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SOME MATHEMATICAL ABPECTS OF VALUATION

; Chapter I
Reserve Standards for Life Insurance in the United States
and Canada
The early history of Valuastion in the United States
centres around those standerds set in New York and lassa-
ghusetis.

Uassachusetis

In 1864 1ife insurance companies doing business in
Hassachuseits were required to report anmuslly on their
business, but no basis was specified and avparently no
effort was made to check the returns submitted. 4s s re-
sult of the tireless efforts of Eligur Wright, one of the
Insurance Commissioners in 1888, s law was vassed provi-
ding that life insurance conmpanies should furnish the
Commissioners with the data necessary for caleulating the
value of all outstanding policies and charging the Com-
missioners o compute annuslly the poliey lisbilities of
each company doing huaine%g in the State. The bssis of
?alnatiﬁﬁ'waﬁ not specified but the Commissioners adopted
net level premium valuation on the basis of the Combinsd
Experience or Actusries Table, with interest at 4%

The Act of 1861 specified this basis for ealeulating
surrender values, and in 1865 it was specified for tes-

ting the solvency of a company and as the standard for
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the reserve to be held beforse any surplus could be dis-
tributed.

In 1887 the lMsssschusetts Insurance Law required

valuations on the Combined Experience 4% basis, and in
1900 smendsd this Law to provide for the wvaluation of
policies issued subsequent to December 31, 1900 on the
American Experience $able, with 337 or Z% interest. In
1923 Jassachusetts, by ruling, permitted Illinois Stan-
dard valuation.

Phe New York Insurance Devartment began cperation
in 1860 under William Barmes, as Suverintendent of In-
surance. In 1863 he offered to reinstate the American
Wubusl veluing policies on the Carlisle 5% basis, using
gross premiums less 25%, thus wavering towards a Gross
Premium Valuation. in;lﬁgﬁ ¥ew York, by iaw, established
the Emglish Life Teble No. 3, for males, with 5 inter-
est, a8 the reserve basis, and reguired guinguennial val-
uations. Het »remium valuation or the use of gross pre-
miums less one-sixth was sllowed umtil 1879 when net pre-
miom valuation was unconditionslly reguired.

In 1869 New York adopted the Americsn Experience
19 basis but ¥right of Massachusetts refaused to lower
his standsrd to make it the same.

Betwesn this date and 1884, out of thirty-six com-
panies which were insolvent under the Hassschusetts

st

andard but solvent on the New York basis, all but four
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went out of business. In 1884 New York changed to the

net premium basis on the Combined Experience 4% basis.

At this time 2 double standard for selvency was set up.
{a) If the company's assets were less thaﬁ,i%% lisbil-
ities on the American Experience 437 basis a receiver
gould be 3p§siat&§‘ {b) If the assets werse as large as
the above but less than the 1iability om the American
Experience 4% basis, the company eould issue no new
business until its position had sufficlently improved.
By this Aet "Capital 3tock" was not considered a liabil-
.ityp £5 §aw'¥ark,it was not so ecomsidered uwntil 1901.

Iﬁtzgﬁl the valuation section was amended to Pro-
?iée a minimun reserve standard. Tor issues prior %o
Japmery 1, 1901, this minimum was the Combined Experi-
ence 4%, while for issues of Januaryl, 1901, and later,
%hﬁ'&iﬁiﬁ&@ wé& the American Experience 5%%. From 1801
to 1906 Few York permitted preliminary term valuation
but lassachusetts 4id mot.

Following the Armstrong Investigation, im 1906,
preliminary term valuation was prohibited and the min-
imum stendard Tixed %ﬁ the select and ultimate method
based on the American Experience table, with 33% in-

terest, for pclicies issued subsequent to December 31,

1966, 1Im 1922 the Hew York law was again amended to
permit as & minimum standard, reserves on either the
select and ultimate method or sccording to the Illinois

modified preliminary term basis.
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Other States

Other States Tfollowed Tairly closely what was done
in Few York and Massachusstts. Ohio and New Jersey used
modified @f&limiﬁafy term bsses only slightly different
from the Illinois Standard. |
Canads |

A discussion of reserve standards in Canads is in-

gluded in Chapter II.
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Chapter 11

Hethods of Valuation

Gross Premium Hethod

Pelicles were Tirst valued by what is known as the
Gross Premium Method. Under this a&é&a& no provision was
made for future expenses and the whole gross premium was
asssumed to be available t0 pay future claims. Hence the
reserve was much less than was necessary and if a large
number of c¢laims were presented there was danpger of the
company beconing insolvent.

Het Premium Method

To remedy this evil there was introduced the Fet
Premium Method of Valustion. Under guach, & level expense
charge is assumed throughout the whole duration of bthe
policy and this is taken care of by the loading on the
policy. Two further assumptions sre also made. TFirstly
that none of the loading is ever available to mest claims
and secondly, that the whole of the net premium is always
so available.

But none of these assumptions are gulte in accor-
deance with fact. The Tirst year's expenses are large
relative to those of subsequent years. This is partie-
ularly true sines the practice of raying large initisl
commissions has become popular. Therefore, the laaaiﬁg
is not S&ffi@iéﬁt to pay the Tirst year's expenses and

- is too great to pay ﬁh@ expenses of later years. IT,
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then, a company were reguired to put up the full net Tre-
mium reserve aft the end of the first year, it would have
tc get some of it from sccumulated surplus and therefore

nger compsnles would be foreed to restrict the amount

you
of new business they could issue.

Thus the llet Premium Method of caleulating reserves
made the establishment of young companies very difficult.

This was made still more difficult about 1860, for in

that year s stricter interpretation wasg made as tc what
might constitute the sssets of g company. Many items of
ssgets previously asllowed were dissllowed and many young
éam@ﬁn&aa were forged out of business.

Full Preliminary Term Method

It was largely to enable young companies tc bhecome
established that thers was introduced, in 1863, what was
ealled the Full Preliminary Term plan of computing re-
serves. This plan provides for term insurance Tor one
year with the right of renewal on the Life or Endowment
plan. Thus no reserve is required at the end of the first
policy year. The whole of the first year's premium so
becomes available for claims (which are small) and for
ex¥penses. The eam@&ﬁiaﬁ actually wrote their policies as
Term Insurances for one yeasr and Life or Endowment there-
after.

Undser the Full Preliminary Term plan the valuation
premiumg are considered as:

Net premium first year fim om sll policies.
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Het premium second and Tubure yeasrs:
f.., on whole-life policies
b, Pvr on limited payment whole-life policies
E;.“Z:n on n-year endowment policies.
The reserve at the end of t years is:
tV;=tﬂVQH for a whole-1ife poliey
2V - E'V.., for a k-payment whole-1life policy

tV;mq=bﬁQ+um:1 for an m-year endowment policy

* Vi e-Vidyimn for an ne-year term polisy.

The two m&iﬂkﬁﬁﬁﬁﬁti@ﬂﬁ to this method of valuation
are Tirstly that tﬁefex%ra4ailg@aﬂ$@ for first year ex-
penses is unnecessarily large in the case of short pre-
mium payment policies and secondly, policy=-holders, under
the higher premium plans, pay much more for their first
yesrts iﬁsﬁfaﬁﬁ@ then poliey=-holders mmﬁér lower premium
plans. Tor example, a poliey-holder having a ten year
endowment poliecy pays about three times as much for his |
first year's insurance as one having an Ordimery Life
policy. |

It has also been eriticized on tﬁé ground that the
entire premium ya@iag‘yaria& iz taken to mske up the de-
ficieney in the F%&&ﬁ?@s Also, if the premium paying
pericd is short there is a comsiderable strain on the

office to make up the deficiency. The

main objection is,

however, that under high premium policies the large sl-
m .

lowasnee for Tirst year agpeases?ﬁ&&éﬁ to extravagance in

the agquisition of new business.
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Another objeetion is that the principle is capable
- of extension and may be epplied to & preliminery term of
two or even three years. Thus a very large amount would
be aveilable for initisl eg?ensgﬁa At one time advantage
was taken of this by companies in certain states.

Hodifled Efeiimiﬁafg'@ﬁrm Plans

Several modifications of the Full Preliminary Term
Hethod have been introduced in the United Sﬁat&@ and Can-
ada so that some ré@@%va is held at the end of the first
year on the higher premium policies and a smaller amount
is thus available for initial expense.

Among these plans have besn

1. the @ﬁi@_%@th@é
2., the Illinois Hethod
Z. the New Jergey lethod
4., the Seleet and Ultimate M¥ethod of New York
5. the Canadian Hethod.
1. Ohio Method |

Under the Tirst of these modifications known as the
Ohio Method the limit of the first year's expenditure is
based upon the Whole Life Poliey Premium.

{a) In the case of Ordinary Whole Life vpolicies and
n-payment Life policies (n>20) the Full Preliminery Term
Hethod isyailaws&a (See page 6).

(b) Under sny policy whose premium is grester than
that of the corresponding Twenty Payment Life premium the

valuation premium is the same as that of am Ordinary Whole
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Life policy under the Full Preliminary Term plan plus an
amount whose accumulation with the bemefit of survivor-
ship will, at the end of the premium paying pericd, pro-
duce & Pure Endowment equal to the differsnce %@@%@@ﬁ the
Het Premium reserve on the policy at that time and the
reserve according to the Full Preliminary Term lethod.

Thus in the @3@@ of an n-payment %&@1@ Life poliey
{(n<20) the veluation premium for the Tirst year is egual

to P,.’_,—,+77,‘ and thereafter I(w.+ T, where
o Drea (Rwm = e Vourd)
1

N‘,‘— N‘L-p/’b
The reserve at the end of t years is equal to
'b'-l\/X-#l + W’(’%) &< )
AX%-‘L" Q_ .=>M)

(¢) In the case of an m-year Endowment Imsurance:
Het valuation premium for the first year = P e + 72

Het valustion premium thersaffer = Ry + T2
D,‘.;,”q, C/“ L N VK‘—J)
Rl ~ Rlnem

Reserve st the end of ¢ years {(t<m}
Vx’*'.’_ ﬂ Nw" N\L"‘-t .
Ower

{d) Iu the case of an n-payment m-year Endowment

where 7y *® gince 7 ’9,&?—@—/&1—”—54 mw\/w =

W+

Insurance: 4

Net veluation premium for the first year = Fa—m + T,
liet veluation premium thersafter = (., +7;
where 7, = D"f“" (Ao s = . = m=Vrl)

Sy N
Reserve at the end of ¢ years (t<n)

= V + ’IT; R/x—-ldwuc"

€=t My

H+E

the Full NHet Premium reserve being held from the nth year

onward.
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This method of valuastion is used in Ohio and & few
other states but it has been objected to on the ground
that it is not suffieiently liberal to ensble newly-Tformed
gompaniss to operate successfully in conmpetition with com-
panies that have been longer sstablished snd have svaeil-
able larger surplus funds.

2. Illipois Method |

The second method, provided by the State of Illinois,

makes the Twenty-Payment Life Poliey the basis of its esl-

gulations.

Here the maximuom sllowanee for imitial expeuse, in
addition to the lcasding in the offige premium, is the 4if-
ference between the full net premium for s Hinmeteen Pay-
ment Whole Life Poliey st age X+ aund the cost of the
Tirst yesr's risk. Whole Life policies by twenty Qr.aar%
payments are valued by the Full Prelimimary Term Method.

The net valuation premium and reserves under this
method are as follows:

(a) For Ordinary Whole Life policies, n-payment Life poli-
cies {n=20) and s8ll other policies for which the an-
mial premiums are less than those of the Twenty Pay-
ment Life policy the net valustion premiums and re-
serves are the same as under the Full Preliminary
Term plan.

{b) For n-payment Whole Life policises (n< 20)

net valustion premium for First year = FPxm + 7Ty

‘net valustion pramium %h&?ﬁafﬁﬁr'=,qfi+r+ Ty
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whers ﬂj=M’@l@J§siﬁ% 7V +“ﬁ?;‘§.z_-_’?{zz@

A~y M
x-—Nx.,.,K_ DKML

Reserve at the end of ¢ years ($21) = Aw.r
Reserve at the end of t years {t<n) = . W+ Dx-Nwc
Ow+
{c} For m-ysar Endowment policies:

It P\tﬂ:&?ﬂ< (7P

X+1

the Full Preliminsry Term plan is
allowed.
Otherwise: If m< 2%3’

net valuation premium first year = Fin + Ty

net velustion premium thereafter = 4 PM. + Wy

’9
where '715. = D’“"”" (l Ay V)(:I-I)
N\l" N\u-nu&.
Reserve at the end of t years (t<m)

RV o O

Iatlins Dx+c
If m 220 and Pv.w: & D 9 wa
net valuation premium first yesr = P T+ g
net valuation premium segond to twentieth years

. P
- /q Wy -+ "Q
net valuation premium therealter - Px #

" where - = Dwua.o(:zOVx.;m - Ax-;ﬁm)

o - N v - ij-v—.zo
Reserve at the end of t years (t <20)

"tj vxw T —Nl—éﬂ—:—‘-i
Reserve at the end of t yesrs %;h@z:é %:é 20 = -(,—Vx:m
ie. the Full Net Premium reserve.
Under this plan the full net premium reserve is at-
- tained not later than the twentieth year except nunder con-
tracts where the full preliminmary term net vpremium is less

than the nineteen payment life premium at age x+1, is. ex-
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cept where the full preliminary term valustion is per-
mitted, in which cases the net premium reserve is not
made up unitil the end of the premium paying periocd.

The net premiums and reserves by the I1llinsis Hethod
are the same as under the Full Preliminary Term plan on
the Ordinary Life and Twenty Payment Life plans as well
as on other contraets having a net premium sgual to or
less than the Nineteen Payment Life premium at an age one
year older. On other contrasts, the reserves lie é%t@?éﬂf
the Full Preliminsry Term reserves and the llodirfisd ra;"

- serves ag provided by the Ohlo Hethod. Soms reserve is
held during the first year in =ddition to the cost of the
current year's risk, but the initial expense allowances
are larger thazn under the Ohioc Hethod.

The Illinois Method is @ﬁﬁ legal standerd in Illinois,

Idaho, Indisna, Meryland, lilchigan, Forth Dakota, South

Dakota and ?@aﬁagé@@; and is valanta?iig adopted in many
cther states. It was made permissive in Wew York inm 1923

as an altern

ative to the Select and Ultimate Method and
it was made permissive in Msssachusetts in 1923,

3. Hew Jersey Method

The original "Hew Jersey” method provided for & mod-
ifieation of the full preliminary term plan upon the full
net premium basis, as follows:-

If the net premium under the partienlar contract be
squal %o or greater than the corresponding Whole Life met

premium the following deductions may be made from the full
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reserve.
Pirst yenr - gxcess of the Pfull reserve Tor & Yhole
Life poliey over the reserve on a One
Year Term poliey.
Seeond year - Tive-sixths of such exgess.
- Third ysar -~ four-sixths of such ewcess.

Fourth year - thres-gsixths of sueh excess.

?ifth year -- two-sixths of such sxcess.

Sixth year -~ one-sizth of such excess, the full net
premium reserve being held therveafber.

Under sontracts where the met premium is less than
the corresponding whole life net premium, the reserve re-
funded during the first year is the reserve for a One
Yesr Term poeliey, and the Ml net yremium reserve for
the partisular contract has to be reached at the end of
five yesars. |

Due to two gonditions attasched by the State of Hew
Jerpsey to the use of such f@%%ﬁ?&ﬁ, namely that only com-
panies having less than a certain emount of reserves

might avail themselves of this provision, snd that if sny

company 414 take advanbage of sush rednced reserves, then
the sum of the first year's expenses and mééifieﬁ resarves
migt not exeeed the smount of the Tirst year's premiums,
the larger companies were under no restriction as to the
amount of their expenses and smeller companies who took
advantage of the valuation law had to keep within a cer-

tain limit. 7The larger companies were thus abls to pay
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much more in the way of commissions and it was therefors
easy to see that the benelit of the relief provided by
the reduction in the reserves wes largely offset by the
difrfionlty of obtaining business in eompetition.
This plan has been considerebly modified, however,
to give the following basis for valuation.

Presspt New Jersey Method

The net valuation premiums snd reserves sre the ssme
a8 under the Illinois Method for the f%il@%img glasses of
policies: | |
{a) A1l limited payment 1ife policies whose premium pay-
m@ﬂ% pericds do not excesd twenly years..

{b) A1l endowment policies for which the full preliminary
term net renewal premiuvme sre greater than the full pre~
liminary term pet remewal premium for o twenty payment |
1ife pelicy issued at the same age and for the sams amount.
(e} A1l policies whose full preliminary term net renswal
premiums are less than the full preliminary $term net re-
newal premium for a twenty payment life policy issued at
the same age and for %hﬁlﬁﬁm@ amount and whose full pre-
liminary term net remewal premiums do not exceed 150 per
ecent of the unet one year bterm premium for the age at is-
sue (Pyql.

¥or all @%ﬁ%@'@l&%ﬁ%@ of poliecies all reserves must
be bﬁ@agﬁﬁ up $o the level net premium reserves st the end
of twenty yesrs by means of s pure endowment sccumulabion

sxtending from the second to the twentieth poliey years.
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Thus, for policies such as the srdinary Eifé, twenty-~five
payment life and thirty payment life whese full prelimin-
- han the full pre-

ary term net remewal premiums are less ¢
liminary term net renewal vpremium for & twenty payment
life polisy, the level net premium reserve must be attsined
by the end of the twentieth yesr.
Generally:

Let P'.,, be the met Tfull preliminary term renswsl

~ premium Tor any Torm of poliey.

Phen, if ,qFun 2 Py, > 50 Py

net premium for first year = Pyo

4 @ ' " 2 % A ¥ 5 /
net premium for second to twentieth years =P

17}
K + 14

’ /
where T’;"—' (aov/“-'— 19 ¥ %+1 )Dxu-;xo
NX+| —Nv.-igo
and oV, is the level net premium terminal

reserve of the twentieth year amd V., is
. the fwll @?&1@&§ﬁ&?§ term terminal reservs
of the twentieth ysar for the poliey under
consideration.
net premium after twenty years = level net pre-
minm for the poliey under consideration.

4., Seleet and Ultimete Hethod of Hew York

The office premiums were based on the American Exe
perience Table. The purpose of this Method was to offset
the expense of new business, not covered by the losding in
the office premium, by the mortality profit derived from
ﬁé@‘&ﬁ%?ﬁﬁtﬁ¢ sonsegquent upon the office premiums being

based upon an "ultimate” moriality table. It was assumed



16.
that the mortality expsrience during the Tirst five years
after issue would be 5O, 65, 75, ZE snd 95 per cent re-
spectively ¢f the rates of mortality shown in the American
Experience Table., The profit thus expecited to be derived
from the lighter mortality during the first five years
atter @ﬁtryrwaﬁ discounted and spplied toward the initisl
sxpense. The full net premium reserves on the Ulbtimate
basis had to be attained by the end of the fifth yesr.

The reserve at the end of t years acecording %o this
method would be

-t\/ixJ = Am3+t - P“ &(’“l;f
where the net snnusl premium, Py 18 based on the ultim-
ate fable.

The main objsetion te this method was that it was
faulty in theory. If the sssumed rates of mortality in
the Tirst few years were proper medifications of the stan-
dard mortality tsble, the net level premiums %ﬁé reserves
should be based on such & modified mortality table. Then
the resulting reserves would be grester than the fll net
level premium reserves based on the originsl mortality
ﬁa%ié{

Cansdian Hethod
The Canadian

insurance Act of 1910 provided another
modification of the Full et Premium method of valuation,
& deduction being ail&w@é,ﬁariﬁg the Tfirst four years in
the ease of 8ll policies having o net premimm at least

equal to the whole life net premium at the same age. This
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allowance %&s the seme under all forms of policies, and
was bassed upon the difference betwesn the whole Eifé net
premium and the net premium for a cme-ysar term policy
~galeulated b§ %h% QMG)%aﬂle with 33% interest. The whole
of this difference was allowed as a deduction Trom the
first year's reserve, aud threse-guarters, ome half, and
one-guarier rsspectively of the Tirst year's allowance
from the second, third, and fourth years' ressrves. The
full nst premium reserve was to be carried from bhe fiftn
year onwards.

The Canadian Insurance Act of 1927 made sevéral
shanges in the method of valuabtion of the policy liabile
ities of life insurance companics as providsd by the for-
mer Aot. These changes were as follows:

1. The maximum rate of interest sllowable is 53,

No minimn is set.

2. Any @§£f§f>th3 following tables of mortality may

be employed:

(a) Canadisn len Table, o™

{b) British Offices Life Tables, 1893, 0
{¢) British Offices Life Tables, 1893,0"
(3) British Offices Life Tsbles, 18693, 0'0

me)

(¢} Institute of Actuaries of Great Britain, 5™

(£) American Men Table, Au®
{g) imerican Experience Table, Am. Expe
Hote the fresdom allowed im the choice of table,

§%~§§;%§§igieﬁa§ reserve is reguired as under the
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former Act.

thod of valuation provided

4. A company may use any ne

that the reserve csleulated thereby shall not be less at

any duration than the reserve csloulated on a modified pre-

_ 1i@ia&ry term valuation basis described as follows:

{a)

(v}

Under policies with premiums equal to or less than the
Whole Life premium the Full Preliminary Term Method of
somputing reserves is allowed.
sgs Whole Life Polisy
ALVM =1Ax*4;~Fi+pEZg+n&
Ten-Year Term Poliey (m< (o)

’ .
A V dor = gx+'/&:m - FD)(A,-IW a)ﬂ-m: (6=

Under policies with premiums egual to or greater than
the Whole Life premium the value of the policy is to
be equal to the value of the sum assured less the pre-
sent value of & valuation premium which shall be ob-

tained by edding to each met level annual premium, ex-

¢luding the first, such an smount assumed to be pay-
able at the beginning of the sesond ané,gabgaqaenﬁ
years for which premiums are payable, as is egual iﬁ
value a8 of the date of issue of the poliey to the
difference between a corresponding Whole Life premium
and & One-Year Term premium. |
eg. Twenty-Payment Life Policy (m<ao)
oV = Auine = Go P + ) ez

where Ty = Pe - Py
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Twenty Year Endowment Policy
/wv;;ia= #L“,k:g;;a— G15a+7ﬂ>aw*m:IEZD
where T, Axjz] = Re— P
. Ten-Payment Twenty Year Endowment (- < /o)
SV = A a0 - QPao+"=~>am =
where 7.0y g) = P~ Pim
This m@té@ﬁ is similar to the "Ohio™ method of modi-

fied prelimins

ry term valuation. There are, however, the
following differences: |

An sllowance is made under the Cansdian Ast in the
a Whole Life »re-

case of yeliaias‘witﬁ_@f@ﬁiamg:1ﬁ$% than
mium but gr%aﬁ&f than & One-Year %@rﬁ,grémiam@ eg., & Ten~
Year Term policy. | .

. Under policies with premiums equal to or grester than
the Qrﬁiﬁ&f? Life Premium hath methods aii@@ a deduction
in the ipitisl reserve f@r‘tﬁa firet year of the differ-
ence between $hg‘ﬁy@ia&§§ Life net premium and the One-
Year Term @r@mi&avaﬁ‘ﬁhe age of issve. Both methods sr-

angs Tor bthe &Qﬁﬁﬁﬁlﬁﬁi@ﬁ of the full reserve at the end

- of the premium gagiﬁg'ﬁayiaéa

Under the Canadian Method this difficiency in the
reserve is sccumulated from the beginning of the second
policy year, the terminsl reserve st the end of the first
poeliey year having no provision included in it for such
accumulation.

Under the Ohio method the accumulation begins in the
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first policy year, and while the initisl reserve at the
beginning of the Tirst policy yesr is the same as under
the Capadian method, the terminal reserve of the first
- poliey year provides for the asgeumulation of & Purse Sn-

downments
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Chapter 11X

Yoar End Reserves

0ffice Hethods of Veluation

There are Tour main methods of Office Valuation,
nemely, the Seristim gaﬁhﬁé, the Group HMethod, the Retro-
gpective Hethod and the Attained-Age Hethod.

I. Seriatim Method ‘

Bach policy is velued separately. This method is
econvenient if the number of policies is small, It iﬁk%ﬁ@rsw

generally

fors , used as the principa

1 method by small companies. It
is ﬁlﬁ% used by large @%m@&ﬁi%& Por valuing special types
of policies the number of whieh is ususlly smell.
II. Group Methed | |

Under this method ome may vaelue at cmee all policles

of the ssme plan, year of issue apnd age alb issue.
very

IT there are, ma

iy plans of insurance issued the Group
Method loses some of its superiority over the Seriatinm
¥ethod. Where the groups are small snd scabtered, valu-
atiaﬁ'ia slmost as lengthy as on the Serilatin E&%i&;

11I. Retrospective Method

Whers Gthe groups are small and scattered ths retro-
spective method of valuation may prove more efficient
than the Group Method.

This method groups together all policies of the same
age and year of issue, irrespective of plan., By summing

for the group the amount of insurance (S) and the net pre-
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mium (°P) the corresponding terminal reserve for all

plans is ) o . e
dx- Wb A Y~ WA+ AL
Z Vs @TR)SGEen — (23) S e

WM R e Y

where °P, is the met premium for the smount of insurance
under the individual policy issued at age x.

| The above formuls holds only for level-premium, level-
iaéaxaaﬁ@ polisies during the premium paying periocd. Full-
paid and pald-up policies can be valued by the Attained-
Age @f Group Metheod.
IV. Abtained-Age Nethods

general types.

?har@,ﬁya two
ii§ The Acocumulation type.
(2) The Karup Method.
(1) fﬁ% reserve of the year is found by carrying forward
by some agcumulation formuls the preceding year's reserve
grouped under aﬁtaiﬁﬁékﬁg@ﬁ, with appropriste adjustment
ﬁar~%hé’rasarve on incoming and au@gaing policies. EHach
year's valuation is dependent on that for the previous
y@afﬁ with the naé&eqﬁanﬁ inereased likelihood of error.
(?ﬁ?‘%h@ ﬁ&véze@maaﬁ of an Acoumnlation formule see vage
2%.) | |
(2) The Karup Method produces the exaet reserve with the
minimum of labor. All polieies of the same agtaiﬁé& age
are grouped together irrespective of plan, age at issue,
or durstion, and totals made of the amounts of insurance,

net premiums and valuabion constants for the group. BEach
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of these totals is multiplied by & simple multiplier which
depends only on the attained sge and is independent of the
plan of imsurance, age at issue or duration. The genersl
formuls for obtaining the fterminal reserve for the group
with attained age (y) is
E V. @A Ere)s -(E"Play

The valuation constant ® is based on the plan of insur-
ance and the apge at issue and when multiplied by the
amount of insurance (S) on the poliecy becomes ‘® where
®, = (T, ~f)Rl on premium paying policies where 7 is the
net premium for the particular plan of insurance and Iy
the corresponding ordinary 1ife met premium. In order to
reduce ® to a workable size it is the custom in practice
to divide it by en arbitrary number such as 100 Q@i} or D,
and to multiply the (3 } in the valuation Tormula by the
same number so that ‘sha resulting reserve will not be
affected. |

(See Chapter IV for the development of the Attained-

Age formulae. )

Fackler's Accumulation Formula

Ir .V, be the terminal reserve for the tth year on

an insurance of 1, and 7, be the net

annual premium, then

et T, is the initial reserve for the (t +1)th year.
Therefore the aggregate reserve at the beginning of

the {t+1)th year for the j,w persons insured is f&w( Yy +7'Z>'
At the end of the year this will have amounted to

Lye ( V+T, }{1+1) at a rate of interest i per annum.
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During the ité-z}th year d,.,, persons will die and
dy,e will have to be paid out in death claims. Hence the

amﬁuat’lsft after these claims have been paid will be
x_+r.' (tv +”xXI"_1‘) - %X{-C’
which represents the aggragate poliey reserves belonging

to the L, .,, survivors.

?harafera
/[»u—ra-} t-H\/ j)ut (-{: le—ﬁ/)[/*?-)-— we &
Hence,
V = jmxt‘(e Vu_‘f;.ﬁ"*xlﬂ-t) . _,4—&5_,
T+ " -/lxu-mu ) ,,()H_t'_‘
j ngH
- ._:H_E_ (t +T ) vo)u-c-»l %)H—U
"Zl Nt Lo ( C v /Ckw_w-/
= ‘Dx-;c- \/)&4—7?") - e .
E Dx+r+l (-t ” Dx.-i-ro- l‘
= uu(wc( V\C+l(*> —/évu—c-
%here U - D L
. Dys ’ v .Dx_¢-1

The u’s and k’ﬂ are tabaiate&.

This f@rwala is known as Taakler's ﬁaeumnlatieﬁ For-
mala. ?he Uy and k. are inﬁspsnﬁeat of the form of
‘the policy. For & varying smount of insurance from year
- to year, the faﬁtoffmultiplyiﬁg k, would, of course,
change. _ '

In f£inding the reserve for the first policy year t=0
and OV;= 0. Therefore,

| Vo= Wy Ty~ Koy, -

The Fackler formuls is perhaps the most widely used
of any acsﬁmﬁl&tion formula. It is used grababiy more

than any other formula in preparing complete tables of
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policy reserves. Its chis? advantage lies in ths fact
th&% the reserve caleulation at the emd of aﬁyigggf is
made to depend on that of the previous year; and, thus,
by checking the cvaleculations of the reserve for a given
polisy year we have an aubomatic @hégk for the earlier
policy years.

Since Life Office Valuations in Canada and the United
States are made as at December 31, for valuation purposes |
8ll policies are assumed to be issued &s st July 1 st in-
tegral ages, so that the @ffi@%fﬁalaéﬁiﬁﬁﬁ‘?&qﬁiﬁﬁ,thﬁ mé@ 
~ef half ages {attained ag&é)g %@Q&f@iﬂgly the gverage |
p@liﬁy“valae needed for this purpose is a8 mean betwsen tﬁéf
iﬁiﬁi&}.“ value {V.+ ) and the %éﬁﬁﬁn&}. #a};ﬁm (v, 1, or in .
&3m%aié-the general reserve v&lueéégﬁiekjiﬁ given by tﬁ&~ 
formula, MV£=5(%+W+V)T
. Individuel mean and terminal pali@y;v&lﬁea,@n a prospec-
tive basis are tabulated by plan;'aga’&% éﬁtry and duratién
of insurance. If a valustion method reguires the caleula-
tion of reserves, ﬁhs mean values of the functions required
for the valuation factors are prepared beforshand from the
initial end terminal values thus:

Reversionary Value, A L= (A, +A)

Annuity Value, &, - L(&, +%) = L (1+a.+ @) 5
D_{i = éLDo*' D.),‘
My - £(My+ ™M),
C‘i: ﬁ(cm-FCJ3 etec.

These remarks regarding Life O0ffice Valuations will‘
be considered Yo apply equally ss well $o the subject

matter of Chapter IV.
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Chapter IV
Attained-Age Method of Valuation

Derivation of General Formula

Thisg is an exact valuation method and depends on the
prineipls that th@ reserve on a poliey can be expressed
in terms of functions some of which depend only on the age
attained, the others being constant while the status of

the poliey remsins unchanged.

We may arrive at the general formula in either of
two ways, prospectively or retrospectively.
Prospectively:

The tth reserve on any special poliey under which
unity is payable on the death of the insured or on the
maturity of the poliey, during, say, n years, must be the
same as the tth reserve on the corrseponding Whole Life
Policy fogether with an amnuity foreborne for t years for
the difference between the amnual premium on the speeisl
policy (7.} and the annual gréminm on the corresponding
Whole Life Policy (Py); that is, the tth reserve on the

speeial poliey
o
- 3(,'1“@— P)N Nﬂ-&—

Dyat

= AX*‘-C - P“-ax+ﬁ' + QT:L"PK)———E—————————IQ/ ~ Qs
= )qxu-t- *’P&y_—;.t —QT'~ )&‘K&t" *C_'»L"P)/\\/V«-

Dys &

Dyt e
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Retrospeetively: |
The value of emy policey of unit smount at the end of

t years, the {t—+1)th premium being due snd unpsid, is
equal to the accumulation of the premiums paeid, less the
sceunulated clzims, divided among the survivors ...
ie. the value = Zi::[‘@f@“)%x+@¢>w/uﬁ~-‘-~~ + ) duser g
S e e 8 o]

= Ty (N»L.‘/Q/y;+c> - ka’ /7/]\,(4-?)

Dx+f |
_ /Q//x— /e .
= /qx-n: =Ml r 75;"“[:7——'—
U sz

Bt P = _g& and therefore M= /% R
Therefore the value = Arer — Taoye + CxzF)Rlx
Hence the formula , %w
Ve Pve - &y + ”x”'&)ﬁx‘”f;l;‘;_ i

gives the reserve on any policy after t years duration
whether it be a Whole Life, Limited Payment Life, ?ém or
Zndowment Assurance. The amount of insurance, the net
 premium for the plan and the difference between the net
‘premium for the plan and the Ordinary Whole Life premium
are independent of the duration t and are therefore con-
stant tﬁmugﬁaat the duration of the polisy. The value
~of the whole life single premium A,..; the wimia life an-
nuity ... and D,.. depend only on the attained age x +t.
Except in so fer as it enters into T, » the plen or number
of premiums yet to be paid on the policy does not eunter
into the ealeulation of the policy value.
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Therefore all policies with & level premium and level
%anefi@, where only one life is at risk, may be grouped to-
gether by their attained sge at valustion irrespective of
plan or duration.

For term insursnces (7. - P, ) is negative.

If the attained age x+t be denoted by y the formula
becomes V = A, - Ty + ‘®~~,§; where @ = @w- RO
Attained-Age Method as Applied to the Illinois Method of

Valuation
Agcording to the Illinois Method of Valuastion the
reserves at tha‘@nd of ¢ years would be:
~{a) for an Ordinary Whole Life poliey
Ve, Ve« Auve= Bay e -
(b} for an n-payment Whole Life §sliagk

V= ::’ Vxﬂ = Auc —m~:lpx+:'ax+v+g‘_1@;j’;m (= 20)
W+t

i I _

= 4 Vs, + 1(4_/5&__“@5?_5_
<ﬁ{_<2LO)

= Q)L+t “‘qu’“' Ty 5&’“&-

.(.[/q fovuw— va—:)quw + T/:N\L
D?H»t"

{s) for an m-year Eﬁﬁ@%&@ﬁt
IT P _a=n<wiPs., the Full Preliminary Term
Plan is allewed.

/
ie. tvwm = t—,\/‘zﬂ:m

= /qx+r~ 'Pyu—“mad\u-c ‘ (Py(-ﬁl:/im”Pru—l)/\\/,u_‘

Dyese
Othsrwise: ~
9 _
ﬁé 239 ('§< m} v * ¢, VX#—( 4 s /Q/vt‘ /Q/\U-C

Dy
= ﬁvuc - Qf/ @H +7‘:’>ax+t
-+ %P}b&—l"“P’l*F')NX-{»( +-;T;//°/w
D)L!-L‘
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m>3€3! Px.”_. m> /q PXJ—'

\/! tjv‘(“‘;.—r(, ﬁ__./i.“__/i"_t.c

W+

éﬁ:<a.o)
= /qsuc - 67 ELH *T’;‘: )= A +Q" P"*'-/a*’)'qf’“’"fmp/“'
, Dy+e
or
\/ + VX vZa|

(t =
= Q)uc-" meanﬂ— + CP*;—’D "QA)N/\"' 20)

D)u-z:"
Attained-Age Method as Applied to the Cenasdian Method of

Valuation

Ageording %o ﬁhﬂfﬁaaaaiaﬁ Hethod of Preliminary Term
Valuation the reserves st the end of % years w@élé be:
(a) for policies with premiums equal to or less than the

Whole Life premium the full gr@limiaa?y term plan of
valuation is allowed.
eg. for a Whole Life Poliey
- \/7/1. = e V‘f‘“
Y R RS- N
for a ten year Term Poliey

/
-t(/im= t-/VX+’171

v/q)(..,t - P?vfliﬁ'la\(.pc */-@""' 71— P""")/Q/X+I

W+ T

{b} for policies with premiums egual to or greater than
the Whole Life premium

eg. Twenty Payment Life Poliey (t<20)
fv; = ll))urt - C?OQ-+7T>&>GI:: Freral

= ﬁX*t__éon-kTT')a,x‘t -+ ézolov.+77')/ofwao

D»u g

Tfwenty Year Endowment Polisy
t V;m = 'qu: 2o0-tl '(ﬁé{mﬂ“ﬁ)&mn e

= A;t+t - ’ecﬁ)élx4t+<lp—x————————m~gt>ﬁw

‘DX-#'C

— T, dre: 5620
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= A){,-H:“" CP)C,ZO + 1T, )E,XM; 1 @:20*&)“{. + 1 Rhes 20

D)t+t"

Pen-Payment Twenty Year Endowment (£<10)
/0 V/ P _
e Vxiae)” 'qwt:;io—-a - Qo % Tt )& ser s -
= ﬂx-»t — (0 ’Dx!m&cxﬂf + Qﬁ'PM"'m—PX)N’L *Taldx-pt.‘m

Y+

A~ G0 Fomm+ T ) Lo
‘ + QOPX:Zo—Px)N{x—FW;/q/)@-lo

| D
Henderson's Extension of Karup's Method o

Robert Henderson extended Karup's Attained-Age lMethod
to include the case of an m-payment, n-year Endowment, ize%
premium 7T , the amount yaya‘bie in case of death being &
and in case of survival b. |

If x be the age at issue, then the reserve at the end

of t years (t< m) would be (prospectively)
vx+c = a Myse ~ Moy ne + b D T Nocr e — Rwran

Dx+¢.— Dx-;.t;- Dywie

a A)(.+~(_— ~77’C‘Lx+t_ - Tr'NXi-/m + L Dx-f—/n,— amx+m
.Du.i—b‘

a (ﬂhb M te )+ b Dyem
'Q/* - &\/x-;-/m.

How M=

or T R~ 7—'Q/>t+—/m = aMl,— « /”X,;/n_ -;—60)(,.%
or TI"NV_—CL My = Tﬂx+m“a—mx+np+b!>x+m

~ Then m 4 ‘f'b DXJ-«-"“Q— /V{X-\l-/‘(. = @-CLP)( )Q/m

- V’Hc = GLAXH,-s'IT'c'ZX,_,_. + @"—apx_)/q/x % (oo , 000
{ 00, 600 DK#—C‘

If £Om the reserve would be

vx—H,— _ amx+t— Msu-/m + [, Dx—e-m..
Dycs e Dw+ e

= a’ﬁ%*e £ ADXi-/k.-——Q/YIK-#M. X (00, 00O
/8'_0,17"0"0 D)(.-!—C‘
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Retrospestively:
= Rlo= Rl m.,_"-.____.___.m“"'c'_
\/x-l»t: = T Dx.;.: £ — Dx_;c

= a ﬁ%i—b — T s + Tﬁxvamm
D)(i-C'

= afﬁ)u—c- —~ M yse + @'—-G- K)R/w X /00, 000
/00, 600 Dy+t

This general case may be made to sover Ordinary and
Limited Payment Whole Life policies, Term, Endowment and

Pure Endowme

nt polieies, by the proper selection of the
values of &, b, m and n. In faet it may be applied %o any
case where the amount insured is constent over a specified
period by taking for b the reserve and for x+n the at-
taeined age at the end of that periocd. |

o

Reserves on Policies with Increasing s

DR

nd Decreasing Pre-

If the premium for the Tirst year be T and for re-
newal years w+ v the reserve at the end of any renewal

yesT & fﬁay be written
V = rr(N’x-N'Mc) ~+ A (/\\A-t—l"N)ﬂ-*t') ~ - M\ua:)

D)\-i—t‘

= Assre — T+ ) anee + @=P)Rhrs Rrr
Dy =

Generally, if the net annusl premium be:

T for the first m years,

T+ from the (m+1)th to the nth year,

m+rts from the (n+1)th to the qth year,
the reserve at the end of any year t will be

(t<m) . Vx= !:’,Ht [T(Ny:—' Alpse) — (V(x~My.+Ci)J
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= RO

- /4)(.4-7:‘ — .FT—&'X+C' + Dx+t‘

i?:é%/\ géﬁ} tv)(_ = l I:”—('Q/x‘/q\u-t)+ /(/(/O/)H-/Vb - /\>¢.+—C) - C/)?)(_—MX.-!—C')}

D)(:t—t‘

Qx+c- @‘P’t>&m+t: “{_[Q_‘PK )Q/"‘ +r X-*Mj"‘é—;:t
~D/;r—c )TT(:Q/’&- /Q<L+t—) +A(N/x+/z«, - Q{wv)—#s (R/x+,,g~ﬁ/x+ t_—‘)
=~ Wx“ﬂf\u-r ):] /Il)-x:t—

i

(

(n<tZq) LV,

F= ﬁ)ut_- — Qﬁl—/u&s )&14_':
| *—[L‘PK)N\«L'P/'/NY&/M&"“S ”x+m]—l‘)'l""_‘

A+

Attained-Age Method Applied to finding the Reserve op =n

Inereasing Coupon or Decreasing Fremium Policy

If the coupon is for level amounts no additional re-
serve is required. _ |

1P, however, the goupon incresses by & constant from
year $o year the reserve may be found ss follows:

Assume an ne-payment lifs poliey with n - 1 coupons,
gach, after the first, in@mmiag‘ by & constant, and to
be valued by the Illinois Standard. |

The first coupon is payable when and if the second
snrmal premium is paid; the (n+1)th is payable when the
nth snnusl premiuvm is »naid. |

Let v be the amnusl incresse in the coupon and 7Ty
be the net asnnual premium to purchase the inereasing por-
tion of the benefit.

Let t‘%;lf IA), = the reserve at the end of the tth
policy year {1<tSn).

Than tglfim}n - Tu(f\\/m,—Mw) —'/L(/S’;«-:z_— Sx—#—t‘ - £-2 R/x.pr)

Dyse

/ = Raws =% Rare =/ Sura +4 s
D)(,f-c
+n(E-2) /\‘/Mt_]

=
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Ad4 and subtrect 24 Auee + AX Rase

Therefore ,V,|(IA) - -[77 + Aorn) ] Epe + T Rori —n Bz

D+

- J:,Z:-"gn+e (e s0) R/x;c‘]

. D)L+C

which is in a form suitable for an sttained-age valuation.

Atbained-Age Method Applied to Finding the Value of &

Poliey with 8 Return-Premium Bemefit

. Assume 8 return-premiun benefit for n years.
Let V(IA), be the ex i;m reserve at the end of the
tth poliey year {t< ﬁ} for *&ﬁi@ %@ﬁ@fﬁ.ﬁ.
Let T be the m&z}m amzml premium to be returned and

Tz be the extra :m%: level annual premium for the benefit,
Then _V(IA) = g (/Q’/x—ﬁxft)-— 7 (R = Ryse -t—m)wc—)
en (V(IA),

Dyt

7/'_[ N:c “‘—QQ{A4t —~-ﬂ-/’€\t+ w Iek.*r > 7T/‘£’ M)‘*C‘

’ Dyt e
434 and subtyact T/ X Mo
' Du+t‘.
Therefore
VQA> [Tl M){.‘ Hﬂ. W+ W’/?K-I— n’lﬁx’.r *W—&Mx-pc
Y A g
. W e~
= -'7Tl‘ﬂ, ﬂx,,_f_'-ff:‘dx_c -+ W%NW-,E’L
n+ &
+ T LK ie + b Mxnj
Dyt

This is now in e form suiteble for Attained-ige valu-
ation. It expresses the extra reserve in terms of con-
stante and functions varying only with the &ﬁtainﬁéuag@
of the insured.

If it is desired to value this benefit on the full
preliminary term basis (which complies with the Illincis

Standard) the reserve at the end of t years (putting 7~
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for the met annual renewal extra premium for the benefit)

will be:
77’,,/(@/11‘:-— 'Q{u-t) —-Ti’l CE)Q'— ﬁ)u—r—'i‘—:T M\H-C')

- V(IA)

XA | Dses -

Add and subtract T oM.~ to the numerstor of the

right-hand sids.

Therefore
+- ,V(EA}XH = _(x+'>WAx+(; — T, a’k-{»t‘ + Ir/b/Q/Bﬂ ‘)‘r’?mrl
-+ T’[{XPC‘ +@"'C') /W\ufl

D
This is now in & Torm suitabls for an attained-age
valuation for the renewal years on the full preliminary
term basis.

Pure Zndowments

Bonus additions to sums assured are sometimes made
gontingent upon the survivsl of the life assured to sn
agreed age. These are therefore pure en&a@ﬁ&nﬁﬁg In
this case the value of the bonus is %%f" where x+un is
the endovment sge.

Pure endowments secured by aﬁﬂu&l @f@@iﬁmﬁ may be
included with the other classes @f pol icies for attained-
age valuation by means of the following formule:

L .
Vit = — Bosly Soee f2f§2_5¥:
w4+ &

This is identical with the formula of the Prospective
Hethod for
VX: H = PX::,:% ("/‘\\AT‘ va”“"r)

= Q}L&_ (R/X‘—N\LGL—
. Aﬁt"%ﬂ(u x+r
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&5,

Dx+/u,( d‘.\_-— Q/'K:P/BL"‘ /Q{X-i—t’ *dx-l—m)
D’“-t' (F/)L"Nl-‘——’w)

!
= AY-"—C:/T:E‘] — px:/‘,:r( d‘%-f—t“'/}z?f:)

Valustion of Bomuses or Paid-up Policies

Bonus asdditions to a polisy are really small paid-up

additions to the amount of the §ali¢ya in this respect

may %h@rgf@ﬁ@ be valued as paideup policies.
Let Ay be the single @%@miﬁﬁ paid under the policy.
Then the reserve for the policy at the end of t years
will be equal to the sccummlated value of the premium less

ated claims divided smong the survivers ...
= Alx@i)t/x - Zdl(”i)t-'-" w+! (“i>t—-2’+--~ +6(X4t—l]
. p R~ ‘ »
A D — (Mue M)
Dys e
/qx+c —_ Qq,sc ‘-Ax)D,U“—D%:;

since fl = %%L
e

the scoeunmul

i

"

Tﬁa only expressions made use of are the whole life
single premium at the advanced age and a e@rr@@tian,gii%éi%gfL

whose numerator is constant throughout the duration of the

policy and whose denominator depends on the attained age
£+ e » |

Extended Term Insurances

Thess are g?éa%eﬁ 8s & non-forfeiture option and the
gash value at the date to which premiums have been paid

is used as & single net premium t0 purchase term insurance



B6e
gny dividend sdditions less

for Tage smount of polliey plus

indebtedness for ae long a period ss it will,

any
These are ordlinary paid-up term insurances snd Tor
year and vaelusbtion are grouped according to abttained age

and at each attained age ascording to the unexpirsd term.
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Chapter V
Approximate Methods of Valuation

Approximate methods of valuation are used extensively
in Great Britain to eheck the main valuation but are not
much used on this continent.

If w,way------—,w. represent the gquantities to be ,
valued aﬁ@.fn,f2L~~---~,XQg the valuation factors, a |
short process of apyr@xiﬁating to éfé%cfz)ia required.

A. E. King's Method

Bxisting methods of va1ﬁatioﬁ group policies with a
eémmcn 0ffice year of birth or attained age, year of ma-
turity, or year of issue sccording to the class of policy.
King shows that it is possible to group the particulars
in‘r@épeet of a number of consecutive attained ages, years
of maturity, or years of issue. This method may be used
as & check for or even in place of existing methods.

Pigures for valuation are arranged according to at-
tained age. The sums assured, ete. are divided into
groups of a fixed numbarg'Sag 10, consecutive ages and
the sum of the figures for each group recorded. A single
average factor for each group is then sought by which the
total in the group may be multiplied %o give the valuation
for the group. The weighted age T is found and %h@vfactsr
at that age aséd@ That is, find X where

— 2)(.- Cye
x = =X

and then evaluate Z({a). = s
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Agsume for the purpose of obitsining a correction ta
%@) that the guantities to be v&laéé are esqual at esch age
of the group. Then the corrected factor would be [ &)
where F&)s= Z/@) + /":;’ 53{@)‘
Hence King's valuation rule is:
(1) Fina ¥ - ZXex
(2) then find F&)-Zw, where FIZ)=J4i>+

— (. 5t/

44‘ .{()
If a suitable range of ages for grouping is defin-

itely fixed upon, tabzes of F%&)@an.%a ﬁ?@?&?@d and tabu-

lated %o ﬁarrespanﬁ to eaeh value of %.

Henry s Method

Henry assumes that /&) can be @xgressed a8 a+bx+ox?,

= wy ((a + bxscex®)

« S, +~ b2 %o, + CZ R

2 oy + (b-e) 2t + 2 Z X0 oy

a,wa.(_ 17«—6)‘22&_))“4..16 25(,0,_ .

i

Then S, /)

1R

i

In this form the valuation can be expressed in terms
of the continuous summation of the cu column from the bot-
tom upwards. If satisfactory values of a, b, and ¢ can
be found the valuation may be verformed without difficulty.

Henry's second paper gives g modification of the
above method whereby the third summation is not necessary.
The date is divided into two (or, in exceptional ceses,
three) sections. Ke\assamaskthat for each of these sec~
tions f@)aaﬁ be expressed in the form a+bx. In this case

for sach section
= wx./@) A2 e+ b o
@ = w, + éélwn

"
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The amount of arithmeticel work is further reduced by
treating the date in guinary groups.
To fird =2 and b, only two equs
Instead of making

2bions are necessary.

an arbitrary selection, Henry used all
the egquations comnecting them in conjunction with & set
of weights W, , Wy, ecscee, W,, chosen so as to conform
roughly with the a3§§$ﬁ@ﬁ trend of the guantities w,,ws, -~
 wye These weighted equations in respect of each guinary
group were then combined in two groups of sges so as fo
- form the final eguations from which the values of g and b
were caleulsted. ‘
Trashtenberg's Hethod

?&a~a§éarlging idea of this method is the vsluation

of the sum assured ié} in groups of »n years by multiply-

x=

ing the total sum by a tabulated function o and =, , S«
&

by & tebulated 4 . A similar srrangement eoculd be adop=
ted for premiums, etc. '

Thus Trashtenberg's formuls is

o ~z
AZ o U+ =, XU
= =

wherse d.aﬁﬁ/6 are constants depending on the valustion
fastors and U.ars the quantities %o be valusd.
The values of A &@ﬁ/é may be obtained from the equa-

tioms et

e

/xoc=2zé)

—_—!

2.
2 -
=P = = ff@) ~/(><—%‘:>i
when n is even. When n is 0dd the values of « &ﬁﬁ/é nay

be obtained from the eguations
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MO = Zz /(’.‘)
e SR [

With these values the approximstion reproduces the true

value as far as second differences in csses where U, is
linesr.

Kenchington's Hethod

This method is an adaption of the method of apProxg-
imation of Henry.

If t, bs the valuation date for whish Z&?)is the cor-
responding valustion faetor, then the sum of the pr@ﬁ&ess
for a range of n terms is represemted by

w, fa) +'LUL\/EJ-#—j-j+*6&wJ4§) - = o (@)

Assuming that for a limited range of terms ]@r)may be

written aa a@@raximately equal %o a+bt |, we have
Z_w @) = Z&U (@ +bt)

e +=%
=azz; @, +.62§L~e10 = = ok =% o,

‘There are n equations %@Eﬁ&ﬁ%lﬂg a aﬂé b

XQ!); « + b

To find the values of a and b Kenchington made two Sum-
mations from the bottom upwards and used the resulting

two eguations:

b)) q 4l 2w |, o 245/
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a - 25 ) =4 - Bij#i

/n.(/ng—a)

4o ef2zrd - )2 LS
(a2 —1) v
¥enchington restricted the range of summations to 10

Solving,

and when the values of a and b had once been found for a
group they could be used year after year. The results
were very accurate.

Elderton's Approximate lethod of Valuing Zndowment Assur-

+ Y 18 epproximately constant Tor any particular
values of t and n regardless sfvth@ velues of x. There-
fore, if we assume that all pclicies mature at a certain
age, say 55, and vaslue them for their correct terms, the

error in & total valuation will not be very large.

Lidstone's Method of Veluing Endowment Assurances

A1l policies having the ssme unexpired term are
grouped together and for ea@h group valustion factors
 based upon & mean ége are used. Various methods of fin-

ave been sdvancsd but we will consi-

ﬁiﬁg:t&is mean age b
der only what is known as Lidstone's % Method.
ﬁiﬁ@@‘&xaq= 1- afl +ayx=m) it is evident that a mean
- age can be found by reference to the annuity values at
the various ages sppearing in & group of policies. If we
- weight these valﬁea‘aéaar&iag tc the sums assured under
the respsetive policies the resulting nmesn agslﬁill be

found froem the following eguation
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where 8,, Sx,, s ccee+ aTe the sums esssured at sges =, x+1,
esese in & group of policies with an unexpired term of n

yesrs, and y is the mean veluation age reguired Tor that

Broupe

But to find y from this eguation would be laborious
as all the products S,4ym, Swr xyim, stC. would have to
be found Tor sach ?ﬁlﬁ&hﬁéﬂ. |

Let us examine the form of the differences of;@}zfmﬁa '
Tind & more suitable method.

Assuming Makeham's Lagéaﬁfi dealing with f;fm instead
of O, Axm, We have
%Ixm = 72—&-_{%’0‘; w AE

=0T P () A
L AR W

The general tendency of the value of this definite
integral is to diminish with inereasing rapidity as the
age increasses. If we assume thst it decreases in geome-
’triaal progression, the differential coeffTicients and
therefore the Tirst differences of Ay are increasing in
'gaemetrieal progression with a common ratio v, say, whiech

is less tha

n ¢. Hemce the annuitly values will be of the
form a(—-ﬂ/,,"*ﬂ,

Substituting in (1) we zet

(A= Bal) Z Dy = S (A-BAY) 4 Sy (a7,

whence At =5, < S x” |

As the expression now stands it is necessary to ob-
tain the product S, r* at esch valuastion for each pelicy.
Ir, ha@aver, this product can be made to siepéﬁé upon the

age at maturity it will be constant throughout the dura-
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tion of the policy. Multiplying both sides of the ex-
pression by ¥ where n is the number of years from the
valuation date to the date of maturity, we have

Wl =5 =S R
or LM =5 = =5,4"
where X+ 0 0T %vig %ﬁa'age at the end of the ysar of ma-
turity and is thevefors constant, and y+n or I' is the
‘mean "Haturibty Ags". .

The value of Sx ¥ will be constant for eash nolisy.
Multiply both sides of the eguatiom by »°. Then

M'~5s M-55" M-5 &
A T ESy = ZSn ==Z, where Sxr = Zpy

Z2Zm
=Sw
If a table of %Zm be constructed showing the value of

and the Mean value of % per unit assured is equal to

Z for each maturity age, the mean value of M may be ob-
tained by entering the table iﬁmr@@ly with the mean value
of 2 Tor the group of policies; whence by deducting n, we
have N
~ y = Hean valuation age = (Hean value of M) - n,
With a HMakeham Table r is slightly less than c, bub
for tables fﬁ:-llewiﬁg Hakeham's La@?, the value of ¢ is suf-
- Tigiently accurate to be used, and %imé it slightly in-

creases the mean age

and therefore the reserves to be held
by the OTfice this value has been adopted. |

For other tables a rough graduation by Mekeham's for-

mula for the sges most important to endowment sssurances
will gemerally give & suitable indication of the valus of

¢ that shounld be empleyed.
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