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ABSTRACT

One of the main objectivés of a samplé survey is the estimation
of the population mean or total of a éharacter 'y! attached to the
units in the population. The ratio method of estimation provides
a powerful technique for obtaining increased precision whenever
information on an auxiliary character 'x' positively correlated with
"y' is available., Since the classical fatio estimator is biased, con-
- siderable attenﬁion has been given in recent years to the development
of wholly unbiased.ér approximately unbiaséd ratio estimators., The
relative efficiencies of these ratio estimators have been previously
' .investigated by assuming a linear regression of y on x and gamma
distribution for x. In this thesis, various x-populations are
employed to_in;estigate relativg éfficiencies of the estimators
empirically, assuming linear regression of y on X.‘ The results
obtained indicate thét the relative efficiencies are fairly

°

insensitive to the distribution of x-values,

L}
°

Two classical estimators of variance and a 'jack-knife!
variance estimator are also considered and the relative biases and
relative stabilities of these variance estimators are investigated

empirically. . I T >
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CHAPTER I
INTRODUCTION
1.1 Objective

Sample surveys are conducted to obtain estimates of various
unknown population parameters of interest. Here ye confine
ourselves to estimation of the ﬁopulation mean or total of a
‘character under study 'y'. Ratio estimators incorporate the
knowledge of an auxiliary wvariable 'x', which is poéitively
correlated ﬁith the character 'y'. |

In such situations, the classical ratio estimator is often
used. However, it is biased and, in surveys where small or moderate
samples within many strata make it appropriate to use the 'separate'
ratio estimators, the blas relative to the standard error could be
- large. TFor these types of surveys, modifications to the classical
ratio estimator lead to wholly or apprbximately unbiased ratio
éstimators. This thesis considers the performance of some modified
estimators and investigates the stability of three variance
.estimatofg under different population conditions.

1.2 Review of Literature .

For simple random sampling of size n, drawn without replacement

from a finite popuiatién of size N, the classical ratié estimator of

the population mean Y is given by




X =rX - (1.1)

= L
-

where X is the known population mean of the auxiliary variable 'x';

y and X are the sample means of 'y' and 'x' respectively; and

r =§5 : (1.2)
X ' .

R=§-. o (1.3)
) e

The classical ratio estimator has a bias almost of 6rder'0(n-l) for
large n. | |

Several modifications to the classical ratio estimator leading
to approximately or wholly unbiased estimators hav? been proposed
in the literature. Beale's (1962) approximately unbiased estimator

of Y is given by

S <
1.,.{_1__%_}_& .
S = % Xy ' '
Yy rX 52 (1.%)
1 1 X
1+[n"N] 2.
X

2
S S
= - .5 1_1l|=x_x -
Yp = ?X 1+ [n NJ 3 = | (1.5)
whére
, nlzgd), - (307 '
s A (1.6)

x ‘n(n-1)




n(zxy) - (3x)_(2y)

| sxy - n{(n-1) ' o (1.7)

where (Ix) is the sample total for 'x', i.e.,
. 8 ¢

n .
(Zx)S = Ix. (1.8)
i=1

A wholly unbiased ratio estimator, proposed by Hartley and Ross

(1954), is
R o @.9)
whgré | |

T = n_l(Z[y/x]) (1.10)

o
Two estimators based on splitting up the sample at random into
" 'g'(> 2) groups, each of size 'm', where n = mg, are due %o
Quenouille (1956) and Mickey (1959). Mickey's wholly unbiased

estimator of Y is

(F - n +m)g -

Tug) = TR ¥t 3 (5 - £ %) -
where °

ol | | 8-_' .

Ty = jilrj/g _ (1).12)

where ;5 is the cléssical ratio estimator computed from the sample

after omitting the jth group, i.e.,

5 (1.13)

MY |




where
_. ny - my, _ X ‘- mx,
1 = . 1 =
¥; — ;X ——E:E——l ] (1.14)

and §j’ Ej are the jth group samp}e means.' Note that §H = iM(g)
when n = 2. |

Quenouille's method of bias reduction leads to the approximately
unbiased estimator

To(g) = logz - (o, - 1)7;1 X | |  (1.a5)
whére

oy =& |1 - 252, (1.16)

The approximately unbiased estimators have bias almost of order

'O(n_g) for large n (terms of order o(N"t) do not appear).

Turning to the variance estimators, the classical estimator of
the variance of §f is

-y _[2_1] 2. 2 2 |
vl(yr) = [; N (sy 2rsXy +r7s ). (1.17)

Another variance estimator (Cothran, 1963) is

TP G ERE RN 22 A

va(yf) = 2 o7 (sy - 2rsXy + s ). (;.18)
Tukey's (1958) 'jack-knife' variance estimator of §f is

3gr N € 4= J 8 ’

For the comparison of the various estimators, several approaches

_ have been.used. Tin compared §r’ §B’ iT’ §H and’§Q(2) for large n
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without assuming any model. Rao (1965), Rao and Webster (1966) and
Rao (1967) compared ir’ §T’ §Q(g)’ iM(g) and §H under two models
assuming infinite populations, viz the regression of y on x is
linear with constant error variance and

(1) x~0N(p, 02), i.e., x is normally distributed with mean u and

R 2

variance ¢ ;

(2) x~ r(h), i.e., x is distributed as a garma with parameter h.
The results under model (2) are exact for any sample size n.

~... Tin showed that §B and iT were bétter than the other estimators
with regard to bias, efficiency and approach to normality.

Using model (1), Rao has shown that

A = n is the optimum choice for ¥ and ¥ .

L.e P Ti(g) =™ Yo(g)
B) the asymptotic variance of §M(g) (with g = n) is slightly smaller
than that of ir’ but is slightly larger than the mean square error
£y ith g = n). '
* Yale) (with g = n) :

Using model (2), Rao and Webster demonstrated that

A = n is the optim hoice for ¥ and y .

) g is ptimum choi o Yy(g) 284 Yg(a)
B) §M(g) is considerably better than iH for n > 2 and only slightly
better than §r for n > 8.

c) 3_’Q(g) (with g = n) and §T.are better than 3-’:1:"' §H and iM(g)‘




CHAPTER II

APPROACH TO THE PROBLEM

We assume a relationship between the auxiliary variable 'x'

and the character of interest 'y'. However, instead of making a

. specific distributional assumption on x, a wide variety of live and

synthetic x-populations will be employed. The purpose of this

approach is to study whether these results will be similar to those

obtained under the assumption of a gémma distribution -for x (which

leads to elegant analytical results). With regard to the esti-

mators used when splitting up the sample into groups, we confine

ourselves here to g = n, as previous investigations indicate that

g = n is an optimum choice (and also to reduce computer time).

Mickey's and Quenouille's estimators, along with Tukey's

variance estimator, for g = n, reduce to

- (N-n+1)

Fy=X 5+ ——F—n (F - 7} %)
iQ =X [wr -~ (w - 1) fé] ’
- and’
- w2 [ o) (m-1) & - -2
valy,) = X [l—N] n Io(ry-rp)”
j=1
where

(2.1)

(2.2)

(2.3)

“(2.4)



where u and U are the
| us respectively and &

possible.

7.

_ ny - y. _ nx - x,
‘ YJ = n-1 3 Xj = n—ol o (2 ) 5 )
w=n [; - iELi%j;l:]. o v (2.6)

In developing the above approach, it was originally planned to

develop a general relationship between y and x, such as

+1 2(p+l . !
y; S ot Bx; o+ Yxi(P ) 4 u i=1, 2,...,N (2.7)

for general p, where us is the error term such that

2 t L ) , :
e(ui|xi) =6x;, §>0; 1=1,2,...,] (2.8)

xj) =0 for i # J =1, 2,...,N (2.9)

where £ denotes the conditional expectation under the model for

~given x.

This approach, however, was found to be too ambitious, even for

involved too many parameters. To illustrate this, consider the

average MSE of §f under the model

°

esEF, ) = LT - 7°
N " X -
Ve + 8(zxP0)_+ y(22P)) 4ongy
=f = X
nx
N N 2
(No + BZX?+1 + szi(p+l) + NU)

- 5 _(2.10)

eE where E is the expectation over all the.(

o

the classical ratio estimator, as the average mean square error £{MSE)

sample mean and the population mean of the errors
N,"

n
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samples for a given finite population. Therefore, (2.10) reduces

to
N
+1 ‘p+l
- i 2 (ZXP ) EXE ]
E(MSEyr)—-Ea‘:—l +B: a - X J
X X
2(p+1) 2(p+1) | |2
. 3 (Z ) x
+y|2 S _ i
- n N .
b’
N .
g2 (z:{G 2x1i’ 5 (z:xt»)'S .
+ 8 B = > + 5 - 2 T (2.11)
b'd n N X
because
2% (@) = el ()] = 6(2x")_ (2.12)

4 T 12 W _
¥ e(F) = s[qu = oox, (2.13)

]

N . '
oW e (a0) E[(Zu)s(Zui)J = G(th)s © (2.1L)

It is seen that (2.11) involves az, 62, YQ, aB, ay, By as well as

é, p, t.

We therefore confine ourselves to a linear regression of y on
X, vizk

¥y S ot Bx, tuy '.i=l, 2,...,N - (2.15)
assume that ui's satisfy (2.8) and (2.9). Then

(o + B% + 1) z
X

I S

e(MSE ) = &l




N 2
2 (2x;) - (Zx)_
=a E
(Zx)
| s
B o N W L 5
(2x”) (zx,){(zx.)-2(zx) }+(zx.)(Ex)
+ 8F s i i S i S
NQ(ZX)2
. s
which involves only a2, § and t. DNoting that
s = 332 + s
Xy x xu
L2 _ 2
sy—Bs +2Bqu+s
where

'n(qu)s - (Z:x)s(Zu)s
S =

xu n(n - 1)
- n(2u®)_ - (’Zu)i .
Su T n(n - 1)

we have, for Beale's estimator

_ . [tawEp s (8en)(ssl + s NIE [P
EMSE(YB) = E ) ) -Y
nlNx~ + s (N-n)
| x
( nlVxX
= Ela s 5 -1
nlNx~ + s°(N-n)
{ ps
-( N (N-n)%
tuT T 5 Y R
nNx~ + sx(N—n) nNx~ + sx(N-n)

Similarly, for Tin's estimator

g

2

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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_ - % (N-n)S§
eMSE(y;) = £la|Z {1 - —— -1
X nix
2
= (N-n)s = 2
+q & 1-— +sxu@—'%§—ﬁ . (2.22)
X nNx nNx

For the Hartley-Ross unbiased estimator

sV(?H) = £la {’ %-_ {-1)x (zx~h) s (N-1)n _ l-§

1y % (N-1)%| , = (N—l)n“ ~

b (Tux . -5 (2.23)

where V denotes the variance over all samples from a given finite
population. Finally, for the estimators due to Mickey and Quenouille,

we have

eV(iM) =£la {'(Zij—l)s [X,_ (N-n+1)x) 4 (N-n+l)n —ll}

n N J 5
+ (2{15;{5-1)5 [_);g _ (N-lrv1+l);[] .3 (N_ﬁﬂ)n g 2' (5.0
éMsmtg‘;Q) = tlo HK(E;H) _ (N—nz)ﬂgn-l)io(z%-l)s -

Noﬁ, using the formulae given in Appendicies I and II, we get the

following average MSE's and average variances:




(zx) {n(zx;) - M(zx)_} - n(N-n)s_

N(Zx)i + n(N-n)si _J

sMSE(§B = o°F

B N
n2(1\I—n)2(Z:’ct+2)s(in)2 ‘l

P(n-1)2[0(zx)2 + n(N-n)si]fJ

+ &E

N N
2n(N-n)(th+l)s(in){[N(n—2)+n](Zx)s(in)—(n—l)[N(Zx)§+n(N—n)s§];}

| ¥ (2-1)°[8(zx)5 + n(¥-n)s2)? _J

+ SE

N ' N .
[N(n-2)+a](3x")  (2x) _(5x, M [W(n-2)4n] (2x) (5x, )-2(n-1) [N (5x) F4n(W-0)s5 ]}

N2(n—l)2[N(Zx)§ + n(N—n)si]e'

+ o

(2.26)

N : : 2
5 n(zx, )[N(Zx)g-—n(N—n)s2]eN2(ZX);l
-\ _ i s X s
eMSE(yT) = o E 3

. 1\12()331)S _J

N N
n?(N—n)z(th+2)s(in)é] 2n(N-n) (5x)_(zx,)

+ SE ‘
Pe0)fexy | ¥ (n-1) (2x)2

Z

+ §E

I 2 2
={(in)‘{[N(n-2)+n](ZX)s - n(n-1)(N-n)s}

n2(n-1)(zx)§

=~

N
(2x,) (2x°) [¥(22)2 - n(N-n)s?]

2 3
N (Zx)as

+ §E
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B » 2 | ' 2
( (zx)(2x)5[N(n-3) + 20] - n(n-1)(N-n)sZ} ] gg
N2(n—l)(Zx)z ' N

. .
(zx ) (zx° )(NFnH(ZX)(Nqﬂ-+2Nhkl)@x) —] M2x)
J +

+

(2.27)
N (n-1) (Zx)s=

N 2
. (n—l)(Zx ) - (N—l)(ZX)
sv(3—rH) = aQE[ , nN(n-—l) g g (Zl/x) + —Ign——:TI);l

N 2]
' (n-1)(zx,) - (W-1)(zx)
) g
+ GE[ZX )S{ ;N(n—l) S%
' N
£l (n—l)(Zx ) - (N—l)(Zx)
+ 268 () ) R () )S{N(n-l)s

N
[?N-l)(N—2n+l)(Zx ).] 6(2x.)
+ §E —

>

d—

'(2.28)
N2 (n-1)2 J N

N

EV(YM) = oK N

5 (n_l'){(zxi)-(N-—nﬂ.)(Zx)s} { [ 1 ] % + '(N-n)(-ti—l)

2 (Zx)s-xiJ

N nN

( £x® ) S-X:.z ' (zx° )s—x:—x}; ] '
L5 + Z Z
)y, 17 i | L) oy o) oy 1)

t N 2
(zx”) (N-n+1)(N-n-1) (£x.)-(zx) (N-n+1)
+ SE S + i s

N




- N . N
( ){ (in)—(Zx)s(N—nﬂ_) %{ {(th)s-x:J % 62}(; ( )
+ 286E} (N~ L | ——— + —_— 2.29
n BE-E ) =)\ 2

N N o
nQ(N-n+1)(in)-N2(Zx)s é,(N—n)(n—l)Q(in) } et

'eMSE(&Q) = o°E

ol

N2(Zx)s

2 N N

. (N-n+1)(Zx.) n(N-n+1)(zx.)
z[ﬁ—%—} el B 40 b )f
- \eX Xy ys| T N° (zx) N (zx)
N 2 — | .
(N-n) (n-1) (Ix. ) (Zx ), -X (2x%) -xPx®
+ 5 = E +33 2.1 J :
ar’ [ax) =, 1P| i3 [(3) g, 1m0 1) )

N N : + +

(zx. ) (N-n)(n-1)[n(Zx, ) (N-n+1)-N(Zx) [(ZX ) —x.]

- 28F 1 1)4 s T T—_F
(2x) ol 2x) %5 | s

We now derive the average expectations and average MSE's of the three

variance estimators. Under our model, (1.17), (1.18) and (1.19) reduce to

-2 - -
v, (y ) = (N;E)[Si (oc-:lgl) -2 (atu) + 5121] (2.31)
v X _ X , v
G -E (N;§>[ D, leh), sﬁJ (2.52)
X ) X



111.°

+u!]2
) - wﬁﬁ{ Z[ ] %
n N o0
J s
_' sz (Ot+1-1£)(a+ﬁ:']) ' :
i#j ;;i"Jv .
.
n N . X! 143 505!
| | 3 /s %3 )

‘ 5,2 S terms involving o _
+ (n-1){ n|— -{z |-+ + and u! whose expecta- (2.33)
x1° 143 [RIE! !
J s i s tion is zero. :

Therefore

- (N-n)
ev. (3)= °g
VW= (1) {n"‘ (12)2 J

_ 22 _ . .
Ev,(v,) = = gv, (7,.) _ (2.35)

v () = 2 .(.N_"I_l_)_(_r.%:}_)_{(n_l)Qd2E (n-1) z{___l._____]
37 n°N [(x) %1%

_g‘z z[ L ) + sp|{n=l) z[ = )S—Xij (O
13 (L(0) 7, 10 () (=, 1) ) B e =, 12 )

(sz) +(2:x)2 ) (Zolxtﬂ') ‘
t j s s S :
{‘ | | E—m——- e
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(th) 0 ? ,
-{zz I . . (2.36)
i#j [(ZX)S-gi][(ZX)S—Xj] ‘

Turning to the evaluations of the average MSE's of the variance
estimators, we further assume that the ui are independently and
normally distributed so that

L .22t '
e(uilxi) = 36%x; o . . (2.37)

2.t t
X.X,

b 22 . .
e(uiujlxi, Xj) S 1% i #OJ =1, 2,...,N. | (2.38)

Now

26 ) = EPl i)t ) 2 (e)® |

2.2 b4 =L xu -2
n N X b'd

- hs2e (a+3)> + 282 2.2 (a+u) _pgls  lotu)
X xu §3 u »2 uxu o

h

2 2
e ks : ks®s
(N*ﬂ) X (ah+60(, u2 )-[') + __:_2__ ((12"‘"]-5.2) + Sl)-:. - ____}E__;g_l_ (30' u+1‘1'-3)
n2N2 % x
22 2
2s s s _ s
+ x2u (a+u ) =k XE L' 4| + terms whose average expectatlon
X x
is zero. (2.39)
2\ B (H-n) (n-l)2 g -, -2 “1-,-1, 42
vo(y,.) = [(n-1)(zx}77) ~(z zx! 7% ) _]°
3“ r. nhN2 . J 1#3 i | J s
1Y2(pzi2272)2 ==z, =12,-1,2 _ 129m2y2
+ (n-1) (Zuj X] ) (§¢§u1ujxl X )s + o [h(n l) (zu 3 J )s
(5 prmrnElne -1,2 - =, =2 i -1
+ (z Z{ui+uj}xi ! ) - h(n-l)(z J ) (z z{? +u }x J )S]

i#J ' o _ B idj




16.

- 2(n—l)(Zﬁ!2§!-2) (z mar ) w262 (-1)2 (52 72) (55r%%79)
J d i#j i731 dJ S Jd S Jd s
- )RR (s TR - (L) (2 IR TR (5%R ),
i#3 i#j : J
-1~ - ==, =1=,-1

+ (T zx!” ) (z Zu ulx! “x! ) 1} + terms whose average expectation
igy 3 Sy 131
is zero. (2.40)
Using the formulae given in Appendices I and II, we get, after

considerable simplification,

L L 2 442 |
2=y _ (8-n)2 ) u P Sy o
Evi(y.) = 5542 B + 20°8E | ————
SRE G (2x)" (n-1)%(2x)°
' t+1 ' 2 -2 2
) 2n(Ix )S 2 | 3ns_ ] , (zxt). ) . ns_" | 3ns_ L6, 13
D@, 2T (2] *l@? ex?| @02 T
t t+2 2t+1 L .
+~62E 4 (Zx )s(ZX )s _ 8(2x )s + (Zx ) [ 3SX + .’n2+2n43
@202 ()P, = )} Pe1)?
2 2t 2 t+1
,2m3sy |20, ) 2s, | b= N
| n(n—l)(Zx)i n-1 n(n-l) (Zx)i ~ (n-l)(Zx)
[2(2’”1) ~(x) (m") 30" 3s§(zx’°>s] g 5Ly
O e, TR T (g2 (2.h1)
=l

Evaly,) = }-;1; (7). (2.42)
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—

<l 2 2
g(vg) _X (I\I-n)‘)L én—l) {(n-l)hahE (n—i){Z[——H
‘ n N [(EX)S-'XJ-] s

' | 2 B (2x°)2-2x% (2x%) 4150
_gz 2[ 1 ) i} + 5% 3(n—l)2{2[ X gTH K Vg 1 2
s e

i#3 [(ZX)S—Xi][(ZX)—Xj]J [(zxt)s - xj]l,* J Ss

5 . (th)S[S(th)s-5x1i:-5X§] + 2[X§t+X§t] + 5x§x§1
+ [2+(n-1)7]YZ 2 o o
7] [(x), - % 1°L(x) = =] )

| ot t b by 2t t4))
—,lg(n—l) ] z:[(th )S[(Zx )s - 2x§ ‘- Xj] +x; xixj}
- i#3 [(x), - =, PPl(zx)_ - Xj] J s

ty t t .t _t Dttt tr . ta)9
-2(n-3)dz 3 z[(zx JgL3(mx7) ~5x; -3y -3 T+2lx] +ijk]+3xi[xj+xk]1§
ifi#k [(z:f)s - xi}2[(zX)S - xj][(Zx)s, - x, ] .

t t, t £t t ¢ t: £, £, € tr t. & t. %
+{z s 2[3(ZX )S[(Zx )S-Xi—xj—yﬁi—xl]+2xi[xj+xk+x£]+2xj[xk+x2']+2xk+le{
s

LA [(z0), - ;1) - % 0(0) - (0, <]

2 )4 » (th)s"X‘t:’ 2 )-I-
+ 0“8E{6(n-1)"{ 3 _—lﬂ' + 4[(n-1)%+(n-1)"]
[(Zx)s—x.]f
J s
t, t t . % t ot N
; z[ (o )g'xi_ h 2] s 2<ne1)2,{z z[ b0 )3ty ] 2] |
i#3{[(z) o, PPl () 17 | Ll e D) oy 1)

() "
+ 2(n—l)h{z z[ X 23 XJ 2] §
LA Gx) %, ) [(Zx)s'xj] J s
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) 2( ‘b) ) t_\ t
- 8(n—1)3 )X z[ = i XJ ] - h(n-1)3
: i#j [(ZX) X, ] [(ZX) X ] _
t t : t + |
[ (Zx ) xl--xJ ] - h(n_l)3 ] z[ (zx”) s 7%; ]
s41 [(2x)_)-x, 1°[ (2x) -x, ]J 13 (L (3x) o, 1 (5) =x, ] J

( £y -t .rt.t )
h(zx") -3x./-2[x/+x] :
+4(-1)%) £z sz - = i Xk‘
i#y#k ([ (2x) -x, ] [(ZX)S-XJ][(ZX)S-XK]JG <

( t t t t )
: 2(zx") -2x, -x .~
- h(n—1)3‘5z Iz : S A, M
_ zi#J#kL[(ZX)S—xi] [(ZX)S'XJ][(Zx)s'ﬁ]J .

[ (zx°) —x:-xg f ) 2
(20 o, 1L 2x) -, 1L (Ex) g, ) ) s

- 2(n-1) {z Iz
i#j#k

f

(

1

[ (Zx ) —X
i#i#k [(ZX) X4 ][(Zx) = ] [(zx) -Xk] }

{ (Zx ) —xt—x
i#jfk

+ 8(n—l)2 Iz
[(ZX) X, 12 [(Zx) X ][(Zx) —xk]

T t, t t t _t
52 s Zf | 2(zx )S-xi—xj—xk-%z ) T
i#j#k#l\[(Zx)s—xi][(Zx)s—xj][(ZX)s—xk][(ZX)S-Xz]J <

(. (zx%) —xCx" Y »
+ 2(n—l)25 TLIE T TsTHT , (2.42)
T a0 g 1) o D0 () e DL o, 1)
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The identities given in Appendix III were used in the evaluation
of the multiple-fold summations involved in g(vg).

The average bias of vi(§r) (i =1, 2, 3) as an estimator of

V(§f) is given by

eB(v;) = &v,(y,) ~ eV(7,). o (2.143)
The averagé MSE of vi(ir) is given by
eMsE(v,) = &lv, (7)) - v(F )12 (2.44)

However, the evaluation of aMSE(Vi) is difficult. We therefore

employ the alternative criterion

eMSE*(vi) g[vikir) - eV(S}r)]Q

elv; (7,)1° - 2lev, GOIVE)] # (273,012 (2.45)

which is readily evaluable by using the formulae for E[vi(ir)]g

and Evi(ir) derived above.
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CHAPTER TII
EMPIRICAL STUDY

In this thesis, we examine only six populations and three sample sizes
(n =4, 6 and 8). A more extensive study, however, will appear in
a Technical Report of the Department of Statistics, University of
Manitoba. Moreover, the conclusions presented here are similar
to those derived from the more extensive.sﬁudy. Table 1 shows
the source, nature of the character x, the popula%ion size N and
tﬁe coefficient of variation of x, Cx' Tﬁé populations are arranged
according to increasing ordér of Cx, Whéré N ranges from 49 to 270
and Cx ranges from 0.42 to l.Ol:

To compute the coefficients of a2 and §, in the formulae for
average MSE's or avérage variances of the estimators given in
Chapter II, wé need to draw all the (g) possible samples of x-values.
However, (E) is very large for the population given here and, due to
limitations oﬁ available computer time, we adopted the following
procedure for computing the coefficients: From a given population
ofbsize N 2,000 independent samples, each of a given size n,vwere

drawn at random without replacement and

& ‘
Ceq W o 2000 |
) z h(s) is approximated by £ h(s)/2000, where h(s) is a
s=1 - s=1 -

function of the x~values in the sampie sS. Some preliminary cal-
culations indicate that this approximation is very sétisfactory

for the comparison of the estimators or variance estimators.




Description of the Population (Arfanged in Increasing Order of Cx)

TABLE 1

Source

Pop. No. Nature of the Character N Cx
1 Murthy (1967) p. 131 Length of Timber 176 0.42
2 Biometrika (1959) Vol 46 p. 178 Gamma (h = 2) 100 0.59 -

3 . Sukhatme (1970) p. 256 | No. of Villages in a Circle 89 0.61
. Biometrika (1959) Vol 46 p. 178 Log Normal 100 0.75
Kish (1965) p. 625 ‘No. of Dwellings. 270 0.99

6 Size of Cities in U.S. in 1920 L9 1,01

Cochran (1963) p. 156
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We denote the coefficients of a2 and § in the average MSE of
the estimators by Ar, AB, AT’ AH’ AM,.AQ and by Dr’ DB’ DT’ DH’ DM,
DQ respectively, where the subscript in A or D indicates the esti-
mator. Tables 2, 3 and 4 give the values of the ratios
Ela = AH/AM’ E2a = Ar/AT’ E3a = AB/AT, Eha = AM/AT and-Esa = AQ/AT
and of the ratios for ElS""’EBS’ vhere Eié is obtained from Eia
by replacing A by D (i = 1,...,5). The following conclusions may
be drawn from these tables: (1) Mickey's unbiased estimator is
superior to the Hartley-Ross estimator as Eld is considerably

greater than 1 (especially when C, is large), E., > 1 for t = 0, 1

16

(El6 is considerable for t = 0); for t = 2 we have 0,96 < E 4 21.00

for the first four populations (with moderate Cx) and 0.91 < Eis

for the populations 5 and 6 (with larger Cx)' (2) As expected,

< 0.96

the efficiencies of Beale's and Tin's are virtually equal, expecially

°

when C_ is not large. (3) Tin's estimator is significantly better
than Mickey's as E,, > 1 and, for all t, Eys 2 1. () For t =1

andb2, Tin's estimator is better than Quenouille's as E__ > 1 and

58

0.99 < E. < 2.61; for t = 0, 0.97 < E_, < 1.67T. (5) Tin's esti-

S5a 58

mator is slightly more efficient than the classical estimator as
‘E2d > 1 and, for t = 0, E26r> 1. 'Hbﬁéver, this'efficiency is

reversed for t = 1 and 2, since, for t = 1,'0.95 < E,; £ 1.00,

24

and, for t = 2, 0.82 < E ¢ < 0.98. (6) As n increases, all the

28 _
E-values (excepting El) tend to 1.




TABLE 2

= AQ/AT

Values of: B, = AH/AM’-E20¢ = Ar/AT’ By = AB/AT5 B ;‘AM/AT’ ESa
Ejg = Dy/Dy» Bpg = Dp/Dps Bgg = DyfAqs By = Dy/Dp, Bge = Do/Dy
n=2=4
Coefficient Pop. No. El ‘E2 E3 Eh E5 "Pop. No. El E2 E3 Eh E5
a2 ' 1.96 1.35 1.02 1.22 0.99 2.30 1.22 1.00 1.k8 1.11 -

{t=0 '1.13 1.10 1.01 1.02 0.99 1.79 1.19 1.02 1.06 0.99

s < t =1  1 1.01 0.99 1.00 1.00. 1.01 ' 1.10 0.97 0.99 1.06 1.05
t=2 0.99 0.92 0.99 1.0L 1,02 0.96 0.84 0,97 1.16 1.12

% ' 2.88 1.28 1.01- 1.30 1.02 6.09 1.75 1.09 2.58 2.61

([t =0 - » 1.59 1.16 1.0l 1.02 0.99 5 7.85 1.44 1,06 1.51 1.67
8 < t=1 - 1.04 0.98 0.99 1.0L. 1,02 .52 0.95 0.98 1,12 1.23
=2 : 0.98 0.88 0.98 1.05 1.05 0.91 0.82 0.95 1.27 1.27

o 1.55 1.16 1.00 1.25 1.05 9.06 1.09 0.98 1.72 1.23
t =0 3 1.1% 1.2k 1,01 1.01 0.99 6 11,58 1.16 1.01 1l.12 1.0l

6§/ t=1 1.02 0.98 0.99 1.02 1.02 1.30 0.97 0.99 1.1k 1.07
t=2 0.97 0.87 0.98 1.06 1.06 0.95 0.82 0.96 1.37 1.18

:
IS
!

:

:
i
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,.
R
V
e
:

¥
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¢
i




TABLE 3

Values of: By, = Ay/Ay, Ep = A /Ay, Bu = Ap/h, B o= A/AL B = A /A
Eis = Pu/Py» Bpg = D,/Dps Egg = Dy/Dy, By = Dy/Dp, Ego = Do/,

n=2_8
Coefficient Pop. No. El E2 E3 Eh E5 Pop. Nof :El E2 'E3 Eh E5
' 1.99' 1.14 1.00 1.06 1.00 ' 2,90 1.12 1.00 1.15 1.01
(£t =0 1 1.06 1.05 1.00 1.00 1.00 h 1.50 1.13 1.01 1.00 0.98
6A< t=1 1.01 1.00 1.00 1.00 1.00 1.06. 0.99 1.00 1.01 1.0l
t=2 : »' 1.00 0.97 1.00 1.00 1.00 0.97 0.89 0.99 1.04 1.05
‘ az, | 2.95 1.15 1.00 1.io 0.99 | 13.88- 1.L3 1.03 1.4k 1.14
'f tm=fo | 5 v1.28 1.08 1.00 1.00 0.99- 5 8.39 1.26 1.03 1.05 0.97
;»6 { t =1 _ 1.03° 0.99 1.00 1.00 1.00 1.37 0.98 1.00 1.02 1.03
t=2 . 0.99 0.9% 1.00 1.01 1.01 0.93 0.86 0.98 1.08 1.09
o2 _ 1.87 1.12 1.00 1.09 0.99 8.77 1.02 0.99 1.23 1.08
(¢ =0 : 3 ' 1;0§ 1.08 1.00 1.60 0.99 p 8.20 1.1k 1.01 0.99 0.97
8 <' t =1 | 1.02 0.99 1.00 .1.00 1.00 1,19 0.98 1.00 1.02 '1.02
t =2 0.98 0.93 1.00 1.0l 1.01 1 0.95 0.85 0.98 1.11 1.09




_Values of: Ela = AH/AM, E2a= Ar/AT’ E3a = AB/AT’ B = AM/AT"ESa

TABLE 4

=AQ

Eyg = Ay Ays Bpg= A Aps Egg = Ag Ap, Byoo= Ay Ay, Egs = A Ap

7

n=12
éoefficient “ fop, No., El« : E2 E3 Eh E5 Pop. No. El E2 E3 Eh E5

o 1.9% 1.09 1.00 1.04% 1.00 3.33 1.08 1.00 1.09 1.00

(¢ =0 1 1.0 1.03 1.00 ‘1.00 1.00 4 1.34 1.09 1.00 1.00 0.99

$ < t =1 1.01-1.00 1.00 1.00 1.00 1.05 0.99-1.00 1.00 1.00
t =2 1.00 0.98 1.00. 1.00 1.00 0.98 0.92 '1.oo 1.02 1,02

o® 2,88 1.08 1.00 1.06 1.00 17.1% 1.29 1.02 1.19 0.97

[t =0 5 1.18 1.05 "1.00 1.00 1.00 5 6.20 1.17 1.01 1.01 0.97

8 < t =1 ' 1.02 1.00 1.00 1.00 1.00 1.26 0.99 1.00 1.00 1.01
t=2 1.00 0.96 1.00 1.00 1.00 0.96 0.90 0.99 1.03 1.0k

o® 1.98 1.08 1.00 1.05 1.00 7.7% 1,05 1.00 21.11 1.01.

t =0 3 1.06 1,05 1.00 1.00 1.00 6 5,59 1.10 1.00 0.99 0.98

§ t =1 1.01 1.00 1.00 1.00 1.00 - 1.13 0.99 1.00 1.01 1.01
t =2 0.99 0.95 1.00 1.00 1.01 0.96 0.89 0.99 1.04 1.0k
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The above conclusions are remarkably similar to the analytical
results obtained by Rao and Rao (1971) under the assumption of a

‘garma distribution for x and infinite population size N,

Tables 5, 6 and 7 give the values of the coefficients of a2

and § in the %biases of v,, v, and v as estimators of V(§r). We

1? 2
) . . : 2 .
denote the coefficients of o~ by —Cla’ -Cza and CSa and of §. by
-Clé’ -026 and C36 for. Vis Yy and V3 respectively. We draw the

following»conélu51ons from these tables: (1) vy consistently
underestimates V(§f) whereas Vg consistently overestimates V(§r)

for all t and v, for t = 0 only. (2) Cla > C,, and C. s > Cyp

for t =1 and C , + C o > 0 for t = 0 so that [B(v,)| > |B(v,)]

18 26

for>t =Q0Qand 1. For t =2, C16 C26 so that the comparlson of

IB(v )| with |B(v )| depends on the value of o /6 unless o =0
(i.e., regression approximately through the origin). (3) 030 > Cza

and C35.> -02(s for t = 0, C36 > for t = 1 so that
|B(v,)] < IB(v3)| for t = 0 and 13 for t = 2, Cgy < so that

the comparison depends on o /5. (4) For n > 8, C36 < Cjg for all

<o L a . o A .
t and C3a Clea or,C3a Cie (excepting for n = 8 and population 5)

so that v, may be preferable to vy with regard to absolute bias.

3

We now turn to the mean square errors of the variance estimators

Vis Yy and V3. Here we confine ourselves to examining only the 6?

term in the m.s.e. (denoted by F., F2 and F3) given in Tables 8, 9

and 10 (assuming o 2 0). Tt is clear from these tables that




TABLE 5

Coefficients of o° and § in B(vl), B(vz), B(Y3)
(Original Values Multiplied by 1000 -

Except for Those Indicated by a ¥)

n=1.4
Coefficients pr. No. _cl ..(32 V 03 Pop.. No. -Cl" _C2 0'3

o2 19 1 22 167 107 89
t =0 1 30 17 b1 k2 - 43 158
t=1 166 . 101 o131 52 23° 35
t =2 1197 1778 Lh3 31 Ly 5

o2 b1 .10 57 o - T1h '303 2370
t =0 s . 53 - 27 T8 5 . 382 - 152 1255
t°=v1 | o 75 Lk 60 -~ -.3hko 1925 4138
t =2 151 203 b2 | 75% 116" 21%

o2 Ly .22 Lo ' , | 214 183 59 .
t =0 3 62 - 24 72 i | € 185 - 35 164
$=1 158 78 10k 1% y* 6
=2 148" 9"

555 766 109 ~ 1069%




TABLE 6

2

Coefficients of o and § in B(vl), B(v,), B(V3)

(Original Values Multiplied by 1000
Except for Those Indicated by a ¥)

n = 8
Coefficient . . Pqp..No° . _cl _02 : 03 PoP. No. —Cl | -02 C3:

2

o 3 - 1 2 4o o7 16
t =0 1 7 -3 5 N 27 - 9 20
t =1 Ly 22 23 ) 13 6 T
£ =2 350 k13 135 B 11 15 3

o? 6 -1 - 10 R 108 33 173
t=0 2 10 - 5 9 5 55 - 23 65
t =1 18 -10 11 872 Lhog 627
t =2 N 60 17 30% yo* 13¥

a2 12 6 5 W7 41 Ly
t =0 3 1k -5 9 6 - 27 - 9 o7
t =1 L1 19 19 . 2371 1332 1470
t =2 620%*

170 209 48 Lo6*

83"




TABLE T

2

Coefficient of 0° and § in B(vl), B(v2) and B(v3)

(Original Values Multiplied by 1000
Except for ThoseiIndicated by a *)

v : n =12
_lcqefflc;ént_ - Pop. No. ~Cy -C, _ c3» - .PQP?:NQf ...... - =C) - =Cy ..03»
2 . ' _ . .

o -1 0.2 0.3 11 6 8
t =0 2 - 1‘ 2 8 - L 6

1 ‘ e
t =1 16 9 9 5 3 3
b= 2 130 177 59 ' 57 2.

> . .

o 2 - 0.2 3 -39 11 36
£ =0 3 - 2 3 18 - 8 15

2 ' ‘ ‘ 5
t =1 : 5 4 L 341 185 AN
t =2 1k 26 8 g 19 6
o? | | 3.2 1 3,0 e 20 12
£ =0 be - 2 3 | 13 - 3 8
t =1 1k 8 8 1219 661 Lok

..... t =2

68 . 95 .2k ... . 235" 312" 39"




- TABLE 8

Values of Fi’ Favand F3(Coefficients of 62) in MSE(vl), MSE(ve) and MSE(v

Respectively (Original Values Multiplied by 1000)

3)

n=L |

Fop. o, R B _;33 ~ Pop.No. 5, F3
=0 | b5 . 123 179 | T2 525 1105
=1 1 2224 2460 3994 4 22 32 75
=2 187%  133% o8t ... 1200000 32
=0 49 194 335 0.2 ™ 107"
=1 2 160 189 378 5 50% 8o* 605"
-2 1266 T4 1550 1.3" 0.4 1.5t
=0 50 181 277 86 518 887
=1 3 527 - 643 1192 6 592% 921% 1920*
=2 . SR W g* . o 305t 9f o3t

Original values as is,

" Original values multiplied by 10_5.




TABLE 9

Values of F,, F, and F3'(Coeff1c1ents of 52) in MSE(vl), MSE(VQ) and MSE(V3)

Respectively (Original Values Multiplied by 1000)

n=28

......... Pop. Yo, ~ F, P, F3 Fops Moo T Fa F3
=0 L T 8 5 22 27
-1 i 237 252 306 L 2.5 3 5
=2 22% . 18% 23* 5 2 6
=0 o ‘ 4 9.8 10.9 | o T2 28l
=1 "2 17 19 26 5 5608 7321 ° 20302
=2 a6k us 190 o2t oat 0.3
=0 L 11 12 5 21 28
=1 3 56 63 88 6 61* 0% 139%
=2 1846 1229 2083 y7t 197 571

Original values as is.

Original values multiplied by 1077,




1

Values of F ,,F2

TABLE 10

Respectively (Original Values Multiplied by 1000)

, and F3 (Coefficients of 62) in MSE(vl), MSE(va), and MSE(v3)

Original values multiplied by 10

n =12
.PQPf N9f ........ B T Py Pop. No. Fy Fa F3
=0 - 1.1 1,78 1.8 1 3.6 3.9
=1 1 65 67 76 Rt 0.68 0.73 1
=2 6150 5098 6160 1.5 0.9 1.7
=0 1 2.06 2.1k 1.8 10 13
=1 2 b7 4.8 6 5 1575 1849 3478
=2 4.8 35 k9 T121% 3994* 9502%
t = 0 - 1 2.1 2,2 1 3.8 b
-1 3 15 16 20° 6 15* 17 29*
-2 538 387 571 13" 7" i
Original values as is.
-5
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Fl < F2 < F3 for £t = 0 and 1 whereas F2 < Fl < F3 for t = 2

(Fl/F2 is close to 1 for t = 1 excepting population five, but

F3 is considerably larger than Fl for all t especially when

n < 8 and CX is large). Consequently, v, is the least stable;

3

- v, is more stable than v, when t = 0 and 1 and, for t = 2, v

1 2 2

is more stable than vl. It ﬁay be notéd, however, that Vo has

smaller absolute bias than vl for t =0 of 1 and the converse

°

result for t = 2.
Tke above conclusions are again similar to those obtained
by Rao and RaoA(l971) assuming the gamma distribution for x and

infinite N.

Concluding Remark

An important conclusion from this study is that the results
on efficiency of estimators (and to a lesser extent on the variance
‘estimators) are fairly insensitivertolthe distribution of x~-values
in the population. . This result is very encouraging because one
could get'analytical results, by assuming a gamma distribution

for x, along the lines of Rao and Rao (1971).
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APPENDIX I

SOME IDENTITIES USED IN THE DERIVATIONS
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23-:

24,

25.

- 26.
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26.

e[ (201/%12)2] = (ze [} /x ]) + (2 Ze[uu /7! x' ])
d 4 8 1¢J
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- APPENDIX II

Some formulae used in the derivations (assuming the model).
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(CREICUEY s 6[{ 2(2x%) - (b + vl D)

G }{(ZX) EANCIE RGN _;{J
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22.

23.

2k,

25.

26.

27.

28.

a2+ @ o | 20xM)_ - (2P + 1)
el 2= = 1) 5
] - -
X7 X {(zx) - %} {(zx)

S ; bt
£ Eiﬁgi—j;——%1 = (n—l)QG{: 2(ex )S'f (231 Tyt Xk) —]

EEE e e R T
- <F
' (Z )

e :";JTE = (n-1)% e —l
525 (), - %,3%00x), - x, }J
S - t _ N

B B N S il ]
% ;cJ;k {(Zx)s-xi}{(Zx)s—xj}{(Zx)s-xk-}_l

| (2xf)_ - 5

£ (n-l) s : X\'J ]

. 1' 5— {(ZX) - xi}{(EX)__s~— xj}J .
- -2 o

€ _._lij.__ = (n—l) 5 . (ZX ) J ‘-I
o'} '72 bt
’_f‘i 3 %% {(zx) %5 }{(Zx) X } {(Zx) -xk_l

ar ar 5 (th)S - (XE + x%) _]
s-—%—lé- = (n-1)<8 J

5 5 |tz - 2 3P0, - x)?)
[~ Sr oo ) | t - t t _
el —1 | o (n1)2s = _)S it +, ) _,
=% =) & . {(zx)s-xi}g{(ZX)S-XJ}{(zx)S_Xkﬂ
B 5 (2x°) - (x] + x7)
€ E{E'-'Eé - (n-1)"8 (ZX) X }{(Zx) Xy }{(Zx) —xk}{(Zx) -x _J, ;
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Assuming further that the errors u; are independently and

normally distributed so that

L _ 22t
e(uil_xi) = 367

and

2 2 2+t t
e(uf uSlx,, x,) = 6°x.x,,
i 4 1 dJ 1J

we get

29. el(zw)] = 36%(3s%)>

30, el(za)2(3u)2] = 627 (2x%)_(25%2)_ 4 2(z*)2)

L. el(zu®)2] = 67102 + 2(257) ]

32, el(zxu) (2u)3] = 36°(a®) (2"

33. e[(2u2)>s(2u)§]‘ = 52[(25)2 + 2(?X2t)s]
3he el(ma) (20°) (2u) ] = 620 (5x®)_(5"") + 2(22%T) 1

| Lo I
35. el =387 3
{““s‘ﬁ}J

3. o|t oL S
), - %120, - ) |

az%zj o[ (555) 3050) -5 (aErt o (Z 02 it
=34

t

{(ZX)-s - xi} {(ZX)S - xj}{(ZX)S - xK}

12"'|"| V
37. e i_ g’uk} - 6 (Zx ) {3(ZX ) —Sx —3( +xk)}+2 +3x (x +xk)+2x X




38.

39.

32.

-,3= ty t t t 2t t t
1 4 1 - -

‘ui u! ) 62'(2}: )S{(Zx )s 2xi Xj} +x; 4+ Xin

- 3_'

3 T
| | e, - 1%, -

i jﬁi k [;(Zx ) {(Zx ) —(x +x +xk+x )}+2x (x +xk+x )

EEE L{(Zx) - (30 o () g H5m) )

_ - 2x (xk+x )+2ka
{(ZX) -x, }{(Zx) -xy H(zx) —xk}{(Zx) -x, ¥
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APPENDIX ITT

The following relationships have been used in the computation

of the multiple-summations in €(MSE v3):

1.

4

T 1% T (Za;)(zb;) - Za,b,
§¢§#§-3ibjck:§ (fa,)(Zb,)(Ze,) - [(Zai)(Zbicij + (b, )(3ac.)

+ (Zci)(Zaibi)] + 22aibici

i#?#ﬁ#i aibjckd2 = (Zai)(Zbi)(zéi)(zdi) + 2[(Zai)(2bicidi)

+ (ibi)(zaicidi) + (Zci)(Zaibidi) + (Zdi)(Zaibici)]
- [jzai)(Zbi)(ZCidi) + (Zai)(Zci)(Zbidi) + (Zai)(Zdi)(Zbici)

. (zbi)(zci)(zaiai) + (3b,)(28,) (Tage,) + (Tc,) (34, )(Zab,)]

+ : - a..
(Zaibi)(Zcidi) + (Zaici)(Zbidi) + (Zaiai)(Zbici)_. 6Eaibicidi
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" APPENDIX IV
COMPUTER PROGRAM

The computer program given here consists of a maln program and
five subroutines. The main program generates 2,000 random samples
each of a given sample size n for any given population. The random
sample generator is the IBM Subroutine RANDU which generates pseudo-
random numbers from a uniform distriﬁution."The pseudo-random
numbers begin to repeat themselves after approximately 50,000
selections.' To overcome this drawback, a new starting position
IR is read into the generator for each new population (after 6,000
selections):

The flowchart for subroutine SUBX1 shows the calculation of
the vector A which contains the different terms u;ed in the three
estimators explained in the program. The vector A(IJ; IP) was
partitioned into two parts as it was found that round-off errors
were large for certain terms. TERMS(l) had no round-off err;r
for n < 3 and only required a minor.adjustment for n = 3 (where
sTOT(1) = (Zx)s was divided into all terms). TERMS(2) showed a
higher degree of discrepancy, so STOT(2) = (ZXE)S was neede& as
é stabilizing factor. The proper factor STOT(I), I =1, 2 was
re-entered after the roundquf error had been overcone.

The flowcharts for subroutines SUBX2, SUBX3, SUBX4, and SUBX5

-are not shown, as their logic needs no external explanation.




FLOWCHART FOR MAIN PROGRAM

POPVAL (NTOT)

35.
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FLOWCHART FOR MAIN PROGRAM
(continued)

-INITIALIZE
TERMS

IH =0

IH - 2000

CALL
SUBX1




FLOWCHART FOR SUBROUTINE SUBX1

STOT(I)
I=1,7

(1)

I:
=5
I= INITIALIZE
b
= 3 A(T,T)
TERMS

37.

TERMS
(2)
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COMMON/ZAAAA/ XXXA{
COMMOMN/BBBB/ SAM,
COMMON/CCCC/ BLUE, BLACK
CCMMD*M/DDDD/ TITLE(18),y NTOT, CV
COMMON/EEEE/ ALFAL, ALFA2, ALFA3,
1 BCO&F1(3), BCOEF2{3), BCOEF3(3),
COMMON/FFFF/ BCOEAV(3), ALF1X4, ALF2X4, ALF3X4, ALSQl, ALSQ2Z2,

12)
SAMSIZ, SAMSAM,

S1ly S2, SS1

ALFA4, ALFAS5, ALFA6, ALFAlSB,
BCUEF4{3), BCGOEF5(3), BCLOEF6(3)

1 ALSQ3, ASQD1(3), ASQD2(3), ASQD3(3), DELSQl(3),
2 DELSQ3{3}, DELTAl1{3), DELTA2(3},
COMMON/GGGG/ PTQOT(2), PTOTL, PTOT2, PPTOT, ANTOT, AANT, Al, ATI1,

1 VARPQOP, POPVAR

DELTA3(3)

DIMENSION POPVAL{(270), IRN(12}), JJ(12)

INTEGER SAM

NTOT — POPULATION SIZE

DELSQ2(3),

SAM - SAMPLE SIZE
READ (5,2,END=20) NTOT, SAM, NNN, MMM
FORMAT (41I5)
LR -~ 0ODD NUMBER USED TO GENERATE RANDOM NUMBER GENERATCR

IF (NNN.NE.1) GO
READ (5,3) LR
FORMAT (19)

10 4

TITLE — VECTOR CONTAINING HEADINGS FOR EACH NEW POPULATION

IF {MMM.NE.1) GO

70 10

READ (5,5) (TITLE{I),I=1,18)

FORMAT (18A4)

PUPVAL — VECTOR CONTAIMNING THE POPULATION VALUES

READ (5,6) (POPVALA{I),I=1,NTOT)

FORMAT (16F5.0)

PTOT — VECTOR OF LENGTH 2 CONTAINING POPULATION CALCULATIONS
PTOT(1) - SUM (XI)

PTOTH(

DO 7 I = 1,2
PTOTI{I) = 0.0

DO 9 I = 1,NTOT
PI = POPVAL{I)

PA = PI

DO 8 J = 1,2
PTOT(J) = PTOT(J)
PI = PI*PA
CONTINUE

PTOTL = PTOT(1)

"o

PTOT2 = PTOT(2)

2) = SUM (XI%*%x2)

+ Pl
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PPTCT = PTOTI*PTOTL
ANTOT = NTOT ,
AANT = ANTOT*ANTOT
Al = NTOT - 1
VARPCP - POPULATION VARIANCE
SDPOP - POPULATIGN STANDARD DEVIATION
cv - COEFFICIENT OF VARIATION
VARPOP = (ANTOT%PTOT2 — PPTOT)/(A1*ANTOT)
SDPOP = SQRT(VARPQOP)
CV = ANTOT*SDPOP/PTOTL
AT1 = AL*PTOTL
AAT = ATI*AT1
POPVAR = ANTOT®VARPOP
10 SAMSIZ = SAM
SAMSAM = SAMSIZ*SAMSIZ
S1 = SAM - 1 »
S2 = SAM - 2
$S1 = S1%*S1
BLUE = 1.0/SAMSIZ — 1.0/ANTOT
BLACK = BLUE*BLUE .
INITIALTZE ALL TERMS
ALFAl = 0.0 )
ALFA2 = 0.0
CALFA3 = 0.0
ALFA4 = 0.0
CALFAS = 0.0
ALFA6 = 0.0
ALSQLl = 0.0
ALSQ2 = 0.0
ALSQ3 = 0.0
ALFLX4 = 0.0
ALF2X4 = 0.0
ALF3X4 = 0.0
DO 11 I = 1,3
BCOEF1(I) = 0.0
BCOEF2{I) = 0.0
BCOEF3(I) = 0.0
BCOEF4(I) = 0.0
BCOEF5(1) = 0.0
BCOEF6{1I) = 0.0
DELSQIL{I) = 0.0
DELSQ2(I) = 0.0
DELSQ3(I) = 0.0
DELTAL(I) = 0.0
 DELTA2(1) = 0.0 .
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11

12

13

14
15

16
17

18

19

20

DELTA3(I) =

ASQD1(I)
ASQD2(1)
ASQD3 (1)

iH

IH
IF
DO
LR
IF
LR
RL
RL

IRN(I) = RL*ANTOT + 1.0

IF
IF
Il
bo
IF

1
o
.
o

W
SO0
(oo N o]

THIS SECTION GENERATES 2000 RANDOM SAMPLES
TAKEN WITHOUT REPLACEMENT
XXX — VECTOR OF LENGTH *SAM' CONTAINING THE SAMPLE VALUES

=0

= IH + 1 _

{IH.GT.2000) GC TO 19

18 1 = 1,5AM .

= LR%65539

{LR) 14,15,15 :

LR + 2147483647 + 1

LR . ]
RL* .4656613E-9

{IRN{I).EQ.{NTOT+13) GO TO 13
({I.EQ.1) GC TO 17 '
=1-1

16 K = 1,11
{IRN{I).EQ.IRN(K}) GO TO 13

CONTINUE

Il

= IRN(I)

XXX{1) = PCPVAL(IT)
CONT INUE

CALL SuBX1

GO TG 12
CALL SuUBX4

- GO

sToP
END

TO0 1
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SUBROUTINE

SusXl1

COMMON/AAAA/ XXX (12) :
COMMON/BBBB/ SAM, SAMSIZ, SAMSAM, S1, S$2, SS1

 COMMOM/HHHH/ QV1, QV2, QV3, QV4, QVS, QV6, QVT, QV8, QV9, QV1O0,
1 QVlil, Qvl2, QVv1i3, QVl4, QV15, QVle, QV17, QV18, QV19, QV20,
2 QVv2l, QV22, QV23, QAL{2), QA2(2), QA3(2), QA4(2), QA5(2),
3 QA6(2), QAT(2), QA8(2), QA9{2), QAL10(2), QA11(2), QAL2(2),
4 QA13(2), QAl4(2), QAL5(2), QAl612), QALT(2), QAL8(2), QA19(2),
5 QA20(2), QA21(2)

COMMON/IIII/ STOT(7)y SSTOT, ST1l, SST, S2TGT, SVAR, SAMVAR, SSVAR
COMMON/JJJI/ Ql, Q2 Q3, Q4y Q5 Q6 Q7

DIMENSION

EQUIVALENCE
1

A(54:4),

X{5

)

{B1yA{141))+4(B2,A02,1)),(B3,A(3,1))+(B5,A(5,1)),
C{CL1yA{142))4{C2,A(252)),(C3,A(3,2))4+(C5,A(5,2)),

2 (D19A0193)),(D2,A{243))4({D3,A13,3)),(D5,A(5,3)),
3 : , (E1lsA{L1y4)) 4y (E24A(244))4y(E3,A{354)),{E5,A(5,44))
EQUIVALENCE (STOT1,S5T0T(1)),(STOT2,STCT{2}))
INTEGER SAM
STOT - VECTOR 0OF LENGTH 7 CONTAINING SAMPLE CALCULATICNS
STOT(1) - SUM (XXX({T})
STAT{2) - SUM {(XXX{TI}*%x2) °
STOT(3) — SUM ([XXX{I}*=%3)
STCT{4) — SUM {XXX{I)**4)
STOT(S) — SUM (XXX{I)*%5)
STOT{(6) — SUM (1.0/XXX(I)})) :
STOT(7) — SUM (1.0/7{XXX(I)*%%2)}) .
DO 1 I = 1,7
1 STOT(I) = 0.0
DO 2 I = 1+,SAM
XT = XXX(1)
XH = XT
STOT(1) = STOT(1l) + XT
STOT(6) = STOT(6) + 1.0/XT
XT = XTxXH '
STOT(2) = STOT(2) + X7
STOT(7) = STOT{7) + 1.0/XT
XT = XT*XH
STOT(3) = STCT{(3) + XT
XT = XTxXH
STOT(4) = STOT{4) + X7
XT = XT*XH
2 STOT(5) = STCT(5) + XT
SVAR — SAMPLE VARIANCE
SSTOT = STOT1%STOT1 -
ST1 = S1%STOT1 °
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SST = ST1%ST1

S2TOT = STOT2%STGT2

SVAR  ={SAMSIZ%STGT2 - SSTOT)/(SL*SAMSIZ)

SAMVAR = SAMSIZ*SVAR

SSVAR =(SSTOT — SAMVAR}/SSTOT

A - VECTOR CONTAINING THE DIFFERENT TERMS USED IN

MICKEY'S, QUENOUILLE'S ‘AND TUKEY'S ESTIMATORS.
THE EQUATIONS ARE SET UP ALONG THE LINES SHOWN
IN APPENDIX III.

D0 13 K = 1,2

IF (K = 2) 34,4

MAR = 1

MOP = 3

60 TO 5

MAR = 3

MOP = 5

DO 7 I = MAR,MOP

DO 6 J = 1,4

A{IsJ) = 0.0

CONTINUE

DO 10 IJ = MAR,MOP
IF (1J.EQ.4)Y GO TO 10

J=1J-1
DO 9 I = 1,5AM

XI = XXX(I)

SXI = STOTL - XI

SXJ = SXI

IF (IJ.6GE.3) SXI = {STOT1 = XI)*STOT(K)
X{IJd) = XI*%xJ :

DO 8 IP = 144 :

ALTJ,IP) = X{IJI/SXI + A(T1Jd,1IP)

SXI = SXI*SXJ

CONTINUE

CONT INUE

IF (K — 2) 114124512

W0 = Bl*Bl - Cl

WOl = B1¥82 - C2

QVL = SS1xCl

QV3 = S1xCl

QV5 = SS1%W0

QV8 = S2%W0

QA2(1) = STOT1#Cl - C2
QA6(1) = STOTI*WO — 2.0%W0l1
Ql = Bl

Q2 = C1

Q4 = WO - »
Q5 = STOT1%*WO - 2.0%*WO01
IF -(SAM.LT.4) GO 7O 13
Wl = Cl¥C1 - €l

W1l = C1%C2 - E2

W12 = C1%C3 - E3
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Wls C2%C2/ST0T1 — E3

W2 = Bl%Dl - E1

W21 = Bl1*D2 - E2

W22 = B1*D3 - E3

W24 = B2%D1 - E2

W26 = B2%D2/STOT1 - E3

W3 = Bl*B1*C1l - C1*Cl - 2.0%Bl*Dl1 + 2.0%El

W3l = BLl*B1%C2 - C1%C2 — 2.,0%B1*D2 + 2.0%E2

W32 = B1*B1*C3 - Cl*%C3 - 2.0%B1*%D3 + 2.0%E3

W34 = B1l*B2%Cl - C1l%C2 - B2*DLl - B1%*D2 + 2.0%E2

W36 =(B1*B2*%C2 - C2*%C2 - B2*D2)/STOT1 - B1*D3 + 2.0%E3

W38 ={(B2%B2%C1 - 2.0%B2%D2)}/STOT1 - C1*C3 + 2.0%E3 ;

W4 B1*B1*B1*81 + 8.,0%B1l%DlL — 6,0%B1*B1*Cl + 3.0%C1*Cl - 6.0%El
W4l = Bl*B1l*B1%B2 + 2.0%B2%D1 + 6.0*%B1%D2 —~ 3.0%B1*B2*C1 -

1 3.0%B1*B1%*C2 + 3.0%C1*C2 - 6.0%E2 ‘

W43 =(BLl*B1*B2%B2 + 4.0%B2%D2 - B2*%B2%(C1 - 4.0%B1*B2*xC2 +

: 1 2.0%C2%C2)/STOT1 + 4.0%B1%D3 - BI*B1*C3 + C1*C3 - 6.0%E3
c , L
QV2 = {(3.0%SAMSAM -~ 6.0%SAMSIZ + 3.0)*E1l
- QV4 = S1*E1
QV6 = (3.0%SAMSAM — 10.0%SAMSIZ + 9.0) %Wl
QV7 = {3.,0%SAMSAM - 9,0%SAMSIZ + 6.0)%*W2
QV9 = {4.0%SAMSIZ - 6.0)=Yl
QV10 = (2.0%SAMSIZ - 3.0)*W2
QV11l = S1xWl
CQV12 = S2%4W2
QV13 = S1%*4W2
QV14 = S2xW1
QV15 = {(3.0%SAMSAM — 11.0%SAMSIZ + 10.0)*W3
QV16 = (4.0%5AMSIZ — T.0)1%%W3
QV17 = (2.0%SAMSIZ - 4.0)%*W3
QV18 = 52%W3 C
QV19 = S1*W3
- QV20 = S2%W3 :
QV21 = {3.0%SAMSAM -~ 12.0%SAMSIZ + 12.0)*W4
QV22 = (4,0%SAMSIZ - B8.0)*%W4
QV23 = S2%W4
C ’ :
QAL(1) = 3.0%STOT1*(E3 - 2.0%E2 + STOT1*El)
QA3(1) = STOT1I*El - E2 - .
QA4{1) = STOTLI*{4.0%W1l2 + 5, 0%W14 — 10.0%Wl1l + 3,0%STOT1%Wl)
QAS{1) = 3.0%STOT1I*{(W22 + W26 — W24 — 2.0%W21 + STOT1*wW2)
QA7(1) = 4.0%STOTLl*WL - 6.0x4W11
QA8(1) = 2.0%STOT1*®W2 — 2.0%W21 - W24
QA9(1) = STOT1*Wl — W1l
QAIO0({1) = STCTLl*W2 — W21 - W24
QAL1(1) = STOTLI*W2 = W21
QA12{1) = STOT1*Wl - 2.0%W1l | .
QA13(1) = STOTL*{2.0%(W32 + W38 + 3.0*N36) - 5.0%%W31 ~ 6.0%W34 +

1 3. O»STOTI*WB)
QAl4 (1) 4.0%STOTLIAW3 — 3.0%W31 — 4.0%W34

QA15{1) = 2,0%STOT1%*W3 — 2.0%W31 — 2.0%W34
QA16{1) = STOTL*W3 - 2.0%W34 °
QA17(1l) = STOT1%W3 — W31

QAL18(1) = STCT1%*W3 — W31l - W34

QAl9{1) =

3,0%STOT1%(4.0%(W&3 ~ Wal) + STOTi%xuwWs)



12

13

W13
W15

W32

1

1

QA20(1)
S QA21(1)
GO TO 13

W02
QA2(2)
QA6(2)
Q3
Qb6
Q7

STOT1%W4 —

B1*%B3 - C3
STOT2%(C1 - C3)
STOT2*(WO — 2.0%W02)
STOT2*(C1 — C3)
STOT2*{W0 - 2.0%4W02)
STOT2*{B1 - 83)

2.0%441

IF {SAM.LT.4) GO TO 13

Wlz2

W22
W23
W25
W27

W33
W35
W37
W39
W42

(O L T T T 1T O DO (O | O 1 B

Wht

C1%C3 - E3
CL*C5 - ES
C3%C3%STOT2 - ES
B1#D3 - E3
BL*D5 — E5
B3%D1 - E3
B3*D3*STOT2 -
B1%B1*C3 — C1%C3
B1¥B1%*C5 - C1%C5
B1#B3%C1 — C1%C3

ES5

"4 40%STOTLXW4 — 8.0%44l

- 2.0%B1%D3 + 2.0%E3

- 2.0%B1%D5 + 2.0%E5

- B3%D1 - B1%D3 + 2,0%E3

2.0%E5 — BL%D5 + STOT2%(B1*B3%C3 — C3%C3 — B3%0D3)
2.0%E5 — C1*C5 + STOT2%{B33%83%C1l — 2.0%B83%D3)
B1#B1%B1%83 + 2.0%B3%D1 + 6.0%B1%D3 - 3.0%B1#B3%Cl -
3.0%B1%B1%C3 + 3.0%C1%*C3 - 6.0%E3
4.0%B1%D5 — B1*B1%C5 + C1*C5 -

B3%#B3%C1l + 2.0%(C3*C3 + 2.0%{B3%D3 — B1*B3%*C3)))

QAL{2)
QA3(2)
QA4{2)
QAS5(2)
QAT(2)
QaB(2)
Qa9(2)
QA10(2)
QALL(2)
QA12(2)
QA13(2)

Wowon o on

QAl141(2)
QA15(2)
QA1612)
QA17(2)
QA18(2)

QA19(2)

T QA201(2)

QA21(2)

CONTINUE

CALL SUBX2

RETURN

- END

(LI T (O T AN LI | O 1

W12)

STOT2% (W2 = W22 -
STOT2% (W2 — W22)°
STOT2%(Wl — 2.0%W12)

STOT2#(2.0%({W33 + 3.0%

2.0%%W35)

5.0%W32

W25)

))

STOT2%{4.0%{W3 - W35)
2.0%STOT2% (W3 - W32 - W35)
STOT2*%{W3 — 2.0%W35)
STOT2%{W3 — W32) ’

STOT2%( W3 — W32 — W35}

3.0%STOT2%(ES5 + STOT2%(E1 — 2.0%E3))
STOT2%(E1 — E3)
STOT2%(4.0%Wl3 + 5,0%W15 + STOT2%(3.0%Wl — 10.0%W12)})
3.0%STOT2%{W23 + W27 + STOT2*(W2 -~
2.0%STOT2%{2.0%Wl — 3.0%W12)
STCT2%(2.,0%{W2 — W22) = W25)
STOT2%{Wl -

2.0%W22 — W25})

W37 + W39) + STOT2*%(3.0%{W3 ~-

- 3.,0%W32)

3.0%STOT2*{4.0%W44 + STOT2k{W4 — 4.0%W42))
4,0%STOT2% (W4 — 2.0%W4a2)

STOT2%(Wa — 2.0%W42) °

6.0%E5 + STOT2*{B1*B1*B3*%B3 -
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SUBRGOUT INE

SUBXx2

COMMON/BBBB/ SAM, SAMSIZ, SAMSAM, Sl1, S2, SS1
COMMON/FFFF/ BCOEAV(3), ALFL1X4, ALF2X4, ALF3X4, ALSQl, ALSQZ,

ALSQ3,

AS

QD1{3), ASQD2(3), ASQD3(3), DELSQ1(3), DELSQ2{(3),

DELSQ3({3)}, DELTA1(3), DELTA2(3), DELTA3(3)

COMMON/GGGG/ PTOT(2), PTQTL, PTOT2, PPTOT, ANTCT, AANT, Al, AT1,

POPVAR

COMMON/HHHH/ QV1, QV2, QV3, QV4s- QV5, QV6s QV7, QV8, QV9y QV10,
Qv1il, QVv1i2, QV13, QV14, QV15, QV16, QV17, QV18, QV19, QV20,
QV21l, QV22, QV23, QAl1{2), QA2{2), QA3(2), QA4(2), QA5{2),

VARPOP,

1

2

3 QA6(2), Q
4 QA13(2),
5 QA20(2),

AT(2), QAB(2), QA9(2), QALO(2), QAL1L{2), QA12(2),
QA14(2), QA15(2), QA16(2), QALT7(2), QALB(2}, QA19(2),
QA21(2)

COMMON/IIII/ STOT(7}, SSTOT, STl, SST, S2TOT, SVAR, SAMVAR, SSVAR
COMMON/KKKK/ AMOTHR
‘EQUIVALENCE

1

" AMOTHR

1

1
1

1

1
1

1
2

(STOTI;STGT(I))'(STpTZ,STDT(Z)),(STDTB;STDT(B)):'
{STOT4,STOT(4)),(STOT5,STOT{5))

DIMENSION DELINT(3), ASQINT(3), DELSQA{3)

INTEGER

SAM

"FIRST AND SECOND VARIANCES (PRELIMINARY CALCULATIONS)

AL INT

FATHER
CARPET
RUGG
AMOM

oo

1]

SAMSAMXSAMVAR*SAMVAR/({SSTOT*SSTOT)

SA
AM

2

2.

MSAM=PPTOT/{AANT*SSTOT)
{GTHR*AMOTHR :
0/SS1 + SAMVAR/SSTOT*(3. O*SAWVAR/SSTOT + 6,0/S1 + 1.0)
0/S1 + 3.0%SAMVAR/SSTOT

3 ,0%SVAR%SVAR/ (SSTOT#SSTOT) + (SAMSAM + 2. 0%SAMSIZ + 3. O)/
{SAMSAM%®SS1) + 2.0%{SAMSIZ + 3.0)%SVAR/{SAMSIZ*SSTOT*S1)

DAD = 2.0%{SAMSIZ + 2.0)/{SAMSIZ*SS1) *+ 4.0*SVAR/{ST1*S5TQT1)

ASQINT(L)
ASQINT(2)

ASQINT(3)

DELINT(1)
DELINT(2)
DELSQAL])

DELINT(1)

DELINT(2)

DELSQA(2)

4,0%¥SAMSAMRSTOT2/SST — 4.0%SAMSIZ/S1*RUGG +

2.0%5SAMSIZ*CARPET

4 ,O%SAMSAMKRSTOTI/SST — 4.0%SAMSIZ*STOT2/ST1*RUGG +
2.0%STOTI*CARPET : _ :
4 0%SAMSAMXSTOT4L/SST = 4,0%SAMSIZ*STOT3/STL*RUGG +
2.0%STOT24%CARPET

4 0%SAMSTIZ*STOT2/SST — 8.0%STOT1/{(ST1*S1) +
"SAMSAMEAMOM

SAMSIZ®DAD # STOT1*((8.0%STOT1 = 4,0%SAMSIZ*STOT1)/
SST — 12.0/(S1%ST1l) °— 12.0%SAMVAR/{ST1*SSTOT))
DELINT(I) + DELINT{(2)

4 ,0%STOT1*STOT3/S5S5T — 8. O*STOTB/(STI*SI) + SSTDT*AWDN
STGT2%DAD + STOT2%((8.0%STOT2 - 4.,0% SSTOT) /SST -
12.0%STOTL/(SAMSIZ*%S1%ST1) —- 12.0%STOT1*SVAR/ ’
(ST1*SSTOT))

DELINT(1) + DELINT(2)

o
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s eNaNg

oo

1
2

1

2
3

1

HVN =

2
1

CALINT

CALSQL
LALSQ2

L6.

DELINT(1) = 4.0%STOT2%STOT4/SST — 8.0%STOTS/(ST1*S1) + S2TOT*AMOM ..
DELINT{2) = STOT4*DAD + STOT3*{(8.0*570T3 - 4 ,0%STOT2%STOT1)/SST -
12.0%STOT2/{SAMSIZ%S1%ST1) — 12.,0%STOT2*SVAR/

{ST1%SSTOT})
DELSQA(3) = DELINT{1) + DELINT(2)
ALF1X4 = ALINT + ALF1X4 -
ALF2X4 = ALINTXFATHER + ALF2X4
DO 1 I = 1,3 e
ASQDI(I) = ASQINT(I) + ASQD1{I}
ASQD2{I) = ASQINT(II*FATHER + ASQD2(I)
DELSQL(I) = DELSQA(I) + DELSQL(I)
DELSQ2(1) = DELSQA{I)*FATHER + DELSQ2(I)

THIRD VARIANCE {PRELIMINARY CALCULATIONS)
IF {SAM.LT.4) GO TO 3
BOOK = 1.0/SAMSIZ*(S1*QV1l - Qv5)

ALF3X4
ASQD31{1)

BOOK*BCOK + ALF3X4

8.0%QV20 + 2.0%QV23 — S1*(4.0%QV12 + 2.0%QV18 +
4.,0%QV13 + 2.0%QV19 + 8,0%QV10 + 4.0%QV17 - S1*
(6.0%QV4 + 2.,0%QV1I1 + 4.,0%QV14))) + ASQD3{1)

DELSQ3(1) = (SS1%¥QV2 + (SS1 + 2.0)*QVé6 + (4.0 ~ 2.0%S1)%QV15 *+

QV21 - 4.0%S1%*QV7)/SAMSAM + DELSQ3(1)
DO 2 1 = 2,3 :

J =111
ASQD3({1) = SS1/SAMSAM*(2.0%QAT(J) + 4,0%QA14(4) + QA20(J) +
4.0%QA12{J) + 8.0%QA18(J) + 2.0%QA21(J) - Si*x
(4.0%QA10(J) + 2.0%QA16(J) + 4.0%QA1L{J) + 2. 0%QA1
+ 8.0%QA8(J) + 4.0%QA15(J) — S1*{6.0%QA3(J) ¢+ 2.0%QA9{J}
+ 4.,0%QA12{J)))) + ASQD3(I)}

DELSQ3(1) =(SS1%QA1{J) + (SSL1 + 2.0)*%QA4(J) + (4.0 - 2.0%S1)=*

QA13{(J) + QAl19(J) - 4.0*51?QA5(J))/SAMSAM + DELSQ3{(I)

°

FIRST AND SECOND BIASES (PRELIMINARY CALCUALTIONS)

HOME = {(STOT2 + SSTOT)/(ST1*STATL)

= SAMSIZ/S1*(SAMSIZ%STOT2 — SSTQOT)/SSTOT
DELINT(1) = SAMSIZ*HOME - 2.0/S1
DO 4 1 = 242
J=1-1

DELINT(I) = STOT(J)XHOME — 2.0%STOT(I)/STI1
AL INT + ALSQ1L ° T
ALINT*AMOTHR + ALSQ2 -
DO 5 1 = 1,3 °

DELTAL(I) = DELINT(I) + DELTAL(I} -~ . -
DELTAZ2(1) DELINT({I)*AMOTHR + DELTA2(I1)" °

]

([ ]

THIRD BIAS (PRELIMINARY CALCULATIONS)

.o

SS1/SAMSAM®(2.0%QV9 + 4.,0%QV16 + QV22 + 4.0%QV14 +




DEAD = PPTOT*S1/(AANT®*SAMSIZ)

ALSQ3
DELTA3(1)
DO 6 1 = 2
J=1-1
DELTA3(1)
CALL SUBX3
RETURN

END

0o

-

3

DEAD*(S1%QV1 — QV5) + ALSQ3
DEAD*(S1%QV3 — QV8) + DELTA3{1)

DEAD*{S1%QA2{J) — QA6(J))} + DELTAZ(I)




OOMOON [N

OO

SUBROUTINE SUBX3

COMMON/BBBB/ SAM, SAMSIZ, SAMSAM, S1, S2, SS1
COMMON/CCCC/ BLUE, BLACK

. COMMON/EEEE/ ALFAl, ALFA2, ALFA3, ALFA4, ALFAS5, ALFA6, ALFA1B,

1

1

1

1

PPE

1

BCOEF1(3), BCOEF2(3), BCOEF3(3), BCOEF4{3), BCOEF5(3), BCOEF6(3)
COMMON/GGGG/ PTOT(2), PTGT1, PTOT2, PPTOT, ANTOT, AANT, Al, ATI1,

VARPOP, POPVAR

COMMCN/IYTII/ STOT{7), SSTOT, STl SST, S2TOT, SVAR, SAMVAR, SSVAR

COMMON/JJJII/ Qs Q2, Q3, Q4y Q5 Q6, Q7
COMMON/KKKK/ AMOTHR

 EQUIVALENCE (STOTL1,STOT(1)),(ST0OT2,STDT{2}),{STOT3,STOT(3)),
1
2

(STOT4,STOT(4)),(STOT5,STOTI5)),(STUT6,S5TOT(6)),
{(STOT7,STOT(T))

REAL MBl, MB2

INTEGER SAM

CLASSICAL RATIO ESTIMATOR
ALFA1B - BIAS ACLCULATIONS

SAMSIZ*PTOT1
ANTOT*STOT1L

BED - DEB
BEDDEB*BEDDER

BED
DEB
BEDDES
BBEDD

oW
"

ALFA1B = BEDDEB/DEB + ALFA1B

ALFAl = BBEDD/(DEB%DEB)+ ALFAl .

BCOEF1(1) = BED/(ANTOT*DEB)*(PTOTL/STOT1-2.0) + 1.0/ANTOT +
BCOEF1(1)

PTOTL/AANT*(PTCTL-STOT1)/STOT1l + BCOEFL{2)
STOT2%PTOTL*{PTOT1-2. O*STOTI)/(DEBmDEB) +
PTOT2/AANT + BLOEF1(3)

BCOEF1{2)
BCOEFL(3)

it

BEALE

= STOT1*PTOTI

ANTOT - SAMSIZ

PPAXSAMVAR B

PPAXPPB

DEB%STCT1 + PPB

(STOT1%BEDDEB — PPB)/PPD -
SAMSIZ*PPA%XPTOT1/ (ANTOT*S1%PPD)
(S2 + SAMSIZ/ANTOT)/S1 - -

w
©
-
Q.
-

PPA
PPB
PPC
PPD

PPF
PPG

L T T T T 1

ALFA2 = PPE*PPE + ALFA2
BCOEF2(1) = BED/(A\TOT*PPD)*(PTOTI*(le STOT1*AANT + PPC)/

(ANTOT*S1*PPD) — 2.0%STOT1) + 1 O/ANTOT + BCOEF2+61)
DO 1 J = 1,2 '
Ji1 = J + 1
J2 = J + 2 ’




OO0

OO0

OO

1

1
1

1

“%9.

CREF1l = STOT(J2)*PPF*PPF + STOT(J1)*2.0%BED*PPA/(AANT*S1*PPD)*
(SPTOT*(ANTOT%S2 + SAMSIZ)/(S1%PPD) - 1.0)

COEF2 = STOT(J)*PTOTL/ {AANT*PPD}*(SPTOT*AANT*PPG*PPG*STOTL/PPD —-
2.0%STGTL*{ANTOT%S2 + SAMSIZ)/S1l) + PTOT(J)/AANT

BCOEF2{J1) = COEF1 + COEF2 + BCOEF2(J1)

MODIFIED BEALE

TALL = BED/DEB

SHORT = TALL*SSVAR - 1.0 .

PDEB = PTGT1/DEB

T8S1 = TALL*BLUE/S1

MB1 = 1.0 — SAMSIZ#*SAMVAR*BLUE/SSTOT

MB2 = MBLXTALL - 1.0

'ALFA3 | = MB2%MB2 + ALFA3 |

BCOEF3(1) = {MB2 + 1.0)*(PDEB*MB1 — 2.,0/ANTOT) + SAMSAM*AMOTHRX

 SVAR®*BLACK/ (ST1%STOT1) + 1.0/ANTOT + BCOEF3(1)
DO 2 J = 1,2 -
B S T
=J + 2

CJ2

1

1
2

1

1

1

COEF1 = STDT(JZ)*SAMSAM*AMOTHR*BLACK/SST + STOT(JL)*{2.0%SAMSIZ*
- TBS1/STOTL1*(PDEB®MBL — TBS1 — 1.0/ANTQT))
COEF2 = STOT(J)*(PDEB*MBl*(PDEB*MBl — 2.,0%TBS1 - 2. O/ANTOT) +
TBS1*(TBS1 + 2.0/ANTOT)) + PTOT(J)/AANT
BCOEF3{J1) = COEFl + COEF2 + BCOEF3{J1)

"HARTLEY - ROSS

USSR = (ANTOT — SAMSIZ)/(ANTCT*S1)

PINK = PTCT1/{ANTOT*SAMSIZ) — (A1*5T0 T1/(ANTOT* SAMSIZ*Sl))
PPINK = PINK*PINK

RUBBER = PINK*STOT6 + USSR

BLAST 2.0%PINK*USSR

BEER ={ANTOT - Z.O*SAMSIZ+1.0)*A1/(AANT*SSL)

ALFA4 = RUBBER%RUBBER + ALFA4
BCOEF4(1) = PPINK%STOT7 +.BLAST#STOT6 * {A1®A1%SAMSIZ — S1#{2.0%Al -
#SAMSIZ - ANTOT*S1))/(AANT®SSL) + BCOEF4(1)
BCOEF4(2) = PPINK#STOT6 + BLAST*SAMSIZ + STOTL*BEER +
- "PTOTL1/AANT + BCOEF4(2) u 5
BCOEF4(3) = PPINK*SAMSIZ + BLAST#STOTL + STOT2%BEER + , e

PTOT2/AANT + BCOEF4{3)
MICKEY o

HAS = ANTOT — SAMSIZ + 1.0

'HHASS = HAS*(HAS - 2.0)

OPEN = {PTOTL — HAS*STOT1)/{SAMSIZ*ANTQT)
CLOSE. = CPEN%CPEN

PARTY = OPEN*(ANTOT—SAMSIZ)/ANTOT -

HEX = QL*S1%*0PEN + S1#(ANTOT- SAMSIZ)/ANTDT
ALFAS = HEX*HEX + ALFAS

BCOEFS(1) = (SAMSIZ*HHASS+ANTOT)/AANT + (Sl*Q2+SZ*Q4)¢CLUSE +
2 O*Sval*PARTY + BCOEFS5(1)

L



OO

BCOEF5(2)

BCOEFS5(3)

PLATE
FORK
SPOON
ANIFE
cup
DISH
ALOVE
WAR
SPOT

SATOT

ALFAG

BCOEF6I(1)

BCOEF6(2)

BCOEF6(3)

RETURN

END

R O L

QUENQUILLE

STOTLI*HHASS/AANT + (QLl+Q5)%CLOSE + 2.0%SAMSIZ*PARTY +
PTOT1/AANT + BCDEFS5(2)

STOT2%HHASS/AANT + {Q3+Q6)*CLOSE + 2.0*%Q7*PARTY +
PTOT2/AANT + BCOEFS5(3)

BED*HAS

DEB*ANTOT

PLATE/FORK

(ANTOT — SAMSIZ)}*S1*PTOT1
ANIFE/{SAMSIZ*AANT)

CUuP*CUP

(SAMSIZ%PLATE — FORK)/FORK - CUP*Ql%*S1
ANIFE*{PLATE - DEB)/{(SAMSIZ%STOTL®*AANT*AANT)
SPOON*(SPOCN - 2.0/ANTOT)

SAMSIZ*ANTOT

ALOVE=*ALOVE + ALFAS

SAMSIZESPOT + DISH*(S1*Q2 + S2*%Q4) — 2.0%S1*Q1*WAR +
1.0/ANTOT + BCOEF6(1)

STOTL*SPOT
PTOTL1/AANT
STOT2%SPOT
PTOT 2/ AANT

DISH*{Q1+Q5) — 2.0%SAMSIZ*WAR +
BCOEF6(2)
DISH*{Q3+Q6)

BCOEF56(3)

- 2.0%QT7T*WAR +

+ + +
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SUBROUTINE SUBX4

COMMON/BBBB/
COMMON/CCCL/
COMMON/DDDD/
COMMON/EEEE/
1 BCGOEF1(3},

SAM, SAMSIZ,
BLUE, BLACK
TITLE(18), NTOT, CV

ALFAl, ALFA2, ALFA3, ALFA4,
BCOEF2(3), BCOEF3{3), BCOEF4(3),
COMMON/FFFF/ BCOEAV{3), ALF1X4, ALF2X4,- ALF3X4,
1 ALSQ3, ASQD1{3), ASQD2{3), ASQD3(3), DELSQ1{3),
2 DELSQ3(3), DELTAl1{(3), DELTA2(3), DELTA3(3)
COMMON/GGGG/ PTOT(2), PTOTL, PTOT2, PPTOT, ANTOT,
1 VARPOP, POPVAR

COMMON/KKKK/ AMOTHR

COMMON/LLLL/COMB, ALFAV

SAMSAM, S1, S2, SS1

ALFAS,

DIMENSION RATIOL(3)

INTEGER SAM

ANC2 = 2000
BLACK/ANC2

BLUE/ANC2 |
PPTOT*PPTOT*SS1 /( AANT*AANT)
RED*OFFICE

RED
WHITE
OFFICE
REDOF

oo

ALF1X4*RED
ALF2X4*RED
ALSQLI*WHITE
ALSQ2%WHITE
ALSQ3*WHITE

ALF1X4
ALF2X4
ALSQl
ALSQZ2
ALSQ3

LU TR

IFf (SAM.LT.4) GO TO 1
ALF3X4 = ALF3X4*REDOF

W

10021 =1

b 4
DELTAI{I) = DELTAL{I}*WHITE
DELTA2(I) = DELTAZ2{(IIXWHITE
DELTA3(1) = DELTA3{II*WHITE
ASQDLI(I) = ASQDI{I)*RED
ASQD2{(I) = ASQD2{1)%*RED
DELSQI(TI) = DELSQL{I)*RED
DELSQ2(I) = DELSQ2(I)*RED
IF {SAM.LT.4) GO TC 2
ASQD3(I}) = ASQD3{(I)*REDQOF
DELSQ3{I) = DELSQ3{I)*REDOF

2 CONTINUE

AVERAGE THE CCEFFICIENTS FOR THE MSE {OR VAR)
FOR THE DIFFERENT ESTIMATORS

ALFAS,
BCOEF5(313,
ALSQlL,

ALFAlB,
BCOEF6(3)
ALSQ2,
DELSQ2{3),

AANT, Al, AT,




" 3 BCOEF&I(I)

ALFAVY = ALFAL1/ANC2

ALFA2 = ALFA2/ANC2 -
ALFA3 = ALFA3/ANC2

ALFA4 = ALFA4/ANC2

ALFAS = ALFAS/ANC2

ALFA6 = ALFA6/ANC2

ALFAIB = ALFALB/ANC2
ALFA1B = ALFA1B=*ALFA1lB

DO 3 1 = 1,3

BCOEAV(I) = BCOEF1{1)/ANC2
BCOEF2(1) = BCOEF2(1)/ANC2
BCOEF3(I1) = BCOEF3(I)/ANC2
BCOEF4(1) = BCOEF4(I)/ANC2
BCOEF5(1L) = BCOEFS5(I)/ANC2

BCOEF6({1)/ANC2

WRITE (6,4) (TITLE(I),I=1,18), SAM, NTOT, CV
4 FORMAT (1Hl, 18A4 // 25X, *'2000 INDEPENDENT SAMPLES GENERATED -t,
1 *EACH OF SIZE'y I3, 1X, 'FROM A POPN OF SIZE', 14 / T53,
2 *COEF OF VAR =', E15.8 /)

WRITE (645) ALFA1B
5 FORMAT (15X, *CLASSICAL RATIO ESTIMATORY, T75, 'RATIO - 1,
1 'ESTIMATORS/MOD-BEALE' / Tl6, 'B%B = E(ALFA/2000)%**2 =1,
2 E15.8) ' ‘
" RATID = ALFAV/ALFA3
DD 11 K = 1,3
M=K-=1 :
RATIOL({K) = BCDEAV{K)/BCOEF3(K)
IF {K.EQ.1) GO TO 6
GO TO 8. _
6 WRITE (6,7) M, ALFAV, RATIO, BCOEAV(1), RATID1{1)
7 FORMAT (1X, 'T =%, I2, 12X, 'AVERAGE ALPHA-SQ =%, E15.8, T75,
1 - E15.8 / 21X, *AVERAGE DCOEF =%, E15.8, T75, E15.8)
GO TO 11
8 WRITE {649) ™M, BCOEAV{K), RATIOL(K) .
9 FORMAT (1X, *'T =', 12, 15X, *AVERAGE DCDEF =' E15.8, T75, E15.8)
IF (K.NE.3) GO TO 11
WRITE (6,10)
10 FORMAT (1X /)
11 CONTINUE

°

WRITE {(6,12)
12 FORMAT {31X, 'BEALE*)
RATIO = ALFA2/ALFA3
DO 15 K = 1,3

M=K-1 *e
RATIOL(K) = BCOEF2{K)/BCOEF3(K) o
IF (K.EQ.1) GO TO 13 e
GO 10O 14 S . :
13 WRITE (6,7) M, ALFA2, RATIO, BCOEF2{(1l), RATIOL(1) e
GO 0O 15 - .

14 WRITE (6,9} M, BCOEF2(K), RATIOL(K)
IF (K.NE.3) GO TO 15

L]




15
16

17
18

19
20

21

22

23

24
25

26

27

28

29

30

WRITE (6,410)
CONTINUE

WRITE (6,16)
FORMAT (31X,
DD 21 K = 1,
M= K-1

*MODIFIED BEALE')
3

IF (K.EQ.1) GO TO 17

GO 70 19
WRITE (6418)
FORMAT {1X,
GO TO 21
WRITE (6420)
FORMAT (1X,
IF (K.NE.3)
WRITE (64,10}
CONT INUE

WRITE (6,22)
FORMAT (31X,

My ALFA3, BCOEF3(1)
'T =1, 12, 12X, 'AVERAGE ALPHA-SQ =', E15.8)

My BCOEF3{K)

'T =', 12, 12X, *AVERAGE DCOEF =', E15.8)
GG TO 21

*HARTLEY — ROSST)

RATIO = ALFA4/ALFA3

DO 25 K = 1,
M=K-1
RATIOL(K) =
IF (K.EQ.1)
GO TO 24
WRITE (6,7)
G0 TQ 25
WRITE (6,9)
IF (KoME.3)
WRITE (6,10)
CONT INUE

WRITE (6426)
FORMAT (31X,

3

BCOEF4(K)/BCOEF3{K)
GO 10 23

My ALFA4, RATIOG, BCDEF4(1), RATIOL(1)

My BCOEF4(K), RATIOL(K)
GO TO 25 ' ’

TMICKEY?®)

RATIO = ALFA5/ALFA3

DO 29 K = 1,

M=K -1
RATIOL(K) =
IF (K.EQ.1)
GO TO 28
WRITE (647)
G0 TO 29
WRITE (6,9)
IF (K.NE.3)
WRITE (6410)
CONTINUE
WRITE {6430)
FORMAT (31X,

3

BCOEFS5{K)/BCOEF3{K)
GO 10O 27

M, ALFA5, RATIC, BCOEFS5{1), RATIOL(1)

My BCOEF5({K), RATIO1(K)
GO TO 29

"QUENOUTILLE")

RATIO = ALFA6/ALFA3

DO 33 K = 1,

M=K-1

RATIOL{K) =
IF (K.EQ.1)
GO TO 32

WRITE (6,7)

3

BCOEF6(K) /BCOEF3 (K)
6o TO 31

M, ALFA6, RATIO, BCCEF6(1l}, RATIG1{1)




OO

GO T3 33

32 WRITE (6,9) M, BCOEF6(K), RATIOL(K)
IF (K.NE.3) GO TO 33
WRITE (64+10)

33 CONTINUE

COMB - ALPHA-SQ TERM OF THE VARIANCE OF THE
CLASSICAL RATIC ESTIMATOR

COMB ALFAV - ALFA1lB

RATIO ALFA4/ALFAS

DO 38 K = 1,3

RATIOL(K) = BCOEF4(K)/BCIOEF5(K)

IF (K.EQ.l1) 60 TO 34

G0 TO 36 ' '
34 WRITE (6435) COMB, RATIO, RATIOL(L)
35 FORMAT (1Xx /// 26X, 'VAR OF CRE (V)', T75, 'RATIO — HARTLEY-"',
1 'ROSS/MICKEY' / T21l, '{ALPHA-SQ)-B*B =', E15.8, T75,

2 £E15.8 / 175, E15.8)

GO TO 38 ‘ :
36 WRITE (6437) RATIOL(K)
37 FORMAT (775, E15.8)
38 CONTINUE

i

CALL SuBX5

RETURN
END
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SUBROUTINE  SUBX5

COMMON/BBBS/ SAM, SAMSI1Z, SAMSAM, S1, S2, SS1

COMMON/DODD/ TITLE(18), NTOT, CV '

COMMON/FFEF/ BCOEAV(3)s ALF1X4, ALF2X4, ALF3X4, AL SQlL,
1 ALSQ3, ASQDL(3), ASQD2(3), ASQD3(3), DELSQ1{3), DELSQ
2 DELSQ3(3), DELTAL(3}, DELTA2(3), DELTA3(3)

COMMON/LLLL/ COMBs ALFAV

DIMENSION EBLD(3), EB2D(3), EB3D(3), V1VASD(3), V2VASD

‘1 V3VASD(3), VVASDI(3), EELASD(3), EE2ASD(3), EE3ASD(3),

2 V2VDX2{3), V3VDX2(3), VVDX2(3), EEIDX2(3), EE2DX2(3)
3  EEL1DSQ(3), EE2DSQ(3), EE3DSQ(3)

"INTEGER SAM

E BIAS(VI) = EBI = (VI - V) :
WHERE VI ARE THE 3 PRELIMINARY
BIAS CALCULATIONS
ALFA-SQ TERM

ALSQl — CCMB

_EB1ASQ =
E32ASQ = ALSQ2 — COMB
EB3ASQ = ALSQ3 - COMB

DELTA TERM

DO 1 I = 1,3

EBID(I) = DELTAL(I) - BCOEAVI(I)
EB2D(1) = DELTA2{(I) - BCOEAVIID)
= DELTA3{I) — BCOEAVII)

EB3DI(I)

(VI — V)**x2

" E MSE(VI) = EEI
o VUI — 2.0%VIV % VV

Ay

ALSQ2,
213},

{3),

VLIVDX2(3), -

EE3DX2(3),

WHERE VI ARE THE 3 PRELIMINARY

VARIANCE CALCULATIONS
ALFA*¥4 TERM

VIVAX4 = ALSQL*COMB

V2VAX4 = ALSQ2*COMB
' VVAX4 = COMB*COMB

EELAX4 = ALFLX4 — 2.0%V1VAX4 + VVAX4
CEE2AX4 = ALF2X4 — 2.0%V2VAX4 + VVAX4

IF (SAM.LT.4) GO 1O 2
V3VAX4 = ALSQ3%COMB : _ o
EE3AX4 = ALF3X4 - 2.0%V3VAX4 + VVAX4

ALFA-SQ-DELTA TERM

°




OO0

2

3

4

5

6

O o =~

10

11

12

13

FORMAT (1X, *'T =', 12, 10X, 'ALFA-SQ =', E15.8, T43,

DO 3 I = 1,3 -
VIVASD(I) = ALSQ1*BCOEAV{I) + COMB*DELTAL(I)
V2VASD(I) = ALSQ2%BCOEAV(I) + CCMB*DELTA2(I)

VVASD(I) = 2.,0%COMB*BCGEAVI(I)

EELASD(I)
EE2ASD(I)

ASQDL{I) - 2.0%VIVASD(I) + VVASODI(I)
ASQD2(1) - 2.0%V2VASD(I) + VVASD(I)

DELTA-SQ TERM

VivDX2{1I)
vavDxz2(I)

BCOEAVI{T)*DELTALLT)
BCOEAV(I)*DELTA2(I)

VVDX2( 1) = BCOEAV{I)*BCOEAV(I)

DELSQL(I) - 2.0%VIVDX2(1) + VVOX2(1)
DELSQ2{I) — 2.0%V2VvDX2(I) + VVDX2(I)

EEL1DSQ(I)
EE2DSQ(I)

IF {SAM.LT.4) GO TO 3

V3VASD(I) = ALSQ3*BCOEAV{I) + COMB*DELTA3(ID)
EE3ASD(I) = ASQD3({I) — 2.0%V3VASD(I) + VVASD{I)
V3VDX2(1) = BCOEAV(I)*DELTA3(I) '
EE3DSQ(I) = DELSQ3(1) — 2.0%V3VDX2(I) + VVDXz{I)
CONT INUE

WRITE (6+4) (TITLE(I),I=1,18), SAM, NTOT, CV

FORMAT (1H1l, 18A4 // 25X, '2000 INDEPENDENT SAMPLES GENERATED -*,
'EACH OF SIZE', I3, 1X, *FROM A POPN OF SIZE'y 14 / T53,
*COEF OF VAR ='; E15.8 /)

WRITE (655)

FORMAT (51X, *BIASES OF VARIANCE ESTIMATORS® / T40, 'Vi-V' /)

DO 9 M = 1,3 - o

K=M-1

"IF (M.GT.1) GG TO 7

WRITE (646) K, EBLASQ, EB1D(1)

'DELTA ='y E15.8)
GO 10 9
WRITE (6,8) K, EBLID{(M) .
FORMAT (1Xs 'T =', 12, T43, 'DELTA =*, E15.8)
CONT INUE

WRITE (6,10)

FORMAT {T40, 'V2-V')

DO 12 M = 1,3

K=M-1

IF (M.GT.1) GO TO 11 :
WRITE (646} K,y EB2ASQ, EB2D(1)
GO TO 12 :

WRITE (6,8) K, EB2D(M) .
CONTINUE

WRITE (6,13)
FORMAT (T40, 'V3-V*)



14
15

16
1

17
18
1

19

20

221

22

DO 15 M = 1,3

K=M-1 :

IF (M.GT.1) GO 7O 14

WRITE (6,6) K, EB3ASQ, EB3D(1)
GC T0O 15

WRITE (6,8) K, EB3D(M)

CONT INUE

WRITE (6,16) EEL1AX4

FORMAT (1X // 30X, 'MSE OF VARIANCE ESTIMATORS!®

"ALFA%X4 =ty EL15.8)
DO 17 K = 1,3
M=K-1
WRITE (6,18) M, EELASD{K), EELDX2(K)

FORMAT (T5, 'T =1, I2, T15, 'ALFA-SQ-DELTA =',

'*DELTA-SQ =', E15.8 /)

WRITE (6419) EE2AX4

FORMAT {T56, 'ALFA%%4 =%, E15.8)

D3O 20 K = 1,43

M=K -1

WRITE (6,18) M, EE2ASD(K), EE2DX2(K)

IF (SAM.LT.4) GO TO 22

WRITE (64519) EE3AX4

Do 21 K = 1,43

M=K-1

WRITE (6,18) M, EE3ASD(K), EE3DX2(K)
CONTINUE

RETURN
END

/ T56,

E15.8,
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