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Abstract

We make use of a structure known as signed groups, and known sequences with
zero autocorrelation to derive new results on the asymptotic existence of Hadamard

matrices. For any positive odd integer p it is obtained that a Hadamard matrix of

1 p—1
t> glog2 <T) + 13.

order 2'p exists for all
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Chapter 1
Introduction. Hadamard matrices

A Hadamard matriz H is a square (£1)-matrix such that any two of its rows are

orthogonal. In other words, a square (+1)-matrix H is Hadamard if and only if

HH'" =nI

Y

where n is the order of H and I is the identity matrix of order n.

The last equation is equivalent to
H"H =nl,

because every real matrix commutes with its inverse. Therefore, any two columns of
a Hadamard matrix are orthogonal as well. Denote by H(n) the set of all Hadamard
matrices of order n. Consider some examples.

Obviously, there are two 1 x 1 Hadamard matrices: (1) and (—1). For conve-
nience we will subsequently denote any —1 entry of a matrix or sequence by the
one-byte symbol —. We use commas to indicate concatenation of sequences: (A, B)
is the concatenation of sequences A and B. Furthermore, we denote by ¢, a vector
(¢,e,...,c) of length a.

An example of Hadamard matrix of order 2 is:

L)



Moreover, every Hadamard matrix of order two is obtained from the above matrix
via row or column permutation or via row or column negation. There exist eight
Hadamard matrices of order 2 in total.

In general, two Hadamard matrices are equivalent if one of them can be trans-
formed into the other by the above mentioned operations. Let us restate this def-
inition in a different way. A square (0,+1)-matrix is called a signed permutation
matriz if in every row and in every column there is exactly one non-zero entry, i.e.,
a monomial (0,+1)-matrix. The set of all signed permutation matrices of order n
is denoted by SP,. There are 2"n! signed permutation matrices of order n in total.
Equivalence can be restated in the following way: Hadamard matrices H, H' € H(n)

are equivalent if

H' = PHQ,

for some P,Q € SP,. This is an equivalence relation, since SP, is a group with

respect to matrix multiplication. Note, that matrix transposition is not considered

as a part of equivalence definition; H and H ' may be inequivalent in general.
Hence, up to equivalence, there exists a unique Hadamard matrix of order two.
There is a general rule that allows a construction of a Hadamard matrix of order

mn from Hadamard matrices of orders m and n. Let

11 Q12 - Qim
Q21 Q22 -+ Qom
A= S . € H(m),
Am1 Am2 - Amm
and
b1 bz -+ iy
bai b -+ by
B={( . | €H0)
bnl bn2 e bnn

be two Hadamard matrices. We are considering the Kronecker matrix product as



the tensor product A ® B in this work. Consider the matrix

C=A®B=
aybin  apbie - anby, o o0 @b aimbiz o aimbin
ai1bor  apby oo anby, - o aimbar agmbae - aimba,
a11bp1 a1ibpe oo anbun 0 0 @imbpr aimbne 0 @b
Amibir  Qpibiz o @pabin 0 o @bt @bz 0 Gmmbin
amleI a'mle2 e am1b2n e e ammel ammb22 e ammb2n
amlbnl amlbn2 e amlbnn e e ammbnl amman tt ammbnn

This is an mn X mn-matrix having property
CCT = (A®B)(A®B)" = (A®B)(AT®@B") = (AA"®BB") = (mI®@nl) = mnl.

The middle equation is the distributive law of tensor product over ordinary matrix
product [HJ].

Hence, a tensor product of two Hadamard matrices is again a Hadamard matrix.
Therefore, there are Hadamard matrices of orders 2¢ for all positive integers ¢, con-
structed from the 2 x 2 Hadamard matrix via tensoring. These Hadamard matrices
were first described by Sylvester in 1867 [Sv] and are called Sylvester Hadamard ma-
trices. Sylvester Hadamard matrices are representatives of the unique equivalence
classes of H(2), H(4), H(8). However, there are five equivalence classes in H(16)
[HSS]. Further, numbers of equivalence classes are too difficult to compute.

Not every positive integer is the order of a Hadamard matrix as we show now.
Let H be a Hadamard matrix of order n > 3. Obviously, H is equivalent to another
Hadamard matrix with first row being 1,,. Thus, without loss of generality, we can
assume that the first row of H is 1,,. Similarly, we can assume that the second row

equals (1g, —;), where k41 = n. The dot product of first and second rows is equal to



k — 1. Since H is a Hadamard matrix, this number should be equal to zero. Hence,
k =1, and n = 2k = 2l is an even number. Moreover, consider the third row of H.
As before, we can permute columns in H to get the third row equal to (14, —p, ¢, —a),
where

a+b=c+d=k=1=n/2.

Considering dot products of this row with previous ones, we get two new conditions
a—b+c—d=0, a—b—c+d=0.

From these equations, we get a —b = ¢—d = 0. Finally, we get a =b=c=d =n/4.
Therefore, n is divisible by 4. Thus, except for two special cases n = 1 and n = 2,
the order of a Hadamard matrix is always divisible by four.

The first order not equal to a power of two is 12. Up to equivalence, there is a

unique matrix in H(12) [HSS]:

1 — — — - - - — — _— _ _
11 -1- - 111 -1
111 -1 - —-——-—11 1 —
1 -11 -1 - - =111
11 -11 -1 - - =11
111 -11~-1 - — — 1
1111 -11—-1 — — —
1 -111-11 -1 — —
l1 --111-11 - 1 —
1 - -111-11 -1
11 - - -111 -1 1 -
1 -1-- =111 -1 1

An automorphism of a Hadamard matrix H is a pair (P, Q) of signed permutation
matrices, such that PHQ = H. The set Aut(H) of all automorphisms is a group
with respect to the multiplication (P, Q1) - (P2, Q2) = (PP, Q2Q1). Moreover, the
automorphism (—I, —I) commutes with all other automorphisms. Clearly, equivalent

Hadamard matrices have isomorphic automorphism groups. There is an interesting



connection to Group Theory here, found originally by Marshall Hall [MH]. It is
known that for a Hadamard matrix H of order 12, Aut(H)/{(—I,—1)) = M,
where M5 is a Mathieu group — one of 26 sporadic groups. Furthermore, the map
(P,Q) — (Q', P71 extends to an outer automorphism of M.

In the next orders 20, 24, 28, Hadamard matrices also exist and there are 3, 60,
and 487 equivalence classes respectively. For more about equivalence of Hadamard
matrices see [HSS].

Hadamard matrices of orders 12 and 20 were constructed first by Hadamard in
1893 [H]. He conjectured that Hadamard matrices exist in all orders divisible by

four. This statement is called the Hadamard conjecture:
Conjecture 1.1 ([H]). For every positive integer k, the set H(4k) is not empty.

As of 2012, this hypothesis remains unresolved. In this thesis an asymptotic
version of the Hadamard conjecture giving special block-circulant Hadamard matrices
is presented and proved.

The smallest odd number p for which no Hadamard matrix of order 4p is known
is currently 167. The previous unknown case p = 107 was solved by H. Kharagani
and B. Tayfeh-Rezaie in 2004 [K428] by constructing corresponding Turyn sequences
(see Section 4.5) with the help of computer computations.

Seberry [S1] showed that for every odd p there exists a power of two, 2¢, such that
H(2'p) # (. Hadamard conjecture states that we can always take t = 2. Seberry
showed that we can take ¢ > |2log,((p — 3)/2)]. This result was improved 17 years
later by Craigen [C1] with a new bound ¢ > 4[%log,((p — 1)/2)] + 2. The latest
bound [C8] is about £ log,((p —1)/2) and is also due to Craigen.

A (£1,0)-matrix W, satisfying similar condition

WWT =wl,

for some positive integer w, is called a weighing matriz of weight w. Thus, a weighing
matrix has orthogonal rows (and columns) and every row (and column) has exactly
w non-zero entries. The set of all weighing matrices of order n and weight w is

denoted by W (n,w). Clearly, W(n,n) = H(n). The objects of principal interest for



us are, of course, Hadamard matrices; however, we will prove some theorems dealing
with weighing matrices as well.

Another useful generalization of Hadamard matrices allows entries to be complex
units. A complexr Hadamard matriz H is a square (£1,4i)-matrix of size n, such
that

HH* =nl,

where H* denotes the Hermitian adjoint matrix of H. It is convenient to use one-byte
symbol j instead of —i.

Denote by C'H(n) the set of all complex Hadamard matrices of order n. Like in
the real case, not every positive integer is the order of a complex Hadamard matrix.

Assume that H is a complex Hadamard matrix of order n > 1. Clearly, a complex
Hadamard matrix will remain complex Hadamard, if any of its rows or columns is
multiplied with +1 or 4. Thus, without loss of generality, we can assume that the
first row of H equals 1,,. After performing some column permutations, we can make
its second row equal to (14, —p, %, jq). Since the first two rows are orthogonal, it
follows that a = b and ¢ = d. Hence, n is even.

A complex weighing matrix W of order n and weight w is defined as an n x n

(0, £1, £i)-matrix satisfying the equation
WW* =wl.

Denote the set of all such matrices as CW (n,w).
The analogue of the Hadamard conjecture for complex Hadamard matrices states

that they exist in all even orders.
Conjecture 1.2 ([T2]). For every positive integer k, the set C H(2k) is not empty.

This conjecture implies the original Conjecture 1.1, since there is a way to con-

struct a real Hadamard matrix from a complex one.

Theorem 1.3 ([T2]). If there exists a complex Hadamard matriz of order m, then

there exists a real Hadamard matrixz of order 2m.



The main idea of the proof is to perform the following replacement operations

1 1 1 -
:tlr—>:l:< ), iir—>i< )
1 — - —

The constructed matrix will be twice as large and will be a real Hadamard matrix.

For example, the complex Hadamard matrix

11 1 1
1 7+ — 3
1 - 1 -
1 7 —

is mapped to a real matrix,

1 1)1 1}]1 1|1 1
1 -1 —-]1 —|1 —
1 11 —-|—-— —|— 1
1 /- —-]=-1]1 1
1 1\- —]1 1|— —
1 —/- 1|1 —|— 1
1 1/- 1}|—- —|]1 -
1 -1 1}/—- 1|—- —

A complete proof of Theorem 1.3 will be given in the next chapter.

The tensor product works for complex Hadamard matrices as well.

Further properties and various constructions of Hadamard matrices can be found
in [Hr] and [G].

In this work we will present an asymptotic construction for Hadamard matrices.
For the construction of Hadamard matrices we shall develop corresponding machinery
and prove some necessary propositions. We begin by introducing another general-
ization of a Hadamard matrix allowing entries to lie in a special structure called a
signed group. The next chapter deals mostly with signed groups and presents a con-

struction of Hadamard matrices from signed group Hadamard matrices. In Chapter 3



we present a construction of signed Hadamard matrices from sequences with a prop-
erty called zero autocorrelation. In Chapter 4 we study and classify all known zero
autocorrelation sequences. Finally, in Chapter 5 we summarize results and produce
new asymptotic bounds. The last chapter contains some ideas that can be used for
future constructions and computer development regarding this topic.

The main new results are Theorems 5.3, 5.4, and 5.5. All the new results are

presented in Chapter 5.



Chapter 2
Signed groups and remreps

A signed group S is a group with a distinguished central element of order two. We
will always denote the unit of a group as 1 and the special element of a signed group
as —1. In every signed group the set (—1) = {1, —1} always is a normal subgroup.
For every element x € S, define its negation —x = —1-x. We will call the number of
elements in the quotient group S/(—1) the order of signed group S. Thus, a signed
group of order n is a group of order 2n.

A homomorphism ¢ : S — T of a signed group S to a signed group 7' is a group

homomorphism that preserves —1, i.e. a map with following properties:
o o(zy) =p(z)p(y), for all z,y € 5,

o p(—1)=-1.

An isomorphism of signed groups is a homomorphism having an inverse map,
which is also a signed group homomorphism.

A signed group T is called a signed subgroup of a signed group S, if T is a
subgroup of S and the distinguished elements of S and T coincide. This relation will
be denoted as T'< S. If T'< S and T # S then T is a proper signed subgroup; this
will be denoted as T' < S.

Consider some examples of signed groups:

1. The trivial signed group T = Sg = {1,—1} is a group of order 2. Obviously,

every signed group contains an isomorphic copy of T" as a signed subgroup.

10
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2. Every group G of order n can be transformed into a signed group of order n

via direct product with 7. Such signed groups will be called elementary.

3. The complex signed group Sc = (i|i* = —1) = {£1,+i} is a signed group of

order two. This is the smallest non-trivial signed group.
4. The Quaternion signed group Q = (j, k|j*> = k* = —1, jk = —kj).

5. The set of all monomial (0, £1)-matrices of order n forms a signed permutation
group SP,. This is a group of order 2"n! and a signed group of order 2" 'n!.

This is the most important example of a signed group in this work.

6. The set Aut(H) of all automorphisms of a Hadamard matrix H is a signed
group. Its distinguished element is (—1, —1I).

7. The set GL(n;C) of all n x n invertible complex matrices is a signed group
of infinite order whose unique central element of order 2 is —I, where [ is the

identity matrix. Note that SP, < GL(n;C).

There is an interesting analogue of Representation Theory for signed groups. For
a signed group S, a representation of degree m is a signed group homomorphism
w8 = GL(m; C).

We will consider more special representations of signed groups, called remreps. A
remrep (short for “real monomial representation”) 7 of degree m is a representation
of a signed group S, such that for every s € S, 7(s) € SP,,. In other words, a remrep
7 of degree m is a signed group homomorphism 7 : S — SP,,.

Consider some examples of remreps.

1. Not every signed group admits a remrep of degree 1. For example, the com-
plex signed group S¢ does not allow such a remrep. Moreover, the following

proposition holds.

Theorem 2.1. A signed group S has a remrep of degree 1 if and only if it is

elementary.
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Proof. Let S be a signed group. If S is elementary, it is isomorphic to some

product G x T'. Then the projection on T is a remrep of degree 1.

Conversely, assume that S admits a remrep of degree 1. Let G C S be the
pre-image of 1. Since G is a subgroup of S of index 2, it is a normal subgroup
not containing —1. Since G is normal, GN{£1} = {1}, and S = GU(-1-G),
S is isomorphic to the direct product of G and {+1} < S. Therefore, S is

elementary. O]

Hence, the existence of such a representation demonstrates that a signed group

is elementary.

2. For the complex signed group there exists a remrep of degree 2, uniquely de-

Z-H(ﬂ;)_

3. The Quaternion signed group has a representation of degree 2,

, 0 1 0 i
J , ke :
-0 i 0

which is not a remrep, and another representation of degree 4,

termined by the map

0 0 10 0 0 0 —
) 0 0 01 0 01 0
]|—> y k — )
— 0 00 0 — 0 0
0O — 00 1 0 0 0

which is a remrep.

4. The signed group S P, has a very nice remrep of degree n — the identity map.

Let S be a signed group. Define a (0, S)-matriz to be a matrix whose nonzero

entries lie in S. To multiply (0, S)-matrices we will need an analogue of a group ring
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for a signed group. Recall that for every ring R and every group G there exists a

group ring R[G] that consists of all finite sums
T1g1 + 1292 + -0+ TnGn,

where r{,...,r, € R and g¢y,...,9, € G. Addition and multiplication are defined
in a natural way. Group elements form a basis of R[G] considered as a free left R-
module. The product of elements r1¢; and 7292 is defined to be (r172)(g192), where
the first product is taken in R, and second in GG. By distributivity multiplication is
defined on the whole ring.

For signed groups the definition is slightly different. Every signed group has a
distinguished element —1. If the ring R has a unit 1g, its negation is —1g. It is
natural to require that in the signed group ring, the negation of the ring unit should
be identified with the distinguished element —1 of the signed group. Therefore,
for a unital ring R and a signed group S define the signed group ring R[S] as a
corresponding group ring modulo the principal ideal (—1g + 1), where —1g is the

distinguished element of S, and 1y is the unit of R. That is,

R[S] = {Zrisim S R, S; € P} s

i=1
where P is a set of coset representatives of S modulo (—1g) and for s € P, r € R
we make the identification —rs = r(—s). Addition is defined termwise and mul-
tiplication is defined by linear extension. We will consider only the simplest case
R=27.

In particular, for the trivial signed group 7', Z[T] is isomorphic to Z. For the
complex signed group, the corresponding signed group ring Z|[Sc] is isomorphic to
the ring Z[i] of Gaussian integers. For the Quaternion signed group @, the signed

group ring Z[Q)] is isomorphic to the Lipschitz quaternion ring
L={a+0bj+ck+djkla,b,c,d € Z}.

For all s € S define s* = s7!. Extend this map linearly to the signed group ring
Z[S]. Obviously, the conjugation is an involution, i.e. z** = z for all z € Z[S], and

(xy)* = y*a* for all z,y € Z[S].
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For an n x m-matrix A = (a;;) with entries in Z[S] define its adjoint as an m x n-
matrix A* = (b;;), where bj; = aj;. In other words, A* is the entry-wise conjugation

of AT. For example, consider Q-matrices:

g1\ o
J I
1 —k j

L —J

Since Z[S] is a ring, we can define a product AB of two square matrices A, B of
the same order with entries in Z[S] in a natural way. In particular, we can assume

that A and B are just (0, S)-matrices. Moreover,
(AB)" = B*A”.

Using signed groups we can generalize the notion of Hadamard and weighing
matrices. Define a signed group Hadamard matrix A of order n over a signed group

S to be an S-matrix of order n, such that
AA* =nl.

Denote the set of all such matrices as SH(n;S). Define a signed group weighing
matriz W of order n and weight w to be a square (0, .S)-matrix of order n satisfying
similar condition

WW* =wl.

Denote the set of all such matrices by SW(n,w; S).

j k
ko j
is a circulant signed group Hadamard matrix in SH(2;Q).

Since Z[S¢] = Z[i] we can see that SH(n;Sc) = CH(n). That is, signed group

For example,

Hadamard matrices over the signed group Sc are just complex Hadamard matrices.
Similarly, SH(n;T) = H(n).
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Using remreps there is a way to construct real Hadamard matrices from signed
group ones. First, if we have a remrep 7 : S — SP,,, extend it to a ring homomor-
phism Z[S| — M,,(Z) linearly by

m(kis1+ -+ kpsp) = kim(s1) + -+ knm(sn).

Since Pt = PT for every matrix P € SP,, for every x € Z[S] we have m(s*) =

7(s)". Consider the following theorem.

Theorem 2.2. Assume that for some signed group S there exists a signed weighing
matriz W € SW(n,w;S) and a remrep m of degree m, where m is the order of a

Hadamard matriz. Then there exists a weighing matriz U € W (mn, mw).

Proof. Let W = (w;;), and let H be a Hadamard matrix of order m. Construct a
matrix U as a n X n block matrix U = (7 (w;)H)};_,. Then UT = (H "m(w;;) "7,

Let UUT = (Gyj)};=,- Then for fixed integers 4, j we have
Gi]’ = W(wil)HHT’iT(wlj)T + 4 W(win)HHT’]T(wnj)T =
m(m(wi)m(wi;) + - 4 T(win)m(wy;)) = ma(wawi; + - + winwy,;) =
ma(wd;j - 1g) = mwd;; 1.
where 0;; = 1 if i = j, and §;; = 0 otherwise. Therefore, UUT = mwI and U is a
weighing matrix. O]

In particular, this works when W is a signed group Hadamard matrix.

Corollary 2.3. Assume that for some signed group S there exists a signed Hadamard
matric H € SH(n; S) and a remrep of degree m, where m is the order of a Hadamard

matrixz. Then there exists a Hadamard matriz of order mn.
And a similar corollary for complex Hadamard matrices.

Corollary 2.4. Assume that for some signed group S there exists a signed Hadamard
matriz H € SH(n;S) and a remrep of degree m, where m is the order of a complex

Hadamard matriz. Then there exists a complex Hadamard matriz of order mn.
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Now we can prove Theorem 1.3 from Chapter 1 regarding the construction of

Hadamard matrices from complex Hadamard matrices.

Proof of Theorem 1.3. Let C be a complex Hadamard matrix. Then C can be viewed
as a signed group Hadamard matrix over S¢c. On p. 12 we considered a remrep of

the complex signed group of degree 2. Since there is a Hadamard matrix

H:Ci),

according to Theorem 2.2, we may perform replacement operations

as(11)(1)+(0)
e () (1) =1 0)

to obtain a Hadamard matrix. OJ

and

Since () has a remrep of degree 4, we can construct a Hadamard matrix of order

8 from the signed group Hadamard matrix

()

over (). Using a Hadamard matrix

— = =
—_
|
|



we construct a bigger one,

1 -1 - 1 -
1 - -1 1 -
- - - = 1 1
- — 11 1 1
-1 1 - 1 -
1 -1 - - 1
- - 1 1 -
1 1 1 1 1 1

17

We will use Corollaries 2.3 and 2.4 in the construction of Hadamard matrices

to obtain the new asymptotic results mentioned in the introduction. In the next

chapter we will describe a construction of a Hadamard matrix in SH(p; SPs.) for

every odd integer p and some n.



Chapter 3

Construction of signed group
Hadamard matrices from

sequences

Let S be a signed group and let A be a (0,S)-matrix. Define the support of A,
supp(A), as the set of positions of all nonzero entries of A. A is quasisymmetric if
supp(AT) = supp(A). A is called normal if it commutes with A*. A is circulant if
A = (a;—j41)ij=1 for a sequence (ay, ay, ..., a,), which is identified with the first row
of A, and i — j is reduced modulo n. Pairwise disjoint matrices are supplementary if
their sum has no zero entries.

Let us consider a few ways to construct bigger matrices from smaller ones while

preserving certain properties.

Lemma 3.1 ([C1]). Let A, B be normal, commuting, disjoint, quasisymmetric (0, .S)-

o A+B A-B
A*—B* —A*—B* |

CC* = C*C = 21, ® (AA* + BB").

matrices of order n. Let

Then

18
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If S has a remrep of degree m, then there exists a normal (0, S")-matriz D of order
n with the same support as A + B, such that DD* = D*D = AA* + BB*, where
S’ > S is a signed group having a remrep of order 2m. Moreover, if A and B are

circulant, then so is D.

Proof. Since A and B are disjoint, C'is a (0, S)-matrix. By definition,

Oc*:< A+B A-B ><A*+B* A-B ):
A*— B* —A*— B* A*—B* —A-B
< (A+ B)(A* + B*) + (A — B)(A* — B*) (A+ B)(A— B)— (A— B)(A+ B) >
(A* — B*)(A*+ B*) — (A*+ B*)(A* — B*) (A*—B*)(A—B)+ (A*+ B*)(A+ B)
:<2(AA*+BB*) 0

=2, ® (AA* + BB").
0 2(AA* + BB*)

Similarly C*C' = 21, ® (A*A+ B*B) = CC*.

The matrix D is obtained in the following way. Reorder the rows and columns of
C' so that the resulting matrix, Dy, is partitioned into 2 x 2 blocks whose entries are
the (4,7), (i +mn,j), (i,7 +n), (i +n,j+n) entries of C, 1 <4i,j < n. Applying the
same reordering to 2[, ® (AA* + BB*) we will get the matrix (AA* + BB*) ® 21,.
Therefore, DyDf = (AA* + BB*) ® 21,.

Since A and B are disjoint and quasisymmetric, each non-zero block of Dy will

a) =G0

1 1
where a,b € S. Multiplying Dy on the right by M = %[n ® ( ), we get a
1 —

have one of the forms

(0, S)-matrix D; whose non-zero 2 x 2 blocks are of the form

(23] = (0)

Such 2 x 2 (0, S)-matrices form another signed group, which we will denote by S’.



20

Since

MM* =

| =
3
—
N
— =
| —
~_—
-~
[ -t
| —
~__—
| I

|
N

&

®

[\

n

I

|

o

3

we have that
1
DyD* = DoMM* D} = 5 DyDj = (AA* + BB*) ® I».

Similarly, Di Dy = (AA* + BB*) ® L.
Consider the signed group S’ in more detail. First, we can construct a remrep of

S’ from a remrep of S. Really, let 7 : S — SP,, be a remrep of S. Consider a map
7 S" = SPy, defined by

(a 0)}_><7T(CL) 0m>7 <O a>H<0m 7T(CL)>’
0 b 0 m(b) b 0 w(b) O

where 0,, denotes the zero m x m matrix. Direct verification shows that 7’ is a signed

group homomorphism and a remrep of degree 2m.

a 0
a® Iy = , a€S’,
0 a

form a signed subgroup of S’, which is isomorphic to S; thus, we can identify this

Matrices of the form

signed subgroup with S itself and consider S’ as an extension of S.

Finally, we can replace every 2 x 2 block of D; with corresponding element of 5’
or zero, to obtain a (0, S")-matrix D. Since we identify 2 x 2-matrix a ® I, € S” with
a €S, weget DD*=D*D = AA* + BB*.

If A and B are circulant, then C' consists of four circulant blocks, so both Dy and

D are block-circulant with block size 2 x 2. Consequently, D is circulant. O
Here is the corresponding result for weighing matrices.

Corollary 3.2. Let A, B be normal, commuting, disjoint, quasisymmetric weighing
matrices of order n and weights v and w respectively. If S has a remrep of degree
m, then there exists a matriz D € SW(n,v + w;S’), where S’ > S has a remrep of
degree 2m. If both A and B are circulant, then so is D.



Consider an example. Let

o O O =

0
1
0
0

0
0
1
0

_ o O O

—_ =

be two disjoint quasisymmetric circulant weighing matrices.

trices from Lemma 3.1 are

1

Matrices a = (

1
1

1
1

1 0

0

1
1

S
[
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The corresponding ma-

- 1 1 1
- — 1 1
1 — — 1
1 1 Dy = — 1
- — 1 —
1 — _ _
-1 1 1
- 1 —
1 01 0|0 —]—
0 1/]0 —|1 0|0
- 0]1 01 010
0 10 1|0 —|1
0O —|— 01 0|1
1 00 110 110
1 0|0 —|—= 011
0O -1 0]0 1|0

)~

S ={a,cla®*=1,c" =

> generate a signed group

—1,ac = —ca),

—_ | = =
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which has a remrep of degree 2. Finally,

1 a c —a

—a 1 a c
D=

c —a 1 a

a c —a 1

is a circulant signed group Hadamard matrix over S.

A circulant matrix can be identified by its first row. Let X be a finite (0,.5)-
sequence. Denote by circ(X) the circulant matrix having first row X. We will
call a sequence X quasisymmetric if circ(X) is a quasisymmetric matrix. Similarly,
two sequences X,Y of same length are disjoint if cire(X), circ(Y') are disjoint.
Disjoint sequences are called supplementary if the corresponding circulant matrices
are supplementary.

If A= (a,a9,...,q;)is a (0,S5)-sequence of length [, denote by N4 (j) its non-

periodic autocorrelation function, which is defined by

l—j
Na(j) = Z a0y, j,
i=1

for all 0 < j < [ and equals zero for all other j. A set Xy, Xs,..., X, of (0,5)-

sequences is said to have zero autocorrelation with weight w if the sum

NX1<j) +NX2(j) +"'+NXn(j)

equals zero for all j > 0 and equals w for j = 0. Sequences having zero autocorrela-
tion are also called complementary.

Further, denote by Pa(j) the periodic autocorrelation function of A defined by

!
Pa() = Y wials,
i=1
where indices are all reduced modulo [. This is a periodic function with period .

Periodic autocorrelation function is useful because of the following statement.

Lemma 3.3. Let A = (ay,...,a,) be an S-sequence. Then, MM* = (Pa(j—1))7;-;,
where M = circ(A).
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Proof. By definition of circulant matrix, M = (a;—j11) M* = (aj_; 1) =1 The

n
i,7=1>

(1,7) entry of MM* is equal to

Z ai7k+1a;—k+l = Pa(j —1).

k=1
[
A set X1, Xo,..., X, of sequences of length ¢ is said to have zero periodic auto-
correlation with weight w and period q if the sum
Px,(j) + Px,(j) + -+ + Px, ()
equals w for j = 0 (mod ¢), and equals zero otherwise. By Lemma 3.3 this is

equivalent to the equality

where M; = cire(X;).

From now on we will be considering only (0,41, +i)-sequences. Note, that for
such sequences, the conjugation is the same as the usual complex conjugation x +— 7.
There is a connection between periodic and non-periodic autocorrelation for complex

sequernces.

Lemma 3.4. Let A = (ay,...,qa;) be a (0,1, +i)-sequence. Then for all k =
0,1,....01—1:
Pa(k) = Na(k) + Na- (I — k),

where A* = (a},...,a%, a}) is the reverse sequence of A.
Proof. By definition,

Pa(k) = aiaj 4 + -+ way = (magq + - - + q_pag)+

(alaj_ps1 + -+ aja)) = Na(k) + Na- (I — k).
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Lemma 3.4 fails in general, when A is a (0, 5)-sequence for some signed group
S. Complex sequences of the same length with zero autocorrelation clearly have also
zero periodic autocorrelation. Consider some additional results involving complex

matrices.
Lemma 3.5. Any two circulant complexr matrices commudte.

Proof. Let C' = circ(ay,...,a,), D = circ(by,...,b,). Then the (i,7) entry of C'D

equals
Z ai7k+1bkfj+1 = Z apbq
k=1 prq=i—j+2
Obviously, this is the same as the (i, j) entry of DC. O]

Lemma 3.6. All complex Hadamard, weighing, and circulant matrices are normal.

Proof. Let W € CW(n,w), where w > 1. Then WW* = wl. Thus, a complex
matrix %W* is the inverse of W. Since every invertible complex matrix commutes
with its inverse, we have (%W*)W = I, or W*W = wl. Thus, W is normal.

Obviously, Hadamard matrices are just special weighing matrices.

Let C be a circulant complex matrix with the first row (ay, as,...,a,). Then C*
is a circulant matrix with the first row (a},a’,...,a}). By Lemma 3.5 CC* = C*C;
thus, C' is normal. n

Theorem 3.7 ([C1)). Let Xy, Xo, ..., X, be disjoint, quasisymmetric (0, £1)-sequences
having zero periodic autocorrelation of period q and weight w. Then there exists a

circulant SW (q, w; S) for a signed group S that admits a remrep of degree 2" !.

Proof. Let M; = circ(X;) for all i = 1,2,...,n. Then these matrices are all normal,
disjoint, commuting and quasisymmetric. Apply Lemma 3.1 to matrices M; and M,
to obtain a circulant normal (0,.S7)-matrix Ny, such that Ny N = MM + MyM;,
where S; > (—1) is a signed group with a remrep of degree 2. Since supp(N;) is the
union of supports supp(M;) and supp(Ms), N; is quasisymmetric and disjoint from

My, My, ..., M,.
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Assume that we have constructed a circulant quasisymmetric normal (0,.S;)-
matrix N;, where S; is a signed group with remrep of degree 2°, such that N; is

disjoint from M;,o, ..., M,, and

Apply Lemma 3.1 to N; and M, to obtain a circulant normal (0, S;;1)-matrix N;4
with similar properties, where S;; > S; is a signed group with remrep of degree 2¢.

Applying this procedure n — 2 times, we will get a (0,.S,_1)-matrix N = N,,_;
with the property

NN* = MyM{ + MoMy + -+ M, M = wl,
where S,,_; = S is a signed group having a remrep of degree 2"~ 1. m

A complex version of Theorem 3.7 works similarly and produces a circulant

SW(q,w;S) for a signed group with a remrep of degree 2".

Corollary 3.8. Let X1, Xs, ..., X, be supplementary quasisymmetric (0, £1)-sequences
having zero periodic autocorrelation of period q. Then there exists a Hadamard matriz

in H(2" 1q).

Corollary 3.9. Let X1, Xs,..., X, be supplementary quasisymmetric (0,41, £i)-
sequences having zero periodic autocorrelation of period q. Then there exists a Hadamard

matriz in H(2"q).

There is a way to construct sequences with all these properties from any finite
set of sequences of various lengths having zero autocorrelation, as follows.

Let p be an odd positive integer. Consider two (41)-sequences U and V' of length
I < ’%1. Assume additionally that V* has the same support as U (then in turn
U* has the same support as V). Construct two new sequences Xy and Xy in the
following way. Take any two nonnegative integers a,b, such that a+b=p —1—1,

let
XU - <0a+17 U7 02b+17 ‘/7 Oa)a XV - (Ob+17 V7 02a+17 _U7 Ob)
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These are both sequences of length 2p. Since supp U* = supp V', Xy is quasisym-
metric. The same condition holds for Xy . Moreover, we can always choose numbers

a and b in a such way that X and Xy would be disjoint. Finally,

Nx,(J) + Nx, (7) = 2(Nu(j) + Nv (7)),
for all j € Z. Therefore, if U and V' have zero autocorrelation, so do Xy and Xy .

Theorem 3.10 ([C1]). Suppose that Ay, By, ..., Ay, By are 2t (£1)-sequences with
zero autocorrelation, A;, B; both having length l;, © = 1,...,t, where Zzzl l; = L.
Then there exists a Hadamard matriz of order 4T(2L + 1).

Proof. We can always embed a pair (A4;, B;) to a quasisymmetric disjoint pair (X ,, Xp,)

of sequences of length 4L + 2 as discussed above. Define the sequences

1,04741),

= (
= (0, Oty 41:41)5 O Ady 021,y 4vir) 0, Oty o1y Biy Oty Oty 141,))
XB, = (0,020, 4 +111) Bir 01, 021, et} 05 020t ety 1) 00y — Ady 0214 1 4 )
= (

0241, 1, 021.),

Trivially, the sequences X, Xy, Xa,, Xp,,...,X4,, Xp, are supplementary. Ap-
plying Corollary 3.8 we obtain a Hadamard matrix of order 221 (4L +2) = 471 (2L +
1). O]

For the asymptotic constructions we shall discuss, it would be necessary for a
length L to find the smallest possible set of supplementary sequences of total length
2L with zero autocorrelation.

Theorem 3.10 works similarly for complex sequences. However, we need our
sequences to be divided into pairs of equal lengths. This holds automatically for any

set of binary sequences with zero autocorrelation (see Lemma 4.1).

Theorem 3.11. Suppose that Ay, By, ..., Ay, By are 2t (£1, +i)-sequences with zero
autocorrelation, A;, B; both having length l;, i = 1,...,t, where 2221 l; = L. Then

there exists a Hadamard matriz of order 2*73(2L + 1),
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Proof. Repeat the proof of Theorem 3.10 using Corollary 3.9. O
For example, let U = (1,1,—), V = (1,4,1). Then,

Ny(1)=1-1+1-(=1)=0, Ny(1)=1-(—i)4i-1=0,
Ny(2)=1-(-1)=—1, Ny(2)=1-1

Therefore, U and V' have zero autocorrelation. Then, the following four sequences

= (1,0,0,0,0,0,0,0,0,0,0,0,0,0),
Xg_mmL—ﬂ@QQmaaL@m

= (0,0,0,0,0,0,0,1,0,0,0,0,0,0),
Xv_moomL%Lo —,1,0,0,0).

are complex supplementary quasisymmetric sequences with zero autocorrelation. By
the complex analogue of Corollary 3.8, there exists a Hadamard matrix of order 112.

Thus, we construct Hadamard matrices from sets of sequences with zero auto-
correlation. In the next chapter we consider basic properties and examples of such

sequences.



Chapter 4

Some classes of sequences with

zero autocorrelation

Any set of complementary (£1)-sequences of lengths greater than one can be parti-
tioned into pairs of sequences having equal lengths. We denote by [(A) the length of

a sequence A.

Lemma 4.1 ([C8]). Let S be a finite set of n binary sequences of various lengths,
all greater than 1, with zero autocorrelation. Then n is even. Further, the number

of sequences in S of any given length is even.

Proof. Let S = {A;,...,A,}. Denote N(z) = Na,(z) + -+ + Na,(z). Moreover,
assume that I > [, > ... > [, > 1 are all possible lengths of sequences in S. We
prove by induction that the number of sequences having length [; is even for all 7.
Consider 0= N(ly —1) = >y 4,), Na,(ln —1). Since Ny, (ly — 1) = £1 for all j
such that [(A;) = [, the number of sequences of length [ should be even.
Let 7 be a positive integer. Assume that number of sequences of length /;, is even

for all igp < 4. Consider N(I; — 1). Obviously,
N(l; — 1) Z Na(li—=1)+ > Na(li—1).
l(Aj)>li

However, values Ny, (I; — 1) have the same parity for all A;’s of the same length. By

28
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induction assumption, the number of such sequences is even. Therefore,

Ny,;(l; —1) (mod 2).

WA=l

Since I; — 1 > 0, we have Ny, (l; — 1) = #£1, for all j such that I(A;) = [;. Therefore,
the number of sequences of length [; is also even. O]

Consider some general properties of complementary sequences. Obviously, we
can take any two sets of complementary sequences and unite them together to get a
bigger set. The total length of the new set is the sum of total lengths of the original

sets. There are a few more operations we can do with complementary sequences.

Lemma 4.2. If Ay, As, ..., Ay, are complementary (0, %1, +i)-sequences of total
length 1, then there exist complementary (0, &1, +1)-sequences By, Bs, . . ., Bo, of total
length 2.

PT’OOf. For i = 1, 2, Lo, n define Bgi_l = (Agi, Agi_l), B2i = (Agi, —Agi_l). Then,

NBQFlU) + NB%(j) = Q(NA%A(].) + NA%U))?
for all j € Z. Therefore, By, By, ..., By, are complementary of total length 2/. O

We can also multiply sets of complementary sequences. The tensor product of

two sequences A = (a1, as, ...,a,) and B = (by,bs,...,b,) is the sequence
A X B = (albl, (Zgbl, Ce ,(Zmbl, ce ,albn, (J,an, Ce ,ambn).

Lemma 4.3 ([C8]). If Ay, Ay, ..., Ao, are complementary (£1)-sequences of total
length 2z, and By, Bs, . .., Bay, are complementary (£1, +i)-sequences of total length
2y, then there exists a set of 2mn (£1, £i)-sequences with zero autocorrelation and

total length 2xy.

Proof. Without loss of generality, assume that all pairs A;, A;;,, and Bj, Bjim,

fori =1,2,...,n, 7 = 1,2,...,m consist of sequences of equal lengths. Then the
sequences
A+ Ain A — Ay, A+ A * Aj — Ain x
e e I T s S
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1=1,2,...,n, 5 = 1,2,...,m, form a set of 2mn complementary sequences with

total length 2xy. O]

Lemma 4.3 generalizes Lemma 4.2 in the following way. Every set of complemen-
tary binary sequences can be multiplied by any Golay number, not only doubled, as

we now discuss.

4.1 Golay sequences

Lemma 4.1 implies that every set of complementary binary sequences contains at
least two sequences of the same length. The case when there are only two sequences
was first considered by M. Golay in 1949 [G1].

Golay sequences are two (£1)-sequences having zero autocorrelation. The length
of a Golay sequence is called a Golay number. Denote by GS(I) the set of all pairs
of Golay sequences of length [.

For the length [ = 1 any pair of real units forms a Golay pair; GS(1) has four
elements.

For the length [ = 2 we have the pair A = (1,1), B = (1,—). All pairs in GS(2)
can be obtained from (A; B) by replacing, reversing, or negating one of the sequences.
There are 8 pairs in G.S(2) in total.

For the length [ = 3 there are no Golay pairs.

The following product constructs a Golay pair of length mn from Golay pairs of

lengths m and n (first described by R. Turyn in 1974 [T1]).
Theorem 4.4 ([C6]). If (A; B) € GS(m) and (C; D) € GS(n), then
1 1
<§[(A +B)®C+ (A—B)® D 5[(A +B)®@D—-(A-B)® C*]) € GS(mn).

Note that this is a special case of Lemma 4.3.
Therefore, 2¥ is a Golay number for all k. Golay pairs that can not be constructed
by this multiplication are of special interest. Golay showed in [G2] that 10 and 26

are Golay numbers by constructing a pair

A= (17 17 ] 17 _17 17 ] _17 17 1)7 B = (17 17 B 17 17 17 17 17 ] _)
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of length 10, and another pair

A= (17171717_71717_7_>1a_717_717_7_717_7171717_3_71717 )7
B = (17171717_71717_7_717_71717171717_717_7_7_71717_7_7_)

of length 26. Thus, Golay sequences exist in all lengths of the form 2%10°26" for all
a, 8,7 > 0. As of early 2012, there had been no Golay pairs found with a different
length. Lengths up to 100 were considered in [BF]. For lengths not greater than 200,
only 106, 116, 122, 130, 136, 146, 148, 164, 170, 178, 194 remain unsettled.

There is also the following general non-existence result.

Theorem 4.5 ([E]). No Golay number g is divisible by a number congruent to 3

modulo 4.

4.2 Base sequences

Let us consider sets of four complementary sequences with one or two distinct lengths.
Base sequences are four (41)-sequences of lengths m,m,m + ¢, m + ¢, ¢ > 0
having zero autocorrelation. Denote by BS(m,m + q) the set of all quadruples of

base sequences of lengths m, m, m + ¢, m + q.

For example, (A; B; C; D) € BS(3,4), where

A:(l,l,l), 02(1717_71)7
B:<1,—,1), D:(1717_7_)7
because
Na(1) =2 Ne(1) = -1
Na(2) = 1; Ne(2) = 0;
Nc(3) =1
NB(l) - 07 ND(l) = _]-a
NB(Q) - 17 ND(Q) = _27
ND(3) = —1;
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Base sequences of BS(m, m + 1) have been studied extensively. In [K1] examples
are presented for all m < 30. Base sequences up to length m = 35 are presented on
Christos Koukouvinos’ personal website [K5]. Further examples for m = 36, 37, 38
appeared in [D2].

Lemma 4.3 implies that any quadruple of base sequences can be multiplied with
any Golay pair to obtain another quadruple.

Base sequences with ¢ = 1 are of special interest because of the following theorem.

Theorem 4.6 ([Y]). If there exist base sequences of lengths m, m, m + 1, m + 1
andn, n, n+1, n+1, then there exist four complementary (£1)-sequences of length

2m+1)(2n+1).

Since BS(n,n + 1) is not empty for all 1 < n < 38, Theorem 4.6 provides many
new base sequences. Theorem 4.6 is usually called by Yang multiplication.
The following slight generalization of Yang multiplication requires only one quadru-

ple to have ¢ = 1.

Theorem 4.7 ([K3]). If there are base sequences of lengths m, m, m + q, m + q
andn, n, n+ 1, n+ 1, then there are four complementary (£1)-sequences of length

(2m +q)(2n +1).

Consider the following generalization of base sequences. Compler base sequences
are four (41, £i)-sequences of lengths m, m, m-+¢q, m+¢q having zero autocorrelation.
It seems that this definition does not appear in the literature. Denote by C'BS(m, m+
q) the set of all quadruples of complex base sequences of lengths m, m, m+q, m+q.

Another form of Yang multiplication works in this case.

Theorem 4.8 ([C2]). If there exist complex base sequences of lengths m, m, m + q,
m+q and n, n, n+1, n+ 1, then there are four complementary (+1, £i)-sequences

of length 2(2m + q)(2n + 1).

Proof. For sequences X = (x1,22,...,211), Y = (y1,Y2,- .., Yn) we write X/Y for
the sequence (1, Y1, %2, Y2, - - - Tny Yn, Tni1). Let the first sequences be P, Q, R, S
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and the second T, U, V., W. The four sequences

A= <P7 0m+q7 0m+q7 Q): B = (P7 0m+q> 0m+q7 _Q)7
C= (Om>R7 S, Om>7 D = (Om,R,—S, 0m)

of length 2(2m + ¢) have zero autocorrelation, as do the four sequences
E=V/0, F=0,41/T, G=W/0, H=0,./U
having length 2n + 1. Then, the four sequences

E@QA+F*®@B+G ®@C+ H @D,
~F*"®B+FRA+G @D — H* ®C",
—F*®C-F'@D'+G® A+ H ® B,
— D+ F'C"—G"®B"+H®A,

have zero autocorrelation. Verifying the claim is straight-forward. O]

Furthermore, by Lemma 4.3 the product of four base sequences and a complex
Golay pair is a set of four complex base sequences. This will be used further in

Chapter 5.

4.3 Complex Golay sequences

According to the previous definition, complezr Golay sequences are two (£1,+i)-
sequences having zero autocorrelation. Complex Golay sequences appeared first in
1970s under the name quadriphase pairs [T2]. By 1980 some computer searches were
done that gave examples of such sequences in various lengths not exceeding 13.
The length of any complex Golay sequence is called a compler Golay number.
Some constructions that worked for Golay sequences can be generalized to the com-

plex case. Denote by CGS(1) the set of all complex Golay pairs of length .

Theorem 4.9 ([C6]). If (4; B) € CGS(m) and (C; D) € CGS(n), then
1 ((A ©C,BoD"): (A®D,~B® (J*)) € CGS(2mn).
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2. If we further assume that A and B are real, then
1 1
(5[(14 +B)®C+ (A—-B)® D" 5[(14 +B)@D—-(A-B)® C’*}) € CGS(mn).

There is no construction for direct multiplication of complex Golay numbers, as
in the real case. It is known that there is no complex Golay pair of length 15, though
both 3 and 5 are complex Golay numbers. Here is another multiplication construction

for complex Golay numbers that comes close to this (in a certain respect).

Theorem 4.10 ([C7]). If g1, g2 are complex Golay numbers and g is an even Golay

number, then gg1g2 is a compler Golay number.

Prime complex Golay numbers are of special interest. The following complex

Golay sequences of prime lengths g are known.

g= A=(1,1), B=(1,-);

g= A=(1,1,-), B =(1,i,1);

g = A=(i,i,1,-,1), B=(i1,1,i-);

g=11: A=(1,4,—,1,—,4,5,—,i,i,1),
B=(1,1,5,7,5,1,1,i,—,1, —);

g=13: A=(1,1,1,4,—,1,1,7,1,—,1,7,4),
B=1,i,—,—,—i,—,1,1,5,—,1, 7).

Examples of complex Golay sequences of lengths 11 and 13 appeared first in [HK].
Applying Theorem 4.3, we have the following set of complex Golay numbers.

Corollary 4.11 ([C7]). All numbers of the form 2°+43°5¢11413¢, where a, b, ¢, d, e, u >
0,b+c+d+e<a+2u+1, u<c+e, are compler Golay numbers.

In [C7] complex Golay sequences were exhaustively studied for all lengths g < 21.
The numbers shown above are the only prime complex Golay numbers known so far,
and numbers presented in Corollary 4.11 are the only known complex Golay numbers.
By an exhaustive computer search it has been proven that there is no complex Golay
pair of lengths 7, 9, 15, 17, 19, 21. However, other prime complex Golay numbers

may exist.
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4.4 Normal sequences

Normal sequences of length n are three sequences A, B, C' of length n with zero
autocorrelation such that A is a (£1)-sequence, while B and C' are supplementary and
quasisymmetric (0, £1)-sequences. Denote by N.S(n) the set of all Normal sequences
of length n.

For example, (A; B;C') € NS(3), where

A=(1,1,-), B =(1,0,1), C = (0,—,0),
because
Na(1) = 0; Np(1) =0; Ne(1) = 05
Na(2) = —-1; Np(2) =1; Ne(2) = 0.

Any Golay pair (A; B) can be easily transformed to a triple of Normal sequences by
adding a third sequence C' consisting of all zeros.
Consider the following non-existence theorem for Normal sequences of lengths

not exceeding 40.
Theorem 4.12 ([D2]). For n <40, NS(n) = 0 if and only if
n € {6,14,17,21,22,23,24,27, 28,30, 31, 33, 34, 35, 36, 37, 38, 39}

All other known Normal sequences are of Golay lengths. It also known that there
is no Normal sequences of lengths 46, 56, 62, 78, 94. The smallest unresolved length
isn =41.

Base sequences may be constructed from Normal sequences, as follows.
Theorem 4.13 ([K2]). Let (A; B;C) € NS(n). Then
((A, 1);(A,~);B+C;B — C) e BS(n,n + 1).
Corollary 4.14. If g is a Golay number, then BS(g,g+ 1) # 0.

Corollary 4.14 provides sequences suitable for Yang multiplication.
Another form of Yang multiplication allows multiplication of Normal sequences

directly with base sequences.
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Theorem 4.15 ([Y, K3|). If BS(m,m +q) # 0 and NS(n) # 0, then
BS((2m + q)n, (2m + q)n) # 0.

Examples of Normal sequences and some facts about them can be found in [K2].
Normal sequences and the above versions of Yang multiplication were used exten-

sively throughout the computer computations described in the next chapter.

4.5 Turyn sequences

Four (£1)-sequences X, Y, Z, W of lengths n,n,n,n — 1 are said to be of Turyn type
(or just Turyn sequences), if Nx(j) + Ny (j) +2Nz(j) + 2Nw(j) = 0 for all j > 0.

For example,

X=(-11,1,1,1,1,1);
Y=(01,-,—,—-,1,1,1,-);
Z=(-1-11,1,1,—);
W=(1-11 - —1);

are Turyn sequences with n = 8.

Sequences of Turyn type were first presented by Richard Turyn [T1].

Theorem 4.16 ([T1]). If X,Y, Z, W are Turyn sequences of lengths n,n,n,n — 1,
then ((Z, W); (7, —W);X;Y) € BS(n,2n —1).

Examples of Turyn sequences for n = 10,12, 14,16, 18, 20, 22, 24 were presented
in [K2]. Further sequences with n = 26, 28,30, 32, 34 are presented in [KS].

Turyn sequences for n = 36 provided the construction of a Hadamard matrix of
order 428 [K428]. We will need these sequences only for obtaining the corresponding
base sequences.

Sequences of Turyn type with n > 36 are not known yet.
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4.6 Other sequences

The following sequences were not used in our computer search; however, some of
their properties can be used in future constructions. We summarize a few important
instances briefly here.

T'-sequences are four supplementary (0, £1)-sequences with zero autocorrelation.
Denote by T'S(n) the set of all T-sequences of length n.

T-sequences are very helpful in Hadamard matrix construction because of the

next theorem.

Theorem 4.17 ([K2|). If (T1;T5;T3;Ty) € TS(n) then there exists a Hadamard

matrix of order 4n.

Proof. Define

Ay = cire(Ty) + cire(Ty) + cire(T3) + cire(Ty),

Ay = —cire(Ty) + cire(Ty) + cire(T3) — cire(Ty),
As = —cire(Ty) — cire(Ty) + cire(T3) + cire(Ty),
Ay = —cire(Ty) + cire(Ty) — circe(Ts) + circe(Ty).

Let
A, AR AR AR
g | AR A A[R AR
~AsR —ATJR A, AJR |’
~AR AR —AJR A
where
0 0 1
0 10
R:

is an n x n back diagonal identity matrix. Direct verification shows that H is a

Hadamard matrix. O

There is a natural way to construct T-sequences from base sequences.
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Theorem 4.18 ([K2]). If (A; B;C; D) € BS(n,n+ q), then
(((A+B)/2,0,); (A= B)/2,0,); (Onsg, (C+D)/2); (010, (C=D)/2)) € TS(2n+4).

Corollary 4.19. If BS(n,n+q) # 0, then there exists a Hadamard matriz of order
4(2n +q).

There exists another form of Yang multiplication for T-sequences and Normal

sequences.
Theorem 4.20 ([Y]). If there exist TS(t) # 0 and NS(n) # 0, then BS(tn,tn) # 0.
And another construction of T-sequences from Normal and base sequences.

Theorem 4.21 ([Y]). If BS(m,m+q) # 0 and NS(n) # 0 then there exist T'S((2m+
q)(2n+1)) # 0.

Ternary complementary pairs (TCPs) are pairs of (0, £1)-sequences with zero au-
tocorrelation. In particular, Golay sequences are a special case of TCPs. A sequence
is called reduced if its first and last entry is non-zero. A TCP is called reduced if it
consists of two reduced sequences. Denote the set of all TCPs of length n and weight
w by TCP(n,w). The deficiency of a pair in TC P(n,w) is the number § = 2n — w,
which equals the number of zeros in the two sequences. The Golay sequences are

exactly TCPs with zero deficiency.

Theorem 4.22 ([C5]). Ifw # 0 has a factor congruent to 3 modulo 4, then TC'P(n,w)

15 empty.
There is also a multiplication construction for TCPs.

Theorem 4.23 ([C5]). Suppose (A; B) € TCP(m,w) and (C;D) € TCP(n,z) and

one of the pairs is disjoint. Then,

U=A®C+ B® D;
V=A®D"'—B®(C*

is a TCP(mn,wz).
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Near-normal sequences of even length n are four (£1)-sequences (A; B;C; D)
of lengths n + 1, n + 1, n, n (n has to be even) with zero autocorrelation, such
that A = (a1, as,...,0,41), and B = (by, by, ..., b, 1) are related by b; = (—1)%a;,
1 =1,...,n+ 1. The set of all quadruples of near-normal sequences of length n is
denoted by NN (n). Clearly, NN(n) C BS(n,n + 1).

Near normal-sequences were introduced in [Y], where it was conjectured that such
sequences exist for all positive even lengths n. It is known that NN (n) is non-empty
for all even n < 34. The classification of all sequences in NN (n) up to n < 30 was
done in [D3].

Yang-type multiplication theorems and further constructions on near-normal se-

quences can be found in [K4].



Chapter 5
Asymptotic Existence results

Let p > 1 be an odd positive number. Denote by ¢ the least positive integer such
that a Hadamard matrix of order 2'p exists. Of course, ¢ is a function of p. Since any
order of a Hadamard matrix greater than 2, is divisible by four, we have that ¢t > 2.
The Hadamard conjecture states that ¢ = 2 for all such p. Similarly, define s to be
the least positive such that a complex Hadamard matrix of order 2°p exists. We will
give here some upper bounds for ¢, based on constructions using zero autocorrelation
sequences. All bounds come from Theorems 3.10 and 3.11. All logarithms shown will
be to the base 2: log = log,. All further asymptotic results are based on a computer

search which we describe later.

5.1 Asymptotic formulas based on Golay sequences

A simple bound for ¢ can be obtained from Golay sequences. Denote by b(m) the
number of units in the binary expansion of m. Consider the binary expansion of the
number (p — 1)/2. Each nonzero digit corresponds to a power of 2. It is known that
there exists a Golay pair of length equal to any power of 2. Collect the Golay pairs
corresponding to every nonzero digit of expansion of (p—1)/2 and apply Theorem 3.10
to them, obtaining a Hadamard matrix. Altogether we have b (’%1) = b(p) — 1 Golay
pairs that give 2b(p) sequences of length 2p having zero autocorrelation with weight

2p. So, Theorem 3.10 gives a Hadamard matrix of order 2'p, where t = 2b(p). The

40
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total number of binary digits in the binary expansion of m is equal to [logm| + 1,

so b(m) < |logm| + 1. Thus, we have the first asymptotic bound.
Theorem 5.1 ([C1]). ¢ < 2b(p) < 2(|logp] +1) < 2logp + 2.

A slightly better construction is easily obtained in the following way. Consider
the expansion of (p — 1)/2 to the base 32. Every positive integer between 1 and 31

is equal to the sum of at most three Golay numbers:

1=1, 12 =4+38, 23 =1+ 2+ 20,
2 =2, 13 =142+ 10, 24 = 8 + 16,
3=1+2, 14 = 4 + 10, 25 =1+ 8+ 16,
4 =4, 15 =144+ 10, 26 = 26,
5=1+4, 16 = 16, 27 = 1 + 26,
6=2+4, 17 = 1+ 16, 28 = 2 + 26,
7T=1+2+4, 18 = 2 + 16, 29 = 14 2 + 26,
8 =S8, 19 =142+ 16, 30 = 10 + 20,
9=1+38, 20 = 20, 31 =1+ 10+ 20.
10 = 10, 21 = 1 + 20,

11 =1+ 10, 22 = 2 + 20,

Therefore, each positive integer m is a sum of at most 3|logs, m| + 3 Golay
numbers. Hence, for number p there are at most 6|logs,(25%)| + 8 sequences of
length 2p having zero autocorrelation with weight 2p. This gives a nice bound for ¢,

still based only on Golay numbers:
Theorem 5.2. ¢ < 6[logy,(257)] +8 = 6[Llog(51)] +8 < Slog(2h) + 8.

This construction will not work on next Golay number base 40, since 39 is not
equal to a sum of any three Golay numbers. However, up to 198, any number is a sum
of at most four Golay numbers. Therefore, we could repeat the above construction

using expansion to the base 160, since 160 is the maximal Golay number less than
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199. We get immediately a new bound

-1

With the help of a computer we establish some further similar results.
Define h,, to be the least positive integer that is not equal to any sum of up to n

Golay numbers and let g, be the greatest Golay number not exceeding h,,. Then

-1 -1
t <2n {loggn (pT)J +2(n+1) <e¢,log <pT) +2(n+1),

where ¢, = 2n/log g,.
By a computer search we get that h; > 233963479 and g; > 224972800 (we
have only inequalities here, since we do not know whether or not we know all Golay

numbers). Thus, we have the following theorem:
Theorem 5.3. ¢t < 14 Uogzmgmgoo(’%” + 16 < 0.505 log(p%l) + 16.

Since any number up to 233963479 is equal to a sum of at most seven Golay
numbers, we get that actually for any odd p < 467926957, the corresponding value
t, constructed only using Golay sequences, is at most 16.

The result of our computer search is summarized in Table 5.1.

Table 5.1: Results obtained from Golay sequences

n hy, > Gn = | Cp <
2 7 412

3 39 321 1.2

4 199 160 | 1.0926
5! 11999 10816 | 0.7462
6 637399 562432 | 0.6382
71 233963479 | 224972800 | 0.5046

New values of the sequences g,, and h,,, or their asymptotics, would produce great
improvement to the asymptotic existence results for Hadamard matrices. However,
finding such bounds is a problem in additive number theory that seems to be very

difficult. Some ideas about this approach are presented in Chapter 6.
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5.2 Hadamard matrices from complex Golay se-

quences

With complex Golay sequences there is more freedom than in the real case. Define

™ t0 be the smallest positive integer divisible by k& which can not be presented as

a sum of up to n complex Golay numbers. By Theorem 4.10, we have P > gcgﬁ)

for every Golay number g and positive integers k, n.

log(p—1)

An asymptotic result giving s < 4 L 0

J + 5, based mainly on two complex
Golay pairs, was established by Craigen, Holzmann and Kharagani in [C2]. In par-
ticular, it was calculated that 052) > 1598 = 2-799. We do some computations with
three and four complex Golay pairs to present another asymptotic bound. Results

are presented in Table 5.2.

Table 5.2: Results obtained from complex Golay sequences

n ) > S > S > S > 9 >
2 87 1598 3836 7672 15344
3 24175 | 1657166 | 26120804 | 186128248 | 1255960976
4| 77217575 230 231 232 233

Similarly, we have only lower bounds for these numbers, since we do not know all
complex Golay numbers yet.

Consider the expansion of ¢ = (p — 1)/2 to the base 2% = 67108864:
qd = 4o + 226q1 + 226'2q2 _|_ .. + 226~qu,

where s = L2—16 log qj. From the bounds above, we get that ¢y equals to a sum of
at most four complex Golay numbers. Since cgw) > 239 and 226, = 2264 . 16¢;
for i > 0, 2%°%g; equals to a sum of at most three complex Golay numbers for all
1 > 0. Thus, at most 6 L% log qJ + 8 sequences are needed to construct a set of
complementary sequences of total length ¢ required in Theorem 3.11. We have the

following result.

Theorem 5.4. ¢ < 6|5 log(’%l)J +11 < %log(p%l) + 11.
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This construction shows an improvement over the previous asymptotic bound

featuring constant 3/8 times the logarithm [C8].

5.3 Hadamard matrices from all complementary

sequences considered

Using more sequences with zero autocorrelation a better asymptotic bound is con-
structed. As before, we rely on computer computations.

Previous computations with only three complex Golay pairs required a huge
amount of memory. We consider sets of at most six complementary complex se-
quences. Improvement of the following results using eight sequences does not seem
to be feasible yet, since it deals with very big numbers.

Complex Golay pairs are added to complex base sequences. In turn, complex base
sequences are constructed from Normal, Turyn, Golay and complex Golay sequences.
Theorems 4.7 and 4.15 regarding Yang multiplication were used extensively during
the computations.

Define the following sets of integers:

1. G: the set of all Golay numbers;

2. C: the set of all complex Golay numbers;
3. N: the set of lengths of Normal sequences;

4. D: the set of all integers 2n+ 1, such that base sequences of lengths n, n, n+1,

n + 1 exist;

5. B: the set of all integers 2n+ ¢, such that base sequences of lengths n, n, n+gq,

n + q exist;

6. T the set of all integers n, such that Turyn sequences of lengths n, n, n, n —1

exist;
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7. Sop: the set of all lengths s such that 2k complex complementary sequences
X1, Xo, ..., Xor of total length 2s exist, where X5, and Xs;_; have the same
length for every 1 < i < k (e.g. Sy is the set of numbers 2n + ¢, such that
CBS(n,n+q) #0).

Small-case letters g, ¢, n, d, b, t respectively are used to indicate an arbitrary
element in each of the first 6 sets. Subscripts are used to distinguish more than one
number from the same set.

For any sets A, B of positive integers, define A + B to be the set containing all
sums a + b, where a € A, b € B. Similarly, for any integers p, ¢, define pA + ¢q as a
set containing all numbers pa + ¢, a € A.

The following properties of sets G, C, N, D, B, T were used during our computa-

tions. All of them were described in the previous chapter.
1. 0, 1, 2, 10, 26, ¢19- € G;
2.0, 1,2, 3,5, 11, 13, cicag € C;
3. 2m+ 11 <m <38} C D, 2n+1€ D;
4. 3,5, 7,9, 11, 12, 13, 15, 18, 19, 25, 29, g € N;
5. {2m|5 <m < 18} C T
6. d, 3t — 1, 2nb, 2bd € B
7. 1+ co, cb € Sy;

Since D contains all odd numbers up to 77, and S; contains any product of such
number with any Golay number, without any computer computations we can see
that all numbers up to 77 belong to S;. Therefore, with expansion to the base 64 we

have an asymptotic bound

-1 2 -1
t<4 {log64 <pT)J +7< glog (I?T) + 7.

This bound is similar to one given in [C1].
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Let b the smallest positive integer divisible by &k that does not belong to Ss,.

With the help of computer computations we establish some lower bounds for
numbers b Computations are done in the following way. The set Sy is constructed
first, and then complex Golay numbers are added to all numbers in Ss. We consider
numbers, which are less than the upper bound M, which is taken to be slightly

greater than 232. Here is a sketch of our algorithm.
1. Initialize all lists of integers G, C, N, D, T, Sy, Sg to be empty;
2. Add 1, 2, 10, 26 to G. Fill G further by its multiplicative property (prop. 1);

3. Add 1, 2, 3, 5, 11, 13 to C. Fill C further by its multiplicative property
(prop. 2);

4. Add numbers 3, 5, 7, 9, 11, 12, 13, 15, 18, 19, 25, 29 to N. Add Golay numbers
to N (prop. 4);

5. Add all odd lengths between 3 and 77 to D. Add all numbers from 2N + 1 to
D (prop. 3);

6. Add all even numbers between 10 and 36 to T' (prop. 5);

7. Add all numbers from D to the empty list S;. Add all numbers from 37 — 1
to Sy (prop. 6);

8. Add all numbers of the form gb to Sy, where g € G, b € Sy (prop. 7).

9. Add all sums ¢; + ¢9, where ¢, € C' to Sy (prop. 7).
10. Add all numbers of the form (2n + 1)b to Sy, where b € Sy, n € N (prop. 6,7).
11. Add all numbers of the form db to Sy, where b € Sy, d € D (prop. 6,7).
12. Construct Sg as Sy + C;

13. Obtain bounds for numbers b%k) from Sg and S;.
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Table 5.3: Results obtained from all complementary sequences considered

n| oY > b > [ > [ >
2 127 1934 4124 8248

3| 142919 | 61161358 232 233

Bounds for b obtained by our computations are presented in Table 5.3.

Consider the expansion of ¢ = (p — 1)/2 to the base 930.
qd = 4o + 230Q1 + 230'2q2 _|_ .. + 230'sqs,

where s = L% log qJ. Then ¢q is equal to a half of the total length of at most five
pairs of sequences, since every even number up to 2% is a sum of four complex Golay
numbers. Since 230%g; = 23072 . 44, and b:(f) > 232 all numbers 23%%g;, i > 0 are
equal to a half of the total length of at most six complex complementary sequences.
Therefore, ¢ is equal to a half of the total length at most 6 L?Tlo log qJ + 10 complex
complementary sequences. We now apply Theorem 3.11 to obtain a new bound from

all sequences discussed here.
Theorem 5.5. ¢ < Llog(2*) + 13.

A similar result regarding the existence of complex Hadamard matrices can be

obtained in the same way.



Chapter 6

Thoughts about further

development

Our computations revealed that among all complementary sequences the complex
Golay sequences are most useful for us. Since the last computer search for them was
done more than ten years ago, it looks as if a new search may produce new results.

Another search is needed for Base sequences. Examples of BS(m,m+1) for m =
36, 37, 38 were found only recently with the help of massive computer computations.
It seems that new base sequences will be presented in the near future after similar
computer development. Moreover, the following “Base sequence conjecture” implies

the Hadamard conjecture:
Conjecture 6.1 ([D4]). For any positive integer n, BS(n,n + 1) is not empty.

This conjecture is verified to be true for all n < 38 [D2]. Similarly, there is a

“T-conjecture” regarding T-sequences:
Conjecture 6.2 ([D2]). For any positive integer n, T'S(n) is not empty.

The T-conjecture follows from the Base sequence conjecture and also implies the
Hadamard conjecture. It has been verified to be true for all n < 100 apart from two

undecided cases n = 79 and n = 97 [D2].

48
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However, any bound of the form ¢ < clogp + d (t is defined in Chapter 5) even
in the light of Theorem 5.3 looks too crude. The following additive number theory
development could improve such bounds considerably.

Let nq,na, ..., ng be positive integers. Define S(nq,na, ..., ny) to be the smallest
multiplicatively closed set containing ni,nse,...,n; and 1. Further, for any set of
positive integers S, define [,,,(S) to be the smallest positive integer that is not equal

to any sum of at most m numbers from S, i.e.,

lm(S)zlrrlilq(N\Lnj(ﬁjtSji..._|_k5:)>7

n=1 M
where N denotes the set of all positive integers.

For example, if k =1 and S = S(2) = {1,2,2%,23, ...}, then [,,(S) = 2" — 1,
since this is the smallest integer that has m units in its binary expansion. If S =
S(2,3) ={1,2,3,4,6,8,9,12,16, 18, ...}, then the first values of the sequence [,,(5)
are 5, 23,431, 18431, 3448733,1441896119, ... [BI]. We did not establish any results
regarding asymptotics of this sequence; however, it looks as if [,,(S(2, 3)) is growing

1) .
% is very close to

much faster than any exponent. Moreover, it seems that exp
this sequence.

Asymptotics for ,,(S(2, 10,26)) are of special interest for us, since S(2, 10,26) C
G, where G is the set of all Golay numbers.

Assume that [,,(S5(2, 10, 26)) > Ca™ for some positive real constants C, a, where
a > 1. Then any positive integer ¢ equals to a sum of at most { loga(q/C’)w Golay
numbers. Therefore, such an asymptotics for ,,(S(2, 10,26)) implies existence of a

Hadamard matrix of order 2¢p, for all

t>2 { log, (])2;01)

by Theorem 3.10. This bound would be considerably better than any existing asymp-
totic bound for t.

+2

However, we did not manage to prove any asymptotic results of this kind. Similar
development involving complex Golay sequences or complex base sequences could

produce significant improvement too.
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All the new results are described in Chapter 5. In this thesis a new statement
regarding asymptotic existence of Hadamard matrices was proved. A similar result
regarding asymptotic existence of complex Hadamard matrices can be proven also

using the results of our computer search.
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