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Abstract

In this thesis, we formulate two kinds of bandit models for the investment-
consumption problem. Two risky assets with uncertainty in the returns are
represented by the two arms of the bandit model. Both arms follow inde-
pendent Poisson distributions with intensity rates A and u respectively. For
the first kind of bandit model, we take a fixed proportion of the total wealth
to consume at each time and reinvest the remaining portion. For the second
kind of bandit model, we invest a fixed amount at each time and consume all
wealth after the investment. The objective is to maximize the total expected
discounted consumption.

Under the Bayesian approach, the unknown A is assumed to follow a gamma
prior distribution, and its posterior distribution is updated in a discrete setting
with the availability of new complete information. A key issue in making
investment-consumption decisions is to balance between information gathering
about the uncertainty in the returns and immediate payoff for maximizing
consumption.

The value function and the advantage function of the unknown arm over
the known arm are introduced and properties are examined and described in
detail. An index value is introduced which acts as the benchmark to measure
the performance of both arms. The myopic strategy and the play-the-winner

strategy are derived and shown to be optimal in different cases of this model.
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Chapter 1

Introduction

1.1 Modern Portfolio Theory

Over the past 20 years, portfolio management has evolved enormously.
The basic investment-choice problem for an individual is to determine the
optimal allocation of his or her wealth among the available investment
opportunities. The theory for solving the general problem of choosing the
best investment combination is called the portfolio-selection theory.

The seminal paper Markowitz (1952) developed a theory for the portfo-
lio choice in an uncertain environment. Markowitz was the first to quantify
the difference between the risk of individual portfolio assets and the over-
all risk of the portfolio. He considered the portfolio as a whole, whereas
previous studies had been focused on securities on an individual basis.
Markowitz’s work founded the modern portfolio theory.

Portfolio theory assumes that for a given level of risk, investors prefer



higher returns to lower returns. Similarly, for a given level of expected
return, investors prefer less risk to more risk. The expected return of
the portfolio is measured by its mean return. The risk corresponds to the
uncertainty of obtaining the return and is measured in terms of the variance
or standard deviation of the returns. The measure is under the assumption
that returns are distributed normally.

The theory developed by Markowitz is based on maximizing the utility
of the investor’s terminal wealth. This utility function is defined according
to the expected return and the standard deviation of the wealth. Us-
ing linear regression, the solution to the optimization problem of choosing
the optimal portfolio can be offered to a risk-averse investor: the optimal
portfolios are defined as those having the largest mean returns, subject to
keeping the risks (i.e., the variances) below a specified acceptable thresh-
old, or as those giving the lowest level of risk for each level of expected
return. The complete set of these portfolios forms the efficient frontier,
and the selections are limited to this efficient frontier, which constitutes
the convex envelope of all the portfolios that can be obtained.

Markowitz’s approach is described as a mean-variance approach because
only two parameters, the mean return and the return variance, are taken
into account. That is, only the first two moments of their distribution are
used to characterize the investor’s portfolio. The constraint is that either
the returns are assumed to be normally distributed or the investor’s utility
function is quadratic. Markowitz also proposed semi-variance as a good

measure of risk, but finally chose variance due to practical implementation



reasons.

1.1.1 Transaction Cost on Portfolio Selection

When determining the optimal portfolio, the impact of transaction costs is
not taken into account in the mathematical model developed by Markowitz,
although these costs have a significant impact on portfolio performance.
But transaction costs are difficult to estimate because they are not fixed,
and the exact values of the costs can’t be possibly obtained until the se-
curity trade has taken place. The costs include the commission, which is
the tax per security paid to execute the transaction; the bid/ask spread,
which is the differential between the requested price and the offered price;
and the liquidity or market impact cost, which is the additional cost of
trading several securities compared with the cost of trading a single secu-
rity. To optimize the portfolio while taking transaction costs into account,
the amounts of transaction costs are introduced into the utility function.
The higher the chosen value of transaction costs, the less the portfolio will

evolve.

1.1.2 The Capital Asset Pricing Model (CAPM)

Initiated by Sharp (1964) and Lintner (1965), the CAPM has played an im-
portant role in finance and has been a focus point in the empirical finance
literature. The CAMP is a single-period specialization of the fundamental

valuation equation. The contribution of the model is that it relates the ex-



pected excess returns to the market portfolio return. However this feature
of the CAMP is criticized by Fama (1976), Roll (1977), and others, who
point out that the model is testable only if the market portfolio return is
observable. The only empirically testable implication of the CAPM is that
the market portfolio is mean-variance efficient. Then the arbitrage pricing
theory (APT) is put forth by Cox and Ross (1976, 1977) to address the
criticism on the observability of the market portfolio return levelled against
the CAPM.

- Let’s discuss the CAPM in detail. Merton (1969) regards the behavior
of a single agent acting as a market price-taker and seeks to maximize
the expected utility of consumption. The utility function of the agent is
assumed to be a power function, and the market is assumed to comprise
a risk-free asset with a constant rate of return and several stocks, each
with constant mean rate of return and volatility. With only information
of current prices, with infinitely divisible assets, and without transaction
costs, Merton was able to derive a closed-form solution to the stochastic
- control problem faced by the agent. Later on, by assuming nonconstant
market coefficients which depend on a “state” variable, Merton addressed
the issue of price formation with necessary conditions for equilibrium prices.
However he didn’t resolve the question of the existence of a solution to these
conditions.

Based on Merton’s model, several directions were generalized. The
restriction to utility functions of a power form was removed in Karatzas,

Lehoczky, Sethi and Shreve (1986). Market coefficients depending in an
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adapted way on an underlying Brownian motion were treated in Cox and
Huang (1989), Karatzas, Lehoczky,and Shreve (1987) and Pliska (1986).

Later, in an important breakthrough, Cox and Huang (1989a) and
Karatzas, Lehoczky, and Shreve (1986, 1987, 1990) showed that the martin-
gale representation theory can be applied to reduce the stochastic dynamic
programming problem to a static problem in complete markets.

An important innovation of the model by Liu (1998) is that the stock re-
turns exhibit stochastic volatility or predictability and he is able to consider
incomplete markets explicitly. Wachter (1999) used martingale methods to
characterize the consumption and portfolio strategies in complete markets
when stock returns are predictable. Chacko and Viceira (1999) developed
portfolio and consumption rules under an incomplete market setting with
stochastic volatility. They relied on an approximation scheme to solve the
Bellman equation in their general applications. Kogan and Uppal (1999)
provided approximation methods for solving consumption and portfolio
problems in a continuous-time setting.

Based on CAPM, Sharp, Lintner and Mossin (SLM) have developed
mean-variance equilibrium capital asset pricing under uncertainty. The
model shows that there is a linear relationship between the equilibrium
expected return on an asset and its systematic risk which is measured
by the covariance between the asset’s return and the return on market
portfolio. The SLM capital asset pricing model and many of its extended
versions are formulated in nominal terms under the constraint of assuming

implicitly that there are no price level changes.



1.1.3 Continuous-time method

Continuous-time methods have proved to be the most attractive way to
conduct research and gain economic intuition in certain core areas in fi-
nance (such as, asset pricing, derivatives valuation, and portfolio selection).
These methods can be traced backed to the seminal contributions of Mer-
ton (1969, 1971, 1973b) in the late 1969s and early 1970s. Merton (1969)
initiated the study of financial markets using continuous-time stochastic
models. He examined the continuous-time consumption-portfolio problem
for an individual whose income is generated by capital gains on invest-
ments in assets under the “Geometric Brownian motion” hypothesis, which
implies that asset prices are log-normally distributed with temporally con-
stant parameters. He derived explicit solutions for the above problem under
the additional assumption of a constant relative or constant absolute risk
aversion utility function.

The estimation strategies used in continuous-time models can be cate-
gorized into the following areas:

1. Maximum likelihood method;

2. Generalized method of moments (GMM);

3. Simulated method of moments (SMM);

4. Efficient method of moments (EMM);

5. Nonparametric approaches;

6. Methods based on empirical characteristic functions;

7. Bayesian methods.



Later, the seminal contributions on options pricing by Black and Sc-
holes (1973) and Merton (1973a) was made, which provided the first truly
satisfactory model for pricing options on equity. These contributions made
a strong impact in this field during the period from 1969 through 1980, and
changed the way in which the practitioners viewed the finance research.

There are two key ingredients to pricing and hedging in the Black-
Sholes framework. The first one is that the discounted asset prices are
martingales by changing the probability measure, and the second is that
the pricing formula is in the form of the discounted expected value of a
claim.

The original Black-Scholes formula only applies to European call and
put options. Probably the Black-Scholes formula is the most famous model
used in the theory of option pricing. However the equity options pricing
formulation was criticized by a number of scholars, and some formulas that
have varying resemblances to the Black-Scholes model were introduced.
These formulations depend on subjective discount rates or risk aversion

parameters and are not fully supported by an arbitrage-free argument.

1.2 Bandit Processes

In the present thesis, We use a bandit model to formulate the optimal
investment-consumption problem. Let’s introduce bandit processes briefly.
Bandit processes study optimal sequential selections from several popu-

lations or stochastic processes (or arms) with unknown characteristics. The



objective is to choose an optimal strategy for making selections among the
arms in order to maximize the total expected discounted reward from all
selections. Authors making early significant contributions on bandit prob-
lems include Thompson (1933, 1935), Robbins (1952, 1956), Bradt, John-
son, and Karlin (1956), Bellman (1956), Feldman (1962), Gittins and Jones
(1974), Rodman (1978), Bather (1981), and Berry and Fristedt (1985).
Most papers in the bandit literature are applied to clinical trials with the
assumption that complete information of past history is known or is ob-
served before the next patient. This kind of model is called the bandit
model with immediate responses.

The basic bandit model and many extensions are based on the follow-
ing essential components: the decision times (continuous or discrete), the
number of arms, the types of the arms (a variety of kinds of population dis-
tributions or stochastic processes), the discount sequence, the availability
of historic information, and different estimation methods (minimax, para-
metric, non-parametric, Bayesian, etc.). For a detailed introduction, refer
to Wang (2001).

Bandit processes concern the trade-off between high immediate ex-
pected payoff and information gathering. The benefit of information gath-
ering is not immediate but potentially advantageous in that the uncertainty
about the unknown arms (or populations) is reduced and better informed
decisions with higher payoffs in the future are expected. There are two typ-
ical kinds of strategies, one is of the complete randomization among arms

(which only gathers information but ignores immediate payoff), the other
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is of the myopic strategy (which always selects the arm with the highest
immediate payoff at each stage, but ignores information gathering). Gen-
erally speaking, both strategies are not optimal. The main goal of bandit
processes is to combine the two typical strategies to obtain the overall best
performance throughout the horizon of successive decision-making stages.
It is a trade-off that makes bandit problems attractive in theory, useful in
applications (in clinical trials generally), but difficult in obtaining explicit
solutions.

For the traditional bandit problem, it is assumed that the state of the
arm will change only if the arm is selected for observation. This means that
we freeze the arms that are not selected for observation. But in financial
markets, if each asset is regarded as an arm, then we can no longer use
this traditional bandit model, because the market information on those
unselected assets still evolves over time. This implies that the state of
an arm changes over time no matter whether or not the arm is selected
for observation. Such a bandit process is called a restless bandit model.
Mathematically speaking, restless bandit models are more complicated to
formulate and more difficult to solve.

Define a strategy @ = (71, m2,---) as a sequence of rules such that
at each time n = 1,2,---, the population to be selected (or the arm to
be pulled) is specified by 7, based on the (partial or entire) history of
previous selections and observations. Denote i, as the population selected
at time n under the strategy = and Z, as the corresponding response.

Then 302 | 0, Z, is a utility for the sequence (iy, i, - - +) resulting from the
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strategy 7. Define the value of the strategy 7 as

W(r) = Ew(i_%1 ),

wherea = (a1, ay, - - ) is the discount sequence, ¢, > 0 and o0ty < 00.
sup, W (m) is called the value of the bandit problem.
Three major approaches are frequently used in the bandit literature:
(1): the minimax approach, with which important contributions include
Vogel (1960a, 1960b), Fabius and van Zwet (1970), Bather (1983), Berry
and Fristedt (1985), Reimnitz (1986), and Kulkarni and Lugosi (2000);
(2): the utility comparison approach, which was initiated by Robbins
(1952). Strategies are restricted to be Markovian. A further contribution
is given in Robbins (1956) for the class of strategies with a finite memory.
(3): the Bayesian approach, which specifies a prior distribution, then
updates it to a posterior distribution with new available observations. This
approach takes advantage of all the available information for decision-
making and updates the states of the bandit at the decision stages. This
approach will be adopted in the present thesis and will be described in the

following Chapters in detail.

1.2.1 Bandit problems and Markov decision processes

Following the Bayesian approach, the basic discrete time bandit model with
immediate responses can be formulated as a Markov decision process. On
the other hand, bandit processes with delayed responses can only be for-

mulated as a general controlled stochastic processes (see Wang and Bickis
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(2003) for details).

Consider a bandit with an unknown parameter 6, then the state space S
consists of all distributions over the parameter space ©. The action space is
Z ={1,2,---,k}, where k is the number of arms (or distributions). With
the known current state s, (which is described by the current prior) at
stage n, if action i, is taken (arm i, is selected), an immediate expected

reward is calculated as follows:

(8, i) = /e /_ °:o 2dF,, (2)dsn(0),

where F;_ () is the conditional distribution function of X. The state tran-
sition law is determined by the Bayes’s formula.

Following the theory of Markov decision processes with a Borel state
space, Bickis and Wang (2004) prove the existence of an optimal strategy
given that the posterior distribution is updated continuously by both the
current observation and the prior distribution. In the spirit of controlled
stochastic processes (Gihman and Skorohod 1979), Bickis and Wang (2004)
further show the existence of an optimal deterministic strategy if the pos-
terior distribution is updated continuously by all past observations and the
current state. Bandit processes are defined as semi-Markov decision pro-
cesses in Gittins (1989) and as vector-valued Markov decision processes in
Glazebrook (1991, 1993).

In a multi-armed Bernoulli bandit problem, all arms yield a payoff of 0
or 1 when selected, but with different payoff probabilities. As the number

of observations increases, the decision maker gets an increasingly more
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accurate estimate of each arm’s payoff probability. The decision maker’s
goal is to determine a sequence of arms so as to maximize the expected
sum of discounted rewards. The multi-armed bandit problem is easily
formulated as a dynamic allocation problem, and the aim is to allocate a
limited amount effort to a number of independent projects, each generating
a specific stochastic reward proportional to the effort spent on it.

There are several strategies that can be carried out practically to obtain
the performance of the whole bandit processes, such as the myopic strategy
and the play-the-winner strategy. The myopic strategy says that the arm
with the highest immediate expected payoff is selected at each stage. The
deterministic play-the-winner rule was initially proposed in Zelen (1969).
Assuming a bandit process with two unknown and independent Bernoulli
arms, the first selection is made randomly between the arms. After that, if
the result is a success, then the second selection is made on the same arm.
Otherwise, the other arm is selected. Zelen (1969) and Wang and Pullman
(2001) prove that using this strategy, the proportion of selections of the
superior arm is maximized in long run. Samaranayake (1992) studies the
randomized play-the-winner rule for dependent arms, and Bandyopadhyay
and Biswas (2002) make a contribution in the use of randomized play-the-

winner rule with delayed responses.

12



1.2.2  The Gittins index strategy for bandit models

Gittins and Jones (1974), and Gittins (1979) propose the Gittins index
strategy, which is one of the most significant contributions to bandit pro-
cesses. The Gittins index strategy can offer a nice complete solution to the
geometrically discounted bandit processes with k independent unknown
arms. The theory of Gittins indices is followed by many papers concerning
such dynamic allocation problems.

The crucial idea of Gittins (1979) is concerned with reducing the multi-
dimensional optimization problem to a family of simpler benchmark prob-
lems. Hence the Gittins index strategy is to define a dynamic performance
measure separately for each of the arms in such a way that an optimal
choice can be determined by an index-rule. The dynamic performance
measure is called the Gittins index, and the unknown arm with the current
highest Gittins index is shown to be optimal.

The Gittins index is based on two components: the “immediate reward”
component and the “learning” (or information gathering) component. Its
process can be viewed as the solution to a representation problem, and
its intrinsic mathematical interest and its unifying role is easily applied to
a number of different applications, including the areas of economics and
finance.

Gittins (1979) and Whittle (1980) consider a discrete-time Markovian
setting, Karatzas (1984) and Mandelbaum (1987) extend the analysis to

diffusion models. El Karoui and Karatzas (1994) develop a general martin-
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gale approach in continuous time. One of their results is that the Gittins

indices can be viewed as solutions to a representation problem.

1.2.3 The use of bandit models in economics and fi-

nance

There are very few papers that deal with the economic or financial ap-
plications of bandit models. Bank and Féllmer (2002) seems to be the
only paper in the mathematical finance area that develops continuous-time
multi-armed bandit models. Coming from the microeconomic theory of in-
tertemporal consumption choice, the singular control problem is reduced
to a stochastic representation problem in Bank and Follmer (2002). Fol-
lowing the stochastic representation approach, existence and uniqueness of
a solution is easily demonstrated by backwards induction in discrete time.

In the case of option pricing, the methods of bandit models are also
adopted, such as the optimal stopping method. The usual approach to
option pricing and to the construction of replicating strategies is combined
with an optimal stopping problem in Karatzas (1988).

However, bandit models have been used in economics for several types
of problems. For example, Jovanovich (1979), Miller (1984) and Mortensen
(1985) use bandit models to analyze job-search problems in labor markets.
Rothschild (1974) and Schmalensee (1975) use bandit models to derive dy-
namic pricing problems in the face of unknown demand functions. They

assume that the demand is a function of the unknown probability of pur-
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chasing the product. Recently Wang (2004) extends the results to a bandit
model where the unknown demand function depends on both an unknown

Poisson rate of buyers and the unknown probability of purchase.

1.3 About My Thesis

In this thesis, we introduce two new bandit models to study investment-
consumption problems.

We formulate two kinds of bandit models for this problem. The two
arms in each bandit model denote two risky assets with uncertainty in the
returns. Both arms follow independent Poisson distributions, with intensity
A and p respectively. The parameter A is assumed to be unknown, hence
the arm with intensity rate X is named the unknown arm. The parametery
is known, hence the arm with y is called the known arm.

For the first kind of bandit model, at every point of time, we take a
fixed proportion of the total wealth to consume, and re-invest the remaining
portion. The objective is to maximize the total expected discounted con-
sumption. For the second kind of bandit model, we invest a fixed amount
at every time and consume the remaining wealth after the investment.

We wish to find the index value for the model such that at this index
value both arms are equivalent. This means that if u is the same as this
index value, there is no difference between investing in this unknown arm
and investing in the known arm.

We show that the investment decision rule based on the advantage

15



function can be simplified to be based on a break-even index value of the
parameter p. We also demonstrate some properties of the index value.

The main results in this thesis are concerned with the value of the ban-
dit models and the total expected discounted reward obtained sequentially
from the consumption at every single time, the dynamic programming so-
lution for two risky assets with different returns, which are evaluated using
the index values, and the structure of the optimal strategy for a particu-
lar class of gamma prior distributions G(n, 7). Chapter 2 describes the
formulation of the portfolio selection problem with constant proportion of
consumption in two-armed bandit processes. The uncertainty inherent in
each asset is reflected by the number of payoffs during the corresponding
investment period.

Chapter 3 provides the solution to the investment-consumption problem
and discusses the properties of the index value, which is a useful measure
to evaluate the two risky assets (two arms) and is a unique solution to
the advantage equation. Chapter 4 looks at an alternative model with
the assumption that the amount of investment is fixed every time, and
the remaining amount of the wealth after the previous investment is taken
out for consumption. Similar results are obtained, but myopic strategy
is proved to be not optimal in this case. An optimal stopping solution
and a version of the play-the-winner strategy are derived. Then the final
chapter concludes the thesis with a discussion on possible future research

directions.
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Chapter 2

A bandit model for optimal

portfolio problem

In this chapter, we discuss an optimization problem arising in the microe-
conomic theory of inter-temporal consumption decisions. We formulate
such a consumption-investment problem as a restless bandit model with
two Poisson arms.

In the first section, we give a general description of the investment-
consumption problem. Then this problem is formulated as a restless Pois-
son bandit model in section 3. In the third section, we discuss the method
of dynamic programming and the optimal equation, which form the foun-

dation for solving the bandit model and discuss various properties.
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2.1 The consumption-investment problem

In the mathematical finance literature, there is a variety of ways to define
consumption patterns and objective functions. However in this chapter we
look at a special situation in which a fixed proportion of the total wealth
is taken out for consumption at the beginning of each period, and the
remaining part is invested at the same time. This process is repeated over
a finite period of discrete time. The time interval between two consecutive
investments is assumed to be of fixed length such as a week or a month, or
even a year.

We consider an investment-consumption model consisting of two risky
assets with the mean rate of return higher than the risk-free asset. The
number of payments from each asset during every period is assumed to
be a random variable following a certain distribution. To be specific, we
consider the case of independent Poisson distributions for the number of
payments from two assets. For each asset, investments grow according to
fixed compound interest rates but the number of interest payments are
independent and identically distributed with Poisson distribution.

The variation in returns is introduced through the variation in the fre-
quency with which cash flows are paid. This means that the uncertainty
inherent in each asset is reflected by the number of payoffs during the
corresponding investment period.

For one risky asset, we assume that the intensity rate of the Poisson

distribution is unknown and this asset is called the unknown arm. The
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intensity rate of the Poisson distribution for the other risky asset is assumed
to be known. We name this asset the known arm. The Bayesian approach
is followed and the unknown intensity rate of the unknown arm follows a,
gamma prior distribution. At each point of time of investment, we update
the distribution based on the observed number of interest payments during
the previous investment period on the unknown arm. Such a posterior
distribution comprises all the information necessary for making the current
investment decision. The state of the bandit model then consists of the
posterior distribution and the amount of wealth available for investment.
Taking inflation into consideration, we incorporate a discount factor into
the model.

Our objective is to choose an optimal strategy for making selections
between the unknown arm and known arm in order to maximize the total
expected discounted consumption from all the selections. We consider an
investor who is uncertainty-averse with the additional assumptions that no
transaction costs exist for switching between the two arms, and the returns

on the two risky assets are independent.

2.2 The restless Poisson bandit model

Suppose that selections between the unknown arm and the known arm are
made at every time point n = 0,1,2,---, N. Let 8; denote the expected
return rate of the unknown arm. Assume B8; > 0 and it is also unknown.

Similarly let S, denote the return rate of the risk-free arm. Assume B2 >0

19



and it is known. Based on all the information gathered to date, if the
investor’s perception about the quality of assets is that the unknown arm
is inferior to the known arm over the entire interval, he (or she) would
invest nothing in the unknown arm, and he would invest all of his wealth
in it if the unknown arm is considered to be superior to the known arm.

Let’s now introduce some notation.

Assume the frequencies of payments during each period are governed
by Poisson distributions with intensity rates A and u respectively for the
unknown and known arms. The assumption is that cash flow streams
for the two arms follow two independent Poisson processes, where ) is
assumed to be an unknown random variable which follows a gamma prior
distribution

A~ G(’I’](),T()), o > O,To > 0.

The parameter A is the jump rate of the Poisson process, which is the
expected number of cash payments that accrue over one time period. On
the other hand, the parameter u is assumed to be a known jump rate of
the other Poisson process.

Suppose further that the initial wealth at the starting time n = 0 is M,
which would be entirely invested without consumption. Because gamma
distributions for the unknown Poisson intensity rate A form a conjugate
class, the posterior distribution of A at any time n =1,2,---, N, is still a
gamma distribution G(n,, 7).

We let X,, denote the number of payments from the unknown arm

20



during each investment period. At any time of investment, the observation
of events of payment during the previous time interval on the unknown arm
updates the prior distribution. Then at the time of the nt* investment, the
updated posterior distribution of A is G(n,, 7,), conditional on the observed
values z, of X,, where 7, =75 +n, 5, =ny + o T

We now consider the discrete, truncated geometric discount sequence
Ay =L, a,0% -, 0" ) 0<a< 1.

Denote that
A?V — (an,an—i-l, e OdN_l, . ) — anAN—n

where n means that n investments have been made up-to-date. One ad-
vantage of using geometric discounting is that the problem at each stage
essentially is the same for the decision maker except for the change in the
state.

Let Y, denote the number of payments from the known arm during the
period from time n — 1 to time n, n =1,2,---. Then Y, follows a Poisson
distribution with a known intensity u.

Denote the expected amount of wealth before reinvestment and con-
sumption at time n as M,,. Assuming that a fixed proportion ¢, 0 < ¢ < 1,
of the total wealth is taken out for consumption, the amount of investment
at time n is (1 — ¢)M,. We call the two independent Poisson processes
with intensity rates A and u respectively a (), u)-bandit process. At the
time of the n™ investment, the state of the (), u)-bandit is described by

Sp = (G(1n, Tn)s M)
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An investment strategy 7 = (m;, s, - - +) consists of a sequence of rules
such that the investment decision at time 7 is determined by 7,,. At time n,
the history of past investment decisions and observed numbers of payments
from the unknown arm is denoted as h, = (29, Z1,"**,2n_1,%,). The o-
algebra generated by the set of all observed histories prior to time n is
denoted as H,. At the initial time n = 0 of investment, no history is
available and we define Hj as the trivial o-algebra, {®, Q}.

Because the bandit model is a special kind of Markov decision processes
and standard results in the theory of Markov decision processes show that
there is a deterministic strategy which is optimal, we restrict our discussion
to deterministic strategies only. By a deterministic strategy =, we mean
that for each n, the function m, : H, — {1,2} is measurable. Here for
any observed path of history hn, m,(h,) = 2 means that the known arm is
selected for investment at time n and 7, (h,) = 1 means that the unknown
arm is selected for investment. In fact, the theory of Markov decision
processes further shows that there is a Markov strategy which is optimal. A
Markov strategy is one in which the investment decision at time n depends
only on the current state S,,.

Suppose that the investment strategy 7 is deterministic and Markovian
and that M, is the total wealth at time n generated by the strategy .
Then S,,n =1,2,---, forms a Markov process. The worth of the strategy

7 is defined as

W (G (0, 70), Mo, ) = W (So, ) = Er (L, 0" e, M, |G (10, 7o), Mo)
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where ¢; =c; =---=cy_; = ¢, cy = 1, and the subscript 7 means that
the expected value depends on the sample path generated by the strategy
.

The optimal value of the consumption-investment problem is given by
V(G(n(): TO)) MO) = V(SO) = sup W(G(nﬂa 7—0), M07 ’/T),

which is the supremum of the worth over the set of all strategies. Our ob-
Jective is to find the optimal value V' (G(n, 79), Mo) and an optimal strategy

7* such that

W(G(’I]o, TO)’ M07 W*) = V(G(n()a 7—0)) MO)

2.3 The method of dynamic programming

Since the above formulated bandit model is essentially a Markov decision
process, we have indicated that there is a deterministic Markov strategy
which is optimal. To find the optimal strategy, we apply the dynamic
programming backward induction method. Based on this method, the
optimal investment decision at time n and the optimal value starting at
time n are characterized by the so called optimality equation at n. The
most crucial part of the equation is the description of the state transition
at this time point.

If the state of the bandit model at time n is S, = (G(1n, T0), My),
then the posterior distribution G(7,41, 7m41) at time n + 1 of the unknown

intensity rate A is given by 7,41 = 7 + Zp41 and T41 = 7, + 1, where 44

23



is the observed number of payments from the unknown arm no matter
which arm is selected for investment at time 7.

The conditional probability distribution of Xn+1 given the state S, is

P(Xn+1 = xn—l—lIG(ann)) = P(P(Xn—H = $7'L+ll/\)|CTY(77n:""n))
_ /00 e ATt ]
0

T N =1o=An g3
Tpgr! F(nn) "

T L (Znt1 + 70)
L1 ! (10) (T + 1)Znt147n
/00 1 (Tm + 1)zn+1+nn AZrt1Hmn =1 o=A(m+1) 7y
0 T'(Tny1+1n)
T L (Tny1 + nn)
CL'n_H'F(’l]n) (Tn + 1)m”‘+1+n”

The decision on investing in which arm at time n, which is the beginning
time of the investment period, has an impact on the wealth M,_, which
is the expected wealth at the end of this period. If we invest in the known
arm with the current state S, at time n, which is S, = (G(n,,72), M,),
then we have

MZ = E[(1 - ) Ma(1+ o) |ms(Sy) = 0]

o0 e—ﬂ"ulyn-*-l
C G—OMy 3 (L4 e B

yn+1:() yn+1-
= (1 —c)M,e?*.

where the superscript (2) of M,(fgl indicates that the known arm is selected
at the decision time n.
On the other hand, if we invest in the unknown arm when the state at

time n is S, = (G(1n, Tn), My,), then we have

MY, = Bl1— M1+ 1) G0y 7)), mn(Sn) = 1]
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= E[E((1 - c)Mn(1+ B1)* | N)|G (1, )]

oo 00 e—)\Azn.H
= (1— C)Mn/ > 1+ By)=+ ————9(Mn, Tn)dA
0 Tpa1=0 fL‘n+1-
00 1
= (1-c¢ Mn/ 1A T N1 1= g )
( ) 0 NG
T
— 1—c Mn___@__
A AT

where g(1n, 7,) = 1—,(717—”)7'7?" ATn~le=3n ig the gamma density of the unknown
intensity A. Similarly, the superscript (1) of M,(igl indicates that the un-
known arm is selected at the decision time 7.

In essence, the optimality equation gives us a recursive relationship for
the optimal value starting at each investment time point. For this purpose,
we define the worth of the strategy m starting at time n with the state

Sn = (G(T]na Tn)a Mn) as

WN—n(SmW) = WN—n(G(ann)’MmA%’W)

= Evr(ztlinﬂat_lCtMAG(ﬂn, Tn)a Mn)-

The optimal value of the bandit problem starting at time n with the

state Sy, = (G (", Tn), M,,) is defined as
VN—-n(Sn) = VN—n(G(T]n) TTL); an AT]:]) = sup WN——n(Sna ﬂ')'

For i = 1,2, and n = 0,1,---, N, let II®) be the set of all strategies
that select arm ¢ at time n.

Define

V(i) (G(Un, Tn): My, ART) = sup W(G(ﬂn, Tn)a M, Ar]tfa 7T)-

(%)

well,
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SRp———

Then
V(G(1ny ), My, A%, vv@ (T Tn)s My, A%)

where

2
\ a® = a®\/ @ = max{a®, a®}.

i=1

The investor’s decision problem is to choose 7 to maximize Vy_,, for
every n =0,1,2,---, N. Based on the principle of optimality, if the known
arm is selected for investment at time n and an optimal strategy is followed

starting at time n 4 1, the value of the strategy is given by
VA2 (S0, AR)
= V2u(Gl, ), Mo, AR)
= "V (G (s ), Ma, An_y)
= a"c(l — c) M,eP?*

+Eg:+1:0VN—(n+1) (G(nn + Tpy1, T+ 1), (1 — c)ZMneﬂz”, A%—!—l)

% T (Zpq1 + Nn)
v ) (D0

= « cM(Z)

+a n+122+1—0VN—(7L+1) (G(Tin + Tnt1, Tn + 1) (1 - C)M +1 AN (n+1))

« T D (Tpy1 + 77n)
PRIV o | ey e

where M), = (1 — ¢) My ePe+.

Similarly, if the unknown arm is selected for investment at time n and
an optimal strategy is followed starting at time n+ 1, then the value of the
strategy is given by

(1) (Sn, A%)
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= V(G 7a), My, A)

- (1) (G(Un,’fn) MmAN—n)

7
Tn"

= c¢l-)M,—2——
( ) (Tn - ,Bn)n"
Tn
+2;?;+1=0VN_("'+1) (G(nn + Zpy1, Tn + 1)7 (1 - C)zMn(T—‘i—_m An+1)

v T D (@nt1 + 70)
Tn1!T(0n) (77 + 1)natm

= CM7(L21

+a n+12§;:+1 ()VN—(n+1) (G(nn + Tni1, Tn + 1)) (1 - C)M'I(:}-)l, AN—(n+1))

T:Z F(xn-i-l + 77n)
Tn 11T (00) (T + 1)Zntrtom

nn
where M,(Llﬁl =(1- c)Mn(T—nIﬂEm.
The method of the dynamic programming backward induction works
as follows. At the last investment time N — 1, the investment decision is

myopic because there is only one decision to make. If the updated state is

Sn_1, the asset to be invested is arm ¢ such that
MY = max(M, M{).

Then we go backward and derive the optimal decision and the optimal
value at time N — 2 based on the optimality equation. That is, if the

updated state is Sy _o, the asset to be invested in is arm 7 such that

VI\(fi)—(N—2) (Sn-2, AN?)

- maX(Verl—)(N_z) (Sw—2, AN2), VI\(I2—)(N—2) (Sn-2, AN 7?)).

This process is repeated until time n = 0, at which time we have found the

optimal value of the overall bandit problem.
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2.4 Conclusion

In this chapter we formulated a restless Poisson bandit model for an investment-
consumption problem. There were two risky assets in this model, and each
of them was regarded as one arm. The variation in returns was reflected by
the variation in the frequency with which cash flows are paid. The nota-
tion was introduced, and the value function of the strategy was established.
The dynamic programming backward induction method can be applied to

find an optimal strategy, which is deterministic and Markovian.
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Chapter 3

The Allocation Index and

Properties

From the end of the previous chapter we see that both the optimal value
of the bandit model and the optimal strategy are characterized by the
backward induction equations. So in principle both the optimal value and
the optimal strategy may be found by recursively applying these equations
with the initial value determined at the last investment time of N — 1.
Although this algorithm is more effective than the method of comparing
the worths of all possible strategies, we still face the curse of dimensionality
of the state space which is in fact uncountable. This means that practically
the algorithm of backward induction is computationally impossible at least
for moderately large investment horizon N.

In this chapter we start by defining the advantage function of the un-

known arm over the known arm. This function is defined at every time
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point of investment to be the difference between the best possible perfor-
mances of starting the investment in the rival arms. Consequently, the
unknown arm is optimal at an investment time if and only if the advantage
function at this time point is nonnegative, and the known arm is optimal
otherwise.

Then in the second section, we show that this investment decision rule
based on the advantage function can be simplified to be based on a break-
even index value of the parameter y. In the third section, we demonstrate

some properties of the index value.

3.1 The advantage function and its proper-
ties

Following the notations introduced in the previous chapter, the advantage

function of the unknown arm over the known arm is defined to be

AN—n(Snuu’) = ]sfl—)—n(‘sn’lu’) - 1572—)77'(‘5"’”)

or with more specific notations,

AN—n(G(nna Tn)a M, ,U') = nglln(G(nm Tn): M, ‘u,)— 1\(I2-n(G(77m Tn)a M,, ,LL).

The unknown arm is optimal at state S, if and only if Ay_,(S,, 1) > 0,
and both arms are optimal at state S, if Ay_,(Sp, u) = 0.

If the unknown arm is invested initially at time n = 0, recall that

VM (S0, 1)
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= V]Srl)(G(no, 70), Mo, An, )

To 7o
= cM,
0 (To - ,Bl)

+aX o Vn-1(G(mo + z1, 70 + 1),(1 - c)Ml(l), An_1, 1)

70°L(21 + 70)
1!T (o) (1o + 1)=1+m0

where Ml(l) = MO(#T_’E—)WO is the total wealth available for consumption-
investment at time n = 1. Notice that there is no consumption from M,
at the initial time 0.

On the other hand, if the known arm is invested initially at time n = 0,

we have

V]Sf2)(80) /J’)
= V]\(/'z) (G(UO, TO)a MOa AN) ,LL)

= cMoeP* +aZ%_ Vy_1(G (o + 21,70 + 1), (1 — ) MP, Ay_1, )

10°T(z1 + m0)
CL‘l!F(’I]o)(T() + ]_)1?14"’]0

where M1(2) = MyeP?* is the total wealth available for consumption-investment
at time n = 1.

Hence the advantage function at time n = 0 of the first investment is

An(So, 1)
= An(G(no,70), Mo, An, 1)
= Vi (G0, ), My, An, 1) — V& (G (0, 70), Mo, Aw, 1)
= (M — M)

+aXP_o[V-1(G(no + z1, 70 + 1), (1 — )M, Ay_1, )
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7o L'(21 + mo)

_ ay®
VN—l(G(nO +Zy, 70 + 1)a (1 C)Ml aAN-—b M)]xl!r(ﬂo)(To + 1)$1+770

where Ml(l) M(z) M, [(To_ﬂl)m — eﬂZ“] .
Similarly, the advantage function of the unknown arm over the known

arm at time n of the (n + 1)** selection is defined as

AN(VN-n, 1t)
= AN(G(1n, Tn), M, AN—n, 1)
= V(G Tn), My Ay ) = Vi (G s ), Moy Ao 1)
= c(M,(Ligl Mngl)
FaEZ o Vi-na1) (G + Tnga, T + 1), (1 = M), A (nir), 1)

‘—VN——(n+1) (G(ﬂn + Tpt1, Tn + 1), (1 - C)My(;i)p AN—(n—i—l)a #)]G:H-l

where

T T (T + Nn)
o L) (1 Do

M(l) — 1— Mn Tn Mn
n+41 ( C) (Tn _ ,31) 3

MO, = (1-c¢)M,ef>.

* —
Gn—l—l -

Lemma 3.1.1 Foranyn=0,1,2,---,N, and any strategy m, all functions
WN—n(G(nm Tn); Mna i, 71'),

VN—n(G(nn; Tn), M,, .U')a

and

(1) (G(Uan) M, :U')a 1= 0,1,
are continuous and increasing in both u and M, and linear in M,,.
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Note: The continuity and monotonicity of these functions in other pa-
rameters, such as 7,, 7,,, and so on, can be established in a similar manner.
But our primary focus is on discussing the properties of the functions of 7
in this chapter.

Proof. Because the discount sequence is geometric, it suffices to show
the Lemma by induction on the investment horizon N, with the use of the
backward induction equations.

When N =1, we have

Mo
T
Wl(G(n())TO)a MO?M) 7T) - 1(1) = Mo( 0 > ,
To — B

if the unknown arm is selected for investment, and
Wl (G(T}O: TO)J M07 H, W) - Mfz) = Moeﬁﬂl,

if the known arm is selected for investment. The Lemma is clearly true in
this situation.
Suppose the Lemma is true for horizon N. For the geometric discount

sequence of horizon NV + 1, we have

V]Sfl—f)-l(G(nm 7—0)7 MO) ,U,)

= ch(l)

70" L'(71 + m0)
.’ICl!F(’I]())(TO -+ 1)$1+770

+a2§?=oVN(G(770 + Z1,To + 1), (1 _ C)Ml(l), ,u)

To 70
= cM,
0 (To - ﬂl)
To

"I'Ol(l - C)MQ <7_0 — Bl

7'57°I‘(:61 + 770)
21!T'(10) (70 + 1)=2+m0

o
) YooV (G(no + z1,70 + 1), 1, )
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Similarly,

V]\(f2—i)-1 (G(%, TO)) M07 ,LL)

= cM- 1(2)

7o I'(z1 + 10)
21T (10) (70 + 1)@1+m0

+aXl VN (G (o + 21,70 + 1), (1 — C)Ml(o), 1)
= cMOeﬁZ,Uz

+a(l — ¢) MoeP* S _ Viv(G(no + 71, 19 + 1),1, 1)

1
TS’OP(iEl + 770)
.’2’)1!]_—‘(770)(7'0 + 1)$1+77° '

The convergence of the infinite sum 2370 warrants the inter-change of
limit and summation. So the Lemma is true after applying the induction

hypothesis at horizon N. Q.E.D.

Corollary 3.1.1 Foranyn =0,1,---, N, the function A(G (1, ), My, 12)

is conlinuous in u.
Corollary 3.1.2 For any given n, 7, u, M # 0, and any strategy T,
W(G(Tl) 7-)7 M7 /’l') = MW(G(T’? T)) ]" /’l’)'

Therefore, the optimal strategy for the (G(n,7), M, u,)—bandit does not

depend on the wealth M and hence
V(G(n,7), M, ) = MV (G(n,7),1,1).

Lemma 3.1.2 For any given n, 7, and 8, we have
T(n+k) 1
(1) zio%‘ﬁp%lm;ﬁ =1

T(n+k T TR L\
(@) TRop o e ey = (75)

34



Proof. For the first identity, we have

w 1T(n+k) T

SOk T(n) (r + 1)n+E

N+ TR D) (e 1)E

= (L L+l 14n-1n
(7'+1) [1+T+1 21 (1 +1)? n! (r+ 1) +

Notice that the Taylor expansion of f(z) = (—T—)n at o =0 is

o - (2

= 1+QCL'+
T

1 1 1 1)---
__Mx2+...+_(n+n+ ) 77$"+

21 12 n! Tn
Then taking z = 7> e get

1 1 1 -
n (n+1)n , (n+n+1) U

14+ 2o+ g e —
T 21 7 n! "
_ n_  lm+Un  1@m+n-1)--p
B 1+7‘—|—1 21 (r+1)? +n! (r+1)" *
_ oy L(mtk-1)--q
TR (r+1)
On the other hand,
T+ 1\"
F@lmzr = ()
hence
o l(n+k—1)---n_(7+1>’7
k=0p1 (r+ 1)k N T )
Therefore
1 T(n+k) 7N T\ Tt1,
o = =1
Fe=0y D(n) (r+1)m* " =)

Consequently for the second equation, replace 7 by 7 — f in the first

identity and we have

g 1T E) (e 1yt
k=0 k1 T(n) (7+ 1)1 (7 +1— g)rtk
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™ e ITOHE) (B
(=B =K T (r+ 1= )

Lemma 3.1.3 For any N = 1,2,---, the function An(G(n, 1), M, ) is

decreasing in p when other parameters are fized.

Proof. We proceed by induction. The result is true when Ay =
(1,0,0,---) is of horizon N = 1 since

-
T—5
Suppose that Ay(G(n, ), M, 1) is decreasing in u for any fixed 7, 7 and

AVGln, ), M, ) = M [( o ﬂ} |

M. If the horizon is N + 1, we have

AN-}-I(G(T]) T)a M7 /‘1’)

= cM {(T _7—51)77 - eﬁw]
'k n
+aXiZ Vv (Gn+k, 74+ 1), (1 — C)M(r —Tﬁl " u)kw(?g) (_:Z);)Hn
L'(k+n)r"

—aX2 Vv (Gn+k, 7+ 1), (1 — c)Meﬂ“‘, )

KT (n) (7 + 1)F+0

T— b
+a(l— ) M(

-

T oo I'(k+n)rm
T — /31) EIczova(G("} + ka T+ 1)) 1: :u') k)'F(?])(T + 1)k+7]

I'(k +n)rm
KT (n) (T + 1)k+n

—a(l - c)MeﬂWZE":OVN(G(n +k,7+1),1,u)

For any function f(z), define
fH(z) = max{0, f(z)}, f~(z) = max{0,—f(z)}.
Let’s write

Vi (G(nt+k, 7+1),1, p) = V2 (G(n+k, 7+1), 1, ) +A% (G(n+k, T+1), 1, )
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for the first Vv function, and
Vi (Gn+k, 7+1),1, ) = VA (G(n+k, 7+1), 1, )+ A5 (Gly+k, 7+1), 1, 1)

for the second Vy function.

Notice that for V" (Gn+k,7+1),M =1, ), we have

MY = BE(M|G(n, 7))

= E(E(MIG(T}+IC,T+1)),G(777 T))

w T+ 1T(n+k)
T+ 1R T() (D

- <Tzﬁ)n'

Therefore,

AN+1 (G(na 7-)’ M7 ,U’)

,
T— 5
E?EOVN—I(G(U +k+ l) T+ 2)7 17 ,LL)
L'(k+n)rm
KT (n) (T + 1)ktn
r

T— 5
—a(1 — ¢)MeP2rse [eMP + a(1 — ) MY

Lk+14n)(r+ 1)tk

)lezozo[ceﬁzu + a(l _ c)eﬂzu

Llk+1+n)(r+ 1)"+k]
T (n + k)(r + 2)F+n

'k +n)r™
BT (n) (T + 1)k+n

+a(l — ) M( )TER ARG+ kT +1),1, 1)

YRV (Gn+k+1,7+2),1,p) T £ H)( T 2)k+l+77]
Lk +n)r"
E'T(n) (T + 1)k+n
Lk +n)r"

—a(l — ) MeP T2 AN (G(n + k, 7+ 1), 1, )

KIT(n) (7 + 1)F+n
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T \nyoo A+ L'(k +n)m
’T—,Bl) k=0 N(G(n+k77-+1)a]-7lu’)k'r\(n)(7_+1)k+,,]

e~ I'(k +n)r"
—o(l = ) M SR AR (G + k, 7+ 1)1 1) k"F(7(7)(T Z)l)k+n

after cancelling all other terms.

By the induction hypothesis, Ax(G(n + &, T + 1),1, 1) is decreasing in
w for any k. Therefore AL (G(n + k, 7 + 1),1, u) is nonincreasing in p but
An(G(n+k,7 +1),1, p) is nondecreasing in p. |

Hence both

Lk +n)rm
E'T () (7 + 1)k+n

TRLoAN(G(n+ k7 + 1), 1, )

and
L(k+ n)rm

__ B0 - 1
(& Ek:OAN(G(T’ + k, T+ )7 17 /J’) k'F(?})(T + 1)k+77

are nonincreasing in p. Therefore Ayi1(G(n,7), M, p) is decreasing in

u. Q.E.D.

3.2 Existence and properties of index values

In this section, we show that there is a unique solution to the equation
AN(G(Mny Tn), Mn, fint1) = 0 in 41 denoting the known intensity rate of
Poisson process in the known arm during the interval between time point

nand n+1, wheren =0,1,2,---.

Theorem 3.2.1 For any N =1,2,- oy any 0,7, M, and Ay, there exists
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a unique p* = p*(n, 7, M, Ay) such that
AN(G(Th T)a .U'*7 M, AN) = O

Moreover, the unknown arm is optimal for horizon N, if and only if u < p*,

and the known arm is optimal if and only if p > W
Proof. 1t is clear that

A(G(TI?T))OJ M7 AN) > 0 and

#lggo A(G(n,7),u, M, Ay) < 0.
The theorem is true by Corollary 3.1.1 and Lemma 3.1.3. Q.E.D.
Theorem 3.2.2 Let p% ;= pi (G (1, 72), My,) be such that

AN—'n.(G(/r]n) Tn): Mn; M:;,—;-l) =0.

Then py_ i is increasing in n,, but decreasing in T,, and u} 11 does not

depend on the wealth M, at time point n.
Proof. First of all, Ay_n(G (1, 70), M, tyv1) = 0 means that

C[Mg’zl - Mr(fizl]

’*‘aEgiH:oVN—(nH) (G + Tnt1, T + 1),(1— C)Mgh AN—(n+1))G:z+1

—aXg  —oVN-m41) (G + Tngr, T + 1), (1 — C)Mﬁzl’ AN—(n+1))Griq
= C[Mw(zizl - Mr(fgl]

+052 (1 = OMEL V- (041) (Gl + T, T + 1), 1, Ay —(nsn)) Gl

—oXig L —o(l— C)My(z{?lVN—(nH) (G + Tng1, T + 1), 1, AN-(n+1)) G

39



M0 — M)
X {C + (1= 0)aXZ o VN-(i1) (G + Tat1, T + 1), 1, AN—(n+1))G:L+1}
= 0

where

* Tl (Tn g + Tn)
" 20 () (1 + L)ontrtme”

and M,(i,)_l, ¢ =1 or 2, denote the total wealth at time point n -+ 1, which is
the gain due to the previous investment, i = 1 or 2 indicates the arm that
is invested in, either the unknown arm or the known arm.

Notice that in the above equation the term
{C ~+ (1 - C)azgfl:OVN—(n-H) (G(’I]n + Tpi1, Tn + 1), 1, AN—-(n+1))G:L+1}
is positive at any time n, because

1) 0<e<1,
2) VN-0+1) (G + Tpi1, T + 1),1, AN—(n+1)) >0,

3) Gp>0,

Hence Ay _n(G (%, Tn)y My, tint1) = 0 is equivalent to M,(LBI — M,(L(_’gl =0,
where

Tn
Tn — ,61

M7(L(—)21 = (1—c)M,efen+,

MY, = (1- )My ),

Therefore, solve the equation

Tn

Tn_ﬂl

(1 — C)Mn( )i = (1— c)Mneﬂz”"“,
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we obtain

1 T,
* = —nln——"— 3.1
M1 ﬂ277 (Tn—*ﬂ1) (3.1)
= = (g +Tp) In(—22 T~ 3.2
R o (3.2
To+1n

_ é(m + 52,2 In ) (3.3)

To—pP1+n

From the equation (3.1), u5,, shows to be increasing in T, but de-
creasing in 7,, but independent on the wealth M, at time point n. Hence
Theorem 3.2.2. is proved. Q.E.D.

Here the index value ¥, is acting as a benchmark for evaluating the
two arms and determining which arm should be invested in. At any be-
ginning time 7 of an investment period, the known arm is regarded to be
equivalently optimal as the unknown arm, if and only if the value of
equals to the index value p¥ . If u < u? +1, the known arm is regarded as
inferior to the unknown arm, and vice versa. In other words, the investor
makes her decision by comparing ; and Bnt1, if pis higher, the risky asset
on the known arm would be considered, and if Urnyo is higher, the other
risky asset on the unknown arm would be invested. Hence the availability
of the specific index values for successive investment periods provides a
solution to the investment-consumption problem in the discrete setting.

As in the definition of myopic strategy, at each stage the arm with the
highest immediate expected payoff is selected. Hence the solution to the
above two-risky assets bandit model provides a myopic strategy, without
the necessity of considering the issue of complete information gathering.

Therefore the myopic strategy in this special situation is optimal, the in-
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tuition is that the market information on an asset evolves over time, no
matter whether this asset is invested or not.
Similarly, the index value y; during the previous period of investment

with the corresponding parameters is

* _]-_ Tn—1
o = 67} fin-t1 ln(Tn—l - bh ) (34
_ i(no + 901y, In(—2 (n—1) ) (3.5)

B2

Both the parameters 7,_1, 7,1 are known from the information gath-

70— P1+ (n—1)

ering until the current time point ¢ = n — 1. z,, is regarded as a random
variable at time n — 1, which follows a Poisson distribution with unknown
intensity rate A during the next period interval from time point n — 1 to
n. It means that the detailed information on this Poisson process can be
gathered at time point n, and the specific value of z,, can be obtained and

hence be regarded as known at that time.

Theorem 3.2.3 Let G(no, 7o) be the prior distribution of \, where ) is the
unknown intensity rate of the Poisson process on the unknown arm.
If pr oy = 131 (G(, 70), My,) is the index value during the investment

period from time n to n + 1 such that

AN-n(G (s Tn), M, iy 1) = 0,
then
Prt1 = o
if and only if

In me1(m=F1)
Tp 2> max {0, Np1 [M} }

In(25;)
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Proof. If py ;> pr, from the equations (3.2) and (3.4), we get

;(nn o) (") > nn {in(- ).

Tpn—1 — ﬁl
Solving it, we have

Tn 1 g'rn =B )

Tn(Tn 1—PB1)

ln('rn-ﬂl )

Hence

Tn(Tn-1—B1)

) (3.6)

[ln Tn—1(Tn—F1 ):, }

Similarly equation (3.6) implies that My > . Q.E.D.

If at any time n, p < Hn, the investment is made on the unknown
arm. If the observed value z, satisfies the above equation (3.6), then
# < Py y1- This means that for the next investment, the unknown remains
to be invested again. That is called the play-the-winner strategy from the
perspective of bandit processes.

From the equations (3.3) and (3.5), u* 41 = My, is equivalent to

— B
Tn In ;6% > (no + Zi5'z;) In (;:é}é_%) ;
which is further equivalent to

hl _Totn
To+n—p1 n—1
- Ez—-l Zi.

Mo < -
In —%——I_TLI
To+n—

0+n
In - Thp

- B
In <——%——1_ T__}';

T+ Nn—

Defining +,, = ) , we get My < vz, — X2 z;. Recall that it
is assumed that ny > 0.
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On the other hand, the state pf_, < u¥ is equivalent to

'{1,-—1

Mo = VnTn — 2iey Ti.

Actually,

Tlo Z maX{Oa YnTn — E?;llxi}a

where 7, is defined as above.

3.3 Conclusion

In this chapter the advantage function of the unknown arm over the known
arm was established. A geometric discount sequence was introduced to
make the two-armed Poisson bandit model well defined. Besides assum-
ing that the numbers of payoff for both assets follow independent Poisson
distributions, there were two key assumptions within the derivation of the
advantage function. One was that the fixed proportion of wealth is taken
for consumption at every beginning time of the successive investment pe-
riods, except for the initial time n = 0. The other was that the complete
information gathered to-date is possible, therefore the state at every invest-
ment time is updated continuously. We adopted the Bayesian approach and
used the conjugate prior (gamma prior and updated gamma posterior) to
describe the changing of states over time.

By backward induction method, the continuity and monotonicity prop-
erties of both the value function and the advantage function were proved

and discussed. An important result in this chapter was the decreasing in p
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property of the advantage function, which was proved in Lemma 3.1.3. In
section 3 the concept of index value was introduced, which is a useful mea-
sure to evaluate the two risky assets (two arms), and is a unique solution to
the advantage equation. The existence and properties of index values were
also discussed in detail. From the index value equation, the myopic strat-
egy was shown to be optimal in the special two-risky assets bandit model.
If the number of cash flow X satisfied the inequality (3.7), the tendency
of index values was proved to be increasing, hence from the perspective of

bandit processes, the play-the-winner strategy would be used.
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Chapter 4

An alternative bandit model

In the previous chapter, we formulated a particular bandit model for the
investment-consumption problem. Because of the particular ways of con-
suming a fixed proportion of the wealth and re-investing the remaining
amount, we ended up with a myopic optimal strategy. But we allowed for
the continual movement of the asset, whether or not it was selected for
investment. Hence the bandit model in Chapter 3 was of the restless type.

In this chapter, we examine an alternative bandit model for another
type of consumption-investment problem. Such a bandit model is of the
classical type and is not restless. This scenario of the consumption-investment
problem does not seem to be realistic in the financial world, but neverthe-
less the statistical problem itself seems to be interesting.

In the first section, we introduce the corresponding Poisson bandit
model with two arms. In the second section, we assume that one arm

is known but the other is unknown, and derive the existence and proper-
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ties of the optimal strategy. In particular we show that the myopic strategy
is not optimal and that there is an optimal stopping solution. We then dis-
cuss the play-the-winner strategy in the third section for the case of two

unknown arms.

4.1 A Poisson bandit model

Similar to the last chapter, we assume that there are two financial assets
available for investment. Again, investments are made at discrete time
points n = 0,1,2,---, N, where we allow for N = co. However, at each
time point, we invest a fixed amount in one and only one of the two assets.
The whole amount of payoff of each investment is taken for consumption.
Without a loss of generality, we assume one unit of investment at each
time.

The uncertainty inherent in each asset is also reflected by the number
of payoffs during each investment period. We still assume two independent
Poisson distribution for the number of payments from the two assets. For
these assets, investments grow according to fixed compound interest rates
By > 0, and B, > 0, and the numbers of interest payments are independent
and identically distributed following Poisson distributions.

The intensity rate A for the unknown arm is unknown but follows a
gamma, prior distribution G(m,70),7m0 > 0,70 > 0. The intensity rate u
for the known arm is a fixed constant. Moreover, 8; > 0, and B3 > 0 are

known expected return rates on the unknown and known arms respectively.

47



The discount sequence is Ay = (1,a,a?,---,a¥71,0,0,---), where 0 <
a<l.
For any investment strategy = = (71, 72, - - -), denote the payoff at time

n as Z,. Our objective is to find an optimal strategy 7* to maximize
W (G (o, 7o), 1, ™) = B (110" Z,|G (10, 70))
and to find the optimal value

V(G (o, 7o), ) = sup Wi (G(no, 70), 1, ).

Let X, be the random variable representing the number of events
of payments from the unknown arm during the n** investment period,
n = 1,2,---,N. Then at the time of the n'* investment, the updated
posterior distribution of ) is again a gamma distribution G(n,, 7,,), where
n=12,---,N,and 7, =T + 1, 1n = Mo + X271 Z;.

Notice that the state of the bandit model only consists of the posterior

distribution because the amount of investment is fixed.

4.2 The case of one unknown arm

At the time of the n'* investment, the posterior is G(n,, 7,,) and the dis-

count sequence is

where Ay_, is defined in chapter 2.
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If at time n = 0, the state is G(n,7) and the unknown arm is selected

for investment and followed by an optimal strategy, we have

Vi (G, T), 1)
1Mk+n)

n
r
= el _ _
(7__’31) +a k_OVN 1(G(77+ka7_+1)7,u')k! F(ﬂ) (T—l—l)k""”

On the other hand, if the known arm is selected for investment and

followed by an optimal strategy, we have
Vi (G(m,7), w) = e + aVi_a (G(n, 7). ).
Therefore the optimality equation becomes
V(G (n,7), 1) = max { VP (G(n, 7), ), VP (G (m,7), )}
and the advantage function is
An(G(n,7), 1) = max {V(G(n, ), ) = Vi (G(n, ), 1) }
Using arguments similar to the last chapter, we have

Lemma 4.2.1 The functions Vx(G(n,7), 1) and Ax(G(n,T), 1) are con-

tinuous in p.

We show that the advantage function A is decreasing in p.

Lemma 4.2.2 The function Ayx(G(n,T), p) is decreasing in p for any N =

1,2,--.

Proof. We proceed by induction similar to the steps in Lemma 3.1.3.
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The result is true when N = 1 because

AL(G(n,7), ) = (T _Tﬁ)n — efon

Suppose that the result is true for horizon N so that Ay (G(n, ), M, p) is

decreasing in p for any fixed n,7. Then for the horizon N + 1, we have,

An+1(G(n,7), 1)
— -

T~ B

'k + n
T V(G + by 7+ 1), 1) T

KD () (7 + 1)+

_aVN(G(na T)a ,LL)-

Write
VNG +k, 7 +1), 1) = V(G + k, 7+ 1), 1) + ARG (n + k, 7+ 1), )

and
V(G (7, 7), 1) = VP(G(n, 7), 1) + AR (G (n, T), ).

Then

AN-H (G(na T)a .U’)

- [z

+aXX, [6'32“ +aVy_1(G(n+k, 7+ 1), ,u)]

Lk +n)r™
E'T(n)(r + 1)k+n
L(k +n)r"
KT (n) (T + 1)k+n

+aXP2 o AR (G(n + K, 7+ 1), 1)

L'(k +n)r"
EIT(n) (T + 1)*+n

- [(T —Tﬂl )+ o Vo1 (Gin + k, 7+ 1), p)
—aly(G(n,7), 1)
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- (-a) Ly - o]

. T'(k +n)7"
AT AL (G + by 7+ 1), )BT

E'T(n) (T + 1)k+n

—alAy(G(n,T), 1)

By the induction hypothesis, A% (G(n + k,7 + 1), 1) is nonincreasing

in p for any k, and Ay(G(n,7), 1) is nondecreasing in y. However (1 —

o) [(T_Tm)77 — eﬂz“] is decreasing in y, so is Ay 1(G(n,7),4). Q.E.D.

Theorem 4.2.1 For any N,n, and T, there exists a unique indezr value
py = pn(n, ) such that An(G(n,7), uy) = 0.
Moreover, the unknown arm is optimal if and only if p < py and the

known arm is optimal if and only if u > py.

Proof. Clearly Ay(G(n,7),0) > 0 and lim,,oo AN (G(n,7), 1) < 0. The ex-
istence and uniqueness of u}; follows from the continuity and monotonicity
of Any(G(n,T),u) in p.

The unknown arm is optimal for the (G(n,7), u)—bandit if and only
if An(G(n,7),) > 0, which is equivalent to p < p%. The known arm
is optimal for the (G(n, ), u)—bandit if and only if Ay(G(n,7),u) < 0,
which is equivalent to p > uy. Q.E.D.

Although we have demonstrated the existence of the index value p},
there is no closed form solution as opposed to the results in the last chapter.

We point out that the index value 4 is not the Gittins index because

we have a finite horizon model. But it is the Gittins index when N = co.
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To make a connection with the Gittins index, we check the monotonicity

and limit of the sequence py, N =1,2,---, of index values.

Lemma 4.2.3 For any 1,7 and Ay = (L, a,--+,a™71,0,--4),0 < a < 1,
if

An(G(n,7), 1) =0,
then

AN-i—l (G(nv 7—)7 ,LL) 2 0.

Proof. The equation Ax(G(n,7), 4) = 0 implies both

T

n__ 6,32#

()

= aVN—l(G(Th 7—)? .U‘)
© L(k +n)r"
azk:OVN—l(G(n + ka T+ 1)) /1’) k'F(n) (7_ + ]_)k+77
and VN(G(T], T)a :U') = eﬂzll« =+ aVN—l(G(na T)> ,U,)
Therefore,

AN+1(G(777T)) /J')

T

— N _ ePen
()
Lk +n)r"

+aXXVn(G(n+k, 7+ 1), 1)

RIT(m) (7 + D)7
“O‘VN(G(na T)? /1’)

= aEZOZO [VN(G(T) + ka T+ 1)’ :u') - VN—l(G(n + k) T+ 1)7 /1')]

Lk +n)r"
EIT(n) (1 + 1)k+n

—ael?* 4 o1 — @) Vy_1(G(n,7), ).
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For any given k and any optimal strategy for Vy_1(G(n+ k, 7+ 1), i), we
follow the same strategy for Vi (G(n+k,7+1), u) for the first N —1 invest-
ments, and then always invest in the known arm for the last investment,

then
V(G +k,7+1),p0) = VN1 (Gin+ k, 7+ 1), u) > alNlef2k,
On the other hand, if we always invest in the known arm, then
Vn-1(G(n, 7)) > (L +a+-- -+ oV 2)efr,
Therefore,

V1 (G(n, 1), )

'k n
azz?:o[aN—leﬁzu] ( + 77)T

KT (n) (T + 1)k+n
—ae? 4 o(l—a)(1+a+---+ oM 2)efet

\Y

= 0. Q.E.D.
Theorem 4.2.2 For any given n and 7, let pi(n, ) be such that
AN(G(U’ T)) /1’7\/') = 0.

For each N =1,2,---,

77 T % * *

- In =pi(n,7) S pp(n,7) < - Spyn,T) <

Zin () =it 7) < 40 < < il
Moreover, the limit pu* = limy_,o uy ezists such that

n T
—1In < ut < oo
Ba (7'—',31> #

and A(G(U, T): M*aA) = 0, where A = (1, Q, az’ ‘e )
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Proof. By the Lemma, we have Ayy1(G(n,7), u%) > 0. But

AN+1(G(777T)a IU;V) =0.

So by the monotonicity of Ayx;1(G(n,7), 1) in u, we have

/ﬁv < /J')'I‘V-I—l‘

The limit p* = limy_,0 p}y of & non-decreasing sequence of positive
numbers exists. Based on the continuity of Ayx(G(n,7), ) on N, we see

that the limit satisfies
A(G(n,7),pn*, A) =0

for A= (1,a,0?, ).
If u* = oo, then V(G(n,7),u*, A) = oo which contradicts with the
finiteness of V(G(n,7), u*, A).

We show that Z%ln (#) < p3, and hence B’%ln (#) < pr.

Suppose that ps = ETIE In (T_Tﬂl) . Then

0= A2(G("77 T)7 ,LL;)

_ 500 o L(k+m)r"
- azk:o‘/l(G(n + kaT + 1), /J‘Z) k|1-\(77) (7. + 1)kz+77
—aVi(G(n,7), 13)
T+1 T T
= aX®, |max{ (———)"F, (—— ’7} — ":I
2o max { (2™ (5} - )
L(k+n)r"
KT (n) (T + 1)k+n
Let £* be the smallest integer such that
T+1 e T
- > .
Crime) 2GR
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Then the right hand side is positive. This is a contradiction. Q.F.D.
The limit p* is the index value for the infinite horizon geometric dis-
count sequence, and is in fact the Gittins index. Moreover, this theorem

has two very interesting corollaries.
Corollary 4.2.1 The myopic strategy is not optimal in general.

Proof. Take N = 2 and p be such that pi(n,7) < p < pi(n, 7). Then
the unknown arm is uniquely optimal for the (G(n, 7), #)—bandit, but the
myopic strategy selects the known arm. Q.E.D.

A myopic strategy focuses only on immediate payoff and ignores infor-
mation gathering. This corollary says that in order to achieve the best
performance, information gathering is necessary so we can make better

informed decisions in the future.

Corollary 4.2.2 If the known arm s uniquely optimal at some investment

time, then it remains optimal for the rest of the investment horizon.

Proof. If the known arm becomes uniquely optimal, when there are n
investments to be made, we have u > u.

But this implies that p > g _;, since there is no change in the state.
Hence the known arm is again uniquely optimal at the next investment
time. Repeat the argument and we finish the proof. Q.E.D.

This is an optimal stopping solution which says that when no further
information is gained on the unknown arm and the known arm appears to

be uniquely better, then the known arm remains optimal forever.
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4.3 The case of two unknown arms

In this section, we assume that the intensity rates A and p for the two
Poisson distributions are both unknown. A is assumed to follow a gamma

prior distribution G(n;, 71) and u follows another gamma prior distribution

G(n27 7-2)'
In a way similar to that in the previous section, we define the following

functions:

Wn (G (1, 11), G(n2, ), ),

VA (G, 1), Gm, 1)), i =1,2,
Vn(G(m, ), G (e, 72)),

AR (G(n1, 1), G (e, 7))

In this section, we focus on deriving a special case of the play-the-winner

strategy.
Lemma 4.3.1 For any G(n1,m1),G(n2, 72) and Ay = (1L, - -+, 71,0,--4), 0<

a <1, we have

Ag\il) (G(m, 7'1), G(ne, T2))

Ti T2
= (1-« m— »
( ) (’7'1 - B T2 — Bo
N T'(k +n)m"
+aXp AL (G(m + K, 71 +1),G(n2,72)) k!F('rgl)(Tl iL 11)k+n1
F(l + 7’]2)’7'27]2

—aXR Ay _1(G(m, 1), G(ne + 1,72+ 1))

UT(no) (1o + 1)Hm2

Proof. Using the equation V® + At and V() 4 A~, we have

AN(G(m, 1), G(12, T2))

o6



T1

— ( m
71— B
-
+a2,°c°=0[(7_2 jﬁz)m + X2 V2 (Gm + k, 71 +1),G(nz + 1,72 + 1))
Ll + no)m3? L(k + n)r™

T () (72 + L) B () (7 + L)
+OZEIOCO=0A}—1(G(T]1 + k) T1 + 1)) G(T]Q, 7—2))

T2
T — ,32
1
—ax
l—O[(,i_1 N 131
T(k + n) ™ INUEX
KT (m) (11 + 1)ktm 110 () (1o + 1)Hm2

"‘O.’Z?iOAN_l(G(’Ih + ka 1 + 1)7 G(Th, 7—2))

F(k -+ 7’]1)’7’{71
EIT () (11 + 1)k+m

2

)’fil + OJE,;“;OVN—z(G(Ul + ka Ti + 1)) G(772 =+ l; T + 1))

F(l + 772)7'27]2
[T (ng) (o + 1)Hme

which implies the desired equation after cancelling out all Viy_» functions.

Q.E.D.

Lemma 4.3.2 Suppose that the discount sequence Ay = (1,1,---,1,0,---)
is uniform (by setting o = 1). If An(G(m, ), G (12, 72)) > 0, then there

exists an integer k* > 0 such that
AN——l(CTV(/r]l + k*) 1+ 1)) G(77277'2)) > 0.

Proof. By the Lemma, we have

An(G(m, 1), G(n2, 72))
I'(k + )"
KT (m) (my + 1)k+m

o INUEE
—azkzoAN—1(G(771, Tl)a Gl +1,72+ 1)) l!F(n(z)(Tz ?2 12)l+n2

- QEI?;OAx—l(G(nl + k) T+ 1), G(lea TZ))

If no such £* exists, then

A}—I(G(nl + k7 T -+ 1)7 G("ha 7—2)) =0

87



for all k. This implies that

An(G(m, 1), G(me, 2)) <0,

which is a contradiction. Q.E.D.
Similarly, if Ax(G(m,71),G(n2,72)) < 0, then there exists an integer

[* > 0 such that
An-1(G(m,m),G(ne + 1", +1)) <0.

These results mean that if one unknown arm is optimal, then there is a
positive probability that it remains optimal again at the next stage. But

unfortunately it is impossible to derive the formulas for £* and [*.

4.4 Conclusion

In this chapter, an alternative bandit model for a new type of consumption-
investment problem was examined in detailed. A key assumption in this
model was that the amount of investment is fixed, while the remaining
part is taken out for consumption. This is different from the assumption
of fixed proportion consumption in the previous bandit model in Chapter
3. The consumption pattern is also different, besides the difference in the
amount of investment.

Keeping other notations consistent in this new model, we derived the
new value functions, and the advantage function of one arm over the other
arm. In Lemma 4.2.1, the properties of continuity and monotonicity in u

were examined for these functions. With the establishment of these new
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formulae, we demonstrated the existence of the index value p}. The closed
form solution of p% is not available.

Extending the horizon from finite to infinite and taking a limit of the
index values, we obtained the limit p*, which is in fact the Gittins index.
Two interesting corollaries were provided in Corollary 4.2.1 and Corollary
4.2.2, which are different from the results obtained from the bandit model
in the previous chapter.

In section 3, the case of two unknown arms was discussed in detail. We
assumed that both arms were unknown, with unknown intensity rate A and
p for the Poisson distributions. A version of the play-the-winner strategy

was derived.
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Chapter 5

Conclusions

In this thesis, I considered the investment-consumption decision problem
in two different settings, Poisson bandit models with two arms. The uncer-
tainty inherent in the investment return is reflected by the number of cash
flows (payoff) from the investment. The investor is uncertainty averse, and
tries to learn from historical data. The Bayesian approach was used to
describe the information gathering process on these assets. A geometric
discount sequence was incorporated in the bandit model.

The dynamic programming backward induction method can be applied
to find an optimal strategy, which is deterministic and Markovian. An
attractive feature of the problem formulation presented here was that it
did not entail computing the return distribution of the assets.

We assumed that the numbers of payoff for both assets follow inde-
pendent Poisson distributions. There were two additional assumptions

introduced to the restless Poisson bandit model in Chapter 3. One was
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that the fixed proportion of wealth is taken out for consumption at every
beginning time of the successive investment periods, except for the initial
time n = 0. The other was that it is possible to have complete information
gathered to date, therefore the state at every investment time is updated
continuously. In an alternative model in Chapter 4, we assumed that the
amount of investment is fixed, while the remaining part is taken out for
consumption.

Both in Chapter 3 and Chapter 4, we derived the similar value functions,
and the advantage function of one arm over another arm. Similar results
obtained were the properties of continuity and monotonicity in y for these
functions. I payed special attention to the existence and monotonicity of
the index values. The existence of the index values ujy was demonstrated
in both models. For the restless Poisson bandit model in Chapter 3, we
worked out the specific form of these index values as time evolved during a
finite horizon. For the alternative model in Chapter 4, we couldn’t obtain
the closed form solution. But extending the horizon from finite to infinite
and taking a limit of the index values, the limit y4* was obtained, which is
the Gittins index. These index values are the benchmark for an investor
to evaluate and compare the different risky assets by ranking.

However, the models that were discussed in this thesis are just basic
general two-armed bandit models. For a large number of risky assets,
which are not independent of each other, how to approximate the optimal
value function and advantage function is still an open question in bandit

processes. It will be interesting in the future to establish a bandit model
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for the optimal consumption-investment problems with multi-risky assets.
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