 7-(BCDE) = EC'(in the left grtr.ph) aruI^¡"o(BCDlt) = BD (ín rhe light
glaph).

This proves that 7- cannot be systematic ancl loc¿rl. Section 3.6.1 gener.alizes this result.

Definition. A culve circu'mscribes a polygon if each vertex of the polygon lies on the clrve.

Definition. lVe say tliat 'l¡ has the circttmscrilting property if, given any triangle, there is
exactly one cru've in .Fo cir-cumscribing that tr.iangle.

3.6.1 systernatic local rules have the circumscribing property

Lemma L If r is a systematic local ru,le and c e ro(aaÛ)aÃBE then F+(ABE) =
F+(ACD) in tl¿e regio'n-ACE -TBc ftne shaclerl region in figure s.1/,).

Pnoor. If tr+(ABE) + F+(ACZ) rhen rhe'e is a point D e F+ÇnB¿) \ F+(ACE)
or- a point D e F+(AClr) \ F+(ABE) (see figur-e 3.14). Nore that ABCDE is strictly
convex. Let's consicler the flrst case. n D € Fo(ACE) then because F+(AaE) is open ancL

Fj(ACE) is ttre bounclary of F-(ACE) we can flncl a new Dt € F+(ABE) n F- (acE).

c ABC D'E is strictly convex

ø F(ABC E) = "ith""
o F(ABD'E) = AD'
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"1 \)c\L V-

Fignre 3.13: Flip graphs fot ABCDE and At BCDE

Figure 3.741 Fj(ABE) ancl Fj(ACE)
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ø II-(AC D'IÌ) = 6'¡1

Now, because AI)/(1;') zrncLCE(Ìi) are open sets rve finci ¿ ball a,rorurcL ABC'lt such tha,t

fol all At l)t Crt Et in that ball F(At Bt DI Et') - A' D' , I,'(At C" Dt f),) : C', E, ancL A, 8,C,, D, F,
is corrvex. Aucl since ABCII is on the bounclary betrveen AC'(F) anrl IIE(F') rve can fincl

AI BtCt lft in th¿rt b¿rll such that:

ø AtlJ'CtD'El is stlictly convex

e Þ'(A' I)'C'E') = B' n'

ø tr'(AtBtD'E') = A'D'

ø I|(AtCt D'8,) = C,JI,

There is no rvay that we can pich the clirections of the trvo remaining eclges in the flip graph
fot AtB'C'tD'E' so that it is tvpe I (see flgure 3.15). Tiris contlaclicts I being loctrl ancl

systematic.

101

"pr
Figule 3.15: Not a type I flip graph

rf D e F+ (AC E) \ f+(ABE), the proof is the same, except that we flnd, AtBtc'-Ð, such

that F(AtB'C'E') = A'C'. This leacls to aflip graph that is figure 3.15 with all the arrows
reversed. This still can't be type I. tr

Lemma 2 If F is a systematic local rule and C e tto(,l.nD)aÃBE ttzen F+(AIIE) =
F+(BC E) in the regionÃC ø -TBC ftne shaclecl region in figure 5.14).

\" I
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Pt¿oor. If thele is a point D € I'+(A/J/|) \ l"+(BCI)), then.just ¿rs in lernrna, I rve c¿rrr

flncl A/ B'C" D' Ilt srLch tha,t

ø A' .8'C' D/-/_l/ is str.ictly convex

ø F(At llt C" I)') - 3' ¡4,

ø F(A'R' D'E') = A'D,

ø lr(Bt Ct D' E') : C', JI,

The flip glnph for A'IJ'C'Dl,0/ ca¡rnot be type I (see frgure lì.16).
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'pr
Figule 3.16: Not a type I flip graph

If D € tt+(BCE)\F+(ACE) then we can flncl aflip graph that is figure 3.16 with
arrows leversed. Tliis still can't be type L

Lemma 3 II F is a systematic local rule and c e ro(anÐìÃBU then F+(ABE) =
F+(AC'E) --Ø in the regionTÐC ¡tne shaclerl region in fi,gure g. j7).

Pnoor. If there is a D e F+(ACE)nTEC then, just as in the pr-oof of Lemma 1we can
frncL A'BtCl-El such that

ø AtB'C'E is convex

o D e AlgC'.

the

tr

I
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poØss)

B

Figule 3.I7: D :TBC
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ø tr'(A'C;' D Et)

ø F(A' I)'C'E')

The flip graph for

tt+(ABE) n AB-C

: A'l)

= B'E'

A'B'C'D E'

-Ø.

(see flgrLle 3.18) contraclicts f' being systematic. I'Ience

Figure 3.18: lllip graph of A,BtCtDE,

If tlrere is a D e F+(AC E) aTBc , ttren we frnct D/ e F- (AC E) n F+ (ABE) ìTBc
and A' BtCl-Bl such that

o A'B'C|El is convex

. Dt e. A'gC'.

o F(AtBtD'E') = A'D'

c F(A'C'D'E') = C'E'
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ø tr'(A'BtC'Et) = 3'¡1'

illre tr:itrngul¿r,tion of A' B' D'D' is A' B' I)' , A'D'Ir' . If rve ¿r,clcl C' the lesultilg tria.ngulzr,tio' of
A'B'c"l)tli)'isA'l)'llt,I)'c"I)',Ij'D'ct,cttl)tEt (seefigule3..lg). lveh¿r,veanew ecrgeIJtIÌt
tiratisnotactjacelttoCt,rvhichcontr¿rclicts1rbeinglocal. I{encelr+(ACIJ\aABC,:ï).

f",",, 
."

BID'

A'

Figule 3.19; Inserting Ct in the triangulation of AtB,D,El

Lemma 4 Ir 1" is n, systematic local rule and, D e F\(ABE)ìÃBE then (BDEnABD) c
tt+(ABE) (BDE t ABD is the shadett region in figure S.g0).

Pnoor. suppose c e (BDEnABD) \r'+(,488). If c e F\(ABE) then we canfincl a
C" e BDE a ABD ¡ 1t-(ABE). lVe can now frnd AtB,D/.Ð/ such that

o A'B' D'E' is convex

, C' Ç. BtD'E'n A'B'D'

c Ir(A'B'D'E') = A'D'

o F(A'B'C'E') = B,E,

Depencling on the choice we make for the remaining edge clirection in the flip graph for-

A'B'C'D'E'(see frgure 3.2I),we encl up either with figure 3.18 or figure 3.1g, contracticting
F being systematic and local. Fr
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Lemma 5 IJ'I¡''is u syste'ntutic locu,l fli¡t ru,Le uncl D ç 1toçAIIC:) the¡ ¡t+1¡ac) =
F+(BC D) : 1t+(AC D7 = ¡t+(tß D).

Pttool'. /J cannol; be in,,llJú'¿ABeuÃad¿t+l¡C'. Relabel thepoints if necessa,ry, so tha.t
D e 'qBc (see figure J.z2). Nore rhar c € Fo(AlsD), IJ €. t'o(ACn) anct ,4 e IrD(Bc,n).

FigtLre3.22: DCSBC

lVe neecl to prove the result in the regions Ã.Cn and AC'D a BCD (shaclecl in flgule :j.22).
The rest rvill follow by symmetr.y.

o In the region ÃC nIECD, applying lemma 1 with ABE replaced by AßC shows that
I"+(ABC) = F+(nCD) ancl with ABE replacecl by,ABD shows that F+(ABD) =
t¡+(AC D). Applying lemma 2 with ABE replaced by ABC sl.tows rhat F+(ABC) =
F+(AC D).

o In the legion ABC,lemma 3 shows that l'+(ABC) = F+(ABD) = Ø. Because _Fis
a flip mle F+ (ABC) = Ø, and F+ (BC D) = Ø becaus e ,qAC C ECD.

o in the legion BC'D n AC D = 1, applying lemma 4 with AB E replacecl by -ABC shows
that 1 c F+(ABC) and with ABE replaced by ABD shows that I a F+(aBD\.
I cF+(BCD) because I cBCD andr cF+(ACD)because I cACD.

llinally we note that we have left out the lines ,zlB, BC and AC in the proof, but there is
only one way to complete F+(ABC) onto these lines. fl

Theorem s If F is a systematic local rz¿re anrl p,e,R € F}(ABC) then F+(ABC)
F+(PQR). (That is, F has tl¿e circumscribing property.)
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Pr¿oor¡. Ily _temrna 4, l,,o(ABC) = Fo(¿.1¡Ê) : 1i0(ÄeR): ¡tolf e $.

Theorem ro IJ F is u system.tir: Iocul r.ule then F+(AI]C) is co'nuet;.

Ptoor'. If f+(ÁBC) is ¡rot convex, then thele ale points P,Q € tt+(ABC) alcl .R f
F+êBC) such th¿r,t r? lies on the line segrnent P@ (see figrLr.e 3.23). If .B € 1r0(Á/lC) the'

Figule 1.23: F+(ABC) is convex

we can fincl rLew PQ,? such that P, Q € ['+(ABC) ancr R e F-(ABC). The segment pr?-

goes from insicle 1t+ (ABC) to outsicle, so let P/ be a point where it intersects lto(ABC), ancl

Q/ a point where Q.B intelsects Fo(ABC). Let S' e Fo(ABC)\pe.(If we can't flncl slch a
5'then I'o(ABC) - PQ, which contraclicts R e F- (ABC).) Since ,B is on the eclge of p,e,S'
and A € F-(ABC')= F-(P'Q'S') (bytheoremg) we canflncl an R,e p,e,S'nF-(p,g,S')
r,vhich contradicts F being a flip rule.

3.6.2 Rules with the circumscribing property are systematic and local

The ploof that DT is systematic and loc¿l lelies on the following geometr-ic fact: If two
circles share a common chord, then on each side of the chorcl, the interior of one circle is a
subset of the interior of the other circle. We shall call this the nesting property.

If F has the circumscribing property then the same fact is tr-ue, proviclecl we replace

"circle" with "culve from f0". Consequently the same pr.oof pr-oves that lules with the
circumsclibing property are systematic and local.

Also, just as for the Delaunay triangulation we have the "empty-circle prope¡ty',-the
circnmcircle of each Delaunay tliangle contains no other site, for GOT(F), -lx systematic

107
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a,ncl loca,l, u'e h¿rve the "ernptv-shape propertSr"- the circurnscr.ibirLg curve f'or each tr.ia,ngle

GO'f@) conta.ins no other site. lVe rvill c.all triangu-l¿r,tions Iike GOT-(I) empt;y-shape;

trio,ngnlo,tions in such cases.

3.6.3 The only rotation and translation-invariant
is DT'.

Definition. l['he two usymqttotes of ¿r' .nbo*.clecl cu've a'e
¿rs the support point goes 1;o inflnity.

systematic local flip rule

the lirnii;s of the support lines

Theorem 11 llhe only rotutio'n ct'ncl translu,tion-in'uu,riant s,ystemrtl,ic local t'Iip rtile is DT.

Pnoor. Let F be such a lule ¿l,ncl il € f0.

Case 1 1l is bounclecl. Fujiwara [128] ancl Bol [32] have sholvn tlia,t if If is ¿r, cornptrct corvex
set rvhich is not a clisc, then it is possible to flnc[ an infi¡rite ¡rurnber of congrrenl; copies

Iit of I( sucÌr that If ¿rncl 1ll have at least foul points in common on their bounclalies.
It f'ollows fi'om theolell g that I( : Iit . Hence lf has an inflnite numbel of symmetries
ancl must be a clisc.

Case 2 1( is unbounclecl. Let ,41 and A2 be the asyrnptotes to If , P their point of inter-
section, ancl cv the angle between them. Rotate I{ by al2 about P, t¡anslate by fl
in dilection A1 ancl by d in clirection A2 | al2 to get 1f' (flgure 3.24). I3y making

Figure 3.24: I( and 1(' intersect thlee tirnes

r/ sufficiently large we can ensure that A2 is a chord of I{t . Then the boundaries of
1( ancl Ã-l intersect three times ancl by theor-em g I( = I(t, i.e. a = 0 ancl Il is a
half-plane, which we can regard as infrnitely large disc.
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Hence Fo(AlJ(,') is a circle fol an¡r tlu.ee points A, B, ancl C'. lì.y 1]l"ur"rr, g this cilcle
l;lre circnnrcircle of AllC ancL so I;' = D'I'.

3.6.4 The only systematic local homothetic flip rules are generalized De-
launay rules.

A' h,ctntothetic llip rttle is one that is invali¿l,nt uncler homotheties of the c1q¿,clrilate¡al.

t\otice that if 1¡ is a homothetic flip rule, .F0 must be closecl uncler homotheties, ancl

since either(I) is a closecl set, jr0 is a closecl set.

At this point; it rnight seem tha,t a s.ystema,tic local hornothetic rule F nust necesstrrily

be th¿¡t of a I)elauna)¡ triangulation b¿rsecl on th.e convex clistance function jnclucecl by the

"ciLcle" Fo(ABC) [55,91], but this is only tme if .F0 contains only one shape set.

Srrppose Fj(ABC) is tr, squale (see figure 3.25). This is rvhat you rvoulcl expect in the

Figure 3.25: Two different -l70 curves

/"o metric. If Ð is in the shaded region in figure 3.25 then it is not possible to clraw a scalecl,

translated copy of the square Fo(ABC) through the points ADB. FoØDB) must be a
different shape, for example, the bottom right colnel of a cilcle joinecl to an upwalcls r-ay

and a leftwards ray.

In general, the .F0 curves will be a collection of shape sets. We can complete the example
witlr three more copies of Fo(aBn) rotated througli 90o, 1B0o and.2T0o. This cor-responcls
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to a convex-clist¿rnce-function ì)elaunity triangrLizrtion rvhele l;he cir.cle is a, sqla,r.e rvith in-
f.nitesirna,lly rounclecl cor'rer.s.

Definition. A cone is a colvex set rvith a bounclary consisting of two r-¿r,ys. lVe rvill also
consiclel an infi.nite stlip with bounclary a pair of antipalallel6 li¡es a cone.

Note th¿r,t if a convex set is invaliant uncler a hornothety, it rnust be a cole.

Theorem t2 Let F be a hont,oth,etic syste'mcrtic loctil fli¡t rrle. Then I{ e fo is eitl¿er
st'rictly con,ueiu or e cone.

Pttool'. Suppose K is not strictly convex. l]el; XY be ¿r, line segment on 1;he bolncla¡y of
1í. 'r'ahe A ¿r.ncl B interior points of xy ancl C a point on the bouncla'y of ll not on the
Iine ,YY. ilhen rve calt flncl a C' sufficiently close to C such tli¿l,t l;he line through C'l palallel
to CA inteÌsects the segment XY at,4/ ancl tlie line thlough C/ parallel to CB intersects
tlre segrnent XY at /J/ (see flgule J.26).

Since the sicles of the tria,ngles ABC a,ncl A'B'C'l are para,llel, there is a homothety that
transfolms ABC to AtB'C'. By theorem g, 1( must be invaliant uncler tliis homothety ancl
hence must be a cone. !

Definition. We can orcler the support lines of a convex set by the angle tìrey make rvith
tlrez axis' If 0 < "(/) < 2zlis theanglebetrveen/anclther axisthenwe sayl <mif
0 < a(m) - *(/) < ?T'01' 0 < a(m) - "(l)l21 1r.If a(m) - a(l): tr rhen / ancl rr¿ are
antiparallel ancl we do not define < in this case.

Definition. If K is a convex set then I:Ke) (the pretangent) is the minimum support line
through P, and 

"1Ï(P) 
(the posttangent) is tlie maximum support line through p.

Definition. P is a corner of 1f if ffre) I f Ke)
Definition. The support cone to I{ at a point P is the cone with sictes Tr.(p) ancl Ç(f).
Note tliat this is limÀ*"o II(P,k)K.

Definition. If I{ is an unbounded convex set, the øsym¡ttote cone to 1( is the cone with
sides Ar. and A[, the asymptotes to 11. lrlote that the asymptotes ar-e the maximum
ancl minimum support lines to 1( ancl if P is the intersection point of the asymptotes the
asymptote cone is lim¿.*o II(p,k)I(.

lt0

oTwo parallel lines with opposite directions arc antit¡arøIlel.
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Figure 3.26: ABC'is homothetic to AtIJtC'l

Definition. Trvo sets have ¿L comTnon su,pport line if tLey each have a suppolt line with
the same clirection.

Lemma 6 Let F l¡e a' trunslation-inuq,riant systemo,tic locul flip rzile. If Ii, Kt e îo lzaue

& comrnon su,y4tort linel at u'point p andTrce) <:fK,e) thenT.fi(p)>T*,(p).

Pnoon. Suppose r|e) < 4|,(r).. Then

rrcQ) <rK'e) <r <r*e) <rå,g)

'l'r'anslate I{' by a distance r/ in direction / (see fi.gure J.2T).
For any value of d, the support cones of 1l ancl 1ll intersect. Since 1( and 1fl get

arbitr-arily close to their support cones as they get closer to P, for sufficiently small values
of d I{ and lfl will also intersect three times. By theorem g, 1(/ is a translate of If which
contraclicts fKe) < TK,e). ¡

Definition. If P is on If then in a neighbourhood of P we clefine p+(1() to be the part
of If that follows P as we traverse 1l in an anti-clockwise clir-ection ancl P- (K) as the part
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-_T*e)

Td(P)

À

Figule 3.27: I{ and I{tintelsect thlee tirnes.

that prececles P.

Deflnition. If 1l ancl 1ll are crrves with a cornmon support line / ancl If is a subset of the
convex hull of 1(/ when translatecl so that the suppolt points coincicle then rve say 1l Ct I{, .

Lemma 7 Let I be a homothetic systematic locat flip rule ancl I{, Kt € fo. If :r*g) =
rf,e) or Trç(P) : Ttc,(P) then Ii is l'¿omothetic to lit, or one of I{ and I{, is a cone.
Fnrtlt,ermore, I{ Ct I{t or I{t Ct I( where I is a common support line at p.

PRoon.

case 1 rKg) >:fK,e). In some neighbourhoocl of p, p-(If) is between p-(1(,) anct

:rK(É) (see figule 3.28). If I = P+(It) n ?rT(P) I Ø then 1l is nor srricrly convex
and by th.eorem 12 must be a cone. Oth.er-wise, we can frncl a Æ lar.ge enolgh so

th.ùt P+(H(p,k)I{t) is berween p+(K) ancl !fr(p) . p-(K) wil srili be berween
P-(H(P,k)I(t) and 

"rf 
(P) for some neighbourhoocl of P. By a similar a¡gumenr ro

that in lemma 6, I( and I{' a¡e homothetic which contrarlicts TKe) > 
"rJ,(p). 

So if
frcQ) > TK,(P),11 is a cone and Ii, Ct I{.

r¿.(P)
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P (KI

rtirPl

r't-el

l
r

P (K)

tr P* (t<)

p*(H(p,¡)r') P-(H(P,3)Kl

Figure 3.28: I{ and a tlanslate of II(P,3)Ill intersect three tirnes.

Case 2 fKe) : Trc,(P). If both 1f ¿rncl I(' arc cones, then obviously 1l = I(,.If (say)
1f is a cone then ¡ç' Ct 1l and If is the support cone of I(t at p.

If neither are cones, relabel if necessary so that in some neighbour-hoocl of p, p-(K)
is between P-(Kt) ancl 

"t 
(P). As in case 1 we can flncl a & lalge enough so that

P+(E(P,k)I{t) is between P+(K) ancl 
"r}(P). 

However, in this case it is possible fo'
P-(II(P,k)I{') to also switch sides ancl be between P-(K) and.T¡(P). Neve¡theless,
nnless P-(H(P,k)I() and P+(ø(P,k)I{t) switch at the same value of k rve can
proceecl as in case 1. If they do switch at the same value of k, then since I1(p, È) is
continuous P-(H(P,h)I{') intersects p-(K) and p+(ã(p,k)I{t) intersects p+(K).
So fI(P, k)Ifl intersects 1( three times ancl by theorem g, 1ll is homothetic to -[f ancl

I{t Ct I{.

Lemma 8 If two shapes in ft l¿aue two common support lines at tlifJerent points and in
different directions, then tl¿e shapes are homothetic.

Pnoor. Let the support lines be / ancl m with rn > I ancl support points p ancl
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1". lVe can tr¿rnslate ¿rncl sca,le one of the

flgure 3.6.4).

shapes so tha,t the suppolt points coirLcicle (see

T¿(P)

ï¡.(P)

T¿(P)

Figure 3.29: Two common support lines

Case 1 fKe) = Ti,(P). By lemma 7 I{ ancL I{' are homothetic oÌ one is a cone.

If, say, 1f is a cone then PP' is one of the sicles of the cone ancl one of tlie support
lines. Since 1l' is convex, the segment PPl must be palt of I{t. 1f ancl Ifl have three
common points ancl by theorem 9, I{ = 1('and the original shapes were homothetic.

case 2 Trc@) > TK,e). Since PP' > rKe) a small expansion of If' about p/ produces

two intelsections of 1(/ with lf near P whicli combinecl .with the intersection at p/
means that by theolem I 1l is homothetic to I{t. !

Definition. Sr(l,P) is the set of curves in fo thlough P with / as a support line.

Lemma 9 I'et F be a homothetic systemøtic local flilt rule. If I(, KI € fo l¿aue a coTnTnon

suptport line I then I{ cr I{t or I(t Ct It. That is, S:F(l,p) is totally orr\ered by Ct.

I
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Pttoot¡. [i'r'om leurrna 7 the result follorvs if T,K] P) = TK,(p) Othelrvise, b.y lernma. 6,
:li€) <T'K,(P) < / <'r'I,e) < 7it(P). So in a neighbourhoocl of p, K Ct I(t.If It is

not ¿r slrbset of the coltvex hull of -Ifl then 1( ancl [fl rnust iltelsect ¿t sorne point other
than P. l3y a sirnilar argument to c¿lse 2 in lemm¿1, B, 1( is homothetic to -I('/ ¿lncl the result
follows.

Lemma 7O Giuen u, P € I andQ Lo tl-¿e left oJI, th,ere erists li

Pnootr. Let I( -- lirn¡_p, þ'o(Pp,e), rvhere p e I.

€ S'¡(l,p) sucl¿ Lhu,t Q e lç ,

Lemma 11 There'is ttt tt"¿osL one bou,nded sha¡te set in:ro. IJ'th,ere,is no bot¿tzcled shtupe ir¿

fo, then Fo conto,i'ns t,¿uo ar¿tipt¿ro,llel rtnts.

Ptoor. A closecl bounclecl set h¿ls a snpport line ptrlallel to any given clirection; so

lemma B sholvs that any tlvo bounclecl shapes in f0 must be honothetic.
lf theÏe is no bounclecl sha,pe in Jtro then fol any P ancl / the rninirnum (with lespect to

Ct) shape in 5¡(/,P) must be unbou¡rclecl ancl pass thlough P ancl by leurma .10 mlst have
an empty interior. I{ence it must be a ray (clegenelate cone) rvith clirection r', say. This
ray will be also be the minimum f'or / such that -r ( / < r. 'I'he minimum for / such that
r < I < -r must be -r..

Theorem ß If there is a fi,nite'number of shape sets in fo then tl¿ere is one boundecl sl-¿ape

set zuith all the other shapes "rounding" off tl'te corners of tlzis shape.

Pnoor' Since there is only a flnite numbel of shape sets in Sp(t,P) it is meaningful
to talk about the following shape set using the C¿ ordering. If 1( is not a cone then
II(P,k)I( ct H(P,b')I( if k < k'; so the shape set prececling 1l is the asymptote cone of
If and the foliowing shape set is the support cone of 1f. The shape set following a cone

cannot be another cone, since in that case a point in the region between the two cones will
not lrave a 1f in S:F(I,P) passing thlough it, contraclicting lemma 10. Conseqlently the
support cone of one shape is the asymptote cone of the following shape set (see f.gure J.30.)

If Jro cloes not contain exactly one boundecl shape set, lemma ll shows that it contains
a pair of antiparallel lays. In this case we can pretend that îo contains a (bounclecl) cligon
(line segment) with sides par-allel to the rays.

I llr
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Figure 3.30: Sp(I, P)
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So f0 cont¿r,ins ex¿r.cth, one botLnclecl shtr,pe set. Ibl ea,ch colner of this shtrpe set thele
is a, shape that "r'ortncls" the corner) rvith a,symptol;es colresllolcling to the cor.rer.. If these

sha¡res h¿tve colners then there ¿rre shapes to louncl theil colners ancl so on. llhis clescr.ibes

¿ll the shapes in fo. -

If jtrO contairts ¿rn inflnite nurnbel of shape sets then the lesult is sirnilar, except th¿t it
is possible 1;o h¿r,ve ¿r,n infinite nurnbel of cones to flll in the space betrveen tlvo cones.

IIorv cloes this I'el¿rte to convex-clistance-function DelarLna,y tlian.qulatio¡r? lVe can cle-

flne the lluclicleart Delaunay tliangnlation by the "empty-cilcle ploperty??-the tliangles of
the Eucliclea,n Delaun¿w triangulation are.just those rvhose cir.cnr¡rcitcles contain no other
site. Sirnilally, l;he convex-distance-fìrnction Del¿l,unav triangultr,tion can be ciefinecl b.y the
"etnpty-ball propelty"-the tliangles ale those rvhose circumscribing balls a,r'e ernpty, rvher.e

the ball is the unit cilcle for the convex clistance function. '[Ìiangulations clefi.necl by sys-

te-tn¿r'tic local flip rules furthel generalize this to the "ernpty-shape property"-the tria,ngles

are those .,vhose circurnscribing shapes are ernpty.

If the convex clistance function is not strictly convex then theorern 12 tells us that the
colresponcling flip rule is not loca,l ancl systenatic. The problern here is th¿t in this ca,se

tliangles lvith a sicle pzlrallel to a line segment on the bounclaly of the shape have more than
one circumscribing shape ancl the Delaunay triangulation is not unarnbiguously cleflnecl. To
r-esolve this ambiguity one palticulal circumscribing shape must be chosen (e.g. the bottom
leftmost one [179]). This is effectively treating the flat part of the bounclary as being very
slightly cur-vecl, that is, the shape is strictly convex.

If the convex clistance function has colners then the conditions of theorem 13 are violated
because there is no shape that rouncls the corners of the convex distance function. The
problem here is that triangles with two sicles that are support lines at th.e same corneÌ
of the convex distance function cannot be circumscribecl ancl the convex-clistance-function

Delaunay tliangulation does not completely triangulate the convex hull of the inplt sites.

In this case we can add shapes to round the corners of the convex distance function and the
convex-distance-function Delaunay triangulation is just a subset of the gener-alizecl one.

Finally we note that we can intelpret our generalized convex-clistance-function Delaunay
triangulation as cluals of Volonoi diagrams in the surreal [141] Cartesian plane, where the
distance function is smooth (no cornels) and strictly convex.

Ll7
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3.7 Conclusion

LocaliS,' optirnizecl tliangula,tions ale simple to clefine ancl compute, rvhile the systernatic

ancl local properties ale irnportant ¿rncl useful properties fol a flip rule to possess.

I h¿lve shorvn th¿l,t the onlv tr-anslation ¿r,nc[ rotation invaliant systematic loczrl flip rule
is the lule /-)if, ¿urcl founcl tir¿lt t]re l)el¿rLnav tliangulation rnaximizes the me¿l,n inr¿rclius

over a.ll tlia,ngulations as lvell ¿ts seveLa,l othel geometric properties. This gives some mor.e

I'e¿ìsons to sLtpport the use of the Delaunay triangulation ¿r,s the most natural ¿r,ncl rLseful

triangulation of a set of sites.

I have shorvn th¿t the only hornothetic systematic local flip r'rles corresponcl to empt.y-

shaPe Delauna'y triangulations, which generalize convex-clistance-function Dela,nn¿l,y trian-
gulations. Any Delaunay triangnlation algorithrn can be lnoclifrecl to proclnce ernpty-shape

I)elaunay tt'iangulations ancl conseqrLently convex-clist¿l,nce-function Delauna,y tliangultr-
tions.

I'hese nerv simpler zllgorithrns fot convex-clistance-function Delaunay triangulations ale
well suitecl for plactical use.

i18



Chapter 4

Cornputi*g Eo*pty- Shape
Tbiangulations

4.L Two dimensions

Since emptv-shape triangulations ale systematic ancl local we can use the flip algor.ithm
to compute ernpty-shape triangulations in rvorst-case tine O(n2). Other algor.ithms for
computing the Delaurtay tliangulation that use the incilcle test, such as the clivicle-ancl-
conqner algolithm [202] ancl the seiection algorithm [229] will also compute empty-shape
triangulations-it is only necessary to leplace the incilcle test with the F functiorL.

Tlre srveepline algolithm for Delaunay tliangulation 1722,120] uses trvo cliffer.ent geo-

metric tests:

1. Fincl the rightmost point of the circumcircle of th'ee sites.

2' Detelmine whether a site is above or below the contact point of a circle through two
other sites and tangent to the vertical line through the flrst site.

To implement a sweepline algolithm for empty-shape triangulation it is necessary to
be able to compute these trvo primitives when "circle" is replaced by ,,curve from.F0,'.
The only clifrculty alises for the fi.rst primitive when the curve is unboundecl and has no
lightmost point. This can be overcome in one of two ways:

1. By using surr-eal numbers [141] and using polynomials in ø to represent such points
"at inflnity".

119
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2. Ry rtotici-tLg that such events occr,tr ¿rfter ¿r,ll site e"'ents ¿rncl "finite" cilcurncilcle errents.

If rve h¿r.ve events fot AIIC amL llC D then AIJC' nrust occul befor-e BC'D .just if
I¡'(ABCD) = AC). So f irnposes a pa.r'tiitl orcler on the inflnite circumcircle events.

It is sufficient to plocess the event clueue in a '"va5' consistent ivith this par.tial order..

4.t.I An implementation of the sweepline algorithm

Ilele is a cornplete lVlilancta [28, 315r] implementa,tion of the srveepline algorithm.r
Plane sweep trlgorithms operate by srveeping a vertical line acloss the plane fi'om left to

light.

Any plane sweep algorithm rec¡rires trvo cl¿l,ta structures:

o TIre sueep-li'ne stut'us lvhich represents the intersection of the srveerrline rvith the

geornetry.

ø t\ priority qrre'Lre conta,ining e'ue'nLs, plarces rvhele the status changes.

Priority Queue ADT

> abstype priority r. ++

> r¡ith push :: (priority x x+) -> + -> (priority x *+)
) top :: (priority x ++) -> *
) pop :: (priority + *x) -> (priority r x*)
) empty :: (x->*x) -> (priority r xx)

) isempty :: (priority * xx) -) bool
> remove :: (priority + 'xx) -> r -> (priority x *x)

empty is given a function tliat deflnes the oldering of events ancl creates an empty queue.

isempty determines if a queue is empty. top retur-ns the smallest value from a queue, pop

deletes that value. push inselts a value into the queue and remove cleletes an albitrar.y
value from the queue.

The pliority queue can be implemented2 with a heap so that each operation takes time
O(logn ), where n is the number of values in the queue.

'The T![ source of this clocument is an executable Mirancla program.
source. All others are comments.

2a.ppendix D conta.ins an implementation.
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Plane Sweep Algorithm

',fhe aigorithrn processes events orte at a time. llhe event processing function is givel the

cttrÌent state ancl an event ancl retulns a new state, ¿ list of new evetrts, zr list of events to
be cleletecl ¿r,nd a list of results.

) do-event-t x ++ {<** == * -) {<* -> (+,[x*],[*x],[+x*])

'I'he srveep fuuction is also given a stalting state, ¿ln initi¿l list of events, ¿ì,ncl ¿ function
that cleflnes the orclerilg of events. It returns the lesu.lts of processing the events until there

are no rnore events.

It uses tr,n auxiliary function sweep' that is passecl the cullenl evenr qLreue.

> süreep :: do_event_t {, ** *** -> x -> [**] -> (+*->+*++) -> [**+]
> süreep do_event start_state start_events event_priority
> = snTeep' do_event start_state q

) where q = fol_dl push (empty event_priority) start_events

> slreep' :: do_event_t * *+ **+ -> + -> priority *r **** -> [**+]
> srreep' do_event s q

> = [], if isempty q

> = r**srrleep' do_event news rrerder otherr¿ise
) ¡+here (nens,neürevent,delevent,r) = do_event s (top q)
) ner{q = foldl push (foldl_ remove (pop q) d.elevent) neìrevent

Ordered Sequence ADT

lVe can use an olderecl sequence ADT to represent the sweep-line status. Instead of being

ordeled by <, it is oldeled by a transitive, irreflexive relation { between elements ancl pairs

of elements ancl also between trvo pairs of elements . If A, B and C are three successive

elements in the sequence, the invaliant is that (A,B) < (B,C).
Elements can occtlÌ mole than once in the sequence, but clearly a pair can occru once

only.

) abstype ordered_seq_point
) r^rith insert : : ordered_seq_point -> point
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-) (ordered_seq_poÍnt, [point] )

delete : : ordered_seq_point -) (point,point)
-) (ordered_seq_point, [point] )

create :: ((point,point)-> poj.nt -> bool) -) [pointJ
-) ordered_seq_point

Inserting ¿ì rew element x inrrolves flncling (...A,D,C'...) such that (A,1ì) < ,y ancl
(B,C) f X anclleplacing the seclrence by (. ..,A,8,x,8,C,...). insert retulrs the nerv
seqnence ancl the list [,4, B,Cl.

Since ele¡nents c¿rn occuï rnole th¿rn once in a sequence it is necessaly to specify rvhich oc-
cllll'elLce bv giving the successol of al element to be cleletecl, a,s lvell as that elernelt. del-ete
just cleletes i,he flrst elerrrent of apair' (C,D) fì'our the sequence (...,A,8,C,,D,8,...) zurcl

retnlrrs l;he sectruence (..., A,ß,1),8,...) ancl the list [A, ß,D,n].
create creates the orclelecl seqnence (D,A,D,) flom ID,A,D/] ancl the { relation.
I'he lists that insert ancl del-ete retnln contain just enough of the context of the

insertion ol cleletion point to scheclule events as rvill be seen belorv.

The olclered sequence can be irnplementecl3 using balarLcecl tlees so that each opelation
talces time o(logn) rvhere n is the number of elements in the seonence.

Delaunay sweepline

Now',ve can apply the general sweepline algorithm to computing Delaunay trialgqlations.
Deflne STS(,48) (sweep tangent shape) of an eclge AB to mean the shape througìr the

two sites of the edge and tangent to the sweepline at a point to the light at the encls of the
edge. (Note that thele may be two shapes through an edge, tangent to a line.) The sweep

tangent shape fol a boundaly edge wili be empty, since if it contained a site, a Delaunay
triangle to the righi of the edge rvith a circumcircle to the left of the sweepline woulcl exist.

Anothel way to think of the state is to consider the part of the Delaunay triangqlation
of the sites to the left of the sweepline that is guaranteed to be present, no matter how the
sites to the right of the sweepline ale arranged. The sweepline state is just the boundary
of the external face of this partial triangulation.

The relation < corresponds to the oldering of the contact points of the shapes tangent
to tlre sweep line. (.4, B) < X means that the contact point for STS(,48) is below X on

122
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the srveepline.

knplementing this lela,tion obviously clepencls on the shape. It can be ctone ìr\. conrputilg
the conta,ct point, but it is simplel to flncl the circumscribing shape through A, B zt"¡¡r¡ X.
IJec¿luse of the nesl;ing plopelty, the conta,ct point is belorv ,y iff the intelsection of the
circrtmsclilling shape rvith the sweepline is belorv X. For example, if the shzrpe is a circle,
rve can just test if the circurncentre of AB'Y is belorv X. (circle-centre cornpltes the
centre of'the cilcle cilcLLmscribing three points.'l)

) point == (nun,num)

) triangle == [pointJ
) below_func == triangle -) bool
) belo¡"i_circle :: beloi^r_func

) below_circle [x,a,b] = snd(circl-e_centre [a,x,b])>snd x

Anothel way to implernent this lelal;ion is to determine if the slope of the t¿.ngent to
tlre circnmsclibing sh.ape through A, B ancr x is positive or negative.

To tur'n a belon function into a { relation, we neecl to obser-ve that below gives the
right answer only if X is to the right of ,41J. Otherwise the contact point is below X if I)
is belolv ,4. area computes twice the signecl alea of a polygon,s ancl its sign is usecl to test
if X is to the righi of AB.

) before_func == (point,point) -> point -) bool
) makebefore :; below_func -) before_func
) makebefore bel_ow (a,b) x

) = below [x,b,a], if area [x,b,a] > 0

) = fst a ) fst b, otherwise

Thele are two sorts of events that change the

c If ABC are thlee consecutive sites on the

rightmost point of the circumscribing shape

angle. The two edges on the bounclary AB
edge AC. (This is what detete does.)

sweepline status.

bounclary, and the sweepline passes the

for ABC, then ABC is a Delaunay tri-
and BC must be replaced by the single

*Appendix D contains an implementation.
5Appendix D contains an implementation.
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If the srveeplirte passes over* ¿L site P, then rve rnust fincl the site X on the bouncl¿rr-\,

such th¿r,t the sha,pe passing through X ancl P ancl ttrngent to the srvee¡rline is empt.y.

'lìhe eclges X P ancl PX untst be aclclecl to the bounclaly. (illhis is wha.t insert ctoes.)

) del-aunay_event ::= Site pointl Circumshape triangle

lVe must etlsure thal; thele is a Circumshape event in the priolity c¡rene for each tri¡lle
of consecutive sites ABC' on the bounclaly rvhele C'is to the left of AB. So, rvhenever the
boutLclary is cha,ngecl, we rnust clelete evelts for tliilles that are no longel consecutive ¿r,ncl

insert events fol tliples tir¿rt are rLow consecutive.

) do_del-aunay_event : :

> do_event_t (ordered_seq_point) delaunay_event triangle
) do_delaunay_event s (Site p)

) = (news,acwC[[p,a,x], [y,a,p]] ,acwC[[y,a,xlJ, [[p,aJJ )

) where (news, fx,a,y]) = insert s p
) do-delaunay_event s (Circumshape [c,b,a])
> - (news,acwC[[c,a,x] , [y,c,a]] ,acwC[[b,a,x] , [y,c,b]] , [[c,b,a]] )

) where (news,fx,a',c',y]) = del-ete s (b,c)

Notice that the list of results of do-d.elaunay-event is a singleton list of Delaunay
triangles. (One for each Circumshape event.)6

acwC fllters out tliangles whele the thircl point is not left of the flrst two (2.e. triangle
vertices are not anticlockwise.)

+âuÞ

aCf^rC

dLWU

[triangle] -> [delaunay-event]

= [Circumshape t I t (- ts; area t > O]

Site events ale schecLuled when the scan line reaches the site. Circumshape events

are scheduled when the scan line reaches the rightmost point of a circumscribing shape.

schedule is polymorphic so that we can use real numbers (type num) or sulreal numbers
for oldering events.

) schedul-e_func * == delaunay_event -> *

6ñr- Ine COde â.bove

phasize these edges

¿lso returns the
in flgure 2.23.

Delaunay edge associa.tecl rvith ea.ch Site event-this is usecl to em-
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) schedul_e :: (point->x¡ -> (triangle->x) -) sched.ul_e_func r
) schedul_e rightmosrp rightmost (Site p) = rightmostp p

) schedule rightmostp rightmost (Circu¡nshape t) = rightnost t

If rve use Ìeal nurnbers to olcler- events, rightmostp will just take the u coorclin¿rte (a,ncl czln

be irnplernentecl with the stancl¿rrcl function f st).
Lnplernenting rightmost clepencls on the shape. Fol exarrLple, the right¡rost poinl; of ¿r,

ciÌcle can be cornputecl bv: (d2 cornputes the Ducliclean clistance betrveen trvo poinl;s.7)

> rightmost_circle :: triangle -) num

) rightmost_circl_e t
> = cx+r

) where (cx,cy) = circl_e_centre t
) ¡ = ¿2 (hd t) (cx,cy)

Finallv, rve can write a function to cornpute empty-shape Delaunay tritrngulation. It
recluires a list of sites, the { r'elation and the schedul-e function. The only tricky part is
cleating the initial st¿te. It sirnplifles the proglam to rLse senti¡rel sites clirectly above a.cl
belorv the leftmost site.

> sweep_geom_funcs x == (schedule_funç *,before_func)
) sweep_delaunay :: sweep_geom_funcs * -) [pointJ -> [triangleJ
) sweep_delaunay (sched,before) ps

) = sweep do_delaunay_event

> (create before [(ax,ay+1), (ax,ay), (ax,ay-1)])
> (map Point rest)
) sched

) where (ax,ay):rest = sort ps

For example,

sweep-delaunay (schedule fst rightmost-circle, makebefore below_circle)

will calculate the Bucliclean Delaunay triangulation.

'Appendix D contains an implementation.
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l''igrLres 4.1 ¿rncl 4.2 sìrorv 1;he secluence of events tha,t occtl rvhen conrprLting the ernpty-
shirpe tliangrilation for' ¿r tliangle a.nc[ thlee hvper-bolzre th¿1,1; r-ouncl off its colneïs. Cil-
cumshape events ¿rclclecl to the clì-teu.e are sholvn ¿rs clashecl sh¿,¡les, rvhile those cleletecl ¿rre

shorvn as clottecl shapes.

ifhese figures rvere ploclucecl by using a, moclifiecl version of sweep th¿t retul'¡s the
srveepline state arLcl the queue after e¿ch event a,ncl using the graphics system clescribecl

in [190].

4-L.2 Computing coltvex-distance-function Delaunay triangulatio¡s

An algolithrn fol empty-shape Delzr.una¡, tr.iangula,tion can be usecl to comprLi;e a convex_

clistance-fttncl;ion I)elaunay tliangulaiiol. If the convex clistance functiol has cor.ner.s it is
sufficient to aclcl shapes tha,t louncl the cornels (see below) a,ncl cornpute tire eurpty-shape
Delaunay triangulation. llhis tliangul¿rtion is a supelset of the convex-clist¿rnce-f¿nction

l)elaunay tliangrLlation. 'l'he trizr,ngles in both triangulations ale just those whose circum-
sclibing shape is a homothet of the oligintrl convex-clist¿r,nce-functio¡r baÌI. The tr.iangles

that ale in the empty-shape tliangulation ¿l,ncl not in the convex-clistance-function triangrL-

lation are those rvhose cilcumscribing shape is one of the shapes usecl to louncl the corners.

It is cleal that a simple O(n) pass over the empty-shape triangulation wilÌ procllce the
convex-distance-function triangulation.

It is interesting to compare these algorithms rvith pleviously publishecl algorithms. The
fact that the convex-distance-function may have colners complicates algolithms such as the
Divicle-ancl-Conquer algorithm given by Chew ancl Drysclale [55]. The merge step involves
computing the bisecting culve between the two sets of sites. Colners can cause this cur.ve to
repeatedly heacl of to inflnity and requile the merge to be restaltecl. That is, the algorithm
must be "flxecl" to deal with the ploblems caused by corners. In contrast, using empty-
shape l)elaunay triangulations solves the problem by "fixing" the convex clistance function
to Lemove the corners, anel leaves the algoriihm unchanged.

Rounding Corners

llorv do we add shapes to round off the coÌnels of a convex distance function? The simplest
solution is to add an unbounded smooth shape with asymptotes equal to the suppor-t cone

for each corner.

The sirnplest such shape is one branch of a hyperbola. The equation of the rectangular

126
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Figule 4.1: Sweep algorithm
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Figure 4.2: Sweep algorithm
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lryperbo.ltr l;hrough A - (:u¿,,!la), I) = (rB,y6) ancl C' - (t:ç,,!Jc:) js

?: !) :t: '!J I

h(r, v) =
IAVA IA '!t¡ I

-0.
IüB'¡JB ïB'!JB 1

iÙc'yc Ic '!lc 1

(Since tlris ltas the forrn (, - o)(y * ö) = r'ancl passes thlough A, B arcIC.)
So, to round an arbitrary cornerT it is sufficient to apply an afflne tlansformation so th¿l,t

its supporl; cone is rnappecl to the positive ¿ ancl y axes ancl then test t]re sign of

,t'¡'!)'A ,t'A Y'A .l

r'n3Jb ,'B Ub I
r'c'!lb r'c ub 1

,'D'!J'D lt'D '!/'o 1

rvlrele A', D', C" ¿,uncL f)t ate the sites that the flip lule is being appliecl to after transforrla-
tion.

There is one exception-this rvill not lvork if the sicles of the colner are antipalailel rays.

In this case the parabola rvith a vertical diameter

129

p(x,y) =

)-c-ru-L
r2o rA lJ¡ 1

rþrByB1
12" rc yc 1

-n

can be used insteacl of the hvperbola.

Implementation

If the sites ,4, B, and C cannot be circumscribed by the convex-clistance-function ,,cilcle',

the flip rule cannot leturn any of the values {AC,BD,either}. lVe must insteacl iclentify
the corner of the "ciLcle" tliat has causecl the problem. This is the colner at which the
support cone to the "circle" is containecl in the suppolt cone to the triangle ABC (see
fi.gule 4.3.)

Let us make this conclete with an example: we rvill implement the flip rule for the
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trhi¡h¡¡rnar=fl

!rr_rrYr¡L_Lrt-r¡uç

whichcorner=t ( 0, -1), (1,-1)
j-n-right_tri is irelevent

uhiõh^^ÌnÊr=fl

in_right_tri=FaL se

s

whichcorner=t (1,0), (0,1) l

in_ri9ht_tri is irclevent

a-
A

whichcorner=t (-1, 1), (-1, 0)

in_right_tri is irelevent

AA

Figure 4.3: Possible values for whichcoïner [4, B , c] and iuight-tri [A, B, c, D]
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collvex clist¿rnce fìurction u,hele l;he "cilcles" ¿lr:e lÌornothets of the r.ighi-er'glecl t'iarLgle
X(0,0)y(1,0)Z(0,1). Since we c¿ùn flncl att a ine transfolm¿tion to tr-ansfonn any triangle
into tllis Ìight tliangle, this lets us hanclle the convex-clistance-function Delaunity t¡ia¡gu-
I¿r,tion for any tliangular. convex clist¿l,nce function.

Iì'irst let us irnplement the flip rule fol the case rvhel the t¡ialgle ABC ca¡_ 5e ci'crun-
sclibecl b¡, ¿ ho,rrorhet of the right triangle X(0,0)y(.l ,0)Z(0,0.

lVe nrerely flncl the sm¿r'llest hornothet th¿r,l; encloses ABC ancl test to see if D isinsicle.

) fliprule == [poíntl -) bool
> in-right_tri :: fliprule
> in_right_rri [(ax,ay), (bx,by), (cx,cy), (dx,dy)]
) = dx)w&dy>s&dx+dy(ne
) where s = min [ay,by,cyJ ll bottom ed.ge is y >= s
) w = min [ax,bx,cxJ | | f ett ed.ge is x )= ür

) ne = max lax+aT,bx+by,cx+cyJ ll aiag edge is x+] (= ns

I\ote that in-right-tri is not a rvell clefinecl flip mle: flgure 4.4 shorvs a1 example
whele in-right_tri [a,b,c,d] =in_right_tri [d,a,b,c].

Figrue 4.4: in-right_tri is not a flip r.ule

To test if ABC is circumscribable and to flncl the offending colner if it is not,
another geometlic primitive, support_right_tri. This flncls the support cone to
triangle at the support point of a given clilectecl line AB. lVe will represent the
two vectors giving the direction of each ray.

Ìequrres

the light

cone by
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possible v¿LlnesT clepencling on rvhich of the

flgure 4.5). support_right_tri assurnes

> cone == [point]

support_right_tri c¿r.n t¿rke on one of thlee

three regions relative to A that -B falls into (see

th¿t the triangle has a positive ¿¡rea.

[(0,

Figure 4.5: Regions fol supportright_tri A B

> support_1 -= point -) point -) cone

) support_right_tri :: support_f
) support_right_tri (ax,ay) (bx,by)
> = [(t,o),(0,1)], if bx)ax & by < ay

> = [(0,-I),(L,-1)], if bx(ax & (bx+by<ax+ay)

> = [(-t,1), (-1,0)] , otherúrise
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Fbr an arbitra'r'y convex clistance fìrnc:tion rvith ¿ cot'ners) the support primitive c¿rn be

intplemented using binary se¿r,rch in tirne log c. All ih¿t is neeclecl is ¿r, ]ist of the corners of
the convex clisi;¿nce funcl;ion.

It is inl;eresting to compale our primitives rvith Drysclale's [g1]. Insteacl of ¿r suppoïÌ
primiiive he uses ¿r, fnfnf Circle(p,a,b) primitive. l'his retulns inside if p is insicle the
homothet of the corle support a b that passes through. a ancl b. if]re support p¡i¡ritive
is rnoÌe polverfiLl since it c¿l,n be usecl to irnplernent the InlnfCircle but not vice vers¿r,.

I{owever', it is uncle¿r horv InInf Circ1e coukl be implernentecl rvith cornputing t}re snpporr
cone.

I\orv rve can iclentify the problem cornel if ABC is not cilcurnscribable. This wiil occul
ifftlre strpport points for trvo sicles of AllC are the same, ancl the duplicatecl suppo¡t point
will be the ploblem cornel(see frgure 4.3). lVe will use tl'Le ernpty list to r-epresent the case

where th.ele is no ploblem colner'. (!Ve assurne that tire tliangle has a positive alea,-ou¡
Delaunay trizr,ngulation algorithms procluce positive triangles onlv. )

) whichcorner :: support_f -) triangle -) cone

) ¡uhichcorner support [a,b, c]
) = supab, if supab = supbc \/ supab = supca

) = supbc, if supbc = supca

) = [], otherwise
) where supab = support a b

) supbc = support b c

) supca = support c a

Now rve can can use a hypelbola to louncl the cor-nels. If the colner has slpporì; cone

given by the vectors (s,,as) a.nd B,,Bu) then the affne t'ansfor.mation

T(r,u): (pp - þ,tJ,-arr ! a,y)

will transform them so tha[ they are palallel to the ¿ ancl y axes. We then test if ?(D) lies
inside tlre rectangular: hypelbola through :tØ)f @)T(C).

) round_corners :: support_f -> fliprule -> fliprule
) round_corners sup flip quad

) = flip quadr corn=[]

t.lr)
I ¿).)
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) = (affine_flip corn in_hyperbola) quad, otheruríse
) where corn = whichcorner sup (take 3 quad)

affine-flip [a,bJ trpplies an affi.ne tlansfoluation (the one th¿r,t maps the vecto¡ a

onto the r ¿lxis ancl b onto the y tr,xis) to a, flip núe.

) affine_f1ip :: cone -> fliprule -) fliprule
) affine_flip corn = ( (map (affine corn)))

af f ine applies an affine tr¿rnsfotrnation to a point.

) affine :: cone -) point -) point
) affine [(ax,ay),(bx,by)J (*,y) = (by*x-bx*y, -ay*x+axxy)

Testing to see if a point is insicle a lectangular hyperbola through thlee points .jtst
involves evaluating the sign of a cleterrninant, ¿rncl is very similal to testing to see if a point
is insicle a cilcurncir-cle.

Note th¿rt it is alwa.ys possible to flt a recttrngula,r'hvperbolzr, thlough thlee non-collinea¡
points, but that the points may lie on clifferent blanches. If rve label the points such that
t:4 1 xB ( u 6r then fbl'all the points to lie on the sarne blanch lve must have y¿ ) Un ) 'yc.

It is not halcl to see that this will always be the case rvith the points rLsecl here.

hdist is the analogue of the Eucliclean distance function.

> in-hyperbola :: fliprule
) in_hyperbola [a, b, c, d]

) = hdist hc d > hdist hc a

) where hc = hyperbol-a_centre [a,b,c]

) hdist :: point -) point -) num

> hdist (ax,ay) (bx,by) = (ax-bx)x(ay-by)

> hyperbola_centre ;: [pointJ -> point
) hyperbol-a_centre t
) = (cx, cy)

) where ds = map d t
) xs=maþfstt
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ys = map snd t
divisor = area t
cx = area (zip2 xs ds)/divisor
cy = area (zip2 ds ys)/divisor
d (x,y) = x*y

Iìintrlly, we can put all the pieces together'. delaunayis given aflip rule ancl alist of sites
tr'ncl computes the Delaunav triangulatiol using anv a,lgolithm that uses a flip rule ¿rs the
geonetric plirnitive (selection [229], incrernent¿r,l [202], flip [207] or Divicle-¿i,nc[-Concluer. [202]
algorithrrrs).

\,Ve rouncl the courels, cotrpttte the errrpty-shape tliangrLla,tion, ancl extlact the trianqles
that can be cilcurnscribecl.

lVhile this flncls all the triangles of the convex-clistance-function Delaun¿r.y triangulation,
the triangulation -rnay inclucle eclges that a,re not part of any tria,ngle (see flgure 4.6).

Referling bacli to figure 4.3,if we nse B tolabel the cornel of the tliangle ABC whose
srLpport cone cont¿ins the suppolt cone of the "circle", it is eviclent that evely ,,cilcle"

rvitlr AC as a chorcl rnust inclrtcle B in its interior. lhis mea,ns that the eclge AC is not
in the Delaunay triangulation. Furthermore, the nesting proper-ty implies that all ,,circles,,

tlrrongh AB contain no site on the same sicle of AB as C'. Consecluently it is only necessar.y

to examine the tliangles on either side of an eclge to cletermine if that eclge is l)elaunay.
The edge that is not a Delaunay eclge is the one lvhose support point is clifferent from

the other two.

) edge == [point]
) nondel-aunay :: support_f -)
) nondel-aunay support [a,b,c]
) = [c,a], if supab = supbc

) = [b,c], if supab = supca

) = [a,b], if supbc = supca

) = [], otherwise

) ¡+here supab = support a

) supbc = support b

) supca = support c

triangle -) edge

d

The convex-distance-function Delaunay triangulation can now be calculatecl by removing
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all the nor-I)elaunay eclges frorn the arLgmentecl triangulatiorL.

)cdf-de]-aunay::Support-f->f1iprule-)[pointJ->
) cdf_delaunay sup flip ps

) = filter circumscribabl_e ts ++

> (potential-edges -- noned.ges) -- map reverse noned-ges

) where circumscribabl-e t = nondelaunay sup t = []
> ts = delaunay (round_corners sup f1i_p) ps

) nontriangles = filter ((-).circumscribable) ts
) nonedges = map (nondelaunay sup) nontriangles
> potential_edges = concat(map explode nontriangles)
) explode [a,b,c] = [[a,b], [b,cl , [c,a]l

Figure 4.6: cclf Delaunay triangulation for a right triangle

For example, the Delaunay triangulation for our- r'ight-triangle clistance function is com-

puted with cdf-delaunay support_right_tri in_right_tri.
Figure 4.7 shows the working of the selection algorithm l229lfor oulexample clistance

function. The selection algorithm starts with a hull eclge ancl flnds the Delaunay triangle
standing on this edge by searching all the other sites. This gives two (possibty new) eclges

to lvhich the algolithm can be recursively applied. Figure 4.7 also shows the empty circle

LJt)
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fot' ea,ch tliangle a,s it is cliscover-ecl.

Figure 4.6 shorvs r,vhy the selection algoritÌrrn r.vill not rvolli rvith the origintr.l (unlounclecl)
convex clist¿r,nce function: hull eclges rnay not belong to the trizr,rLgulation, the clual gi'aph
of the triangulatiort Ìnay not be connectecl, ancl there may be eclges thzr,t cio not belong to
a,ny tlia,ngle.

Implernentation of primitives for the sweepline algorithm

lVe neecl trvo plirnitives: flncl the e coolclina,te of the lightmost point of the "cil'cle" through
three points, a'ncl test whether a point is on top of the "cilcle" thlough that point ¿l,ncl trvo

other points.

Ilere the.y a,r'e for oul light-tliangle exa,mple: (It is simpler- to rvr.ite one function that
letums tlte lesults of both plirnitives for a tliangle.)

I\a,tura,lly these ¿r'r-e only rvell clefrnecl if the three poinl;s a,re cilcurnsclibable þ), the right
tliangle.

> süieep_primitives * == triangle -) (*,boo1)
> sweep_prim_right_tri : : sÌÂreep_primitives num

> sweep_prim_right_tri [(ax,ay), (bx,by), (cx,cy)J
> = (ne-s, aY=s)

) where s = min [ay,by,cyl ll bottom edge is y )= s

) ne = max lax+ay,bx+by,cx+cyJ ll a:_ag edge is x+y <= ne

Just as r,vith flip rules, we can use hyperbolae to rouncl the colners. We will use slr¡eals
for the rightmost points of hypelbolae with no ïeal rightmost point. We only neecl to cle¿l

with snlreals of the form ¿c¿ f 0, so we will just use o.-clerecl pairs like (a,b) to represenr

thern' (This means that we can use Miranda's ) operatol which uses lexicographic orclering
to compale surreals.)

) surreal == (num,num)

) to_surreal ;: num -) surreal
>to_surrealx=(0,x)

round-corners-sweep takes a partial srveep-primitives function and cleates a total
one' If the triangle is circumscribable (i.e. there is no problem colner') then we just use the
suppliecl partial function, converting the rightmost value to a sulreal.

i37



C II A P']: D ]I 4. C O Nl P U']' T N CI E N] P T' Y - S I1 AT> I' T' R I AN G U I, A'I'IO I\ S 138

¡-\

Æ1\/l\/ \
trÅ-'---
\

Figure 4.7: Selection algorithm fol light tliangle with rounded col'ners (solicl lines)
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) round_corners_sr^reep :: support_f -> sweep_primitives num

) round_corners_sweep sup sweep_prim tri
) = applypair (to-surreat,id) (sweep_prim tri), corn=[]

Othet'rvise, rve neecl to circumscl'ibe the triarLgle rvitlt ¿r h.yperbola rvith asymptotes par.allel
to the sictes of the corner. lVe apply a tlansform¿r.tion to the tliangle (giving tri, ) so that
tire a,svmptotes ale transfolrnecl to ¿ ancl y zlxes.

) = (rightrnost,tax)O), otherwise
) where

) corn = whichcorner sup tri
) tri' = mâp (affine corn) tri

(tr: - h")(y - lzr) : r is the ecFration of the lectangular hyperbola through the tlansfor.mecl
points' lVe will call the hyperbola that it is the tlansformation of, the 'original hyperbola,.

> (hx,hy) = hyperbola_centre tri,
) r = hdist (hx,hy) (ax,ay)
) (.*,ay) = hd tri'

The tangent vecto' to the rectangular hype'bola at trre point (c,y) is

((r - h,)2,-r).

A point is below the original hyperbola if the tangent at that point lies in the first or-fourth
quach'ant, that is, the r component is positive. We need to use the inverse transformation
to conver-t a tangent to the rectangulal hypelbola to a tangent to the original liyperbola.

> (tax,tay) = iaffine corn ((ax-hx)^2,-r)

The rightmost point of the original hyperbola has a vertical tangent. The correspond-
ing point on the rectangular hyperbola will have tangent (t,,tr), the transformed vertical
tangent. This point satisf.es (r - tz")2 = -r + tolt,. If this equation has a solution, then
the invelse tlansformation gives the rightmost point of the original hyperbola. Otherwise,

139
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the oliginal h.ypelboltr, cloes not h¿n'e a, r'etr,l ,t'ightruost point. \,Ve c¿rn ¿lrbitr¿r,rily choose c¿ as

the lig-htrnost point of tr.n oliginal hypelbol¿r.8 rvith centle (0,0) anct laclius r' : I. Another
oligilal hyperbola rvith centle (z,y) ancl laclius r, rvill have rightmost poilt rø * ¿. Fol
the srveeplirLe algorithm, we can just nse ?'c, since this rvill only ma,ke a cliffelerLce if tr.vo

hypellrolae have the s¿rne la,clius, alncl the orde-r:ing of Circumshape events on]y uratter.s f'ol'

tria,ngles rvith a cornrnon eclge. Clearlv, if trvo homothetic hyperbolzre h¿rve two points il
colnlnon ¿rncl the s¿rme r'¿r,clius, then they are iclentic¿1,I. Bv constluction it is not possible for
tlvo non-homothetic hvpelbolae to h¿l,ve trvo points in common.

i40

(tx,ty) = affine corn (0,1)

x'2 = -r+ty/tx
(x,y) = (sqrt x'2 + hx,hy + r/(x-hx))
rightmost = (r,0), tx=O \/ x,2<=O

= to-surreal- (fst(iaffine corn (x,y))), othernise

iaff ine is .jrLst the inverse of aff ine.

) iaffine [(ax,ay), (bx,by)J (x,y)
) = ((ax*x+bx+y)/det, (ayx¡ç+¡y*y)/det)

) where det - ax+by - bx*ay

Finally, we can use the primitives to produce the

sweep-delaunay.

geometric functions requirecl by

round-geom_funcs : : support_f -> sr^reep_primitives num

-> sTreep_geom_funcs surreal
round-geom_funcs sup sÌreep_prim

= (schedul-e (to-surreal .fst) rightmost, makebefore bel_or¡)

where rightbelow = round_corners_sweep sup sweep_prim

rightmost = fst.rightbelow
below = snd.rightbelow

For example, the Delaunay triangulation for our right-triangle clistance function (see

frgures 4.1 and 4.2) can be computecl with

sAssuming tha.t is, we
have surrea-l coo¡dinates

are calculating the l)ela.una.y triangula.tion
more c¿reful ca.lculaúion is reouired.

of sites with re¿l coorclinates. If thev
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sweep-delaunay (round-geom-funcs support_right_tri sweep_prim_right_tri)

Looliing ¿rt these flgures shoulcl rrralie it cleal- rvhy it rv¿rs necessary to roulcl the cor'e's.
Consitler what it rvoulcl lte necessar.y to clo to u-se ¿Ì sweep algorithm to clirectly c¿r,lcul¿te

the convex-clistance-function Delaunay tliangultrtion. ifhe tliangles rvhose circurnscribing
shape have no r-eal I'ightmost point can be safely clisca,r.clecl, but ignoring the ones tha,t

are unbounclecl on the left calises the partial DelarLnay l;r'iang¿latiol to 6e clisconnecteci

into potentially n pieces. The srveep algorithm uses binary sealch on the bounclaly of the
paltia,l Delaunay triangr"rlation to fincl a Delauntry ectge corllecting lervl.y elcolnterecl sites

to the paltial triangula,tion in time O(logn). In olcler to maintain this, the clisconnectecl
pieces rvoulcl irave to be organizecl into a, clat¿ structtu'e wit]r similar. pr.operties. But this is

precisely rvh¿l,t the triangles rvith circumsclibing shapes unbounclecl on the left clo.

4.1.3 Bounding unbounded,,circles"

If the "circle" for the cortvex clistance fïnction is unbounclecl there are further. ctifüculties.
Not all the sites may be incluclecl in the tliangulation (see flgure a.B). No plevious publishecl

algorithm correctly cleals with this in the general case, though fol the case where the ,,circle"

is a right-algle cone with sides the positive :¡; ancl y axes the Delaunay triangulation is the
set of maxima of the sites [1Bg], joinecl togethel in ¿-sortecl orcler. (Ancl there are no
tliangles in the tliangulation, just eclges!)

lb de¿l,l with unboundecl "circles", as lvell as aclcling shapes to rouncl the corners,,"ve
need to aclcl a shape with a corner whose support cone is equal to tlie asymptote cone of
the unbouncled "circle".

If we tlansforrn the sides of the asymptote cone onto the r and y axesl then a r.ight
tr-iangle can be used as this shape.

The only exception occrlrs if the sicles of the asymptote cone ale antiparallel (for example,
a palabola). In this case an inflnite stlip (a cligon) with another shape to round the other
cornel will work.
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Figure 4.8: Delaunay triangulation rvhele "circle" is a hyperbola rvith asymptotes r*y = 0
ancl y - 0.

4.1.4 Constrained empty-shape Delaunay triangulations

Constrainecl empty-shape Delaunay triangulations can be clefinecl in exactly the same way

as constrained Delaunay tliangulations, ancl any algolithm that computes constrainecl De-
launay triangulations can be usecl to compute constrainect empty-shape Delaunay triangu-
lations.

Just as in the previous section it is also possible to compute constrainecl convex-clistance-

fnnction Delaunay triangulations using Incrementat (".g.[63]), Selection (e.g. [216]), Flip
(e.g. [33]), Divide-and-Conquer (e.g. [Sf]) or Sweepline algorithms (".g.t291]). All thar is
required is changing the appropriate geometric pr.imitive.

4.2 Three or More Dimensions

The results of section 3.6 extend into three or more climensions. The triangulation of a set

of sites in space consists of a division of the convex hull of the sites into tetraheclra whose

vertices belong to the set. A pair of tetrahedra which form a convex pentaheclron can be
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exchangecl fol three tetl'aheclr'¿r that f'orm a convex penttrheclron ¿r.ncl rrice veLsa, so rve c¿rr

cleflrte flip ntles in ¿r, natural rnanner (slightiy complicatecl by the faci that t]re number of
tetraheclra is not flxecl).

Nolv consicler a site set rv]rele all but one of the sites trre co-plzrnar'. Dvely tetrahech.on

in the triangr"Llation of this set will h¿l,ve as one veltex the non-planar site. The sicles of the
tetraheclt'a opposite this site folur a triangulation in the plane ancl the sptrce flip rule gives

¿ flip mle in the plane, so if the flip lule is systernatic ¿rncl local it must be ¿r, qener¿llizecl

Dela,una,y rule.

In higher clirnensions it is still tlue that if a triangul¿r,tion is locally Delauniry then it
globally Delauntr,y [94]. ]Iorvever', Joe [i62] has shorvn than even in thlee climensions DI'is
not systernatic. l'his is bec¿use it is possible for a triangulation to not be loca,lly Delauna.y

brit irnpossible to iurplove by flipping. If the flipping is clone incr.ementally, that is sites

are aclclecl one at a tirne ancl flips usecl to constnrct u LOT afl;er each site is aclclecl, then
llclelslxunnel ancl Shah [99] show that the lesult is ahvays the Delauna.y tliangulation.

4,2.t Higher-Dimensional Convex Distance F\rnctions

This result cloes not extencl to higher-climensional convex-clistance-fiurction Delaunay trian-
gulations. It is possible for a triangulation to be locally ì)elaunay but not globally Delaunav.
I{ere is an example in FLS using the /.o metlic:

Take,4[6,6,2] B[10,4,8] C10,2,6] D[2,I2,0) 814,8,10] F[8,0,4] (see flgure 4.9) anct

consicler the diaeram;
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This is locally Delaunay but not Delaunay. (Since BCDF has.A in its cilcumball but is

adjacent only to BCEF and E is outside BCDF,s circumball.)

Schauclt and Drysdaìe [285] give an incremental algorithm that computes the Delaunay
triangulation for convex distance functions in r/ dimensions provicled the set of sites is ,,non-

degenelate" ' They deflnecl "non-degeneLate" to mean that each set of r/* 1 sites hacl a uniqle
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Figure 4.9; Locally Delaunay but not globally Delaunay
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c:ircurnb¿r'Ì1. Ultfoltttna,tely, this clefinition of "non-clege¡er¿ì,te" is too rest¡ictive. Consicle'
tlre site set (again, i¡r R3 using ihe /- rnetlic) á11,1,71 Bls,3,0] c[3,5,8] D[8,6,1] (see

flgrtle 4.10). ifhis h¿l.s trvo circumbtr,lls, both of r'¿rclius 4 rvith centres [+,S,+] er,lcl [5,2,4],
so is "clegeneLate" by Schauctt alcl l)r'yscltrle's cleflnition. l{orvever) ¿ì,ny small peltrLlþation
of tlre sites ABC'D still h¿r,s trvo cilcrtmballs, so ihe set of "clegenerate conflgul¿r,tions" cloes

rrot lrave ûteasule 0.e \,Ve rvill c¿rll a confi.guration lilçe ABCD p.seudo-clege'nerate.

Lê [196] gives a forrn¿rl cleflnition of "non-clegeneLacy" fbl site configura,tiorLs in R,l rvith
respect to ¿1, convex clistance fìrnction.

Note th¿l,t the existence of a pseuclo-clegenera,te conflgulation cloes not clepenci o1 the /*
ball being non-srnooth ancl non-stlictly convex. lVe c¿n perturb the b¿r,ll slighily so that it
is snrooth ancl stlictly convex ¿r,ncl still have ¿r confi.gurationlilre ABC,D.

A lalge set of ranclomly chosen sites rvill almost celtainly cont¿rin a, pseuclo-clegele¡ate
conflgu'atio. ancl the schauclt-Drysclale algo'ithrn wil fail.

Iclring et al. [159] give balls in R3 such that there is a tetraheclron r.vith c circumballs
forany c) I.

Theorem L4 Tlt'e marimum n'L¿mber of circu,mbu,lls of a non-dege,nerute conf,guratictn of
tI + I sites inPcd with tlte l.o 'metric ¿s 2L#J.

Pnoor. Let s¡,51r...,s¿ be the sites, and WLOG take ss ancl s1 as the pair of sites that
are tlre fur-thest from each other ancl d(ss,s1) - so1 - arL:2r, whele r is the raclius of the
circnrnball. Each site lies on a clifferent one of the 2tI faces of the circumball. (If two sites
lie on the same face, then the conflguration is clegenerate, since a small pertulbation of the
sites clestloys this ploperty.) We call the two faces orthogonal to the ith coorclinate the
min-z face and the max-¿' face, so s6 lies on the max-1 face, ancl s1 lies on the min-1 face.
It is not possible for any othel pair of faces to have sites on both faces of the pair. (Such
a conflguration rvoulcl be clegenerate since the sites in question woulcl be clistance 2r fi'om
each other') So, one of each of the d - 1 r'emaining sites lies on one of each of the r-emaining
pairs of faces' 'Ihis gives us a bouncl ol2cL-r on the number of circumballs through the sites.

To improve this to 2L+1, note that a site can only lie on the max-i face if it is the
i-maximum (has thelargest ith coordinate of the sites). The number of choices for theface
that a site lies on is just the number of ¿s for which the site is a maximum or a minimum.

e Numerical experiments inclica.t,e
lra.ve two l- circumballs 2.6V of llte

tha.t four sites taken from the uniform clistribuiion insicre trre unit cube
time.
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Intersection of top
cube with plane ABC

Figule 4.10; ABCD has two circumballs in the /- metric

146

rn of bottom 
----2\'\plarìe ABC \



C H AP iI' ll R 4. C O ù,lP LI'IIN Cl l:) NIP'L' y - S II Ap Ð l.R1ArVCi L/ L A, t, I O N S

'I'lre l;otal nrtltber of choices f'or'¿rll sites is 2(d-1). t\orv let us count the.*rnbe. of choices

fol' the circumbaÌI. If a site has no choices, then there is no possible circlrnS¿rll through the
sites' If a site has just one choice, then it is forcecl to lie on tha,t fzrce, the rnax-¿. face, str,.y.

Then the ¿-minirnrin cannot lie on the min-i fäce, so rve h¿l,ve reclucecl by ole the choices f'or

the'j-rninimttrn site. Once rve h¿rrre cle¿rlt rvith all the f'olcecl sites, the rerntrining ,t'sites rvill
h¿l,ve at least trvo choices each. Da,ch f'orcecl site reduces the totai nurr bel of choices by 2, so

the tot¿r,l nurnllel of choices left is 2À', that is, each remaining site h¿r,s ex¿rctly tlvo choices.

Note th¿r,t À" = I is impossible, since that site rvoulcl have to be botir ¿¡ ¿-minirnurn ¿ncl ¿
¿-m¿rxirnurn. (This rvoulcl be clegenelate.) trach tirne rve rn¿l,ke a choice of a f¿lce for o1e of
these, one of the othel lemairting sites is folcecl. ilhis means th¿l,i rve can rn¿l,ke a, choice
betrveen two faces at rnost l,('/2.1 tirnes. A.'is ¿rt nost r/- 1, so the nurnbel of circLLrnba,lls is

at most 2l'+)

lVe c¿¡t constlttct conflgurations th¿rt att¿lin this bouncl. Ilol example, in R5, tire site
set

{(0, 1, 1, 1,1), (4,'r,r,1, 1), (1,0,0, 1,1), (1, 2,2,-1,1), (1,1, 1,0,0), (1, 1, r,2,2)}

lras 4 circumballs, as cloes any configuration with /"o clistance less than Il2fromthis one.

The genelalization to Rd is obviorLs.

Configurations rvith large nunbers of circumballs seem to be quite rare. I chose 6 points
fi'om the uniform clistribution on the unit hypercube in R5, ancl founcl that the conflguration
had no circumballs in75% of the tlials, one circumball in 20%,two circumballs in b%, ancl

four circumballs in just 0.03% of the trials.10

Anothel intelesting fact can be cliscoverecl by examining flgure 4.10. The left-hancl
pictnle shows an orthogonal projection onto the plane through ABC. The thin clashed line
shows tlre intersection between the top cube ancl the plane ABC wttile ihe thin clot-clashecl

Iine shows the intelsection with the bottom cube. Looking at the part of the plane ABC
"below" the line BC we see that the nesting property cloes not holcl, even if we just consider
the plane ABC . Consequently, it is possible for ABC to be a common facet of two Delalnay
tetralreclra on the same side of ABC ancl of three I)elaunay tetraheclra altogether-.

t+7

loJust 17 times in 50,000 trials
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4.2.2 An Algorithm for Higher-Dimensional Convex-Distance-F\rnction
Delaunay Trian gulat ion

ìJealing this possibilitv in rnincl, we can nor,v sketch a selection algorithm for cornputing the

cclf Delaunay tliangulation of ru sites tha,t rvorlcs for pseuclo-degenelate confi.gurations. We

asstune th¿rt the sites ¿r,r'e not tluly ctegenerate (that is, each set of d + I sites h¿r,s a finite
nurnbel of cir-cumballs). The syrnbolic perturbzrtion techniclue of lìclelsbrunrLel ¿rncl Xiliicl<e

can be usecl to simul¿rte this [97] if necess¿rrv. lfhe algor.ithm is si¡nilar to the gift-rvrapping

algot'ithm f'ol computing the coÌvex lìutl [44]. 'I'he geornetric primitives lec¡rirecl ale one to
frncl the set of cilcumb¿lls of d+ 1 sites, ancl one th¿r,t tests if a site is insicle a circumball. lVe

proceecl fi'our simplex to sirnplex, ilt etrch sl;ep constlucting tr, simplex th¿rt shares afacet, (a
rl clirnensional sirnplex) with a previously constructecl sirnplex. Tb constluct a simplex on

a facet, we select any othet'site a,s a, candicl¿r,te ancl f,nd the circurnballs of t]re rl sites in the

f¿r,cet atrcl the c¿r,ncliclate site. lVe then tesl; each other site against each of the cilcrLmballs,

eliminzr,ting cilcumb¿rlls founcl to be lon-ernpty. If the last cilctLrnba,ll of a canclicl¿r,te is

elirninatecl, then the site lesponsible becornes the nerv candiclate.

Now, if the nesting propelty holcls, it is only necessaly to lieep tr, single c¿l,ncliclate ancl

make one pass to flncl the new simplex. This is because if we fincl a site insicle the circumball
of a cancliclate rve âre guar¿nteed that the circumball of the nelv site cloes not contain any

of the sites that we have already checkecl, and if a site is outsicle the circumball of tlie
canclidate then its cilcumball rvill contain the candiclate.

Since the nesting property cloes not hold it is necessary to rnaint¿in a set of cancliclate

sites. Bach new site is tested to see if it is insicle each canclidate circumball, and cilcumballs
founcl to be non-empty are eliminatecl. If the last circumball of a candiclate is eliminated,
it is removecl from the candiclate set. It also necessaty to test the circumball(s) of the new

site against each candiclaie. If at least one circumball survives, then the nerv site is aclclecl

to the candidate set. Finally, it is necessaly to make two passes ovel the sites so that each

candidate circumball is tested against all sites.

Clearly, any simplex founcl by this algorithm will have an empty circumball. To ensure

that we find all of the Delaunay simplices we can use the techniques of section 4.7 to
louncl tlte corners of the convex distance function and guarantee that the clual graph of the

Delaunay triangulation is connected. This also means that any facet of the convex hull witl
¿r.lso be a facet of a Delaunay simplex; so the nolmal gift-wrapping algorithm can- be used.

to flnd an initial facet.
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ifhe algolithtn pelfot'ms ¿r tlavers¿rl of the clutli graph of the tr-iangultr,tion; so ¿ì, set ADIII
is neeclecl to lieep track of the facets alrea,cly encountelecl ancl a stack (fol cte¡rth first) or
queue (fot' brea,clth flr'st) to help us flncl the next facet to search fio¡n.

Analysis ln the unliitely event tha,t the set of sites is not pseuclo-clegener.¿te then each

facet is irLciclent on ouÌy two sirnplices ancl there ale ¿rt most O@tt/zJ! sirnplices (silce in
this case the DelaurLay tliangulation is a projection of a r/ + 1-clirnensional polytope [ga])
a]Ìd O(nLd/2'l) facets. Dach facet reclrriles ¿r. test to see if it is in ihe set of visitecl fãcets
(O(logn) if a b¿rl¿r,ncecl tlee is usecl to implement the set ADT) anct O(n) ci¡cumþall tests
to constltrct a nerv simplex on th¿r,t facei. The total execution time is O@Ja+z)/zJ), the
sarne as that for the Schauclt-Drysclale algorithrn.

Nlore likely, the site set is pseuclo-clegeneltrte. Then O(csz) cilcurnb¿r,ll tests rvill be
recluirecl to flncl the potentially s sirnplices acl.jacent to a facet, rvhele c is the maxirnurn
possible numbel of circumballs thlough a set of r/ 1 1 sites, ancl s is the m¿rximlrn size of
the canclicl¿rte set.

c is a constant that clepencls only on th.e clistance function. (For exarnple, in R,l qsilg the
/"o metric rve plovecl above th¿rt c : 2L+).) Fui'thelmore, c 5. s since havilq c circumballs
passing thr-ough r/ 1 1 sites folms a cancliclate set of size c.

Theorem L5 If ilt'e ball for the conuer distct'nce ftunction is polyhedral tl¿e'n s is ctt rnost
(f - I)d l'1, where f is the number of faces of the polyhedron.

Pnoor. To see why this is true consicler the pencil of balls passing through the r/ sites
that form a facet.

These balls are all homothets to each other', so apply a homothety to each one ancl also
to the hyperplane thlough the d sites so that they are all transfor-mecl to the unit ball.
The hypelplanes are transformed to a pencil of palallel hypelplanes that inter-sect the liall.
The sites are transfolmecl to points on the intersection of the sulface of the ball and the
appropriate hyperplane. Imagine srveeping a hyperplane across the ball, starting at vertex
-F and ending at vertex tr. (These are the suppolt points for the hyperplane.) As we sweep

across the ball, each site moves across the surface of the ball flom F to L, changing faces

at most / - 1 times, so there are at most (/ - I)d occasions when the faces that the sites
lie on change.

We can therefore partition the original pencil of balls into at most (/- I)(t+l subpencils,
according to which sites lie on which faces. Within each subpencil all the balls are mutually
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holuothetic (lvith the sarne centle of hornothety), na.mel.y the intersectiorL of the r/ su¡rpolt
pla,nes of the f¿r,ces that holcl sites. CJonsectruently, the nesting pr.operty holcls rvithir e¿r,ch

stLbpencil atrcl there can be only one cancliclate circurnb¿rll rvithin each subpencil. Since

thele ¿rre U - 1)d f 1 subpencils, this is the maximrLm size of the ca.nclicl¿rte set. tr

So, if the b¿rll has / fäces the total execrLtion time of the algorithnis O(nkfrlc), rvhere

À' is the size of the output.

4,3 Conclusron

It is simplel to compute empty-shape triangulations th¿r,n to clilectly cornpute convex-

clist¿nce-functiotr Dela,unay tliangulations. In this cha,ptel l ha,ve given zr, complete inr-
plernentation of a sweepline algolithrn f'ol ernpiy-sha,pe tliangulations, sholving that the
only things that hacl to be changecl fi'orn a Ducliclean sweepline algorithrn rvere the geo-

metlic plimitives. Other ì)ela,unay tliangulation algorithms (flip, incleurenta,l, selection,

Divicle-¿rncl-Concluer) can also be easily rnoclifiecl to procluce ernptv-shaire triangulations. (I
so mocliflecl th.e selection algorithm to procluce flgule 4.2.)

Ilmpty-shape triartgulations also provicle a sirnple lvay to compute convex-clistance-

function Delaunay tr-ialgulations. Given the colnels of the convex-clistance-function ball
ancl the geometlic plimitives for- the convex distance function I cleate the geometric prirn-
itives fol an empty-shape triangulation that is a superset of the convex-clistance-function

Delaunay triangulation. Ðxtracting the convex-clistance-function Delaunay trianqulation
from this superset is stlaightforward.

These icleas also allow the computation of convex-clistance-function Delaunay triangula-
tions lvhen the ball is unbouncled ancl computation of constrainecl convex-distance-function

D elaunay tliangulations.

Turning to higher climensions, I show that algorithms for higher-climensional Bucliclean

Delaunay tliangulation such as the inclemental algolithm do not generalize to convex-

distance-function Delaunay triangulation. The only one that can be easily modiflecl to
wor-k is the selection algorithm, and I clescribe how to clo this.
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Chapter 5

ï)elaunay triangulation of coïrvex
polygons

5.1 Introduction

The case where the sites to be tliangulatecl ale the veltices of a convex polygon has beel
previously consiclerecl by Devijver ancl lVlaybanh [83], by Joe [161], by Chew [52] alcl by
Aggalwal et al' l5l. This case is of special intelest because of the insight it gives us ilto the
general case. Lee ¿ncl Schachter 12021show that the rvorst case fo¡ incremental algorithms
occllrs when the sites lie on a palabola, (and hence folm a convex polygon). Algorithms
tlrat use bucketing [11,22] lvill also pelfolm poorly in this case since they require the sites
to be distributed approximately uniformly.

Also, if we delete a site f}om a general Delaunay tliangulation it is necessar-y to r-et¡ian-
gulate a star-shaped polygon. Convex-polygon Delaunay triangulation algor.ithms can be
generalized to rvork in this case too.

The O(n logn) lorver bound for constructing the Delaunay triangulation [2gS] (basecl on
sorting) does not apply in this case. lVe shall show that some algorithms use linear. expectecl

time and implementations of these algorithms r*n in rinear time.
It would be nice to calculate the expected run time fol a 'ranclom convex polygon', but

there is no commonly accepted deflnition of rvhat this means. For example, one collcl defrne

it to mean 'the convex hull of a set of points from the uniform clistribution'. llowever, one

cannot take points from the unifolm clistribution over the entire plane. Insteacl, we must
take them from the uniform distribution ovel'some bouncled subset, ancl then the convex
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hull of those points rvill tencl to apploxim¿rte the sha,pe of th¿rt subsel;. 'fhis contr'¿l,clicts our.

inl, Lritive icle¿r of ranclomness.

We sh¿r,ll ca,lculate the average execution time over all possible tliarngulations of a polv-
gon. This lecluires us to assume that all possible Delzr,unay tliangulatiorìs ale equally likely,
but gets ¿r'r'orLncl the clifrculty of cleflning il 'ranclorn convex polygon' a,nc[ cloesn'l; r'ecluire tLs

to hnorv anything about the location of the points.

5.2 Previous work

Devi.jver anci lvla)rbank [83] give an algorithrn that they clairn satisfles a "mininì.uÌì1 sp¿ìce

complexity constlaint", that is, requiles O(1)space in aclclition to t]re input. I'hey choose

an ¿l,rbitr'¿rly sicle of the z¿-gon ancl flncl ¿r,rLcl test e¿ch of t]re r¿ - 2 possible triangies that
corLld stancl on that sicle fol the empty-cilcle plopelty. lVhen they flncl a triangie with an

empty circumcircle, it splits the polygol into trvo srn¿r,llel polygons rvhich are lecur.sively

triangulatect. illhe',vorst case fol this algolithm is O(n3) ancl it actually r.equires more than
O(1) space since it must use ¿ stack for lecursion. 'I'he st¿r.cli will recluire O(logn) if the

smalÌer piece is triangulatecl flrst. In section 5.4.1 I clesclibe an algolithm th¿r,t recluires

O(1) aclclitional space.

Joe [161] clescribes a flip algorithm for convex-polygon Delaunay triangulation. The
polygon is clecornposed into two chains 1111t,2...'ur,, ancl aL,uz...?r, wheLe rú1 - u1 ancl

?Lnu : lLnu &re the enclpoints of a cliametel of the polygon. An initial triangulation is
constructecl by actcling eclges of tlre fotm u,¿a¡. If the last edge aclclecl was uiaj then the
next edge adcled is either uia j+L oï u,¿+ra j clepencling on which of these two eclges is present

in tlre Delaunay triangulation of tt¿u¡n¿1¡raj+t Flips (see section 2.2.\) are then usecl to
transforrn the triangulation into a Delaunay one. This algorithm has worst-case complexity
of O@2). Joe suggests that it will tuke O(n) time for most polygons.

Aggarwal, Guibas, Saxe and Shor [5] describe an O(n) algorithm for computing the
convex hull of a polygon in 3-space r.vith a convex pro.jection onto a plane. By using Guibas

and Stolfl's [1a7]rfting map ¡r(r, u) = (r,u,t2+y2) which maps the Delaunay triangulation
of a set of siies 5 to the lower- part of tlie convex hull of p(.9) they are able to obtain the

Delaunay triangulation of a convex polygon in lineal time. Unfortunately, the algorithm is
rathel involved ancl difficult to follow and seems to involve large constants.

Chew [52] ctesclibes a much simpler randomizecl algoriihm that runs in linear expectecl
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tilne. lfhe sites ¿rre inseltecl irLto the tria,ngulation one ¿t ¿r, time i1 ¿ r'a1clorn o'c[er. 'lhe
¿lrnoult of tiure I'ecluirecl to insert a site is plopoltional to its clegr.ee in the 

'es'Ìting t.ian-
grrlation which is 4 - 6f n on aver-age. [lence the avelage (ta,ken ovel all insertion orclers)
exectrtion time is O(").Seiclel [293] obselves that Ciherv's algolithrn ancl ana,lysis rvas the
flrst example of b¿cl<rvarcls analysis of r¿rnclornizecl geometr.ic zrlgo¡ithms.

Djictjev ancl Lingas [88] shorved that Agga,r'walet ø/.'s algorithrn allorvs the construction
tile Vorotroi clizr,glzrrrr of the vertices of a monotone histoglam (2.e. the sites ¿r.e sortecl by
e-coorclinate ancl ha,ve in this olclel'ing rnonotone y-coorclinates). Klein ¿ncl Li'g.s [182]
sirorv 1;hat Cherv's trlgorithm can be genera,lizecl to compute the convex hull of the s¿rrne site
sets th¿rt Aggalwal et ul.'s algorithrrr can (ancl hence it ca,n cornpute the Voronoi cliag¡ar1
of monotone histoglarns).

5.3 Preliminaries

Let P be a'n (n f 2)-gon rvith vertices popr. . .pn!r. Tlhe numbel of clifferelt w¿rys of
triangulating P is givel by the Cat¿l,lan number.

,"=#(r:)
with generating function

"(x)
/^! ",n -

I-\/T-4r
2r - 1 + xcz(x)

ancl satisfying the leculrence

Cn is @(4"n-3/\.See [za, zO+]

n
(1 ,, - \- r', r'uz*l - z_wkwn_k.

À:0

for details.

5.4 Analysis

æ

-\-.¿r
n=O

The fact that the sites lie on

this section.

a convex polygon has been usecl to simplify the algorithms in
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5.4.L The Circumcircle Algorithm

llhis a,lgorithrn uses the fact th¿rt in the Delaunay triangtLla,tion, there a,r'e lo sites in the
irttelior of the circttmcircle of any triangle [202]. So, given an eclge of the Delaunay tliangu-
l¿r,tion (il ptr,rticultr.r, the eclgep,r7.r,,.,'1of P), we can flncl the Delannay tliangle on that ectge,

PkPnPnrt by scanniug thlough ¿r,ll the sites (this part is the same as in the gener.al ctr,se).

rurliu,s := inrtni?lJ; c :: p[n l'I];
for ¿;:1to r¿ do

begin if dis|ance(c,p[i]) < rt¿dius then
begin k :: i;

c : : c ircunzc irc lecent,re (1tln], pln + 1], pfe] ) ;

rudius :: clis tu,nce (", plil);

end;

end;

Pn Pn*7
Figure 5.1; I{ow Lpnpnpn+t divides P

Tlris triangle divicles P into u (,h+2)-gon pn+rpop1...p¿ ancl a(r- a+1)-got lttcptt+t...pn
(see flgure 5.1); so we recur-sively apply the algorithm to each of these smaller polygons.

(This is where the fact that the sites ale convex enables us to simplify things.) So, if
scan(o,,ó) retulns the third point of the Delaunay triangle on sicie papb of the polygon

PøPa*r. ..?¡ we can tliangulate the polygon with:

(k I 2)-gon
(n-kf1)-gon
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procedure c,irc'u,ml,t',i (a, b : pointintle:u);

var À' ; Ttointirtde:a;

begin if ö-¿¿> I then

begin k :: scun(o,,b);

prin t -tri u,ngle (a, k, lt) ;

circrumtri (a, k); circunúri (k, b);

end;

end;

I)evijver ancl lVlaybtrnk 183] pose the ploblern of cornputing the Deltrunay tliangulation
using only O(1) a.clclitionzrl space. 1ìhis algolithm can be rnoclifiecl to r.ernove the ¡ecrLrsion
ancl solve theil problern (note thzrt O(n) stacli space corLlcl be requirecl by the algo¡ithrn
above). The clu¿r.l graph of the l)elaLrnay triangulzrtion is ¿r, tlee (see figure 6.10). lVe rnerely
tla,verse the outer face of this tlee Lrntil we leturn to orLr starting point. The scr¿n proceclure

otttlinecl above lets us closs ¿ìny eclge of the DelaurLay tliangulation using a, constant arnolnt
of space. The time lequirement is incleasecl by a consta,nt factor of 2 since each eclge rnust
now be clossecl tlvice. The moclifiecl algorithm is similal to the Avis-Fuknclir, algorith'r fo'
the enumeration of the facets of a convex liull l'161.

Analysis

Let T"(n) be tlie number of vertices scannecl by the cilcumcircle algorithm when triangu-
lating an (n* 2)-gon.' Then ?i(n + 1) = n + I +?:(È) + T.(n -Æ), since we must scan
n*lverticesanclthenwehavea(k+Z)-sotancla(n-kf2)-gontotriangulate.The
worst case fol this algorithm occurs when the division is always most unequal, that is when
k is always 0. Then T.(n 1'7) =, + 1 + ?:(0) + T.(n), and since 

""(0) 
= 0, the solltion is

T.(n) = ln(n + 1), that is ?i(z) is o(n 2).

The best case occurs when k is always L@- I)IZJ. Thel 7..(2n+ 1) = 2n_1712T,.(n)
ancl if n:2i - l the solution isT.(n) = (j_ r)n+ j,soT.(n) is o(n logn). Norv, the
expected time complexity is given by

T.(, r 1) : n+ 1 + Ð Pl*Jr.@) + T.(n-,4,.)),
k=0

wlrere Pi*ris the probability that in an (n *3)-gon pkpr¿*rpn*2 is a triangle of the Delaunay
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tlia,rtgulal;ion. P,f*, is just the nurnbel of tlitr,ngula,tions rvhich inclLrcle pkp¡¿itpn+2 cliviclecl

lry tlre tlre total nurnber. of trizrngulations. This is C*C,n_*fC,,,ç1. So

1) = ?¿+1+ iry.t(4(,(.) *r..(n-Å..)),
À'=0 w t¿*l

nrL
'l'"(n+'I)cn+t = (nl l)c,,¡r + Ð c'¡Cn_¡T.(Ä') + Ð c¡c,n_¡T.(r_ k)

À=0 A=0
'n

= (r¿t r)C'.+r + 2! C¡C.-¡T..(k).
Å:=0

Let 
æ

!t(,u) - Ð ?}(r, )C,,'.ù'' .

\L=O

Now
'n- 7

r'"T.(.n)c," = rnnc'n l2x" Ð (A(¿,)c k)c,,*n_t.
À;=0

So surnrning frorn 1 to co

i x'q.(n)c. =, i rc.*n-. + 2, i r.-rflt"(k)c,t")cu-*-r,
n=l n:! n=L À=0

tJþ) - 7."(0)Co = rc'(r) -t 2rc(t:)s(r).

Since 7i(0) : 0,

s@) = _:!þ)_
I - 2rc(r)'

Now, c(c) - 1+ rc2(r); so, differentiating, c,(r) = c2(r) *2xc(x)c,(r) ancl

c'(c) : ilgl-
I - 2rc(x)

'l'herefore

/ \ rcz(x)y\'u) 
0-r4ñ

= 
c(ø) -1
7-4r

: 7-JT-Tr-2x
2r(7 - 4r)
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1 *L(,- I \l-4¿ 2r\ ø-¡;J

Ë4",,"-*(, å(i')'")
ån,,",.* *(, 

_ 1_ rË (i:),,,,_,)

i+',,' ;(å(i:i,'),,")

So, ta,Ì<ilg the coefficient of r",

ll'.(n)C"

.1..(r)

,t7L L l2nl2ya -t\¿41 /r

lT¿ ¡2rt*2¡
= \ n*l /c"-;-v4
¡1D' 

-().n+l\/'r \-'- | -./
vn

tln

Ø(+"n-tlzl
@(n3/z¡.

lVe see that the performance of the algorithm on average is much better than the lvor.st

case suggests.

5.4.2 The Divide-and-Conquer Algorithm

Divide the polygon into the two smaller- polygons, pln/zl+r. . .pnpn*t and, pspl . . .p¡n¡z1a;nd
lecursively triangulate each piece. The triangulations are then mergecl. (This coulcl involve
deleting some edges.) See section 2.6.1 for cletails.

Analysis

Let 
"¿(n) 

be the time taken liy the Divicle-and-Conquer algorithm to triangulate an (n {2)-
gon' The divide step takes constant time since the vertices of the polygon are in order. The
merge step must add to the triangulation all edges going from one piece to the other, that
is those crossing the dotted vertical line in frgure 5.2, say ø eclges. The flnal tr-iangulation
contains n - L eclges, the two pieces contain L"lZl - 1 ancl l"lZ1 - J- eclges so we must
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Figule 5.2; IVlelging the tliangnl¿r.tions of trvo sub-polygons

clelete a+lnl2l-I+lnl2]-I-("-1) =ø-1eclges. Sothetotalnurnberof ¿r,clclitions

and cleletions is O(ø). Lee ancl Schachter'[202] show how to structule the melge step so

that the tot¿l worh clone is O(ø). Flence

7i1(n) = o(ø)+ 2r¿@12) (z even)

(assurning ihat all possible Delaunay triangulations of each piece ar-e equally lihely). Now,
in tlre worst case all eclges of the triangulation cross the ver-tical line ancl & = n - 1, ancl

so ?.1(z) : @('nlogn). In the best case a = I ancl ?.1(n) = @(n). Let Al be the aveïage
nurnbel of eclges crossing the line from the centle oT pn+tpo to the centre of ¡r¡p¡a1 (the
clottecl line in frgure 5.3). Now we shall count the number of eclges that cross the line in all
possibletriangulations. Theeclgeyt¿p¡ clossesthelinewhen0 <i<kanclk+I< j (nf 1

(exceptingi:0,.i=nflandi=k,j=k*1).Thiseclgecliviclespinto"(j-if1)-gon
ancl a ("- j -l-f *3)-gon (seeflgure 5.3) which can be triangulatedinC¡-;-r and Cn-6-¿-1¡
lvays respectively' I{ence p¿pj occ:lir:s in C¡-;rCn-(j-i-t) triangulations. Therefore the
total number

k nlL
C"AL : Ð | C¡-;-rC^-(j-¿-t)-ZCoCn

i.=O j=kl7

'pL,L/2)
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k n-i

Ð Ð C',,,C',,-,,, - 2C'6C',,
i=O n¿=k- i
A-f n-k n-1.
\- lr,, + 1\(,'*.(: . + (L -L 1l \r r' a' , \- ¿

/!s\""-r Ll\)nLwtL-Dü r 1,' , .t ,/¿ ',,¡¿ur¿-pl L ("_ 7n+'¡.)(:,,rC,r-r,
tt¿=l n¿=k m:n-l;II

A_ L n_k
2 \-rm + lt(,'^.(,' ,- + rI,+ 1ì \- r' r'- /2\"" t 'lvnLvn-tn | \tú | ,) ¿-vrr¿\ttl-n|,

ztt=l 
- - t,

,l t1

^2tt

:

=

=

=

+ 1)c';)
1/_t )

C'zr, \-
/noft
'm:l
/n

of \-\"-
/nol\-
'zz: l

o(/")

Ð (", f 1)C,,,O2,"-,,1(,n
tn:L

('.,^ \
(m -f I)C,"# |

\t 2t¿ /

(rn + i)C',"\
,l* l

1\
-l\/rn /

llence T¿(") = O(J") + zT¿(n12) ancl the solution is e1(zz) = O(n).

5.4.3 The Incremental Algorithrn

Let D¿ be the Delaunay triangulation of ¡rs . . .p¿. we construct Dz, Ds, . . ., Dnrr in turn
by rnelging the triangulation of p¿ with that of D¿-1. We coulcl use the methoct used in
the Divicle-and-Conquer algorithm, but the use of 'flips' [192] simplifles the procecllre. We
make use of the following facts: The edges adclecl in constmcting D¿ fi'om D¿-1 are just
those incident to 7t¿. The eclges deletecl ale those that intersect the eclges aclclecl. lVe connect
p¿ to po ancl p¿-1 (see flgure 5.4). If p¿ is outside the circumcircle of the tr.iangle popkp¿_7

tlten psp¡p¿-1 is a triangle of D¿. There can be no mole edges fi'om p¿ in D¿ since they rvoulcl
closs pipi-l' We can stop since we have constlucted Di. If p¿ is insicle the circumci¡cle of
the triangle popkp¿-r, then pop¿_r ( D¿so we per.form a,flip', that is, we delete popi_r ald.
insert p¿p¡' Now, if p¿pt Ç D¿ then some eclge pop6 must intersect it. 'Ihis is impossible,
since no edge p¿p. e D¿ \ D¿_1 ca,L clo this and we have alreacly eliminated. p6p¿_1, the
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loo
Fignre 5.3: Division of P by p¿pj

(j-¿+1)-gon

("-jfzfS)-gon

Figule 5.4: Adcling p¿ to D¿-7
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onlv possibiiitv in /)¡-¡. llence pipk e 1J¡. We norv colti¡ue þy corsiclering the triangles
pi*t'pkpt tr,ncl pspr'r¡r¡ in turn. If p¿ is otttsicle the cilcumcilcÌe rve can sto¡r since lve rvill
lrave founcl a tliangle ol D¡. Otherrvise rve pelform zr flip a,ncl co¡rsiclel two rnore tr-iangles.

We continue this process, stopping rvlten rve fincl a Delauntr.y tritr,ngle ol leach the polygon
eclge. Since only Delaunay eclges are ¿l,clclecl ancl we oniy sl;op rvhen rve fincl ¿r,n eclge tha,t no
p.i-edge coulcl closs, this plocess rvill construct D;.

Analysis

I'et 'fi(n) be the ltunbel of flips performecl by the incrernental trlgorithrn in tria,ngnlzr,ting

an (z f 2)-gon' 'l'he nurnbel of flips in constmcting D¿ fiorn 1);-1 is .just the nrLmber. of
eclges inciclent on pr) sa,y r/¡ flips. llence

Ti(n) : fi@ - t)+ r/,

since 7i(1) = 0. Norv i¡r the lvorst c¿rse all tìre eclges of D¿ ale inciclent on p¿ ancl so fl¿: i_ '1,

anct fi(z) : ln(n * 1) = O("'). In the aveïage case cl¿ - A? = 2(i - r)l\f 2) (since rhere
ale'i-1eclges¿ncld+2sites) inan(zf2)-gon; sofi(n) =2n-JII,¿+,+4+:@(n).(I1,,
is the nth h¿rmonic nurnber'.)

5.5 Empirical Tests

To test the analysis clescribecl in the preceding section, it is necessary to be able to generate

random convex r¿-gons. Unfortunately, there is no acceptecl clefinition of what a ranclom
convex polygon is. Chapter' 6 discusses the difrculty ancl presents several operational defl-

nitions.

The three algorithms 'were implemented in Pascal and testecl on convex polygons of sizes

from 31 to992 generated by the lejection method (see section 6.2) with sites tahen from the
unifor-m distribution on the unit square. Bxecution times (averages of 70 trials) are plottecl
in flgure 5.5. A least-squares line of best flt has been drawn through each set of points. The
results are surplising. Although the siope of the line for the circumcircle algorithm suggesrs

@(rzt'et¡ behaviour it can be seen that the points are curving upwalcls. The slope is tending
towarcls 1 (the slope of the line through the last two points is 0.g), implying worst case

7I

- \-./,¿J'-"
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Rrtme -

'7(sec- 
t̂)

orìQS )
per sicle

(los 
¿

scale)

Nnmber of sides (log scale)

Figure 5.5; Avelage triangulation time

t\lgorithm Slo¡re

O Circumcircle
+ Divicle-¡¡.nrl-Conc¡rer

* Incremental

0.61

0.22
0.71
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(O("')) beh¿rviour. the clivicle-ancl-concluer ancl inclerne¡rt¿rl algorithms ¿rlso shorv rvo¡st-
case behaviour. 'Ihis suggests that all possible triangulations of the polygons geleratecl þ.r¡

the ¿lbove method ¿re not ec¡riprobable. Nolv, rve rvoulcl expect the Divicle-ancl-Conrluel

algorithrn to exhibit rvo.t'st-case behaviour' 'tf Ã}* (the avelage valne of Al,, fol the gelelatecl
polygons) is O(n ). The cilcumcircle aÌgolithtr will perf'olrn poolly when the ¡r¡ that it flncls
tencls to be close to \tn or ¡r,,a1. ifhis rvill occul if the tliangulation tencls to have ,short'

eclges. Deflne L,, to be the average length of all eclges over all possible triangrLlations (rve

rvill sav lrrp3 has length 2) zrncl Tn t"o be the ¿l,velage in our genelatecl polygons. 'Iìhe eclge

pkpn+t. lras length rnin(À' l'r,n, - A + 1) ancl occnrs ir C,,-¡C'¡ trizrngulations, so

r. -"1L -
Ðf=rt C,,-^.C'¡. min(Ä' I l,n - A' + l)

li-l c,,-¡c'¡

Norv, fi-f C'n-rC * = C'n+t - 2C,, = +#C',, $o,

Lz,, : åW;(r 
^Ð,- 

r r)c ¡c2,,-* * (n + 1)c1)

= ffiory'
Similarly, Trn = #Ãi" 'Ihis is quite lemarhable.

ø If L-. ) Ln we would expect the circumcircle

pectecl ¿ncl the Divicle-and-Conquer algorithm

o If T. { Ln we rvoulcl expect the opposite.

algorithm to perform better than ex-

to do lvorse.

FIow dicl both algorithms manage to do so badly?

It is instructive to considel the maximum ancl minimum possible aveÌage eclge length
fol a particnlar triangulation, Ll"" and Li'^.

Let D be a triangulation of an (n f 2)-gon, P. Tlie average length of the eclges of D is

I'(D) : n-I I min(j -i,nI2- j+i).
j>i

¿jeo

Form D', the dual of the triangulation. This will be a tree with z ver-tices, each having
a maximum degree of three. trdges of D/ correspond to edges of D which divicle P into two
pieces. Add directions to the eclges of DI to point from the triangle in the larger piece to
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the triir,ngle in the stn¿rller piece. il.'he iength of a,rr eclge in /J is one ¡ror.e th¿rn the nu'rber
of tlialgles in the sm¿rllet' of l;]re pieces it clivicles P into. 'flie length of tln eclge in /)/ is one
rnole tha,n the nunber. of its clescenclant ver.tices.

Norv, 1)' nmst have ¿ì, source, say s, ancl evely vertex c¿rn be reachecl fì'om s (sinc,e rve rvjll
ahvays be going fi'om alargel piece to a, smallel piece). Da,ch vertex other th¿1,¡r s h¿r,s exa,cl;lv
one incorning ectge' (lf there rveLe tlo, thele rvoulcl be trvo paths frorn s to it, colt¡tr,clictilg
D'being a tlee.); so we c¿rn a,ssoci¿r,te lvith each veltex the length of the incomilg eclge
/fr(ngure Ð.o).

Figule 5.6: The dual of a triangulation

In the total length of all the vertices in D' , each vertex will contlibute one to the sum
for each ancestor it has, so L(D): 1+ (D,en,depth(a))l(" - I) where depth(a) is the
number of edges on the path flom s to u (the numbel of ancestors of u).

This is a similal expression to that for the avelage internal path lengih of a bina¡y
tree [186] and the minimum possible value occurs when the maximum possible numbel of
nodes are at depths '1,2,3,...,k. That is, we have 3 clepth l nocles, 6 clepth 2, 12 depth 3,

"',3'2À-1 clepth k,ni2-3'2À clepth lc+7,rvhereÆ = llogr((n+z)ls)J. Flence

Ll'^ = 11-J- (f , r.2¿-r+ (å + 1X,t - t \r?ó

= 1 +-+ (s.zoq*- i)+3+ (È+'n 
-1\- 

\- ^l'" 
'

zÀl)

3 2,))

n+

Ð("

2-3.

J-, 
-
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: I+ -| (to* r)(,f 2)-:t.zu+, +:¡)

= 
"tr* 

rl' 
\ /

fllre m¿r.ximurn possible v¿rlue of L(D) occuls rvhen D' is .just a path. ifhen s is i¡ the
centle of this path; so jf r¿ is oclcl

r nliìx
ulz

., , (rr-L)12 ,i+-+lz I ;)n-r\ - /¿:l

1, L (n-ln *l\
'-'rJ\ 2 2 )
}(n + s).

2

Length
per sicle

(los
scaÌe)

7

6

J

l0-?

Number of sides (log scale)

Figure 5.7; Average edge length

Ln,Tn are plotted in fi.gure 5.7 for the same polygons that execution times were measurecl

for. We see that T. is O(n). This explains the performance of the Diviile-ancl-Conquer
algolithm, but not that of the circumcircle algorithm.

Itey Slope
* Expected
o Ol¡tainecl
O Ma.ximum possibìe

O Minimum possible

-0.47
- 0.13

-0.02
-0.77
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l''igule 5.8 plots the clistributiol of eclge lengths f'or'2000 3l-gons ¿rncl the ex¡rectecl

clistrilrrLtion. (!Ve rvoulcl expect 2CaC'n-¡f l)i:l C'uC,,,_¡ = ffip|i¡, of the eclges to be of
lengtlr ,t + t in an (z * 2)-gon if n I 2k) lVe see th¿r,t there ¿ì.r'e nor.e long eclges than
expected' I'his ¿rlso suggests that the cilcumcircle tr,lgolithm rvoulcl perform better th¿1,1

expecterl, not rvolse.

dl)
Figr.rre 5.9: A polvgon with long eclges

Looking at the triangulation of a convex polygon with a large value of I," suggests a
reason fol this behaviour. (Figule 5.9 shows a polygon rvith ft1 - 3.8, whilst Ltr N g.42.)

Consicler the behaviour of the circumcircle algorithm on this polygon. If rve star-t with eclge

ab: poltn¡1, the algoritlim will flnd pk: c ancl split the polygon using tr-iangle øbc. Whe'
we continue to triangulate the left piece, we construct triangles bccl, bcle, rlef , ef g ancl so

on. Dach of these triangles repr-esents the worst case for splitting tlie polygon. We see that
although the polygon has a high average eclge length, the algorithm exhibits worst-case
behaviour.

The problem is that the nerv side folmecl by splitting the polygon to be triangulatecl
is special' Tlie third point of a tliangle constructed on this new side is very likely to be

adjacent to one of the enclpoints of the new sicle.

Fortunately, thele is a simple way to solve this problem. Instead of constructins the
triangle on the new side, we pick a side at random to builcl the triangle on.

Iligure 5.10 plots the number of veltices scannecl by the original and. ranclomizecl al-
golithm, along with the expected number. lVe see tliat wliile the unmodifred aleorithm
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is O(n2) the lanclorr a,lgorithrn pelfbnns better tha,rL expectecl. [t appetr,rs to þe a,t ¡rost
Olnsl'r¡ ¿rncl coukl even be O(n logn).

lllhe behaviour of the incrernental algolithm is ¿rlso ¿l,noura,lous.

Let Git, be the nurnber of tliangulations of an (ri f 2)-gon in which ¡r,, has cleglee ,/. By
tlre cleglee of a, veltex we mea,n the nnmber of iutelna,l eclges.joinecl to it. [,et ,¡t¡ be the
thircl vertex of the tt'iangle oL pnpn*r. lVe clivicte tire triangula,tions rvher.e p,. has cleglee

d>0 into trvosets: those r,vhele A, = 0 ¿rnclthose rvhele 0 < À' 1n- l. (If å - TLtlrelp,r
has clegree 0.)

Pnll
Fignle 5.11: Delivation of Gl

If È = 0 the remaincler of the polygon is an (n * l)-gon rvhere p¡ has clegree d - 1. 'Ihe¡e
ar. Gf;-l such triangulations.

If 0 < lc < n - 1 let p¡ be the vertex on the other sicle of pn+tp* (figure 5.11). If we

delete pn+tpk anclinsert pnp¡tvehaveatriangulationlvherep,,hasd.egreer/+1. Ther-eare
^,1L1G[1' such triangulations.

llence, Gfl : ça+r I G1-_', if cl,n> 0. lVe also have G* : O if cl = n. The solution to
this recurrence is

Figure 5.12 shows GlrulCnnu ancl the clistribution of cì.egrees fol the generated 4g6-gons. We
see that veltices of high degree ale mole likely than expectecl. Now, when the incremental
algor-ithm adds p¡ of degree cl in D¡ to the triangulation it must perform d flips.

Norv, since Pr-r is close to p¡ the sites that are connected to p¡ in D¡ will probably

,*= ('",!;') - (^ : )
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be connectecl to 7.r¡.-1 in 1)¡-1; so aclcling ¿r¡_1 rvill probzrbl¡' t¿rke ¿l,t ]east r/ flips. Siuriltr,rl.y

a,clclirrg pk-2,pk-s,...lvill also tencl to recluire rlftips.

Clea,rl¡r, if r/ is large, the avelage rmrnbel of flips per veltex ¿clclecl rvill be much ltuger.

than 2(,('- I)ltk f 2) as pleclictecl by our theor.1r. (In fact, f'or t]re generatecl polygons it
seerrri to be ¿r,bouL kl7.)'fliis is why the incrernental algorithm pelformecl so poolly.

Fortuntr,tely, tlte sa,rne methocl that r,vor'hed for the cilcnmcilcle algorithm ¿¡,lso rvor]çs

lrele. Inste¿l,ci of a,clcling sites in the olclel' 'pr¡ p2, ps, ..., '"ve actcl thern irL ¿1, r.¿r,nclorn or-c[er.

Àlgorit,hm Slope
* Expectecl

f Incremcnta.l
x R¿rnclom increment¿ll

0.10

0.81

0.09

1\ um ber )
a

ot iltps -
Der st([e 

D̂

lroq
scale) "

4.

Numbe¡ of sicles (Ìog scale)

Figure 5.13: Average number of flips

Figure 5.13 shows the number of flips for the two velsions of the incr-emental algorithm,
and the expectecl number. We see that the original algoriihm is O(n2) while the random
algorithm is O(n).

Figure 5.14 shows execution times fol the oliginal and randomized algorithms.

These experiments weÌe repeated using the itelation methocl (section 6.3) anct the vector
method (section 6.4) to generate convex polygons. The results were similar to those obtained
using the re.jection method.
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5.6 Conclusion

All the a,lgolithms exhibitecl rvorst-case behavioul on the genelatect polygo¡s rather- tha¡ the
beh¿viour preclictecl by oul analysis. Tlrere rvere trvo canses for this rvor.st-case beh¿l,viour.

Firstly, all triangulations of our genelatecl polygons rvele not ec¡rzr,lly liliely-there w¿r,s ¿ì

bias torv¿rrcls long etlges. Seconclly, the over'¿r,ll triangula,tion ancl the su¡t¡i¿rlgulations co'-
siclerecl by the various algolithms rvere not'inclepenclent'. ilhe circqmci¡cle ancl inc'ementa,I

zr,lgorithrns rvele vastly speeclecl rp by r'¿¡,nclomizing to ensure this ilclepencle1ce.

The lvorst-c¿l.se beh¿rvioul h.as sorne interesting implic¿r,tions f'ol gener.zr,l Dela,unay trian-
gulation algolithms. A rna,ior siep in the inclernenta,l trlgolithn is flncling the fir.st eclge

from a nerv site (eithel by flncling the closest site to the uew site [145], or flncling the tri-
an"gle the site is in [202]). In the convex polygon case, this se¿rrch is nnnecessar]¡. Fip(ling
this eclge coulcl t¿r'l<e O(z) tirne; so one approach [11] has been to sort the sites il srLch a

way that successive sites ¿re close together'¿r,ncl to start the sealch a,t the previous point.
I{owever', this chaptel h-as shorvn that if the sites f'olm a convex polygon this appr.oach leacls

to O(n) upcltrte time. ilhe wolst ca,sef'ol such algolitlims rnzry be rn.uch rnore pr-obable tha,n

pleviously thought.

It woulcl be nice to generalize the analysis of these algolithms to the case rvhere th.e sites

clo not folm a convex polygon. Unfoltunately, rvhile combinatorial r.esults for.the number
of possible tliangulations of a set of sites exist [267,316], these allow cru'vecl eclges. If we

lestrict the edges to being stlaight, then the number of possible triangulations clepencls on
the position of the sites, ancl the techniques used in this chaptel clo not apply.

Finall¡ observation of flgure 5.14 reveals how misleacling consiclering .just asymptotic
behaviour can be. The landom incremental algorithm has the best asymptotic behaviour.

(O(")) of the flve algorithms in flgure 5.14, ancl yet is the slowest for' 32-gons. Even for
1000-gons the random cir-cumcircle algolithm is faster by a factor of a|nost 2.

17:ì



Chapter 6

Generati^g RandoÍrÌ Convex
Polygons

6.1- Introduction

1b test the analysis clesclibecl in section 5.4, it is necesszlry to be able to generate ranclorn
collvex r¿-golls. UnfortLrnately, there is no acceptecl cleflnition of lvhat a lanclom convex
poìygon is. Fol exarnple, Sylvester's ploblern l277lis to flncl the probability that the colvex
hull of four- ranclom points is a quadrilateral. Even for points clrawn from the uniform
clistr-ibution, this turns out to clepencl on the shape of the region frorn which they are
ch'awn.

Random convex polygons have been generated on the computer by Cr-ain [62], rvho
usecl Voronoi polygons clefinecl by a Poisson point process, by Cr-ain and lVliles [68] who
examined polygons deflned. by a Poisson line process, by Devroye [84], De Pano et o/. [80]
and Abrahamson [2] who took the convex hull of random points, ancl by NIay ancl Smitli [226]
who took the intelsection of random half-spaces. However, none of these methocls let you
specify the number of sides of the polygon.

The oniy published algorithm that allows the nunber of sicles of the polygon to be

specifiecl is that of Roussille and Dufour [275]. They present an algorithm that also allows
constraints on the lange of values a given polygon angle will take to be specifiecl. The
algorithm works its way around the boundary of the polygon, rancì.omly choosing an angle
for each coÌner and a length for each edge. The requirement that the polygon be convex
and that it be possible to satisfy the constraints on the remaining angles imposes further
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co¡rsl;r'¿rints on thcr zr,ngles ancl lengths chosen. 'Ihe ¿r,uthors clo not cliscuss rvha,i proba,bility

clistlibutiou the angle shoulcl be chosen from. If the unifolm clistribution is usecl thel the

fl¡st ferv angÌes chosen rvill use up nost of the slach available ancl the rernaining angles lvill
be verv close to sl;r'aight angles. This cloes not seem lihe a vely l'andom coÌrvex polygon. It
seems clesir'¿b]e th¿r.t the probabilit¡, clistribution for each angle in the resulting pol.ygon be

the same, ancl it is uncle¿rr how to make this happen.

XYZ C,leobench [286,244] contains an algolithm f'or generating ¿r ranclom convex polygon

rvith a speciflecl number of sicles. It can best be clesclibecl if we use polar coolclinates

p¿ = (,r¿,d¡), lvhere I < i < n, for the colners of the convex polygon. 'Ihe angles d; zìr.e

cltosen by taliing r¿ values fi'om the uniforrn clistlibution on [0,22i) ancl sortilg thern so that
th-e corners a'-e given in anti-clochrvise orcler. An initial cvclic convex polygon is clea,tecl by

setting all the r¿s to the sa,me value. Then, a ranclomly chosen z'¿ is given a new r.anclomly

chosen value rj, subject to the constraint that the lesulting polygon lemain convex. ifhat is,

7rf nrust lie to the left of p¿-tp¡+t ancl to the right of p¿-zp¡-t ancl pr¿-,.1p,a2 (see flgur-e 6.1).
Tliis l¿rst step is repeatecl r¿ tirnes.

Figure 6.r: rt is chosen from the uniform clistribution on fr-in,rmax]

There are some ploblems with this approach. it'lie distribution of the number of times

that a corner is moved is approximately Poisson with mean 1 if n is lalge, so that the

fraction of vertices moved i times is approximately iLe-rfi!. Approximately e-rl0t =JT%
of the cor:nels will not be moved at all and will all lie on the same circle, which doesn't

seem particularly random. Furthermore,if n is large it is not possible to move the corners
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vel.y fzrr a,1; e¿¡ch step ancl ihe final polygon closel.1, erpproxirn-a,tes a, circle.

I rvish to be able to generate polrrgons quiclily-in close to the opt;irnaI O(n) time. After
trÌI, it cloesrt't seem, to light to test an O(n logz) a,lgorithrn rvith clat¿ that t¿rkes tirne f)(n2)
to generate.

In this chaptel I consicler. the f'ollorving rnethocls:

Rejection Pick r¿ points fì'orn sorne clistlibutiorL. Reject if their. convex hull is not a1 rù-gon.

Iteration Select points from some clistribution until theil convex hull has n vertices.

Vector The z vectols cornplising the sicles of the polygon can be regtrrclecl as a point in 2z
climension¿rl spirce. Iìbl the polygon to close, the vectors rnusr sum l,o ze¡o. 'I'his mea,ns

that the point Inust lie ol a(2n - 2)-climensiona,l flat, so pick fi.om sorne clistribltion
on this flat (fol example, the rLnifolm clistribution ovel a (Z'n - 2)-climensional unit
hypersphere).

Bounce Start with an arbitrary convex z¿-gon ancl give each vertex a r-anclom velocity. If
a veÏtex is ever about to become colcave) rve "llounce" it frorn th.at constraint. If rve

perfo'm o(n) bounces the res'lting polygon sho'lcl be "L¿l,ndom".

Triangulation Cjhoose a ranclom topological triangulation of a polygon. Constluct a con-

vex poÌygon rvith Delaunay triangulation homeomorphic to this.

Dual We can take the dual of polygons producecl by the above methocls. For example, The
Dual Rejection methocl takes the intersection of n half-spaces containing the origin
a'd rejects the 

'esulting 
polygon if it has fewe' than z sicres.

6.2 Rejection

Pick n points from some clistribution. Reject if their convex hull is not an ??-gon.

Another way of thinking about this method is to consider convex r¿-gons with bounclecl

integer coordinates (e.g. those expressible as 32 bit integels). Randomly choosing one such
z-gon is equivalent to the Rejection method with the points coming from the uniform
distribution on a square.

The naive implementation of this method is obviously not feasible. The probability of
the convex hull of n points from most distributions having n vertices is extremely small,
even for modelate values of n.

tT6
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\\¡e rvill thelefble use ¿Ln iter¿rtive r-ejection methocl to generate ¿Ì colvex po]ygon, re-

.jecl;ing points that r.voulcl cause the convex hull to have fêrver than r¿ points. If lve have ¿r

corvex l¿-gon P rve generate another point pfi'om the clistlibutiorL. If lconv(p*P)l < n * I

rve le.ject p, othet'rvise n'e folm conv(p * P) to get a conve* (, + 1)-gon. (conv(,A) clenotes

th.e convex hull of the set A.) In othel rvorcls, we ¿ìccept the point if it lies in one of the

shaclecl regions in fi.gure 6.2. (This is cailecl the 2-level of the allangerrent formecl by the

sicles of P [98].) We lepeat this process until rve ha,ve ¿L convex pol¡rgon rvith the clesirecl

Figule 6.2: Acceptance regions for aclcling a point to P

numbel of sides.

If we replesent P as a cilcular list of points (orieniecl anti-clockwise)

type polygon = frecord
a : point;

nert : polygon;

end;

177
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procedure rnu,kepol'ygon(var P : polygon; n : integer);

var ?¿2 right,temp : polygort;

7t : ¡to'intl

size, nttrigltt : in|egerl

begin 'mu,ketritngle(P); size := J;

whil-e size I r¿ do

7t :: rantlonzçsoint;

{count numllel of eclges of P th¿rt p is to ttre r.ight of }
tt :: P; norigl'tt := 0;

repeat íf -leJ't(ttl'.u,,ul.nertf .ø,p) then
begin norigltt := noriglt,t *'Ii
rigl'tt :='tt;
end;

'u := úl'.nettll

until- (tt = P)V (noright > I);
if noright : I then {aclct p to p}

begin new(temp); templ.a := 7t; temp'l.nert :: úl.ne:ut;
u'l .nert :: yt;

end;

end;

end;

whele maketrictngle makes a tliangle by taking three points fi'om tÌre clistribution ancl

left(x,y,z) returns trz¿e iff z is to the left of the line from r to y. The only clrawback
of this proceclur-e is that it takes time o(na) to generate a convex z¿-gon.

'Io implove this to O(nlogn) we need to compute the probability that a lanclom point
falls into each of the shaded ïegions in flgure 6.2. Let ø¿ clenote the probability that apoint
falls into acceptance region i,6¿ the area of acceptance region i and ¡t¿ the minimum value
of the probability density function over region i.

If the points are being chosen from the uniform distribution over some shape, then ø¿

is .iust the area of the intersection of the shadecl region with the distribution shape (this
intersection will probably be a triangle). If some other distribution is being used (for.

example, a nolmal distribution), then ø¿ is just the integral of the probability distribution
over acceptance region i.

r78
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ll.'o r'¿rnclolnly select a poirtt fi'onr the zr,ccepta,lce regions rve select r-egion i rvith probzr,bility

í,' ancl lanclornly choose a point frorn l;his region. For lalge values of r¿ these r.egions rvill
be srn¿rll tliangles. If the points are being chosen florn ¿l unifolrn clistributiol, thel it is

sufficient to choose zr Poinl; fr-om the uniforrn clistribution over the tlitr,ngle in time O(1).
]Vlost other clistribrrtions r.vill ìre alrnost co¡rstant ovel the acceptance legion, tirat is, ¡l¿ó¡

rvill be almost as big as (Li. So rvith probabiliiy (p¡íi)lo¿ (rnost of the tirne) we choose

zt point from the rLnif'olrn clistribution ovel the tlitrngle in time O(1). Other-rvise we ca1

subclivicle the region ancl repeat the process.

To get O(nlogn) totzr,l time lve neecl to be able to select an acceptance r-egion in tirne

O(logn). 'Iìhe alias rnethocl forgener-ating ranclorn v¿r.riables llBB] coulct ranclomly select ¿r¡

accepta.nce legion with the leçluirecl probabilitl, in time O(1). Unfortunately, it talies time
O(n) to constltLct the alias table ancl this woulcl be recluirecl after e¿rch point is generatecl

(since the plobabilities of all accepta,nce regions change). The alias rnethocl is thelefore not
suit¿rble.

Insteacl, we ttse a tlee strrcture. The leaves of the tree in orcle¡: frorn left to right
colÏesponcl to the acceptance legions in olcler arouncl the polygon. In each inter.nal nocle rve

store a probability given by the sums of all the n¿s of the leaves in the associatecl subtree.

We can cleflne it in lVlir-ancla [28, 315] lihe this:

> tree ::= Leaf num region I Internal_ num tree tree
> probability :: tree -) num

> probability (Leaf p reg) = p
> probability (Internal p t r) = O

To select a leaf rvith the requiled pr-obability we begin by genelating a ranclom number
uniformly between 0 ancl tlte probability of the r-oot.

If the number is less than the probability of the left subtree, we recursively select from
the left subtree with the same number, otherlvise select from the r.ight subtree using the
number less the left subtree probabilitv.

) sel-ect :: tree -> num -) region
) select (Leaf p reg) n = reg
) select (Internal- p 1 r) n

) = select I n, if n ( probability I
) = select r (n - probability t), otherwise
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lllhe optirnal (in the sertse of f¿rstesl; selection of zrn accepta,n-ce r.egion on ¿Ìver'¿ì,g^e) i¡ee is

a, IIuffinan i;r'ee [157]. Unfortunately, rebuilcling the I'ItLfiinan tree a,fte¡ a point is insertecl
rvill take O(z) time; so rve cannot use a I{uffrnan tree.

l¡rsteacl rve rvi]l ltse sorne solt of balancecl tree (height balancecl or. lJ tree o,' sorì.e simil¿rr
scheme)' Silcethetreeisbalatrcecl,thesel-ectfunctionrvillselectaregionintirneO(toga).

Now rve neecl to shorv that the tlee can be upcla,tecl in time O(logn). Figure 6.3 shorvs

th¿rt when ¿l' ttew poirtt is irtsertecl, its region is split into trvo ¿ucl the t,,vo acljacent ¡egiols
(only) change. So ¿r.ll th¿rt is recluirecl is to split the lelev¿r.nt le¿r.f nocle, rebalance the tlee
(O(logn)) ancl then lecornpute the plobabilities of ¿r,ll the ancestors of the four changecl

regions (O(logn) sitce e¿r,ch nocle has O(logz) ancestols). itlo sirnplifv the conputation rve
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Figure 6.3: FJow the acceptance legions change when a new point P is acldecl

store a palent pointer for each node (this saves us having to store the patli fi'om the root
to the leaf) ancl linl< all the leaves together- in a double linkecl iist (simplifles flncling the
adjacent region).

Figure 6-4 shows how the tree rotation(s) necessary for lebalancing take time O(1). We
need to recalculate the probabilities at only two internal nocles.

Pntting it all together, we can now generate a "ranclom" convex r¿-gon in time O(nlogn).
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right rotation

left rotation
<@

I,'igure 6.4: 'Iìee lotation t¿r,kes tine O(1)

There is one rernelining clifficulty-oul selection is bi¿rsecl. I'ortunately, colrecting for- this
lrias is easy. At each iteration there is a plobability A = f;ø¿ of getting a point in a1
a,cceptance legion ancl a probability I - A of getting one outside. In the case that it is

outsicle, rve might as rvell stop, because there is no chance t]re the convex hull can have r¿

veltices. Insteacl of cloing this rve ahv¿r,ys pick a point in the a,ccepta,n.ce region ancl r,veight

the resrLlt bv Ä (this value is convenientlv a,v¿r,ilable ¿t the ¡oot of the tlee). The rveight of
the final polygon is given by the plocluct of all the weights A cluring its constmction. lVe r.rse

this weight when computing any statistics using this polygon (for example, the execltion
times in chaptel 5).

6.3 Iteration

In the iteration method we repeatedly take points from our clistlibution until the convex

hull has n points. If È poinis are taken fi'om the unit clisc, the expected number of points
in the convex hull is O(k1l3) [268], so the naive implementation of this methocl rvill requiÌe
generating O("t) points to procluce an rl-gon.

However, it is unnecessary to generate points that fall insicle the convex h1ll of the
preceding points. We can divicle the area outside the convex hull into regions as shown in
fi.gure 6.5 and generate apoint in one of these regions by the methocl clescribed in section 6.2.

It takes time O(logrz) to select a region, and then O(1)to generate a point in that region
ancl update the convex hull (we may have to delete O(n) vertices, but this can be cliargecl

to the vertices when they are cleatecl), ancl O(logn) to upclate the tree usecl for region
selection. If lz points are generatecl while creating our l¿-gon, the total time is O(tt,Iogn).

rBi

a'@)c
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Figule 6.5: Dividing exteriol of the hull into regions

lVhen implemented using a uniform distribution on the unit d.isc, /¿ turnecl out to be

rouglrly 2n ¿t"ncl the total time to generate an z¿-gon was O(n togn).

6.4 Vector

We can regard the sides of the convex polygon as vectors (flgure 6.6).

Let the vectors be (c1 ,!lr), (r2,Uz), ..., (*n,g,). Since the polygon must close up, the
sum of the vectors is 0. That is, 

S _. _ n/¿''¡' - "'
i=l
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F igure 6.6: Convex polygon eclges regalclecl a,s vectols

If rve thinli of (rf it)2t . ' ., :ur,) as zl point in r¿-climensional space, this szr,ys that this poilt must
lie on the hyperplane Ð; ¿¡ : 0. So all rve neecl to clo is choose a point fi'om sorne clistribrLtion
on this hyperplane. I have chosen the unifolm clistlibution on the n - 1 clirnensional unit
hypersphere in rny irnplernentation.

lVe c¿rn genelate a point on the surface of a n - 1 climensional unit hyperspher.e by
making a vector fi'om r¿ - 1 normally clistlibutecl valiates ancl normalizing it [2JB]. To get
a point from the unifolrn distribution on the interior of this hypersphere we just sca,le this
point by a factor k = u,r/n rvhere z is a uniform valiate between 0 and 1.

If we extenct this vectol r,vith a 0, we have a point on the hyperplane rn : 0. This
lryperplane can be rotated onto the D¿r¿ = 0 hyperplane by constructing a orthonolmal
basis for R'containing (1, 1,...,Ðlt/", the normal to this hyperplane. This b¿sis forms
the columns of the transformation matrix for the lotation. The transformation is

r'g
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ilhe f'ollorving Pzrsca,l fì'agnent pelfomrs tire trarLsf'onn¿ltion in tirle O(r¿).

sum r = x [n] /sqrt (n) ;

for i := n downto 2 do begin
sum := sun + x[i-1J/sqrt(ix(i-f));
x[i] := i+x[i-1Jlsqrt(i*¡1-tr) - sum;

end; {for}
x[1] := -sum;

This genelates the r coolclinates of our vectors. The y coolclinates a,r'e generatecl ex¿r,ctly

the s¿rme rvay. Fina,lly the n vectors ale sortecl by clilection to create the convex polvgol.
ifhe sorting is the only part that lequiles O(zlogn) tirne.

6.5 Bounce

I'his icle¿ is clue to l'hulston [26].
StaÌt rvith an arbitra.ry convexT¿-gon ancl give each veltex a larLclom velocity. If a ve¡tex

is eveÌ about to become concaveT we "borLnce" it from that constr-aint. If we per.f'or.n O(z)
bounces the lesulting polygon should be ,,Lan(lom".

We can tse cliscrete event simulation [112] techniclues to implement this methocl. lVe
maintain a priority queue containing all potential bounces (events). This queue enables
us to iclentify the next bounce to occur. We then moclify velocities so that the polygon
does not become concave and adjust the pliority quene accordingly. We neecl to be able to
calculate when the bounces occur ancl how to moclify velocities to avoicl concavities.

Let A = (a,,úu), B: (ö,,ór) and C : (",,cr) be thr-ee successive vertices on the
bounclary of the convex polygon, with velocities (ø,", arr), (b,,,0,u) ancl (cur,cuy). The
position of the point A at time ú is given by A(r) = (o,+te,",{tro-fta,y). For the polygon
to Ïemain convex the area of ABC must be positive, so that a "bounce" will occur whenever
the area becomes zero. Let

(a'r, a'r)

(o!,,, o',r)

("1", 
"'o)

("!"r, 
"',o)

(or-br,u,o- by),

(orr-brrrery-bur),

("r-brrcr-by),

("rr-burrcult-b"r).
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1'hen

2L(t) : (c',+tc',,)(u'u+ Lalur) - (.r'r* tc,,r)(u,*Itn,,,)

= c'rd, - clrd, +

t(clrra', + c'rcr,'r, - "tun'r, - ,',rn'*) *
f (c:u,(Llr!t - "!urn'u).

So, if rve start with l = 0 ¿r, boLrnce rvill occul at the smallest positive loot of the quaclratic

equation A(l) :0. If 1;his ec¡ra.tion has no positive roots then no bounce is possible.

O¡re na,tulal wav to moctify the velocity of B to prevent a conctrvity rvhen a bounce

occuls at time 16 is to irnagine that vel'tices a,re physical particles ¿r,ncl to conserve the total
enelgy of the sYstenì,. 'I'his means that lve change the clirection of l? but not its speecl.

I]nfortunatelV, this is not ahvays possibÌe; fol example, if B has a velocity of zero ancl the
rnotion of A and C' is causing the concavity.

One solution is jrtst to lanclornly choose a new velocity fol B such that #(¿ö) > 0. lVe

can .iust keep randornly choosing until one has the clesilecl propelty, or if we are selecting
velocities fi'om the unit clisc rve .just need to select from the uniform clistribution on the
legion formecl by the intersection of the unit clisc ¿r,nc[ t]re halfplane clefinecl by $(f6) > O.

Then we just need to moclify the events (if any) in the pliolity queue fol the neighbour-s of
B and inser-t the new event for B.

An altelnative solution that cloes not recprire generating a new ranclom number each

bounce, is to choose a frame of reference moving with the velocity of A (so that A is

stationary in this frame) and rotating about ,4 such that the rnotion of C is along the
Line AC in this frame. We can then bounce B by reversing the component of its velocity
perpendicular to AC. Note that this is done in a non-ineltial frame of reference so that the
energy of the system is not conserved.

If rve use a heap to implement the pliolity queue then flnding the minimum, insertion
and deletion operations can be performed in time O(logn) ancl each event processecl in
time O(log n). If we perform O(n) events, the total time to generate a convex polygon is

O(nlogn).

lBlr
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6.6 Triangulation

Choose ¿r r¿urclom l;opological tria,ngulzr,tion of a polygon. Colsrn¿ct ¿ì convex polygon rvitir
Dela,una.1, trianguliLtion itomeornorphic to this.

Atliinson ancl Sa,cli It:t] give a, O('n) algorithm for choosing a ranclom tr-iangulation of ¿r

convex polygon.

Dillencourt lB7] gives a. constructive pr-oof for the realizabiÌity ¿rs a l)el¿r,unay trianglla-
tion of anY triangulation of the interiol of zr simple polygon. A naive irnplementation of the
constmction will talie O("') time. I shorv belorv how the const¡rctio¡ ca. 5e performecl in
O(n ) tirne.

lfhe total time to genera.te a convex polygon bv this rneth.ocl is o(¡z ).

6.6.1 Realizing a Delaunay triangulation in O(nz) tirne.

Dillencourt's construction shorvs how to cornpute each trngle of each l;ria,ngle i' the tr-iangu-
lation' If the values of the angles (measurecl in sorne a,rbit¡ary l1its srLch that s units f'olm
a straight angle) ale øi, then the r¿is must satisfy the following properties;

1. For each verl;ex, &ù i . . .I (Lit ( 
"s whele eit,. . .re,ik ale the angles at that vertex.

This says that the polygon is convex.

2. Foleachinterioreclge, a¿*aj (swhereo¿and (Ljaïethetwoanglesfacingtheeclge.

This says that the triangulation is Delaunay.

3. For each i, a¿ ) 0.

4. Fol each tliangle, a¿ l a¡ * an = s where tL¿, a¡ alrtl &k ò,rethe angles of tlie triangle.

The construction proceeds incrementally, computing values satisfying the above p¡op-
erties for progressively larger subtriangulations of the triangulation to be realizecl.

Initially we start with any triangle, set each a¿ to 7 ancl s to 3, clearly satisfying the
four properties above. Bach step adds any triangle which shales a common edge (AB in
f.gule 6.7) with one of the tr.iangles in the subtriangulation.

For each tliangle in a tliangulation of a simple polygon rve can cleflne Lhe opposite
corner with respect to a triangle ? in the triangulation as follows: starting at '1 follow a

path within the triangulation to that the triangle. The opposite cornel is the one opposite
the last edge crossed.
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[r:rr,,]

--+D

I'igure 6.7: Actcting trizrngle ACB

Let z be the va,lue of the opposite colnel to the nerv tritrngle (see figule 6.7). 'Ihe nelv
triangle is given values z*'I, zf l ancl s- z - 1at vertices A,.B ancl C r.espectively. The
value of s is leplacecl by s/ - s * z + I. The value of the opposite co¡neï rvith respecr to
ABC in every other triangle is incr.easecl by z + L

Property 1 remains tlue fol veltices othel then A, B and, C: since exactly one of th.e

angles adjacent to e¿ch of these vertices is an opposite corner', both sicles of tlie inequality
(rùl --'lrt'¿r ( s are increased by "+ 1. The totals at A ancl B are also increasecl by zf 1,

while there is only one angle at C, ancl it is clearly less than s/.

Property 2 remains true because for eclges other than AB only one of the angles facing
tlre edge is an opposite corner, while for AB wehave LBDA+ IACB = zf-z*1*s- z--r =
siz{st.

Propelty 3 is obviously still true.

Property 4 is true for AABC. For the other triangles it is still true since there is exactly
one opposite corner per triangle.

Figure 6.8 gives an example of the steps in the construction.

Once all the angles of all the triangles have been computecl we just need to pick positions
for the enclpoints of one edge and then trigonometry determines the positions of of ¿ll the
other vertices.

i87
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Figure 6.8: Realizing a Delaunay triangulation
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Since ¿rn a,ngle in ea,ch tliangle rnnst be upcla,teci ¿rt e¿rch step in l;he comput¿r.tion of t]re
zr,ngles the tot¿r,l time rec¡rirecl is O(ru2).

6.6.2 Realizing a Delaunay triangulation in O(n) tirne.

The lçev to irnploving the execution time to O('ru) is the follorving observation; Since the
angles of a triangle ¿rclcl to s, it cloesn't matter if the value of one of the a,ngles is incor-rect,

as long a,s rve knorv rvhich one it is.

Any given tliangle ABC rIívicles the trizr,ngnlation into thlee pieces: those triangles
lvhose opposite cor-nel is ,4, those rvhose opposite colnel is B ¿rncl those rv]rose opposite
cÌornel is 6' (see flgure 6.9). tf we aclcl all the triangÌes lvhose opposite colnel'is A rvithout
upclating the angles of AIIC'only the va,lue of ,4 rvill be incollect. Its v¿rlne c¿r.n tÌren be

comPutecl fì'om the value of s ancl the other angles. llhen tlie trizr,ngles opposite B c¿rn be

addecl ¿ncl the vahLe of /J then cor'ectecl a.cl sirnilarlv fo' c'.

Figure 6.9: ABC divides the triangulation into three components

We rvisÌr to clo this for all triangles, so the appropriate orcler is given by traversing the
outer face of the dual glaph of the polygon triangulation (see flgure 6.10).

To clescribe the invaliant for this algorithm we neecl one more bit of state-the current
triangle of the traversal. By the opposite corneï of a triangle we just mean the opposite
corner with respect to the current triangle. (The culrent triangle does not have an opposite
corner.)

For each angle i we store a value al. The lelationship between the o,t, and the ø¿ of
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Figure 6.10: Dual of tria,ngulation ancl tr¿rversal orclel

the previotLs section is c¡rite sirnple: If ¿ is not ¿n opposite co¡1er- thel ¿¿ = ¿¿4. If ¿ is
an opposite col'neir then n.; : s - e',, - {1,¡r, whe¡e 7 ancl È ar.e the two other col.neÌs of the
triangle.

'I'he travers¿rl orclet' ettsttïes th¿r,t rve only ever cross a single eclge rvhen moving fiom one

current tÏiangle to a nelv one. If the new cullent tliangle is one we haven't visitecl before
then lve can compute the values fol its angles ancl upclate s.just as in section 6.6.1 (see

flgure 6'11). This rvitl be correct since we know that the values f'ol'the cullent triangle are

colr-ect. The clifference fi'om section 6.6.1 is that we clo not ucrd z -f 1to all the opposite
cornel-s with r-espect to ABC. Since ABC is now the culrent triangle, these are all opposite
cornels ancl theil values do not matter.

F;-
B

a
J

5l

Figure 6.11: New current triangle is previously unvisitecl
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f- --- ll)lr;- ]l_.'l r-;-----i__' I E_l
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Figure 6.1,2: Realizing a Delaunay tliangulation-O(n) algorithm
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lf l;he nerv ctLrrent triarLgle h¿rs beel visitecl befble, the cornel opposite the eclge c:r.ossecl

to entet'this tria,ngle is ¡ro longel an op¡rosite colner') so rve compul;e its v¿rlue fi-om s a,nc[

the values of the 1;lvo othet corner.s.

One travelsal of the onter fäce ensures that ¿r,Ìl the triangles are visitecl. A seconcl

one ensttl'es th¿rt ¿rll the angles ¿tre correct. Figure 6.12 sholvs the steps for oul ex¿mple
triir,rtgulation. lllie current triangle is hightiglitecl in bolcl. The steps rvhere no values ch¿1ge
h¿rve not been shorvn.

Iltrcll step takes O(1) tirne. lfhe tlaversal crosses each eclge exactly tlvice, so there ¿r,re

O(n ) steps ¿rncl ¿r total rul tirne of O(").

6.6.3 frnplementation

The follorving fragrnent of C implements the algolithm clescr.ibecl above.

The to¡rology of the tlizr,ngulation is replesentecl by thlee functions on the algles. prev
ancl next give the next angle i¡r the s¿me tliangle in the anticlocli',vise ancl clockrvise c[i-

rections lespectively. adj is tlte successor in the clocliwise orcler-ing of angles which share
a comrton vertex. The last angle in this orclering has adj(i)=-1 In flgure 6.13 we have
next(1)=5, prev(1)=9, adj (1)=2, ancl adj (Z)=-t.

Figure 6.13: Travetsal ol.der for angles

We traverse the angles in the order in rvhich they occur on the outer face (see flgure 6.1g).
Let i is the current angle. Ifadj(i)=O then the successor to i in the orderingis next(i)
in the same tliangle' Otherwise, we cÌoss a tliangle eclge to adj (i) and must upclate the
angles of the new triangle. We store the values of the angles in array a, which is initially
zero (so that we can test to see if we have enteled a triangle for the flrst time by looking at
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aii]). We a,ssrtrne th¿rt the triangles a,r'e numbelecl frorn 0 to 3+n-1, where n is the nurnber.

of triangles.

for (i = O; i ( 3*n; ++i)

a[i] = 0;

a[i] = a[next(i)] = a[prev(i)] = 1;

s = 3;

for (j = 0; j < 2; ++j) {
do{

if (adj (i) == -1) {
i = next(i);

Ì else {
i = adj (i);
if (u[i] == 0) {

z = a[nexr(adj (prev(i) ))] ;

a[prev(i)]=a[i]=z+7;
a[next(i)]=s-z-7
s = s + z + t;

Ì else {
a[next(i)] = s - a[i] - a[prev[iJJ;

Ì
l

Ì while (i l= O);

J

6.7 Dual

We can take the dual of the convex polygons proclucecl by any of the above methocls. Fo¡
example, The Dual Rejection methocl takes the intersection of n half-spaces containing t}.e
oligin ancl lejects the resulting polygon if it has fewer than n sides.
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6.8 Conclusion

194

I have itnpletnentec[ the Rejection, Itelzrtion ancl Vector methocls clesclibecl above.
Soure other ttses fol rny ranclorn convex polygons cal be to cleterrnine horv often ¡an-

clorn convex Polvgons lvere ttnimoclal [6] ancl horv often the rninimurrr-area ancl nriniumrn-
perineter'-enclosing recta,ngles ale ctiff'erent [801.



Chapter 7

Further Work

7,r Performance of Delaunay triangulation algorithms

Not much has been clone on actually rneasuling the performa,nce of Delaunay triangu.lation
trlgorithms. Irnplement ali the constrainecl Delaunay triangulzrtion algolithms clescr-ibecl in
chapter 2, the bucheting velsions of the algorithms clescribecl in sections 2.3.1 ¿r.ncl 2.4.1 ancl

convex-clistance-firnction velsions of these algorithms 4.1.2 ancl measule the performance

on a variety of clistributions of sites ancl constraints.

7.2 fs Locality Necessary?

It may be possible to generalize the proof in section 3.6 to prove that systematic flip rules

are genelalized Delaunay rules, since I have not founcl a flip lule that is systematic but not
local.

7.3 More Powerful Flip Rules

A genelalization of the work in chapter' 3 that might be consiclerecl is that of more powerful
flip rules. For example, we could look at sets of three triangles that formed a convex
pentagon ancl replace the ti'iangulation of the pentagon with GOT(fr) of that pentagon.

Such a rnle woulcl always be systematic for convex pentagons, (but not local since GOT(pL)
(the iVlinimum Weight triangulation is not local), so would pass the tests in section 8.5.

The proofs in section 3.6 are obviously not applicable.
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I'bI this rtLle ',ve could expe¡irnent using convex hexzr,gons ¿r,nc[ a simil¿rr tech¡ic¡re to
th¿¡t of section iì.5 conlcl be usecl (although t]re clilectecl flip gr.aph is consicleralrly more
corrrplicatecl).

7.4 Higher-Dimensional convex-Distance-Function Delau-
nay triangulation

The stmctrire of higher'-climensional convex-clistance-function Delaunay triangtLlations is
Very cliffelent from that of higher-climensional llucliclean Delaunay trizr.g'lations. It rvoulcl
be very intet'esting to investigzr,te this stlucture ancl pelhzr,ps clevelop a rnore efficient trlgo-
rithrn th¿r,n th¿rt clesclibecl in section 4.2.1. Visualiza,tion tools such as IRIS llxplor'e' lvoulcl
prove ttseful in visrtalizing the sha,pe of the associ¿rtecl Vo¡onoi cliag¡am.

7.5 Robustness of Delaunay triangulation algorithms

lVhen implementecl using floating point arithmetic Delaunay trialgulation algor.ithrns some-

times fail because cornputations are inexact. This failure occuls becanse the approximatecl
DT llip lule is not systematic antl local. The tests used in section 8.5 can be usecl to ex-

amine this ancl compare various cliffelent implementations of the DT flip rule. (The res11lts

in appenclix A suggest a variety of alternative impleme'tations.)

7.6 Convex-Polygon Delaunay triangulation

It wonlcl be interesting to implement Aggarwal, et ¿/.'s cleterministic lineal algorithm as well
as a sweepline and a flip algorithm and compale execution times with tlie other algorithms
clescribed in chapter 5.

7.7 Random convex polygons

Implement the other algorithms designed in ch.apter 6 ancl use them to test the algorithms
in chapter' 5 and also to measure how often random convex polygons were unimoclat 16] ancl

how often the minimum-area and minimum-perimeter-enclosing lectangles are clifferent 180].
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7.8 Frove linear number of points generated
tion algorithm

Lg7

by the itera-

The iter'¿rtion algolith-rn (section 6.3) fol generating a, ranclorn convex ,¡¿-gon generatecl
roughly 2n points. It rvould be intelesting to plove th¿rt this r¡rmbe¡ rvas O(ru).



Chapter I

Conclusion

A useful heuristic in problem solving is to look fol problems that yoÌr c&n use you¡ favour.ite
technicßre on. I¡acecl with ¿r lalge number- of alternative cleflnitions of optimality, in chapter 3
I lookecl fol optirnal triangulations clefinecl by flip rLLles for which there rvere fast algo¡ithms
like those fol the Delaunay tliangulation rather than tlying to flncl fast algorithms fo' each
cliffelent cleflnition. The "systern¿rtic" ancl "local" propelties captur-e the p'ope'ties of the
Delaunay triangulation that are neeclecl for the fast Del¿r,unay tliangulation algor.ithms to
worl<.

lfhe experiments clescribed in section 3.5 convincecl me that that thele wer.e no system-
atic local flip rules other than the Delaunay lule. I also cliscoverecl several mor.e optimality
properties of the Delaunay triangulatio' (p'ovecl in appenclix A).

I proved that the Delaunay rule is the only systematic local flip rotation ancl tlanslation-
invaliant rule (section 3.6.3). When I triecl the natulal extension of this result to convex-
distance-function I)elaunay rules, I discovered empty-shape triangulations rvhich generalize
convex-distance-function Delaunay triangulations ancl ar-e the only systematic local homo-
thetic mles (plovecl in section 8.6.4).

All of the algolithms I descrilie in chapter 2 can be usecl to compute empty-shape tri-
angulations- To demonstrate this I implementecl a sweepline algor-ithm for empty-shape
triangulations using Miranda (section 4.1.1). The gleater expressive porveï of lVfirancla as

compared to a language like C allowed a very compact implementation of the sweepline
algorithm-l0O lines of Miranda as opposecl to 900 ünes of C [120] or 2500 lines of C [19g].
This enabled me to present the complete implementation, together with extensive commen-
tary in a few pages of this thesis.
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It is e¿lsier to conrpute ernpt.y-sha,pe tritrngultr,tio-ns than convex-clist¿r¡rce-fìnction I)e-
launay tliangula,tions. (AfIer zrll, I cliscovelecl thern rvhile loohilg f'or t¡iangula,tiols th¿rt

were easy to conpute.) So, extencling the convex clist¿rnce function bv aclcling shapes to
"-louncl" its corners allows me to compute an empt¡r-shape triangul¿l,tion that is a super-set of
the convex-clistance-fiutction l)elnuna,y triangulation (ancl fi'orn rvhich t]re colvex-clist¿r,nce-

fitnction Delaunay triangulation is easily extlactecl) (section 4.1.2). lhis provicles a. way for-

¿rli the algolithrns clesclibecl in chapter 2 to be usecl to cornplte convex-clist¿l,nce-f*nctio'
Delaunay triangulations. Previously puìrlishecl algorithms fol convex-clist¿nce-function De-
launay triangrLlations clealt rvith the problems ca,usecl by corners in the clistance function
by rnoclifying the algolithm-rny apploach m.oclif.es t]re clist¿rnce function. This app¡o¿ch
yielcls sirrrple algorithms fol constlainecl convex-clistance-function l)elal¡ay tr-iangrLlations

a.s well.

Naturally I rva,¡rtecl to consicler if this approach generalizecl to thlee clirnensio¡.s. lVhel
looking at the published algorithm for- three clirnensional convex-clistance-function .Dela,lnay

triangulation [285], I f'ound sornething very clistulbing-the authols observecl that Delaunay
tetrahecll'a coulcl intersect. I wrote some simple plograns to test the properties of ranclom
conflgurations ancl founcl tlte countelexamples presentecl in section 4.2.1. These show that
the previously publishecl algorithm is incorrect, so I devisecl a cor-rect one.

In my litelature revielv I found a vast numbel of publishecl Delaunay tr-iangulation
algorithms (table 2.2). I found that ¿ stancLard taxonomy for solting algorithms appliecl
to triangulation algor-ithms proved useful fol classifying them ancl thinking about them.
iVIy work in section 4.1.2 amounts to fllling in the empty boxes in the "convex clistance
firnction" ro',v of talie 2.2, while the ploofs in section 3.6 show rvhy the empty boxes in the
"non-Delaunay" r'ow ar-e likely to remain empty.

Devi.jver ancl Xzlaybank [83] analyze an algorithm for convex-polygon Delaunay triangl-
lation that they claim satisfles a "minimum space complexity constraint". They computed
the average execution.time over ali possible triangulations of the convex polygon. Unfor-
tunately' their algorithm was vely inefficient ancl dicl not satisfy their "minirrum space

complexity constraint". I did a similar analysis fol more effi.cient algorithms and designed

an algorithm that satisfi.es the "minimum space complexity constraint" (section 5.4).
Algorithms should be implemented and tested, so I hacl to have some way of generating

"random" convex polygons, in older to test the algorithms analyzed in section 5.4. Since

the concept of a "landom" convex polygon is not well definecl, I usecl a variety of operational
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clefirtil;iorLs (chapter 6). 'Ib get efflcient algorithrns for generirting convex pol.lrgols 6y rny
cleflnitions, I clevelopecl ¿r, cl¿rta structure th¿rt ¿rllorvs generation of va,r-iates in time O(log?¿)
from a clynirrnically changing cliscrete clistlibrLtion (section 6.2) ancl a O(n) algorithrrr for
lezrlizing a Delaunay triangulation of a convex polygon (section 6.6.2).

'Ihe lesults of testing the algorithms analyzecl in section 5.4 on the r'¿rnclorn convex

¡rolygons genela,tecl by the tnethocls of chapter 6 rvele surprising-all the algorithms liacl
lvolst-c¿lse execution times rathel than th¿rt th¿rt preclictecl by my nnalvsis, thus shorving
that each tria,ngulal;ion of the polygons proclucecl by rny methocls rver.e not equally likely.
Iu olcleÌ to achieve the expectecl execution times pleclictecl by rny analysis it lv¿rs lecessar.y
to rartclomize the algot'ithms. This is an irLteresting- result. R¿nclomiz¿rtion h¿rs founcl ma,ny
applications in computation¿rl geometry [61] in teceni; years and in man1, ca,ses it ma,y be

rnnecessaly to ¿r,clcl an explicit ranclomization step if the the ilput is ¿l,h'eaclv ,,Lar.c[om" in
some sellse' I have cliscoverecl a case h.ere rvl'Lere il; clefinitely is necessary.
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Appendix A

DT : -r1

Wervillplovethateachofthelules-E*, _'r'L¡_ (!æt(r'R)t,abclancl(nr2ll)oploclu.cesthe
same result ¿rs the Delaunay tliangulation on a convex clraclrilater-al.

I'et ABC'D lle a convex cßraclrilatelal with Delauna,y tria,ngulation ABC,ACD (so

DT(ABCD) = AC)' l) is outsicle the cilcumcircle oI ABC ancl Jl is outsicle the cir-
cnrncircle of AC'D. lVe liave alreacly pr.ovecl in theor-em J that DT = p*.

Theorem L6 -r¡= DII'.

Pnoor. Let P be the point where the cliagonals of ABCD intersect. Let, t.¡: I.(DAB),
1'AB = r(PAB), rDA = r(PDA) and, lt¡ be the length of the altitucle at Ain tr-iangle DAB
(see flgure 4.1).

Demir' [79] has proved the following r-elation between these quantities:

nT DAT ABz--;-
tL¡

rn¿ * rAB - I'A -

Applying this 
'elation 

to triangles ABC, BCD, ancl CDA yielcls;

(4.1)

(4.2)

(4.3)

(A.4)

r,Cn I I'BC - rB =

rBC +'t'CD - rC

r'CD+r'DA-r'D

nT ABT BC
lLa

- 1'pr.-'l'a r>

tLc

qrcDrDA
L -----;- .

nD
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Figure 4.1; hrscribecl Circles

Actcling 4.1 ancl 4.3 ancl subtracting .A.2 ancl ,A'.4 rve get:

TB + rD - r'Å - I'c : 2 (rolr-B - 
rABLl:tc 

+ 
r'tsc:rcn 

- 
rc?r¿¿) . (A.5)\ /¿¿ lta lzc hn /

Now let Dt be the point where BD intersects the circumcjrcle of ABC, ancl clefine t'tDA,
r'CD a,ntl /zl appropriately.

PDtA is similar to PCB; so

IDA

h^

Clearly r'DA 1r¿¿. Also,

7'DA

'_tzD

1'BC , TBCan(t --;-- -ILB h6
,DA

h;

zL(PDA)
hD(lPDl+lDAl+ lAPl)

IAPI
|PDl+lDAl+ l.APl)

IAPI
(lP D'l + lD' Al + l.APl)
,DA
H;



APPIINDIX A. D7' = -?'r = -0æ = (rR)¡ = u,bc1 - (Ar2 lX)6

Using these results in ec¡uation

203

th¿rt a =
less than

-Ë))

4.5 rve get

/,
I."

21,'¿B('?A
\ ¡¿,r

I'BC t ,|'BC- -;- ) + I'cDl ,ttB ILC
-0.rB -f'r'D - r'¿ - r'ç )

Tlrat is, -ry(ABC D) = AC.

Theorem 17 -a"o = DT (rilso ¡tro,ued in

Pt¿ool'. Because 1) is outsicle QABC, a
LAD B < lAC B = a/ (see figure 4.2).

[192, 202, 298]).

plane geornetly theorem []11] states

Similally, the unpr-imecl zrngles ale

¡

tlre cor'esponcling primed angles in flgure 4.2. Also, min(IABD,ICBD) < IABC and
min(LADB,IBDC) < LADC. Hence

max( -a(,4 B C), - a(AC D)) = - min( I AB C', I AC B, I B AC,, I AC D, I ADC,, lC AD)

< - min(l,,lBD, LCBD,IADB, LBDC)
( max(-a(AB D), -a(BC D)).

That is, -a*(ABC D) = AC .

Theorem L8 abcl : DT.

tr

Figule 4.2: Quach'ilateral ABC D



APPEÀDIX A. l)ll' = -rr = -Gco = (z',?)1 = o,bc¡ * (Ar2ll)o

B
Figule 4.3: Cyclic c¡raclrilaterals

Ptoot¡. Let r¿: lABl,b=lBCl,c=lCDl,d=lADl,r:lACl and.! =lBDl. (See

flgure 4.2). ifhere is a unique cyclic quaclrilaterar ABCtI)'with lllc,l = b,lC,tD,l: c and

IAD'I = r/ (flgule 4.3). Let rt = lACtl ancl y' = lBD,l.
rf IABC'. < IABC then r' ( ø (cosine law). consequently LAD,ct < IADC,. Hence,

/-ABC' + IADC < ABC' + IAD'C| : 1B0o (opposite angles of a cyclic quaclrilater.al are
supplementary). Since IABC + IBC D+ LC DA+ LDAB = 360o we have IBC D+ LDAB <
180' < IABC + LADC. But (see figule A.2)

204

LBCD + IDAB : a'+þ'l"l'+6'
a*þ*t+a
LABC + IADC.

Tlris is a contracliction. Ilence IABC, > IABC, r, > r and. y, < g1.

Ptolemy's theorem [9] gives ts r'y' - ac+bcl. If we constLuct two more cyclic quadri-
laterals ABCTD't and ABCttD'(flgure 4.3) by setting lD',Al = c ancl lBC,,l: c ancl let
z' = IAC',l: lBD"l then Ptolemy's theorem appliecl to these two triangulations gives us

ï'z' = ad * bc and ytzt = o,b I ccl

abc(ABC) t abc(AC D) = abr f ctlr



APITI1NDIX A. l):l' = -'r'r = -oæ : (r.B)¡ : &bc1= (nrz lX)s 20lr

ltl: ï,Uz

= y'(ud ¡ bc)

= abc(AB D) t ubc(BC'D)

Tlrat is, abc¡(ABC'D) : AC'.

Theorem 19 r'-81 = DT.

PRoor' If a, tliangle .'f h¿s sicle lengths p) q a,ncl r' ¿rncl alea, A then baclness f¿nction
rR('r') = (2Ll(p+q+r))(pqrl@$):ztqrlQ0)+s+r)) (see ta,ble 3.2). Note th¿r,t if t.' > t.

ir.ncl p, 17 ) 0 then pqr' I (p I rl I r') > pqr l(p + q + r).

2(rR(ABC)+IR(AC'D)) = ,"!,'. + "'1,"u+ 0+ {u cl rl* x

e+b+r' clcll:rl
*'(gt t I abd * abr' I a,ccl t bccl t cdxt)
r'(o I b + c + d + il)* (o + lr)(" + d)

= r'(abc + abd + acd + bcd + {(ab + cd))

,,(o + b + c + d + x,) + dU, * x,z,

= abc + abd + acd + bcd + xtutzt
ú+b+c+d*rtly,lz,
Ir"!J' ady': r,----, ,t------ bvs.Ymmetryo+c+u' aldly'

- lr"ll adll
- l--- --- r 

-

blcl?J (rIdIy
= 2(rR(ABD) + rn@Cnìl¡

n

That is, rR{ABC D) = AC. tr

Theorem zO (RrzlL)o = DT.

Pnoo¡'. If a triangle ? has side lengths p, g and r let

^/-'\ Rr' ,,r,, - 
pqrs\r)= 

^ 
(7.) = @i;+ry



APPIJT\IDIX A. D'l' : -?'r = -ocrc = (rr?)1 : trbc¡ = (nrzll)n

Norv, lrectr,rLse 7'is zr, ttiangle, p,Ç) 0 ¿rncl 0 < r'< p* q; so
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{Øu'tj.ror'rt =

>0.

I'Ience if ?/ has sicle lengths p, e, r' ancl r' > r l;lren g?') > g(r).

ubx ctlx

G, + 1, EFG + it +;P
abccl:v'r'

((n + Ö * :c')(c + rt + r'))2
al¡cd

(n + l, * c * d* ¿, f '!J, l- r,)2
ady ltt,U

G¡,tT yP A +;TuP
ll*2 p".2':-¡an n1:. (nC D.I\¿\

Rr'2
'['lrar is, 

ft_ç+UC,O) = AC.

If DT(ABC'D) = either, then AßCD is a cyclic cluaclrilateral ancl all the inequalities
in the above theorems become eclualities.

In particular', fLom theolem 16 rve ha,ve

Theorem 2L r(ABC) + r(CnA) = r(D¿.A) + r@Cn) iJ antt onty if ABCD is cyctic.

The flr'st known statement of the "if" part of this theorern was on a tablet hung in a

Japanese temple in 1800 [129]. it is the most celebratecl Japanese temple geometr.y theorem,
mentionecl or provecl in 1729,155, 166, 331]. None of these proofs can be easily moclifi.ecl

to prove the converse; so the "only if" part woulcl appeaÌ to be a new result in elementarv
geometry.

The lesults in this section do not generalize to thlee dimensions as the followine coun-
terexample shows.

Tlre points ,4 = (0,0,0), B : (1,0,0),C = (0,1,0), D = (0,0,I), E: (1,1,1) lie on
a common sphere. The convex polyheclron ABCDE can be divided into tetrahedrain two
ways: tlretwotetrahedraABCDandBCDE,orthethreetetrahedraAEBC,AECD,and.
AEDB.



API']nIVDJ,{ A. DI' - -l'L : -oco : (r.R)1 = ubcl - (Rr2lL)o

tetla,hech'on volume ¿ìt'e¿ì inraclius circ urnr'¿rcli tLs

ABC ])
I}C D]I
AE]JC'

AEC'I)

AEDI}

116

t l:l
rl6
116

rl6

G + ú)12
2\/3

(t+zli+/r)12
(t+z'/2+ú)12
0+2rt+/5)12

1l/qt - Bv.)
L/o
6vr
tl7+2rt+/5)
rl\+zJ,+/s)
t lQ + z,/2 + /5)

rl2
rl2
rl2
rl2
rl2

cle¿r,rlv r(Aßc'D) | r(BC DE) I r@nBC',) + ,(AEC,D) + r(AlrDB). similar c¿tcu_

latiorrs slrow th¿rt this is ¿r,lso a cotLnter-example for (rA)r, (Rr2lL)o, ancl -a- (1o rnatte¡
lvhether lve use f;r,ce angle, cliheclr¿rl angle or solicl angle).

207



Appendix E

DT # Pt, DT # sz, DT + -a1

It is sufficient to give a, single counterex¿mple for each.

consicle'the poi'ts A = (1,0), 1l = (il2,JJl2),c : (-1,0) ancl 1) = (rlz,-Jjl2)
'rlrese points all lie on the unit cilcle, so DT(ABCD) = either. lAC,l - 2 > JJ = lBDl, so

PL(ABCD) = RD. The triangle angles ale as sho,"vn in figrLle I1.1. lltre sum of tire minirnurn
tliangle tr,ngles is 60o fol the tliangulatio:n {ABC,C'DA} ¿r.ncl g0o fo¡ the trialgllation
{ABD,BCD}. }Ience, -a1(ABCD) = BD. The sum of the squares of the cliffelences of the
angles form 60o is a(30)2 = 3600 foÌ the tr.iangulation {AI}c,c DA} anct 2(30)2f 602 = 5400
for tlre tliangulatio n {AB D , l}C D} . Ilence, sz( ABC D) = AC .

Figure 8.1: A counterexample

point A slightìy so that it lies insicle QBC D, we can produceClearly, by perturbing the
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At BC D sttch th¿rt its l)el¿r.una.y tliangula,tion cloes not rninirnize the total eclge length,
contr-¿rclicting Sharnos ir,nct lloey [29,t-r] anct Dobl<in [89]. This rva,sfirst notecl 5v Lloycl [215].

lflre sarne A'ïìCD also contlaclicts the clairn b¡, sevelaÌ authols [150,206, 257,260,2g+]
that the Delaunav triangulation minimizes the strn of the minimurn tlialgle algles.

Ry perturbing the point Ä slightly so th¿rt it lies otLtsicl e QBC D we can pr-ocluce A, BC D
such th¿lt its I)el¿r,rtnay tlia,ngulation cloes not minirnize the stanclarcl clevi¿r,tion of the tri¿r,.sle
¿rngles) contr¿rclicting \,Vatson [32g1.



Appendix C

Calculation of, badness rneasures

Let A: (ro,a¿,), ß = (,r",ra) ancl c = (xc,yç). carcur¿rtion of most of the measures in
t¿r.ble 3.2 is stlaightfor.wa,rd. For example,

L(AllC) = l(reUa I rnyc I rcU¿ - rAyc - rByA - rcya).

Deûnition. range(ø1, . ..,an) - max(n,1, ...,(rn) - min(ø1, . . .,en)

R* (ABC) = | max(r.ange(r¿,, B, rc),range(ø¿,, n, rc)).

Calculating r* (ABC) is a little rnor-e complicatecl. r*(ABC') is the raclius of the la¡gest
square parallel to the axes that can flt inside ABC. Call this squale 5'. 5 must touch all
th'ree sicles of ABC . (For if it ctid not touch a given sicle it coulcl 6e movecl toward that sicle

so that it did not touch any sicle anct then macle larger.)

Relabel the points so that rs l rB { x¿.There are two possibilities: gB is between
y¿ and yç ot it is not.

Case 1 yB is not betrveen lJ¡ aîcL gc (see flgure C.1). By reflecting about the ø ancl y axes

if necessaly we can }et l\c { y¿, { ys. Let D, E anrL F be the points where 5 touches

BC, AC and AB respectively.

AB has a negative slope and 5 is below it so F must be the upper right corner of S.
CB and AC bave positive slopes and 5 is below CB and. above AC so D is the uppeï
left and E the lower-right colner of S (see flgure C.1).

I'et II be the intersection of a vertical line through B ancl AC , and let G be the
intersection of a horizontal line through A and BC. Because BII is parallel to EF,
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l'igure C.1: C¿rse 1: y73 not between '¡1¿ antL gç

the tliirrrgles AFE a,ncI ARII are sirnilar. llherefole,

AF T'E
,lß = t]il'

Ãlso BDF uncl BGA ale similar; so

BF NF
IB : AG-.

Since,4F + BF - AB, if we aclcl equations C.I iand C.2 we get

FE FE_+_
BIT , AG,

1

2II

(c.1)

(c-2)

1-

2r*(ABC) = FE = 1,1
BI{ I AG

Now, A(,4BII) = T.BH.(x¿-rB) ancl A(118C) = T.BII.(re-3)c);so A.(ABC):
L(ABH)+LQf BC) = +.8H.(*o-16,), and consequently BII = 2L(ABC)l@¿-
z6r). Similaùy AG = 2L(ABC)lfun - yç), ancl so

r*(ABC): L(ABC)
(ro-xc*yn-ac)

Case 2 yB is between UA ancl ys (see figure C.2). If necessary we can leflect abolt the
r axis to get Uc 1 yn I y¡. As in case 1,, D and E are the upper left ancl lorve¡
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I¡igur-e C.2: Cjase 2: yp is between lJA ?LrLd ,Uü

light cor-ners of 5'. I{owever, .48 now has a positive slope so 1¡ is the ¡pper. left
corrre¡: of 5'' This me¿l,ns D = F = B. Let the uppel right colnel of 5 be I ¿rnd

G be tlre intersection of BI ancl AC. Let the lorver left colnel.of 5' be "I ¿lncl /-1 be

tlre intersection of BJ ancL,4c (see fi.gur-e c.2). T'r'iangres BITG,IDG ancr JrIE a,-e

sirrr,ilar'; so just ¿r,s in case 1 rve get BI = Il( IBII + IIBG) anrL

r*(ABC) : ^(ABC',)rA-.ËCiy¿-yc

Combining the formulæ for each case ancl allowing fol relabelling ancl leflection gives

r*(ABC) : ^(ABC)range(r¿, T ts, r c) * range(y¿, yB, ?Jc)
2L(ABC) lP*(ABC).



Apper¡dix Ð

Miscellaneous function definitions

I{ele ale sorne lVlirancla fìrnctions requirecl by ihe ploglams in cha,pter 4 that rver.e not
incluclecl in chapter' 4.

Priority Queue ADT

First, an irnplementation of the pliolity queue ADT specifrecl on page 120.

To make it easiel to understancl the operations, this implementation is ver.y simple,
using a list and the push opelation takes time O(n) irLsteacl of the optimal O(logn) possible
with a heap-orclerecl tlee.

We represent the pliority queue by a pair containing the function that deflnes the orcler--

ing ofevents, and alist ofpairs of the event olclel ancl the event. For example, if f a < f b

then the pliolity queue

push (push (empty f) a) b)

rvill be r-eplesentecl by the pail

(f,[(f a, a), (f b, b)])

ilhe type clefinition:

> priority * ** == (x->xx, [(x*,*)])

The implementation of the operations is straightforward;

> top = snd.hd.snd

) pop (p,x:xs) = (p,xs)
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>emptyp=(p,[])
> isempty (p,xs) = xs = ü

) push (p,xs) y

> = (P,push'xs (p y,y))
) push' [] y = [y]
) push' (x:xs) y = y:x:xs, if y(=x
) = x:(push' xs y), otherwise

) remove (p,xs) y

> = (p , remove, *" (p y, y) )
) remove' [J y = ¡1

> remove' (x:xs) y = xs, if y=x

) = (x:xs), if y(x
) = x:(remove, xs y), otherwise

Ordered Sequence ADT

A simple implementation of the orclerecl sequence ADT speciflecl on page 121.

As with tlie priority queue implernentation above we use a list ancl the insert operation
takes time O(n) instead of the optimal O(logn) possible with a balanced tree.

lVe lepresent the orclerecl sequence as a triple containing the before function, the list
of sites, ancl a history list of all the oper-ations that have been perfor.mecl on the secluence.

The history list is not needed for the insert, delete ancl create opelations, blt was folncl
useful for debugging pulposes. Since lVlirancla is a lazy language, there is no overheacl in
leaving it in.

) ordered_seq_point == ((point,point) -) point -) bool_,[point],[opJ)
) op ::= fnsert point [pointJ I

> De]ete (point,point) [pointJ I

> Create [pointl

In our implementation of insert, we are careful to check ihat the orclered. seouence

invariant holds.

) insert (before,as,h) x
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) = ((before,prefix++[a,b,x,b,c]++sqlfix,Insert x as:h), [a,b,c])
) where befores = tl(Ínit(map ((converse before) x) (pairs as)))
> | | Ígnore dumrny elements

> pos = #(takewhil_e (=False) befores), check
) = error invariant failure in insert, otherwise
> prefix = take (pos) as

> (a:b: c: suffix) = drop (pos) as

) check = and(dropwhite (=p¿lse) befores)

) del-ete (bef ore, as ,h) p

> = ((before,prefix++[a,b,d,e]++suffix,Delete p as:h)
> , [a,b,d,e] ), if #(drop (pos-2) as)>=5

> = error (delete++show (pos, #(drop (pos-2) as),as,p)
> ++lay (nap show h)), otherwise
) where pos = position (pairs as) p

> prefix = take (pos-2) as

> (a:b:c:d:e:suffix) = drop (pos-2) as

) create before as

¡ = (before, as , [Create as] )

Miscellaneous functions

These were considered standald, so rvere not included in section 4.1 ancl ale inclLrclecl here

for the sake of completeness.

The lJuclidean distance between two ooints.

> d2 (a,b) (c,d) = sqrt((a-c)^z+(b-d)^2)

Twice the signecl area of a polygon.

) polygon == lpoint]
) area :: polygon -) num

) area pB = sum [xxy'-y*x' I

> ( (x,y) , (x' ,T') ) <- zip2 ps (tt ps ++ [hd. psJ )l
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llhe centre of the circle th'o'gh a set of co-circulal poiuts

) circle_centre :: lpointJ -> point
) circle_centre t
) = (cx,cy), divisor -= 

O

) = error (show t), otherwise
) where ds = map d t
) ¡çs = map fst t
> ys=mapsndt
> divisor = 2xarea t
) çx = area (zip2 ds ys)/divisor
) cy = area (zip2 xs ds)/dívisor
> d(x,Y)=x^2+Y^2

Pairs of elernents

) pairs xs = zip2 xs (tl xs)
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Colophon

This thesis '"vas proctucecl rvit]r ¿r srnall mocliflcation of the suthesis style for I4TtrX.

lllhe f.gures rver-e proclucecl by ¿1, valiety of rneans:

o IlrTpXlicture environrnertt [191], extenclecl by me to use PosrScRrl'rl [:l] for the lines

ancl cilcles, so that all cilcle sizes ancl line orient¿tions were possible (e.g. figure 3.2).

o Glaphs rvele ploducecl by a plotting pfoglam th¿rt I wlote lvhich coulcl procluce a

IÀTEXpictule environ¡nent (e.9. figure 5.5).

o TIre pr-oglarn idraw rvhich cornes as part of the IntelViervs toolkit [212] (e.g. frg-

ure 3.2).

c lVIilancla2 13i5] programs using a glaphics pachage I wlote [igO] to procluce enc¿psu-

latecl PosrScRrpr 1259] (e.g. flgure 2.90).

o A combination of writing a lVlirancla proglam to procluce a picture ancl ecliting the
resulting picture with idraw. I acldecl uNIX3 plotflle oLrtput to my lVlilancla graphics

environment ancl then used plot2ps from the Gnu graphics system [125] to pr.oduce

an idraw frIe (e.g. flgure 4.10).

o Plotting from lVlathematica [334], conversion to idraw format and then usinq idraw
to edit the plot (e.g. flgule 3.1i).

'PosrScnIpr is ¿ tr¿demark of Adobe Systems Incorporatecl.
2Mirancla. is ¿ tradema.rk of Research Software Ltd.
3ut{lx is a. trademark of AT&T.

249


