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Abstract

A technique for establishing L' asymptotic unbiasedness of a kernel density
estimator in R? that does not depend on the form of the kernel function will be
demonstrated. We will introduce the concept of a region sequence of a sequence
of kernel functions and show how this can be used to give necessary and sufficient
conditions for L! asymptotic unbiasedness. These results are then applied to kernel
density estimators whose form is given and a number of known and novel results

are obtained.



Acknowledgments

I thank the Department of Statistics at the University of Manitoba and the
Provincial Government of Manitoba for their financial aid during the writing of this

thesis. I also thank Dr. Alex Leblanc for his patience and valuable comments.



Contents

Contents
1 Introduction
2 Preliminaries

3 Asymptotic Unbiasedness

4 Kernel Density Estimators
4.1 Standard Kernel Density Estimator . . . . . . ... ... ... ...
4.2 Rectangular Histogram Density Estimator . . . .. ... ... ...
4.3 Gamma Smoothed Histogram Density Estimator . . . . . . . .. ..

4.4 Beta Smoothed Histogram Density Estimator . . . . .. .. .. ..

A Useful Results

B Uniform Approximation of a Density

C Uniform Approximation of a Poisson Distribution

1

ii

10

23

24

32

37

47

58

60

65



D Uniform Approximation of a Binomial Distribution

E A Characterization of a Limit of a Ratio of Volumes

Bibliography

11

70

76

79



Chapter 1

Introduction

Let g, be a density that depends on a random sample of size n drawn from a
population in R? with density f. This random function g, is a density estimator.
We would like to know how well g, estimates the density f. One property that we
would like g, to have is the property of L' asymptotic unbiasedness. This means

that [ |Eg, — f| tends to 0 as n tends to oo where Eg, is the expectation of g,,.

The L' norm provides a useful measure of error in the context of density estima-
tion in R%. This is due to Scheffé’s Theorem (Theorem A.5) which states that for
densities f and g we have [ |f — g| = 2sup, UA f— ng‘. This shows that bound-
ing the L' difference between f and ¢ will also bound the difference between any
probabilities calculated with these densities. Other measures of distance, including

the L? norm, do not have this property.

There is a large variety of density estimators in use. All of the common ones

may be written in the form g,(y) = £ 37" | gux,(y) where X; is the ith observation

n

and ¢,.(y) is the kernel function. These estimators are known as kernel density

estimators. In order to study the various kinds of L' convergence of such a large



class of estimators many different techniques have been developed. These techniques
tend to require that the form of the kernel function is known and so apply only to

a special subclass of these estimators.

Here we will demonstrate a general method for establishing L' asymptotic unbi-
asedness that can be applied to many different kernel density estimators. This will
be done using the concept of a region sequence of the sequence of kernel functions
which will allow us to ignore, to some extent, the form of the kernel function used.
Region sequences describe, roughly speaking, regions that are almost the support of
the kernel functions. It will be shown that the property of asymptotic unbiasedness
depends on the properties of these regions. Once this is shown we will then deter-
mine particular region sequences for different classes of kernel density estimators
and deduce necessary and sufficient conditions for asymptotic unbiasedness that
are described in terms of the parameters of the kernel functions and not the region
sequences. This will show that the concept of a region sequence may be used as
an intermediary to deriving results of interest. In addition a number of technical

results will need to be shown and these are included in the Appendix.



Chapter 2

Preliminaries

Before we establish the general results regarding asymptotic unbiasedness, we will
need to do some preliminary work. This includes describing some of the notation
used in this document and introducing some concepts that will prove useful in

subsequent chapters.

Definition 2.1 (Some Notation). The following notational conventions and defi-
nitions are used throughout this document. Let N, Z, and R denote the set of
natural numbers, the set of integers, and the set of real numbers respectively. Let
P(F) denote the probability of event E. For a random variable X let E(X) and

V(X)) denote the expectation and variance of X respectively. Let d be in N. Let

A be a subset of R?. We define the following:

1. Let A(A) be the Lebesgue measure of A.

2. Let 6(A) be the diameter of A, that is, 6(A) = sup,, ,,ea [|71 — 22| where [|z||

denotes the FEuclidean norm of z.

3. Let A be the interior of A.



4. Let A be the closure of A.

5. Let A’ be the complement of A.
6. Let 14 be the characteristic function of A.

7. For any y in R? and positive real number e, let B(y, €) be the open ball of

radius € around y.

8. If f is a real valued function with domain D then the support of f is defined
as the closure of the set {x € D : f(x) # 0}.

9. For a real number ¢ let [t] denote the greatest integer less than or equal to t.

All subsets of RY and functions are assumed to be Lebesgue measurable. Also we
will often use the same notation to indicate a sequence and the value of a sequence.

It should be clear from the context which is being denoted.

Definition 2.2 (Kernel Function Sequence). For G, H C R¢, we define a sequence

of kernel functions on G x H to be a sequence of functions
sn  RTxRY—> R
where n in N (with s, being the nth kernel function), if the following hold:

1. For all z and y in R? and n in N, s,,(z,y) > 0.

2. For all n in N, we have that

4



where g, is defined by the equation
9na(y) = sn(,y).

3. For all n in N, we have that

_J1 yeH
/Ghny(x)dx_{o v H

where hy,, is defined by the equation

hny(x) = sn(7,Y).

Remark. In other words a kernel function sequence is a sequence of functions
whose cross-sections are densities. This makes it a sequence of doubly-stochastic
functions. In addition since these cross-sections are integrable, double integrals of
products involving these functions may be evaluated in any order provided that the
other factors make the product integrable. This will be made use of in subsequent

calculations.

Definition 2.3 (Kernel Density Estimator). For each 7 in N let X; be a continuous
random variable with density f. Let s, be a sequence of kernel functions. We define
the kernel density estimator of the density f from the sequence of random variables

Remark. The above definition of a kernel density estimator will be used in this

document. This definition is broader than the definition used in many other works.



In particular this definition includes rectangular histograms. For other examples see
Chapter 4. Also note that G and H will typically be the same set in any application.
The notational distinction will be kept even in this case to aid in the understanding

of the proofs.

Definition 2.4 (Region Sequence). Let s, be a sequence of kernel functions on
G x H, let € be a positive real number and let V' be a subset of both G and H. Let
S, be a sequence of subsets of R? x R? and denote the cross-sections of S,, by the

following:

1. Guo ={y€ H: (z,y) € S,} for z in G.

2. Hyy={reG:(z,y) € 5,} foryin H.

We say that S, is a region sequence of significance € on V' for s, (¢,V-RS for s,)

if the following hold:

1. Ifx € G,y € H, and = y then (z,y) € S,,.
2. §(Gpz) < oo for all z in G and n in N.
3. 6(Hy,y) < oo for all y in H and n in N.

4. There is an N in N such that for all n in N, z in V', y in V', if n > N we have

J

In addition the number € is referred to as the level of significance of the region

Gna(y)dy < € and / Py (z)dx < €.
H

’ /
ne ny

sequence and V is referred to as the region of significance of the region sequence.
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Remark. Intuitively a region sequence for a sequence of kernel functions is a se-
quence of regions that are almost the supports of the cross-sections of the cor-
responding kernel functions. The level and region of significance determine what
counts as “almost”. The region of significance determines which cross-sections of
the region sequence are close to being the supports and the level of significance
determines how close they are to being the supports. For an example of such a
region sequence see Section 4.1. Also note that condition 1 states that the diagonal

belongs to the region sequence.

Definition 2.5 (Narrowing Region Sequence). An €, V-RS for s,, is narrowing (e, V-

NRS for s,,) if

lim sup 6(H,,) = 0.
" yeH

Definition 2.6 (Regular Region Sequence). For a region sequence S, that is an

€, V-RS for s, we define the following regularity conditions:

1. The region sequence S, is reqular in size if

hm lnfyeH A(Hny>

> 0.
“n SUDyey O (Hny)?

2. The region sequence S, is regular in height if

limsup A\(H,,,) sup hyy(z) < o0.
n oyeV TEHpy



3. The region sequence S, is reqular in shape if for each y in H there is a positive
real number R and N in N such that for all nin N if n > N

B (y,Rsup 5(Hny)) C Hyy,.

yeH

Finally an €, V-RS for s, is regular if it is regular in size, height, and shape.

This will be abbreviated by €, V-RRS. If the region sequence is also narrowing, we

will write €, V-NRRS.

Remark. Note that in the limits in the above definition, the level of significance
€ and the region of significance V' for the region sequence are fixed as n tends
to infinity. Also while the statements of these conditions may seem complicated,
they all have reasonable geometric interpretations and are usually easy to apply
to particular examples. In particular condition 1, regularity in size, requires that
the cross-sectional volumes of the region sequence ultimately do not decrease faster
than the corresponding diameters. Condition 2, regularity in height, requires that
the height of the cross-sectional densities ultimately do not increase faster than the
rate at which the corresponding volumes of their supports decrease. Note that this
only needs to work for y in V' and not for all y in H. And condition 3, regularity
in shape, requires a ball around the diagonal in each cross-section whose diameter
ultimately changes uniformly with the diameter of the cross-section. Note that the
radius of this ball may depend on y through R but that the rate at which the radius

changes must be uniform.

Definition 2.7 (Relevant Region). For a subset V of R%, we call V' relevant for s,
if VC H,V CG, V is compact, and A(V) > 0.
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Definition 2.8 (Relevant Density). A density f: R? — R is relevant for s, if the

support of f lies in both H and G.

Remark. Note that in the above two definitions, relevance is dependent on the
sequence of kernel functions under discussion. This is different from significance
which relates to a sequence of regions for the sequence of kernel functions. Roughly
speaking relevant regions will be the only regions that need to be considered when
discussing regions of significance for a region sequence. All others will be degenerate
in some way. Similarly relevant densities will be the only ones worth considering as
others will be impossible to estimate in an asymptotically unbiased manner by the

kernel density estimator under consideration.



Chapter 3

Asymptotic Unbiasedness

In this chapter we will prove three theorems that we will later use to derive necessary
and sufficient conditions for asymptotic unbiasedness for some common types of

density estimators.

The first of these theorems, Theorem 3.1, provides a sufficient condition in terms
of the existence of certain region sequences for asymptotic L' unbiasedness of the
kernel density estimator. Applications of this theorem will simply require the con-
struction of such region sequences and in Chapter 4 we will show how this can be

done.

The second theorem, Theorem 3.2, provides something close to the converse of
Theorem 3.1. However, since the conclusion of this theorem simply states the exis-
tence of a region sequence with certain properties, it is difficult to use in application

as we cannot conclude directly that it applies to our constructed region sequence.

The third theorem, Theorem 3.3 will show us how to deal with this issue. It
states that, under the appropriate conditions, if there are region sequences with a

certain property, then all region sequences have this property.

10



Theorem 3.1 (A Sufficient Condition for Asymptotic Unbiasedness). Let s, be a
sequence of kernel functions. If for each positive real number e and each relevant
region V', there is a sequence of regions S, such that S, is an €,V-NRS for s, , then

for any relevant density f, we have that

| Bau0) = 50)ldy = 0 a5 — o

where Eg,(y) = [ gna(y) f(z)dz.

Remark. This theorem will provide us with our basic tool for establishing a suf-
ficient condition for asymptotic unbiasedness. In rough outline it follows the proof
of Theorem 2.3 in | | but the details are somewhat different due to the more
general setting. It involves using Theorem B.1, the uniform approximation of a den-
sity, whose proof is given in the Appendix, to choose an appropriate approximation
of the given density and then show that the resulting differences can all be made
sufficiently small. In particular we will show that [o, [Egy(y) — f*(y)|dy is small for
n sufficiently large where Eg(y) = [ gn:(y)f*(z)dz and f* is the approximating
density. To do this we will take an appropriately large region sequence and find an
upper bound for the part of this integral over the region sequence and another for

the part not over the region sequence. Note that no regularity conditions are used

to establish this result.

Proof of Theorem 3.1. Let € be a positive real number. Using Theorem B.1, choose

a density f* with compact support V' such that

€
By

[l = fraide < § (31

11



VCScC G, H and f* is uniformly continuous, where S is the support of f. Note
that V' is a relevant region for s,.

Let W =,y € H : ||z —y|| <1} and let M = A(W). Since V is compact,
V' is bounded which makes W bounded and so 0 < M = A(W) < oco. Using the
uniform continuity of f* we may choose a positive real number § such that for any

71, 7o in R4 if ||z — 25]] < § then

@) = J (@) < 5o (3.2)

Now choose a region sequence S, such that S, is an §, V-NRS for s,. Since S, is a

narrowing sequence, we may choose an Ny in N such that for any n in N if n > N,

sup 6(H,,) < min(6,1).

yeH

This implies that for y in H and z in H,,, if n > Ny, we know that ||z — y|| <

d(Hpy) < min(9,1) <4, since y € H,,. Using inequality (3.2) this implies that

€

@) = Wl < 557 (3.3)

Now let V,, be a sequence of sets defined by
Vo={yeH:H, NV #0}.
Again y € H,, so we see that if n > Nj,
yeV,=H, NV #0)
= there is an x in V' such that x € H,,
= there is an z in V such that ||z — y|| < 6(H,,) < min(4,1) <1

=yeW

12



This shows that V,, C W and hence

AV,) < A(W) = M. (3.4)

Furthermore if y € H but y ¢ V,, then

y¢ Vand Hy,, NV = 0. (3.5)

In addition since S, is a region sequence, we may choose N7 in N such that, for any

nin N and z,y in V, if n > Ny,
/i

We will now show that the above inequalities and propositions lead to the desired

By (x)dz < 5 and / Gna(Y)dy < S (3.6)

/
ny n

conclusion. Let N = max(Ny, N;) and suppose that n € N and that n > N.

Consider the following:

8 - o= [ | [ atnr @as - | a

— /H / By () f* () d — /G Py (%) £ (y)da

G
/G By (@) () — £*(y)|ddy

dy

<
B /H /H By (@)L () = £ () ldadly

* /H /  hay (@) (@) = £ (y)|dwdy
=I+11

Using inequalities (3.3) and (3.4), and statement (3.5), we have that

13



1_//‘nny ~ " (w)ldrdy
/ / ny( dxdy
o Hay
€

< — d

=90 Y

=—A
5 M (V)

< —M=—.

- 9M 9

Furthermore using statement (3.6) we have that
f*(y)ldzdy

H:L/mewm—
[ i [ .
T

€ y € "
< 9 [ (z)dx + 9 [ (y)dy
G H
e, e 2
9 9 9

It then follows that

/Rd [Egn(y) —

Finally note that

F@W@gl+fl<§

14

2e
+ — =

y)dzdy

y)dzdy

=< (3.7)



/ e (9) f () — / 9o () ()| dy
G G

/RdlEgn(y)—EgZ(y)ldy=/H
</ /H G| f (@) — £ () dyds
- [ 1@ = relds

and thus using inequalities (3.1) and (3.7) we have

/Rd 1Egn(y) — f(y)|dy
< /Rd\Egn(y) —Eg,’i(y)|dy+/Rd !EQZ(@/)—f*(y)lder/Rd\f*(y)—f(y)!dy

< [ o) - rwla+2 [ 150 -l

€ €
—+2— =¢.
< 3 + 3 €
The conclusion follows. O]

Theorem 3.2 (A Necessary Condition for Asymptotic Unbiasedness). Let s, be a
sequence of kernel functions. Suppose that for each positive real number € and each
relevant region V' there is a region sequence S, such that S, is an €, V-RRS for s,.

If for all relevant densities f,

/Rd |Egn(y) — f(y)|dy — 0

as n — oo, then for each positive real number € and relevant region V' there is a

region sequence T, such that T, is an ¢,V-NRRS.

15



Remark. This theorem will give us partial converse to Theorem 3.1. Note that the
regularity conditions play a role in this theorem but did not in the previous theorem.
Also note that while the theorem is stated in terms of regular region sequences, no
use of regularity in shape is actually used. The proof is by contradiction. The main
idea of this proof is to use the non-narrowing of a regular region sequence to find a

density that cannot be estimated in an asymptotically unbiased manner.

Proof of Theorem 5.2. Suppose the antecedent is true and the consequent is false.
Choose a positive real number ¢, and relevant region Vj such that, for any region

sequence T,,, T}, is not an €y, Vo-NRRS. Let the number €; be given by the equation

1

¢ Is somewhat arbitrary. It is chosen to

e1 = min(ep, §). Note that the number

make €, sufficiently small so that the contradiction is easily obtained. Now choose a
region sequence S, such that S, is an €1, V5-RRS. Note that S,, cannot be narrowing

and so

lim sup 6(H,,) > 0.
" yeH

Thus we may choose a positive real number A such that for each N in N there is a

number m in N such that m > N and

sup 6(H,,y) > A. (3.8)

yeH

Since 9, is regular in height we may choose a positive real number B and Ny in N
such that for each n in N if n > Ny,

sup A(Hyy) sup hyy(z) < B. (3.9)

yeVp TEHny

Since S, is regular in size we may choose a positive real number C' and N; in N

such that for each n in N if n > N; then

16



inf \(H,,) > Csup 6(H,,)". (3.10)

yeH yeH

Furthermore, since .S, is a region sequence for s, we may choose Ny in N such that

for each n in N if n > N, then

J

9nz(y)dy < € and / Py (z)dx < € (3.11)

/
Hy,,

!’
for any x,y in V.

Now let D = %. Choose a subset V] of Vj such that Vj is a relevant region

with a volume small enough so that

1-3
0 < A() < — a. (3.12)

Note that number on the right hand side is positive since €; < %. Define a function

f:RY— R by

f(x):{ﬁ ifrew

0 otherwise.

Clearly f is a relevant density. By assumption we can choose N3 in N such that for

any n in N if n > N3, we have

| Ba) — )y < . (3.13)

Now N = max(Ny, N1, N2, N3). Using inequality (3.8) we can choose a number m

in N such that m > N and

sup 6(Hy,y) > A. (3.14)

yeH

17



Now we will show that the above inequalities lead to a contradiction. Using
inequalities (3.9), (3.10), and (3.14), we see that for any y in V; and z in H,,, we

have

B B
Ry (1) < sUp Ay () < <
(o) mGHEy () )‘(Hmy> infyepy )‘(Hmy)

B B

=D
Cl5upycpy 0(Hymy))? — CA?

<

and so for y in V] we have

[ hm@i@is =g [ )
muy\ L xr)ar = mu\ L )AT
Hiny ! A1) S0 !

DA(H,py N V)
< V) <D. (3.15)

Note that D < 57~ and so using inequalities (3.12) and (3.15) we have

(V1)
/,

/H oy () () — £ ()| dy

Z/‘
i

| twtortris = )| dv > [ (575 - D

1 1-3
— D)A(Vi) =1—DA(V}) > 1 — D—"1!

= 361.

But using inequalities (3.11) and (3.13) we have

18



J

dy

/H By () F(2)d — f(3)

</
H
/
H

:/H/ yhmy(x)f(x)dmdy+AdIEgm(y)—f(y)\dy

gAY

<e /G Fa)da + /R [Egnly) - Fw)ldy

dy
G

/Hmy Py () f () dx — / By () f ()it

| o) )t~ f(y)‘ dy

o)) 1o+ [ [Bgu(0) = £l

!
mx
< €14 € =26

361</
H

dy < 2eq,

/H g () f () — f(3)

which gives us the wanted contradiction.

number € and relevant region V', if T,, is an €, V-RRS then T,, is an €, V-NRRS.

19

]

Theorem 3.3 (Narrowing Region Sequences). Let s,, be a sequence of kernel func-
tions. Suppose that for each positive real number e and relevant region V', there is a

region sequence S, for s, such that S, is an €,V-NRRS. Then for each positive real

Remark. Roughly speaking this theorem states that if there is an narrowing regular
region sequence then every regular region sequence is narrowing, or alternatively

that narrowing is really a property of the sequence of kernel functions and not any



particular region sequence. Like Theorem 3.2, the proof is by contradiction. Note

that regularity in shape plays a crucial role in the proof of this theorem.

Proof of Theorem 5.3. Suppose the antecedent is true and the consequent is false.
Then choose a positive real number ¢, and relevant region V4 and region sequence
T, such that T, is an €y, Vo-RRS but not an NRRS. Let ¢; = min(e, 1/2) so that
0 < ¢; < 1. Choose a region sequence S, such that S,, is an €, V5-NRRS. Hence

there is an Ny such that, for any n in N, and y in Vy, if n > Ny we have

/ oy () < €1, (3.16)

U
ny

Let Qny = {z € G : (z,y) € T,,}. Since T,, is not narrowing we can choose a positive
real number A such that for any N in N there is a number m in N such that m > N

and

sup 0(Qmy) > A. (3.17)

yeH

We know that T}, is regular in height and so we may choose a positive real number
B and a number N; in N such that for any n in N and y in V; if n > N, we have

MQny) sup hpy(x) < B. (3.18)

weQny

Since T), is regular in size, there is a positive real number C' and a number N5 in N

such that for any n in N if n > Ny, we have

;ggA(Qny) > O(SUP5(Qny))d- (3.19)

yeH

Now choose a point gy in V. Since T, is regular in shape we know that there is a
positive real number Ry and a number N3 in N such that for any n in N if n > N3

we have

20



B <y07 Ry sup 5(@?%1/)) C Qnyo- (3.20)

yeH

Now define a positive real number 5 by the equation

. 1— €1 é R(]A
= . 21
€2 = min ( ( 5B C’) A, 5 ) (3.21)

Since .9, is narrowing, we may choose N4 in IN such that for any n in N, if n > Ny,

we have

sup 6(Hy,) < €. (3.22)
yeH

Let N = max(Ny, Ny, N3, Ny). Using statement (3.17) we can choose m in N such
that m > N and
sup 6(Qmy) > A. (3.23)
yeH
Now we will show that the above inequalities lead to a contradiction. Using

equality (3.21) and inequality (3.22) we have the inequalities

RyA
§(Hpnyy) < Sup 0(Hypy) < €3 < ——. (3.24)
yeH 2

Then using the fact that yo € H,,y,, statement (3.20), and inequalities (3.23) and

(3.24), we have the following containments:

Huny, € B(yo, RoA) € B(yo, Ro sup 6(Qmy)) € Qunyo- (3.25)
ye

This shows that

SUD Py () < SUP By, (). (3.26)

:EGHmyO iEEmeO

21



In addition using inequality (3.16) we have

A(Hingy) SUD By (1) /
H,

wEHmyO

Py (2)dz =1 — / Poyo (2)dz > 1 — €

!
myo Hmyo

which can be rearranged so that

1-— €1
sup Ay, () > ————. 3.27
S ) N 0
Now using inequalities (3.17) and (3.19) we have
CA* < Csup 0(Quy)* < inf M Quny)- (3.28)
yeH yeH
Using inequalities (3.18), (3.26), and (3.27) we have
B B BX(H,,
AN Qumyy) < < < ( yO). (3.29)
SUD,eQynyo Pmuo (T)  SUDsep,,, hmyo(T) 1 =€

Using inequality (3.22), definition (3.21), and the fact that in general, for any region

E of R4, A\(E) < §(E)?, we have the inequalites

BA(Hy) _ BS(Hu)' _ Bet _ B (1—q

1
d_ Loipd
5 C) A® = 20A . (3.30)

1—61 1—61 1—61_1—61
Finally combining the inequalities (3.28), (3.29), and (3.30), we have

CAd<%0Aﬂ

the wanted contradiction. O]
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Chapter 4

Kernel Density Estimators

In this chapter we will use the theory developed in the previous chapters to establish
useful conditions for the asymptotic unbiasedness of some commonly used density

estimators.

In each case we will define a sequence of kernel functions s, and then define
a region sequence S, for this sequence of functions for any level and region of
significance. These region sequences will be defined carefully using the parameters
of the given kernel functions so that the conditions of narrowing and regularity are
equivalent to easily verified propositions. In fact the final statements of this chapter
will not make reference to region sequences at all. This will show that the notion of
a region sequence may be used as an intermediate step to get some well known as
well as novel results concerning the L' asymptotic unbiasedness of commonly used

density estimators.

The proof of each result is similar in outline. Each sequence of kernel functions
is related to one or more known probability density functions and this, together

with Boole’s and Chebyshev’s inequalities (Theorems A.4 and A.3 respectively)
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in some cases, is used to establish that the given definition of S, is an €, V-RS.
The conditions of narrowing and regularity are stated in terms of diameters and
volumes of the cross-sections H,, so expressions for these quantities (or bounds
for these quantities) will be established. Finally using these expressions we will
establish propositions in terms of the parameters of s, that are equivalent to the
conditions of narrowing and regularity. The arguments used to do this sometimes
make use of some technical results that can be found in the Appendix. In particular
dealing with regularity in size will make use of Lemma E.1 and regularity in height
will sometimes require one of the uniform approximation theorems (Theorems C.1
and D.1). Finally we use the theorems of Chapter 3 to derive a result concerning the
asymptotic unbiasedness of the particular kernel density estimator which does not
reference any region sequences and is expressed solely in terms of the parameters of

the sequence of kernel functions.

We will now introduce some notation. For a given sequence of kernel functions
Sn, for each y in H, let X, be a random variable with density given by fx,, (z) =
sp(z,y) and, for each z in G, let Y,,, be a random variable with density given by
fyin(y) = sp(z,y). The kth components of the random variables of X, and Yy,

are denoted by X, and Y, respectively.

4.1 Standard Kernel Density Estimator

For each k = 1,...,d let hy be a sequence of positive real numbers, depending on
n, where n is in N. Let H be a d x d diagonal matrix whose kk entry is hy, that

is, H = diag(h1,...,hq). Let K be a bounded density on R? with finite marginal
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expectations and variances. Then define the sequence of functions s,, by

sn(,y) = det(H K (H ™ (y — z))

where z,y € R?. It is clear that s, is a sequence of kernel functions on R? x R%.
Using this sequence of functions, the density estimator g, from Definition 2.3 is

given by

() = 5 S det(H K (H ™ (y - X,)

where X; is the ith sample observation. We will call this estimator the standard

kernel density estimator.

To use the theory from the previous chapters we need to define a region sequence
for the given sequence of kernel functions s,. To this end let Ay be a positive

constant for k = 1,...,d and let S,, be a sequence of sets defined by

S, ={(z,y) e R x R : |yp, — xp| < Aphy, forall k=1,... d}. (4.1)

Furthermore, let Z; be a random variable with density given by the kth margin

of K so that

Xynk ~ Y — i Zy, and Yy ~ xp + hip Zy,

for any z in R? and y in R%.

Theorem 4.1 (Region Sequences for the Standard Kernel Density Estimator). For
each positive real number €, and relevant region V', there are positive real numbers
Ay, for k=1,...,d such that S,, is an €,V -RS for s,. Furthermore, the following
hold:
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1. lim, hy =0 for k=1,...,d if and only if S, is narrowing.

2. lim, Dhe — 0 if and only if S, is reqular.

=——=n maxyg hj

Remark. Note that this case is the easiest of those considered to work with. This

is mainly due to the fact that the cross-sectional densities are just shifted and
scaled versions of the same densities, the marginal densities of K. This leads to the
construction of a region sequence that is very easy to work with. In particular we
will be able to easily calculate cross-sectional diameters and volumes that do not
depend on y. In addition the region of significance V' plays essentially no role in
the proof. This is to be expected as the theorems of Chapter 3 are based on proofs

found in [ | that deal with standard kernel density estimators.

Proof of Theorem 4.1. Let € be a positive real number and V' be a relevant region.

For each k =1, ..., d choose positive real numbers A, such that

Ay > (il(V(m + E(Zk)Q))é .

€

Then, using Boole’s and Chebyschev’s inequalities (Theorems A.4 and A.3), for y

in V we have
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/ By (x)dr = P(X,, € H{ly)
H/

= P(lyx, — Xyni| > Arhy, for some k=1, ...

<

]~

P(lyx — Xynk| > Arhy)

B
Il
—

V(Xynk) + (E(Xynk) - yk)2
A}hj;

M=

e
Il
—

hi(V(Zy) + E(Z;,)%)
Aphi

M=

B
Il
—

V(Zy) + E(Z,,)°
A

M=

e
I
—

V(Zy) + E(Z)?
4V (Zy) + E(Z)?)

M=

B
Il
—

I
[]=
ISH e

I

@)

B
Il
—
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Similarly for x in V' we have

/G gnm(y)dy = P<Yxn € G;Lm)

/
ne

= P<|Ya:nk: — ZEk| > Akhk for some k = 1,...

P(|ngk — l’k| > Akhk)

M=

T
I

AZhi;

B

B
Il
—

hi(V(Z) + E(Ze)?)
ARhy

M=

i
I

V(Z) + E(Z;)?
A

B

b
Il
—

V(Zi) + E(Z)’
{(V(Zr) + E(Z)?)

M=

e
Il

1

I
(]~
SHS
I
Q)

b
Il
—

Thus for each positive real number e and relevant region V', we can find positive

real numbers Ay, for k =1,...,d, such that S, is an ¢, V-RS for s,.

We will now find expressions for the volumes and diameters of the cross-sections.

Note that H,, is a d-dimensional rectangle whose kth side has length 2A;h;, and so
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§(Hpy) =2 (Zd: Aihi) 2 (4.2)

A(H,y) = 2T Ache- (4.3)

k=1

To see that 5, is regular in height, note that

sup A(Hpy) sup hpy(x) = (2dHAkhk) sup sup det(H NK(H (y — x))

yev TEHpny k=1 yeV x€Hpy

< <2dHAk> (Hhk> Hdl - sup K (z)
k=1 k=1 k=1"% %

- (QdHAk> sup K (z) < oc.

k=1

In addition

Sy, is narrowing < sup 6(H,,) — 0 as n — oo
Yy

d 3
<:>2<ZAzh%> —0asn — oo
k=1
& hy —0asn—ooforallk=1,...,d.

Furthermore we have, using Lemma E.1 and equalities (4.2) and (4.3),
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infyeH )\(Hny)

S, is regular in size < lim >0
n SUPyepr 6(Hpy)?
14, A2h2

v (i Agn)

Finally we need to show that S, is regular in shape if lim % > (0. Choose a

positive real number B and a number N in N such that, for any n in N, if n > N,
mkin hy > B mgx hy.

Now let

B mink Ak

R= -
2 (T A7)

Then for all n in N, if n > N, we have, again using equality (4.2),

1

d 2
Rsupd(H,,) = 2R (Z A,Zhi)

yeH 1

Bmi A d 2
= S (Z A?ﬂi)
(Zi:l Ai) " \k=

< (mkln Ag) min D,
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implying that Rsup,cy 6(H,y) < Aphy for all k =1,...,d, and so

B <y7 Rsup 6(Hny)) g Hny7

yeH
that is, .S, is regular in shape. O]

Theorem 4.2 (Asymptotic Unbiasedness of the Standard Kernel Density Estima-

tor). Given that lim minghe (), the standard kernel density estimator is asymp-

——n maxy, hi

totically unbiased if and only if limhy =0 fork=1,...,d.

Proof of Theorem /.2. Suppose that lim,, h, = 0for k =1,...,d. Then by Theorem
4.1 we know that for each positive real number € and relevant region V', there
is an €, V-NRS, and so by Theorem 3.1 the standard kernel density estimator is

asymptotically unbiased.

Now suppose that lim,, %’22’2 > 0 and that we have asymptotic unbiasedness.

By Theorem 4.1 we know that for each positive real number € and relevant region
V there is an €, V-RRS. Hence, using the assumption of asymptotic unbiasedness,
by Theorem 3.2, for each positive real number € and relevant region V' there is an
€, V-NRRS. Using Theorem 3.3, we then know that for each positive real number

e and relevant region V', S, (given by definition 4.1) is an €, V-NRRS, since it is

€, V-RRS, and hence we have that lim, hy =0 for k=1,...,d. O
Remark. This result is similar to Theorem 2.3 in | |. That result provides only
a sufficient condition and considers only the case where hy = h for k = 1,...,d.

In this case the sufficient condition for asymptotic unbiasedness of Theorem 4.2

reduces to that of Theorem 2.3 in | |. There are also similarities in the proofs
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used to establish these theorems as the proof of the main theorem used, Theorem

3.1, is based on the the proof of Devroye’s theorem.

4.2 Rectangular Histogram Density Estimator

Let hi be a sequence of positive real numbers, depending on n, foreach k =1,...,d,
where n is in N. For each j in Z% y in R, k =1,...,d, and n in N, let A, ;; =

kb, (ke +1)he), Anj = Anji X -+ X Apja, Prj(y) = La,,;(y)/A(Ay;), and finally let

sul.9) = 3 pas ()T, (0)

where 2 € R?. The sequence of functions s, is a sequence of kernel functions on

R x RY. Using this sequence of functions, the density estimator g, from Definition

2.3 is given by

=1

HOEED )Y iA(A(y)) L, (X))

where X; is the ¢th sample observation. We will call this estimator the rectangular

histogram density estimator.

As before to use the theory from the previous chapters we need to define a region
sequence for this sequence of kernel functions. For nin N, zin R and k = 1, ....d,
let jxk = [fl—i]; jx = (,j:pk)k:l ..... d> and

Sp={(z,9) € REX R : |jup — jyu| < 1for k=1,...,d}.
Furthermore note that, for any « in R? and vy in R?, we have

Xynk ~ Uniform(jykhk, (]yk + 1)hk) and Y;Imk ~ Uniform(jmkhk, (]:pk + 1)hk)
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and in addition we have jx,.x = jyx and jy,,r = jex With probability one.

Theorem 4.3 (Region Sequences for the Rectangular Histogram Density Estima-

tor). For each positive real number €, and relevant region V', S, is an €, V-RS for

Sn. Also the following hold:

1. lim, hyy =0 for k=1,...,d if and only if S, is narrowing.
2. lim 2he ~ 0 if and only if S, is reqular.

——n maxy h

Remark. This case is also easy to work with. Asin Theorem 4.1, the cross-sectional
diameters and volumes are easy to calculate and the the region of significance V'
plays essentially no role. The region sequence 5,, defined above may seem unneces-

sarily large at first (its cross-sections cover the supports of the functions h,, by a

large margin), but its size is actually required to allow for S,, to be regular in shape.

Proof of Theorem 4.5. Let V be a relevant region. Then, using Boole’s inequality

(Theorem A.4), for y in V' we have
/ By (x)dz = P(X,, € H,’Ly)
HY,,

= P(|jx, .k — Jyr| > 1 for some k =1,...,d)
d
< ZP(UXynk — Jyk| > 1) =0.
k=1

Similarly for z in V' we have
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// gnx(y)dy = P(Ym € G;zz)

= P(|jy,,k — Jak| > 1 for some k =1,...,d)
d

<Y P(venk — Jusl > 1) =0,
k=1

So trivially, for each positive real number € and relevant region V', S, is an ¢, V-RS

for s,

We will now find expressions for the diameters and volumes of the cross-sections.

Each cross-section H,, is a d-dimensional rectangle whose kth side has length 3/,.
To see this note that for a fixed yy, if |jzx — Jyu| < 1 then either jup = jyr — 1, Jyk,

or jy, + 1. Each case corresponds to an interval of length hj. Thus
d 3
§(Hpy) =3 (Z hz) (4.4)
k=1
d
A(Hpy) = 34T ] b (4.5)
k=1

Thus, using equality (4.4), we see that

Sy, is narrowing < sup §(H,,) — 0
Yy

d 2

@3(2@) —0asn — oo
k=1

S hy—0forallk=1,...,d.

In addition S, is regular in height since, using equality (4.5),
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sup A(Hyy) sup hyy(z) = = 34 Hhkn ; =3¢ < .
k=1"%

yev TEHny

Furthermore, using Lemma E.1 and equalities (4.4) and (4.5), we see that

inf,eg A(H,
S, is regular in size < lim infyen A( y)d
n SUPyen 0(Hny)

M,
(i )

>0

< lim

Finally we will show that S, is regular in shape if lim ;I;;?(k };L’“ > (). To see this

choose a positive real number B and N in N such that for any n in N, if n > N,

min h; > B max hy.
k k

Let R = ?’d% so that using equality (4.4), if n > N,
2

Rsupd(H,,) = 3R (Z/ﬁ)l (Zfﬁ) —

d? max h, < min hy,
k k

Wl o

yeH

implying that Rsup, ¢y 6(Hyy) < by forallk =1,...,d. Soifr € B (y, Rsup,cp o(

then for each k =1,...,d, |yx — 2x| < |ly — z|| < hx which implies that

Yk Ty

<1=|jy; — Juk| <1=2x € Hy,
hr,  hg

Thus S, is regular in shape.
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Theorem 4.4 (Asymptotic Unbiasedness and the Rectangular Histogram Density

ming hy
maxy, hy

Estimator). Given that lim > 0, the rectangular histogram density estimator

1s asymptotically unbiased if and only if lim, hy =0 fork=1,...,d.

Proof. The argument here is essentially the same as the above argument in Theorem
4.2 for the standard kernel density estimator with Theorem 4.3 replacing Theorem

4.1. U

Remark. The asymptotic unbiasedness of histograms has been studied before. In
particular Abou-Jaoude in | | provides necessary and sufficient conditions for
the asymptotic unbiasedness of histograms. The method of proof used by Abou-
Jaoude is completely different from that used above. The histograms he considers
are built on an arbitrary partition of a space and not necessarily a rectangular
partition as in Theorem 4.4. In the case of a rectangular partition and equality of
rate parameters, that is, hy = h for £k = 1,...,d, there is agreement in these two
results. In addition the results of Abou-Jaoude do not seem to require anything
analogous to the regularity conditions used in Theorem 4.4. This may be due to the
general regularity conditions being too strong in the case of a rectangular histogram.
However Theorem 4.4 may be extended in various ways to kernel functions whose
cross-sectional supports are contained in rectangles and are not necessarily uniform.

It is not readily clear how one might do this with the results in | ].
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4.3 Gamma Smoothed Histogram Density Esti-

mator

Let m; be a sequence of positive integers, depending on n, for each k = 1,...,d,

where n is in N. For each j in Z¢ with j, > 0, y in (0,00)¢, k = 1,...,d, let

Jr Jrtl _ _ (meyr)’k —m _
Pt )s Anj = Apji X -+ X Apja, Pnje(Yr) = My S e, Pnj(y) =

Anjk = [

Hizl Pnjk(yk), and finally let

anj IAnj

where z € (0,00)¢. The sequence of functions s, is a sequence of kernel functions
n (0,00)¢ x (0,00)% Using this sequence of functions, the density estimator g,

from Definition 2.3 is given by

Z H mkyk e~ MYk [Anj (Xz) (46)
1 5 k=1

=

where X is the i¢th observation. We will call this estimator the Gamma smoothed

histogram density estimator.

Next we define a region sequence for this sequence of kernel functions. Let

Juk = [xpmy] and j, = (Jur)k=1...4. Let Ag be a positive constant for k = 1,...,d
and let
Sn = {(x,y) € (0,00)d X (0,00)d : jik —Yi| < Akmlzﬁ, for all £k = ]_,,d} .
my

It is easy to see that

1
Yzt ~ Gamma (jxk +1, —) and jx,, x ~ Poisson(mys).
my
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Theorem 4.5 (Region Sequences for the Gamma Smoothed Histogram Density

Estimator). For each positive real number €, and relevant region V', there are con-

stants Ay for k = 1,...,d such that S,, is an €,V-RS for s,. Also the following

hold:
1. lim, my = o0 for k=1,...,d if and only if S, is narrowing.
2. lim, % < oo if and only if S, is regular.

Remark. There are number of challenges in proving this result that did not appear
in Theorems 4.1 and 4.3. The cross-sectional diameters, volumes, and probabilities
outside S, are not uniform and depend on what cross-section is being considered.
In addition establishing regularity in height is technically difficult and requires a
theorem found in the Appendix. The compactness of the region of significance V'

will be important in overcoming these challenges.

Proof of Theorem j.5. Let € be a positive real number and V' be a relevant region.
Since V' is compact, for each k =1, ..., d there is a real number v, that is an upper

bound for each y;, where y € V. For each k = 1,...,d choose a positive real number

1
2 2
Ak><vk+ ) .
€

Then, using Boole’s and Chebyshev’s inequalities (Theorems A.4 and A.3), for y in

A, such that

V', we have
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J,

’
ny

By (x)dr = P(X,, € H;Ly)

(

2 (

I Xnyk

Il
w

— Yk

myg

I Xnyk
my

IN

M=

T

1

V(ixu,e)

M=

2
1 quﬂlk
d d
Uk%*2
Sy ey
k=1 k=1

1
> Apm, * for some k=1, ...

Yk

_1
:>14kﬂQk2>

1
P(|jx,,x — muye| > Axm;)

d
MEYr Yk

- A2m, A2
=1 kR Ck

Ukﬁ*2<_
vet2 7 =5

€
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and for z in V we have

] _1
:P(]ik—Ym>Akmk2f0rsomek:1,...,d)
my,
: Jak !
< Pl |=—Y,.|>A4m,°
e i)

V(o) + (B(V) — )’

k=1 My
d Jertl 1 d  Jzk 2 d myzy 2
:E:mk +mk:§: k+mk<§:mk +mk
A? A? - A?
k=1 k k=1 k k=1 k

Thus for each positive real number € and relevant region V', there are positive real

numbers Ay for £k =1,...,d such that S, is an ¢, V-RS for s,,.

In order to deal with the diameter and volume of the cross-sections H,,,, we will

find related regions that are simpler to deal with. Note that
Jak = [mazr] < mpay < [mpag] + 1= jop + 1

so that




Now for each k = 1,...,d choose A, such that 0 < A, and A, +1 < A; and choose

Ay, such that A, > 1+ A, and define the following sets:

H,, ={z¢ (0,00)% : |21 — vl §Akmk% forall k =1,...,d}

_ 1
Hpy = {z € (0,00)": |z —yp| < Agm,, 2 forallk = 1,...,d}
We have H,, C H,, since, using inequality (4.7), for k =1,...,d

jxk
my

jxk
TP

+ |2k — yil
my

1 _1
< —+A.m,?
- ATy

1

< (1+A4)m;°
1

< Akmk 2.

Also we have H,, C ﬁny since, for k=1,...,d

jmk
— — Yk
my

|z, — yi] < jik—l"k; +
mg

_1
It is clear that {z; € R : yx <z < yp + A,m,, *} is contained in the kth side

of H,,. Thus H, always contains a d-dimensional rectangle whose kth side has

1 1

_1 — 1 — 1
length A,m, *. In addition {z; € Ry — Axm, > < zp < yx + Agm, *} contains
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the kth side of Fny and so Hny is always contained in a d-dimensional rectangle

whose kth side has length 24;m, 2. Thus the following hold:

d d
[T 4m: < MH,,) < AMHay) < A(Hyy) < 24T [ Aemy 2. (4.8)
k=1 k=1

N

< 8(H,,) < 8(Hyy) < () <2 (Z ziw) TS

d
(ZA%W?)
k=1

Using statement (4.9) it is clear that sup, ¢y 0(Hpy) — 0 if and only if my, — oo

for k=1,...,d and so 5, is narrowing if and only if my — oo for k =1,... d.

Furthermore using statements (4.8) and (4.9), we have that

1 ) — 1
HZ:l Agm,.® < infycpy A(Hny) < 2¢ szl Agmy,

4.10)
e T S supy gy Oy YA
24 (Zizl Akmk 1) vert Y (Zizl Aimk 1>

IS

and we see that S, is regular in size if and only if

N

. mingm,
lim———*_ >0
" maxy my,

which is equivalent to

— IMaxyg My
lim —_—
n IMINg Mg

LT < o0, For each y in

We will now show that S, is regular in shape if lim,, i

(0,00)% and k = 1,...,d choose a positive real number By, such that y, > By, and
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A, > Byj. Also choose a positive real number B and a number N in N such that

for all n in N, if n > N we have

_1 1
minm, > > Bmaxm, °.
k k

Now let

(L)

It follows that, using statement (4.9), for all n in N, if n > N,

d 2
Rsupd(H,,) < 2R (Z zim;1>

yeH =1

. d 3
_ B miny, By, i (Zzimil)
d —2\2
2 (Zk:l Ak) k=1

1

< B(mkin By) (m}fxx my ?)

1
< (mkln Bk)(mkin my, %)

NG

S Bkm,;

Thus if z € B (y, Rsup,cpy §(H,y)) we have, for k=1,...,d,

1 1
P<Am?

|z — yi| < |z =yl < Bemy,

and

_1
|z, — yi| < Bgmy, * < By
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so that
0< Y — B, < xp.

This shows that B (y, Rsup,cy 6(Hyy)) € H,,, € H,, and so S, is regular in shape.

Finally we will show that S,, is regular in height. For each k£ = 1,...,d choose
a compact set W} contained in (0, 00) such that V. C W; x -+ x W, and let a; be

the smallest value in W,. Now note that

] _1
xEHny<:>x€(O,oo)d and ]ik—yk <Aym,? k=1,....d

g

Thus using Theorem C.1, there is an N in N such that for all y in V and z in H,,,

if n > N, then

Prj. (y) < 2Fn;,(y), (4.11)

where the functions P and F' are defined as in the referenced theorem. Now define

a positive real number C' by

d
C = (27T)g Ha%

k=1

so that, using the definition of F' we have,
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— (4.12)

hiny (%) = Pnj. ()

— H mk) P (y). (4.13)

Then, using inequalities (4.8), (4.11), and (4.12), and equality (4.13), it follows that,

45



ifn>N,

sup A(Hyy) sup hyy(2)

er !L‘EHny

d d
_ 1
d | | Apm, 2 | sup sup | |mk P.;.(y)
k1 yeEV x€Hpy k1

d : d :
< 9d+1 <H Akmk2> (H mk) sup sup (H mk) Frj. ()
k=1

yeV x€Hny

Thus S, is regular in height. O]

Theorem 4.6 (Asymptotic Unbiasedness of the Gamma Smoothed Histogram Den-

sity Estimator). Given that lim,, % < 00, the gamma smoothed histogram den-

sity estimator is asymptotically unbiased if and only if lim, my = oo fork =1,...,d.

Proof. Again the argument here is essentially the same as the above argument in
Theorem 4.2 for the standard kernel density estimator with Theorem 4.5 replacing

Theorem 4.1. ]

Remark. Gamma smoothed histograms have not been widely studied. They are
mentioned only in a small number of articles and few seem to deal with L' asymp-
totic unbiasedness. In | |, Stadtmiiller considers weak uniform consistency of
a variety of smoothed histograms, including the Gamma smoothed histogram. In
[ |, Bouezmarni and Scaillet consider the one-dimensional case of the Gamma

smoothed histogram density estimator and study L' consistency of the estimator
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and asymptotic unbiasedness but provide only a sufficient condition. Their method

of proof relies on specific characteristics of the Gamma distribution.

4.4 Beta Smoothed Histogram Density Estimator

Let my be a sequence of positive integers, depending on n, for each k = 1,...,d,

where n is in N. For each y in (0,1)%, k = 1,...,d, j in Z% with 0 < j, < my,

and n in N, let Ay = [F27, 250) Ay = Ayjy X - X Apja, gk (i) = (my +

1) () g (1 = g)™ 9%, poj(y) = TTiey Pagi(ys), and finally let

an] IAn]

where z € (0,1)%. The sequence of functions s, is a sequence of kernel functions
n (0,1)% x (0,1)¢. Using this sequence of functions, the density estimator g, from

Definition 2.3 is given by
LS Ml (o mon
=1 3

where X is the ¢th observation. We will call this estimator the the Beta smoothed

histogram density estimator.

Next we define a region sequence for this sequence of kernel functions. Let j., =
[z (mg + 1)] and j, = (Juk)k=1,..a- Let Ay be a positive constant for k = 1,...,d

and let

,]zk
— — Yk
my

S, = {(x,y) € (0,1) x (0,1)*:

< Aym,, 2, for allkzl,...,d}.

47



It is easy to see that

ank ~ Beta(jzk + 1, my — jg;k + 1) and ijnk ~ Binomial(mk, yk>

Theorem 4.7 (Region Sequences for the Beta Smoothed Histogram Density Esti-

mator). For each positive real number €, and relevant region V', there are positive

real numbers Ay for k =1,...,d such that S, is an €, V-RS for s,. Also the follow-

ing hold:
1. lim, my = oo for k=1,...,d if and only if S, is narrowing.
2. lim,, % < oo if and only if S, is reqular.

Proof of Theorem 4.7. Let € be a positive real number and V' be a relevant region.

For each k = 1,...,d choose a real number Ay such that Ay > max((%d)%, 3). Then,

using Boole’s and Chebyshev’s inequalities (Theorems A.4 and A.3) for y in V we

have
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/ hny(2)de = P(X,, € H,,)

] _1
ZP(‘M—yk >Akmk2forsomek:1,...,d)
my
d JXnyk 1
< P Y > Aym, ?
<3P ([t ] > aom )

i
I

< - Vixuk) T miy (1 —yx) Yk 1_yk)
S D Dh Z

Similarly for z in V', we have
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/, gmz(y)dy = P(Ym € G;m)

:p(

Jak _

my

nT

1
> Apmy, ? forsomekzl,...,d)

Jok _

myg

nxk

_1
> Akmk 2>

d U¢k+1)02k*jzk+1) (jzk+1 __ig&)z
< Z (mi+2)? (my+3)

_ Z (155) (v+5) e
= A
d d d
22 +1 5) 5)
S Z A2 - Z A_i < Z 5 €
k=1 k=1 k=1 €

So for each positive real number € and relevant region V', there are positive real

numbers A, for k =1,...,d such that S, is an ¢, V-RS for s,.

Now in order to deal with the diameter and volume of the cross-sections H,,,

we will find related regions that are simpler to deal with. To this end note that
Jok = [xp(me +1)] < zp(my + 1) < [zp(mi + 1)] + 1 = Jur + 1,

and so

B 1 ok + 1

mg my m

20



which implies that

mk+1 Jzk 1
el
mig mig mig
Hence
T my + 1 T mp + 1 1 2
Jok ’_’ r xk—j—k P e — g < — 4+ — = —. (4.14)
M M mg my mE My M

Choose positive real numbers Ay and A, such that 0 < A, < % and A, > Ap+2.

We define the following sets:

_1
2

H,, ={r¢c 0, D)% |z, —y| < Aym,. 2 forall k =1,...,d}

1
2

Hy,y={r € (0,)%: |z —yi| < Agm,, 2 forall k =1,...,d}

Note that H,, € Hy, since, it v € H, , for any k = 1,...,d, we have, using
inequality (4.14), that

— — | < | = w| + |k — Y

mi m

Similarly, we have H,, C ﬁny, since, if x € H,,, for any k = 1,...,d, we have that

o1



Since, for each k = 1,...,d, A, < %, we see that either {z; € R : yp < xp <

N

1 _
yp + Amy 2t or {zp € Ry — Aym, * <z <y} is contained in the kth side

of H,,. Thus H,, always contains a d-dimensional rectangle whose kth side has
_1 S - 1
length A,m, 2. In addition {z; € Ry — Axm, ? < zp < yx + Agm, 2} contains

the kth side of Hny and so Fny is always contained in a d-dimensional rectangle

1
whose kth side has length 24;m, *>. Thus

d
[T Aums® < A(H,,) < MHuy) < A(Ho) < 24T Ay (4.15)
k=1

(i Aimk1> < 0(H,,) < 0(Hay) < 0(Hpy) <2 (i Zimﬁ) ; (4.16)

N =

Using statement (4.16) it is easy to see that sup,cy 6(Hy,) — 0 if and only if

my — oo for k=1,...,dso S, is narrowing if and only if m;, — oo fork=1,...,d.

Also using statements (4.15) and (4.16) we see that

Qde ﬁm_%
k=1 “tk"
d

1\ 2
(Zizléimkl>

_1

HZ:I Aymy < infyem A(Hny)

20 (S, Ay )" ven )"
k=1 k

<
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and so using Lemma E.1 we see that S, is regular in size if and only if

N|=

_ mingm,

" maxg m,;

N

and this is equivalent to
— IMaxyg My
lim ———
n 1IN My

maxyg mg
ming mp

We will now show that S, is regular in shape if lim, < oo. For y in

(0,1)¢ and each k = 1,...,d, choose By > 0 such that y, — By > 0, yx + By < 1 and
By, < Ay for each k = 1,...,d. Now choose a positive real number B and a number

N in N such that for each n in N, if n > N,

min my,
k

D=

1 _
> > Bmaxm, *.
k

Now let

B IIliIl]C Bk

2 (S, )
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so that, using (4.16), for n > N,

2

yeH

d
Rsupd(H,,) < 2R <Z Zim,j)
k=1

1
. d bl
B B _
— M Dk —2 <Z Aim,; )
d 2\ 2
2 (Zk:1 Ak;) k=1
1

< B(mkin Bk)(mgx my ?)

< (mk}n Bk)(mkin my. ?)

1
S Bkmk 2 .

Hence if z € B (y, Rsup,cy 0(H,,)) then

1 1
|2k — Y| < Brmy, ® < Aymy,?

and

_1
|z, — yi| < Bgmy, ? < By.

This implies that 0 <y, — By < 2, < yr + B < 1 and so

B (y Rsup 5(Hny)) C H,, C Hyy.

yeH

Thus S, is regular in shape.

Finally we will show that S,, is regular in height. For each k£ = 1,...,d choose

a compact set Wy contained in (0,1) such that V' C W; x --- x Wy and let a5 and
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bi be the smallest and largest values respectively in Wj;. Now note that

j:vk
— — Yk

_1
SAkmkg,k:L...,d.
mg

x € H,, < r € (0,1)* and

Thus using Theorem D.1, there is an /N in N such that for all y in V and z in H,,,

if n > N, then

Poj.(y) < 2F,;,(y), (4.17)

where the functions P and F' are defined as in the referenced theorem. Now define

a positive real number C' by

t\.’)\»—A

d
C:W%H ak 1—bk

k=1

so that, using the definition of F' we have,

k=1

_ Mmernt (_ S m z@__k;2>
(2" (HZ:1 — —yk)f Pl 2y (1 — k) (mk / >

(H(mk + 1)) Fj. ()

M (14 4)°
(2m)¢ (T, well = w)
1 1

- A (M- w) € o

<

NI

=

for y in V, x in H,,, and n in N. In addition we have that
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hny () = ()

d
m ) .
= [[0m+1) (j 2) Y (L= yg) "

k=1

- (H<m ¥ 1)) (H ("o - yk>mk-jzk>

= (H(mk + 1)) P (y). (4.19)

k=1

Then, using inequalities (4.15), (4.17), and (4.18), and equality (4.19), it follows

that, if n > N,

sup A(Hyy) sup hny(x)
yeVv TEHpy

< 24 (H ka,f) sup sup (H(mk + 1)) P (y)

yeV z€Hpy k=1

< i1 (szm?) <H(mk + 1)) sup sup (H(mk + 1)) Frj.(y)

yeV x€Hny el

Thus S, is regular in height. O]

Theorem 4.8 (Asymptotic Unbiasedness of the Beta Smoothed Histogram Den-

ZEELTL < 00, the beta smoothed histogram density

sity Estimator). Given that lim,, Y

estimator is asymptotically unbiased if and only if lim, my = oco fork=1,...,d.
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Proof of Theorem 4.8. Again the argument here is essentially the same as the above
argument in Theorem 4.2 for the standard kernel density estimator with Theorem

4.7 replacing Theorem 4.1. O

Remark. Beta smoothed histogram density estimators have been extensively stud-
ied. These estimators are often referred to by other names such as Bernstein or
Kantorovich polynomial density estimators. Vitale in | | proposed using this
estimator and established some of the basic convergence properties of this estima-
tor. This work was extended by Babu et al. in | ] where results on uniform
strong consistency and other types of convergence for the one-dimensional case are
obtained. In | |, Tenbusch considers the multidimensional case and obtains the
same result as Theorem 4.8 for the case of uniform rate parameters, that is, my = m
for k =1,...,d. The method of proof is very different from that used in the above

theorem and is very reliant on specific properties of the Bernstein polynomials.

57



Appendix A

Useful Results

Listed here are some standard results used in mathematical analysis and statistics
that are made use of in this document. Proofs of these results can be found in many
books on analysis and topology and mathematical statistics. In particular Theorem

A.1 and Lemma A.2 can be found in | | and Theorems A.3 an A.4 can be

found in [ ]. Theorem A.5 can be found in | ].

Theorem A.1 (Monotone Convergence Theorem). Let f,, be a sequence of measur-

able functions on measure space X with measure p and suppose that the following

hold:

1. 0 < fu(z) < fogi(z) for all x in X and n in N.

2. lim, fn(x) = f(z) for all x in X.

Then the function f is measurable and

lim /X Fudy = /X fdy.
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Lemma A.2 (Urysohn’s Lemma). Suppose that X is a locally compact Hausdorff
space, V is open in X, K CV, and K is compact. Then there exists a function f

such that the following hold:

1. f is continuous.
2. Ix < f < Iy.

3. The support of f is compact.

where Ig is the characteristic function of S.

Theorem A.3 (Chebyshev’s Inequality). Let X be a real valued random variable,

x be a real number and A be a positive real number. Then

VX) + (EX) —2)*
A? '

P(IX — 1] > 4) <

Theorem A.4 (Boole’s Inequality). For each k = 1,...,d let E} be an event. Then

Theorem A.5 (Scheffé’s Theorem). Let f and g be densities. Then

/If—g|=2sgp‘/Af—/Ag"
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Appendix B

Uniform Approximation of a
Density

The following theorem is essentially a version of the theorem that compactly sup-
ported continuous functions are dense in L!'. It plays an important role in estab-

lishing the basic result on asymptotic unbiasedness, Theorem 3.1.

Theorem B.1 (Approximation of a Density by a Compactly Supported Uniformly

Continuous Density). Let f : RY — R be a density with support S. Then for any

positive real number €, there is a density g with compact support T such that T C S ,

g 1s uniformly continuous, and

/Rd|f—g|<6-

Remark. In real analysis a standard theorem states that functions in LP may be
approximated by compactly supported continuous functions. Usually this is stated
by saying that compactly supported continuous functions are dense in LP. The

above theorem differs slightly from this in that it states that the approximating
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function may be chosen so that its support lies inside the interior of the support of
the original function and that if the original function is a density, the approximating
function may be chosen to be a density as well. The proof is largely the same and
roughly follows that of theorem 3.14 given in | ]. Only a few details need to
be changed to show that the approximating function may be chosen to have the

desired properties.

Proof of Theorem B.1. Let f be a density with support S and let € be a positive

real number. For each 7 in N define a subset F; of R? by

Fy = (U B(m,l/i)) N B(0, 7).

zes’!

It is clear that Fj is compact and that F; C S for each such 7. In addition F,CFy

for each ¢ in N, which makes F' an increasing sequence of sets with limit S.

Define the function f; : R — R for each i in N by
fi = min(i, Ig, - f).

The functions f; define an increasing sequence of bounded integrable functions that
converge pointwise to f. So by the Monotone Convergence Theorem A.1 we can

choose a k in N such that

| lr=sl<es (B.1)

Now define the function ¢; : [0,00] — R for each i in N by



where a; = k/27!. We then have an increasing sequence of integrable functions
s; : R* — R where s5; = ¢; o f; which converge pointwise to f;. Again by the

monotone convergence theorem we can choose a p in N such that

/Rd s, — fx] < €/3. (B.2)

Define the function t; : R? — R for each i in N by the equation t; = s; — s;_1,
where sg = 0. It can be shown that t;/a; = I, for some set T; contained in the

support of fi. To see this note that

. ¢i(fk) - ifl(fk)
= ”
N ﬁ @i [ Ji }
B | i | a; | Q-1
_ [ e ] .y |:fk:|

L a; 2a;

0 L& eU,en2n—2,2n—1)
1 el y2n—1,2n).

a;

Note that the number k in the above definition of a; is needed to ensure that the

above statement is true for ¢ = 1. Furthermore s, = % _ t;.

Choose an open set W that contains the support of f;, and hence the support
of s; for i in N, such that W C S. This can be done since the support of fi is

contained in Fj and Fj is compact and contained in S.
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For each 7 in N, select a compact set K; and an open set V; such that K; C T; C

V: €W and

€
9.2k

AVAK;) < (B.3)

By Urysohn’s Lemma A.2 there are continuous functions with compact support
h; : RY — R such that 0 < h; <1, h; = 1 on K, and h; = 0 outside of V;. Define
the function g : R? — R by the equation g = Y7 | a;h;. By construction g is equal
to s, except on Ule Vi\K;, g is continuous with compact support contained in S ,
and g < 2k.

Thus using inequality (B.3) we have that

€ €

)\(U VA\K;) < Z)\(Vi\Ki) < Z 5o < o (B.4)

and so, using inequalities (B.1), (B.2), and (B.4), it follows that

€ € €
[ar=d= [ 1=+ [ 1fe=sl+ [ ls-g <5+t —e
R R Rd RA 3 3 9]{3

This shows that we can always approximate f by a non-negative continuous function

g with compact support (and hence uniformly continuous) contained in the interior

of S.

Finally, since f is a density and
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we see that g may be chosen to be sufficiently close to f so that normalizing g gives

us a density with the desired properties. O]

64



Appendix C

Uniform Approximation of a

Poisson Distribution

Here we prove a theorem dealing with a uniform approximation of the Poisson distri-
bution. This result does not rest on any the work done in the rest of this document
but is useful in establishing the results for Gamma smoothed histogram density
estimators (see Section 4.3), in particular, it is useful in establishing regularity in

height.

Theorem C.1 (Uniform Approximation for the Poisson Distribution). Let m be in

N and j be in Z¢ with j, > 0 for k = 1,...,d and suppose that m depends on n

where n belongs to N. Let the functions P,; and F,; be given by

d Jk _
Pnj(y)—H(mkyk> ??j)( myY)
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where yp > 0 for each k =1,...,d. Let a be a positive real number such that o > %

For each k =1,...,d, let W}, be a compact subset of the open interval (0,00), and
Ay be a positive real number and suppose that my — oo as n — oo. Then for any

positive real number €, there is an integer N, such that for allmn in N, if n > N,

for all y, in Wy and 3, = 0, ... such that

%_yk‘ < Agmy® for each k=1,....d.

Remark. Like Theorem D.1 the proof of this result follows that of Theorem 1.5.2
(Laplace’s formula of the theory of probability) in [ |. This theorem of Lorentz
is stated for the binomial distribution (not the Poisson distribution), handles only
the one-dimensional case, and deals with point-wise convergence (not uniform con-

vergence). The generality stated here requires a number of changes to the proof.

Proof of Theorem C.1. Note that it suffices to prove that each factor of a finite
product satisfies the above type of uniform convergence to prove that the product

also satisfies it. We have

d m Ik exp(—my
Pnj(y) B Hk:l( kYk) jk;@( LYk)

Fn' N d m ] 2
j 1 exp (— D ket B (n]Tkk - yk> )

(2m) % (T, muwn )

Nl

d
_ !

. . 2
M exp(—mgyr) (2TmeYyr) 2 exp <—k <—k - yk) > -

k=1

We will consider one factor of the above product. For ease of notation we will drop

the subscript in what follows and let u = % — 1. Let @ be the factor, so that
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1 m

0= o poemt o ().

From Sterling’s formula, for any n in IN, we have that

n! = (27m)%n"e"Hn (C.1)

where H,, is some sequence of real numbers such that H, — 1 as n — oo. Rewriting

@ using equation (C.1) we have

Q=

(my)? exp(—my)(2rmy)= e [ 2
(2mj) 243 exp(—j) H, p(zy )

(%) (5 o (s o)
= — (== — ) exp | mu+ —u”|.
H; \ j J 2y

We need to show that ) is a product of factors, each of which satisfies the type of

uniform convergence from the statement of the theorem.

First we will show that the factor Hi] converges uniformly to 1. Let y, = infycw y.
Since W is compact and contained in the interval (0, c0) we see that y, > 0 and so
for ’T]—n — y‘ < Am~?, we have

j>my — Am* > my, — Am'™* = m(y, — Am™%). (C.2)

Let € be a positive real number. Choose Ny in N such that for all n in N if
n > Ny then |H,, — 1| < e. This can be done since m — oo as n — oo. Since
m(y. — Am~) — oo as n — oo we can choose N; in N such that if n > N; then
m(y. — Am~) > Ny. Using inequality (C.2) we see that for n > Nj, and any y and
j such that [£ —y| < Am~ we have j > m(y, — Am=*) > Ny and so |H; — 1| < e.

This shows that H; converges uniformly to 1.
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Now we will show that the factor (%)% converges uniformly to 1. Using in-

«

equality (C.2) again we have, for y and j such that |% —yl < Am~,

11—« 11—«
‘/L — 1’ cAm™ o Am S (C.3)
j/m

J my, — Aml=  mey, — A
Since this bound tends to 0 as n — oo we see that % converges uniformly to 1.

Finally we will show that the remaining factor of @,

J
R= (@) exp (mu + ﬁu2> ,
J 2y

converges uniformly to 1. Using a Taylor expansion about zero, we have

1
log(l4+2z) =2 — §x2p1 (C4)

where py = 1+ €12, €, = —%(1 +612)73. Here 0 < 6, < 1, 0, depends on x. Note

that ¢ is bounded for = near 0. Using equation (C.4)
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m m U U my\ o
=—u"'—(—|14+— l+a—)+—)u
y 2y Yy y 2y

The first factor of the above product is bounded for large n, and y and j such that

}% — y| < Am~® and y € W. Let B be the bound so that
[log(R)| < Bm|u|® < BA®m!'™**,

which converges to zero since a > % Thus R converges uniformly to 1 and this

shows that ) converges uniformly to 1. O
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Appendix D

Uniform Approximation of a

Binomial Distribution

Here we prove a theorem dealing with a uniform approximation of the binomial
distribution. This result is useful in establishing the results for Beta smoothed his-
togram density estimators (see Section 4.4), in particular, it is useful in establishing
regularity in height. It also does not rest on any the work done in the rest of this

document.

Theorem D.1 (Uniform Approximation for the Binomial Distribution). Let m be

in N® and j be in Z% with my, > j, > 0 fork =1,...,d and suppose that m depends

on n where n belongs to N. Let the functions P,; and F,; be given by

Py(y) =11 (TZ’“) (L = i)™,

k=1

1 : my, Tk ’
= oo (St (o))

(QW)% (HZ=1 myye(1 — Z/k))
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where 0 < yp < 1 for each k =1,...,d. Let a be a positive real number such that
o > % For each k =1,...,d, let Wy, be a compact subset of the open interval (0, 1),

and Ay be a positive real number and suppose that m; — oo as n — oo. Then for

each positive number €, there is an integer N for any n in N such that if n > N,

for all yp in Wy, and jr, = 0,...,my such that Ti—’“k — yk’ < Agm,® for each k =

1,....d

Remark. Like Theorem C.1 the proof of this result follows that of Theorem 1.5.2
(Laplace’s formula of the theory of probability) in [ |. This theorem of Lorentz
handles only the one-dimensional case, and deals with point-wise convergence (not
uniform convergence). The generality stated here requires a number of changes to

the proof.

Proof of Theorem D.1. As in Theorem C.1 it suffices to prove that each factor of
a finite product satisfies the above type of uniform convergence to prove that the

Pnj (y)

P 18 equal to

product also satisfies it. To this end note that
d j _j
Hk:1 (T:)yiku o yk)mk Jk

2
(QW)%(HZ_lmwk(l—yk)) exXp ( Zk:l 2y, (1—yk) (mk yk) >

exp [ (j_k _ yk>2
2ur(1 = yx) \mu, '

Nl

NI

— H (Zk) Y (1 — )™ I (2mmpye (1 — yi))

k=1
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We will consider one factor of the above product. For ease of notation we will drop
the subscript and let k=m —j, z=1—y, and u = % — 9. Let @ be the factor, so

that

Q= (?) i 2F(2mmyz)® exp ( T u2) . (D.1)

2yz

From Sterling’s formula, for any n in N,we have that

n! = (27m)%n”e”Hn (D.2)

where H,, is some sequence of real numbers such that H, — 1 as n — co. We can

use equation (D.2) to rewrite the expression for ) so that

(2rm)2m™e ™ H,),

(2mj)2 jiei H;(2mk) 2 kke—* Hj,

1
_ H,, (m?yz\> m™ 2 exp 2
H;H, \ jk JIkk 2yz

We now need to show that () is a product of factors each of which satisfies the type

Q=

yjzk(27rmyz)% exp <£u2)
2yz

of uniform convergence from the statement of the theorem.

Hp

First we will show that the factor =
JiHk

converges uniformly to 1. Note that
trivially H,, converges uniformly to 1. Let y, = inf ey y. Since W is compact and
contained in the interval (0, 1) we see that y, > 0 and so for !% — y‘ < Am™%, we

have

j>my— Am'™* > my, — Am'™* = m(y, — Am™%) (D.3)

Let € be a positive real number. Choose Ny in N such that for all n in N if

n > Ny then |H,, — 1| < e. Since m(y, — Am™®) — 0o as n — oo we can choose
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Ny in N such that if n > Ny then m(y. — Am~*) > Ny. Using inequality (D.3)
we see that for n > N;, and any y and j such that ‘% — y‘ < Am™® we have

Jj > m(y. — Am=®) > Ny and so |H; — 1| < e. This shows that H; converges

uniformly to 1.
Similarly let 2, = 1 — y* where y* = sup, ¢y y so that y* <1 and 2, > 0. For
% — y| < Am™®, we have
k=m—j=m— (my+Am'™®) = mz — Am'™®
> mz, — Am' ™% = m(z, — Am™%)

and also m(z, — Am™®) — oo as n — oo. Arguing as before, we see that Hy

converges uniformly to 1.

1
Now we will show that the factor <%) ® converges uniformly to 1. For y and

j such that ‘% — y| < Am~“ we have that

Yy Aml=@ Aml-@ A
— -1 < — < =
j/m - j T my,—Am'=* moy, — A
and that
l-y | _li/m—yl _ Am~®
1= j/m L= j/m = 1—j/m

_ Am! < Am!~ A
kT mz,—Amlme mez, — A

Both bounds tend to 0 as n — oo so both J/Lm and 1i;/ym converge uniformly to 1

and since
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() - Ghwn) - ()

the factor converges uniformly to 1 as well.

Finally we will show that the remaining factor of @,

mm m my mz m
R=—ytexp| —u?) == (—) exp | —u” |,
JIkk Y P (2yz j k P 2yz
converges uniformly to 1. Note that, using Taylor’s expansion about zero, we have

1 1
log(l4+2z) =2 — §x2p1 and log(1 —y) = —y — Eyng (D.4)

where p1 = 14+ e, 6 = —2(14+612)73, po = 1 + ey, and € = 2(1 — boy) 2.
Here 0 < 6; < 1 for « = 1,2, 6; depends on x and #, depends on y. Note that €;
is bounded for x near 0, and ey is bounded for y near 0. Using the equations in

statement (D.4), we have
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—log(R) = jlog (L> + klog (i) 2
my

mz 2yz

= jlog (1—|—E> +k’log(1—g) e
Y z 2yz

m u u m u U , m
— | =14+ - 1+e- +—(1——>(1+62—) U — —u
2y Y Y 2z z z 2yz

m mo ome, . om o me
=—u — | —+——u+-—Su+—-—u
yz 2y 22 292 29
mo mes m mey 5\ o M o
+ —F+ —u——u— —u ——u
2 22 222 223 ) 2yz

€1 n 1 n €1 n € 1 €2 3
=—|—=4+—+-—u+-—=—-—=— — —u|mu’.
202 2% 23 222 222 228
The first factor of the above product is bounded for large n and y and j such that

}% — y| < Am~® and y € W. Let B be the bound so that
|log(R)| < Bm|u|® < BA3m!™3~,

which converges to zero since a > % Thus R converges uniformly to 1 and this

shows that ) converges uniformly to 1. O
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Appendix E

A Characterization of a Limit of a
Ratio of Volumes

The following technical lemma allows us to restate a limit that involves a ratio of
volumes in terms of a limit that involves only minimums and maximums of certain
parameters. It is used to simplify regularity conditions that show up when dealing

with particular density estimators.

Lemma E.1 (A Characterization of a Limit of a Ratio of Volumes). For each
kE = 1,...,d let hy be a sequence of positive numbers that depends on n, which
belongs to N, and Ay a positive constant. Then

miny Ay, HZ:1 ARhi

lim > 0 if and only if im ————=—— =%
“n maxy hy, / vif T (00, A2R2)d

Proof of Lemma FE.1. First, suppose that

. mink hk
lim

n  1MaXg hk

> 0.

Then
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hm HZ:I Aihi > Hizl Ai (hm mink h'k: )2d S O
T AR T (0, A7)\ mag b

Conversely, suppose that

T (ko Ajhi)

so that, for each kK =1,...,d, we have
A2Dh?
lim kk

(i AR

Thus for each k£ = 1,...,d there is a positive real number B and an N, in N such

that for any n in N if n > N,

d
AZhE > By ARh}. (E.1)

k=1

Now let the number N be given by the equation N = maxy N,. Suppose that
n € N and n > N. Using inequality (E.1) this implies that, for each k = 1,...,d,

we have

d d
(max A)*hi > A¢hi; > By > Ah} > (min By) > Axh}
k=1 k=1

so that

d
(m]?XAk)2(m]3n hy)? > (mkln By,) ;Aih% > (mkm By)AZhi > (mkln Bk)(mkin Ar)?h;

and so

7



(ml?x Ak)Q(mkin hy)? > (mkln Bk)(mkin Ak)2(ml?x hi)?.

It follows that

. ) 1.
ming by, (ming Bg)?2 ming Ay,

> 0.
maxy hk maxy Ak
This shows that
minyg h
lim —=% > 0.
o maxy hy,

and the conclusion follows.
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