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The Motio+ of a Partiole und,er Gra"vily on the

Smooth Surface of a Yertleal Pe,raboloid- of levolution.

Sec. I - fntrorluctory.

It Ís proposerl to eonsiclèr the motion of, a heavy 
,

partlcle eonstrainecL to move on the smooth lnner surface of

a, parabololù of revol.ution, sSmmetrieal with respect to the i
i

z-axis which 1s vertical. 
i

lhe equations of uotlon Ìril-I flrst be set up. Fron
l-these will be iLerivecl the eorrespond.ing nVis Yiva fntegral" 
,

and the equation of angui-ar momentr:n about the z-&xis.

By oonsfcLering the "Vls Vivan antL the momentum

equations siurul-taneously we shalL obtain the ðifferentÍal-
i

equations for the path ancl the tlrne. fn eaeh of these 
i

funclamental equatlons wltrI qppear two constants. By arbitrarily j

ehoosing these eoastants severaJ- ctlfferent cases a.rise, for i

each of whieh the path ancl the time wiLl- be rleter:rnined.. '

Ðiagrams wii-1 be userl to illustra,te the shapes of these paths.



Ëec. 2,

to move

-z

General ÐtfferentlaL Equations of Motl.on.

fhe general- equations of. notion for a partleLe constraine(it

on any surfaee / (x,y,zl =0 s.re:

è2xF
&
üte

:F- NJf- x

;fl
J

&22
m

atz
:

where F- i Sun of the Components of alL the
of the x-axl^s

:

S: -= Sr¡n of the Components of aLl- theÃ- of the x-axf s, etc.
;

B. = ur&ss of partfele.
Iüow in the ease of a snooth surfaee ø

of the surfaee, N, ls at every poÍnt nornal.b, {t, & =)M ès'ú
òx ò B ðz

=Ir

-lt=Tø

the Equetions of Motioa for the
i,f

.----z

foroes in the' {tirection

reaeti-ons in the cLirectlon

',.
(x,y,z)=Othereaetion

to the surface and therefore

-------1

Given Paraboloiil.

Ny

Nz

fh.rther the tstal- reaetion$:ffi=¡
d

See.5-loDenive
Here Ø(xvz) = 0, heeomeu *å f vz = Zz

or åf*e tf -zz) =o ----6
ï[e ehoose here the n].atus rectu¡a* as unity. Ehis mereJ-yfixes the unit of Leng!þ and. ctoes not affeet the leneral_ity ãi-'the resuJ'ts, but only the numerleal val-ues in a pãrtÍeul&r ce.se.



See. 5 - eontin'uecl.

We have then

.ê.Lgo slnee

I', = 0ç

From (41

to unity, the

respeetivel-y:

gravity is
F =0.v

foree aeting,

d"2'z.--.õ¡
d t"'

-5

the only

ï¡ -o'z

d.Zx i

itz =

I
cry

c)

dlt'
Id'z

,-F-

etc. when we take the mass equal

equations it), (zl, (gl, take the foLlowing forms

)x .9

--. .-

ancl N. For the ggneral

)v

-^-s
We proceetl to find.

equation þ (*,y,zl
the val-ue

=0

of

+f = +f .*F r 
3-9-

Differentiatlng again

.+F t-à+ .g = o

àø
ð,

cLx'ãr'.å+.y+12,

.d"
dt

. d.Pxa-

dte

tÀ3' 
ðo'

r${ / z

I ,jø' ðv

[å{ l- t

à2ø
ðv ò,'

cI:ø |'ã; r

a2o r'-u?- |

à'ø
ð,'

( aø)2
fãT)

,J'þ-
ð"'ò'

"ò'ø _
ò ".òt

J,?
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Sec. 5 - eontinl¿ed.

rn ease of paraboLoid- à ø = ,. ðØ = -, ()-Ø '= 
-1TF -n) lF-t,T

as in ('l )

hence a)Z = 1

a)*t '

à'ø
ð" òv

ete. & = 
JJ, -I!.- ete. all vanish.

Hence Equation (16) becomes

oEx(À=t I y(t\v) lf-r) (-À--e, l[*Ëlt.,Í$+ì'

'=,À (xz I v' /r) I s / Í*Ëlt/ få+ìt

Wl'ienee, or putting xe / VZ = Z,z, w€ obtain

- = 

^[{-#sl' 
t Í*Fì' t [+H'J 

å

= Àf *2 I y? /rþ from (7)

'= ) (zø / ,)' sinc" *8 I y2 = ?z

I

= --*n [*r[$+ì'¡Í*Ëì'l ---- ---14(zz / 1l' l- J
bv (15)

Substltute this value of 

^ 

in (9), ftO), (11) ancl the eouations

of motion of the particLe on the paraboloÍd" beeome

,\'ø
JYz

ð"ø
<)" ðt

= .0
' ðu



See. 6

-5
contlnued-.

d.2x

dt2

a?y

dt¿

dzz

fhe Yis

the particl.e,
9l

ånY" 
=

fn the

- *,--

2z /t

-v
zz / l-

I ( a*)z'(ãî)

I tg)e
(dt )

þtÍ*Ëì-

/ (qx)z I
(at ) J

t [*Ëì'J

[-

[-

---+-
2z l1d.tz

Sec. 4.. Vis Vlou Int

Viva i
is gi-ve

JI
ase of

egraS- for the Given Surfa.ce.

ntegral, whieh gives the ki.net energy of
n by the g:eneral- relation
xùx l ,rdv'l zdzl

the paraboloicl uncier discussion thls becomes

integratÍon.

-1- = 
Í,å*d* 

låv¿v - (Àl st a,zt

= +(*2 /vz) -(^/elzln'

= +(ax) -(^le) zltæl,a

-gz I t, o where kr is the constant of

, where k = Zkr
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Sec. I - continued..

If thereforewe supposeV =O when z =h rve seethatk =Zgh
ancl hence

va = zg (rr - zl ----16

h Zo is the height to whieh the boct¡' would. rise 1f proJectert

vertleally from Boint (No, Tì, Zn) with a vel-ocity Vo.

Ieg:_å Angular Momenturn ahout the z-axÌs.

l4uJ-tinlying the'fÍrst of equations (15) by y and. the second.

by x and subtraeting wo have

-----17

'' 
- v d'2xXd-Y-¿v_=v

,2..dt" d.t"
:

Integrating thls equetion we get

"åË

where c is the constant of lntegratfon.

z-axis ts eonstant, ot that the area Bassed over by the proJection

of the radius vector on the ry-plane is proportional- to the tlme.



It

See.5 continuecl.

If we Þlrt x = r eosp ¡ y = r Sin $. where r ls the

clf.stance of the partic]-e from the z-axls and. is the angLe

between the xz-p3.ane *:d the pJ.ane cleftneô by the position of

the partieJ-e anð t]ne ø-axis, equatlon f 1?) beeomes

Sin $ f '"rreosg

1. ê. --1-7a

which al-so expresses the fact that the proJection of the areå.I

velocity on the xy-pJ.ane is constant.
' Equatlons (!71 ancL ftza) may be cal-l-ed. the eouations of

angular momentum.

g.e:--q* Reg:ions of Real Motion.

Frour equatlon (16)

Ya = 2g (h-z)

it ls evtttent that reaL urotion exÍsts only between the pJ.anes

z=0 and. ø=hi since Íf z

negative for any position of the partiele on the peraboLoitl.

Now in using eylinclrì.cal coorclinates as inctieateeL in s'ee. 5r...-.

the distance r from the z--axls elways proJects lnto r on the xy-pl-ane

$ nroJeets into 9, and a seetion of the paraboLoÍd. formecl- by

a pJ.ane paralJ-eJ- to the xy-plane projeets into a eircle on the

xy-pJ-ane eny. are of whieh, S, is given by

S =.r O.

'f*i
,2

cos g. edi+ì - r slng[$f "oso-rsintå?ì="
:

d-O - tl-ff -'

andl al-so xz I yz = r2



I

Sec, I - eontinued..

0n the xy-pJ.ane

v - - ùOv--dt

Í.9. Y2=Tzl
(

(vz . d g l2dt )
2_ e_

2z

dg
ðt

¡z
)

Ð
eu

where e is the
^22t2Antl-f =E fy'=

ur" Ðr"

angul-ar momentum, see equation (17)

2z for any polnt on the paraboloicl,.

i{ow these two val-ues for V3 nay be equatecL when the verticaL

4ghz/e2=o

-

4gh I üu**ot - L6sc2
8g

:h,1
zf p.

fhis gives paral-1-el planes

-?,n

anrl -t
2

o,
I1o - e'

tI,E

two

n
=-z

h
2

ø

ço

ofthe

eomponent of YZ ln equation (16) has vanished. i.ê. when the total
veloeity has beeome the tangential veloeity 1n a pl-ane Berall-el
to the xy-plane. [his eviclentl¡, occurs at the turning poÍnts in the

motion i.e. at the highest ancl lowest polnts in s.ny peth tracecl- on

the surfgce of the perabol-oid.

Henee at poÍnts where the vertioal component of the veloeity
vanlshes, we have,

.9
2g(fr-zl=c"

2z

or lgz

whenee

,2,
o
t3

between whieh motlon the partlcle nust take pIace.
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Sec. 6 - eontinuedl.

Ehe constant h may have any value tlepending on the initlal
' *2

ral-ues of Vo and Zo since h = vo 
I z2gI-o

fhe eonstant e has many positive values. 
:

2c¡1) ff "* \tr= the values of z as givan by fL8) are imaginary,g/
antl no rea]. motion exists. Ihis case neerl not be consiclerecl further. l

"z
2) rf o lL {n' we get two real val_ues for z¡ Eenee Ìr/a must i

g 'Þ" 'e*Bvu *v+ e'

eonsid.er values of e within this range. ]

Sow posltive anril neg'ative vaLues of c ind.iaate rotatÍon in l

opposf.te elirections about the z-axÍs. ït is therefore neoessary to 
,

:

i

l

eonsicler on1-y positive values of e.

Besicles the general ease (2) presents two speeÍal limlting eases i
,l

as folLows: l

I

1 ) If e - O i. e. if the angula,r qomentum i s zero ,

then î2 ô 0
d.tvv"

.i. ê. æ.
E -L' 

.

i

i.e. b = u constant.

the notion is then in a p3-ane through the z-&xÌs. Sueh a pl-ane I

euts the paraboloitl- in a parabolie section anct henee the path is
alongaparabola. i :

Also o =OgÍvesz=Oanril z =hinequation (B] 1..ê. motlonln 1

i

this parabol-ie path is f.imited. between the planes z = o and- z = h., The

particl-e wÌll faLL al.ong thls path, through the orÍgin, and then up

along a continuation of the path on the opposlte sÍcle of the
:

paraboLoic[.
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I

g"", O - eontinued.

l-L) rf {_'= nz o f o then the twog¡¡

* i. ê. the two

hence the path of

values of z are the same, namel-y

pJ-anes come into eoineiclence ancL

a eircl-e of ratlius

r= üzu =ilÏ-

paralle1 llmiting
the particle is

Irurther since
ulr"=22 =h/

f t f s evlclent that the projection on the

traced on the paraboloid. by the particl.e

coneentric cÍrcl-es with a, common centre

In the case lrhere

xy-pLane of the path

wi1L lle between two

at the orÍgin ancL rad.iÍ

the Seth ProJectetl. on the ry-plane
moving in space is given by
't (atl?r tmf
orelinates, (see See. 6) by

n'tZ

Ic'
-FIJ

,2

= hP these circles become coinciôent and

the raclius of each is r = ffr-

See. 7.

1.

putting

. 
Dffferential Equa.tions of

fhe veloclty of a partiale
,

v* = [*il' t få+ì'
lransfornlng to oylincLriaal

E=rcosQ .y=rSinÞ

thls beeomes

co

2
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S6e. 7 - continued.

TÍhence

V. d-t =

snd- since

then Vd.t

SÍne " ,2

lô

and- moreover
ÐT- =Zø

:

TcIT = dz

(¿r)z - (azl?
nr

!1¡e have,

4zz

z (ð&)2 I (a")?
,.1.

ft-z)J 2

VZ = (¿r
?ðT

eosÊ -rsino+42 lf*i sin /reos.
aglz t (ð.212
dtt /'tdtt

Lrz (ag)z / tgr't?, /,tar1J Ê 
-____ro.

=,' [*]' t {åä}' /{åÍl'

Y=

= dt

;

I
Tu d.g

dg-rr
:

ðt=

F
fts

= 2z d'9
c

ç)

( ùz )'"
?*

substituting in (ZO),on

(¿e
u

c

)e lP,, (ô e )e I 'y'u / tazlz J È

þs(rr-,t)t
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See. 7 - aontlnueù.

oÍ.e. 8 zág (h - zl_
I

âv

a)i.ê. 8 z4g (n - zl
2

c

(def * zz (¿ e)z

zz t+ +#f (r /

(ao)z(r I z'z)l1'22

zz)

i. g.
].(znlE (d g )(ffiT

i..e.

I o êr
.L

o.2tf . d_g

Integrating (21)

L_d-9 =a

:

where a=hl

ft is non necessêr}r f6 consid.er the

d9

1

= (t I zz)"
2L

[Bsr' (rr - z) - zo7 "L-F J
,.|

(r - 4,x13 d.z
L

.1
I

:

2z / 4gz (lr - zl
\.;r /
(ttzz)aø--. 

.

zz [(, (rr-z) +) (zzlr)J É - -21

zz | -t+rz oP)
ø(f

1(zzllJã

'- f tr, lr.l^, _= r--
) zz t- (za -a) (zn -h) (zz I

I

')J 
E

d.z

-{zhl

regions of lntegrabiLitf.
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.Sec.7 - eontinued..

For the expression

occurring in the integral
2z must lie between a anð

and

Since

for
h

o

(zz - b) (zz l t)J
real-, it is evid.en

1ie between the va

whieh agrees with

t (zz

of (22),

b i. e.

I
h"h tI

2t 2

nD
h-c

øö

NJ
,9

-a)
to be

z must

f-

t

t that

lues

the :
Ie'

; It

region of real motion of the particLqp.s found in Sec. 7,

Henee the erpressioh is integrable only over the region of

reaL motion of the particle
fhe graph of the equation (zz - a) (2,ø - b) (zz / L) = 0

has the foiror

AncL again
Ð

e' ¿-
g

ø¿

a real integral z must 1ie between a anct b

b + o,
a

. . the ord.er of the roots is

(o ¿ b)- 1 t b

$ee.8. Determination of the Path; (SpeeÍal Cases )

t

côOi) 3.s we saw in Sec. f 6, 21 ) we have, for
g= 9o a eonstant.

lhe partlcle moveû aI-ong a, PAZ section,i.e. Ín
path d-eternineÖ by er'=22

A=0o

a parabolie
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Sec. 8 - contÍnued,.
c>t--l a Z11, Wnen C_ 

= h' " tO a = b = þ

In this case as we saw in $ee. (6, U ii) ttre two liniting
planes coincicle ancL the path of the particle is given by

,
Tu=22 andZz =h

i.ê. TZ = h

a cirele pera.llel- to the xy-pIane of radius ¡IL-

., fhele follows from this an interesting resul-t from a consideration

of the vel.oeity in this path.
,;

F¡om Vo = Zg (fr zl
if V=To whenZ=Zo

Ðt
then Vo* = Zg (n z)

' : _?,h=yo lz;
2g

; ,2
Îf Z = Za then h = Vo" whlch is height bod.y would- rise 1f

zg
proJected. vertieal-ly. from (Xo, Yo, zo) with velocÍty Vo.

ÐIlowslnce r'a h= 2Zo

ÐÈtuuo lzo=2zo-ãs -
' -,2. . vo -2gzo

inê. if the boc[¡' is moving in the horizontal eircle with a tangentfa],

veloeity equal to the lnitial velocity requirecl- to raiee it to. this
plane from the xy-plane, then it will eontinue to rotate in a cireLe

.

in this plane.



S ee. 9.

L5

Ðeterminetion of the

.2 . ,e8.se n ) eu
tçt

o

b¿zz¿a

Path in the General Cases.

o f'oIn the

af

4-g '= l(zzttl.az , . -------zz.c-lf,-- | zz f -(ez -a) (zz -b) (zz/ lt o'¿

/
/L

'= (- , u', , / I , ,* , ,,
/ E (zz-al (zz-bl Qzltl J ä / zu f.-(zz-a) (zz-at (zøþ)J

¿

To redluee this integral- to tregenclrets stantl^arô fo:m
9lput X" =22 '-a-f-s

or -(a:b) 72=zz -a
whence d.z = ,- .(, - b) xrLx

Zz -&= fa-b)xz
it

Zz -b= (a-b) -(a-b) xu

Then the above lntegral becomes

å ¡ / r-* g - /r, ; (* ¡ b) *¿+ , .*___:_ =;_cv 
ll -t-ra-b) -') ((a-b)
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Sec. I continuecl

/1
a"

*a

fn,t,flt]

in

See. 10.

8,niL

tr[e have
\z r

a ,. fd.t )"

DifferentiaL Equations for the [lme.

vz '= ,, [åf ì' t [åËì' / Íåå1,

Y¿ 
t= 

2g fir
.

[å*'* t [*+ì' ¡ [åiì' = zg n, -

= t:' ,-t¡''l ,r:l
(ze ls - rll-,,)

1r-f
i.e. gã ' 1 [ / dx-ã- = úilL l

fr

the usuaL

where kP

.) L"
notation

-e¡b
r- /a

sin þ

for ELliptle

,n=

Aø

r-øt t* Tr

fntegrals
a-b

--z5b

z)



Sec. l=0. - eontinuecL.

Since ,2 d O-rT- -
:

dg = o*å
r

- 1"7

= cd.t
2z

and- .

aô

(at)?

.)
since ru = 2z

rdr = d.n

..Ð
. rar)? = (di )'

zr

Ð(az¡'z-
'I
t (dz)'
t-' 9o

I

(au72

(at )¿

d"t =

fntegrn,ting

I
g"t =

2g (rr z)

-L
1)P d.z

/ t) d.zL *ru (ir

(zx /

( (zx11) dz
,

/,rf;- h)z

(zx

(zx d-z

lzi- I oz
oÕ

I (zxl 1)

2z { I} d.z

(zz-h I (zz I L)cz)
.o
<>

-(zz,-h -
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Sec. 10 -

where

continued.

ïn

&=hlfre, b'=h-ìlF4

zo
1øTttf:

d,z .-25.

Ðetermination of Time in the General Cas e.

?z / l-

- (zz a) (zz - b)

put

w'hence d"z

2ø

2z

2x

Then we get
I'iî+o

2z-a
b-a

ô
-(a - b) No (Zz - a)o?

=

r

,x"

-(a - b)

l_ = (r I
:

a=-fa
I

b = (a

xclx

a) - (a - b) x:3

b) xz

-b) -fa-b) xz

'(- ("-ü) xdx
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= 

["'

=[{e l=o
I

)"

S,ec. 1L - eontÍmrecl.

ïror the period

=¡7*

. clx

.dx

t:z,,= a to Øfr - b
give x-O toxrl
and ø =O toø =î

2-

i'

.d.f where k2 = #P - N = Sin Itfa ,

For a real_ integral_
b 4zz¿ a

trimits of integra.tion from

E
(k,ø')

compl-of on
t.ì-¡

.e

ù
1--1

Þ

ete eJ'cle ïr'e have

E W,i)
I



Sa^ 'l 9v/vvc *aa

IÌere

whenee

k2

To find the

Sinee

lyhen

ã â:b- 11.

liml t s
)X*=

I

ø=o

inÍ.) the angular momentum c =O then, as

) [na (&rl the path is perabolÌc.

=2h

=O

E (k,ø) - (k øt

r- /zn

¿-

zh

1

I

of integratlon
2x.- a
b -'a. o. -z]n

I

ø=

x=O ø=oand when

fs 
in seatlons (6,

xy-pl-ane, of rad.ius

x=1 1T
I

z=h
t

Hence for haLf the path

and for the !fto1e path

îi) Ð9YThen c. = h.
o
ìf

,Ir / "Vs

f ="re
(k,

(k,

tl
-

ll rT'
o lo then a=b=h

all )

ø
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Determination of [irne Ín the SpeciaL Cases.

If Ín the above

seetions (ú, z i
a=hllnz-ez'v s

b = h IF - d¿-Vs

IlF

to

and (B,ii) trre path is a eirc3.e, para1LeL



See. lZ eontinued..

- 

il

",

fhe velocity as in See. $16â is given by

oo, - z#zo 
= 

pgh

and. thus vo = /ã-

Hence the'period.ic time T îs given by

= z 1rIT =fi,F-'{"a

l zen

a result lnctepencl"ent of h.

This mea.ns that the orbit is oompl-etecl 1n same time in
eirel-es et g¿, hetght ahove the xy-plane; i.e. the speect in
eireuLar orbits lnereases with height. This &grees with resuÌt
ln (LO,ii) where it wa.s shovrn that tangentfaL velocit}. in eaeh i

of these circul-ar orbits must be equal to the initial velocity
required to raise the partiele to the level of the orbf.t in
question.

- 2,1

Seo. l-ã. Summary.

lhe motion of the partÍcl_e is bouncled. by two planes

paralle1 to the xy-plane. These planes are glven by the roots
of the equation zZ - hz I cz = O ---------------IB

4g

If one root Ìs z,ero, i.ê. if c = O, the.motion Ís
parabollc. See. ('1 , 2i )

If two roots are equal, i. e. ff the two linltlng planes

ooincÍclen then the motion f s ln a circle. See. f 6, ?li) ancl the

period of revolution is ind-ependent of the height of the plane.



Sec. I5

eonsider

equal to

c ontlnr¿ed..

fn the general

two ce.ses . lst
&.

ease where the roots are unequal we may

where b is sna1I, Znd_ where b is nearly

Sec.14._- Equation of ?ath Í.n a Forrn Adapted. to Conputation.

Ergm See.
1

g'ø
cv

dx

þx

n &-b

dx

Ax

llnxlrz*al

convergent for x

þ, slnþ being

I * ÍY,n,u,=t ------ru,

d
Ax=@

TF
(k,x¡

tl
8.

where

This may be writton

+

0
=

cLx

Á' x'

tI
&

^-e

fr o*t ) 
-t

mow (1
-'tD. ¿

nx')

where

on the interval we are eon-
Less than unity.

ancl this sorl,es f s
sldl-ering. x = Sin

f r - ,o?)-1

I
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See. l-4 continueà.

Retaining two terms we

/ll F fk,xl 12&a-Lct

have

í,"

I/

*L a*
bx

: t1 t 1 ìr¿ I _-,
a,

i

= lr lLl'a

F ltrx)
_2lra.

-2 2_lrxdx
Ax

ln
a

_tl
-õ-k'a

F lt,x) ctxn(
t"-*/,

(' lll n \'a'o'") F (k,x)

ìô

rr /*0
"l

:

t- I l-'t 1L rtr f - f -zr l
& k*a

* - F (k,x)
k"a '-

f;E k'øt

oot "". r - Sin p

lnrr, -_5_ I
Ir e,

(t-kzx} ) ar
(l-x¿ I (t-t"Z*z )

x'rom whi.eh S nay be cal-oulated.



Sec. 15.

r)
let us take

-24

Ca1cul-ation of Gonstants.

Case where O t," smaLl-

E,=15, þ=l-

a-bI
Jl= o

,l

€'

J-4

15-1_
1llb

= 15,- 1 _

15

ancl . k=

aor n= .93

.96',76

r- la
a-b

15

lo evaLuate e we have

a = h lrlnz

b=h

:,
Add.ing, we have h = a .f b

e

SubtractÍng fa - b) =

![henee e2= E,
4

tzc) t

4

c = ¿1.97

I
-. A"

; (]

)
-C"

ç(f

485
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See. 15 - oontinued".

il ) lake
'kz =

& = 25,

&.- b

1l &

b = 10

z6
1--îtJ\ - .l

'a
ü

a9
D

n= Ar-b

ñËQC¡1v vva4

above

'= r (un'

= 8050

values

F (k,ø)

5.0786

of constants

As th 1)

2
e

: 52.2 l*
4[ \

(a - rr')

'= (n* t

,?,, ftil' 
)

!tî+L
.tl
1,l

found in Sec.

=15,b= 1 using the

CaJ.culation. of g a,nd. r.

For a
(15,t)

t4\
15[

Tnr, )
1,4

15 tr (u,øl
! (rb) L
I

.9676



z6

SeG. 16

For a'= å5

= 5.0785

= 5.9294

fì) [o flncL r

(k?ø) -

.06879 E

,r,

E
Lg
26

=( /* /

- contÍnuefr.

,r
- r 9676 l7.l_6',17 r't_

= L.1008 F 0",þ) -
.'

b=O

.o?l-1. E k,øl
(x,Øl '

F &,øt -
p

6.O',l8g

t
aJ

;
Þ (u,61

Lb leb) -
z6

f r. otru

F ft"øt

(¿5)

F ftnø) - .04016

.1256 E ,:rrøl
E to,øü

Fron
Ð

Itr- 2ø,-a
b-a

But TZ = 2z

t = ¡|u - fa - t) xe

2n = & - fa - b) :ce

10

where = ='SÍrrØa

o.3trror

For

15,

ÊE hG

fs

76,

26 - L5SÍn



See. 1?.

Ì) For

E&,øl
o

.264

.544

.858

tlz,3g

L. 705

2.275.

if ) tr'or

¡'ln, Ø )

.0
9AA

.556

.826

1.142

1:488

1.854

Eables of

a=15,

Ef k,ø )

o

.z^59

.505

.725

:9'07

1.. o55

1.1?5

a=Ð5,

Elk. ø )

0

.260

.512

. ?48

.96'5

1.163

1.55L

Values of r anil

b = 1r"k =.9,

r.roos î(k,øl
o

.4906

.5988

.9444

L.5575

L.874',1

2.5045

. 06g?9 Ef k, ø )

o

: ol_?8L

.05475

. o49?5

.06259

. o7095

.08069

for Elfferent Yalues of ø

r =dr.b - 14sÍn¿ø

q

9

l?e
3CIo

450

600

750

g0o

rad.ians dlegrees r

o o 5.9?5

.z7z 1505g ' 3.749

.564 SZolgÌ 5.5gL

.894 5Lo16r 2.9¿g

r.zg4 z40g t 2.lel
L. go5 l-ogo 1J.f 1.gge

2.a?,5 15805¿ß L¡O

b=L0,
i

k=.'l

ø

0

150

500

450

6oo

?50

900

5.3294 Flkrø )

0

.8756

1..7846

e. ?501

9.80?2

4.9480

6.I',l27

.r.256 E(k,ø)

0

.o5P3-g

.o65e6

.09e45

. LI9e7

.!46V5

.1.6698

raclÍ-ans

0

.845

1; ?2L

2.65',1

5.68U

4.804

6.005

etegrees

o

4goeo r

ggo44 ¡

L4eo1? r

eLl-oe r

o
?.75 I7r
g44oBt

L

5

4.898

4Ð 609

4.185

ã.q08

5.57-Y

5.].62

Lssineø
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Sec. 18. Conelusion,

lhe return braneh o,f curve is sSrmmetrf.egl wÍth that lntlieatetL

above ancl" sÌmilar c¡rcJ-es wr.l-1, be traeed out in sueeession.

lhe dllstanee from one apse to the p.ext on the s&me plane

is twice the v&Iue of I oo"responelÍng: to the eonp].ete eJ.Liptic
;

integ:ral that ts for / = 9Oo : i' 
ans1", "l*u;ï:: :':.::; ;:::,,,1.= ll;"1 ;,i"'::ï,:':*"i:::"i"."

.É?', ? ld the Path is regressing. : :

Our result ¡*or the case & = 25, b = 10 gives the apsiclaì-

angle as 2:c6.0O5 - 12.01 radlians. Siace thls is greater than
¿z fftne path is precessing.

0n the foLLowing pages ore shown elrawings of the aetual

paths anrl, thei.r projeetlons on the xy-pl,ane for the four cases

eonsicLered-.










